Novosibirsk State Technical University

Algebra
and model theory 15

Collection of papers
edited by A.G. Pinus, E. N. Poroshenko,
and S. V. Sudoplatov

Novosibirsk
2021



Algebra and model theory

UDC 512(06) ISSN 2619-0486
A 35 2021

YupeaureJb

OI'BOY “Hoocubupckmnit rocy1apCcTBEHHBIN TEXHIIECKNN YHUBEPCUTET

Penaknmonnas koJsuierud
M. Amaglobeli (Thilisi, Georgia)
B. Baizhanov (Almaty, Kazakhstan)
I. Chajda (Olomouc, Czech Republic)
A. Iwanow (Gliwice, Poland)
R. Halas (Olomouc, Czech Republic)
V. Kopytov (Novosibirsk, Russia)
B. Kulpeshov (Almaty, Kazakhstan)
A. Myasnikov (New York, USA)
N. Peryazev (St. Petersburg, Russia)
A.Pinus (Novosibirsk, Russia)
E. Poroshenko (Novosibirsk, Russia)
B. Poizat (Lyon, France)
M. Shahryari (Tabriz, Iran; Muscat, Oman)
P. Stefaneas (Athens, Greece)
S. Sudoplatov (Novosibirsk, Russia)
E. Timoshenko (Novosibirsk, Russia)
J. Truss (Leeds, United Kingdom)
E. Vasilyev (Corner Brook, Canada)
Apec peaknun, uznaressa: 630073, r. Hosocubupcek, np. K. Mapkca, 20, HI'TY,

Teun. (383) 346-11-66
E-mail: algebra@nstu.ru

UDC 512(06)

© Composite authors, 2021
(©) Novosibirsk State Technical University, 2021



Introduction

Algebra and model theory 13

The 14th International Summer School-Conference “Problems Allied to
Universal Algebra and Model Theory” was held on 23-29 of June 2021 at
Novosibirsk State Technical University NETI. The School was organized by
Algebra and Mathematical Logic Department of Novosibirsk State Technical
University (NSTU NETI) and Sobolev Institute of Mathematics of Siberian
Branch of Russian Academy of Sciences (IM SB RAS). This school was
dedicated to the 75th birthday of Professor Bruno Poizat . The School was
supported by Grant of NSTU (C21-8). At the school-conference, there were
participants from Russia, France, Kazakhstan, Uzbekistan, China, Greece,
India, Nigeria, Poland, Turkey, United Kingdom, USA. They made 57 talks.
Within the school-conference, the discussions on actual problems on Algebra,
Model Theory and related subjects were held.

The Organizing Committee of the School-Conference



Programme of

the 14" International Summer School-Conference
“Problems Allied to Universal Algebra

and Model Theory”

June 23, Wednesday

8:55am—-9:00am Opening Ceremony

9:00am—9:50am

10:00am—10:50am

11:00am—11:30am

11:40am—12:30pm

4:00pm—4:50pm

5:00pm—5:20pm

6:00pm—6:20pm

Chairman S. Sudoplatov

S. GONCHAROV (Novosibirsk, Russia), “Semantic
modeling and programming”

A.STEPANOVA  (Vladivostok, = Russia),  “On
axiomatizability of some classes of polygons over
monoids”

A.PiNus (Novosibirsk, Russia), “On some non-
traditional relations on spaces of functional clones”

N.PERYAZEV (Saint-Petersburg, Russia), “Logic of
multioperations”

Chairman A. Borovik

YE. BA1ssALOV (Nur-Sultan, Kazakhstan), Minimal
algebras

V. VERBOVSKIY  (Almaty, Kazakhstan)  and
J. BALDWIN (Chicago, USA), “On definable closure
in Hrushovski’s strongly minimal generic structures”

A.BERKMAN (Istanbul, Turkey), “Groups of finite
Morley rank with a generically multiply transitive
action”



School Program

7:00pm—7:50pm

8:00pm—8:50pm

9:00pm

9:00am—9:50am

10:00am—10:50am

11:00am-11:50am

Chairman S. Sudoplatov

A.BOROVIK (Manchester, UK), “Finite groups and
groups of finite Morley rank: more connections”

B. Poizar (Lyon, France) Jubilee Talk: “Positive
Set Theory”

Congratulations

June 24, Thursday

Chairwoman A. Stepanova

B. BA1zHANOV (Almaty, Kazakhstan), “On the
properties of 2-formulas on the set of all
realizations of convex closure of 1-type in small
ordered theories”

B. KULPESHOV (Almaty, Kazakhstan;
Novosibirsk, Russia), “Criterion for binarity
of almost omega-categorical weakly o-minimal
theories”

N. KASYMOV, R. DADAJANOV, and
S.DJAVLIYEV (Tashkent, Uzbekistan), “Degrees
of algorithmic representativity of linear orders”

12:30pm — 12:50pm  P. Kolesnikov (Novosibirsk, Russia), “Derivative

3:00pm—3:20pm

3:30pm—3:50pm

4:00pm—4:20pm

identities of differential algebras”

Chairman P. Kolesnikov

S.ZHAVLIYEV ~ and N.KaAsymov  (Tashkent,
Uzbekistan), “Negative enumerations of linear
orders with endomorphisms”

[. KHODZHAMURATOVA and N. KAsymMov
(Tashkent, Uzbekistan), “On representativity of
translation complete universal algebras over negative
equivalences”

D. EREMENKO (Saint-Petersburg, Russia), “Minimal
algebras of binary operations of rank 3”



School Program

4:30pm — 4:50pm  S. TODIKOV (Saint-Petersburg, Russia),
“Comparison of expressive capabilities of different
languages of multioperations”

Chairman B. Poizat

7:00pm—7:50pm P. KOIRAN (Lyon, France), “The incredible shrinking
algebraic computation model”

8:00pm-8:50pm G. CHERLIN (New Brunswick, USA), “Metrically
homogeneous graphs and distance semigroups”

June 25, Friday

Chairman E. Poroshenko

10:00am—10:50am V.LEVCHUK and O.KRAvVTSOVA (Krasnoyarsk,
Russia), “Some questions of algebraic and geometric
systems”

11:00am—-11:50am E.I. TIMOSHENKO (Novosibirsk, Russia), “Bases of
partially commutative groups”

Noon-12:50pm A.PozHIDAEV (Novosibirsk, Russia), “On simple
right-symmetric (pre-Lie) algebras”

Chairman N. Peryazev

3:00pm-3:20pm M. SCHWIDEFSKY and YU.ERSHOV (Novosibirsk,
Russia), “On function spaces”

3:30pm-3:50pm  A.PorovAa and O.BRYUKHANOV (Novosibirsk,
Russia), “Some algorithmic questions of factorization
of integer group rings”

4:00pm—4:20pm O.BRYUKHANOV  and  V.BARDAKOV, and
M. NESHCHADIM  (Novosibirsk,  Russia), “On
nilpotent approximability of some extensions”

4:30pm-4:50pm I.ZoTtov  and  V.LEVCHUK (Krasnoyarsk,
Russia), “The Mal’tsev correspondence and local
automorphisms of nil-triangular algebras”

5:00pm-5:50pm  A.IwaNOwW (Gliwice, Poland), “Amenability and
computable groups”



School Program

6:00pm—6:20pm  K.Dupa  (Wroclaw, Poland),  “Computable
paradoxical decompositions of computable groups”

6:30pm — 7:20pm  P. STEFANEAS and D. ZAFEIRAKOPOULOS, (Athens,
Greece), “Remarks on Deontic Logic and Artificial
Intelligence”

June 26, Saturday

Chairman N. Kasymov

10:00am—10:50am A. YESHKEYEV (Karaganda, Kazakhstan),
“Jonsson spectrum and its models

11:00am-11:50am  R. SKLINOS (Beijing, China), “Fields interpretable
in the free group”

Chairman Ye. Baissalov

3:00pm—3:20pm N.MussiNA, M. KASYMETOVA, and N.POPOVA
(Karaganda, Kazakhstan), “Companions of hybrids of
fragments of definable subsets”

3:30pm-3:50pm M. OMAROVA, A.YESHKEYEV, and O.ULBRIKHT
(Karaganda, Kazakhstan), “The number of perfect
fragments of the Jonsson spectrum of the class of
existentially closed models of an arbitrary signature”

4:00pm—4:20pm  A.ISAYEVA and A.YESHKEYEV, and
N. SHAMATAYEVA  (Karaganda, Kazakhstan),
“Small models of fagments of Jonsson sets”

5:00pm—5:20pm B. K. GUPTA (Barabanki UP, India), “Big Data:
Unstructured Information as Boon and Bane”

5:30pm-5:50pm M. E. OciuGco (Ibadan, Nigeria), “The number of
subgroup chains in the cartesian product of Z, x Sy
(p is any prime)



School Program

10:00am—10:50am

11:00am—11:30am

11:40am—-12:10pm

3:00pm—3:20pm

3:30pm—3:50pm

4:00pm—4:20pm

4:30pm—4:50pm

5:00pm—5:20pm

5:30pm—5:50pm

June 27, Sunday
Chairman B. Kulpeshov

S. SUDOPLATOV (Novosibirsk, Russia),
“Characteristics for families of theories”

N. MARKHABATOV (Novosibirsk, Russia; Taraz,
Kazakhstan), “Model-theoretic and topological
properties of families of theories”

D. EMELYANOV (Novosibirsk, Russia), “Algebras of
binary isolating formulas”

Chairman V. Verbovskiy

D.Viasov  (Novosibirsk,  Russia), “Semantic
programming and unified semantics of algebraic,
logical and functional operators”

S. GUSEV (Yekaterinburg, Russia) and E. W. H. LEE
(Fort Lauderdale, USA), “Cancellable elements of the
lattice of monoid varieties”

O.VORONINA (Petropavlovsk, Kazakhstan), “On
simultaneous reduction of elements of abelian groups
and vector spaces to positive form”

S.LuTrsAK and O.VORONINA, (Petropavlovsk,
Kazakhstan), “On complexity of quasivariety lattices
of Lukasiewicz algebras”

A. KASATOVA (Nur-Sultan, Kazakhstan), “Properties
of quasivarieties of complete theories”

A.DAULETIYAROVA and S. SUDOPLATOV
(Novosibirsk, Russia), “On some expansions of
dense orders”



School Program

10:00am—10:20am

10:30am—10:50am

11:00am—11:20am

11:30am—-11:50am

3:00pm—3:20pm

3:30pm—3:50pm

4:00pm—4:20pm

4:30pm—4:50pm

5:00pm—5:20pm

5:30pm—5:50pm

6:00pm—6:20pm

6:30pm

June 28, Monday

Chairman E.I. Timoshenko

M. ZoNov and E. A. TIMOSHENKO (Tomsk, Russia),
“On nilradicals of E-rings”

N. GALANOVA (Tomsk, Russia), “On some examples
of real closed fields”

A.ZABARINA and E. FOMINA (Tomsk, Russia), “On
some properties of the set K, in finite groups”

F.DUDKIN (Novosibirsk, Russia), “Finite index
subgroups of non-large generalized Baumslag-Soliter
groups”

Chairman A. Pozhidaev

E. POROSHENKO (Novosibirsk, Russia), “Splitting
partially commutative Lie algebras into direct
sums”

A. GALT (Novosibirsk, Russia), “On Thompson’s
problem in primitive groups”

K. TULENBAYEV and A.DZHUMADIL'DAEV
(Almaty, Kazakhstan), “Nagata Theorem for
algebras close to Novikov”

V.GUBAREV (Novosibirsk, Russia), “Rota—
Baxter operators on the conformal loop algebra

over sl(2,C)”

A.STAROLETOV (Novosibirsk, Russia), “On 3-
generated algebras of monster type”

A.PETUKHOV (Moscow, Russia), “Primitive
ideals and Nil-Dynkin Lie algebras”

A.ZENKOV (Barnaul, Russia), “On idempotents
of the semigroup of varieties of m-groups”

Closing Ceremony



K 75-netuio mpodeccopa b. Ilyaza

13 mapra 2021 1. BcHOJHUIOCH 75 JIET ToYeTHOMY IIpodeccopy yHUBEP-
curera JInon-1 Bpiono Ilyaza.

Bpiono 2Kan Mapwu [lyaza pogauiica 13 mapra 1946 r. B 1. Bumm, @pan-
mus. B 1966 roxy on nmoctymmi B [lapmkckyro Bricnryio HOpMaIbHYTIO MIKOJTY
(ENS) na ysuie YibM 110 CHENUaJIbHOCTH MATEMATHKA, U OJJHOBDEMEHHO Ha
Kypchl apabckoro s3bika B [lapumkckom HarponasibHoMm uHCTHTYTE BOCTOU-
HbIX 36IKOB U Ky/IbTyp (ENLOV, mbire INALCO), a 3aTeMm 1o oKOHYaHUH
9TUX BBICIIUX Y4eOHbIX 3aBejienuii B 1970 rojy mzyday Kypchbl CUPHUICKO-
r0, 3(UOICKOTo 1 JTayke aKKaJCKOTrO s3bIKOB B KaTommaeckoMm yHUBepcUTETE
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K 75-neruro npocpeccopa bB. Ilyaza 11

[Tapuxka ¢ 1970 o 1974 rox. B 1977 roxy um Obuia 3ammuinena [ocympap-
CTBEHHAs JIOKTOPCKas Jucceprarus 1mo maremMaTuke “Déviation des types” B
yuusepcutere [lapuxk-6 oy pykosojgcrom mpodeccopa Mapka Kpacuepa,
a B 1982 rojly okoHYeHa JOKTOpPaAHTypa 3-I'o INUKJA 110 COBPEMEHHOI JiuTe-
parype B yauBepcutete [lapmxk-3 nom pykoBojicTBoM 1podeccopa [IaBuja
Kosmna.

B 1970 rony B. Ilyaza Obu1 npunat B yuuepcutet I[lapuxk-6, B Koropom
oH npopabdorast 10 1992 rosma B JIOIKHOCTAX aCCHCTEHTA, & 3aTe€M CTaPIIEro
npenojasaress. C 1992 roma mo 2006 rojg on paboras mpodeccopoM yHU-
BepcureTa JInon-1, a ¢ 2006 roja sBIsSETCs MOYETHBIM IPOMECCOPOM STOIO
yuupepcutera. B 1986 rogy on ObL1 mpuriaiieHubiM ipogeccopom Hotp-
Hamckoro yuusepcurera (mrar Maauana, CIIA). C 2007 no 2011 rox on
npenojasas B [lapukckom HarmonaabHOM HHCTUTYTE BOCTOYHBIX S3BIKOB U
KYJIBTYD.

Haunnas ¢ 17 jet, on yacTo myreriecTByeT 1o bimkuemy Bocroky, [en-
tpanbaoil Asum, Unaun u Jlatunckoit Amepuke. Bo Bcex 3Tmx crpaHax oH
MIPAKTUKYyeT U3yIeHne HAIIMOHATbHBIX I3bIKOB. OH HEHABUIUT JIIOOYIO CIIOP-
TUBHYIO JIEATEJIbHOCTD, HO JIIOOUT TAHIIEBATH TAHTO.

Bprono Ilyaza — kpynublit crienuaanct B 00J1acTu T€OPUU MoJiesieit, Te-
OPETUKO-MOJICTIbHOM aJireOphbl U JIMHIBUCTUKHU. VM BHeceH Ompee/soninii
BKJI&J] B pa3BUTHE PAJIa HAIIPABJICHUI T€OPUN KIaCCU(PUKAIINI, HAXOIATINX-
¢ Ha CTBIKE aJIreOPhl 1 MaTEeMaTUIECKON JIOTUKH, & TAKXKE B PA3BUTHE U3y Ue-
HUsS IPEBHUX W COBPEMEHHBIX BOCTOYHBIX fA3BIKOB, TAKUX KaK JIMTEPATYPHBIN
apabCKuil, COBpEMEHHBII apaMelCKnii, TypenKuil, Ka3axCKuii, MepCuICKuii
SI3BIKY, YDy, XuH/au, ajaraiickuit u apyrue. On aBrop Oosiee 140 HayIHBIX
paboT, oryOJIMKOBAHHBIX B BeIyIuX u3areibcrBax. Cpeman aux — 11 MoHO-
rpaduii, bosee 95 craTeii 110 Teopun Mojesel, a TakKe 23 CTaTbH 10 JIMHI-
Buctuke. b.llyasza sBiasgerca aBropoMm Kjaccudeckoro “Kypca Teopun mojie-
Jieit”, HamMcaHHOro Ha (DPAHILY3CKOM S3bIKE U II€PEBEJIEHHOrO Ha PYCCKHI 1
anruiickuii. VM Ob11a onybsinkoBana Mouorpadus “CradujibHble I'PYIIIbL
nepeBejieHHast 3areM ¢ dpaniy3ckoro Ha anruiickuit. B. [lyaza mosyuanin
Pl BaXKHBIX, OINPEJIE/IAIONINX PE3y/IbTATOB 110 Teopuu [ajya, Teopuu cra-
OMILHOCTH, TEOPUU TPYIII, TEOPUU TIOJIEN, TEOPUN CIOYKHOCTH BBIUUCIEHUA,
reoOMeTPUN U KOHCTPYKIIUU XPYIIOBCKOrO, TPUMEHEHU 3TOI KOHCTPYKITUH,
10 TEOPUH IOJIMTOHOB, O3UTUBHOI JIOTUKE U [10 MHOT'MM JIDYT'UM HalpaBJie-
HUSIM.

Hayuanwie Tpyasr B. Ilyaza xopomo uzsectubl kak Bo Opanmnuu, Tak u
B Jpyrux crtpaHax. OH MHOTOKPATHO BBICTYHAJ C JIOKJIAJIaMU HA MEXKLY-
HaPOJHBIX KOH(MEPEHINAX 0 ajredpe U MaTeMaTUIECKOil JIOTUKe, a TaKKe
110 TIPUTJIAIIEHUSM B MaTeMaTndecKux rearpax Pocenn, Kazaxcrana, CIIA,



12 K 75-neruto npocpeccopa bB. Ilyaza

l'epmanun.

B.Ilyaza moarotoBu/1 JIeBATH CHEIUAJIMCTOB 110 TEOPUU MOJIe/Iell, 3alu-
tuBiux PhD-auccepramun.

OH coTpyaHrYaeT cO CIeNUaJIINCTaMy 110 TeOPUU Mojieseil B pamkax Poc-
cuiicko-®Opannysckux n Ppannyscko-Kazaxcranckux npoekTos. b.Ilyasza
MPUHAMaeT aKTUBHOE yYIacTHe B OPTaHM3aIMM U IIPOBEIEHUN MHOTUX KOH-
depennuii 1o ajaredpe M MaTeMaTUIeCKON JIOTUKe. SIBJISIICS MIe0JI0TOM U
coopranuzaropom Cosercko-Ppamnity3ckoro n Kazaxcko-PpaHIly3cKux KoJi-
JIOKBIYMOB II0 TEOPUH MOJIeJIel, WIEHOM IIPOrPAMMHOIO KOMHUTETa JpJia-
rOJIbCKUX JIETHUX IIKOJI-KOH(MEPEHIINIT 10 TEOPUN MOJIe/Ieil B YHUBEPCAJIbHOM
aJireope.

3a BBIIAIONIYIOCS HAYIHYIO, [TeJJarOTMIeCKYI0 U OOIEeCTBEHHYIO JIesiTe b
noctb B 1991 rogy Bpiono Ilyasa mpucBoeHo 3BaHue 1movueTHOro mpodec-
copa Kaparaumuuckoro rocynapersentoro yausepcurera (Kaparammga, Ka-
saxcran), a B 2005 1oy OH OBLI YJOCTOEH 3BaHUs MOYETHOrO Ipodeccopa
Espaswuiickoro manuonaabsoro yaunsepcurera uM. JI. H. lymusesa (Acrana,
Kaszaxcran). B utone 2021 rozga na 6aze HoBocubupckoro rocyiapcTBeHHOTO
rexHu4Ieckoro yausepcurera — HYTU Obina nposenena 14-s Mex ryHapo/i-
Hasl JIeTHsIsI mKoJia-KoHepenius “Tlorpanndnbie BOIPOCHI TEOPUN MOJIE el
U YHHUBEPCAJIHHON ajareOpbl’, MOCBAINEHHas1 75-1eTuio mnpodeccopa bpiono
[Iyaza. B xome xondepenium oH ObLT HAIPAXK/IEH HATPY/IHBIM 3HAKOM KMe-
uu JI. H. I'ymunesa EBpasuiickoro HaIlmoHaIbHOIO YHUBEPCUTETA 38 HAY THOE
COTPY/IHHYECTBO U BKJIJ[ B IIPOJIBUKCHUE KA3aXCTAHCKON HAYKU B MUPOBOE
Hay4IHOe ITpocTpancTBo. Apropurer bpiono Ilyasza B MupoBoii Teopun Mojie-
JIeit HallesI CBoe OTparkeHne BO MHOTHX JIOK/IaJaX Ha IIKOJe-KOH(EePEeHINH,
C/IEJTAHHBIX BEJIYIIUMU CIEIUAJIUCTAMU B 3TOI 00/1aCTH.

Kenaem mpodeccopy bpiono Ilyaza Kpemkoro 3/10poBbs, JgaJibHEIICH
YCIIENTHOM, TIJIOIOTBOPHOI PAbOTHI U TBOPUECKOTO JTOJTOIETH!

b. C. Batiorcanos, E. P. Baticanos, A. Bepkman, A. B. Boposux,

A. B. Bacuaves, E. B. Bacuaves, B. B. Bepboscxud, C. C. ['onuapos,
. 0. Emeavanos, 10. JI. Epwos, A. P. Fwxees, A. A. Heanos,

/. X. Koswoaes, I1. C. Koarecnuxos, 1. Kyapan, b. Il. Kyanewos,
B. JI. Masypos, H. JI. Mapzxabamos, A. C. Moposos, Un. U. [lasaiox,
H. A. Ilepases, A. I ITunyc, K. H. [lTonomapes, E. H [lopowenko,

A. H. Pacxun, P. Cxaunoc, C. B. Cydonasamos, E. U. Tumowenxo,
. A. Tycynos, V. V. Vmupbaes, H. I. Xucamues, I. Yepaun,

3. Illamaudaruc



75th birthday of professor B. Poizat

March 13, 2021 marks the 75th birthday of the Emeritus Professor of the
University Lyon-1 Bruno Poizat.

Bruno Jean Marie Poizat was born on March 13, 1946 in Vichy, France.
In 1966 he entered the Paris Higher Normal School (ENS) on rue Ulm with
a speciality in mathematics, and at the same time took Arabic courses at
the Paris National Institute of Oriental Languages and Cultures (ENLOV,
now INALCO), and then after graduating from these higher educational
institutions in 1970 studied courses in Syriac, Ethiopian and even Akkadian
languages at the Catholic University of Paris from 1970 to 1974. In 1977
he defended his State doctoral dissertation in mathematics, “Déviation des
types” at the University Paris-6 under the guidance of Professor Mark
Krasner, and in 1982 completed his doctorate in the third cycle in modern
literature at the University Paris-3 under the guidance of Professor David
Cohen.

