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Introduction

Algebra and model theory 14

The 15th International Summer School-Conference “Problems Allied to
Model Theory and Universal Algebra” was held on 21-29 of June 2023 at
Novosibirsk State Technical University NETI and at the camping center
“Erlagol” in Altai mountains. The School was organized by Algebra and
Mathematical Logic Department of Novosibirsk State Technical University
(NSTU NETI) and Sobolev Institute of Mathematics of Siberian Branch of
Russian Academy of Sciences (IM SB RAS) . The School was supported
by Grant of NSTU (C23-2) and by Grant of International Mathematical
Center in Akademgorodok. This was the first time when the school-
conference included both online and offline parts. For this reason there were
participants from rather many countries. At the school-conference, there
were participants from Russia, Kazakhstan, Uzbekistan, Canada, China,
Greece, Hungary, Italy, Oman, Poland. They made 41 talks. Within the
school-conference, the discussions on actual problems on Algebra, Model
Theory and related subjects were held. Information about the conference is
posted on the conference website https://erlagol.ru.

The Organizing Committee
of the School-Conference



Bajnepnii MarBeeBnu KombITOB

3a Bpewmsd, nporire/ee ¢ 14-it yierneit mkosbl-koudepenryn “Ilorpannyd-
HbIE BOIIPOCHI TEOPUM MOJIesieil U yHUBEPCAJIbHON aaredpnr’, B HossOpe 2022
rojia, yuej u3 KU3HU YJ€H OPIKOMUTETa W OJUH U3 CTapedImx W aKTHB-
HEHIIX yIACTHUKOB “DPJIarojbCKuX KOHMpepeHIuit”’, n3BeCTHBI COBETCKUI
U POCCUICKUIT alareOpancT, CIENUAJINCT [0 YIOPsI0YeHHBIM IpynmnaM, Ba-
sepuit MatBeeBuu KormbitoB. B pabore “Opiaronbeckux Kondepeniuii” Ba-
Jlepuit MaTBeeBud urpaJji oueHb 3aMETHYIO POJib, IIPUBJIEKAs B KAUeCTBE ee
YUaCTHUKOB OOJIBIIIOE YUCI0 CBOUX YIEHUKOB U KoJuter Kak u3 Poccun (Ho-
Bocubupck, Bapraysm, Tomck), Tak u 3 Hexun, Besmkobpuranum u 1pyrux
cTtpaH. Hem3MeHHBIM MHTEpECOM YYACTHUKOB ITOIB30BAJINCH U JIOKJIA/IBI Ca-
moro Bagepuss Marseesuda. XII mikosra-kondepennuss B 2017 rogy Oblia
nocssiena 7o-metuio Bamepusa MaTtseeBnya.

C mamu ocraercs namsaTh o Bajepun MaTBeeBude Kak 0 HICKpEHHEM, TIpe-
KpPacHOM 4eJIOBEKe, KPYIIHOM yYEHOM M TaJAHTIUBOM IIe/Iarore.

Opexomumem 15-10 semmets Wronvi-KoHPpepeHuuU
“lloepanuanvie sonpocovl meopuu, modenetl
U YHUBEPCANLHOU an2ebpbl”



Programme of

the 15" International Summer School-Conference
“Problems Allied to Model Theory

and Universal Algebra”

June 21, Wednesday (online)

7:55am-8:00am Opening Ceremony

8:00am—8:50am

9:30am—10:20am

10:30am—11:20am

11:30am-12:20pm

2:00pm—2:30pm

2:30pm—3:00pm

3:00pm—3:30pm

3:30pm—4:00pm

Chairperson S. Sudoplatov

E.VassiLiev  (Corner  Brook, Canada), “On
dense/co-dense expansions of geometric theories”

D. Fazio (Teramo, Italy), S. ODINTSOV
(Novosibirsk, Russia), “On algebraic semantics
of connective logics”

A.STUKACHEV (Novosibirsk, Russia), “Algorithmic
aspects of intensional logic”

V.RyBAKOV (Krasnoyarsk, Russia), “Unification
and Admissibility Problems in Modal Logics via
Projective Formulas”

Chairperson N. Kasymov

A.Twanow, M.DRZEWICKA, B. MOKRY (Gliwice,
Poland), “Generics in invariant subsets of highly
transitive permutation groups”

M. SHAHRYARI (Muscat, Oman), “On the geometric
equivalence of some classes of algebras with their
filtered products”

[. KozHUKHOV, D.MANILOV, A.RESHETNIKOV
(Moscow, Russia), “Definability of relations by
semigroups of isotone transformations”

V.MOLCHANOV, R.FARAKHUTDINOV (Saratov,
Russia), “On the problem of axiomatization of some
classes of universal graph semiautomats”
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School Program

5:00pm—5:30pm  A. BASHEEVA (Astana, Kazakhstan), S.LUTSAK
(Petropavlovsk, Kazakhstan), “On the basability of
quasivarieties generated by certain finite modular
lattices”

5:30pm—6:00pm  R. SKLINOS (Beijing, China), O. KHARLAMPOVICH
(New York, USA), “Randomness in Model Theory”

6:00pm—6:30pm G.CzEDLI  (Szeged,  Hungary), “Generating
quasiorder lattices and some other lattices by
few elements”

June 22, Thursday (online)

Chairperson V. Gubarev

9:00am-9:50am B. BAIZHANOV (ALMATY, KAZAKHSTAN), “Some
questions of expansion of models of complete theories”

10:00am—10:30am S. KABANIKHIN, SH.LU (Novosibirsk, Russia),
“Neural network regularization methods”

11:30am—Noon V. ZHELYABIN, P. KOLESNIKOV (Novosibirsk,
Russia), “Dual coalgebras of n-Lie Jacobian algebras
of polynomial rings”

Noon-12:30pm A.ZAKHAROV (Novosibirsk, Russia), “On simple
Novikov—Poisson algebras

12:30pm—1:00pm 1. PAVLYUK (Pavlodar, Kazakhstan), IN.PAVLYUK
(Novosibirsk, Russia), “On the solution of congruences
with respect to the commutativity relation in groups”

Chairperson A.Iwanow

2:00pm—2:30pm  A. LITAVRIN, T. MOISEENKOVA  (Krasnoyarsk,
Russia), “On some groupoids associated with
compositions of multilayer neural networks with
direct signal propagation

2:30pm—3:00pm  D. SOLOMATIN (Omsk, Russia), “Investigation of the
planarity property of Cayley graphs with respect to
free semigroups”



School Program

3:00pm—3:30pm N. MARKHABATOV (Astana, Kazakhstan), “On types
of approximation of acyclic graph theories”

3:30pm—4:00pm G. SULEIMANOVA (Abakan, Russia), “Commutative
subalgebras of the highest dimension of Chevalley
algebras over a field”

June 24, Saturday (offline)
Chairperson S. Sudoplatov

10:00am—-10:50am A. MIRONOV (Novosibirsk, Russia), “On
commutative subalgebras in the first Weyl algebra”

11:00am-11:50am B. KuLPESHOV  (Almaty, Kazakhstan), “The
countable spectrum of weakly o-minimal theories of
finite convexity rank”

Chairperson B. Kulpeshov

3:00pm-3:30pm  A.PiNUs  (Novosibirsk, Russia), “Definability
of universal algebras by semigroups of their

transformations”

3:30pm-4:00pm E. EFREMOV, A. STEPANOVA, S. CHEKANOV
(Vladivostok, Russia), “On the pseudofiniteness of
polygons”

4:00pm—4:30pm D. CHURIKOV (Novosibirsk, Russia), “Size of the
minimal generating set of a primitive 3/2-transitive
group”

4:30pm-5:00pm  E. SHAPORINA (Novosibirsk, Russia), “On a subgroup
of the outer automorphism group of a generalized
cyclic extension of a free group of rank 3”

June 25, Sunday (offline)

Chairperson A. Stepanova

10:00am—-10:50am P. KOLESNIKOV (Novosibirsk, Russia), “Derived
varieties, Novikov—Poisson algebras, and conformal
algebras”

11:00am-11:50am V. VERBOVSKIY  (Almaty, Kazakhstan), “On
symmetric  functions in Hrushovski’s strongly
minimal examples”



School Program

Noon-12:50pm  S. SUDOPLATOV (Novosibirsk, Russia), “Variations of
rigidity”

Chairperson F. Dudkin

3:00pm—3:30pm K. TULENBAEV (Almaty, Kazakhstan), “Structural
properties of Chaudhary algebras”

3:30pm—4:00pm N. PorLyAkov, D.SAVEL'EV (Moscow, Russia), “On
ultraextensions of some algebraic constructions and
their combinatorial applications”

4:00pm—4:30pm A. CHEKHONADSKIKH (Novosibirsk, Russia),
“Algebraic approach to the stabilization of non-
classical dynamical systems”

4:30pm-5:00pm  D. EMELYANOV (Novosibirsk, Russia), “Algebras of
binary isolating formulas for operations on theories”

5:00pm-5:30pm  IN. PAVLYUK (Novosibirsk, Russia), “On algebraic
and definable closures for abelian group theories”

June 26, Monday

Tour day

June 27, Tuesday (offline)
Chairperson V. Verbovskiy

10:00am-10:50am A.POzHIDAEV (Novosibirsk, Russia), “Simple pre-
Lie algebras: Endomorphs, Burde and Mizuhara
algebras”

11:00am-11:50am F.DUDKIN (Novosibirsk, Russia), “Elements of
finite order in groups of outer automorphisms for
generalized Baumslag—Solitaire groups”

Noon—-12:50pm V. GUBAREV (Novosibirsk, Russia), Bourdet series of
prime prelie algebras



School Program

3:00pm—3:30pm

3:30pm—4:00pm

4:00pm—4:30pm

4:30pm—5:00pm

5:00pm

Chairman A. Pozhidaev

A. PANASENKO (Novosibirsk, Russia),
“Radicals of Novikov algebras”

O.BRYUKHANOV,  A.IVLEVA  (Poprova)
(Novosibirsk, Russia), “Calculation of the
conjugation matrix of automorphisms of
integer group rings”

I. UKTAMALIEV (Novosibirsk, Russia;
Namangan, Uzbekistan) “Models of theories of
commutative monoids and semigroups”

S. MALYSHEV (Novosibirsk, Russia), “Closure
operators in cubic and acyclic theories”

Closing Ceremony



AJITEBPAMYECKU TIOIXO/I
K CTABUJIN3AITAN
HEKJIACCMTYECKITX

TUHAMUYECKINX CUCTEM
PETYJIITOPOM
TTOHUYKEHHOTO TIOPAIKA

A. B. Yexonaackux

HoBocubupckuit rocy1apcTBEHHBIN TEXHUYECKUI YHUBEPCUTET
np. K. Mapkca, 20, HoBocubupck, 630073, Poccus

e-mail: chekhonadskikh@corp.nstu.ru

1 Bsenaenmne u obiiye IMOHATUA

Cucrema aBromaruvekoro ynpasienus (CAY) mpemamoaraer 3a/1aHHbII
00BEKT yIPaBJIEHUsT — TEXHUYIECKYI0 KOHCTPYKIMIO UJIM arperar; MPOUCcXo-
JSIIUe B HEM IPOIECChl B HOPMAJIbHBIX YCIOBUSX ONUCHIBAIOTCS OOBIKHOBEH-
ubivu uddepernuanbabivu ypasaerusivu (O/1Y) orHOCHTEIBHO XapaKTe-
pucTuk x(t) — mepeMeHHBIX COCTOSHMUSI, WJIH BEKTOPa COCTOSIHUIA, CPeJn KO-
TOPBIX BBIJIEJISIIOTCS WM U3 KOTOPbIX (DOPMUPYIOTCsl iepeMennbie y(t), Ha-
3BIBAIONINECS BBIXOJOM 00beKTa. B jrajbHeilieM Mbl paccMaTpUBaeM TOJIb-
KO JIMHEHbIe cTaloHapHble cucTeMbl. [osromy oanopoanast cucrembr O/1Y
npuanMaer Buj & = Ax(t) ¢ KBaapaTHOI uncyoBoil Marpureii A, a eé perire-
HHUE COOTBETCTBYET YCTAHOBUBIIEMYCSI PEXKHMMY PA3OMKHYTOH CHCTEMBI, T.e.
paboTBl 00BLEKTA, HE HOABEPraloIeiics BHEITHUM BO3ICHCTBIAM; BBIXOJ 00b-
ekta y(t) = Cz(t) Takxke GHOpMATU3YeTCs ¢ MOMOIIBIO YUCIOBOI MATPUITHI
C', Kak MpaBuIo, IPIMOYTOJIbLHOI.

Ha npakTuke B IPOTEKAIOIIME IMPOIECCHl BMEIIUBAIOTCS BHENIHNE BO3-
neitcrBust v(t) pasIUIHON MPUPOJIBI — OT HENpeICKa3yeMbIX BO3MYIIEHUIT
w(t), B TOM 9uCIIe MyMa, J0 KOHTPOJUPYIOIIEro BO3AeHCTBUS (UM BEKTOPA
yupasjenust) u(t). BMecre oHE MMEHYIOTCSI BXOJOM OOBEKTA; € YIETOM ITO-
IO MPUXOJUTCSI paccMaTpuBaTh HeogHopojnyto cuctemy OAY & = Ax(t) +
Bu(t) + Dw(t). eiicTBue Bo3aMyIeHnil pacipOCTPAHSIETCS U Ha BBIXOJ, 00b-
ekTa, dopMaIu3yeMblit ¢ momMorbo Marpurbl Dy: y(t) = Cx(t) + Daw(t).
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Aurebpandeckuii noaxon k nekjaaccudeckum CAY 11

O6bIYHO U3BeCTEH (B 9aCTHOCTH, JIOCTYIIEH HU3MEPEHUIO U UMeeT TIpeobJiaia-
[ollee 3HAUYEHNE) MMEHHO BBIXOJ], Ha OCHOBAHUU KOTOPOI'O CTPOUTCS KOHTPO-
mupyioree Bozzeiicrsue u = u(y(t)) [I].

Henpio ypaB/IsiioIero BO3/IeHCTBUs sIBJISIETCST BOCCTAHOBJICHHE YCTaHO-
BUBIIIETOCS PEKUMA; OHO CO3/IAETCs PEryIsTOPOM — CIeNHUaIbHBIM YCTPOii-
CTBOM, KOTOPOE IPEBPAIAaeT OTKJIOHEHNE BBIXO/a OT YCTAHOBUBIIETOCS 3HA~
JeHusi (Ipousole/iee B pe3yjibrare JEfCTBUS BO3MYIIEHUS) B BEKTOD
yupasienus u(t). Peryaarop rakxe omucoiBaerca OY, a Boszeiicteue u(t)
obecrieanBaeT OTPUIATESIbHYI0 00paTHYIO CBA3b i oTKIoHeHust 0y(t). Co-
eJInHEHNE 00BEKTA U PETY/ISITOPa B KOHTYPE OTPUIATE/ILHOM 00pATHOI CBSA3U
10 BBIXO/Iy Ha3bIBAIOT 3aMKHYTONW CUCTEMO.

Besne mamee Oyjiem cumTaTh ypaBHEHHA U OOBEKTA YIPABJICHUS, W Pe-
IYAATOPA JIMHEHHBIMU CTAIMOHAPHBIME, OJIarojlaps 9eMy IOKa3aTeTn yCTa-
HOBHBIIIET'OCS PEKUMA MOXKHO CUUTATH TOXKJIECTBEHHO HYJIEBHIMU U TIPUIATD
YPaBHEHUSIM MATPUIHO-TIOJIMHOMHUAIBHYIO (DOPMY € ITOMOIIBIO Tpeodpa3oBa-
nug Jlamraca.

st obbekTa (plant) BOSHHKAET COOTHOIIEHUE

y(s) = G(s)u(s) = Dy Nyu(s),

JUTST PETyITOpa, COOTBETCTBEHHO,
u(s) = C(s)y(s) = NeoDg,'y(s),

a B IIeJIOM JIJIT CUCTEMBI C OTPUIIATEIHLHON 0OpaTHO CBSI3HIO —
y = (I +G(s)C(s)) "' G(s)C(s)u,

riae I — e MHUYHAST MATPUIIA.

Marpuna (I + G(s)C(s))"'G(s)C(s) ¢ momMHOMHATIBHBIME SJIEMEHTAMM
Ha3bIBAETCA [IEPEJIATOUHON MATPHIIEil CHCTEMBL.

Ecimm KoHTposmpyeMasi BeJIMYUHA OJHA U PEry/siTOp MPOU3BOJIUT CKa-
JISIPHOE  YIPABJSIONICE BO3JICHCTBHE, CHCTEMa HA3BIBACTCH OJHOKAHAb-
HOM, MOJMHOMHUAIBHBIE MATPUYHBIE yDABHEHWs MPEBPAIIAIOTCA B JIPOOHO-
paloHaJbHble, & B (DOPMYJIe IepeJaTOIHOI MaTPUIBl BCe BEJIUYMHBI CKa-
gsapuabel u I = 1.

Bazkueiiine cBOHCTBA CHCTEMbI — TaKHe, KAaK yCTONUMBOCTD, KOJeHa-
TEJIBHOCTD, OBICTPOIEHICTBIE U JIP. — YUCIEHHO ONPEIEIOTCI SHAYCHUSIME
IIOJIFOCOB 3aMKHYTOM CHCTEMBI, T.€. KOPHIMH XapaKTEPUCTUIECKOTO TIOTMHO-
Ma — 3HAMeHaTeJlsl epeJaTOIHON QyHKIMM:

X(S) = Dsys = Dpcho + NplNco



12 A. B. YexoHaicKnux

B ero koadgdurimenTs BXOIAT U HacTpanBaeMbie KoM MUITMEHTHI pery-
JIATOpA P, KOTOPhIE BIUSIOT Ha 3HAYEHUA ITOJII0COB. BBHIy TOro, 910 KO3(h-
GUIIEHTHI XapaKTEePUCTUIECKOI'O0 MHOIOYIEHa JIeHCTBUTEIbHBI, KOMILIEKC-
HBIE IIOJII0Ca 00pa3yIOT CONPSIKEHHBIE Maphl OJIMHAKOBOI KpPaTHOCTH;, CTe-
IeHb MHOTOYJIEHA, OINPEJIC/ICHHAS TePeJATOYHBIMUA (DYHKITUAMEA OO0HEKTa U
peryJisropa, 3a1aér ux 4duciao (camras ¢ KparHoctsmu). B CAY mosHOrO
MOPSIJIKA, JTOCTUKUMO JIF000€ KOPPEKTHO 3aJaHHOE PACIIOJIOXKEHNE TOJIOCOB;
B 9TOM CBSA3M €CTECTBEHHO CJIeIyIoIee Olpejie/ieHue.

Onpenenenne 1. Byaem HasbBaTh MOPSIIOK PETYISITOPA NOHUNCEHHBIM,
€CJT YNCJIO €r0 HACTPAMBAEMbBIX I[TapaMeTPOB MJIN CIIOCOO WX BXOXKJIEHUS
B KO3(DPUIMEHTHI XapaKTEPUCTUIECKOTO MMOJMHOMA HE MO3BOJISIOT JOCTU-
raTh IIPOU3BOJILHO 3a/IAHHOIO PACIOJIOKEHUS OJII0COB. CTabUIN3UPyeMyIO
takuM peryiagropom CAY takke OyJ1eM HAa3bIBaATbh CHCTEMON MOHUKEHHOTO
HOPSI/IKA.

Cunares CAY NOHMIKEHHOTO MOPSIJIKA OOBIYHO CBOJMTCA K JIOCTUKEHHIO
YJIOBJIETBOPUTEIBHOIO TI0 TEM WJIM UHBIM IOKa3aTeasIM PaCIOJIOKEHUs I10-
JIFOCOB 21, ..., 2,. B pa3dbupaeMbIX HU:Ke paboTax aBTOP CTABUT 3aJIady OIl-
TUMAJIbHOTI'O PACIIOJIOXKEHHS IIOJIIOCOB 3a CYET BbIOOpA 3HAYEHUIN IapameT-
poB peryisaTopa. LemeBoit pyHKIHE, JatOIIeil TMCIeHHOE BhIPasKEeHNUe OITH-
MaJIbHOCTH, CIYKUT MaKCUMU3UpyeMad CTEeNeHb YCTOWYMBOCTH 3aMKHYTON
cucreMbl « = —max R(zy, ..., 2,) WIH, C HECKOJIBKO OOJIbINEHl OOITHOCTHIO,
[IPOTUBOIIOJIOKHAS €l TYpBUIleBa (DbYHKIIUS:

H(p) = maxRe(z, ..., 2n).

Texunka onTUMU3AIIY JIOITYCKAET U JIPyTHe ajJredpandecKre 1ejeBble (hyHK-
Iiu, HasbiBaeMble R-rpajyupoBkavu [2] u 3aBucsime or caMbix “HEYI100-
HBIX TIOJTFOCOB. XOTsI MUHUMM3AIUs TaKUX (DYHKIIUI OOIIIMMU METO/IAMU 34~
TPY/IHSETC HEBBITYKIOCTHIO, MHOTO9KCTPEMAJILHOCTRIO, HeinddepeHimpy-
€MOCTBIO, COIPSIKEHHON C OBPayKHBIM peTbedOM U HEOIDAHMYEHHBIM CyO-
nuddepeHImaioM, nX KpUTHIECKHe TOYKU, KaK MPABUJIO, JIOCTUTAIOTCI B
TeX CJIydasix, KOTJla Ha IIPABOil IPAHUIIE PACIIOIOKEHUs BCeX KOPHEil B KOM-
IJIEKCHO# TIOCKOCTH (1l TYPBUIEBOI (DYHKIIUU 3TO IIPOCTO BEPTHKAIb-
Hasl TIPsIMast) CKAIJIMBAETCS MAKCHMAJIBLHO BO3MOYKHOE KOJIMIECTBO MOJIOCOB,
CUYNTas ¢ UX KpaTHOCTAMU. HanbombIas 9ucIeHHOCTh TPAHUIHBIX TTOJTI0COB
U BCEBO3MOYKHBIE BAPUAHTHI MX B3aUMHOT'O PACIIOJIOXKEHUS B OOIIEM CITydae
OIIPEJIEJISIIOTCS PA3MEPHOCTBHIO MTPOCTPAHCTBA HACTPAMBAEMBIX IIaPAMETPOB
P [2]. Cxembl pacriosokennst rpaHUYHBIX TOJIOCOB IIPEJICTABIISIOTC KPH-
THYeCKIMI KopHeBbIMu Juarpamvamu [3, 4]. B paborax [2]-[5] mpusogur-
¢l HECKOJIBKO MTPUMEPOB IIPUMEHEHUsT KPUTUIECKUX KOPHEBLIX JINATDAMM U
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KOPHEBBIX MHOTOYJIEHOB K MOUCKY ONTHMAJIBHBIX 110 CTENEHN yCTONIMBOCTH
3HAYEHUN PEry/IsiTOPOB JIJIsi KJIACCHYEeCKUX JIMHEHHBIX cTarnnoHapHbix CAY
¢ XapaKTepUCTHIeCKUMU MHOrodieHamu creneHeii 9-11. B sTom o630pe Mbr
paccMOTpPUM HEKJIaCCUIECKUe TTPUMEPHI.

2 T'mpockomnmvecKas cTabMIN3aIIsI
MHOTOMEPHBIX BHOPAIIMOHHBIX KOHCTPYKITUIA

Munumuszanust ypBuneBoii (byHKIUKA I KOHCTPYKIUMKA U3 TPEX Mac-
CHBHBIX TeJI C YUPYIMMH CBA3SIMHU, B3ATOH B Ka4eCTBE YIIPABJISIEMOrO O0b-
eKTa C PeryagTopoM IOHUKEHHOTO MOpsiIKa, paccMaTrpuBajach B pado-
rax [4, B]. Eé ypaBHenus cOBIaJIAIOT ¢ ypaBHEHUAME BUODAIMOHHON CH-
CTeMbl JIg4 M = 3 W MOIYT ObITh 3alllCaHbl B OIEPATOPHON (opMe Kak
L(s)X = (Is*+(D+G)s+ K)X = (0) ¢ KBa[paTHLIMU MATPUIIAMH HOPSLIIKA
n, mpuuaéM MaTpuna noreps D = DT meonpenenénnas, MaTpuiia mHEPIHN
u xécrkoctn K = KT 1o10:KuTeibHO ompejiesieHa, a KOCOCUMMeTPUIecKast
marpuiia G XapakKTepusyer yIpaBJIdoliee BO3/eificTBIe.

Cnenys T. Jammy [6], nasosém marpuny G = —GT 2upockonuueckum
cmabuAu3aMopoM BUOPAIMOHHON CHCTEMBI, ecyin perienne X YpaBHEHUsI
X+(D+G)X +KX = (0) (8 oreparoproii bopme (1524 (D+G)s+K)X =
(0)) acumnroTryecKn yeroiunBo. B 9TOM cirydae HA30BEM CHCTEMY 2UPOCKO-
nuvecky cmabusu3upyemotl.

Heobxomumoe yeioBre TupOCKOIIMYECKON CTabUIn3aiui XOPOIno W3BeCT-
HO: 062 ciesia MaTputl D u K 1D 10/KHBI OBITh I0JI0XKHTEILHBI; KOPOTKOEe
JIOKA3aTeJILCTBO TIpUBEJIeHO B [6]. DT ycaoBus SBIISIOTCS TaKyKe U J10CTa-
TOYHBIMU; JIIE N = 2 3T0 JoKazaHo B pabore [7], a mua n = 3,4 B [6];
npu n > 4 runoresa JOCTATOYHOCTH MTPOBEPEHA Ha OOIIMPHOM MHOXKECTBE
[IPUMEPOB.

ABrop paccmaTpuBas BOIPOC JIOCTHXKEHUs] MAKCUMAJILHON CTeleHu
YCTOHYIMBOCTH (WJIM, 9TO TO Ke caMoe, IVIODAJBLHOTO MUHHMYMa TyDBHUIIE-
Boit dynkiwn H(p) = H(G) = maxRe(zy,. .., 29,)) 3a caér BeIOOpA IUpO-
CKOIUYIEeCKOTo crabuaunzaropa (G. 91o 3aj1ada okasbiBaeTcs cuHTe3oM CAY
MOHUKEHHOTO TOPsiJIKa TPH JIF0OOM HOPSJIKE CUCTEMBI U YUCJIe CBOOOHDBIX
napamerpoB crabmim3aropa (T.e. Pa3MEPHOCTH BEKTOPA P), TIOCKOJIbKY 1B
CTapIIuX U JBa MJIAJIINIX KOIDOUINEHTA XapaKTePUCTUIECKOIO MHOTOU/Ie-
Ha He cojiepkar eMeHToB Marpullsl G. [Ipeenbaoe 3HaueHme r106aBHOTO
vuanMyMa H (G) onpejessiercst u3 CJIeIyIOIEro Mpe/jIoKeHNsl.

Proposition 1. z; + -+ + 29, = —tr D.
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[Tostomy min H(G) > —tr D/(2n), 970 MOXKHO paccMaTpUBAThL B Kate-
CTBE “TEOPEeTUIECKOro” MUHUMYyMa.

ABrop pacemarpuBast mpuMeps! Hopsaaxos 3-5 [§], 6e3 orpanudenust oor-
HOCTH CYHUTast, YT0 Marpura [ mpusejeHa K AuaroHasibHoit dopme. Bor
OJIMH U3 HUX.

IIpumep 2. IlycTb ngarumepHas BUOpaIMOHHasd CUCTEMAa 33/1a8TCsd TaKUMU
Marpunamu D n K:

0.75 0 0 0 0 2 1 05 0 0

0 075 0 0 0 12 1 05 0

D = 0 0 07 0 0], K=]05 1 2 1 05
0 0 0 07 0 0O 05 1 2 1

0 0 0 0 -2 0O 0 05 1 2

HeobGxoumbie yesoBus crabumusaiuy Beinonenst: tr D = 1,tr K—1D &~
1.0707.

Yro6bl OCTUTATACH TEOPETUIECKU MAKCUMAJIbHAS CTEleHb YCTOHIMBO-
CTH, JIOCTATOYHO TPeOOBATH MONAIaHNsT HA BEPTHKAJILHYO NpaMyto Re(z) =
—tr D/10 = —0.1 4eThIpéX KOMILJIEKCHOCOIPSZKEHHBIX TAp TOJIIOCOB, TOT/a
1siTast HeoOXOMMO OKarKeTcst Ha Hell xke. J{omycTum, 4ro ojHa U3 nap Kpar-
Hag; TorJa Xapakrepucruieckuit muorowien x(s) = |Is? + (D + G)s + K|
JIOJIZKEH COJIEPXKATH TaKyIo TPYIILY COMHOXKHUTEJIE]H:

r(s) = (s 4+0.25+y1)2(s* +0.25+ 1) (s* +0.25+y3), yp = 0.01+Im>29; ;1 op

(B [2] r(s) nmenyercst KopHeBbIM MHOTOWIEHOM ). [IprpaBHIBast K HYJTIO OCTa~
TOK OT JieJieHus: rem(s) XapaKTepUCTHIeCKOro MHOrowIeHa (s) Ha KOpHe-
BOIt 7($), MBI IOJIyYUM BOCEMb TIOJIMHOMUAJIbHBIX YPABHEHUIT, KOTOPBIX JI0-
CTATOYHO JIJIs HAXOXK/IECHUS HEM3BECTHBIX Y 93 U IATH JIEMEHTOB CTaOH/IN-
3aTopa:

0 0 0 0 d
0 0 0 0 g
G=10 0 0 ko1
0O 0 —k 0 m

—-d —g -l —m O

CranapTHas BRITUCIUTEIbHAS TIPoIeaypa maét perierne d ~ —0.9817, g ~
0.8544, k ~ 1.4066, [ ~ 0.6231, m ~ 1.2527, a moJitoca OKa3bIBAIOTCS TAKUMH:

z1-4 ~ —0.1000 + 1.5335i (kparnas napa), zsg ~ —0.1000 £+ 0.56337,
278 ~ —0.1000 £ 0.86997; n naraa napa zg 19 ~ —0.1000 £ 2.6034.

Kax nokazano B [8], B 061riem cirydae Takoe perienne OKa3blBaeTCsl TOIKOM
IeCTUMEPHOTO MHOT0000pasusi M B MpocTpaHCTBE MapaMeTpoB I'UPOCKOIIN-
YeCKOTO CTabM/IM3aTopa, B KayKJI0W TOYKEe KOTOPOro TYpPBHUIEBA (PYHKITHSI
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coxpansieT ¢Bo¢ MuHnMasbHoe 3uadenue H(M) = min H(G) = —tr D/(2n).
I1 xorsi ¢ POCTOM pa3MEPHOCTH BHOPAIMOHHON CHCTEMBI BBIYHCIIHTE/Ib-
HbIe TPY/HOCTH HAXOXK/EHUST OHTUMAIBHOIO I'MPOCKOIIYECKOTO PErYISaToOpa
6BICTPO PACTYT, He BUHO TEOPETHYECKUX HPUYMH, KOTOPbIE PUBEIN ObI K
HEBO3MO2KHOCTH AOCTUXKCHMNA MAaKCHUMaJIbHOI'O IIOKa3aTeJd CTEIICHU YCTOI';I—
YUBOCTU TUPOCKOTIUYIECKU CTAOUIU3UPYEMOI CHCTEMBI.

3 OnTumaJibHBIN peryssiTop
MOHM2KEHHOTO MOPSIIKA
st geckpuntopuoii ([LAY) cucrembr

Heckpunropubie CAY BKIO9aOT B ¢€0st 00EKTHI, OMUCHIBAIOIINECS CU-
cremamiu i depeHIaibabiX 1 anredbpandeckux ypasaennii (IAY). Cpenn
TEXHUYIECKUX MPUMEPOB OOBIUHBI CJIydan, KOIJia MCIIOJIb30BaHMIEe ajredpan-
YeCKUX COOTHOIEHUH IS TOHMKEHUST PA3MEPHOCTH CHCTEMBI HEYI00HO MJIN
HeBo3MOKHO [9]-[11]. Dro mpeonpeensercs HAINYINEM B PEIICHHUSX CHCTEM
JIAY mMITyIbCHBIX KOMIIOHEHT, CYIIECTBEHHO OTJIMYHBIX OoT permennii OJLY.
Jlnst TUHEHHBIX CTAIMOHAPHBIX CHCTEM BO3HHMKAIOT CXOXKUE C BBIIIEIPUBE-
JICHHBIMU yPaBHEHUs C BBIPOXKJICHHOU MaTpuieit £':

Ei(t) = Ax(t) + Bu(t);
y(t) = Cx(t).

[To-npezxkHeMy BO3MOXKHO IpuMeHeHune rpeodpasoBanus Jlamraca u nepexo/t
K TIOJTMHOMHUAJIbHO-MATPUIHON hbopme cucrembr JTAY:

Y(s) = C(sE — A)'BU(s),

marpuia kKortopoit G(s) = C(sE — A)™' B naspiBaeTcs mepegaToqHoil MaT-
PpHUIEA CUCTEMBI.

AnreGpanteckyio (opMy NPUHIMAIOT U BayKHEHIIHE ITOHATHS, CBI3aH-
ubte ¢ JJAY. Jlst cyImecTBOBaHNS U €IMHCTBEHHOCTI PEIICHUST, KaK [IPABHJIO,
TpebyeTcst BBIIOJHEHUS YCIOBHs PErYJISIPHOCTH MaTpHIHOi naps! (E, A):

ok — Al #0;

ITIOMUMO PETYJIAPHOCTH, JIII HOPMAJILHON PabOThl 3aMKHYTOM CHCTEMbI HEOO-
XOJTUMBI

® YCTOWYMBOCTb: OTPUIATEIbHOCTD JEUCTBUTE/ILHBIX YacTell BceX M0JII0-

coB, T.e. {z|det(zF — A) =0} Cc C~;
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e Oespivirysbcnocts: degdet(sE — A) = rankF.

Cucrema Ha3bIBaeTCst donycmumotl, €Cii OHa peryJsipHa, YCTOHYuBa 1
Oe3bIMITYJIbCHA.

B cny ckasaHHOIO HCIOJIB30BaHUE aaredpamdeckKux CPeJCTB IS pac-
946Ta, peryssiTopa KazKeTcsl BIIOJHE eCTeCTBeHHbIM, uTo orMedeno B [12) [13].
Orako unciertoe pemienne JIAY u cuHTe3 yrpaBieHus Jjis HUX OCYIIEeCTB-
Jislercst mouTu 6e3 MCKIIOYEHUH B IPOCTpaHCTBe cocroghuii. Ordact 310
cBsA3aHO ¢ TeM, uTo B oramune or OJIY nepegarouHast MaTpuiia JIECKpPUIL-
TOPHOU CUCTEMBI OKa3bIBaCTCA HEIIPABUJILHOM, T.€. CYMMOM IIeJIOf U CTpPOro
npaBmwiIbHON dacTeit: G(S) = Gint(s) + Gprop(S); 970, B CBOIO 0U€peb, IPEI-
OlpejiesiseT 3aMeTHbIe OTJINYUS B TOUCKe CTabUIM3UPYIONIEro 3aMKHYTYIO
CHCTEMY PeryJsTopa.

Jlist MeToJIa KPUTHUIECKUX KOPHEBBIX JMArPAMM U KOPHEBBIX MHOIOYJIe-
HOB Pa3HUIIA 3aMeTHA TOJIBKO B jetansx [14]. Pacemorpum corenyrommuit mpu-
Mep.

IIpumep 3. Ilycrs nepemarodnas GyHKIUS 00bEKTa TaAKOBA:

Gouls) Ny s8 +35% 4+ 125% + 175> + 2852 + 125 + 8
S) = — = =
Pl D, 5% — 283 + 652 — 85+ 8
27s% — 36s% + 100s — 120
2
= 5s + 16 :
ShosTIoE st —2s3 4+ 652 —8s+8
Bnamenarens obbekta Dy = s* — 283 + 65> — 8s +8 = (s* — 2s +
2)(s* + 4) umeer aBa HEyCTONUMBBIX TOMOCA 212 = 1 4@ m JaBa mosmoca

234 = T2¢ Ha rpaHule ycTO4YMBOCTH; 3ajaBacMad MX MHUMBIMU YacTAMU
KOJIE0ATEIbHOCTD TaKKe JIOCTATOTHO BEJIMKA.
[IU3-perynsarop ¢ nepegaTounoil byHKITIei

N,
Co(s) = D—CO = (as® +bs* + cs +d)/s°

3aa€T mepeaTouHy0 (DYHKIUIO0 3aMKHYTONH CHCTEMBI

(s) = Gp(s)Co(s) _ NpiNeo
14+ Gu(s)Co(s)  NpuNeo + DpDe,

" e€ XapaKTepUCTUYEeCKUil MHOTOYJIEH
X(8) = NyNeo + DpDey = as” + (3a +b)s® + ... + (8¢ + 12d)s + 8d.

BaMKHyTas cucTeMa CTabuIm3npyema; HarpumMep, npu qucianreire N, =
53 + 2s% + 145 + 18 crenens ycroitamsocTn cucteMsl papasgerca 0,176, T.K.
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KpailHHe IpaBble II0JIIoca 37echb Py o ~ —0, 176 +0, 6157, a ocTaabHBIE Xapak-
TEPUCTHICCKUE KODHH 23 g DPACIIOJIOKEHBI JieBee (caMble IpaBble IOJII0CA
MBI TI€PEODO3HAYMIIN, & HyMepaluio coxpanuin). CTOUT OTMETUTH, 9TO TO
OKa3bIBAETCS BO3MOXKHBIM 3a CUET HEIIPABUIBHOCTHU TIePeIaTOYHON PYHKIINN
U yCTONYIMBOCTU YUCIUTEN 00BEKTa Ny M €ro CTeleHb, 1 YACI€HHbI BKIaI
B KO3 UIMEHTHI XapaKTePUCTHIECKON0 MHOTOUIeHa X () BBIIe, 9eM 3Ha-
menaresd Dy. Ilonck JTOKaJbHBIX U TJI00aJIBHOIO 9KCTPEMYMOB YeThIPEXITa-
pamerpudeckoil dbyukuu H(a,b,c,d) ¢ MOMOIIBIO KPUTHIECKUX KOPHEBBIX
pacriojioykennit Tpedyer paccMoTpenus 13 KopHeBbIx juarpaMm u 10 passm-
HBIX KOpHeBbIX Muorowrenos [3), [14], (mociegunx Memblie, T.K. HEKOTOPBIM
JmarpaMMaM COOTBETCTBYET OJIMH U TOT Ke KOPHEBOH MHOrowieH). Bmecto
rpacduaeckKoro n300pakeHns KOPHEBBIX JUArpaMM MbI Oy/IeM HCIIOTb30BAThH
"X KOJIBL.

1) Ciy4aii msiTH TPOCTHIX KOMILIEKCHO-COIIPSI?KEHHBIX AP C OJIMHAKOBOI
JefiICTBUTEJbHON YacThiO Ha IPaBOil IpaHulle IIpU OTCYTCTBUM Ha HEH jei-
CTBUTEIbHBIX KOPHEH 3/1eCh HEBO3MOYKEH, T.K. OH TpeOyeT MHOrOd/IeHa KakK
mvuHIMYM 10-it crenenn; ero ko 6611 661 (011111) — sreBoe anciio 0 31ech 0T-
HOCHUTCs K T'PAHUYHOMY JIeHCTBUTEILHOMY KOPHIO, & IIPOCThIe KOMILJIEKCHbBIE
[apbl Ha rpanuiie 0003HAYEHb! €/IMHUTIAMU B TIOPSIIKE BO3PACTAHUS MOJLyJIeit
MHUMBIX YaCTeH.

Teopernaeckn JgommycTuMblii caydaii (11111), Tpebyrornuii TIpocTOTH Beex
[IOJTIOCOB CHCTEMBI — OT IIPOCTOTrO JIEUCTBUTEIHLHOIO KOPHS Py JI0 YETBIPEX
KOMIUIEKCHBIX Iap Pok—12t = Po £ Ykl, kK = 1,2,3,4, pacnosoKeHHBIX Ha
ool BepTuKaIn Repog_12r = Do, — 3Jl€Ch He peamsyeTcd Ha IPU KaKuX
3HadyeHusax a, b, c, d.

2) Ilpocreiimuii BApUaHT KPUTUIECKOTO KOPHEBOI'O PACIIOIOKEHUST JIJIsT
JeTBIPEX CBOOOIHBIX ITAPAMETPOB BKIIOYAET MISITHKPATHBIN JIefCTBUTEIbHBIIN
KODEHb Dy . 4, KOTODBI JOTKEH OKa3aTbCA IpaBee ocTaabHbIX. Kox KpuTn-
Jeckoil nuarpammbl (5), KOpHEBOH MHOrouwieH npunumMaer dbopmy r(s) =
(s — x)°. Tlpu JesleHun XapaKTepuCTHIeCKOro MHorodieHa x(s) Ha KopHe-
Boii 7(s8) mosryuaercst ocrarok crenenu 4. [IockoibKy peasm3ariysi KOpHEBOTO
pacIoJioyKeHus TpedyeT JieJIeHnd HaIes10, KO3 UEHTHl OCTaTKa, IIPU CTelle-
HSX S Hy’KHO MIPUPABHATH K HYJIIO:

eqo =(702° + 1052® 4 1802" + 852° + 282°)a+
+(352° + 4527 4 602° + 172° + 852*)b+
+(1527 + 152° + 122°)c + (52° + 32° + 8)d+
+1527 — 1025 + 62° = 0;
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eqs =(1262° + 2102 = 4202° + 2552% + 1402 + 12)a+
+(702* 4 1052° + 1802% + 85z + 28)b+
+(352° + 4527 + 60x + 17)c + (152* + 152 + 12)d+
+352° — 302° + 30z — 8 = 0.

CrangapTHas dUCJIeHHAS ITPOIE/ypa PeIieHus MOJTHHOMUATBLHON cucTe-
MBI ypaBHEHUI IPUBOIUT K HEYCTOMIMBOMY 3HadeHuio x =~ 0, 2697.

Oxnaxo n3 ypaBHeHHI g4 = 0 MOXKHO BBIDA3UTh IIapaMeTpEL ¢ U d,
[IOJICTABUTH UX BBIPAYKEHUSA B OCTAJIbHBIE U IIOJIYIUTh CUCTEMY TPEX ypaBHe-
HUI, TTOC/Ie 9ero TOABJIAETC S pelenne r ~ —2,8517, momyckaroriee yCcTOii-
9uBOCTh. COOTBETCTBYIONIMI XapaKTEePUCTUICCKIIT MHOTOU/IEH TAKOB:

x(s) ~ s” +15,4939s% 4 104, 1621s” + 408, 9562s° + 1073, 7682s°+

+2006, 53165 + 2604, 8637s> + 2132, 5753s% + 1045, 3718s + 371, 6528.

Ero xopHm BK/IIOYAIOT JBe KOMILIEKCHBIE Iapbl, B TOM YHCIE Do R~
—0,1921 £ 0,6368: a Takzke OJU3KYIO K HATUKPATHOMY KOPHIO I'DYIIILY

256 ~ —2,7859 £ 0,04714; 278 = —2,8761 £ 0,0784%; 29 ~ —2,9345.

Pazbpoc kopmeil He JIO/2KEH Ka3aTbhCsd IPE3MEPHBIM U3-3a JIOCTATOYHO
BBICOKOI CTEIeHN W OOJIBINX KOIPDUIMEHTOB XapaKTEPUCTHIECKOTO ypaB-
HEHUS.

Crenenb ycTORINBOCTU 371€Ch HEMHOTO OOJIbINE, YeM JIjis [IPUBEICHHO-
ro BBIIIE CJlydasi, HO KPUTUYECKOEe KOPHEBOE PACIIOJIOXKEHHe HE BO3HHKAET
(MOKHO HA3BaTh €ro 3ePKaJbHBIM OTPAYKEHHEM KPUTHIECKOTO): “IIOYUTH sl
TUKPATHBIN KOPEHb OKA3bIBAETCS HE CIIPaBa, a CJIeBa OT OCTAJbHBIX. DTO
MIO3BOJISIET CMEIATDh PABYI0 KOMIJIEKCHYIO ITapy BJIEBO, YMEHbIIIas 3HAYEHNe
dyukmuu H(a, b, ¢, d) 3a c4ér Jydinero BoIOOpa IMapaMeTpoB PEry/IsTopa.

3) Kpurnueckas KopHeBasi JuarpaMMa Pean3yercs I CIydail Tpex-
KpaTHOI KoMILIekcHOi mapsl; eé koz (0 3), a KOpHeBoil MHOrO4JIeH 7(s) =
(s? — 2zs +2? + y*)3. Pemenne cucTeMbl OJTMHOMHUAIBHBIX YPABHEHUI PH-
BOJIUT K JIOKAJIbHOMY MUHHMYyMY rypBureBoii dyukunu H(p) ~ Rep;, ¢ ~
—0,299), mocTuraromeMcs MpU TOYTH TPEXKPATHOW KOMILIEKCHON mape
pi2 ~ —0,2990 £ 1,0270¢, p34 ~ —0,2996 £+ 1,0260¢, pss ~ —0,3002 £
1,0270¢. Tpoiika ocTaJbHBIX KOPHEN PACIIOJIOZKEHa, JIeBee.

4) HeMHOrO yJIydImuTh HOJTyYeHHOEe 3HAYEHNe MO3BOJIsieT KOPHEBO# MHO-
rounen 7(s) = (s —x)*(s? — 2xs + 22 4+ y*)? cooTBETCTBYIONMIT KPUTHIECKO
KODHEBOIH JmarpaMme ¢ KojoM (2 2), npejoaraionieil pacioioKeHue JIBy-
KPaTHBIX JEUCTBUTEJILHOIO KOPHA U KOMILJIEKCHOII IIapbl Ha OJHOW BepTU-
kaju. Xors B stoM ciaydae H(p) ~ —0,3974, cama KpuTndeckask KOpHeBast
JInarpaMma, He Peasn3yeTcs: OJTM3KOoe K 33/IaHHOMY PACIIOJIOYKEHUE MTOJIIOCOB
Ha OJIHOI BepTHKaM okasbiBaercs Jieee nmpu —0, 6653 < Re(z) < —0, 6658.
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5) Hawmmyqmmii pe3ynbrar HaiijleH TP TAKOM DPaCIOJIOKEHUN: KpaiiHui-
MU TIPaBBIMH TIOJIFOCAMU JIOJIPKHBI OBITH ITPOCTOH JIEICTBUTETBLHBIN KOPEHb,
JABYKpaTHas KOMILJIEKCHAas U IIPOCTad KOMILIJICKCHAaA I1apbl ¢ OAUHAKOBO Jieii-
CTBUTEJILHOI YaCThIO; KOJ| KpUTHIECKON KOpHeBoii JuarpaMmbl (1 2 1); kop-
HEBOU MHOI'OYJIEH

r(s) = (s — x)(s* — 225 + 2% + y*)?(s* — 2ws + 2° + 22).

OcraTok oT Jie/IeHns XapaKTePUCTHIECKOI0 MHONOYIeHA Ha KOPHEBOI mMeeT
6-IO CTeIleHb, U CUCTeMa IIOJIMHOMUAJIbHBIX ypaBHeHI/Iﬁ IIPpUBOAUT K SHAYECHUIO
r ~ —0,4428. XapaKTepuCTUIECKUII MHOTOUJIEH TOJIYIaeTCsd TAKIM:

x(s) ~ 8% 4 5,87255% 4 22, 73085 + 55,4948s° + 99, 97275+
+ 118, 9505s* + 96, 41265 + 50, 71525 + 16, 42515 + 2, 4783.

MHO>KecTBO IIpaBbIX KOPHE ¢ BBICOKO TOYHOCTHIO Pean3yeT KPUTHIECKY IO
KOPHEBYIO JIMarpaMMy:

po ~ —0, 44282,
pra ~ —0,44281 £ 0, 543714,
psa A~ —0,44283 + 0, 543794,
Pse ~ —0,44282 + 2, 16780i.

31ech, 1o BCell BUMMOCTH, JOCTUTACTCS [VIOOATbHBI MUHIMYM I'yPBH-
nesoit Gynkiyn. Kak u B ciaydae 3), HONBITKE IPAJMEHTHOrO CIIYCKA U3
HalIEHHBIX TOUEK He BBIXOJIUJIN U3 OKPECTHOCTH HalIeHHBIX 3HaYeHni. Huc-
JIEHHOE MOJIEJIMPOBAHNUE TIEPEXOIHBIX [IPOIECCOB TIOIABJIEHHsI BOSMYIIEHUS —
KBajipaTHOro mmiysibca w = Heviside(t) — Heviside(t — 1) — moarsepanio
YCTONYMBOCTD U GE3BIMILY/IbCHOCTD 3aMKHYTO# cucrembl [14].

4 Anrebpamveckasi almpOKCUMAIINS
1 CTaOMJIM3aIlis CUCTEM C 3ama3/IbIBaHNEM

B zaksrouenue npoIeMOHCTPUPYEM TPUMEHEHNE KPUTHIECKIUX KOPHEBBIX
JIarpaMM U KOPHEBBIX MHOTOYJICHOB JIJIsl TIOJIyU€HUS PE3yJIbTaTOB JIPyTroro
pPoOJIa: KaK CBHJIETETHCTBO HEBO3MOXKHOCTH YJ/IOBJIETBOPHUTEIHLHOIO yIIPaBJIe-
HUsI CHCTEMOI ¢ MOMOIIBIO PETyJIATOPa CJIUIIKOM 0e/1HO# cTpyKTypbl. OOpa-
TUMCS K U3BECTHON MOJIEJTH aTOMHO-CIII0BOr0 Mukpockoia [15]. Kak ykaszei-
BAIOT aBTOPbI, YIIPABJIAIONAA KAHTUIEBEPOM CKAHUPYIONIETO OCTPHSA THE30-
cucTeMa ‘‘CTabUIN3UPYeTCs TMOC/Ie IJIOX0 3aTYXAIONNX KoJebaHuil’; 3a caéT
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9TUX KOJIeOAHMI BOSHUKACT BasKHas OCOOCHHOCTH MOJICIIH: 3aa3/bIBAHNE OT-
KJIMKa CHCTEMBbl Ha yIpaBJsioniee BoszaeiicTsue. VX KOppeKius oCyIecTs-
Jsiercsa ¢ nomomisio ITH-perynsropa, nacrpauBaeMoro Bpy4Hyio. Cucrembl
yIpaBJICHUs C 3ala3AbIBAHUEM IIPUBJICKAIOT CBOIO JIOJIIO BHUMAHUS B HAyd-
HOII JIuTeparype; BO MHOTUX Y4eOHUKAX 110 TEOPUHM aBTOMATUYECKOTO yIIPaB-
JICHHsI CHCTEMaM C 3alla3JblBaHneM OTBeleHa ryasa uan maparpad. Omgnako
HOJIHBIE U MOJAPOOHBIE M3JI0XKEHHUs 9TON IPOOJIEMATHKU MOYTH HE BCTpeda-
1orcs, u Gosbiag Kaura [16] npejgcrasisier coboii OJHO U3 HEMHOTUX HC-
Kaogennii. [Ipumenenue anredbpandeckKux METOIO0B K UCCJIEJOBAHUIO CHCTEM
¢ 3alla3jbIBaHueM 3aTPYIHAETCd HAJMIUEM B IEepeJIaTOvHON (PYHKINU 3a-
MKHYTOH CHCTEMBI MHOXKHUTEJIT eXp(—TS), [Jie T — XapaKTepHOe BpeMs 3a-
JIEP?KKH B IIOCTYILICHAU JAHHBIX O KOHTPOJMPYEMOI BeIMYNHE MIN B OTBETE
Ha KOHTPOJIMPYIOIIee BO3IeiiCTBHE:

y=(I+G(5)C(s)'G(s)C(s) exp(—7s)u.

I/I XOT4 AJId S9KCIIOHEHTBI CYIIECTBYIOT Pa3/IMYHbIC CHOCO6I)I ITOJIMHOMMAJILHOMI
arnmporcumaruu (0T dbopmynbl Taitnopa 10 parmonaabHbx Japobeit [lase),
BBEJICHUE AIIIPOKCUMUPYIOMNX MHOXKUATEJIEH B IEPEIATOUHYIO (DYHKITUIO TT0-
BBIIIAET TOPSJIOK €€ YUC/INTEsT U 3HAMEHATEe I B COOTBETCTBUU C BHIODAH-
HOI TOYHOCTDBIO, YCYT'YOJIsIsd CJIO2KHOCTU B OTBICKAHUH CTaOWIM3UPYIOIIETO
YIPaBJIEHUA, B TOM YNCJIE PEryJIATOPOB HOHUKEHHOT'O IIOPSJIKA.

IIpumep 4. Ilepenarounas yHKIUS KaHTUIEBEPAa MHUKPOCKOIA, OIpe/ie-
JIEHHAsT 9KCIEPUMEHTAJBHBIM T10JI00POM 3BEHBEB BTOPOr'O MOPsAJIKA, UMEET
BT

G(s) =
k(wawsws)?(s* + 2C1w1s + wi)(s? 4+ 2C wys + wi)e ™
(wywy)?(82 4 205wys + w?) (52 + 2C3wss + w3) * (52 + 2C5wss + wi)

B kauecrBe euHUIBI BpeMEHU BO3bMEM 10~4 CEK., IIOJACTAaBUM YyKa3am-
uble B [15] uncioBbie mapaMeTpbl 00bEKTa U AMIIPOKCHMAIIOHHY O (hOPMYITy
—25+6

s2+4s+6
cssu [1U-perymnsropom Co = (as + b)/s IPUBOIUT K TAKOMY XapaKTepu-

CTUYICCKOMY MHOI'OYJICHY:

[Tase g skcnoHeHTol [ o = . 3aMbIKaHIE KOHTYypa 00paTHOI

x(s) ~2 8”4 4,8155° + 62,9525 + (244,517 — 1881, 196a)s°+
+ (5296, 083a — 1881, 196b + 1128, 852)s°+
+ (5296, 083b — 9935, 283a + 3081, 942)s" +
+ (31925, 471a — 9935, 283b 4 6178, 419) s>+
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+ (31925, 471b — 12175, 353a + 6702, 038) s>+
+ (45597, 368a — 12175, 353b + 9119, 473)s + 45597, 368b.

[TockoJibKy TapaMeTphl PeryaaTopa He BXOJIAT B KO DUIMEeHTb Tpu 8-ii
CTeNleHN, N3MEHUTD Cpe/iHee apudMeTHIecKoe 3HAUeHIH TTOTI0COB 1 3aMETHO
MOBJINATH Ha CTelleHb ycToitumBocTu cucreMsbl [IM-perynarop ne moxer. B
caMoM Jiesie, JIy4Ilnil u3 HallJIeHHBIX Pe3yJIbTATOB MOJIYyYnICd JIJIg KPUTHYe-
cKoit KopHeBoit guarpamMmer (1 1 1) — neficTBUTEILHONO KOPHS Ha OHOMN Bep-
TUKAJIHU C JBYMS TPOCTBIMIA KOMILJIEKCHBIMH TIAPAMU; COOTBETCTBYIONINN KOP-
nesoit muorowten r(s) = (s—x)(s* —2zs+y;) (s —2xs+ys). Crenens ycToii-
qnBocTu « =~ 0,047 npu 3nadeHusx napamerpoB a ~ —0,0082, b ~ 0,0086
JIOCTABJIIET MUHUMYM T'YPBUIIEBON (DYHKIINH; OHA 33IaTCsl MSATEPKOI KO-
neit pg ~ —0,04707, p12 =~ —0,04707 £ 1,6339¢, p3 4 ~ —0,04707 & 3, 779:.
[Ipu 3TOM CTemeHb YCTOWIMBOCTH DPA30MKHYTO (HeperyJupyemoii) cucre-
Mbl HE3HAUUTEJIbHO JIydIlle: OHa 3aJa€TCs ITPOCTON KOMILIEKCHON Mapoit
pi2 ~ —0,04900 £ 1,6329¢, yTo BHOJIHE €CTECTBEHHO JJId TaKUX MaJbIX
3HAYEHUN MAapaMeTpPOB YIIPaBJeHUs, 0COOEHHO B CPaBHEHHH C KO3 duiim-
E€HTAMU XapPAKTEePUCTUIECCKOI'O MHOTOMIEHA. DTOT PE3YJIbTAT MOITBEPKIAET
U3BECTHBIN 3(DDEKT CHMKEHHMS ToKa3aTeseil yCTONYNBOCTH TIPU BBEJICHUT
HHTErPAIbHOIO PEeryJnpoBanus (T.K. JOMOJHUTETBHON 3a/a4eil peryisitopa
OKa3bIBaeTCd CMellleHUe BJIeBO IoJifoca z = (), BOSHUKAIONIEro 1IPU BBEJIECHUHN
HHTErpaTopa).

Taxum obpaszom, equHcTBeHHBIM “HoctuxkenueM’ [IN-peryrgaropa B gaH-
HOM CJIy4ae OKa3bIBAeTCsl pear3aliisl KPUTUIECKON KOPHEBOH JuarpaMMbl,
a €CTeCTBEHHBII BBIBOJ 3aKJIFOUAECTCA B HCIIOJIH30BAHUU PEryJsiropa OoJiee
boraToit CTpYKTYPBI. A TOCKOJIBKY IIPOOJIEMOIl sIBJISIETCSI TallleHne MeIeH-
HO 3aTyXaloIuxX KoJieDaHWil, B Ka9eCTBe IeJIeBOil CTOUT B3SITh KOHHYIECKYTO
i runepbosmaeckyo dyukiun [2], aro gBiseTcst IpeMeToM OTIeTbHOrO
HCCJIeOBAHUSI.

5 3akJiioueHue

CriestaeM HEKOTOpBIE BBIBOJIBI U3 PACCMOTPEHHBIX ITPUMEPOB.

['maBHbBIf U3 HUX — MOJATBEP:KJICHHE XOPOIIO M3BECTHOI'O CBOWCTBaA, aJi-
redpamIecKoro Moaxo/1a: BhICOKOH obIHoCTH. PasBuras 11 KJIacCUIeCKuX
CAY B uacToTHOIT 00/IACTH TEXHUKA KPUTUICCKUX KOPHEBBIX JIHAIPAMM
OKazajach ¢ HeOOIbIMUMI u3MeHeHusMEu npumernma kK OV cucremam, B
IIPOCTPAHCTBE COCTOSHUI CYIIECTBEHHO OTIMIAIONIUMCS OT KJIACCUIECKUX, 1
JIAY cucremam. Emé oauH aprymMeHT B IOJIb3y CKa3aHHOIO JAOT PabOTHI
C. A. TaifiBOPOHCKOIO U €ro COTPYAHUKOB, B IIOCJIEIHNAE TOIbI IIPUMEHUBIITNX
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TEXHUKY KPUTHIECKNX KOPHEBBIX JUArPAMM K MHTEPBAJIBHBIX CHCTEMaM U
TEeXHUYIECKU CJIOKHBIM oObekTam |17, [18)].

XO0poIIo U3BECTHBI U IIOCTOSHHO JIAl0T O cebe 3HATh U TEHEBbIe CTOPOHBI
asirebpamdeckoro moyxoja. C o/IHo# CTOPOHBI, 3TO HEJIOCTATOYHAS Pa3pado-
TAHHOCTb YHCJIEHHBIX METOJIOB PEIeHNs CUCTEM ITOJMHOMUAJIBHBIX yPaBHE-
HUI, 9TO MPOSBJISIETCA B TPYIHOCTH OOHAPYKEHNsST MHOYKECTBEHHOCTH Perire-
HUI CTAHIAPTHBIME MPOIEyPAMU, B PACXOIUMOCTU BBIYUC/IUTE/IHHOTO ITPO-
1ecca B CIydasix, KOIJla pelleHrne yaaéTcss 0OOHAPYKUTh I0C/Ie HEKOTOPBIX
npeobpazoBanuii, u Jap. C pyroii CTOPOHBI, TO HEBO3MOXKHOCTH YJIOBUTH B
PACITIOJIOKEHUSX TIOJIFOCOB U KOPHEBBIX MOKA3aTe X KavdeCTBA OCOOEHHOCTU
MIEPEXO/IHBIX MIPOIECCOB M CHEeUMpUKyY MOjeseil, He TOBOPs yKe O JeTAJIAX
npakTudeckoro cuaTesa CAY n GpyHKIMOHIPOBAHUS PeabHBIX OOBHEKTOR.

