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INTRODUCTION

Model Theory and Algebra 2026

The 18th International Summer School-Conference “Problems Allied to
Model Theory and Universal Algebra” was held from June 18 to 25, 2026
at Sobolev Institute of Mathematics, Novosibirsk State Technical Univer-
sity NETT and at the Camping Center “Erlagol” in Altai mountains. The
School was organized by Algebra and Mathematical Logic Department of
Novosibirsk State Technical University (NSTU NETI) and Sobolev Insti-
tute of Mathematics of Siberian Branch of Russian Academy of Sciences
(IM SB RAS). The School was supported by Grant of International Mathe-
matical Center in Akademgorodok and by Faculty of Applied Mathematics
and Computer Science of NSTU NETI. The school-conference included both
online and in-person talks. At the school-conference, there were participants
from Russia, Kazakhstan, Uzbekistan, Iran, Oman, Hungary, Poland. A to-
tal of 41 talks were delivered. Within the school-conference, the discussions
on current problems on Model Theory, Algebra and related subjects were
held. Information about the conference is posted on the conference website
https://erlagol.ru.

The Organizing Committee

of the School-Conference



4 School Programme

Programme
of 18th International Summer
School-Conference

“Problems Allied to Model Theory
and Universal Algebra”

June 18, Thursday
Chairperson S.V. Sudoplatov

9:00 — 9:10, Opening Ceremony

9:10 — 9:50, A.A. Stepanova (Vladivostok, Russia), Endomorphism semi-
groups of projective S-acts (online)

9:55 — 10:35, A.A. Zholobov, S.P. Odintsov (Novosibirsk, Russia), Twist-
structures over Heyting-Brauer algebras

10:40 — 11:20, A.I. Stukachev (Novosibirsk, Russia), Semantic similarity
of linguistic structures

11:20 — 11:50, Coffee Break

11:50 — 12:30, M. Shahryari (Muscat, Oman), On the universality of CSX
and XT-groups (online)

12:35 — 13:15, A.S. Panasenko (Novosibirsk, Russia), Right representa-
tions of Novikov algebras

Chairperson B.Sh. Kulpeshov

15:00 — 15:40, I.O. Tungushbaeva (Karaganda, Kazakhstan), On existen-
tially prime Jonsson theories (online)

15:45 — 16:25, G. Czédli (Szeged, Hungary), Sublattice and congruence
densities of finite lattices (online)

16:25 — 16:50, Coffee Break

16:50 — 17:20, A.V. Litavrin (Krasnoyarsk, Russia), On the problem of
finding all n-groupoids with a fixed universe G that admit a fixed transfor-
mation of the set G by their endomorphism, and some of its partial solutions
(online)

17:25 — 17:55, N.L. Polyakov (Moscow, Russia), Classification of sym-
metric conservative clones with finite universe and its applications in social
choice theory (online)

18:00 — 18:20, K.V. Grekovich (Krasnoyarsk, Russia), Decidability and
unification in temporal logic (NML) (online)

18:25 — 18:45, N.A. Protsenko (Krasnoyarsk, Russia), Admissibility and
unification in a certain class of multimodal logics (M LinM Ly) (online)
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18:50 — 19:20, I.K. Uktamaliev (Namangan, Uzbekistan), Hierarchical
extensions of the algebraic closure operator and logical metrics on commu-
tative semigroups (online)

19:25 — 19:55, I.A. Emelyanenkov (Novosibirsk, Russia), An approach
to the study of a class of countable models of a complete theory, using
special functors and some generalizations of the concepts of primeness and
homogeneity of models

June 19, Friday
Chairperson B.Sh. Kulpeshov

9:00 — 9:40, V.N. Zhelyabin, A.S. Mamontov (Novosibirsk, Russia), Prim-
itive Jordan Banach algebras

9:45 — 10:25, V.Yu. Gubarev (Novosibirsk, Russia), Rota-Baxter ternary
groups and braces

10:30 — 11:00, O.V. Kravtsova (Krasnoyarsk, Russia), Structural ques-
tions for semifields of orders p® and p*

11:00 — 11:30, Coffee Break

11:30 — 12:10, M.E. Goncharov (Novosibirsk, Russia), Averaging opera-
tors on rack bialgebras

12:15 — 12:55, S.M. Dudakov (Tver, Russia), On algorithmic properties
of theories of subset algebras (online)

Chairperson V.Yu. Gubarev

15:00 — 15:30, A.A. Iwanow (Opole, Poland), Model theoretic aspects of
metric local embeddability (online)

15:35 — 16:05, D.O. Ershov, B.Sh. Kulpeshov (Almaty, Kazakhstan), On
degrees of rigidity for partial orders (online)

16:10 — 16:40, E.K. Netalieva (Astana, Kazakhstan), On strongly mini-
mal partial orderings having an infinite non-trivial width (online)

16:40 — 17:00, Coffee Break

17:00 — 17:30, A.B. Altaeva, B.Sh. Kulpeshov (Almaty, Kazakhstan),
The noncommutativity proportion in algebras of binary formulas for weakly
circularly minimal theories (online)

17:35 — 17:55, A.A. Savelyev (Novosibirsk, Russia), Rota-Baxter opera-
tors on the extra-special group

18:00 — 18:15, A.I. Vokuev (Novosibirsk, Russia), A criterion for the
simplicity of algebraically increasing derivations on the algebra of truncated
polynomials
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June 21, Sunday

Chairperson S.V. Sudoplatov

9:00 —9:40, A.E. Mironov (Novosibirsk, Russia), Integrable geodesic flows
on cones over Riemannian manifolds

9:50 — 10:30, V.V. Przyjalkowski (Moscow, Russia), Picard-Fuchs equa-
tions and multidimensional residues

10:40 — 11:20, I.B. Gorshkov (Novosibirsk, Russia), Finite simple groups
as automorphism groups of non-associative algebras and colored graphs

11:30 — 12:10, N.A. Shchuchkin (Volgograd, Russia), Applications of non-
associative algebras in cryptography

12:20 - 13:00, V.L. Usol’tsev (Volgograd, Russia), Galois theory of Rees
closure in some classes of finite algebras with one operator, main ternary,
and main nullary operation

Chairperson N.A. Shchuchkin

15:00 — 15:30, N.A. Daurtseva (Novosibirsk, Russia), Why spheres “don’t
want” to be almost complex

15:35 — 16:05, S.B. Malyshev (Novosibirsk, Russia), On closures defined
by algebras of isolating formulas

June 22, Monday
Chairperson F.A. Dudkin

9:00 — 9:40, B.Sh. Kulpeshov (Almaty, Kazakhstan), Pseudo-strongly
minimal partial orderings

9:50 — 10:30, S.V. Sudoplatov (Novosibirsk, Russia), On degrees of rigid-
ity and super-rigidity of structures

10:40 — 11:20, LI. Pavlyuk, S.V. Sudoplatov (Novosibirsk, Russia), Ap-
proximations and closures for group theories

11:30 — 12:10, D.Yu. Emelyanov (Novosibirsk, Russia), Algebras of bi-
nary formulas for the conormal / disjunctive product of graphs

Chairperson V.V. Przyjalkowski

15:00 — 15:30, A.V. Chekhonadskikh (Novosibirsk, Russia), Digraphs of
mutial locations of real polynomial roots

15:35 - 16:05, N.Yu. Galanova (Tomsk, Russia), Classification of linearly
ordered fields by the types of their cuts

16:10 — 16:40, A.V. Vaseneva (Novosibirsk, Russia), Equationality ranks
for predicate and functional signature structures



School Programme 7

June 23, Tuesday

Free day

June 24, Wednesday
Chairperson V.L. Usol’tsev

9:00 — 9:40, A.P. Pozhidaev (Novosibirsk, Russia), On differentially prime
modules

9:50 — 10:30, F.A. Dudkin (Novosibirsk, Russia), Criterion for isomor-
phism of GBS(n, 1) groups with nontrivial center

10:40 — 11:20, E.A. Shaporina (Novosibirsk, Russia), Some generaliza-
tions in the questions of describing automorphisms of cyclic extensions of
free groups

11:20, Closing Ceremony



CMEKHOCTB B ITPA®PAX
PACIIOJIOXKEHUN KOPHEN
JTEVNCTBUTEJIBHBIX
MHOT'OYJIEHOB

A.B. Yexonaackux

HoBocubupckuit rocy1apcTBEHHbBIN TEXHUIECKUI YHUBEPCUTET,
np. K. Mapkca, 20, HoBocubupck, 630073, Poccus

e-mail: chekhonadskikh@corp.nstu.ru

1 BBeaeunne

[TepexoHble mMpoIiecehl B cucTeMax aBToMaTndeckoro yrpasienns (CAY)
BKJIIOYAIOT B cebd jiBe asbl: a3y jeficTBus BO3MYyIIeHnd U a3y cTabuIn-
3allld, T.€. BOCCTAHOBJICHUSI 3HAYECHUI 338 ]AHHOTO PEXKUMA IIOCJIE TOTO, KaK
BO3MYIIAIONINI UMITYJIBC COIIeJI HA HeT. B JIMHeHBIX CTAallnOHAPHBIX CHUCTe-
MaX OHU CBsI3aHBI C TAK HA3BIBAEMBIMU ‘MOJIAMU’ KOHTPOJIMPYEMBIX BEJTUINH
[1] — ciaraemMbiMu pereHusi, COOTBETCTBYIOINIUME KOPHSIM XapaKTePUCTU-
9ecKOro MHorowieHa. Kciam ‘MejjieHHbIe MOJbI CKa3bIBAIOTCS Ha IIPOJIOJ-
JKUTEJIbHOCTH TIOJIABJICHUS TOC/IC/ICTBUIl BO3MYIIEHUS, TO ‘OBICTPBIE’ MOJIbI
OTBEYAIOT 33 PEAKITNIO CUCTEMBI Ha ITOa9y U CHATHE BO3MYIIAIOIIEr0 BO3Ieii-
CTBUs, OCOOEHHO €C/IM KaKOe-TO M3 HUX UMEIT BUJI (DPOHTA — yjaapa, Ipu
KOTOPOM B KOHTDPOJIUPYEMYIO BEJIUYUHY 3a HE3HAYUTEIbHBIN MPOMEXKYTOK
BPEMEHN BHOCUTCSI CJIATAEMOe, COMTOCTABUMOE C JeHCTBYIONUMI 3HATEHUSIMI
uporiecca |2, 3.

Homroe BpeMsi B Teopun JuHeHHBIX crarmuoHapabix CAY ocHOBHOE BHU-
MaHUe YIeIsI0Ch (hase cTabuimsau: Kak CKOPO ¥ TOYHO CHCTeMa BO3BPa-
maercs K pabodynM 3HAYEHUSM U BBIIEPZKUBAIOTCS JIM IIPU STOM 3a/IaHHbIE
oKa3aTe/ Il KadeCTBA.

g muHeitHoit cTarmoHapHoil cucTeMbl BaxKHel e TpeboBaHus K yIIpaB-
JIEBHUIO — YCTOMYUBOCTH, JIOCTATOIHOT'O OBICTPO/IeNiCTBUA, OecKoIedaTe IbHO-
CTU — HaXOJAT XOPOIiee COOTBETCTBUE B YCJIOBUSX HA PACIIOJIOKEHHE TIOJTIO-
coB (KOpHEeil XapaKTepUCTUIECKOT0 MHOTOUJIEHA CHCTEMbBI) Ha KOMILJIEKCHOM
IJTOCKOCTH |4, 5|, IpuveM IJIaBHYIO POJIb B 9TOM UT'PaeT PACIOJIOKeHne ‘ca-

8
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MBIX IPABBIX U3 HUX, 338JIAI0IUX CKOPOCTH YOBIBAHHUS TEX CJIaraeMbIX B BO3-
MYIIIEHHOM [IE€PEXO/IHOM IIPOIIECCe, KOTOPhIE TaCHYT CPABHUTEILHO MEJICHHO
6, 7].

B Hnacrositiiee Bpemsi BO3pOC/IO BHUMaHUE HUCCJIe/IOBaTeIell U K IEepBOit
daze: K MOBeJIEHNIO CUCTEMBI BO BPEMEHHOM WHTepBaJIe JEHCTBUS BO3MY-
menusd. B gacTHOCTH, K 9pDeKTy BCILIECKAa — BO3HUKAIONIEMY IIPU O/Ia4e
U CHSITUM BO3MYIIEHUsI [PEBBIINEHUIO (MHOTIa MHOTOKPATHOMY) OTKJIMKOM
CHCTEMBI CAMOr0 BO3MYyTIafoIiero Bozjeiicteus [8-10]. s mpakTuku 310
9TO 3a9aCTyI0 TaK K€ BaXKHO, KaK KadeCTBO CTAOUIUBAIMU I10C/IEe CHITUS
BO3MYIIEHU, TOCKOJIbKY KOPOTKHE BpeEMEHHbIe MHTEPBAJbI MEePETHEr0 NN
3a/iHero PoHTa BOBMYIIAIOIIEI0 UMITY/IbCa MOTYT 3a/aBaTh OOJIbIIIE KO-
dunuenTrsr TpU OBICTPO TACHYIIUX MOJAX PEIIeHUsd, B JUHEHHBIX CHCTEMAaX
3a/1aBaeMbIX JIEBBIMU TIOJIOCAME 2 = T3 %Y ¢ OOJIBIIIMI 3HAYEHUSIMI MO/TYJIs
JIeHCTBUTENILHOM || m MEHUMOIT ¥ gacTeit (T.e. OBICTPO ClIAIAONIEH aMILIATY-
JIOIf 1 BBICOKOIT 9aCTOTOM ocumnﬂﬂuﬂﬁ). B Takoit cutyaruun cyiiecTBeHHOE
BJIUSHUE HA TIEPEXOJIHBbIE MPOIECChl OKA3BbIBAIOT W MeJJICHHbIE, U ObICTPbIE
cjaraeMble MePexXOHOrO MPOIECCa.

JlocTndb yJI0BJIETBOPUTEIBHOIO pe3yjbTaTa B 00enx daszax Tem OoJiee
npobsiematndo, eciim B CAY mpuMeHsieTcss peryadarop MOHUYKEHHOTO TI0-
psJIKa, He 00eCIeanBaIONIUil ITPOU3BOIHLHO 33/ JAHHOTO PACIIOJIOXKEHUS TTOJTIO-
coB [2, 4, 6]. B makux cucremMax MPUXOAUTCS HCIIOJIL30BATH ONTUMU3AIIU-
OHHBII TTOIX0/I, KOTJIa 32 CUET BBIOOPA CTPYKTYPHI PEryasaTOpa W 3HAYEHUN
€ro IapaMeTpoOB HUINETCS BO3MOXKHO JIydIllee KOPHEBOE PACIOJIOKEHUE, YTO
[Ipe/Iro/iaraeT MUHIMU3AIITIO HEKOTOPOI T1e/1eBOil (DYHKIINN, yINTHIBAIOIIEH
PACIIOJIOYKEHHE TTOJTIOCOB.

OyauM U3 TUIOB Takux (DYHKIMI sBisercss R-rpajgyuposka [11], cm.
nasee 11.2. Ha 910 mnonsiTue onupaercss MeTo]l KpUTUIECKUX KOPHEBBIX JTHa-
rpamm, paspaboranubiii A.A. Boesosoii, A.H. Koprokunbiv u aBropom [6,7]
C nomorpio R-rpajilynpoBKM BBOJIATCH KOPHEBbIE KOODIMHATDHI, KOHCTPYK-
1l KOPHEBOT'O CUMILJIEKCA U €0 CErMEHTAPHO-TPAHMYHOE OIUCAHUE B BUJIE
cumiiektuaeckoro rpada [12]. CoberBeHHO KpUTHYECKHE KOPHEBBIE JIHa-
rpammbl 6, 13] ykasbBaror Kpurtndeckue Jyisi R-TpajlyMpOBKE B3aMMHbBIE
PACITIOJIOZKEHUsT ‘caMbIX MpaBbix’ MOI0cOB CAY, ompeie/sionue onTuMaib-
HbIe YCTOMYUBOCTH M OBICTPOJIEHCTBAE CUCTEMBI U T€M CaMbIM 3(PdeKTHB-
HOCTBH PEeryJInpoBaHus BO BTOpOil ¢raze mepexojHoro mporecca. Ho omru-
MaJILHOCTB 110 OBICTPOJICHCTBUIO MaJio cBs3ana ¢ noseerneM CAY Bo Bpems
JICCTBUS UMITYJIbCa, & €TI0 IPU TECTUPOBAHUU CTAHJIAPTHBIMU BO3MYIIECHU-
sSIMA WHOTJIa HeJIb3s IMPU3HATH YJIOBJIETBOPUTEIbHBIM. B uTore npu BeiOope
CTPYKTYPBI U HACTPOEK PEryadTopa HeOOXO[IMMO YIUTHIBATH U OBICTPbHIE MO-
JIbL “HEIpPaBbIX TOJIIOCOB.

Cxkaszannoe ermé 6osiee yoeuTebHO, €C/IM TPUHSITH BO BHUMAaHUE Pa3BU-
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eIt mKos0it A.C. BocTpukoBa MeTom pasjieneHns IBUKEHUI; HalleJJeHHbII
Ha CUHTE3 HEeJIMHEHHBIX CHCTEM, OH TIPELyCMATPUBAET JIJIsl UX CTAITMOHAPHDBIX
JINHeapu3aIuii co3/laHne JBYXTEMIIOBBIX MOJIeJIell, IepeXo/iHble IIPOIECCh
B KOTOPBIX Pa3/Ie/IAI0TCd Ha ‘OBICTpbIe’ U ‘MeJIJIEHHBIE , COOTBETCTBYIOIIUE
CPyHIaM IOJIIOCOB ¢ OOJIBIMMMHU W MaJIbIMU 110 MOJIYJIIO JeHCTBUTETLHBIMI
qactamu |1, 5.

N3 stux coobpaxkenuit B pabore mperpuHIMaeTcs 0oJjiee MOJIHOEe TeOo-
peruko-rpacoBoe ONUCAHNE B3aUMHBIX DACIIOJIOKEHHUN BCeX (a HE TOJBKO
CaMBbIX [PABbIX) KOPHEH JeHCTBUTEIbHBIX MHOIOWIEHOB MPH BhIOpaHHON R-
rpayupoBke. Tem caMbIM IpoJIo/zKaeTest paccMOTpeHne, Hadaroe B [14], e
yKa3aHbl KOJINPOBKHN BCEBO3MOYKHBIX B3aMHBIX PACIOJIOXKEHNI KOpHeil Jieii-
CTBUTE/IbHBIX MHOT'OYJIEHOB ITPOU3BOJILHOM CTENEHU N ¥ TIOCTPOEHa, (DYHKITHSA
UX YUC/IA B 3aBUCHUMOCTH OT 1. DTUM TAKXKe PA3BUBAIOTCs Pe3yJbraThl [12]
3a CYET JIONOJIHEHNS OINCAHUs KOPHEBBIX DPACIIOJIOXKEHUN B TOM, UTO Ka-
caeTcd KPaTHBIX KOMILJIEKCHBIX TIAp — POJIb MOCTIEIHUX B 33/a4aX CHHTE3a
onrumaabHbIX CAY, Kak MOKa3a/Iu UCCIeI0OBAHUS TOCJIETHUX JeCATUICTHI,
HEPEJIKO OKAa3bIBaJIacCh BELYIIECH.

2 R-rpaayupoBKu KOpHEBbIX MHOXKECTB

B Hacrosieii paboTe He BKJIIOYAETCsI B PACCMOTDEHHE HEIOCPEICTBEH-
HO IPOCTPAHCTBO [APAMETPOB yIIpaBjeHnus P — BCeBO3MOXKHbBIE HACTPOIKH
PEryJIaTOpa CUCTEMBI, BXOJAAIINE B KOI(D(MUIMEHTDI €6 XapaKTePUCTHIECKOTO
MHOIOYJIEHA ¥ TAKUM 00Pa30M 3a1a0II1e PACIOJIOKEHNE €€ TI0JII0COB, PABHO
KaK M caMa CUCTeMa yTpaBjIeHns. Bese mamee pedb WIET 0 KOPHAX 21, ..., Zp
HEKOTOPOro MHOTrOWIeHa X (S§) ¢ JieficTBUTeIbHBIME KO(DMDUIIHEHTAMI.

Bysem cumrarh, 9TO HA KOMILIEKCHOH IJIOCKOCTH 3aJaH HPEIIOPsIOK
<«, TO3BOJIAIONIHI pa3/imdars ‘0oJiee NIl MeHee yCTOMINBOe  PACIIOIOKEHNE
JICHCTBUTEILHOTO TOJIIOCA T UJIN KOMILJIEKCHO CONPSIZKEHHOM TTaphl 2 = x4y,
9TO COOTBETCTBOBAJIO ObI ‘JIYUIIUM WU ‘Xy/IIUM € IPUKJIATHON TOUKH 3pe-
Hust MogaM [, (t) = ce™ wimm f.(t) = e™(acosyt + bsinyt) coorBeTCTBEHHO.

Ha neficTBUTEIBHON OCH TPEAOPSIOK <, COBIAJAET ¢ OOBITHBIM CpaB-
HeHreM <, a Ha KOMILIEKCHOH TJIOCKOCTH OH 33JaéT CeMefCTBO BJIOKEHHBIX
obmacreit {B, = {z]z <, ala € R}}, tak wro B, C Bg upu v < S} u
U B.=C.

acR
OOBIYHBIM CIIOCOOOM BBOJMTCS (--PABEHCTBO =, SIBJISIOIIEECS SKBUBa-

JIEHTHOCTBIO, ¥ CTPOTO€ (--HEPABEHCTBO.

KomrmiekcHy o 1710CKOCTh, cHabKeHHy 1o ceMeiictBoM { B, |a € R}, Gymem
Ha3biBaTh R-rpajyuposanuoit, a dyukuuio F(z) = inf{a | z € B,} — R-
I'PaLyuPOBKOI.
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[Ipocreitmum npumepoM R-TpaJiyupOBKH OKA3bIBACTCSA I'yPBHUIIEBA, (PYHK-
st H(z) = max{Rez,..., Rez,}, 3a1aBaeMasi Ipe/IIOPSIKOM CPaBHEHUSI
JIEHCTBUTENIbHBIX dacTeil 21 <, 23 < Re(z1) < Re(z3) BMecTe ¢ rpaynpo-
BOYHBIM CeMefiCTBOM JIeBbIX mosyIutockocreit B, = {z|Re(z) < a}.

Hekoropble mpuMepbl, CBs3aHHBIE ¢ BO3MOXKHBIMU TEXHUYECKUMU TpE-
OOBAHMAMU U OTparKalollue J9acTo paccmarpupaemble B cunrese CAY cu-
Tyaluu, a TakzxKe 6ojiee TOYHbIE (POPMYJIMPOBKHU IOHATHSA R-TPajyupOBKH
MOXKHO Haiitu B [6, 14, 15].

Cpanuny {z | F(z) = a} obractu B, GyjeM Ha3bIBATH -G8EPMUKAALIO.
Kazkap1ii 0II0C WM KOMILIEKCHO-CONIPSIZKEHHAS Iapa, 3a/1al0T HEKOTOPYIO
Q-BEPTHKAJIb, HA KOTOPOIl PACIOIaraloTcs (-PaBHBIC UM KOPHH.

Bameuanue. Onruvusaius R-rpajayuposku B [6, 7| u ap. cBommiack K
CMEIIEHHUIO IIPAaBOil BePTUKAIM BJIEBO 0e3 yUETa PACIONIOKEHUS OCTAIbHBIX
[I0JIIOCOB, YTO pEIIaIo 3aJady ONTUMAJILHOIO IOBEJIEHHs CUCTeMbI B (hase
crabunsanun. Ho oOprucoBanHas BO BBejeHUN JABYX(a3HOCTh MWHOTJIA TPe-
OyeT BKJIIOYEHHU B KOPHEBOI oprpad pacroyioxKeHunii He TOJILKO CaMbIX IIpa-
BBIX ITOJIFOCOB M, B OTJIMYUE OT KPUTHYCCKUX KOPHEBBIX JIMATPAMM, IPEeIIIO-
JIaraeT pacupeje/eHue KopHeil Ha ase u 60j1ee q-BepTUKAJICH U Olpeae/IeHue
Pa3MEpPHOCTEN TAKUX PACIIOJIOZKCHUNA.

3 IlocranoBka 3aga4dn

Eciu B [14] mocTpoeHbl MHOXKECTBO MATPHYHBIX KOJOB DPACIIOJIOXKEHUI
KOpHEl M aJI'OPUTM TIOJIHOTO TEPEYUC/IEHU UX MHOYXKECTBa, TO IeJIb Ha-
crodIeil paboThbl — TEOPETHKO-IpadOBOe OMICAHNE BCEBOZMOYKHBIX BapHUaH-
TOB B3aMMHOI'O PACIIOJIOKEHUsT BCEX KOPHEH MHOTIOYJIEHA B COOTBETCTBHUU C
PEJOPsIKOM <, — T.e. KOpHeBbIMU R-rpajiyuposkamu. [Ipunsas BceBos-
MOKHBIE MATPUYHBIE KOJbI B Ka4eCTBe BepINUH oprpada, Hy?KHO BBISICHUTH
COOTBETCTBYIOILYIO UM PAa3MEPHOCTH KOPHEBBIX MHOYKECTB, U PEITUTH BOIIPOC
CMEYKHOCTH BEPIINH B oprpade, OTPazKarollyo CerMeHTapHO-TPAHNYIHOE CO-
oreercTBre B KopHeBoM cuminiekce [11]. Tloce sToro okazkercst BO3MOXKHO
paccMOTpeTh U CMEXKHOCTH B KOPHEBOM Heoprpade, BKIIIOYAIONIEM B ceds
TOJIBKO PACIIOJIOZKEHUsT (PUKCUPOBAHHON Pa3MEPHOCTH B KAYeCTBE BEPIIUH U
IPaHUIBI MEXK/Iy HUMH B KadecTBe pedep.

Taxum obpazom OyjieT JTOCTUTHYTO OoJjiee ToJHOe IpadoBOe TIpe/ICTaBIe-
HIT€ BCEBO3MOXKHBIX KOPHEBBIX DACIOIOKEHU, deM 1ocTuraisochk B 12, 13|,
nockoJIbKY (1) KoopimHATH3AIINS U KOJAUPOBAHUE CEIMEHTOB KOPHEBBIX CHM-
IJIEKCOB TIPOM3BOAMINCH B [12] Ge3 ydyera KpaTHBIX KOMILIEKCHBIX map; (2)
KPUTHYECKHE KOPHEBbIE JuarpaMmbl [6, 13] He BKIOUaoT KOpHEit, pacioio-
JKEHHBIX JIeBee TTPaBOil BEPTUKAJIN.
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B cBsi3u ¢ 9TMM TIpu KOJOBOM ommcaHuu BepuiwH B [14] cramo HeBo3-
MOKHO OTPaHUIMBATBCS JIByXCTPOIHBIMU MaTpuriamu [12]. Ograxo B [14] n
3/1eCh He MPHUXOJNTCS YINTBIBATH COOTHOIIEHIE MHUMBIX YacTeil KopHeil Ha
pasHBIX Q-BepTHKAIAX (ITO TpebyeTcs Ha KaxK/0if M3 HUX B OTJEIHHOCTH ),
T.K. C TOUKH 3peHns AuddepeHIuaabHbIX U ONTHMHI3AINOHHBIX CBOICTB COB-
HaJieHre MHIMBIX 9acTeil IPU Pas3InIHbIX JIEfICTBUTEIBHBIX CYIIECTBEHHOTO
SHAUEHUs HE UMEET.

4 3agaromniye a-HepaBeHCTBa N R-rpaaynpoBoY-
HO€e KOAMPOBaHNE KOPHEN MHOTIOYJIEHOB

[Ipeanopsiyiok <, MOXKHO JIOOIPEIESUTh JIO JMHEHHOTO Hops/iKa < Ha
MYJIBTUMHOXKECTBE KopHeﬁﬂ JIEKCUKOTpaUIECKH, YIOPAJIOUNBAA (--PABHBIC
JeficTBUTE/IbHbIE KOPDHU U KOMILJIEKCHBIE Iaphbl 110 BO3PaCTaHUI0 MHUMOI Ja-
CTH:

DU Yit2 < Ypyd CIATACM T < Tpy1 T Ypi2l < Try3 TYppat M T — Y118 <
xr; + yl+1i.

Pazbuenne MyIbTUMHOXKECTB (--PABHBIX KOPHE Ha IMOJMHOXKECTBa, KpaT-
HBIX IIO3BOJIAET COIVIACOBATH MX HyMEPAaIMIO CO CTPOrMM BO3paCTaHUEM MO-
JAyJiefl MHUMBIX dacTeil.

Takum obpazoM, JielicTBUTE/IbHbIE KOPHU ¥ KOMILJIEKCHBIE MTAphl KOPHEi
HyMepYIOTCd B IOPAAKE CTPOTOr'O BO3PACTAHUAA C IIOBTOPECHUAMY PABHBIX 3JIC-
MEHTOB.

CooTrBercTByIOIIHe YyIOPAI0UYE€HHbIE U ITPOHYMEPOBAHHBIE [TOCJIEI0BATE b~
HOCTHU OyJIeM HA3bIBATH 340a10WUMU HEPABEHCMBAMU; HAIIPUMED,

T1 =q To T Y3t = Ty T Y5t < Tg = Ty =o Tg T Yol

(Ha JIeBOW (-BepTHKAJN JeHCTBUTENbHBI KOPEHb W JIByKpaTHas mapa,
HA [IPaBONl — JBYKPATHBIN KOPEHb U KOMILIEKCHAS T1apa),

WA X1 £ Yol =o T3 T Yst = X5 + Yot <o T7 T Yst <, To,

(Ha JIeBOI (-BepTHKAJM MPOCTas Mapa W JBYKpaTHas mapa ¢ 0oJibleit
MHHUMOM 9aCTbhIO, Ha IIEHTPAJIbHON — NpocTad KOMILJIEKCHAA I1apa, Ha ITPaBOi
— MPOCTON KOPEHB ).

Besikoe Takoe HepaBeHCTBO 3a/1aéT B ipocTpancTBe R KoHyc KoopmHaT
Pa3sMepHOCTH, He ITPEBOCXOJISAIIE 1 M1 OTPAHWYEHHbBIIT KOHYCaMU Ha €TUHUILY
MEHBIIEHl PA3MEPHOCTH. DTU I'PAHUYIHBIC KOHYCHI 33/[al0TCs HEPABEHCTBAMU
TAKOI'O K€ TUIa W BOZHUKAIOT U3 33aI0INX HEPABCHCTB NCXOLHOI'O KOHYCa
(1) 3ameHOil ONHONO M3 HECTPOIMX (-HEPABEHCTB HA (--PABEHCTBO (BKJIIO-

11\/[y.]'II)TI/II\/IHO}KQCTBO KopHeﬁ Ipu HyMepalluy IMepevdrucadeTcd ¢ TIOBTOPECHUAMU, YINTHI-
BalOIUMU UX KPaTHOCTH.
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qagd PaBeHCTBO JAEHCTBUTEJBLHBIX KOpHEH — Belb Ha AeCTBUTEJILHON ocu
a-(He)paBeHCTBO U 0ObIMHOE (HE)PaBEHCTBO COBHAIAIOT) WM (2) 3aMEHOi
Q-PaBEHCTBA KOMILJIEKCHBIX T1ap Ha UX OOBIYHO paBeHCTBO [12].

Besikuit KoHyC TaKoOro BIJIa HA3LIBAETCA KOPHEGBIM CE2MEHMOM, & UX CO-
BOKYITHOCTH — KOPHESbM cumniexcom [12].

B pabore [14] BBeIeHa cre/yoMas KOAUPOBKA KOPHEBBIX PACIIOIOKEHUI.

Komom kaxk joro u3 vux Oyjer marpuria hopmata ve 6osee ([n/2]+1)xn,
rjie m — YUCI0 KOpHel (cremnenb xapakrepucrudeckoro Muorousiesa CAY).
CToJIOIBI COOTBETCTBYIOT KOPHEBLIM BEPTUKAJIAM CJIeBa HAIPaBO, TakK 9TO
€CJIN (-BEPTUKAJIb KOPHS L), WIH HAPbI 2 y41 = Lj & Yk+1 OKASBIBAIOTCH ‘Jie-
Bee’ (-BEPTUKAIM KOPHHA &) WM APl 2,11 = & £ Y41 (4, TaKIM 00pa3oM,
B 3a/IAIONIIX HEPABEHCTBAX TaK YK€ PACIOJIOKEHBI CAMU KOPHHU) TO CTOJIOETI,
KOJIUPYIOIIHT KOPHU, (-DABHBIE X, U 2 41, OKA3bIBAETCH JIeBee CTOJIOIA,
KOIUPYIOIIEro KOPHU X; WA Zj;41 U (-PABHBIX MM COCEJIEil. Bepxuunii ste-
MEHT CTOJIONA PaBeH KPATHOCTH JIEHCTBUTEILHOIO KOPHS, PACIIOIOKEHHOIO
H& COOTBETCTBYIOIIEH (-BEPTUKAJIN, HUXKE B 9TOM CTOJIOIE 3allUCaHbl KpaT-
HOCTH (-PABHBIX €My KOMILIEKCHBIX Hap B IOPSJKE BO3PACTAHUS MOLYJISI
MHIMOI gacTr. QueBUIHO, CTOJIONOB He 60JIee N, U B KarKI0M U3 CTOJIOIOB
He Gostee [n/2] + 1 smemeHTOB.