In 1970, B. Poizat was admitted to the University of Paris-6, where he
worked until 1992 as an assistant, and then as a senior lecturer. From 1992
to 2006 he worked as a professor at the University Lyon-1, and since 2006
he is an emeritus professor of this university. In 1986 he was a visiting
professor at the University of Notre Dame (Indiana, USA). From 2007 to
2011 he taught at the Paris National Institute of Oriental Languages and
Cultures.

Starting at the age of 17, he frequently travels to the Middle East, Central
Asia, India and Latin America. In all these countries, he practices the study
of national languages. He abominate any sporting activity, but loves to
dance tango.

Bruno Poizat is a prominent specialist in the field of model theory, model-
theoretic algebra and linguistics. He introduced a defining contribution to
the development of a series of areas of the classification theory at the junction
of algebra and mathematical logic, as well as to the development of the study
of ancient and modern oriental languages, such as literary Arabic, modern
Aramaic, Turkish, Kazakh, Persian, Urdu, Hindi, Altai and others. He
is the author of over 130 scientific papers published in leading publishing
houses. Among them there are 11 monographs, more than 95 articles on
model theory, as well as 23 articles on linguistics. B. Poizat is the author of
the classic Course in Model Theory, written in French and translated into
Russian and English. He published the monograph “Stable Groups”, which
was then translated from French into English. B. Poizat obtained a series of
important, defining results in Galois theory, stability theory, group theory,

13



14 75th birthday of professor B. Poizat

field theory, computational complexity theory, Hrushovski geometry and
construction, applications of this construction, in polygon theory, positive
logic, and in many other areas.

The scientific works of B. Poizat are well known both in France and in
other countries. He has made many reports at international conferences on
algebra and mathematical logic, as well as by invitation in the mathematical
centers of Russia, Kazakhstan, USA, Germany.

B. Poizat trained nine experts in model theory who defended their PhD
theses.

He collaborates with specialists in model theory in the framework of
Russian-French and French-Kazakhstan projects. B. Poizat takes an active
part in organizing and conducting many conferences on algebra and mathe-
matical logic. He was the ideologist and co-organizer of the Soviet-French
and Kazakh-French colloquia on model theory, a member of the program
committee of the Erlagol summer schools-conferences on model theory and
universal algebra.

For outstanding scientific, pedagogical and social activities in 1991,
Bruno Poizat was awarded the title of Honorary Professor of Karaganda
State University (Karaganda, Kazakhstan), and in 2005 he was awarded
the title of Honorary Professor of the Eurasian National University after
L.N. Gumilyov (Astana, Kazakhstan). In June 2021 on the basis of the
Novosibirsk State Technical University — NETI The 14th International
Summer School-Conference “Problems Allied to Model Theory and Universal
Algebra” was held, in occasion of the 75th birthday of Professor Bruno
Poizat. During the conference, he was awarded the L. N. Gumilyov badge of
the Eurasian National University for scientific cooperation and contribution
to the promotion of Kazakhstan science in the world scientific space. The
authority of Bruno Poizat in the world theory of models is reflected in many
talks at the school-conference made by leading experts in this field.

We wish Professor Bruno Poizat good health, further successful, fruitful
work and creative longevity!



75e anniversaire du professeur B. Poizat

Le 13 mars 2021 marque le 75e anniversaire du professeur émérite de
I’Université Lyon-1 Bruno Poizat.

Bruno Jean Marie Poizat est né le 13 mars 1946 & Vichy en France.
En 1966, il entre & ’'Ecole Normale Supérieure (ENS) de Paris rue d’Ulm
avec une licence en mathématiques, et parallelement aux cours d’arabe
a I'Institut national des langues et cultures orientales de Paris (ENLOV,
aujourd’hui INALCO), puis apres avoir été diplomé de ces établissements
d’enseignement supérieur en 1970 a étudié des cours de langues syriaque,
éthiopienne et méme akkadienne & 1’Université catholique de Paris de 1970
4 1974. En 1977, il soutient sa these de doctorat d’Etat en mathématiques
au sujet “Déviation des types” & I’Université Paris-6 sous la direction du
professeur Mark Krasner, et a terminé en 1982 le 3e cycle d’études doctorales
en littérature contemporaine a 1’Université Paris-3 sous la direction du
professeur David Cohen.

En 1970, B. Poizat est admis a 1’Université Paris-6, ot il travaille jusqu’en
1992 en tant qu’assistant puis maitre de conférences. De 1992 a 2006, il
a travaillé comme professeur a 1’Université Lyon-1, et depuis 2006, il est
professeur émérite a cette université. En 1986, il est professeur invité a
I'Université de Notre Dame (Indiana, USA). De 2007 a 2011, il enseigne a
I'Institut National des Langues et Cultures Orientales de Paris.

Des I'dge de 17 ans, il voyage fréquemment au Moyen-Orient, en Asie
centrale, en Inde et en Amerique latine. Dans tous ces pays, il pratique
I’étude des langues nationales. Il abomine toute activité sportive, mais adore
danser le tango.

Bruno Poizat est un éminent spécialiste dans le domaine de la théorie
des modeles, de 'algebre théorique des modeles et de la linguistique. 1l a
apporté une contribution décisive au développement d’un certain nombre de
domaines de la théorie des classifications a la jonction de ’algébre et de la
logique mathématique, ainsi qu’au développement de I'étude des langues
orientales anciennes et modernes, telles que 'arabe littéraire, ’araméen
moderne , Turc, Kazakh, Persan, Ourdou, Hindi, Altal et autres. Il est
I’auteur de plus de 140 articles scientifiques publiés dans de grandes maisons
d’édition. Parmi eux — 11 monographies, plus de 95 articles sur la theorie
des modeles, ainsi que 23 articles sur la linguistique. B. Poizat est ’auteur
du cours classique de théorie des modeles, écrit en francais et traduit en russe
et en anglais. Il a publié la monographie Groupes Stables, qui a ensuite été
traduite du francais vers l'anglais. B. Poizat a obtenu un certain nombre
de résultats importants et déterminants dans la théorie de Galois, la théorie
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de la stabilité, la théorie des groupes, la théorie des corps, la théorie de la
complexité computationnelle, la géométrie et la construction de Hrushovski,
les applications de cette construction, la théorie des polygones, la logique
positive et dans bien d’autres domaines.

Les travaux scientifiques de B. Poizat sont bien connus tant en France
qu’a l'étranger. 1l a fait de nombreux rapports a conferences internationales
sur l'algebre et la logique mathématique, ainsi que sur invitation dans les
centres mathématiques de Russie, Kazakhstan, USA, Allemagne.

B. Poizat a formé neuf experts en théorie des modeles qui ont soutenu
leur these de doctorat.

Il collabore avec des spécialistes de la théorie des modeles dans le
cadre de projets russo-francais et franco-kazakhstanais. B. Poizat participe
activement a l’organisation et a la conduite de nombreuses conférences sur
I’algebre et la logique mathématique. Il a été I'idéologue et co-organisateur
des colloques franco-soviétique et kazakh-francais sur la théorie des modeles,
membre du comité de programme des écoles-conférences d’Erlagol sur la
théorie des modeles et 1’algebre universelle.

Pour ses activités scientifiques, pédagogiques et sociales exceptionnelles
en 1991, Bruno Poizat a regu le titre de professeur honoraire de I’Université
de Qaragandy (Qaragandy, Kazakhstan), et en 2005, il a regu le titre de
professeur honoraire de I’Université nationale eurasienne de L. N. Gumilyov
(Astana, Kazakhstan). En juin 2021, la 14e ’ecole-conférence internationale
s’est tenue sur la base de I'Université technique de Novossibirsk — NETI
“Problemes aux limites de la théorie des modeles et de ’algebre universelle”,
dédié au 7he anniversaire du professeur Bruno Poizat. Au cours de la confére-
nce, il a regu le badge de L. N. Gumilyov de I’Université nationale eurasienne
pour la coopération scientifique et la contribution & la promotion de la science
kazakhe dans I’espace scientifique mondial. L’autorité de Bruno Poizat dans
la théorie mondiale des modeles se reflete dans de nombreux rapports a
I’école-conférence rédigés par des experts de premier plan dans ce domaine.

Nous souhaitons au Professeur Bruno Poizat une bonne santé, de
nouveaux travaux fructueux et une longevite creative!

Ye. R. Baissalov, B. S. Baizhanov, A. Berkman, A. V. Borovik,

Z. Chatzidakis, G. Cherlin, D. Yu. Emelyanov, Yu. L. Ershov,

S. S. Goncharov,A. A. Iwanow, N. G. Khisamiev, P. Koiran,

P.S. Kolesnikov, D. Kh. Kozybaev, B. Sh. Kulpeshov,N. D. Markhabatov,

V. D. Mazurov, A.S. Morozov, In. I. Pavlyuk, N. A. Peryazev,

A. G. Pinus, K. N. Ponomaryov, E. N. Poroshenko, A. N. Ryaskin,

Sklinos, S. V. Sudoplatov, E. I. Timoshenko, D. A. Tussupov,
Umirbaev, A. V. Vasil’ev, E. V. Vassiliev, V. V. Verbovskiy,

R.
U. U.
A. R. Yeshkeyev



Bruno POIZAT, publications
Livres

1. Cours de Théorie des Modeles, une introduction a la
Logique Mathématique contemporaine, Villeurbanne, Nur al-Mantiq
wal-Ma’rifah, 1985.

2. Groupes Stables, une tentative de conciliation entre la
Logique Mathématique et la Géométrie Algébrique, Villeurbanne,
Nur al-Mantiq wal-Ma'rifah, 1987.

3. Les petits cailloux, une introduction modele-théorique a I’al-
gorithmie, Nur al-mantiq wal-Ma’rifah n° 3, Lyon, Editions ALEAS, 1995.

4. A Course in Model Theory, traduit par Moses KLEIN,
Universitext, Springer, 2000.

5. Stable groups, traduit par Moses KLEIN, American Mathematical
Society, 2001.

6. Manuel de soureth (avec la collaboration de Joseph ALICHORAN
et de Yohanan BINOUISSA), Paris, Geuthner, 2008.

7. La versification en soureth, CSCO, vol. 647, Subsidia 131, Leuven,
2013.

8. Parlons soureth, araméen contemporain, Paris, ’'Harmattan, 2016.

9. Livre de lecture en soureth pour les éleves des colleges (avec
Joseph ALICHORAN), Lyon, Nur al-Mantiq wal-Ma’rifah, 2017.

10. Parlons ladakhi, tibétain occidental, Paris, I’'Harmattan, 2018.

11. (Euvres choisies de Marc Krasner (avec Luc Bélair), Paris,
I’Harmattan, 2019.

Notes aux C.R. Acad. Sc. Paris
1. Théorie de Galois des relations, 272, A, 8 mars 1971, 645-648.

2. Sur les extensions algébriques de degré infini, 276, A, 8 janvier 1973,
101-103.

3. Groupes profinis et Théorie de Galois, 278, A, 14 janvier 1974, 121—
124.

4. Théoremes globaux (de définissabilité), 280, A, 7 avril 1975, 845-847.
5. Une relation particulierement rigide, 282, A, 29 mars 1976, 671-673.

6. Remarques sur le “forcing” en Théorie des Modeles, 283, A, 13 sept.
1976, 131-134.
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7. “Forcing” et relation générale sur une structure oméga-catégorique, A,
20 septembre 1976, 223-224.

8. Une preuve par la théorie de la déviation d’'un théoreme de John
Baldwin, 287, A, 9 octobre 1978, 589-591.

9. Le forcing de Fraissé dans un contexte arithmétique, 289, A, 8 octobre
1979, 409-412.

10. Une preuve d’un théoréme de James Ax sur les extensions algébriques
de corps, 291, A, 29 septembre 1980, 245.

11. Degrés de définissabilité arithmétique des génériques, 293, A, 12 oct.
1981, 289-291.
Articles dans des journaux de mathématiques

1. Etude d’un forcing en Théorie des Modeles, Zeitschrift fiir Math.
Logik und Grundlagen d. Math., Bd. 24, 1978, 347-356.

2. An introduction to forking (avec Daniel LASCAR), The Journal of
Symbolic Logic, 44, nb. 3, 1979, 178 198.

3. Sous-groupes définissables d’un groupe stable, The Journal of Sy-
mbolic Logic, 46, nb. 1, 1981, 137-146.

4. Théorie de Galois des algebres de Post infinitaires, Zeitschrift fiir
Math. Logik .., Bd. 27, 1981, 31-44.

5. Théories instables, The Journal of Symbolic Logic, 46, nb. 3,
1981, 513-522.

6. Deux ou trois choses que je sais de L,, The Journal of Symbolic
Logic, 47, nb 3, 1982, 641-658.

7. Post-scriptum a “Théorie Instables”, The Journal of Symbolic
Logic, 48, nb. 1, 1983, 60-62.

8. Paires de structures stables, The Journal of Symbolic Logic, 48,
nb. 2, 1983, 239-249.

9. Groupes stables, avec types génériques réguliers, The Journal of
Symbolic Logic, 48, nb. 2, 1983, 339-355.

10. Une théorie de Galois imaginaire, The Journal of Symbolic Logic,
48, nb. 4, 1983, 1151-1170.

11. Deux remarques a propos de la propriété de recouvrement fini, The
Journal of Symbolic Logic, 49, nb. 3, 1984, 803-807.

12. Chaines alternées, Order, vol. 2, nb. 3, 1985, 323-325.
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13. Le Définitionisme, la Théorie de Galois Abstraite, Elefteria, n° 3,
1985, 86-107.

14. Q = NQ ? The Journal of Symbolic Logic, 51, nb.1, 1986,
22-32.

15. Attention a la marche ! The Journal of Symbolic Logic, 51,
nb. 3, 1986, 570-585.

16. A I'Ouest d’Eden, The Journal of Symbolic Logic, 51, nb. 3,
1986, 795-816.

17. Pas d’imaginaires dans l'infini ! (avec Anand PILLAY), The
Journal of Symbolic Logic, 52, nb. 2, 1987, 400-403.

18. MM. Borel, lits, Zil'ber et le Général Nonsense, The Journal of
Symbolic Logic, 53, nb. 1, 1988, 124-131.

19. Missionary Mathematics, The Journal of Symbolic Logic, 53,
nb. 1, 1988, 132-145.

20. Des belles paires aux beaux uples (avec Elisabeth BOUSCAREN),
The Journal of Symbolic Logic, 53, nb. 2, 1988, 434-442.

21. Generix strikes again, The Journal of Symbolic Logic, 54, nb. 3,
1989, 847-857.

22. Tores et p-groupes. (avec Aleksandr Vasil’evich BOROVIK), The
Journal of Symbolic Logic, 55, nb. 2, 1990, 478-491.

23. The last word on quantifier elimination in modules. (avec Hans
B.GUTE et K. K. REUTER), The Journal of Symbolic Logic, 55, nb. 2,
1990, 670-673.

24. Le groupe dans le groupe, (avec David EVANS et Anand PILLAY),
Algebra i Logika, vol. 29, nb. 3, 1990, 368-378.

25. An infinite superstable group has infinitely many classes of conjugacy.
(avec Ivan AGUZAROV, R.E.FAREY et John B. GOODE), The Journal
of Symbolic Logic, 56, nb.2, 1991, 618-623.

26. Some trivial considerations. (avec John B. GOODE), The Journal
of Symbolic Logic, 56, nb. 2, 1991, 624-631.

27. Groupes de rang de Morley fini sans sous-groupes résolubles non-
nilpotents, (en russe, avec Aleksandr Vasilievich BOROVIK), Sibirskii Ma-
tematiceskii Jurnal, 32 (2), 1991, p.204 (résumé; mis en circulation par
VINITTI).

28. Sous-groupes périodiques d'un groupe stable (avec Frank Olaf WA-
GNER), The Journal of Symbolic Logic, 58, nb. 2, 1993, 385-400.
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29. Accessible telephone directories (avec John B. GOODE), The Jou-
rnal of Symbolic Logic, 59, nb. 1, 1994, 92-105.

30. Polygones (avec Tolende MUSTAFIN), Mathematical Logic Qu-
arterly, 41, 1995, 93-110.

31. Corps et chirurgie (avec Anand PILLAY), Journal of Symbolic
Logic, 60, nb. 2, 1995, 528 533.

32. Les corps différentiellement clos, Mathematica Japonica, 42, nb. 3,
1995, 575-585.

33. O cisle elementarix par nad mnojestvami (avec Tiirsiinbek NURMA-
GAMBET), Issledovanja v teorii algebraiceskix sistem, Qaragandy,
1995, 73-82.

34. Do mas’ale-ye algoritmi, Nashr-e Riyadi, Tehran, 14, 1996, 15-24;
version frangaise: Le harem d’Ahiqar ou les deux problemes de I'algorithmie,
Gazette des mathématiciens, 72, avril 1997, 59-78.

35. Paires de structures O-minimales (avec Erjan BAISAL), The
Journal of Symbolic Logic, 63, nb.2, 1998, 570-578.

36. Le carré de I'égalité, The Journal of Symbolic Logic, 64, nb. 3,
1999, 1339-1355.

37. Liftez les sylows! (avec Frank O. WAGNER), The Journal of
Symbolic Logic, 65, nb. 2, 2000, 703-704.

38. Quelques modestes remarques a propos d’une conséquence
inattendue d’un résultat surprenant de Monsieur Frank Olaf Wagner, The
Journal of Symbolic Logic, 66, nb.4, 2001, 1637-1646.

39. L’égalité au cube, The Journal of Symbolic Logic, 66, nb.4,
2001, 1647-1676.

40. La limite des théories de courbes génériques, (avec Olivier CHAPUIS,
Ehud HRUSHOVSKI & Pascal KOIRAN), The Journal of Symbolic
Logic, 67, nb. 1, 2002, 24-34.

41. Quelques mauvais corps de rang infini, Quaderni di Matematica,
Napoli, vol. 11, 2005, 349-365.

42. Liaisons linéaires entre racines de I'unité en caractéristique non nulle
(avec Frangois GRAMAIN), Journal of Algebra, 295, 2006, 512-523.

43. Sous-groupes superstables de SL2 et de PSL2 (avec Erulan MUSTA-
FIN), Journal of Algebra, 297, 2006, 155-167.

44. Univers positifs, The Journal of Symbolic Logic, 71, 2006, 969—
976.
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45. Fondements de la Logique positive (avec Itai BEN YAACOV), The
Journal of Symbolic Logic, 72, 2007, 1141-1162.

46. A la recherche de la définition de la complexité d’espace pour le
calcul des polynomes & la maniere de Valiant, The Journal of Symbolic
Logic, 73, 2008, 1179-1201.

47.  Quelques effets pervers de la positivité, Annals of Pure and
Applied Logic, 6, 2010, 812-816.

48. An arithmetical view to first-order logic (avec Seyed Mohammad
BAGHERI et Massoud POURMAHDIAN, Annals of Pure and Applied
Logic, 6, 2010, 745-755.

49. Quelques tentatives de définir une notion générale de groupes et
de corps de dimension un et de déterminer leurs propriétés algébriques,
Confluentes Mathematici, 1, 2009, 111-122.

50. Groups of small Cantor rank, The Journal of Symbolic Logic,
75, 2010, 346-354.

51. Une dualité entre fonctions booléennes, Journal de I’Institut Ma-
thématique de Jussieu, 9, 2010, 633-652.

52. Centralisateurs génériques, The Journal of Symbolic Logic, 78,
2013, 290-306.

53. Groupes linéaires de rang de Morley fini, Annales des sciences
mathématiques du Québec, 2013.

54. Supergénérix, Journal of Algebra, 404, 2014, 240-270.
55. Supergeneric equations, Algebra i Logica, 55, 2016, 412-418.

56. Indépendance et liberté, Annales des sciences mathématiques
du Québec, 2016.

57. Milieu et symétrie, une étude de la convexité dans les groupes sans
involutions, Journal of Algebra, 2017.

58. Positive Jonsson Theories (avec Aibat YESHKEYEV), Logica Uni-
versalis, vol. 12, 2018, 101-127.

59. Symétries et transvexions, principalement dans les groupes de rang
de Morley fini sans involutions, a paraitre au J.S.L.

60. Théorie positive des ensembles, soumis.

Séminaires et congres

1. Groupe d’Etudes de Théorie Stables, lére année (Suites d’in-
discernables dans les théories stables. Rangs des types dans les corps
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différentiels. Une théorie oméga-un-catégorique a alpha-T fini. Exercices
en stabilité.), Publications de I’Institut Henri Poincaré, Paris, 1978.

2. Les équations différentielles vues par un logicien, Séminaire VAIL-
LANT, Université P. & M. Curie, 1980.

3. Groupe d’Etudes de Théories Stables, 2eme année (Le rang U
selon Lasacar. Modeles premiers d’une théorie totalement transcendante.
Exercices en stabilité.), Publications de I’Institut Henri Poincaré,
Paris, 1981.

4. Groupe d’Etudes de Théories Stables, 3eme volume (Une théorie
superstable finiment axiomatisable. C’est beau et chaud. Beaucoup de
modeles a peu de frais. Travaux publiés par les membres du groupe.)
Publications de I'Institut Henri Poincaré, Paris, 1983.

5.  Propriétés modele-théoriques d’une théorie du premier ordre,
Seminarberichte 49, Humboldt Univ., Berlin, 1983, 99-108.

6. Functions and Relations, Proc. SMC International Conf., 1983,
Bombay, IEEE, 538-541.

7. La structure géométrique des groupes stables, Seminarbericht 60,
Humboldt Univ., Berlin, 1984, 205-217.

8. Malaise et guérison, Logic Colloquium’84, North Holland, 1986,
155-163.

9. A propos de groupes stables, Logic Colloquium’85, North Holland,
1987, 245-265.

10. Oracles génériques, Séminaire Général de Logique 1983—84,
Publications Mathématiques de I’Université de Paris-7, 1988, 43-51.

11.  Groups definable in an abelian group : an answer to a query
from Wilfrid Augustine Hodges, Seminarberichte 98, Humboldt Univ.,
Berlin, 1988, 164-165.

12.  Hrushovski’s geometries (avec J.B. GOODE), Seminarberichte
104, Humboldt Univ., Berlin, 1989, 106-117.

13. Equations génériques, Seminarberichte 110, Humboldt Univ.,
Berlin, 1990, 131-138.

14. Le groupe libre est-il stable? Seminarberichte 93-1, Humboldt
Universitiat zu Berlin, 1993, 169-176.

15. HLM (Hrushovski-Lang-Mordell) (avec John B.GOODE),
Séminaire Bourbaki, Astérisque 241, 1997, 179-194.

16. Amalgames de Hrushovski, Séminaire Bourbaki, exposé n°® 995,
Astérisque, 326, 2010, 379-385.
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17. Groupes équationnellement minimaux, Qaragandy Universiteti-
nin Khabarshysy, Matematika seriasy, 1, 2013, 86-89.

Ouvrages collectifs

1. An introduction to algebraically closed fields and varieties (in French),
The model theory of groups, ed. Ali NESIN & Anand PILLAY, Notre
Dame Mathematical Lectures, nb. 11, 1989, 41-67.