Bcé ke 3a cuéT mpuMeHeHns KOPHEBBIX JTHarpaMM U MHOTI'OYJIEHOB B psi-
Jie TIPUMEPOB VIAJIOCh PEIIUTL IJIABHBIE 33/Ia9l: BBISCHUTH BO3MOXKHOCTD
crabmmzanuu CAY peryigaropoM MOHMKEHHOTO HOPSIKA U OLPEIEIUTh €0
ONITUMAJTHHBIE WU CYOOIITHMAJIbHBIE HACTPONKY, TTPUIEM OCYIIECTBICHO 9TO
JUUTST CHCTEM C OObeKTaMU JIOCTATOYHO BBICOKOTO TIOPSJIKA, TPY/IHOIOCTYITHBIX
JUTsT MCCIe0OBaHUs JPYTUMHU MeTojaMu. AJiredpandecKune WHCTPYMEHTHI B
HECKOJIbKUX THUIMYHBIX CJIydasX IMO3BOJIUIN IPEO0JIETh COUETAHNE HEBbI-
nyKJjaocTu, HeauddepeHmpyeMocT, MHOTOIKCTPEMAIBHOCTH U OBPAXKHOT'O
penbeda R-rpajlynpoBOK, K ONTUMU3AIINNA KOTOPBIX IIPUBO/IAT IIOUCK YIIPaB-
JIEHUsI TIOHUKEHHOTO TOpsi/iKa. JacTUIHO IpeJicTaBIeHHas B pa3jiese pabora
[14] oxkasbiBaeTcst e/Ba Jiu He TIEPBOIA, Tie CHHTE3 PETYJIATOPA OCYIIECTBIISIET-
¢ YUCTO aJiredpandecKuMu cpejicrBaMu. Hesb3s He coryiacuTbest ¢ aBTOpamu
kuuru [1], Koropbie muiyT, 9TO “B I1e/I0M IIPOOJIEMa CUHTE3a CTAOUIN3UPYIO-
IUX PEryJIsiTOPOB 3aJIAHHON CTPYKTYPbI BeCbMa CJI0XKHA; CKa3aTh 3apaHee,
MOXKHO JIM JIAaHHBIH OOBEKT CJ/Ie/IaTh YCTOWYUBBIM C MOMOIIBIO PETYISITOpa
HU3KOro mopsijika, He ynaércst” (c.125). Tem He Menee, BbIeNpuBeIEHHbIE
IPUMEPHI, KAK U HECKOJIbKO JIDYTUX, OCTABIINXCA 38 paMKaMu 0030pa, J1aioT
OCHOBAHWUS JIJIsT HEKOTOPOI'O OINTHMHU3MA.

ABTOp cumTaeT MPUATHBIM JIOJTOM Tobarogaputh mpod. A. A. Boerory
u jor. A.H.Kopokuaa — cBOMX KOJLIer, MHOTOJIETHEE COTPYIHUIECTBO C
KOTOPBIMU JIaJI0 BOBMOXKHOCTH Pa3BUTh TEXHUKY [R-TPajlyMpOBOK U KPUTHU-
YecKnX KOpHeBbIX juarpamm B cunrese CAY, a rakxke npod. T. Tamma (Tex-
urueckuii yausepcurer Kaiizepeiayrepua) u npod. It Tpenna (Yuusep-
curer ['pornHrena), 06paTUBIINX BHUMAHIE aBTOPa HA BO3MOXKHOCTH [IPHMe-
HEHUsI ajaredpandecKoro MmojIxoaa K HeKJIaCCHIeCKUM JINHAMUIECKIM CHUCTe-
MaM ¥ [MO3HAKOMUBIIUME €ro ¢ Mpob/ieMaMi M MEeTOJAMU B 9TUX O0JIACTSIX.
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1 Introduction

In this paper, the author gives an account on the progress after his online
talk at the 15th International Summer-School Conference “Problems Allied
to Universal Algebra and Model Theory”, Novosibirsk—Erlagol, June 21,
2023. The content of this talk is covered by [4] together with its references
and, at the time of writing, the slides of the talk are available from the
author’s website. Furthermore, we present some new results; see Theorem
and Corollary exemplified by and .

For a natural number n € Ng = N*T U {0} = {0,1,2,...}, let B, =
(Bn; V, \) denote the 2"-element Boolean lattice. As we make no difference
between two isomorphic algebraic structures, we often think of B, as the
powerset lattice P([n]) = (P([n]);U,N) of the set [n] := {1,2,...,n} or as
the direct power B}'. A subset X of a finite lattice L generates L if each
element of L can be obtained by applying a lattice term (built from joins
and meets) to appropriate elements of X.

Let (L) denote the least number n € Ny such that
there is an n-element subset of L that generates L.

(1)

In [3] and [4], we have pointed out that large lattices L with many small
generating subsets give rise to authentication and cryptographic protocols.
If v(L) is small but L is large then L has many small generating subsets
and it is a candidate to be the underlying lattice of the protocols described

*This research was supported by the National Research, Development and Innovation
Fund of Hungary, under funding scheme K 138892.
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in [3] and [4]; this constitutes one of our motivations. Another motivation is
supplied by more than a dozen papers devoted to small generating sets of
certain lattices; in addition to the survey parts of [3] and [4], here we mention
only an early result by Gelfand, and Ponomarev [9] which was quoted by
Zadori [16] when he proved an analogous result.

As usual, we refer to partially ordered sets by their widely spread
synonym, posets. For posets Xo = (Xo;<x,), X = (X;<x),and Y = (V; <
) = (Y;<y) such that X C Y, <x is the intersection of X? with <y, and X
is isomorphic to X, we are going to call X a copy of Xy in Y. For y;,y, € Y,
let 1 || y2 stand for the conjunction of y; € yo and yo % y;1. If X and X’ are
copies of Xy in Y such that z || 2’ for all z € X and 2/ € X/, then X and X’
are said to be incomparable copies or, in other words, unrelated copies of Xy
in Y. Note that Y is often a lattice in which, as usual, y < ¢’ means that
y=yANy.

Denote by o(Xp, V) the maximum number of ()
pairwise incomparable copies of X in Y.

As By is the singleton poset, Sperner’s classical theorem asserts that,
n
for n € Ny, o(By, B,) =
[n/2) i

number in the binomial coefficient is the lower integer part of 7; note at
this point that [x] will stand for the upper integer part of z. Note also that
v and o in (1)) come from generating and Sperner, respectively. Results
on 0(X,,Y) are called Sperner theorems (not to be confused with Sperner’s
theorem); see, e.g., Dove and Griggs [8], Griggs, Stahl, and Trotter [I1], and
Katona and Nagy [12] for examples, and see also [5] and [6], which came to
existence after the afore-mentioned conference talk.

In [4] and the conference talk, we proved that (B ) is the smallest n € Ny
such that k < (Ln72j)' In other words, v(Bf) = min{n € Ny : k < o(By, B,)}.
Hence, we can easily determine v(B,) for, say, n = 103 while the trivial
algorithm that lists all subsets and checks which of them are generating ones
would not be feasible even for n = 20.

For a finite lattice D, J(D) stands for a poset of join-irreducible elements
of D; an element is join-irreducible if it covers exactly one element, and the
order (relation) of J(D) is the restriction of the order of D to J(D). The
main result of [5] extends the second formulation of the just-mentioned result
on Boolean lattices to all finite distributive lattices as follows.

For any finite distributive lattice D and k& € NT, (3)
v(D¥) is the least n € N* such that k < o(J(D), By,).

; see [I5]. As for our notation, the lower

The “conference talk result” on ~(By)” is a consequence and Sperner’s
theorem. For any finite poset X, Dove and Griggs [§] and, independently,
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Katona and Nagy [12] determined o(X, B,) asymptotically as n — oo.
Katona and Nagy [12] and, recently, [5] have determined o(X, B,,) for some
particular posets X while, for some other particular posets X, [5] and [6]
have supplied estimates for o(X, B,) that are reasonable even when n is
small. For n € Ny,

let B, denote the (2" +1)-element lattice that
we obtain by adding a new least element to B,,.

(4)

So B, = Bup \ {0} is a 2"-clement sublattice (in fact, a filter) of B,.
For J(Bj), which is the 2-element chain, Griggs, Stahl, and Trotter [I1],
Theorem 2| (valid for all finite chains) applies; so we know that o(Bj o, B,,) =
(L(nT:)l/u) for i € {0,1}. For the value of o(J(B2y), B,), Katona and Nagy
[12] give a conjecture, which we are going to recall later. Only estimates are
proved for o(J(Bsy), By) in [5] but, for many &’s,

even these estimates are sufficient to obtain ’y(B;’f,O) exatly; (5)

for example, if k = 3-10%°, then (B ) = 2023. In the next section, letting
r be any positive integer larger than 1, we give estimates that are sufficient
to obtain information on (B¥,) and, if r < 4, to determine it in many cases.

2 Results

Definition 2.1. If X is a finite poset and f and g are N* — Nj functions
such that f(n) < o(X,B,) < g(n) for all n € N*, then (f,g) is a pair
of estimates of the function o(X, B,,). If, in addition, ny € Ny and g(n) <
f(n+1) for all n € N\ [ng] then we say that (f, g) is a pair of reasonable
estimates of o(X, B,,) on N\ [ng]. If ng = 0 then we drop it. The case when
the common domain of f, g, and o(X, B,,) is of the form {r,r+1,r+2,...}
is analogous.

The following fact is trivial, it was used (in a more involved terminology)
in [5] and [6], and it will be exemplified later in the proof of Corollary

Fact 2.2. Assume that D is a finite distributive lattice and (f,g) is a pair
of reasonable estimates of o(J(D), B,). Then for any2 < k € N*, ifn =ny
denotes the smallest integer such that k < f(n) then v(D¥) € {n —1,n}.

Next, to ease the notation in what follows,

for r € N*, let F(") := J(B,); it consits of a smallest
element z and r maximal elements, uy, ..., u,.
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Before defining some functions below, let us emphasize that, by

|
convention, (x) = 'x— € N if o,y € Ny such that z < y but
y)  ylz—y))
<$> := 0 in any other case like y < 0 or x < y. (6)
Y

In addition to r € NT, let p be an integer parameter. For n € NT, we define

=0 (wg,..., wy)€{0,..., z:}’"_l

wotwp=i (7)
n—(i+1)r ' AN
X(1—p—|—L(n—r)/?]—2w2—3w3—---—rwr) g(ﬂ)
and  f.(n) ;== max{fP(n):pe{-r,—r+1,...,7}} (8)

We define the counterpart g,.(n) of f.(n) only for r € {2,3,4}; note that
only g4(n) is new since go(n) and g3(n) are taken from [5]. So let

g2(n) = _(1 + QQZ:SL%//QiJ—_ 11> ' <L(nn—_2)2/2J>J ’
w0 = |5 s (L(nn—_1>1/2J>J and
galn) = | :ET:;LJ -3 (n%)J | .

Note that f,(n) is defined in a simpler way in [5] than here. For r € {2, 3},
all the three parts of the theorem below have been proved in [5]. Further
comments on the relation of this theorem to earlier results and methods will
be enlightened in the last paragraph of Section [4]

Theorem 2.3. Let r,n € NT such that 2 <r < n.

(A) f,(n) < o(FO, B,).

(B) Keeping r fized, f.(n) is asymptotically o(F™ | B,), that is, we have
lim,, oo 0(F™), B,)/fr(n) = 1.

(C) For r € {2,3} and n € Nt \ [r], and also for r = 4 and
n € Nt \ [6], (f.,gr) is a reasonable pair of estimates of o(F), B,) in
the sense of Definition and, furthermore, g,(n), f.(n), and o(F™,B,)

are asymptotically equal.

To make the connection between this theorem and the title of the paper
conspicuous we formulate the following corollary right here.
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Corollary 2.4 ([5]). (A) Let r,k € Nt \ {1}. If n denotes the smallest
natural number such that k < f.(n) then V(Bfio) < n; in particular, the

direct power Bf,o has an n-element generating set.
(B) Letr € {2,3,4} and 6 < k € N*. Again, let n be the smallest natural
number such that k < f.(n). Then either g,(n — 1) < k and v(BEy) =n, or

k < gr(n—1) and v(Bf,) € {n —1,n}.

3 Proofs

Proof of Theorem[2.3 Let A be an n-element set and denote |[n/r] by
g. Split A into (pairwise disjoint) r-element subsets A, ..., A, and an
(n — r|n/r])-element remainder set A,. (If r divides r, then A, = () and

the partition is {Ao,...,A4-1}.) The elements of A; will be denoted by

ugi),...,uff'). For a given ¢ € {0,...,¢ — 1} and (ws,...,w,) € {O,...,z’}r_l'

such that wy + -+ + w, = i pick a vector §:= (sg,...,8._1) € {2,...,7}
such that ws many components of § equal 2, ws many equal 3, ...,
7!
{t : s, = r}| = w,. There are ————— ways to pick such an §, and
ws! .. w,!

' occurs in . For a € {0,...,7i — 1}, pick an s,-

- i!
this is why ———
ws! .. w,!

r
element subset B, of A,; this can be done in ( ) many ways. Observe

Sa
that Hf;:lo (s’;) is the same as [[j_, (2) “in ([7), whence the latter shows
how many ways (By, ..., B;_1) can be chosen. Letting z := 1—p+|(n—71)/2]
we also pick a (2 —2wy —3ws —- - - —rw, )-element subset B; of A;1;U---UA,.
Note that
|Bi| =2 —2wy —3wg — -+ —rw, =2—8)— 8§ — " — S_1- (10)

Since A;4 1 U---UA, = A\ (AgU... A;) consists of n — (i + 1)r elements, the
first binomial coefficient in shows how many ways we can choose B;. (As
@ shows, “no way” is possible but it does not disturb our argument.) Now
let B := (Bo, ..., B;). We call any vector obtained in this way an eligible set
vector. For a given §, the second line of shows how many ways we can
pick B while its first line shows how many ways ¢ and (wy, ..., w,) can be
chosen. Furthermore, B determines §= (|By|, ..., |Bi_1|), (ws, ..., w,), and
i, whereby it follows that (7)), that is ffp ) (n), is the number of eligible set
vectors. ~

For an eligible set vector B, let Z5 be the union of the components of

B. Then
BO :ZB‘ﬂAo,...,Bi,1 :ZEHAi,l, Bl = Zém(AZ+1UUAq),
so the sets By, ..., B; are pairwise disjoint and their union is Z 3.

(11)
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Since B determines i (the number of its components minus 1), we can write

— —

that i = i(B). With i = i(B), we define, for p € [r],

(0) . i (") ._ 0 (r)
UY = ZgU{ul}. Let F) = {Z5 U, ... .U}

It follows from that for any p € [r],

the sets By,...,B;, and {ug)} are
pairwise disjoint and their union is U g ),

It is clear by and thatﬂ

|Z5| = z, so it does not depend on B. (12)

Since Zz N A; = 0, Fg) is copy of F"). Thus, in order to show that fﬁp) (n)
is a lower bound of o(F"), B,) it suffices to show that whenever C is an
eligible set vector different from B then Fg) and Fg) are unrelated. To do

so, let j := z(@), the number of components of C' minus 1; then we can write
that C = (Cy,...,C,). Assume that X € Fg) and Y € Fg). Our task it to
show that X || Y. Depending on i and j, there are two cases to consider:
either ¢ = j or, by symmetry, i < j.

Case 1 (where i = j). As B # C, there is an a € {0,...,i} such that
B, # C,. If B, || Cy then X N A, = B, || C. = Y N A, implies that
X || Y provided that o < . Changing “ N A,” to “N (A1 U--- U A,)”,
we draw the same conclusion if o = 7. Hence, we can assume that B, and
C, are comparable, say, B, C C,. Then |B,| < |C,| which together with
|Bo| + -+ |Bi|l = |Z5| = 2 = |Za] = |Co| + -+ + |C}] yield a subscript
B € {0,...,i} \ {a} such that |Cs| < |Bg|. Now X C Y would lead to
Bz = XNAz CYNAg = Cs contradicting the inequality |Cs| < |Bg| while
Y C X would similarly violate that |B,| < |Cy4|. Thus, X || Y and Fg) is

unrelated to Fg), completing Case 1.

Case 2 (where i < j|) As Y NA; = C; has at least two elements but X N A; is
either the empty set or it is a singleton set of the form {ugf) }, we have that
Y ¢ X. For the sake of contradiction, suppose that X C Y. As Z5 C X,
we also have that Zz C Y. Let Z]‘;p =ZzN (A U---UA,) = B, Zg}id =
ZgNA; and Z9 = ZzN (AgU---U A; ). Using i again rather than j, let
YU = YN (AU - -UA,), Y9 = VNA;, Y = YN(AgU---UA;_). Clearly,

In addition to the fact that we do not use iteration and our construction is simpler,
this is where our proof differs from that in Dove and Griggs where several “layers” are
populated.
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Z¥ vy, Zgid C yY™id and Z%“ C Y. These inequalities together with
the equalities Zz = Z7¥ U Zgid UZZP andY =YY" U ymid Jydn jmply that
Y\ Zz 2 Y™\ 224 = C;\ 0 = C;. Hence, |Y|—|Z5| = [Y\ Z5| > |Ci| > 2.
This contradicts since |Y| differs from |Z5| (and thus from |Z5|) by at
most 1. The contradiction we have obtained shows that X || Y, completing

Case 2.
Having just seen that F g) and Fg) are unrelated, we have proved that,

for every meaningful p, " (n) is a lower bound of o(F™), B,). So is the

maximum f,.(n) of these i (n)’s, proving part (A) of Theorem .
The proof of part (B) uses the previous notation z := 1 —p + |(n —
r)/2| and the folkloric fac that for any integers o and [, (L(n_%/c; - 6) is

asymptotically (Ln?;? J) 27, So for every fixed i € NT and each small positive
real number e,

(1_€)< n— (&' +1)r )<

z— 2wy — 3wz — -+ — W,
2—<i’+1>’"( " ) < for i/ € {0,1,...,i}
[n/2]
n— (" +1)r
1

( +6)(z—2w2—3w3—---—rwr)
(13)

holds for all but finitely many n. Letting

w8 s (a0

i=0  (wg,...,wr)€{0,...,i}7—1 p=2
wo - Fwp=i

and applying to the inner summation in , we obtain

(1= fy"(n) < k(n) < L+ f;" (n). (14)

p

2This folkloric fact was used by, say, Dove and Griggs [8], Katona and Nagy [12], and
5. (6]
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r

Using the multinomial theorem and Y77 ( 5

) = 2", we get

“(”):%(Lnszyng% 2 w'—'w'H<ﬁ)

i=0 (e, wr)€{0,...,i} 71 ’ B=2
w2+---+w7-:i

“#ur) 3 # G0
) Li 5@ === 5 () b3 =)

Adding to this calculation that ) >°/ <2T_r_1> =% <1 - ﬂ) = 1 we

27 27

obtain

(1—e)m(n)§%(tn ) 2 < (14 rn). (15)

n/2))r+1
Combining with , we have

1

(1—€?fP(n) < P

n 2 £ (p,
(jug)) <+ R0 0

for all but finitely many n. Letting € tend to 0, implies that fr(p )(n) is
asymptotically ﬁ(tn% J)' Applying Katona and Nagy [12, Theorem 1.1] or

Dove and Griggs [8, Theorem 1.4] to our poset F"), we know that o(F(™), B,,)
is asymptotically :11(\_7172 J)’ too. Hence, part (B) of the theorem follows by
transitivity.

Next, we turn our attention to the upper bounds. As the case r € {2, 3}
has been settled in [5], we restrict ourselves to the case r = 4. For 4 < n €
N*, let our base set A := |n] = {1,2,...,n} and let k := o(F¥, B,). As
it happened first in Lubell [13] and then in Griggs, Stahl, and Trotter [11],
[5], and [6], and with some terminological change, in Bollobas [2], Dove and
Griggs [8], and Katona and Nagy [12], we also define a set of permutations
of [n] as follows. For X C A,

let W(X) consist of all those permutations 7@ = (17)
(m1,...,m,) that satisfy {m,...,mx} = X.

All the just listed papers use the obvious fact that for X || Y € P([n]) we
have ¥(X)NU(Y) = (). However, our situation needs some preparation. Let
W C P([n]) be a copy of F* and pick an order isomorphism ¢: F(*) — TV,
(There are 4! = 24 such isomorphisms but no matter which one we take.) We
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call W a cover-preserving copy of F® if for all z,y € F®, if y covers z (in

notation, x < y) then ¢(x) < ¢(y). While this definition reflects generality,
note that W, is a cover-preserving copy of F® if and only if it is of the form

Wi ={Z, ZU "}, Z U (Y, Zou (), Zou Yy (18)
where none of the elements ugi), ug), uz(f), and uii) is in the set Z; € P(A)
and these four elements are pairwise distinct. The key of our argument is
the following statement, for the sake of which we interrupt the proof of

Theorem 2.3]

Lemma 3.1. If there are m pairwise unrelated copies of F™ in B, then
there are m pairwise unrelated cover-preserving copies of F™ in B, too.

Note here that this lemma fails for F(™ if r > 5. (For » = 5, this is
witnessed by a 5-element antichain in By together with the bottom element.)
This is why Part (C) of Theorem is restricted to r < 4.

Proof of Lemma[3.1]. As the first step in the argument, recall that the convex
hull of an X C P(A) is Cov(X) := {R € P(A) : 35,7 € X such that
S C R C T}. Clearly, if X and Y are unrelated members of P(A), then
Cnv(X) and Cnv(Y) are also unrelated; this fact was heavily used in Dove
and Griggs [8] and in Katona and Nagy [12]. Assume that Wy,... W, are
pairwise unrelated copies of F) in P(A). If each of them is of the form
then there is nothing to prove. So, assume that W; is not of this form for
some i € [m]. Then W; = {Z;, ZuU", Z,uU, ;00U Z,0UMY} for some
sets Ul(z), e Uf) € P(A) that are disjoint from Z; and form an antichain.
Letting U == U U UUP U, the sets U, ..., UY € P(A) are also
in P(U) and they are pairwise unrelated. Hence, it follows from Sperner’s
theorem, see the sentence right after , that |U| > 4. Hence, we can simply

take four distinct elements ugi), ug), ugi), uff) € U and then

Wi = {20 20’} Z0 ('}, 250 (s} Zs 0 (i)

is such a copy of FF¥ that is included in Cnv(W;). Thus, we can change
W; to W! and we can do so for the rest of subscripts, one by one, until all
the m copies of F® become cover-preserving. These copies remain pairwise
unrelated, completing the proof of Lemma [3.1] O

Resuming the proof of Theorem [2.3] Lemma allows us to assume
that all W; are cover-preserving copies, that is, holds for all i € [k]. For
i € [k], based on (17), we let ®; := Uy oy, W(X). Fori #j € [k], X € W,
and Y € W;, we have that U(X) N ¥(Y) = () by the fact mentioned right
after (17). Hence, ®; N ®; = (. Letting z; := |Z;|, we know (either from
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Lubell [13] or by a trivial argument) that |V(Z;)| = x;!(n — 2;)!. Similarly,
| W (Z; U{u M| = (@i+ D (n—z;—1)! for] € [4]. A permutation (7, ..., 7,)
belongs to both ¥(Z;) and ¥(Z; U {uj }) if and only if (m,...,7,,) is a

(@)

permutation of Z;, this can happen in z;! many ways, 7,41 = u;’, and

(242, - -+, M) is a permutation of [n] \ (Z; U {ugz)}), which can happen in

(n—x; —1)! ways. Hence, |¥(Z;) N¥(Z; U{u })] = z;!(n—z; —1)! for every
J € [4]. That is all we have to know in order to apply the inclusion-exclusion
principle to obtain |®;| since whenever T' C W; is not a chain the sentence

following yields that |y ¥(X)| = 0. Thus, we obtain

|D;| = x;!(n — 2 ) + 4(z; + D(n — 2y — 1) — 4l (n — x; — 1)!

(19)
= (n+3z;)z!(n —x; — D! =: hy(xy)

for every i € [k]. We consider h; given in an Ny — Ny function.

Straightforward computation shows that hy(x+1)—hy(z) = he(z)z!(n—x —

2)! with ho(z) = 622+ (9 —n)z + (3+2n —n?) provided that 0 < z < n—2.

The nonnegative root of hs is

n—9+v25n% — 66n + 9
12 '

As (bn — 7)% — (25m2 — 66n +9) = 40 — 4n < 0 if n > 11, we have that
Sn—7 < v/25n% — 66n + 9 for n > 11. Similarly, (5n—6)*—(25n%—66n+9) =
6n -+ 27 > 0 gives that v/25n2 — 66n + 9 < 5n — 6 for n > 2. Using these two
inequalities, we obtain that (6n — 16)/12 < zy < (6n — 15)/12 for n > 11.
This implies that zo < [z9] = [(n — 1)/2]. Since hy is a quadratic function
of z and so its graph is well known, the smallest m € Ny for which hy(m) is
positive, that is, hy(m + 1) — hy(m) > 0, is m = [(n — 1)/2]. Therefore, the
minimum value of |®;| = hy(z;) is hi(|(n—1)/2]) provided that n > 11. The
same holds for n € {4,...,10}; this follows by listing h1(0),..., hi(n — 1)
for these small n’s.

Since the ®;’s for ¢ € [k] are pairwise disjoint subsets of the n!-element
set of all permutations of [n] and the minimum of |®;| is hy([(n —1)/2]), it
follows that

o =

o(FW B,) =k = VC f U”—l)/%)J

( LZL ha(L(n — 1)/2J)J
ha(L(n —1)/2])

ha([(n —1)/2])

= {hl(ﬁi'f/'m) = {hl n—l)/2J)J

_ [n/2]!(n — [n 2J)
_Km/zj) hi([(n—1)/2]) J (20)
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Let us focus on the last (complicated) fraction in (20]). For n = 2n even,
and allow us to compute it as follows:

m!im! m!m!
him—1)  (2m+3(m— 1))(m — 1)Iml
m(m—1)!m! m [n/2]

(Gm—3)(m—1)lm!  5m—3 4n—3[n/2] -3’
as @D requires. Similarly, for n = 2m + 1 odd,

ml(m + 1)! m!(m 4+ 1)! _om+1 [n/2]

hi(m) (2m +1+3m)m!m!  5m+1  4n—3|n/2| -3’

as required. We have shown that g4(n) is an upper bound of o(F®, B,).

We have seen that, for r € {2,3,4}, (f.,9,) is a pair of estimates of
o(F™ B,). For r € {2,3}, [5] proves that this pair is reasonable. The
very tedious details of showing exactly that (fy,g4) is a reasonable pair
of estimates of the function n — o(F®, B,) would hardly be appetizing
for the reader. Hence, we only outline the idea; asymptotic equalities
will be denoted ~. We have already shown that fy(n) ~ o(F% B,) ~

1 n 1 n 1 n
T (Ln/%) e (Ln/ZJ) Clearly, g4(n) ~ = (Ln/QJ) Combining these
asymptotic equalities with the folkloric fact mentioned in Footnote [2] we
obtain that fi(n + 1)/2 ~ g4(n). Parsing the proofs of the asymptotic
equalities involved, we can find an nyg € N* such that the required inequality
gs(n) < fy(n+1) holds for all n > ny. By our computer-generated data, see
Section {4} it also holds for n € {7,8,...,no — 1}.

Modulo the previous paragraph, we have proved Theorem 2.3 [

Proof of Corollary2.4]. Tt is clear that the proof given in [5] works for any
pair of reasonable estimates; see also Fact 2.2 Hence, no proof is necessary
here. However, we enlighten the (trivial) idea by two examples, namely, by
the direct powers B;® and Bi3". As Tableshows, o(FW Bis) < g4(15) =
1430 while 2448 = f4(16) < o(F™, Byjg). Hence, the smallest n for which
2023 < o(FW, B,) is n = 16. Applying and taking F) = J(B,,) into
account, we obtain that (Bj%*) = 16.

In case of 2500, we obtain from Table only that o(FW, Bys) < g4(15) =
1430 < 2500 and 2500 < 4696 = f4(17) < o(F™¥, By7). Hence, the smallest
n for which 2500 < o(F®, B,) is either 16 or 17. Therefore, y(B5y") €
{16,17}. O
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4 0Odds and ends

To obtain the data of this section, we used a computer algebraic program,
namely, Maple V Release 5 Version 5.00 (November 27, 1997) of Waterloo
Maple Inc. and a desktop computer with AMD Ryzen 7 2700X Eight-Core
Processor 3.70 GHz. Our program that Maple executed is given in the
(Appendix) Section 5.

n 415167 8| 9|10| 11| 12| 13| 14 15
fa(n) 1 3112120 36| 66159 | 315 | 558 | 1113
ga(n) | 11215816 |30 |57 |106 | 205|387 | 750 | 1430

n 16 17 18 19 20 21 22
fa(n) | 2448 | 4696 | 8926 | 17310 | 36 560 | 69410 | 136710
gs(n) | 2782 | 5336 | 10418 | 20082 | 39309 | 76076 | 149 226

n 23 24 25 26 27
fa(n) | 262250 | 542000 | 1031500 | 2062036 | 3949288
ga(n) | 289731 | 569296 | 1108260 | 2180770 | 4254790

3
—_
[\

n 28 29 30
Fa(n) 8070468 | 15625260 | 31038651
g2(n) 8382573 | 16385653 | 32316150
ga(n)/fa(n) ~ | 1.038672478 | 1.048664 342 | 1.041 158329

Table 1: Some values of fy(n) and g4(n).

Corollary [2.4] together with Table [ yield that, say,
v(Bi%™) = 1001 (21)

(there is no misrpint here, the exponent of the 5-element lattice By consists
of 300 decimals). However, even Table [1|is sufficient for anything related to
our motivation, cryptography and authentication. Indeed, this table and
Corollary gives that, say,

(B = 30. (22)

This is a 53Y%09%0%_¢Jement lattice generated only by 30 elements; this lattice
is (more than) large enough to provide crpytographic security.

The computation for Table [I| took only one second while that for Table
needed 215 minutes. A trivial algorithm based on excluding all the 29-
element subsets and listing some 30-element subsets until a generating one
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n 100 200 300
fi(n) ~ | 2.022665 - 10 | 1.813143 - 10° | 1.876 694 - 10°°
g4(n) ~ | 2.042335 - 10 | 1.821902 - 10° | 1.882725 - 10°°
Bl ~ | 1009724683 | 1.004830944 | 1003213720
n 400 500 600
fa(n) ~ | 2.060285 - 10" | 2.336 007 - 10 | 2703240 - 10'™
g4(n) ~ | 2.065246 - 10" | 2.340504 - 10" | 2.707574 - 10'™
gil~ | 1002407708 | 1.001924929 | 1.001603422
n 700 800 900
fa(n) ~ | 3172574 - 10° | 3.761 977 - 107 | 4496 142 - 10°%
g4(n) ~ | 3176932 - 10™ | 3.766 499 - 10 | 4.500945 - 10
@i~ | 1001373942 |  1.001201923 | 1.001068 186
n 1000 1001 1002
fa(n) ~ | 5407062 - 10°® | 1.080 764 - 10 | 2.160 665 - 10°*
g4(n) ~ | 5412260 - 10°® | 1.081801 - 10°" | 2.162738 - 10
aitl ~ 1.000961231 | 1.000960076 | 1.000959 310

Table 2: Some approximate values of fy(n) and g4(n).

is found could not prove that ~( = 30, which is now a simple
consequence of the “one second table” (Table [1)) and Corollary [2.4]

Next, we comment on the parameter p in . Experiencing with
computer, we conjecture that for r = 4 and n > 29 the maximum is achieved
at p = 0if niseven and at p = —1 if n is odd. This has been verified for many
values of n, the largest two being 1000 and 1001. (For n € {1000, 1001}, the
computer checked each p in {—10,—9,...,5}; this took 233 minutes.) For
small n’s (and still » = 4), the situation shows not much regularity; for
example, p = 1 gives the maximum for n € {4,5,...,8} while p = 0 for
n € {16,17,...,24}. Even if this conjecture fails for some (very large) n, we
obtain a good (and asymptotically optimal) lower bound going after it.

We also guess that, for r € {2,3,4}, o(F™), B,) is closer to f.(n) than
to gs(n). For r = 2, as we have mentioned after (4), Katona and Nagy [12]
conjectured that o(F®), B,,) = fa(n).

Calculating with (small) concrete numbers appears to be more difficult
than doing it asymptotically. For example, while the folkloric fact mentioned
in Footnote provided a substantial simplification when proving the
asymptotic part of our theorem, see around , we have no similar tool

30000 000
B4,0 )
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when n does not tend to oco. In addition to , this is our excuse that,
opposed to the asymptotic equalities proved in Dove and Griggs [§] and
Katona and Nagy [12], the present paper deals only with estimates. On the
other hand, let us emphasize that our proof contains many ideas taken from
these two papers; we mentioned some of them while proving Theorem [2.3
Here we add that, like in the present paper, both [§] and [12] partition
A = [n] into r-element subsets, embed a poset (playing the role of F() into
the powerset of one of these subsets, and modify these initial embeddings
according to their strategies. However, there are differences, Footnote D
mentions some of them. Computation shows that for a small n, our f,.(n) is
better (that is, larger) than what could be extracted from [12].

5 Appendix

We conclude the paper by presenting the Maple program that computed
Tables [1| and [4} the limits (now 4 and 30) of the last “for” loop can be
modified, of course. As our comment on the parameter p in the previous
section indicates, the limit of the “for” loop with p could be “from —1 to 1”
without changing the output of the program.

> restart; with(combinat, multinomial):
> timeO:=time();

> fp4:=proc(n,p) local s,i,w2,w3,wd,z,r;
> r:=4; z:=1-p+floor((n-r)/2); s:=0;

> for i from 0 to floor(n/r)-1 do

> for w2 from O to i do

> for w3 from 0 to i-w2 do

> wd:=i-w2-w3;

> s:=s + multinomial (i,w2,w3,wd)x*

> binomial (n- (i+1)*r,z-2*w2-3*w3-4*w4) *
> binomial (r,2) "w2*binomial (r,3) “w3*binomial (r,4) “w4;
> od; #end of w3 loop

> od; #end of w2 loop

> od; #end of i loop

> s:=s;

> end: #end of procedure fp4

>

>

>

>

>

f4:=proc(n) local p,p0,b0,b,pfrom,pto; pO0:=-1; b0:=0;
if n<b0 then pfrom:=-10; pto:=10
else pfrom:=-4; pto:=2
fi;
> for p from pfrom to pto do
>  b:=fpi4(n,p);
> if b>=b0 then bO:=b; pO:=p
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VVVVVVVVVVVVVVVVVVVVVVVYVVYVYVYVYV

fi;
od; #end of p cycle
# print(‘n=‘,n,‘ p=‘,p0,‘ f4(n)=°,b0);
#print is invalidated after a test period
b:=b0;
end: #end of procedure f4

g4 :=proc(n) local h; h:=floor(n/2);

floor( (ceil(n/2)/(4*n-3+h-3))*binomial(n,h) )

end: #end of procedure g4

#for n from 4 to 100 do f4(n): od:

#for n from 4 to 100 do b:=f4(n) ;count:=0;

# for p from -4 to 4 do if fp4(n,p)=b then count:=count+l fi od;
# print(‘n=¢,n,°¢ count=¢,count) ;

# od:

for n from 4 to 30 do lower:=f4(n): upper:= g4(n):
if lower>0 then ratio:=evalf (upper/lower)
else ratio:=undefined
fi :
print(‘n=¢, n, ¢ f4(n)=¢ ,lower, ¢ g4(n)=°,
upper, ¢ ratio=‘, ratio);
if lower>10"6 then
print(‘1lg(lower)=*,evalf (log[10] (lower)),
‘1g(upper)=¢,evalf (log[10] (upper)));
fi ;
od:
timel:=time();
print(‘The total computation needed ¢, timel-timeO,‘ seconds.‘);
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B pabote mokasaHbI IpuMephI HOTJIONIEHNS ajaredpaMn Il TeOpuii rpa-
doB ¢ cumIIeKcamu, aaredp JJIst TEOPHil, Oy YeHHBIX IPU PA3JIMIHBIX TPO-
u3BegeHusx rpados. Bojee geTasibHO KaxKkjoe IMPOU3BEICHUHE PacCMOTPEHO
B Monorpaduu [1].

Onpepenenne 1. Cumnaexc umn n-meprot mempasdp (or jar. simplex
IPOCTOIT) — reoMeTpuyeckas GUrypa, siBIMIOMAsICS N-MEPHBIM 06001IIeHIeM
TPEYroJbHUKA.

JIJ1s1 CUMILIIEKCOB ¢ A@aMeTPOM, paBHLIM 1, obozHadum depe3 &, anred-
py (S1;*) ¢ MHOXKECTBOM METOK p,( = 10,1} u 3aj1aBaemyto ciejyomnieit
TaOJINIIEH:

0

1

0| {0}

{1}

1] {1}

{0, 1}

JJIs1 CHUMIIJIEKCOB € JTMaMeTPOM, PaBHBIM 7, ajarebpa (S,;*) ¢ MHOXKe-

CTBOM METOK p,(p) = 10,1,2,3,...,n} 3amaerca ciemyromeit Tabiueii:
. 0 1 2 3 k n
0 {0 1 2} 6} 3] 7}
T 1 10,1, 2} {0, 1,2, 3} {0,1,2,3,4} 0,1,...,m+ 1} 0,1,...,n
2 2 {0, 1,2, 3} {0,1,2,3,4} {0,1,2,3,4,5} 0,1,..., m+ 2} 0,1,..., n
3 3 {0, 1,2,3,4} {0,1,2,3,4,5} {0,1,2,3,4,5,67 0,1,...,m+ 2} 0,1,...,n
m [ ] [ 0L mi] [ 0L . mi3] [ 0L .. mi3] 01 .. mi k] 0.5, ]
n {n} {O,l,‘::4,n} {O,l,’:;,n} {O,l,‘::.,n} {Ol,n} {0, 1, ,n}

ekt Ne 22-21-00044.
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u obosnavaercsa depe3 G,,.

Bamernm, uro (m-+k) He MoxKeT MpeBbIIaTh 3HaYeHust n. [103Ke B cTaThe
MBI Oy/IeM CChLIATh Ha 9TO TAOJIMUILy FOBOPs, 9TO ajredpa Oy/aer nzomopdHa
aJiredpe CUMILIEKCOB.

Onpenenenue 2. Cuavnoe npoussedenue G X H rpacdo G u H — 310
rpad, Takoii, uro MmuOXKecTBO Bepund G X H ecTb JIeKapTOBO IPOU3BEIeHIe
V(G) x V(H); a otnenbable BepmuHbl (u, u') 1 (v, v') SBISIOTCS CMEKHBIMA
B G X H Torma m TOJIbKO TOI/a, KOLJIA

u = v n u gBjusierca cMexkHOi ¢ v, wim v’ = v’ u u cMexkHa K v, WiIa U
cMexkHa ¢ v 1 u' cMexkHa ¢ v

g mpuMepa Bo3bMEM CHJIBHOE MPOU3BeIeHNEM rpada ceMruyro/ibHuKa
u Tpoitnoro pebpa Hp X HH H nonydaeMm JiBe OJIMHAKOBDLIE aJredphl ¢ Ha-
6opom MeTOK py () = {0,1,2,3,4}, koTopas 3a/iaeTcs cie/yiomnieil Tabmreit
creayomeil TadbImIe:

1 2 3

{1,2} {0,1,2,3}
{0,1,2,3}) {0,1,2,3,4
10,1,2,3,4} 0,1
{0,1,2,3,4,5} 0,1
{0,1,2,3,4,5} 0,1

Gl | W = O] O

gl = o] -

Kaxk Busjno u3 tabsmibl ona 0yaer mzoMopdHa ajgerope Gy.

Teopema 3. Ecau cuavhoe npou3sedeHue 0AL N-20HA U UENU COJePHCUM,
cumnaexc u umeem duamemp d, mo ar2ebpa OUHAPHOLL HOPMYA U3OAAUUY
05 9Mo20 npouseedenus bydem coenadamsv ¢ ar2ebPoti OUHAPHYLT U0AUPY-
wux Gopmya s cumniercos Sy.

Omnpenenenne 4. Kopresoe npoussedenue rpacda G u kopaesoro rpada H
OIpeJiessieTcs Ce Iy onmM obpasom: Bo3bMéM |V (G)| kommii rpada H u s
Kazk10#1 BepmuHbl v; rpada G, 0TOXKIECTBIEM U; ¢ KOPHEBOI BEPIIMHOM i-
oit kormn H.

JL71s1 KOpHEBBIX TTPOU3BEIEHNE MbI TIOJTyIaeM JIBa CJIyUasi: MEepPBBIi, KOria
y Hac B pe3y/jbTaTe KOPHEBOI'O MPOU3BEIEHUs IMOJIydaeTcsd XOTd Obl OJINH
CHUILIEKC B rpade, U BTOPOIi, Korja cuiljiekcoB HeT. Hac Oyjier naTepecoBaTh
LIEPBBIA Ciydaii.

Jlnst kopueBoro npoussenenns N o H neparuyronbhuka N u pebpa H
oboznatnm depes I anredbpy (P({0,1,2,3,4,5,6}); *), 3aJanHyI0 CIeIyio-
el Tabsurieit, ona Oyaer m3omopdHa aaredope Sg.:
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0 1 2 3 4 5 6
{0y | {1} {2} {3} {4} {5} {6}
1 {1y | {02} 1,3y | {0,2,4} | {1,3,5} [{0,1,2,3,| {1,2,3,

4,5,6} | 4,5,6}

2 {27 | {1,3Y | {0,2,4} | {1,3,5} |{0,1,2,3,| {1,2,3, | {0,1,2,3,
4,56} | 4,5,6} | 4,5,6}

31{3}] {0,2,4} | {1,3,5} |{0,1,2,3, | {1,2,3, |{0,1,2,3, | {0,1,2,3,
4,56} | 4,56} | 4,5,6} | 4,56}

41{ar | {1,357 |{0,1,2,3, [ {1,2,3, [{0,1,2,3,]{0,1,2,3, | {0,1,2,3,
4,56} | 4,56} | 4,56} | 4,56} | 4,56}

5] {5} 1{0,1,2,3, | {1,2,3, | {0,1,2,3,1{0,1,2,3, | {0,1,2,3, | {0, 1,2,3,
4,56} | 4,56} | 4,56} | 4,56} | 4,56} | 4,56}

6 |{6}| {1,2,3, |{0,1,2,3, ] {0,1,2,3, | {0,1,2,3, | {0,1,2,3, | {0,1,2,3,
4,56} | 4,5,6} | 4,5,6} | 4,56} | 4,56} | 4,56}

Teopema 5. Ecau 6 pe3ayavmame KOPpHEBO20 YMHOACEHUL AN2E0D OUHAPHIT U30-
AUPYOUUT OASL N-Y20ADHUKOE NOAYUAEMCA XOMA Ol 00UH CUMNAEKC, O aN2e0Da
0as peayavmama 6ydem u3oMopdra anzebpe CuMNAEKCos.

Onpeneaenne 6. Peryspueiii rpad — rpad, cremeHn BCeX BEPIIUH KOTOPOTO
PaBHBI, TO €CTh KaK/lasl BEPITUHA UMeeT OJUHAKOBOE KOJIMIEeCTBO COCeel.

Onpenenenue 7. Crenenb rpada — KoaudecTBO pédbep rpada G, NHIHUIEHTHBIX
BepmnHe x. Ilpu mojacuére crenenn pebpO-TETIIst yIUTHIBAETCS JIBAYK b

B ciy4ae ¢ perynsgpabiMu rpadamMu ¢ MAaKCUMaJIbHBIMU CTEIIEHSIMU BEPIIUH, B
HUX I10 IIOCTPOEHUIO Beeraa O6yayT IPUCY TCTBOBAThL CUMILIEKCH B rpade, cieaosa-
TeJIbHO OyIeT U IOrJIoIIeHne aaredp.

Teopema 8. Ecau 6 arwboti meopuu T pezysapuuix epados ¢ MAKCUMAALHBIMU
CMENEHAMY BEPULUH, CYULLCMEYEM TOMA 0bl 00U CUMNAEKC, MO as2e0Da 0N pe-
3yavmama 6ydem u3omMopPHa anrzebpe CuUMNAEKCOS.

Kak BumHO M3 mpumepoB, ajrebpa Jjisd CHUMILIEKCOB IOLJIOIIAET APyrue aji-
reOpbl, B 9aCTHOCTH, aJreOphl AJIsT CUJIBHOTO W KOPHEBOTO IIPOU3BEIEHNST, TaK YKe
IIOIVIOIIEHNE 3aMedeHO JIsl Pery/sipHbIX rpadOB U B 3UI-3ar MPOU3BEACHUIX. DTO
HabJIIOeHNEe OTKPBIBACT I0JI€ /I U3y deHus 0oJiee 0OIIero moTJIONEHUsT CUMILIEK-
camu aJirebp HaJl rpadaMi.

IMpeamnosnoxkenne. Eciu B oboit Teopun T ajst rpadoB, CYMeCTBYeT XOTs ObI
OJIMH CUMILJIEKC, TO ajredpa /s pe3y/abTrara Oy1eT n3oMopdHa ajredbpe CUMILIEK-
COB.
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1 BBeaeunne

[Monyrpymmbsr npeobpazoBanmii MHOYXKeCTBa, T.e. oTobpaxkenuit X — X ¢ ome-
parueil KOMIO3UIUY ([I0CJIeI0BATEILHOIO BBIIIOJHEHHsI OTOOPasKeHHIH ) TI0OCTOSHHO
[IpUBJIEKAIN BHUMAaHUE ajredpancroB. XOpoIno u3BecTHas Teopema Kaimm yTBep-
JKJIAET, YTO BCAKAsl IPYIIA N30MOPMHO BKIIA/IBIBAETCSI B TPYIIILY HOJCTAHOBOK (T.e.
B3AMMHO OJIHO3HAYHBIX MTPEOOPA30BaHUii MHOXKECTBA). AHAJIOIOM STON TEOpeMbl
JJIsI TIOJIYTPYIII ABJISIETCS YTBEPKIEHUE O TOM, UTO BCAKAs MOJIyTPYIIa BKJIAIbI-
BAaeTCd B MOJIYTPYIIy IpeoOpa3oBaHuii HEKOTOPOrO MHOXKECTBa. B 3TOM cMBbICTIE
BCAKasl IMOJIYTPYIIIIa MOXKET PaCcCMaTPUBATBLCA KAK IOJIYTPYIIIa ITPeodpa3oBaHMii
(BO3MO2KHO, He BCEX) MOJXOJSAINEro MHOXKecTBa. Hapsiiy ¢ o6braHbIME TPe0bpa3o-
BanusgMu X — X MOXKHO PACCMAaTPUBATH YaCTUYHBIE IPe0Opa3oBanus (T.e. Omnpe-
JIeJIEHHDBIE, BO3MOXKHO, HE Ha BCEM MHOXKecTBe X, a Ha KAKOM-JIUOO €ro IOJMHO-
JKECTBE), & TaKyKe MHOTO3HAYHbBIE, UHHEKTUBHBIE, CIOP'bEKTUBHBIE TPE0OPA3OBAHMSI
X — X u t.a. Kaxmoe u3 nmepedncieHHbIX MHOXKECTB MTPeoOpa30BAHUN SIBJIAETCS
noJIyrpytmoit. Bo3HEKaeT BOIPOC: HACKOJBKO OJHO3HAYHO MOJIYIPYIION Ipeod-
pasoBaHuUil MHOKecTBa X OIIPEIeIsIeTCsl caMo 3T0 MHOXKecTBO? VIHBIME C/TOBAMH,
ecsin nosryrpymisl npeobpasosaruit U(X) u U(Y) muoxkecrs X u Y uzomopdHb
APYT JAPYTY, BEPHO JIM, 9TO ITOT U30MOPMU3M MHIYIUPOBAH HEKOTOPHIM B3AWM-
HO OJIHO3HAYHBIM COOTBETCTBHEM Mex 1y MHOkecTBamu X u Y 7 [lomoxxurenbubrit
OTBET Ha MOCTABJICHHBIN BOIPOC ObLI TMOJIYUEH JjIsi MHOTHX IOJIYTPYIII IIpeodpa-
3oBaHui emé B 50-x—80-x romax MpomuIoro crojeTus. ViMeeTcs MHOTO Pa3TAIHBIX
JOKA3aTe/IbCTB 3TOI0 yTBEpKIeHUs. JacTh U3 HUX OCHOBAHA HA IOJIydYeHUU ab-
CTPAKTHOM XapaKTePU3AINN PACCMATPUBAEMON OJIYTPYIIILI IPEOdPa30BAHUIA.

Hesip ganHOM pabOTHI — MPEJIOAKUTD OOIIUH TOJIXOJ, K JIOKA3ATE/IBCTBY ITUX
YTBEP2K/IEHN, OCHOBAHHBIN HA IIPOCTOM 3aMEYaHUU O TOM, YTO €CJIU KaKoe-Iubo
HOJIMHOXKECTBO A mostyrpymnsl (Ujm Apyroit ajredbpandeckoi cucreMsr) S BbLe/IsI-
ercsi B S COBOKYITHOCTBIO (DOPMYJI JIOTUKH IIEPBOTO HOPSIIKA, TO IIPU H30MOPMU3IME
® . S — T anrebpamdeckux cucrteM A MEpeXo[UT B aHATOTHIHOE TOIMHOXKECTBO

*Pabora nomepxkana rpantom PH® Ne22-11-00052.

45



46 N. B. Koxyxos, /I. FO. Mauunjos, A. B. PerieTHuKOB

B asrebpanueckoii cucrembl T (a nupu aromopdusme A nepexomur B cebsi). B
CBSI3W C 3TUM MBI MPUBOJIUM KaK JIOKA3ATEJbCTBA M3BECTHBIX YTBEPYKICHUH, Tak
U COOTBETCTBYIONUX yTBEPXKJIEHUN JIJIs TOJIYIPYIIIBI TOJHBIX OMHAPHBIX OTHOIIIE-
HUI.

[Tycts X — mnemycroe muOx)ecTBO. Uepes T'(X) mbl Oyuem 0603HAYATH TIO-
JyTpymmy Bcex ortobpaxkenuit o : X — X ¢ yMHOXKEHHEM, OCYIIECTBIISIEMOM
caesa wanpaso, r.e. r(af) = (xa)pf upn z € X, o, € T(X). Ouesujno,
T(X) — mosyrpymma ¢ eIuHATEH, KOTOPOil SIBJIIeTC mooicdecmeeniioe omobpa-
ocenue 1x : X — X, x — x ans Bcex x € X. Bynem HaszbIBaTh 3/1€MEHTHI
nostyrpytisl T'(X) noanvimu npeobpasosaruamu.

O6o3uaunM yepe3 P(X) MHOXKECTBO BCEX 4ACTNUYHLLEL NPe0bPa3o6arull MHOXKe-
crBa X, T.e. orobpaxkenuit o : X1 — X, rme X1 C X. MuoxkectBo X| Ha3bIBAeTCS
obaacmvio onpedenenus orobparkerust o u oboszuadaercst dom a. O6pa3 IaCTUIHO-
ro npeobpasoBaHusl o — 9TO MHOXKeCTBO ima = {za|z € doma}. YmHOXKenue B
P(X) onpezensiercst 0ObIYHBIM 06Pa30M:

z(af) = (za)B, ecmn € doma u za € dom f.

Ouesnppo, P(X) — monyrpynna ¢ eaunuteii 1x u Hysném 0, KOTOPBIM sSIBJISIETCSI
nycroe orobpazkenne: dom 0 = ().

Yepes B(X) Oymem 0003HAYATH MHOYKECTBO BCEX OUHAPHBIX OTHOIICHUIT HA
MHOKecTBe X, T.e. mojgMHOXKecTB & € X X X ¢ yMHOXKEHHeM

af ={(z,y)|3t € X (z,t) € a A (t,y) € B}.

Herpynno nposepurs, uro B(X) — noayrpynma. Eauauiieit 9Toit 1moayrpynmnst
apisiercss Ay = {(z,x)|lz € X} (omuowenue pasencmesa), a HyIEM — IIyCTOE
otHoreHue. Breném Takxke yrusepcasvhoe ommuowenue Vx = X X X. Mu1 Oynem
9acTo omyckarh uHaeke X u mucath A, V Bmecto Ax, Vx, coorBercrBerto. st
orHomernnst o« € X x X momaraem o' = {(y,2)|(z,y) € a}.

Bunaphoe oTHoIeHnEe (v MOYXKHO pacCMATPUBATH KAaK MHOT'O3HAYHOE OTOOpPA-
»enme (B IMIMPOKOM CMBICTE), T.e. Kak orobpaemne X — 2% rme 2% obosma-
YaeT MHOXKECTBO BCEX IMOJIMHOXKeCTB MHOKecTBa X . Cunraem, 9To T +— Y, €C/IH
(z,y) € a. st o € B(X) obosznavaem:

doma={ze X|Fy e X (z,y) €a}, ma={yec X|Fze X (v,y) € a}.

Ecim o € B(X)nY C X, o nonaraem |y = aN(Y x X). Herpyaso nposepurs,
gro T(X) C P(X) C B(X), npuuém KaxkJas Opeablaynias U3 3TUX OJTyTPYII
SIBJISIETCST OOy TPy ot cieytomeii. [lpu |X| > 2 oba Bk/OUeHHs cTporue.
Ornomenne paserctBa Ax (oHO ke lx) sABIsSETCS €IUHUIEH BCEX TPEX MOJY-
CPYIIIL.

Beeném obo3navenmnst HEKOTOPBIX CIEIUAJILHBIX IJEMEHTOB ¥ IIOJIMHOXKECTB
nostyrpymnisl B(X). Iycrs G(X) 0603HauaeT MHOXKECTBO B3AUMHO OJJHO3HAUHBIX
orobpaxenuit X — X. Ouesnnno, G(X) — noxrpyuna nonyrpynn 7(X), P(X),
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B(X) c egununeit A. Jasee, mycts juy = {(z,y)} (saemenmaproe ommowenue),
iz = {(z,2)} (anemenmaproi udemnomenm), c, = X x {x} (voncmarnmmnoe omo6-
paotcenue), 1(X) = {iglr € X}, J(X) = {juylz,y € X}, C(X) = {co]z € X}

Otnomrenne a € B(X) Ha30BEM noanvim (HIH BCIOLY ONIPEIEIEHHBIM), €CJIH
dom o = X . Muoxkecrso B'(X) Bcex MOJHBIX OTHOIIEHUIH SIBJISIETCS TTOIOJTY TPy TI-
noit nostyrpynust B(X), npu srom B (X)NP(X) = T(X). DyieMeHTBI IOy Py b
B'(X) MOXKHO paccMaTpuBaTh KaK MHOIO3HAYHBIE OTOODarKeHHUsI, T.e. 0TOOparKke-
ma X — 2%\ {0}.

Bunaproe oTHOIIIEHHE MOXKHO IIOHMMATh TaK:Ke B 0oJiee IUPOKOM CMBICTIE, a
MMEHHO, Ha3bIBaTh OMHAPHBIM OTHOINEHNEM MoaMHOXKecTBO 0 C X X Y, rme X un
Y — npoussosbable MuOKecTBa (cM. [1]). OueBnaubiv obpasom st v € X X Y n
B €Y x Z oupenensierca nponssegenne af € X X Z.

ABTOPBI IPUIEPKUBAIOTCS ONpEJIeJeHUl 1 0003HAYCHUH W3 TEOpUH IMOJLy-
rpymi, cojgepKamuxcst B MoHorpadun [2]. Popmysibl JOrMKH 11€PBOrO IIOPSIKA
OyyT 3a1aBaTbcsi B curHarype (-,=) ¢ OJHHUM CHMBOJIOM OHHAPHO{l omeparuu
U OJHUM CHMBOJIOM JIBYMECTHOI'O IPEJIMKATa, IPUYEM IepBoe OyjeT MHTepIpe-
THPOBATHCS KAK YMHOXKEHHE B HOJIYIPYIIIE, & BTOPOe KaK OTHOIIECHHE PABEHCTBA
(coBma/IeHIE 9JIEMEHTOB JPYT ¢ pyroM). CBeJleHus] U3 MaTeMaTHIeCKON JIOTUKHI 1
TEePMUHOJIOTUIO MOXKHO Hailitu B [3] 4].

2 HzomopdusmMsbl NOJYTPYIHI IpeoOpa3oBaHUil

Teopema 9. [5 0, [7],[8, rmasa VII, n. 6.15|. ITycmo @ : T(X) — T(Y) — uso-
mopgusm noayepynn. Tozda cywecmsyem 63aummno 00no3nawroe omobpasicerue
©: X =Y maxoe, wmo ®(a) = ¢ o daa ecexr a € T(X).

Jloxasamenvemeso. Jlerko mpoBepuTh, 4TO mpaBble Hynu B nosyrpymie 1T(X) —
9TO B TOYHOCTH KOHCTAHTHBIC OTOOpaYKEHUSI:

C(X)={aeT(X)VB fa = a}.

Takum obpasom, muokectBo C(X) BBLAEnsiercs B noayrpymie T(X) dopmysoit
JIOPUKHK 1iepBoro nopsjka. CienoBaresibio, ® B3aUMHO OJHO3ZHAYHO OTOOpPayKaeT
C(X) va C(Y). 9ro o3nauaer, uro st © € X CylecTByeT eJMHCTBeHHOE y € Y
takoe, 9410 P (c;) = ¢y, 1 Haobopor. Takmm 06pa30M, MBI HMEEM B3AHMHO O[HO3HAY-
Hoe orobpazkenne ¢ : X — Y, 115 KOTOPOTo BBIIOJHsETCsT PaBeHCTBO P(cy) = Cap
mpu BceX ¢ € X.

ITycrb oo — npousBosibHBi 3emenT u3 T'(X), a £ — IPOU3BOJILHBII JIEMEHT
n3 X. [onoxum B = ®(«). Herpyamo Bumerh, 910 a0 = Cz. Tak xak ¢ —
usomopdusM, ®(c,)P(a) = (cza). OTCIONA Cpo3 = Crag, T-€. TP[ = Tap. Beumy
IIPOM3BOJILHOCTH 3jIeMeHTa £ € X mosydaeM: ¢ff = o, Te. f = ¢ tap. Taknm
obpazom, ®(a) = o~ taep. O
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Teopema 10. [7, Ol 11]. Hycmo @ : P(X) — P(Y) — usomopdusm noayepynn.
Toeda cywecmeyem 63aumno 0drosznaunoe omobpasicenue o : X — 'Y markoe, wmo
d(a) = ¢ lap dna ecer a € P(X).

Joxazamenvcmeo. Ilycrs r(a) = {Blaf = 0}, (o) = {B|Ba = 0} (upasblii u
JIeBBIi aHHyIATOpH! teMenTa « € P(X)), R = {r(a)|a # 0}, £ = {l(a)|a # 0}.
Bkutouenue r(aq) C r(ag) Beipaxkaercs: hopMyJI0ii JIOTUKH IIEPBOTO MOPsi/IKA, Tak
KaK

r(ag) Cr(ag) © VB (a1 =0 — aeff =0).

Hastee, eciin npaBblil aHHYJISITOP KAKOro-MO0 HeHyJseBoro sjementa o u3 P(X)
MakcuMaJjeH B R Mjin, COOTBETCTBEHHO, B L, TO 9TO TAKKe MOYKET OBITh BBIPAYKEHO
JIOPUYECKUMU (POPMYJIaMH, TaK KaK

r(a) makcumasien B R < VB # 0 (r(a) C r(8) — r(B8) C r(a)),

() makcumvasien B £ < VB # 0 (1(a) C1(B) = 1(B) C lw)).