Eciau uneio pasimyuHbIX KOMILIEKCHBIX Iap, KOAUPYEMBIX B HEKOTOPOM
cToJI011e, MEHbIIIe MAKCUMAaJILHOI'O B MATPHIIE, TO HUXKHKE 3JIeMEHThI CTO/I011a,
[10JIAraI0TCS PABHBIMU HYJIIO JI0 MAKCUMAJILHON BO BCEH MaTPHUILI BHICOTHI.
HekoTopble mpuMeps! nipuBejieHbl B [14].

W3 onpeesenns MAaTPUIHOrO KOJIA BLITEKAET CJICLYIOIIEE YTBEPXKICHHE.
IIpeagoxkenne 1. PasmepnocTh KOPHEBOIO CerMeHTa, UMEIOIIEro KOJIOBYIO
marpuity A, = (a;;)kx;, PABHSETCA CyMMe 9HCIa €€ CTOJIONOB Kk ¢ IHC/IoM
HEHYJIEBBIX 3JIEMEHTOB B CTPOKAX HIUKE HEPBOI.

5 CwmexkHOCTH B KOPHEBBIX oprpadax

IIycrs n — crenennh MHOro4IeHa. B KadecTBe MHOXKECTBa BEPIIUH €rO
kopHeBoro oprpadga G = (M; P) npumem MHOKecTBO M pasindHbIX 38/~
IOIIUX HEPABEHCTB [ JJIS . KOPHEH, WM, 9TO TO K€ CaMOoe, UX MaTPUIHDBIX
KOJIOB.

YuopsiioueHHast mapa BepIiuH ([ (o) Oyaer ayroit p € P B AByX HizKe-
CJICIYIOIINX CJIyJasX.

(1) BameHUB OJIHO U3 CTPOIUX (-HEPABEHCTB B 3a/IAIOIINX HEPABEHCTBAX
i1 HA -PaBEHCTBO, MbI [OJIyINM 3a/1al0NI1ie HEPABEHCTBA [y BTOPOIL:

02 <q k10 > 02k =q 2jp10-.., THe 0 € {=;=4,}.

O4eBuiHO, 9Ta 3aMEeHa COOTBETCTBYET BBIXO/LY Ha TY IPAHUILy KOPHEBOTO
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CerMeHTa, 3a/IaHHOI0 HEPABEHCTBAMU /i1, HA KOTOPON JIBe TPYIIIBI (:-PABHBIX
KOpHEI, COCEJCTBYIONINE B HEPABEHCTBAX [i1, CTAHOBATCI (-PABHBI MEXKJIY
coboit. InbiMu cjioBamMu, JBE COCEIHIE (-BEPTUKAJN CIUBAIOTCS B OJIHY.

[To anajoruu ¢ onpejieJieHHeM |[KOpHEBble CUMILIEKCHI U CUMILT. Tpadubi]
TaKyIo 3aMeHy OYyJIeM HA3BIBATD CMOAOUOBBIM CAONHCEHUEM.

(2) BameHUB B rpyIiie a-paBHBIX KOPHEH 3a/af0IUX HEPABEHCTB [i] OJTHO
U3 -PaBEHCTB HA PABEHCTBO, IMOJIyIUM 3aJaI0NNe HEPABEHCTBA [io:

Ok =q Zp410... b .02 = Zp410..., THe 0 € {=;=4}.

OTa 3aMeHa COOTBETCTBYET BBIXOJY Ha Ty TPAHUILy KOPHEBOTO PACIIO-
JIOZKEHUS, 3aJIAHHOrO0 HEePaBEHCTBAMU [i1, Ha KOTOPOIl B OJHOI TpyIie -
paBHBIX M€K 1y cOOO#l KOpHEl JBa MJIM JaykKe TPU KOPHS CTAHOBSATCS PaB-
HBIMU, T.€. KDATHBIMU UJIU MHOTOKPATHBIMU: JINOO JIB€ KOMILJIEKCHbIE TApPbI
KPaTHOCTe 7] M Ty CIUBAIOTCA B OJHY KPATHOCTU 71 + T, JMOO JefiCTBH-
TeJIbHBIA KOPEHb KPATHOCTHU 7] CJIUBAETCA C KOMILJICKCHON apoil KpaTHOCTU
9, 00pa3ysd JAefCTBUTEHHBII KOPEHb KPATHOCTH 71 + 2795 YACTHBIM CJIyYaeM
[TOCJIE/THETO MOYKHO CUUTATH CJIMSHUE KOMILJIEKCHO Tapbl ¢ HOJIb-KPATHBIM
(T.e. OTCYTCTBYIONINM) JEHCTBUTEILHBIM KOPHEM, KOT/Ia KOMILIEKCHAS T1apa
KPATHOCTH T’y CJIMBAETCS B JHICTBUTEIHLHBIN KOPEHb KPATHOCTH 21y. VIHBIMI
CJIOBaMU, Ha HEKOTOPOI (-BEPTUKAJIU CJUBAIOTCS JIBa (TPH) COCEICTBYIONIIX
KOPHHI.

Takyio 3aMeny Oy/ieM Ha3bIBATH CMPOUHBIM CAONHCEHUEM.

W3 onpesiesiennst MATPUIHOTO KOJIa OYEBUHO CJIEJIYIOIIEE YTBEPKICHIE:

ITpennoxxkenue 2. Bepmmnabsr kopaeBoro oprpada jomyckaior v — (
CTPOYHBIX CJIOKEHWI KaKJas, TJe I/ — YNCJIO HEHYJIEBBIX 3JIEMEHTOB B KO-
JIOBO#T MaTpuiie, a ( — YUCJIO €€ CTOJIOIOB.

[Ipetoxkenne BepHO U JIJIsi €IMHCTBEHHOW BEPINWHBI C HYJIEBOW HCXO-
JIAIIEl CTENeHbI0: 9TO OJJHOMEPHBIN KOPHEBOI CEerMEeHT, COOTBETCTBYIONINI
N-KPATHOMY JIefICTBUTEILHOMY KOPHIO.

[TockombKy YHCIO PAaBEHCTB B 33/IaI0NINX HEPABEHCTBAX IIPHU 00OOWX CJIO-
JKEHUSX YBEJIUYINBACTCS Ha €JIMHUILY, TO PA3MEPHOCTH KOPHEBBIX CEIMEHTOB
[IpU TIepexoJie 10 Jiyre Ha eJUHUIly yMeHbInaercd. CiieioBaTebHO, JII0OOM
nyTh B oprpade G umeer jymmHYy He Oosiee n — 1.

3amemum, ITO B KOPHEBBIX CETMEHTAaX, T/1e BCe JefCTBUTETbHBIE KOPHU
U KOMILJIEKCHBIE TIapbl UMEIOT Pa3ndHble R-IrpaJlynpOBKHU, KOJIOBbIE MaTPU-
IIbI IMEFOT BUJ €/IMHCTBEHHON CTPOKMU, 3aIll0JJTHEHHOMN eIMHUTIAMY, NN JIBYX-

0
CTPOYHON MATPHUIILI, CTOJIOIBI KOTOPOH CTOJIOIBI PABHbI g) wm | )8
oboux ciiydasax v = (, U CTPOUYHBIE CJIOKEHUST HEBO3MOZKHBI.
Kpurepnit cmexkHocTu Bepiint B oprpade 3a1aéT ciieyoniee yTBep:K ie-
HHE.

IIpengyioxxenne 3. Eciu kojoBasg marpunia My moydaeTcsd Ipu CTPOU-
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HOM CJIOXKEHUU U3 Kojia ¢ Marpuiieir My, To 1jisi HEKOTOPOTO k B HUX Pa3JIu-
qaiorces k-e cToJIOb:

s S
r+r
- | B MaTpune M, n ! —; 2| s marpuie Mo,
2
t 0

rJie OTPE3KU CTOJIOIOB § U ¢ (BO3MOXKHO, ITyCThIE) U BCE OCTAJIbHBIE CTOJIO-
IIbI MATPHUIL IIOIIAPHO COBIIAIAIOT.

ObparHoe TakKe BEPHO.

Takum 0Opa3zoM, CMEKHOCTD, ODYCIOBJIEHHAsT CTPOYHBIM CJIOKEHUEM —
JIOCTATOYHO IIPOCTOE COOTBETCTBHUE HA MHOXKeCcTBe BepimH M.

[Ipu cronbioBoMm cioxkennu k-si u k + 1-s1 KOpHEBbIE (-BepPTUKAJINA 00b-
€JINHAIOTCS B OJHY, IPUUIEM B KOJI0BOH MaTpuiie M CKJIaJIbIBAIOTCA TOJIb-
KO 9JIEMEHTBI MepBO#l ¢TpoKu k10 U k + 1-ro cTOJIOIOB, COOTBETCTBYIOIINE
KPaTHOCTSM JIECTBUTE/IBHBIX KOPHEH Ha 3TUX -BepTuKa/sax. OcTajbHbIe
9JIEMEHTBI 000MX CTOJIOIIOB PACCTABJIAIOTCS BCEBO3MOXKHBIMH CIIOCOOAMU B
HOBOM CTOJIOIIE C COXPaHEHUEM IIOpsijiKa MeXKJLy CcOo0Oii; ecyin 1moTpedyeTcs,
YUCI0 CTPOK MaTpuIlbl M yBeInInBaeTCs.

IIpumep. Ilycts BTOPOIT U TpeTnii ¢TOIOIBI MaTpPUIlbl M UMEIOT BUJT

1 0
3 2
1| # | 4| coorsercrrento.
0 2

[Ipu BBIIOJIHEHNN COOTBETCTBYIOIIETO CTOJOIIOBOTO CJIOZKEHUS B 33110~
X HEpaBEHCTBaX JAeHCTBUTE/IbHBIA KOPEHb Ha HOBOU (:-BEPTUKAJIN OCTACT-
cd equHCTBeHHBIM: 1 + 0 = 1, a 3/IeMeHThl TPeThero cTosbIa, KOJAUPYyIonue
KpaTHOCTH 2, 4 1 2 KopHeil 3-fl a-BepTUKaJIM, EPEXOAAT B HOBDLIN CTOJIOEI]
CJIEJTYIONIUMHU CIIOCODAMM:

(a) pacrosiarasicb B CTOJIOIE POM JPYT C APYTOM —

BBIIIIE 00OMX 3JIEMEHTOB 2-I'0 CTOJIOIA,

MeKJTy 3JIEeMEeHTaMU 2-r0 CTOJOIaA,

HI2Ke 000X 9JIEMEHTOB 2-I'0 CTOJIOIA;

(6) pacmosiarasicb B cToJibIe JByMsi IpyIHamMu —

BBIIIIE COOTBETCTBEHHBIX 3JIEMEHTOB 2-TO CTOJIOIIA,

HU2Ke COOTBETCTBEHHBIX KOPHEH 2-T0 a-BEpPTHKAJIU,

obpamisisi 0ba 3jIeMeHTa 2-T0 CTOJIONA,;

(B) pacrosiarasicb B CTOJIONE TOPO3HL — YEPEYSCh C IJIEMEHTAME 2-T'0
CcTOJIOIIA.

Bamernm, 9To it BapuadTa (6) pasbuTh TpU 3JIEMEHTA TPETHEro CTOJI0-
1la Ha J[Be T'PYIIIbI MOXKHO JBYMs crocobamu, U 0ba MPUBOJIAT B PA3HLIM
PACIIOJIOKEHUAM 3JIEMEHTOB 10 CTOJIOILY.
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B nrore nmonydaercsa 10 BaprmaHTOB:

1 1 1 1 1 1 1 1 1 1
2 3 3 9 3 9 9 3 2 9
4] |2 1 4 o 4] |3 9 3 3
@1o 2l 2@ lal s |2l |1l {1 ®]4
3 2] |4 9 1 1 of 14 |4 1
1 1 9 1 9 9 1 9 9 9

Yuco ¢TpoK B KOJOBOI MaTPHIE YBEJIUIUIOCh Ha JBE; CTOJIOIBI, HAUN-
Hadg ¢ 4-TO, CABUTAIOTCS BJIEBO.

Jloryckasi oTHeceHne BbhIpasKeHusl “‘cTOI0IOBOE CoKeHne K AefiCTBUSIM
B KOJIOBOII MaTpHIlEe, B OOIIEM CJIydae IOoJIydaeM CJIeIyIoIiee.

[Iycts KomoBas marpunia My moydaeTcs Ipu CTOJIOIOBOM CIOXKEHUN k-
ro u k4 1-ro crosb1oB KomoBoit maTpuilbl My, Torna k-it crosbern MaTpUIThI
M, obpa3yercs CJIOKEHHEM 3JIEMEHTOB B IEPBOM CTPOKE: My + Mikyr; — U
BCEBO3MOYKHBIMH PACIIOJIOKEHUSAMU OCTAJbHBIX 9JIeMEeHTOB k+ 1-r0 cToJsiOna
BBIIIIE, HIKE W MEYKJIy JIEMEHTOB A-T'O CTOJIOIA C COXPAHEHUEM II0CJIe/I0Ba-
TeJIbHOCTH B KaXKJOM U3 MCXOIHBIX PACIIOJIOXKEHHIT 9JIEMEHTOB B CTOJIONAX:
eCJI 3JIEMEeHT M), CTOdA] B MaTpuiie M Bblllle, YeM M, TO OH IepeiJeT B
6oJtee BBICOKYIO CTPOKY MaTpuilbl My, Hucsmo ctpok marputisl My mpu HE0O-
XOJIMMOCTH YBEJUYINBAETCs, a CTOJIOIBI, CTosdBINNE IpaBee k+ 1-ro, ciBura-
FOTCS BJIEBO.

Yucsio criocoboB CTOIOIOBOTO CJIOKEHUS MOYKHO OIEHUTH CBEPXY.

IIpengyioxxenune 4. /g qucia > BCEBO3MOXKHBIX CTOJIOIOBBIX CJIOYKEHUI
k-ro u k+ 1-ro cTOJIOIOB BBIIOJHIETCS HEPABEHCTBO

< bl Cl Cl_l

> l:z:l( lp+1° lk2—1)'

Bes orpanndenust 0OIIHOCTH MOXKHO CUNTATH, 9YTO B CJIOXKEHUH yIACTBY-
10T 1-it m 2-it cTonbIEl, || U [y — JJIMHBI OTPE3KOB HEHYJIEBBIX 3JIEMEHTOB
9TUX CTOJIOIOB, HAUMHAIOIIUXC O 2-f ctpoku, u l; < [s.

s obocHOBaHUS (DOPMYJIBI 3aMETHM, ITO JIJIA 9JIEMEHTOB 2-I'0 CTOJI0IA
B 1-M cTosib1e umeercs: 1 +1 MecTo, TaK 9TO MOYKHO PACIPEIE/IATH 9JIEMEHTHI
2-ro crosbma 1o [ mectam, rae 1 < [ < [y + 1. KoukperHbie [ MeCT MOXKHO
BbIOpaTH C’ll1 41 pasmuuaHbIME criocobamu. ITpm kakaom BapuanTe BIGOPa
9JIEMEHTBI 2-TO CTOJIONA Jlendarcd Ha [ rpynn ¢ momomibio [ — 1 pasgeda.
[Tockosbky | — 1 < I3 < [y 9TO MOXKHO c/ie/laTh 0112—_11 criocobamn. Taknm
obpa3oM, I KaxKJI0ro | B 3a/IaHHOM UHTEepPBaJe 3HAUYCHU BOSHIKAET C’ll1 e
C’ll;ll BapUaHTOB; a eciau l; = [y u dhopMaIbHO BO3HUKAET BO3MOYKHOCTH
l =1 +1 > ly, ucnonszyercsa npasuiao C" = 0 upu m > n.

ameuanwue. /I8 paccMOTpEHHOrO BhIIIe puMepa hopMmysia JTaéT ToY-
HOE PaBEeHCTBO:
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241
! -1\ _ o0 o2 ol B o2 _
> (Copy-Cyy) =C5-C3+C5-Cy +C5-Cy =346+ 1=10.
=1
Ciie10BaTe/ILHO, MOJIyYeHHAast OlEHKa JOCTHKUMA JIaxKe B UHCJIEHHOCTH
OJTy9aeMBIX PasAudnulr pesyabraTos. OHAKO eciii Ha 06euX 00be/uHsIe-

MbIX (-BEPTUKAJIAX HET KPAaTHbBIX KOpHeﬂ 1 NX KOJOBbIE CTOJI6HJ)I HUMEXOT BUI,

0 1

1 1 .
naupumep, | 4 |, | q [+ 1o Bee CTOJIOIIOBBIE CJIOXKEHUS JIAIOT € TUHCTBEHHbI

1 0

pe3yJibTaT (1 1111 1)T.

Onpepnenenne. MuoxkectBo 3(M) BCEBO3MOXKHBIX PE3YIBTATOB CTPOU-
HOIO M CTOJIOIOBOIO CJIOXKEHUsI IS KOJOBOII MaTpuipl  OylaeM Ha3bIBaThb
CYMMOTE MATMPULDL.

JI1s1 TIOJIHBIX KOPHEBBLIX OprpadoB CIPaBEJINB MATPUYHBIA KPHTEPHIL,
axasormaubii Teopeme 4 [12]:

IIpensioxkenue 5. Bepiumnbl 11 u pig B oprpade (M; P), 11t KOTOPbIX
dimp; = 1+dimpiy, CMEXKHBI, €CJIN /I MX MATPUIL BLIITOJIHACTCA BKIIIOTCHIC
M, € ¥(M;), n naobopor.

6 CwMmexXHOCTh B KOPHEBBLIX Heoprpadax

Ecnu oprpadbl oTpakaioT CBA3U MEXKJy KOPHEBBIMU CEIMEHTAMU Pas3-
MEpPHOCTH d U UX TPaHuIiaMu pazMeproctT d—1 1yt d = 2, ..., n, TO B cepudax
neoprpados Hy = (My; Qq),d = 2, ...,n 0T0OparKaeTcst CMEKHOCTh JPYToro
BUJIa: MEXK/Iy IapaMy CEerMEHTOB OJIMHAKOBOW Pa3MEpPHOCTH, UMEMINX 00-
nryio rpanuiy. MHOXKeCTBOM BepIInH KOpHeBoro Heoprpada Hy gaBidrorcs
3ajaromnire HepapeHcTBa My cerMeHTOB pa3zMepHoCcTH d < N, WIH, 9TO TO ¥Ke
camMoe, UX KOJIOBble MATPHUIIbI; pedpaMu ¢ € () CTAHOBATCS HEYHOPSI0UEH-
HBI€ ITaPbI BEPIUH i1, ftg € My, CErMEHTBI KOTOPBIX UMEIOT OOIILYI0 IPAHUILY
pasmepuocTu d — 1.

Hamnpumep, 1Be BepIIMHBI, OTIMYAOIINECS IEPECTAHOBKOM JIBYX COCE/I-
HUX -BepTHKaJeil (T.e. epecTaHOBKOI CTOJIOIOB NX KOJOBBIX MATPUIIL), CMEK-
HBI, T.K. COOTBETCTBYIOIIUE UM KODHEBBIE CEI'MEHTHI I'DAHUYIAT MEXKJIy CO-
0oit yepe3 cerMeHT MeHbIIell Pa3MepHOCTH, COOTBETCTBYIONIHUI JTI0O0i 13 nx
CTOJIBIOBBIX CyMM (KaK B mpuMepe 11.5)

[Ipennoxkenne 5 060CHOBBIBAET MATPUIHBIN KPUTEPUl CMEKHOCTH BEp-
muH B KopHeBoM Heoprpade Hy = (My; Qq).

IIpengyioxkenne 6. Beprumnb! (1 U s pasmMepHocTu d B KOPHEBOM HEOP-
rpade Hy = (My; Q) cMmexxubl, ecym jiist ux marpuit My u My BeIOHSIETCS
yeaoue (M) NE(Msy) # @, u Haobopor.
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7 O6cyxJeHne pe3yJabTaTOB

[Ipetoxkenus 5 u 6 ycranapguBaioT rpadoBble CTPYKTYPhI Ha MHOXKe-
CTBEe MATPUIHBIX KOJOB M | ONMCAHHOM U aJTOPUTMUIECKH TIePEINCIEHHOM
B [14]. MaTpudHbie KOfbl B MHOTOCTPOUHO# hopMe 1. 4 yTOUHSIIOT B3aNMHbIE
PAaCIIOJIOKEHUsT BCEBO3MOXKHBIX KOPHEN MHOTOUJIEHA X, (), JeHCTBUTEIbHBIX
U KOMILJIEKCHBIX, ITPOCTHIX U KPATHBIX, [IO9TOMY OJIYI€HHbII oprpad MOKHO
HA3BATb NOAHGLM B OTIIMIHE OT OprpadoB, IMOCTPOeHHbIX B [12]| ¢ aByxcTpou-
HBIMI KOJAMU B KAQIeCTBE BEPITUH ﬂ JI71s1 KOpHEBOTO CUMILIEKCA MHOTOYTE-
Ha IIOJIHBIN oprpad XapaKkTepu3yeT CerMeHTapHO-TPAHUYHOE COOTBETCTBUE
k-MepHBIX CEerMEHTOB M UX k — 1-MepHBIX rpanull, k = 2,...,n, T.e. Ipe-
CTABJISIET ‘BEPTUKAJIBHYIO  CTPYKTYDPY (IO PA3MEPHOCTH) CHMILIEKCA.

[Tonubie Heoprpadbl Hy, XapakTepusyoT cerMeHTAPHO-TPAHUIHOE COOT-
BeTCTBUE k-MEPHBIX CEIMEHTOB, UMEIONUX O0IyI0 k — 1-MepHYIO TpaHHuILy,
k=2 ...,n, T.e. IPEJACTABJLIOT ‘TOPU3OHTAILHYIO CTPYKTYPY CHMILICKCA.
B gactnoctu, eciiu k = n—p+1, rje p — 9uca0 napaMeTpoB yIIPaBJIEHU, TO
MHOKeCTBO pébep M,,_, COOTBETCTBYET KPUTHIECKAM KODHEBBIM JHarpaM-
mam [6, 12, 13| u HysbMepHBIM MHOrOOOPa3usiM B IPOCTPAHCTBE HapaMeT-
poB P (0T mycToro MHOXKECTBa JI0 HECKOJIBKHX TOYEK), & BeprmHbl M, 1
— MOJAXOJSAIIUM K HUM OJHOMEPHBIM MHOI0OOpa3usM B IIPOCTpaHcTBe P,
MTO3BOJISIIONTUM OIEHUTDH IKCTPEMATbHOCTh KPUTUIECKUX PACIOJIOXKEHU, CO-
OTBETCTBYIOMIUX KojaM [t € M,_,.

Tewm Gostee BayKHO UMETH SIBHYIO HEOPrPaMOBYIO CTPYKTYPY HPU UCIIOJb-
30BaHNN cenapaOebHBIX COCTABJISIONINX XapaKTEPUCTUIECKOTO MHOTOYJIe-
Ha, B IIpeJiesiax OJIHOTO CerMEHTa 00ECIIeTNBAIOIINX IIaIKOCTh 1eJIeBOH (hyHK-
U B Xojie MuHuMu3anuun R-rpajayuposku [15], HO npu cMmene KparHocTeil
KaKoro-To n3 KopHeil (1 cMene cermeHTtal) He COXPAHSIONIEH JayKe Herpe-
PBIBHOCTH.

Bossparascs B 3aj1a4e, oTMEUEHHOW BO BBEJEHHUI: CUHTE3Y YIIPABJIEHUS
JIMTHAMUYIECKON CHCTEMON ¢ TOMOIIBIO PEryIaTopa MOHUKEHHOTO MOPSIKA,
KOTOpoe ObLI0 Obl 3bdeKkTUBHO B 00enx (hazax MEePexoIHOTO MPoIecca —
OTMETHUM CJIEYIOIIYI0 BO3MOYKHOCTB. JacTh BapHATUBHBIX BO3MOXKHOCTEIR,
[IPEJIOCTAB/ISIEMBIX [TPOCTPAHCTBOM P, cBa3arh ¢ daszoil crabuausanuu, a
ocTaJbHble — ¢ (Ha30il BOMYIIEHUS 1 HeOOXOIMMOCTHIO TIOJIABIEHIS BCILIEC-
KOB. TeM caMbIM TIPHUJIETCS PACCMATPUBATH 064 KOPHEBBIX MHOTOUWIEHA |6,
7| 7rignt(S) ® Tieft(S) M NCKATH KPUTHYIECKHE KOPHEBDLIE PACIOJIOXKEHUS Xa-

2 B [12] ormeuasiocs, uTo “koibl (B BHIE JBYXCTPOUHBIX MATDPHIL) TIPEJICTABISIOT COBOI
boJiee yIOOHBIN CIIOCOD OMMUCAHMS CETMEHTOB U BEPINMH, YeM CAMHU 33IAaI0INAe CUCTEMBI
HEPABEHCTB — C TOW OTOBOPKOIi, ITO KOIBI HE YJIABIUBAIOT PASHUILI MEXKIY (-PABHBIMEI
(9KBUBAJIEHTHBIMU) ¥ IIPOCTO PABHBIMHU (T.€. KPATHBIMU ) KOMILIEKCHBIMU KOPHSIIMU, TOTJA
Kak caMu 3ajatomue (He)paBeHCTBA TaKyl BO3BMOXKHOCThH OCTABJIAIOT
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PAKTEPUCTHIECKOTO MHOTOUJIEHA X, ($) ¢ TIOMOIIBIO KOPHEBOIO MHOTOMJIEHA
7(8) = Tright(S)Tiest(S), BLIOUpAst pelleHnst, Tae caMble IpaBble KOPHU X, (S) ,
OTHOCSIIINECS K Tpight($), 3afiMyT BOSMOKHO 00JIee JIEBOE MOJIOKEHNEe Ha KOM-
IJIEKCHOII TIJIOCKOCTH, & CaMble IIPaBble, OTHOCAIINECS K Tef(S) - BO3MOXKHO
boJtee mmpaBoe.

[TOCKOIBKY CHHTE3 pery/isToOpOB OCYIIECTB/ISCTCS B HACTOSIIEE BPEMSI
JUISI CHCTEM He CJIUIIKOM OOIBIINX PA3MEPHOCTEM, & degr ight (S)+degrici(s) =
degr(s) < degxn(s), cyMMa cTeneneit MHOTOUICHOB T'yight (S) U 77e () BIIOIHE
MOZKET CPABHATHCS CO CTEIEHBI0 MHOTOUJIEHA X, ($), IpaBas U JieBast KOpHe-
Bble BEpTUKAJIM MOI'YT coOpaTh Ha cebsd Bce XapaKTepUCTHYECKUe KOPHU,
U BapUaHTBI CHHTE3a CBEAYTCHA K PACIPEIETICHUIO cTereHeil degryign:(s) +
degricsi(s) = n.

C 3Toit TOYKHM 3peHns MoIHOoe rpadOBOe OIUCAHUE BCEBO3MOXKHBIX KOPHe-
BBIX PACIOJIOKEHHIT OKA3LIBACTCS CYIIECTBEHHBIM IIAroM K (pOpMaJId3aliin
38491 CUHTE3a JIMHEHHBIX CTAIMOHAPHBIX CHCTEM C PEryJIATOPOM ITOHUKEH-
HOTO Topsiyika. PacemarpuBas cuHTes Kak eubkut npouecc [16], xemaresb-
HO UMEThb IIOJIHYIO JIOTMYECKYIO CXEMY BO3MOXKHDLIX BETBJICHWIT U CJIMSTHUIL
Ha KaxkJioil ero cragun |16, 17|, B ToM 4ucse Ipu MePBUYHOM HA3HAYEHUN
CTPYKTYPBI peryiaaropa (U, B 4aCTHOCTH, PA3MEPHOCTH IPOCTPaHCcTBa P) u
ee KOPPEKTUPOBKE Ha KOMIIAPATOPHON CTaJuu, Ijie KaK pa3 U MOIYT IPO-
SBUTBCS HEIPUEMJIeMbIe DEAKIINU CUCTEMbI B (pa3e BO3MYIIAIONICIO MMITYTh-
ca. [Tosbienne crenenn cucteMbl degy,(S) MO3BOJIAET YBEJUUUTH CTENEHD
Tieft(S) ¥ BOBMOKHOCTD BJIMSITH HA PACIOJIOXKEHNE JIEBBIX [OJIIOCOB U KOCBEH-
HO — Ha BEJIMYUHY BCILICCKA.

Bajiada sIBHOINO OIMCAHUSA TOMOMOPQM3Ma IOJHOIO0 KOPHEBOrO oprpada
G, u cepun Heoprpados Hj, B cooTBeTcTBeHHbIE Ipadbl cerapabesbHbIX CO-
CTABJIAIONMX ABJISICTCS MPEJIMETOM AAJbHEHIIero u3y IeHusl.
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Abstract. For a positive integer n, let Snc(n) := {|Con(L)| : L is
an n-element lattice} be the set of the numbers of congruences of
n-element lattices, and let Sns(n) := {|Sub(L)| : L is an n-element
lattice} be the analogous set for sublattices. Several papers have
been devoted to the study of these sets. For example, D. Ahmed
and E.K. Horvath determined the fifth largest element of Sns(n),
and D. Ahmed with other coauthors obtained the sixth and the sev-
enth. This paper establishes lower and upper bounds on |Snc(n)| and
|Sns(n)|, the numbers of elements of Snc(n) and Sns(n), respectively.

1 Note on the dedication

Habilitated associate professor Eszter K. Horvath is my coauthor on ten
joint papers. Her sixty-third birthday, to which this paper is dedicated,
appears in the numerator in Theorem As shown by [I] and [I3], the
present paper is closely related to her research interests.

2 Introduction

For n € N* :={1,2,3,...}, we introduce the notation

Snc(n) := {|Con(L)| : L is a lattice with |L| =n} and

2.1
Sns(n) := {|Sub(L)| : L is a lattice with |L| = n} (21)

22
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for the set of the numbers of congruences and the set of the numbers of
sublattices of n-element lattices. Our goal is to present lower and upper
bounds on the numbers [Snc(n)| and [Sns(n)|.

This goal is motivated by known results on the sets Snc(n) and Sns(n).
To mention some of these results, note that the large elements of Snc(n)
and Sns(n) (or their equivalent counterparts in terms of densities rather
than numbers) have recently been investigated in several papers, including
Ahmed and Horvath [T], Czédli [3], [4], [6], [8], [9], and [10], Muresan and
Kulin [21], and Zaya, Dilbak, and Ahmed [23]. There are also papers where
algebras other than lattices are considered; see Ahmed, Salih, and Haje [2],
Czédli [5] and [7], and Kwuida and Muregan [20]. Future work might bring
analogous results for further types of algebras and reduce the gaps between
the lower and upper bounds presented in this paper.

3 Results

In this section we state three theorems, whose proofs are deferred to
Section [4]

3.1 Lower bounds

With the notation introduced in ([2.1]), we have the following lower bound,
in which 7 ~ 3.141 592653 589793 denotes the circular constant and e ~
2.718 281 828 459 045 the base of the natural logarithm.

Theorem 3.1. For n € N* with n > 564, we have

63 T3
= 44 - (24n — 47)3/4 . \/n — 2
Example 3.2. tells us that

|Sns(564)| > 2.282 520 098 - 104,
|Sns(2026)| > 2.673 6730546 - 10°°,  and
|Sns(10'°)] > 8.437977896 - 10™75,

|Sns(n) (3.1)

Before formulating another theorem, consider the following polynomial:
h(x) := (1 —4x)* — 2(1 — 3z)* = 2832* — 28323 + 10522 — 172 + 1. (3.2)
Using computer algebra, we obtain that

h has a unique root 7 &~ 0.150 837340460 € (0, )r (3.3)
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in the interval (0, {)g. (It is the smaller of the two real roots of h.) As usual,

round(n7) denotes the integer nearest to the product nr. (By convention, if
¢ is an integer, then round(t + 3) = ¢ + 1.) We write ds(z) for the (signed)
distance between z € R and the nearest integer:

ds(z) := round(z) — z € (—3, ir. (3.4)
The asymptotic equality stated in (3.7) means that the ratio of the two

expressions converges to 1 as n — oo. We adopt the convention that

for integers u and v, (u) = 0 whenever 0 < v < u does not hold. (3.5)
v
Theorem 3.3. Let n € Nt. With 7 ~ 0.150837 340460 defined in ({3.3)),

n—3—3. round(n7)> ‘ (3.6)

round(n7) — 1

Sne(n)| > (

Furthermore, letting

1-3r
=4/ ————— =~ 1.206 809 854
" \/ 277(1 —47) ’

1= 37\7 /1 — 37y 1-4
p:z( T) ( T) ~ 1.380277569, and
T 1—4r

1— 47—> 2+4ds(nT)
1-—37

Fl(n) — 7_l—ds(’rvr) . ( ~ 7_l—ds(m') .0.724 491 9592-"-4ds(n7')7

the binomial coefficient occurring in (3.6) satisfies the asymptotic equality

n —3 —3-round(nr) N M as n — oo, (3.7)
round(n7) — 1 vn
and for alln € N*,
1—4r

4
0.058 581 879 ~ 7%/2 < Fl(n) < 7Y/%. ( ) ~ 0.107001216.  (3.8)

1—37

Since 7 is an irrational number, ds(nt) fluctuates in (—3, 3)g; in fact,
each element of [—1,1]r is an accumulation point of {ds(n7) : n € N*}.
One of the roles of Fl(n) in is to neutralize this fluctuation. By (3.8),
the supremum-to-infimum ratio of the fluctuation is less than 2.
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Example 3.4. For the same three values of n as in Example[3.3, the avail-
able lower bounds from (3.6) and the asymptotic estimates from are

listed in (3.9).