2. Autour du Théoreme de Morley, Mathematics 1950-2000, édité
par J.P. PIER, Birkhauser, 2000, 879-896.

3. Une tentative malheureuse de construire une structure éliminant ra-
pidement les quanteurs, CSL 2000 (éditeurs Peter CLOTE and Helmut

SCHIWTZTENBERG), 61-70, Lecture Notes in Computer Science 1862,
Springer.

4. Amalgames de Hrushovski, une tentative de classification, Tits bu-
ildings and the Model Theory of groups (ed. K. Tent), Cambridge
university Press, 2002, 195-214.

5. A la recherche de la structure intrinseque de l'univers, Teoriia
modelei v Kazaxstane, Sbornik naucnyx rabot posviachshennyx pamiati
A.D. Taimanova, Eco Study, Almaty, 2006, 339-388.

6. Galois et la symétrie, In the steps of Galois (Bertato, Cifuentes,
Szczeciniarz ed.), p. 39-60, Paris, Hermann, 2014.

7. Malod and the Pascaline, Perspectives in Computationnal Co-
mplexity (Somenath Biswas Anniversary Volume), Birkhduser, 2014, 147
157.

8. Back and Forth, & paraitre dans Contemporary Logic, édité par
Fitting, Pourmahdian, Rezus et Daghighi, College Publications, London.

9. Back and Forth in Positive Logic (avec Aibat YESHKEYEV), Logic
in Question: Talks from the Annual Sorbonne Logic Workshop
(2011-2019), Springer, 2021.

10. Positive Set Theory. A short and English version, Ce Volume.

Recensions
1. Collaboration aux Mathematical Reviews de 1977 a4 2004.

2. Recension de Solomon I. SARA, A description of Modern Chaldean,
Janua Linguarum, Series Practica 213, 1974, C.R. du G.L.E.C.S., 18-23,
fasc. 1, 1981, 193-194.
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3. Recension de Saharon SHELAH, The number of non-isomorphic
models of an unstable first-order theory, The Journal of Symbolic Logic,
47, nb. 2, 1982, 436-438.

4. Recension de Gregory A. MOORE, Zermelo’s Axiom of Choice,
Ganita Bharati, vol. 6, 1984, 30-33.

5. Recension de Saharon SHELAH, The non-minimality of the
differential closure, The Journal of Symbolic Logic, 52, nb.3, 1987,
870-873.

6. Recension de John T.BALDWIN, Classification Theory, The
Journal of Symbolic Logic, 55, nb. 2, 1990, 878-881.

7. Recension de Robert D. HOBERMAN, The syntax and semantics
of verb in Modern Aramaic, American Oriental Society, 1989, Journal of
Semitic Studies, vol. 36, n°1, 1991, 125-128.

8. Recension de Alessandro MENGOZZI, Israel of Alqosh and Joseph
of Telkepe, A Story in a Truthful Language, Religious Poems in Vernacular
Syriac et Religious Poetry in Vernacular Syriac from Northern Iraq, Le
Muséon, 124, 2011, 465-472.

Articles sur araméen contemporain et ses usagers

1. En Iraq, a la veille du recensement, des évéques prennent leurs respo-
nsabilités, Lu Lugar, 1970.

2. al-’aramiyah, as-suryéaniyah, as-strit (mis en arabe par Joseph
HABBI), Bet Nahrayn, Mosul, 17, 1977 (5), 37-45.

3. Un traité sur le verbe néo-araméen: présentation et traduction
partielle d’un ouvrage en soureth de Nimrod Simono, C.R. du G.L.E.C.S.,
18-23, fasc.1, 1981, 169-192.

4.  Une bibliographie commentée pour le néo-araméen, C.R. du
G.L.E.C.S., 18-23, fasc. 2, 1981, 347-414.

5. Jacques I'Etranger, la vie et l'ocuvre du Pere Jacques Rhétoré,
Journal of the Iraqi Syriac Corporation, Bagdad, vol. 6, 1982, 524—
536.

6. Article Littérature Néo-Syriaque dans le Dictionnaire des Littéra-
tures, t. 2, Larousse, Paris, 1986, 1123-1124.

7. The sureth-speaking villages in Eastern Turkey, Journal of the As-
syrian Academic Society, nb. 1, Chicago, 1986, 17-23.

8. La complainte sur la peste de Pioz, Studies in Neo-Aramaic, ed.
Wolfhart HEINRICHS, Harvard Semitics Studies, nb. 36, 1990, 161-179 &
203-207.
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9. La Peste de Pioz, suite et fin, Semitica, Serta philologica Co-
nstantino Tsereteli dicata, curaverunt R. CONTINI, F. PENNACCHIE-
TTI, M. TOSCO, Silvio Zamorani, Torino, 1993, 227-272.

10. Les dialectes morts et vivants de 'araméen ; Aramice’nin lehgeleri
(trad. Antoine Yalap), Hamurabi, n° 20, Sarcelles, 1998, 25-30 et 50-55.

11. Suret u yulpana (Le soureth et la science), Nineveh (Berkeley),
1999, n°1 & 2, 60-61.

12.  Expression de l'appartenance en araméen moderne, C.R. du
G.L.E.C.S., XXXIII, 2000, 33-38.

13. La complainte de Mar Hnanisho sur la pénitence, Sprich doch
mit deinen Knechten aramaiisch, wir verstehen es, Festschrift

Otto Jastrow, Herausgegeben von W. Arnold und H. Bobzin, Harrassowitz,
Wiesbaden, 2002, 541-556.

14. Un manuscrit retrouvé du P. Jacques Rhétoré, Studi Afroasiatici,
a cura di Alessandro Mengozzi, Francoangeli, Milano, 2005, 413-423.

15. La terminologie verbale en soureth chez les grammairiens et les lingu-
istes, Loquentes linguis, Studi linguistici e orientali in onore di Fabrizio A.
Pennacchietti, a cura di P. G. Borbone, A. Mengozzi, M. Tosco, Harrassowitz,
Wiesbaden, 2006, 591-604.

16. Le soureth, néo-araméen oriental, et sa transmission, (avec Joseph
ALICHORAN), Peuples du Monde, 416, 2007, 42-43.

17. Lettres en soureth, Aram, vol. 21, 2009, 15-47.

18. Les Roumis & Achitha, Rivista di Storia e Letteratura Religiosa,
XLVIII, 2012, 439-458.

19. Deux fragments de compositions poétiques en araméen vernaculaire,
Le Muséon, 128, 2015, 157-179.

20. L’imprimerie des Dominicains & Mossoul (119-121), Les Dominicains
et le soureth (185-187), diverses notices, Grandes Heures des
Manuscrits Irakiens, Paris, Editions du Net, 2015.

21. L’inscription syriaque de Palai (Kérala), Semitica et Classica,
Vol. XIII, 2020, 335-336.

22. Persian Crosses of South India, & paraitre &4 The Harp, Kottayam.
23. Mémoires d'un méle, La Salida, n° 120, Paris, 2020, 41-46.
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Nous n’irons pas & Erlagol ce mois de juin.

Erlagol est un camp de vacances appartenant a I’Université Technique
de Novosibirsk, qui y organise tous les deux ans un congres d’Algebre et de
Théorie des Modeles, auxquels certains d’entre nous ont déja participé. Il est
situé dans la République de I’Altay, qui fait partie de la Fédération de Russie,
dans une zone herbeuse, tiqueuse et forestiere, assez loin des sommets des
Monts Altal (ce n’est pas & Erlagol qu’on verra des léopards, des ours et des
yacks!), et des célebres nécropoles excavées par les archéologues soviétiques
du siecle passé. Le camp est a quelques 600 km au sud de Novosibirsk.

Cette région est massivement russifiée, et il faut étre attentif pour y
percevoir la présence de sa population pré-coloniale, les “Gens de 1’Altai”,
Altay Kijiler en turc, qui sont les premiers Turcs que I'on rencontre, quand
on se dirige vers l’est, qui n’ont pas été touchés par I'Islam.

Si vous n’étes pas un turcologue distingué, il faut que je vous précise que
les Turcs apparaissent dans I’'Histoire, quelque part au nord de la Grande
Muraille de Chine, vers le 4° siecle de notre ere, et qu’ils se sont depuis
déplacés vers 'ouest, en sautant par dessus les Mongols (Attila a été un
initiateur précoce du mouvement). A vrai dire, certains d’entre eux se
sont égarés vers le nord, en migrant en Yakoutie, ’endroit le plus froid
du monde, et un petit groupe, les Dolgan, s’est méme installé au bord de
I’Océan Arctique. Tout cela veut dire qu’en se déplacant vers I’est on va a
la rencontre des Turcs.

En 1995, 'autocar de 'université s’est arrété & Gorno Altaisk, la capitale
de la république, o j’ai pu acheter des journaux, un livre de lecture pour
enfant, et un dépliant touristique trilingue (turc, russe, anglais). Je n’ai pas
pu renouveler ’exploit lors de mes visites suivantes, car on ne trouve pas de
livres en turc & Camal (Tchamal), la petite ville voisine d’Erlagol, sauf a la
bibliotheque municipale, dont la patronne est d’ailleurs une Altay kiji. Le
turc de I’Altal, comme beaucoup de langues dominées, n’apparait guere que
dans l'affichage administratif bilingue; il y a aussi en ville un petit musée
consacré a la culture locale.

Les Gens de I’Altai vous comprendront si vous vous adressez a eux dans
un turc aussi central-asiatique qu’ils vous est possible, mais moins guttural
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que le qazaq. Attention, il faut éviter toutes les expressions polies d’origine
arabe ou persane qui sont si communes chez les turcs musulmans! La prise
de contact n’est pas Salam alaykum, mais Jaksilar (Bons souhaits!), le mot
yagse signifiant “bon, bien” dans toutes les langues turques a I'exception du
turc de Turquie. Je n’ai aucune idée de la facon dont on dit merci.

Naturellement, vos interlocuteurs seront tres surpris de rencontrer un
étranger a la région qui ignore compléetement le russe, si c’est votre cas.

Une particularité linguistique qui vous amusera: les langues turques de
Sibérie, si elles ont bien gardé I'ancien suffixe d’accompagnement -liq/-lik,
ont perdu le suffixe privatif —siz/-siz; dans 1’Altai, on dit bien sulu “avec eau”,
mais on ne dit pas susiz “sans eau” comme les autres Turcs; a la place, on
dit suy: yog “son eau il n’y a pas”’ (¢a ne vous rappelle pas un peu comment
on dit ¢a en tibétain?).

Voici quelques photos de ce que vous pourrez observer quand la fin de la
pandémie vous permettra de revoir Erlagol.

Nel. En dessous du russe, Kuba suyz, Riviere de Kouba, au bord du camp.

Ne2 & 3. Un cavalier rencontré entre Erlagol et Tchamal.

Neq. L’inévitable tente en feutre, ou I'on offre du gumaz (biare de lait de
jument) aux touristes.

Ne5. Le restaurant Mdrkit (Aigle) & Tchamal.

Ne6. L’école moyenne.

Ne7. Le centre des impots.

Ne§. Le conseil municipal.

Ne9.  Une plaque commémorative, comme on les adore en Union
PostSoviétique; je ne suis pas tres sir de ma traduction.

Ne10. La gardienne du musée de Tchamal.

Nell. A la différence des autres, cette personne n’est pas un Altay kiji,
mais une autre sorte de turc: un ouzbek, né a Tachkent, photographié devant
un batiment du camp d’Erlagol, en train de préparer sa communication.

Ne12. Journaux (Altaydm Colmom, L’Etoile de I’Altal) et livre de classe.
(Photos prises en 1995: Ne2) 3, 6, 7, 11; en 2019: Nel, 4, 5, 8, 9, 10)
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Nel.  En dessous du russe, Kuba suyi, Riviere de Kouba, au bord du camp.

SR P ST SRTET

Un cavalier rencontré entre Erlagol et Tchamal.
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Ned. L’inévitable tente en feutre, ot l'on offre du qumuz (biare de lait de
Jument) aux touristes.

Ne5. Le restaurant Mirkit (Aigle) a Tchamal.
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MUHMCTEPCTBO OBPASDBAMMS @wmw
POCCMHMCKON DEAEPALIMKA \Y3AH WH MWHWCTEPCTBO3b!

YEMANBCKIA HIMAI'I
PA“DI'II'IEI"ﬁ

OTAEN OBPA3OBAHMA wv:muw%m

YEMANDCKAS | UEMA
CPEIHAS | 0910 VORIV
IIKONA | WKORb

CHEMAN YEMANJ

NeG. L’école moyenne. Cemal rayonnn redilzinm boligir. Cemaldm orto
tredili skoli. Division de ’enseignement de la région de Tchemal. Ecole
d’enseignement moyen de Tchemal.

FOGHHHPCTBEHHHﬂ
HANOr0BAY
CNYHBA
POCCUUCKOH
SEAEPALMUK

rOCYAAPCTBEHHAS
HANOT 0BAY
WHCNEKLKA
no
YEMANBCKOMY
PAMOHY

poccMa
SEEPALUIHEN
KAnAw
J4yp
TEMUYH 3N

YEMAN
AUMAKTEH

KANAH
JYyp
WHCNEKLMKA3b

Ne7. Le centre des impdts. Rossya federatsyanin kalan juur temigizi; Cemal
aymaktm kalan juur inspektsyazi. Service des impots nationauz de la
Fédération de Russie; Inspection des impdts nationauz de la région de
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Ne§. Le conseil municipal.

oyt Deputatar joby, Camal aymaktm.
AEHYTATAPjOBI/I Rossya Federatsyaz, Altay
Respublika, Camal  aymaktm

administratsyazi. Conseil des

députés de la région de Tchamal.
Fédération de Russie, République
de U’Altai, Administration de la
S GEAEPALTHS3E région de Tchamal. Vous avez
AT SR~ remarqué qu’entre 1995 et 2019
"TAMAA Cemal a été changé en Camal,
"IA'“TBH:" plus conforme a la phonétique
AAMVTHUCTPALIVISI 3B

;| turque.

——— e

Aﬂel(ca}mp Kunagumeswuyu Ba
(00.08.1932-03 08.2008) jaTkam.

3mecs B 1985-2008 rr.

JKVJI I3BeCTHBIV 00I1eCTBEeHHBIN JiesTe b
Vi pYKOBOIVTE A

p—

Ne9. Minda 1985-2008 pldarda adi-jolr jarlu jondik is¢i le baskaraags,
maymandardm jayzant la altay sooktordin Aga-jayzane Aleksandr
Kindisevi¢ Bardin (00.08.1932-03.08.2008) jatkan. Ici, dans les années
1985-2008, le renommé travailleur social et leader, chef des Mayman et
grand-chef des tribus de I’Altay, A.K.B. a vécu.
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Ne10. La gardienne du musée de
Tchamal.

Nell. A la différence des autres,
cette personne n’est pas un Altay
kiji, mais une autre sorte de turc:
un ouzbek, né a Tachkent,
photographié devant un bdtiment
du camp d’Erlagol, en train de
préparer sa communication.
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Ne12. Journaux (Altaydm Colmons, L’Etoile de I’Altai) et livre de classe.
(Photos prises en 1995: N2, 3, 6, 7, 11; en 2019: N1, 4, 5, 8, 9, 10)
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People of Altay

In June, we shall not go to Erlagol.

Erlagol is a holiday camp belonging to the Technical University of
Novosibirsk, which holds in it every two years a meeting of Algebra and
Model Theory. It is located in the Altay Republic, which is a member of the
Russian Federation, in a place abundant with high grasses, ticks and forests,
at some distance of the top of the Altay Mountains which are famous for
the graves excavated by the Sovietic archaelogists during the last century;
the camp is about 600 km to the south of Novosibirsk.

This region is heavily russified, and some attention is needed to note the
traces of its pre-colonial population, the “People of Altay”, Altay Kijiler in
Turkish, which are the first Turks that we meet, going eastward, which have
not been touched by Islam.

Unless you are an eminent turkologist, I must remind you that the Turks
appear in History around the fourth century of the Common Era, somewhere
to the north of the Great Wall of China, and that since then they moved
westward, jumping above the head of the Mongols. To say the truth, some
of them lost their way to the North, in Yakutia (the coldess place in the
World), and even a small group, the Dolgan, settled on the shore of the
Arctic Ocean. All that to say that, when moving eastward, we go at the
encounter of the Turks.

In 1995, the University bus made a stop at Gorno Altaisk, the
headquarters of the Republic, where I managed to purchase some newpapers,
a reading book for children and even a trilingual touristic tract, in Turkish,
English and Russian. During my next visits, I was unable to find books
in Turkish at Camal (Tchamal), the small city in the vicinity of Erlagol,
except at the public library. Altay Turkish, like many dominated languages,
is discernible mainly in bilingual administrative posters. There is also a
small museum at Tchamal, which is consecrated to the Altay culture.

Altay People will understand you if you speak to them in a variety of
Turkish as Central-Asiatic as possible, but with less guttural sounds than
Qazaq. You must care to avoid all the expressions of Arabic or Persian
origin, which are so common among the Muslim Turks. Making contact
is not by Salam alaykum, but by Jaksilar (Good wishes!), yags: meaning
“good” in every turkish languages, except in the variety spoken in Turkey. I
have no idea of how to say “Thank you!”.

Naturally, they will be extremely surprised to meet a foreigner not
knowing a word of Russian, if this is your case. Altay Turkish has an
amusing peculiarity, that it shares with all the turkish languages of Siberia.
It has preserved the matching suffix -lig/-lik, but it has lost the privative
suffix —s1z/-siz; Altay kijiler say sulu (with water), but not susiz (without
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water) like the other Turkish Peoples; instead they say suy: yoq (its water
not exists). Don’t this remind you Tibetan?

Here are some pictures of what you will observe when the end of the
pandemia will allow you to see Erlagol again.

Nel. Below the Russian, Kuba suy:, Kuba River, at the gate of the camp.

Ne2 & 3. An horseman met on the road between Erlagol and Tchamal.

Ne4. The unavoidable felt tent, where gumaz (mare milk beer) is offered
to the Stourists.

Ne5. Miirkit (Eagle) Restaurant, in Tchamal.

Ne6. Middle School.

Ne7. Tax Center.

Ne8. Region Council.

Ne9. A commemorative slab, of a kind so appreciated in Post-Soviet
Union.

Ne10. Museum keeper in Tchamal.

Nel1l. This person is not an Altay kiji, but another kind of Turk: an
Uzbek, born in Tashkent.

Ne12. Three newspapers and a schoolbook.

(Shot in 1995: Ne2) 3, 6, 7, 11; in 2019: Nel, 4, 5, 8, 9, 10)
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Hapoa Anrag

B utone B Dparos He moemgem.

Dpiaroys — 3T0 Ha3a OT/BIXa, MpuHAIeKamas HoBocubupckomy Tex-
HUYECKOMY YHHUBEDPCUTETY, TJie KaxK/ble JIBa T'oja IPOBOJATCI BCTPEYU IO
anrebpe u Teopun mojiesieit. On pacrosioxken B Pecrybsinke Asrait, KoTopas
Bx0o/uT B coctaB Poccuiickoit Peneparuu, B MecTe, n300UIYIONIEM BBICOKOI
TPaBoii, KJIEMaMi U JiecaMd, Ha HEKOTOPOM yjajienuu oT BepiwH ['oproro
Ajrrast, KOTOpBIe M3BECTHBI MOTHUJIAME, PACKOIAHHBIMUA COBETCKIMHU apXeo-
JIOTAaMU B TeYeHHe IIPOILIOr0 BeKa; Jlarepb HaXoauTcs mpuMepHO B 600 KM
oxxkHee HoBocubupcexka.

OTOT PErnoH CUJILHO PyCcuUIIUPOBAH, U HEOOXOIMMO HEKOTOPOE BHUMA~
HUe, 9T00BI OTMETUTH CJIEIBI €0 JOKOJOHUAIBLHOIO HaceaeHusl, “Hapoaa AJ-
tast’, Altay Kijiler Ha TIOPKCKOM, TIEPBBIX TIOPKOB, KOTOPBIX MbI BCTPEIaeM
Uy IIMMHA Ha BOCTOK M HE KOCHYBIIMXCS UCJIAMA.

Eciim BbI He sB/IeTeCh BBIJIAIONIUMCH TIOPKOJOTOM, S JIOJI?KEH HAIIOM-
HUTBH BaM, 9TO TIOPKU MOABJIAIOTCA B HCTOPUHU IPUMEPHO B Y€TBEPTOM BEKE
HaIleil 3pbl, IJe-To K ceBepy oT Besmkoit Kuraiickoit cTeHbl, U ¢ TeX 1OP
OHWU JIBUHYJINCH Ha 3aI13/1, TIePENpbIruBas depe3 roioBy MOHTo/10B. [lo mpas-
Jie TOBOpsi, HEKOTOpble 3 Hux 3abiayammch #Ha Cesepe, B fkyrun (camoe
XOJIOJIHOE MECTO B MUpe), U Jaxke HEOOJIbIAs I'PYIIA JOJITaHOB TOCEIIIACH
na Oepery Cesepnoro JlegoButoro okeana. Bce 9T0 roBopuT 0 TOM, 4TO,
JIBUTAsICh Ha BOCTOK, MBI HJEM Ha BCTPEUIY C TIOPKAMHU.

B 1995 romy yumBepcurerckuii aBToOyC cienas octaHoBKY B l[opno-
Arraficke, aJIMIHUCTPATUBHOM IIEHTPE PECITYOJIUKH, T/I€ MHE yJIAJI0Ch [IPU-
00pecTn HECKOJIbKO Ta3eT, KHUTY I UTEeHUs JUId JeTeil U JjaxKe TpPeXb-
SI3BIYHYIO TYPUCTUYECKYIO OPOIIIOPY Ha TIOPKCKOM, aHIVIMHCKOM M PYCCKOM
gA3bIKaX. Bo BpeMs MOUX CJIEIYIONINX BU3UTOB MHE HE YJIaJI0Ch HAWTU KHUT
HA TIOPKCKOM s3bIKe B Hemasie, HeDOJIbIIIOM TOPO/JIKE HEJIAJIeKO OT DPJIaroia,
KpoMe Kak B IIyOIndHOil Oubanoreke. AnTaiicKuil TIOPDKCKMI, KAK 1 MHOTHE
JIOMUHUPYEMBbI€ SI3bIKW, 3aMEeTeH B OCHOBHOM Ha JIBYSI3BIYHBIX & IMUHUCTPA-
TUBHBIX Hajmucax. B Hemase Takzke ecTh HEOOJIBINON My3€ii, ITOCBATIEHHBIIH
aJITAICKON KyJIbType.