Herpynno Bujers, uro simeMenTol o € J(X) 1 TOJBKO OHE 00JIQAI0T TEM CBOIi-
crBOM, 4TO 1(r) MakcumasieH B R, al(«) makcumaiien B L. CiiesioBaTesibHO, MHOXKE-
cro J(X) Bblaessiercs B nosyrpyiie P(X) dopmynamu Joruku mepsoro nopsiji-
ka. Tax kax I(X) = {a € J(X)|a? = a}, To muoxkecTso I(X) Taxkmxe BbIICIACTCA.
Caenosarensao, ® Bzanmuo oxHozHauHO orobpazkaer I(X) ua I(Y). Ilosromy cy-
IIECTBYET B3aMMHO OJ[HO3Ha4YHOE oTobpaxkenne ¢ : X — Y raxoe, uro ®(iy) = iz
npu Bcex x € X. JlokaxkeMm, 9TO

(I)(ja:y) = jxw,ys& (1)

npu mobeix x,y € X. HeiicrBurensno, tak xkak ®(J(X)) = J(Y), momyaaem
@ (jry) = Juv TPH HEKOTOPHIX U,V € Y. U3 jupy = iyjayly cnenyer juy = P(jzy) =
D (i) P(Juy)P(iy) = Pxpfuviyep, & 3HAUHT, u = xp n v = yp. Takum obpaszowm,
pPaBEHCTBO JIOKA3aHO.

[Iycts a € P(X) u f = ®(«v). Bozpmém m1060it snement z € X. Ecm x €
dom e, T0 i3z = Jraa. Orcioma P(iy)P(a)P(iza) = P(jra), 9TO BBHILY
HaM JAET i3uBi0ap = Jrpaap- ClenoBarensno, xpf = zap. Ecmm o ¢ dom a,
10 iz = 0, mosTomy ¢ yuérom pasencrsa $(0) = 0, moyuaem iz,5 = 0, Te.
xp & dom . U maobopor, ecitu xp ¢ dom B, To x ¢ dom . Takum obpazom,
0B = aup, a sHaunt, 3 = p tap, T.e. P(a) = o tap. O

Teopema 11. [7, 9, 10]. Hyemv ® : B(X) — B(Y) — usomoppusm noayepynn.
Tozda cyuwecmsyem 63aumHo 00H03HawHOE omobpascerue @ © X — Y makoe, 4mo
®(a) = pLay daa scexr a € B(X).

Jlokazamenvcmeo. onyrpynna B(X) umeer nyab — mmycroe oraomienue. Hysepoii
ssieMeHT (v = 0) J1I060ii Oy TPYIIIIBI OIPEJIETIAETCsT JIOTHIeCKOl hopMyIIoii:

VB af = fa = p.
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Kak u B Teopeme BBEJIEM [IPABBIIl U JIEBBIIl aHHYIISATOPBI sseMenTa o € B(X):
r(a) = {Blaf =0}, 1(a) = {Bfa = 0}.
Bkarouenne r(a) C r(agy) Bbipazkaercst hopMyIIoii
VB a1 =0 — a3 =0,
AHAJIOMMIHBIM 00pa3oM Bblpazkaercs Bkiodenue 1(aq) C 1(az). Ilycrs

R={r(a)la#0}, £={l(a)a+0}.

OueBn/HO, YeM MeHbIle 00JIacTh onpejesennst saementa u3 B(X), tem Gosiblne
€ro JIeBbIil aHHYJIATOD, W YeM MeHbIle 00pa3 3JeMeHTa, TeM OOJIbIIe ero mpaBblil
AHHYJISTOD:

doma Cdom g = 1(a) D 1(8),
ima Cim g = r(a) D r(B).

[TosToMy 9J1€MEHTAPHBIE OTHOIIEHHSI jzyy — 9TO B TOYHOCTU TaKHe HEHyJIEBbIE dJIe-
menTel @ € B(X), y koropsix r(a) makcumaser B R, a l(«) makcumasen B L.
MakcuMaIbHOCTB IIPABOTO AHHYJISITOPA SJIEMEHTa « B R BbIpaxkaercs (hopMyJIoi

VB #0 (r(a) Cr(B) = 1(B) S r(a)),

a MaKCHMAaJIbHOCTD JIEBOT'O aHHyJsiTopa B L — dopmyJioi

VB #0 (o) C1(B) = 1(B) S 1(a)).

Canenosarensao, MuoxkecTBo J(X) Bbigensiercst B noayrpyune B(X) dbopmyinoii
JIOTMKY TIEPBOro TOpsiyika. TakuM obpazom, $ B3aUMHO OJHO3HAYHO OTOOpaXKa-
er J(X) ma J(Y). Muoxecrso I(X) rakxke Bbuiessiercst (pOpPMYJIOii, Tak Kak
a€l(X)e acJ(X) A a?=a. Crenosarenbio, ® B3aNMHO OTHOZHAYHO OTOG-
paxaer I(X) na I(Y). I[Tosromy cymiecTByer B3aUMHO OJTHO3HAYHOE OTOOPAYKEHIE
¢ : X — Y raroe, 4ro ®(iy) = iz, mist Becex © € X. Tak ke, kak B Teopeme
JIOKA3BIBAECTCS PABEHCTBO , T.e. ®(Juy) = Jupye IPU 00X 2,y € X. Haxoner,
ec/in (v — TIPOU3BOJIbHBII d1eMenT u3 B(X), a 2,y — IpPOU3BOJIbHbIE 9JIEMEHTHI U3
X, 10 (2,y) € a & lptiy = juy = P(ia)P()D(iy) = P(jay) & lepBiyp = Jepye

& (zp,yp) € B. o ozHauaer, uTo B = L. O

[Tepeitném reneps Kk nosyrpynie B'(X) mosabix 6uHapHbix orHOmenuii. s
J0Ka3aTeIbCTBa TeopeMbl, aHajormdunoii Teopemam 1-3, Ham morpedyercst psii
BCIIOMOTATEILHBIX YTBEPK IEHMIA.

JIemma 12. Ouemenm o € B'(X) asanemcs aesvim deaumnenem edunuyos (m.e.
aB = A npu nexomopom 3 € B'(X)) 6 mom u moavko mom cayuae, ecau

Ve,y,z€ X (((z,2) €a A (y,2) € @) = x=1y). (2)
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Jlokasameavcmeo. Heobxodumocmo. Ilycrs aff = A u (x, z), (y,z) € a. Tak kak
doma = X, 1o cymecrByer Takoe u € X, uro (z,u) € [. D10 BIEUET, UTO
(xz,u), (y,u) € A, a 3Hauur, r = y.

JLocmamourocmo. IlycTh BBITOTHEHO YCIIOBHE . Sadukcupyem Kakoi-1ubo sJre-
Ment g € X u nooxum B = o U ((X \ima) x {zg}). [Tposepum, uto af = A.
[ycts (z,y) € apf. Torna (x,t) € «, (t,y) € B upu mekoropom t € X. Ecau
(t,y) € a1, To (y,t) € a, orkyna BBEULY [OJIydaeM, 9TO & = ¥, a 3HAUNT,
(x,y) € A. Ecn (t,y) € (X \ ima) x {x0}), 7o t & ima, a 370 TPOTHBOPEUUT
coorHomenuto (x,t) € a. Haobopor, nycrs (x,y) € A. Torma y = x. Tak kak
dom o = X, momyuaem (r,u) € o IpE HEKOTOPOM u, a 3HawwuT, (u,z) € a !,
orkyna (r,y) = (z,7) € aa™! C af. O

JIemma 13. Saemenm o € B'(X) asasemes npasvim deaumenem edunuip, (m.e.
Ba = A) npu nexomopom 3 € B'(X)) 6 mom u moavko mom cayuae, ecau cyue-
cmeyem nodmnooicecmeo Y C X makoe, wmo aly — cropsexmuenoe omobpasicenue
Y na X.

Loxasameavcmeo. Heobxodumocmo. Ilycrs fa = A. Torma o Jlemme (12| mst 5
BBIIIOJIHACTCA CJIELYTOIIEE:

Ve,y,z€ X (xfz ANyphz) = z=y). (3)

[Mycrs Y = im . Husa z € X nomoxum A, = {y|(z,y) € B}. Tak kak dom 5 = X,
To Ay # 0 nya kaxkgoro x € X. U3 caenyer, uro Ay, N Az, = 0 upu x1 # 5.
Ouesugno, Y = U{A,lz € X} u 8 = {(z,y)|xz € X,y € A,}. Bozbmém s060e
x € X, azarem yioboe y € A,. Tak kak doma = X, 1o (y, 2) € o IpU HEKOTOPOM
z € X. Tak kak (z,y) € fu (y,2) € a, (x,2) € P, a Tak Kak fa = A, z = x.
Takum 06pazoM, ar|y SIBJIsIETCs CIOPBHEKTUBHBIM oToOpaykenneM Y Ha X.

Jlocmamovunocmo. Iycrs Y C X u aly — cropbekruBHoe orobparkenne Y Ha X.
IIycrs 6 = ker(o|Y). g o € X nyers Ay = {y|(y,x) € a}. OueBnano, MmHO-
»KecTBa A; — 3TO B TOYHOCTH KJIACCHI OTHONICHUST SKBUBaJeHTHOCTH 6. BozbMém
B =A{(x,y)|lr € X,y € Az}. Hokaxewm, aro fa = A. Bozpmém smoboe x € X, a
zareM joboe y € A,. meem: (z,y) € B u (y,z) € a, nosromy (x,x) € Sa. Takum
obpasom, gokazano, auro A C fa. Ilycrs (x,y) € fa. Torma (z,u) € fu (u,y) € «
npu HekoropoM u € X. OueBugno, u € A,. Taxk xak (u,y) € a u u € Ay, noyyya-
eM y = x, nosromy (z,y) = (x,z) € A. Takum obpaszom, gokazano, aro fa C A.
Bwmecre ¢ panee nokazanubiM BKiodenneM A C Ba monydaem: Sa = A. ]

Sameuarnue. DopmyJibl u He SBJIAIOTCA (DOPMYyJIaME JIOTUKHU [EPBOTO O~
psizika B curarype (-, =).

JIemma 14. I'pynna G(X) ewdeasemes ¢ B'(X) dopmyramu sozuxu nepsozo
nopadKa.
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Jloxasamenvcmeo. Dnement A sapnsercs emununeil noayrpynnst B'(X), T.e.

a=A & VB (af =B A fa=p). (4)

Dr1o o3mauaer, uro A Boigessercs B B'(X) dbopmysioit Jloruku 1mepBoro mo-
psajaka B curnarype (-, =) — Qopmysioi, crosimeii B IpaBoii 4acTu SKBUBAJIEHT-
nocru ([4). dokazkem, uTo siaemenTsl rpynnsl G(X) — 5T0 B TOYHOCTH 3JI€MEHTbI
u3 B'(X), Koropble OJHOBPEMEHHO SIBJISIIOTCS MPABBIMEU M JIEBBLIMU JIGJTUTEIISAMU
equamnel A. JleitcTsutensro, ecmm o € G(X), 1o af = fa = A npu B = a~ L.
Hao6opor, eciiu o TakoBo, uto aff; = Baax = A 1ipu Hekoropwix 31, B2 € B'(X), o
o Jlemme cymeCTByeT Y C X rakoe, uro aly : Y — X — ciopbeKTHUBHOE 0TO0-
paxenue. Orcioga mo Jlemme [12] ¢ yaérom Toro, uro dom f = X, mosydaem, 9To
Y = X, a sHaunuTt, @ — cropbekTupHoe orobpaxkenne X — X. Tak kak af; = A,
To oHO nHbekTHBHO. CiestoBaresnsio, o € G(X). Takum obpasom,

acG(X) & (3 fria=A AN 3TBr affs = A),
caenosaresnbio, G(X) Bouiensiercst GopMyIIOii JIOTHKH IEPBOrO MOPSIIIKA. O

Crenaem Temepb psif 3amMedannii. MHOKeCTBO BceX IPaBBLIX HyJieil JI00OM 1o-
JIyIPYIIIbI siBjisteTcst eé upeanom. Obosnaunm yepes RZ(X) MHOXKECTBO BCex Ipa-
BBIX HyJ1€eit mosyrpynnel B’ (X ). 9o MHOXKeCTBO BBIIEsIeTCs B nostyrpytie B (X))
JIOTHIECKOU (POPMYJIOfi, TaK KakK

a€ RZ(X) & VB af = a.

Herpy/iHO BHJIeTh, 4TO npasbiMu HyJsMmu B nosyrpymie B'(X) ssiasiores oTHO-
menust ¢4 = X X A, rae A — Helycroe HOJIMHOXKECTBO MHOXKECTBa X, M TOJIBKO
omn: RZ(X) = {calA C X, A # 0}. lna x € X BMecTo cf,} Oyaem mucarh ¢, 4To
COOTBETCTBYET paHee HPUHATOMY 0OO3HAYECHHUIO.

st sioboro o € B'(X) monoxum ¢(a) = {Blaf = V} (amanor npasoro
aanyaaropa). Ing A C X u o € B'(X) nonoxum Aa = {x € X|Ja € A (a,z) €

at.
Jlemma 15. Jas aobvix wenyemoir A, B C X

q(ca) Cqlcp) & ACB (5)

q(ca) Cq(cp) & AC B. (6)

Joxazamenvemso. Ilycrs q(ca) C q(ep). Torma caff = V = cpf = V aus Beex
B € B'(X). To ectb AB = X = BB = X aua Beex 8 € B'(X). Ipeamonoxum,
qro A ¢ B. Torga cymecrsyer snement a € A\ B. Bossménm = ({a} x X)UAx.
Torma A = X, vHo B = B # X, 94T0 IPOTUBOPEYUT TPEJINONIOKEHIIO0. Takum
obpazom, A C B.
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Hao6opor, nycrs Teneps usBecrro, uro A C B. Hazo nokaszars, uro ¢(cq) C
q(ep). lycrs B € q(cq). Torma A = V. Orciona BB O AB D V, nosromy
BB =V, a snauur, 3 € q(cp).

Hamn nokazano . Jokaxkem (@ JJIst 3TOro JOCTATOYHO JIOKa3aTh, YTO
q(ca) = q(cp) & A = B. UMmumkanus < odeBujHa. JIOKaKeM HMIINKAIIIO
= Tlyers g(ca) = q(cp). Tora q(ca) C (cs) u q(cs) < glca). Beuay () vst
notyaaem: A C B u B C A. Crenosarebao, A = B. O

JIemma 16. B noayepynne B'(X) dopmyramu soeuru nepsozo nopadka evide-
asromes caredyrowgue obsexmoy: (1) smement Vi (ii) mogmosyrpynna C(X); (iii)
noamoayrpynmna 1'(X).

Jlokasamenvemeo. (i) OueBunno, V = cx € RZ(X). okaxeM, 410
a=VeacRZX) ANV (BeGX)— af =a). (7)

IIycte o« = V. Ecin € G(X), 10 aff = cxf = cxp = cx = a. Haobopor,
nycrb o € RZ(X) nu aff = o upn Beex € G)(X). Torma o = ¢4 Jyist HEKOTOPOro
AC Xunucy =a=af = caf = cag. Cuenosarensno, A = A nnaa Beex
B € G(X), orkyma A = X, a snaunur, @ = V. Mbl jgokazamm yrsepxenue (7).
ITo Jlemme |14] G(X) BBLOensieTcst ormdeckoii dopmyitoii, naean RZ(X) rakxke
BDIJIC/ISIETCS, 1 HAM TIOKA3bIBAET, UTO M JIEMEHT V BBIJIEJSIeTCS JIOTUIECKOIt
dopmyIoii.

(ii) B mynkre (i) 6bLIO j10KA3aHO, YTO JIeMEHT V BBIJIEJSIETCS B MOJIYTPYIIIIE
B'(X) dopmyoit toruku nepsoro nopsaka. A Tak Kak

q(a) Cq(B) & Vy (ay =V = py=V),

to npegukar “q(a) C q(8)” Takxke BbIpasum Jioruueckoii opmyiioit. Tasee, npe-
JIIKaT
P(a) = “q(a) munnmasabao”

TaKZKe€ BbBIpA3UM, TaK KaK

g(a) vmmasio < vy (g(7) € g(a) = g(a) € (7).

N3 Jlemmbr CJIEJTyeT, UTO SJIEMEHTHI C; — 3TO B TOUYHOCTH TaKUE DJIEMEHTHI
a € RZ(X), y xoropeix ¢(a) mmuammassno. Crenosaresnsno, muoxkecrso C'(X)
BoIIesgeTcst B nostyrpymme B (X) norudeckoii bopmyioii.

(iii) Beumy (ii) Ham 6yzer 10CTATOYHO JOKA3ATh, UTO

T(X) = {alV8 (8 € C(X) — Ba € O(X)).

Iycrs e € T(X) u B € C(X). Torma B = ¢, upu mekoropom z € X. Orcioga
Ba = cpar = gz € C(X).

Hao6opor, nycrs o TakoBo, uro € C(X) Bieuér fa € C(X). Tak kak o €
B'(X), ro dom o = X, mo3TOMY HaM JOCTATOYHO JOKA3aTh, ITO (¢ HE COMEPIKHUT
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OJIHOBpPEMEHHO JiBe naphl (z,y), (x, z) Takue, aro y # z. Ilycrs (x,y), (x,2) € aun
y # z. Bosbmém 8 = ¢,. Torma (x,y), (¢, z) € Ba, orkyna |[im (fa)| > 2, a 3Ha4nr,
Ba ¢ C(X), 4T0 NPOTUBOPEUUT IIPE/IIOJIOKEHHIO. O

Teopema 17. @ : B'(X) — B'(Y) — usomopdpusm noayepynn. Tozda cyuwecmey-

em e3aummo odnosnanmoe omobpasicerue ¢ : X — Y maxoe, wmo ®(a) = ¢ lagp

ons ecex o € B'(X).

Hoxazameavcmeo. Corstacuo Jlemme noxnoyrpymna 1T'(X) Beigensiercs B
B'(X) dopwmyiioii jioruku mepsoro mopska, ciejosaTenbuo, |y xy — uzomop-
dusm nomyrpynn T'(X) u T(Y). o Teopeme [9] cymecTByer B3aiMHO 0JHO3HAMHOE
orobpaskenue ¢ : X — Y Taxoe, uto ®(a) = ¢ tayp aua seex a € T(X). Tpeby-
eTCsl JIOKA3aTh, UTO 9TO PABEHCTBO BBIIOJIHSETCsI TAKXKe JIst Beex « € B/ (X).

IIycrs o € B'(X) u = ®(av).

Tak xkax C(X) C T(X), o ®(cz) = cpyp miast Becex x € X. JlokazkeM, 9T0 J1Ist
moboro nemycroro A C X

(I)(CA) = CAap- (8)

HeiictBurenbho, rak kak ¢ nepesonur RZ(X) B RZ(Y'), 10 ®(ca) = cp 11 HEKO-
toporo B C Y. Tak kak & — uzomopdusm nu &(Vx) = Vy (mo Jlemme [16]), To
®(q(a)) = g(®(a)) mst Beex o € B'(X). Orcrona, nombayscs Jlemwmoii [15] sbiso-
M caenyromee: © € A < {zx} C A< q(ez) C qlea) © P(g(ez)) € P(glca)) &
q(P(c)) C q(P(ca)) & qlcay) C q(cB) © 29 € B. Cuenosarensho, B = Ap, Te.
BbIIO/HEHO ().

Temeps moxkazkem, ITO

Vu € X uap = upp. (9)

HeficTBUTENIbHO, TAK KaK Cut = Cyua, TO P(cy)P(a) = P(cyuq), ciiegoBaTesbHO,
BBUJTY HOJIY9IAeM: Cypl = Cuayp, & SHAUUT, CypB = Cuagp, T.€. BBIIOTHEHO @D
IIycts u, v — sobbie snementsl n3 X . Torma, ucnoib3ys @, TIOJTY IAM:

(u,v) € a < v € ua < VY € uap < v € upf < (up,vp) € B.

Bro oznauaet, uro ®(a) = ¢ lap. O

Ormernm, uro, Tak Kak rpymmna G(X) couepKurcsi B KaxKJI0i U3 HOJLyTpyIIn
T(X), P(X), B(X), B'(X), us Teopem CJIeJIyeT, 94TO BCe aBTOMOP(MU3MbI
9THUX [OJIYIPYII BHyTPEHHUE (JJOCTATOYHO B3Th B 9TUX TeopeMax Y = X).

Haszosém Gunapuoe ornorienne o € B(X) xonoanvim, ecim ima = X. Oue-
BIIHO, MHOKeCTBO B(X) BCeX KOMNONHBIX GHHADHBIX OTHOIIEHHH SIBIISETCS IO
nostyrpynnoit nosyrpyunsl B(X). st 9T0ii noayrpyimsl BepHa TeopeMa, aHaJI0-
rUYHAS OKA3AHHEIM, a uMenHo, eciu ® : B(X) — B(Y) — usomopdusm moiy-
IPYIII, TO CYIIECTBYET B3AUMHO OJ[HO3HAUHOE oTobpaxkenue ¢ : X — Y rakoe, 410
®(a) = ¢ rap ms Beex a € B(X). JloKa3aTebeTBO HE MPEICTABISET TPYJIA:
JIOCTATOMHO 3aMETHTh, 4TO Hoayrpyinsl B'(Z) u B(Z) upu moboM Z amrTumso-

MOpGHBL IpyT ApyTry, n npuMeHuTs Teopemy [9)
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1 IIpenBapurenbHble CBeaeHNSs

luneprpadbr Mojesieil TeEOpUE OTHOCATCS K TTPOU3BOHBIM 00BEKTAM, OTHOCH-
TEJILHO JAHHBIX TEOPUH W MX MOjeseil, TO3BOISAIONINM MOy YIaTh CYNIECTBEHHYIO
CTPYKTYPHYIO WHMOPMAIMIO KaK O CAMUX TEOPHUSIX, TAK U O COMYTCTBYIONIUX Ce-
MaHTHYeCKNX oObeKTax, Britodas rpadossie [1, 2] 3] 4] [5].

B macrostimeit pabore MCCaeIyIOTCsS CBOWCTBA MOHSITHN OTAEJIUMOCTH JIJIsT TH-
reprpadoB Mojie el BIIOJIHE ~-MUHUMAJILHON Teopun. YCTAHOBJIEHBI XapaKTepu3a-
mun Tp-oraenumoctu u xaycaopdosoit oraeanmocri: Teopema 2.1 Crencraue
[Ipenoxenue IIpuBenen mpumep, MOKA3BIBAIOIIUN CYIIECTBEHHOCTD BIIOJIHE
O-MUHHUMAJILHOCTH JJIst 9TOi XapakTepusaiwn: [pumep [2.3]

Hanomuum, uro eunepepagom vasbiBaercs jobast napa muoxkects (X,Y), rie
Y — mekoropoe nonMuoKecTBO Oysreana P(X) muoxkecrBa X.

*Pabora BbIMOIHEHa TIpU (PUHAHCOBOI momepkke Kommrera maykm MunucrepcTsa
HayKy ¥ Bbiciiero obpasosanus Pecrybiuku Kazaxcran (rpanr AP19674850), a takxe B
paMKax rocyjapcreHHoro 3ajanus Uucruryra maremaruku uM. C. JI. CobosieBa, mpoexT

Ne FWNF-2022-0012.
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[Tycrb M — mnekoropasi mozesnb nosuoit teopun 1. Coemys [4], obosna-
qnm ugepe3 H (M) coBokynHOCTH Beex noaMuoxkects N Hocuresss M cucreMpl
M, KOTOpBIE SIBJISIIOTCSI HOCHTEJISIMU 3JIeMEHTapHbIX HoaMmosereii N mojgenn M:
H(M) = {N | N x M}. Ilapa (M, H(M)) uasbiBaercst eunepzpagom snemen-
mapror nodmodeneti mozenn M u obosnadaercs depes H(M).

Onpepenenne 1.1. [4] IIycrs (X,Y) — runeprpad, xi, o — pasindHbe sJe-
MeHTBI U3 X. ByaeM roBopuTb, UTO 3JIEMEHT T1 OMOeAAEMCA, WIA 0OMOeAUM OT
9JIEMEHTa To, WIH 15-0moeasum, €CIl CYIIECTBYeT y € Y Takoil, 94To X1 € Yy H
Zo ¢ Y. DIAEMEHTBI X1 U T9 HA3BIBAIOTCA 0moesumMviMmu, Th-omoesumvimu, Ul xa-
ycdopdoso omaeaumbiMU, €CIIA CYIIECTBYIOT IU3BLIOHKTHBIE 1, Y2 € Y Takue, ITO
T1 €Y 1T €Y.

Teopema 1.2. [4] [Tyemv M — w-nacviugernnas modead cuemmoti noanot meopuy
T, a,b € M. Tozda caedyrouwgue Yycaosus sKEUCSAAECHMHDL:
(1) onemenm a omdesum om asemernma b 6 H(M);

(2) b ¢ acl(a).

Teopema 1.3. [4] ITycmvo M — w-nacviwenrans modeanv cuemmots noanot meopuy
T, a,b € M. Toeda caedyroujue ycrosua IKEUBANEHMIDL:

(1) saemenmor a u b omdeaumv, 6 H(M);

(2) acl(a) Nacl(b) = @.

Ounpenenenne 1.4. [4] Ilyers (X,Y) — runeprpad, X, Xo — Henepecekaromniu-
ecsl MOJMHOXKecTBa MHOXKecTBa X. Bymem rosopuThb, uro MHOXKecTBO Xi omde-
asemea wim omdeaumo or MHOXKecTBa Xo, wiu Tp-omdeaumo, eciim CymecTByer
y € Y Takoit, uro X7 Cyu Xo Ny = &. Muoxkecrsa X; u Xo Ha3bIBAIOTCA 0M-
deaumvimu, Tor-omoesumvimu, wim xraycdopdoso omoesumvLmu, €CJIU CYIECTBYIOT
NU3BIOHKTHBIE Y1, Y2 € Y Takue, 9to0 X1 C y; 1 Xo C yo.

BemoMuMM, 9TO 1TOIMHOXKECTBO A JIMHEHHO yIIOPsiIOYeHHON cTPpyKTYypbl M Ha-
3BIBAETCST GVINYKAbLM, €CTU JIJIst JoObIX a,b € A mw ¢ € M Beakuii pa3 Korja
a < ¢ < b vl umeeMm ¢ € A. Caabo 0-MUHUMAALHOT CMPYKMYPOT HA3BIBACTCI
JIHEHHO ynopsizodennas crpykrypa M = (M, =, <,...) Takas, 4ro J1060€ ornpe-
Jiesiumoe (¢ mapaMeTpaMu) MOJAMHOXKECTBO CTPYKTYPbl M siBJisieTcst 00be InHeHneM
KOHEYHOT'O YHCJIA BBITYKJIBIX MHOXKECTB B M.

Omnpenenenne 1.5. [lycte M — cinabo o-muHuMabHast crpykrypa, A € M, M
|A|T-naceimenna, p,q € S1(A) — Heanrebpandeckue TUIBLL. Byjem ropopuTh 4TO
THUII p He sIBJIsIeTCsl caabo opmozonanvrowm tuiy ¢ (p L% q), ecam cyriecTByooT
L s-bopmyna H(z,y), a € p(M) u B1,P2 € ¢(M) rakue, uro 1 € H(M,«) u
52 Q H(M, Oé).

WubiMu cjtoBaMu, THIL p SBISETCS CAa00 0pmozonasviowm tuiy g (p LY q),
ecau p(x) U q(y) numeer eMHCTBEHHOE PACIIMPEHHE JIO TIOJIHOrO 2-THuna Ha A.
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JIemma 1.6. [8] ITycmo T — caabo o-munumarvhas meopus, M = T, A C
M. Tozda ommnowenue ne caaboti opmozonasvrocmu L aeasemes omuoweHuem
akeusasenmmocmu Ha Si(A).

Onpepesienne 1.7. [9] Ilycte M — cinabo o-munnMasbHas crpykrypa, A C M,
M |A|"-nacbimenna, p,q € S1(A) — Heanrebpanmyeckue TUIBI. ByjeMm roBoputhb
9TO TUIL P HE SIBJISIETCST 8NOAHE 0pmoz2onasvhvim tuily q (p L9 q), ecin cyecrByer
A-onpenennmas 6ueknust f @ p(M) — q(M). Byaem rosopurs uro ciabo o-mu-
HUMAJIbHASI TEOPUsl SABJISIETCH 6NOAHE O-MUHUMAAbHOT, €CIU MOHATUsT C1aboil u
BIIOJTHE OPTOTOHAJIBLHOCTH 1-THUIIOB COBITAIAIOT.

OrMmernM, YTO IIOCKOJIBKY OTIEJUMOCTH MHOXKecTB A m B B rumeprpadax
H(M) Bosmoxna ymms npu acl(4) N acl(B) = @, Takas OTAeJMMOCTb HUKO-
raa me umeer Mecra npu acl(()) # (). Takum o6pasoM, eCTECTBEHHO PACCMATPUBATD
CJIE/IyIOIIUe HOHSITUSI OTHOCUTEIBHOM OT/Ie/IMMOCTH.

Onpepesienne 1.8. [5] [Tycrs (X,Y) — runeprpad, 1, o — pasindHble SJ1eMeH-
toi u3 X, Z C X, o ¢ Z. ByJieM rOBOpUTD, UTO 3JIEMEHT T Z-0moeafemcs Wi
Z-omdeaum ot 3neMenta xo, win (Ty, Z)-omdesum, eciu cyimectByer y € Y Takoii,
qro x1 € yU Z u x9 ¢ y. Ilpu 970M MHOXKECTBO Y HA3BIBACTCS Z -0MOCAAIOULUM
x1 oT x9. Ilpn JonosHUTEIbHOM yCsioBUY X1 ¢ Z SJIEMEHTHI X1 ¥ To HA3BIBAIOTCS
Z-omdeaumvimu, (To, Z)-omdesumvimu uam xaycdopdoso Z-omoesumoimi, eCIIm
CYIIECTBYIOT Y1, Y2 € Y Taxue, uro (y1 Ny2) \ Z = &, x1 € Y1 U T2 € Yo.

IIycte X1, X9 — mogmuoxkecTBa MHOKecTBa X, (X1 N X))\ Z = 0, X9 €
Z. Bynmem TOBOpPHUTH, UTO MHOXKeCTBO X Z-omdeasemcs, Uan Z-0moeaumo OT
muoxkectBa Xo, win (Ty, Z)-omdeaumo, ecan cymecrsyer y € Y rtakoii, uro X; C
yUZ u (Xony)\ Z = @. llpu gononaurensuom yeiosun X1 € Z MHOXKeCTBA
X1 u X9 nazsiBatorcs Z-omoesumvimu, (Ta, Z)-omdesumvimu niv xaycdopdoso Z -
OMOCAUMBLMU, €CITA CYIIECTBYIOT Y1, Y2 € Y Takue, uro (y1 Ny2)\ Z =2 X1 C 1
u Xo C yo.

Teopema 1.9. [5] ITycms M — w-nacviwernas modeas cuemnol noanot meopuu
T, Z — anzebpauseckoe 3aMbIKGHUE HEKOMOPO2O KOHEWH020 MHOMHCEcmea 6 M, a
ub — anemenmu us M, b ¢ Z. Caedyrousue yciosus sK6UBAACHIMHVL:

(1) saemenm a Z-omdeaum om snemenma b 6 H(M) nocpedemeom nexomo-
poeo mmoorcecmea y u3 H(M), codeporcaweeo Z ;

(2) snemenm a Z-omdeaum om aaemenma b Hy,, (M) nocpedemeom nexomo-
pozo mmoocecmea y u3 Hy, (M), codeporcawezo Z;

(3) b ¢ acl(aZ).

Teopema 1.10. [5] ITyemo M — w-nacviuentas modeas cuemmnotl noanots meopuu
T, Z — anzebpauveckoe 3aMuikanUE HEKOMOPO2O KOHEWH020 MHOoocecmea 6 M, a
u b — anemenmo, uz M, a,b ¢ Z. Caedyrougue yciosusa IK6USAACHIMHDL:

(1) saemenmo a u b Z-omdeaumv, 6 H(M) nocpedcmeom mexkomopuix mro-
orcecms y u z uz H(M), codeporcawguz Z ;
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(2) anemernmu, a u b Z-omdeaumo, 6 Hy,, (M) nocpedcmeom nexomopoix mio-
orcecme y u z us Hy, (M), codepoicawguz Z;

(3) (acl(aZ) Nacl(b2))\ Z = 2.

2 06 ormemuMocTu B rumieprpadax Mmoaeseii
YIIOPSII0OYE€HHBIX TE€OPUil

Teopema 2.1. ITycmv T — 6noare 0-MUHUMAGAOHAA MEOPUA C HEMAKCUMANDHDIM
YUCAOM cuemmbixr modeaetl, M — cuemmnasn nacouuennas modeav meopuu 1, Z —
aN2EOPAUNECKOE 3AMBIKAHUE HEKOTMOPO20 KOHEWH020 MHodicecmea 6 M, a,b € M\
Z. Tozda credyrougue Ycrosus IK6USANCHITHDL:

(1) a Z-omodeaum om b 6 H(M) nocpedcmsom Hexkomopozo mroscecmsa y us
H(M), codeporcawezo Z ;

(2) b Z-omodeaum om a 6 H(M) nocpedcmsom Hekomopozo mroscecmsa y us
H(M), codeporcawezo Z ;

(3) anemenmur a u b Z-omdesumv, 8 H(M) nocpedcmeom nexomopuix mHo-
orcecme y u z uz H(M), codeporcawyuzr Z;

(4) a & del({b2});

(5) b ¢ dcl({aZ}).

(6) (dcl(aZ)Ndcl(b2))\ Z = @.

Jlokasamesvcmeo. B cuiy upennoxkenust 3.1 [6] umeer mMecTto nmpuHIMI 3aMeHBI
JUIs aJIredpanvdecKoro 3aMblKaHust. B Culy JIMHEHHON yIIOpSIOUEeHHOCTH MOJIENN
M ummeer mecro del(A) = acl(A) s moboro A C M. Toraa SKBHBaJIEHTHOCTD

yeqosnit (1)—(6) ciemyer u3 reopem 1.9\ u O

13 teopemsl [2.1] HerocpeicTBEHHO BBITEKAECT:

Caencrpue 2.2. ITycmo TE — 6noame 0-MunuMasonas Meopus ¢ HEMaRCUMANb-
HOLM YUCAOM cuemHuis modeseti, M — cuemmnas nacviwernan modeso meopuu T,
a,b € M\ dcl(@). Toeda caedyrousue ycaosus sKEUBAACHMHVL:

(1) a omdeaum om b 6 H(M);

(2) b omdeaum om a 6 H(M);

(3) a & del({b});

(4) b & dcl({a}).

Mpumep 2.3. [7] Iycts M = (M;<, P}, P}, f!) — nuneitno ynopsiouennast
CTPYKTypa Takag, 4To M ecThb He Tepecekaiomeecs o0beIUMHEHIe MHTEPIpeTa-
Uit ynapubeix npegukatos Pp u Py, npu stom Pi(M) < Py(M). Mbl orox-
JICCTBJIsIeM MHTEPIIPETAio P ¢ MHOXKECTBOM palMOHAJbHBIX dnces Q, ymops-
JIOYEHHOM KakK 00bI4Ho, a P ¢ Q x Q, ynopsmodennom jekcukorpadpudecku. Cum-
BOJI f WHTepHpeTupyercss dacTuaHON yHapHOil dynkmmeir ¢ Dom(f) = Py(M)
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u Range(f) = P>(M) u oupenensiercst pasencrsom f((n,m)) = n misa Beex
(n,m) € Q x Q.

NspecTHO, 9T0 M — CUETHO KaTeropudHasi cjiabo o-MUHUMAJIBHAST CTPYKTYPA,
npu 3toMm Teopust Th(M) He aBasiercs BHOIHE o-MUHUMAJIBbHOI. BosbMeM mpouns-
BosibHble @ € Pi(M),b € Py(M) rakue, uro f(a) = b. Torga nomyuaem, uro a
oryesuM or b B H(M), Ho b He ornennm or a B H(M).

Ilpennoxxenue 2.4. [lycmv T — 6nosme 0-MUHUMAADHAA TMEOPUA C HEMAKCU-
MANBHBM YUCAOM cuemnux modeaet, M =T, A, B C M — xoneunvie MHoMCE-
cmea. Tozda caedyrowue Yeaosus IKEUSAAECHMHYL

(1) A u B omdeaumuv, dpye om dpyea 6 H(M);

(2) del(A) Ndel(B) = 0.

Jlokasameavemeo. (1) = (2) Ilycrs muO)kecTBO A otnesnumo or B B H(M). Dro
o3HauaeT, 4To cymectsyeT My < M rtakas, ytro A C My u BN M; = (. Torna
umeem: del(A) € My, orkyzna nosydaem, uro del(A) N B = (). Anasoruuno, us
ycaioBust otyesumoctu B or A B H(M) moxer 6biTh yeranosseno, uro dcl(B) N
A =0.

Homycrum nporusroe: del(A) Ndel(B) # (). CnegoBarenbHo, CymecTByer ¢ €
M rakoit, ato ¢ € dcl(A) u ¢ € dcl(B). Ho Torga B cuty GunaprocTH Teopun
Th(M) cymecrBytor a € A u b € B rakue, uro ¢ € dcl({a}) u ¢ € dcl({b}). Ha
OCHOBAHUH BBIIOJHUMOCTH HPUHIAIA 3aMEHbI JIst aJre0PandecKoro 3aMblKaHHst
mbl oty gaeM, 1o b € del({a}). Ilocneanee nporusopeunt Tomy, uro dcl(A)NB =
0.

(2) = (1) B srom cayuae yrBepxxgaem uro My := M \ dcl(A) u My := M \
dcl(B) sIBisIOTCS HOCUTENISIMU SJIEMEHTAPHBIX TOAMOzIeseit Mozean M. O
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1 Bsenenme

CrpyKTypHast KJIacCuPUKAIS aIredpaniecKux CUCTEM IIPEIIoaraeT Omuca-
HUe BUJIOB uX reomerpuit. VceaesoBanne OCHOBHBIX BHUJIOB MPEATE€OMETPHI U r'eo-
MeTpHuil IMPOBOIUJIOCH I KJIACCOB CUJIbHO MUHUMAJILHBIX U W-CTaOUIBHBIX CTPYK-
Typ. Baxuble uccienoBanus B 310l objactu ObLm 1npoBesieHbl B 1980-x rojax,
Bkitouasi paborer B. 1. Bunsbepa [16, (17, 18, 19] u I'. Yepsauna, JI. Xappunrrosna,
A. JTaxsana [4].

Hampuwmep, I'. Yepaun, JI. Xappuarron u A. Jlaxyran B cBoeii coBMecTHOI pabo-
Te KJIacCUpUIUPYIOT CTPOro MUHUMAJbHBIE Ng-KATeropuYHble CTPYKTYpPbI, 00J1a-
JAIONINX HEKOTOPBIMU HE3HAUUTETbHBIMU JOMOJHUTEIbHBIMU cBOficTBamu. U pac-
CMaTPUBAIOT KakK Kjaccumdeckue reomerpunl (adppuHHBIE, MTPOCKTUBHBIE NJIH BbI-
POXKJICHHBIE) GECKOHETHOl Pa3MEPHOCTH HAJ[ KOHEYHBIM MOJIEM.

Tax xke xkjgaccudukaus w-KaTErOPUYIHBIX CTPOrO0 MUHHMAJIBHBIX MHO-
JKECTB sIBJIsIeTCs (DyHIAMEHTAJIbHBIM PE3YJIbTATOM, HOCTUTHYTHIM . HepsuubiM u
B. 1. Buibbepom. D11 06beKTHI OKazaauch mbo (6eckonedHoMepHbiMu) abdus-
HBIMU UJIH [TPOEKTUBHBIMU IIPOCTPAHCTBAMU HAJ[ KOHEUHBIME HOJIsAME, 100 (6ec-
KOHEYHBIMU) HEPa3JIUIuMbIMU MHOXKecTBaMu. B. V1. Busibbep npepcrasui psij pe-
3yJIBTATOB U CHOPMYJIMPOBAJ TUIIOTE3BI O HECUETHO KATETOPUIHBIX TEOPUSX, CPEU
KOTODPBIX KJIIOUEBOH OBbLJIa TUIIOTE3a O BO3MOXKHOCTH KJIACCU(DUKAIINA TAKUX TEO-
puii ¢ TOYHOCTBIO JI0 GUUHTEPIPETUPYEMOCTH.

CoBpeMeHHBIE UCCAEIOBATENN MPOJO/KAIOT U3ydaTh PA3HOOOpa3HBbIE BUJIBI
IpeareoMeTpruil 1 TeOMeTPHil, BKIOUAsT OMMCAHNE NeOMeTPUil pa3/IMIHbIX 00beK-
ros [1, 2, B]. TIpumepom mozker cirykuTh ucciegoBanue Marpousios Bamoca [10].
OTU UCCIeIOBAHUST TOPOXKIAIOT €CTECTBEHHBIE BOIPOCHI O KJIACCU(PUKAIIUN TP
TeOMETPHUil U TeOMeTPHUil JJIst PA3IHIHBIX 3HAMUMBIX KJIACCOB CTPYKTYD U UX TE€O-

puii.

*Pabora BoITToTHEHA TP (PUHAHCOBOIT TIo/11epkKe Poccuiickoro Haywamnoro ¢omma, mpo-

exT Ne 22-21-00044.

61



62 C. b. MaJpimes

B macrosimeit pabore HaiijeHbl HEOOXOAMMBIE W JIOCTATOYHDLIE YCJIOBUS JIJIsT
BUJIOB IIPEJIN€OMETPUil KyOMIeCKUX U AIUKIMIECKUX TEOPHUil ¢ OIepaTopoM aJ-
rebpandeckoro 3aMbiKanusi. OupeaeieHus: IpeJreoMeTpuii 1 eé TUIIOB B3ATHI U3
paborst [11], a kybuueckoii Teopun u3 [12, [13]. Takxke B pabore 6GbLIO 3amede-
HO, UTO I TIPEAreOMeTpuil KyOUdecKnX U alUK/JIUIECKUX TEOPUN HAPYIIACTCS
CBOIICTBO 3aMeHBI. Y YUTBIBAs ITO, BBEJIECHBI HOBbIE MOHATHS, HE OIMUPAIOIIAECT HA
JIAHHOE CBOMICTBO: C-TIPEJTeOMETPUS U (-TIPEJINeOMETPHsI, & TAKKE C-Pa3MEPHOCTh
u a-pa3mepHocThb. C MOMOIIBIO C-Pa3MEPHOCTH U G-Pa3MEPHOCTH ObLIM BBEJICHBI
HOBBIE OIIPEJIEJIEHUS] C-MOIYASPHOCTD U A-MOJTYJISIPHOCTD — aHAJIOT MOJLYJISIPHOCTH
JJIsI Cc-TIpeJreoMeTpuit u a-npeareomerpuii. [Ias kybumdueckux Teopuit ObLIH yCTa-
HOBJIEHBI 3aBUCUMOCTU BBIPOYKJIEHHOCTH, C-MOJIYISPHOCTH, C-IIPOEKTUBHOCTH U C-
JIOKAJIbHO KOHETHOCTH C-ITPEJINeOMETPHUH OT KOJUIECTBa KyOOB pa3IndIHONl pasMep-
HOCTH B KyOUUIECKUX MOJIeJIsiX. Bech pe3ysibratT Jjisd KyOMIecKuX Teopuii ObL1 omyo-
JIMKOBaH B XKypHase “VI3Bectust upkyrckoro rocygapcrsensoro yausepcurera” [§].
st anuKImIecKuX Teopuii ObLIIN YCTAHOBJIEHBI 3aBUCUMOCTH (-MOJLYJITPHOCTH U A~
JIOKAJIbHO KOHEYHOCTH a-IIPEJINeOMETPHUH OT YHCJIa HEN30MOP(HBIX JIEPEBbEB U CIIe-
[UAJTBHBIX TOYEK. TAKKe YCTAHOBJIEHDBI JIOCTATOYHDBIE YCJIOBHUSA 3aBUCUMOCTU JIJIst
a-JIOKAJIbHO KOHETHOH! a-TPeJreOMeTPUN OT BEPIIUH (-THUIIA.

2 Ilpenreomerpun

Onpepenenne 2.1. [Ipedzeomempueti Ha3bIBAETCS MHOXKECTBO S BMeCTe € OIpe-
JesiéHHol onepanueii 3ambikanust cl @ P(S) — P(S), yuoBierBopsitonieii cieryto-
UM YCJIOBHSIM:

1) mst moboro X C S somoiasiercss X C cl(X);

2) st mo6oro X C S seimosasiercst cl(cl(X)) = cl(X);

3) mas moboro X C S m mobeix a,b € S, ecim a € cl(X U {b}) — cl(X), o0
bec(XU{a});

4) st moboro X C Secmna € cl(X), To a € cl(Y) s HEKOTOPOro KOHETHOTO
Y C X.

ITpu wammuun npeareomerpun (S, cl) kaxmoe nopmuoxkectBo X C S umeer
mMuHEMaIbHOe MHOKecTBO X' C X rakoe, uro cl(X) = cl(X’). Dro munMMAaDL-
Hoe MHOXKecTBO X' HasbiBaercst 6asucom muoxkecrBa X . ITpu sTom BCe Gasucel
PaBHOMOIIHBI ¥ 9Ta MOITHOCTH HA3BIBAETCS PA3MepHOCmblo MEHOXKeCTBa X B IIPEJI-
reomerpun (S, cl), obosnataerca dim(X).

ITo onpegenenuto nmeem dim(X ) = dim(cl(X)), r.e. pa3mepHOCTH COXpaHsIeTCsI
[IpY TIepexo/ie K 3aMBbIKAHUI0 MHOXKecTBa X B mpereomerpun (S, cl).

Ecin dim(X) € w, To MHO)KecTBO X Ha3bIBAETCS KOHEUHOMEDHVLM.

Onpenenenune 2.2. Muoxkecrso X C S HasblBaeTcs 3aMKHYTBIM, ecim X =

cl(X).
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Onpepesienne 2.3. Ilpenreomerpust (S, cl) HasbiBaeTCS MPUBUAALHOT UITH Gbi-
pooicdennot, eciu s moboro X C S, cl(X) = J{cl({a}) | a € X}.

[Tpenreomerpus (S, cl) HasbBaeTCst MOJYAAPHOT, €CIIN JIJIsT JTFOOBIX 3aMKHY ThIX
MHOXKecTB X, Yy C S, Xy HezaBucumo or Yy orHocuTeabHOo Xg N Yy, T.e. s
JIIOOBIX KOHEYHOMEPHBIX 3aMKHYThIX MHOXkKeCcTB X C X, Y C Y) BepHO

dim(X) + dim(Y) — dim(X NY) = dim(X U Y).

IIpeareomerpust (S, cl) Ha3BIBaETCH A0KAALHOT MOOYAAPHOT, €CIIU JIst JHOGOTO
a € S, npeareomerpus (S, cly,y) Momymapna, rae clya}(X) = cl(X U {a}).

[Ipeareomerpust (S, cl) HazbiBaeTCst NpoekmueHotl, €Cin OHA MOJLY/IsIDHAS U HE
TPUBHAJIBHASL, U A0KAALHO NPOEKMUEHOT, eCIU OHA JIOKAJIBLHO MOJYJISPHAS U He
TPUBHAJILHASL.

IIpeareomerpust (S, cl) HazbIBAETCS A0KAALHO KOHEWHOT, €M J1JIst JTIO6Or0 KO-
HewHoro noamuoxkecrsa A C S, MHOKecTBO cl(A) KOHeUHO.

Onpenenenune 2.4. Ilycrs S — mogens teopuu 1. Torma omneparopom aszebpa-
uneckozo 3amvikanus st Mojean M HasbiBaercs ouneparop acl : P(M) — P(M)
TaKoii, 4o Jiys moboro nogmuoxkecrsa X C S, acl(X) = {a € S | ;s mHexoropoii
bopmymst ¢(z,7) 1 b € X Bepuo S = 3z (x,b) A p(a,b) }.

B nasbheiinem 6y1yT paceMaTpuBaThest mpejareomerpun Bua (S, acl).

3 Tumbl npeareomerpnii KyomviecKnx Teopmuii

Onpeneaenue 3.1. HazoBéMm n-meprvim xybom, nim n-xybom, BCAKII rpad, n30-
Mopdublii rpady ¢ nocurenem {0,1}", B kKoropom jBe BepmuHbl (J1,...,0,) U
(87, ...,0),) CMEKHBI TOIJIa U TOJIBKO TOIJIA, KOT/Ia OHU PAa3/IMIAIOTCsl POBHO OJHOI
koopuHaToii. [Ipu srom onmcannbiii rpad @, ¢ Hocuresem {0, 1}" HasbiBaeTCst
KAHOHUYECKUM NPEICMasumenem Kiacca n-kybos.

Onpenenenue 3.2. Ilycte A — HeKOTOpBIT OeCcKOHEUHBIN KapauHaj . Hazosém
A-meprvim kybom, nmm A-kybom, Beskuii rpad, nzomopdusiii rpady Q = (X; R),
YJIOBJIETBOPSIIOIIEMY CJICIYIONTIM YCTOBHSIM:

1) nocurems X C {0,1}* noposkuen us npoussosbhoii dbynximuum f € X
oneparopoM (f), Koropblii K MHOXKecTBY {f} mpHCOeuHSIET pe3yJbrar 3ame-
HBI JTI000T0 KOHeuHOro Habopa suadenuii (f(i1),..., f(im)) Ha HAOOp 3HAUEHMIT
(1_f(i1)a"'vl_f(im));

2) orHoterne R cocTouT u3 pédep, CBA3BIBAIONINX (DYHKIMU, PA3IAIAIOIIAECST
POBHO OJIHOM KOOPAUHATOM.

Oupenenenne 3.3. Kybuueckoti cucmemotll HaspiBaercsa rpad I' = (X;R), y
KOTOPOT'0 KaxKJas KOMIIOHEHTa CBA3HOCTHU fBjserca Kybom. Teopust T' rpadosoit
curmarypsr { R} masesaercs xybuveckot, ecrm T = Th(M) ans mexoTopoit
Kybnueckoii cucrembl M. Ilpu sTom cucrema M nasbiBaeTcst Kyouueckoti Mooeaio
Teopun 1.
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Onpenenenne 3.4. Unsapuarmom Kybudeckoit Teopun 1 HazbiBaeTcs DyHKIIHAST
Invy : wU {oo} = wU {0},

YVIOBJIETBOPSIONIAS CJIE/IYIONIUM YCJIOBUAM:

1) KaxK70My HATYPAJBLHOMY YUCJY 1 CTABAUTCSI B COOTBETCTBHE YncIo Invy(n)
KOMIIOHEHT CBA3HOCTHU BCSKOH Mojiesn Teopun 1, sIBJIAIONMNXCH N-KybaMu, ecjiu
9TO YUCJIO KOHEYHO, ¥ CUMBOJI 0O, €CJI 3TO YUCJIO OECKOHETHO;

2) CUMBOJIy 0O CTABUTCsI B COOTBeTCTBHUE 3HaueHue 0, eciu B MOJIEJISIX TeOpUn
T nHer GECKOHEYHOMEPHBIX KyOOB (MJIM, YTO TO Ke CaMoe, Pa3MEepHOCTH KyOOB
OrpaHMYeHbl B COBOKYIIHOCTH), U 3HaYeHHe 1| — B IPOTHBHOM CJIydae.

Onpepenenne 3.5. Juamempom d(T') Kybuueckoit Teopun T’ Ha3bIBAETCS MAKCH-
MaJIbHOE PACCTOSIHIE MEKJLy dJIeMeHTaMi Mo/ieseil Teopun 1', €Com 9TH PACCTOSHIA
orpanudensl, u nosaraercst d(1T) = oo B nporusHOM ciydae. Hocumenem (coorser-
crBerno oo-Hocumenem) SUpp(T’) (Supps, (7)) reopun T HA3BIBAETCS MHOXKECTBO
{n € wU{oo} | Invp(n) # 0} ({n € wU {oo} |Invy(n) = oo}).

Bameyanwme 3.6. [Jis cucrem (S, acl) B kybuueckux teopusix T BBIIOJIHSIETCSI
CBOIICTBO 3aMeHBI TOTJIa U TOJBKO TOIJa, Korja Mozein S Teopun 1 He copepkar
OGeCKOHEUHBIX KyOOB, B YaCTHOCTH, KOTJIa HET KOHEYHBIX KyOOB HEOTPAHHIECHHOIMN
Pa3MepHOCTH.

JleitcTBUTENHHO, /7SI KOHETHBIX KyOOB MIMeeM BBIPOKICHHYIO MTPEIreOMeTPHIO,
JUUTsT KOTOPOU 3aMeHa 3JIEMEHTa aJredpandeckoro 3aMbIKaHUs Ha JII060i Jpyroi
9JIEMEHT M3 9TOrO 3aMbIKaHUs OyJIeT O3Hav9aTh Jubo 3aMeny syementa u3 acl(()
Ha JIPYTO 9JIEMEHT M3 9TOTO MHOYXKECTBa, JTMOO0 3aMeHy OJTHOTO IJIEMEHTa, KOHed-
HOrO Kyba C Ha Jpyroil ¢ 3axBaToM Bcex ajemeHTOB u3 C. A ecim paccMOTPETH
TPU pa3JIMIHBIX 3JIEMEHTa «a,b,c HeKoToporo Geckoneunoro Kyba C, njis Koro-
pbix d(b, ¢) > 1 u a npuHa IE:KUT HEKOTOPOMY Kpardaiiniemy (b, ¢)-MapupyTy, To

a € acl({c,b}) \ acl({c}), no b ¢ acl({c,a}).

B cuiy 3amevanus jisi cucreM (S, acl) B KauecTBe pasMEPHOCTH CJIJLyeT pac-
CMaTpUBATh Pa3MEPHOCTb KyOOB U TOBOPUTH O C-MOJLYJISIPHOCTH IIPEre€OMETPHIA,
T.e. O CBSA3M pa3MepHocTell KyboB, HE OIUpasiChb HA CBOWCTBO 3aMeHbI. IIpu smom
KyOmaeckne cucreMsl (S, cl), yaoBrerBopstomue yciosusM 1), 2), 4) onpe/erenus
[peJiIreoOMeTprn OYJIyT HA3BIBATHCS C-NPedeeoOMEMPUAMU.

Omnpenenenne 3.7. Jlnst Kybudeckux Tteopuit 1 B KadeCcTBE C-Pa3MEPHOCTIU
dim.(A), tne A C M |= T, paccMaTpuBaeTcst 3HAYEHUE (LA + Y VAN, TIE [LA —
C/

qucao konednbix Kyoos C' C M ¢ yenosuem C N A # (), a vpgncr — pasMepHOCTH
HanMenbInux moKy608 K 6eckoneunnix Ky6os C' C M ¢ yenosuem (ANC') C K.

Ounpenesnienne 3.8. c-Ilpeareomerpust (S, cl) HasbBaercs c-modyaapHol, eciau
It JIOOBIX acl-saMkHYTBIX MHOXKecTB Xg, Yo C S, Xy He3aBucumo oT Y OTHO-
cureqbHo X N Yy, T.e. s JIOOBIX KOHEYHOMEPHBIX ACl-3aMKHYTBHIX MHOXKECTB
X C Xy, Y CY, BepHO:
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1) eciim cymecrByer Geckoneunomepnbliii Ky6 C, mist koroporo X NY NC = (),
XNC#0,YNC # (), To BBIIOIHAETCS PABEHCTBO:

dim (X NC)+dim (Y NC)+p(X NC, Y NC) =

=dim (X UY)NnQO), L

e p(X NC,Y NC) — kparuaiiniee paccrosinne Mexk 1y Bepmnaamu £ € X NC' u
yeYnd,

2) B OCTAJBHBIX CAyYasX JJisi KOMIOHEHT CB3HOCTH C' BBIMOTHSECTCS PABEH-
CTBO:

dim.(X NC) +dim (Y N C) —dim (X NY NC) =dim (X UY)NC). (2)

Bameuanune 3.9. CorjacHO OIpeIEEHUSIM C-PA3MEPHOCTH U C-MOJLYJISIPHOCTH
IIPY CYMMUPOBAHUYM COOTHOIIEHU u 110 BCEM CBs3HBIM KoMmmonentam C'
MOJIyIaeTCs HEKOTOPBIfl 0000IEeHHbBINH aHaIor (POPMYJIbI MOIYJISPHOCTH B IIPEI-
PeOMETPUSIX I C-TIPEIreOMeTPHI:

> dim (X NC)+ > dim(Y NC) =) dim (X NY NC)+
C C C

+) (X NCYNC) =) dim((XUY)NC).
C C

IIpm 3TOM 3a MCKJIIOUEHUEM IIEPBOTO CIyYasi B OMPEIEJIeHNN C-MOIYISIPHOCTH
BBITIOJTHSIETCST PABEHCTBO:

dim.(X) + dim.(Y) — dim (X NY) = dim (X UY). (4)

SaMeTI/IM, 9TO B COOTBETCTBHM C OIIPDEIEJICHUEM C-Pa3MEPHOCTH (bOpMYJIy
MOXKHO IlepenucaTb B CJAEJYyIONieM BUJIE:

px + py — pxny = BXUY,

Z vxnc + Z vyno — Z vxnync + Z p(XNCYNC)= Z V(XNC)U(YNC)-
C C C C C

JeiicTBUTEILHO, IIyCTh CylIecTByeT 6eckoneunoMmepubiil kyo C: X NY NC = (),
XNC#0,YNC #0. B nannom ciayvae vxny = 0, a V(XNC)u(YNC) PaBHO pas-
mepHocTH JByx KyboB X NC', Y NC u pasmepHocTu Kyba MexK/ly HUMU, Ta B CBOIO
odYepeib COBIAIAET ¢ KpaTJalliuM paccTostaneM MexX Iy BepimuHamu © € X NC u
y € YNC —p(X,Y). Eciin muoxkecra X u Y mepecekaioTcst B 66CKOHETHOMEPHOM
kybe C, To ectb X NY NC # (), To p(X,Y) = 0 u BbIIOIHSAETCA PABEHCTBO

vxXnC T Vync — VXnynC = Y(XnC)u(ynC)-
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Teopema 3.10. IITycmv T — xybuueckas meopus. Toeda das 10607 modesu M =
(S, R) meopuu T eepnvi d6a ymeeporcderus:

1) c-npedeeomempuas (S, acl) evipostcdernasn mozda u moavko moeda, koz2da 6ce
KOMNOHEHMDBL C8A3HocMU Modeau M xoneurot.

2) c-npedeecomempuas (S, acl) aeasemes c-modysaprot.

oxazameavcmeo. 1. JlokaxkeMm, 9TO c-IIPeAreOMeTpusi, YIOBIECTBOPIONIAs yCIO-
BHUSIM IIyHKTa 1, BBIPOXKIEHA.

IIpu B3sITMHM ajrebpamvecKoro 3aMbIKaHUSI OyIeM pacCMaTpuBaTh (DOPMYJIBI
39z, (2,b), rae @, — bOPMyYIIBI, He 3aBUCATIIE OT b U IPUHAMAIOIINE 3HATEHIe
WCTUHBI, €CJIN BEPIINHA T UHIMACHTHA N pEOpaM M TAKUX BEPIITNH KOHETHOE THCJIO,
n € N.

n
3<wx3?:1aivp¢aip(/\ R(z,a;) /\ —|R(:c,p))
i=1
B stoMm ciyuae pemrennst GopMysT @y, (z,b) GyyT cocToaTh U3 n-Ky6OB, ec/m Ko-
JINYECTBO KyDOB Pa3MEPHOCTH 7. KOHEYHO. A Tak K€ MHOXKECTBO TaKUX PeLICHUi
Oyer coBuajarh ¢ MHoxkecTBoM acl(f).

Ecim nmeercst 6ecKOHEYIHO MHOT'O BEPIIUH CTEIIEHHU 71, TOTA [IPU B3SITUHU aJIred-
pamveckoro 3aMblKaHus OyjieM paceMarpusaTh dhopmyiabl <Yz, (z, 5), TJe ©p —
bOPMyIIBI, 3aBUCSIIHE OT b ¥ IPUHUMAIOIINE 3HAYEHNIE MCTUHBI, €CIIN BEPIINHA T
UHIIAJIEHTHA 1 PEOpPaM M CONEP’KUTCSI B TOW K€ KOMIIOHEHTE CBSI3HOCTH, UTO U
S7TeMeHTHI W3 KopTexka b. B jmammom cimydae pemenmem bopmyn o (x,b) GymyT
BEPIIHHDI N-Ky0OB, B KOTOPBIX COIEPIKATCS 3IEMEHThI KOPTeKa, b.