Fl(n)p"
n = |Snc(n)| > KEl(n)p" ~
N
564 | 6.4404349 - 107 3.3630780 - 107 (3.9)

2026 | 1.4475773-10%1 | 1.0103258 - 102!
1010 not available | 1.8604317 - 101399664297

3.2 Upper bounds

Let Inc(n, k) denote the k-th largest element of Snc(n). In particular,
Inc(n, 1) is the largest element of Snc(n). Assume that we have a function
n +— k(n) such that, for some threshold value 2 < ny € NT, we know
Inc(n, k(n)) for all n € N* with n > ny. Then

for every n > ng, we have |Snc(n)| < k(n) + Inc(n, k(n)) —2.  (3.10)

Indeed, Inc(n, k) > 2. Hence, apart from the k(n) “large” numbers in Snc(n),
the rest of the members of Snc(n) are in the (Inc(n, k(n)) — 2)-element set
{2, 3, ..., Inc(n, k(n))—1}. This implies (3.10). Combining with (the
Main) Theorem 2(iii) of Czédli [8]—in which k(n) = n and Inc(n, k(n)) =
2"~* + 3—we obtain

ISnc(n)| <n+1+2"*=n+1+8-2""7 forall n>8. (3.11)

Later, the arXiv preprint [100] improved the result of [§] by proving Inc(n, n+
4) = 25-2"79 for n > 9. This result together with (3.10] yields

Snc(n)| <n+2+25-2"% =n+2+6.25-2""7 forall n>9. (3.12)

Let Ins(n, k) denote the kth largest member of Sns(n), and assume that
2 < n{ € N*. Then the situation for |[Sns(n)| is analogous to that for
|Snc(n)| discussed above. If we are given a function n +— k'(n) and the
values Ins(n, k'(n)) for all n > nj, then—taking into account that 0, L,
and the singleton subsets of L are always in Sub(L) and, in particular, that
n — 2 < Ins(n, k'(n))—we have that

|Sns(n)| < k'(n) + Ins(n, k' (n)) —n —2 for all n > ny,. (3.13)
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Combining (3.13) with Ahmed and Horvath [I], which proves Ins(n,5) =
85 - 2" 7 for n > 7, we obtain

|Sns(n)| < 85-2""7" —n+3 forall n>T. (3.14)

For n > 8, and (the Abstract of) Zaya, Haje, and Ahmed [23] imply
|Sns(n)| < 83-2""" —n+5 for n > 8, which improves (3.14).

At the cost of not determining a concrete threshold ny and upper bounds
valid for all n > ng, the following theorem improves the O(2") upper bounds

given in (3.11)), (3.12), and (3.14) to an o(2") upper bound on |Snc(n)| and
on |Sns(n)|.

Theorem 3.5. |Snc(n)| = o(2") and [Sns(n)| = o(2"). Equivalently, for
every positive € € R, |Snc(n)| < e-2" and |Sns(n)| < e-2" for all sufficiently
large n.

Yet another way to formulate this statement is that for every positive
integer m, |Snc(n)| < 2"~ and |Sns(n)| < 2"~™ for all but finitely many n.

4 Proofs
Proof of Theorem[3.1. Assume that 564 < n € N*. Let k € NT with k& <
m:=n—2. A k-tuple t = (t,...,t;) of positive integers is called an integer

partition of m into k distinct parts if t1 + -+t =mand t; >ty > --- >
ty. Let DIPg(m) denote the set of these distinct integer partitions, and let
qr(m) := |DIPk(m)| stand for their number. The function

k
fuk: DIPg(m) = NT, (ty,. o ) > Y 2"
=1

is injective, since the binary expansion of a natural number is unique.

For each £ = (ty,...,t;) € DIPx(m), we define an n-element lattice K (f)
as follows. For i € {1,...,k}, let U; be a t;-element chain such that, for
i# 5, U;NnU; =0 and {0,1} NU; = 0. Then K(t) := U, U---UU,U{0,1}
such that 0 is the bottom element of K (f), 1 is the top element, U; is a chain
in K() fori € {1,...,k}, and for any = € U; and y € Uj, i # j implies that
x and y are incomparable or, equivalently, zVy =1 and z Ay = 0. For
example, K(2,1) = N5 and K(4,3,2) are drawn in the middle of Figure [I]

To determine |Sub(K (Z))|, note that there are 2™ sublattices S such
that {0,1} C S, and there are three members S of Sub(K (#)) such that
S C {0,1}. (Note that, as usual in lattice theory, “C” is the conjunction of
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“£" and “C”.) Each further S € Sub(K (£)) is of the unique form AU B such
that A C {0,1} and B is a nonempty subset of exactly one of the chains
Ui, ...,U,. We can choose A and B in 3 ways and (2" —1)+-- -+ (2% —1) =
fmk(f) — k ways, respectively. Thus

Sub(K (£))] = 2" + 3+ 3(fmk(t) — k) = 3fm(t) + (2" + 3 — 3k).
This equality, the injectivity of f,,x, and [Sub(K (t))| € Sns(n) imply that
for any k € N*,  gi(n —2) = gx(m) = |DIPx(m)| < |Sns(n)|. (4.1)

The rest of the proof focuses on distinct integer partitions. Denote by
g(m) the number of all distinct integer partitions of m. That is, ¢(m) =
Y e qe(m). Of course, far fewer than infinitely many summands are suf-
ficient here. Specifically, if gx(m) > 0, then pick an integer partition t=
(t1,...,tx) € DIPL(m) to obtain

B2<kk+1)/2=1+ +k<t;+ -+t =m,

whereby k& < v/2m. Hence ¢(m) = IE@J qr(m), where |v/2m] denotes the
integer part of v/2m. Thus pigeonhole principle and [v2m| < v/2m imply
that

there is a k € N such that ¢(m)/v2m < qx(m). (4.2)

The rest of the proof relies on Dong and Ji [14]. Basically, we are go-
ing to turn the first inequality in [I4, (1.8)] into an explicit formula in a
straightforward way.

Denote the set of real numbers by R. For x € R, let

3 1 105 4725 72765 31

8r 128xz%  1024x3  32768x*  262144x° a6’
Note that, using E;(z) from [14, (2.3)], G(z) = Er(x) —31/25. Let I;: R —
R stand for the first modified Bessel function of the first kind; we do not

need its definition. The “lower estimate” part of Lemma 2.2 of Dong and Ji
[T4] asserts that

G(z) =1

T

if > 26, then I(x) > ¢

TN 2mx

Following Dong and Ji [14 (1.3) and (1.7)], but using m = n — 2 instead of
n, define

-G(x). (4.3)

v(m) = ﬁ\/ﬂlm +1 and (4.4)
M (m) V2o L (v(m)). (4.5)

T 12u(m)



28 G. Czédli

A part of Theorem 1.3 of Dong and Ji [14] asserts that
if v(m)>43, then M(m) (1 - V(m)_6> < q(m). (4.6)

We denote G(43)(1 — 1/43°%) by 5. A straightforward computation yields

that
1297893279 365 102 398 023 045

1309397181964 700 103 507 968

Since G(z) and G(z) - (1 — 1/2%) are monotone increasing on the interval
(07 OO)]R?

= G(43)(1 —1/43°% =

if x >43, then G(z)- (1 - i) > 1. (4.7)

26

It is straightforward to see that
for m > 562, we have v(m) > 43. (4.8)

Using the equalities and inequalities presented so far, assuming n > 564
(equivalently, m > 562), implicitly taking (4.8 into account (that is, v(m) >
43), and choosing k according to (4.2)), we compute as follows.

Sus(o)] S g m) B ) B ML v(m) )
V2m V2m
(1% V22 (v(m)) (1 —v(m)~°)
120(m) - v/2m
13 v27°G(v(m)) (1 — v(m)~°)
12v(m) - v/2m - W
V2r?og -
12v(m) - v/2m - \/27”7
7773/2\/5 . ev(m) 777?3/2\/5 . er(n=2)
T 24p(m)2 24v(n — 2)3/2 - \/n —2
) nrd/2/2 - eTVHR—ITINT
24w (24n — A7) 7280\ — 2
44 - 712°1\/2 63 . ¢mV/n/3-17/72
T 6324 42— 474 n—2

v(m)

V|5

VE

(4.9)

Computer algebra shows that the first fraction in is larger than 1. (It is
approximately 1.008 283911.) This completes the proof of Theorem O]
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Remark 4.1. The ezciting story of the number q(m) of distinct (also called
unequal) partitions of m goes back to Hardy and Ramanugjan [19], who proved
that

1
~ T m/3
a(m) 4. 31/4 . m3/4 ¢

as m — oo. (4.10)

This result is only implicit in [19], but is cited and attributed
to [19] in Erd6s and Lehner [I5, (3.61)], and also occurs in other
publications, including Rosen [22] §11 on page 149]. Combining (4.1)), ([£.2),
and , it follows that for each positive ¢ € R, there exists a positive
integer ng(e) € N such that for all n € NT,

(1 . 6) e (n—2)/3

4-3U% - (n—2)¥ . \Jon =14

In contrast to Theorem does not seem suitable for obtaining
concrete lower bounds as in Example Indeed, determining n(e) might
be difficult and would lead us too far afield from the focus of this lattice-
theoretic paper.

if n>mng(e), then < |Sns(n)|.  (4.11)

bi=1 . L(2,3,2,1,1)

K(4,3,2)

Figure 1: L(2,3,2,1,1), N5, K(4,3,2), and Ji(Con(L(2,3,2,1,1)))

Proof of Theorem[3.5. We may assume n > 11, since otherwise the binomial
coefficient in is 0or 1. For k € Nt and @ = (uy,...,u) € NTF,
we define a lattice L(@) = L(uy,...,ux). Note that for £ = 5 and @ =
(2,3,2,1,1), the lattice L(@) is drawn on the left of Figure [l The base set
of L(@) and the list of edges (that is, the covering relation) of this lattice
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are the following:

k+1

k  u;
L(’J) = U{aigbi,ci} U U U{dgl)}, a/k+1 =< Ck+1, Ck+1 =< bk+1,
i=1

i=1j=1
a; < Qjt1, b; < bi+1, a; < ¢, ¢ < dgl), dg? < b; for i € {1, .. .,k},

d¥ <d\), forie{l,....k} and j € {1,...,u; — 1}.

For a pair (z,y) € L? of elements, let con(z,y) denote the congruence (rela-
tion) generated by (z,y). Let Edg(L) stand for the set of edges of L, that is,
Edg(L) = {(z,y) € L* : * < y}. Similarly, So(L) denotes the strict order of
L, that is, So(L) = {(z,y) € L? : x < y}. Note that Edg(L) C So(L). For
(a,b), (c,d) € So(L), we say that (a,b) and (c,d) are perspective—in nota-
tion, (a,b) ~, (¢, d)—if either (a,b) = (c,d) or {a,b,c,d} is a four-element
non-chain (equivalently, a four-element Boolean) sublattice of L.

The monolith edge of N5 is (a, c), the only edge whose endpoints are dis-
tinct from 0 and 1; see the top middle part of Figure . Let (a1, b1), (az,be) €
Edg(L). Following Grétzer [I§], we say that the edge (ai,b1) is weakly
perspective to the edge (ag, by)—in notation, (aq,by) ~y (ag,by)—if either
(a1,b1) ~p (az,bs), or [{a1,bi,as,b2}| = 4 and there exists a lattice em-
bedding ¢: N5 — L such that (ag, by) is the p-image of the monolith edge
of N5. As opposed to perspectivity, weak perspectivity is not a symmetric
relation in general. For edges (a1,b;) and (ag,bs) of a finite lattice L, the
Prime-Projectivity Lemma (together with Note 1.2) of Gréatzer [I8] asserts
that con(ag, b) < con(ay, by) (equivalently, (az,bs) € con(ay,by)) if and only
if there exists t € Ny := NTU{0} and a sequence (zo,40) = (a1,b1), (x1,y1),

ooy (me—1,ye-1), (x4, y0) = (ag, be) of edges such that (z;,-1,yi—1) ~w (T4, ¥i)
for all i € {1,...,t}. In particular, if (ay,b1) ~p (a2,b2), then con(ay, by) =
con(az, by).

For a finite lattice K, an element x € K is join-irreducible if it has
exactly one lower cover. The set of these elements is denoted by Ji(K). It
is well known, see the first sentence in the Introduction of Grétzer [I8], that
for every finite lattice K,

Ji(Con(K)) = {con(z,y) : (z,y) € Edg(K)}. (4.12)

For a vector @ € N*t* let J = J(@) denote the poset (partially ordered
set) Ji(Con(L(w))). For @ = (2,3,2,1,1), this poset is depicted on the right
of Figure Next, we describe J() in general; the correctness of this descrip-
tion and that of the figure is a straightforward consequence of the Prime-
Projectivity Lemma and . Define the congruences «; := con(a;, a;11) =
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con(d Jz),b) Bi == con(b;,bi+1) = con(a;, ), and ’71' = con(c,,dgi)) for
i € {l,...,k}, the congruences 73(-) = con(d§Z 1,d ) fori e {1,...,k} and
j €{2,...,u;}, and the congruences oy = con(ck+1,bk+1) and Brr1 =

con(ag1, cxy1). Then J(i) consists exactly of these congruences, which are
distinct. Furthermore, the coverings (alternatively, the edges) of the poset
J (@) are exactly the following: ;1 < «a;, a1 < ﬁz, th < ay, and Biyq < 5
fori € {1,...,k} and, furthermore, %() < o and 7] < piforie{l,... k}
and j € {1 u; }.

Let Id(J (ﬁ)) denote the poset of order ideals of J(u) ordered by the “C”
relation; a subset X of J(u) is an order ideal if for all x € X and y € J(u),
y < z implies y € X. We know that Con(L) is a distributive lattice. Thus

the well-known structure theorem of finite distributive lattices (see Grétzer
[T7, Theorem 107]), combined with (4.12)), yields that

Con(L(@)) = 1d(J(@)), and therefore |Con(L(w))| = |Id(J(@))|. (4.13)
For a vector @ = (uy,...,u;) € N we use the notations
() :=k and s(U):=up+ -+ u.
We claim that for every @ € Nt

5(i)
|Con(L(#))| = 25 4 30(i), where o (i Z Quattuattu (4.14)

To prove this, we use (4.13)), that is, we count the order ideals of J(u). For
X € 1d(J(u)), we define the depth of X, denoted by depth(X), as follows.

k+2 ifXﬂ{abﬁl;o@aﬁ%“'705k+176k+1}:wa

depth(X
epth(X) = {m, if m =min{i : X N {ay, 5;} # 0} otherwise.

For X € Id(J(w)) with i := depth(X) € {1,2,...,k+ 1}, we have that

ap, B € X forall t withi <t <k+1=1+0(),
{ag, B} N X =0 for all ¢ with 1 <t < 4,

1\ € X for all t and j with i <t <k and 1 < j <, but

there is no stipulation on 'y](-t), ifl<t<iand1<j<uw. (4.15)

Since (4.15)) affects uy + --- 4 u;—1 congruences, X N {fyj(t) st <iand 1<
Jj < w} can be chosen in 22T t4i-1 ways. There are three possibilities
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to choose the nonempty intersection X N {e;, B;}. Hence there are exactly
3. 2wt tui-t members X € Id(J(@)) with depth(X) =i € {1,...,k+ 1}.
This explains the 30 (@) part of (4.14)); note that the summation index is
shifted by 1. Since we have exactly 2°@ order ideals with depth k + 2, we

have shown (4.14]).

Next, we claim that whenever 4 and ¢ are vectors of positive integers
such that (@) = §(¥) and s(@) = s(?), then

@ # v implies |Con(L(u))| # |Con(L(7))]. (4.16)

To prove this, assume that k := §(d) = 6(¢), s(u ) = s(?), and @ # ¥. By
([@.14), it suffices to show that o (@) # o (). Since @ # ¥, there is a smallest
j such that uy + -+ + u; # vy + -+ + v;. By symmetry, we may assume
uy+---+u; < vy+---+v;. The binary expansion of o(«) consists of 1+ s()
bits. Namely, the bits of weights 20, 2u1, guituz guit-tur — 9s(@) gre
equal to 1, all remaining bits are 0, and analogously for ¢. By the choice of j,
the bit of We1ght 2uit+ui g 1 hoth in o (@) and o (¥) fori € {0,1,...,5—1},
but the bit of weight 2“1+ is 1 in o(«), while it is 0 in o(¥). This fact
and the uniqueness of binary expansions yield o(#) # o(¢)), which implies
@16).
By construction, the number of elements of L() is given by

IL(@)| = 3(k 4+ 1) + uy + - + w = 38(@) + 3 + (@), (4.17)

Next, let & € N*. To determine how many vectors @ with |L(%)| = n and
(1) = k there exist, note that s(@) =n — 3 — 3k by (4.17). Thus s := s(4)
does not depend on @. We have already seen that the binary expansion of
o(u) has 1 + s bits. Furthermore, the bits of weights 2° and 2% are 1, and
exactly k — 1 additional bits are equal to 1. If 2v1, 2¥2 .. 2%-1 are the
weights of these additional bits such that 1 < v; < vy < -++ < vy < s,
then the system

U =V, U+ U =V2, ..., U+ -+ U] =Vp_1, U+ - F U, =S

of equalities determines w, and each eligible « is obtained in this way from
a unique U = (vy,...,v_1) with 1 < vy <wy < -+- < -1 < s — 1. Since

there are exactly
s—1 n—3—3k
o= (1) = (752 w19

eligible vectors o, there are f(n,k) many corresponding vectors 4 and, by
(4.16)), f(n, k) many n-element lattices L(@) with pairwise different numbers
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of congruences (such that s(#) = n — 3 — 3k). Hence, for any n, k € NT,
|Snc(n)| > f(n, k). (4.19)

Since 1 < v < vy < -++ <vp_1 < s — 1, here and later in the proof, we
may assume that k—1 < v, < s—1 = (n—3—-3k)—1, that is, k < (n—3)/4.
Since n > 11, it is straightforward to verify that k& := round(n7) satisfies this
inequality. Therefore, after substituting round(nr) for k, and
imply .

We now present a plausible argument explaining why we choose k :=
round(n7). This is not an integral part of the proof of Theorem , and
therefore does not affect its validity. Let ko(n) denote the value of k at
which f(n,k) attains its maximum for a given n; that is, f(n,ko(n)) =
max{f(n,k): 1 <k <(n-—3)/4}. We make it plausible that ko(n) ~ nt as
n — 00, but we do not prove this rigorously.

To approximate ko(n), we examine the ratio

f(n,k+1)
r(k) = ————= 4.20
0= 420
Combining (4.18) and (4.20)), a direct computation yields that
5 4k)(n— 4 —4k)(n — 3 —4k)(n —2 — 4
(k) = (n—>5—4k)(n k)(n —3 —4k)(n k) (4.21)

k(n —5—3k)(n —4 — 3k)(n — 3 — 3k)

This expression would be difficult to handle. Thus we assume that n is
large. We divide the numerator and the denominator of by n?, and
we ignore the low-order terms. Then, letting = := k/n, we obtain that, as
n — oo,
_ 14z
r(k) =~ R(z) := 21 = 32y

Since 1 < k < (n — 3)/4, we have z € (0, 1)r. It is routine to verify—even
by computer algebra if desired—that the polynomial h, defined in , is
positive on (0, 7)r and negative on (7, 1)r. Since h is the difference between
the numerator and denominator of R(z), which are positive on (0, 1)g, we
obtain R(x) > 1 in the interval (0,7)g and R(z) < 1 in the interval (7, 1 )g.
Using r(k) = R(z), k = nx, and ([£.20), it follows asymptotically that the
sequence f(n,1), f(n,2), ..., f(n,k), ... is increasing up to about k ~ nr,
and decreases thereafter. This explains the choice k(n) = round(nr) in
Theorem [3.3]
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Note that, using computer algebra, we obtain

{n:n € {11,12,...,2026} and ko(n) #

{n :n € {11,12,...,2026} and ko(n) # [n7|}| = 879,

{n:n e {11,12,...,2026} and ko(n) # |n7]}| = 1137,

{n:n € {11,12,...,2026} and ko(n) ¢ {round(nr), |n7], [n7]|}}| = 0.

round(n7)}| = 123,

The last line of the display above is equivalent to the statement that, for
every n € {11,12,...,2026}, we have |ko(n) — n7| < 1. It would not make
much sense to extend the display to n € {1,...,10}, since in that range
the binomial coefficient in is 0 or 1, in most cases by , while the
definition of ko(n) becomes problematic.

Resuming the rigorous proof, to show , we need Stirling’s formula:

for me Nt m!~ v 27rm(@>m. (4.22)

e

To avoid more cumbersome notation, we often abbreviate round(7n) by r,
that is,

Ir-

N |—

’

D=

r:=round(rn), and we let y:=1r—n7t =ds(n7t) € (—

In fact, y € (—%, $)r, since 7 is irrational. In the remaining of the proof, we
often mark =, ~, and — (denoting convergence) with * to indicate that, in
addition to possible other considerations, we simplify fractions by suitable
powers of n. Implicitly, we often use that r/n — 7 as n — oco. We now
compute as follows.

(n -3-3- round(rn)) B (n—3—3r)! E2D
(r—1)!(n—2—4r)!
V2m(n—3—3r)-(n—3—3r)n 378 grl. enm2-4r
en=3=3r 2 (r — 1) - (r — )71 /2n(n — 2 — 4r) - (n — 2 — 4r)n—2-4

round(nr) — 1

= a102030405, (423)
where
V2r(n—3-=3r)-v/n . J1-3r
a; = ~ = K, (4.24)
V2r(r —1)\/2r(n—2—4r)  +/2a7(1 — 47)
1
o9 = %, (425)
n—3 — 3r\n-snt nT \n"" n —4nt \n—idnT
_ . o —— 4.26
“ <n—3n7'> <r—1> <n—2—4r> ’ (4.26)
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(n —3—3r) 37

Mo (-2 — 4r) 2w
( r—1 )1 y (n—2—4r>2+4y
- \n—-3-3r ' n—3—3r
1 —47r\2+4
iy = Fl(n). 4.2
o (=i g an
and
(n — 3nT)" =307 (n —3nT)" (n — 3n7)" 407
a g g .
b (nT)"™ - (n — dnT)n—4n7 (nT)n™ (n — 4nT)d—4n7
* 1—3 T™n 1—3 (1—471)n
- ( T) . ( T) - (4.28)
T 1—4r

By Lagrange’s Mean Value Theorem and (logx) = 1/x, we have that for
any positive u,v € R, regardless of which of u and v is smaller,

v—u
u+6-(v—u)

Hence, using (4.26)), (4.29), r — nT =y, r/n — 7, and that 6;, 05, 03 below
are in (0, 1)g,

logv —logu = for some 6 € (0, 1)g. (4.29)

log as = (n — 3n7)(log(n — 3 — 3r) — log(n — 3n7))
+ n7(log(nt) — log(r — 1))
+ (4 — 4n7) (log(n — 4n7) — log(n — 2 — 4r))
_ (n—=3n7)- (-3 —3y) nt-(1—1y)
T n—=3n7+0,(-3-3y) r—1+06,(1—y)
(n—4nT) - (2 + 4y)
n—2—4r+05(2 + 4y)
S (=3-3y)+(1—y)+(2+4y) =0 as n — oo.

This implies that
as ~ e =1. (4.30)

Next, (1.23), @24), [@25), @27), [@28), and (@30) imply (3.7).

Finally, consider the function

1—4r
1—-37

f(z) =777 2 where ¢ :=

Its derivative is

f’(m) _ (elog(71—152+4m))/ _ (6(171)10g7+(2+4w) logg)/
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— o(1=2)log 7+ (2+4z)log¢ | (1 —x)logT + (2 + 4x)log f),
- f(q;)(—log7+410g§)-

Since —log T + 4log¢ ~ 0.602414774 > 0 and f(z) is positive on R, the
derivative f'(z) is also positive on R. Hence 7%/% = f(—1) < f(z) < f(3) =

T1/2¢4 for all @ € (—1, 2)r. This implies (3.8), since ds(n7) € (-1, 1)z and
Fl(n) = f(ds(n7)). The proof of Theorem [3.3)is complete. O

Proof of Theorem[3.5 First, we outline the main idea of the proof. Building
on results proved in earlier papers, we show that the Jordan measure of the
complementary set I C [0, 1]z of the set of densities (to be defined soon)
is 1. Then, after normalizing the natural numbers that could be |Con(L)|
or |[Sub(L)| for lattices L with |L| = n to the interval [0, 1]g, it turns out
that, apart from o(2") exceptions, these numbers fall into I. Thus, apart
from these 0(2") exceptions, no further numbers arise in the form |Con(L)|
or |[Sub(L)|. Although [ is Jordan measurable, we work with the Lebesgue
measure to take advantage of its o-additivity. For convenience, we also work
with a suitable subset Iy C I, which still has Jordan measure 1.

For a finite lattice L, the congruence density cd(L) and the sublattice
density sd(L) of L are defined by

cd(L) := |Con(L)| - 27!l and sd(L) := [Sub(L)| - 27X,

Since Inc(|L|, 1) = 2¥1=1 by Freese [16] or Czédli [3], cd(L) belongs to the
real interval (0, 1]g. Trivially, so does sd(L). Hence,

SCD := {cd(L) : L is a finite lattice} C (0, 1]z and

4.31
SSD := {sd(L) : L is a finite lattice} C (0, 1]g. (4.31)

Define
TCC := the topological closure of SCD and

TCS := the topological closure of SSD.

Then TCC C [0, 1]g and TCS C [0, 1]g. Note that TCC = SCDU{accumulation
points of SCD}, and analogously for TCS. It is proved in Czédli [I1] and
[12] that 0,1 € TCC N TCS, and that these two sets are countably infinite,
that is,

ITCC| =8y and |TCS| = Ry. (4.32)

Note that, from now on, the arguments for |Snc(n)| and |Sns(n)| are
practically the same; the main difference is which equality in is needed
(that is, whether [11] or [12] is invoked) and which of Inc(n,1) = 2"~! and
Ins(n, 1) = 2" is used. Therefore, we give the details only for |Snc(n)|.
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Let
Iy :=1[0,1]g \ TCC, and note that 0,1 ¢ I.

For p € Iy, we define an open interval J, = (a,, b,) containing p as follows.
Let a, be the supremum of [0,p)rg N TCC. Since 0 € TCC and p < 1,
the set [0, p)g N TCC is nonempty and bounded above, so this supremum
exists. Then a, € TCC, since TCC is topologically closed. Since a, < p
and p ¢ TCC, we have a, < p. Clearly, (a,,pjJg N TCC = ). Defining
b, == inf((p, 11N TCC), we obtain similarly (or by duality) that p < b, and
[p,b,)r N TCC = (. To summarize,

for every p € Iy, p € (ap,by)r =: J,, and J, C . (4.33)
Observe that
for any p,q € Iy, either J, = J, or J,N J, = 0. (4.34)

To see this, assume that J, N J, # 0 and pick z € J,NJ,. If we had b, < b,,
then b, would belong to (z,b,)r C (a,,b,)r = Jp, and since b, € TCC, this
contradicts J, C Iy. Thus b, < b,. By symmetry, b, < b,, so b, = b,. By
duality, a, = a,. Hence J, = J,, showing (4.34).

By and ([4.34), {J, : p € Iy} is a partition of Iy. Since TCC = R,
this partition has infinitely many blocks J,. But each open interval .J, con-
tains a rational number, and therefore implies that there are at most
Ny such intervals. Thus there are exactly Xy of them. The facts presented in
the current paragraph imply that—although we have considered continuum
many numbers p—there are only countably many distinct intervals J,, so
they can be indexed by natural numbers. That is, each interval .J, can be
denoted by U for some s = s(p) € N*. Then we have that

Iy = U U,, where Uy, Us,y, Us, ... are pairwise disjoint (4.35)

seNt

nonempty open intervals. Let p denote the Lebesque measure on R. It is
additive, and |TCC| = X; yields u(TCC) = 0. Thus u(ly) = p([0,1]r) —
u(TCC) = 1. Therefore the o-additivity of x and (4.35)) imply

> u(Us) = 1. (4.36)

Note that (4.35) and (4.36) imply that [, is Jordan measurable and its
Jordan measure is 1. However, it is more convenient to continue the proof
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with the already defined intervals Uy, Us, Us, ... rather than exploiting the
Jordan measurability of I in another way.

For n € N*t, we define a grid, its “scaled up” version, the “scaled up”
version of Iy, and an auxiliary set as follows; note that none of them contains

Go(2" ) = {i/2" i e {1,2,...,2"71}} C (0, 1g,
Gy(2" ) = {2 ! € Gy 2"1 ={1,2,3,..., 2"},

(2= (2 N € Go(2' ) = N .
Il<2 ) = { I‘ x e Io}

J2" Y =LY NG 2V ).

We claim that for any open interval (a,b)g with 0 <a <b <1,
n—1
(a,b)= N Go (2" ) — u((a,b)r) =b—a asn — oco. (4.38)

2n—1

Although is intuitively clear, we give a formal proof of it. Let H(n) :=
(a,b)r NGo(2"1). Tts smallest and largest elements are io/2" ! and 4, /2"~
with 4p := [a2"7!] + 1 and i; = [b2"7 '] — 1, respectively. Thus |H(n)| =
i1 —t+1= [b2”_11 — a2 — 1, and |H(n)|/2"" = b—a = p((a,b)r),
which proves .

Now consider an arbitrary £ € (0,1)g. By (4.36)), there is a k(¢) € Nt
such that

k(e)

> uU) =1-¢/2. (4.39)

s=1

Only finitely many intervals Uy occur in (4.39). Hence (4.38]) implies the ex-
istence of a common threshold value ng(e) that works for all s € {1,...,k(¢e)}

as follows:

Us N Go(2" 1
| 2n0_(1 ) > u(Us) — 2;(8) for all s < k(e) and n > ng(e). (4.40)
Since the intervals Uy, ..., Uy are pairwise disjoint, so are the sets U; N

Go(2"71), ..., Uk N Go(2"71). Hence, using [4.375), {@-37), (#39), and
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(2.40)),
|Il(2n 1)ﬂG (2” 1)| 11 ’]00G0<2n 1)| )
on— 1 on— 1
(UG U) N Go2 )| _ U (U, N Go(2 1))
- on— 1 n— 1
YU N G2 Y &R, ﬂGO(Q" b
= S Z (4.41)
@) ) € k(e)e
- z::( 5@ - <Z“<U5)> " 2h(e)
(4.39)
> (1—¢/2)—¢/2=1—¢ forall n>ng(e).

From now on, we assume that n > ng(¢). Multiplying (4.41)) by 2",

¥ ('
@Y B 1@y n 6y B e - o). (4.42)

By Inc(|L|, 1) = 28171 mentioned above ([.31]), and (#.37)), Snc(n) C G (2" 1)
and J(2"71) C G4(2"~ 1) We claim that

Snc(n) and J(2"!) are disjoint subsets of G1(2"71). (4.43)

To see this, assume p € Snc(n). Then p/2"~1 € SCD C TCC, and therefore
p/2"' ¢ I,. Thus, by (&.37), p = 2"7' - p/2"1 ¢ I;(2"'). Hence p ¢
J(2"71), proving ({§.43)).

Combining ([4.42)), (4.43), and the equality |G1(2"7!)| = 2", we obtain
that [Snc(n)| < 2" !e for all n > ny(e). Thus we have shown |Snc(n)| =
o(2").