Anraiitibl ofiMyT Bac, ecyqii BbI OyJeTe TOBOPUTb C HUMU Ha DPa3HO-
00pa3HOM TIOPKCKOM $I3BbIKE, HACKOJIBKO 3TO BO3MOXKHO, Ha IEHTPAJILHO-
A3MATCKOM, HO C MEHBIITUM KOJIUIECTBOM MOPTAHHBIX 3BYKOB, Y€M y KA3aXOB.
Bor mo/nkabI n136€raTh BceX BhIPpaXKeHU apadCKOro WU MEPCUJICKOTO TTPOUC-
XOXKJIEHVSI, KOTOPble TaK PACIPOCTPAHEHBI CPeIH TIOPOK-MyCyJIbMaH. YcTa-
HOBJIEHHE KOHTaKTa ocyIiecTBisercd He Casamom aretikymom, a 2Kaxcoina-
pom (Lobpsie noxenanus!), 2Kakcer o3Ha9aeT “XOpoIuii” Ha BCeX TIOPKCKUX
sI3bIKAX, 38 UCK/II0YEHHEeM TOro, Ha Koropom roopat B Typruu. He 3narto,
Kak ckasarh “‘Crmacnbo!”. EcrecTtBeHHO, OHE OyIyT KpaiiHe yIWBJIEHBI, €C-
JIM BCTPETAT MHOCTPAHIIA, HE 3HAIOIIEr0 HU CJOBA IMO-PYCCKU, KaK B HAIlleM
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caydae.

Y alTaiickoro TIOPKCKOTO eCTh 3a0aBHas 0COOEHHOCTH, KOTOPYIO OH pa3-
JleJisieT co BeceMr TIOpKCKUMHU sizbikamMu Cnbupu. OH COXpaHMI COIPOBOXK-
jaromuit cyduke -auk, HO MoTepsii YacTHBIH cydduke —cusd; Anraiickue
JIIOJI TOBOPAT cy.ay (¢ BOJOIT), HO He cycu3 (6e3 BOmbI), KaK JIPyrue TIOPK-
CKHe HApPO/Ibl; BMECTO 9TOT0 OHM MOBOPAT cylu éx (Bozbl Het). Pa3se sTo He
HaIlOMUHAeT BaM THOeTckuii?! BoT HecKOJbKO M300parKeHuil TOro, 94To0 BB
YBUJIATE, KOIJa KOHEI[ ITaHIeMUN TO3BOJIUT BaM CHOBA YBHJIETH DPJIaroJ.

Nel. Huzke pycckoit Haamucu, Kyba cytiu, peka Kyba, y BopoT jareps.

Ne2 u 3. Ha mopore mexkay Dpiaroiaom u HemasoM BCTPETHICA BCAIHUK.

Ne4. Tpajpurnuonnasi 1opTa, TJe TyPUCTaM IpeJIaraeTes Kymoic (THBO 13
KOOBLIBEIO MOJIOKA).

Ne5. Pecropan Mirkit (Opén) B Hemase.

Ne6. Cpemnsis mkosia.

Ne7. HasnoroBast mHCIIEKIIHS.

Ne8. A mvmunauctpanus Yemasa.

Ne9. TTamsaTHas muTa.

Ne10. Xpanurenb myses B Hemadte.

Nell. Dror genorek we Altay Kiji, a npyroii Bu TIOPOK: y30€K, pOJIUB-
muiica B TamkenTe.

Nel12. Tpu razerst u yueOHUK.
(Cusro B 1995 romy: N2, 3, 6, 7, 11; B 2019 romy: Nel, 4,5, 8,9, 10)
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1 Introduction

A group G is said to be a residually nilpotent if, for every non-identity
element x € G, there exists a normal subgroup N depending on x such
that x ¢ N and the quotient group G/N is nilpotent (see, for example [18]).
One of the first results on residually nilpotent groups belongs to Magnus who
proved that a free group is residually nilpotent (a simple proof of this fact can
be found in [14, Theorem 14.2]). Malcev [18] studied the conditions under
which the free product of residually nilpotent groups is residually nilpotent.
In particular, he established that the free product of nilpotent groups is
residually nilpotent if and only if all these groups do not contain elements
of infinite p-height for some prime p, or all these groups are groups without
torsion. Recall that an element g € G is called an element of infinite p-
height, if, given any two natural number 7 and 7, there exist elements =z € G,
y € ~v(G) such that #¥ = gy. From this result follows that the groups
Z * Ly, Lyn * Lym are residually nilpotent. On the other side, Zsy * Zs3 is not
residually nilpotent.

No general approaches are available by now even to solving the problem of
residual nilpotency for one-relator groups: only partial results are available.
Baumslag [9] studied in one special class of one-relator groups. Loginova

!The research is supported by Ministry of Science and Higher Education of Russia
(agreement No. 075-02-2020-1479/1).
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obtained in [16] a similar result for a larger class of groups. The paper
[20] gives a characterization of residually nilpotent one-relator groups with
non-trivial center. Mikhailov [24]| constructed one-relator group with the
lower central series of length w?. This answers a question of Baumslag. It is
established in [22]| that a central extension of one-relator groups is residually
nilpotent if and only if so is the original group.

Malcev proved [19] (also see [21, Theorem 51.2.1|) that if G is a finitely
generated subgroup of GL,(F) where F' is some field of characteristic 0,
then G contains some subgroup of finite index which is residually p-finite for
almost all prime p. In [4] a sufficient condition for the residual p-finiteness
of finitely generated subgroups of GL, (F') was established. As a corollary
to this result was established the residual 2-finiteness of some link groups,
including those of the Whitehead link and Borromean links. On the other
side, there exists a 2-component 2-bridge link whose group is not residually
nilpotent. Also in [4] it was proved that each link is a sublink of some link
whose group is residually 2-finite. Residually nilpotence of groups of virtual
knots is studied in [5]-[7]. Residually nilpotence of the fundamental groups
of some 3-manifolds is studied in [11].

Linear properties of group extensions are studied in [3, 12]. Semi-direct
product is a particular case of HNN-extension. Residually nilpotence of
HNN-extensions is studied in [25] and in particular, for Baumslag—Soliter
groups in |8, 26, 27].

Survey on residually nilpotent groups can be found in the book of
Mikhailov—Passi [23].

The paper is organized as follows.

Section 2 collects some basic definitions: the lower central series, the
lower p-series, root class. Also, we formulate some well known facts about
commutator subgroups and their products, result of Gruenberg. We recall
the result of Aschenbrenner and Friedl [1| on the residually nilpotence and
residually p-nilpotence for groups of the form Z" %, Z, p € Aut(Z").

In Section 3, we consider free-by-infinite cyclic group G = F, x, Z.
Baumslag [10] proved that groups of this type are residually finite. The
situation with residually nilpotence is more complicated. There exist finitely
generated cyclic extensions of a free group which is not residually nilpotent.
Moreover, Mikhailov [24], answering on a question of Baumslag, constructed
a cyclic extension of the free 2-generated group which has the length of the
lower central series equal to w?.

We define two families of groups:

G = (F")®" x5, Z

Pk

and N
Gr = Vi(Fn)/vig1(Fn) %, Z,
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k=1,2,..., and prove that if G}, is residuallAy nilpotent, then @k is residually
nilpotent; if G}, is residually p-finite, then G}, is residually p-finite.

We find conditions under which G has the short lower central series.
In Proposition 3.3 we prove that 712(G) = 7,(G) = F, if and only if the
matrix [@] — F lies in GL,(Z). In particular, in this case, G is not residually
nilpotent.

Further, we describe conditions under which G has the long lower central
series and give a full prove of the following theorem (see Theorem 3.5): If G
is not residually nilpotent and all groups G}, k > 1, are residually nilpotent,
then the length of the lower central series of G is equal to w?.

This theorem was formulated in 24| without proof.

In Section 4, we study residually p-finiteness of group G = F,, x, Z.

The main result of this section is Theorem 4.3: If all groups @i,i > 1, are
residually p-finite, then G is residually p-finite.

As corollary of this theorem we get Corollary 4.4: Let G = N, . %, Z,
where N, . be a free nilpotent group of rank n and class c. If all groups

%(Nn,c)/’yi+1<Nﬂ,C) N@' Za 1 < i < C,

are residually p-finite, then G is residually p-finite. Here &; is the
automorphism of Z-module 7;(N,, ¢)/7it+1(Nn,c) that is induced by ¢.

As was proved in [24], the residually nilpotence of Gy, k > 1, does not
imply the residually nilpotence of G = F,, x, Z. Using Theorem 4.3 it is
possible to prove that the residually p-finiteness of Gy, k > 1, implies the
residually p-finiteness of G = F), %, Z.

The following theorem (see Theorem 4.7) gives a simple way to prove
the residually nilpotence of free-by-infinite cyclic groups. Let G = F), %, Z,
@ € Aut(F},), and [¢] € GL,(Z). If all eigenvalues of [p] are integers, then
G is residually nilpotent.

Section 5 is dedicated to the groups of the form G = F;x,Z. Using
results of Sections 3 and 4 we prove a criteria of the residually nilpotence of G
(see Theorem 5.1). Also, we prove in Theorem 5.2 that for the lower central
series of G = Fyx,Z, ¢ € Aut(Fy), there exist only three possibilities:

a) 7(G) = 72(G);
b) 1(G) =1;
¢) Y.2(G) =1 and the length of the lower central series is equal to w?.

As we seen, not any group of the form F,, x,Z is residually nilpotent. On
the other side, Azarov [2] proved that any semi-direct products of a finitely
generated residually p-finite group by a residually p-finite group is virtually
residually p-finite and hence, contains residually nilpotent subgroups of finite
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index. From this result follows that any group of the form F;, x,Z is virtually
residually nilpotent. Also, we prove that Fx,Z contains residually nilpotent
subgroup of index 2 or 4.

2 Preliminaries

The following definitions can be found in the paper of Malcev [17]. Let
¢ be some class of groups. A group G is said to be residually €-group
or simply €-residual, if for any non-identity element g € G there exists a
homomorphism ¢ of G to some group from € such that p(g) # 1. If € is
the class of all finite groups, then G is called residually finite. If € is the
class of finite p-groups, then G is said to be residually p-finite. If € is the
class of nilpotent groups, then G is said to be residually nilpotent. If € is
the class of torsion-free nilpotent groups, then G is said to be torsion free
residually nilpotent. If € is the class of nilpotent p—groups, then G is said to
be residually p-nilpotent.

Let G be a group and let x1,z9,... be elements of G. A simple
commutator [x1, xa, . .., x,] of weight n > 1 is defined inductively by setting

[':El] = T, [x17$2] = ﬂfflx;lxlajz

and
[T1, X9, ..., 2] = [[21, T2y .o, 1], X0
for n > 3.

Let A, B C G be two subsets of a group G, then by [A, B] we shall denote
the subgroup which is generated by all commutators [a,b], a € A, b € B.
Suppose that P and @ are subgroups of G. Denote by [P, ;@] the subgroup
of G that is generated by left-normalized commutators [p, qi, ..., gx], where

pEP, Q17---7Qk€Q-
For a group G define its transfinite lower central series

G=7(G) >1(G) > ... > 7(G) > vu(G) > ...,

where
Yat1(G) = ([9gas 9] | 9o € 7a(G), 9 € G)

and if « is a limit ordinal, then

7a(G) = () 76(G)-

B<a

The group G is said to be transfinitely nilpotent if v,(G) = 1 for some ordinal
«, or simply nilpotent if « is a finite ordinal. In particular, G is residually
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nilpotent if and only if

Vw(G) = ﬂ%(G) =L

The smallest ordinal o such that v,(G) = V411(G) is called the length of the
lower central series of G.
Also, we can use the following well known propositions (see, for example

[15]).

Proposition 2.1. Let G be a group, for v € G denote by T the image of x
in the quotient G = G /v5(G). Then for any natural number n the map

0 : (Tl RTy & ... ®Tn) g [l‘l,zz, . ,ZL’n]’}/n+1(G)
induces a homomorphism

GG ® ... @G = (G")" = 7u(G)/rus1(G).

-~
n

Lemma 2.2 (Lemma 2.8.8 [15]). If A, B are normal subgroups of some
group G, then the following inclusion holds

[A,v(B) < [A,B,...,B], k>1.

The next inclusions follow from this lemma.

(@), 5 (G)] < 75 (G). (1)

% (1(GQ)) < 7iw(G). (2)

We say that G is wvirtually residually nilpotent, if it contains a residually
nilpotent subgroup of finite index.

The residual nilpotence of groups of the form Z" x, Z, p € Aut(Z"), are
studied by Aschenbrenner and Friedl [1]. They have found a criteria series of
residual nilpotence and residual p-finiteness for groups of this type. If P,(z)
is the characteristic polynomial of the matrix [¢], p;(z) € Z[z], i =1,...,s,
are its non-reducible factors, then the following proposition holds.

Proposition 2.3.

a) Z™ X, 7 is residually nilpotent if and only if p;(1) # £1,i=1,...,s.
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b) 7" %, Z is residually p-finite if and only if p;(1) € pZ, i =1,...,s.
Further we shall use the following claim.

Lemma 2.4. If a group 7" X, Z is residually p-finite then for any non-trivial
element g € Z" X, Z there ewists a nilpotent group G\, Xz Z, where Gy, is
a finite abelian p-group, which is a quotient of Z", p € Aut(G,) is induced
by ¢ and the image of g under the homomorphism Z" x, Z — G, X5 7 is
non-trivial.

Proof. By assumption, for any non-trivial element g € Z" x, Z there exists
a normal subgroup N, < Z" x,, Z of finite p-index, such that ¢ ¢ N,. It
is clear, that NN, contains some 7y;11(Z" %, Z). Let us consider the normal
subgroup ]Vg = N, Z". 1t is evidently, that g ¢ Ng, Ng > Vit1(Z" 1, Z)
and |Ng : Z"| = p® for same s € N. Hence, the normal subgroup Ng is a
kernel of the need homomorphism onto G, X5 Z. Under this homomorphism
the non-trivial element g € Z™ x, Z goes to a non-trivial element. Here ¢ is

the automorphism which is induced by ¢ since NNy is normal in Z" ¥, Z. [

Lemma 2.5. In the group Z" X, Z the following inclusions hold
Z" > (2" %, Z) > PEN )2 k> 2.
Proof. In 7" %, 7Z holds
W(Z" %, Z) = ([p] - E)'Z" < 2", k>2.
The evident equalities

Py(x) = Py(1) + (z — 1) f(2), f(x) € Z[z], Py([¢]) =0

imply

Hence, we get
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3 Free-by-cyclic groups

In this section, we consider the semi-direct product of the free group F;,, =
(1,29, ...,x,) and the infinite cyclic group Z = (t), where the conjugation
by t is induced by automorphism ¢ € Aut(F,)

Fo Xy Z = (21,29, ..., &0, t |t it = (), i=1,2,...,n).

The automorphism ¢ induces an automorphism of the abelianization
F® = F,/v(F,) that is free Z-module. We will denote this automorphism
by % and its matrix by [¢]. Denote by Gy = (F2*)®* x5, Z, k > 1, where the
automorphism @, € Aut ((F,‘;b)®k) is induced by automorphism ¢. Hence,
Pr1=9. R

Also, we will consider groups Gy = vi(Fy)/Ve+1(Fn) Xz, Z, k > 1, where
@ is the automorphism of Z-module v (F,,)/vk+1(F,) that is induced by the
automorphism .

For any k > 1, the pair of matrices [¢,] and [p)] have the following

property.

Proposition 3.1. Let Pz (v) and P (x) € Zx] be characteristic
polynomials of [p,] and [P, respectively. Then the set of irreducible over Z
factors of Pg, () is a subset of the irreducible over Z factors of Pg (x).

Proof. Let us prove that for the automorphisms @, and @y and a polynomial
f(z) € Z[z], the equality f(@,) = 0 implies f(py) = 0. It is enough to prove
that for any vectors w € (F®)®* and @ € Y (F,)/ves1(F,) the equality
f(@,)w = 0 implies the equality f(@x)w = 0.

By Proposition 2.1 there exists the homomorphism of Z-modules:

v (FE)EF = (B [ (F),

that induced by map

G Q- @Tp [0, G Vesr(F), G, € F® i=1,...k.

Let
W=URURT, & QTrs|u,1; € F*)y < (F*)®F,

Then W7 = 0 € v(F,)/s1(F,) and WY < W, for any endomorphism
¢ € End ((F*)®*) which is induced by the endomorphism ¢ € End(F,).

If a non-trivial element @w € v, (F,)/vk+1(Fy) is a linear combination
of the elementary commutators [z;,,...,2; |, then some its preimage w
under the action of v is the similar linear combination of the elements
Ti, ® - @7, of (F®)®* which does not lie in W. The endomorphisms
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f(@k) and f(p;,), which are induced by the endomorphism f(¢), send these
linear combinations to linear combinations which are equal under 7 i.e.

(f(@k)w>7 = f(@k)m More eX&CtlY7 if f(@k)ﬁ} = th ,,,,, ik [xiw ce ’xik]7
then f(@)w € > mi,. 4Ty @ -+ @ T, + W. By assumption, the
endomorphism f(,) sends any non-trivial vector of (F)®* into 0 i.e.
YoMy Ty @ @T;, € W, and so, the endomorphism f($y) sends any
non-trivial element of the module v (F,,)/vk+1(Fy) into 0. Hence f(&x) = 0.

So if Pp, (x) is the characteristic polynomial of the matrix [@,], then
Pz, (pr) = 0. Hence, the minimal polynomial pg, (x) of [@}] divides P, ().
It means, that any irreducible factor of the characteristic polynomial of [@y]
is an irreducible factor of the characteristic polynomial of [@,]. O

Using Proposition 2.3, we get
Corollary 3.2. For any k > 1 hold.

a) If Gy, is residually nilpotent then @k 15 restdually nilpotent.

b) If Gy, is residually p-finite then @k 15 residually p-finate.

3.1 Non-residually nilpotent groups

In |?] was proved that if G = F), 1, Z and the matrix [p| — E lies in
GLn(Z)v then 72<G) = 73(G) and

Yu(G) = ﬂ%(G) = F,.

In particular, G is not residually nilpotent.
The next proposition generalizes this result.

Proposition 3.3. Let G = F, x,Z and G = F® x5 Z. The following
statements are equivalent

a) vu(G) = F,.

b) 1(G) = F".

¢) The matriz [p) — E lies in GL,(Z) that is equivalent Ay F2 = F2°.
Proof. a) = c). Suppose that ~,,(G) = F,,, then 7,(G) = F2. Since

F2 > 4 (G) > -+ > 7, (G),

n
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we get
F? =3(G) = = (G).
Since in G holds
([7] = B)F = 72(G),
we have [p] — E € GL,(Z).

c) = a) Let f € F,. The map f — [f,t], induces on the free Z-
module F% the linear transformation [p] — E, which is an automorphism
of Z-module. So, there exist elements xlf” o.xfni = 1,... n, such that
[ ... gk ] = 20, where w; € 45(F,). Hence, F, < 75(G) and since
G/F, = Z is an abelian group, we get F,, = 7»(G). Using induction one can
see that z1,...,2, € 7(G),s > 2, ie. F, < 7,(G). Hence, we have the
inclusion

Fy < (G) £ (G) = F,

from which follows the needed equality F,, = 7, (G).
c¢) < b) Follows from the equality

(@] — E)°F® = 7541(G), s > 1.

3.2 Groups with long lower central series

Mikhailov [24]| constructed a group with one defining relation that has
the lower central series of length w?.

Example 3.4 (|24]). The group Gy = F» X, Z, where
| a—=b,
L A
has the lower central series of length w?. At the same time, G = F® x5 Z

is residually nilpotent.

In [24] for groups of the form F,, x,Z was formulated without prove the
following theorem.

Theorem 3.5 (|24]). Let G = F, x, Z. If all groups Gy, = (F2*)®* x5, Z,
k > 1, are residually nilpotent, then ~,2(G) = 1. Wherein if G is not
residually nilpotent then the length of its lower central series is equal to w?.

We give the full proof of this theorem. To do it let us prove the following
claim.
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Lemma 3.6. If all groups G; = 7i(Fy)/vis1(F)) Xz, L are residually
nilpotent then ~,2(G) = 1. Wherein if G is not residually nilpotent, then
the length of its lower central series is equal to w?.

Proof. Tt is well known that any quotient ~;(F,)/vir1(Fyn), ¢ > 1, is a free
Z-module of finite rank. If we are considering an extension Z* x, Z for some
¢ € Aut(Z"), then

(p —id)'ZF = 71 (ZF % ,Z), 0> 1.

Hence, by the assumption

oo

() (@i — id)™i(F,) /i (Fn) =0, i >1.

m=1

So the following inclusion holds
’Yzw(Fn Nap Z) S’Yz—l—l(Fn)a l Z 1.

Hence 7,2(G) = 1.
Further, if v,(G) # 1 then it is a free non-abelian group, which is normal
in F,,. S07;(7,(G)) # 1, fori > 1. On the other side, (2) implies v;(7,(G)) <

7iw(G),1 > 1. Using the fact that +;(7,(G)) is non-trivial for all i > 1, we
get that the length of the lower central series of G is equal to w?. m

Let us prove Theorem 3.5.

Proof. Corollary 3.2 implies that from the residual nilpotence of groups Gh,
k > 1, follows the residual nilpotence of groups G, k > 1. By Lemma 3.6
702(G) =1, and if G is not residually nilpotent, then the length of its lower
central series is equal to w?. This completes the proof of Theorem 3.5. [

4 Residual p-finiteness of groups F,, X, Z

In this section, we give some sufficient conditions under which G = F,, %,
7 is residually p-finite.
We shall use the following statements.

Lemma 4.1. Let G be l-step nilpotent group. If |G, G]" = 1 for some natural
r, then [G’TH, G| =1.
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Proof. If | =1, then G is abelian and [G, G| = 1.
Let 441(G) = 1, by induction assumption [G"°, G] € (@), then from
the commutator identity

[ab, ¢| = [a, c][a, ¢, b][b, (]

follows

le4
O

Lemma 4.2. Let M, N < 7% be submodules of finite p-indexes, Vi, Va, ..., Vg
be some basis of N. If all non-trivial sums of the form Z?Zl a;v;, where
a; €{0,1,...,p— 1}, do not lie in M, then M < N.

Proof. Since M and N are submodules of p-indexes, there is a natural
number s such that p* N < M. Moreover, M and N have consistent bases
my,..., my € M and ny,...,ng € N such that

7, .S
p'm; = p'n,,

where e = 1,...,d, 0 < r; < --- < ry. Submodule N contains all m; for
which r; <'s, since m; = p*"in,. If r; > s, then p""~*m; =n; € M.

By assumption any non-trivial sum of the form Zle ;V;, where «; €
{0,1,...,p — 1} does not lie in M. Hence, there is an epimorphism of the
abelian group (N +M)/M to the elementary abelian group Z,®- - -®Z, that
is the direct sum of d summands. So, the rank of the quotient (N+M)/M <
Z4/M is equal to d. Hence, the case r; > s, i.e. p"i*m; = n; € M is not
possible, since in this case the rank of (N + M)/M less than d. Hence, we
get inclusion M < N. O

Now we are ready to formulate the main result of the present section.

Theorem 4.3. Let G = F,, X, Z. If all groups G = Yi(Fn)/vit1 (Fr) X,
Z,i > 1, are residually p-finite, then G is residually p-finite.

Proof. Let gt™ be some element of G, where g € F), is non-trivial. Let us
construct a finite p-group which is a homomorphic image of G and the image
of gt™ is non-trivial.