[omywaercst aist moboro X C S, acl(X) = (J{acl({a}) | @ € X}. Buauur no
OIIPEJIEJIEHUIO IIPEJATeOMETPHsT BBIPOXK ICHHASI.

IIpeamonoxkum, aro moneab M comepKuT OECKOHEYHYIO0 KOMIIOHEHTY CBS3HO-
cru. JlokazkeM, 9TO B 9TOM CJIydae MPeJreoMeTpHusi He BBIPOXKIEHA. 3aMbIKAHNE
JIF0OOTr0 MHOXKECTBA U3 JIByX U O0Jiee BEPIIUH 3TOW KOMIIOHEHTHI CBSI3HOCTH SIBJISI-
€TCsl HAMMEHBIINM MMOAKYOOM, COIEepXKaIuM BCe BEPIINHBI U3 JTAHHOI'O MHOYKECTBA.
A sambikaHUE JI060r0 OJJHOJIEMEHTHOIO MHOXKeCTBa {a}, /s joboro a € S, me-
peBoauT ero B cebs. CieaoBaTebHO, IO ONPEIE/ICHUIO IPEreOMEeTPHsT He BHIPOXK-
JIEHA.

2. B cuty Toro, uTo J1000€ He mycToe mepecetuenne KyboB B MOJIe/ I KyOUIeCKOH
TEOPUHN CHOBA SIBJISTETCS KyOOM, 3aMeYIaeM, UTO 38 UCKIIOUEHUEM TIEPBOTO CIydast B
OTIPEJIEJIEHUN C-MOJIYJISIPHOCTH B YCJIOBUSIX BTOPOTO ITyHKTA TEOPEMBbI BBITIOJTHSIETCSI
PABEHCTBO , 34TAT0TIEeE C-MOJIYJISTIPHOCTD.

B cuty 3amedaHnusi, BBIIOJIHSAIOTCS PABEHCTBA:

px + py — X0y = BHXUY,

vxnc + vyne — Vxnvne + p(X N CY NC) = vixneyuyne)-

Takum 06pa3oM, c-TIpereoMeTpust SABJISTETCS C-MOLYJISIPHOM. ]
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Onpepesienne 3.11. c-Ilpeareomerpus (S, cl) HasbiBaeTcs: c-npoexmuerot, ecau
OHa C-MOJIyJIIpHAasl W He TPUBHUAJIbHASI.

Teopema 3.12. [lyemv T — xybuueckas meopus, a modeav M = (S, R) meo-
puu T umeem 6ECKONEUHYIO KOMNOHEHMY CEAZHOCMU, KOMOPAS ABAACMCA -
Kybom dasn nexomopozo kapdunasa . Tozda c-npedeeomempuas (S, acl) asasemcs
C-nPoexmueHo.

Onpepenenne 3.13. c-Ilpeareomerpust (S, cl) HaspIBaeTCS C-10KAADHO KONEUHOT,
ecym 111t J11000ro KoHewHoro noamuoxkectBa A C S, muO)kecTBO cl(A) KOHETHO.

Teopema 3.14. Ilycmv T — xybuueckas meopus. Tozda drs 10600 modeau M =
(S, R) meopuu T c-npedeecomempuas (S, cl) ne asasemes aokasoro Koneurot mozoa
U MOALKO M020a, K0200 UMEEMCA OECKOHEUHOE KOAUYECTMBO HAMYPAAGHLL “HUCEN
n, das komopuix 0 < Invy(n) < oco.

Jloxazamenvcmeo. CHavasia pacCMOTPHUM JIOKA3aTEILCTBO CIIpaBa HaJjeso. IlycThb
uMeeTcst OECKOHEUHOEe KOJMYECTBO HATYDPAJIbHBIX YUCET N, Jisd KOTOpbix 0 <
Invy(n) < oo.

Tora MOKHO B3ATh anrebpamdeckyio hopMyity o, (z,b), He 3aBucamLyio ot b,
U IPUHUMAIONLYIO 3HAYEHME MCTHUHBI, KOTJa & — 3JIeMeHT n-Kyba. [na umcen n,
rakux uro 0 < Invy(n) < oo, anrebpamdeckue hopmyiisl @y, (z,b) GymryT mmMers
KOHEYHOE 9HCJIO PENICHHH, a 3HAYUT BCE BEPIIMHBI TAKHX N-KyOOB OymayT comep-
JKaThCsl B 3aMBbIKAHUU JIFOOOT0 MHOYXKeCTBa. Tak Kak KOJIMIeCTBO MOJ00HBIX N Gec-
KOHEYHO, TO M 3aMblKaHue JII00O0ro (B TOM YHCJIe KOHEUYHOIO) MHOXKeCTBa Oyjer
GeckoneunbiM. B uacrrocrn, |acl(())| > w. Takum obpasom, ecin umeercst 6eCKo-
HEYHOE KOJMYECTBO HATYDPAJbHBIX 4uce] 1, jiiist Koropeix 0 < Invy(n) < oo, To
c-tipegreomerpust (S, cl) He ABIAETCS C-JIOKATBHO KOHETHOIA.

[Tpuseném j10Ka3aTEIbCTBO CJI€BO Hanpaso. Ilycrs c-nipeareomerpust (S, acl)
HE ABJISETCS C-JIOKAJIBHO KOHEYHOI, HO He MMeeTCst GECKOHEUHOe KOJMYECTBO Ha-
TypaIbHBIX 4uces n, Jisi KoTopbix 0 < Invy(n) < oo. Torpa paccmarpusaem:

1) Koneunoe Koim4ecTBO HATYPATBHBIX 9UCes 1, it KOTOphIX 0 < Invp(n) <
00;

2) n-ky6bI, 151 KOTOPBIX Invy(n) = oo;

3) A-Kyb JijIsi HEKOTOPOTO KapjuHaja A.

B nepBom ciydae 3aMblkanne KOHEYHOI'O MHOXKECTBO OyJeT KOHEYHLIM. Bo-
BTOpOM — J106ast hopMysta OymerT gaBaTh GECKOHETHOE YHUCJIO PENIeHHH, a 3HATUT
oHU He OyJIyT COIEP:KATCsT B 3aMbIKAHUK JIIO60r0 MHOKecTBa. Cle/10BaTEIHLHO, Ha-
JIMYUe WM OTCYTCTBHE TaKMX KyOOB He BJIMSIET Ha C-JIOKAJIbHO KOHEYHOCTh. B
TPETheM CJIydae 3aMbIKaHKe JII0O0ro KOHEYHOTO MHOXKecTBa A OyJer BepuimHaMu
HaMMEHBINEro Kyba, ColepsKalero Bee 3JIeMenThl n3 A u jtexkammii B A-kyoe. [Tosy-
JaeTcst, 3aMbIKaHue Oy1eT KOHeIHO. 3HauuT, c-ripejreomerpust (S, cl) He siBisiercst
C-JIOKAJIbHO KOHETHON TOJILKO B OJIHOM CJIydae: HMEeTCsl GECKOHETHOE KOJTMIECTBO
HATYPAJILHBIX YHcel N, Jjisi KoTopbix 0 < Invy(n) < oo. O
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Teopema 3.15. [Tycmo T — xybuueckas meopus. Toeda dan nexomopot (a06ow)
modeau M = (S, R) meopuu T evinosnsemcs 0010 u3 caedyrowus ycaoeul:

1) e-Ilpedzeomempusn (S, acl) asasemcsa c-10ka1vHO KoHEUHOT;

2) anzebpauneckoe 3amvikanue 1106020 mruoocecmsea A C M bGeckonewno.

4 Twunel npeareomMeTpuii
AIUKJINIECKNX Teopuit

Onpepenenne 4.1. Ayurauveckol cucmemot HaspiBaercst rpad I' = (X5 R), y
KOTOPOI'0 KazKJiasi KOMIIOHEHTa CBSI3HOCTH siBjisiercst jiepeBoM. Teopusi T rpadoBoit
curnaryper { R} maswsaercs ayuxiuveckot, ecmn T = Th(M) mist nexoTopoii
arukandeckoit cucrembl M. [Ipu aTom cucrema M HA3BIBAETCS GUUKAUNECKOT MO-
deawio Teopun 1.

Ounpenenienne 4.2. Byjgem masbBarh BepimmHy a B rpade n-sepwunot (oo-
sepuwunoli), eCcu OHa MHIUJIEHTHA N pébpaM (6eCKOHETHOMY YHCIIy pEGep).

Sameuanne 4.3. g cucrem (S, acl) B amukamaeckux teopusix 1’ He Bceryia
BBIIIOJIHAETCA CBOMCTBO 3aMeHbl. Hampumep, Korjga MOAE/b COIEPXKUT JIePeBO CO-
CTOAIIEE TOJIBLKO N3 OO-BEPINIH.

JelicTBUTEIBHO, IYCTh B MOJIEJIN COJAEPKUTCS JIePEBO, BCE BEPIITUHBI KOTOPOTO
MMeIOT OECKOHEYHYIO CTeleHb. 1or/1a JII0Oble TP Pa3INIHBIX JJIEMEHTA, JIEXKAIIHe
Ha OJIHOM IIyTH, OYJIyT HapyIlIaTb CBONCTBO 3aMEHBI.

B cuity 3ameuanust, 1ist cucreM (S, acl) B KadecTBe pasMepHOCTH CJIeJIyeT pac-
CMaTPUBATh PA3MEPHOCTD JEPEBLEB M TOBOPUTDH 00 a-MOJYJISIPHOCTH IPEJIIeOMeT-
puii, T.e. O CBA3U Pa3MEPHOCTEl IepeBbEeB, He ONMPAasiCh HA CBOMCTBO 3aMeHbl. [Ipu
9TOM AIUKJINIeCKHe cucreMsl (S, acl), yaorerBopsiomue yciosusum 1),2),4) omnpe-
JIeJIEHUsT IPEJIreOMEeTPUE OYIIyT HA3BIBATHCS A-NPEJ2EOMEMPUAMU.

Onpenenenne 4.4. /lna anukandeckux Teopuii T B KadecTBe a-pa3sMEpPHOCTH
dimg(A), tne A C M = T, paccmarpuBaercs 3HAYEHUE (LA + Y VAnD!, L€
[A — 9uCI0 KoHeunbix gepesbes D C M ¢ yenosuem AND # (), a vanp — 9mcyio
BepIINH HaUMeHbBINNX nojiepesbes K beckonednnix Jepesbes D' C M ¢ ycinosuem
AND CK.

Onpepenenne 4.5. a-Ilpeareomerpust (S, cl) HasbBaercs a-modyasaphol, ecau
JJ1sT JIIOOBIX acl-3aMKHYTBIX MHOXKecTB X, Yy C S, Xy He3aBucuMo OT Yj OTHO-
cutenbuo Xg N Yy, T.e. Jis JIOOBIX KOHEYHOMEPHBIX AaCl-3aMKHYTBIX MHOYXKECTB
X C Xo, Y CY) BepHO:

1) eciim cymecrByer Geckoneunoe jepeso D, mia xkoroporo X NY N D = (),
XND#D,YND # (), To BLIIOJHSIETCH PABEHCTBO:

dimg (X N D) + dima(Y N D) + p(X N D,Y N D) =

= dim,((X UY) N D), (5)
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e p(X N DY N D) — 4ucsio BepiiuH KpaTdaflero myTH MeXKy BepIIMHAMU
r€XNDuyeY ND (ue caurasi BePIIMHBI 3TUX MHOXKECTB);

2) B OCTaJIbHBIX CJIydasx Jjis KOMIOHEHT CBSI3HOCTH [) BBIMOJIHSIETCSI PaBeH-
CTBO:

dim, (X N D) + dim, (Y N D) —dim, (X NY N D) =dim, (X UY)N D). (6)

3ameuanue 4.6. CorsacHo OIpeNe/IeHUsIM a-PA3MEPHOCTU U (-MOJLYJISTPHOCTH,
P CYMMUPOBAHUM COOTHOIIIEHUA u @ [0 BCEM CBSI3HBIM KOMITOHEHTaMm I
[TOJIy9IaeTCs HEKOTOPbIl 0OODIIEHHBI aHaaor (hOPMYJIbl MOJYJISPHOCTH B IIPE/I-
reOMeTpUSAX JJIsl a-TIPEATEOMETPHIA:

D dimg (X N D)+ Y dim,(Y N D) =) dim,(X NY N D)+
D D D
+> p(XND,YND) =) dim,((XUY)ND).
D D

Teopema 4.7. IIycmv T — ayuksuneckas meopus ¢ 6eCKOHEUHOT HACHUEHHOT
modeavio M = (S, R). Toeda a-npedeeomempuas (S, acl) a-modysapna.

Zloxasameavcmeso. B cumy Toro, uro joboe He IycTOe IepecedeHre JePEeBbEeB B
MO AIUK/IMIECKOl TeOPHH CHOBa SBJISIETCA JIEPEBOM, 3aMedaeM, UTO 3a HC-
KJIIOUEHUEM IIEPBOro CJIydas B OINPEICTCHUH C-MOJLYISPHOCTH B yCJIOBASX BTOPOIO
ILyHKTa TeopeMbl BbIIosIHseTcst paseHcTso ((6), 3a1ai0mmee MOLYIISIPHOCTD.

Tenepb paccMoTpuM TepBblit ciaydail. Ilycrs cymecTByer GeckoHedHOe J1epe-
o D: XNYND =0, XND #0,YND # (. B nannom ciaydae vxny = 0,
a V(xnDp)u(ynD) DABHO KOJIMIECTBY BEPIIMH HAMMEHBIHX MOJIePEBbEB, COepIKa-
mmx X NC, YNC 1 KoM4ecTBy BEPIINH KPaTIAHIIero myTH MezK/Ly MHOKECTBAMI
XNCuY ND (ue canrast Bepimsbl 31X MHOXKecTB) — p(X,Y). Ecoim mHOXKE-
crBa X m Y mepecekaiorcs B 6eckoneanoM gepese D, To ectb X NY N D # (), o
p(X,Y) = 0 u BBINOJIHSIETCS] PABEHCTBO

vxnD +VynD — VXnynD = Y(XND)u(YND)-
Takum 06pa3oM, a-TIpereoMeTpust ABJISAETCI (-MOJYJIAPHON. O

Onpenenenne 4.8. Ilycts G — rpymia moaCTaHOBOK Ha HOCHTENE Mojean S ¢
yeosueMm Vg € G Va,b € S R(g(a), g(b)) = R(a,b). Torna Beprinna a Ha3bIBaeTCs
cneyuaavroti, ecim eé opoura aG = {g(a)|Vg € G} koneuna.

Onpegnenenne 4.9. Ilycrs G4 — rpylna mojCcTaHOBOK Ha HOCHTENE MOJeTH S,
¢ HenoBIKHbIM MHOKecTBoM A C S, 1o ectb Vg € G Va € A g(a) = a; n ¢
ycaosueMm Vg € G Va,b € S R(g(a), g(b)) = R(a,b). Torna Beprunua a Ha3blBaeTCs
A-cneyuanvnot, ecin eé opoura aG = {g(a)|Vg € G} xoneuna.
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Teopema 4.10. Iycmv T — auukxauveckas meopus. Toz2da 0is HacvlueHHOt MO-
deau M = (S, R) meopuu T 6binosnaomcs ciedyoujue ycaous:

1) ecau 6 modeau me codeporcamcs GeCKOHEUHBIE KOMNOHEHMbL CEAZHOCTIU,
HO UMEEMCA BECKOHEUHOE HUCAO KOHEUHBIT KOMNOHEHM CEAZHOCTU, MO G-
npedzeomempus (S, acl) ne aasemcs a-10ka1bHO KOHEUHOT MO20a U MOABKO MO-
2da, K020a M0odeas codeporcum 6ECKOHEUHOE YUCAO JEPEGHES, KOMOPBLE UOMOPPHHDL
KOHEWHOMY “UCAY KOMNOKEHM, CEAZHOCTNU.

2) ecau 6 MoOeAU uMeEMCA DECKONEUHAA KOMNOHENMA, MO A-NPEd2eOMEMPUL
(S, acl) asasemes a-10KkaAbHO Konewnol Mo2da U MoAbKO mo2da, Kk020a Modeab He
UMEEM, OECKOHEUYHO20 YUCAL CREUUGALHIT U A-CNEUUAIOHBIE 6epULUH 0AA 4100020
Koneunozo muooicecmea A C S.

Jlokazamenvemeso. 1) Ilycrs Moseb cocTOUT U3 GECKOHEYHOTO YUCJIa KOHEYHBIX
KOMIIOHEHT CBSI3HOCTH.

BameTuM, 9To J1j1st JIF0007 BEPITHMHBI KOHETHOTO jiepeBa (0003HAUNM €€ p) MOXK-
HO COCTaBUTH (HOPMYJTy, IJisd KOTOPOU HaHHas BepiuHa Oyraer perrerueMm. [lycTob
H — MHOXKeCTBO BEpINUH HAIero jepesa. Torma (opMysia COCTABIISIETCS IO CJIe-
JYIOIEMY TPUHITAITY:

a) Bepém Bce pebpa, KOHIIBI KOTOPBIX COJIEPKAT BEPINUHBI HAIIETO JepeBa a, b €
H. Obo3HanM MHOXKECTBO BCeX Takux pébep E;
6) @opmysia Jijisl BEPUIMHBL p Oy/I€T UMETh BUJL

n

k
Jay ... 3an3by ... 3o (/\ R(p, i) \ €5) AVacudVogma(~R(d, ),
i=1 j=1

rje a; — BepiuHbl u3 H, cMexHble ¢ p, b; — Bepruabl u3 H, He CMeXKHBIE C P U
ej — pebpa u3 E, ne uHIujeHTHLIE D.

Buiso, uro perenuem JanHubx hopmys (0603HaunuM ero K) 6yaer He TOIBKO
BepIIUHA P, HO M BCE BEPIIMUHBI, B KOTOPbIE IEPEXOIUT P IO JIeHCTBHEM ceMmeii-
cTBa aBroMopdu3MoB. BoJsiee Toro, He cyiiecTByeT OoJiee TOUHBIX (DOPMYJI, TO €CTh
dopmyI, perieHne KOTOPBIX ObLIO ObI COOCTBEHHBIM MOJIMHOXKECTBOM MHOXKECTBA
K. lokazkeMm oT mpotuBHOTro. Bee hopMysIbl CTpOATCS U3 KOHBIOHKITAN, T3 bIOHK-
Ui, OTPUIAHUS, KBAHTOPOB CYIIECTBOBAHUS U BCEOOITHOCTU oTHOIIeHns R. Ecin
U3 BBINIEONUCAHHBIX (GOPMYJT yOpaTh KOHBIOHKIIUIO C OTHOIIEHUSIMH, TO PACIIU-
puTcst MHOXKecTBO pertieruii. Ecyin ke Kk dopmysnam j106aBUTh KOHBIOHKIIAIO HJIH
JIU3BIOHKIIUIO C OTHOIIEHUSIMU, TO IOJIYyIUM (DOPMYJLY JIJIsl IPYTOT'o JIepeBa, a 3TU
bOpMyJIBI MBI y2Ke UCIOJIb3yeM. B 1mesioMm Jiobble cocTaByieHHbIE (POPMYJIBI OYIyT
HaXOIUTh BEPIITUHBI N30MOPQHBIX JAepeBbeB. KOHDBIOHKT U3 oTHOIEHnH K — 310
JepeBo. M3 bIoHKINS TAKIX KOHBIOHKTOB OyJ/IeT HAXOIUTh BEPIIUHBI JEPEBHEB, 34
KaXKJbIfl U3 KOTOPBIX OTBEYAET COOTBETCTBYIOIMIUI KOHBIOHKT.

Anrebpandeckoe 3aMbIKaHne JIO60T0 HemycToro moaMuoxkectBa X C S Oyaer
cocrosith u3 acl(()) u BepuH KOMIOHEHT cBA3HOCTH D, KOTOpPBIE COlEPKAT BEp-
MIMHBI MHOKECTBa X, TO ecTh BepmmH u3 D takux, aro D N X # ().
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BHan/IT 6yﬂeT JIN 3aMbIKaHNE€ KOHEYHOI'O MHOZKECTBA 6eCKOHe‘{HbIM, 3aBUCUT
ToJIBKO OT paszmeproctu acl(()).

Torna anrebpandeckoe 3aMbIKaHUE JTIOOOTO MTOIMHOYXKECTBA HOCUTENIsI, B TaCT-
HOCTH IIyCTOE€ MHOXKECTBO, Oy/ieT OeCKOHEYHBIM TOJIBKO B C/Iydae OeCKOHEYIHOIO
qHCIa JEPEBbEB, KOTOPbIE N30MOP(HBI KOHETHOMY UHCJIYy KOMIIOHEHT CBS3HOCTH.
CremoBaTesibHO, TOTJIA M TOJBKO TOTJA Oy/IeT HApyMIATbCH G-JIOKAJILHO KOHEY-
HOCTb.

2)Tenepsb paceMOTpuM €Ié n GeCKOHEIHbIe JepeBbst. st BEpIIUH 9THX Jiepe-
BBEB MbI MOXKEM ITOJIYIUTL (DOPMYJILI AHAJOIMYIHO IPEILIAYIIEMY CIyJat0, TOJILKO
y6pas u3 dbopmys KOHBIOHKT AVgepdVqq rq(—R(d, q)). Teneps pemenmem cdbopmy-
JIBL OYZYT HE TOJLKO BEPIIMHBLI K30MOPMHLIX APYL APYLY KOMIIOHEHT CBA3HOCTH,
HO 1 BEPHINHBI ITIOI1EPEBLEB. Bfi.MeTI/IM7 Y9TO B a-1IpeJreoMeTpusd ¢ TaKUMU JI€PEBbA-
MU 3aMbIKaHHIE IIyCTOIO MHOXKECTBA MOXKET U He ObITh OECKOHEUHBIM, 8 3aMbIKAHIE
KOHEYIHOI'O MHO>KECTBa BEPIIHNH, HaO60pOT, HapymuT a-JIOKaJIbHO KOHEYHOCTD.

B cuny srux dopmyia, ecin, Kak U B MPeAbLIYIIIi pas3, y HaC UMEeIOTCs OeCKo-
HEYHOE YHCJIO0 KOHEUHBIX HEe M30MOP(MHLIX KOMIIOHEHT CBSI3HOCTHU, TO 3aMBLIKAHIE
IIyCTOIN0 MHOYKECTBa HECKOHETHO.

Bce anrebpanueckue (popMybl, KOTOPbIE MOYXKHO COCTABUTL U3 OTHOomeHus R
1 KOTOpbIE HE 3aBHUCAT OT KOHCTAHT, OYAyT OIHUCHIBATH BEPIIUHBI HEKOTOPBIX U30-
MOPhHBIX JIPYT JPYTY JlepeBbeB. Bosiee Toro, perernem dhopmyiibl (0603HAUUM ee
K) GyyT BepIInHBI, KOTOPBIE IEPEXO/AT IPYT B APYTa MO JeiicTBreM ceMeiicTBa
aBTOMOP(MU3MOB BCeil MOIEH, TO eCTh pelleHueM Oyumer opbura sjeMmenta k € K
rpynnsl nojcranoBok G ¢ yciosuem Vg € G Va,b € S R(g(a),g(b)) = R(a,b).
Eciin Takux BEpIIMH KOHEYHOE YHCJIO, TO II0 OIPEIEIEHHIO OHU SBJISIOTCS CIIe-
ITHaJILHBIMU. OHI/I Bcerga 6yﬂyT COIEepP2KaThbCA B 3aMbIKaHUN HyCTOFO MHOZK€ECTBa.
[Tonygaercst, 9TO ecju CIeNUaIbHBIX BEPIIMH OECKOHEYHOE YKCJIO, TO 3aMbIKAHIE
JIFOOOT0 KOHETHOT'0 MHOXKeCTBa OyieT beckoHeuHbiM. CJ1e10BaTEILHO, HAPYIIIAETCSI
a-JIOKaJIbHasl KOHEUHOCTb.

Pasz6epém emé onun ciay4gaii. [Iyerh y Hac ecth 6ecKoHeuHas KOMIIOHEHTa CBSI3-
HOCTHU, B KOTOPOIi €CTh BEPINUHBI, IEPEXOISINNe B KOHETHOE TICJIO BEPIIUH, MO
nelicrBueM ceMmeiicTBa BCeX aBTOMOP(U3MOB HaJ, HOCUTEJEM 3TOH KOMIIOHEHTLI.
Ecim B Monmemm nuMeercss 6ECKOHETHOE UHCIIO AePEBLEB N30MOPQHBIX 3TOH KOMIIO-
HeHTe, TO (pOpMy/ILl 6€3 KOHCTAHT U3 STUX KOMIIOHEHT, He OyIyT UMETh KOHETHOE
qucyo permrennit. OIHAKO, €CJTM UCIOJIB30BATh BBINIEONUCAHHBIE (DOPMYJIbI, 3aBU-
CHMBIE OT KOHCTAHT (MHOYKECTBO TAKMX BEPIINH 0003HAYNM A) ¢ 9TUX MHOYKECTB,
TO 3aMBbIKaHWE€ KOHEYHOI'O MHOXKeCTBa BEPIINH A 9TUX JI€PEBLEB 6y,ZLeT COCTOATH
3 A-crenuabHbIX BepIINH. 3aMbIKAHIE TAKOI'O0 MHOYKECTBA OYIeT GECKOHETHBIM,
qTO OyIeT HAPYIIAThL (-JOKAILHYI0 KOHEIHOCTD.

Taxum 06pazom, a-upeareomerpust (S, acl) sBisiercst a-T0KaIBHO KOHETHOM TO-
IJla ¥ TOJBKO TOTJIA, KOTJIa MOJIETh UMeeT He HoJiee 9eM KOHETHOE YUCTIO CIIEIUAI b=
HBIX U A-crenuaabHBIX BEPIIUH sl J1I0060ro KoHegHoro muoxkecrsa A C S. O

Omnpenenenne 4.11. HazoséMm n-oxpecmrocmbio BEPIIMHBI G MHOXKECTBO Bep-
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IIIH, COEJNHEHHBIX C Heill depe3 n peébep. DTO MHOXKECTBO 0DO3HAUYAETCST Uepes

Ny (a).

Onpenenenne 4.12. IlocaemoBaTebHOCTD MEJIBIX YUCE] I CUMBOJIA 00 OyIeM Ha-
3bIBaTb K00OM BEPIIUHDLI @ OT BEPIIUHLI b, €CJIM § — 3JIEMEHT II0CJIEI0BATEILHOCTH
SABJISIETCsI CTEIIEHBIO ¢ BEPIIUHBI HA IIyTH OT JIEMEHTa b K 3JIeMEeHTY a.

Omnpenenenne 4.13. ByneM roBopuTb, YTO BEPIIUHBI UMEIOT OJUH Q-THII, €CJIN
Ha Ka)K,ZLOﬁ X OKPECTHOCTH HUMeeTCd OJHO M TO2KE YUCJIO BEPHIMH OJMHaKOBOI'O
KOJIa.

Teopema 4.14. [Iycmo T — ayurauueckas meopus. Tozda daa nexomopot (ao-
6011) modeau M = (S, R) meopuu T 66inoaHa0mea caedyrouue Ycrosus:

1) ecau 8 Modeat MONHCHO 6bIOEAUMD BECKOHEUHOE YUCAO KOHEUHBLT MHOMHCECTNE
¢ eepuunamu 00Hozo0 a-muna, mo a-npedzeomempus (S,acl) ne sasasemcsa a-
AOKANDHO KOHETHOT.

2) ecau 6 Modeau Y BEPULUHDL MOAHCHO GBLOEAUMD OECKONEUHYIO NOCAEI06a-
MEALHOCTND oKpecmuocmeds, Ha KanHcOoT U3 KOMOPHLL COOEPHCUMCH KOHEUHOE MHO-
orcecmeo eepuiun 00H020 a-muna, mo a-npedzeomempus (S, acl) ne asasemca a-
AOKAADHO KOHEUHOT.

Zloxazameavcmeo. opmyna Ui HaxXOXKJeHUs BepIiuH koma kog,..., Kk, Ha N-
OKPECTHOCTH BEPIIUHLI P UMeeT BUI:

ko—1
— 1 — n n— 1
Fo—1a{) I 3D (A R(p,al) A R(p, b)Y N -
=1
kn—1

kn
o N RO ARG 0) A\ B a)
i=1 i=1

SuaguT, hopMyJia JIJIs a-TUIIA BEPIIUHBI P 3aIUCHIBAETCS KaK KOHBIOHKIUU (Hop-
MYJT HAXOKJICHUSI BEPIIUH COOTBETCTBYIOININX KOJIOB C 3aMEHOU B HUX X Ha CBSI3aH-
HbIE IlepeMennble. Tak 2Ke p 3aMeHseTcs Ha .

1. IlepBoe ycoBHE TEOPEMBI O3HAYAET, UTO Y OECKOHETHOIrO UucIa (HhopMy.t
Oy1eT KOHeUHOe YuC/I0 perennii. A suauuT, 3ambikanue acl(()) Gyer 6eCKOHETHbIM.
CirenoBare/ibHO, HAPYIIIAETCS YCJIOBUAE (-JIOKAJBHO KOHEUHOCTH.

2. Tyr K y2Ke roToBbIM (POpPMyJIaM G-THUIA HY?KHO Yepe3 KOHbIOHKITUIO J[00a-
BUTH eI11¢ WHMOPMAIIUIO O ToJIoKeHne Ha okpectHocTr — Ap3ly ... 31 R(p, 1) A
<+ AN R(l — 1,2) — BeplnHa a-THIA HAXOJUTCS HA T OKPECTHOCTU BEPIIMHBI P.
Bropoe yciioBue Teopembl rOBOPUT, 9TO €CTh HECKOHETHOE YUCJIO HAIMUX (DOPMYII,
KOTODPBIE UMEIOT KOHETHOE JYUCJIO PEITICHNH. 3HAYNT, 3aMBIKAHUE IIYCTOTO MHOYKE-
CTBa UJIU BEPIIMHBL p OyieT ObeckonedrbiM. CiieI0BATEILHO, HAPYIIIAETCS YCIOBUE
Q-JIOKQJIbHO KOHEYHOCTH. ]
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5 3akJoueHne u IUIaHBI JaJbHeliieil padboTbl

YcTaHOBIEHBI 3aBUCUMOCTH BUJIOB C-IIPEJN€OMETPUN U a-TIPeAreOMeTPUl OT
ornepaTopa aJredpamvdecKoro 3aMbIKAHUA U KOMIIOHEHT CBSI3HOCTU KyOWdecKoil u
AIUK/INIECKON MOJIE I, COOTBETCTBEHHO. KpoMe TOro, mojiydyeHo yCJIOBUE BBIIOJ-
HEHWsI CBOWCTBA 3aMEHbI U3 OIPEJICJICHUS IIPEATeOMETPUN C OIIEPATOPOM aJjredpa-
MYECKOT'O 3aMBIKAHNA B KyOMIEeCKNX U AIMKINIECKUX TEOPHUSIX.

B nmanbHeffmeM ItaHUPYeTCsT MPOJIOIXKUTH PAaOOTY IS BBIPOXKIEHHBIX U (-
JIOKAJTbHO MO/IYJIIPHBIX Q-TIPEJIT€OMETPHI, a TaK>Ke OIPEeIeSNTh JIBYXCTOPOHHIOIO
3aBUCUMOCTDH (-JIOKAJIbHO KOHEYHBIX G-TIPEJAreOMEeTPUN U aG-THUIIOB.
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One of the directions of modern algebra is the study of automata in
categories [I], that is, automata whose sets of states and output signals are
equipped with mathematical structures from a certain category K, and the
transition and output functions are morphisms of this category. In this paper, we
consider automata without output signals over graphs — graphic semiautomata.
The study of such automata includes well-known works of such algebraists as
L. M. Gluskin, E.S. Lyapin, YuM. Vazhenin, and others. In the category of such
semiautomata for any graph G, there is a universally attracting object [1I] Atm(G)
with a semigroup of input signals End G, which is called universal graphic
semiautomaton over the graph G.

The topicality of the characterization problem of mathematical objects with
the help of their endomorphisms and automorphisms was outlined by S. Ulam [2].
Taking into account the results of B.Jonsson on the problem of abstract
characterization of relation algebras [3], an interest arises in the following problem:
under what conditions will an abstract semiautomaton be isomorphic to some
universal graphic semiautomaton Atm(G) over a graph G from a class K?
The purpose of this work is to prove the impossibility of axiomatization of
semiautomata classes Atm bK) for some classes of reflexive graphs K by means of
the RPC (restricted predicate calculus) language.

1 Basic notions

We assume that the reader is familiar with the basic notions of automata
theory [I], graph theory [4], and theory of algebraic systems [5]. Let us briefly
unify the basic notations used in this work.
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By a graph, we mean a reflexive directed graph G = (X, p), where X is a non-
empty set of vertices and p C X x X is a set of edges that satisfies the condition
(x,z) € p for all x € X. For the graph G = (X, p) an edge (z,y) € p is called
proper if (y,z) ¢ p. A graph is called quasi-acyclic if all of its proper edges do
not belong to any cycle. An example of quasi-acyclic graphs are acyclic graphs,
quasi-order graphs, and many others.

The graphs Go(X) = (X,Ax), G1(X) = (X, X?) are called trivial reflexive
graphs. Any transformation of the set X is an endomorphism of these graphs,
and hence their endomorphism semigroup coincides with the set T'(X) of all
transformations of the set X. Denote the class of trivial reflexive graphs by Kg,.

A semigroup semiautomaton is a system A = (X, S, *) consisting of a set of
states X, an input signal semigroup (.5, ), a transition function x : X x S — X,
satisfying = x (s1 - s2) = (x % 81) x 2 for every x € X, 51,80 € S.

A semigroup semiautomaton A = (X, S, ) is called graphic if its set of states X
is equipped with a structure of a graph G = (X, p) such that for every input signal
s € S a transition function s = z x s (x € X) is an endomorphism of G. In this
case, we denote the semiautomaton by A = (G, S, *).

A graphic semiautomaton Atm(G) = (G, End G, ) with the operation zx¢ =
(x) (where x € X, ¢ € End G) is a universally attracted object in the category of
graphic semiautomata [I, that is why it is called universal graphic semiautomaton
and is denoted by Atm(G).

The cardinality of a graphic semiautomaton A = (G, S, *) over a graph G =
(X, p) is a cardinal |A| = | X|+]S|. A semiautomaton A is called finite, countable,
or uncountable if its cardinality |A| is a finite, countable, or uncountable cardinal,
respectively. In particular, the universal graphic semiautomaton A = Atm(G) over
trivial reflexive graph G with vertex set X has cardinality |A| = | X|+|X*X|, which
is finite for finite set X and uncountable for infinite set X.

2 Abstract characterization problem

Denote by Atm(K) the class of all semiautomata isomorphic to universal
graphic semiautomata over graphs from the graph class K. Obviously, this brings
up the problem of abstract characterization of semiautomata from the class
Atm(K) for the class of graphs K [3]: under what conditions will an abstract
semiautomaton be isomorphic to some semiautomaton from the class Atm(K)? In
the papers [0], [7] there are solutions to this problem for the class of quasi-order
graphs Kgo and for the class of reflexive quasi-acyclic graphs K;qa. Both of these
results, in addition to the axioms of the RPC language, use conditions formulated
in the language of the higher-order predicate calculus. The purpose of this paper
is to prove the impossibility of axiomatization by means of the RPC language of
semiautomaton classes Atm(K) for classes of graphs Kgo, Krqa and some other
important classes of reflexive graphs.
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A graphic semiautomaton A = (G, S,x) with a state graph G = (X, p), a
semigroup of input signals S = (.5,-) and a transition function x : X x S — X is
considered as a multibase algebraic Q-system A = (X, 5, Q) with two non-empty
basic sets X, S and the signature Q@ = {P, -, x}. Here, X is the set of vertices of the
graph G, P is the binary predicate symbol of the adjacency relation on the set X
of vertices of the graph G, - is the binary function symbol of the composition of
semigroup elements, x is the binary function symbol of the transition function.

The elementary theory of universal graphic semiautomata is defined in the
style of Hilbert’s axioms for plane geometry using the RPC language with two-
class variables La. The alphabet of that language includes the following:

1) a countable set of individual class I variables that represent the elements of
the set of vertices of the semiautomaton’s state graph;

2) a countable set of individual class II wvariables that represent the
semiautomaton’s input signals;

3) a binary predicate symbol P of type (1,1) that represents the adjacency
relation on the set of vertices of the semiautomaton’s state graph;

4) a binary function symbol - of type (2,2,2) that represents the composition
operation in the semigroup of input signals of semiautomaton A;

5) a binary function symbol x of type (1,2,1) that represents the transition
function of semiautomaton A;

6) a finite set of logical and technical symbols, such as

- AV, =, =, VL, 3 V2 32 = and (,).

Two-class terms of the language Lo are obtained by a simple combination of
the symbol - with two class II terms and by the combination of the symbol x with
terms of classes I and II respectively; i.e., they are expressions of the form ),
2@ @), th), tW « @ where 2 and tM) are a variable and a term of class I,
@ and ¢, t§2) are a variable and terms of class II. As this takes place, terms

tW % ¢@ and t@ . tgg) are terms of class I and class II, respectively.
Atomic formulas of the language L are obtained by a simple combination of
the symbol = with two terms of the same class and by a combination of symbol
(1) 1)
ty’)
102

P with two class I terms; i.e., they are expressions of the form t = ¢/, P(t ,
where ¢, ¢’ are terms of the same class, tl(-l) are terms of class I (where ¢ = 1,2).
Formulas of the language L s are determined inductively in the usual way (see, for
example, [§]).

For a class of graphs K, a class of graphic semiautomata Atm(K) is
called elementary axiomatizable if there exists such a set of sentences X of the

language L of graphic semiautomata, that the class Atm(K) consists of those
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and only those graphic semiautomata A on which all formulas from the set ¥ are
true.

A graphic semiautomaton A = (G,S,%) over a graph G = (X,p) can be
considered not only as a multibase algebraic system A = (X, S,Q) of the signature
Q= {P,-,x}, but also as an ordinary algebraic system A; = (B,;) with the
base set B = X U S and enriched signature €y = {P,-,*, Px, Ps} with two
additional unary predicate symbols Px, Ps to denote the states and input signals
of the semiautomaton A. Therefore, the axiomatization of classes of graphic
semiautomata using the RPC language of the signature Q = {P,-,x} with two-
class variables Lo reduces to the axiomatization of classes of such semiautomata
using the usual RPC language of the signature Q = {P, -, %, Px, Ps}. Therefore,
the main results of the model theory from the well-known monograph [8] are valid
for graphic semiautomata. In particular, the following Lowenheim—Skolem—Tarski
theorem will be valid for graphic semiautomata.

Theorem 2 (Lowenheim-Skolem-Tarski). If an aziomatizable class of graphic
semiautomata K has semiautomata of some infinite cardinality, then this class
K has semiautomata of arbitrary infinite cardinality.

3 Main result
Let us introduce predicates of the language L a for class I variables x,y, u, v:

Iz, y,u,v) = (Fs)(zxs=uryxs=vAM2)(zxs=uVz*xs=0)),

Q(z,

y) =1l(z,y,z,y) A -1l(z,y,y,z),
E(z,y,u,v) =

) =

) =

(r=uANy=vVax=vAy=u),
(FulhzFvAyFuiy#v),
Q(z.y) A (V'u, v)(Q(u, v) = E(x,y,u,0)).

N(z,y,u,v

Q1(z,y

Taking into account Lemma3 from the paper [7], it is easy to check the
correctness of the next lemma.

Lemma 3. For any universal graphic semiautomaton Atm(G) the following
statements are true:

1) for the vertices a,b,c,d of the state graph G, the predicate I1(a, b, c,d) is true
if and only if the semiautomaton Atm(G) contains input signal s that defines
the mapping 6s(x) = xxs (r € X ), that satisfies the condition é5(a) = c,
ds(b) = d, and 65(X) = {c,d};
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2) for vertices a,b of the nontrivial state graph G, the predicate Q(a,b) is true
if and only if the vertices a and b in the graph G are connected by a proper
edge that does not belong to any cycle;

3) for vertices a,b,c,d of the state graph G the predicate E(a,b,c,d) true if and
only if {a,b} = {c,d};

4) for wvertices a,b,c,d of the state graph G the predicate N(a,b,c,d) true if
and only if {a,b} N{c,d} = 0;

5) for the vertices a,b of the state graph G the predicate Q1(a,b) is true if and
only if the vertices a,b in the graph G are connected by a proper edge that
does not belong to any cycle, and the graph G has no other proper edges that
do not belong to any cycle.

The following result shows the impossibility of the elementary axiomatization
of classes of universal graphic semiautomata Atm(K) for some classes of reflexive
graphs K.

Theorem 4. For the following classes of graphs K, the classes of universal graphic
semiautomata Atm(K) cannot be elementary aziomatizable:

1) the class Ky of all trivial reflexive graphs;

2) the class Ky of all reflexive graphs;

3) the class Kys of all reflexive symmetric graphs;
4) the class Kqo of all quasi-order graphs;

5) the class Kya of all reflexive acyclic graphs;

6) the class Kye of all reflexive graphs, having an edge, that does not belong to
any cycle;

7) the class Kyqa of all reflexive quasi-acyclic graphs;
8) the class Ko of all linear order graphs.

Proof. Since universal graphic semiautomata over trivial reflexive graphs have
finite or uncountable cardinality, there are no countable semiautomata in the
class Atm(Ky,) and, therefore, by Theorem1 such class cannot be elementary
axiomatizable.

From the item 1) of Lemma 1, it follows that the axiom

Ap = (levyvu’ U)(‘T 7é Yy = H(x,y, Uav))

defines a subclass Atm(Kjy) in the classes Atm(K;), Atm(K,s), and Atm(Kgo).
Therefore, the classes Atm(K,;), Atm(K,s), and Atm(Kqo) cannot be elementary
axiomatizable either.
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Similarly, the axiom Ay defines in the class Atm(K,a) a subclass of
semiautomata Atm(K¢pg) for the class Ko of trivial reflexive graphs with
identical adjacency relation. Universal graphic semiautomata over such graphs
have finite or uncountable cardinality. Consequently, there are no countable
semiautomata in the class Atm(Kyq), and by Theorem1 such class cannot
be elementary axiomatizable. Hence, the class Atm(K,a) cannot be elementary
axiomatizable either.

From the item 5) of Lemma 1 it follows that in the class Atm(K;e) the axiom

Ar = (32, 9) (@@, y) A (V'u, 0) (N (2, y,u,0) = 11(2,,u,0)))

defines a subclass Atm(Kye1) of universal graphic semiautomata over reflexive
graphs G = (X, p) with a single proper edge (a,b) € p, which does not belong to
any cycle, and all other vertices x,y € X, which are different from the vertices
a,b, are adjacent to each other. In such semiautomata, any mapping f of the
set X into the set X7 = X \ {a,b} is an input signal of the universal graphic
semiautomaton A = Atm(G) and, therefore, such semiautomaton has cardinality
|A] > | X| + | X{*|. Obviously, for such finite semiautomata A the cardinality |A|
is finite, and for such infinite semiautomata A the cardinality |A| is uncountable.
Therefore, the class Atm(Kye1) does not contain countable semiautomata, and
by Theorem 1 such class cannot be elementary axiomatizable. Hence, the class
Atm(Kye) also cannot be elementary axiomatizable.

Similarly, the axiom A; defines the subclass Atm(Kyre1) in the class
Atm(K;qa). It follows that the class Atm(K;qa) cannot be elementary
axiomatizable.

The class Atm(Kjo) consists of universal graphic semiautomata over linearly
ordered sets G = (X, <). Let us introduce additional predicates of the language
L with class I variable x:

M(z) = (V'y) P(y, ),

m(z) = (V'y) P(z,y).
Obviously, for a vertex a of the state graph G, the predicate M(a) is true if and
only if the element a is the largest element in the linearly ordered set GG, while the
predicate m(a) is true if and only if the element a is the smallest element in the

linearly ordered set G.
In the class of graphs Kj, the axiom

Ay =(Ftu,v) [m(u) A M) A V2)(z#v=
= 3y # A P(a,y) A(V'2)(z # 2 A P(z,2) = P(y,2))))]

defines a subclass Kjo1 of linearly ordered sets G = (X, <) that satisfy the
conditions:

1) G has the smallest element u and the largest element v;
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2) for any element x € X, that is not the largest element, there exists one and
only element y following it, which we denote by z’.

Obviously, the class Kjo1 contains all finite linearly ordered sets and the linearly
ordered set N°*° of natural numbers N with the usual order < and with the largest
element oo attached externally.

For any infinite ordered set G = (X, <) from the class Kjo1, we define by
induction an ordered subset (Z, <) isomorphic to the ordered set (N, <):

1) the element z; € Z is the smallest element of the set G;

2) for already defined element z,, € Z, the element z,41 € Z is the element 2],
for the element z,.

It is easy to see, in the graph G the set Z = {z; : i € N} defines a linearly ordered
subset isomorphic to (N, <).

Let us show that for any infinite subset Y C Z there exists an endomorphism
¢ € End G such that ¢(X)NZ =Y. It is clear that elements of the subset Y C Z
form strictly increasing sequence y; < y2 < -+ < yp < ..., which is used to define
the mapping ¢ : X — X by the rule (see figure :

y1, ifx <y,
o(x) = yi, if yi <& <yiq1, for somei,i €N,

v, otherwise.

It is clear that the mapping ¢ is an endomorphism of the graph G and p(X)NZ =
Y.

Fig 1: Schematic drawing of the mapping ¢ : X — X for infinite subset
Y CZ.

Hence, the cardinality of the set End G is not less than the cardinality p of
the set of all infinite subsets of a countable set Z. Since the cardinality of the set
of all subsets of the countable set Z is uncountable, and the cardinality of the set
of all finite subsets of the countable set Z is countable [9], then the cardinality g
is also uncountable. Thus, the set End G and the semiautomaton Atm(G) are
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uncountable. It follows that there are no countable semiautomata in the class
Atm(Kjo1), and by Theorem 1 such class cannot be elementary axiomatizable.
Since this class is defined in the class Atm(K,) by axiom Ay the class Atm(K)o)
cannot be elementary axiomatizable either. O
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1 Bsenenue

B kaxk10it ajrebpamdeckoil cucreMe OTHOIIIEHIE KOMMYTATHBHOCTHU CBSI3bIBAET
He GOJIbIIIE 9JIEMEHTOB, YeM UX COLEPXKUTCS B 3TOM cucreMe. Ecau y4uecThb, 4To B all-
rebpamvecKoil CICTeMe IOPsIKa, 1 IMeeTcst N2 Hap, TO YHCJI0 KOMMYTHPYIOIIUX I1ap
3JIEMEHTOB He IpeBocxoauT n2. B gacTHOCTH, B IpyIIIe Ipeobpa3oBaHnii IpaBuib-
HOI'O TPEyroJIbHUKa S3 (He MeHsisi OPUEHTAINH ILIOCKOCTH) BCEro uMeercs 18 map
KOMMYTHPYIOMuX 371eMeHToB. [lockombKy |S3| = 6, a mecTs 910 coBepIneHHoe 9uc-
710 1 18 nosoBuHa ot 36 = n?, BO3HUKAET BOIIPOC: BEPHO JIH TO YTBEPIKICHHUE JIIsI
JIPYTUX IPYII € HOPSJIKOM COBepIleHHOro vucsia (Hanpumep, 28)7 B pabore Mbl
JaeM KOHKPETHYIO (hOpMYJIy i BBIYUCIEHHS YHC/Ia KOMMYTHPYIOIIUX 3JIeMEH-
TOB I'PYIIIBI KOHEYHOIO IOPSIIKA. DTO MHOXKECTBO HAIPSIMYIO CBSI3aHO C UHUCJIOM
[IEHTPAIN3ATOPOB 3JIEMEHTOB I'PYHIbl. [IOHITHO, 9TO TaKoe YHCIO0 COOTHOCHTCS C
MHOXKECTBOM 3JIEMEHTOB I'DYIIIbI HEIIOCPEJICTBEHHO, T.€. B3aUMHO OJIHO3HaIHO. Ho
CpeIr HUX €CTh W PaBHBbIE IIEHTPAJIN3aTOPHI 3JIEMEHTOB, HAIpUMEpP B I'pyIme Sg
nmeer mecto C(a) = C(a?). Tosromy 3TOT pesyabTaT nMeeT byHIaMEHTATbHOE
3HAYEHHE IJIs JHCJIa KJIACCOB CONPSIXKEHHBIX 3JIEMEHTOB KOHEYHOM IPYIIIBI, UTO
B JIAJIbHENIIIEM U TOATBepXKjiaeTcsd B Buje cienctBus. QopMysia ducjia KIacCoB
COIIPSI?KEHHBIX 3JIEMEHTOB M paHee OblLila IOJyYeHa B TEOPUH KOHEUHBIX TPYIIIL,
UCIIOJ/IB3Ysl TEPMUHOJIOTUIO JIEHCTBUS TPYIIIBI HA MHOYXKECTBE U IOHSITHE CTaOU/Iu-
saropa vs1emenTa [2]. Mbr obomummch B ostydeHnn 9Toil 3aMedaresibHOf hopMyJIbl
TEOPHUH KOHEYHBIX I'PYIII TOJbKO HOHSITHEM KOMMYTATUBHOCTH 3JIEMEHTOB I'PYIIIILI.
PasBuTne 3T0Or0 HapapjeHus JEXKUT B 00JIaCTH TEOPUN CPABHEHUN B IPYIIIAx OT-
HOCUTE/JILHO OTHOIIEHNA KOMMYTaTHBHOCTH.
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B jasbHeiinem B paboTe UCIOIB3yeTCsl TEPMUHOJIONHs u3 KHUrH [3].

2 (OcHoBHadg 4acCThb

Kosmn1aecTBo KOMMYTUPYIOIIMX MTap 3JeMEHTOB IpyIiibl S3 paBHOo 18. BosHuka-
eT BOIIPOC: IToYeMy UMeHHO 18, a He japyroe uncio? Bcero map 37eMeHTOB IPYIIIIbI
S3 pasno 36 = 62 (nexkapToB KBajpar). V3/I05KHM T€OPHIO, JTAIONLYIO OTBET Ha 3TOT
BOIIPOC.

JIemma 1. Mownocmo mnooicecmea nap (x,y) asemenmos xonwewnot epynnve G
nopadka N, YJosACMEOPAIOUUL OUHAPHOMY CPAGHEHUI X L=Y, €CMb GEAUMUHA

=
|R(x = y)| = r, ne 3a6ucawas om MOUHOCTIU KAGCCQ ‘ a | COnpANCENHBT Ine-

menmos epynnos G.

Jlokazamenvemeo. 3adburcnpyem ajiemMent a €'a . PaccMoTpuM cpaBHenue a = g.
3nechb g € G ecTh POUBBOJIbHBIN dJieMeHT Ipytibl . OH NpuHUMaeT Bce 3HAUe-
HUsI 9JIEMEHTOB IpyIibl (G, yJIOBJIETBOPSIONINE CPABHEHUIO ¢ | = ¢. IT0CKOIBKY
pemenust Rg(a = g), 1o ag = ga n a9 = a. Orciona ciexayer, uro g € Cg(a) u
Rg(a , = g) = Cg(a). Ilo onpenenennto muokectBo C(@) €CTb MHOXKECTBO Iap
(a, g) snemenToB rpymnsl G TAKUX, YTO JIEMEHTBI ¢ U § KOMMYTHPYIOT MEXKLy
coboit, T.e. ag = ga. ObosuadnM Uepes i, = |G : C(a)| unmexc nenrpannsaropa
Cq(a) snemenra a B rpynne G. Torna, npumensis reopemy Jlarpanzxa [1], mosyanm

|G| = |Ca(a)| - iq. Orciona |Cg(a)| = I Tax xax ‘Ca:‘ = |G : C(a)| = iq, mMeem
lq
|Ra(a . = g)| = |Cala)] = n npu QurcupoBaHHOM sjieMenTe a € G. aiee,
i

a
BMECTO 3JIEMEHTa a B CpaBHCHUE 4 | = (g 6y,£|;eM II0CJIEI0OBATE/IBHO BCTABJIATH pPa3-

c= c=
JIMIHBIC 9JIEMEHTDLI U3 KJlacCCa ‘ a |, II0OKa He uc4depliiaeM BeChb KJlacC ‘ a ) Tak Kak

=
MOIIHOCTH KJIacca | @

. = n .
=4, (Va €a)(Vg € G) (!Rg(ag r=9)|=—- za> TaxmM
la

obpasom, |R(a? = g)| = n.

JIemma 2. Mowmocms |Rg(x | = y)| = r mmoorcecmesa nap pewenutd 6unaprozo
CPABHENUA T | = Y Ha semenmar Konewnol epynno G nopadka n = |G| pasna
NOPAOKY 2PYNNoL N, YMHOHCEHHOMY HA YUCAO K KAACCO8 CONPANCEHHBLT INEMEHMOB
epynnv G, m.e. v =n - k.

HokazarenbcTBO BhITEKAaET U3 JieMMbI |1 OCKosIbKY uncsio n = |G| ocraercs
[TOCTOSTHHBIM JIJIsT JIFOOOI'O IIPEeICTABUTEIST KJIACCA CONPSI)KEHHBIX 3JIEMEHTOB I'PYII-
bl (G, a TaKUX KJaaccoB B rpynme G umeercs k IMTYK.

Teopema 3. Mowprocmv mnoorcecmea Rg(x , = y) 6 epynne G pasra mowsnocmu
CYMMbL YEHMPAAUZAMOPOS dnemernmos epynno. G, m.e.

|Ra(z k= y)l =) _|C(g)]-

geG
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Jlokasameavcmeo. Herpyano 3amerurb, 910 MHOXKeCTBO 1ap (z,y) rpynusl G,
9JIEMEHTBI KOTOPBIX KOMMYTHUPYIOT MEXKJLy COOOM, CKIIQJIbIBAETCA U3 JIEMEHTOB
a ¢ = ¢, KOTJIa JIEMEHT IIPUHUMAET O00YePeIHO 3HAUYEHUST JIeMEHTOB Tpyiiibl (G,
a JIeMEeHT ¢ BCsIKUil pas yJoBjeTBopsier cpaBHenuio (a = g). Takum obpasom,

|Ra(z . =vy)| = Y. |Calg)| Teopema nokazana. O
geG

Caencrue 4. Yucio xaaccos k conpascennoix aremenmos epynno. G pasHo
CYMME O0OPAMHBLT BEAUHUH uu@encoe UEHMPAAUSAMOPO8 daemenmos zpynnv, G,

C(
6 epynne G, m.e. k=Y ‘GC( = =% | |Gg|)|.
geG geqG

Jokxasameavemeso. B cuity semwmsl 2] nveenm r = nk: Z[nﬂ KOHEUHO rpymibl G 11o-

psiiika n cupasegiuso nk = Y |C(g)| = > GOy OKOHYATEBHO, /ISt BBIMHC-
geG geG
JIeHUsT Jucsia k KI1ACCOB CONPIKEIIBIX SI1eMeHTOR KOHEYHOIT rpymubl G nosrydaem

bopmyiy k = Z \GC Z |C|’Gg|)|-

CHG,ZLCTBI/IG ,ZLOKaBaHO. O

B uacTHOCTH, B CHMMETPMYECKOil rpyime S3 YHCIO KJACCOB CONPAKEHHLIX
= (= = =
3JIEMEHTOB paBHO k = g+ % + % + % + % + % = 3. D910 €,a, b, rae €=
= c=
{e},a= {a,a®}, b= {b,ab,a’b}, a uucno pemrenuii cpaBHeHUs T = Y B IPYIIE

S3 ectn 37 |Ca(g)| = |Cale)| + |Cala)|+]Ca(a?) |+ |Ca(b)| +]C(ab)| +]C(a’b)| =

6+3+3+2+242 = 18. Bce napsl 9/1eMEHTOB IIPEJICTABIEHBI B HUKEC/IE LY IOIIEH
Tabsmre 1.
Taxum o6pa3oM, MOJIyUeH OTBET Ha ITOCTABJIEHHBIN HaYaJe CTATHU BOIIPOC.

Tabauna 1 — Tabymia KOMMYTATHBHOCTH 3JIEMEHTOB I'DYIIBL S5

= e a a? b ab a’b
e (e, e) (e;a) | (e,a®) | (e,b) | (e,ab) (e, a®b)
a (a,e) (a,a) | {a,a?)

a’ (a%,e) | (a® a) | (a?,a?)
b (b, e) (b, b)

ab | {(ab,e) (ab, ab)

a’b | (,a*b,e) (a®b, a?b)

JLJtst MILTIOCTPAIY IPUBEIIEM TaK2Ke TaOJIUIY KOMMYTATHBHOCTH I'DYIIIIBI KBa-
TEPHNUOHOB:
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Tabnuna 2 — Tabsuna KOMMYTATUBHOCTH I'PYIIIbI KBATEPHIOHOB

k= e a a? a3 b ab a’b a’b

e (e, e) (e, a) (e, a?) (e, a%) (e, b) (e, ab) (e, a”b) (e, a®b)
a (a, e) (a,a) (a,a?) (a, a®)
2 (aZ,e) | (a%,a) | (a%,a”®) [ (a®,a%) | (aZ,b) (a?, ab) (a?,a?b) (a%, a%b)
3 (a%,¢) (a%,a) | (a% a%) (a%,a%)

b (. ¢) (b.a) (0.0) (. a”b)
ab (ab, e) (ab, a2) (ab, ab) (ab, a>b)
ab (a?b, e) (a?b, a?) (a?b, b) (aZb, a%b)
a3b (a®b, ) (a®b, a?) (a®b, ab) (a®b, a>b)

Qe

3 BruiBoabl

B pabote mosydeHbl cieayonue pe3yabTaThl:
Jlemma 1. Momuocts MHOXKecTBa nap (,y) 9JE€MEHTOB KOHEYHOW TPYIIIIbI
G nopsaka n, yAOBJIETBOPSIONNX OUHAPHOMY CPABHEHUIO T =Y, €CTb BEJUIHHA

|R(z ) = y)| = r, He 3aBucsAIast OT MOITHOCTH KJIAcCa G COIPSIZKEHHBIX 3JIEMEHTOB
rpytuisl G.

JIemma 2. Momuocts |Rg(x j = y)| = r MHOXKecTBa 11ap peleHuii GHHAPHOIO
CPaBHEHUs T j, = Y Ha 3JIeMeHTaX KOHe4HOil rpynnsl G nopsaka n = |G| pasHa
HOPSIJIKY TPYIIIBI 72, YMHOXKEHHOMY Ha YHCJIO k KJIaCCOB COIPSI?KEHHBIX 3JIEMEHTOB
rpymnel G, T.e. v =n - k.

Teopema 3. Momuocts MuOKecTBa R (2 ) = y) B rpynie G paBHa MOIIHOCTH
CYMMBI IIEHTPAIM3ATOPOB 3JIEMEHTOB Ipyibl G, T.e.

[Ra(z k=y)|=>_|C(g)l.

geG

CaencrBue 4. Yucjo KaaccoB k CONPSIXKEHHBIX JIEMEHTOB I'pyIibl G paBHO
cyMMe ODOpaTHBIX BEJIMYMH WHJEKCOB IEHTPAIU3ATOPOB JIEMEHTOB rpyiibl G, B
— 1 _ IC(g)l
prHHe G7 T.€. k = Z m = Z W
geG geG
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We study possibilities for algebraic and definable closures [1}, 2] [3, 4], [5] adapted
for theories of finite structures. These possibilities are based on cardinalities
of finite orbits with respect to automorphism groups [0, [7]. It applied for the
description of degrees of algebraization for finite abelian groups using Euler
function ¢(n), [10].

Throughout we consider complete first-order theories and their models.

1 Algebraic and definable closures.
Degrees of algebraization

Definition. [T, 2, 4] 1. The tuple b is defined by the formula (Z,a) of T with
parameters @, if ¢(%,@) has unique solution b.

The tuple b is defined by the type p if b is the unique tuple which realizes p. It
is definable over a set A if tp(b/A) defines it.