As we have already mentioned, the argument for |Sns(n)| = o(2") is
practically the same; in fact, it is slightly simpler, since Ins(n, 1) = 2" (wit-
nessed by the n-element chain) is obvious. The proof of Theorem is
complete. O
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AJITEBPBI BUHAPHBIX ®OPMYVYJI
1JId KO-HOPMAJIBHOT'O /
NI BIOHKTMBHOI'O
ITPOUSBEAEHN A I'PAPODB

I.FO. EmeabsaHOB*

Uncturyt marematuku uMm. C. JI. Cobosea CO PAH,
[IpocuekT Axanemuka Komriora, 4, Hoocubupck, 630090, Poccus;
HoBocubupckuii rocy1apcTBEHHbBI TEXHUYECKUN YHUBEPCUTET,
np. K. Mapkca 20, HoBocubupck, 630073, Poccus

e-mail: dima-pavlyk@mail.ru

B pabote npojionzkaercsa usydenue aaredbp OMHAPHBIX (DOPMYJI JIJI TEO-
puit mpousBeeHuit rpacdos. PaccmaTrpuBaercss Ko-HOpMaJbHOE, WIN I3 b-
IOHKTHUBHOE, Ipousseaerue rpados. [lomyuensr Tabmmsr Kou u cdopmyu-
POBaHBbI TEOPEMBI JIJIs IIUKJIOB, PACCMATPUBAEMBbIX KaK I'padbl IPaBUIHLHBIX
MHOI'OYTI'OJIbHUKOB.

[Tokazano, 9YTO KO-HOpMAaJIbHOE IIpon3BeieHne rpadoB 6e3 30/ IMPOBaH-
HBIX BEPINUH HMeeT auaMerp He 6ojbine aByx. Ecim mcexommabie rpadbl co-
Jep:kar pebpa, TO B IPOU3BEICHUN IOABJsIETCsS cuMmiliekc. [losromy st
[IPOM3BEICHNI TUKJIOB COOTBETCTBYIOIINE AJITeOPhI TOIJIOMAIOTC aaredpa-
MM CHUMIIJIEKCOB.

1 IlpeaBapuresibHBbIE CBEIEHUS

Onpepnenenne 1. I[lycrs G = (V(G),E(G)) u H = (V(H), E(H)) — upo-
CThle HEOPHEHTHPOBaHHBIE T'Padbl. K0-HOPMAALHOIM NPOU3GEICHUEM, I
dussroHKEMUEHLLM Npoudsedernuem, rpacdor G u H naswiBaercs rpad GV H,
MHOKECTBO BEPIIMH KOTOPOI'O PaBHO

V(GV H)=V(G)xV(H),
a pasnnaHble BepiuHbl (g, h) u (¢', h') cMeKHBI TOT/Ia U TOJBKO TOT/a, KOTJIa

g¢ € BE(G) wm R € E(H).

*Pabora BBIIOHEHa B paMKax TOCYJAPCTBEHHOTO 3ajaHnsa HCTUTyTa MaTeMaTHKN

um. C.JI. Cobonea CO PAH, npoexkr Ne FWNF-2026-0032.
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B oramuune oT TeH30pHOrO MPOM3BEACHUS, B KO-HOPMAJILHOM ITPOU3BEIe-
HUW JIOCTATOYHO CMEKHOCTH XOTsI ObI B OJTHON KOODJIMHATE.

Hanmomuum ucnosrbzyemyio jraee repmunosioruio. [lyers X — koneunbrit
cesi3ubit rpad. Yepes B(X) 6ymem obosradaTh agredbpy GHHAPHBIX (HOPMYIT
Juist iostHOM Teopuu rpada X B cmeicie [I]. Merknu p,(,) B paccMaTpuBae-
MBIX I'PadQOBBIX IPUMEPAX OTOXKIECTBIIAIOTCS ¢ BO3MOXKHBIMEI PACCTOSTHUSIMU
MeXK/Iy BEPIIUHAME, OITOMY

Pu(p) - {0, 1, ce ,diam X}

Omnepanus B Tabauie Kaimm 3amaer MHOXKECTBO BO3MOYKHBIX METOK KOMIIO-
UK OMHAPHBIX (DOPMYJI: eciu TiepBast (popMysia UMeeT METKY ¢, a BTopas
— METKY j, TO B KJIeTKe % - j 3alllUChIBAIOTCS BCE METKH, KOTOPbIE MOTYT
MOJIYIUTHCS JIJIsT X KOMITO3HUITIH.

[Tos cumInIeKcoM HUKe TTOHUMAaeTCsI TOJIHBIN roarpad. s HacTosrmeit
paboThl JIOCTATOYHO cjydasd K3, TO ecTb TpeyrojbHuka. /lajiee mcrosab3y-
eTcd M3BECTHBIN pPe3yJbTaT O CUMILIEKCHOM ITOTJIOINIEHNN: €CJIU KOHEYHBIN
cBsa3HbIil rpad X auamerpa d COJEPKUT cUMILIEKC, TO airebpa B(X) cos-
najiaer ¢ ajarebpoii cumiiekcos Juamerpa d [2]. Dy anrebpy B gasbheiinem
OyzeM obo3HAYATDH Uepe3 T.

Jlemma 2. Ilyemv G u H — epagor 6e3 usoruposarnnvx sepuwun. Toeda
duamemp epada GV H ne npesocrodum 2.

Jlokasameavcmeso. Paccmorpum e pasimdanbie Bepiussl (g, h) u (¢, h').
Ecmu g cmexkna ¢ ¢ minu h cmexxksa ¢ h', To 9T BepiuHbl cMexKHBI B GV
H. B nporuBHOM ciiydae BbIGEPEM BEPIIMHY T, CMEXKHYIO C ¢, U BEPINUHY
y, cmexuyio ¢ h'. Torma (g,h) cmexna ¢ (x,y), HOCKOJIBKY ¢ CMeXKHA C
x, a (z,y) cmexna ¢ (¢',h'), mockosbky y cmexua ¢ h'. CienoBaresbHo,
paccTosiiue MexK Ly UCXOJHBIME BepIIMHAMEU He GOoJIbIIe JIBYX. O

CaencrBue 3. Fcau G u H ne umerom u3oiuposanHvly 6ePULUH, MO -
eebpa B(G V H) umeem ne bosee mpex 0CHOBHHLT MEMOK:

Pup) € {0,1,2}.

ITpennoxkenue 4. /[aa 106wz npocmuz epagos G u H npouseedenue GV
H sasasemes noanvim epagom mozda u moavko moeda, xoeda oba epagpa G
u H asaaromes nosnvimu.

Joxazameavemeo. Ecin G u H gBISIIOTCS TOJTHBIME, TO JJIs JTEOOBIX JBYX
pasmnaHbiX BepuuH (g, h) u (¢, h') mubo g # ¢, mbo h # h'. B nepsom
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ciydae g cMexkHa ¢ ¢', BO BropoM ciydae h cmexkHa ¢ h'. CiegoBaresbHo,
JIIOOBIE JIBE PA3TMIHBIE BEPITUHBI TPOU3BEICHNST CMEKHBI.

O6patHo, mycThb G He sABJIsIeTC TOJTHBIM. Tor1a CymecTBYIOT JIBe Pa3/Iind-
Hble HECMEXKHbBIE BEpIIUHbBL go, g1 € V(G). Badukcupyem Jrody0 BepIiuHy
h € V(H). Bepuuner (go, h) u (g1, h) pasnuaner, #Ho He cMmexHbl B GV H:
epBasi KOOpJMHAaTa He 06ecIiednBaeT CMEXKHOCTH, a BTOpas KOOP/MHATA COB-
najaet. 3Haqaut, GV H He aBjseTcs MoJTHbIM. AHATOTUIHO PACCMAaTPUBAECTCS
caydait, Korja H He saBIsSeTcd MOJTHBIM. O

2 Ko-HopMmaJjibHbIE NPOM3BEAEHUS N aJIredpbl
CHUMILIEKCOB

Jlemma 5. Ecau epago. G u H codeporcam xoms b6v, no o0nomy pebpy, mo
Ko-Hopmasvhoe npouseedenue G NV H codeporcum mpeyzosvruk.

Jlokasameavcmso. Ilycrs gogi € E(G) u hohy € E(H). Pacemorpum tpu
BepimHbl Tpada GV H:

a=(g90,ho), b="(g1,h0), c=(g0,M).

Bepmunbl a 1 b cMeXKHBI, IIOCKOJIBKY (g CMeXKHa, ¢ ¢1. BepIuHbI a 1 ¢ cMexK-
HBI, IIOCKOJIBKY hg cMexkHa ¢ hy. Hakonerr, BepimuHbl b 1 ¢ TaK»Ke CMEKHBI:
mepBasg KOOpJAuHATa 00ECIeInBaeT CMEXKHOCTb ¢i ~ (o, & BTOpasg KOOPIHU-
HaTa — CMeXXHOCTh hg ~ hi. CremoBarensHo, a,b,c 00pa3yoT CHUMILIEKC
K. m

CaencrBue 6. [las a06vx m,n > 3 K0-HOPMaAbHOE Npou3eedenue Npa-
BUNBHBLL MH020Y20avHuK06 Cny \V C) codeporcum mpeyzorvHuk.

oxazamensvemeo. Kaxmerit uka C,,, m > 3, comepxkut pedbpo. [losromy
YTBEPZKJCHUE CJCYeT U3 NPEIbLIYIIEHA JTeMMBIL. ]

Taxum obpazom, /g KO-HOPMAJIBLHOI'O IIPOU3BEICHUS ITUKJIOB, TO €CTh
rpad 0B MPaBUILHBIX MHOTOYTOJHLHUKOB, BCEr/a BO3HUKaET cuMILIekc. [lo-
9TOMY B 3TUX IIpUMepax 1o pe3yibrary [2] mosydarores anrebpbl cuMILIeK-
COB.

2.1 TabGaunpl aaredp CUMIIJIEKCOB

[IpuBeieM TOIBLKO T€ TAOIUIIBI AJIT€OP CUMILIEKCOB, KOTOPbIE HYKHBI JIJTs1
KO-HOPMAaJIbHBIX TIPON3BE/IeHNi TpadoB 6€3 W30 MPOBAHHBIX BEPITUH. DTH
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TabJIAIBI SIBJIAIOTCS YaCTHBIMU CJIydagMu Tad I jiid aaredp Sy, onmcan-
HbIX B [2]; 31ech onn obosHavaoTes depe3 Ty u To.

Ecmu oba comuo)kuTe st paBabl Tpeyroiabankam, o C3 V C3 = K3V K3
SIBJISIETCA TOJHBIM rpadoM. B arom cirydae auamerp paseH 1, 1 BOSHHKAET
asirebpa CHMILIEKCOB T1 € MeTKaMu p,p) = {10, 1}:

Lo 1
01{0} {1}
1[{1} {0,1}

Bo Bcex ocranbhbix npousseenusx Cy, V Cy,, tie m,n > 3 u (m,n) #
(3,3), rpad He sBISETCS MOJHBIM, HO ero nuamerp paseH 2. [Tockosbky on
COJICP2KUT CUMILIEKC, aJIredpa COBIAJIAECT ¢ aaredpoil CUMILIEKCOB JTHaMeTpa
2, To ectb ¢ Ty, 1€ Py = {0,1,2}:

| o 1 2
0110} {1} {2}

1| {1} {0,1,2} {0,1,2}
2 {2} {0,1,2} {0,1,2}

ITpumep 7. Hia rpacdos C3V Cy, Cy vV Cy, Cy V Cy, C5 V Cs 1 BooOIIIE 115
Becex C, V C,, kpome (3 V (3, moaydaercsa ojHa 1 Ta ke Tabauna Kaam Ts.
OTryimaaTbcst MOTYT YHCIO BEPIINH W 9HCJIO pebep, HO ajarebpa OMHAPHBIX
dopmy1 ocTaeTcsd aaredpoit CUMILIEKCOB.

Teopema 8. Ilycmv m,n > 3, u nycmov By, , — areebpa bunaprvixr Gopmya
das meopuu Ko-Hopmasvhozo npouseedenus Cy, V C,,. Tozda:

1) Bz =Tyg;

2) B, =Ty daa ecex ocmanvHolr m,n > 3.

Loxazameavemeo. Ecium =n = 3, to C3 = K3, mostromy C3V (3 = Ky, u
ajarebpa nMeeT BUI Tq.

[Iycrb Teneps (m,n) # (3, 3). o semme o quamerpe rpad C,, VO, nnveer
nurametrp He Oosbitie 2. OH He sIBJISETCs TOJIHBIM, ITOCKOJIBKY XOTs ObI OJINH
U3 [IUKJIOB HE SABJISIETCS IMOJHBIM, I B COOTBETCTBYIOMIEH KOOPAMHATE MOYKHO
BBIOpaTh JBe HecMexKHble BepinHbl. CremoBarenbHo, quaMerp pased 2. Ilo
[IPEJIBIIYIIEMY CJIEJICTBUIO I'Pad COJIEPYKUT TPEYTOJIbHUK, TO €CTh CUMILIEKC.
[TosroMy 1O pe3ysbraTy 0 CHMILIEKCHOM Horomniennn [2] aarebpa GuHapHbIX
dopMy1 coBaIaeT ¢ aaredpoil CUMILIEKCOB JinaMerpa 2, TO eCThb ¢ To. [
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2.2 OcHoOBHOIT pe3yJbTaT

Cdopmynupyem obiuit pe3ysabTat s rpadoB 6e3 U30TMPOBAHHBIX BEP-
IITHH.

Teopema 9. IIycmo G u H — xonewnvie npocmuie 2pagdvi 6€3 u30Auposak-
HOLT 6ePWUH, U NYCB Kaorcobl u3 Hux codepatcum xoms 6v 0010 pebpo.
Tozda:

1) ecau G u H asamomes nosnvimu, mo B(GV H) = Ty ;

2) ecau xomasa 6w, 0dun us epagos G, H ne asasemea nosnvim, mo B(GV

H) =T,

oxazamesvemeo. Ecin G u H gBIASIOTCS MOJIHBIME, TO 110 KPUTEPHUIO TTOJI-
notel Tpad GV H Toxke saBisercs noaabiM. [loaToMy Bee pa3indHbie BepIm-
HBI HAXOJIATCA Ha paccTOAHWU 1, m ajarebpa OMHAPHBIX (POPMYJT UMEeT BU]T
aJIreOpbl CUMILIEKCOB X7 .

[TycTs xoTs ObI ouH U3 rpadoB He sABIdgeTcd noaabiM. Torna GV H me
SIBJISIETCS TIOJIHBIM, HO TI0 JIEMME O JITaMeTpe €ro JUaMeTp He IPEBOCXOIUT 2.
CaenoBarenbHo, auamerp paser 2. Kpome Toro, oba rpada comepzkar pedbpa,
modtromy GV H comepkut TpeyroyibHUK. [lo pesyiaprary o CHMILIEKCHOM
norsoniennn [2] anrebpa Gunapabix dhopMmyst coBragaer ¢ To. [

3ameuanwue 10. B ko-HOpMabHOM ITPOU3BEIEHUH MHOYKECTBO METOK CTaOM-
JIN3UPYETCs: TPU OTCYTCTBUU M30JIMPOBAHHBIX BEPIIMH JHaMETD He 0OJIbIre
JIBYX, & HAJIMIKMEe CUMILIEKCA TIPUBOJUT K aarebpe cuMILIeKcos [2].

2.3 Ilpumepsnl

HpI/IBe,ZLeM HECKOJIBKO IIPUMEPOB KO-HOPpMaJIbHBIX HpOHSBe,ZLeHHﬂ.

[IpousBenenue YesoBue Huamerp | Anrebpa
K,V K, m,n > 2 1 T
CnVC, (m,n) # (3,3) 2 Ty
P,V P, m,n >3 2 o

KimV K, m,n > 2 2 Ty
K, VvC, m>2 n>4 2 %o
K,sVvC, rs>1,n>3 2 o

Bnech C,, — 1uKJI, win rpad IpaBUILHOTO N-yTOJbHUKA; K, — IOJHBII
rpacd Ha n Bepmmnax; P, — myTe Ha n Bepmmnax; K, — 3Bes3na; K, s —
TTOJTHBIN JIBYIOIbHBIN Tpad ¢ TOJIIMA MOIITHOCTH I U S.
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IIpumep 11. [l npoussenenus nyreii P, V P,, e m,n > 3, KaxKJIblii
COMHOXKHTETb MMeeT pedpo U He NMeeT U30JIMPOBAHHBIX BepinH. [Ipu sTom
IIyTU He ABJIAIOTCA noHbIME rpadamvu. [losTomy

B(P, VP, =%T,.

IIpumep 12. Ina npoussenenud 3sesn Ky, V K ,, r1e m,n > 2, oba co-
MHOXKUTEJI UMEIOT IEHTP U JINCThs, CJIeI0BATE/IbHO HE sIBJISIOTCS TOJTHBIMUA.
B npoussenenun Bcerja BO3SHUKAET TPEYTOJBLHUK, HAIIPUMED U3 JIBYX pebep
MCXOJIHBIX 3BE€3/I, U CHOBA I0JIyvdaeTcs ajredpa CUMILIEKCOB To.

IIpumep 13. Ecimu ojitH COMHOXKUTE/IH SIBJISIETCA IOJIHBIM, Hanpumep K, V
(', TO pe3ysIbTaT He BCeria siBjigeTcs moaHbIM. [Ipn n = 3 oba coMHOKUTE IS
SIBJISIIOTCs TIOJTHBIMU, U 1tojiydaercd 2. [Ipu n > 4 nukin C, He saBasgeTcs
ITOJTHBIM, ITO3TOMY IIPOM3BEJICHNE UMeeT JAuaMeTp 2 U ajaredopy Ts.

2.4 W3osupoBaHHBbIE BEPHIMHBI

VciioBue 0TCyTCTBUS U30JIMPOBAHHBIX BEPIUH cyIiecTBenHo. Ecin oaun
U3 COMHOXKUTEJICH nMeeT N30JIMPOBAHHYIO BEPIINHY, TO JOKa3aTe/JILCTBO Jiua-
MeTpa 2 yxKe He pabotaeT. Bojsiee TOro, B KO-HOPMaJbHOM ITPOU3BE/ICHUN
MOI'yT IOABJIATHCA CJIOU, I'ZIE€ CMEXKHOCTD OIIpeJe/IdeTCA TOJIbKO ,ZLPYFOIZ KO-
OPJIMHATOM.

ITpumep 14. Ilycts E,, — mycroii rpad Ha m BepIInHAX, TO €CTh I'pad 0e3
pebep. Torma B mponsBemeHnn

E.,.VH

CMEXKHOCTB OIIPEJIEIISieTCsl TOJILbKO BTOpOil Koopjunaroii. Eciu H He cBs-
3aH, TO U IPOU3BEJICHNE MOXKET OBbITh HeCBA3HBIM. CJ1e/10BaTe/IbHO, aJIredphl
TaKUX IIPOU3BEJIEHN He 00sg3aHbI OBITH ajredpamMu CUMILIEKCOB.

Sameuanwne 15. Kiaccudukaiiys Ko-HOPMAJIBHBIX ITPOU3BEICHUN C U30,IU-
POBaHHBIME BEPIIUHAMU JIOJIZKHA PACCMaTPUBATHCA OTJEIbHO. B aToM ciry-
Jae BayKHO He TOJIbKO HAJIMYME CUMILIEKCA, HO U YHMCJIO KOMIIOHEHT CBSI3HO-
CTH, PACIIOJIO’KCHIE U30JINPOBAHHBIX BEPIINH U TO, KAKHE TUIBI PEaIn3yIOT-
¢ B KaxKJ10if KomnoHenTe. [loaTomy B HacTosIIell craThe OCHOBHOM KJIacCu-
duranmonubIii pe3yabrar hopMynupyercs s rpadoB 6€3 N30JIUPOBAHHBIX
BEPIIINH.
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2.5 CBg3b C CWJIBHBIM NPOU3BEJIECHUEM

CpaBHUM KO-HOPMAaJIbHOE IIPOU3BEIEHNE C CUIBLHBIM ITpou3BeieHneM. st
cusbHOrO nipoussejienus G X H Bepriunst (g, h) u (¢', h') cMexkHbI, eciin BbI-
HOJIHAETCA OQHO U3 YCJIOBUIL:

g=¢guh~h, h=hng~qg, g~guh~nhn.
JI1st Ko-HOPMAJILHOT'O IIPOM3BEJIeHUs] YCI0BHe KOpoye:
g~g mma h~FH.

B ko-nopmasibHOM ITpou3BejieHUN He TpeOyeTcsl COBIAJIEHUs OIHON KOOP/IU-
uatel. [losTomy B HeM mosBisieTcss 6obilie pebep U [aline BO3HUKAIOT TPe-
YTOJIbHUKH.

ITpennoxenuue 16. Fcau G u H — npocmuie 2pagor, mo xasicdoe pebpo
cunrvrozo npoussedenus G X H saeasemcsa pebpom Ko-HOPMaAALHO20 NPOU3-
egedenua GV H. Caedosamenvho,

E(GRH) C BE(GV H)
npu OaUHCMCOGOJ\/L MHONCECTNEBE GEPULUH.

Zloxazameavcmeo. Ecin 1Be BepHIMHBI CMEXKHBI B CUJIBHOM ITPOU3BE/ICHUN,
TO MO0 CMEXKHOCTH BO3ZHUKAET B IIEPBOil KOOpAuHATe, JU0O0 BO BTOPOIi, OO
cpa3y B obenx. B KaxKJ0M U3 9THX CJIy9aeB BBITOJHIAETCH U3 bIOHKTUBHOE
ycsioBue emexkuoctu s GV H. 0

[Tostomy st 1ukJioB C),, paccMaTpuBaeMbIX KakK I'padbl MpaBUIbLHBIX
MHOTI'OYTOJIbHIKOB, KO-HOPMaJIbHOE IIPOM3BEJICHNE CPa3y HMPUBOIUT K ajared-
paM CUMILJIEKCOB, TOIJIa KaK JJIs JPYTIUX IPOU3BEJEHUIT MOI'YyT COXPaHAThCS
TabJIUIBI, 3aBUCAIIAE OT YETHOCTUA U JIUAMETPA.

3 3akJirroueHue

B pabore ommcanbl ajredpbl OMHAPHBIX (GOPMYJT /I KO-HOPMAJIbHBIX
npousBeiernii rpados. [lokazano, aro st rpadoB 6e3 H30JIMPOBaAHHBIX BEP-
IIUH JEaMeTp IIPOU3BeIeHUs He IIPEBOCXOIUT ABYX. Kcm 0ba coMHOKUTE IS
SIBJITIOTCSL TIOJTHBIMU, TO ToJiydaercs ajredpa ¥p. Ecaum xors Obl opun u3
COMHOXKUTEJIEN He SIBJsSIeTCd IOJHBIM, HO oba rpada copepxkar pedpa, TO
BO3HUKAET CUMILJIEKC U TTOTyJaeTcs aiareopa Ls.
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g UKJIOB, pacCMaTPUBAEMbBIX KaK I'padbl MPaBUILHBIX MHOTOYTOJIb-
HUKOB, TOJTyYeHa ciejyomas Kiaccudukarms: 1is Cs3V O3 Bo3nnkaeT %1, a
i Beex octasibibiX Cp, V O, m,n > 3, Bo3HukaeT To. JlanbHeiiinee uccie-
JIOBAHUE MOYKHO TIPOJIOJIZKUTD JIjIs KO-HOPMaJIbHBIX ITPOU3BeieHuii rpados ¢
30 IMPOBAHHBIMU BEPIIMHAMY, IUPKYJIAHTHBIX I'PacdoB u rpados Mbraeb-
CKOTO.
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In a series of papers [I], 2, B, @, B, 6] Szmielew invariants [7, 8, @] for
natural classes of abelian groups are described. In this paper we adapt these
results for pseudofinite [I0] 1T}, T2] abelian groups.

1. Preliminaries

Let A be an abelian group in the language ¥ = (+®), =1 0, Then
kA denotes its subgroup {ka | a € A} and A[k] denotes the subgroup
{a € A | ka = 0}. Let P be the set of all prime numbers. If p € P and
pA = {0}, then dim.A denotes the dimension of the group A, considered
as a vector space over a field with p elements. The following numbers, for
arbitrary p € P and n € w \ {0} are called the Szmielew invariants for the

*The work was carried out in the framework of the State Contract of the Sobolev Insti-
tute of Mathematics, Project No. FWNF-2026-0032, and partially supported by Science
Committee of Ministry of Science and Higher Education of the Republic of Kazakhstan,
Grant No. AP26194247.
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group A [9, [7]:
Ay (A) = min{dim((p" " A)[pl/ (p" A)lp]), w},

Pp(A) = min{inf{dim((p" A)[p]) | n € w}, w},
p(A) = min{inf{dim((A/A[p"])/p(A/A[p"])) [ n € w}, W},

e(A) € {0,1},
and €(A) =0 < (nA = {0} for somen € w,n # 0).

It is known [9, Theorem 8.4.10] that two abelian groups are elementarily
equivalent if and only if they have same Szmielew invariants. In addition,
the following proposition holds.

Proposition 1.1. [0, Proposition 8.4.12] Let for any p and n the car-
dinals o p, By, vp < w, and € € {0,1} be given. Then there is an abelian
group A such that the Szmielew invariants o, ,(A), By(A), Vp(A), and £(A)
are equal to aupp, Bp, Vp, and e, respectively, if and only if the following
conditions hold:

(1) if for prime p the set {n | oy, # 0} is infinite, then B, = v, = w;

(2) if e = 0, then for any prime p, B, = v, = 0 and the set {(p,n) |
apn # 0} is finite.

We denote by Q the additive group of rational numbers, Z,» — the cyclic
group of the order p", Z,~ — the quasi-cyclic group of all complex roots of
1 of degrees p" for all n > 1, R, — the group of irreducible fractions with
denominators which are mutually prime with p. The groups Q, Z,», R,, and
Zy are called basic. Below the notations of these groups will be identified
with their universes.

Since abelian groups with same Szmielew invariants have the same the-
ories, any abelian group A is elementarily equivalent to a group

Do Zo7™ © 3,7 & ®, R0 © Q©), (1)

where B®) denotes the direct sum of k subgroups isomorphic to a group B.
Thus, any theory of an abelian group has a model represented by a direct
sum of based groups. The groups of form (/1)) are called Szmielew or standard.

Here finite subgroups are exhausted by direct sums of the groups Z,n,
and divisible ones — by direct sums of the groups Z,~ and Q.

Recall that any complete theory of an abelian group is based by the set
of positive primitive formulas [0, Lemma 8.4.5], reduced to the set of the
following formulas:

Jy(mizy + ... + muz, & pky), (2)
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Mz + ...+ mpx, ~ 0, (3)

where m; € Z, k € w, and p is a prime number [§], [9 Lemma 8.4.7].
Formulas and witness that Szmielew invariants define theories of
abelian groups modulo Proposition 1.1.

In view of Proposition 1.1 and equations and , we have the follow-
ing:

Remark 1.2. Theories of abelian groups are forced by sentences implied
by formulas of form and and describing dimensions with respect to
Qpns Bps Yp, and € as well as bounds for orders p* of elements and possibil-
ities for divisions of elements by p*. Moreover, various values of Szmielew
invariants are separated by some sentences modulo Proposition 1.1.

Recall that infinite structures and their theories approximable by finite
ones (i.e. such that all their satisfiable sentences are satisfied in finite struc-
tures, too) are called pseudofinite.

Theorem 1.3. [I] For any theory T of an infinite abelian group the
following conditions are equivalent:

(1) T is pseudofinite;

(2) T has some infinite o, or some (B, =y, = w, or e = 1, moreover,
for all nonzero values B, and 7,, By = Vp = w;

(3) T has infinite models, and all nonzero values 3, and , imply B, =

Vp = W.

2. Countably categorical and pseudo-countably-categorical
pseudofinite abelian groups

Recall [2, 3] that an elementary theory T of an infinite structure M,
which is not Ny-categorical, is called pseudo-Rg-categorical or pseudo-coun-
tably-categorical, if any sentence, which is true in M, has an infinite Ng-
categorical model N. The models N are called approximations for M, and
M is called pseudo-Rg-categorical or pseudo-countably-categorical.

Definition. [I3] For a group G the least number n, such that ¢" = e for
all g € G, if that n exists, is called the exponent of the group G.

Theorem 2.1. [I3] An infinite abelian group A is Ng-categorical iff A
has a finite exponent.

By definition, the existence of an exponent for a group G implies that all
elements of G have bounded order; furthermore, if such a group is infinite
and abelian, then, according to Proposition 1.1,all Szmielew invariants 3,
7p, and € are equal to zero, and only a finite number of the invariants «,,
take positive values, with at least one of these values being infinite. In
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view of Theorem 2.1 these arguments, using approximations, produce the
following;:

Theorem 2.2. [3] For any complete theory T of abelian groups the
following conditions are equivalent:

1) T is pseudo-countably-categorical;

2) T has infinitely many positive values o, and all positive values [,
and vy, imply [{n | apn # 0} = w and B, = v, = w, and the equality ¢ = 1
implies |{(p.n) | apn 7 0}] = w.

Applying Theorems 1.3, 2.1 and 2.2 we observe that both countably cat-
egorical and pseudo-countably-categorical abelian groups are approximated
by finite Szmielew invariants «,, producing the pseudofiniteness. Thus the
following Theorem holds:

Theorem 2.3. Any countably categorical and pseudo-countably-categori-
cal abelian group is pseudofinite.

3. Strongly minimal and pseudo-strongly-minimal
pseudofinite abelian groups

Recall [I4] that an infinite structure M is called minimal if, for any
formula ¢(z,a@) in the signature of M with parameters @, either the set
(M, a) is finite or the set ~p(M, @) is finite. A complete theory T" that has
no finite models is called strongly minimal if every model M = T is minimal.
Models of a strongly minimal theory are also called strongly minimal.

Following [4], a non-strongly-minimal structure, which is approximable
by strongly minimal ones, is called pseudo-strongly-minimal.

Theorem 3.1. [15] Let G be a group. Then the following conditions are
equivalent:
1) G is strongly minimal,
2) G is minimal,
3) G is abelian and has the form G = QWM @ @Z;éé’), where \ is some
P

positive cardinality, B, € w, or the form G' = Zz(yap’l), ap1 > w, t.e. for the

theory Th(G) either o, =0, B, € W, 7, =0, € = 1, or some a,;1 equals
w, and for the remaining Szmielew invariants the following holds: oy, = 0,
Bp=0,7%=0,e=0.

Applying Theorems 1.3 and 3.1 we obtain:

Theorem 3.2. A strongly minimal group G is pseudofinite iff G = Z,(ya”’l)
for some a1 > w.
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Theorem 3.3. [4] Let G be a group. Then the following conditions are
equivalent:
1) G is pseudo-strongly-minimal,

2) G is abelian and has the form G = QW @ @Zl(ﬁé’), where A and B,

p
are some cardinalities including at least one infinite B,, i.e. for the theory
Th(G) all app, =0, B, €w+1, 7, =0, e =1, with max f, = w.

p

In view of Theorem 3.3 all pseudo-strongly-minimal groups are abelian
and divisible whereas, by Theorem 3.1 ;there are strongly minimal groups
which are not divisible.

Applying Theorems 1.3 and 3.3 we observe that pseudo-strongly minimal
groups are not approximable by finite ones. Thus we have:

Theorem 3.4. Any pseudo-strongly-minimal group G is not pseudofi-
nite.

4. Uncountably categorical and pseudo-uncountably categorical
pseudofinite abelian groups

As above approximations by uncountably categorical theories produce
pseudo-uncountably-categorical theories T, which are assumed to be non-
uncountably-categorical.

The following Macintyre’s theorem describes all possibilities for w;-ca-
tegorical theories of abelian groups.

Theorem 4.1. [I6] For any abelian group A the following conditions
are equivalent:

a) Th(A) is w;-categorical;

b) A is infinite and has one of the following forms:

(i) K @ H, where H is finite, and K is a direct sum of copies of a cyclic
group Zupn ;

(ii) D @ H, where H is finite, and D is a divisible group such that for
any prime p, D has finitely many elements of the order p.

Theorem 4.1 and Proposition 1.1 imply:

Corollary 4.2. [5] For any abelian group A the following conditions are
equivalent:
a) Th(A) is w;-categorical;
b) Th(A) has one of the following possibilities for its Szmielew invariants:
(i) for some unique pair (p,n), o, = w, Yo ayw €w, and all By,
(p';n)#(pin)
Vp, € equal O;

(i) > apn €w, all B, are finite, all v, equal 0, and £ = 1.
(p,n)
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In view of Theorem 1.3 and Corollary 4.2 we observe that all possibilities
in Ttem 1) are pseudofinite, and pseudofinite cases in Item ii) are exhausted
by the equalities 3, = 0 for all p. Thus we have the following:

Theorem 4.3. For any wy-categorical abelian group A the following
conditions are equivalent:

a) Th(A) is pseudofinite;

b) Th(A) has one of the following possibilities for its Szmielew invariants:

(i) for some unique pair (p,n), o, = w, Yo ayw €w, and all By,
(p';n)#(p;n)
Yp, € equal O;
(i) > apn €w, all B, and 7, equal 0, and € = 1.
(p,n)

Theorem 4.4. [5] For any abelian group A the following conditions are
equivalent:

a) Th(A) is pseudo-wi -categorical;

b) Th(A) has one of the following possibilities for its Szmielew invariants:

(i) for some pairs (p,n), such that there are at least two of them and
finitely many, o, = w, Yo ayw €w, and all B, vy, € equal 0;

(' ;') #(pm)

(i) all values a,,, are arbitrary, ¢ = 1, and for some p, 5, = w; here
vy = 0 for each finite 5, with the finite set {n | ap, # 0}, and v, = w for
each B, = w with the infinite set {n | o, # 0};

(i) all values o, are arbitrary, > o, =w, all sets {n | oy, # 0} are

(p:n)
finite, there are infinitely many positive B,, all of them are finite, and e = 1;

here v, = 0 for each p.