Since F;, is residually p-finite for any prime p, it contains a normal
subgroup of finite p-index, which does not contains ¢g. This subgroup
contains a characteristic (verbal) subgroup P such that the quotient P =
F,/P is also finite p-group (|14, Exercise 15.2.3]). Then P X3 Z is the
quotient of G by P. Here ¢ is the automorphism of the quotient P
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which is induced by ¢. Let us show that P x5 Z is a nilpotent group.
Since 72(P x5 Z) < P and P is nilpotent, it is enough to prove that
[P,t™, ... t"] =1 for some fixed r.

Find a minimal s such that v,.1(F,) < P < F,. For 1 < ¢ < s put
P, = PN ~(F,). Then P; = P;/P;;; is a submodule of finite p-index of
the free Z-module ~;(F,)/vi+1(Fy), and hence, is a free submodule of the
same finite rank. For g; € ~;(F,)\ P denote by g, its image in the quotient
Yi(Fn) /Yiv1 (Fr). N

By assumption all groups G; are residually p-finite. By Lemma 2.4 they
are residually nilpotent groups of the form G}, x5 Z, where G, is a finite
abelian p-group. Hence, in any Z-module 7;(F),)/vit1(F,) there exists a
submodule M; of finite p-index, which does not contains non-trivial linear
combinations of generators of P; with coefficients from the set {0,1,...,p—
1}. By Lemma 4.2 we have inclusion M; < P;. Since the quotients Gp XL
of groups 7;(Fy,)/vi41(F,) Xg, Z are nilpotent, we get that for any g;, the
commutator [g;,t", ..., t"] € M; < P; for some fixed r;. Hence,

[giatnla s atn”] S -Pi’yi-i-l(Fn) S P7i+1(Fn>7

for any ¢; € v;(F,)\ P, and fixed r;.
Further, if [g;,t™,...,t"] = pgiy1, where p € P, then from the
commutator identity

lab, ¢] = [a, c][a, ¢, b][b, (]

and the fact that P is a characteristic subgroup, we get
[Pgie1, ™o 7] € Plgin, ™. 7]

Since [g;11,t™, ..., t"+1] € Pviyo(F,), we have

[PGir1,t", .. 1] € Pryo(F,).

By induction we get that for any element g € F,\P the commutator
[g,t™, ... t"], where r =r; + 1o+ -+ 4+ rg liesin Py, 1(F,) = P < F,. Tt
means that [P,t", ... t"] =1, ie. P x3Z is a nilpotent group.

Further, since p-group P is finite, we can take a minimal natural number
ko such that PP = 1. Moreover, P contains the commutator subgroup of
P x5 Z. By Lemma 4.1, using identity [t, P]" = 1 we get the identity
[tpkou_l), P| =1, where [ is the nilpotency class of P x5 Z. Hence,

P N@Z = (P Ng Zpko(l—l)) X 7

and there exists a homomorphism of P x5 Z to a finite p-group P x5 Z
where k > ko(l — 1).

pk
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Finally, for any non-trivial g € F,, we constructed a homomorphism of
G to a finite p-group P Xz Z,x such that the image of g is non-trivial. It
is evident that the images of all elements gt™ for all m are non-trivial. On
the other side, for any element of the form ¢, m € Z\{0} there exists a
homomorphism of G to a finite p-group Z,, p¥ > m, such that the image of
t™ is non-trivial. Hence, we proved that G is residually p-finite. m

As corollary we get

Corollary 4.4. Let N, . be a free nilpotent group of rank n and class c,
G = Ny X, Z. If all groups

’Yi(Nn,c>/’Yi+1(Nn,c) N(ﬁi Z, 1 S 1 S c,

are residually p-finite, then G is residually p-finite.  Here @; is the
automorphism of Z-module v;(Np.c)/Vit1(Nn.e) that is induced by ¢.

As was proved in [24] the residually nilpotence of Gy, k > 1 does not
imply the residually nilpotence of G = F,, x, Z. Using Theorem 4.3 it is
possible to prove that the residually p-finiteness of G, k > 1, implies the
residually p-finiteness of G' = F), %, Z.

Theorem 4.5. Let G = F, x, Z. If all groups G, = (F®)%* x5, Z,k > 1,
are residually p-finite, then G is residually p-finite. In particular, the length
of the lower central series of G is equal to w.

Proof. Corollary 3.2 implies that from the residual p-finiteness of groups
G, k > 1, follows the residual p-finiteness of all groups G =
Yie(F)/Vis1(Fy) X, Z, k > 1. By Theorem 4.3 the group G is residually
p-finite. In particular, the length of its lower central series is equal to w. [

The same way we get the next statement.

Corollary 4.6. Let N, . be a free nilpotent group of rank n and class c,
G = Npe Xy Z, N$° = Ny o/v2(Nue). If all groups

(Ngf’c)@f Xz L, 1<k<c,

are residually p-finite, then G s residually p-finite.  Here @, is the
automorphism of Z-module (NS%)** that is induced by .

The following theorem gives a simple way to prove the residually
nilpotence.

Theorem 4.7. Let G = F, X, Z, ¢ € Aut(F,) and [¢] € GL,(Z). If all
eigenvalues of [p| are integers then G is residually nilpotent. Wherein,
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a) if all the eigenvalues are equal to 1, then G is residually p-finite for
any prime p;

b) if there is at least one eigenvalue equal to —1, then G is residually
2-finite.

Proof. a) By assumption, the characteristic polynomial of the automorphism
® is Ps(z) = (x — 1)". Since [p] € GL,(Z), then [¢] is conjugated to
some unitriangular matrix U € GL,,(Z). Hence, the tensor product [g,] =
[?]®- - -®[p] is conjugated to the unitriangular matrix U®- - -QU € GL,x(Z).
Hence, @), € Aut ((F2*)®*) has the characteristic polynomial Py, (z) = (z —
1), with one irreducible factor p;(z) = 2 — 1. Since p;(1) = 0 € pZ for any
prime p any group G, k > 1, is residually p-finite by Proposition 2.3. By
Theorem 4.5 G is residually p-finite for any p.
b) By assumption the characteristic polynomial of the automorphism @
is
Ps(z) = (x —1)™(x+1)™, mq+my=n.
The matrix [p] € GL,(Z) is conjugated to some triangular matrix T €
GL,(Z) in which m, elements on the diagonal are equal to 1 and my elements
on the diagonal are equal to —1. Hence, the tensor product [p,] = [@] ®
-+ ® [p] is conjugated to the triangular matrix T ® - - - ® T' € GLx(Z) with
diagonal elements 1 and —1. Hence, the characteristic polynomial of @, is
P, (z) = (z — 1)™%*(z + 1), where mygymoy # 0 and may, + moy, = n*.
This characteristic polynomial has two irreducible factors p;(z) = x — 1 and
pa(z) = = + 1. Since pi(1) = 0 and py(1) = 2, then pi(1),pa(1) € 2Z. By
Proposition 2.3 any group Gy, k > 1, is residually 2-finite. Theorem 4.5
implies that G is residually 2-finite. m

5 Groups ) X, Z

In this section we are considering groups G = Fyx,7Z that are semi-
direct product of free group F» = (x,y) of rank 2 and the infinite cyclic
group Z = (t):

G=(zyt|t " at =p(x), t "yt = o(y)),

where ¢ is an automorphism of F;. The automorphism ¢ induces the
automorphism @ of the abelianization F¢® = F,/v,(F;). In the present
section, using results of Sections 3 and 4 we prove the following criteria of
the residual nilpotence.
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Theorem 5.1. The group G = Fyx,7 is residually nilpotent if and only if
det[@] = 1 and tr[p] &€ {1,3}, or det[g] = —1 and tr[p] = 0(mod2). At the
same time, if det[p] = 1, then G is residually p-finite for any prime divisor
of tr[p] — 2, and if det[p] = —1, then G is residually 2-finite.

Also, for any group of this type we find the length of its lower central
series.

Theorem 5.2. For the lower central series of G = Fyx,Z there exist only
three possibilities:

0) 1(G) = (G);
b) 1(G) =1;
¢) V,2(G) =1 and the length of the lower central series is equal to w?.

Problem 1. Is this theorem true if we take F,,, n > 2, instead Fy?

5.1 Groups with the lower central series of length 2

At first, let us describe groups for which the length of the lower central
series is equal 2.

Proposition 5.3. For the group G = Fyx,7Z holds v,(G) = Fy if and only
if det[@] = 1, tr[p] € {1,3}, ordet[p] = —1, tr[p] = +1.

Proof. By Proposition 3.3 the equality 7,(G) = F, is equivalent to the
condition [p] — E € GLy(Z). This is equivalent to the fact that the
characteristic polynomial Pg(z) = 2® — tr[@]x 4 det[] for x = 1 is equal

to +1. Hence, if det[p] = 1, then 1 — tr[p] + 1 = +1; if det[p] = —1,
then 1 — tr[@] — 1 = £1. These give the need values. If det[p] = 1, then
tr[p] € {1,3}. If det[p] = —1, then tr[p] = £1. O

From this Proposition it follows that the braid group Bs has the short
lower central series. This fact was proved by Gorin and Lin [13].

Example 5.4 ([13]). The braid group on 3 strands Bs = (01,09 | 010201 =
090103) is the semi-direct product

B3 = FQN@Z7

where Fy = <u = 090, v = 010201_2> = B} and Z = (o0;) acts on Fy by
the formulas

ou) =u =uw™, @) =v" =u.

We see that det[p] = 1, tr[p] = 1 and by Proposition 5.3 v2 B3 = v,Bs; = F5.
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5.2 Groups with the lower central series of length w

Note that if G = Fyx,Z is residually nilpotent, then v,(G) = 1. On the
other hand, G contains F3 and so v;(G) is non-trivial for all ¢ > 1, hence, in
this case G has the length of the lower central series equal to w.

The eigenvalues of any matrix in GlLg(Z) either both lie in Z and are
equal to 1, or both do not lie in Z.

Hence, the set of all groups of the form Fyx,Z is the disjoint union of
two subsets. For groups from the first subset Theorem 4.7 implies

Proposition 5.5. Let G = F3x,Z and [¢] has only integer eigenvalues.
Then G is residually nilpotent and in this case

a) if both eigenvalues are equal to 1 then G is residually p-finite for any
prime p;

b) if at least one eigenvalue is equal to —1, then G is residually 2-finite.
For groups from the second subset (without integer eigenvalues) holds

Proposition 5.6. Let G = Fyx,Z the determinant det[p] = 1 and the
eigenvalues of [@] are not integers. If tr[p] & {1,3}, then G is residually
p-finite for any prime p which divides tr[p] — 2.

Proof. The characteristic polynomial of [p] is the irreducible polynomial
f(z) = 2* — tr[p]z + 1 € Z[x]. By the assumption tr[p] — 2 = —f(1) = pl
for some integer [ and so

f(x)=a*— (2+pl)z+1 € Z[z].

The matrix [p] has two different eigenvalues r,7~! € C and is conjugated to
the diagonal matrix diag(r,7!), where r + 77! = 2 + pl € 2 + pZ. Since

2+ pl =tr[p] & {1,3}, then p & {£1}.
From the equality

A B T R e B e o A S Al IV <R I/

follows that all pairs r",r~" n € Z\{0}, are roots of irreducible over Z
polynomials of the form

fx)=2>—2+phz+1, [eZ\{0}.

Using induction by k > 1 it is not difficult to prove that [p,] = [p]®* is

conjugated to the diagonal matrix (diag(r,r~1))®* in which the diagonal
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elements ™, r~" n € 7Z, arrive in pairs. Hence, all irreducible factors of the
characteristic polynomial of this matrix have the form

flx)=2*—-2+phz+1, 1€Z\{0}or f(x) =2 — 1.

So, f(1) € pZ. By Proposition 2.3 all groups (F®)®* x5 Z are residually
p-finite for any prime p that is a divisor of tr[@] — 2. Theorem 4.5 implies
that G is residually p-finite for the same prime p. O

Corollary 5.7. If the matriz [@] lies in the congruence-subgroup T'y(m) <
GL2(Z), then Fyx,7Z is residually p-finite for any prime p which divides m.

From the previous results follows criterion of residually nilpotence of
G = Fyx,Z with det[p] = 1.

Theorem 5.8. Suppose that for the group G = Fyx,Z the determinant
det[p] = 1. Then G is residually nilpotent if and only if tr[p] & {1, 3}.

Proof. As we noted above, both eigenvalues of [¢] € GLy(Z) either lie in Z
and are equal to 1, or do not lie in Z.

Let tr[p] ¢ {1,3}. If the eigenvalues of [p] are integers, then by
Lemma 5.5 the group G is residually nilpotent. If the eigenvalues of [
are not integers, then by Lemma 5.6 the group G is residually nilpotent.

If tr[pp] € {1, 3}, then the need assertion follows from Lemma 5.3. O

For the studying of the case det[p] = —1, recall the definition. A group
is said to be wirtually residually nilpotent if it contains a subgroup of finite
index which is residually nilpotent. We know that not any group of the form
F,,x,Z is residually nilpotent. On the other side, Azarov [2] proved that
any semi-direct product of a finitely generated residually p-finite group by
a residually p-finite group is virtually residually p-finite and hence, contains
residually nilpotent subgroups of finite index. From this result follows

Proposition 5.9. Any group F,x,Z is virtually residually nilpotent.

Further we find a subgroup of finite index in F»x,Z which is residually
nilpotent.

Lemma 5.10. The group G = Fyx,Z contains a residually nilpotent
subgroup of index 2 that is isomorphic to FaxZ in all cases except
det[p]|=—1, tr[p] = £1. In the cases det[p] = —1, tr[p| = 1 it contains a
residually nilpotent subgroup of index 4 that is isomorphic to FyX aZ.
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Proof. 1t is well known that any matrix M € GLy(Z) satisfies to the charac-

teristic equation
2?2 —trM -z + detM = 0.

So, M? = (ttM)M + FE and tr(M?) = (trM)* — 2 for detM = 1, and
tr(M?) = (trM)? + 2 for detM = —1.
In our group

G = 2,2 = (z,y,t|t ot = p(z), t 'yt =e(y)),

the subgroup that is generated by elements x,%,t?> has index 2 and is
isomorphic to Fpx2Z. If det[p] # —1 or tr[p] # =+1, then tr([¢]?) =
(tr[@])* £ 2 & {1,3}. So, by Theorem 5.8 the group Fyx2Z is residually
nilpotent.

In the case det[p] = —1, tr[p| = +1, the subgroup that is generated
by z,y,t* has index 4, and is isomorphic to FyxZ. Since [p4] = [7]* and
tr([¢)?) = (tr[p])2+2 = 3, in this case det([@]?) = 1 and tr([p]?) = 32-2 = 7.
By Theorem 5.8 FyX 7 is residually nilpotent. [

Corollary 5.11. The Mikhailov group Gy = Fy X, Z, where ¢(z) = y,
o(y) = 2y, contains residually nilpotent group of index 2, which is generated
by x,y,t*. This subgroup is isomorphic to Fy X ,2Z, and is residually 3-finite.

Now we are ready to prove conditions under which groups with det[@] =
—1 are residually nilpotent.

Theorem 5.12. If det[p] = —1 and tr[p] = 0(mod2), then G = Fox,Z is
residually 2-finite.

Proof. By Lemmas 5.10 and 5.12, GG contains a residually nilpotent subgroup
H = {(x,y,t?) of index 2. Since [p?] = [#)?, det([#])?) = 1 and tr([7]?) =
(tr[¢])? + 2, by Lemma 5.6 H is residually 2-finite. Hence, H has decreasing
central series of normal subgroups of finite 2-indexes with trivial intersection:

H>H >Hy>..., (|H=1
=1

Since H is finitely generated and |H : H;| = 2™ for some n; € N, by [14,
Exercise 15.2.3] H; contains some verbal subgroup V; of H which has finite
2-index in H. It is easy to see that H is normal in G. Hence, we have

G>H>H; >V, i>1.
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Using the fact that V; is a verbal subgroup of H and H <1 G we get V; is
normal in G and |G/V;| = 2"+, Further, the series of groups

k
Wi =V
i=1
is a normal series with trivial intersection and G/W), are finite 2-groups.
Hence, G is residually 2-finite. m

5.3 Groups with the length of the lower central series

w2

In this subsection we prove that in all remaining cases for det[p] and
tr[¢] group Fy X, Z has the length of the lower central series equal to w?.

Theorem 5.13. Let G = F, %, Z. Suppose that det[p] = —1 and tr[@] is
an odd number, tr[p] # £1 then v,2(G) = 1.

Proof. In these cases the characteristic polynomial of [@] has the real roots
r and —r~!, such that r — r=' € Z\{0,£1}. Also, [@] is conjugated to the
diagonal matrix diag(r, —r~1).

Using induction by k, it is possible to prove that [p,] = [§]®" is
conjugated to the diagonal matrix with diagonal elements +ri i € Z. If
k =2n+1,n > 0 then all i are equal to all odd numbers such that |i| < k.
The set of diagonal elements is divided on the pairs {r?, —r~'} or {—r? r=i}.
If kK =2n,n > 1 then all i are equal to all even numbers such that |i| < k.
In this case the set of diagonal elements is divided into the pairs of the
form {r*,r~'} or {—r’, —r~'}. Furthermore, in the diagonal matrix which is
conjugated to [p]®* there exists only one pair {r*, —r=*} for k = 2n +1 and
only one pair {r*,r=*} for k = 2n.

It is evident that our pairs of roots for ¢ # 0 are the roots of polynomials
of degree 2:

]®k

folx) =2 + px — L or fs(x) = 2° + dx + 1,

where p = 4(r' —r7%), i =2n+1,n>0,and d = £(r' +r7%),i = 2n,n > 1.
Let us prove that in these polynomials the coefficients p, d are integers and
p # £1,6 € {—3,—1}. Indeed, the diagonal matrices are conjugated to
matrices [p|®*, k > 1, with integers coefficients, their traces are integers.
Hence, for the diagonal matrices

diag(r, —r~ ') and diag(r®, —1, —1,772),
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which are conjugated to [@] and [@]®?, respectively, we get that the sums
Land 72 + 772 are integers. Further, in the diagonal matrix which is
conjugated to [@]®*, k > 1, the pair r*, —r=* or r* v~ in depending on the
parity of k, occurs only once. By induction hypothesis all other pairs with
1 < k give the integer sums. Hence, the last unique pair for ¢ = k gives the
integer sum. Hence, all p,d are integers.

Let us prove that the coefficients satisfy the need restrictions, i.e. p #
+1,0 ¢ {—3,—1}. By assumption |[r — r~!| > 1. At first consider the
coefficient p. Without loss of generality, we can assume that |r| > 1. This
implies the inequalities

r—r

1 Pl
(it 1
a 7]

Il >

So, r* —r~* > 1 if » > 1. In these cases i are odd, hence the inequality
r < —1implies " —r~" < —1. So p = £(r' —r~%) # £1. For § = &(r' +r7)
the numbers i are even. We proved that p = &(r® — r™%) = £2, 43, ...,
t=2n+1,n > 0. Since

REE —pE/p*+4
2 Y

we have

2n
2 22 +4
S <) R

Hence, § = +(r' +r7") ¢ {—3,—1}, for i = 2n,n > 1.

To prove residually nilpotence of Gy = (F§*)®* x5 Z,k > 1 we can use
Proposition 2.3. Irreducible polynomials of the characteristic polynomials
P;, () are polynomials of the form f,(z) = 2*+pz—1or f5(z) = 2*+0x+1,
where p, § are integers and p # +1,5 & {—3,—1}, or p(x) = x = 1. Tt is clear
that f,(1) = p # £1, f5(1) =2+ # £1 and p(1) # 1.

By Proposition 2.3 all groups G, k > 1, are residually nilpotent. By
Theorem 3.5 we get v,2(G) = 1. O

We shall use the following claim.
Lemma 5.14. Let G = FyX,Z, w € v;(F2) and w" € [y;(Fy), G], then
[wa gi, - - 7gs]n S [ryi(FQ)JS-i-l G]7

foralls>1and g; € Gyi=1,...,s.
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Proof. We can assume that for s = 0 the commutator [w, g, . .., gs] is equal
to w. Then by assumption w" € [y;(Fy), G], i.e. for s = 0 the lemma is true.
Let

[w, g1, ..., 95" € [Vi(F2),511 G].
We will prove that

[U}, g1,---,3s, gSJrl]n € [7i<F2)as+2 G]

In this case
[[w> g1, - -- 7gS]n> gS+1] € [’Yio(FQ)aer? G]

Further, from the commutator identity [uv, w] = [u, w][u, w, v][v, w] follows

[w, 91, -, 9s]" gs1] =
=[w, g1, g5 gs1][0, 91, - -, G5, Goi1, [0, 91, -, gs]" ]
Jw, g1, Ge Gerrl[w, 91, -5 Gy Gsrns [wo g1, gs) TP
cew, g1, Gs, Ge][W, 91 Gss Gst1s (W, 91, - -, G-
fw, g1, ..., gss gs1),

that is

[[’LU, g1, - - 7gs]n7 gs+1] = ['LU, giy---53s, gS-i-l]n mod [7i<F2>7S+2 G]

Hence [w, g1,...,9s,9s+1]" € [Vi(F2),s22 G] and the induction hypothesis
implies the required claim. O

It is well known that if a group G is generated by a set M, then its
terms of the lower central series v;(G),7 > 1, are generated by the simple
commutators of weight 7 on elements of M and the next term of the lower
central series ;11(G) [14, Section 17|. For example, in F; = (z,y) the
term ~;(Fy), 7 > 2, is generated by simple commutators [z, ¥, g3, ..., ¢;] and
[y, z,gs,...,9], where g3,...,9; € {z,y}, and by the next term ~;,1(F3).
These observations implies the following lemma.

Lemma 5.15. Let G = Fyx,Z, Fy = (x,y) and Z = (t), then the subgroup
Mi(F2),: Gl 122,521,
is generated by the simple commutators
[, 9,93, -+, Gty -y Gas] and [y, 2,93, Gisr, - Givs),

where g; € {x,y}, for j < i, g; € {z,y,t}, for j > i, and the subgroup
[%‘(Fz),sﬂ G]-
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Now we are able to fined the length of the lower central series for groups
from Theorem 5.13.

Theorem 5.16. Let G = Fyx,Z. If det[p] = —1 and tr[p] is an odd
number, tr[@] # £1, then the length of the lower central series of G is equal

to w?.

Proof. By Theorem 5.13 we have ~,(G) = 1. Also, from the same
theorem follows that all extensions v;(F3)/7vit1(F2) xg, Z, © > 1, where
©; is the automorphism of Z-module 7;(F,) /711 (F») that is induced by the
automorphism ¢, is residually nilpotent.

Hence, by Lemma 3.6 it is enough to prove that v, (G) is non-trivial.

The quotient ~o(F3)/v3(F2) ~ Z is generated by the image of the
commutator [z,y]. Since det[p] = —1, the induced automorphism @y = —id.
Hence

1

[z, 9], 1] = [z, 9] o,y = [2,9]7° mod v3(F).

So,
[x>y]2 = Hxay]at]il mod 73<F2)

and [x,y]? € [12(F), G] < 73(G). By Lemma 5.14 we have inclusions
[$>y;91a---7gs]27 [y7x7g17"'7gs]2€ [72(F2)7S+1 G]a O 17

where g; € {z,y,t}. Further, by Lemma 5.15 the simple commutators

[:C7yagla"'7gs]7 [y7x7g17"'7gs]7 8217

where g; € {z,y,t}, generate by modulo of the subgroup [y2(F3), s11G] a
finitely generated abelian group with identity ¢g> = 1. Using induction by
k € N, it is easy to check that [z, y]*" € [12(F2), 1G] < Yrea(G).