2. For a set A of a theory T' the union of sets of solutions of formulae ¢(z, @),
@ € A, such that = 37"z p(x,a) for some n € w (respectively = 371 x ¢(z,a)) is
said to be an algebraic (definable or definitional) closure of A. An algebraic closure
of A is denoted by acl(A) and its definable (definitional) closure, by dcl(A).

In such a case we say that the formulae ¢(x, @) witness that algebraic definable
(definitional) closure, and these formulae are called algebraic / defining.

*The work of the second author was carried out in the framework of the State Contract
of the Sobolev Institute of Mathematics, Project No. FWNF-2022-0012, and partially
supported by Science Committee of Ministry of Science and Higher Education of the
Republic of Kazakhstan, Grant No. AP19677451.
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Any element b € acl(A) (respectively, b € dcl(A)) is called algebraic (definable
or definitional) over A. If the set A is fixed or empty, we just say that b is algebraic,
(definable, or definitional).

3. If dcl(A) = acl(A), cl1(A) denotes their common value.

4. If A = acl(A) (respectively, A = dcl(A4)) then A is called algebraically
(definably) closed.

5. The type p is algebraic (defining) if it is realized by finitely many tuples
(unique one) only, i.e., it contains an algebraic (defining) formula ¢. This formula
© can be chosen with the minimal number of solution, and in such a case ¢ isolates
p. The number of these solutions is called the degree deg(p) of p.

6. The complete algebraic types p(z) € S(A) are exactly ones of the form
tp(a/A), where a is algebraic over A. The degree of a over A, deg(a/A) is the
degree of tp(a/A).

Remark 1.1. [I]. The pairs (M, acl) and (M, dcl) satisfy the following properties:

(i) the reflexivity: it is witnessed by the formula = ~ y;

(ii) the transitivity: if the formulae ¢1(z1,@),...,pn(xn,a) witnessed that
bi,...,b, € acl(A) (respectively, bi,...,b, € dcl(A)) and the formula
Y(z,b1,...,b,) witnesses that ¢ € acl({bi,...,b,}) (respectively, ¢ €
dcl({b1,...,b,})) then the formula

dz1,..., 2y <w($,x1, ce X)) A /\ gpi(:ci,a)>

witnesses that ¢ € acl(acl(A)) (respectively, ¢ € dcl(dcl(A)));

(iii) the finite character: if a formula ¢z,a@ witnesses that a € acl(A)
(respectively, a € dcl(A)) then a € acl(Ap) for the finite A9 C A consisting of
coordinates in @.

Definition. [5] 1. For n € w\ {0} and a set A an element b is called n-algebraic
over A, if a € acl(A) and it is witnessed by a formula ¢(z,a), for @ € A, with at
most n solutions.

2. The set of all n-algebraic elements over A is denoted by acl,,(A).

3. If A= acl,(A) then A is called n-algebraically closed.

4. The type p is n-algebraic if it is realized by at most n tuples only, i.e.,
deg(p) < n.

5. The complete n-algebraic types p(z) € S(A) are exactly ones of the form
tp(a/A), where a is n-algebraic over A, i.e., with deg(a/A) < n. Here deg(a/A) =
k < n defines the n-degree deg,,(a/A) of tp(a/A) and of a over A.

6. If acl(A) = acl,,(A) then minimal such n is called the degree of algebraization
over the set A and it is denoted by deg,.(A). If that n does not exist then we put
deg,.(A) = oco. The supremum of values deg,,(A) with respect to all sets A of
given theory T is denoted by deg,.(7T") and called the degree of algebraization of
the theory T'.
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7. Following [8] theories T' with deg,(T") = 1, i.e., with defined cl; (A) for any
set A of T, are called quasi-Urbanik, and the models M of T' are quasi- Urbanik,
too.

Notice that by the definition the closure operator acl; coincides with the closure
operator dcl whereas the operators acl,, for n > 2, may be or not be transitive
depending on given theory [5].

2 Degrees of algebraization
for finite structures and their theories

Let M be a structure, A C M. Recall that an A-automorphism of M is an
automorphisms f € Aut(M) fixing A pointwise. The set of all A-automorphisms
for M is denoted by Aut(M/A).

For an element a € M, the orbit O(a/A) with respect to the automorphism
group Aut(M) is the set of all elements b € M connected with a by A-
automorphisms f € Aut(M/A): f(a) =b and f(a') = d’ for any o’ € A.

We write O(a) instead of O(a/0).

Below in this section we fix a finite structure M and its theory 7" = Th(M).

Proposition 2.1 (Monotony). If A1 C As C M then deg, (A1) > deg,(Az2).

Proof. Since M is finite each orbit of an element in M with respect to the
automorphism group Aut(M) and to their subgroups Aut(M/A), where A C M,
is finite, too. Moreover, each type p = tp(a/A), for a € M, is algebraic, where
deg(p) equals the cardinality of the orbit O(a/A) of the element A with respect
the automorphism group Aut(M/A).

Since A1 C As,

Aut(M/As) < Aut(M /A7) < Aut(M) = Aut(M/D).

Thus each orbit O(a/A;) is represented as the disjoint union of orbits O(a’/As),
where @’ € O(a/A;). Since the cardinalities of orbits O(a/A1) can not increase for
O(a/A3), deg(tp(a/A1)) > deg(tp(a/As)). Since an element a is chosen arbitrarily
we obtain deg,. (A1) > deg,(A2). O

We denote by o(M) the maximal cardinality of orbits O(a), i.e., the value
deg,.;(0). Since all models of T are pairwise isomorphic the value o(M) does not
depend on the choice of model of T" and it is denoted by o(T).

Proposition immediately implies:

Corollary 2.2. deg,(T) = deg,(0) = o(T).

Now we consider some estimations for degrees of algebraization based on

Proposition 2.T] and Corollary
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Remark 2.3. 1. Clearly, deg,(T) < |M| and deg,(T) = |M]| iff the theory T
is transitive, i.e., |S*()| = 1, i.e., the automorphism group Aut(M) acts on M
transitively.

Moreover, if M has k (-definable elements then

degacl(T) < max{\M| —k, 1}

In particular, if G is a finite group then, as the unit e is (-definable,

deg,a (Th(G)) < max{|G| —1,1}.

2. By the definition of degree of algebraization, for any complete theory 17,
with finite or infinite models, deg,(7”) > deg,.(0). Thus, cardinalities of finite
orbits in models of T" give lower estimates for deg,(7").

Example 2.4. For the groups Z, and their theories T}, with prime p, deg, (1)) =
o(Tp) = p — 1. Besides, if a group G is represented as G’ & Z,,, then

degacl(Th(g>) >p—1 (1)

Remark 2.5. If a theory T" has an infinite model then deg,;(T") does not correlate
with deg,(0). Indeed, considering theories T} of equivalence relations FE,, with
infinitely many F,-classes, each of which contains exactly n-elements, n € w\ {0},
we have deg, 1 (0) = deg,(7]) = 1 whereas deg, (T}, ;) = n which is witnessed by
any singleton {a}. It illustrates that Proposition [2.1| can fail for infinite structures.

3 Degrees of algebraization for unions
of finite structures and their theories

Definition. [9]. The disjoint union || M; of pairwise disjoint structures M,
1<

for pairwise disjoint predicate languages ¥;, ¢ < A, is the structure of language

U iU {Pi(l) | © < A} with the universe | | M;, P, = M;, and interpretations of

i<\ i<

predicate symbols in ¥; coinciding with their interpretations in M;, ¢ < A. The

disjoint union of theories T; for pairwise disjoint languages ¥; accordingly, i € A,

is the theory
| |7;=1Th (|_| M,») :

<A 1<
where M; =1T;, i < A

Clearly, if the structures M; are parts of their disjoint unions then the
operators acl and acl,, act independently on M, producing correspondent operators

acl and acl,, on that disjoint union. Thus, the degree of algebraization for | | M;
1EA
is equals the maximal value among deg,.(M;). Since the theory || 7; does not
<A
depend on the choice of models M; |= T; we obtain the following;:
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Proposition 3.1. For any theories T; of pairwise disjoint predicate languages ¥,
<A,
degacl <|_| Tl) - 1{13;( degad(Ti)'
<A
In view of Corollary [2.2] and Proposition [3.1] we have the following:

Corollary 3.2. For any theories T; of pairwise disjoint predicate languages ¥;,
and of finite structures M;, i < X\,

degacl <l|z)|\ Tl) - 1{13)?( 0<Tl)
Definition. The union M7 U Mj of disjoint predicate structures My and My is
called regular, if orbits of M7 and My are preserved in My U My, i.e., for any
element a € M;, the orbit O(a) in M; equals the orbit O(a) in the restriction of
MiUMsy to M;, i =1,2.

Proposition 3.3. For any finite reqular union My U Mas and the theories Ty, T,
T of structures My, Ma, My U Mas, respectively,

max{o(T1), o(T2)} < degya(T) < ofTh) + o(T3). (2)

Proof. Since My U M is regular, i.e., the orbits for My and My are preserved
in M; U My we have the inequality max{o(T1),0(T2)} < deg,,(T) in view of
Corollary At the same time deg, (7)) < o(T1) + o(T32), using Corollary
since possible connection of elements a € M; and b € Ms by some automorphism
f € Aut(M; U My) implies that the common orbit for these elements consists of
O(a) in M; and O(b) in Ma. O

Remark 3.4. Notice that the double inequality is not strict. Indeed,
deg,(T) = max{o(11),0(T»)} for T =T} UT5, by Corollary and deg, (1) =
o(T1) + o(T3) if the model M; U My consists of disjoint unary predicates with
o(T;) elements of same color, i = 1,2.

4  Degrees of algebraization
for finite abelian groups and their theories

Generalizing Example [2.4] for the groups Z,, and their theories T,,, for natural
n, we observe that the value deg,(7,), i.e., the cardinality o(7},) of largest orbit,
depends on the value of Euler function ¢(n) [I0] such that ¢(n) = {m € Z, |

(m,n) = 1}. If p(n) > g, i.e., the orbit of the unit contains at least half of
elements in Z,, then o(T,) = ¢(n) implying

degacl(Tn) = (p(ﬂ) (3)
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The following illustrations show that the sufficient condition above is not necessary,
but confirm the equality :

1) deg,(T4) = 2 with ¢(4) = 2 and one orbit {1, 3} of the maximal cardinality
2;

2) deg,a(Ts) = 2 with ¢(6) = 2 and two orbits {1, 5} and {2, 4} of the maximal
cardinality 2;

3) deg,q(Tg) = 4 with ¢(8) = 4 and one orbit {1,3,5,7} of the maximal
cardinality 4;

4) deg,.(T10) = 4 with ¢(10) = 4 and two orbits {1,3,7,9} and {2,4,6,8} of
the maximal cardinality 4.

We argue to show that the equality holds for every n.

Let n = p'p5?...pl* with pairwise distinct prime numbers pi,pa, ..., Dk.
Since distinct tuples (B, ..., Bk) define distinct orbits for Z,,, where 0 < §; < a,
1 < i < k there are (ag + 1)(aa + 1) ... (g + 1) orbits for Z,. The orbit for
(B1,...,Bk) consists of elements pf1p§2...p£’“r € Zyn, where 0 < r < n and r
is not divisible by p1,pa,...,pk, ie., (r,n) = 1. Here p{'p5*...p* = 0 with
O(0) = {0} and the tuple (51,...,8:) = (0,0,...,0) has the orbit O(1) with
|O(1)| = o(Th(Z,)) = ¢(n), and, in general, O(m) for m = pf1p§2. pfkr is
bijective with an initial segment of O(1) by the bijection r’ «» p[fpoQ. . f’“ !
with 101 p2 . .pf’“r’ < n. By the existence of injection O(m) — O(1) we have
|O(m)] < ¢(n).

Thus we obtain the following:

Theorem 4.1. For any natural n > 1, deg,(Th(Z,)) = ¢(n).
()

Now we consider a direct sum Zj,’ of s copies of Z,, and calculate the
cardinality of its longest orbit O. Taking a tuple @ = (aj,...,as) in ZS) we
observe that @ € O iff @ contains a coordinate a; witnessing the longest orbit for
Zy,. Therefore, in view of Theorem there are (n — ¢(n))*-tuples @ outside O.
Since there are n®-tuples forming 7 we obtain |O] =n® — (n—¢(n))®. Applying

Corollary [2.2 we have:

Corollary 4.2. For any natural n > 1 and s copies of the group Z,, their direct

(s)

sum Zyn,' satisfies the following equality:

degacl(Th<Z£LS))) =n’ - (TL - Sp(n)>s

Taking a sum § = Z(Sl) D...PH Z(n’“k), with prime pq, ..., pr and some natural
ni,..., N, we observe the longest orblt for this group corresponds the combination

i)

0

dega(Th(S)) = ("™ — (p1" — @' )*) - ("™ — (" — e (p*)™)- (4)

Since any finite abelian group § is represented as a direct sum @p’nZﬁp ) 6,
Theorem 8.1.2] the formula produce the following:

of the longest orbit for components Z;@ . It implies that
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(ap,n)

Theorem 4.3. For any finite abelian group S = @p nZyn""",

deg,a(Th(S)) = [T r — (" — (™) ).

In view of Theorem [4.3] similarly the inequality in Example we obtain the
generalized inequality in the following:

Corollary 4.4. If a group G is represented as G' ® S, where S = @p,nZgﬁp’") S a
finite abelian group, then

degacl(Th(g)) > H(p”ap’" — (p” - Sp(pn))ap,n).

Theorem also immediately implies:

Corollary 4.5. A finite abelian group G is quasi- Urbanik iff G is either a singleton
or isomorphic to Zs.

Remark 4.6. The assertion of Corollary for infinite abelian groups fails. For
instance, the group 7Z is quasi-Urbanik, having Aut(Z) ~ Zs.
In conclusion, we formulate the following problems on degrees of algebraization.

1. Describe degrees of algebraization for natural classes of theories, in
particular, for theories of finite, non-abelian, and infinite groups.

2. Describe degrees of algebraization for results of natural operations with
theories including Cartesian products, compositions, etc.
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OIIPEJIEJIUMOCTB
VHUBEPCAJIBHBIX AJITEBP
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X IIPEOBPABOBAHUN
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K TpasuimoHHbIM MeTOIaM UCCIeI0OBAHUST YHIUBEPCATBHBIX anrebp A = (A; o)
OTHOCHUTCSI UCCJIEIOBAHIE UX CBOWCTB U CTPOEHUS C TTOMOIIBIO TPOU3BOIHBIX CTPYK-
Typ tux anaredbp . K mocieqauM galme BCero OTHOCAT UX TPYIITLI aBTOMOP(MU3MOB
Aut 2, monyrpymnmsl ux sHgoMopdusmos End 2A, pererku kourpysamuit Con2l u
pemerku mogaareop Sub 2. OgHAKO CYIIECTBEHHYIO POJIb B 3TUX BOIIPOCAX UI'Pa-
0T U [OJIYTPYIIIBI BHYTPeHHUX n30Mopdu3MoB [so 2 1 BHyTpeHHUX roMoMOpdu3-
MoB Thm 2 anre6p A. Hamommmm, 9To BHyTpeHHHM n30MOPGU3MOM (FOMOMOD-
dbusmom) yHuBepcasbHOil anredbpbl 2 HazbiBaeTcsi n30MopdusM (romoMopdusm)
MexK/ Ty JIFOBIMU ee mojanredbpaMu (ogHON u3 mojaaredbp aarebpol 2 Ha Kakyro-
6o ee nonaare6py). [Ipu srom npoussenenne orobparkenuii ¢, 1 € Iso A(Thm A)
OTIPeIEJISIeTCsT CTAaHAAPTHBIM 00pa30M KaK KOMIIO3UIUS JaCTUIHBIX OTOOPasKeHU
OCHOBHOTO MHOYKeCTBa A anrebpst A B cebst ¢ MpuUBIeIeHTEM, TTPU HEOOXOTMMOCTH,
IIYCTOTO OTOOPaKEHUSI.

[Tpr srom Bompoc 06 ompemesnmocT anrebp (anrebpamdecknx cucrem) A
HEKOTOPOro kKjacca K ux npousBojHbIMU CTPYKTypamu S(2) npuHUMaeT BUJ: B
KaKUX CUTyaIusix Jist anredp (anrebpanmueckux cucrem) g, A1 € K uzomopdusm
crpykryp S(p), S(1) BiIeder Ty WM MHYIO B3aMMOCBsI3b (BILIOTH JI0 U30MOD-
dbuzma) Mexy camumu stumu ajarebpamu (asrebpandeckumu cucremamu) Ao u
2l1. B TakoM OHUMAHUU OIPEIETUMOCTD IPOU3BOIHBIMU CTPYKTYPAMU YACTO PAC-
CcMaTpuBaJjach, K IPUMEPY, OTHOCUTEJIBHO KJIacca YIHOPSIIOUYEHHBIX MHOXKECTB W
PEIeTOK € MOMOIIBIO T€X MJIM WHBIX MMOJIYTPYIIl UX IPeoOpasoBaHuii (M30TOHHBIX,
HAIPABJIEHHBIX U JP. OTOOPAaXKEHUSX Ha STUX MHOYKECTBAX, PENIETKAX) MU TPYIII
C MOMOIIBIO PEIIETOK UX MOJATPYII U JJIsi MHOIUX JIDYTUX KOHKPETHBIX KJIACCOB
anrebp (aarebpandeckux CUCTEM).

Ecmu xe mox kimaccom K yHEBEpCaIbHBIX ajredp, /Jig KOTOPOI'o pacCMaTpH-
BAaETCs BOIIPOC OMPEIEIMMOCTH aJredp MPOU3BOJHBIMU CTPYKTYpPaMU, OHUMATH
KJIACC BCEX YHUBEPCAJBHBIX aJarebp (Jaxe HE3aBUCUMO OT UX CUTHATYD), TO BO3-
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HUKAeT HEKOTOPOE eCTECTBEHHOE OI'PAHUUYEHHE Ha 3Ty OIPEIeMMOCTh — OIpeie-
JIIMOCTB C TOYHOCTBIO 70 “paIiMOHAIbHON SKBUBAJIEHTHOCTH .

3aMeTnM, YTO XOTsI IPOU3BOHBIE CTPYKTYPhI YHHBEPCAJBHBIX ajredp ompeie-
JIAIOTCS B TEPMHUHAX WX CUTHATYPHBIX (DYHKIIMI, HO, HA caMOM JeJjie, OHU MOTYT
6bITh HIepedOpMyYJIMPOBAHbI B TEDMUHAX HEKOTOPOii “KOHCepBaTUBHOCTH (3aMKHY-
TOCTH OTHOCHUTEJIBHO. .. U KOMMYTHPYEMOCTH C. . . ) JJisi 60JIee MUPOKOTO 9eM CHUT-
HATYPHBIE Kjacca (GpyHKIU Ha OCHOBHOM MHOYKeCTBe ajarebpbl 2 — JjIsi COBOKYTI-
moctr 1Tl TepMasibHbIX GYHKIUI 9TOi aaredbpbl. Takum 06pa3oM, BOIIPOC € OIpe-
JIEJIIMOCTBIO YHUBEPCAJIbHOM aJireOphl 2l [Py IIOMOIIH €€ IPOU3BOIHBIX CTPYKTYD B
KJIACCe BCEX YHUBEPCATBHBIX are0p MOXKeT ObITh PEIeH JIUIIb C TOYHOCTHIO 0 Pa-
IIOHAJIBLHON 3KBUBAJEHTHOCTH YHUBEPCAJBbHLIX ajredp B cmbicie A. V. Mabnesa
1.

Hanomunm, aro anredbpot Ao = (A; 09), A1 = (A;01) ¢ oHUM 1 TeM Ke OCHOB-
HBIM MHOXKECTBOM A Ha3bIBAIOTCS (CHIIBLHO) PAIMOHAIBHO SKBUBAJIEHTHBIMU, €CJIN
COBIIQJIAIOT COBOKYITHOCTH uX TepMasibHbiX dyHkmmit TrAy = Tr; (k npumepy
OysieBa ajrebpa M COOTBETCTBYIOIIEE el OyJIeBO KOJIBIO) UM WHAYE, eCIH CyIIe-
CTBYIOT oTODOpakeHus g : 09 — 1ry, 1 : 01 — Trp, coxpansiomnue apHOCTD
GYHKINE U TaKUEe, 9TO UMEIOT MECTO PABEHCTBA:

1) Ao = o(A1) = (A; o(00)) npuaem curnarypuble Gynknun f (1,22 ..., Tr)
nocJiejiHeli aarebpbl ONPEJIE/ISIOTC KakK COOTBETCTBYIOIIME TepMasbabie oo(f)
dbyukimn aaredpsr 2.

2) cummerpudeckoe yeiosue: 20 = ¢1(Ap) = (A; p1(01)).

YTOYHUM TakK»Ke, YTO YCJIOBHE KOMMYTHPYEMOCTH (DYHKITUI

f(.fL‘l,.CL‘Q,...,:L'n)
Ha ocnoBHoM MHOXKecTBe A amredpor 2 = (A;0) ¢ 4gacTHIHBIM OTOOpa-
xenueM ¢ : A — A o3Ha"aer cjeaywooIiee: s JIIOOBIX G1,d92,...0n €
Dom ¢ wumeror mecro Bkiouenue f(aj,az,...,a,) € Domy u paBeHCTBO
o(fla1,az,...,a,)) = f(p(ar),p(az),...p(ay)). B yacrHocTH, KOMMYTHPYEMOCTH
dyukmun f(x1,x9,...x,) ¢ BHyTpeHHHME TOMOMOpdu3MamMu (n30Mopdu3Mamu )

are6psl 2 03HAYAET 3aMKHYTOCTD MTOAIre0p airedpbl 2 OTHOCUTETHHO (DY HKITHT
f (paccmarpuBast B KauecTBe @ TOXKJECTBEHHOE OTOOpPayKeHHe COOTBETCTBYIOMIEHT
Ho/IaIreOphl Ha cedsi).

B nacrosimeit pabore 6yaer gan 0630p pe3yIbTATOB aBTOPA IO IpobJIeMe orpe-
JIEJTIMOCTH yHUBEPCAIBHBIX aaredp UX MOJIyTpyIIIaMy IPeodpa3oBaHuil, T.e. O TOM,
KaK JIOJZKHBI ObITh CBsI3aHbI MexKly coboii yHuBepcasibHble airedbpol Ay = (A; o)
u; = (A;01) ¢ OJHUM ¥ TEM Ke OCHOBHBIM MHOYKECTBOM A B CJIydae COBIIAICHUSI
HOJIYI'PYII TeX WU WHBIX Tpeodpa3oBaHmil 3TuX aaredp; u chopMyJIupOBaAH Pl
€CTECTBEHHBIX B 9TOM KOHTEKCTE OTKPBITHIX BOIIPOCOB.

Msbr He OymeM B JajibHENIIEM IIPUBOJUTHL TOYHBIE OIPEJEJEHNs yCJIOBHO,
[TO3UTUBHO-YCJIOBHO, 9JIEMEHTAPHO-YCIOBHO TEPMAJIbHBIX U UHBIX TOI00HBIX (DYHK-
Iyl Jyis yHUBepcaabHOit airebpbl A = (A; o), oTchLIasi 3a 3TUMEI OIPEIeIEHUSIMI
K HIepBOUCTOYHUKAM. OTMETUM JIUIIb, UTO BCE 3TU (DYHKIUU SIBJISIIOTCS “KYCOYHO
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TepPMaJIbHBIMU ; T.€. COBIIQIAIONIUMY C TEMU UJIU WHBIMUA T€PMaJIbHBIME (DYHKITUSI-
Mu ajarebpnl 2 Ha KaXKI0M U3 “KYCKOB TepMaJIbHOCTH pPa3dbUeHusi COOTBETCTBYIO-
meit crereHun A™ OCHOBHOTO MHOXKeCcTBa A ayirebpbl A, IIpu OIpe1e/IeHUN TOHSITUSI
“KyCcKa TepMaJbHOCTH ', KaK (DOPMYJILHOTO B TOM HJIM WHOM JIOTMIECKOM SI3BIKE
IIOJIMHOZKECTBa MHOXKecTBa A™.

Haugnewm ¢ nostyrpyinn BHYTpEHHUX H30MOPGMU3IMOB aJIreop.

Ompe/iesieHne yCI0BHO TepMaJIbHBIX DYHKIWMI aarebpst 2 cM., K npumepy, [2] u
[3], B manHOM cirydae, ux “KycKu TepMabHOCTH' OIPEJIEJISTIOTCS KAK COBOKYITHOCTH
pelleHnii KOHEUHBIX CUCTEM TE€PMAaJIbHBIX ypDABHEHWI U HEpaBEHCTB B ajrebpe 2
1 9UCJO0 TaKUX “KYCKOB TepMajbHOCTH ToxKe KoHeuHo. Hepes CT 2 obosHawmm
COBOKYITHOCTH BCEX YCJIOBHO TePMAaJIbHBIX (PyHKIUH ajiredbpbr L.

Teopema 1. [2,3] Jlas 110061 KOHEUWHOT UAU PAEHOMEDHO AOKAADHO KOHEUHDLT A4~
2ebp xoneunwx cuenamyp Ao = (A;00) u A1 = (A;01) pasencmeo Iso 2y = Iso Ay
PABHOCUNDHO YCAOBHO PAUUOHANHOU dK6UBAAeHmHocmY amuz anrzebp (CT Ay =
CT %), m.e. momy, wmo cuenamyphvie Gyrryuu arzebpv, A; ABAAOMCA YCAOSHO-
mepmanvromu 0as arzebpor Ay _; (npu i € {0,1}).

Hanomunm Takzke, aro anrebpa A = (A; o) Ha3bIBACTCS PAGHOMEPHO AOKANDHO
KOHEUHOU, eCJIN CYIECTBYET (DYHKIUS ¢ : W — W Takasi, 970 JJjisi JIoObix B C A u
n € w Takux, 910 |B| < n nmeer mecto HepaBeHcTso |[(B)y| < g(n), 3mech (B)y —
nojaarebpa aaredpsr 2, MOpoKIeHHAS MHOXKECTBOM B.

B pabore [4] mana orenka dmcsia momapHO YCJIOBHO DPAIMOHAJTIBHO HE IKBHU-
BaJICHTHBIX N-3JIEMEHTHBIX aﬂre6p un 1IpezcTaBJIEH KaTaJior HO'ZLO6HI)IX 2-x u 3—X
3JIEMEHTHBIX aJreop.

AHajloruvuHbIe PE3yJIBTATHI UMEIOT MeCTO U Jijisi mostyrpynn Thm 2 BHyTpeHHIX
roMoMophu3MoB aareop.

Teopema 2. [5] Jas 110661 KOHEUHOIT UAU PASHOMEPHO AOKAADHO KOHEYHVLET Q-

eebp Konewnvir cuznamyp Ao = (A;00) u Ay = (A;01) pasencmeo ThmAy =
IThm2l; pasnocusvro mMoO3UMUEHOT YCAOBHO DPAUUOHAALHOT IKEUBAACHITNHOCTIU
omuz anreebp (pasercmsey PCT Ay = PCT Ry ) m.e. momy, wmo cuenamyprovie

Pyrryuu anrzebpor Ui ABAAOMCA NOSUMUBHO YCAOBHO MEPMANLHUMY HYHKUUAMU
aneebpo, Aq—; (npu i € {0,1}).

Snecs PCT 2l — COBOKYITHOCTH BCEX MO3UTUBHO YCJOBHO TEPMAJIbHBIX (DYHK-
nuit agredbpo A, a “KyckaMu TepMaIbHOCTH  JIJTs IIO3UTUBHO YCJIOBHO T€PMAaJIbHBIX
GYHKIINN SBJISIIOTCS COBOKYITHOCTU PEIEHUN KOHEUHBIX CUCTEM TEPMAJILHBIX YPaB-
HeHUil J1j1s1 9TOM ajaredpbl, IPU ITOM UHUCIO0 “KYCKOB TEPMAJILHOCTHA KOHEYHO.

L1 s71eMeHTapHo YCJIOBHO TEPMAJIBHBIX (DYHKIUN yHUBEPCAJILHON aareOpnl 2
uX “KyCKH TE€PMAaJILHOCTH CYTb (POPMYJIbHBIE MHOXKECTBA, 9TOH aJiredphbl B sA3bI-
K€ JIOTUKH [IEPBOTO MOPSIKA U IUCIO0 “KYyCKOB TepMaJibHOCTH KOHEYHO. COBOKYII-
HOCTH BCEX JIEMEHTAPHO YCJIOBHO TEPMAJIBHLIX (DYHKITUI aaredpbl 0003HATNM KaK
ECT . Anrebpsr g u 2y HA30BEM SAEMEHMAPHO YCAOEHO PAUUOHAALHO IKEUBH-
AeHmHuMy B ciaydae uctuaaoctu papencrsa ECT 2lyp = ECT 2. Mmeer mecTo
CJAEAYIOIUNA PEe3yJIbTaT.
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Teopema 3. [0] Jas awbvx konewnvir aseebp Ao u Ay pasencmea Auty =
Autd; u Sub2ly = Sub?l; pasHocUAbHYL UL IAEMEHMAPHO YCAOBHO PAUUOHAALHOTL
IKBUBANEHMHOCTNU, M.E. UMENOM MECMO M0206G U MOALKO mozda, Ko20a cuzHa-
myprole Gynruuy anzebpor A; AGAAIOMCA INEMEHMAPHO YCAOGHO MEPMANDHHMU
oas anzebpo A1_; (npu i € {0,1}).

B onpeenerun 3T-M03UTUBHO yCIOBHO TepMAJIbHLIX (DYHKIMI “KycKaMu Tep-
MaJIbHOCTH CJIyZKaT MHOYKECTBa OIIpeesisieMble TO3UTUBHBIME J-opMyTaMu JI0-
I'MKH [IEPBOro IIOPSIKa U YHUCIO0 “KyCcKOB TepMaibHocTi” KoHneuno. Yepes 3TCT 2
0603HaMNM COBOKYITHOCTD BCeX JT-IMO3UTHBHO YCJIOBHO TePMATLHBIX (DYHKITHI aI-
re6por A. Anrebpnt g u A HazoBeM JT-NO3UTHUBHO YCIOBHO PAlMOHAILHO SKBH-
BaJICHTHLIMHI B caydae pasencrsa 3TCT g = ITCT ;.

Teopema 4. [1] Jas mobvxr xoneurnor anzebp Ao u A1 pasencmea Endy =
End®2l; u Sub®ly = Sub®ly pasnocusvrv 3T -nosumuero ycaoenoti payuonaivrot
IKBUBAACHMMHOCTNY IMUT AN2E0D, M.C. MOMY, YMO CUuHAMYPHLEe GYHKUUY GA2eh-
poi A; Acasromes IT-nosumueHo YeaoeHo mepmasvHumu 0aq arzebpvt A1_; (npu

i€{0,1}).

IIpeacraBiisgroT HHTEpEC aHAJIOTH yTBEPKIAECHUN TeopeM 1—4 mpu CHATUU YCJIO-
BUI, CBA3aHHBIX C KOHEYHOCTBIO U PABHOMEPHON JIOKAJIbHOW KOHEYHOCTBIO pac-
cMaTpuBaeMbix ajnredp. [lpumepsl, mpuBeleHHBIE B YKA3aHHBIX BBIIIE paboTax,
[MOKa3bIBAIOT, YTO JIOCJOBHBIE (POPMYJIUPOBKU STUX TEOpPEM 0e3 yCJIOBUIl, CBS3aH-
HBIX C KOHEYHOCTBIO, HeBepHbl. OHAKO BO3MOXKHBI BAPUAIMY IMOHSTUN yCJIOBHOI
TepMaJIbHOCTU (DYHKIIHIA, TIO3BOJISIONINE ITOI00HYIO XapaKTEPU3AIUIO YHUBEPCAb-
HBIX aJrebp ¢ OJMHAKOBBIMU MOJIYTPYIIAME UX [IpeoOpa30BaHuil U Ha CJaydail He
bosiee deM CuUeTHBIX aJiredbp He Gojiee deM c4YeTHOH curHaTypbl. B ocHoBe 3TOrO0
jexkar mspecrHasi Teopema /1. Ckorra [8] 06 omnpemesmmocTu mogo6HbIX aarebp
dopmynamn asbika Ly, , 1 HeKOTOpPbIl anajgor teopemsl /I. CkorTa 06 ompe/e-
JIMMOCTH COBOKYITHOCTH TOMOMOPQHBIX 00pa30B MOJOOHBIX aJredp ITO3UTHBHOM
Ly, w~dopmyioit, tokazanusiit B pabore asropa [9)].

Oyukrus f(z1,2,...,T,) HA OCHOBHOM MHOXKECTBE YHHUBEPCAILHOI aaredpbl
2 maszpBaeTcs Ly, o-yYca0610 mepmasvnots (nosumueHo Ly, ,-ycao6rno mepmass-
HOt), ecin ee “KyCKH TepMaJIbHOCTH OLPeNes MBI Ly, ,-bopMyTaMi (103N THBHBI-
M Ly, o,-bopmyrnamir). COBOKYIHOCTD BCEX Ly, (,-YCIOBHO TEPMAIBHBIX (IO3UTHB-
HO Ly, ,-yCTIOBHO TepMaJIbHBIX) QyHKIMIT anredper A 0603HaunM Kak Ly, -CT 2
(Ly, - PCTRA).

MnmeroT mecTo ciiemytomme yTBepK IeHUs

Teopema 5. [10] Jasn a0bvix ne 6oaee wem cuemmvir He boaee “em cuemuol
cuenamypo. anzebp Ay = (A;00) u Ay = (A;01) yeaosus AutAy = Autd; u
Sub 2y = Sub 2y pasrocurvrvl pasencmey Ly, o-CT Ao = Ly, ,-CT 2y, usu una-
we: cugnamyphsie Gyrryun arzebpo. A; Acaaomea L, o,-ycro6Ho mepmasvHym
das anzebpo A1_; (npu i € {0,1}).
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Teopema 6. [10] Jas awbvix ne 6oaee wem cuemuvix we bosee uem cuemuot
cugnamypos anzebp Ay = (A;00) u Ay = (A;01) yeaosusa EndAy = End 2y u
Sub®y = Sub®l; pasnocuavrv pasencmey L, -PCT R0y = L, »-PCT 24y, uau
unave: cuenamyprvie Gyrryun arzebpor A; aesaomea Ly, ,-nosumueno ycioemo
mepmanvromu 0as arzebpor Ay _; (npui € 0,1).

Ha ocnoBe meopembr B.Mapeka [II] 06 ompemesmumocT, B TEOPETHKO-
MHO>KECTBEHHOM mpeosioxkenun V = L, ue 60jiee 4eM CUETHBIX Moesell He boJiee
YeM CYeTHOIl curHaTypbl bOPMyYJIOii JIOTMKH BTOPOro mopsiaka, B pabore [10] mo-
KazaHa

Teopema 7. [I0] (V = L) Jas mobvix ne boree wem cuemuvix we boaee wem
cuemmoir cuenamyp anzebp Ao = (A;00) uAy = (A;01) yeaosus Aut Ag = Aut 2y
u Sub Ay = SubQl; pasrocusvrv, pasencmey Lo-CT RAg = Lo-CT Ay, usu unaue:
Ppyrruuu arzebpur A; asasomes Lo-ycarosno mepmasvhoimu 0as arzedbpul Aq_;

(npu i € {0,1}).

Baecy dyukuus f(z1,za,. .., x,) Ha OCHOBHOM MHOYXKECTBe aJrebpbl A siBjsier-
cst Lo-ycioBHO TepMmatibHO it A, ecyin ee “KyCKH T€PMAaJIbHOCTH OMPEJICTUMBI B
2l dpopMmystamMu JIOTUKH BTOPOTO Topsifika, a depe3 Lo-CT 2 obo3HateHa COBOKYII-
HOCTBb BCeX Lo-yCJIOBHO TepMaJibHbIX pyHKINH ajaredbpor 2.

B ykasaHHBbIX npu 3TOM paboTax MOKA3aHO, YTO YCJIOBHUsS Ha ajirebpbl B (hop-
MYJINPOBKaX TEOpeM H—7 CYIIeCTBEHHBI.

Hakomer, npusegeM pe3ybTaT O B3aUMOCBSI3M YHUBEPCAJBHBIX ajrebp ¢ 00-
IIIUM OCHOBHBIM MHOXKECTBOM M HJAEHTUYHBIMU IPYIIIAME aBTOMOP(MU3MOB HO y2Ke
6e3 KaKux-Jinb0 OrpaHUIeHNT Ha MOIIHOCTH ITUX AJIredp.

[To anasoruu ¢ Teopueit PyHKINI 1eHCTBUTEIBHBIX TIEPEMEHHBIX (DYHKIIHIO

f(xl,xg, ey xn)

HA OCHOBHOM MHOKecTBe ajireOpbl A = (A; o) HazoBeM aazebpauseckoli jjist TOM
anaredbpswl, ecan ee rpaduk

Gr f = {{a1,a2,...,an, f(a1,a2,...,a,))|a; € A}

SABJISIETCS 00beIMHEHUEM aJiredpandecKux s ajreopnl 2 muoxkects. Hamomuum,
qro MHOXKeCTBO B C A™ HasblBaeTcs ajrebpanmdecKuM [Jist ajredpbl 2A, ecin OHO
SIBJISIETCSI COBOKYITHOCTBIO pellieHuii B ajirebpe 2 HEKOTOPOi cucTeMbl (BO3MOXK-
HO GeCKOHeYHOM) TepMasbHbIX ypasHeHuil. COBOKYIIHOCTH BCEX aJrebpamvdecKux
dyukmit qus agrebpol A obosnaunm Kak AlgF 2. .

Nmeer mecto

Teopema 8. [12]| /las npoussosvror yrusepcasvror areebp Ao = (A;o0) u Ay =
(A;01) yeaosue Thm Ay = Thm Ay pasnocuavro pasencmey AlgF Ay = AlgF 2y,
Mo ecmbv MoMY, MO CuzHaAMYpHvIE GYHKYUY arzebpv. A; Aeasomea arzebpaue-
ckumu das anzebpoe Ai_; (npu i € {0,1}).
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IIpencrasiisier nHTEpeC AaHAJIOTUIHOE, HE3ABUCUMOE OT MOIITHOCTH aJirebp, OIu-
caHme map ajarebp ¢ obIIUM OCHOBHBIM MHOXKECTBOM MMEIOIINX HACHTHIHBIE ITOJTY-
IPYIIIIBI KX ITPeobpa30BaHuUil: MOIYTPYIIIBI SHIOMOP(MU3MOB, BHY TPEHHUX H30MOP-
GuU3MOB, I'PyIIBl AaBTOMOPQMU3IMOB.

OrMeruM Tax ke OJIM3KHE K PACCMOTPEHHBIM 31eCh BOIpOocaM paboThl aBTOpa

13, 14].
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BaMKHyTbIE KJIACCHI JIUCKPETHBIX (DYHKIMH SIBISIOTCS KJIACCHYECKUM OObEK-
TOM HUCCJIeI0OBaHuii ¢ 1epBoii mos1oBuHbI 20 Beka. [101pobHYyI0 HHMOPMAIIIO MOXK-
Ho Haiitu B Monorpadusx [1, 2 B]. LlenrpanbabiM HOHITHEM COBPEMEHHON TeOpHU
JIUCKPETHBIX (DYHKIMI SBJIsIETCsl COOTBETCTBUE ajya, BBEJIEHHOE HE3aBHCUMO B
paborax [4] u [5], a rakxke ero MHOTOUMCIIEHHBIE MOAMMUKALNY, CM., Halp., [6] n
[7]. BamknyTbIe KTaces nHGUHENTAPHBIX DYHKIWMI BBetenbl B paborax [8] u [9]. Mer
[OKA3bIBAEM, YTO MHOI'ME KOHCTPYKIIMU U PE3YJILTAThl TEOPUU 3aMKHYTBIX KJIAC-
COB JIMCKPETHBIX (DYHKIHNiT (B YACTHOCTH, T€OPHUs COOTBETCTBHIT ['amya) B Toit min
UHOIi CTENeHN PACIPOCTPAHAIOTCsI HAa HHMUHUTADHBIA caydail. HeoxumanubiM 3¢-
dexTOM 3TOro pacrpocTpaHeHust siBJIsieTCsl HOBBIN YHUBEPCAJIbHO-AIreOpandecKuii
HOJXOJ, B TEOPUU YILTPADUIBTPOB.

1 OcHoBHBIE OIIpeieIeHns
1 coorBeTcTBUsA l'aaya
JJIsI KJIACCOB OECKOHEYHOMECTHBIX (DYHKINIA

Jlns kaxktoro Mmuozkectsa X u opamHaja o cumMBojioMm X ¢ 0003HAMAETCS MHO-
JKECTBO MOCJIEI0OBATEILHOCTEN JITTMHBL (v 9JIEMEHTOB MHOXKecTBa, X (MHAYe roBOps,
MHOXKecTBO dyHKIma € : o — X). g kaxzaoro opaunana [ < « [-biif 4jien
nocsreioBaTeabuocTn € € X (r.e. snement x(3)) obosuadaercs xg. st 0bo3Ha-
YeHUsl ToC/eoBaTeibHOCTel & € X% MBI OyJeM TakzKe UCIO0JIb30BaTh CTAHIAPT-
Hble 0003HAUEHHST BUAA {3} g< o, KOTOPbIE OKA3LIBAIOTCS Y IOOHBIMU IIPH OLACAHUI
oreparuii HaJ[ MOCIEI0BATETBHOCTIMU.

Kaxnas dyrkmus [ : X¢ — X HaswIBaeTCsl q-MeCTHOH (PyHKIMeH Ha MHO-
xkectBe X. MHOXKeCTBO BCex (-MeCTHBIX (DyHKIMIT Ha MHOX)KecTBe X 0DO3HAUAET-

cst cuMBOTIoM Fo (X). CumBon Foo(X) obosnaudaer muoxkecrso |J Fg(X). Kiace
B<a
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U Fa(X) Beex opdunasvromecmmvir dynkuuii na MuoxkecrBe X Oyjem 0603Ha~
aeOrd
garh cumBosioM F(X). st kaxzoro kinacca G C F(X) u opauHaia o MOJI0KUM

ga :gﬁ}—a(X) u g<a = gm]:<o¢(X)'
JInst KaxKJIoro IIOJIOXKUTEILHOIO OpAMHaJIa « M opauHata (3 < o pyHKIH
w3 € Fo(X), KOTOpasi OlpesesIseTCsl TOK IeCTBOM

ms(x) = x5
Jutst Becex & € X, naspiBaercs [$-oif (a-MecTHOM) npoexyuetd (Ha muoxecrBe X).
Oynknuss m € F,o(X) naspiBaercst (a-MecTHoit) npoexyuet (ma muoxectse X ),
€C/Ii OHa siBJIsieTcs (-0l IpOeKIMeil JJjisi HeKoToporo opauHasia 8 < «. Kiacc
BCEX OP/IMHAJILHOMECTHBIX HPOEKINii Ha MHOX)KeCTBe X O0O3HAYAETCS CHMBOJIOM
II(X).

Jlist KaxKa0ro MHoxKecTBa, X M OPJAUHAJOB , 3 €CTeCTBEHHBIM 0Opa30M Olipe-
neasiercst onepayus komnosuyuu Comp : Fo(X) x (Fg(X))* — Fa(X), xoropast
kax0ft dyukimn f € Fo(X) n nocienosarensuocru g € (Fp(X))” crasur B
coorsercTre GyHkiuio fog € Fg(X), koropas onpejie/sercs TOXKIeCTBOM

fog(x) = f({gy(z)}r<a)

IJIsSI BCeX &« € X5,

Jlns KaxKaoro HEmyCcTOro MHOXKECTBa X M MOJIOXKHATEILHOTO OPAMHAJNA, (v JIIO-
60e MHOXKeCTBO G C F((X) HazbiBaercs a-kaonom (Ha MHOXKecTBe X ), €CJIM OHO
comepkuT Bece mpoekimn m € II(X )<, M 3aMKHYTO OTHOCHTEIHHO KOMITO3HUIIUN.
[Tocsieree o3uadaer, 9TO s JIOOBIX OPAMHANOB (3,7 < «, dyukuun f € G, u
nocienoBareabuocTu g € (Gg)® dynkuus fog npunajyiexur Maoxecrsy G. Oue-
BUJIHO, B JAHHOI TEPMUHOJIOTHA “O0BIMHBIC” KJIOHBI Ha MHOXKECTBE X SBJISIOTCS
W-KJIOHAM.

Kaxmnoe muoxkectso P C X® GyjeM Ha3blBaTh (-MECTHBIM MPEIUKATOM (Ha
MHOzKecTBe X )E| MHO>KeCcTBO BCeX (-MECTHBIX IIPeJUKATOB Ha MHOXkKecTBe X 000-

sHadaercs cuMBoJIoM Py (X). CumBos Py (X) obosnataer muoxkecrso |J Ps(X).
B<a
Kimace |J Pal(X) Beex opdunasvromecmmnvir mpeuKaToB Ha MHOXKecTBe X Oy-
acOrd
JieM obosnadars cumBosioM P(X). s kaxkmoro kinacca R C P(X) n opaunana

a 110510KUM Ry = RN Pu(X) 1 Req = RN P (X).
Oynkrus f € Fo(X) cozpanaem npemukar P € Pg(X) (a npenuxar P coxpa-
naemcs gyrrkyued f), ecau is Kay ol nocaeoBaTesbHoct 2 = {2, },<q € P®

MIOCJIEJOBATETHHOCTD
{f({(ZL)v}L<a)}u<ﬁ

npunajyexkuT npeaukary P. Hedbopmaabho 310 03Ha9aeT, 9TO J1JIst JIIOOOH MaTpu-
IIBI pasMepa « X 3, CTPOKU KOTOPOi MIPUHAIeXKAT Ipeaukary P, crpoka 3sHaueHU

!B smreparype 1101 HpeMKaTaMI 9acTO MOAPA3yMeBaIOT XapaKTepUCTHIecKue (yHK-
MU TaKUX MHOXKECTB.
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dyHKIME f Ha ee MOCJEN0BATENbHBIX CTOJIONAX BHOBb IMPUHAJJIEKUT IIPEJIUKATY
P.

st siroboro MHOXKecTBa X U MOJIOXKUTEIBHBIX OPIUHAJIOB (v, [3 CJIEIYIONNM
obpazoMm onpeennM QyHKIHNT Invfﬁ  P(FeaX)) = P (Pp(X)) n Polgfﬁ
P (P<p(X)) = P (Fea(X)): nna xazmoro muoxkectsa § C Foo(X) 1 KazkI0r0
muoxkectBa Q C Pg(X)

Invgfﬁ(g) = {P € P.g(X): P coxpansiercs kaxjoit dynkimeit f € G},
Polgfﬁ(Q) ={f € Feu(X): f coxpansier kaxplit npejukar P € Q}.

[Tapy (Invi(ﬁ, Polfﬁ) OyaemM 0003HAYATH CUMBOJIOM 654(6

HanomuuM, 9To (aHTUMOHOTOHHBIM) coomeemcmeuem I arya MeKLy dacTUY-
HO ymopsiodeHubiMu MHOKecTBamu (A, <4) u (B, <p) HasbBaercs mapa @,
byuknmit ¢ : A - Bu: B — A, yIOBIETBOPSIOIIYIO YCIOBUSIM: JIJIsT JTFOOBIX
ap,a1 € Auby, by €B

1. ag <a a1 = p(a1) <p p(ap),
2. by <p by = Y(b1) <a ¥(bo),
3. ap <a ¥(¢(ao)),
bo <p p(¥(bo)).

st manmoro coorsercrsus [amya & = (¢, 1)) snement a € A (ssement b € B)
HasbiBaeTcst &--zamrnymowm (i pocro laaya-samrknymoim), ecan a = (p(a))
(coorBercrBenno, b = (1 (b))).

Kax mssectro (M., nanp., [4]) mis ciyuas a = 8 = w napa &2, o €CTb COOTBET-
creue lanya, u Fanya-3aMKHYTbIe MHOKeCTBa (DYHKIUH CyTh B TOYHOCTU KJIOHBI.
DT0 yTBEpKIEHHUE JIOIYCKAeT CJleyoliee o0oOIIeHue.

e~

Teopema 1. Jlas w6020 mmoocecmea X, | X| > 2 E| U NOAOAHCUMENDHBIL OPOUHA-
206 o, 3

1. napa &5 ecmo anmumonomonnoe coomeemcmeue Iaaya mesicdy Gyaesvimu
pewemram, P (F<o(X)) u P (P<p(X));

2. Kaotcdoe Qigfﬂ -3amrnymoe mmoocecmeo G C Foo(X) ecmov a-kaon na mio-
otcecmse X ;

3. ecau B > | X7| das scex v < a, mo Kaxncoul a-Ka0H Ha mHodcecmee X
X » g
ecmov B g-sammnymot snemenm byresoti pewemru P (Fea(X)).

2Cnyuait | X| = 1 #e paccMaTpuBaeTcs B CUITy TPUBHAIBHOCTH.
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Cxema doxazameavcmea. TlyHKTBI 1. 1 2. JTOKa3BIBAIOTCST HECJTIOXKHON MPOBEPKOI.
Hokaxem nynkr 3. Ilyers f > |X7| mis Becex v < « u G eCcTh Q-KJIOH Ha
MmHOokecTtBe X. Hamo mokazarh pasencTtso G = Polgfﬁ (Invgfﬁ(g)). Bxuitrouenue
g cC Polfﬁ (Inv‘;(ﬁ(g)) oueBuHO. /lokarkem obpaTHoe BKIouenue. [lycts v < a u

g €CTh y-MecTHasi (DYHKIUS U3 Polgﬂ (Invgfﬁ (G)). Tonoxkum 6 = |X7| u BBIGepem
Kakyo-HubOyIb Ouekimio ¢ : § — X7. PaccMoTpuMm d-MecTHBIN TIpeuKaT

P={{f(p())}<s: f € Gy}

[TockoabKy MHOXKeCTBO G 3aMKHYTO OTHOCHUTEJIBHO KOMIIO3UIINU, KaXKasi (DyHK-
nusg h € G coxpansger upeaukar P, cienosarenbHo, npenukar P npunaiiekuT
MHOKECTBY Invgfﬁ (G). Buauur, dbyskus g coxpansier npejukar P. Muoxecrso G
COJIEP2KHUT BCE Y-MECTHBIE ITPOEKITNU. SHAYUT HPeIuKaT P COIEPKUT M0Cse0Ba-

{9({mu(p(0) o<y) bizs,

a MHOXKeCTBO G coziepsKuT GYHKIHIO g 0 {7y fyay = ¢. O

Kak uzBectHo, s cayuas o = § = w lajnya-3aMKHYTble MHOYKECTBA IIPEJIH-
KaTOB TakKe JOIYyCKaloT sBHOe onucanue, cM. [4]. Mbl MoxkeM pacrpocTpaHuTh
9TO ONHUCAHUE Ha CJIydail OpJMHATLHOMECTHBIX (bYHKIMI (K COXKAJIEHUIO, ITO pac-
IIPOCTPaHEHNe UMeeT MEHBIIYIO CTelleHb obIHOCTH, YeM Teopema . MHoK€eCcTBO
Q C P.o(X) Oymem HA3BIBATD P-3aMKHYMbLM, €CJIA OHO YJIOBJIETBOPSIET CJIEIYIO-
UM YCJTOBHUSIM:

1. MHOXKeCTBO Q COAEPXKUT MyCTON MpeuKar (KOTOPbIi MOXKHO CIUTATH IIpe-
JINKATOM TIPOU3BOJIBHON apHOCTH 5 < (/) ¥ OJHOMECTHBIN npeaukar X ;E|

2. Juist moObIX opJuHasos v, 8 < «, ynkuuu ¢ : 8 — v u npeguxara P € Q,
[IPEINKATHI

{{mv(L)}L<g A P}

{w €eX": {mw(b)}L<5 € P}

[IpUHAJJIEXKAT MHOXKECTBY ();

3. s moboro opaunaia 3 < a u MHOXKecTBa R € Qg MHOXKECTBO & COACPIKUT
upeaukar [ R.

OrmeTnM, 9TO U3 ONpeJIeIeHHsI CIeIYET, 9TO JIF0O0e p-3aMKHYTOe MHOKeCTBO Q C
Poo(X) comeprkur Kaxaplii momaavhoiti f-Mectabii npeaukar X2, < o, n
KazKIyio B-Mecrnyio duazonans {x € X8 : x5 = x ), 0<y<B<a

Teopema 2. /s a06020 mnooicecmea X, | X| = 2, u nosooscumenvroir opouna-
206 «, 3

3 JlocTaTOYHO CYMTATE, YTO MHOMKECTBO Q CONEPIKUT HY/Ib-MECTHBIC IIPeIHKaTh F = ()
n T = {0}, monoxkus no onpezenennto, aro mobast byukuus f € F(X) coxpansier stn
PeIUKATHL.
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1. ®aowcdoe Qﬁfﬁ—sammymoe muoocecmso Q@ C Pg(X) aeasemca p-
BAMKHYMOIM,

2. ecau | XY < B dan ecex v < [, mo Kascdoe p-3aMKHYMOE MHONHCECTMEO
Q C Pp(X) asasemes (’5?6—3am7mymmm.

Cxema doxasamenvcmea. TIyHKT 1. MOKA3BIBAIOTCS HECJIOXKHOMN TpoBepKoit. /loka-
xkem nyHKT 2. Ilyers | X7| < B nma Beex v < ff u muOokecTBO Q C Pg(X) p-

samkayTo. Hamo mokaszarnh papeHcrso Q = Invé(ﬁ (Polgﬂ(Q)). Bxkiouerune Q C

Invgﬁ (Polgﬁ(Q)) oueBnHo. Jlokaykem obparTHOe BKJIOYeHME. Bbibepem mnpouns-
BOJIBHBIN opjuHas v < [ u nojoxum 0 = | X7|.

Jlerko mokaszarb, 4To cymiectByeT Takoil npeaukar Py € Ps(X) u nocienosa-
TesibHOCTD 2 € (Pp)?, uro:

1. {{zv} v <y} = Fo;
3. {(zv)w}v<’y = {(zv)u}v<'y = 19 = i1 JUTs BeeX g < 11 < 0.

Hedopmaabao 1oBOpst, 3TOT IpeIUKAT U 3Ta MOCIEIOBATEILHOCTh CTPOATCS CJle-

JaytoruM obpasoM. 3aruineM Matrpuily M pasmepa v X §, CTOJOIBI KOTOPOIt IIpe/I-

CTaBJIAIOT coDOil Bce mocsenoBaresbHocT € € X7, KaxKJIblil 110 OJHOMY pa3y.

Torjia B KavuecTBe MOCIEI0BATEIHHOCTH 2 MOXKHO B3STh II0CJIEI0BATE]HHOCTD BCEX

crpok Marpuilel M, a B KadecTBe npeaukaTa Py — MHOXKECTBO BCeX ee CTPOK.
Jlajiee paccMOTPHUM 0-MECTHBIN IIPEIUKaT

Py = {f({(z0). }ver) }i<s : [ € Polis(Q) N Fy(X)}.

Hedopmanbho, npeukar P| ecTh COBOKYIIHOCTL CTPOK MaTpuibl M, mojydenHoit
u3 Marpunbl M pobaBiieHreM BCeX CTPOK 3HAYEHUil BCEX Y-MECTHBIX (DyHKIUt
fe Polgﬁ(Q) Ha [TOCJIeIOBATEILHBIX CTOJIONAX MaTpuibl M.

Hecmoxxno 3aMeTnTh, 9TO JJIs JII000T0 OPANHAJA € I ITOCJIECI0BATEILHOCTH U €
(X¢)7 cymecrByer Takas GyHKIUSA @ : € — §, ITO

u = {{(Zu)gp(b)}b<s}v<v~

[MosTomy, B wacTHOCTH, J1s Jito6oro npegukara P € P.(X) momuocTn He 6ostee
CyIIecTByeT Takast (PYHKIUS  : € — §, 9TO

P = {{$¢(L)}L<5 N S P()}.

Ecnmn npm stom npemmkar P UpUHAIEKUT MHOXKECTBY Invgﬁ (Polg(/g(Q)), TO
YTBEDP2KJIEHUE OCTAeTCs BEPHBIM, €CJIM Npeaukar Py 3amMeHuTh Ha Ipeaukar Pj.
ITosTomy moCTATOYHO JIOKA3aTh, YTO IPeuKaT P IPUHAJIEKUT MHOXKECTBY Q.
JLy1st 3TOr0 PACCMOTPUM IPEIUKAT

P2=ﬂ@

QeQs
PiCQ
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un mokaxkem, uro P = P». Brmouenne Py C P, oueBuano. st mokasaTenbcTBa
00paTHOrO BKJIIOUCHUSI BHIOEPEM ITPOU3BOJILHYIO IOCIEIOBATEILHOCTD Y € Po u
ompesesmM dyHKImio g : X7 — X cienyromum obpazom. st Kaxk10# mocseno-
BaTeabHOCTH & € X7 CyIecTBYeT eIMHCTBEHHBINH OpAMHAN ¢ < &, JIJIsT KOTOPOTO
x = {(2v), Ju<y. Homoxnm
9(x) = y..

[Tokazkem, 9T0 (DYHKIUSI § COXpaHsieT JiIoboH mpeaukar u3 MHOKecTBa Q. IlycThb
Q € Q. uu € Q7. Boibepem Takyo QyHKIMIO @ : &€ — 0, 9TO ® =
H(2v) o) }i<e o<y MuOMECTBO Q COZEPKUT HPEUKAT

R={z e X’ : {z,, € Q}.

ITockosbKy mMmeeT mecTo BKJiodenne P C R, moc/ieoBaTeIbHOCTD Y IIPUHAIIEe-
KUT TpeuKaTy R, a MOCTeNoBaTeTbHOCTD {Yy(,) fi<e TPUHAIEKNT MPETHKATY
Q. 3HauuT, GYHKIMSA ¢ COXPaHsIeT JII0OOH IpequKaT U3 MHOXKeCTBa Q.

Orcroma ciemyer, 9To MOCJIe0BATEIbHOCTD Y IPUHAIIEKUT IIpeauKary Pj.
DTO OKOHYATEBHO JIOKA3BIBAET TEOPEMY. O

2 DbyneB ciy4ait 1 npuIoxkeHNns
K Teopum yJIbTpaduibTPOB

Jamgee MBI OyaeM paccMaTpUBATDL OIPeeJeHHDbIE BBIIE KOHCTPYKIIUU IS
X = {0,1}. Dror ciyuaii mbl Oysem HasbiBaTh OyseBbiM. MuoxkecTBO {0, 1} ecTh
OpJMHAJ 2, TaK MBI U OyJIeM ero 0003Ha4aTh I KPATKOCTH.

Jns KaxK0oro opauHasa «, nocjaegoBarenbnoct € € 2%, muoxecrsa A C a,
dbyuxpn f: 2% — 2 u muoxkecrBa a C Z(«v) oupejieseHbl

1. MHOXKeCTBO sety = {t < a:x, = 1},

2. mocsesioBaTenbHocTh X4 = {x €2Y: (Vi< o)z, =1 1€ A},

3. muoxkecTBo sety = {A C a: f(xa) = 1},

4. bysrus yq : 2% — 2, 3ajannas ycaopusivu f(x) = 1 < sety € a,

npIaeM 0TOOpasKeHus T — sety 1 A — X 4, a TakxKe oToOpazkenus f — sety mwa
Xa B3aUMHO O6paTHbl. MBI OyeM OTOXKIECTBIATEH MOCIEIOBATENIHLHOCTH & € 2% ¢
cooTBercTBYIOIIUMI MHOX)KecTBamu A C «, a pyakmun f : 24 — 2 — ¢ cooTBeT-
cTByIOImUME MHOKecTBamMu 0 C () U cuuTaTh, 9TO JJIsd BCEX MOJOXKUTEIbHBIX

OPJIMHAJIOB (v, 3 OIIpeJIesIeHO HOHSTHs (-KJI0oHa MHOX)KecTB a € | ) P2 (P(f)) u co-
B<a

orercrBus [atya (’535 = (Inv2 r Poliﬁ) MexKJly pernierkamu & 7L<Ja P(2(v))

u & (P<s(2)). Bepxunii cuMBoJI 2 B BBIIIENPUBEICHHbIX 3aIIHCSX OyIeM OILyCKaTb.
Yaempaguavmpom Ha MHONKecTBe Y HA3BIBAETCH IIPOM3BOJIBHOE MHOMKECTBO
P(Y), yIOBIETBOPSIONIEE CIEAYIONUM YCJIOBUSAM: JIJI JIIOOBIX MHOXKECTB

u C
B,CCY
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1. ecru BeuuCC B, 1o C €u,
2. ecu BeuunuCeu,ro BNC € u,
3. B € u rorja n Tojbko Toryua, korga Y \ B ¢ u.