In view of Theorem 1.3, Item i) corresponds to pseudofiniteness, Item ii)
admits the pseudofiniteness iff either 8, =, = 0 or 3, = v, = w for each p,
and Item iii) excludes the pseudofiniteness. Thus we have the following:

Theorem 4.5. For any pseudo-wi-categorical abelian group A the fol-
lowing conditions are equivalent:

a) Th(A) is pseudo-w -categorical;

b) Th(.A) has one of the following possibilities for its Szmielew invariants:

(i) for some pairs (p,n), such that there are at least two of them and
finitely many, oy, = w, Yo oy €w, and all By, vy, € equal 0;

(' ') #(p,m)

(ii) all values av,,, are arbitrary, € = 1, and for any prime p, B, =y, =0
or B, = v, = w, with at least one p having 5, = v, = w, and this equality
holds whenever |{n | oy, # 0}| = w.
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5. A-stable and pseudo-\-stable pseudofinite abelian groups

It is well known that every abelian group has a normal theory, and that
every normal theory is stable [I7]. Thus, there are no pseudo-stable abelian
groups. On the other hand, Macintyre classified w-stable abelian groups
[T6]. He showed that w-stable abelian groups can be represented as direct
sums of groups of bounded exponent (i.e., groups B such that nB = 0 for
some positive integer n) and divisible groups of the form @pZ](ﬁé’) @ QW,
where the Szmielew invariants 3,, with only a finite number of them being
non-zero; furthermore, there are A summands, each isomorphic to the group
of rational numbers Q.

When considering pseudofinite w-stable abelian groups, it follows from
Theorem 1.3 that the only possibilities are > (pn) Opm € W and € = 1, with
all 8, =, = 0.

Recall the characterization of the theories of pseudo-w-stable abelian
groups.

Theorem 5.1. [6] The theory Th(.A) of an abelian group A is pseudo-w-
stable if and only if A can be represented either as a direct sum of a pseudo-
countably-categorical group and a divisible group, or as a direct sum of an
w-categorical group and a divisible group that has infinitely many non-zero
Szmielew invariants 3, or at least one infinite invariant B,.

Theorem 5.2. There exist pseudo-w-stable pseudofinite abelian groups.

Proof. Let G, = @,cp Z/pZ [18] and put A = G, ® Q. For every prime
p its Szmielew invariants satisfy

api(A) =1, apa(A)=0(n=2),  G(A)=75A) =0, eA=L1

Since infinitely many invariants o, ,(G,) are positive, Theorem 2.2 implies
that G, is pseudo-Ry-categorical. As Q is divisible, Theorem 5.1 implies that
Th(A) is pseudo-w-stable. On the other hand, Theorem 1.3 implies that A
is pseudofinite. Thus A is a pseudo-w-stable pseudofinite abelian group. O

Theorem 5.3. [6] Any theory of an infinite abelian group is either w-
stable, or superstable non-w-stable, or pseudo-superstable.

Notice that a description above of theories of w-stable abelian groups
and their accumulation points in the class of pseudo-w-stable and pseudo-
superstable structures can be realized by pseudofinite abelian groups. The
first one is represented in Theorem 5.2. The pseudo-superstability is ob-
tained by infinite descending chains of definable subgroups with infinite in-
dices for each subgroup with respect to the previous one. Thus Theorem 5.3
produces:
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Theorem 5.4. Any theory of an infinite pseudofinite abelian group is

either w-stable, or superstable non-w-stable, or pseudo-superstable, and all
these possibilities are realized.
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1 Bseaenne

[Tpeareomerpust u reoMeTpruIecKast CTPYKTYPa MOJIEJIEH OCTAIOTCS OJHUME
U3 HEHTPAIbHBIX 00BEKTOB U3YYEHUS B MATEMATUICCKON JIOTUKE U TEOPUN
mogesteit. C 1970-X rogoB aKTUBHO pa3BUBAIOTCS HOIXO/bI K OIMUCAHUIO U KJIAaC-
cnUKaIIY TIpeIreOMeTPHi, BOSHUKAIONIMX B PA3JIUIHBIX TEOPHUIX, BKIIOTAd
O-MUHUMAJIBLHBIC, W-CTaOUIbHBIE U CUILHO MUHAMaJIbHbIE. CyIecTBeHHbIi
BKJIaJ B 9Tu uccienopanus saecan b. 1. Sunsbep |25, 26, 27|, A. unait
[20], 9. Xpymosckuii [15], a rak:ke paboThl, CBSI3aHHBIE ¢ W-KATENOPHIHBIMU
crpykrypamu [I| u cucremarnueckum uzsnoxenueM reopun Mogesneit [14]. Tu-
Bl IIPEIreOMEeTPUil — BBIPOXKICHHBIE, JIOKAJIBHO MOJLY/IAPHbIE, MOLYJIAPHBIE,
JIOKAJILHO KOHEUHBIC, IPOCKTUBHLIC — UIPAIOT IIPU 3TOM POJIb CTPYKTYPHBIX
naBapuanToB moseseit [2, 3] A, 19).

C zmpyroii cTOpPOHBI, pa3BUBACTCA KOMOMHATOPHO-AIre0pandecKoe HalpaB-
JIEHHe, CBA3AHHOE C ajrebpaMy paclpeIeaeHnii OMHAPHBIX N30JUPYIOIINX
dopMysT — HPOU3BOAHBIMU CTPYKTYPaMU IOJIHONM TEOPUH, KOIUPYIOIIUMA
KOMIIOBUIIMOHHOE TIOBEICHUE IVIABHBIX 2-TUIIOB. VX crcTeMaTHIeCcKoe NCCIeI0-
Banue ObL10 nHUIMUpoBaHO B pabore U. B. [lymenosa u C. B. Cynomiatosa
[23]; BriocnencTBum Takue aarebphbl OBLIM MOCTPOEHBI JIJIS PsIJIa KOHKPETHBIX
KJIACCOB Teopuil — yHapHbIX [5], Teopuit apxumei0Bbix Te [, momuronomer-
puueckux [J], — a HaKOIIEHHbIE PE3YJILTATHI TIOILITOKEHBI B MOHOTpadhuu

*PaboTta BBITIOJIHEHA B paMKaxX TOCYIAPCTBEHHOTO 3aaHus HCTUTYTa MATEeMATHKHA WM.

C.JI. Cobonesa CO PAH, upoexkr Ne FWNF-2026-0032.
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[10]. Bompocsr ycroitanBocTr U HaCIeI0BaHUs TUIIOB IPEAreOMeTpuii mpu
orepalysix HaJ| CTpyKTypamu usydaauch B [10, [[7]; saMbikanus, KOMOHHAIAT
U Mepapxum pacimpenuii crpykTyp pacemarpusasuch B [21], 22], a ronosorun
U paHrH B ceMeiicrBax Teopuii — B [1§].

Hecmorpst Ha napaJuiesibHOe pa3BUTHE STHX JIBYX HaAIlPpaBJIEHU, CBA3D
MeKy ajrebpandeckoii crpykrypoit 8(7, p) U reoMeTpUIeCcKUM THIIOM I10-
POXKIAEMOIl €10 IPEeJAreOMeTPUN CUCTEMATUIeCKH He ulydasiach. VMenno
9TOMY BOIIPOCY TIOCBSINEHA HacTodImas padora. Ha mmoxKecTBe peasusa-
it p(ON) HUKCHPOBAHHOIO CAMOCOTIPSZKEHHOTO MOJHOTO 1-THIia p MOJTHOI
reopun T anrebpa B (T, p) ecrecTBEHHBIM 0OPA30M 3aJIaET OTHOIIEHHE JIOCTU-
JKUMOCTH: 9JIEMEHT b JTOCTUXKUM W3 @, €CJIM BBIOJIHEHA HEKOTOpast OUHApPHAST
usosmpytomast dpopmyiia ¢, (a,b) ¢ merkoit u € L. OjHako ojHOMIArOBas
JIOCTVKUMOCTE He 00pas3yeT IPeIreOMETPUU B COJIEPIKATETHLHOM CMBICTIE,
ITO9TOMY BBOIIATCS UWIMEPUPOSAHHLIL, OTIEPATOP 3aMBIKAHIST Clys, 3aMBIKAIOITT
MHOZKECTBO OTHOCHTEJIbHO BCEX KOHEUHBIX MEMOYEK M30IUPYIOINX EPEX0I0B.

Bosnukaer ecrecTBeHHBIN BOIPOC: KaKOW T'€OMETPUYECKHIT THII UMeeT
npeareomerpus (p(9N), cly) 1 HACKOILKO GoraToil MOXKeT GLITh €6 CTPYKTY-
pa pH YCJOKHEHUH KOMIO3UIIMOHHON Tabuibl (Tabsmisl Kasm) anrebpbt
B(T,p)?

OcHOBHOI1 pe3ysibrar paboThl JaéT ucuepnbiBaromuii orset. [TokazaHo,
aro (p(9M), clp) Beerna ABIAETCS IPEAreOMeTpHeil,  YCTAHOBIICHA ME0PeMa
0 6vipostcdernocmu: mobas Takas IpeareoMeTpus TpUBUAIbHA. TeM caMbIM
BBLIAB/ISETCS IPUHIUINAIBHAA IPAHUIIA IUCTO OMHAPHOIO IIOIXO0/a: HUKAKAs
caozkaocTb Tabsmibl Ko anre6pst B (7T, p) He MPUBOAUT K HETPHUBUATLHOMY
reOMETPUYECKOMY THILY.

B pasBuTne sToro HadJo/ieHUs OMUCAHa TOHKAasl CTPYKTYPa WHLYIIUPO-
BaHHBIX IIpEJIreOMEeTPUl: II0JIYYCeHbl KPUTEPUN JIOKAJIHLHON KOHEYHOCTHU Yepe3
KOHEYHOCTh MHOKECTBa JIOCTHKUMBIX METOK, (POPMYJ/Ia Pa3MEPHOCTU Uepe3
YUCJIO OPOUT JIOCTHZKUMOCTHU AJIT€OPBhI, MOHOTOHHOCTD IIPEJINeOMETPUIl 110
BKJIIOYEHHIO CAMOCOIPAKEHHBIX 10/IaJIre0p U MHBAPUAHTHOCTb OTHOCUTETHHO
pa3MeYeHHOr0 U30MOP(U3MA, YIUTHIBAIONIEIO MOIIHOCTH KJIACCOB PeaJI3a-
nuii. B KadecTBe cojieprKaTeIbHOTO IIpUMepa PACCMOTPEHBI ceMelicTBa HP,
u §p,, OTBEHAIONINE TEOPUIM TOMOMOPMHBIX MPOU3BEIEHUI TPABUILHBIX
MHOT'OYT'OJIbHUKOB Ha peOpo, ajaredpbl OMHAPHBIX U30JUPYIOMNUX (POPMYIT
JiIst KOTOpbIxX moctpoenbl B [I1]: mist HUX nHpynupoBaHHube mpereoMeTpun
BBIPOZK/JIEHBI U JIOKAJIbHO KOHEYHBI, & UX PA3MEPHOCTb OIIpeessieTcsd YUCI0M
OpoOUT JTOCTUKHUMOCTH.

[Tonyuennsre pesyabraThl passuaioT uien pabor |16 [17], rae usyqa-
JIACh HACJIEyeMOCTDb TUIIOB MPEJIeOMETPUIl OTHOCUTEIBLHO Ollepariuii OyJieBoit
aaredpbl MPEJIMKATHBIX CTPYKTYP M KOMIIO3UIUN CTPYKTYP, U HEPEHOCAT
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reoMeTPUIECKU aHan3 Ha CceMeificTBO aredbp OMHAPHBIX U30JIUPYIONIUX
dopmy1, TOTONTHSAS CYIIECTBYIONIYIO TEOPUIO ONICAHIEM TOBE/IEHNS TPeIreo-
METPHUil B 9TOM HOBOM KOHTEKCTE.

2 IlpenBapuresbHble CBeJIECHUS

2.1 IlIpeareomerpun

Crenys |20} [14], nanomuum onpejesenust.

Onpenenenne 1. [Ipedzeomempueti HaspiBaeTcs mapa (S, cl) ¢ omeparopom
cl: P(S) — P(S), yI0BIETBOPAIONINM aKCHOMAM:

1. X Ccl(X) ana moboro X C S,
2. cl(cl(X)) = cl(X) mra moboro X C S;

3. 3amena: st mobeix X C S wa,be S, ecmu a € cl(X U{b}) \ cl(X),
o b € cl(X U{a});

4. g mobbix X € Sua € S: e a € cl(X), o a € cl(Y) s
HeKoToporo Koneunoro Y C X.

Onpepenenne 2. Ilycrs (S, cl) — npeareomerpus. Muoxkectso B C S
HA3BIBALTCS HE3A6UCUMBIM, €CIIH JIJI Beskoro b € B peinosineno b ¢ cl(B '\
{b}). HoamuoxkecrBo B C X masbiBaercs 6azucom muoxkecrsa X C S, eciu
X C cl(B) u B nezaBucumo. Pasmeprocmoio MHOXKecTBa X Ha3bIBAETCS
MOIITHOCTE €ro 0as3uca:

dim(X) = |B].
Onpenenenne 3. [Ipeareomerpus (S, cl) naspiBaercs:

o supostcdennoti (TpuBnaILHOI), ecn st 106010 X C S BBINOJIHEHO

l(X) = Ugex cl{a});

® M0OYAAPHOT, €CTU JIJTs JTFOOBIX KOHETHOMEPHBIX 3aMKHYThIX X, Y C §
BoimosiHeHo dim(X UY) + dim(X NY) = dim(X) + dim(Y);

® L0KaAbHO KOHewHOT, ecau Jiyis aroboro koneanoro A C S MHOXKeCTBO
cl(A) koreuHo.
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2.2 AJredpsl pacrpeaesieHnii OMHAPHBIX U30JIMPY FOIITIX
bopmyn

[Tycts T' — nonmas teopust B s3bike L, M |= T — w-HACHIIIEHHAST MOJIEIIb,
M = |9|. Badukcupyem nosneiil 1-tumn p(x) € S;(2) u obosnaunm p(M) =

{ae M|afp}

Onpepenenne 4. |23 0] Qopmyna ¢(x,y) Ha3BIBAETCS OUHAPHOT U30AU-
pyrowets s napst (p,q), tiae ¢ € S1(D), ecu BBIIOIHSIOTCS CJIe Iy OIITe
YCJIOBUS:

1. cama Gecrrapamerputdeckas dbopmyra ¢(r,y) U30TUPYeT HEKOTOPBIi
nostetit 2-tun r(x,y) € S2(@), npomomxarommit p(x) A q(y); To ecThb
@ € 1 u Jyist Besskoit hopmyiibl (2, y) € r BBIIOJHEHO

T = Vavy (p(x,y) — ¥(x,y));

2. s 06010 a = p cedenne
Ro(a) = {be M [ M= p(a,b)}
KOHEYHO U HEILyCTO.

Samewanue 1. Tun r(z,y) € S2() npodossicaem p(x) A q(y), ecim r conep-
KUT Bee (GOPMYJIBbI U3 P IO [IepEeMEeHHOi & 1 Bee OPMYJIbI U3 ¢ 110 IepeMeHHOT
y:
p(x) Sr(z,y) n qly) Sr(z,y).

B1ech p(x) paccMaTpuBaeTcss KAk MHOYKECTBO (DOPMYJT OT TIAaphl ePEMEHHBIX
(x,y), HE 3aBUCAIIUX OT Y, U AHAJOIUIHO ¢(Y).

B wacrrocru, ecim ¢(x, y) usoaupyer npogoskatomuit p(x) A q(y) T,
TO IIPH @ = p Begkuii snement b € Ry (a) aBTOMaTHYIECKH peasusyer g.

e 6unaphbie uzosmpyiorue dbopmyisl ¢(z,y) u ¢ (x,y) HazbBarOTCA
IKGUBAACHIMHBLMU, €CII OHU M30JIUPYIOT OJMH U TOT K€ HOJIHBIHA 2-THII, T. €.
M = p(a,b) & M E ¢'(a,b) mus mwobbix a, b. Cumsou [¢] 0bo3HavsaeT Kirace
SKBUBAJICHTHOCTU (DOPMYJIBI (©; KaXKJIOMY KJIACCY IPUCBAMBACTCS MEMKA U,
a ero mpejcraBuTesb 0003HauaeTCs @, (2, y). TIOCKOIbKY SKBUBAJIEHTHBIE
bopMyIIBL 3a7a10T ONHO U TO K€ OTHOIIeHue, cedenne R,(a) = R, (a) ne
3aBHCAT OT BBIOOPA MPEICTABUTEII.

Onpepenenne 5. |23, [10] Aneebpoti pacnpedesenuts 6urnaproz uszorupyio-
wuz gopmya B(T, p) HABBIBAECTCS MHOKECTBO KJIACCOB SKBUBAJEHTHOCTH O~
HAPHBIX H30JIUPYOMIX (HGOPMYJI JJIs aphl (P, p), T. €. H30JUPYIONUX MOTHBIE
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2-tunbl, pogoszKatorue p(x) A p(y), cHabKEHHOe oneparieiil KOMIO3UIUHI

(o] - [] = {16] | 0(x,2) = Ty (el y) A(y, 2)),

0 u3oMpyeT TJIABHBII 2—TI/IH}.

Onepam/m - MHOT'O3Ha4Ha. MHOXKECTBO METOK BCEX KJIACCOB 0D03HAYACTCSI

L = L(B(T,p)).

Onpepenenne 6. [lycrs B(T, p) — anrebpa pacupe/ieneHnii GUHAPHBIX U30-
qupytormux hbopMyII, CBsi3aHHAS ¢ TUIIOM p. Tui p camoconpastcén (obpamum)
orrocuresibio B (T, p), ecin jjs aoboit metkn u € L cymecrByer u* € L ta-
Kast, 4T0 hopmyJa ¢, (Y, T) SKBUBAJEHTHA MPEJICTABUTENIO KJIACCa [Py (X, y).
B srom ciiyuae orobpakenue *: L — L obsamaeT aByMsi CBOWCTBAMME:

1. unsomomusrocmo: (u*)* = w juist Besakoro u € L, T.e. BoifHOE compsi-
JKeHre BO3BpAIaeT MCXOIHYI0 METKY;

* *

2. anmuzomomoppusm: (u - v)* = v* - u*, T.e. conpsizkeHre oOpaIaeT
HOPAJOK YMHOYKEHNS.

Samevarnue 2. VIHBOJTIOTUBHOCTH TapaHTHUPYET, UTO OOpallleHue MenOoYKn
U30JIPYIONIUX POPMYJI ABJISIETCsT 0OpATUMOIT ortepariyeii: ecin u3 a B b BT
IIEIIOYKa C METKaMHU Uq, . . ., Uk, TO OOpaTHasd IeloYKa ¢ MEeTKaMU Uy, . . ., U]
BeJIET U3 b B @, a IOBTOPHOE 0OpAIleHNEe BOCCTAHABIMBAET UCXOIHYIO IEIOYKY.

Samevanue 3. CaMOCONPIKEHHOCTH FAPAHTUPYET CEOTUCMBO 3AMENDL B TIPE/I-
reOMETPUH: ecJid b TOCTIKUM U3 a 110 (HopMysie ¢ METKOI U, TO @ JTOCTUYKIM
u3 b o dopmysie ¢ merkoit u*. Bes sroro ycsioBusi oOpaTHBI IIyTh MOT ObI
HE CYIIEeCTBOBATL, U OIEPATOP 3aMBIKAHUS HE YJIOBJIETBOPSI ObI aKCHOME
3aMEHBI.

B danrvnetivem cuumaem p camoconpancéntvim. ITO YCIOBUAE BBITIOTHEHO,
B 9acTHOCTH, Jyist Beex asre6p u3 [5] 16 [7 [T1]: ux tabuier Ko cuvmerpudnbn
*
uu* = u.

ITpumep 1. Pacemorpum Teopuio 1’ MU3BIOHKTHOTO 00beINHEHU GECKOHE-
HOT'O YHCJIa TPEYTOILHUKOB | |, K3 B A3BIKE OJHOTO CHMMETDHYIHOIO Uppe-
bekcuBHOrO OTHOIIEHNST CMeXKHOCTH F, U 1ycTh p — l-Tun Bepuinabl. Bu-
HAPHBIMH H30JIUPYIOMIME (DOPMYJIAMHE JJIst TAPHI (P, p) ABJISIOTCA POBHO JIBE:
dbopmymna ToxkectBa (Merka 0) u dopmyiia cmexuoct ¢1(x,y) = E(x,y)
(merka 1). Ux ceuenns xkoneunst: |Ry(a)| = 1, |R;(a)| = 2; nanporus, 2-Tum
«pa3Hble KOMIIOHEHTBI» UMeeT OECKOHETHOE CeUYeHre U TOTOMY B ajarebpy He
Bx0,uT. Tabsuia yMHOXKEHUS

0 1

01{0} {1}
1 {1} {0,1}
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aCCOIMATUBHA; Ollepallisl MHOTO3HAYHA Ha MeTKe 1, TaK KaK KOMITO3WITUSI
Jy (p1(z,y) A v1(y, 2)) Bo3Bpamaer 6o ucxoaHyo Bepmuny x (Merka 0),
b0 TPETHIO BepIIuHy Tpeyroybhuka (Merka 1), orkyna 1-1 = {0,1}. Tun
p camoconpsizkén, npuaém 0 = 0 u 1* = 1 (orHomenne F cCUMMETPUIHO).
Bnech cly({a}) coBmasaer ¢ TPeyroJLHIKOM, COIEPKAIIM @, ¥ COCTOUT 13
TPEX IJIEMEHTOB.

MruorosHagnble TaOJIUIBI OOJIBINENH CIIOXKHOCTH JTOCTABIAIOT ceMefcTBa
9P, (9érupiii quamerp) u HP, (HEUETHDIH ), BOSHUKAIOIINE B TEOPHUIX TOMO-
MOPhHBIX Tpou3BeieHnit pebpa Ha paBwIbHbI n-yroasuuk [11], ¢ paBHo-
MepHoit oreHkKoi | Ry (a)| < 2 mpu u # 0.

3 Omneparop UTEPUPOBAHHOIO 3aMBbIKAHUSI

IIycts p € Sl(Q ) — 3a(UKCUPOBAHHBIN BBIIIE CAMOCOIPSI?KEHHBIIN ITOJTHBIIT
1-tun, B = B(T,p) — coorBercTByoOMIas agrebpa pacrpeieeHuii GuHap-
HBIX u3osupyomux dhopmyi, L = L(B) u S = p(IM). das npoussoasHOro
muoxkectsa A C S BBeIEM 00nowazo6witl onepamop

on(A)=AU{beS|Jac A JueL: MEp,(a,b)}

Codeporcamenvro: 0p(A) Gepér Bce smemenTbl A u j106aBiisier K HUM BCE
9JIEMEHTHI, JI0 KOTOPBIX MOXKHO «JIOTSHYThCsi» U3 A 3a 00un wae 1mo Kakoi-Huby/ b
OuHapHOI n30upyIomei hopMyse ¢ MEeTKOH u.

Bresiém umepuposanmnoii onepamop

dp(4) = [Jom(4),  65(A) =4, 5 (A) = 5n(05(A)).

n>0

Dopmanvho: b € clp(A) < cymecTByeT KoHeuHas HENoYKa

ul ug Uk
a = ¢ cg—> - —>c=0>

ca€ A, verkamu u; € L u M = @y, (¢i_1,¢;). lpu k =0 uveem a = b € A.

Teopema 7 (Koppekrrocts). I[Tyemov p — camoconpastcénmoili noanvid 1-mun
nad &, B(T,p) — coomeemcmeyrowasn arzebpa pacnpedeseruti OUHAPHOIT
uzoaupyrowux gopmya, S = p(M), a cly — undyyuposarviti umepupoca-
nouti onepamop samvikanus. Tozda (S, cly) — npedzeomempus.
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Jloxazamesvcmeo. HyKHO TPOBEPUTH YETHIpE AKCUOMBL.

DkcrencuBHocThb: A C cly(A). (Akcnoma 1)
A = 63(A4) € Uz 05(A) = cln(A).

Tpusnanbno: nenouka jauabl k = 0.

N aemmorenTHOCTD: cly(cly(A)) = cly(A). (Axcroma 2)

Iycrs b € cly(clp(A)). Torma ms mexoroporo ¢ € cly(A) cymecrsyer
KOHEeYHasl erovKa

c=dy 25 d; 2 B g, =b.

Tak kax ¢ € clg(A), 11t HEKOTOPOro a € A cyIecTByeT KOHeYHast MeouKa

a = €y €1 > oo €m = C.
Konkarenarust 9Tux JAByX BbIOPAHHBIX IEIIOYEK JIAET KOHEUHYIO IEITOYUKY
U1 U V1 Vg
a=¢€)—> " —>ey,=dy — -+ —>d, =b.

CrnemoBarensio, b € cly(A), mosromy clyg(clg(A)) C cly(A). O6parnoe
BKJIFOUEHHE CJIEJ[yeT U3 SKCTEHCUBHOCTH.

Bamena. (Axcuoma 3)

DTO KAI0OUE60€ MECTO, TJIe HYKHA CaMOCOIPAKEHHOCTD.

ycrsb a € clg(XU{b})\clg(X). CymecTByer cBIICTEILCTBYIOMAS EHOY-
KaCcy—>¢C— ... >¢=a. Ecmey € X, 100 € a%(X) — IPOTUBOPEUHE.
SHauuT o = b.

Tenepb pazsopauusaem NENOUKy: UAEM OT ¢, = a Ha3al K Co = b, 3aMeHslst
KazKJ[yI0 MeTKY u; Ha obparuyio u;. [To camoconpsikénnoctn u} € L, mosromy
obpaTHasl IEIOYKa

*

ChkyCk—1y---,C0 =b € METKAMHU Uy, Uy _q,...,U)

koppekTHa, n b € cly({a}) C cly(X U {a}).

Koneunsrii xapakrep. (Axkcunoma 4)

[ernouxka, ceuerenberTsyiomast o b € clg(A), crapTyer B 0HOM 3JeMeHTe
co € A. Buaunr b € cly({cy}) — xomeunoe muoxkecrBo Y = {¢} C A
JOCTaTOYHO. ]
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4 OcHOBHBIE CTPYKTYpPHbBIE TEOPEMBI

Teopema 8 (Boipoxkaenuocrs). [Tyems T — noanas meopus, M = T,
p € S1(D) — camoconpasrcénmond noanod 1-mun, S = p(M).
Tozda npedzeomempus (S, clg) 6vipootcdena.

Joxazameavcmeo. Hyxuo mokasarh, 9ro s Beskoro A C S

cla(4) = | el ({a}).

a€A

Cradasia OTMETHM IIPOCTOE BKJIIOUEHME CIpasa Haseso. Eciam a € A, 1o
{a} € A, u no monoronnoctu oneparopa cly umeem cly({a}) C cly(A).
[TosTomy

U el ({a}) € cln(A).

acA

Hoxkaxkem obpatHoe Britodenue. [lycts b € clg(A). [lo onpenenenuto
NTEPUPOBAHHOTO 3aMBIKAHUS TO O3HATAET, 9TO CYIECTBYeT KOHETIHAs CBHJIE-
TEJILCTBYIOMIAs IEMOYKa

ul u2 U
CO Cl e Ck = b7

e ¢o € A, Bce Merku u; npunamiexar L, u M = ¢, (¢;i-1, ¢;) 1ys Beex
1=1,...,k. Ilpu k = 0 310 mpocTo o3Hagaer, 910 b = ¢¢ € A.

Ho B 3T0il menodke UCHoOIb3yeTcss TOJILKO OJMH HAYAIbLHBIA 3JIEMEHT
MHOXKeCTBa, A, a mMeHHO ¢y. Cl1e10BaTeIbHO, POBHO Ta YKe IeNOYKa, SBJISIeTC
CBHJIETeTLCTBOM ToTo, uTo b € cly({cp}). Tak xak ¢y € A, To

be cla({e}) € | cu({a}).

acA

Bnaunt clg(A) C (J,c4clu({a}).
Oba BKJIFOUEHHs JIOKA3aHbI, IIO9TOMY 3aMbIKaHHE JIIOOOI0 MHOXKECTBA
pacnajaercsa B 00beuHEeHNe 3aMbIKaHUI €ro OJHOTOYETHBIX ITOIMHOMKECTB.

[To ompejesiennio 310 U O3HAYAET, YTO Mpeareomerpus (S, cly) BHIPOKIEHA.
0]

CaexncrBue 1. [Tycmo p € S1(D) — camoconpastcérnnoiii noanvid 1-mun,
B(T,p) — coomsememsyrowan arzebpa pacnpedesenuts OUHAPHLLT U0AUPYIO-
wuz dopmya u S = p(IMN). Tozda undyyuposarnas npedecomempus S, cly)
MOOYNAPHA.
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Jlokasamenvcmso. 1lo Teopeme |8 npenreomerpusi (S, cly) BoIpoKIeHa. B
9TOH IIpeAreoMeTpPUH OTHOIICHUE

axb <= dy({a})=clu({b})

pazbuBaeT S Ha KJIACCHI HAPAJICTLHOCTH, & 3aMKHYTbIe MHOYKECTBA, SIBJIsI-
0TCsI OObeINHEHUSIME TaKUX KJIaccoB. 1109TOMy pa3zMepHOCTH 3aMKHYTOIO
MHOKECTBa, PaBHA YMUCJIY BXOJSANINX B HEr'O KJIACCOB MapaJLIeIbHOCTH.

Iyers X, Y C S — KOHEYHOMEpHbIE 3aMKHYTbIe MHOKecTBa. O603HATNM
Jepe3 X n Y COOTBETCTBYIOIINE KOHEUHbIE MHOXKECTBA KJIACCOB IapaJlie/ib-
noctu. Torna

dim(X) = [X], dim(Y) = |Y],
dim(XUY)=|XUY|, dm(XnY)=[XnY|.

CrietoBaTeIbHO,
dim(XUY)+dim(XNY) = |[XUY |+ XNY | = | X|+]Y] = dim(X)+dim(Y).
DTO U €CTh MOJIYJISIPHOCTD. O

OHpe,Z[eJ'H/IM OTHOILIIeHUuEe AOCTUZ2KMMOCTHU Ha MHOXKeCTBE METOK: U ~ U,
€CJIN CYIIECTBYET IMOC/IE/I0BATETBHOCTE METOK U = Uy, U, - . . , Uj TAKAS, 9TO
[IpU HEKOTOPOI paccTaHOBKE CKOOOK U € Uy « Ug - - - Uy. st a € S 0bo3HaTmM

L*(a)={velL|3uel (R a) #Duu~>v)}

— MHO2KeCTBO METOK, JOCTU2KNMbIX (B CMBICJIC '\”-)) 13 METOK, PEaAJIU3YIOIIUXCHA
Ha BBIXOAAIINX U3 A pe6pax, 9KBUBaJICHTHO, METKH, BOSHUKAIOIINE B U'TOI'OBOM
3B€HE IICII0OYEK, CTapTYIOIIUX B .

Teopema 9 (Kpurepwuii jokanbHoit Koneunocrn). [Tyems S = p(IM), L =
L(B(T,p)). Ipedecomempus (S, cly) aokarvro xonewna moezda u moavko
mozda, Ko02da

|L*(a)] < o0 ons ecakoeo a € S.

Ipu smom 0as scaxozo koneunozo Henycmozo A C S cnpasedausa ouerka

|cls (A)| < |A] - max N, N, = sup |R,(da")].
acA a'eS
u€L*(a)
Sameuanue 4. OTIEIHHOTO yCJIOBHUS KOHETHOCTH KJIACCOB PEATU3AIHil 3/1eCh
He TpedyeTcs: 1o onpeeeHII0 OMHaApHO# 30 upyIomeil (hopMyJIbl KazKi0e
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ceqenne R,(a') xomeuno misg Becex u € L u a' € S. Bosee Toro, xomed-
HOCTb CEYCHUil [T [OJIHOTO THIIA P B W-HACBHIEHHON MOJEIN BIEIET UX
PABHOMEPHYIO0 OTPAHUIEHHOCTE — Bestmdnta N, = sup,cg |Ry(a')| Koneana
JUTsl KaoKoit Merku w. B camom geste, ecom 661 N, = 00, TO ceMeiicTBO
p(x) U {F="y p,(z,y) | n < w} 6bLI0 GBI KOHEYHO BBLIIOJHUMBIM, U 110 KOM-
[AKTHOCTH HAILIach Obl peannsanus o = p ¢ 6eckonedHbiM cedenneM R, (a')
— nporuBopeure. Tem camMbiM Bee BesmauHbl NV, B OIEHKEe KOPPEKTHO OIIpejie-
JICHBL.