By theorem assumption the characteristic polynomial P5(x) is irreducible
over Z and P5(1) = —tr[g] # 0. By Proposition 2.3 the group Fg° x5 Z is
residually p-finite for any prime divisor of tr[@]. Lemma 2.5 implies

Fy® > w(F5" @5 Z) 2 Py (1)F5".

Hence, the index
F5" (B3 15 Z)]

divides Pé(k_l)(l). More precisely, the images of z,y in Fg under

multiplication on m! lie in 7,11 (F§® x5 Z). Hence, we have inclusions

xmvym € [F27t]72<F2) < [FQaG] < VZ(G)'
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Lemma 5.14 implies

[I’,gl,. B 7g8]m7 [yagla s 7gs]m € [F27 S+1G]7 S Z L.

In particular, [z,y]™ € [F,G,G] < 43(G). By Lemma 5.15 the simple
commutators [x,¢1,...,9s), [¥,91,---,9s), s > 1, where g; € {z,y,t},
generate by modulo [Fy,s,1G] a finitely generated abelian group with
identity g™ = 1. By induction [z, y]™" € vu2(G), k € N.

Since m and 2 are mutually prime, we have [z,y] € 7,(G). Hence
Y2(F2) < 7,(G). The theorem is proved. n

Proof of Theorem 5.1. The proof follows from Theorems 5.8, 5.12, and 5.16

O
Proof of Theorem 5.2. To prove this theorem let us remark that the proved
results imply that for the lower central series of G' = F,x,Z there exist only
three possibilities: 7,(G) = 72(G) = F» (see Proposition 5.3); or 7,(G) =1
(see Proposition 5.6 and Theorem 5.12); or the length of the lower central
series is equal to w? (see Theorems 5.13, 5.16). O
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We consider some possibilities of expansions 1" of a theory Tiyp, of a
dense partial order with finitely many maximal chains and of the theory
Tamt of a dense meet-tree (M, <) [1, 2]. Some expansions of these theories
produce classical examples of Ehrenfeucht theories [3, 11|, [1, Examples
1.1.1.3, 1.1.1.4].

Recall that a dense meet-tree M = (M; <) be a lower semilattice without
least and greatest elements such that:

(a) for each pair of incomparable elements, their join does not exist;

(b) for each pair of distinct comparable elements, there is an element
between them:;

(c) for each element a there exist infinitely many pairwise incomparable
elements greater than a, whose infimum is equal to a.

The number of pairwise non-isomorphic models of a theory T', having a
cardinality \, is denoted by I(T, ).

Definition. [5|. A theory T is called Ehrenfeucht if 1 < I(T,w) < w.
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Definition. [6]. A type p(Z) € S(T) is said to be powerful in a theory T
if every model M of T realizing p also realizes every type ¢ € S(T), i.e.,
M E S(T).

The powerful types*, that always are represented in Ehrenfeucht theories
[6], play an important role for the finding of number of countable models.
If a complete theory is not of a powerful type, then it has infinitely many
models. Indeed, we take the type pg, since it is not powerful, there is a
type p1 and a model M that realizes the type py and omits the type pi,
since the types po, p1 are not powerful, again there is a type ps and a model
M that realizes the types pg, p1 and omits the type p, and etc. Thus, any
Ehrenfeucht theory has a powerful type.

Interrelations of types in theories are defined, in many aspects, by the
Rudin—Keisler preorders.

The next series of definitions and notations is taken from [1].

Let M, denote the class of isomorphic models that are prime over
realizing of type p.

Definition. Let p and ¢ be types in S(T'). We say that the type p is
dominated by a type q, or p does not exceed q under the Rudin—Keisler
preorder (written p <gx ¢), if M, = p, that is, M, is an elementary
submodel of M, (written M, < M,). Besides, we say that a model M, is
dominated by a model M, or M, does not exceed M, under the Rudin—
Keisler preorder, and write M, <gx M,.

Definition. Types p and ¢ are said to be domination-equivalent, realization-
equivalent, Rudin—Keisler equivalent, or RK-equivalent (written p ~grx q)
if p <gx ¢ and ¢ <gx p. Models M, and M, are said to be domination-
equivalent, Rudin—Keisler equivalent, or RK-equivalent (written M, ~gx

M,).

If M, and M, are not domination-equivalent then they are non-
isomorphic.  Moreover, non-isomorphic models may be found among
domination-equivalent ones.

Definition. Denote by RK(7") the set PM of isomorphism types of models
M,, p € S(T), on which the relation of domination is induced by <gg,
a relation deciding domination among M,, that is, RK(7") = (PM; <gk).
We say that isomorphism types M, M,y € PM are domination-equivalent
(written My ~ My) if so are their representatives.

A model M of a theory T is called limit if M is not prime over tuples
and M = J,,c,, Mn for some elementary chain (M),¢, of prime models of
T over tuples. In this case the model M is said to be limit over a sequence
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q of types or q-limit, where q = (¢n)new, Mn = My, ,n € w. If the sequence
q consists of unique type ¢ then the g-limit model is called limit over the
type q.
Definition. [7]. A theory T is said to be A-based, where A is some set
of formulae without parameters, if any formula of T is equivalent in T to
a Boolean combination of formulae in A.

For A-based theories T, it is also said that T" has quantifier elimination
or quantifier reduction up to A.

Definition. [1, 7]. Let A be a set of formulae of a theory T, and p(Z) a type
of T lying in S(T"). The type p(Z) is said to be A-based if p(z) is isolated
by a set of formulas ¢° € p, where p € A, § € {0,1}.

The following lemma, being a corollary of Compactness Theorem, noticed
in [7].
Lemma. A theory T is A-based if and only if, for any tuple a of any (some)
weakly saturated model of T, the type tp(a) is A-based.

The following fact is well-known using Lemma.

Fact. Theories Tiqpo and Tume are based by the set of quantifier-free
formulae and formulae describing non/existence of least/greatest elements
and in/comparability of elements.

Theorem 1. Let T' be an expansion of Tiapo 07 Tam: by countably many
disjoint convex momempty unary predicates P,, n € w. The following
conditions are equivalent:

(1) T is Ehrenfeucht;
(2) T has finitely many nonisolated 1-types.

Proof. At first we notice that by the Fact and the condition on unary
predicates P, the theory T is based by the set of quantifier-free formulae
and formulae describing non/existence of least/greatest elements and of the
formulae P,(z), n € w.

It T has finitely many non-isolated 1-types pi(z),...,pr(x), then the
sets of realizations of these 1-types in a model M = T are formed by
accumulation points with respect to definable sets P, (M) such that each
pi(M) has 3 or 6 possibilities for countable models up to isomorphism, as in
[8, 9, 10]. Collecting these independent finite possibilities we obtain 3! - 6™
countable models, for I,m € w, [+m > 1, as in [8, 9, 10, 11|, implying that
T is Ehrenfeucht.

Conversely, if T has infinitely many non-isolated 1-types, then by the
described basedness we can independently realize and omit these 1-types
producing 2“ countable models. O]
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Applying the arguments for the proof of Theorem 1, we obtain:

Theorem 2. Let T' be an expansion of Tiapo 0T Tamy by countably many
disjoint convex monempty unary predicates P,, n € w. The following
conditions are equivalent:

(1) I(T,w) =2%;

(2) T has infinitely many non-isolated 1-types.

Replacing predicates P, by constants ¢, we obtain the following theorems
characterizing Ehrenfeuchtness and the maximal number of countable
models for a theory in both in topological an syntactic terms.

Theorem 3. Let T' be an expansion of Tipo 07 Tam: by countably many
distinct constants c,, n € w. The following conditions are equivalent:

(1) T is Ehrenfeucht;

(2) the set C = {c, | n € w} has finitely many accumulation points, being
non-isolated 1-types, in a saturated model of T';

(3) T has finitely many non-isolated 1-types.

Theorem 4. Let T' be an expansion of Tipo 07 Tame by countably many
distinct constants c,, n € w. The following conditions are equivalent:

(1) I(T,w) =2%;

(2) the set C' = {c, | n € w} has infinitely many accumulation points,
being non-isolated 1-types, in a saturated model of T';

(3) T has infinitely many non-isolated 1-types.

Theorems 1-4 confirm the Vaught conjecture for special expansions of
depo and Tdmt-

Corollary. Let T be an expansion of Tipdo 07 Tame by countably many disjoint
convex unary predicates or by countably many constants. Then either T is
Ehrenfeucht or I(T,w) = 2.

Remark. For expansions of dense linear orders and their finite disjoint unions
the results above hold by [9, 12, 10, 11]. Using |9, 12| they can be spread for
partial ordering analogues of quite o-minimal and weakly o-minimal theories
admitting the description of distributions of countable models similar to
[1, 10, 11].

Example. We set 7' = Th((T; <, cp,,)new), where < is an ordinary
strict order on the set T of infinite dense branching tree forming a lower
semilattice, constants ¢, form a strictly increasing sequence, and constants
¢ form a strictly decreasing sequence, ¢, < c,,n € w. The theory T" has
six pairwise nonisomorphic countable models:
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e a prime model with empty set of realizations of type p(z) isolated by
the set {c, <z |newlU{r <d, |necw}

e a prime model over a realization of p(z), with a unique realization of
this type;

e a prime model over a realization of type ¢(x,y) isolated by the set
p(z) Up(y) U{zx < y}; here the set of realizations of ¢(x,y) forms a closed
interval [a, b];

e three limit models over the type ¢(z, y), in which the sets of realizations
of q(z,y) are intervals of forms (a,bl, [a, b), (a, b) respectively.

In Figure 1, we represent the Hasse diagram of Rudin-Keisler preorder
<pk and values of distribution functions IL of numbers of limit models on
~rK-equivalence classes for the theory 7.

Having three sequences (¢, )new, (€),)new, (¢ )new of constants, where the
first one strictly increases, and two others strictly decrease with respect to <
on the tree T, ¢, < ¢}, ¢, < ¢, n € w, ¢; and ¢} are incomparable, i, j € w,
the theory 72 has 7 prime models over tuples and 27 limit models, that is,
I(T? w)=34.

Figure 2 represents the Hasse diagram for Rudin-Keisler preorder <gg
and values for the function IL of distribution for numbers of limit models on
~rk-classes of theory T2; we also pointed out types over which models are
prime or limit.

Note that additional expansions by strictly decreasing sequences of
constants preserve the Ehrenfeuchtness of theory. In this case, the number
of possibilities is defined, as above, by links between limits of sequences.

i®3
P@® 0
0
(T, w)=6 I(T? w) = 34
Figure 1 Figure 2

Examples above illustrate possibilities for complications of characterizing
pair (Rudin-Keisler preorder, distribution function for numbers of limit
models) and quite rapid increase of number of limit model relative to
constant expansions in the class of Ehrenfeucht theories.
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We consider a generalization, for some partially ordered theories, of
descriptions for algebras of binary isolating formulas [1, 2| for a series of
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Recall some necessary definitions. A subset A of a linearly ordered
structure M is convez if for all a,b € A and ¢ € M whenever a < ¢ < b
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(M,=,<,...) such that any definable (with parameters) subset of M is a
union of finitely many convex sets in M. Real closed fields with a proper
convex valuation ring provide an important example of weakly o-minimal
structures.

Let T be a weakly o-minimal theory, M =T, A C M, p,q € S1(A) be
non-algebraic. We say that p is not weakly orthogonal to g (denoting this
by p LY q) if there exist an A-definable formula H(z,y), a € p(M) and
B1, B2 € q(M) such that p; € H(M,«) and By & H(M,«). In other words,
p is weakly orthogonal to g (denoting this by p L% q) if p(z) U q(y) has a
unique extension to a complete 2-type over A.

We say that p is quite orthogonal to q (p L9 q) (|7]) if there is no A-
definable bijection f : p(M) — q(M). We say that a weakly o-minimal
theory is quite o-minimal if the notions of weak and quite orthogonality
coincide for 1-types over arbitrary sets of models of the given theory.

Let M be a weakly o-minimal structure, A C M, p € S;(A) be non-
algebraic. We say p is quasirational to the right (left) (|8]) if there is an A-
definable convex formula U,(x) € p such that for any sufficiently saturated
model N = M, U,(N)* = p(N)* (U,(N)~ = p(N)7). A non-isolated 1-type
is called quasirational if it either quasirational to the right or quasirational
to the left. A non-quasirational non-isolated 1-type is called irrational.

Obviously an 1-type being simultaneously quasirational to the right and
quasirational to the left is isolated.

We extend the definition of the rank of convexity of a formula [9] on
arbitrary (non-necessarily definable) sets:

Definition. [9]|. Let T" be a weakly o-minimal theory, M =T, A C M. The
rank of convexity of the set A (RC(A)) is defined as follows:
C(A)=-1if A=10.

1) R
2) RC(A) =0 if A is finite and non-empty.
3) RC(A) > 1if A is infinite.
4) RC(A) > «a+ 1 if there exist a parametrically definable equivalence
relation E(x,y) and an infinite sequence of elements b; € A, i € w, such that:

e For every i,j € w whenever i # j we have M = —E(b;,b;);

e For every i € w, RC(E(z,b;)) > a and E(M,b;) is a convex subset of
A.

5) RC(A) > 4§ if RC(A) > « for all a < §, where 0 is a limit ordinal.

If RC(A) = « for some «, we say that RC(A) is defined. Otherwise (i.e.
if RC(A) > «a for all a), we put RC(A) = 0.

The rank of convexity of a formula ¢(x,a), where a € M, is defined as
the rank of convexity of the set ¢(M,a), i.e. RC(¢(z,a)) :== RC(p(M,a)).
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The rank of convezity of an 1-type p is defined as the rank of convexity
of the set p(M), i.e. RC(p) := RC(p(M)).

A structure of the form M = (M,=,<,...), where (M, <) is a partially
ordered set, is said to be a partially ordered structure. In every partially
ordered structure that is not linearly ordered the notion of incomparability
of elements ¢ appears, i.e.

roy:=-(x=y)A-(x<y)A-(z>y).

For arbitrary subsets A, B of a structure M we write Ao B if a¢ b
whenever a € A and b € B. Any family of pairwise incomparable elements
of a partially ordered structure is said to be an antichain. We say that a
partially ordered structure has width < X if any its antichain contains at
most A\ elements.

Remark 1. Notice that by Compactness if a theory T" has a model with an
infinite antichain then 7" has models with unboundedly large antichains.

So each partially ordered theory T either has a finite width, i.e. a fixed
natural width for each maximal antichain in a model of 7', or the width of
T equals oo, if some model of T has an infinite antichain.

The notion of weak o-minimality was generalized on partially ordered
structures by K.Zh.Kudaibergenov in [10]. A weakly partially o-minimal
structure or weakly p.o-minimal structure is a partially ordered structure
M = (M,=,<,...) such that any definable (with parameters) subset of M
is an union of finitely many convex sets in M. A theory T is said to be
weakly partially o-minimal if so is every its model.

Using Cayley tables for countably categorical weakly o-minimal theories
[3] and quite o-minimal theories [4] we explicitly define the classes of
commutative monoids 2A,,, respectively, AR, AL AL of isolating formulas
for isolated, respectively, quasirational to the right, quasirational to the left,
irrational, 1-types p of quite partially o-minimal theories with few countable
models, with convexity rank RC(p) = n.

Recall that the algebra 2, being a (P, R, n)-wom-monoid [3], is defined
by induction as follows.

The monoid 2l is defined by the following table:

10 1 2
O1{0y | {1} {2}
1| {1} {1} {0,1,2}
2 {2} {0,1,2} {2}

The monoid 2; is defined by the following table:
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0 1 2 3 4
{0y | {1} {2} {3} {4}
{1y {1} [{0,1,2} {3} {4}
{2} 1 {0,1,2} | {2} {3} {4}
{3t {3} {3} {3} {0,1,2,3,4}
{41 | {4} {4t [1{0,1,2,3,4} {4}

If the monoid 2, is already constructed then its extension 2, ,; is defined

=W N = O

by adding the labels 2n 4+ 1 and 2n + 2, with the operation - on the set
P({0,1,2,3,4,...,2n+ 2}) \ {0}, with the following table:
. 0 1 2 3 4 2n + 1 2n + 2
0 0 {1} {2} 3 4 2n + 1 2n + 2
T 1 {1t 10,1, 2} 3 1 on + 1 on F 2
p) p) 10, 1,2} 2} 3 1 on + 1 on + 2
3 3 {37 3} 3 10,1, 2, 3,47 2n + 1 2n + 2
1 1 {4} 1} {0,1,2,3, 47 {ar on + 1 2n + 2
T [ {Zn+ 17 | {2nd17 | Enti} | @nt iy n 117 IPTEY {o,'i,‘.u}
Lo, 2n 42
2n + 2 {2n + 2} {2n + 2} {2n + 2} {2n + 2} {2n + 2} {0,1,..., {2n + 2}
.., 2n 4+ 2}

Thus we have a chain of sequentially embedded monoids: 2A,, C 2,1,

necw.

The (P, QR,n)-wom-monoid %% for a quasirational to the right 1-type

p and the (P, QL,n)-wom-monoid A% for a quasirational to the left 1-type
P/, with RC(p) = RC(p') = n, are defined by the following table with 2n
labels:

- 0 1 2 3 4 2n — 3 2n — 2 —1
0 0 {17 127 3 1 2n —3 2n —2 1
1 1 {1} 10,1,2} 3 1 | {2n—3 o — 2 1
2 2 70,1, 2} 2] 3 1 | {2n—3 on — 2 1
3 3 BT 3} 3 10,1,2, on —3 on — 2 -1
3,4}
4 {4} {4} {4} {0, 1,2, {4} {2n -3} | {2n -2} | {-1}
3,4}
2n — 3 {2n — 3} {2n — 3} {2n — 3} {2n — 3} {2n — 3} {2n — 3} {0,1,... {-1}
2n — 2}
2n — 2 {2n — 2} {2n — 2} {2n — 2} {2n — 2} {2n — 2} {0,1,... {2n — 2} {-1}
2n — 2}

= =) =) =) =) =) =) i (-0

Any irrational 1-type p with RC(p) = n has an algebra 2! with 2n — 1
labels and the following table:

- 0 1 2 3 4 2n — 3 2n — 2

0 0 {1} {2} 3 4 2n — 3 2n — 2

1 1 {1} 0,1,2} 3 1 2n — 3 2n — 2

p} p) 70,1, 2} p} 3 1 2 — 3 n — 2

3 3 131 3 3 10,1,2,3,4} 3 —3 n —2

1 1 {4} 1 {0,1,2,3,4} {4} 2n — 3 2n — 2
2n — 3 {2n — 3} {2n — 3} {2n — 3} {2n — 3} {2n — 3} {2n — 3} {0,1,...

., 2n — 2}
2n — 2 {2n — 2} {2n — 2} {2n — 2} {2n — 2} {2n — 2} {0,1,... {2n — 2}
.., 2n — 2}
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Clearly the algebra 21! is isomorphic to the (P, Rg, n)-wom-monoid 21,,_;.

Notice that if a chain in a quite partially o-minimal theory is marked by
a unary predicate P then the results of 3, 4] can be applied for 1-types p(x)
containing P(x). Thus, for an algebra B, of binary isolating formulas of
1-type p we have the following theorem.

Theorem. Let T be a quite partially o-minimal theory of finite width with
few countable models and with finitely many unary predicates marking all
mazimal chains, p € S1(0) be a non-algebraic type. Then there exists n < w
such that:

(1) if p is isolated then P,y ~ Ap;

(2) if p is quasirational to the right (left) then P = AR (P ~
QLSL),'

(3) if p is irrational then B, ~ AL.

Corollary. Let T be a quite partially o-minimal theory of finite width with
few countable models and with finitely many unary predicates marking all
mazimal chains, p,q € S1(0) be non-algebraic types. Then Py ~ Pu(q) if
and only if RC(p) = RC(q) and the types p and q are simultaneously either
1solated, or quastrational, or irrational.

Remark 2. If chains are not marked by unary predicates algebras of binary
formulas for quite partially o-minimal theory of finite width can be more
broad than described in Theorem, being extended by the following links for
elements of antichains: if 0 marks the formula z = y and 1* for the formula
-z < yA-y < x then we have 0-0 = {0}, 1*-0=0-1* = {1*}, 1*-1* = {0}
for two-element antichains and 1*-1* = {0, 1*} for antichains of a cardinality
> 2.

The following example illustrates a possibility for algebras of binary
isolating formulas for a partial order.

Example. [2, 11|. Let M = (M;<) be a lower semilattice without least
and greatest elements such that:

(a) for each pair of incomparable elements, their join does not exist;

(b) for each pair of distinct comparable elements, there is an element
between them;

(c) for each element a there exist infinitely many pairwise incomparable
elements greater than a, whose infimum is equal to a.

Expand the structure M and its theory Ty by constants ¢,, n € w,
such that ¢, < ¢,11, n € w. The theory T} of this expansion has exactly
three countable models: the prime model; the saturated model; the prime
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model over the realization of the powerful type p(z), isolated by the set
{¢n < x| n € w} of formulas.

The unique 1-type p(z) of the theory Tj has the following binary isolating
formulas:

Oo(x,y) ==z =y,
O1(x,y) ==z <y,
Oa(x,y) =y <z,
Os(z,y) =Fz(z <z Az<y) A=z =y)AN=(x <y)A-(y < z).

The algebra 9B, of binary isolating formulas for the type p(x) is defined
by the following table:

0 1 2 3

{0} {1} {2} {3}
{1} {1} {0,1,2y | {1,3}
{2} 1{0,1,2,3} | {2} {3}
{3} {3} {2,3y [{0,1,2,3}

For the algebra 9,,) of binary isolating formulas for the type p(x) we
have two isolating formulas:

W =D -

90($,y) =T =Y,

0_1(z,y) =2 <y.
This algebra is defined by the following table:

: 0 —1
0 | {0y | {1}
L =1y [ {1}
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1 BpBoaumpble IOHATHUA 1 OIIpedejIeHUd

[ox n-mecmmoti onepayueti Ha MHOXKeCTBEe A TOHUMAIOT OTOOpaYKEHUE
u3 A" B A. MHOXKecTBO Bcex n-MeCTHBIX oreparuii Ha A 00o3HadInM [Uepe3
n
Py
[Tox panrom oreparyu HOHUMAeTCsi MOIHOCTD MHOKecTBa A (k = |A]).
Omnepanuu f € P4, tne A = {ag,...,ax_1} MOXKHO IPEJICTABUTH KaK
0TOOparKeHUsI
. {90 k—1yn k—1
foA20, . 2" e {128

noJTydaeMblX U3 f 1pu Koguposke a; — 2'. Ilpu sToM omepammio f 3a-
TaJMM BeKTOpHOI dbopMoit {ag, ..., 1}, tae o € {20,... 281} =
f(29...,27m) e (j1...Jn) €CTH NMpPEJCTABJIEHHE § B CHCTEME UCUUCICHUS
110 OCHOBAHUIO k N-Pa3PAHBIM THUCIOM.
OnpeieuM n-MecTHYIO OIIEPAIIO TIPOCKTHPOBAHUS IO 1-OMY apryMeHTY
CJIEJIYIIIIM 0Opa30M:
er(ay,...an) = a;

Bunapuasi omneparus NMpoOeKTHPOBAHUSA paHra 3 IO MEPBOMY apryMeHTY B
BEKTOPHOIT (bopMe 3ammcbiBaeTcs cietyiomum obpazom: er = (111222444)

OmpeenM e ayIonryo MeTaolepalnuo Ha MHOKECTBE OIlepalnii — cy-
neprosunuio onepanuit f € Py n Py

(f*fla"'7fn)<a1?"'>am):f(fl(ala"'aam)a"-vfn(a'lw"vam))

Arebpoit n—MecTHBIX oreparuii Haj MHOXkKeCTBOM A Ha3bIBaIOT JI0O0E
nogmHOKecTBO K C PJ, 3aMKHYTOe OTHOCUTEJIBHO CYHEPIIO3UIINN U COomep-
JKallee Bce n—MeCTHBIE OlepaIuu TPOEKTUPOBAHUSI.
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HaszoBem naumenvwed (mpusuarvrotl) anrzebpoti anredbpy, COIEPIKAIILYTO
TOJIBKO OTIEPAINK ITPOEKTUPOBAHUS.