MHokecTBO BCeX yiabTpadUIbTPOB Ha MHOXKECTBE Y MbI OyzeM 0003HAYATH CHUM-
BojioM gY. Teopus ynbTpaduibTpoB — pasBuTasd COBpeMeHHad 00J1acTb MaTeMa-
THKH, UMEIOIIasi IPUIOKEHUS B Teopun Pamcesi, KOMOMHATOPUKE, TEOPUH YHUCEII,
ajredpe, TOMOJIOTUYIECKOI TUHAMUKE, dprogumdeckoii Teopun u ap. [logpobuyio wH-
dbopmarmio (BKII0Yas HCTOPUIECKYIO CIIPABKY ) MOXKHO Haiitu B MoHorpadusx [10]
u [I1]. Oxa3biBaeTcsi, HEKOTOPBIE HOHSITHS TEOPUH YIBTPADUIBTPOB TECHO CBsI3a-
HBI C TeOpHell KJIaCCOB OPNHAJIHLHOMECTHBIX (PYHKITUI.

Teopema 3. Ilycmv o ecmov noaoocumenvruiti opouran. Tozda

1. mmoorcecneo u C P (a) ecmov yavmpaduisomp mozda u moavko moaoa, Ko-
20a U coxpanaem 6ce 08YTMeECmHve (PABHOCUNDHO, 6CE KOHEUHOMECTIHLE;
PABHOCUADHO, 6CE KOHEUNBLE) NPedUKaAmbL NG MHodCECmEe 2;

2. Ona mobozo yavmpadurvmpa u € go U NOAOHCUMENLHO20 OPIUHANG 7Y
mmootcecmso Invy, ({u}) samxnymo ommnocumenvro xoneunvix obsedune-
HUtl, m.e. daa 4100020 opdunanra § < v u d-mecmuuz npeduxamos P u Q) us
Inv,, ({u}) npedukam PUQ moorce npunadaescum mrnoorcecmey Inva ({u});

8. MHO2HCECMB0 8CEX YALMPAPUALMPOE HG 6CET OPOUHANGT Y < (L ECTNG A-KAOH
HA MHOICECNEE 2.

Zloxazameavcmeo. HectoxkHOI TPOBEPKOIL. ]

Haumnas ¢ 30-x romos 20 Beka KIacCHIecKUM O0BEKTOM MCCIETOBAHUN CTAHO-
BHUTCSI OIIEPaIs YIbTPapaclInpeHnsl YHAPHBIX PYHKIUI U CBI3aHHBINA C Hell mpe-
nopsok Pymun — Keiicnepa (em., manp., [10]) dns kaxxnoit bynkmmn f: A — B
yavmpapacwuperue f ecTh GyHKIMS U3 MHOXKecTBa gA B MHOXKecTBO g B, KoTopas
OTIPEJIEJISIETCS CJACYIONIUM 00pa30M:

fw)={SCB: (VX cuw)(Fz € X) f(z) € S}

Tt Beex U € gA.
IIpednopador Pydur — Keticaepa ectb GunapHoe OoTHOIIEHHE <RK Ha gA, Ko-
TOPOE OTPEIEIACTC HOPMYIOit

u<Rrg v & f(n) = u 7151 Hekoropoit pyakmum [ : A — A.

JIerko mokasarb, ITO UMEET MECTO CJIEIYIONIee yTBEPKICHNE.

YrBepxkaenue 4. /Jlaa 4106020 noA0HCUMEABHO20 OPOUHGAG (U, YALMPAPULL-
mpoe U, v € g u pynryuu f o — o caedyrougue Ycaocus pasHOCUNDHYL:



3aMKHyTBIe KJACChI 6€CKOHeTHOMECTHBIX (DYHKITHIL. .. 109

1. u= f(v),
2. Xu= Xo - {ﬂ-f(L)}L<a"

Takum obpazom, HedOpMaJIbLHO TOBOPS, YCIOBAE U <KRK ¥ BBITOJHEHO TOTJIA
U TOJBKO TOIJIA, KOTJIa XapaKTEePUCTUUIECKasi (DYHKIHUS YIbTPADUIBTPA U MOJIY-
JeHa U3 XapaKTePUCTUIECKON PYHKINN yAbTpaduIbTpa v IMIyTeM [IEPEeCTAHOBOK U
OTOK/IECTBJICHUI [T€PEMEHHBIX.

Vabrpapaciupennsi OMHAPHBIX OTOOparkeHuil, B 0COOEHHOCTH TPYIIIOBBIX U
[IOJIYTPYIIIOBBIX omepaluii, paccmarpuBaiores ¢ 60-x romos 20 Beka. Pesysbra-
TBI, TOJIy9I€HHBIE B 9TO# 00JIACTH, HAIJIN MHOTOYUC/IEHHBIE CBSI3aHHBIE C TeOpUeil
Pamces: mpusioxkeHust B TeOpun 9ucesI, aJiredpe, TOMoJOITIecKoil JIMHAMUKE U 9PTO-
nuaeckoit reopun. [1ogpobHyto nabopManuio (BKI0Yas HCTOPUIECKYIO CIIPABKY )
MOXKHO Haiitu B MoHorpadun [11].

Yabrpapacimupenusi (hyHKIMHA [TPOM3BOJBHON KOHEUHON apHocTH (M, Impe,
YABTPAPACIIUPEHHsT MOJEeH epBOro MOPSAIKA) OBLIM HE3aBHCHMO IIPEIJIOKEHBI
B HegaBHuxX paborax Topanko [I12] u Casenwera [13, [14]. Bosnee npocrpanuyto nn-
dbopmaro moxkuo Hajitn B paborax [15]-[19)]. N

Hnst kaxkyoit dbyukuuu f : A" — B ee yanbrpapacimmmpenune f : (BA)" — B
MOZKeT OBITH onpeiesieno pekypeueii o n. Hynb-mectnas dbynkims f oroxmecTs-
nsieTcs ¢ Koucranroit ¢y € B. [Inan = 0 dynxnus f ecTb Hy/Ib-MecTHasd QyHKIUS,
KOTOpast OTOXKJIECTBJISIeTCsl ¢ KOHCTAHTOMN, PABHOM TJIABHOMY yJIbTpadUIbTPY, 110-
POKJIEHHOMY KOHCTaHTOM ¢y, T.e. f = {S C B:cy € S}. Ina n > 0 nosoxum:

Flug,up, ...y 1) ={SCB: (VX cup)(Bz € X)S € fulur,...,up_1)},

viae fz(T1,...,xn—1) = f(x,21,...,Tp_1) IS BCEX T,T1,...,Tn—1 € A. Jlerko
IPOBEPUTH, YTO NMPH 7. = 1 MBI MOJYYaeM ONpEJeIeHne, KOTOPoe 3KBUBAJIEHTHO
BBIIICIPUBEICHHOMY. VIMeeT MeCTo Clieiylolee yTBepKIeHue.

YrBepxkaeHue 5. Jlaa 2106020 NOAOHCUMEABHO20 OPOUHAAL O, HAMYDAALHOZ0
wucaa n, gyrkyuu f o™ — o u yavmpadusompos Ug, Ui, ..., Up_1 € go Yab-
mpagurvmp f(ug, i, ..., Up—1) npunadaescum (o + 1)-kaomy yavmpagpuivmpos,
NOPOAHCOEHHOMY MHOACECTNEOM {Ug, UL, ..., Up_1}.

OHako, ecu cpesin yIbTpaduIbTPOB Uy, Ug, . . ., Up—1 € GO €CTh XOTs OBI OJIUH
HErJIABHBIH, TO MOPOXK/IEHHBIN MU (o + 1)-KJI0H He UCYepIbIBAETCs YIbTPabUIb-
rpamu Buga f(u), rje w € {ug,uy, ..., up1 ", n<wmu f:a" — a

IIpednopsador Komgopma <c Ha MHONKeCTBe gY OIpeJesIseTcs CIIeLyIOMuM
obpasoM: u <o B, eciIl KaXKJ0€ P-KOMIIAKTHOE IIPOCTPAHCTBO €CTh U-KOMIIAKTHOE

1B |20, 21] BBeseno monsTHe yIbTpapaCIIMPEHUs HEIPEPBIBHON B B3poBCKoil ToIO-
gorun byskimn f @ w* — w. MoXKHO OKa3aTh, 9TO MHOYXKECTBO BCEX YIbTPADUIBTPOB
0 € gw KOTOpBIe IPUHAMIEKUT (w + 1)-KII0Hy, HOpok aennoMy MHOKecTBOM 4 C gw, ecThb

B TOYHOCTH MHOXKECTBO Bcex yubrpaduibTpos Buga f(u), rae u € U¥, a f — nenpepois-
nast B baposckoit Tomosiorun GyHKIuA n3 w* B w.
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IPOCTPAHCTBO (Jerasu cM., Haup., [11], crp. 284, u [22]). OkasbiBaercs, npeanopsi-
1ok Komdopra ToxKe MOXKHO OIPEJIEUTh B TEPMUHAX KJIOHOB OPJIMHATHLHOMECT-
HBIX (DYHKIHA.

Teopema 6. Jlaa 2106020 NOAOHCUMEALHO20 OPOUHANG . U YALMPAPUALMPOS
U, 0 € g caedyroujue Yeao6us PasHOCUNDHDL:

1. ugg v,
2. u npunadaesrcum (o + 1)-Ka01y, NopostcdenHomy Yyabmpaguiompom v.

Bosepamasice k coorsercTBusiM [aiya (‘5556, MOXKHO 3aMETUTh, YTO B OyJIEBOM
ciaygae (re. npu X = 2) npenuxarsl P € P, (2) MOKHO OTOXKIECTBUTH C MHOXKe-
crBamu p C Z (). A uMenHo, 1151 KaXKJI0r0o OpIuHAJIa Y, IpeaukaTa P € Py(2) n
muOKecTBa P C Z(7y) HOIOKUM

setp = {sety :x € P} u xp = {xa : A €p}.

Torna orobparkenuss P +— setp u p + xp B3auMHO 0oOpaTHbI. lcnonbsys aTo
OTOZKJICCTBJICHHE, MBI MOXKEM CUUTaTh, YTO COOTBeTCTBUE B3 €CTH COOTBETCTBUE

Tanya mexay pemerkamu & | |J P (2(7) | n 2| U Z(Z2(7))
< Y<B
Mot mobbix muoxkects X, Y n orobpaxenus f : X — Y onpenesnm dyHKImio
f:2(Y)— Z(X) B3arus nomsoro npoobpaza: f(A) ={x € X : f(x) € A} aua
Kazk10ro MaoKecTBa A C Y.
st sio6oro oppuuana o MmHoxkectBo T C P (P (ar)) HA30BEM Q-KOMNAECKCOM,
ecan

1. mrsa kaxkmgoro mHOXKectBa U € T cymecTByer Takoi opawmHaT v < v, 9TO

Ue2(2(),

2. jus Kaxkgoro opaumHanga y < « MmHOKectBO T N P (F(7)) ecTb 3aMKHY-
tas T)-Tomosiorust Ha MHOXKecTBe (), T.€. COLEPIKUT IIyCTOE MHOXKECTBO,
mHOKecTBO (%) u Bee cunriieronst {A}, A C 7y, a TakyKe 3aMKHYTO OTHO-
CUTEJIBHO JIIOOBIX IIepecevdeHnii I KOHEUHbIX 00be/[MHEeHHI,

3. J7IsT KaXKIBIX OPAMHAJOB ¥,0 < « u dyuknun f : v — § GyHKIHUS J?Ba—
MKHYTa, T.€. 00JI1a/1aeT CJIeIYIOIIIM CBOMCTBOM: 00pa3 W IOJIHBIN 1Tpoobpas
3aMKHYTOI'O MHOXKeCTBa 3aMKHYT (OTHOCI/ITQHBHO OIIpeJIeJICHHbIX BbIIIEC TO-
HOJIOTHiA ).

Teopema 7. Ilycmv o u B — noaosicumesvhoie opdunaniv. Toeda

1. Oas kaoicdoeo a-kaona yavmpagurvmpos U muoocecmso Invag(U) ecmo (-
KOMNAEKC;

2. ecau a ecmv HEQOCTUNCUMDBLTL napdumm, mo pewemxa 6CEXT -KAOHOEB YAb-
mpaﬁu,nbmpos anmuuaomopgﬁna pewemrxe 6CEX X-KOMNAEKCOE.

Hoxazameavemso. Cuenyer us reopem [1} 2] B O
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uckyccusi. Muorue KOHCTPYKIUU U PE3YJIBTATHI TEOPUU 3aMKHYTBIX KJIAC-
COB JIUCKPETHBIX (PYHKIUI MOIYT ObITH PACIPOCTPAHEHbl Ha WH(MOUHUTAPHBINA CIIy-
vaii (B 4aCTHOCTH, HET COMHEHHII B TOM, YTO 3TO Kacaercss teopun Lajya st
S-3aMKHYTBIX QYHKIIMOHAIBHBIX KiaccoB u3 [6]). Asrop Hameercs, 410 910 pac-
IpocTpanenue OyJIeT UMETh MHOTOUHUC/ICHHBIC IIPUJIOXKEHNUS B TEOPUH YIbTPaADUIb-
TpoB. OCHOBHBIM HPEISITCTBUEM Ha JIAHHBIH MOMEHT sIBJISIETCsI OTCYTCTBHE SIBHOI'O
OIUCAHUSA ®§5—3aMKHmix MHOYKECTB IIPEeJINKATOB B 60J1ee OOIIMX YCJIOBUIX, YeM
JlaeT Teopema 2]

BuaaromapHocTh. Asrop 6naromaput npod. A.I'. Ilunyca 3a psaj BaxKHBIX 3a-
MeUJaHui, OTHOCAIIUXCS K OCHOBHLIM OIPEICICHUSIM U IIOCTAHOBKE 34 IatM.
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1 Bsenenme

IIycts G — rpymmna, R — koJiblio ¢ eqununeit. I'pynnosoe xoavuo RG — 310

MHOKECTBO (POPMAJIBHBIX CYMM BHIQ Y (q¢, TJ€ g € R, ¢ ecrecTBEHHO OIpeie-

geG
JIECHHBIMU OIlepalusIMU:

Yagg + Bbeg9 = ¥(ag + By)9,

(Eagg)(Eﬁgg): > > arfBh | 9,
i<0 | ghie

a(Xayzg) = Xaogg.

IIpu sTom eciiu R = 7., TO TOBOPSIT O UeAOUUCAEHHOM TPYIIIOBOM KOJIbIE I'PYIIIIbI
G. B ciyuae, korga R — moJie, ToBOpAT 0 2pynnosoti anzebpe RG.

IIycts h = Lagg € ZG. Oboznaunm e(h) = Yoy. Apromopdusm § € AutZG
HA3bIBAETCs HOPMaAu30sarhvim, ecan €(0(g)) = 1, ansa moboro g € G. Hopma-
JIN30BAHHBIE aBTOMOP(U3MBI COCTABJISIOT HOPMAJILHYIO IOArPYIILY B IPYIIIE BCEX
aBTOMOP(MU3MOB IEJIOYUCIEHHOTO TPYIIIIOBOTO KoJbIa ZG.

Haccenxay3oM ObLIa BBIIBAHYTA

I'unoresa. (o gaxmopusayuu asmomoppusmos). st 1060ro HOpMaIN30BAHHO-
ro aromopduama 0 € Aut ZG cymecrsyer equnanna s € QG u rpymmoBoit aBTo-

Mopdusm o € Aut G Takue, uro 0(g) = s o (g)s, ma moboro g € G.

Jlpyrumu cjoBaMu, OIpenencHa Gakmopusayia HOPMAIX30BAHHOTO aBTOMOD-
dusma 0 = g o g, tne 0 € AutG u s — coupsiKeHue eIUuHUIEeil § ajaredps

QG.
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Kax u3Bectrno, rumoreza [laccenxaysa o dpaxropuzamnmu aBTOMOPHU3IMOB IIe-
JIOYNCJIEHHBIX T'PYIIIOBBIX KOJIEI HE IOATBEPANIACh. VI3BECTHBI KOHTPIPUMEPSI
Xeprsexa [I], Porrenxamma [2].

2 IlpeaBapuresjibHbIE CBeJIeHUA

Hamu B [3] npeyioxkena jpyrasi hakTopusanus HOpMaJIn30BaHHBIX aBTOMOD-
PUZMOB 1eJIOUNCIIEHHBIX TPYIIIIOBBIX KOJIEI, OCHOBAHHAS HA TEOPUU IPEJICTaBIIe-
HUH KOHEYHBIX TPYTIIL.

[Mycrs G = {e,92,...,9n} — Koneunas rpymna, 11(G),..., Ts(G) — Bce ee
HEIPUBOMMBIE HEeSKBUBAJECHTHBIC ITPEICTABICHUA CTEHEeHEeH Ny, . . ., Ng.

D(G) = {diag(T1(9),---,Ts(9)),9 € G}

Ouesnnno, uro ZG = Z[D(G)]. Yenosumest koubna Z[T;(G)] Has3biBaTh KAemKamu
kouiblia Z[D(G)]. Paccmorpum orobpazkeHust

i Z%Ti(g) — ZagTj(g)aag €Z

KOTOpBIE JIMOO SIBJISIIOTCS M30MOpMU3MaMu, JUO0 He FABJIAIOTCs. Kcaum KieTkn
ZT,(G), ..., L[ Tysk—1(G)], k > 2, pij-u30MOpdHDI, 0603HATIM

Dy(G) = {diag(Tp(9); - - -, Tpyr-1(9)), 9 € G}

Op = Z[D,(G)] nasosem 6a0xom. Takum obpasom, Bce kombio Z[D(G)] pasbusa-
ercst Ha 6J10KkH, Touree Z[D(G)] < Oy, @ - - @O0, , rre Q-amre6psr Q[O))] siBistrorcs
npoctbivu. Ecim aBromopdusm ¢ konbita Z[D(G)| Bce 6/10K1 ocTaBiIseT Ha MeCTe,
HA30BEM €0 CMabuUAU3UPYIOUUM, B IPOTUBHOM CIIydae — NEPECmMasAAIOUUM.

Bamernm, uro ecim F = Q(§) — xoneuHoe anrebpamdeckoe paCIIMpPEHUe, TO
Jiroboit apromopdusm 7 € AutF ungynupyer uzomopdusM 7 KOJbIIa MATPUIL HAJT
F:

7((aij)) = (ag;)-

CupaseuIiBoO cJle/lyIolee yTBep:KieHue, 1okas3atnuoe B [3].

Teopema. Joboti nopmasusosartoid asmomoppusm xosvua Z|D(G)] ecmov xom-
NO3UYUA O T O pg, 20€  — HEKOMOPLIL NEPECNABAANOUUT AEMOMOPUIM U3 6bi-
denenroz2o xonewrnozo nabopa ®, T — asemomoppusm noas npedcmasserua epynnol
G, ps — conpaosicenue edunuyets s arzebpu Q[D(G)).

Pasz6uenne kosbiia Z[D(G)] na 610KH onpejiesisieTcss XapakKTepaMu X; IpPeji-
crapyiernit T;(G). Eciu x; — HeI09UC/IeHHBIN, TO 610K COCTOUT U3 OJHON KJIeTKH
Z|T;(G)]. Eciu x; comepzkut anrebpandecKue 9rucia, To 0JI0K COCTOUT U3 k KJICTOK,

rae k = [AutQ( ;)|
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[Iycrs AutQ(x;) = {n = id, 72,...,7%}. Torma xapakrepamMu KJIETOK TaKOIro
6J10Ka ABIAIOTCA Xi, T2(Xi)s - - - » Tk(Xi). COOTBETCTBEHHO, KileTKaMU OJIOKA SBJISIOT-
ca kierkn Z[T;(G)], Z[72(Ti(Q))], . . ., Z[7x(Ti(G))], To ectnb mobast MmaTpuia 610ka
ompejieisieTcsi cBoeil nepBoil kieTkoit. CyxkeHue Jiiob0ro cTabmIM3upyIONEero as-
ToMOp(dU3Ma Ha TaKOM 0JIOKe eCThb KOMIIOBUIMS Tj 0 g, TAe j = 1,... k.

BosnaukaeTr ecTecTBeHHBII

Bomnpoc. s soboro s aromopdusma 75 € AutQ(x;), rae j = 1,..., k, Haii-
nercs eauanna s anredper Q[T;(G)] Takass, 9TO KOMIOSHUIUS Tj O (s ABJISETCH
aBroMOpdu3IMOM 6J10Ka?

ITo moBo/ty 9TOrO BOIpOCA 3aMeTUM CJejyiomniee. B Tabnie XxapakTepoB I'PyIi-
el Matbe M7 ecth anredpandeckue ducia, Ho OutMy; = 1. 3uaguT, ecan aBTo-
Mopdu3M 1ot Xapakrepa “npodoastcaemcs’ 10 aBTOMOPGU3MA, TEJIOIUCTIEHHOTO
TPYTITOBOTO KOJIBIA 9TOH IPYIIIHI ¢ TOMOIIBIO COMPSIZKEHMS, TO OHA, CJTYKUT KOHTP-
npumepoM K runorese [laccenxaysa.

Hemo B ToMm, uTo 1o runorese llaccenxaysa 000t HOPpMAJTHIOBAHHBIA aBTO-
MOPGU3M [EJIOYUCIEHHOTO I'PYIIIOBOTO KOJIBIA €CTh KOMIIO3UIUS aBTOMOP(hu3Ma
TPYIIIBI U CONPSIZKEHUs equHuIlell rpymnmoBoii aare6pel. Ho aBromopdusm, nmmy-
[IUPOBAHHBI ABTOMOP(MU3MOM ITOJII XapaKTepa, IePecTaBIIsAeT KIACChI COMPSKEH-
HBIX 2JIEMEHTOB Tpymmbl. 3uaquT, B caydae OutG = 1 me MOXKeT peaan30BAThHCS
ABTOMOP(MU3MOM T'PYTITIHI.

3 OcHoBHBbIE Pe3yJIbTAThI

Hesip HAIIEH pabOTHI — OMUCATH AJTOPUTM, OTBEYAOIIUN HA BOIPOC, ITOCTAB-
JIGHHBIH B IPEIbLIyIEM maparpade.

1. Cuawuraem, uro ungexc [llypa pasen 1, To ecTb moJie TpeicTaBjieHus OJIO-
Ka COBIIQJIaeT C TojeM xapakrtepa. llycTb y; — xapakTep mepBoit KaeTKu 0.J10-
ka, Q(x;) — mose xapakrepa, KOTOpOE IOJIy9aeTcsl KaK IPUCOEIMHEHNE K II0JIO
Q xoneuHoro Habopa mesblx anrebpanmdeckux guces. Ecau |Q(y;) @ Q] = k, 1o
{w} = {1,¢,...,6"1} — 6asuc pacumpenna Q(x;) : Q = Q(€), rue € — menoe
aaredpamaeckoe dncyao. Torga meouncieHHble JuHeTHbIe KOMOMHAITUN 3/1eMEeHTOB
{w} ectb HEKOTOpPOE MOAKOJBLIO K KOJbIA TEIbIX ajrefpandecKux 9uces IoJist
Q(xp)-

2. IlycTh ™ — HaMMeHbIIlee HATYPAJIbHOE YUCJIO TAKOE, YTO JJIsd BCEX MaTpHUY-
HBIX eJUHHIL €, 1 < [, p < ng, u aucen {9,q = 0,...,k — 1, Bemoaneno

m&ley, € Z[T;(G)].

Taxum obpaszom, mMat,, (K) < Z[T;(G)].
3. Pacemorpum naean

T = (m&%;p, 1 <1,p <mj,q=0,....,k—1)z < Z[T;(G)].
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Herpynno nokasars, uro st moboro 7 € AutQ(y;) numeer mecro 7(Zy,) = Ly,

4. M0OKHO CUMTATD BCE 3JIEMEHTBI COIPATAIOICH MATPHUIBL § — HeJIble ajrebpa-
ndaeckue qncia u3 Kojbia K. Ilpu aToM, conmpsaraiolyo MaTpuily S UIEeM B BHJIE
s = Ss1 + mse, rue Ko3DOUINEHTHI JIeMEHTOB S B pasjioxkenuu 10 basucy {w}
npunajiexkar Maoxkecrsy {0,1,...,m — 1} u |s1 + msa| # 0.

Bamernm, uro B cuiy pasercrsa sZ[T;(G)] = Z[7(T;(G))]s, marpuna s; ymo-
BJIETBOPSIET CUCTEME CPABHEHMIL

¢

y1b1s1 + -+ yibesy = s1g¢ mod Iy, (1)
T181g1 + -+ T¢S19:t = bys1 mod Z,,, ’

L V15191 + - +Yps19: = besy mod I,

Tae gi,...,G¢ ajuuTuBHbll  Gasuc kombua  Z[T;(G)], hi,...,ht — ai-
muruBHbLE  6asuc  kosbna  Z[T(T;(G))], xo3DDUIMEHTBI X1, ..., T, Y1, - - - Yt
T1yee oy Tty Ypy-e 5P €40,...,m— 1},

Marpuiia s1, yJoBjIeTBOpsiioiasi cucreme cpashenuii (1), Bmecre ¢ coor-
BETCTBYIONUME €if U3 JaHHOH cucTeMbl KOIMMUIUMEHTAMA 1, ..., Tt Y1, - -,
Yty Tlye vy Tt Ypy---59p € {0,...,m — 1} 3ama0rT MHOXKECTBO 3JEMEHTOB

hi,...shihiy . he € Ty € VL ZIT(G)):

x1b181 + - -+ xbsy — 5191 = M
yibisi + - +yibist — s190 = Iy
T15191 + - +Ts19: — bis1 = I

Y1191 + -+ YS9t — besy = hy

Haiinenusie MaTpuipl hi, . .., Re, b, . . ., hi € I BMECTE C HCIOIB3yeMBIMHI KO-
ShOOUIUEHTAMI X1, ..oy Ty YLy e ooy YtsTdy ooy Tty Yy - - 5 U € {0,...,m—1} 3azator
CHCTeMy MATPHYHBIX JMHEHHBLIX ypaBHEHUil Jjis HAXOYKJ/IeHUs HEeM3BEeCTHON MaT-
PHUIIBI So:

—(w1b1 + -+ + Tbr)msy + msagr = My
—(y1b1 + - - - + yeby)msa + msagy = hy
—ms$oT1g1 + -+ - + Tege) + bimsy = hy

—m82@191 + o+ @tgt) + bymsy = ﬁt

st MaTpuIlel $ = S + MS2 BBIOJIHIETCST PABEHCTBO

sLITi(G)] = Z[T(Ti(G))]s.



O ¢akropuzanuu aBTOMOP(U3MOB [EJOIUCICHHBIX IDYIIIOBBIX KOJIEIl 117

Eciu |s| # 0, 10 s = $1 + msSy — UCKOMasi CONPSTAONIAsl MaTPUIIA

5. AIropuT™M HaXOXK/E€HHsl COIPSraiomeii MaTpuIlbL.

1) Beraucosiem ajymmrusabie 6asuce! kostern Z[T;(G)| n Z[7(T;(Q))]

2) Borancasiem m (cm. [3]).

3) st KaxKJI0if MaTpHIbl $] U3 UX KOHEYHOro HabOpa IPOBEPsieM BBIIOJIH-
MOCTh CHCTeMbI cpaBHeHuii (1).

4) It HAllIEHHON MATPUIBI 1, U3 CUCTEMBI (2) BBIYUC/ISEM MATPUIIBI

i+k—1
hi,...he by, b €T, © () ZITHG)).

r=1

_5) [l naxorx/ienust MaTPUIBL S2, 110 HAHJIEHHBIM MaTpunaMm hi, ..., hy,
hi,...,hs cocraBisieM U peliaeM cUcTeMy JHUHEHHbIX ypaBHeHHH (3).

ciu |s1 + ms TO § = §1 + MSy — COIPST s1 MATPHUIIA.

6) E 1+ mso 0, 1+ msy — co AI0IIA a a
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redpax siBJSIeTCsS PACIIHPEHHLIM BAPUAHTOM ILJIEHAPHOTO TOKJIa/Ia, MPEICTaBICH-
Horo Ha XV Mex1yHapoHoi KoHdepenuu Dpiarosi-2023 “Ilorpanudabie BOmpo-
CbI TEOPHUU MOJie/iell U YHUBEPCAJILHON aJireOphr .

Anrebpa A nan nosem F' HasbIBaeTCst IEBOCHMMETPHYECKOIT (MJIH MPEJINEBOIH ),
€CJIN OHA YJIOBJIETBOPSIET TOXKIECTBY JICBOCUMMETPUIHOCTH

<x7 y7 'Z) - (y7 x? Z)'

AHaJIOrUYIHO OIPEIEISIFOTCS IPABOCUMMETPUYECKHEe aareOpbl, KOTOPbIE OKa3bIBa-
IOTCA aHTUHI30MOP(MHBIMU JIEBOCUMMETPUIECKIM.

JleBocuMMeTpUUeCKHe aJirebphl €CTECTBEHHO BOSHUKAIOT B PA3HBIX KOHTEKCTAX.
[To-Buaumomy, 511 ajrebpbl BiiepBble BOZHUKM B pabore Kamm B 1857 roxny [I]. B
1961 roxy Koxysib npumennt ux mpu usydenunn Jeitctsuit adPuuabIX Tpeodpaso-
panwuii [2]. B 1963 roay Bunbepr ucnosb3oBast IeBOCUMMETPUIECKHE aJIreOphl IPH
KJ1acCUUKAIMN BBIIIYKJIBIX OJHOPOHBIX KOHycoB [3], a T'epcrenxabep — npu usy-
gennn sedbopmanuii anre6p [4]. JleBocummerpudeckue ajreGpbl TaKKe BO3SHUKAIOT
npu u3ydennu ypasraenust Slura — Bakcrepa [5], B quddepennuansroii reomerpun
wockux MHOroo6pasuii [6] u B reopun npecrasiaenuit rpym Jlu [7]. dast muoro-
obpasusi aiarebp V obinee noHsTHE Mpe-V-MHOroobpasust ObLIO onpejeneHo B [J].
Jlerko BuIeTh, 9TO MMOHSATHUE JIEBOCUMMETPUIECKOI AJIreOPhI COBIAIAET C OHSITHEM
npesmeBoil ajarebper. Takum oOpa3oM, B HACTOMAIIEE BpeMs JIEBOCHMMETPUIECKHE
aredpbl U3BECTHBI KakK a.2eopv Kootcyass — Bunbepea, asrzebpuv, Bunbepaa, anrzeb-
pote Kootcyan, npeaueso. anreebpo, u anzebpu, I epcmenzabepa.

*Pabora BeIIoIHEHA B paMKax rocyaapcrsennoro 3aganust UM CO PAH, rema FWNEF-
2022-0002.
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CrpyKTypHasi TEOpUs JIEBOCUMMETPUIECKAX ajIredp B caMOM ODINEM BUJE HE
MMeeT MHOTHMX aHAJIOIOB KJIACCHYECKUX pe3y/braToB. K mpumepy, JeBoCUMMETDU-
JecKasi ajaredpa MOXKeT OBITh He JIACTUIHON W Jarke He MMETh ACCOIUATUBHBIX
crernieHeil, TeopeMa o pazjoxkenun BemjepbepHa B 00IeM BHIE HE CIPABEIJIU-
Ba muisd atux ajrebp. Ho ecnu takas anrebpa mmeeT JONOJHUTEIbHLIE YCJIOBUSI,
KOTOPBIE €CTECTBEHHO BO3HUKAIOT BO MHOI'UX 00JIACTSAX MaTEMAaTUKH, TO MOXKHO
MTOJIYIUTh XOPOIINE CTPYKTYPHBIE PE3YIbTATHI.

YacTHbIMI CIIydasMu JIEBOCUMMETPUYECKIX aJIrebp SBJISIOTCS TaK Ha3bIBae-
MbI€ acCOCUMMeTpHuYecKue ajredps u ajarebpor HoBukosa.

Accocummempureckas anrzebpa — ITO TEBOCUMMETPUYIECKast aarebpa, KoTopast
TaKXKe SIBJISIeTCS IpaBocuMMeTpuveckoil. Kieitaderna mokazan acconuaTuBHOCTh
[ePBUYHBIX aCCOCUMMETPHYECKUX ajireOp xapakrepuctuku we 2 u 3 [9].

Anrebpa HoBukoBa — 5T0 JIeBocuMMeTpHriecKast aarebpa, y KOTOpOii omepaTo-
PBI IPABOTO YMHOXKEHUSI B3AUMHO KOMMYTHPYIOT. DTH aJrebpbl MossBUInch B 1979
rojy B crarbe lesibdanma u JlopdMan B CBSI3U ¢ TAMUJIBTOHOBBIMU OIIEPATOPAME
[10]. Basmuckuit 1 HoBukos B 1985 rojy Hamum Ty e caMylo ajrebpamdecKkyro
CTPYKTYDPY B cBsi3u co ckobkamu Ilyaccona ruapogunamudeckoro tuna [I1]. A6-
crpakTHOe n3yuenne anrebp Hopukosa 6buto HadaTo 3eabmanoBbiM B [12], rme
OH J0Ka3aJI, ITO KOHETHOMepHas mpocTas ajrebpa HoBukosa Ha aarebpamaeckn
3aMKHYTBIM 1oJjieM xapakTepuctuku 0 sBisgercda noseMm. B 1989 rony Pusurios
IIOCTPOWJI TIIMPOKUIl KJIACC MPOCTBIX HeaccoluaTuBHbIX ajiarebp HoeukoBa xapak-
repuctuku p > 0 [13]. Oc6opu B [14, [15] n Xy [16] xraccudunuposann KoHed-
HOMEPHBIE IPOCThIe ajredpbl HoBukoBa Ha 1 ajrebpanieck 3aMKHY THIMU ITOJISIMU
XapaKTEPUCTUKA P > 2.

B ominune or BBIMIEYIIOMSIHYTHIX ajireOp KJacC MPOCTHIX (KOHEYHOMEPHBIX )
HEACCOIMATUBHBIX JIEBOCUMMETPpUIeCKuX ajiredbp orpomed. K npumepy, Kak 1moka-
3ano B [17], crapTys ¢ IpON3BOIBHON (KOHEYTHOMEPHOIT) HETPUBUAIBHON JIEBOCUM-
METPUIECKON aire6pbl A, MOXKHO MOCTPOUTH IPOCTYIO (KOHETHOMEPHYTO) JIEBOCHM-
METPHUYIECKYIO arebpy, cojepxkaiiyio A kak nogaaredpy. VIHTepecHblil mojKrace
IIPOCTBIX JIEBOCUMMETPUUIECKIUX aJIreOp — IOJIHbIE JIEBOCUMMETPUYECKUE aJIre0phl,
Yy KOTOPBIX OHMEKTHUBHBI BCE OIEPATOPHI, SABJISIOIIMECS CyMMOIl TOXJECTBEHHOTO
OTIEpATOpa W OMEPATOPA TPABOTO YMHOXKEHUSA. DTO YCJIOBHE €CTECTBEHHO BO3HU-
KaeT B KoHTekcTe addUHHBIX peobpazoBannii. Kak okazajiock, cymecTByer bec-
KOHEYHO MHOIO HEeMm30MOP(HBIX MPOCTHIX IOJIHBIX JEBOCUMMETPUUIECKUX ajredp
pasmeproctu n > 5. Kiaccudukanuss 1ByMEpPHBIX U TPEXMEPHBIX KOMILJIEKCHBIX
IIPOCTBIX JIEBOCUMMETPUYECKHUX aarebp nosydena B [18].

MHuoroobpa3zue JjieBocuMMeTpudecKux ajredop Jlu-jpomnycrumo, T.e. KaxKjas Jje-
BOCHMMeTpHUecKast ajirebpa A OTHOCHTEILHO Olepalui [x, Y] = Ty — YT ABIAETCs
anrebpoit JIn. Dra anrebpa JIu obosmauaercs uepes A7) u maspBaercst npuco-
euHEHHOM anredpoit JIu st anrebpor A. XopoIno U3BECTHO, YTO MPHUCOEIUHEH-
nas ajirebpa JIu 115 JeBocuMMeTputdecKoil aiarebpnl xapakrepucTuku () He MOXKeET
6biTh nosrynpocroii [19], a ecsm A siBiasiercst TpoCTOl JIEBOCUMMETPUIECKON aJi-
reGpoii, To eé npucoeuHEHHas aarebpa JIu He MoxKer ObITh HusIbIOTeHTHO! [I§].
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[IpuMeps! TOKA3bIBAIOT, ITO CYIIECTBYIOT IIPOCTHIE JIEBOCUMMETPUIECKIE aJIre0PhI

¢ pa3pemunMoit U pelyKTUBHON npucoeauuéHubiMu ajredbpamu Jlu. [lpucoenuuén-

Has ajrebpa JIu mosHOM JieBocMMMeTpHUecKoil anrebpbl Beerja pasperinma [20].
Pacemorpum Hanbosiee n3BeCTHBIE TPUMEPHI JIEBOCUMMETPHIECKUX AJIrelp.

IIpumep 1. Ilycrs (A;-) — KOMMyTaTuBHasl accoluaTuBHas ajirebpa, a d — eé
nuddepennuposanue. Torna HoBoe npoussejierne a b = a - d(b) (ns Beex a,b €
A) npespammaer A B JIeBOCHMMETPHIECKYIO aJrebpy.

IIpumep 2. Ilycts A — accommarnsuas aarebpa, A — ee m3oMopdHasd KOIH.
Onpenenum Ha A @ A npoussejieHue

Ty =yT + [z,y], Ty =7Y.
Torma A® A ¢ JaHHBIM IPOU3BEIECHUEM SIBJISIETCS HEACCOIMATUBHON JIEBOCUMMET-
PHUYIECKOI aJirebpoii.

IIpumep 3. Ilycts V' — BekToprOoe npocTpanctBo Ha sl C ¢ 0OBIMHBIM CKAJISPHBIM
npousseserueM (-, ), u nycrb a € V — dukcuposanubiit Bekrop. Torya mpous-
Besierne uv = (u,v)a + (u, a)v onpeesasierT JeBOCHMMETPHIECKYIO anrebpy Ha V.
DTa ayredpa ABJSETCS TPOCTOM.

IIpumep 4. Ilycre A — accormaruBras ajrebpa Pora — Bakcrepa Beca —1, T.e.
Ha A oupeseineHo jmHeiinoe orobpazkenne R takoe, uro R(z)R(y) = R(R(z)y +
xR(y) — xy) st Beex x,y € A. Torma npoussesenue x xy = R(z)y — yR(x) — xy
3a/1a6T JIEBOCUMMETPUIECKYIO anrebpy Ha A.

IIpumep 5. Ilycrs F' — nosie xapakrepucTuku Hysib u F, := Flz1,29,..., 2] —
anrebpa MHOTOYICHOB HaJl F' OT HEM3BECTHBIX X1, X2, . . . , Tn. IlycTh W, — anrebpa
Jlu Bcex mudpdepennmposanmit F,. Torma MHOXKECTBO 3JeMEHTOB ud;, TIe U =
o, 0y = 0/0xi, s; € NU{0}, obpasyer 6azuc Wy,. s u = ad; u v = b0
HOJIO?KUM

S1
Ty ... T

wow = ((ad;)(1));.

[Ipomoirkast 3Ty omepanuio Mo AUCTPUOYTUBHOCTH, OJYyIaeM KOPPEKTHO OIpe-
JleJleHHy 10 OunHelHyto onepanuio Ha W,,. O6o3HaduM mnostydeHHyo aarebpy (c
onepaiyeii o) yepes L. Jlerko nposeputh, 4t0 L, sIBJSI€TCSI TPOCTOMN JIEBOCHM-
METPUYIECKO# anredpoii, a eé KoMMyTaTopHas ajaredbpa — sro asrebpa Burta W, .
Anrebpa L, HA3BIBAETCSA ACBOCUMMEMPUYECKOT ar2ebpoti Bumma undekca n nin
JIeBOCHUMMeTpHuIeckoil anrebpoit Bcex auddepenmupoanuii F,.

2 (1,1)-cynepajrebpbi

Hamomuum obtiee ompesesnenne V-cymepaaredbpsl i JaHHOIO MHOI000Opas3ms
anre6p V. Ilycts & — mnosie xapaxkrepuctukn He 2, a I' = I'g @ I'1 — anrebpa
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I'paccmana nan ®. Zo-rpagynposannas ®-anrebpa A = Ay & A7 naspiBaercs V-
cynepanzebpoti, ecim eé I'paccmanosa obosouka I'(A) == (Ag ® I'g) & (A1 ® I'1)
siBJIsteTCst ajrebpoit u3 V. AHAJIOTUYIHO MOCTYIIAEM C KOJIbIIAMHU, PACCMATPUBAsT UX
Kak Z-ajredphl.

Iycrs A = Ay ® A7 — cynepaarebpa, (—1)% = (—=1)?@PW) pre p(z) —
9éTHOCTD , T.e. p(z) = i, ecqin © € A;. B masbneiimem, ecim 9€THOCTD 9/IeMEHTA
HOSIBJISIETCS. B (DOPMyJIe, TO 9TOT SJIEMEHT IIPE/IIIOJIAraeTCsl OTHOPOHBIM.

BasKHBIM KJIACCOM HETACTUIHBIX MOHOACCOIMATHBHBIX AIredp sIBJISIOTCS ajl-
re6psl Tuna (7, d), BO3HUKIIIE PN U3y9EeHNH KJIACCOB ajrebp, 061 alomix cie-
JIYIOIIMM CTPYKTYPHBIM cBOHcTBOM: ecin I — wmyjean anrebper A, To I2 — rak-
ke uiean B A (em., manpumep, [21]). Hacraeim ciydaem (7, 6)-KoJter siBISAIOTCS
(1,1)-koubna (cM., Hanpumep, [22]). VzBecTHO, UTO IIpABOCUMMETPHUYECKUE KOJIBIIA
¢ ToxIecTBOM (2, z,x) = 0 gBisiorcst (1, 1)-KosibllaMu, a IIOTOMY IIPABOCHMMET-
pHYECKUe CYNepKOJIbIia C JINHeAPU30BAHHBIM CYNEPTOXK/IECTBOM acCOIUATHBHOCTH
TPETHUX CTEIEeHel, T.€. CyNePKOJIbIA C CyIePTOXK/IECTBAMHE

(x’yv Z) = (_1)yz($’ 2y y),

(l‘,y, Z) + (_1)Z($+y)(z’m’y) + (_1)$(y+Z)(y7 Za:E) = 07

siBistiorest (1, 1)-cyniepkosibiiaMu, u jjasiee 6yjieM UCIOIb30BATD JIJIsl HUX 9TOT Tep-
MUH.

B pa6ore [23| nosyuen cynepanasor pesyiasrara Kokopuca juist (1,1)-kosery
[22].

Teopema 6. [23| ITycmv A — npocmoe (1,1)-cyneprosvyo 6es 2-kpyuenus u ¢
HEMPUBUAALHBIM udemnomernmom. Toeda A accoyuamusero.

B kauecTBe puMeHEHUsT 3TOr0 pe3yabTara OblIa MOKa3aHa acCOIUATUBHOCTD
npocToii KonearoMepHoit (1, 1)-cynepaarebpsl ¢ morynpocToil 9€THOl YacThIO HaT
ajrebpamyeck 3aMKHYTBIM IojieM Xapakrepuctuku 0. OTMerum, 94To BOIPOC O
CYIIECTBOBAHNUI IIPOCTBHIX HeacconuaTuBHBIX (1, 1)-cymepasredp ocTaérest OTKPBI-
ThIM.

Teopema 7. [23] I[Tycmv A — npocmaa koneunomepraa (1,1)-cynepanzebpa ¢ no-
AYNPocmots wémmnot wacmuvilo mad anrzebpaunecku samkrymuim noaem F xapaxme-
pucmuxu 0. Tozda A accoyuamuena.

3 OuaomMopdbl

B pa6ore [24] 6but0 BBegeHO mousitue 3HpoMopda E(A) (cynep)anrebpsr A
u jokaszano, aro FE(A) asasercs mpocroit anrebpoit, ecim A — 910 He anrebpa
CKaJISIPHOTO yMHOXKeHusA. Fcmu A — npasocummerpudeckas cylepajredpa, To u
E(A) — upaBocummerpudeckas cynepaiarebpa. Tem caMbiM HOCTPOEH IMUPOKHI
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KJIACC HPOCTBIX (IPAaBOCHMMeTpHYEeCKHX) (cymep)asurebp, CojepKaliux MaTpud-
HYIO TTOAaJIredpy ¢ oOIeil e quHuIe.

IIycte A — anrebpa Haj mojem F. Obosnaumm 1epes R, omepaTrop mpaBoro
yMmHOXKeHust B A Ha amement a € A: xR, = xa anga Bcex x € A. Paccmorpum
upsimyto cymmy anrebp F(A) := A @ End(A) u HajgeauM eé npou3BeeHueM 110
MPABUITY

Aa = aA+[A, R,

st Beex a € A, A € End(A). Ionyuennyto anrebpy HazoBéMm sndomoppom ai-
re6pst A. Ilo onpesenennio A n End(A) sasisiorcs noganrebpamu B E(A), a A —
9TO mpaBblil Mozysib Hax End(A).

IIycrs A — anrebpa. Ilpeamnonmoxum, aro st Jjioboro a € A cymiecTByer
A € V* rakoit, ato ab = A(b)a (wmm ab = A(a)b) ms Bcex a,b € A. B srom ciryqae
MBI TOBOPUM, 9TO A — 9T0 aszebpa CKAAAPHO20 YMHONCEHUA.

Teopema 8. [24] ITycmv A ne asasemea anzebpoti ckarsaphozo ymuootcenua. To-
2da anzebpa E(A) npocma.

[Monoxum Ay := A, Ay = E(Ak_1) upu k > 1. Torga Teopema |8 naer kpure-
puit TPOCTOTHI aaredp Aj, 1 MbI IMeeM

Caexncrsue 9. [24] Aneebpa A, npocma dan scex n > 1.

B [24] 6buia naiigena anrebpa puddeperinuposanuii SH10Mopda yHUTATIBHOI
aredbpsl A, a UMEHHO, ObLIa JIOKa3aHa

Teopema 10. ITycmv A — ynumanavhasn anzebpa. Omobpasicenue D asasemces
dugppepenyuposaruem E(A) mozda u moavko moeada, xozda D asasemea npamots
cymmoti d € Der(A) u enympennezo dudgepenyuposarus End(A), onpedeaénnozo
nocpedcmeom d.

Henasuo aBropoM sTa TeopeMa Oblia yCHJIeHA CJIeyonmmM obpasom [25].

Iycrs A — nponssosbHast aarebpa. Pacemorpun anrebpy Af, monydenmyio us
A npucoegunennem enuaunbl 1. OueBnnno, jroboe nuddepeHupoBanie Ha At
uveer Bug D + p, tae D € End(A), p € A*, npomomxkennbie na A* npasmmom
(D + p)(1) = 0. Hanee Taxzke Gy/em ucnojabzoarh oboznadenne [ := aP pns
JAHHOTO OTOOpaskeHus 1 OyieM o6o3HaIaTh depes I, orobpaskenne u3 A B End(A)
Taxoe, uto I,(a) = I;.

Oupenennm undyyuposarnoe nuddepennuposanue D supomopda F(A) npa-
susioM aD = aD+a”, AD = [A, D] ans mobbix a € A, A € End(A), upu sTom eii-
creue a® ompejessieTcs eMHCTBEHHBIM 06pa3oM u3 cootHomenns ral = u(x)a.
Bynem rosopurs, uro auddepennupopanue D undyyupyemcs nuddpepeHmpoBa-
aieM D + 1 anre6psr Af

Teopema 11. [25] ITycmv A — anzebpa nad nosem F. Omobpasicenue D asasem-
ca dugpgepenyuposaruem E(A) moeda u moavko moeda, kozda D undyyupyemcs
Jduppeperyuposaruem arzebpo, Al
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4 OO0 anrebpax YMHOXKEHUIA
IIPOCTBIX MPEJUEBBIX AJIredp

B pa6ote [20] 6p11a joKka3aHa ciie/yoniast BayKHasi CTPYKTYPHasI TeopeMa, Jist
JIEBOCUMMETPUIECKUX aJIrelp.

Teopema 12. [26] [Tycmv A — npocmas KoneuHoMePHAA NEBOCUMMEMPUUECKAA
aneebpa nad aszebpaudecku 3amrHymMouLM nosem F xapaxmepucmuxu noav. Toeda
aubo A accoyuamuena, subo €€ anrzebpa npasvix ymroscenutd R cosnadaem ¢ an-
2€b6potl ymmooicenud, xomopas uzomoppmra M, (F), eden = dimp A, u A asasemcs
HENPUBOIUMBM TR-MOdyaeM.

B kadectse ciiejicTBus 1mosiydaemM reopeMy 3esibManosa [12]

CaencrBue 13. [12] ITycmv N — npocmas xoneurnomepnasn anzebpa Hosurosa
Haod noaem Tapaxmepucmury noav. Tozda N asasemcs noaem.

Taxke B [20] n3yvanuch cBoiicTBa MPOCTHIX KOHEITHOMEPHBIX JI1-MeTabeeBbIx
JIEBOCUMMeETpHUIECKNX aaredp. B gacTHOCTH, OBLIO MOKA3aHO, ITO J00AsT IPOCTAS
KoHeYHOMepHast JIu-merabesieBa JieBocuMMeTpuueckas ajredbpa A ¢ ToxkecTBOM
[z, y]([z, t]u) = 0 sBasieTcst Zo-TpalynpOBAHHO U COIEPIKUT ACCOIUATUBHYIO KOM-
MYTATUBHYIO Iojajrebpy ¢ “xoporum” KopHeBbIM JieficTrueM. Takxke B [20] 6b11n
JIaHBI HEOOXO/IMMbIe U JIOCTATOYHBIE YCJIOBUsT TOJHOTHI ayirebp A. Mcnosb3ys atu
pe3yAbTaThI, TOIyYeHa KIaCCU(PUKAIINST TTPOCTBIX YETHIPEXMEPHBIX aaredbp A Has
ajredOpanviecku 3aMKHYTBIM TI0JIEM XapPaKTEPUCTUKU, OTJUIHON OT 2, & TaKZKe OITH-
canne ajarebp A B cilydasx, Korga 4éTHas 4acThb A b0 sBJIsieTcsl IpoCToi, 6o
UMeeT HYJIEBOE IIPOU3BEJIEHNE.

5 Koncrpykiua Muiyxapbl

[Mpuseném koucrpyknuo Muiyxaper [27] pacimipenus anre6pst A 1pu momo-
I 2-HUJIBIIOTEHTa MM WIEMIIOTEHTA, T.€e. TAKOTO JIEMEHTa U, 9T u2 = £u, rje
e €{0,1}, u ¢ A. Ilycrs A — anrebpa naj nosem F. Cummerpudeckyio Guin-
Heiinyo dhopmy H(-,-) ma A co snadenusimu B F Oynem HasblBarTh [eccuanom,
ecu

H(zy,z) — H(x,yz) = H(xz,y) — H(z, 2y)

JUIs BCex T, Y, 2 € A.
leccnan H n qudbdepennmporamnue D Ha A HAZ0BEM £-C024aC08AHHbLMU, €CITH

eH(x,y) = H(Dy,y) + H(x,Dy)

Jutst mobbIx x,y € A (mpm stom cormacoBannsle napsl (H,0) u (0, D) masosém
mpusuasvnumu). Pacemorpum ogHOMepHOe paciimpenne A npu nomonu (u) u e-
coenacosannoti napel (H, D), Ha KOTOPOM IIPOU3BEJICHIE OLPE/IE/IAETCS IPABIIAMI

u-u=¢cu, u-r=0, x-u= Dy,
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r-y=uxzy+ H(z,y)u

s Beex o,y € A. Obosnaunm nosydennyto airebpy depes A(H, D). Anrebpy
A(H, D) 6ynem nasbiBath e-pacwuperuem Muyyxapo anrebpsr A. Kak ciemyer us
[27], A(H, D) siBisiercsi IpaBOCUMMETPUIECKOiH asrebpoii, ecim TakoBa UCXO/HASsT
ajrebpa.

O6ozmaumm uyepes M+ := {x € A : H(x,m) = 0 mia moboro m € M}
opmozonaavhoe donoarenue K MuokecTBy M B anrebpe A ornocuresbio [eccnana
H anrebpor A.

JIemma 14. [27] IIodnpocmparcmeo I = Fu & J asasemca udearom 6 A(H, D)
mozda u moavko moeda, kozda J — maxot udean 6 A, wmo D(A) C J. Ilodnpo-
cmpancmeo J uz A asasemea udearom 6 A(H, D) mozda u moavko mozda, xozda
J — maxoti udean 6 A, wmo D(J) C J u J C A+

Badukcupyem ¢ € {0,1}. Hycrs A;(H;, D;) — e-pacimupenusi Muryxapsl aJi-
re6p A;, i1 = 1,2. Paccmorpum npamyio cymmy A = A; & Ay amrebp A; u A
(kax wupeasioB). Ob6osnaunm udepes D (coorBercrBenno, H) muddepennuposanue
(Teccuan) anrebpst A, onpejie/iéHHbIE TIPABUIAMMU:

D|~Az = Di? H|.AZ = Hi7 H(-Al,AQ) == O, Z: 1,2

Kak cienyer us [27], (H, D) siBisiercs coryiacoBanHoii napoii na A. Asrebpa
A(H, D) nasbiBaercst upsiMmbiM pacuwiuperuem Muyyzapu anrebp Ay u Ag. AsreGpa
A HasbBaeTcst paszaosicumoti, €CaM CyIeCTBYIOT HeTpUBHUAJBHbIE anrebpbl Aj u
As takue, uro A sBigeTcsa npsaMbiM pacinuperneM Muiyxapbl anrebp A; u As.
B nporusnom ciydae A HasbiBaeTCs Hepasaodcumot. BaxkHOCTh e-pacmmpennst
Mutyxapsl 00bsICHIET CJleLyIoNIee

IIpensioxkenue 15. [27] Hycmo A asasemcs npamovim pacwupenuem Muuyzapol
Aesocummempureckur anrzebp Ay u As. Eceau Ay u Ao npocmu, mo u A asasemcs
npPocmot AEEOCUMMEMPUIECKOT an2ebPoTl.

Anrebpy A(H, D) HazoBEM nowmu npocmoti, ecjim oHa OO IpocTa, Jubo JIFo-
60it eé cOOCTBEHHBIN Mmeas He coBmasaeT ¢ A, mMmeer Kopa3mepHocTh 1 n HeE CO-
JepKuT ssemMenTa u. [pemioxenne |15|6bu10 yemieno B [25] ciemyomum o6pasom.

Teopema 16. [25] ITycmv Ai(Hi, D1) u As(Ha, D2) — pacwupernus Muuyzapol
anzebp A1 u Az, u nyemv A — npamoe pacwupenue Muyyzrapv aseebp A1 u
Ay, Aneebpa A seasemes npocmoti mozda u moavko moeda, koeda Aji(Hy, Dy)
npocma, a Az(Ha, D2) noumu npocma.

Pacmupennst Muityxapsot anre6pot My, (F'), sagomopdos u airebp Byp/ 6buiu
onmcanbl B paborax [28] u [25]. B cayuae anrebpor M, (F) mobas 1-cornacoBannas
napa ua M, (F') tpuBnanbua, a Bor O-pacmupenusi Muityxapbt anrebpsr M, (F')
npejcTaBasgior naTepec. Uepes Tr 0603HAYINM KIACCHIECKYIO (DYHKIIAIO CJIEIA.
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Teopema 17. Jloboe 0-pacwupenue Muyyzrapo, anzebpor My, (F) asasemes ao-
KaALHOT NoOwmU npocmoti ar2edbpoti oan A106vT Henyaesvx Juddeperuuposanus
D u Teccuana H = oTr. Eé eduncmeennvim coOCMEEHHBIM UICAAOM ABAACTNCA
NPOCMASA HEACCOUUAMUEHAA HEPAZNOHCUMAA AEBOCUMMEMPUIECKAA an2ebpa

My (F)y = (A+ Te(A)u: A € My,(F)).

Paccmorpum  pacrmmupennst Muityxapsl sH10MOPGOB. BbimennM HeKOTOpPbIE
“crerudnaeckue” (OYTH TPUBHAJIBHBIE) ajirebphl.

IIycts A — mpous3BOJIbHOE BEKTOPHOE IIPOCTPAHCTBO HaJ mojeMm £, B — mo-
npocrpancTso B A kopasmepuocru 1 u A = (B, a) nys mekoroporo a € A. Bozbmém
D € End(A,B), a € F, u oupenennm na A nMpon3BeieHIe TPABUIOM

r-a=ar—zD, z-y=0

juig Beex © € A,y € B. O6o3HaunM 1orydeHHyIo anrebpy depe3 B, p U Ha30BEM
00HOMEDHBIM PaAcCULUPEHUEM aDenesoTl ar2ebpb, TIPU TTOMOITH AuddEepEHITUTPOBAHUSI.

[Tycrs (H,D) — nerpusnasbhas 0-corsiacoBanHas mnapa Ha ujoMopde F(A),
rae A — anrebpa maj nonem F, D = D +[-, D]+ 1,, D € End(A), u € A*. Ilpex-
HOJIOKUM, YTO CYIIECTBYET HEBBIPOXKJEHHbIH roMoMopdusm npasbix End(A)-
monyrteit ¢ @ A +— End(A) rakoit, uto I} = Da¥, R, + a? + auD = ya,FE,
aalg = yagb? nansa mobbix a,b € A u s HEKOTOpOTO HeHyseporo v € F rje
ag = H(a + a%,1), a(aD) = 0 mus Becex a € A. B srom ciyuae A HazoséM
MOOYAvHOT anzebpoti napo. (H, D).

Teopema 18. [Iycmv (H,D) — nHempusuaivhas -c02AACO08GHHAA NAPL HA IH-
domopgpe E(A), 2de A — aneebpa 1ad norem F, ne asamowancs anrzebpot cra-
AAPHO20 YMHONCEHUA, OOHOMEPHIM PACUWUPEHUEM GOEACB0T aA2eODBL NPU TOMOULU
dupepernyuposarnun usu modysorol anzebpoti napwv, (H, D). Tozda pacuwupenue
Muyyzapor areebpu E(A) asasemes nowmu npocmots HEpa3ioscumoli anrzebpot,
xomopas npocma npu € = 1 u aokarvra npu € = 0 ¢ eduncmeentvim cobemaeen-
nowm udeanom I, = (a+ H(a,1)u : a € E(A)) xopasmeprocmu 1. ITpu smom I,, —
MO NPOCMAA HEPAZAONHCUMGA NPABOCUMMEMPUYECKAT, AN2E0DA.

Paccmorpum korcTpykmuio Murtyxapor ajist anredp Bypms. B srom ciygae
OIISITH YKe UHTEPEC IPEJICTABJISAIOT TOJIBKO O-paciupennst Muiryxapsi.

[Iycrs T, (F) — acconuarupHast anrebpa BepXHeTpeyrobHbIX Marpur. Otpe-
Jesnm otobpazkerne T : My (F') — T,,(F) npasuiom

€ij, ecim ¢ < J,

T(eij) = 0, npu i > j,

eii/2, ecnui=j.
Torpa T,(F) craHOBATCS JICBOCUMMETPHYCCKOHl airebpoil OTHOCHTENBHO HOBO-
ro npoussesenns x oy = xy + T(xy' 4+ yx'), nme | osmasaer Tpamcronmpo-
sanue [I8]. Asrebpa (7, (F);0) He siBiasieTcss MPOCTOil, ofHAKO €€ muean [, :=
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(e1i, i = 1,...,n) > upoct. Anrebpsl I, HazbBatoTCs anzebpamu Bypos. Tloo-
xuM Jp, := (e12,...,€1,). JIerko sameTurn, uro Jobast aarebpa Bypss sBiasgercs
pacmupenueM Muiryxapsl ajaredpbl ¢ HYJIEBBIM YMHOXKEHUEM.