Joxasameavcmeo. (<) Ilo Teopeme |8 cly(A) = J,c4 cls({a}), n gocra-
Touno onenuts |cly({a})|. Beaxuit snement b € cly({a}) \ {a} mocruxum
IENOYKOli, Pe3y/IbTUPYIONIast KOMIIO3UIMOHHAsE (DOPMYJIa KOTOPOIl JIEXKHUT B
B(T,p) n umeer MeTKy v € L*(a). 3naunr b € R,(a) s 910l ©TOroBOii
METKH, OTKY/Ia

da({ah) S fabu | Aifa)

veL*(a)

[Tockombky |L*(a)| < 0o, a Kaxkoe cedenne R,(a) KOHEUHO, IpaBas 4acThb
koreuna. OIeHKa CJIeyeT HEOCPEICTBEHHO.

(=) ycrs |L*(a)| = oco. dasa kaxaoit metku v € L*(a) Haitgérces sjement
by € R,(a) C clp({a}), mpmaénm jyist pasmmaubx MeTok v # v’ cevenns R, (a)
u R, (a) ue nepecekatorcs (mapa (a,b) peanusyer eMHCTBEHHBIH TOJHDIH 2-
THIL, TI09TOMY €if OTBEYaeT POBHO OJHA METKA). SHAYUT JIEMEHTHI b, IONapHO
pasmnanbl, 1 clg({a}) 6eckonewno, T. e. TOKaTbHAS KOHETHOCTL HAPYTIAETCS.

[]

CuencrBue 2 (JlokanbHast KOHEIHOCTD it NP, u HP,). s anreebp Hp, u
9, [11], sosnukarowur 6 meopuar zomomopdrvix npouseedernut pebpa na
NPABUNLHOLTL MHOLOY20ADHUK, UHIYUUPOBAHHDLE NPEIEOMEMPUL HA HOCUMENE
S = p(M) nokarvro KoreuroL.

Zloxazameavcmeo. B stux ajrebpax MHOXKECTBO METOK KOHEYHO U OIIpe-
JleJIeTCs IMaMeTPOM COOTBETCTBYIOINIEro rpada. B aérHom cirydae mmeem
ceMeficTBO HP, ¢ MeTKAMU

L={0,1,...,n},

rJe n — YETHBINA MaMeTp; B HEYETHOM CIIydae MMeeM CeMefcTBO HP, ¢ TeM
JKe BHJIOM MHOYKECTBA METOK, HO ¢ HedéTHBIM n. Merka () cOOTBETCTBYeT TOXK-
JIECTBEHHOMY 2-THUILY, & HEHYJIeBbIe METKH KOAUPYIOT BOSMOYKHBIE PACCTOSHUSA
B rpade roMOMOPQHOTO TPOU3BE/IEHUSI.

371ech He Ipe/IoIaracTes, ITo HocuTesb S = p(9) KoHeden: OH MOKET
ObITh OeckOHEYHBIM. KOHEYHOCTD MCIO/IB3yeTCsl TOIBKO Ha JIBYX YPOBHSIX:
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KOHEYHO MHOYKECTBO METOK L M KOHEUHBI OJ[HOIIAIOBbIE KJIACCHI Peasn3ariuii
R, (a).

Tak kak |L| = n+1 < 0o, MHOKECTBO JIOCTHKUMBIX MeTOK L*(a) KoHnedHo
Jyist Begkoro a € S. Bosiee Toro, u3 tabuui ymuoXKenust Juist Hp, u Hp, [11]
cIelyer, 9To s KaKJ0i HEHYJIeBOM MeTKH u U Jboro a € S Kjacc
peanmsaruii R, (a) nMeer MOITHOCTH He GOJIbIIe JIBYX:

[Ru(a)| <2 (u#0).

T metkn 0 mveer Ro(a) = {a}. Hosromy ycosue Teopemst [J Bbimossero (a
Besmauabl NV, < 2 npu u # (0 paBHOMEPHO OrDAHUYEHBI), I HH/LYINPOBAHHAS
IIpeIreoMeTpus JIOKaJIbHO KoHedHa. B wacrmocTw,

ds({a})| <1+ > 2<1+2n
ueL*(a)\{0}

4.1 TIlokpbITusa 1 OpOUTHI JOCTUXKHNMOCTH

Ucnonb3yst BBeiéHHBIE B pasjere 3 obosHadenus B = B(T,p) u S =
p(M), sagaanm Ha S GUHADHOE OTHOIIECHUE

a~gb <= ac€ a%({b}) ube a%({a})
JIemMa 10. ~g — ommuowenue IKEUBAACHMHOCTIU Ha S.

/lokasamenvcmeo. PediiekcHBHOCTD U3 3KCTEHCHBHOCTH, CHMMETPHITHOCTD
ouesuna. TpansurusHocT: ecmm a ~g b u b ~p ¢, 10 ¢ € clp({b}) C
cly(cls({a})) = clg({a}) no naemmnorentaocTn; cummerpuano a € clyg({c}).

[

Kitaccbr sKkBUBaJIEHTHOCTH OTHOIIIEHUs ~sg OYyJIeM Ha3bIBATh 0pOUMAMU
anrebpel B u 0b03HaYATE S/ ~g. B caMoconpszkEHHOM citydae OHU COBIIA-
JIAIOT ¢ KOMIIOHEHTAMH CBSI3HOCTH CHMMETPHYIECKOro rpada JT0CTUAKIMOCTH.
DTO COrJIaCyeTCsi ¢ OOBITHBIM yIIOTPEOIEHNEM TEPMHUHA «OPOUTay: POJIb JT0-
IIyCTUMBIX IIPEOOPA30BAHNUI 3/1€Ch UT'PAIOT KOHEUHBIE TEIOYUKN H30TUPYOIINX
[IEPEXOJIOB.

Caencreue 3 (Kanonnueckoe opbuTaibHOE TTIOKPHITHE).
ITycmov B = B(T,p) — s6edénnan sviwe arzebpa pacnpedeaenutds GUHAPHHLT
udoaupyrowur popmya. Tozda cemeticmso

Cy = {cls({a}) | a € S}
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ABAAETNCA TLOKPOIIMUEM MHONCECTNEA S. Boaee moeo, Ar0bvie dsa aaemernma
aMo20 NOKPLHLIMUA Aubo 1e nepecexarmcaA, Aubo cosnadarom:

cdy({a}) Nelx({t}) #@ = cs({a}) = cls({0}).

Jlokazamesvemeo. Taxk kax a € clg({a}), cemeiictso Cy ToOKpbIBaer S.
[ycts ¢ € clp({a}) Nclg({b}). TTo caMOCONPAKEHHOCTH BeAKasT TEMOUKa
MOXKeT ObIThb OBpallleHa, MO9TOMY M3 JIOCTHKUMOCTH € U3 a4 CJIEJYyeT J0-
CTH2KUMOCTDb a4 U3 C, a U3 JOCTUZKHUMOCTHU C U3 b — JOCTH2KMMOCTD b nus c.
CrnemoBarenbHo, a, b 1 ¢ jexkaT B OJHON OpOUTE OTHOIIEHUSA ~g3. SHATUT

cly({a}) = clu({b}). O

Teopema 11 (Pasmepnocrts). ITycmo S = p(IMN) — nocumenv npedzeomem-

pun, uUHOYUUPosannoti arzebpoti pacnpedesenuti GUHAPHOIT U30AUPYIOULUT
popmya B = B(T,p). Tozda das ecaroeo A C S

— Yucao opbum, nepecexarouur A.

Zloxazameavcmeo. Ilo Teopeme |8| ipeareomerpust BoipoxkaeHa. [losromy Oa-
3NC MHOZKECTBA A MOZKHO IIOJIy4UTDb, BbI6paB 110 OHOMY IIPEJACTaBUTEIIO U3
KazKJI0T0 Mepecekaloniero A xiacca ornomenns a < b < cly({a}) = clu({b}).
Pagenctso cly({a}) = cly({b}) paBHocHbHO @~ b (BKMIOYeHME B 0bE CTO-
posbl). CiieoBaTeIbHO, MOITHOCTD JII0O0ro 6asmuca MHOXKeCTBA A coBIAaeT
C 9uCJIOM 0powuT, nepecekaomux A, To ecth paBHa |A/~g|. JI060it Takoit
6asuc ABjIseTcs TakxKe bazucoM cly(A), oTKya

dim (clp(A)) = [A/~s].
O

CaencrBue 4. Ilyecmv S = p(IM) — nocumenv npedzeomempuu, undy-
UUPoBaHHot an2ebpoti pacnpedeseruti bUHAPHLIT USOAUPYOULUL HOPMYN
B =B(T,p). Ecau mnoorcecmeo A C S nepecexaem posno m opbum ommo-
WEHUA ~g5, MO

dim (clg(A)) = m.

B wacmmocmu, ecau paccmampusaemuili Hocumens S asasemcs 00noti opou-
mot, mo dim(S) = 1.

[ycrs B = B(T, p). oz camoconpascérnot nodareebpoi € C B Oynem
HOHUMATh HAOOD KJ1accoB ¢ MHOKecTBOM MeTOK L(&) C L(*B), 3aMKHYTHIM
OTHOCUTEIbHO MHOTO3HAYHOI'O TIPOU3BE/IEHUsI I WHBOJIIOIUN *; OTlepaIiuu u
ornommennst R, nacienyiores u3 B. Yepes clg 0603HAUIM OmepaTop, ompeie-
JIEHHBII, KaK B pas/iese 3, KOHeYHBIME TlerodkaMu ¢ MeTkamu u3 L(C).
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Teopema 12 (Mouoronnocts). Iycmv B = B(T,p) — aneebpa pacnpe-
denerutl OUHAPHLLT USOAUPYOUUL POPMYA, PEAAUSOSAHHAA HG HOCUMENE
S =pM), a B, C By C B — eé camoconpascénmnvie nodanrzebpo.. Tozda
onsa ecaxoeo A C S
ClgBl (A) g ClsBQ (A)

B uacmmocmu, A0KAADHAA KOHEYHOCTD NPEI2EOMEMPUL, UHOYUUPOSAHHOT
an2ebpoti By, 6AeUEM NOKANLHYIO KOHEYHOCTL NPEJ2eoMeMmpPul, UHOYUUPO-
6arHoT anrzebpoti By .

Jloxazamenvcmeo. onoxkum L; = L($B;). 113 Brmovenus nogaarebp ciemy-
er Ly C Ly. Ilycts b € cly, (A). Torga st HekoToporo a € A cyriecTByer
B -1IeI0YIKA

ul u2 Uk b
)

a = ¢y > Cp > > Cp = u; € Ly.

Bcee eé meTku npunayiekar Lo, a COOTBETCTBYIONINE OTHOIIEHUS HACIETY-
IOTCS U3 OJIHON U ToM »Ke aaredbpnl B. [TosTomy sTa )Ke 1emouka AB/IsgeTCS
By-nienioukoit. CremoBaresbio, b € cly, (A). O

Onpenenenne 13. Pazmeuennvim u3zomoppudmom aaredp pacrpeieseHmii
GunapHbix uzosmpyomux dopmyi B(T1, pr) u B(Ty, p2) HasbIBaeTCs mapa
(o, B), tme Ly = L(B(T;,pi)), Si = pi(M;), a: Ly — Ly — OGuexIms MeTox,
COXpaH4AOIIasl OIepalnio - U UHBoomuio *, a [: S; — Sy — Ouekius
HOCHUTEJIEH, YI0BJIeTBOPSIONIAST

B(Ru(a)) = Ragw)(B(a)) 1714 Beex a € S1, u € L.

Teopema 14 (uapuantaocts). Ecau («, ) — pasmeuernviti udomophusm
anzebp B(T1,p1) v B(Ts, p2), mo on undyyupyem usomopdusm npedzeomem-
puti

B: <Sl,a%(T1,p1)> — <52>a%(T2,p2)>-

Loxasamenvcmeso. Tonoxum cl; = cly(r, p,). [okazkem, aTo

5(al<14)) = a2(5(14))~

Iycts b € cly(A) n BLIGpana CBHICTEILCTBYIOMAA TIEIOYKa

n n U,
a=cy—c —--- ck = b, ac€ A, € L.

IIpumensist 3 u ucnosssyst paseHcTBO (( Ry, (¢i-1)) = Raq,)(B(ci-1)), moiry-
JaeM Pa3sMEUeHHYIO [EIOUYKY

B(a) = Bleo) =05 Bley) 22y . 2, () = B(B).

Crenosarennho, 3(b) € cly(B(A)). Ipumensst To ke paccyaenne K oGpar-
HOMy pasmevennomy usomopdusmy (a~ !, 7)) momyuaem obparnoe BKIOUe-
HUe. Ol
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5 3akKJIIoueHue

[IpetozkeH KOPPEKTHBIH CIIOCO0 MOCTPOEHUS IPEJreOMETPUN U3 aJIredpPhI
pacupe/jie/ieHrii OMHaPHBIX U30JIUPYIOMNX (POPMYJI TIOJTHOM TEOPHH, OCHOBaH-
HBIII HA UTEPUPOBAHHOM 3aMbIKAHUA a%. ['naBHbIil pe3ysibTaT — TeopeMma (8| o
BBIPOXKJICHHOCTHU BCEX TAKHUX IIPEJIN€OMETPHUIl — ONMUCHIBACT MPUHIIUITAATHHYTO
rpaHuily GMHAPHOTO TOJX0/a: KombuaaTopaoe 6orarctso B(T, p) He mepe-
BOJIUTCSI B T€OMETPUYIECKOEe OOraTCTBO IIpeareoMeTpun. ToHKash CTPYKTypa
WHJTYIIIPOBAHHBIX IIPEJIN€OMETPUil YTOUHACTCA: KPUTEPHUil JJOKAJIbHOM KOHE-
HOCTH (TeopeMa@, dopmyia pasMepHOCTH Yepe3 9ruc/io OpouT (TeopeMa,
MOHOTOHHOCTD 110 BKJIFOUEHHUIO CAMOCOIPSI2KEHHBIX mojiaarebp (Teopema ,
MHBAPUAHTHOCTH OTHOCHTEIHHO Pa3MedeHHOro usoMopdusma (Teopema .

B kadecTBe JajbHEHINIMX HAIIPABIECHUH OTMETUM:

(a) Tepuapusie anre6psnl pacnpenesienunii. Cieryromuit mar — rmo-
CTPOUTH ITOJTHOIIEHHYIO aJIredpy pacIpe/ie/IeHNil TepHAPHBIX N30JIMPYIONINX
dopMyIsT U yTOUHUTD YCIOBHUS KOOPJIMHATHON CAMOCOIPSIKEHHOCTHU, JTIOCTATOY-
HbIE JI7I9 aKCHOMBI 3aMeHbl. VIMeHHO 3/1eCh MOYKeT BOSHUKHYTH 3aBUCUMOCTH
9JIEMEHTa OT Tapbl, HEBO3MOXKHASA B OMHAPHON MEIMOYeYHON KOHCTPYKITUH.

(6) HenrepupoBaHHbIe onepaTopbl. AJibTepHATUBHBII IyTh — pac-
CMaTpHUBATh OJHOIIAIOBBINA dgp KaK cucmemy 3amovikanus 0e3 TpeboBaHUs
3aMEHbl U M3y4aTh €€ KaK KOMOMHATOPHO OOraThiil 00HEKT.

(B) CBs3b ¢ GysieBoit anrebpoii crpykryp. B paborax |16, [I7] uc-
cJIeJIOBAJIACh HACJIELyEeMOCTh TUIIOB IIPEAreOMeTpUil Ipy onepanusax OyIeBoi
aJIreOpbl IPEIUKATHBIX CTPYKTYDP. EcTecTBeHHbI aHaIor: Kak BeayT ceds
WH/Ty[[IPOBaHHBIE TIPEIreOMeTPHI IpU olieparusx Ha anrebpax B (T, p) (mo-
nanarebpa, dgakropusanust, kommosuiws teopuii u3 [12], 13])? Teopema
JIaéT YaCTHBIA OTBeT; 00INas KapTUHA OTKPBITA.

(r) Knaccudukanus anrebp mo masBapuanram |L*| u |R,|. Teope-
bt [9] u [11] Beraensor dynkmumio |R,(a)| u cTpyKTypy OpHEHTHPOBAHHOIO
rpada METOK KakK II0JIE3HbIe HHBAPHAHTHI. VX crcTeMarndeckoe BhIYUCICHIe
Jutst anre6p w3 [B (6] [7, TT] npepcrasisier camocrosiTebHbL MHTEpEC.
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In a series of papers semantic and syntactic possibilities for definable
closures and their characteristics were considered, in general [I] and for
special cases including logically cyclic groups [2], their logical generations
[3], abelian groups [4], [5], ordered structures [0l [7], unars [8, 9], and partial
orderings [10].

In the present paper, we study possibilities of rigidity degrees for abelian
groups with unary predicates.

Throughout we consider complete first-order theories and their models.
1. Closures and rigidity degrees

Definition. [T, 12, [13] 1. A tuple b is defined by a formula ¢(Z,a) of
T with parameters @, if (%, @) has a unique solution b.

The tuple b is defined by the type p if b is the unique tuple which realizes
p. It is definable over a set A if tp(b/A) defines it.

2. For a set A of a theory T the union of sets of solutions of formulae
p(z,a), @ € A, such that = 37"z p(z,a) for some n € w (respectively
= 372 o(x,@)) is said to be an algebraic (definable or definitional) closure
of A. An algebraic closure of A is denoted by acl(A) and its definable
(definitional) closure, by dcl(A).

*The work of the second author was carried out in the framework of the State Contract
of the Sobolev Institute of Mathematics, Project No. FWNF-2026-0032, and partially
supported by Science Committee of Ministry of Science and Higher Education of the
Republic of Kazakhstan, Grant No. AP26194247.
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In such a case we say that the formulae p(z, @) witness that algebraic
/ definable (definitional) closure, and these formulae are called algebraic /
defining.

Any element b € acl(A) (respectively, b € dcl(A)) is called algebraic
(definable or definitional) over A. If the set A is fixed or empty, we just say
that b is algebraic, (definable, or definitional).

3. If dcl(A) = acl(A), cl;(A) denotes their common value.

4. If A =acl(A) (respectively, A = dcl(A) ) then A is called algebraically
(definably) closed.

5. A type p is algebraic (defining) if it is realized by finitely many tuples
(unique one) only, i.e., it contains an algebraic (defining) formula ¢. This
formula ¢ can be chosen with the minimal number of solution, and in such
a case ¢ isolates p. The number of these solutions is called the degree deg(p)
of p.

6. The complete algebraic types p(x) € S(A) are exactly ones of the
form tp(a/A), where a is algebraic over A. The degree of a over A, deg(a/A)
is the degree of tp(a/A).

Definition. [14] 1. For m € w \ {0} and a set A an element b is called
m-algebraic over A, if b € acl(A) and it is witnessed by a formula ¢(z,a),
for @ € A, with at most m solutions.

2. The set of all m-algebraic elements over A is denoted by acl,,(A)
(notice that the operator acl,,(-) can be non-transitive for m > 2).

3. If A=acl,,(A) then A is called m-algebraically closed.

4. A type p is m-algebraic if it is realized by at most m tuples only, i.e.,
deg(p) < m.

5. The complete m-algebraic types p(z) € S(A) are exactly ones of the
form tp(a/A), where a is m-algebraic over A, i.e., with deg(a/A) < m. Here
deg(a/A) = k < m defines the m-degree deg,,(a/A) of tp(a/A) and of a over
A.

6. If acl(A) = acl,,(A) then minimal such m is called the degree of
algebraization over the set A and it is denoted by deg,(A). If that m does
not exist then we put deg, (A) = oo. The supremum of values deg,(A)
with respect to all sets A of given theory 7' is denoted by deg,.,(7") and
called the degree of algebraization of the theory T'.

7. Following [I5] theories T' with deg, . (T') = 1, i.e., with defined cl;(A)
for any set A of T', are called quasi-Urbanik, and the models M of T are
quasi- Urbanik, too.

Definition. [I] For a set A in a structure M, M is called semantically
A-rigid or automorphically A-rigid if any A-automorphism f € Aut(M) is
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identical, i.e. the group Aut,(M) of A-automorphisms of M is a singleton.
The structure M is called syntactically A-rigid if M = dcl(A).

A structure M is called V-semantically / V-syntactically n-rigid (respec-
tively, 3-semantically / 3-syntactically n-rigid), for n € w, if M is semanti-
cally / syntactically A-rigid for any (some) A C M with |A| = n.

The least n such that M is @Q-semantically / @Q-syntactically n-rigid,
where @ € {V, 3}, is called the Q-semantical / Q-syntactical degree of rigid-
ity, it is denoted by deg3 """ (M) and deggésynt(/\/l), respectively. Here if
a set A produces the value of @-semantical / @-syntactical degree then

we say that A witnesses that degree. If such n does not exist we put
deg;," " (M) = oo and degff;ynt(./\/l) = 00, respectively.
Collecting the rigidity characteristics of the structure M we put:

degy (M) = (degi';em(/\/l), deg "™ (M), degl>™™ (M), degi_gsynt(/\/@ :

A structure M is called absolutely rigid if M is both semantically and
syntactically rigid, i.e. deg,(M) = (0,0,0,0).

If the value deg; " (M), respectively deg?i:;ym(./\/l), is natural then M
is called somewhere, or somehow, almost, or finitely, semantically / syn-
tactically rigid. If degl ™ (M) or degz_;ynt(./\/l) is natural then we replace
somewhere by everywhere, or somehow by anyhow, i.e. M is everywhere
(anyhow) almost (finitely) semantically / syntactically rigid.

If the value degi_gsem(/\/l), respectively degfi:;ynt(/\/l), is equal to co then
M is nowhere, or nohow, almost, or finitely, semantically / syntactically
rigid. If degfi**™ (M) or degzj;ym(/\/l) is equal oo then we replace nowhere
by somewhere and nohow by somehow with further negation, i.e. M is
somewhere non-almost (non-finitely) semantically / syntactically rigid, or
somehow non-almost (non-finitely) semantically / syntactically rigid.

Structures M with deg,(M) = (00, 00, 00, 00) are called absolutely fini-

tely nonrigid.
2. Abelian groups and their rigidity degrees

Let A be an abelian group in the signature ¥ = (+®, —1 0©)  Then
kA denotes its subgroup {ka | a € A} and A[k] denotes the subgroup
{a € A | ka = 0}. Let P be the set of all prime numbers. If p € P and
pA = {0} then dimA denotes the dimension of the group A, considered
as a vector space over a field with p elements. The following numbers, for
arbitrary p € P and n € w\ {0} are called the Szmielew invariants for the
group A [I6, [I7]:

apn(A) = min{dim((p" " A)[p]/ (p"A)[p]), w},
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Pp(A) = min{inf{dim((p" A)[p] | n € w}, w},
p(A) = min{inf{dim((A/A[p"])/p(A/A]p"))) | n € w} w},
e(A) €{0,1}, and ¢(A) =0 < (nA = {0} for somen € w,n # 0).

We denote the set of Szmielew invariants by Szm.

It is known that two abelian groups are elementarily equivalent if and
only if they have same Szmielew invariants. Besides, the following proposi-
tion holds.

Proposition 2.1. [I6, Proposition 8.4.12] Let for any p and n the car-
dinals app, By, vp < w, and € € {0,1} be given. Then there is an abelian
group A such that the Szmielew invariants a,,(A), By(A), v,(A), and £(A)
are equal to oy, Bp, Vp, and e, respectively, if and only if the following
conditions hold:

(1) if for prime p the set {n | oy, # 0} is infinite then [, =y, = w;

(2) if e = 0 then for any prime p, 5, =, = 0 and the set {{p,n) | a,, #
0} is finite.

We denote by Q the additive group of rational numbers, Z,» — the cyclic
group of the order p", Zy~ — the p-quasi-cyclic group, or p-Priifer group,
of all complex roots of 1 of degrees p" for all n > 1, R, — the group of
irreducible fractions with denominators which are mutually prime with p.
The groups Q, Zyn, Ry, Zy~ are called basic. Below the notations of these
groups will be identified with their universes.

Since abelian groups with same Szmielew invariants have the same the-
ories, any abelian group A is elementarily equivalent to a group

Dy Z™ @ 0,212 © ®,R0Y) 3 Q) (1)
where B®*) denotes the direct sum of k subgroups isomorphic to a group B.
Thus, any theory of an abelian group has a model being a direct sum of
based groups. The groups of form are called Szmielew, or standard.

Recall that any complete theory of an abelian group is based by the set
of positive primitive formulas, reduced to the set of the following formulas:

mizy + ...+ mpaz, =0, (3)

where m; € Z, k € w, p is a prime number. Formulas and allow to
witness that Szmielew invariants defines theories of abelian groups modulo
Proposition 2.1.
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In view of Proposition 2.1 and equations and we have the follow-
ing:

Remark. Theories of abelian groups are forced by sentences implied by
formulas of form ([2)) and (3) and describing dimensions with respect to a,,,,
By, Vp, € as well as bounds for orders p* of elements and possibilities for
divisions of elements by p*. Moreover, distinct values of Szmielew invariants
are separated by some sentences modulo Proposition 2.1. Hence, counting
ranks of families of theories of abelian groups it suffices to consider sentences
separating Szmielew invariants.

Definition. (cf. [I§]) For an abelian group A we denote by rk(A) its
rank, i.e. the minimal number of generating elements. Here we assume
that the generation is closed under all admissible linear combinations with
rational coefficients in the frame of given group.

We say that a group A®,,, Zﬁp’") has a free element of order 2, if ag; > 0
and excluding a copy of the group Zs from this representation decreases the
rank of the group, i.e., some copy of the group Z, is not captured by the

maximal subgroups Zg of the type specified above.

Proposition 2.2. [5] For any finite abelian group A = @p,nzfﬁpv"),
deg=™(A) = deg ™™ (A) = 6, with 6 = rk(A) — 1 if oy

rig rig 1, and with

0= I'k(A) Zf 91 7£ 1.
Proposition 2.3. [5] For any finite abelian group A = @p,nZ](ﬁp’") with
some app, > 0 and A o Zy, degl=™ (A) = deg ™" (A) = ¢, where

rig rig

_ nolagng—1) ,no—1 nayp,
¢ =qttemoT g x P
op,n>0,p#q, OT p=q and no>n

if o1 =1, and

—1 —1
¢ = gl gt 11 e
ap,n>0,p#q, OT p=q and no>n

if ag1 # 1, q is the mazimal prime number with oy, > 0 and ng is mazimal
one among n with oy, > 0.

For a finite abelian group A we denote by d(.A) the value § in Proposition
2.2, and by ((A) the value for V-degrees in Proposition 2.3. Summarizing
these propositions we conclude:

Theorem 2.4. [5] For any finite abelian group A either
deg4("4) = (07 OJ 07 0)
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if |[A] <2, or
deg,(A) = (6(A),d(A), ((A), C(A)),

otherwise.

Theorem 2.5. [5] For any standard infinite abelian group A one of the
following conditions holds:

1) deg,(A) = (1,1,2,2), if tk(A) = 1;

2) degy(A) =(1,1,3,3), if tk(A) =2 and as1(A) = 1;

3) degy(A) = (r — 1,7 — 1,00,00), if tk(A) = r > 2 is finite and
04271<.A) = 1,‘

4) degy(A) = (r,7,00,00), if tk(A) = r > 2 is finite and az1(A) # 1;

5) degy(A) = (00, 00,00, 00), if tk(A) is infinite.

3. Expansions of standard abelian groups
by unary predicates
and their rigidity degrees

In this section we consider rigidity degrees for expansions of abelian
groups [19].

Theorem 3.1. For any standard infinite abelian group A and its expan-
sion A" by a unary predicate one of the following conditions holds:

1) deg,(A") equals (0,0,0,0) or (1,1,2,2), if tk(A) = 1;

2) deg,(A") equals (0,0,0,0) or (1,1,3,3), if tk(A) = 2 and there is a
free element of the order 2 for the cyclic part of A;

3) degy(A") equals (0,0,0,0) or (r — k,r — k,00,00), where 0 < k < r,
if the value vk(A) = r > 2 is finite and there is a free element of the order
2 for the cyclic part of A;

4) deg,(A’) equals (0,0,0,0) or (r—k,r — k,00,00), where 0 < k < r, if
the value tk(A) = r > 2 is finite and there are no free elements of the order
2 for the cyclic part of A;

5) deg,(A’) equals (0,0,0,0), (k,k,00,00), where k € w\ {0}, or (oo, 00,
00, 00), if some Szmielew invariant is infinite.

Proof. Let rk(.A) = 1 and A’ be an expansion of A by a unary predicate
U. Using Theorem 2.5, we consider cases for the position of U in A" and the
mobility or partial rigidity of its elements.

1. Let deg,(A) = (1,1,2,2) with rk(.A) = 1. Then either U preserves
the mobility a generator g of A connecting g with other nonzero elements of
A, say with U =0, U = A, U = {0}, or U = A\ {0}, obtaining deg,(A’) =
(1,1,2,2), or U divides elements in A\ {0} such that generating elements
cease to be connected by automorphisms, say with singleton U C A\ {0}.
In the latter case we obtain the absolute rigidity: deg,(A’) = (0,0,0,0).
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2. Let degy(A) = (1,1, 3,3) with rk(A) = 2 and ay1(.A) = 1. Here again
A has the rank 1 outside the cyclic part, and either U preserves the rigidity
degrees: deg,(A) = (1,1,3,3), or it fixes a generating element outside the
cyclic part producing the absolute rigidity: deg,(.A’) = (0,0,0,0).

3. Let deg,(A) = (r — 1,7 — 1,00,00) with finite rk(A) = r > 2 and
a21(A) = 1. Then either U fixes generators for various Szmielew invariants
producing the absolute rigidity: deg,(A’) = (0,0,0,0), or U fixes k there
generators, obtaining deg,(A’) = (r — k,r — k, 00,00), where 0 < k < r, the
value rk(A) = r > 2 is finite and there is a free element of the order 2 for
the cyclic part of A.

4. Let deg,(A) = (r,r,00,00) with finite rk(A) = r > 2 and ay(A) #
1. Then deg,(A") = (0,0,0,0) fixing independent generators by U, or
deg,(A’) = (r — k,r — k,00,00), where 0 < k < r, the value rk(A) =7 > 2
is finite and there are no free elements of the order 2 for the cyclic part of A.

5. Let A be absolutely finitely nonrigid, i.e. deg,(A) = (00, 00, 00, 0)
with rk(A) is infinite. Then either deg,(A’) = (0,0,0,0) fixing gener-
ators related to infinitely many one-dimensional Szmielew invariants, of
degy(A) = (k,k,00,00), where k € w \ {0} and there are k generators
related to finite Szmielew invariants, or deg,(A) = (00, 00, 00, 00), if some
Szmielew invariant is infinite. O

The resulting description is adaptable to arbitrary structures with a
group operation and their expansions, including finite abelian groups on
a base of Theorem 2.4, linearly ordered [20] 21], circularly ordered [20], and
spherically ordered groups [22].
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O ITPABUNJIAX ATPETTPOBAHIN A
C HETPUBUNAJIbHBIM
CUMMETPUYHBIM KJIACCOM
NMHBAPUAHTHBIX OBJIACTEN

H.JI. ITlongakos

Hanuonabublit ncce/eioBaTe/IbCKuil yHuBepcuTeT «Bbicias mkoia
9KOHOMMKM»,
[Toxkposckuit OybBap, 11, Mocksa, 109028, Poccuiickas @ejepanius

e-mail: npolyakov@hse.ru

Jns koHeuHoro MHOXKecTBa asnbrepHaTuB A MomuocTn |A| > 5 Mbl onn-
ChIBaEM BCE JIOKAJILHBIE MTPaBU/Ia arperupoBaHus WHIUBUTYAIbHBIX BHIOOPOB
Ha JIByX3JIEMEHTHBIX MHOXKECTBaX, MMEIOINEe HETPUBUAJIBHBIN CUMMETPUY-
HBII Kjtacc nHBapuaHToB. OKa3bIBAETCs, UYTO 9TO YCIOBHE JIJIsl IIPABUII arpe-
IUPOBaHUs PABHOCUJIBHO YCJIOBUIO €r0 HEUTPAJILHOCTH, a KaKJl0e U3 yJ10BJIe-
TBOPAIONINX €My IpaBU/J WHBAPUAHTHO 3KBUBAJIEHTHO OJIHOMY M3 4Y€ThbIpex
CHEIUATbHBIX OIPE/IeICHHBIX B pa0OTe IMPaBUJI.

1 OcHoBHBIE ONIpeaeJIeHN’s

B teopun koJutekTHBHOIO BhiOOpa (social choice theory) usyuatorcst mMo-
JIeJI arperupoBaHus WHIANBULYAJIbHBIX NPEIouTennii (M BIOOpa Bapu-
aHToB), cM. [1].