Munumarvroti anzebpoti Ha3oBeM ajaredpy, He cojep:Kallyio B cebe Io-
Jaarebp, KpoMe HauMeHbIIell (TpUBHAJIbHOI ).

[Iycre K mmauMabHasg aiarebpa. Torma nadmunumanvroti anreebpoti U
Hasi K HaspiBaeTcs ajredpa, He cojepxKkalias B cebe 1ogaredp, KOTopbie
comepxkar K.

[Topoxkgatommum MHOXKECTBOM Jijisi ajaredbpbl K OyaeM Ha3blBaTh Takoe
MHOKECTBO OIlepalyii, ajaredpandeckoe 3aMbIKaHHE KOTOPBIX COBIAIAET C
K.

Basucom mig anredpor K Oyjem Ha3bIBaTh MHUHUMAJIBHOE ITOPOXKIAIO-
Iee MHOYKECTBO, aJirebpamdecKoe 3aMblKaHne KOTOPOro (BMecTe ¢ olepa-
IUSIMU TIPOEKTUPOBaHUsT) mopoxkaaer aaredbpy K. IIpu sTom B nepeuncie-
HAM TIOPOKJIAIoNero Oasmca OyeM OIyCKaTh Olepalui IIPOEKTUPOBAHUSI,
T.K. OHH BCerjJa IPUCYTCTBYIOT B ajrebpe 1o onpejenenuto [1].  Asre6-
py K Oynem obo3HAYaATh Uepe3 MOPOXKIAIONINI 0Aa3KUC CJIETYIONIIM 00Pa30M:
K = [fla"'afm]

ITon obsedureruem arzebp TPUHATO MOHUMATH AITeOpAMIECKOe 3aMbIKa-
Hie O0beIMHEHNS JIEMEHTOB, BXOJMAIINX B 9TU aJreOphl.

Hepasnootcumoti anreebpoti Oymem Ha3bIBATh ajaredpy, KOTopasi He IIpeJ-
cTaBUMa B BHUJE OO0beIUHEHUs COOCTBEHHBIX mHojaredp. U3 ompenenenus
OYEBHU/JIHO, UTO JII0OO0I 6a31c Takoil ajredpbl COIEPXKUT TOJBKO OJIHY Ollepa-
IO,

Pasnootcumoti anrzebpoti 6yaem Ha3bIBATH aarebpy, KoTopas Ipe/icTaBuMa
B BHUJIe O0beIUMHEHNS COOCTBEHHBIX ITOIAITe0D.

Hepaznoxumas HagMuHIMAaIbHAS ajaredpa HaJ  MEHUMAJIbHONH K He Mo-
JKeT OBITH HAJIMUHUMAJILHON HAJI JIPYTOil MUHUMAJILHOM aarebpoi.

Paznoxxkumas nagMuHIMaIbHAS aaredpa Ha/ MUHIMAJILHON aaredpoit K
COJIEPKUT eIle XOTsI Obl OJIHY JIPYT'YI0 MUHUMAJIHHYIO aJIreopy.

2 HccaemoBaHuda pelneTkn ajredp OmMHAPHBIX
oriepanuii paHra 3

Panee B pabore Jlay /1. [2] 6buin nosydenst Bece 699 anrebp yHapHbBIX
oreparnuii panra 3, U3 HUX H MAKCUMaJbHLIX U 13 MUHUMAJILHBIX. B pabo-
Tax |3, 4| OB TTOJIyUEHBI ¥ ONHCAHBI OA3UCHI 18 IIPE/IIOIHBIX KJIACCOB Pe-
METKN KJIOHOB PaHra 3. DTH K/IACChl IMEIOT KOHEUHbIE DA3UCHI U COCTOST U3
oreparyii, 3aBUCAIIUX He DoJiee YeM OT JIBYX IepeMeHHbIX. TakuM obpa3om,
IIPEJITIOJIHBIE KJIACChI B PENIETKE KJIOHOB OY/IYT COBIIQJIATH C IPEJIIIOTHBIMEI
KJIacCaM# PENIéTKN OMHAPHBIX Oollepalinii paHra 3.
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B pabore [5] 6buin HaiiieHbl Bce MUHUMAJIbHBIE AJreOpbl B PEIIETKe G-
HApHBIX Ollepannii paHra 3, HO He yJaJIOCh MOJIyIUTh UX KJIACCH(MUKAIHIO.
[ia pemennsa maHHON 3312491 MOTPEOOBAIOCH HAWTH BCe HAMHHAMAJILHBIE
anreOpbl HaJl BCEMU MUHUMAaJIbHBIME ajirebpamu. [ljis 3Toro HaJMIHIMAJIb-
Hble aareOpbl OB Pa30UTHI Ha JIBA MHOXKECTBA: Pa3JI0KUMbIE U HEPA3JIO-
JKHIMBIE.

3 Hepa3zigoxxumbie HaAMIHAMAJIbHbIE aJITeOpbI

A ={1,2,4}. Ilycrp K — muHNMaJbHas ajrebpa OMHAPHBIX Olleparuii
nay A. Torma mepasioxkuMmble HaMUHIMAIBHBIE aareOpbl G Hag K moryT
OBITH OPOZKJIEHBI TOJBKO omeparusivu [g] = G Buga: (rogasasyayasagz),
rne v = f(1,1),y = f(2,2),z= f(4.4),f € K | [f] = K.

[TpuBe ieHHOE BbIIIE CBOWCTBO ONE€PAIHii, IOPOXKJIAIONIUX HEPA3IOKUMbIE
HAIMUHUMAJIbHbIE aJrebphl, TI03BOJIMIO HAJIOKUTH OTPAHUYEHUsT Ha MHOXKE-
CTBO PacCMaTpUBaeMbIX Olepaluii ¥ HaTH BCe HEPA3JIOKUMbIE HaJIMUHU-
MaJibHbIe ajarebpbl. Beero takux anredbp ObL10 Haiijgeno 87.

4 Pazgoxkumble HAIMUHAIMAJIbHBIE aJIT€OPhI

Paccmorpum mMuaEMabHyo anredbpy [K| = fnn. Dasuc, mopoxiato-
il Ha IMUHUMAJIBHYIO ajreOpy HaJl MUHUMaJbHOI asirebpoit [K|, moxer
COCTOATH TOJBKO U3 [y, W JAPYTUX OMEPAaInil, MOPOXKIAIONIIX MUHAMA -
Hble ajareOpol. [Ipm HaxoXKjeHHHM HaIMUHUMAJILHBIX Pa3JI0KUMBIX ajaredp
HCII0JI30BAJIOCh PA3JIOZKEHNE 3aMbIKAHUS:

[flaf27f3 o afk] = [[f17f2]7 CI) [flafk]a [f?af?)]a sy [fZafk’]; CII) [fk—lafk’]]'

Pacemorpum asrebper wan [K. Jlobas manmunuManbhas anrebpa Haj [K]
B CBOEM DA3JIOXKEHHU UMeET HADBL [fmin, frinls THE frin TOPOXKIAET APY-
ry1o MuHAMaJIbHyIo airebpy. [Ipnaem ecim kakas-mm6o u3 nap [ fomimn, frym B
PA3JIOKEHNUN SABJIACTCA HAMUHIMAJIBHOMN, TO 3aMbIKAHUE BCETO PA3IIOXKECHHS
60 COBIAJET € 3aMBIKAHUEM STON Mapbl, JUO0 He OYJIeT MOPOKIATH HAJl-
MUHUMAJIBHYIO asreopy. Eciau mapa |fiin, fiin] B DA3I0KEHNN He ABIACTCS
Ha/IMUHAMAJIBHON, TO M 3aMBIKANIE BCEIO DA3JIOXKEHHs He OymeT MOpOXK-
JlaTh HaJIMUHUMAJIbHYIO ajarebpy. Taxkum obpasoM, Jiid HAXOXKICHUS Ha/l-
MHUHAMAJIBHBIX PA3JIOKUMBIX anrebp HaJ K J0CTATOIHO PACCMOTPETh BCe
BO3MOKHBIE aJIreOpbl, OA3UC KOTOPBIX COCTOUT U3 TAD |fimin, [rm]- Bcero

ObLI0 Haileno 474 HaIMUHUMAJIBHBIX PA3JI0KUMBIX ajareop.
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5 IlosydeHnHble pe3yabTaThbl

Teopema 1. Hucio pazsudnol HAGOMUHUMAALHOLL AA2E0D HAD GCEMU MU-
HUMAALHOMY an2ebpamu pacro 561, ud Hux 47/ pasroocumoir u 87 nepas-
AOHCUMDLE anzebp. JIas kaocdol ud 64 MUHUMAALHLT anzebp 6 mabauue 1
npuBedeHo YUCAO HAOMUHUMANLHLLT an2ebp Had Hell, 2de 6 cmoabuax T 1
u T 2 yka3ano KoAUMECTNEO HEPASAOHCUMDIL U PA3AOACUMBLET AA2€0D COOM-
8eEMCMBEHHO. MU AA2EODBL NONHOCTIDIO ONUCAHDL.

Tabsmma 1: KoandecTBo HaIMUHUMAJILHBIX ajJaredp HaJl Bce-
MU MUHUMAJILHBIMI aJreOpaMu.

Cls Alg T1|T2]|Cls Alg T1|T2
[[I1111111] [114222144]

1 [222222222| 3 20 9 [111224424] 0 16
[444444444| [121122444)]
[142142142] [114122424]

2 [214214214] 0 10 10 | [121224144] 0 10
[421421421]

3 | [241241241] | 0 | 3 | 11 | [142421214] | 0 | 8
[114114114] [122222444]
[122122122] [144222444]
[121121121] [111424444]

Vol nagnaanag) | ¢ ) O | 2 ooy | P | Y
[224224224] [111222224]
[424424424] [111121444]

[141222444]
[111422244] [111222244]
[111222414]
O parzo2ang | 0 M B io1aag | 10
[112222444]
[112221444| [111422444]
[114222424] [121222124]
[121222144] [124222424]
[114122444| , | [114124444]

O 1 notzoaaaa) | O | T | 2azoaaag) | L 1O
[111122424] [111122124]
[111224144] [111124144]

[111224444]
[112222244] [121222444]
[111122444]

7 [141422444| 0 0 14 [111222144] 2 16




80 /1. A. Epemenko

114222444
[111221414] [111222424]
[121222424] [122222224]

8 | [114224444] 15 | 15 | [144424444] 9
[111122144] [111121114]
[111124444]

16 | [111222124] 2 10
[124222444]

Tyr u namee A = {1,2,4}. Beenem ciieyroriue MHOKECTBa YHAPHBIX OIIe-
panuii:

o 01 ={fa| fu(1) = fa(2) = fu(4) = a,r1e a € A}.

o Oy = {fa | fala) = a, fa(b) = ¢, falc) = byraea # b,a # c,b #
ca,b,ce A}

e Os={f|f(1)=2,f(2) =4, f(4) = 1}.

o Oy ={fea| feala) = a, fea(b) = b, fea(c) = d, tne a # b,a # ¢, b #
c,c#da,be,de A}

L4 05 = {fa,b ’ fa,b(a) = b> fa,b(b) = ba fa,b(c) = a, rac a 7& b7a 7& Cab 7é
¢, a,b,c € A}.

Teopema 2. Mrootcecmso MUHUMANOHBDIT AA2E0D OUHAPHBLT ONEPAUUT par2a
3 paszbusaemcs Ha caedyrouLue NONAPHO HENEPECEKANULUECH KAGCCDL:

o Ki={[ge] | €A}

fe,(x) dnay =1, ede f., € Oy
901(y>$) = { fCl (.13) ons y =2, ede f61 €O,
(

fe,(z) dnay =4, ede f., € Oy
o Ky ={[gu] | a1 € A}
fC1 (I) ons y=1, ede fc1 € 02
gC1(yax) = { fcl(w) ons Y= 4 ede f01 € 02
fe,(z) dnay =4, ede f., € Oq
o Ky={[g}}
f(z) dnany=1, ede f, € O3
gmﬂz{ﬂﬂmwzle%he%
f(z) dnay =4, ede f., € O3
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o Ky = {[961,02] | C1,C2 € A,Cl 7£ CQ}

fereo(x) dnay =1, ade fe ., € Oy
gCl Cc2 (y7 ) f01702 (.T) a‘/l"ﬂ y = 27 20@ fcl,CQ S 04
f61,02<x) d/L,ﬂ y = 4 2&6 f01702 € 04

o K5=1{[gs) | a € A}
0oy, ) = { fo(z) Onay = a, 2de f, € Oy

e(x) das ocmanvHuT Yy

b K6 = {[901,02,03] ’ C1,C2,C3 € A,Ci 7& Cj}
f01702 (l’) o Yy = Cy, 2de fcl,cz S 04
{ f03701 (x) ons Yy = c, ede ng,Cl € 04
e(x) das ocmanvHoiz Y

Gei,ca,c3 (y,r) =

o K7 ={[9crco,05) | 61,02,03 € A ¢ #cj}
fcl 02 d/L‘ﬂ’ Yy = cs, Zae fC1,CQ S 04
fcg o d/m Yy =y, ede feyco € Oy
e(x) d/m 0CMANLHVLT Y

ac A

a(T

gCl c2,C3 y?

i = {[94] |
ga<y’ )_{ ())d/my—a ede f, € O

OAS OCANDHBIT Y

o Kg={[0e1.co) | 1,020 € A i # ¢}
fereo(x) Onay = ca, 2de fe o € Oy
Ger,eo (Y, T) = Jerer (z) daay = ci, 2de fey e, € Oy
e(x) das ocmanvHbiT y

o KlO = {[901702,03] ’ C1,C9,C3 S Aaci 7é Cj}
Jereo(T) Onay = ca, 20e fo o € Oy

961762763(%1:) = { f03761 (:L‘) oA Yy = c, ede fcs,cz € 04
fC27C3(x) ons Yy = Cs, 2de f02,03 € 04

o K1 =g
fi(z) dnay =1, 2de [fi] € Oy
9y, x) { fo(z) dnsy =2, 2de[fs] € Oy
fa(z) onsy =4, ede[fs] € Oy
i K12_ 96102] | ClacQGA 017&02}
d/m y=a0c
Gerea (U, 2 fCl o (T) das ocmanvnwr y, 2de f., ., € Oy

o Ki3={ 90102] | 01702 €A c # o}
x) oy =c

Geq,co y) d/Lﬂ Y = Co
fc1 o (T) das ocmanvnwr y, 2de fo, ., € Oy
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o Ky = {[gcl,z:g,cs] | ci,C2,c3 € A, ¢ 5& Cj}
fereo(®) Onay =co, 20e fe, o € Oy

Gereanes (Y, ) = { fes(x) Onay = c3 ede f., € Oy
e(x) dany =

d K14 = {[901782] | C1,C2 S A,Cl 7é CQ}
( l‘) = fCl,Cz(x) ons Yy = C, 2de fc1,02 S 04
Jer,e\Y, e(z) das ocmanvnux y

i K15 = {[901,62,03] | C1,C2,C3 € A,Ci 7£ Cj}
f01,02(m) ons Yy = C3, ede f01,cz € 04

gCl,CQ,C3 <y7 l.) = { fC3,CQ (.’,U)d/wl y - Cl? 2(36 fC3,Cz E 04
fer () Ona y = co, ede f., € Oy

o Kig= {[961702,03] | c1,¢0,03 € A ¢ # Cj}
fereo(x) Ona y = ca, 2de fey o € Oy
Gerienes(Ys ) = § fere5() Oy = cs, 2de fe, s € Oy

e(z) das ocmanvnux y
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Panee B paborax [1]-[12| pacemarpuBaiuch pasindanbie KOMOMHAIIUT TEO-
puit. B nacrosimeit paboTe MbI IIPOJIOJIZKAEM HCCJIeIOBAHNE KOMOUHAIINIA, a
UMEHHO, Oy/IeM pacCMaTpUBATh F-KOMOMHAIINN TOYTH W-KATETOPUIHBIX CJIa-
00 O-MUHUMAJIBHBIX TEOPHIi.

BBenem HeoOXoMuMBbIE OIIPEIEIEHNA.

[Honsarne caaboti o-muruMmasbHOCMYU OBLIO IEPBOHAYAIBHO HCCIIEOBAHO
. Makdepconom, JI. Mapkepom u Y. Craitaxoprom B [13]. TTogmHOKECTBO
A IUHEIHO yHopsiIOUeHHON CTPYKTYPhI M HA3BIBAETCS 8biNYKAbLM, €CIIH JJIs
JO0OBIX a,b € A u ¢ € M Besknmit pas, Korjga a < ¢ < b, Mbl umeeMm ¢ € A.
Cnabo 0-MUHUMAaALHOT cmpPYKMypoti HA3LIBAETC JTUHEHHO yIOPSI0YeHHas
crpykrypa M = (M,=,<,...) Takasi, 9T0 Jitob0e olpejienmMoe (¢ mapaMer-
pamu) TOJMHOXKECTBO CTPYKTYPbl M sBjsieTcs 06beJuHeHHeM KOHETHOIO
YUCJIA BBITYKJIIX MHOXKECTB B M.

Onpepenenne. |14, 15| Ilycrs T — nosnast Teopust, p1(x1), ..., pu(x,) €
S1(0). Tun q(xy,...,2,) € S,(0) vaszpBaercst (pi,...,p,)-munom, ecian
q(z1, ... xn) 2 U pi(z;). Mnuoxecrso Beex (pi,...,p,)-Tunos teopuu 1

1=1
obosnadaercsa depe3 Sy, . (T). Cuernas teopust 1T Ha3BIBACTCS NOYMU

'PaGora BbIosTHEHA TIpH (DUHAHCOBOI Mo IepkKe Komurera naykn Muancrepersa o6pa-

3oBaHus u Haykn PecryGiuku Kaszaxcran (AP08855544).
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w-Kame2o0puHoli, eCam Jiid JIIOObIX TUIOB Py (Z1), . .., Pu(zy,) € S1(0) cymme-
CTBYeT JIUIIb KOHETHOe IHCJIO THIOB ¢(Z1, ..., T,) € Sy, (T).

[TouTn w-KaTEropuaHOCTh TECHO CBA3aHa C MOHATHEM 3PeH(ONXTOBOCTH
reopun. Tak, B pabore [14] mokazano, uro eciau T — MOYTH w-KATEropuIHas
teopust ¢ yciaosueM [ (T, w) = 3, To B reopun T' MHTEPHPETUPYETCSI IJIOTHBIIN
JIMHEHHBIA TOPAIOK.

Bcrosty B 3100 cTaTthe MBI Oy/ileM pacCMaTpUBATH JIMHEHHO YIIOPSIOYTEH-
HbIE CTPYKTYPBI, T.€. CTPYKTYPBI SA3bIKa, COJIEPKAIIETO OUHAPHDBIN CHMBOJI
<, KOTOPBII YJIOBJIETBOPSAET aKCHOMAaM JIMHEHHOTO MOPSIIKA.

[Iycts M; — jnuHelHO yHopsiioueHHasi CTPYKTypa curaarypsl {<,Y;}
JIS KazKJI0To ¢ < W, TJie X; He COJEPXKUT BbIJICJIEHHBIX KOHCTAHT. byiem
obosmauarh uepes dely; (()) MHOMECTBO d1€MEHTOB CTPYKTYpPBI M;, sBjIsio-
muxcs (-onpeesIMMbIMU OTHOIIIEHUEM TIOPSIKA < pf. .

Bynem rosopurs uro MT = (U, Mi; <, %, E?, ¢} ke, icw — Aunetino
ynopadovwennan nenepecekarowancs E-xombunayusa (wmm mnpocro E-xombu-
nayus) crpykryp M;, ecmn ¥ = Ui, X, {c), | k < N} € dely;, (0) na
HEKOTOPOro opJinHaJa \;; oo M; < M,,, imbo M,, < M; nig 1o0six [, m €
w, n ' — ornomenne skpuBajJeHTHOCTH, pazOuparomiee M ™' Ha BbIIyKible
KJIACCBI, Tak 9T0 i joboro a € M* E(a, M*) = M; ana HeKoToporo
1 < w.

Takum 06pa30M, MBI BKJIIOUAEM B CUTHATYPY IIPOU3BOJIbHON F-KOMOMHA-
man cTpyKTYp M, i € w, Bee ameMentsl, exkamue B dely, () ma kaxmoro
1 € w, T.e. ecsim My u My — n3oMmopdHbIe KOIUU OJIHON U TOH YKe CTPYKTY-
pbl M, Koropast umeer A sjeMeHTOB, sexkamux B dely () mist Hekoroporo
opJHaJIa A\, TO B cUrHaTypy F-komOunanuu ot ctpykryp M; u My Oyuayt
BKJIIOUCHBI 2\ 9JIEMEHTOB.

3J1ecb Mbl HHTEPECYEMCsl BOIIPOCAME COXPAHEHUs TeX UJIU UHBIX CBOHCTB
IePBOHAYAJILHBIX CTPYKTYpP B ux F-xkoMmOmnaruu. Hampumep, eciau Bce M;
SIBJISIIOTCS [TOYTH W-KATETOPUIHBIME, TO TP KAKUX YCJIOBUIX JIeMEHTapHasT
TEeOpUsi TPOU3BOIHLHON F-KOMOMHAITMHN TUX CTPYKTYD OyJIeT TakxKe MOUTH
w-kareropuanoii? Uian korjga oHa Oy/eT MMeTh MAKCUMAJbHBIH CUETHBI
crekTp?

®akr. [lycts T; — nourn w-Kareropudnas cjaab0 O-MUHUMAJIbHAS TEOPUS
JIsT KaxKJI0ro @ € w, M; = T;, Mt — nuneliHO ynopsijoueHHas HellepeceKaro-
magcst F-komOunanms KonedaHoro uncia takux mogeneit. Torma Th(M™1) —
MOYTHU W-KATErOpUIHas cJIab0 -MIHIMAJIbHAST TEOPUS.