Teopema 19. Jwb6oe 0-pacwupenue Muuyzapor anreebpo, I, seasemcs i0kaNb-
1Ol an2ebpoti Oas A00bLr Henyaesvir dupdepenyuposarnus D u Teccuana H. Eé
eduHcmeerHbIl cobcmeeHHbill udeas — Mo NPOCMAA HEACCOUUGMUBHAL NEBOCUM-
MempurecKkas arzebpa

I, = <611 + u) @ Jp.

6 O6ob6mEnHas KOHCTPYKIs Muliryxapsl,
ayoas Burrta

B nmammom maparpade mbl paccmoTpum 0600menne koncTpykimu Muityxapbr
¥ BO3HUKAIONIUI IpU 9TOM IIpocToil ay06/b Burra.

IIycrs A, B — jieBocMMMeETpUY€ECKHE aIredphl U Olpeie/ieHbl OMIMHeiHOe CrM-
Merpudeckoe orobpazkenne o : A X A+ B (xoy = yox) u romomopdusm aaredp
JIu D : B s Der(A) rakue, o

Dy(xz) oy +x 0 Dy(y) =b(zoy),

(zy) oz —wo(yz) = (yz) 0 2 —y o (x2)
JUTst MOOBIX T, Y, 2 € A, b € B. PaccMorpuM nipsimyto cymmy A@ B, rie B siByisiercst
oAaJIredpoii, a OCTaBIINECS IIPOU3BEICHUS OIPEeIeIeHbI IPABUIaAMU

b-x=Dy(x), -b=0, z-y=zy+zoy (1)

st Beex x,y € A, b € B. ObozHauuMm moaydeHHYIO anrebpy depes A op B.
CupaeyBa CJie Iy rormast

Teopema 20. Anceopa Aop B asasemes aecocummempuseckod.

Ilycts A — acconumaruBHas KOMMyTaTUBHas ajrebpa Han mojeM I ¢ HeHy-
nesbiM uddepentuposanneM d. IIycrs B := A — uzomopdHas Konus aarebpbl
A (Kak BEKTOPHOI'O IIPOCTPAHCTBA) € KJIACCHYECKUM JIEBOCHMMETPUIECKIM yMHO-
xernem T « § = xd(y). Ilyets ¢ — ectectsennoe vioxenune A B A: ¢(a) = a.
Ompenemm orobpazkenue D : B(7) — Der(A) npasunom D(a@) = ad ps mo6oro
a € A. Jlerko nposeputb, uro D — 310 romomopdusm anrebp Jlu u p(b-x) = bp(x)
st mobeix © € A, b € B, te b x := Dy(x). Obo3HATNM TIOSTYyUEHHYIO aired-
py A® A ¢ ympoxenuem yepe3 Ay u HasoseMm dybaem Bumma anrebpor A.
ITo Teopewme 20] A4 siBasieTcss eBocuMMeTpuyeckoii anrebpoit. Bosee Toro, nan-
Hasl ajredpa OKasLIBAETCs IIPOCTOM, ecyil ucxonnas aarebpa A ObLia yHATAILHOM
d-rpocToit aaredbpoii.

Teopema 21. Ilycmv A — yHUMAALHAA GCCOUUAMUBHAA KOMMYMAMUEHAA Q-
2ebpa nad nosem F. Aneebpa Ag asasemces mpocmoti mozda u moavko moeada,
xoeda A asasemcs d-npocmot.
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1 Bseaenne

Saava maaHapu3aun, JOCTYIHASL ISl IOHUMAaHUSI IIKOJIBHUKAME B TIIETHBIX
MOIBITKAX COCIVMHUTHL TPHU JOMa U TPHU KOJOIIA KOMMYHUKAIIUIMU Oe3 mepecede-
HUA JUHUAN NI OITh OCTPOBOB BCE€BO3MOXKHBIMH HE IIE€PECEKAIOIMNMMNCA MOCTaMMU,
HaxXOJIUT IPUMEHEHHEe B CaMbIX HEOXKHUJIAHHBLIX cdepax, OT IMPOEKTHPOBAHUS IIe-
YaTHBIX ILJIAT, 10 pa3pabOTKHU U MPOEKTUPOBAHUS aJITOPUTMOB 3aIy THIBAHUS IIPO-
rpaMM, WId aHaJn3a IrpadoB MOTOKa yIpaBiieHnsa. Ha mporpaMMbl, B 9aCTHOCTH,
MO2KHO CMOTPETH KaK Ha aCCOIMaTHUBHbLIC MHOXKECTBa, dJIEMEeHTaMi KOTOPBLIX AB-
JIAIOTCS Tponeayphbl u QyHKINA. Kcam paccMoTperh MHOXKECTBO BCEBO3ZMOXKHBIX
[IPOIIE/IyP OTHOCHTEJILHO Ollepalii UX OObeIUHEHMS U II0CJIEI0BATEJILHOIO BbI-
MIOJIHEHUSA B Tejie 00beUHEeHHON IPOIeyPhl, TO PaCCMaTPUBaeMOe MHOXKECTBO 00-
JIAJIAeT CTPYKTYPOIi IMOJIyIPYIIIbI, TAK KaK BbIOpPaHHAsI Ollepalldsl aCCOIUATHBHAS,
bunapHas, ajarebpandeckas. [lepeancienne mianapubix rpados Kaan mosyrpyrmn
[IPY TAKOM IIOJXOJI€ TPAHWYIUT C M3BECTHON 3ajadeil MpuBeleHnsl rpada ImoToKa
praB.HeHI/IH K HHOCKOl\Iy BULY. TaK)Ke Fpa(be €CTEeCTBEHHBIM 06pa30M BO3HUKAIOT
[IPpY BU3yaJA3aIud aOCTPAKTHBIX aJredpandecKux CTPYKTYP.

Nsy4enne mranapHbx rpadoB TPAIUIIMOHHO OTHOCIT K BOIIPOCAM TOIIOJIOTUH,
KOTOPBIE TPEJICTABJIAIOT OIPEICIEHHBIX MHTEPEC U C MHXKEHEPHOH TOYKU 3pEHMSI,
HO paccMaTpUBAEMbI HaMM aJiredOparmdecKuil MMOoAXoi, 3HA4YUTeNbHO mmmpe. Ouu-
CaHme JIOIyCKAIOMNX IJI0CKHe rpadbl KM KOHEUHBIX TPYII H3BECTHO JABHO, UX
uccjieJoBaHusd HE ITPEKPallaloTCA U ITPOJ0JIZKAI0OTCA MHOTUMU YI€HbIMHU, B TOM YUC-
Jie 3apy0eKHbIME aBTOpaMu. llepBoe yroMuHaHUE HCIIOJIb3YyeMOI'0 HAMH OIIpeie-
JIEHWSI KOHCTPYKIHU IrpadoB Kajm [Is MoIyrpynn OTHOCUTE/IHLHO MHOXKECTBa 00-
pasyionmux e€é 3JeMEeHTOB, KaK OPUEHTHPOBAHHOTO MYJIbTUIPada ¢ IOMEYeHHBIMU
WIA PpacKpalleHHbIMA IyraMHi OIlyOJIMKOBAHO B TPYIAX BTOPOIi IParKCKOi KOH(pe-
penruu o Tonosiorun 1966 roma. Ilpu 9ToM, mcciienoBanus MOIYTPYIII METOIA~
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MH Teopuu rpadoB IPOBOANIOCH U paHee, a B JAJbHERIIIEM IHPOKOe PA3BUTHE U
0bobIenne Tex e ¢ MpUIoKeHHEM K Teopun rpadoB OBLIO OTParKeHO B CHCTE-
MaTHIeCKuX paboTax IMmoj PyKOBOJCTBOM Ipodeccopa Banana 3enaka. Xoporo
M3BECTHO, YTO MOYKHO (PHKCHPOBATH CBOMCTBa IpadoB MOJIydast TEM CAMBIM OIIH-
CaHMe CBS3aHHBIX C HUMH ajredOpandecKux CTPYKTYpP U HA0OOPOT, (pUKCUPYsT aJ-
redpandecKre CBOMCTBA MOJIyYaTh YHUKAJIbHBIE CepUH I'PAdOB, HATISIHO OTPaXKa-
FOIUX BHYTPEHHIO TIPUPOIY HEKOTOPOit ajrebpandeckoit crpyKTypbl. HamoMaIM
KpaTKHe OIPE/IeIEHNS OCHOBHBIX MOHATHH.

Onpenenenune 1. 'pagom Karu noayepynno, Ha3bIBaeTCs Tpad, MHOXKECTBO BEp-
IIAH KOTOPOro (POPMUPYIOT SJIEMEHTHI HMOJIYTPYIIIbI, 8 BEPIIMHA ( COCIUMHEHBI C
BEPIIUHON b pebPOM IOMEYEHHBIM 3JEMEHTOM &, €CJIM U TOJILKO €CJIM BO MHOXKE-
cTBe 00pa3yIoIIMX STON MOIYTIPYIIIbI OOHAPYKUBAETCS TaKoe T, 9T0 ar = b.

Jlist KoHeuHol nukimdeckoii nosyrpynust Cyr, = (a | a™t™ = a”), upu no6om
r>1um > 1, sror rpad OpeicTaB/ieH HA CJICAYIOINEM PUCYHKE.

dcHo, uro moMerku pédep, UX HAIpaBjeHHe, KPATHOCTb AYTU WU IEeTJIM He
OKa3bIBAIOT BJINSIHUE HA BO3MOXKHOCTH ILIOCKON YKJIAJIKU aHAJM3UPYEMOrO Tpa-
da, mo3ITOMY UX MOXKHO YIIYCKaTh IIPHU Iepexoie K ocHoBe rpada Komn. 1o oco-
O6eHHO 3aMeTHO Ha npumepe rpada Kajim mosyrpymisl ¢ HYJEBbBIM yMHOYKEHHEM
Zn = {a1,a2,...,a, | {zy = 2t | 2,y,2,t € {a1,a9,...,a,}}), upu n > 1. Ko-
ra paccMaTpUBaeM €€ OCHOBY, KAPTUHA CYIIECTBEHHO YIPOIIAETCS 0 IIOJIYICHUS
rpada, ©300parXKeHHOTO HIXKE.
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a, a, a

Yro xapaKTepHO, IMOYTH HET IJI0CKUX rpadoB. B ToM cMbIciie, 9TO mIpejiest or-
HOIIEHUsT KOJIMIECTBa IJIOCKUX I'padoB K obIeMy uncity rpadoB Ha 1 BEPIITHHAX
paBeH HYJIIO, TIPU 1 CTPEMSAIIEMCS K OECKOHETIHOCTH. 'TeM mHTepecHee OThICKUBATH
oty rpyibl, rpadbl Ko koTopsix mianapasl. [Ipudem 310 ycioBue MOXKHO BU-
JION3MEHSATD. TaK, yBeJIMInBasi JOIMYCTUMOE IUCIIO CKPEIUBAHNN [TOJIYYAI0TCS IPa-
GBI ¢ OTHUM CKPEIUBAHUEM — TOPOUIAJIbHBIE, rpadbl ¢ ABYMs CKPEIIUBAHUSIMU,
C X CKpeIMBaHUSIMU W TaK jajee. A ecinm BHUMATETHLHO MOCMOTPETH HA ILIOC-
kue rpadbl, TO MOXKHO OXBATUTH BCe IJIaHAPHBIE (KaK n30MOPMHBIE TIIOCKUM ), HA
sI3bIKE 3AIIPEIIEeHHbIX KOHMUTYypaIliii OHU XapaKTePU3yIOTCsl OTCY TCTBUEM IIOJIDa-
0B, TOMEOMOPGHBIX TTOJTHOMY I'Pady HSITOTO MOPSIIKA WU TOJTHOMY JIBY/I0JTBHOMY
rpady cojepKallemMy 10 TPU BEPIIUHBI B KaXKJI0W U3 J0JIedl, KPATKO 0003HAYAIOT
sTH rpadbl Kak Ks n K33 cOOTBETCTBEHHO. BHYTpH MHOXKeCTBa IJIAHAPHBIX I'Da-
OB BBIIEIAIOTCS JIepeBbs. Ha s3bIke 3alpennenabix KoHpurypanuii 91o rpadot,
He coziepxkanue nojarpadgos romeoMopdubix rpady K3, To ecTh mogHOMY rpady
TPEThEro nopsaka. Takum obpaszoM copMUpyIOTCs amuKandeckue rpadul. [Ipo-
MEXKYTOYHOE 3BEHO MEXK/Iy JIEPEBbSIMU U IIAHAPHBIME I'PadaMu 3aHUMAIOT BHEIII-
HeILIAHaPHDbIE, COTJIACHO OIPEJIEJICHUIO 9TO Takue rpadbl, BCIKOe pedpPO KOTOPHIX
CBOMMU BEPIITUHAMY TPUHA/JIEYKUT OJHON U TOH ke BHelrHell rpanu. Ha s3bike 3a-
MIPEIIEeHHBIX KOHUryparuit 3tu rpadbl He copepkaT mnoarpadbl roMeoMopdHbIe
rpacdam Ky mmm K 3. HyTh mupe 4em KJacc BHENIHEIJIAHAPHBIX BHYTPH KJacca
IUTAHAPHBIX PacIojaraioTcs o000IeHHble BHENHEIIAHAPHBIE, KOT/Ia OT KaXKJIOro
pebpa TpebyeTcss MPUHAJJIE2KHOCTD BHEIHENH I'DAHU XOTS Obl OJIHUM CBOUM KOH-
oM. Ha si3bike 3amperieHHBIX MUHOPOB 3TO I'padbl, He cojepzKaliue moarpadon
TOMEOMOP(MHBIX OTHOMY M3 MPEACTABICHHBIX HIKe aBeHaanarn rpados Cemmate-
KA.

Ecu nbrrarbesa paciimpuTh KJIace IJIAHAPHBIX, TO TaM HAC OXKUJIAIOT HE3AIIeTI-
JIEHHOE BJIO2KeHUE rpaa, Ha sI3bIKe 3allpPEIIeHHBIX KOHMUrypanuii 31o rpadsbl, HE
cojiepzkanue noarpadoB merepceHoBa cemeiicrsa. Jlasee moiiayT y2xKe yroMsHy ThIe
BBIIIIE€ TOPOHIAJIbHBIE IPaMdBI, JIJisi KOTOPBIX 3aIPENeHHbIX MUHOPOB Oostee 16 000.
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Gl. G2 G3 G4
Gs Gs Gr Gg
Gy Gro Gn G2

Tlosyrpynmns: rpadsl Ko KOTOPBIX MpUHALIEXKAT KAKOMY-JIMO0 13 BBIIIEIE-
peUNCIeHHBIX KJIaCcCOB HAMU M3YYAJNCh JIOJTOe BPEMsSI U BO3HUKAJ €CTECTBEHHBIH
BOIIPOC O CHCTEMATHU3alNN PAa3pPO3HEHHBIX MPUMEPOB TAKUX ITOJIYTPYIIIL.

2 O06001IeHne 1 KOHKPEeTU3aIus
rpadoB K3an moayrpynn

CrouT BCIIOMHUTH, ITO METOJOB HAYYHOI'O ITO3HAHUs He Tak MHOro. C omHOI
CTOPOHBI, €CTh KOHKPETH3aIlNs, [IPEIIIoIaraiolast JajabHeiilnee yBeIndeHne TUCIa
[IPUMEPOB, HO OHA COIPSIZKEHA ¢ PUCKOM TOsiBIeHUsI oIuboK. C Apyroif cTopoHsI,
MOXKHO IIPeJIOKUTh 06001enne. B ciydae momyrpymnn 9To o3HaYaeT MMepexol K
TOXKJIeCTBaM. HpI/IBbILIHbI TOXK/IeCTBAa KOMMYTAaTUBHOCTH, aCCOIMATUBHOCTU, IUC-
TpubyTUBHOCTH. MOXKHO 13 (DYHKIMOHAIBLHOIO aHAJJIM3a BCIIOMHHUTH TOXKIECTBO
JleitbHUIA, U y3pUTh €ro aHajord B M€OMETPHUHU M B accoluaTuBHON ajrebpe. C
TOYKM 3peHusi abCTPAKTHON aareOpbl 9TO BCE OIHO W TO Ke TOXKecTBO. Kak m3-
BECTHO, TO2KAeCTBaMU MOXKHO 3a/laBaThb KJIaCChbI ITOJIYI'DYIIII, TaK Ha3bIBa€cMbI€ I10-
JIYTPYIIIIOBbIE MHOT000Pa3ns, JJisT KOTOPBIX IMOHATHE PAHTa IJIAHAPHOCTH IIPEJII0-
xkut uzydars JI. M. MapTeiHOB, aHOHCHPOBAB COOTBETCTBYIOIIYIO ITPOOJIEMATHKY
Ha 1obmieitHoM 3acemanuun Omckoro Ajrebpandeckoro Cemunapa. CyTh omnpee-
JieHus1 panra 1ianapaoctu us [I] npegcrasiser Hanbosbiee YnCaI0 06PA3YIOMIUX,
OTHOCHTEJILHO KOTOPBIX CBOOOIHAS MTOJIYIPYIIa JAHHOIO MHOINOODpAa3us JOIyCKa-
er miaHapubiii rpad Kaam. Tak kKax cBoOOmHBIE MMOJIYyIPYIIIBI B MHOIOOOPA3HIX
UTPAIOT BAXKHYIO POJIb, XOTsl ObI MOTOMY, UTO JII00asi MOJIYTPYIIIa MHOrOOOPA3MsI
ABJISIETCST TOMOMOP(QHBIM 00pa30M IOAXOIsAIIE CBOOOIHON B HEM IOJIYTPYIIIHI,
TO U3YyYCHUE ITOI'0 IOHATHUIA BUIANTCA BECbMa aKTya.HI)HOﬁ Ba,zgaqef/i. HpI/I nsyde-
HAW CBOWCTBa IIaHapHOCTH I'pacdoB Kamm urg MHOroobpasust MOJIyTrPYIN ITPWH-
HI/IHI/IaﬂbeIﬁ XapaKTep IIO9TOMY uMeeT Hp06ﬂel\1a OIIMCaHtsA PAHTOB IIJITaHAPHOCTU
MHOT000pasnii moayrpyii, cpopmyauposantas JI. M. MapToiHOBBIM.

IIpexjie gem mepeiiTu K KJIIOUEBBIM PE3Y/IbTATAM O PAHTaX IJIAHAPHOCTH MHO-
rooopasunii MoJIyrpyIil, IPUBEAEM HEKOTOPBIE IPUMEPHI, CBA3AHHBIE CO CBOMCTBOM
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wranapuaoctu rpados Kamu monarypymm. Tak, Hampumep, B KJjiacce KOMMYTaTHB-
HBIX MOHOHJOB IIpHA BBIOOpE ABYX 00pa3yIOIINX, OIUH U3 KOTOPBIX €IMHHUIA II0-
sgyrpytibt, rpad Kaan mranapen. [Ipu namenenuun onpeiessronero COOTHOMEHS
10 TMIPEeXKHEMY BHUJHA BO3MOXKHOCTDH ILTOCKON yKaukum rpada Kamm, BIaoTs 10
Tpex 00pa3yoIuX, IPU HEKOTOPBIX OIPAHUYEHUSIX HA TePUO M. TakKe U3BECTEH
AHAJIOTUIHBIN KOHKPETHBIN IprMep B 6oJiee MUPOKOM KJIacCe KOMMYTaTHBHBIX 110~
sgyrpyiin. OKa3bIBaeTCsl, YTO OTHOCUTEIBHO YeThIpex obpasyiomux rpad Kaim cso-
0OJTHOI TTOTyTPYIIIBI TAHHON cepun MHOTOOOpa3uit y2ke He Oy/ieT IIaHaAPHBIM, TaK
KaK Comep:KuT mnoarpad, ocHoBa Koroporo romeomopdua rpady Ks. B obiem
caydae aHaIn3 MOXOXKUX KOH(MUrypaluii IPpUBOAUT K TOMY, UTO PAHT ILJIaHAPHO-
CTH MHOIroobpas3uil BceX MOJIyIPYIII HAEMIIOTEHTOB OKAa3bIBAETCsl PaBEH TPEM, a
paHI' IIAHAPHOCTH MHOr006pasus Huibnoayrpyin N, = var{zw = w,wzx = w},
1pu JIFOOOM CJIOBE W, HE COIEPIKAIIEM IIEPEMEHHYIO &, OKA3bIBACTCH OECKOHETHBIM.
Jlajtee, paHT IJIAHAPHOCTH JIFOOOI'O IMEPECTAHOBOYHOIO MHOTOOOPA3UsI MOJIYTPYIIIT
okasbiBaercs paBeH 1 wiaum 2. IIpomemoHcTpupyeM ¢ KaKUMHU BBIYUC/IUTEHHBIMU
CJIOYKHOCTSIMM MOYKHO CTOJIKHYTBCSI IIPH aHAJN3€ CBODOJIHBIX MOJIYTPYIIIT MHOTO-
obpasust UIAEMIIOTEHTOB JaKe OT HeDOJIBIIOro 4dmcia obpasyomux. [Ipu BeOOpe
OJTHOT'O 0OPAa3yIoIIero cBOOOMHAS MOIYTPYIIA OTHOJIEMEHTHA,; /ISl IBYX 00pa3yio-
mUX B Hell yke 6 9JIeMeHTOB; Jij1sI Tpex obpazyionux 159 371eMeHTOB; It 9eThIpex
332 380, cueT muer HA COTHU ThICcAY; Jiuid T — 2 751 884 514 765, y2Ke BbICKAJIb-
3bIBAET 3a MIPeIesbl pa3psaHOi ceTKW. B TO ke BpeMsi, MOXKHO OTMETUTH, 9TO
IocKast ykJagka rpada Ksaum cBoOOIHOI MOTYTrpYIIIBI MHOTOOOPA3US HIEMIIO-
TEHTOB C TpeMs 00pa3yionuMu cyiiecTByeT. [Ipu 9ToM /1 9eThIipex 00pa3yrommx
CBODOJIHOM MOJTyTPYIIIBI MHOTOOOPAa3ust MJIEMIIOTEHTOB B ocHOBe €€ rpada Kam
obnapyzkupaercs 1nojarpad, romeomopduslii rpady K3 3, I09TOMY OH He ABJIACTCH
raHapHbiM. TakuM 006pa3oM, paHTr IJIAHAPHOCTH STOI0 MHOI00Opa3usi OKa3aJjICsd
paBeH 3.

Ha cerommsiiranit 1eHb 0Ka3aHO CYIIECTBOBAHUE MOJIYTPYIIIIOBBIX MHOTOOOpa-
3uil KaK OECKOHEYHOTO, TaK U JII0OOr0 Halepé sl 3aJaHHOTO KOHEYHOI'O paHTra, I1ja-
HapaocTH. IIpuaém cpemn MHOrOOOpasmit 6ECKOHETHOrO PaHTa, IIAHAPHOCTH OCO-
OyI0 POJIb UTPAIOT TOTAJBHO-IIAHAPHBIE MHOI000PA3Usl TOJIYTI'PYIIIL, BCIKAS MOJIY-
rpyIia KOTOPBIX JoIyckaeT mianapubiii rpad Kamm. Takux muoroobpasuit auiib
TPH, & UMEHHO: 3TO MHOI00Opa3ue MOJIIPYIIYII C HYJIEBbIM YMHOXKEHUEM, B OCHO-
Be rpacda Ksam KaxKa0ii MoIyrpyIinbl KOTOPOrO JIEXKUAT 3BE37a; BO-BTOPBIX, 9TO
MHOrooOpasue TOJIyI'PYIIT HpaBbIX HyJeil, B ocHoBe rpada Ksmum koTophix Ha-
XOJUTCSI TPY/a; W HAKOHEI[ MHOrooOpasue IOJIyTPYII, 3a/aBaeMOe TOXKIECTBOM
Ty = 2z, ocHoBa rpada Ksaum KoTopbIx mpeacTaBiser coboii mapocoderanne. Bos-
HUKAET eCTeCTBEHHBIN BOIIPOC: KAKUM 0Opa30M OXapaKTepPU30BaTh MHOTOOODA3UsI
OECKOHEYHOI'0 paHTa IJIAHAPHOCTH, KaK UX OTJIMINTH OT MHOTrOOOpa3wii KOHEIHO-
ro pasra miasapaoctu? OJMH U3 MOAXO0B K OTBICKAHUIO OTBETA HA STOT BOIIPOC
[peosaraeT UCoJib3oBanne naBapuanTa Kosen ne Bepabepa. A mMeHHO, paHD
IUTAHAPHOCTU MHOTO0Opa3usi V oKa3biBaeTCst 6ECKOHEUHBIM TOI/IA U TOJBKO TOT/IA,
KorJa IpeebHoe 3HauYeHne napapuanTa Kosen me Bepabepa st ocHOBBI rpada
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Komu cBobomuoit mosryrpynmnsl Ha 1 00pa3yronmx i MHOroobpasus V e mpe-
BBIIIAET 3, IPU 7 CTPeMsiIeMcs K OeckoHedHocTr. HamoMHHUM, 9TOT MHBapHUaHT
OTIPEJIEJISIETCSI CJIEJTYFOIIIM 0Opa30M.

Omnpeaenenune 2. Ilycrs G — 35T0 OOBIKHOBEHHBII HEOPUEHTUPOBAHHBIN I'pad, Oe3
orpaHUYeHHUst OOIHOCTH ITOCTPOEHHBIN Ha N BepmuHax. Torga unsapuanm Koaen
de Bepdvepa — 310 HaMOOJIBIINIA KOPAHT TaKOil KBaJAparTHOi MaTpuibl M mopsii-
Ka 1 c jgeiicrBuTebubiMEA Kodddbunnenramu (M, ;), 9To 17 BCeX 4, j, UPH i F j,
9JIEMEHT -1 CTPOKU j-T'O CTOJIOIA OTPUIIATENICH, KOTa UHIEKCHI ¢ U j COOTBETCTBY-
0T CMEYKHBIM BEPIIIMHAM, & B IIPOTUBHOM CJIy4Yae HA MEPECEYeHUN i-il CTPOKU J-T'0
croJibra stoit marpunbl crout 0. Bo-Bropnix, sta marpuna M ummMeeT POBHO OHO
OTPHUIATEIbHOE COOCTBEHHOE 3HAYEHNE KPATHOCTH 1 U HE CyIIECTBYEeT HEHYJIEBOI
maTpuiibl X takoil, uro M X = 0 u Takoii, 9TO Ha MEPECEeUYeHUN -l CTPOKH j-T0
cToJIOIa pacnosaraloTcsa Hysd, Korja ¢ = j wian M; j # 0, To ecTb BepIIHHEI { 1 j
OKa3bIBAIOTCS CMEXKHBIMU B rpade G.

He ctouTr myrarbcst CTOJIb 3aMBICIOBATOIO OIIPEJIEJIEHUS: BBIUUCICHUE 3TOTO
WHBapUAHTA CBOJUTCS K HAXOXKJEHWIO KOPAHTa MaTPHUIIBI, TIOXOXKEU Ha MaTPHUILY
CMEXKHOCTH I'pada, a KOpaHT — 3TO pa3Mep MaTpHUIlbl MUHYC e€ panr. Takum ob-
pasoM, JijIs MAKCUMU3aIlMN KOPpaHTa JI0CTATOYHO MUHUMHU3UPOBATh PAHI' COOTBET-
CTBYIOIEN MATPHUIILI, YTO JOCTUTAETCH JTUATOHAJBHBIMU djleMeHTaMu. [IpuBeném
I1apy MPOCTBIX TPUMEPOB.

IIpumep 3. B MHOr0o06pa3uu moayrpyI mpaBbiX Hyael npeaeabHOe 3HaUCHUE HH-
BapuaHTa OKa3biBaeTcs OeckoHedHBbIM. [lelicTBuTenbHO, ocnoBy rpada Ksm cso-
6OJIHO TTOJIYTPYIIIIBL ¢ 1 O0PA3YIOMIUMU JTAHHOTO MHOT000pa3us (POPMUPYET IO~
HBII Tpad n-ro mopsinka, nHEBapuaHT Kojaen me Bepabepa [j1st KOTOpOro paBeH
n — 1. CiegoBare/ibHO, PAHT IIAHAPHOCTA MHOTO0OpAa3Usl MOJIYTPYIII [TPABbIX HY-
Jleil KOHeYeH.

IIpumep 4. g maoroobpasust moIyrpPyIIl ¢ HYJIEBbIM YMHOXKEHUEM IIPEIe/IHLHOE
3HaYeHNe WHBAPUAHTa OCHOBLI rpada Ksium cBobomHON HOMyrpyIIIbL ¢ 1 00pasyio-
IIIME JAHHOTO MHOTro0bpasust pasHo 2. Tak kak ocHoBy rpada Kamu cBobomgHoi
[OJIyI'PYIIIBI N-TO MOPAJIKA M3 9TOr0 MHOI0obpas3ust popMHUPYeT 3Be3/1a, 3HAUYCHHE
MHBapUaHTa KOTOPOU paBHO 2 jyist Jjitoboro n > 3. CjemnoBaresibHO, PAHD ILJIAHAP-
HOCTH JIAHHOI'O MHOI000pasus 6eCKOHEUYEH.

Hike mpuBeiém mpuMep HECKOJIBKO HEOXKHTAHHOTO IPUMEHEHU S U3JI02KEHHOTO
pesyabrata. Kak ymoMuHaI0Ch paHee, paHT IJIAHAPHOCTH CJIyYaifHO BBIOPAHHOTO
MHOTI000pa3us MOJIyTPYIII JIHO60 HeCKOHedeH, TNOO MOXKET ObITh JIIOOBIM HATYPaJIb-
HBIM qucjoMm. U pemaroriee 3HaUEHHE MPU JT0KA3ATEBCTBE 9TOTO YTBEPKICHUSI
MMEIOT MHOT000pa3usl MOJIYTPYIIIL Nilqugm) = {2? = 0,2yz = 0, 212092374...7,, =
ToX1XT3T4...Tp }, PAHD IUIAHAPHOCTH KOTOPBIX IPU KAXKJIOM 1 > 3 OKa3bIBAETCS
pasen n — 1. Iliockasi ykiaaka ocHoBbl rpada Kamu (n — 1)-nopoxienHoii 1o-

JIYTPYIIBL 9TOTO MHOT000PA3UsT MOYUIAeTCT CIeaytomuM obpaszom. OTmpaBHOif
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TOUYKOU Oepercst jiec, Kak it Bestkoro (-mpuBeseHHOro MHOroobpaswmsi. B cuity
BHEIIHEILJIAHAPHOCTH JIeCa, KaK IU3BIOHKTHOIO OObEIMHEHUs IEePEeBLEB, MOXKHO
,[LO63,BI/ITB K HEMY HU30/JIMPDOBAaHHYIO BEPITUHY 0 n BCe OCTaJIbHBbIC BEPIIINHLI JIeCa
coeMHUTEL pebpoM ¢ 0 Tak, YToObI IJIAHAPHOCTH COXpPaHMWIACh. Temepb paccMoT-
pUM CBODOJHYIO N-ITOPOXKIEHHYIO IOJYI'PYIILY HaIliero MHoroobpasus. IIpu smo-
CTATOYHOM KOJIMUECTBE 00pas3yoIInX HAUNHAET paboTy IOCIEIHEE er0 TOXKIECTBO,
KOTOpOe B citydae (n — 1)-HOpOXKIEHHOl MOJIyIPYIIIbl BBIPOXKIATIOCH, HOCKOIBKY
B 110601 (n — 1)-TIOPOKIEHHOI TOJIyTPYIIIE 9TON0 MHOr00Opa3nst CJIOBO JINHBL 1
pasuo 0. B pesynbrare 0bpasyercs JOCTATOYHO CKJIEEK CJIOB JIJIMHBI 1 CBOOOIHOMN
N-TIOPOKIEHHOI TOJIYTPYIIIBI JAHHOIO MHOTO00Opa3us, IpU N > 3 IPUBOAAIINX K
MOSIBJIEHHIO B OCHOBE I'pacha Ka/1m 3T0ii o1y rpy bl OTHOCUTEIHHO N-3JIEMEHTHOIO
MHOKeCTBa 00pa3yonux noarpada, romeoMopdHOro MOJTHOMY JABYI0JIHLHOMY I'pa-
by K3 3. Takum ob6pa3oM, umeer MeCTo Cilelylomiee yTBEP:KICHNUE.

Ilpumep 5. Panr mianapHOCTH MHOT00Opa3ust NilzRgl;Q) paBeH n — 1, a mpeaean-
Hoe 3HaveHue nHBapuanTa Kosen me Bepasepa npu n, crpemsineMcst K 6eCKOHEU-
HOCTH, JIJIsT OCHOBBI rpacda Kaau cBoOOIHON N-TTOPOXKIEHHONE HMOJIYTPYIIILI 9TOrO
MHOroobOpasusi 60JbIIe 3.

KoMOuHMpYsT CBOMCTBO 3JIEMEHTOB HIJILIIOIYTPYIII JAHHONO KOHEYHOI'O HUJIb-
WHJIEKCA 2 CO CBOWCTBOM II€PECTAHOBOYHOCTH HEKOTOPBIX JIEMEHTOB MOXKHO IIO-
JIVIUTb MHOI'O JPYTHX IIPUMEPOB MHOI'00Opa3uil MOIYTPYII HAIEpEH 3a aHHOIO
paHra IJIaHapHOCTH. A MMEHHO, [JIsi JIFOOOr0 HATYPAJBHOIO JHCIa 1 > 3 OKa3bl-
BAIOTCsI CIIPABEJINBLI CACAYIONINE YTBEPXKICHNs. BO-1IepBbIX, paHT IJIAHAPHOCTH
MHOI000pasusi ¢ IepecTaHOBKOM (1 —1)-T0 1 N-ro 9JIeMEHTOB B TOXKIECTBE CUCTEMbI
TOXKJIECTB MHOI006Pa3nsl 3a[aHHOIO CHCTEMOIl U3 TPEX TOxKIeCTB &2 = xyxr = 0 u
nepeCTaHOBOYHBIM TO2K/IECTBOM, IIO3BOJIAIOIINM II€PECTABJIATH B IIPOU3BEJICHUN U3
7 9JIEMEHTOB TIOC/IeJHIE JIBa, paBeH N. BO-BTOPBIX, paHT ILJIAaHAPHOCTH MHOT00Opa-
31 NilgP,(Li;j )¢ [IEPECTAHOBKOM -0 U j-T0O 3JIEMEHTOB, 3a]aAHHOTO CUCTEMON TPEX
TOKIeCTB 22 = 2yx = 0 U HepPeCcTAHOBOIHBIM TOXKIECTBOM, [EPECTAB/ISIONIIM IIa-
Py 2JEMEHTOB ¢ He mocjeaHuM, paBeH n — 1. Takxke, okasbiBaercsi, paBeH n — 1
PaHT IIJIAHAPHOCTH MHOT000PA3UsT NilgP,(lm )
TOXKIECTB 2 = zyr = 0 ¥ IePeCTaHOBOYHBIM TOXKJECTBOM, MO3BOJISIONINM TIepe-
CTaBJISITh HE TOC/IeTHUN d7eMeHT. B-ueTBEpHBIX, OKa3bIBaeTCs, paBeH n — 1 paHT
IJIAHAPHOCTH MHOT000pas3nst NilgPﬁq "' [I0JIyrpyII, YI0BJIETBOPSIOIMINX CJIe/LyTo-
meMy Habopy TOXKIECTB: T2
3aKAHIUBAIONIUXCS HA OJIUH W TOT K€ IJEMEHT Ty, & IpeIecTByiomme n — 1

QJIEMEHT IIePEeCTaBJIAIOTCA C IIOMOIIBIO ITOJACTaAaHOBKU U3 CHMMeTqueCKOﬁ I'PYHIIbI

MIOJIYTPYIIL, 38JaHHOTO CUCTEMOM TPEX

= zyr = 0 U cucTeMe NMEePeCTAaHOBOYHBIX TOXKJIECTB,

HOJICTAHOBOK Ha (n—1)-3/1eMeHTHOM MHOXKeCTBe. Il B-IISThIX, TaKKe, OKa3bIBALTCS,
paBeH n — 1 paHr IUIAHAPHOCTU MHOTI000pas3usi MOJIYTPYIII, 3aJaHHOTO CUCTEMOM
ToxIeCTB T2 = xyr = 0, JOIOJHEHHOH BCEMU BO3MOMKHBIMH TOK/IECTBAMH, TIepe-
CTABJIAIONMMI BCE 73 3JIEMEHTOB IIEPECTAHOBOYHOI'O TOXK/IECTBA BCEBO3MOXKHBIMU

n! criocobamu.
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3 K mpobiieme crieKTpoB paHIOB MJIaAHAPHOCTU
MHOTroo0pa3nii moJIyrpynn

1 B 3ak/movUeHne U3JI0KUM AKTYyaJbHYIO HA HAI B3IVIS] 33/a9y C HOBBIX CTO-
por. OrmpenesiéHHBII UHTEPEC MPEJCTABISET BOIPOC O TOM, KaKue HabOpbl Ha-
TYpPaJbHBIX YHUCEJ U CHMBOJIA OO MOTYT OBITh paHIaMU IJIAHAPHOCTU HETPHUBU-
AJILHBIX ITOAMHOI000pa3nii MPOU3BOJILHOTO MHOT000pa3us noayrpytir. IIpodeccop
JI. M. MapTbiHOB nipeiaras Ha3bIlBaTh 3TOT Borpoc “IIpobsiema creKTpoB paHros
[JIAHAPHOCTH MHOTr000pa3uii moJryrpyn’.

YejioBuMcs B fajibHelineM 0003Ha9aTh CIEKTD PAHIOB IIJIAHAPHOCTH MHOT000-
pasus V ciemyromum obpasom: Spec,..(V); a N> = {1,2,3, ..., oo}. Ilo onpesese-
HUIO CIEKTD PAHTOB IJIAHAPHOCTU MOJIYTPYIIIOBOIO MHOTOOOpa3usi V' Ha3bIBaeTCs
[IOJTHBIM, €CJIN OH COJEPXKUT BCE HATYpPAJIbHbBIE UUC/Ia U CUMBOJI 00. deM ke Toriaa
XapaKTePU3yeTcss MHOKECTBO BCEX MHOr000pasuii MOJIyrpyIil, UMEIONUX TOJIHBII
CIEKTp paHroB miaHapaoctu? Hampumep, BBuly TOro ¢akra, 9To IMpuMephl, 0b6ec-
[I€YUBAIOIIe PAHIU [LUIAHAPDHOCTHU, paBHbIE 1 U 2, ONUCAHbBI, CIIEKTP PAHIOB ILIa-
HapPHOCTU MHOTI000pa3uii BcexX HUJIBIOJIYTPYIIT JTAHHOTO KOHETHOIO HUJIb-UHIEKCA
k > 4 6yner nmosabiM. B ciaydae mHOrO0Opa3uit Bcex HUIBIOTEHTHBIX ITOJIYTPYIIIT
JIAHHOW CTYIEHW HUJIBIIOTEHTHOCTU | JIETKO BUJETH, UTO CIEKTD PAHTOB ILIaHAD-
HOCTH MHOT000pa3nii BCEX HUJIBITIOTEHTHBIX MMOJIYTPYII CTYIIEHH 2 MCUYePITBIBAETCSI
JIAIIb OECKOHEYHOCTHIO, TAK KaK 3TO MHOr00Opa3ue sSBJSeTCs IIAHAPHBIM U sIBJISI-
eTCsl aTOMOM PeIIeTKH MHOTM0OOpa3uil moyrpyIi. AHAJOIIIHO MOXKHO YI0CTOBE-
PUTHCSA B TOM, UTO CIEKTD PAHIOB ILIAHAPHOCTU MHOr000pAa3usl MOJIYTIPYII JIEBBIX
HyJiell ucuaepubiBaeTCst 6ECKOHETHOCTBIO, a CIEKTD PAHTOB IIJIAHAPHOCTH MHOT000-
pasus MOJIyTPYIII TPABBIX HYJEH COCTOUT TOJBKO U3 4, CIIEKTD PAHIOB ILIAHAPHO-
cTu MHOTO0Opa3us abeseBbIX IPYIII SKCIOHEHTHI 2 COCTOUT U3 YHUCIa 3, a CHEKTP
PAHIOB IIJIAHAPHOCTU abeJIEBBIX I'PYIII SKCIIOHEHTHI P > 2 COCTOUT TOJIBKO U3 1.
Kpowme Toro, crekTp paHros IJaHAPHOCTH MHOI00Opa3usi BCeX HUJIbIOTEHTHBIX
[OJIyTPYII CTYHEHU HUJIBIIOTEHTHOCTUA 3 COCTOUT U3 3 M 00, TaK KaK €JIMHCTBEH-
HbIM He (-IIpUBEJEHHBIM MTOAMHOT00Opa3neM MHOr000Opa3us BCEX HUJIBIIOTEHTHBIX
[OJIyTPYII CTyIEeHH 3 Oy1eT MHOroobpa3ne BceX KOMMY TATHBHBIX HUJIBIIOTEHTHBIX
[OJIYyTPYII CTYIIEHU 3, JI/Isi KOTOPOI'O PAHT INIAHAPHOCTHU paBeH 3; a 0-IIpuBeIeHHbIE
TOAMHOT000pa3ust UMEIOT OECKOHEUHbIN paHr maanapuoctu. HamomauMm, 9To pas-
HOODpa3ue CUTyaIllUN C PAHTAMH JIEMOHCTPUPYET HAIlla TEOPEMa O TOM, UTO PAHIH
[JIAHAPHOCTH MHOI00Opa3ust KOMMYTaTHBHBIX HOJIyTPYII MOIyT ObITh {1, 2, 3, 00},
JIPYTUMU CJIOBAMH, CIEKTD PAHIOB IIAHAPHOCTUA MHOro00pasnsi KOMMYTATHBHDBIX
MOJIyTPYII deThIpeXdjieMeHTeH. A TPUHUMAas BO BHUMAaHUE CYyIECTBOBAHUE MHO-
roodpasus MOJIyIPYIII JIIOO0ro Hamepés 3aJaHHOINO PAHra IJIAHAPHOCTH MOXKHO
YTBEPKIaTh, UTO CIEKTD PAHTOB IIAHAPHOCTH MHOT000pa3us BCEX MOJIYTPYIII
SIBJISICTCS LOJIHBIM, TO ecTh Spec, . (var{}) = N°.
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BBenenue

Teopusi Moziesieil TICEBIOKOHEUHBIX CTPYKTYD — aKTUBHO DPa3BUBAIOIIASICA B
nocse/aee Bpemsi obmacte Maremaruku (M. [I]-[4]). Dro manpasienue ucciemo-
BaHuil Gsiarojapsi Teopeme Jlocs TeCHO CBSI3aHO C TeOpHUEil KOHEYHBIX MOJIEJICI.
Crpykrypa 9 si3bika L 1ICEeBIOKOHETHA, eC/IH JII000e TpeJIoyKeHre si3bika, L, uc-
tuaHOE B Y, ICTUHHO B HEKOTOPOIl KOHEYHOU CTPYKType #3bika L. M3BecTHO, UTO
Jir060€e 110716 MeeT OECKOHEUHOE IICEBJOKOHEUHOE PACIHIUPEHUE, JI000e BEKTOPHOE
[IPOCTPAHCTBO HAJI JIIOOBIM IIOJIEM SIBJISETCS IICEBIOKOHEIHBIM. PaboThl psijia aBTo-
POB TIOCBSIIIEHBI OIMCAHUIO TICEBIOKOHEUHBIX MOJIe/Ieli Kiaccuieckux reopuit: B [5]
OIMCAHBI [ICEBJIOKOHEeUHbIe 1oJist; B [6] mana xapakTepusarys IPOCTBIX MCEBIOKO-
HEYHBIX TPy B [7] ©3yUueHo cTpoeHue MCeBIOKOHETHBIX AIllUKIMIECKIX rpadoB; B
[8] paccmoTpens 11ceBIOKOHEYHBIE MOJIEIM TEOPUU OTHOIIEHNS] S9KBUBAJIEHTHOCTH.

JlaHHast cTaThsl MOCBSIIEHA [ICEBIIOKOHETHBIM [OJIMTOHAM HAJl KOHETHBIMEI MO-
Hougamu. [IpuBoguTCsT TpUMEp KOHETHOTO MOHOWIA, HaJ KOTOPBIM CYIECTBYET
KaK IICEBJIOKOHEYHBIH ITOJIUTOH, TaK W HE IICEBJIOKOHEYHBIH. JloKa3biBaeTcs, 4To
J1000I1 TIOJINTOH HaJl KOHEYHbIH I'PYIIION IICEBJOKOHEYEH.

1 IIpenBapureiibHble CBEAEHUS

Aunrebpanueckast cucrema (A;s)ses curnarypel Lg = {s | s € S} Hasbl-
BaeTcst (nesvim) S-noauzonom (A nosuzornom nad S, WA NOAUZOHOM), €CIIH
s1(sga) = (s1s2)a u la = a mnsa mobex s1,s2 € S, a € A. Ilomuron (A;s)scs
Oynem obozHauaTh uepe3 gA. Bee pacemarpuaemble B paboTe TIOJUIOHBI, €CJIU HE

*Paborta BeImosHeHa B JlaJbHEBOCTOYHOM IEHTPE MAaTEMATHIECKUX WCCIETOBAHUIN
npu uHAHCOBOM moIepkKe Mwunobpaayku Poccum, corsamenune Ne 075-02-2022-
880 ot 31.01.2022 roma mo peaju3aluM TPOTPAMM PA3BUTHUS PETHOHAJBHBIX HAYTHO-
00pa30BaTEIbHBIX MATEMATAIECKUX ITEHTPOB.
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orosapuBaeTCsda IIPOTUBHOE, ABJIAIOTCA JIEBBIMU S*HO.HI/II‘OHaMI/I. KOHpOI/I3BeILeHI/IeM
nouroHoB s A; (i € I) Ha3bIBAETCsI UX AU3BIOHKTHOE 0ObEIMHEHNE U 0003HATAETCST
Hiel sA;.

Anrebpandeckast cucrema I curuatypsl L ncegdokoneuna, ecau oboe mpe-
JIOXKEHUE CUTHATYpbl L, ncrunuoe B Y, ICTUHHO B HEKOTOPOIl KOHEUHO ajredbpa-
WYeCKOl cucTeMe sI3bIKa L.

Jlemma 1. [4] Aneebpauueckasn cucmema M cuenamypu L ncesdokonewna mozda
U MOALKO M020a, K020a OHG IAEMEHMAPHO IKEUSAACHIMH YALMPANPOUCEIEHUIO
KOHEUHDIL aN2e0PaUMecKUT cucmem cuzramypst L.

JIemma 2. [9] ITyemos A uB — aneebpauneckue cucmemos cughamypo, L. Jlas mo-
20, ¥mobvl anzebpauveckue cucmemvr A u B OvLAU INEMEHMAPHO IKBUBANEHMMHDL,
HEOOXO0UMO U DOCTNAMOYHO, 4MOobvL OAf A100020 N € W U A000T KOHEUHOT Cue-
namypw, L1 C L cywecmesosanu nenycmoie mnooicecmea Fy(Li,n), ..., F,(Li,n)
KOHEUNBLT Yacmuunols udomoppusmos ALy 6 B|Ly co caedyrowum ceoticmeom:
ecau f € Fi(L1,n), 1 <1i < n, mo das amobwx a € A, b € B cywecmsyrom
91,92 € Fir1(Ly,n), daa xomopwx a € domgy, b € rangga, f C g1 u f C go.

JIemma 3. [9] ITycmo D — guavmp na muoorcecmee I. Tozda D asanemes yav-
mpaPuALPOM 6 MOM U MOALKO MoM cAydae, ko2da das mobozo K C I aubo
Kel, aubo I\ Kel.

Ecin g¢A — nonurosn, o 3anucek a € A, tae a = (ay,...,a,), O3HAYAET, UTO
ap,...,an € A. Ecom @ = (ui,...,up), 10 9epe3 [(u) Gymem o603HAUATE JJINHY
KOpTEeXKa U M 3allUCh U € U O3HAYaeT, YTO U — JIEMEHT KOpTexKa U.

2 Ilpumepsbl 1ICeBIOKOHEYHBIX IMOJIUTOHOB
Ha/Jl KOHEYHbBIMU MOHOMJIAMMU

PaCCMOTpI/Il\I HECKOJIbKO ITPpUMEPOB IIOJUT'OHOB HaJl KOHEIYHBIMH MOHOWIAMM.
HpI/IMep @ ITOKa3bIBa€T, 9TO yCJIOBUE KOHECYHOCTHU JIIOOOr0 ITUKJINYIEeCKOI'O ITOAIIOJNM-
I'OHa IIOJIMI'OHa HE ABJIACTCA JOCTATOYHLIM JIJId IICEBJOKOHEYHOCTHU IIOJIMT'OHA.

IIpumep 4. Ilycrs (S;-) — monoun, rae S = {1,s,t,r}, 1 — equanna S, u-v =7
st mobeix u,v € S\ {1}, §5; — xommm mosurona g5, u; — KOIUHU SJIEMEHTOB
u € S B nomurone g5; (i € w), A = ¢, $5i/O, rie © — KOHIPYSHIMS HOIUTOHA
Uicw 55i, mopoxaennas muoxecrsoM {(si, tiy1) | 4 € w}. Torma mommron gA ne
IICeBJJOKOHEYEeH.

Loxazameavcmeo. Ilycrb MoHounm S um momuron gA ompenesieHbl YKA3aHHBIM B
ITpumepe [ o6pazom. Beenem obosnauenmst:

O = Va(sx # te — y(sx =ty Aty # sy)),
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&y = Jz(sx # ta A =TFy(tx = sy)),
O3 = Vry(sz = sy A sz #te — x =1y),
D = o1 NPy A P3.

W3 nocrpoenns nmonurona gA ciemayer, uro gA E ©.

ITokaxkem, garo dhopmysia ® j1oxKHa B J1I0O0M KOHEYHOM IIOJIMIOHE HAJ, MOHO-
unoMm S. Ilpenmonoxkum, uro gB E ® mjs1 HekoToporo mojurona. Ilokazkem, 9o
sB — 6eckoneunstit nommron. Ilycte ' = {b € B | sb # tb}. Eccom b € F n
sb = b, To tb = tsb = rb = s’b = sb, nporusopeune. Cienosarensno, sb # b
Jutst ioboro b € F. Amamornuno, th # b nys goboro b € F. Ecim b = b, To
sb = s(rb) = (sr)b = (tr)b = t(rb) = tb, uporuBopeune, T.e. rb # b nusa mo-
boro b € F. Tak kak gB F ®4, cymecrByer by € F Takoit, aro thy # sb ms
jgoboro b € B. Ilpeamooxkum, 9TO MOCTPOEHDBI 3JIeMEHTHI by, ..., b, € F Takue,
aro sb; = thi—1, (0 < i < k) u sb; & U0<]<i71 Sb; (0 < i < k). Tokaxem, aro
CyImecTByeT bx11 € F', 171 KOTOPOTr'O BBIIOJIHAIOTCH COOTHOIIEHUS: thy1 = sby u
sbry1 & Uogjgkz Sb;. Tak kax gB F ®1, To cymecTByer eIuHCTBEeHHEIN b € I Ta-
Koit, uro th = sby. llonaraem by = b. [Tokaxkem, urto sbyy1 & Uogjgk Sb;. Illpen-
MOJIOXKUM, 4TO Sbiy1 € Sb; st Hekoroporo 4, 0 < ¢ < k. Bo3MOXKHBI HECKOJIBKO
CJIy9aEB.

1) sbyy1 = b;. Torma sb; = s2by 1 = tsby 1 = tb;, Te. b; ¢ F, mporusopeune.

2) sbgr1 = sb;. Tak kak B F @3, bgy1 = b;. U3 thyyq = sby caemyer, 9ro
th; = sbg. B cuny b; € F nosyunm, uro b; # by u i < k, upu srom sbp € Sb;,
[IPOTHBOPEYHE.

3) sbgy1 = rb;. Torma sbgy1 = ssb; = stb;. Tak kak gB FE ®3, 10 b1 = sb; =
th;, T.e. b; ¢ F', nporusopedne.

4) sbipiq1 = tb;. Ilo BbIGOPY 71eMenTa by uMeeMm sb; # tby, T.e. i > 0. Torma
sbi_1 = tb; = sbg41. llockonbky gB F @3, umeem b;_; = biy1. Orciona, Takxe
KaK B cjIydae 2, JoKasbiBaercs, 9ro ¢ — 1 < k u sby € Sb;_1. IIporuBopeune.

Takum obpazoM, HoKa3aHO, 9T0 g B — OGECKOHEUHBIN MTOJIMTIOH. ]

CJIe,ILyIOH_[I/IfI IpuMep ABJIACTCA ITPUMEPOM IICEBAOKOHEYHOT'O ITOJIMT'OHAa Ha/l KO-
HEIHBIM MOHOHNJIOM, BCE€ IMUKJINYICCKHUE ITOJAIIOJIUTOHBI KOTOPOTI'O KOHEYHELI.

IIpumep 5. Ilycrs (S;-) — monowny u3 Ipumepa |4, gS; — kormu nosmrona g5,
u; — KOIUU 3j1eMeHTOB u € S B nosiurone gS; (i € Z, Z — MHOXKECTBO TEJIbIX -
cen), sA = ;e 59i/0, rie © — konrpysumus nommrona | J;c , 55i, mopoxiennast
muOoKecTBOM {(s;,ti41) | ¢ € Z}. Torma mosmron gA 1ceBIoOKOHET€EH.

Hoxaszameavemso. 1lycrs monou S u mojauron gA ornpejiesieHbl yKa3aHHBIM B
IIpumepe [5| oopaszom. Beegem oboznadenus:: ¥y = &1, Uy = P3, rme & u &3 —
dbopmyibl n3 npumepa [4

Vs = Va(sz # to — Jy(sz =ty A sy # ty)),

Uy = Vay(te =ty A sx #te — x =1y),
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U= U AUy AUz AUy

N3 mocrpoenmnst mosiurona gA ciuemyer, aro gA E V. OupenesnM TOJUTOHBI
sBn (n € w) crexytomum obpasom: sBn = Uycicp §5i/Mn, T€ n — KOHIPY-
sumus nomurona | Jocic, s5i, nopoxiennas muozxecrsom {(sj,tjy1) | 0 < j <
n} U {(sn,to)}. Bamernm, uro B, | V. llyers B =[], ¢, sBn/D — ymsrpa-
[IPOU3BE/IEHNE TTOJIUTOHOB By, N € w, D — yabrpaduabTp Ha w, ColepKaiinii
dunbTp @pere. [To Teopeme Jlocst gB F ¥, Bce MakcuMaJjbHbIE 10 BKJIIOYEHUIO
MIUKJIUIECKUE TTOITOJIUTOHDI TIOJTNTOHa, § B m30MOpdHbI ¢S5 1 B B HET KOHEUHBIX
KOMTIOHEHT cBst3HoCTH. CJ1eT0BATEIBHO, TIOMUTOH § B m30MOpdeH KOTpOn3BeIeHIIO
nosronos sA u B = gA. Tlo Jlemme [I] mosmron gA ncesnokoneden. ]

IIycte G — rpymma, e € G — enunnna rpymnsl G, H — moarpyia rpymib
G. Yepes ¢G/H oboznaunm nommron g{gH | g € G}, rae omepaius onpe/eena
caepytonum obpazom: g(a/H) = (ga)/H. JIioboii cBsA3HBI TOJIUTOH HaJL TPYIIOL
G nwmeer Bun ¢G/H ns nekoropoit moarpynnsl H rpymmst G #, ciie10BaTeIbHo,
CBSI3HBIN TIOJIMTOH HAJI TPYIINONH He MMeeT COOCTBEHHBIX MOJIIOUIOHOB.

Teopema 6. 10601 noiuzon Had KoHeuHol epynnoti ncesdokoHe eH.

Hoxazameavcmeo. Ilycrs G — KoHeunas rpynna, A — nomuron. Tak Kak rpyr-
na (G KOHEYHA, TO CYMIECTBYeT KOHEYHOE YUCJIO TUIIOB H30MODP(MHU3MOB CBA3HBIX
nommronoB van G: ¢G/Hy,...,cG/H,, tne H; — noarpynust G. Torna

cA= T[ a@/myv..u I «(G/H)

1<i<aq 1<i<an

e (G/H;)" — xormm nosmrona ¢(G/Hj), a; — opannanst (1 < j < «j). Yepes
I'y obozmHadanm MHOXKECTBO POPMYIT \I'"; (1 < j < o), ucrunnabix Ha A TOrNIA U
TOJIBKO TOIJa, Korga B ¢ A ectb k kocomuoxkureneil Buga ¢(G/H;), depes I'y —
MHO>KECTBO (hOpMyJI @? (1 < j < aj), uctuHHBIX Ha A TOrZa U TOJBKO TO-
raa, xorja B gA Her k kocommoxkureneit suma ¢(G/H;), I' = I'y UT. fcno,
gyro I' — MHOXKecTBO akcuoM Jiist mojurona g A. Ilosromy mist 106010 1Ipeio-
»kenuss @, mcrunHOrO B A, Halimercs komeunoe mogamuoxkectso IV C T rakoe,
gyro IV = ®. TTockobKy J11060€ KOHEYHOe MOJAMHOXKECTBO I MMeeT KOHEYHYIO MO-
JeJib, TO npeiyoxkenne ¢ Takyke uMeeT KOHeUHyIo Mojenb. Cienosareabuo, A —
[ICEBIOKOHEYHBIN TOJIUTOH. O

Crcok aureparyphl

[1] D.Garca, D. Macpherson, C. Steinhorn, Pseudofinite structures and simplicity,
J. Math. Log, 15, (2015), 41 p.

[2] Z.Chatzidakis, Notes on the model theory of finite and pseudo-finite fields,
http://www.logique.jussieu.fr/ zoe/papiers/Helsinki.pdf.



142 A. A. CrennanoBa, E. JI. Eppemos, C. I'. YekanoB

[3] A.Pillay. Strongly minimal pseudofinite structures, http://arxiv.org/
abs/1411.5008, 2014.

[4] J.Véddnianen, Pseudo-finite model theory, Matemdtica Contemporanea, 24
(2003), 169-183.

[5] J. Ax, The elementary theory of finite fields, Ann. Math., 88 (1968), 239--271.

[6] J.S.Wilson, On pseudofinite simple groups, J. Lond. Math. Soc. (2), 51 (1995),
471-490.

[7] N.D.Markhabatov, “Approximations of Acyclic Graphs”, Bulletin of Irkutsk
State University. Series Mathematics, 40 (2022), 104-111.

[8] N.D.Markhabatov, Approximations of the theories of structures with one
equivalence relation, Herald of the Kazakh-British technical university, 20(2)
(2023), 67-72. https://doi.org/10.55452/1998-6688-2023-20-2-67-72

[9] Yu.L.Ershov and E.A.Palyutin, Mathematical logic, M. : Nauka. 1987.
(Russian)



CONDITIONAL CHARACTERISTICS
OF RIGIDITY

S. V. Sudoplatov*

Sobolev Institute of Mathematics,
4, Acad. Koptyug avenue, Novosibirsk, 630090, Russia;
Novosibirsk State Technical University,
20, K.Marx avenue, Novosibirsk, 630073, Russia;
Novosibirsk State University,
1, Pirogova street, Novosibirsk, 630090, Russia

e-mail: sudoplat@math.nsc.ru

We continue to study variations of rigidity [I, 2] applying them for A-
restrictions, i.e., restrictions relative to special conditions A. In the paper, we
consider these conditions for the degrees and indexes of rigidity, their properties
and links.

Throughout the paper we use the standard model-theoretic notions and the
terminology in [1].

1 Preliminaries

Definition. [I]. For a set A in a structure M, M is called semantically A-rigid
or automorphically A-rigid if any A-automorphism f € Aut(M) is identical. The
structure M is called syntactically A-rigid if M = dcl(A).