OpnHa n3 Hambosree IPOCTHIX MOjIesIedl (paccMOTpeHneM KOTOPOiT MBI Orpa-
HUYUBaeMcs B JIAHHOM pa60TeED OIHCBIBAETCS ciiey oM obpasom. [lycts A
eCTb MHOXKeCTBO (asbrepHaTuB). MHousudyasvrvim 6u60pom HA3BIBACTCS JIO-
bast dyukiusa ¢ : [A]*> = A ¢ yenosuem (Vp € [A)?) ¢(p) € p, tue [A]? ectb
MHOYKECTBO BeeX JByXdjeMentHbix nommmuoxkects AP Mnoxecrso Beex nn-
JIBH/IyaIbHBIX BEIOOpOB obosHauaeTcs €o(A). MuoxectBo ® C €o(A) cum-
MEMPUYHO, CTTH TSI KayKJION IIepecTaHOBKN 0 MHOXKecTBa A OHO BMecTe ¢

10 Gosee 06mux mozensax em. |2-5], a Takzxke |6] u jp.
2B coorsercTBum ¢ TepMuHojIOrHeit Monorpacdun |5|, Maoxectso [A]? B manHOM (IpO-
CTelIeM) ciiydae sBJIsIeTCs MHOXKECTBOM NpedsasaeHul.

84
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KaxK/10i (pyHKIHEH ¢ cojlep:KUT (PYHKIUIO €,, KOTOPasi ONPEJIE/IACTCA TOXK-

nectBoM ¢, (p) = o1 (c(op)), rae op = {o(a) : a € p}. Knacc 2 C P(€y(A))

HA3bIBAETCS CUMMETPHIHBIM, €CJTH /TSI KAYK IO IepecTaHOBKU 0 MHOXKecTBa A
BMECTE C KazKJ[bIM MHOXKECTBOM D OH COJIEPXKUT MHOXKeCTBO D, :={0, : 0 € D}.
[l st 1106010 CBSI3HOTO aCUMMETPUIHOr0 OnHAPHOTO oTHOIIeHns P Ha A dyHK-
st BeIOopa ¢p € €y( A) ompeiensercs CaeLyommM 00pa3om:

cp({a,b}) =b<aPb

JUTsT BCeX pasymiHbX a,b € A. OgueBujinHo, oTobpakenue P — ¢p siByisieTcst
OmeKIyeil 13 MHOYKECTBa BCEX CBA3HBIX aCHMMETPUYHBIX OTHOIIEHNH Ha A Ha
muozkecTBO €o(A). Dynkims Boibopa ¢ € €y(A) Ha3BIBAETCH PAYUOHAALHOY,
ecin

¢ = cg

JIIsT HEKOTOPOI'O CTPOroro JimHeitHoro nopsjka < Ha A. MuoxkecrBo D C

2 (A) Ha3BIBAETCS PAUUOHAADHBLM, €CTTH OHO COCTOUT TOJIBKO U3 PAIUOHAb-

ubIx pyukimit ¢ € €(A). Kitace 2 C P (€,(A)) Ha3bIBACTCS PAUUOHANDHIM,

€CJIM OH COCTOHUT TOJIKO U3 PAIMOHATBHBIX MHOXKeCTB D C €5(A).
IIpasunrom azpezuposarus Ha3bIBaETCs J0bast PyHKIIAA

[ (€G(A)" = &(A),

rjle N eCTh IMPOUW3BOJIbHOE HaTypaJibHOoe [mciio. [IpaBuio arperuposanus f
Ha3bIBAETCS

1. soxasrvHvM, econ

f(Ch €2, - . .,Cn)(p) g {Cl(p),tg(p), SRR Cn(p>}
JUIS BCEX €1, Ca, ..., ¢, € Co(A) u p € [A]%

2. HedmpanvHoiM, €CI JIJIST KazKJION epecTaHOBKH 0 MHOXKeCTBa A BbI-
oJTHEHO: f, = f, Tjie mpaBuyo f, ompesesnsiercs hopMyIIoit

foleh e = fleg, 6o o
s Beex ¢l 2L e € €y A),

3. dukmamopckum, eCiu OHO sBJISIETCs IPOEKIUEil, T.e. i HEKOTOPOro
1, 1 <4 < n, BBIIIOJIHEHO

fler,eay.niyc) =¢;

JIJIST BCEX €1, Ca, . .., €y € Co(A).
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Pewarowasn xoaruyus va muoxkecrse (arentos) E, :={1,2,...,n} —s10
muO)kecTBo # C P (E,) takoe, uro jiis jroboro muoxkecrsa X C E, pOBHO
onuo u3 muoxkects X u E, \ X npunajyiexur £ . Xopoiio U3BECTHO, YTO
KazKJI0e JIOKAJIbHOE U HelTpaibHoe paBuiio arperupoBanust [ : (Cq(A))" —
C5(A) MOkeT OBITH 3a/aH0 C HOMOIIBIO PEIIAIONel KOAJINIUH A CJIeLyIo-
UM 06pazoM: JIJIst BCEX €1, Ca, . . ., ¢, € €o(A) u p = {a,b} € [A]?

fle1,¢0,....¢,)(p) =be{i € E,:¢(p) =b} € K.

[Ipasuso arperupoBanus f : (€y(A))" — €5(A) coxpansem MHOKECTBO
D C €y(A) (a mHOKECTBO D CcoTpansemca MPABUIOM f WM SIBJISIETCS €rO
UHBAPUAHIMHBLM MHONHCECTNEOM ), €CIII

fler,e0,...,¢,) €D

JIJIST BCEeX €1, Co,...,C, € D.

MuoxectBo © C €o(A) HA3BIBACTCH MPUCSUAALHBIM, €CITH OHO COXPAHS-
eTcst BCeMH JIOKAJIbHBIME TIpaBusiaMu arperupoanus f @ (€o(A))" — C4(A).
Hamnpumep, mycroe MHOXKeCTBO, J1060i cuarmeton {c}, ¢ € €3(A), u Bce MHO-
xkecTBO €y(A) TpuBnanbusl. Kinace 2 C P (€y(A)) Ha3BIBACTCT MPUBUAND-
HbLM, €CJTE OH COCTOUT TOJBKO U3 TPUBUAILHBIX MHOXKECTB.

2 JlokajgbHBIE IIpaBWJIa arperupoBaHnmnud ¢ HETPU-
BaJIbHbIM CHUMMETPHUYHbIMU KJlaCCaMM WNH-
BapnaHTHbIX MHO2KECTB

SuamMeHUTasT Meopema IPpPoy 0 HeB03MONHCHOCTNU YTBEPIKIAET, ITO MPU
3 < |A| < w He cymiecTBYeT He-JIMKTATOPCKUX JIOKAJIBHBIX [TPABUJI arperi-
poBaHus f, KOTOPbIE COXPAHSIOT MHOYKECTBO PaIlMOHAIBLHBIX [IPEIIOYTEHHIA,
cu. |7]. Dror dakr nopoans 6oIBIIOE KOJTMIECTBO UCCISJIO0BAHUN T.H. 02pa-
HUMENHOLE 0baacmell 1 THBAPUAHTHBIX MHOYKECTB «ECTECTBEHHBIX» IIPABUII
aneFI/IPOBaHI/IHEl Bce naBapmanTHBIE palMOHAJIBHBIE MHOYXKECTBA IS Npa-
suna boavwuncmea omucanbl A. Cenom [8] u M. Kaneko 9] (B Tepmunax
JIMHERHBIX TOPsAIKOB). Kiace Bcex Takux MHOYKECTB 3aKOHOMEDHO sIBJISIETCS
CUMMETPUIHbBIM.

Mensiercst i cuTyarys, €CJii Mbl BBIXOJIMM 38 MPEJIEIbl PAIMOHATBHBIX
BBIOOPOB (PABHOCUIIBHO, 32 MIPE/IeJIbl TPAH3UTUBHBIX mpe/rrnourennii)? Hemxas-
HIe MCCJIeIOBAHNsI JIAIOT, TI0 CYIIEeCTBY, OTpUIlaTe bHbIi orBeT. B pabore [10]
(HapsijLy ¢ APYTUMU PE3YIbTATAME) OKA3aHO, YTO TIPUHIUIT HEBO3MOKHOCTH

3Pe3ybTaThl B 3TOH 06JIACTH OOLITHO HA3LIBAIOTCH <TEOPEMAMI O BO3MOMKHOCTI».
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[OYTH JIOCJIOBHO PACIIPOCTPAHSETCS Ha JIFOOble CUMMETPUIHbIE MHOXKECTBA
D C €y(A), a mMenno, nokasaxo, 4to npu 3 < |A| < w He cymecTBy-
eT He-JIMKTATOPCKUX JIOKAJIBHBIX IIPABHJI arperupoBanus f, KOTOPbIE COXpa-
HSIFOT XOTsI ObI OJIHO HEIYCTOe COOCTBEHHOE CHMMETPUIHOE IOJIMHOXKECTBO
D C €,(A) 3a nck/mOIeHTEM HEKOTOPBIX 9K30THIecKnx cayaes [] Taxmu o6-
pa3oM, B O0IIeM cJiydae TPYAHO HAJesThCs Ha TO, 9TO KAKOe-JHOO MPaBHIO
arpernpoBamus Oy/JeT UMeTh HETPHBHAJBHOE CHMMETPHYHOE MHBAPUAHTHOE
MHOKECTBO.

B naunnoit pabore MbI HCCIIELyeM, KaKie JIOKAJIbHbIE TPaBUIa ArPErupo-
Barus [ : (€3(A))" — €4(A) uMeroT HeTPpUBHAJIBHBIE CHMMETPHYIHBIE KAGC-
coe 9 C P(Ey(A)). BameTnM, 9TO KOHCTPYKIMS TAKUX KJIACCOB (M COOT-
BETCTBYIOIINX MHOYKECTB [IPABUJI arPErHPOBAHIS) YIOBIETBOPSET KPUTEPHIO
A. Tapckoro |12 u, Takum 06pazom, MOXKeT ObITh OTHECEHA K JIOTHIECKIM T10-
HATHAM. C yIeTOM H3BECTHBIX «T€OPEM O BO3MOXKHOCTH» KJIACC A02UMECKUT
(B 9TOM CMBICJIE) IPABUJI ArPErUPOBaHUs 3aBEJOMO IIHPe KJIacca MPOeKIuii
(mukTaTopckux mpasui). Bojiee Toro, cieyroinee HAOIIOIEHAE TTOKA3bIBAET,
9TO BCe JIOKAJTbHbIE M HEATpaJbHbIC MPAaBUIA arperupoBaHUs MOTYT OBITh
OTHECEHBI K JIOTHIECKUM.

IIpennoxenue 1. Kaowcdoe aokanrvroe u HEUMPANLHOE NPABUAO AZPE2UPO-
sanusn [ (€2(A))" — €3(A) coxpansem aoboe dsyTasemenmmoe MHoHCe-
cmeo ® C €y(A).

Mper nokaszeiBaeM (cM. [13]), uro obparHoe Takzke BepHO g b < |A| <
W, U IPUBOIMM IIPOCTYIO KIACCH(MUKAIIIO BCEX JIOKAJTBHBIX 1 HEHTPATBHBIX
[PABUJI arPErUPOBAHMS.

s kaxkaoro MHOXKecTBa A OIpEIE/ UM 9eThipe CIIEIUATBHBIX JIOKATb-
HBIX U HefiTpa/bHBIX TIpaBuia arperuposanus 0, v, \, i1 : (Ey(A))3 — € (A) ¢
PEIIAIOIIMA KOATHIHIMU:

s = {{1},{1,2},{1,3},{1,2,3}},
= {{2},{3},{2,3},{1,2,3}},

S0 = {{1}. {2}, {3}, {1.2,3}},

= {{1,2},{2,3},{1,3},{1,2,3}},

coorBeTcTBeHHO. OYEBUIHO, 0 — JUKTATYPA, & i — IIPABUIJIO OOJIBIITMHCTBA.

4Bosee Touno, B pabore |10] K1accubumpoBaHbl Bee CHMMeTPUYHBIE MHOMKecTBa D C
¢ (A), r < w, 6e3 ceoticmea Dppoy, T.e. THBADUAHTHBIE JJIs1 HEKOTOPOTO He-JINKTATOPCKOTO
JIOKAJILHOT'O IIPaBUJjIa arperupoBanus f. 9To HeCKOJIbKO yeuausaeT pesynbrar C. [Tleraxa,
noJstydeHHbI panee B [11].
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Onpepenenne 1. IIpasuna f: (€3(A))" — C(A) u g : (C2(A))" — €5(A)
UHBAPUAHIMHO IKEUBAAEHIMHVL, ECAU OHU COTPAHAIOM, 00HU U TE IHCE MHONMCE-

cmea D C &y(A).

Teopema 1. ITyemov 5 < |A| < w. Tozda das 106020 A0KkaABHOZO NPaGUAG
aepezuposanua f 1 (Cy(A))" — €o(A) caedyrowgue ycaosus sK6USAAEHIHDL:

1. f umeem nempusuaavbHvill CUMMEMPUIHIT PAUUOHAALHIT KAGCC U~
BAPUGHMMHLLT MHONHCECNE,

2. f umeem nempusuasorvLli CUMMEMPUUHBIT KAACC UHBAPUAHIMHOLT MHO-
orcecme (m.e. faozuneckoe),

3. [ uetdimpanvno,

4. [ umsapuanmmo 3K6UBAAEHMHO OOHOMY U3 NPAGUA O, U, N, [i.
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1 Bseaenne

[Iycts G — rpynmna, R — Kosbio ¢ equnutieit. ['pynnosoe xoavuo RG —

9TO MHOXKeCTBO (POPMAJIBHBIX CYMM BHJA Y, ¢, @y € R, ¢ ecTecTBeHHO
geG
OlIpeaeJICHHBIMU OllepalluAMM:

ECtgg + Eﬁgg = E(ag + Bg)ga

(Bagg)(XBy9) = 22 | X2 arBu| g,
9SG\ e

a(Xayg) = Xaoyg.

[Ipu sTom eciim R = 7Z, TO TOBOPAT O UEAOYUCAEHHOM TPYIIIIOBOM KOJIBIIE

rpymmel G. B ciyaae, korma R — moste, ToBopsAT o 2pynnosoti aszebpe RG.
Ilycts h = Ya,9 € ZG. Obosnaunm e(h) = Ya,. ABromopdusm 6 €

AutZG nasbiBaercsa nopmaausosarnvim, eciu £(0(g)) = 1, s moboro g €

(G. HopmasmmsoBaHHbIe aBTOMOPMU3MBI COCTABJIAIOT HOPMAJIBHYO TIOJIPYTI-

Iy B I'PYIIIIE BCEX ABTOMOP(MU3MOB EJIOUUC/IEHHOTO TPYIIIOBOTO KOJIbIA ZG.
[Maccenxay3om Obli1a, BBIIBUHYTA

I'unore3a 1. (o dakTopuzanuum aBroMmopdusmoB) /i 4106020 HOp-
MAAU306aHH020 asmomopPpusma 0 € AWZG cywecmeyem edunuya s € QG

90
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u epynnosoti asmomopdusm o € AuwtG maxue, wmo 0(g) = s~ 'o(g)s, daa
mobozo g € G.

Jpyrumu ciioBaMu, orpeaeseta @Gaxmopusauyus HOPMaIU30BAHHOTO aB-
Tomopdusma 0 = 0 o g, tie 0 € AutG u @, — ComlpsizKeHne eJMHUIEH S
anreoper QG

Kak mzBectno, runoresa [laccenxaysa o (pakTopuszarum aBToMopdu3MoB
[EJI0YUCIIEHHBIX TPYIIIOBBIX KOJIEI He MOATBepInIachk. 3BecTHB KOHTPIIPU-
mepbl Xepreeka [1], Porrenkamia [2].

2 IlpeaBapuTesbHble CBeJieHUA

Hamu B [3] npemnoxkena npyras dakropusaiis HOpMATU30BAHHBIX aB-
TOMOP(MHU3MOB TIEJIOIUCIICHHBIX I'PYNIOBBIX KOJIEIl, OCHOBAHHAs Ha TEOPHN
[PE/ICTABIEHNl KOHEUHBIX TDYIIIL.

[Iycts G = {e, ga,...,gn} — Komeunas rpymma, 11(G),...,Ts(G) — Bce
ee HEIPUBOJNMbIE HEIKBUBAJIEHTHBIE [IPEJICTABICHUST CTEIICHEH Ny, ..., Ng HAJL
nojieM KOMILTeKCHbIX qucest C.

D(G) = {diag(T1(g), -, Tx(g)), 9 € G}

Ouesn/ino, uro ZG = Z[D(G))]. Yeaosumces koabiia Z[T;(G)| nasbiBaTh kaem-
kamu Kobia Z[D(G)]. Pacemorpum otobpazkeHust

Hij - ZagTi@) — ZO‘QTJ‘(Q)aO‘g €Z

KOTOPBIE JITOO sIBJAIOTCA N30MOpdU3MaMu, JIOO He ABJIAIOTCA. e KieTKn

ZIT,(G)],..., ZTpsr-1(G)], k > 2, p;j -u30MopdHBI, 0603HATIM
Dp(G) = {dlag(Tp(g)7 --‘an+k—1(g))7g € G}

0O, = Z|D,(G)] nazosem baokom. Takum obpasom, Bce Kosbio Z[D(G)] pas-
6usaercs Ha 6s10ku, Tounee Z|D(G)] < O, &- - -®O0,,, rue Q-amredbper Q[O,]
SIBJISTIOTCS IPOCTBIMU.

OrmeTuM, UTO HOJIEM TIpescTasienus rpynnsl D(G) saBisiercs KpyroBoe
nose Q(v/1), rae | = exp G. IIpu 5TOM, BBIIOJIHSIOTCSH BKJIOUCHILS

Q(v:) € QTH(@)) € QW)

riae Q(x;) — mone, nopoxaennoe Ha Q BceMu 3HAUEHHSME XapakTepa X;
upezcrasienns 1;(G), Q(T;(G)) — nome, nopoxaenuoe najg Q Bcemn mar-
pHUYIHBIMHE JieMeHTaMu npejcrasierns 1;(G). Kpome Toro, Bece 911 mostst siB-
JISIOTCS. HOPMAJIbHBIMU paciupernsMu mosist QQ; a ux rpymmbr aBToMopgus-

vos Aut(Q(x:)), Aut(Q(T3(G))), Aut(Q(v/'1)) — abenesn [3], []. TIpn oM,
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pasmepnocts pactmpenns |Q(7;(G)) : Q(x;)| = s; — unaekcy lypa menpu-
Bopmmoro pacumupenust T;(G), tae s;|n; (em. [5]). Takum obpasom,

L = |QTH(G)) - Q = |QTHG)) - QUx)[1Qx:) = Q| = siki.

Bamerum, uro ecim F — mosie, To joboit ero apromopdusm 7 € AutF
uHIyIupyer n3oMopdusM 7T Kojibiia Marput nam [F :

7((aiz)) = (aj)).

Ecan aBromopdusm ¢ kousbiia Z[D(G)] Bce 610Ku ocTaBiisieT Ha MecTe,
HA30BEM €r0 CMabUuAUSUPYIOULUM, B IIPOTUBHOM CJIydae — NEPeCmasAflo-
UWUM.

B ciyuae unzgekca [lypa pasroro 1, crpaBeinBo ciejytoriee yTBep-
JKJIemne, jgokasantoe B 3.

Teopema 1. /10601 nopmasusosanmbili asmomopgusm xoavuya Z[D(G)] ecmo
KOMNO3UYUA POTO P, 20e ¢ — HEKOMOPHLTL NepecmasAAOwul a8momoPusm
u3 evideneniozo Konewnoz2o nabopa ®, T — asmomoppusm noss npedcmas-
aenus epynnve G, @5 — conpaotcenue edunuuet s arzebpo. Q[D(G)]

Pasbmenne xombia Z[D(G)] na 610ku O, oupenessercss XapakTepaMu
X: npejacrasiennii T;(G). Ecmu x; — neqovncienHpiii, T0 6JI0K COCTOUT U3
onnoii kierku Z[T;(G)]. Ecim x; comepkut asnrebpandeckue ducia, To 670K
cocrout u3 k; kierok, rae k; = |AutQ(x;)|. Ilpu srom, Bce crenenn menpu-
BOJMMBIX TpejcTaBiennii n;, Bce noust Q(x;) u Bce monsa Q(7;(G)) npen-
CTaBJICHUI BXOJAIINX B OMH OJIOK coBmaaaor Mexay coboit [3]. Tlosromy,
nosie Q(7;(G)) Tax ke OymeM Ha3bIBATH MOJIEM TIpe/icTaBiIenns 6joka O, B
KOTOPOE BXOJUT JaHHOe HerpuBoaumoe npejcrasienne T;(G).

[ycrs AutQ(x;) = {n1 = id, 7, ..., 7, }. O6ozHaumm wepes 7, ..., 7, €
Aut(Q(7;(G))) HEKOTODBIE MTPOJIOZKEHIT HETPUBHAJIBHBIX aBTOMOP(MU3MOB
3 AutQ(y;). Torma xapakTepamu KJIeTOK TAKOT0O GJI0KA SABIAIOTCS X, T2(Xi),

,Tk; (x:). CoorBercrBenHo, Kierkamu Gioka siBisttorcs Kiaerku Z[T;(G)],
Z[fé(T,(G))],,Z[TZZ(TZ(G))], TO ecTh Jiobas MaTpuia OJOKa OTHO3HATHO
onpe/iesigercs cBoelt neppoii Kyierkoii. Cyzxkenue Jro00ro cTabuIM3upyIomero
aBroMopdusMa Ha TaKOM OJIOKe eCTh KOMIIO3UIHA T; O s, j = 1, ..., k;.

BamMedanne B cuwry onmucaHHOro cTpoeHms: OJIOKOB, PABEHCTBO
myD,(g1)+- - -+myDy(g;) = 0 BBIIOIHSAETCH, IPH HEKOTOPLIX PAIIMOHAIBHBIX
koabduIneHTax my, . ..,m;, TOJA ¥ TOJHKO TOIJa, KOIJA IPH THX JKe
ko3 durmenTax BoinosHseTcst paBeHctBo myTi(gr) + - - - +myTi(g) = 0, e
T;(G) — moboe HEIPUBOIMMOE PEJICTABICHAE BXOJSIIEE B TAHHbI OJIOK.

Bosnankaer ecrecTBeHHBII
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Bormpoc 1. /Jlaa mobozo au asmomoppusma 7 € AutQ(T;(G)), natidemes
eduruya s anrzebpoe Q(O,] makas, Wmo KOMNO3UYUA T © p; ABAAEMCA AEMO-
mopdusmom baoxa Op?

B npepiaymeii padore [6], namu 6b11 pazobpan ciaydait unjgexca lypa
1, To ectb Korga Q(x;) = Q(T5(G)). B nanuoit pabore Mbl rccieryem oormmit

cryqait Q(xi) € Q(Ti(G))-

3 OcHoBHBbIE Pe3yJIbTATHI

B sToM naparpade Mbl OIHCIIEM ajJropuTM, oTBedaromuii #Ha Bopoc [I]
[OCTABJIEHHBII B TPEJIbIIyIIEM Haparpade.

1. Cumraem, uro ungekc [llypa > 1, To ecTh moJie mpecTaBaeHus 0J10-
Ka COJIEPXKUT I0JIe Xapakrepa. [IycTh y; — Xapakrep IIepBoii KJIeTKH OJI0Ka,
Q(T;(G)) — moste mpe/icTaBICHUs STOi KJIETKH, TO €CTh M0JI€ IPEICTABICHHS
nannoro 6ioka. Ecmm |Q(T3(G)) : Q| = d; = siki, To {w} = {1,&,..., %71}
— dyumamenranbubiii 6asuc pacimmpenns Q(T;(G)) : Q = Q(§), € — ne-
Jioe ajiredpamieckoe Uncsio. Torja 1eouncaeHHble JJUHeHbIe KOMOUHAIIIT
ssteMeHTOB {w} ecTh KOJIBIO Mebix ainrebpandeckux wucen mnois Q(T;(G))
[4].

2. ComocraBum Kaxkzoit marpuie n3 D(G) croaber, cocraBiaeHHbIH 13
TPAHCIOHUPOBAHHBIX CTPOK HENPHUBOAMMBIX IIPEJICTABICHUN, IPU 9TOM 3JIe-
MEHTaM I10JIeil MpeJICTaBIeHIs KaXKI0ro OJI0OKa COMOCTaBUM CTOJIOIBI KOOP-
JINHAT OTHOCHUTEIHLHO COOTBETCTBYIONIMX (DyH/IAMEHTAIbLHBIX Oa3UCOB pac-
mupenuii. B urore, nosyaumM cToibpl BRICOTBL n3si1ki + -+ + n2s.k? co-
CTOAIMX U3 PAIMOHAJBHBIX KOdd durnmentoB. [Ipu moaxoadinem HATYpaIb-
HOM ¢, repexojisg K 6azam pacrmpennii {w'} = %{w}, OJTy9rM TabJIUIYy 13
n=ni+---+n% = |G|, R > r, NeJOYUCIEHHBIX CTOJIOIOB, TJIe KazKIOMYy
610ky O,, Bepree MHOKecTBY Marpuil u3 D,(G), COOTBETCTBYET CBOM CJIOMH
10/1-CTONOIOB BhICOThI n2s k2 (cm. 3], cTp. 38-39).

3. Kak mokazano B [3|, ssmementapubiMu mpeoOGpa3oBaHUAMEI CTOJIONOB
[IOCTPOEHHYTO TEJIOUUCIIEHHYIO MATPUILY MOXKHO IPUBECTH K 0COOOMY 6a3uc-
Hnomy Buy. Takas GazucHas MaTPHUIlZ UMEET CTYIIeHYATHI HUKHETPEYTOJIb-
HBII BUJI, TJe KasKJas CTYIEeHb CBEPXY COIECPKUT MOAMATPUILY U3 COOTBET-
cTByIOIIero eif ciog 6s0ka O, MUpHHON km%, OIr'PAHNYEHHON CBepxXy HUZK-
HeTpeyro/ibHOIi MaTpurieit. Takum o6pazoM, cTOJIOIBI 3TOH MOJMATPHUIIBI CO-
oTBeTcTBYIOT MarpumaM 6;10Ka O, KOTOPBIE ABJIAIOTCHA OA3UCOM IIOAMOJLYJIA
KOHETHOTo panra k;n? u 6asucom Q-anrebpnr Q[O,]. Pasnoxenue B sT0M Ga-
31UCe, B CUJIY 3aMevYaHus U3 IPeAblLyIero naparpada, s KaxKmaoi MaTpu-
el 13 Q[O,] ofHO3HAYHO ONpeE/IeIAeTcss MATPUIHBIME SJIEMEHTAME TIE€PBBIX



94 A.M. Ilonosa (HUsmesa), O.B. Bpoxanos, /1.B. Kopenesckuii

k’j::i = 3} = ; crpok moxmaTpuupl u3 Q-anre6pbl HepBoil KieTkn Z|T;(G)]
6ioka O,. B wacrnocTh, Begkag MaTpuna u3 6joka O, 0OJHO3HAYHO OIIpe-
JIeJISIeTCsl 10 MATPUIHBIM 3JIEMEHTaM HEPBLIX [; CTPOK MOAMATPHUIIBI LIEPBOit
kierku Z[T;(G)] 6ioka O,. Bynem Ha3bBATL 9TH CTPOKU 0NPEIEAAIOUUMU.

4. HecytoxkHO TIOHATH, 9TO B JnHeiiHOH (Q-000/101Ke TOCTPOEHHOTO Oa3u-
ca Q-amnrebpor Q[O,], To ectb B camoit Q-anrebpe Q[O,], maiiayrcsa rakue

MaTPHUIIBI &t(%fd), 1 <1< ;1 <t <n,0<d<d;y KOTOPbIX Ha Me-

cre (I,t) crour ajrebpamdeckoe IHCIIO %fd, a Ha BCEX OCTABIIUXCSI MeCcTaxX
OIIPEJIEJIIONINX CTPOK CTOST HYJIN. Z-MOJIYJIb TOPOXKIEHHBIA TUMHI MaTpPH-
namu 06JIaIaeT PAHTOM PABHBIM k;n?, IIpu 3TOM OH GyJIeT COIEpPIKATh U BCE
MmaTpuisl 6s10ka O,. ITockombKy, Kak Z-Moyib, IuHelHas Z-000J09Ka II0-
crpoennoro 6asuca Q-anredpor Q[O,], Tak ke 06amaeT PAHroM, PABHBIM
kin?, m nexnt B 610ke O, TO OH ABJIAETCS TOIMOJTYIEM KOHETHOTO MHJIEKCA
m. Clie0BaTe/IbHO, MATPUILHI mé’lt(éfd), 1<1<;,1<t<n,0<d<d,
JIeKaT B JIMHEHHON Z-0060s104uKe mocTpoerHoro 6asuca Q-anredpot Q[O,], B
JaCTHOCTH, B caMoM 0Jioke O,,.

Jlemma 1. ITyemwv undexc lypa pasen 1, mo ecmo Q(x;) = Q(Ti(Q)). Ecau
7 € Aut(Q(Ti(G))), mo T(Q[O,]) = Q[O,)].

Joxasameavcmeo. Bo-nepsbix, dimgQ[O,] = dimgQ[T;(G)] = kin? [3]. Ha-
1ee, u3 onpegenenus 6o0ka O, u pasencrsa noseit Q(y;) = Q(7;(G)) nveem
BKJIIOUEHHE

Q[Oy] € My, = {diag(w, 71(2), . .., T, —1(2)) |2 € Matn, (Q(x:))},

e 7; € Aut(Q(x;)),i = 1,...,k; — 1, — Bce HeTpuBHasbHBIE ABTOMOPGhU3-
mbl. Tak kak rpymma apromopdusmos Aut(Q(x;)) —abesnesa (cm. 2 Ilpensa-
puresbHble cBegennst) u 7(x) € Mat,, (Q(x;)), aus moboro 7 € Aut(Q(x;)),
to 7(M,) = M, nist moboro 7 € Aut(Q(y;)). Kpome Toro, dimgM,, = k;n?,
u, ciaegosarenbuo, Q[O,] = M,. Takum 06pa3oM, BBIIOTHAETCS PABEHCTBO

T(Q[O,]) = Q[O,], pns moboro T € Aut(Q(x;)). O

5. Ilycrs Z,, — nuneitnas Z-060J09Ka MaTPUIL m&t(%gd), 1 <1<,
1 <t <mn, 0<d< d;. Hockonbky, ast mobbix 7 € Aut(Q(x;)), 0 <
d < d;, snementnl 7(£%), Kak 1esble anrebpandeckKue YUC/Ia PacHIUpeHns
Q(x:) = Q(Ti(G)), aBasrOTCA MEMOINCTEHHBIME JIMHEHBIMI KOMOMHAIHS-
mu dymnamenTaabuoro 6asuca {w} (cm. m.l BbIIIE), TO COOTBETCTBYIONIHE
MATPHITBI ?(m&t(%gd)), B CHJIy JIEMMBI 1, SIBJISFOTCSI QHAJIOMMIHBIMU T1€J10-
YUCJICHHBIMU KOMOWHAIIUSAMU MaTPUIIL m&t(%fd), 1 <1<, 1 <t < n,
0 < d < d;. CaemoBaresibHo uMeeM paBeHCTBO T(Z,,) = Z,,. Kpome To-
ro, He CJIOJKHO IOHATH, YTO BBINOJIHEHB! BKModenus ¢Z,,0, C Z,, C O,,
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upu srom, mO,, m7(0,) C I, u I, aBIdeTCS HOIMOIYJICM B JIMHEHHON
Z-obosouke nocrpoentoro 6basuca Q-amrebpor Q[O,]. B wacrrocTH, m06yi0
marpuily & € O, MOXKHO OJIHO3HAYHO MIPEJICTABUTD B BUJIE CYMMBL To + T,
Jle MATPUIHDIE 3JIEMEHTHI MATPUIIBI Lo, ABIAICH HEJbIMA aarebpandecKuMu
qucsiaMu, B 6asuce {w'} mveror KoahHUIUEHTh Pa3IoKeHsT U3 MHOKECTBA
{0,1,...,m — 1}, a y MaTpuns! ,, Kparusl m, 10 ecTb Lo € Oy, Ty € L.

6. IlockonbKy s Jroboit marpuner x € Mat, (Q(x;)) naiizerca ma-
TypaJIbHOE YHUCIIO 7l,, JJIS KOTOPOIO BCE N,Tij, 1 < 4,7 < n, ABIAI0OTCA
neabiMu ajgrebpandeckumu auciaamu mosst Q(y;), TO MOXKHO cuuTaTh BCE
9JIEMEHTEI, coupsraomeit marpunsl s € Q[O,], menbiMu anrebpantecku-
vu gncaamu u3 noss Q(x;). Tlpu sTom, conpgararollyo MaTpuily S UINem
B BUjie s = q(s1 + msz), ve Ko3(DDOUIMEHTH MATPUIHBIX JIEMEHTOB MaT-
punst $; € O,, B pasnoxennu 10 6asucy {w'}, IpUHALIEKAT MHOKECTBY
{0,1,...,m — 1}, u |s; + mss| # 0.