A structure M is called V-semantically / V-syntactically n-rigid (respectively,
I-semantically / 3-syntactically n-rigid), for n € w, if M is semantically /
syntactically A-rigid for any (some) A C M with |A| = n.

The least n such that M is Q-semantically / @Q-syntactically n-rigid, where
Q € {V,3}, is called the Q-semantical / Q-syntactical degree of rigidity, it is
denoted by degri;em(/\/l) and dengiéSyrlt (M), respectively. Here if a set A produces
the value of @-semantical / Q-syntactical degree then we say that A witnesses that
degree. If such n does not exists we put degri;em(./\/l) = oo and deggsym (M) = o0,
respectively.

*The work was carried out in the framework of the State Contract of the Sobolev
Institute of Mathematics, Project No. FWNF-2022-0012, and partially supported by
Science Committee of Ministry of Science and Higher Education of the Republic of
Kazakhstan (Grant No. AP19674850).
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Recall [1] that the following inequalities hold for considering degrees:

degl?™ (M) < degli™ (M), (1)
degiz™™ (M) < degt¥™(M), (2)
o™ (M) < deglF™ (M), (3)
deg ™ (M) < degli™ (M). (4)

Let A = A(X) be a type over (), i.e., a consistent set of formulae in the given
language ¥ with free variables in X and without parameters. Below we define the
following A-conditional degrees of rigidity similar to the notions above.

Definition. A structure M is called (V, A)-semantically / (¥, A)-syntactically n-
rigid (respectively, (3, A)-semantically / (3, A)-syntactically n-rigid), for n € w, if
M is semantically / syntactically A-rigid for any (some) A C M with |A| = n and
E A(A).

The least n such that M is (Q, A)-semantically / (Q, A)-syntactically n-rigid,
where @) € {V,3}, is called the (Q,A)-semantical / (Q,A)-syntactical degree of
rigidity, it is denoted by degg;em’A(M) and deggg_synt’A(M), respectively. Here
if a set A produces the value of (@, A)-semantical / (Q,A)-syntactical degree
then we say that A witnesses on that degree. If such n does not exist we put
degfi?g_sem’A(M) = 00 and deggg_sym’A(M) = 00, respectively.

We assume that deggéS’A(M) = degj," (M), for Q € {V¥,3}, s € {sem, synt},
and for A = () or if A consists of tautologies.

Remark 1.1. By the definition the sets A witnessing the natural values

degg;’A(M), for @ € {V,3}, s € {sem,synt}, have cardinalities at most |X|, and
if A forces that elements of its realizations are pairwise distinct then |A| = | X|.

Now we immediately obtain the following modifications of inequalities f
for an arbitrary type A = A(X):

degz—gsem,A(M) < degz—gsynt,A(M)’ (5)
deg >3 (M) < degi Y™ (M), (6)
deg?{;em’A(M) < degz—gsem,A(M)’ (7)
degi';}’nt,A(M> < deg?’i-gsynt,A(M). (8)
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Remark 1.2. Let deg?{;ym’A (M) = 0. It means that all elements of M are defined

by singletons, i.e., are defined by the structure (M, cq)qecnr in a constant language.

Let deg?i_gsym’A(./\/l) = 1. It means, using Graph Theory language [3], that there
is an element a € M satisfying M = A({a}) and such that for each b € M there is
an arc (a, b) marked by a formula ¢y (a, x) with ¢p(a, M) = {b}. Here each element
b has a unique labeling formula ¢, and distinct elements have distinct labeling
formulae. Taking the set W of labels we obtain the labeled graph T, = (M, R, W),
where R is the set of all arcs (a,b), b € M. The graph T', is called a 1-hedgehog,
or 1-star [0], with the root a.

The 1-hedgehogs define deterministic algebras of isolating formulae [4, [5]
allowing to pass by a sequences of arcs and obtaining unique images.

If degigynt’A(M) =n € w\{0,1} and it is witnessed by a set A then we
can construct a hypergraph [6] with the set M of vertices and with hyperedges
AU {b}, b € M, marked by formulae pp(z, A) with @p(M, A) = {b}. Similarly
to the previous case, taking the set W of labels, we obtain a labeled hypergraph
Ho = (M,H,W), where H is the set of all hyperedges A U {b}, b € M. This
hypergraph is called the n-hedgehog, or n-star, with the root A. It defines a partial
algebra whose partial operations give values b by the labels ¢p(z, A).

The basic illustration for the conditional characteristics above gives the
following:

Example 1.3. Let V be a linear space over a field F interpreted as a module M.
Following [I, Example 2.4] we have

degrvi—gsem(M) _ degrﬂi—gsem(M) _ degz-gsyrlt(M) _ deg?i-gsynt(M) —0

iff dim(V) < 1 and |F| = 2 for dim(V) = 1. If M is not rigid then deg=5™(M) =

rig
degi_gsynt(./\/l) = dim(V) for finite dim(V) and deg 7™ (M) = deg?i_gsynt(./\/l) = 00,
otherwise. Besides, deg}.fi'gsem(/\/l) = deg:ﬁ;ynt(/\/l) = oo if dim(V) is infinite or

dim(V) > 1 and F is infinite. Finally, for dim(V) =n € w \ {0} and |F| =m €
w\ {0} with (n,m) # (1,2) we have deg/>*™(M) = degz_gsynt(/\/l) =(n—-1)m+1,
since we obtain the rigidity taking all vectors in a (n — 1)-dimensional subspace
V', with (n — 1)m elements, and a vector in V '\ V'

Assuming that V has a finite dimension dim(V) =n > 1 and |F| > 3 we take
a (complete) type A = A(X) expressing that X consists of n linearly independent
vectors. Now for any s € {sem, synt} we have

deg? (M) = deg " (M) = deg (M) =n

whereas degfi'gs (M) < degyi_gs(./\/l) as above.
Thus the restriction to A allows to replace the existence by universality
preserving the degree.

Below, in Section 3, we show that this replacement is valid for homogeneous
structures and complete types.
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2 Properties of conditional degrees of rigidity

The following Propositions partially similar to assertions in [I] collect some
basic properties for A-conditional degrees of rigidity.

Proposition 2.1 (Monotony). For any structure M, s € {sem,synt} and
A = N(X), i = 1,2, if Ay C Ay then deg’ > (M) > deg”22(M) and

rig rig
deggy"™ (M) < degg," (M),
Proof. Since A1 C Ag then Aj(M) D Ag(M). If all realizations of Aq(X) witness

the value degfi_gs’Al

the value degz_gS’Al(M), implying degz_gS’Al(M) > degfi_;’Az (M).
Now if a realization A of A;(X) witness the value degi—gs’m(./\/l) = A then
either a realization of Ay(X) witness the value degz_;’AQ (M) = X or Ay is not

realized by these witnessing sets implying degi_gS’Al(/\/l) < degi_gS’Az (M). O

(M) = n then, in particular, all realizations of Ag(X) witness

Proposition 2.2. 1. If a set A C M witnesses on the value degrig_s(/\/l) =n, for
Q € {¥,3}, s € {sem,synt}, then for any A = A(X) with = A(A), the set A
. Q—57A o .
witnesses on degj,”~ (M) =n, i.e.,
-5, -5
deg ;™% (M) = deg2:*(M). (9)
2. If there are no sets A C M witnessing on the value degri;(./\/l) = n, for
Q € {V,3}, s € {sem,synt} and for A = A(X) with = A(A), then
degfi?;’A(M) > degri;(/\/l). (10)
Proof. 1. 1t follows since:
i) the value deg’* (M) = n means that all n-element sets including realizations

rig
of A(X) witness that value, which equals degz'gs’A

ii) the value degf'i‘;(./\/l) = n means that some n-element set, which by the
conjecture can be taken among realizations of A(X), witness that value, and it
equals degi_g‘(”’A (M) for this realization.

In any case we have the equality @)

2. Since deggg_s(/\/l) = n is witnessed by sets of least finite cardinality n the

(M) for these realizations;

absence of A C M witnessing on the value degri;(/\/l) = n among realizations

of A(X) implies that the value deggg_S’A(/\/l) is greater than degri;(/\/l), i.e., the

inequality holds. O
Proposition 2.3. 1. If deg:*(M) = n, for s € {sem,synt}, then for any A =

A(X) with | X| = n written in A, degfi_gs’A(M) =n.
2. If degfi:;(./\/l) = n, for s € {sem,synt}, then for some A = A(X) with

| X | = n written in A, degi_gs’A(./\/l) =n.
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3. For s € {sem,synt} the value degy;(M) equals the minimal value

degi_gs’A(M) among all possibilities of .

4. For s € {sem,synt} the natural value degfi_;(/\/l) equals all wvalues
degz_gs’A(M) amonyg all possibilities of A = A(X) with minimal cardinality of
X producing a natural value degz_gs’A(M).

The proof is obvious by the definition of degrees.

Proposition 2.4. For any A without free variables the following conditions hold:
(1) degz_gsem’A(M) =0 iff deg?i:;em’A(M) = 0, and iff the structure M is
(0-)semantically rigid;
(2) degfi_gsynt’A(M) = 0 iff degz ™" X(M) = 0 and iff the structure M is

rig
(0- )syntactically rigid.
The proof is obvious by the definition of degrees.

Proposition 2.5. For any type A = A(X) the following conditions hold:

(1) deg\:i_gsem’A(M) =n € w iff for any set A C M with |A] > n and = A(A)
there is minimal B C A, under inclusion, such that |B| = n, = A(B) and any
automorphism f € Aut(M) fizing B pointwise fizes all elements in M, too, and
there are no sets of cardinalities n' < n with that property; here B C A can be
taken arbitrary with |B]| =n and = A(B);

(2) degfli_gsem’A(M) =n € w iff for some set A C M with |A| > n and = A(A)
there is minimal B C A, under inclusion, such that |B| = n, = A(B) and any
automorphism f € Aut(M) fizing B pointwise fizes all elements in M, too, and
there are no sets of cardinalities n' < n with that property;

(3) degfi_gsynt’A(M) =n € w iff for any set A C M with |A| > n and = A(A)
there is minimal B C A, under inclusion, such that |B| = n, = A(B) and M =
dcl(B), and there are no sets of cardinalities n’ < n with that property; here B C A
can be taken arbitrary with |B| = n and = A(B);

(4) degi_gsynt’A(M) =n € w iff for some set A C M with |A| > n and
E A(A) there is minimal B C A, under inclusion, such that |B| = n, = A(B)
and M = dcl(B), and there are no sets of cardinalities n' < n with that property.

Proof is obvious by the definition of degrees.

Remark 2.6. The notions above of A-conditional degrees of rigidity admit a
natural generalization replacing the condition = A(A) by the condition A € P
for some given property P C P(M), see [7], spreading related assertions for these
P-conditional degrees of rigidity.
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3 Model-theoretic properties related
to degrees of rigidity

Theorem 3.1. If M is a homogeneous structure and A = A(X) is a complete

type then degi_gynt’A (M) = degz_gsynt’b‘(/\/l) and degi—;em’A (M) = degfi_;em’A (M).

Proof. 1f degfi_gsynt’A (M) = oo then each realization A of A(X) does not produce

the A-rigidity of M. Therefore degzzynt’A(M) = 00, too.
Let a set A witness that deg?i_gsynt’A(/\/l) =n € w If M= A(B) then A

and B are connected by an automorphism f since A(X) is complete and M is
homogeneous. Thus the n-hedgehog with the root A is transformed by f onto a
n-hedgehog with the root B. Thus B also witnesses that deg?i_gsynt’A(M) = n.
Since B is taken arbitrary satisfying A we obtain the equality deg> ™" (M) =

rig
degz—gsynt,A(M)’

Now since all realizations of A are connected by automorphisms we conclude
that the A-rigidity of M with respect to Aut(M) implies the B-rigidity of M
with respect to Aut(M) for any A and B with = A(A) and = A(B). Indeed,
let A and B be connected by an automorphism f. If M is not B-rigid witnessed
by a non-identical B-automorphism g then M is not A-rigid witnessed by a non-
identical A-automorphism fgf~!: if g(b1) = by with by # by then fgf 1(a1) = a2
with a; # ag, where a; = f~1(b1), as = f~1(b2).

Since the rigidity is preserved under automorphisms in Aut(M) and A is
complete then degi_;em’A(M) = degz_;em’A(/\/l). O
Remark 3.2. As complete types A(X), with n-element realizations define a
partition of n-element subsets of a homogeneous structure M producing an
equivalence relation E,(M) on {A C M | |A| = n} “to have n-element sets
with same type”, Theorem implies that FE, is a refinement of the equivalence
relations Ej, gynt(M) and Ej gem(M) “to have same syntactic/semantic degree of
rigidity”.

Now for each E,-class, E, synt-class, and E,, sem-class, respectively, we define
common syntactic and semantic degrees of rigidity of their elements as in
Theorem We denote these degrees by degifgnt’y(./\/l) and degif;n Y (M) for given
equivalence class Y.

Using the definition of degrees and Theorem 3.1 we express the degrees
deg}.fi'gs(/\/l) by the degrees degfi’g (M), for s € {synt,sem} as follows.

For any n € w either E, s-classes Y have degfi’;/(./\/l) =nor degii’;(./\/l) = 00.
Therefore, either we find minimal k such that all Ej, s-classes Y have degfi’; M) =
k producing degfi'; (M) =k, or that k does not exist implying degfi';(./\/l) = 00.
Thus we obtain the following:
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Theorem 3.3. For any homogeneous structure M and s € {synt,sem}, either
deg\rfi_gs(./\/l) = ko, where ko is minimal natural k such that all Ey s-classes Y have
degii’g(./\/l) =k, or degx';(/\/l) = 00 if that ko does not exist.
Proposition 3.4. If M is an infinite structure, A = A(X) and

degi—gsynt’A(M) =ncw
then there are infinitely many (n + 1)-types over : |S™1(0)| > w.
Proof. Let a set A witness that degi_gsynt’A(M) = n. Then |A| < n and for each
element a € M there exists a formula o, (x, A) € S'(A) such that M = p4(a, A)A
Iz, (z, A). Then the set {p,(x, X) | a € M} consists of pairwise non-equivalent
formulae, i.e., there infinitely many pairwise non-equivalent formulae with (|A|41)
free variables, implying |SM4*1(#)| > w. By |A| < n and the preservation of
infinitely many types under extensions of tuples of free variables, we conclude
|S" @) = w. O

Corollary 3.5. If M is an w-categorical structure then for any type A = A(X),
3- A V- A
degrigsynt’ (M) = degri;ym’ (M) = .

Proof. By the definition of degi_gsynt(/\/l) we can assume that A is realized
in M. Now since M is w-categorical then by Ryll—Nardzewski Theorem and
Proposition we have degrai_;ynt’A(M) = 00. The inequality degrai_;ynt’A(M) <
degf{;ym’A (M) allows to conclude that deg:.?,;ynt’A (M) = oo, too. O

The following theorem shows that along with the existence of nonrigid
elementary extensions of a given structure in a large cardinality, violation of
rigidity is also possible by taking an appropriate elementary extension of the same

cardinality.

Theorem 3.6. Any countable structure M has a countable elementary extension

N with degrai_gSynt (N) = oc.

Proof. If M does not hedgehogs then it is a required elementary extension of
itself. If hedgehogs exist then there are at most countably many them and we
enumerate these hedgehogs H: {#H,; | i € w}. By Proposition 3.4 each hedgehog
‘H with a root A produces a countable elementary extension M’ of M with an
arc (a hyperedge) for A which does not belong to . Then we construct a chain
{M; | i € w} of elementary extensions of M such that M; turns off H; to be a
hedgehog. Now we consider the countable structure My = |J M; and continue the

(IS
process countably many times constructing an elementary chain {Nj | j € w} of
elementary extensions of M such that each Nji; turns off all hedgehogs of Nj.
Finally we obtain the required structure N' = |J N; without hedgehogs, i.e., with
JEW

degl?i_;y][1t (N) = . O
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Remark 3.7. Notice that the absence of n-hedgehogs in a structure can be
violated in its elementary extensions. Indeed, one can construct a countable arc-
colored graph I' without hedgehogs where each its m-element subset A, for m € w,
has a vertex a with 1-hedgehog on A U {a}, such that a countable elementary
extension IV = I' obtains a common root a’ for a 1-hedgehog in I".

Thus the value deg?i_gsym(-) can both increase and decrease under elementary
extensions of structures.

References

[1] S.V.Sudoplatov, Variations of rigidity arXiv:2307.13228 [math.L0], 2023,
13p, URL: https://doi.org/10.48550/arXiv.2307.13228

[2] B.Sh.Kulpeshov, S.V.Sudoplatov, Variations of rigidity for ordered theories,
Preprint. Almaty, Novosibirsk, 2023, 17 p.

[3] S.V.Sudoplatov, E.V.Ovchinnikova, Discrete mathematics: Tutorial,
Moscow : Urait, 2023, 280p. (Russian) ISBN 978-5-534-00871-5, URL:
https://urait.ru/bcode/510824

[4] 1. V.Shulepov, S.V.Sudoplatov, Algebras of distributions for isolating
formulas of a complete theory, Siberian Electronic Mathematical Reports,
11 (2014), 380-407.

[5] S.V.Sudoplatov, Classification of countable models of complete theories, Part
1, Novosibirsk : NSTU, 2018, 376 p.

[6] V.A.Emelichev, O.I. Melnikov, V.I.Sarvanov, R.I. Tyshkevich, Lectures on
Graph Theory, Moscow : Nauka, 1990,384 p. (Russian)

[7] S.V.Sudoplatov, Formulas and Properties, Their Links and
Characteristics ~ //  Mathematics, 9, 12 (2021), 1391, 16.
https://doi.org/10.3390/math9121391



O PACIIPEJIEJIEHUAX CUETHBIX
MOJIEJIEI TEOPUM MOHOUJ/IOB
HATYPAJIBHBIX YICEJI
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e-mail: i.uktamaliev@g.nsu.ru

CravaJia BBeJIEM OCHOBHBIE [TOHSITUS W OIIPEJICJICHUS.

[Tycrs M = (M, ¥) — asnreGpandeckast cucrema curaarypbl 1 u A C M. Yepes
3} A MbI 0003HAYNM CUTHATYPY, 00PA30BAHHYIO J00aBJIEHIEM 3JIEMEHTOB MHOXKECTBA
A k Y B Ka1uecTBe KOHCTAHTHI, depe3 T4 — oboramenne cucreMmbl I 10 CUTHATY PBI
YA

Omnpenenenune 1. Ilycrs p — MHOXKECTBO X 4-POPMYJI C IEPEMEHHBIMHA X1, - . . , Tn,.
MHuO)kecTBO 3 4-(OPMYJT P HA3BIBACTCST N-Munom HaJl MHOXKecTBoM A, eciu cos-
MecTHO MHOXKecTBO p U Th(9N). Tun p naseiBaeTcs: noamvim, €CJu st JT000i X 4-
GOPMYJIBL (0 ¢ IEPEMEHHBIMU X1, . . . , T, BBIIOJHSIETCS JTHOO @ € p, IubO - € p.
O6oznaunm gepe3 SZ(A) u S™(A) cOOTBETCTBEHHO MHOXKECTBO BCEX IIOJHBIX 7-
THUIIOB OT TIEPEMEHHBIX T HAJT MHOXKECTBOM A M MHOXKECTBO BCEX TOJTHBIX N-THUIIOB
HaJT MHOYKEeCTBOM A 1 ermé 0603HATIM

s = |J sMA).

new\{0}
Ecmu |S(@)| = w, To Teopust T = Th(M) naseiBacrcst Maaot.

Onpepesenne 2. Ilycrs A = (A,3X) u B = (4, X) — anredpanvecKue CHCTEMBDI
curgarypsl 2. Orobpazkenue h : A — B HAZBIBAETCS INEMEHMAPHBIM 0TOOpasCe-
nuem 2A 6 B, ecan

AE=plar,...,an) B E=@(h(ar) ..., hay))

JUIST TIPOM3BOJILHON (T, ..., Ty) DOPMYJIBI CHTHATYPHI X U HPOU3BOJIBLHOTO
a1,...,0, € A.

B sTom ciayuae anrebpantdeckas cucteMa B HA3BIBAETCI IAEMEHMAPHIM DAC-
wuperuem anszebpauveckoti cucmemo, A 1 obosHaTaercsa depes A < B,
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Omnpenenenne 3. Mogenbp 9 reopun T HA3LIBAETCS NPOCMOT, €CJIU CYIIECTBY-
eT ayieMmeHTapHOe oToOpakenue M B XA 151 mponsBoabHON Momenn A Teopun 1.
Mogens M reopun T HazbIBaeTcst npocmoti nad muoocecmeom , rne A C M, ec-
Ji Moziesib 9N 4 SABJISIETCsI IIPOCTOM MOJIEJIBIO Teopun 14, OJIydeHHOi n3 Teopun 1’
oborarennem Koucranramu u3 A. Ecim A — xoneuno, t.e. A = {ay,...,ay,}, Torma
npocrast Mojiesib N4 HasbIBaeTCss npocmots nad xKopmesicem a = (ay, . .., ay).

Onpepenenne 4. Mojens 9 teopun T HazbiBaeTCst amomaproti, ecin tp(a) ss-
JISIETCsT U30JIMPOBAHHBIM JIJIS JIFOOBIX @ € M.

N3zBecTHO, uTO cortacHo TeopeMme Boorta momens 9N Teopun T mpocTa TOrAa U
TOJILKO TOr/Ia, Korma I atomapua. CrenoBarensro, ecan del(A) = M, 1o mozxens
M aBJIgeTCs IPOCTOI HaJ MHOXKECTBOM A.

Onpepenenne 5. CemeiicrBo {2A,|n € w} anrebpanueckux cucreM Ha3bIBAETCsI
anemermaprot yenvro, ecan Ay <X A4, A1 soboro n € w.

Onpenenenue 6. Eciin jurs nenpocroit Mmosesn M cymecTByeT ceMeilcTBo mpo-
croix mogeneit F' = {2Ay|n € w} rakoe, yro M = U A, u F — snemenrapHast

new
e, To I Ha3BIBAETCsT NPEdesbHoti MOJEABIO.

Onpepenenne 7. Ilycrs T — cuernas teopusi curvarypsl X u I(T, k) — Ko-
JITIECTBO TIOMApPHO HEM30MOPQHBIX Mojeseil Teopun 1', IMEOINX MOIITHOCTD K.
Oynkuus I(T,-), conocrapisonas Kax /10l 66CKOHETHON MOIIHOCTH K 3HAYEHHE
I(T, k), HasbIBaeTCs cnekmpasvroll Gyrkyued, wim cnexkmpom meopuu T

JIemma 8. Ecau das meopuu T evinoaneno |S(2)| = 2%, mo I(T,w) = 2¥.

Alokazamenvemso. Ilpenmonoxum, uro I(T,w) < 2¢. Ilycrs I' — MHOXKeCTBO MOIIT-
nocru I(T,w), copepkaiiee THITBI H30MOPMU3MOB BCEX CUETHBIX MOJIEJIeli Teopun

T u FDOM) = {tpw(@) | @ € M}, M = T. Torma S(2) = | ) FDON). Us
mel’

sroro cieayer, uro |S(2)| < w - || < 2¥. Dro nporuBopevne JIOKA3BIBAET, YTO

I(T,w) =2%. O

O6oznaunm uepes P(T'),L(T), NPL(T) momHOCTH MHOXKECTB TUIIOB M30MOD-
dbusMa IpoCTHIX HaJL KOPTEKAMHU, IPEJIEABHBIX U BCEX OCTAJIBHBIX CYETHBIX MOJIE-
Jieit reopuut T COOTBETCTBEHHO.

Onpepenenne 9. Tpoiika (P(T),L(T), NPL(T)) maseiBaercss mpolikot pacnpe-
deserus wucaa cuémmor modeset; reopun T u obo3naunm depe3 cmg(71).

st reopuii T' ¢ KoHTHHYYMOM THIIOB BbinOsHsieTcst [ (T,w) = 2¥; u 3Ha4UuT
xotrst 661 o0 u3 3Hadenuit P(7T), L(T), NPL(T') pasuo 2%.
B [1] ycranosiena ciemyomast
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Teopema 10. Ecau npednonosicum, 4mo KOHMUHYYM-2UNOME3ZQ 6€PHA, MO OAA
0601 nemanot meopuu T mpotika cms(T) pasro odnomy us caedyrouyu:

1. (2,29 0), A € wU {w, 2¥};

2. (0,0,2%);

3. (A1, A2,29), 2de A1 > 1,1, A2 € {w,2¢}.

Bce YKaA3aGHHDBLE 3HAYMYEHUA UMENOT DEAAUSAUUU 68 KAACCE HEMANABLT meopuil.

NuTrepecHBIM sIBIISIETCS BOIIPOC O TOM, KaKHE BO3SMOXKHBI TPOHKH PacCIIpe/iesie-
HUSL JUUIsL PA3JIMYHBIX €CTECTBEHHBIX KJIACCOB HeMaJsiblx Teopuil. B crarbax [0 6]
oupeeseno, uro tpoiika pacupezgenennst cms(Th((Z,+,0))) = (2¢¥,2¥,2¥) nua
AJUIUTUBHOI TPYIIIBI TIeJIbIX Yrces. Mbl HaiijleM KOJIM9YecTBO IPOCTBIX U HPEJIeb-
ubix mogesteit Teopun Th ((N, +,0)) aauTHBHOrO MOHOH/IA HATYPAJIBHBIX THCEL.
Baech mbl cantaem, uro N = {0,1,2,...,}, B omuinane or 06bIYHOTO.

Onncanne tunos sremenToB N = (N, +,0) BO3MOKHO € HOMOIIBIO PA3/IOKe-
HUsI UX HA& [IPOCTble MHOXKHUTEIU. MBI ONMINEM THUII €MHUIbI KAK THUII SJIEMEHT,
HeJIeJIIMBIi Ha BCe 9JIEMEHTBI, KPOMe CaMoro cedsi:

—dry (1t~ 1), Frg(zo+ 22+ 22~ 1),...,

-3z, (T + -+ =1),...

ITockoJIbKY KazK[10€ KOHEYHOE IIOAMHOXKECTBO JAHHOTO MHOXKECTBa (POPMYJI
BBITIOJIHUMO (BCErjia MOYKHO HANTH YHCII0, HE JIEJISIeecs: Ha KOHEYHOe YHCI0 HEKO-
TOPBIX YUCEJI), TO, COIJIACHO TeopeMe KOMIIAKTHOCTH, BCE MHOXKECTBO 3aJIaHHBIX
OPMYJI TaK>Ke BBIIOJIHUAMO.

UsgectHo, uro (N, +,0) siBiistercst nmpocroit Mojiesbio Hag {1}. Bosee Toro, Hu-
Ke OyJeT JOKa3aHO, YTO MOAEIDb Il ABJIAETCS IPOCTOI MOJEIIBIO DAaKe HaJl MHOXKE-
crBoM @ jyist reopurt Th((N, +,0)). Tunsl TpocThIX YUCEI P1, P2, - . 4 Diy - - - UPEJI-
CTaBJIEHBI TOJIBKO (POPMYJIaMHU, OIMCHIBAIOIIUME 1ejieHne Ha cebg u Ha 1. Torma
TUIIBI 0, OIIUCHIBAOIIIE 3JIEMEHTHI I, M30UPYIOTCST MHOXKeCTBaMu (hOPMYJI, “TOBO-
pAmux”’ O AEIUMOCTH STUX 3JIEMEHTOB Ha CTENEHH MPOCTHIX YUCEJT UIH U30JIUPYIOT-
cst Hag {1} muOXKecTBaMu hOPMYJI, “roBOpAIUX’ O HEJETUMOCTU STUX JIEMEHTOB
Ha CTEIEHN IPOCTHIX IUCEJI.

V3 TeopeMbl KOMIAKTHOCTH CJIELyeT CJCAYIOMUil pe3yJIbTar:

Jlemma 11. ITycmo M = (M, ¥) — ascebpauueckas cucmema cuzhamypv. 3,
A C M up — nexomopoii n-mun nad A. Toeda cywecmsyem asemenmaproe
pacuwupenue M daa M maxoe, wmo mun p pearusyemcs 6 N .

Jloxazamenvcmso. Ilycrs F(X) — MHOXKeCTBO (DOPMYJI CUTHATYPBI X,
Diag. (M) = {o(m) | M = p(m), ¢ € F(X)},

B = pU Diag, (M) 1 A — KoHedIHOE OJMHOKECTBO MHOXKeCTBa B.
Bes orpanmuenust obmiHOCTH camTaeM, 9TO B COCTOUT M3 €TUHCTBEHHON dop-
MYJIBI
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O(z1,..., Tnya1,. .. am) AN(ar,...,am,b1,...,0),
e ai,...,a, € A, by,....bp € M\ A, 0(Z,a) € pu M = Y(a,b).

[Tycrs g — MOJie/Ib BBINOJIHUMOrO MHOXKecTBa npemtoxkenuit p U Th(M4).
[Mockonbky Jo)(a,v) € Th(M,),

Do | 0(z,a) A Foy(a,v).

Wurepuperupys by, . .., by Kak cBugeTeabcTBo J0)(a, U), Mbl osrydaeM Dy = A.
Taxkum 06pazoM, A BBLIIOJIHUMO.

I[To Teopeme kommnakTHocTH B BblnoaHuMa. Ilycts © | B. IMockosnbky © =
Diag,;(9M), orobpaskenue, KOTOpoe HEPEBOAUT M € M B MHTEPIPETAIIO KOH-
CTAHTHOT'O CUMBOJIa M B %), gABJIETC dJIeMEeHTapHbIM BiiozkeHueM. IlycThb ¢; OyayT

uHTepuperanusMu ;. Torma (¢1, ..., ¢,) gBisiercs peanusanueii p. O
IIycrs P — mHOXKeCTBO mpoCThIX uncen u P = (po, ce Diye s ) — HyMepaIus
IIPOCTHIX 4mcesi. Beibepem mociieqoBaTe ibHOCTb, M = (mo, e My ), 3JIEMEH-

TBI KOTOPO#i B3sThl u3 MHOKecTBa w U {oo}. TTocTponM ciesyromiee MHOXKECTBO
map Z, coorserctBytornux P u M:

7 = {(po,mo),..., (piymi), ... ’ (po,... pi,...) =P,

(Mo, iy ...) =M.

Pacemorpum cirestyroriiee MHOXKECTBO (DOPMYJI, ONUCHIBAIOIINX, JCJ€HUE X Ha
HaubOJIBIIYIO CTENeHDb P; PaBHO p, ', rae (p;, m;) € Z:

qz(x) = {p; " |z | (pi,mi) € Z

Bnech obosnadenue p; | o3HauaeT, UTO HAMGOIIBIIAsS CTENEHb P; PaBHA P, ', Ha
KOTOPYIO JEJIUTCS .

W3BecTHO, ITO KOJUIECTBO TOCIEIOBATEIBHOCTEH, JIEMEHTHI KOTOPBIX MOYKHO
COCTABUTDH U3 MHOXKecTBa w U {00}, paBHO 2% KOJIMYECTBO COOTBETCTBYIOIINX MHO-
2KeCTB map Z Takxke pasHo 2. Takmm 06pa3oM, KOJIUIECTBO MHOXKECTB (hOpPMYJT
qz(x) pasno 2. OTcrofa cllejlyer, 4To MOIIHOCTL MHOXKecTBa S) (D) pasma 29, T.
e. Th(M) He aBIAETCA MATIOIL.

IIo Jlemme |l 1| cymecTByeT aemenTapHoe paciupenne N i N, peaausyrornee
qz(z). Ilycre snement a € M spisiercs peanuzaiueii gz (z) B 9. Bosbmem napy
(Pig>miy) € Z, upu m;, > 0. cnons3yst hopmyiy p;,& &~ a, Mbl MOXKEM HalTH
9JIEMEHT @y, TJ€ Pi,Aj, = @. BUJHO, 9TO 9TOT 3JIEeMEHT a;, pean3yeT MHOZKECTBO
bopmyn gz, = {p;”i\ac, ’ (pi,m;) € Z,;O}, KOTOPOE OIIMCLIBAET JIeJIMMOCTD Ha
MaKCUMAJBHYIO CTEMEHD MPOCTBIX YHUCEeJI, COOTBETCTBYIONEE MHOKECTBY

Zi — {(pOamO))"'7 (pioflvmiofl)a (pioamioil)) (pi0+17mi0+1)5'°' }
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Kpome Toro, B3siB HeKOTODPYIO mapy (pjy,mMj,) € Z, MBI MOXKEM CO3/IaTh SJIe-
MEHT @j,, UCIIOJIb3Ysl COOTBETCTBEHHO (POPMYIy pj,a = T, TAe Dj,a = aj,. Kak
BUJ(HO BBIIIE, YTO STOT JIEMEHT Gj, PEalU3yeT MHOXKeCTBO opmyn ¢z, =

{pznﬂx ‘ (pi,m;) € Zjo}, KOTOPOE OIUCHIBACT JIEUMOCTh Ha MAKCHUMAJIbHYTO
CTeIleHb IPOCTBIX YUCEJl, COOTBETCTBYIONEE MHOMKECTBY

Zj, = {(p(),mo),-u, (pjo—lvmjo—l)’ (pjovmjo + 1)7 (pj0+1amjo+1)7"' }

Tenepsb, UCHOIL3YS 3TH JIEMEHTDI Gj, U (j,, MBI MOYXKEM IIOJIYIHTDL 3JIEMEHTHI O,
u aj, 10 GopMynaM p;, x X a;, (WM p;, ai, = ), pjaj, ~ ¢ (um pj, T = aj)). B
CBOIO O4epejib, JJIsd 9JIEMEHTOB a;, U Gj, Mbl II0JydaeM HAa0Op Hap Z;, U Zj, , Kak
YKA3aHO BBIIIIE.

Eciu muoxkecrBo Z' MoxkeT 6bITH c(hOPMUPOBAHO M3 Z IIyTeM BbIIOJIHEHUS
OIIMCAHHOTO BBIIIE MPOIECCa 338 KOHEYHOE YHCJIO IIaroB, Mbl 0D0O3HAYaeM dUepe3
Z 1 Z'. Oro orHomenue “ ) 7 gBjseTca OTHONIIEHUEM SKBUBAJICHTHOCTH B CeMeii-
CTBE BCEX MHOXKECTB mnap Z. [eiicTBUTE/ILHO, 110 OIPEIE/IEHUIO OTHOIIeHns “ { 7
MbI BHJIUM, 9TO OHO CUMMETPUYHO ¥ TpaH3uTHBHO. MHOXKecTBO Z', 06pazoBaHHOE
YMHOXKEHHEeM WJIH JleJieHreM Ha 1, KoTopoe siBisieTcs: peasiusanueii ¢z (x), pasuo Z.
Takum 06pa3oM, MbI MOXKEM CUUTATH OTHOIIEHHE {7 pediekcuBHbIM. [To onpee-

b

JIGHWIO OTHOIITeHUuA “ ! 7 MBI BUIMM, UTO BBIIOJIHIAETCS CJIEIYIONIee YTBEPXK ICHHUE:

Jlemma 12. Ilyemv» M = (mo,...,mi,...), N = (no,...,ni,...) —
nocAed0BAMEALHOCTNU, INEMEHMDVL B3AMbBIE U3 MHOodHcecmea w U {00}, a mmoorce-
cmea

Zl - {<p07m0)7"'7 (plvmz)a ‘ (p07"' pz;) :ﬁa
(Mo, iy ..) =M}
ZQZ {(p()un())v"'v (p’ban’t)a ‘ (p07"' p27) :§7

(nos-smiv) = N}

— MHOICECMBA NAP, COOMBEMCMEYVULUT IMuMm nocsedosamensvrocmam. Tozda
caedyrougue ceotCMBa SKEUBAAEHTNHDL:

1) Z1 1 Zy; 2) Cywecmeyem konewnoe muootcecmeo npocmuix wucea Py C P
MAKOE, 4MO M; U N; 00HOBPEMEHHO KOHEUHBL UMY DECKOHEUHDL OAA KAHCAO20 NPO-
cmozo wucaa p; € Py, a mj u nj odunarosw, dns ocmanonvx pj € P\ P.

Boaee mozo, coenacho onpedeseruto omuowenus sxeusasenmmuocmu “ 7, ecau
modeav M meopuu Th(N) pearusyem qz(xz), mo M = qz (x) dan ecex Z1Z'.

IIycte W — ceMeifcTBO MHOXKECTB ITap

Z:{(pO)mO)u"'7 (plvml)) ‘ (PO:-‘- pZa) :ﬁv
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(mg,...,mi,.‘.):M},

cooTBeTCcTByIOmUX M = (mg, e My ) IIOCJIE/IOBATETHHOCTSIM, 3JEMEHTHI KO-
TOPBIX B3dTHl U3 MHOXKecTBa w U {oo}. Cuesytomast jieMma ciieyer u3 JeMMbl

Jlemma 13. Mowmocmv daxmopmmuoocecmsea muooicecmsea W, 0b6pasosartozo
omHoweruem axsusarernmmocmu “ 7, pasra 2.

Jlokazamenvemso. Ilycrs [Z] = {Z’ YAYA } — HEKOTOPBIH KJIacC 9KBUBAJIEHTHO-

cru B W. Torma cymecrByer KOHEUHOE MHOKECTBO MpocThiX uncen Py C P takoe,
9TO M; U N; OJAHOBPEMEHHO KOHEUHbI MJIM OECKOHEUHBI JJIst KaxKI0ro p; € Py, rie
(pi,m;) € Z1, (pi,ni) € Zo, Z1,Zs € [Z]. CornacHo yrBep:KeHUIO 1, KayKjioe
orobpazkenue f, mepeBojisiiee MHOXKECTBO NPOCThIX unces P = {pg,...,pi,...}
B MHOXkecTBO {k,00}, COOTBETCTBYET €IMHCTBEHHOMY KJIACCY 3SKBUBAJIEHTHOCTU
[Z]. Baecb k — HeKkOoTOpOE KOHEUHOe HaTypaJbHOe uncio. Ilockonbky |P| = w
u [{k,o0}| = 2, obmiee kosmvecrBo orobpaxkenuii f : P — {k,o00}, paBHo 2, a
3HAYUT, U KOJTUIECTBO KJIACCOB dKBUBaJICHTHOCTU B W paBHO 2%. O

Ecim my,,...,m;;, COOTBeTCTBYIONINE KOHEYHOMY HHCJY HPOCTBIX 9UCET
Digs -+ Pi; B Z € W, ABIAIOTCA KOHEYHBIME HATYDAJIbHBIMU YHCJIAMHU, & 1M; PaB-
HbI 0 JIJIsT BCEX OCTAJIBHBIX IIPOCTBIX Pj, TO MHOXKeCTBO hopMyJl ¢z () peanusyercs
B camom N. ITosromy, urobbr Haiitu japyrue momesu Teopun Th(), kpome N,
MIOCTYIIUM CJICAYIOIIUM O0pPa30M.

Ornpesiesium popmyity < y CIEILYIONIUM 00pa3oM:

x<y:§|t((az+t%y}/\(t;ﬁ0)).

Ara dopmyna maer juHeiHbI nopsaok B Th(N), HO oH He Gyjer IIOTHBIM I10-
psinkoM. Ha camom Jiente, econ ¢ = V:rﬂy((:n <y A-Fz((z <z2)A (2 < y))), TO

¢ € Th(M). Ilo sroit bopmyse MbI MokeM BbiBecTH, 4TO dcl(@) = N. Do o3nava-
€T, UTO BCE JIEeMEHTHI )1 MOYKHO PaCcCMATPUBATDL KAK KOHCTAHTHI. TakuM 00pa3oM,
MBI MO2KEM PaCCMATPHUBATDH CJIEYIOIIee MHOXKeCTBO (hOPMYJT KakK (OPMYJIbI ¢ OJI-
HOH IIepEMEHHOIL:

[n<x]:{n<w\n€N}.

[Tycrs qz(x) = {pznzlm ’ (pi,my;) € Z } — MHOKeCTBa (hOPMYJI, IPEICTABISIO-
MUX JleJIeHIe Ha MaKCHMAJIbHYIO CTEeIleHb IIPOCTLIX YHCeJI JJI MHOXKECTBa Hap

Z = {(po,mo),..., (piy i), .- . ) (po,... pi,...) =P,

(mo,...,mis....) =M}

u3 W. Paccmorpum muokectBa dbopmyt Qz(z) = qz(z) U [n < x] aus sroro Z.
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[To JIemme [11] cymecTByeT sstemenTapHuoe pacimupenue 2 s O, peajusyroriee
Qz(x). Qs snementa a € A obosnaunm depes (a),, Ciremyomee MHOXKECTBO:

(a)o={axj|jew}

[Tycrb ssiement a € A sBisiercst peasusanueii Qz(x) B 2. Toryja Mbl MoxkeM HaiiTn
Bce pesmmrenn a B 2. Obo3HaunM MHOXKeCTBO Beex Aenureneil B 2 depe3 Dy:

Do={b|a=jb, jeuw}

Kpowme Toro, mbr oboznadaem uepe3 H, MHOXKECTBO 3JIEMEHTOB, KOTOPbIE MOXKHO
HaiiTu, yMHOXKAasi @ Ha BCe HATYypaJjbHble Yncya B 2A:

Ha:{c|c:ja,j€w}.

PaCCMOTpI/IM ciieayroiee MHO2KECTBO:

Ko=|J ®w U | (©w

beD, ceEH,

Torma mogens M = (K, UN, 4, 0) siBasiercsi mpocToii MOJIEIbIO HaJl MHOYKECTBOM
{a}. JeiticrBuresbHo, 110 ocTpoeHmo0 MHOKecTBa K, sicho, yro dcl(a) = K, UN.
O603HAYMM [TOCTPOEHHYIO TAKUM 06PA30M IIPOCTYIO MOJIEb HaJl MHOYKECTBOM {a}
aepe3 M. Ecom Z' 1 Z u snemenr b sisiercst peanuzanueit Q7 (x), ro M, = Ny,

Takum obpazom, eciin £ U Zo He SKBUBAJEHTHBI 10 OTHOIIEHUIO ), BOSHIKAET
BoLpOC, ABJsIOTC i Mg, 1 My, Takyke H30MOPGHBIMY, Tl a1 U G2 PeaIn3alun
Rz, () 1 Qz,(x) coorBeTCTBEHHO.

Paccvmorpum cienyrornyto mapy Z;:

Z; = {(po,mo)v---, (pi—l,’mi—ﬂ, (101'700)7 (pz'+1,mi+1),--- }

T.e. B Z; TOJBKO P; COOTBETCTBYET DECKOHEUHOCTH, & OCTAJbHBIE IIPOCTHIE UUCJIA
COOTBETCTBYIOT KOHETHBIM HATYpabHbIM ducjaaM. Ilycrs s1emenT a; Oymer peasu-
sanueit tuna Q z, (z). Ho ecom snement a;+1 peasmsyer nekoTopsiii Tui () z/(x), To
napa Z' He sKBuBaJleHTHa ¢ mapoii Z. O6paTuM BHEMaHHUe Ha CJeyIolee yTBep-
JKIEHNe, YTOOLI OHO OBLIO 60JIee MTOHSITHBIM.

JIemma 14. Jlasa npouseosvrozo n € N wucao 3" + 1 ne deaumca na 28 oas
npoussosvrozo k > 3.

Zloxasameavcmeo. OUeBUIHO, 9TO €CJIN HATYPAJIbHOE YUCIO HE ACJUTCS HA IUCII0
b®, TO YMCJIO @ He NEJUTCS Ha TIUCJI0 b IpHU IPOU3BOJBLHOM T > §. 31ech b, s, 7 —
HaTypaJbHble Yucia. Takum 0oOpa30M, JOCTATOYHO JOKA3ATh ITO YTBEPKJICHHE
npu k = 3. JlokaxkeM, uTo uncyo 3" 4 1 He nesmres Ha 23 = 8 1715 IPOU3BOILHOTO
n € N. 3BecTHO, 4TO IJIsT TPOU3BOJIBLHOTO N € N:

g — 3(mod 8), eciaun

1(mod 8), ecsm n "eTHOE YUCIIO
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Torma u3 sToro ciemxyer, 9To

g 4] = 4(mod 8), ecim n HeYETHOE UHCIIO
2(mod 8), ecam m YETHOE UNCIIO

Urak, nokasano, aro ancio 3"+ 1 He mesures na qucso 2° s scex n € N. Taknm
obpasoM, 4aro uncio 3" + 1 mpu mpomssosibaoM n € N me menurcs Ha uncio 2F
[IpY MIPOU3BOJILHOM k > 3. [

V3 npuBeIeHHOrO BbIIe J0Ka3aTe/IbCTBa BUIHO, YTO, HAIIpUMED, IIPOCTasl MO-
nesib M, Koropast peanusyer Qz(x) ns

Z:{(2,0), (3,00), (5,0),..., (pi,0),... ‘ (2,3,5,... pi,...) =P,

(o,oo,o,...o,...)zﬁ},

Takxke peanusyer @z (x) s

Z/:{<27m0)7 (37m1)7"'7 (pi7mi>7"' ‘ (2737"' pi?"'

|
L

(mo,ml,...mi,...) :M}

Saech n3 Jlemmbl BuHO, 9TO0 My = 0 u mg pasHO 2 mma 4, To ectb —Z ! Z'.
C apyroit croporwr, M, = Qz(x), Te. My, = M, 1. Urak, xorst =Z 1 Z', MbI
BUJIMM, 9TO TPOCThIe Mogenn Hajx Qz(x) u @z (x) MOryT ObITH M30MOPMhHBI.

B obmem, mis npoussonabHoro a’ € K, sepno, uro M, = M, . [TockoabKy
MHOXKeCTBO K, c9eTHO, a Kiacc TUIOB () z () KOHTHHYAJIBHO, CYIIECTBYET KOHTH-
HyaJIbHOE YHCJI0 HEU30MOPGHBIX ITPOCTHIX MOJIEIEH.

[Iycrs a Gyger peanmsarmeii Tuna @z (z) mis MHOXKecTBa map Z, W IyCTh
M, — npocras mogeab Hag {a}. [lycrs Z; Gyjger MHOXKECTBOM TaKHUX Hap, 4TO
upocrast Mojiesb M, Hax tunoMm @z, (r) ne nzomopdua momenn M,. Torma Mol
MOZKeM IOJIyuTh TIPOCTYI0 Mojiesb My, 4,1 HAJl MHOZKECTBOM {a, ai }. Toria Buj-
1o, uto M, < My, 4,y Ilycrs Z2 Gymer mMHOKeCTBOM Takmx map, ITO IPOCTast
mozesis My, Hax TunoMm @z, (z) e nsomopdua mogensmu My, u M,. Torma mbr
MOYKeM TOJIyIHTh TPOCTYIO MOTe b My, 4 4,} HAJL MHOKECTBOM {a, ai,az}. Torma
BuHO, 910 My = My 01y = Mg 4y 001 1IPomoKAsn sTOT MIPOLIECE, POpMUpYeM
9JIEMEHTAPHYIO IEb CJIEIYIOMUM 00pa3oM:

m(l j S):n{aaal} j o j m{avalv“'vai}'

Torpa mojenn ﬁ = U Myq,....a;), COCTABIEHHAS M3 ITON 3JIEMEHTAPHON Ienw,
1EW
SIBJISIETCST TIPEJIEIbHON MOJIeJIbI0. [T0CKOIbKY KOJIMYeCTBO MMPOCTBIX MOJIE/IEN B dJ1e-
MEHTapPHOM Ieru, 00pas3yIolieil 3Ty MPeJIeJbHYI0 MOJE/b, CIETHO, Mbl MOYKEM II0-
JIYIUTH KOHTUHYYM TaKUX ITPEJIEJIBHBIX MOJIEJIEH.
Takum o6pa3oM, JoKa3aHa CJIEIYIOIIAT
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Teopema 15. /las meopuu T = Th((N,+,0)) e mpotixe pacnpedeserus cmg
umeem mecmo P(T) =2% v L(T) = 2¥
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Aurebper HoBukoBa ObLn BBeieHB! He3aBucuMO B paborax WM. M. I'esibdanma u
. 4. Jopdman [I] u B padore A. A.Bamuuckoro u C.II. Houkosa [2]. Anre6pa
(A, o) HasbIBaercs ajarebpoit HoBukoBa, eciii BBILOJIHEHBI TOXKJIECTBA

(aob)oc=(aoc)ob;
(aob)oc—ao(boc)=(boa)oc—bo(aoc)

JIUTST BCEX 3JIEMEHTOB a, b, ¢ € A.

B pabore E. . 3eabmanosa 3] nokazano, uro anre6psr HoBukosa HaJl mos1eM
xapakrepucTuku () gBJISIIOTCS MOJIsIMA. B KadecTBe HeTPUBHAJILHOIO IIPUMEPa, MOK-
HO PacCMOTPeTh KOHCTPYKIIHIO, KoTopast onucana B padorax B.T. @uunnosa [4]

u C.Cy [9)

IIpumep 1. Ilycrs F — mone u G — ajymrusnas noarpymma (F, +), ¢ € G — upo-
u3BOJbHBIH 31emenT, J = {0} uwiu J = N. PaccMoTpuM BEKTOpHOE IPOCTPAHCTBO
¢ 6azucoM {zq; | a € G,i € J}. Oupeeanm npousBegeHne CAAYOMIM 00pa3oM:

xa7ixb’j - xa+b+q77’+]'
Onpenenum orobpazkerue d HGOpMYJIOi
d(ai) = (a4 q@)Tayi + iTai—1.

Torma d — muddepennuposanue. CoorercrBytomas ajirebpa Hosukosa — Ilyac-
coHa, 3ajiaHHas HOPMYJIOit

aob=ad(b)+ Aab (1)
JIJIs HEKOTOPOro A, Oyzer npocroii, ecam |G| > 2, wiu g = 0, wim A # q.

Uszyuenuro komeunoMmepHblx ajredp Hobukosa Haj mojieM XapaKTepPUCTUKI
Gosbie aByx nocesmienbl paborsl Jxx. M. Oc6opua 5], 6, [7]. Ha ux ocuose C.Cy
[8] mocrpons knaccudukanuo KoneuHoMepHbIx anre6p Houkosa Haj mosiem xa-
PAKTEPUCTUKHA OOJIbIIE JIBYX.

160
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Teopema 2 (Cy). Ilyemv F — anzebpauuecku 3amknymoe nose Tapaxmepucmuk
p>2u A — npocmas KoweuHomepras aszebpa Hosuxosa. Tozda A umeem basuc
U3 dINEMEHMO8 X;, 20e i = —1,...,p" — 2, u ymnuoocenue 3adaemcs Gopmynrot

1+j5+1
Tiox; = ( i )CL‘Z'+]' + 51,,16j7,1a$pn,2 + 51'7,15]"051‘;071,2

oas wexomopwix o, B € F.

Aunre6psr HoBukoBa — Ilyaccona Bosuukiu B pabore C.Cy [9] mnsa usyuqe-
HUs TeH30pHOIt Teopun ajnre6p Hosukosa. Anrebpa (A, -, o) HasbiBaeTcs: aarebpoit
Hosukosa — Ilyaccona, eciim (A,-) — acconparuBHas KOMMYTaTUBHAs aiarebpa,
(A, o) — anrebpa HoBukoBa, 1 BBIIOJHEHBI TOXKIECTBA

a(boc)=aboc;
aboc—aobc=chboa—coba.
BosuukaeT ecTecTBEHHBIN BOIPOC: KAK yCTPOEHBI MPOCThie aaredpol HoBuko-

Ba — Ilyaccona?
Badukcupyem obosnaderne A2 = A - A.

Teopema 3. Ilycmv F — noae zapaxmepucmuru ne 2, (A, -, 0) — npocmas arzebpa
Hosuxosa — ITyaccona u A% = A. Tozda (A, o) — npocmas uau Ao A =0.

3ameTnM, 9TO TpebOBaHME K XapaKTEePUCTHUKE OIS CYIIeCTBeHHO. PaceMoTpuMm
npuMep, KoTophlii pazéupasics B padorax |4, [10]. Ilycrs F — mosie xapakrepuctuku
npa. Bosbmem anre6py us Ipumepa [I] ¢ yeaosnem

J={0},G={0,1},g=X=1.
[Mosyunm anrebpy A ¢ 6a3ucom g, r1 1 TabJUINEH YMHOKEHHIS
oo = 11 = T1, TOL1 = Ty OO TY) = T1 0Ty = 0, roox1 =29, 101 = I1.
Torna Fzg — coberBennsiii ugean (A, o), B To Bpemsi kKak (A, -, 0) — mpocra.

CaencrtBue 4. [lycmov (A, -, 0) — Koneunomepras npocmasn anrzebpa Hosurxosa —
IHyaccona nad anzebpaunecky 3amxnymoim nosem F zapaxmepucmuru 0. Tozda
(A,-) — noae F, a makorce a ob = Aab.

CaencrBue 5. [Tycmo (A, -, 0) — Koneunomepras npocmasn anrzebpa Hosukosa —
Hyaccona nad anrzebpauvecku 3amxnymoim nosem F xapaxmepucmuru p > 2. To-
2da (A,-,0) — aneebpa u3 npumepa a4 ACCOUUAMUBHOE KOMMYMAMUBHOE YMHO-
orcenue 3a0amno Gopmyaoti

a-b=E*xaxb,
2de £ € A u ymnoorcenue * 3adaro Gopmysot

i+j+2
mi*mj—< i1 )$i+j+1- (2)
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Abstracts

A. V. Chekhonadskikh. Algebraic approach to stabilization of non-classical
dynamical systems by a low-order controller.

The survey is devoted to recent author’s results related to low-order controllers
design for non-classical LTT systems. We consider only SISO systems and focus on
those characteristics that are directly related to characteristic polynomial roots.
Using critical root diagrams we achieve optimal pole locations and relative stability
maximum by controller parameters tuning. Algebraic tools developed for classical
control systems described by ODE are applied to the gyroscopic stabilization of
multidimensional vibrational structures and low-order control design for DAE and
delay systems.

G. Czedli. Generating the direct powers of a Boolean lattice with an extra 0.

For an integer r > 1, let B, denote the (2" + 1)-element lattice that we
obtain from the 2"-element Boolean lattice by adding a new least element to it.
For another integer k > 2, let n = n(r, k) be the smallest integer such that the
k-th direct power Bf,o of B, can be generated by n elements. Motivated by
the applicability of large lattices with small generating sets in authentication and
cryptology, we give a lower estimate of n(r, k) and an upper estimate of n(4, k).
(For r < 4, lower estimates have been known.) To reach this goal, we prove a
Sperner (type) theorem. With our estimates, we can efficiently determine n(4, k)
for most k’s up to about k& < 102%?; for the rest of k’s of this magnitude, we can
give two consecutive integers such that n(4,k) is one of them. For example, if
k =10%% then n(4, k) = 1001.

D.Y.Emelyanov. Algebra of binary isolating formula for graphs with
stmplexes.

In this paper we show examples of absorption algebras for graph theories with
simplexes, algebras for theories obtained under different products of graphs.

I. B. Kozhukhov, D. Yu. Manilov, A.V.Reshetnikov. Isomorphisms of
transformation semigroups.

In the 50s—80s of the last century, various authors proved by various methods
a number of theorems that every isomorphism ® : U(X) — U(Y) of semigroups
of transformations (full, partial, multivalued, etc.) is induced by some one-to-one
mapping X — Y. In this paper, a unified method of proving these theorems is
proposed. It is based on the following remark: any subset of a semigroup defined by
a first-order logic formula passes by the isomorphism of semigroups into a similar
subset of the second semigroup. In addition, we prove a similar theorem for the
semigroup of full binary relations.

B. Sh. Kulpeshov, S. V. Sudoplatov. Separation properties for hypergraphs
of models of quite o-minimal theories.

163
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We study properties of the concepts of separability for hypergraphs of models
of a quite o-minimal theory. Characterizations of Ty-separability and Hausdorff
separability are established. An example is given that shows the importance of
quite o-minimality for this characterization.

S. B. Malyshev. Closure operators in cubic and acyclic theories.

The article focuses on various aspects of pregeometries with an algebraic
closure operator in the context of acyclic theories. It explores the conditions
under which the substitution property for pregeometries is violated in these
theories. To address these conditions, novel concepts are introduced, indepen-
dent of the substitution property, such as a-pregeometries and a-modularity. The
article establishes conditions of dependence for a-modular and a-locally finite a-
pregeometries based on the number of non-isomorphic trees and special points.
Furthermore, it provides sufficient conditions for dependence on the vertices of the
a-type for a-locally finite a-pregeometries.

V. A. Molchanov, R. A. Farakhutdinov. On the problem of axiomatization
of some classes of universal graphic semiautomata.

Automata theory is one of the branches of mathematical cybernetics, that
studies information transducers that arise in many applied problems. The major
objective of automata theory is to develop methods by which one can describe
and analyze the dynamic behavior of discrete systems. Depending on study tasks,
automata are considered, for which the set of states and the set of output signals
are equipped with additional mathematical structures preserved by the transition
and output functions of automata. In this paper, we investigate automata without
output signals over graphs and call them graphic semiautomata. In the category
of graphic semiautomata, for which the set of states is equipped with the
structure of the graph, there exists a universally attracting object, which is called
universal graphic semiautomaton. For such semiautomata we consider the abstract
characterization problem. The main result of this paper demonstrates that classes
of such semiautomata are not axiomatizable for some wide classes of reflexive
graphs. To show this the restricted predicate calculus language is used.

In.I. Pavlyuk, I.I. Pavlyuk. On the solution of comparison concerning the
commutativity relation in groups.

The formula solving the binary comparison of commutativity in a group is
found and a corollary on the number of classes of conjugate elements of a finite
group is obtained.

In. I. Pavlyuk, S.V.Sudoplatov. On algebraic and definable closures for
finite structures.

Possibilities for algebraic and definable closures are studied and described for
finite structures. These possibilities are applied for the description of degrees of
algebraization for finite abelian groups using Euler function.
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A.G.Pinus. Definability of wuniversal algebras by semigroups of their
transformations.

Some survey of results on relationship of universal algebras having some
identical semigroups of their transformations is given.

N. L. Polyakov. Closed classes of infinitary functions and their applications
in the Theory of Ultrafilters.

We extend some concepts and statements of the theory of closed classes of
discrete functions to the infinitary case. Using this approach, we obtain new results
in the theory of ultrafilters.

A.M. Popova, O. V. Bryurhanov. Calculation of the conjugation matriz of
automorphisms of integer group Tings.

In the article, the composition of two automorphisms of a rational group
algebra of a finite group is studied. The first of them is induced by an
automorphism of the character field of a given finite group while the second
automorphism is an inner automorphism of that rational group algebra. An
algorithm testing if such a composition of two automorphisms is an automorphism
of the integer group ring of this finite group is described.

A.P.Pozhidaev. Simple pre-Lie algebras: Endomorphs, Burde algebras and
Mizuhara construction.
Given survey on simple pre-Lie (right-symmetric) algebras is an extended
version of the plenary talk presented on the 15th international conference Erlagol-
2023 “Problems Allied to Model Theory and Universal Algebra”

D. V. Solomatin. Investigation of the Planarity Properties of Cayley Graphs
of Regarding Semigroups.

In the paper, we survey a some result in investigations on semigroups with
planar Cayley graphs and results on the study of planarity rank of a semigroup
varieties.

A. A.Stepanova, E.L. Efremov, S.G. Chekanov. On pseudofinite acts
over finite monoids.

The work has begun to study the structure of pseudofinite acts over a monoid.
An example of a finite monoid is constructed over which there is both a pseudofinite
act and a non-pseudofinite act. It is proved that any act over a finite group is
pseudofinite.

S. V. Sudoplatov. Conditional characteristics of rigidity.
We define conditional characteristics of rigidity, degrees and indexes, and
describe properties and links for these characteristics.

I. K. Uktamaliev. On distributions of countable models of theories of monoids
of natural numbers..
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The distribution of countable models for the theory has been studied additive
monoids of natural numbers. It is shown that this theory has a fairly productive
basis, which is used to define models. For the additive theory of natural numbers
it is proved that the number of simple and limit models is more than countable.

A. S. Zakharov. Simple Novikov—Poisson algebras.

We proved that if A is a simple Novikov — Poisson (super)algebra then their
Novikov part is a simple algebra when field characteristic is not 2. Also we obtained
all finite dimension simple Novikov — Poisson algebras over a field of characteristic
not 2.
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