Bamernm, 4ro B cuity Tpebyemoro pasencrsa sO, = 7(0,)s, MaTpuIa s
YIOBJIETBOPSIET paBeHCTBY (¢s1 + qms2)0, = T(0,)(¢s1 + gmss), T0 ecTb

q510, — q7(Op)s1 = qmT(O,)s2 — qms20,,.

OrmernM, uro ecsim y mMarpui, X, Y € Mat, (Q(£)), Bce ssiemMeHTHI B pas/io-
JKeHuu 110 6azucy {w'} uMerT ToIbKO 1esibie Ko3hDMUIUEHTDI, TO 3JIeMEHThI
MaTpHILLI TpousBeaeHust XY o0amgaoT TeM ke cBoiicTBoM. [ToaTomy, Tak
KaK MaTpPHUIbl, uMmeronme By npoussenenus ¢gm7(0,)sy uan qmssO,, Je-
xkat B Q-amrebpe Q[O,], a MaTpudHbIe 9JIEMEHTB U3 NX BEPXHUX KJIETOK B
pasznoxkenuu 1o 6asucy {w'} 06aasa0T TONIBKO HeabIMI KOIMDhUIMEeHTAME,
KPATHBIMU 1M1, TO 3TU MaTPUILI HONaIaioT B Z,,. CienoBareibHO,

4510, — q7(Op)s1 C I,y,.

[Iycts B = {by, ... >bkm?} — aaguruBHbLl 6azuc O,. Torja st KazKI0ro
b € B BbINOJIHAETCA PABEHCTBA!

(gs1 + quQ)(Z aijb;) = 7(b;)(gs1 + gmsa),

=1

kin?
(qs1+ qms2)b; = (O Bi7(b:))(gs1 + gmsy),
=1

rie o;j, 3;; € Z. Mlin, Kak 3aMe9eHO BbIIIe, JOJIKHBI BBIIOJIHATECH CIIEITYIO-
1€ BKJIIOYUEHUS:

kin?
qsl(z Oéijbi) — q?(bj)sl < Im,
i=1
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klnf
qsib; — Q(Z BiiT(bi))s1 € T,
=1

Il HEKOTOPBIX v, B € Z. IlockoinbKy, gmsib, qm7(b)sy € L, qyist Bcex b €
Bu 1 € Aut(Q(x;)), TO BbIUCAHHBIE BKIIOYEHHsI JIOCTATOYHO TPOBEPUTH HA
KOHeYHOM Habope 3nadenuit 51 € O,, b € B, «a;;,5; € {0,1,...,m — 1}.
Ecymm, npu dukcupoBanHoii s;, mjug jmoboro b € B, Hammch oy, B €
{0,1,...,m—1} Takue, 910 y pe3yIbTUPYIOIIEH MATPUIH PA3TIOKEHNST BCEX
ee MATPUIHBIX 37eMeHTOB B 6aszuce {w'} 06Jaga0T TOJBKO MEJBIMI KO3]-
dunmerTaMI KPATHBIMU YUCJIY M, TO OHA NPUHAIIEKUT L, & MaTPUIA
$1 — cJlaraeMoe MCKOMOM compsiraromieii MaTpuilbl s = ¢s; + gmss. Orciona
CJIeJIyeT T0JIE3HOE

BaMmedanue. Ecau cpean KoHedHOro HabOpa, U3 KOTOPOI'o BhIOUpa-
eTCcsl MaTpHUIa S1, HE HAIIOCh MATPUIIBI, YIOBJIETBOPSIONIEH IPUBEIEHHBIM
BBIIIIE YCIOBHUSAM, TO COIPATAOIIEH MATPUIIBI S HE CYIIECTBYET.

Ecmn |s;| # 0, To npoBepum BbinosHenne Briodenus Z,, C ¢s10,. s
9TOr0 HAJO MPOBEPUTH HAJIMIHE IEeJIbIX PEIIeHUil y BCeX CHUCTEM C IEJIbIMU
Ko durmenTaMu

{ 1198101 + ... + 14198510 = mé’n(%ﬁ“)

{ xltqslbl 4+ ...+ xttqslbt = mgnlnz<%§dz—l)

rye t = kn?. Tak Kak |s1| # 0, JaHmble cucTeMa sBJISETC OlPE/IeIeHHBIMHE.
ITosromy, eciin UX €IMHCTBEHHBIE DEIICHUd ABJIAIOTCH IEIbIMU, II0IyYaeM,

9TO
Op — (qsl)il?(op)qsl C (qsl)ilzm C Oy,

t0 ectb (gs1) '7(0,)gs1 € O,. Ocraercss TOJBKO BBIACHUTH BBINOJTHEHHE
pasencrsa 7(0,)gs1 = ¢s10,. Jyst 5TOr0 Ham0 IPOBEPUTL HAIUUUE IIEIIBIX
PEIIeHNH y BCeX CJICIYIONIMX CHCTEM C €IMHCTBEHHBIM DeleHueM

{ 117 (b1)gs1 + ... + a7 (b)gs1 = qs1b

{ 207 (b1)gs1 + ... + zuT(b)gs1 = qsib,

71/\ o
B sroMm ciydae morydaeM tpebyemoe paBeHcTBO (¢s1)” 7(0,)qs1 = O,. Ec-
JIX TIOCJI€THIE CUCTEMBI He 00JIaJIal0T eJIOUNCIEHHBIMU PEIIEHUAMUI, TO 3TY
MaTpuIly OyJeM HA3bIBATDL KBA3UCOIPSTAIONIEH. A UMEHHO, MaTpUILy s OyaeM
Ha3bIBaTh K6a3uconpazaowel mampuyet apromopdusma 7 € Aut(Q(y;)),
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ecm s neé Boostsercs Brioderne 7(0,)s C sO,,. fcno, 4ro coupsra-
oIast MaTPUIA SBJISETCS TaK ¥Ke ¥ KBa3HCONPSTAIONIEi.

Ecmn |s1| = 0, To nposepum Brmouenue 7(0,)qs; C ¢s10,. dus storo
ybeauMes B HAJIMUAN HEJI0UUCICHHBIX PEIIEHUAX Y BCeX CJICILYIOININX CUCTEM
JIMHEHHBIX ypaBHEHUI.

{ xllqslbl + ...+ [L’thslbt = ?(bl)qsl

{ xugsiby + ... + zugsiby = 7(b)gs:

Ecim nienble perenus HAILIMCH Y KarKJIOM JIMHEHHOW CUCTEMBI, & OHH yIKe
He SBJISIOTCS ONPEJEIEHHBIMUA, TO MaTPUIA (S1 SBJISETCS KBAa3UCOIPITaIo-
meit st apromopdusma 7 € Aut(Q(x;)). Torma, smobas-mun MaTpura s =
qs1 + gmss Tak ke OyHdeT KBasucoIpsiraiomieil g aBToMopdusMa 7 €
Aut(Q(x:))?

astee, 1o Haii/IeHHON MATPUIIE S1 U COOTBETCTBYIONINX € TIEJIBIM YUC/TaM
a;j, Bi; € {0,1,...,m—1} MOXKHO HATH MATPHILY So U3 CJEAYIOMIEN CHCTEMBI

( T kin2 _ kin? ~
gm7(bj)s2—(gs1+qmsa) (3,11 @ijbi) =gs1(D2:L1" aijbi) —q7(bj)os1
T e
qm (D iy 5ij7(bi))52 — qms20, = gs1b; — q(32:1y" BiyT(bi))s1 (1)
T18191 + ... + Tps19; = bisy mod Z,,

L Y18191 + . Y819t = bypsy mod I,

BamerumM, uro B cuity pasercrsa SZ[T;(G)] = Z[7(T;(G))]s, marpuna s; yio-
BJIETBODSIET CUCTEME CPABHEHMUIT

r1b181 + ... + x4bis1 = s197 mod Z,,
y1b18$1 + oo +yibpsy = s1g, mod Z,,
515191 + ...+ Etslgt = b181 mod Im

[ V15191 + oo + Y819t = bys1 mod I,

Tae gi, - - -, g — aaauTuBHbLL 6a3uc Kouba Z[T;(G)|, hq,. .., hy — ajgaurus-
ublit 6asuc kosbia Z[7(T;(G))], KoabDumenTst Ty, . .., Ty, Y1, - - Yoy T,y - - - Tt
Uiy 0, €{0,...,m—1}.

Marpuria s; yJoBerBopsiolas cucreme cpasHenuii (1), BMecTe ¢ coor-
BETCTBYIONUMHU eii U3 JaHHOoil cucreMbl KO3 dHUIneHTaMKI

Tl ooy T Yty ooy Yty Ty e ooy Ty Uy -5 Uy €40, ,m — 1}
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38/1410T MHOZKECTBO 3J1eMeHTOB My, . . ., hy, by, ... hy € Ly © L ZITL(G)):

=1

( .1'1b1$1 + ...+ thbtsl — §101 = hl

Y1bisy + ... + ysbesy — 519 = ’_H (3)
T15191 + ... T Ts19 — sy = Iy

( V15191 + oo F Y5190 — besy = Iy

Haiitermbie MaTpuist Ay, . . ., by, i, . . ., hy € I, BMECTE C HCIIOIb3YeMBIMM
KOIPPUIMEHTAMA T, .« oy Ty Y1y« - s Yty Ty« -5 Tty Y1y -5 Gy € {0,...,m—1}
3aal0T CHCTEMY MATPUIHBIX JTUHEHHBIX YPAaBHEHUN JJIsT HAXOXKICHU HEU3-
BECTHOM MAaTPUIIBI Sa:

( —(xlbl + ...+ .I'tbt)mSQ + msqgr = hl
—(y1b1 + oo + yibe)msz + msage = hy (4)
—mszflgl + ...+ Ttgt) + blm$2 = hl

. —m$2@191 + .+ gtgt) + bimsy = Et

1 MaTpUIIBI § = S1 + MSy BBIIOIHACTCA PABEHCTBO
SLITI(G)] = Z[T(T:(G))]s.
Eciu |s| # 0, To § = 51 + msy — UCKOMasl COUPATAIONasA MATPHUIA
ZIT{(G)] = s 'Z[F(Ti(G))]s.

7. AJropuT™M HAXOXKJIEHUSI COMPSITAIONIEH MATPHIIHL.

1) Beraucssiem ajmurusabie 6asucet Kouer Z[1;(G)] u Z[7(T;(G))]
(em. [3]).

2) Boruncasiem m (em. [3]).

3) st KaxKkJI0#i MaTPUIbl $; U3 MX KOHEYHOro Habopa HpoBepsieM Bbl-
HOJTHUMOCTB CHCTeMBbI cpaBHeHuit (1).

4) ns HaiileHHON MATPHIBI S1, U3 CUCTEMBI (2) BBIYUCIISIEM MATPHIIBI

itk—1
hi,.. hihy,. b €T, € () ZITHG)).
r=i
5) st HaxoxKIeHUsT MATPUIIBL Sg, 110 HARJEHHBIM MaTpuiam hi, . . ., hy,

hi, ..., hs cocraBiisieM U peraeM CUCTeMY JIMHeHHBIX ypaBHeHuil (3).
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6) Eciu |s1 + msa| # 0, T0 s = $1 + msSy — conpsiraionias MaTpUIia.
8. Ilpumepsl BbIYHCIEHMI.

B ciyuae nnpekca [lypa > 1, umeercs npumep rpymmnst SLo(3), y KoTo-
poit T(Q(0,)) # Q(O,), upu mexoropom 7 € Aut(Q(7;(G))). Tounee, kax
nokazano B |3, ¢.66-68|, rpymma SLy(3) obramaer 6;okoM Oz COCTOSITIM 13
onmoit krerkn Z[Ty(SLy(3))] ¢ nosmem pazmoxenus Q(+/1). Tak kak 60k
COCTOUT W3 OJIHOI KJIETKH, TO XapaKTepbl MATPHIL U3 9TOro OJIoKa OyIyT 11e-
nouncyennbivu 3, Jlemmal.2.3], To ectb mosie xapakrepos Q(x4) = Q, u
ungexc 1ypa npencrapienns Ty(SLy(3)) pasen |Q(v/1) : Q| = 2. Iycrs
MaTpHIA

-1 0 0 -1 0 0 O

-1 0 0 0 -1 0 O

0o -1 -1 1 0 2 0

B o -1 0 0 -1 0 =2
o 1 0 -1 2 0 2

o 1 1 -2 1 -2 0

-1 0 -1 1 0 2 2

-1 0 -1 0 1 2 2

— CJIOlt cIlenuaJ/IbHOW MATPHIIBl aJJIMTUBHOIO Oasuca TPYIIIOBOIO KOJIbIA
Z[SLy(3)] coorsercrytonmit 6;10ky Os [3, ¢.68]. 3mech kaxmomy cTosbIyy
COOTBeTCTBYeT Marpuia u3 6oka (s, IbU TeMEHTHI Pa3/IoKeHbl B Oasmuce

1
{2,z}, z = ~3 + i IIpu 3TOM BCe IpeIcTaBICHHBIE MATPUILI A IATUBHO

nopoxkgaror 010k Oz. PaccMoTpuM aBToMOpdu3M KOMILIEKCHOI'O COIPSIZKe-
Hus. gleno, aro on sBiasercs aromopdmsmonm moms Q(+/1) u Ha Z-mosyite
M mopoxaénuabM 6asucom {z, Z} MHAYIMpPYeT JuHeiHOe mpeobpa3oBaHue ¢
0 1
10
Kak Z-monynb 60k Oz comepxurcd B Z-momxyiae M x M x M x M. Cie-
JIOBaTEILHO, KOMILJIEKCHOE COPsIZKeHne MHAynupyer Ha 6si0ke O3 JnHeiiHoe
npeobpazosanue ¢ marpuneit H. Ilycts X = (1172732475762718)7 — cTON-
Oerr U3 BOCBMH HEU3BECTHBIX, a b — HEKOTOPBIi cTosiberr maTpuiibl 3. Perras
JmHelHble cucteMbl BX = Hb, ns Bcex b, yoexkaaeMcs, 9TO JJIsd TOCTIe] -
HUX IIATU CTOJIOIOB JlaHHAadA cucTeMa He coBMecTHa. [loaTomy, obpas Ojioka
O3 upu usomopdusMe, HHILYITUPOBAHHOM KOMILIEKCHBIM COIIPSI?KEHIEM MaT-
PUYHBIX 3JIEMEHTOB, He cojiepxkuTcs B Q-anredpe 6stoka O3. CrenoBare/ibHO,
He CyIIECTBYeT CONpsATalonieil e uHuIbl (MaTpuiisl) 3 Q-anaredbper 610ka O,
KOTOpasi BO3BpaIaer obpas gaHHoro 61oka (O3 obparHo B 6J10K Os.

MaTpHIECH m = . Pacemorpum marpuny H = diag(m, m, m,m).
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This article is a version of a presentation given at the XVIII Interna-
tional Conference “Problems Allied to Universal Algebra and Model Theory’
(Erlagol-2026), which has been expanded to include new results on represen-
tations of Novikov algebras and condensed in its review part. Proofs of the
main cited results can be found in [1], where the history of the problem can
also be found. We note only that Novikov algebras appeared in [2] during
the study of Hamiltonian operators. These algebras play a key role in the
classification of linear Poisson brackets of hydrodynamic type [3].

Let A be an algebra over a field F'. A linear map d : A +— A is called
a derivation of the algebra A if d(zy) = d(z)y + xd(y) for all z,y € A. Let
D be the set of derivations of the algebra A. A D-ideal I <ip A is an ideal
I of the algebra A invariant under all derivations from D. The algebra A is
called D-simple if A% # 0 and A has no D-ideals. The term “differentially
simple” means D-simplicity with respect to some set of derivations D.

A Novikov algebra is an algebra satisfying the following identities:
(x,y,2) = (y,z,2), (zy)z=(x2)y.

The main construction of Novikov algebras is the following Gelfand — Dorfman
construction. Let (A;-) be an associative commutative algebra with a deriva-
tion d. Fix a € A and define a new product o on A by setting

aob=a-db)+a-a-b

for all a,b € A. Then (A;o) is a Novikov algebra, and (A; -, o) is a Novikov —
Poisson algebra. The constructed Novikov algebra is denoted by (A, d, o).

*The research was carried out within the framework of the Sobolev Institute of Math-
ematics state contract (project FWNF-2026-0017).
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Theorem. [4] Every non-associative finite-dimensional simple Novikov
algebra N over a field F of characteristic p > 0 is obtained via the Gelfand —
Dorfman construction from the algebra S @p B,, ,(F) and its simple deriva-
tion, where S is a field and B, ,(F') is the algebra of truncated polynomials
in n variables.

Novikov bimodules over associative algebras. Let (A o) be a No-
vikov algebra and V' a vector space over F. The pair \,p: N — EndV is a
representation of the algebra N in V if (Vz,y € N):

(2%, 9] = (woy)” —yra?, [zt Y] = [z, 9],

Y= (zoy), aPyf = ya?,

y'w
where [,] denotes the commutator: [z,y] = zy — yz. The pair of maps (A, p)
defines an N-bimodule structure on V:

aov=a(v), voa=a(v).

Consider the direct sum of vector spaces A = N @ V. Define a multiplication
o on A by setting

(a1 + Ul) o) (CLQ + Ug) = a1 % Qy + ai‘(vg) + ag(vl).

The algebra A is called the split null extension of the algebra N.

Theorem 1. The pair of maps \,p : N — EndV defines a representa-
tion of the Novikov algebra N if and only if (N @ V';0) is a Novikov algebra.

Denote by M (N), R(N) and L(N) the multiplication algebra, right mul-
tiplication algebra, and left multiplication algebra of the algebra N, respec-
tively. The underlying vector space of the Novikov algebra A with respect
to the algebra multiplication is a Novikov N-module (regular module). De-
note by R, and L, the operators of right and left multiplication by = € N.
The maps A : z +— L., p: © — R, define the reqular representation of the
algebra \V.

Let (A;-,da)r be an associative commutative algebra, and let (V;dy)
be an associative A-module, i.e., an F-map dy: dy(av) = dy(a)v + ady(v)
is defined on V. Thend: AV — ABV :

d(a+v) = da(a) + dv(v),

is a derivation of A@® V. We denote by (A& V,d, «) the Gelfand — Dorfman
construction of the associative commutative algebra A @ V with respect to
d=dy+dy.
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Example 1. Let V be a vector space over F, and let ¢ be a nonzero
linear map on V. Define a new product on A = F &V by (a+v)- (b+u) =
ab+au-+bv. Then (A;-) is an associative commutative algebra. Extend ¢ to
A by the rule ¢(a+v) = ¢(v). Then ¢ € Der(A;-), and (A, ¢, a) is a Novikov
algebra. Assume o # 0. Note that the Novikov algebra N' = (F, ¢, ) is
a field. As one can easily see, V is a module over the Novikov algebra N.
Denote it by N(V, ¢, a).

Let (A, p) be a representation of an algebra N. The subalgebra M =
M(N,V)in End V generated by a* and a” is called the multiplication algebra
of the N-module V. The left £ = L(N, V) and right multiplication algebras
R = R(N,V) are subalgebras of M generated by a* and a”.

The representation \,p : N +— EndV of the algebra A is called irre-
ducible if X # 0 or p # 0 and V contains no proper A and N?-invariant
subspaces.

Lemma 1. Let (N;0) be an associative commutative Novikov algebra

over F, and let (V;0) be a Novikov N-module such that (V,N,N) = 0.
Define an operation - on A =N @®V by the rule

a-b=aob, a-v=voa, v-a=wvoa, v-u=0.

Then V' is an associative commutative (A;-)-module. Moreover, (A;-,0) is
a Novikov — Poisson algebra.

Theorem 2. Let (N;0) be a unital associative commutative algebra
with 1, and let V' be an irreducible non-associative Novikov N -module. Then
the Novikov algebra A = N @&V admits a structure of a unital associative
commutative algebra (A;-), and V is a unital associative right N'-module.
Moreover, A = (A,d,e), where e is the unit of the algebra (A;-) and d(x) =
eox —xoe. The statement of the theorem holds also for simple associative
Nowikov algebras.

Example 2. Let V be a vector space over a field F' and ¢ € EndV.
Consider N' = (F, ¢, «) and the N-module N (V, ¢, ). Let U be an N-
submodule of N(V,¢,a). Then ¢(U) C U. Therefore, if V has no ¢-
invariant subspaces, then V' is an irreducible AN-module; V' is an associative
right AV-module. If ¢ # —a - 1, then V is not an associative left A/'-module.

Example 3. Let F) := (v) be a one-dimensional module over an arbitrary
field F'. It is an irreducible non-associative Novikov module over the Novikov
algebra F' if we define 1ov = Av and vo 1 = v for some A € F such that
A#0, 1.
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Example 4. Let F, 3 := (u,v)r be a two-dimensional irreducible non-
associative Novikov module over the Novikov algebra F' =R :

lou=au+pv, lov=—PFu+av, uol = u,

vol =w for some o, f € R, 5 # 0.

Proposition 1.  Let F' be a field of characteristic 0, and let (V;o)
be an irreducible finite-dimensional non-associative Novikov module over the
Nouvikov algebra F. If F is algebraically closed then V = F\. If F =R then
either V.=F\ or V= F, 3.

Novikov bimodules over non-associative algebras.

Theorem 3. Let N be a non-associative finite-dimensional simple
Novikov algebra, and let V' be a finite-dimensional irreducible Novikov N -
module. Then V is obtained via the Gelfand— Dorfman construction from
an associative commutative d-simple algebra A and a differentially simple
associative commutative A-module U.

Lemma 2. Let (A;+) be an associative commutative d-simple algebra,
d # 0; A be an isomorphic copy of A. Define an action of A on A :

voj=z-d(y), For—y-d@) ta-y-z

for all z,y € A and some o € A. Then A is a Novikov (A, d, a)-module.
The module A contains a proper submodule <= d? = —ad.

Theorem 4. Let (A;-) be an associative commutative d-simple algebra,
d#0, and let V be a d-simple associative commutative unital (A;-)-module.
Let N = (A,d,«). Then either V.= A, or V is an irreducible Novikov

N -module with respect to aov =a-d(v)+a-a-v, voa=v-d(a)+a-v-a.

Theorem 5. Let A be a unital associative commutative differentially
simple algebra A and V' a d-simple unital A-module. Suppose that either
N = (A, d,«a) is a non-associative Novikov algebra, or the characteristic of
the field F is not 2. Then V is an irreducible N'-module and N is a simple
algebra.

Structure of the multiplication algebra for representations.

Theorem 6. Let A\, p: N — EndV be an irreducible finite-dimensional
representation of the Novikov algebra N and R # 0. Then R is a field and
V is an associative right N-module if the characteristic of the field F is zero.
If the characteristic of the field F' is p > 0, then R is a differentially simple
algebra, its quasi-reqular radical J = {u € R : u? = 0}, R contains the unit
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of the algebra M and the quotient algebra R/J is a field. If R = 0 then L
s a field and M = L.

Corollary. Let N be a simple Novikov algebra, and let X, p : N +— End V/
be an irreducible finite-dimensional representation of the Novikov algebra N .
Then either N> = 0 and N is a field, or N is a faithful unital irreducible
differential associative left R-module. In this case, the algebra N is finite-
dimensional over F'.
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A subgroup H of a given group G is called malnormal if for every element
x € G\ H, we have HNH* = {1}. A group G is called conjugately separated
abelian (CSA) if all maximal abelian subgroups of G' are malnormal. The
class of CSA-groups is broad and plays a significant role in the study of
residually free groups, the universal theory of non-abelian free groups, limit
groups, exponential groups and equational domains in algebraic geometry
over groups (see [I], [2], [T0] , and [I1]). Another class of groups with very
close connections to CSA-groups is the class of CT-groups (commutative
transitive groups). A group is CT if commutativity is a transitive relation
on the set of its non-identity elements. Despite this simple definition, the
class of CT groups is also central to the study of residually free groups.
Every CSA-group is CT but the converse is not true. B. Baumslag proved
that in the presence of residual freeness, both properties are equivalent.

In recent decades, considerable effort has been devoted to the study of
these classes and their generalizations. A generalization of CT-groups is
introduced in [3] to extend the above mentioned theorem of B. Baumslag.
Many interesting relations between CSA- and CT-groups are presented in
[5], along with an extensive review of the existing literature.

I proposed an idea in [I4] for generalizing the notions of CSA- and CT-
groups: Suppose that X is a class of groups. A group G is an XT-group
if and only if, for any two X-subgroups A and B of G, the assumption
AN B # {1} implies that (A, B) is also an X-subgroup of G. Similarly, a
group G is a CSX-group if all of its maximal X-subgroups are malnormal.
In [T4], T examined the special case where X = 0y, the variety of nilpotent
groups of nilpotency class not exceeding k, which contains CSA- and CT-
groups as particular instances. Hence, [14] addresses the study of general
relations among the classes of CSX- and XT-groups, their characterizations,
constructions, and universal axiomatization, as well as their connections to
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residual A-free groups, in the case when X is the variety of nilpotent groups
of class at most k. Furthermore, many previous results are shown to remain
valid for CSX and XT-groups when X is the variety 91;. As an application,
the ideas of [14] are used in [12] to introduce a large class of groups that are
equational domain in the sense of algebraic geometry over groups (see [I] for
definitions).

Recently, with my student, Omar Al-Raisi, we developed the theory of
CSX- and XT-groups for arbitrary varieties of groups in [I3] and we showed
that many results from [I4] remain true in this general framework, while
some fail. For example, it remains unclear whether these classes are universal
in general. In this paper, I consider a situation where both classes can be
axiomatized by a set of universal axioms. Here is a review of our main
results:

The classes CT and CSA are universal; they can be axiomatized by uni-
versal sentences in the first order language of groups (see [5]). The same is
true for the classes XT and CSX when X is the variety of nilpotent groups
of class at most k (see [I4]). We generalize this to a large class of varieties;
finitely based varieties X such that the 2-generator relatively free group of
X is finitely presented. Note that this includes every finitely based locally
finite variety as well as every virtually nilpotent variety. For every variety
X, the 2-generator relatively free groups of X will be denoted by F»(X).

Theorem. Suppose X is a finitely based variety such that Fy(X) is
finitely presented. Then, the class XT is universal. Further, if CSX C XT,
then CSX is universal as well.

There are many examples of varieties satisfying the assumptions of the
above theorem among which are the varieties of nilpotent groups of class
at most k, every finitely based locally finite variety (equivalently, every lo-
cally finite variety with finite axiomatic rank) and in general, every virtually
nilpotent variety. However, we are not sure about the existence of any more
non-trivial examples. An old question of A. Olshanskii about the existence
of a non-trivial example of finitely presented relatively free group which is
not virtually nilpotent is still unsolved (see Problem 11.73 in [7]). One can
use the above theorem to produce infinitely many examples of XT- and CSX-
groups.

Corollary. Suppose X is a finitely based variety such that the rela-
tively free element Fy(X) is finitely presented. Then, any ultraproduct of
XT-groups is XT. If further, CSX C XT, then every ultraproduct of CSX-
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groups is CSX.

As an example, if we have two CSX-groups A and B without involutions,

then for any set I and any ultrafilter I over I, the ultrapower (A x B)! /U
is a new CSX-group. Consequently, we have an infinite supply of new CSX-
groups (and hence, equational domains).
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A.V. Chekhonadskikh, Adjacency in graphs of root configurations of
real polynomials.

For L'TT control systems, many requirements regarding transient response
are determined by mutual location of system poles (i.e. characteristic poly-
nomial roots). For low order systems, it is not possible to specify pole
locations a priori; therefore, one must seek its optimal location by tuning of
controller parameters. The optimality of a control system pole location de-
pends on two factors: the system’s behavior while a disturbance is present,
and the efficiency of stabilization while the disturbance has vanished. The
turnpeak or splash effect at the disturbance front is caused by the leftmost
poles, while a rate of disturbance suppressing is determined by the right-
most poles. This paper continues the development of graph structures that
constitute mutual location of real polynomial roots. Vertices of root graphs
were defined and enumerated in the author’s previous article. Mutual root
location of polynomial with variable coefficients is preordered and encoded
using matrices, which elements represent multiplicities of real and complex
pair roots. Multi-row matrix encoding allows to represent multiple complex
pairs, which play an important role in system stability providing. Here,
we consider the establishment of vertices adjacency. There are two types of
root simplex graphs: digraphs, which represent all possible mutual root loca-
tions and specify the connections between k-dimensional segments and their
(k — 1)-dimensional boundaries - and undirected graphs that represent the
adjacency of k-dimensional segments sharing a common (k — 1)-dimensional
boundary. Matrix-based adjacency criteria allow efficient verification of ver-
tex adjacency for both types of root simplex graphs.

G. Czédli, Bounds on the numbers of possible values of |Con(L)| and
|Sub(L)| for n-element lattices L.

For a positive integer n, let Snc(n) := {|Con(L)| : L is an n-element
lattice} be the set of the numbers of congruences of n-element lattices, and
let Sns(n) := {|Sub(L)| : L is an n-element lattice} be the analogous set for
sublattices. Several papers have been devoted to the study of these sets. For
example, D. Ahmed and E. K. Horvath determined the fifth largest element
of Sns(n), and D. Ahmed with other coauthors obtained the sixth and the
seventh. This paper establishes lower and upper bounds on |Snc(n)| and
|Sns(n)|, the numbers of elements of Snc(n) and Sns(n), respectively.

D.Yu. Emelyanov, Algebras of binary formulas for conormal disjunc-
tive products of graphs.
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The paper describes algebras of binary formulas for theories of conormal,
or disjunctive, products of graphs. It is shown that for graphs without iso-
lated vertices these products have diameter at most two. If the factors con-
tain edges, then the product contains a simplex. Cayley tables are given, and
the corresponding algebras for products of regular polygons are described by
algebras of simplexes.

Z.G. Fazyl, B.Sh. Kulpeshov, N.D. Markhabatov, In.I. Pavlyuk,
S.V. Sudoplatov, On Szmielew invariants for pseudofinite abelian groups.

We describe Szmielew invariants for a series of pseudofinite abelian groups,
including (pseudo-)countably categorical (pseudo-)strongly minimal, (pse-
udo-)uncountably categorical, and (pseudo-)w-stable ones.

S.B. Malyshev, On closures defined by algebras of isolating formulas.

On the set of realizations of a fixed self-conjugate complete 1-type p of a
complete theory T, we introduce an iterated closure operator cly generated
by the distribution algebra of binary isolating formulas B(7T', p). It is shown
that (p(OM),cly) is a pregeometry. The principal structural result is the
degeneracy theorem: every pregeometry arising in this way is trivial. This
result exhibits an intrinsic limitation of the purely binary approach: no com-
binatorial richness of the Cayley table of B(T',p) can produce a nontrivial
geometric type. Developing this observation, we obtain: a criterion for local
finiteness in terms of finiteness of the set of reachable labels; a dimension
formula via the number of orbits of the algebra; monotonicity of the induced
pregeometries under inclusions of self-conjugate subalgebras; invariance un-
der labeled isomorphism that respects the sizes of realization classes. The
results are applied to the algebras $p, and $p, of homomorphic product
theories of graphs: the induced pregeometries are degenerate and locally
finite, while their dimension is determined by the number of reachability
orbits.

In.I. Pavlyuk, S.V. Sudoplatov, On rigidity degrees of abelian groups
with unary predicates.

Possibilities of rigidity degrees for abelian groups with unary predicates
are studied.

N.L. Polyakov, On aggregation rules with a nontrivial symmetric class
of invariant domains.

For a finite set of alternatives A of cardinality |A| > 5, we describe all
local aggregation rules for individual choices on two-element sets that have
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a nontrivial symmetric class of invariants. It turns out that this condition
for aggregation rules is equivalent to the condition of their neutrality, and
each of the rules satisfying it is invariantly equivalent to one of four special
rules defined in the paper.

A.M. Popova, O.V. Bryukhanov, D.V. Korenevskyi, Calculation
of the conjugation matrixz of automorphisms of integer group rings 2.

This paper investigates the compositions of two arbitrary automorphisms
of the rational group algebra of a finite group: the first is induced by an
automorphism of the representation field of the given finite group, while
the second is an inner automorphism of the rational group algebra. An
algorithm is described that determines whether such a composition of two
automorphisms is an automorphism of the integral group ring of the finite
group. Sufficient conditions are provided, along with an example of a case
where no such compositions exist.

A.P. Pozhidaev, V.N. Zhelyabin, On Simple Novikov Bimodules.

New results on representations of Novikov algebras are presented, and
the structures of simple Novikov bimodules are investigated.

M. Shahryari, On the universality of CSX and XT-groups.
The universality of CSX and XT-groups is obtained.
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