Mper roopuM, 4uto @ := {(ay,...,a,) € M™ obpasyer koneunvil Aurel-
noli nopadox wm F(n)-nopadoxk, ecmn a1 < ay < ... < a,, a; He WMeer
HeHOCpeILCTBeHHOI‘O Hpe,Z[IHeCTBeHHI/IKa B ]\47 a, HE UMeeT HeHOCpe,Z[CTBeHHO—
ro nocjeosaresids B M, u a; 1 ABJISI€TCS HEIOCPEJICTBEHHBIM ITOC/IEI0BATE-
JIeM 3JjieMeHTa a; Juist Kaxkiaoro 1 < ¢ <n — 1.
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IIpumep. Ilycrs M = (Q, <, P!);e,, — JmHEHHO yIOPsI0UCHHAS CTPYKTY-
pa, Q — MuOxKecTBO parmonanbubix unceda, Pj(M) = {b € Q| b < V2 + i}
Jutst Kazkjioro i € w. Torma oueBuHo, uro P;(M) BBIILYKJIO Jijisl KAXKJIOTIO
1EwH

Py(M)C AA(M)C P(M)C...CP,(M)C...

3amedaeM, 9TO MOCKOJIBKY cTpyKTypa My := (Q, <) saBisercs o-MuHu-
MaJIbHOM, TO B cuity TeopeMbl 63 [16], Th(M) — caabo o-MuHnMambHast TEO-
pus. Pacemorpum cresyroree MuoxkectBo dopmyi: {Vy[Pi(y) — y < z] |
i € w}. OHO JIOKAJILHO COBMECTHO U omnpejie/ger nojubiii tun uas (). Obo-
3HAYUM ero depe3 p(z). DTOT THIl SIBJISIeTCs HEU30MPOBAHHBIM; MHOKECTBO
peas3aIyii THIa p MoxKeT ObITh IyCTBIM, HMeTh TOpsAIKoBbIi Tuir [0, 1) NQ
wim (0,1) N Q. Taxum obpazom, Th(M) umeer poBHO 3 cUETHBIE HOMAPHO
Hen30MOP(gHBIE MOJIEHN, T.€. dABJsIeTcs dpeHdoiixToBoit. CreoBaTe/bHO, B
cuity Teopembl 3.7 [17], Th(M) — nourn w-KareropudHas TeOpusi.

[Tycts M™ — jmuHeiHO yHOpsI0UYeHHas HellepeceKkaromasacsa F-KomMouHa-
g caeTHoro umuciaa Kommit mogean M. Ouesumno, uro M ne gapisierca
cs1ab0 0O-MUHUMATBHOM, TOCKOJIbKY Py(M ™) ectb 06beinHeHne 6eCKOHETHOTO
YHC/Ia BBITYKJIBIX MHOYKECTB.

YTBep:KIaeM, YTO HE3aBHCUMO OT TOTO KakK yHNOpsI04YeHbl F-Kaacchl B
M reopus Th(M™) umeer 2 caeTHBIX MOJIEIEH.

Cayuwat 1. E-Ki1acchl IJIOTHO YIOPSAIOYEHbI 063 KOHIIEBBIX TOYEK.

[Tycrs pt(z) == {Yy[P(y) >y <z A E(y,z)] | i €w}. DT0 MHOKECTBO
dbopmyar copmecTHO 1 onpeenster nosabiit Tun vHag ) B Th(M™1). Tun p* B
KazKJIOM KOHKPETHOM KJIaCcCe 3KBUBAJIEHTHOCTH MOKET HE PEan30BbIBATHCS,
T.€. MHOXKECTBO peasIn3alyii TUIIA P MOKET OBITh IYCTBIM, MOXKET UMETh I10-
psiakosotit Tui [0, 1) NQ um (0, 1) NQ. Bergesmnm npou3BobHbIE W KIACCOB
SKBUBAJIEHTHOCTHA C HAMMEHBIINM JIEBbIM Kjaccom: Fg, By, Fs, ..., T.e. cy-
MECTBYIOT dg, a1, g, . . . Takue, 910 Eq = E(ag, M 1), By = E(a;, M), Ey =
E(az, MT),... u Ey < Ey < Ey < .... Byjem paccmarpuBaTh TOJIBKO CUET-
ubte Mogesn Teopun Th(M™), B koropbix pt(E;) # (0 ana moboro i € w,
a B OCTAJIbHBIX KJIACCaX S5KBUBAJCHTHOCTH MHOYKECTBO peaau3aluii Tuma pt
nycroe. OtpejesnM CIely oIy 0 KOJUPOBKY: €C/IU KaKOH-TO U3 9TUX KJIAC-
COB PeaJin3yeTcsi MHOYKECTBOM DeaTU3alliii ¢ HAUMEHBIINM 3JIEMEHTOM, TO
KOJIUPYEM €ro 4epe3 1, eciii ¥Ke OH Peau3yeTcss MHOKECTBOM Deasi3alluii
6e3 HAMMEHBIIEro 3JIeMeHTa, TO KoaupyeM ero depes 2. IToCKOIbKY BCeBO3-
MOKHBIX W-II0CJIeI0BATEIbHOCTENH U3 1 U 2 KOHTHHYYM, Mbl 3aKJII0YAEM 9TO
Th(M™) umeer 2¢ cuerHbIX MOJEIIEIH.

Taxxke yrBep:kaaem, 9to B 910oM ciaydae Th(M™) asaserca moutn w-
KaTETOPUYIHOMA.

Cayuati 2. E-KJ1acchl yIOPSIOYEHbB! 0 THITY W.
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Paccemorpum crieftyionme popMyJib:
¢1(x) = Vy[-E(z,y) = = <y,

Gn(1) = Vyly < x A =E(z,y) = Vi di(y)],n > 2.

OueBnzno, 9T0 ¢ () BBLIEISAET CAMBIil JIEBBI KIaCC 9KBHBAJIEHTHOCTH,
¢2() BbLIEIAET BTOPOI KJIACC, ¢y () — N-THIA KJIACC SKBUBAJIEHTHOCTH [T
KayKJI0r0 n < w.

Paccmorpum citeyroriee MHOXKECTBO (POPMYJI:

po(r) = {Vylon(y) =y <z]|[n€w}

Omno Jsokasbio copmectHo. Ciefioparesibo, cymectsyer M;™ = M*, B
KOTOPOM Po() peasnsyercs CIeTHBIM YUCIOM F-KJIACCOB, YIOPsIIOYeHHBIX
o TuIy w + w*.

Paccmorpum ciiepyiornime hopMyJIbL:

sip(r,y) = <yA-E(r,y) AVz(z < z<y— E(z,2) V E(z,y)),

Snp(T,y) =1 <yA-E(z,y)A
3ty ... 3ty 1 [~E(z, 1) ANEE(t ti) A E(ta-1, )
ANe <t <...<tp,1<yAVtlx<t<y—
(B(z,t) VVIE(tt;) V E(t,y))],n > 2.

[Tycrs p(x) = po(x) U {Po(z)}. Omno oupenensier nonnsiii Tun Hag .
Torma, paccMmarpuBas [Uis KaXKJ0r0 HATYpPaIbHOroO k > 1 ciiefyromee MHO-
2KeCTBO (DOPMY.T:

p(z) Up(y) U iske(z, )},

MBI TIOJIy9IaeM, 9TO 9ucyI0 (pq, Pa)-THIIOB OecKoHeTHO, T/ p;(z) := p(x),i =
1,2, u ciepoarensao Th(M ™) He siBjsieTcst OUTH w-KATErOPUIHOM.
[Iycts ZIE ob6o3HauaeT MHOXKECTBO F-KJ1acCOB, YIIOPSI0YEHHBIX 110 TUITY
w* +w. Torma oboznaunm vepes F(k)ZE (w2 u Q) muoxectso ZE-Kommii,
yropsiouenHbix 1o tuity F (k) (w u Q coorBercrBenno). Torma mbl yrBep-
JKJIAEM, 9TO Po(2) MOXKET ObITh PEATH30BAH CJICIYIONINM MHOKECTBOM:

F1<k1)ZE+QZIE+F2(k,2)ZE+QZ]E++Fn(kn>ZE+QZE

Jutst Ji00bix 0 < n, k; < w, tae it Kaxkoro 2 < ¢ < n — 1 ecau k; # 0, 0
ki > 2; m ecm k; = w, 1o Fi(k)%E = W8, orkyma momydaem, 4To Teopus
Th(M™) nmeer 2¥ cueTHBIX MOJETEN.
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Teopema. [lycmv T — nowmu w-kamez20puydHas cAGOO O-MUHUMAALHAA
meopus A3viKa, He codepocawsezo evideaennor konemarwm, M =T, M —
AUHETHO Yynopadovwennas Henepecekarowaacs E-xombunayus cuemmozo wuc-
aa xonudl cmpykmypo, M. Ipednoaoscum, wmo meopus Th(M™) caabo o-
munumarona. Toeda umeem mecmo caedyrouiee:

(1) wmmoorcecmso M™JE  pasbusaemcs Ha KOHEUHOE YUCAO GHINYKAGLL
MHOIACECNE, MG KANCOOM U3 KOMOPHLL AUOO 6CE IAEMEHMDBL UMEIOM KAK
Henocpedcmeennozo npeduwecmeerhuka, Max U HenocpedcmeenHHo20 nocae-
dosamens, Aubo 8ce INEMEHMDBL HE UMEIOM HU Henocpedcmaeno20 npeduie-
CMBEHHUKGA, HU HENOCPEICTMEEHH020 NOCALI0BAMEN,

(2) M — naomnas cmpykmypa.

(3) M — 1-nepazauvumas cmpyxmypa.

Zloxazameavcmeo. JlokazareabcTBO TeopeMbl. PaccMOTpuM  CJie1yonLyio
dbopmyiry:

O(z) = FHyt <z <y A-E(t,z) N=E(x,y)A

Vuvz(t <u <z < z<y— (Et,u)V E(u,z)) A\ (E(z,2) V E(z,v))].

[Tockosbky Teopust Th(M ™) cinabo o-munumasbha, To (M ™) sBisiercst 06b-
eIMHEHNEeM KOHEYHOTO YHCJIa BBITYKJIBIX MHOXKECTB, 1 103ToMy (1) BBIIOJ-
HAETCHL.

Jlokaxkem Tenepb, yro M — miaoTHas cTpykrypa. Eciau M He gBiiser-
Csl IJIOTHOM, TO CYIIECTBYIOT 9JIEMEHTHI B M, NMeIOIIue HeoCPEICTBEHHOIO
HPEJIIIECTBEHHNKA UM HEIIOCPEICTBEHHOIO MocseioBareid. B cuity mourn
W-KaTErOPUIHOCTH U CJIa00 0-MIUHUMAJIBLHOCTH Teoprn 1’ CyIeCTBYeT JIUIIb
KOHEYHOe YHCJIO 3JIEMEHTOB B M, MMEIINX HeroCPeCTBEHHOIO MpPeJIie-
CTBEHHWKA WJIN HEIOCPEICTBEHHOTO TIOC/IEI0BATEL. PaceMOTPUM CIIeyTo-

1yt opmyity:
o(z) =yt <yAVz(z <z—y <2).

OueBnno, aro ¢(M™) ectb 00 beuHEHNE GecKoHEeTHOTO Yncaa —¢(M™T)-
OTJIEJIMMBIX BBIIYKJIBIX MHOXKECTB, OTKy/la CTpyKTypa M ™ He saBjsiercs cia-
60 O-MUHUMAJILHOI, IPOTHBOPEYA YCIOBHAM TEOPEMBI.

lokaxxem Terepb, uro M — l-Hepasziauyuumasi CTpyKTypa. Fciaum sTo ne
Tak, TO CyImecTByoT a,b € M taxue, uro a # b u tp(a/0) # tp(b/0). Cnemo-
BaTeIbHO, cymectByer L-opmyna () takas, auro M = ¥(a) A —(b),
re. Y(M) # M. B cuiy cnaboit o-MUHUMAJIBHOCTH MOXKEM CUUTATD
aro (M) seinykiao. Ho rorma (M™) ecrb obbeauHeHre GeCKOHEYHOIO
qucsa ) (M™)-0TaeIMMbIX BBITYKJIBIX MHOXKECTB, IPOTUBOpPeYa CJ1aboi o-
MUHUMAJIBHOCTH CTPYKTYphl M. [
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CaencrBue. [lycmov T; — noumu w-kamez2opusinas cAaO0 0-MUHUMANOHAA
MEoPUA A3bLKA, HE COEPHCAULE20 BVOEAEHHBLT KOHCTAHM, OAS KAHCD020 T €
w, M; E T;, M™ — aunetino ynopadovwennas nenepecexarowancs E-xom-
bunavus cmpyxmyp M;.  IIpednosostcum, wmo meopus Th(M™) caabo o-
Munumasvora. Tozda umeem mecmo caedyrouiee:

(1) M /E pasbusaemcs ma KOHEUHOE YUCAO BHINYKAVL MHOHCECNE, HA
KaHcIOM U3 KOMOPVIT AUDO BCE INEMEHMBL UMEHM, KK HENOCPEICTNEEHHO-
20 npedwecmsennura, Mmak U Henocpedcmeernozo nocaedo8amens, AUO0 6ce
ANEMEHMDL HE UMENM, HU HENOCPEICTNEEHH020 NPEIUECNBEHHUKA HU HENO-
cpedcmeernozo nocaedosamend.

(2) M; — naomnas cmpykmypa noumu 0ia 6cex i € w.

(3) M; — 1-nepazauvvumasn cmpykmypa nowmu 0as 6CeT i € w.
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Omnpepenenne. [1]| [pedeecomempueti Ha3bIBAETCSI MHOXKECTBO S BMeCTe C
onpe e IéHHoi oneparmeit 3ampikanus cl : P(S) — P(.S), yaosierBopsioreit
CJICITYIOIIUM YCJIOBUSIM:

1) ma mo6oro X C S semosmstercss X C cl(X);

2) g moboro X C S semosasiercs cl(cl(X)) = cl(X);

3) g moboro X C S u mobeix a,b € S ecom a € cl(X U {b}) — cl(X),
to b € cl(X U{a});

4) ms moboro X C S ecam a € cl(X), 1o a € cl(Y) mia mekoroporo
koneunoro Y C X.

[Ipu vamraun npereomerpun (S, cl) kazxioe nmojamuozkectso X C .S ume-
er muHIMasbHOE MHO)KecTBO X' C X Takoe, uro cl(X) = cl(X’). Do Mu-
HUMaJIbHOE MHOXKeCTBO X' HasbIBaercs Oasucom muoxkecrsa X. Ilpu srom
morrHocTs | X'| #e 3aBucuT 0T BoIOOpa Gasnca B X, U 9Ta MOITHOCTH Ha3bIBa-
ercst pazmeprocmuvio MHOXKecTBa X B mpereomerpun (S, cl), obosnadaercs
dim(X).

ITo onpegenenmio nmeem dim(X) = dim(cl(X)), T.e. pasmeprocTh coxpa-
HeAETCs IIPU IIePEX0/ie K 3aMbIKaHII0 MHOKecTBa X B npeareomerput (S, cl).

Ecim dim(X) € w, To MuoxkecrBo X Ha3BIBACTCH KOHEYHOMEPHBIM.

Onpepesienne. [1]. [Ipeareomerpus (S, cl) HaspIBaeTCH MPUSUAALHOT NI
swiposicdennot, ecim st moboro X C S, cl(X) = (J{cl({a}) | a € X}.

[Ipenreomerpust (S, cl) HasbBaeTCsT MOJYAAPHOTU, €CTU JIJIS JTIOOBIX 3a-
MKHYTBIX MHOKeCTB Xy, Yo C S, X He3aBucnMo ot Y orHOCHTEbHO XN YY),
T.e. JIsI JIIOOBIX KOHEIHOMEPHBIX 3aMKHYThIX MHOXKecTB X C Xg, Y C Y)
BEPHO

dim(X) + dim(Y) — dim(X NY) = dim(X U Y).

90
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[Ipeareomerpus (S, cl) Ha3BIBACTCS AO0KAALHOU MOOYAAPHOU, €CIIU TS
moboro a € S, npexreomerpus (S, cliqy) MogynspHa, rie cliy(X) = cl(X U
{a}).

[Ipeareomerpus (S, cl) HazBIBAETCA NPOEKMUEGHOU, €CJIU OHA MOy ISIpHAS
U HE TPUBHAIBHAA, U AOKAALHO NPOEKMUEHOT, €CJT OHA JIOKATHLHO MOJLYJISID-
Had W HEe TpUuBHaJIbHAI.

[Ipeareomerpust (S, cl) HA3BIBAETCS A0KAABHO KOHEWHOU, €CIU JIJIS JIIO-
6oro konednoro mnojmuoxkectBa A C S, MioxecTBo cl(A) Konedo.

Omnpenenenne. Ilycts S — momens Teopun 1. Torma oneparopom aszebpa-
uuecko2o samoikanus 1ist Mojienun M nasbiBaercs omnepatop acl : P(M) —
P(M) rakoit, aro mus soboro nogmuokecrsa X C S, acl(X) = {a € S |
S = I<r¢(x,b) A ¢(a,b) nna nexoropoit bopmynst ¢z, ) u b € X}

B pasbheiinem Oy1yT paccMaTpuBaThCs peareomerpun Buja (S, acl).

Onpepenenne. |2, 3|. HazoBém n-meprom kybom wmm n-xybom BCAKHI
rpad, uzomopdusiii rpady ¢ mocuresem {0, 1}, B KOTOPOM JiBe BEpIIUHBI
(01,...,0,) m (],...,0]) CMEXKHBI TOJ]a U TOJHKO TOTJA, KOIJIA OHU Pa3-
JINJAIOTCS POBHO OHON Koopamuatoit. [lpm srom ommcanmusiii rpad @, ¢
HocutesieM {0, 1}" HasbIBaeTCsl KaHOHUMECKUM npedcmasumenem Kiacca n-
K1006.

Onpepenenne. |2, 3|. Ilycts A — HekoTOpBIit GecKOHeUHBIN KapauHaa. Ha-
BOBEM A-MeEPHBIM KYOOM, U A-KYybom, BCsiKuil rpad, nzoMopdHbliii rpady
Q = (X; R), y/IOBJIETBOPSAIONIEMY CJIE/LYIOIIUM YCIOBHUSIM:

1) nocurens X C {0,1}* nopoxen us npoussosibHOM GyHKIMEu f €
X omeparopom (f), Koropeiit K MHOKecTBY {f} mpucoenauHsier pesysabrar
3aMeHbI JII000ro KonedHoro Habopa suadenuit (f(i1),..., f(i,)) Ha HaGOp
suadenuit (1 — f(i1),...,1— f(im));

2) orHomenne R cocTouT n3 pédep, CBA3BIBAONMX (DYHKIIUH, Pa3Inda-
IOIHUECd POBHO OJIHON KOOPANHATONA.

Onpepenenne. |2, 3|. Kybuueckol cucmemol uasbiBaercst rpad [ =
(X; R), y KOTOpOro Kazkjiasi KOMIOHEHTa CBSI3HOCTH sIBJIsieTCst KyOoMm. Teo-
pust T rpacdoBoit curHaTypbl {R(Q)} Ha3bIBaeTCsd kybuueckol, ecam T =
Th(M) s mexoropoii Kybudaeckoii cucrembl M. Ilpu srom cucrema M
Ha3bIBAETCSA Kybuveckotl modeawvro Teopun 1.

Onpepenenne. |2, 3| Hnsapuarmom Kybudeckoit Teopun 1’ Ha3bIBaeTCs

dyHKIUA
Invp : wU{o0} = wU {0},

YIOBJIETBOPSIONIAS CJIETYIONAM YCTOBUSIM:
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1) KaxKJI0My HATYPAJLHOMY YHCJIY 7 CTABUTCS B COOTBETCTBUE UHCIIO
Invp(n) KOMIIOHEHT CBSI3HOCTH BCSIKOI Mojien Teopuut T', sIBJISIFOIUXCS T
KyOaMM, eCJIi 3TO IUCJI0 KOHETHO, U CHUMBOJI 00, €CJIM TO YHCJI0 OECKOHEUTHO;

2) CHMBOJIy OO CTABUTCs B COOTBETCTBHE 3HadeHwe (), ecjim B MOJEJSIX
teopurt T' HeT GECKOHEYHOMEPHBIX KyOOB (HJIM, 9TO TO JKe caMoe, pa3Mep-
HOCTH KyOOB OrpaHHYeHbl B COBOKYITHOCTH), U 3HaueHne 1| — B IPOTUBHOM
cydae.

Onpepenenne. |2, 3| Juamempom d(T) Kybuueckoit Teopun T Ha3bIBAET-
s MAKCUMAJIbHOE PACCTOSIHIE MEXKJLy dJieMeHTaMu Mojiesieit reopun T, eciu
9T PACCTOsIHUsI OrpaHudenbl, u nojaraercs d(1) = oo B IPOTHBHOM CJIy-
qae. Hocumenem (coorBercrBernno oo-nocumenem) Supp(T) (Supp., (7))
teopun 1 HasbiBaercsa MmuoxkectBo {n € wU{oo}|Invr(n) # 0} ({n €
wU {oo} | Invr(n) = oo}).

Bameuarue 1. g cucrem (S, acl) B kybudeckux teopusix T BBIIOJHAETCS
CBOMCTBO 3aMeHbI TOTJA M TOJBKO TOrja, Korja mozeau S meopun 1 He
cojiepKaT OECKOHEUYHLIX KyOOB, B YaCTHOCTH, KOIJa HET KOHEYHBIX KyOoB
HEOIPAHUYEHHON Pa3MEepPHOCTH.

JleitcTBUTENIBHO, JIJIsT KOHEIHBIX KyOOB MMEEM BBIPOKICHHYIO ITPE/Ireo-
MEeTPHIO, JjIsI KOTOPOI 3aMeHa 3JIeMeHTa ajredOpamdecKoro 3aMbIKAHUS Ha,
JIIOOOM JIPYTOil 9JIeMEeHT U3 3TOr0 3aMbIKaHKUSA OyJIeT 03HAYaTh JIMOO 3aMeHy
ssiemenTa u3 acl(()) Ha gpyroit seMeHT U3 ITOro MHOXKeCTBa, JUbO 3aMeHy
OJIHOTO 3JIEMEHTa KOHeIHOro Kyba C' Ha, JIpyroii ¢ 3aXBaTOM BCEX 9JIEMEHTOB
3 C'. A ecim paccMOTpeTh TPH PA3JIUIHBIX dJIEMEHTa a,b, ¢ HEKOTOPOro
6eckoneunoro kyba C’; st Koropwix d(a,c) > 1 u b IpUHAJIIEKUT HEKO-
Topomy Kpardaifimemy (a,c)-mapmpyty, o b € acl({c,a}) \ acl({c}), o
a ¢ acl({c,b}).

B cuy samevanns 1 mist cucrem (S, acl) B KadecTBe pa3MepHOCTH CJIeJTy-
eT pacCMaTPUBATh PA3MEPHOCTH KyOOB M TOBOPUTH O C-MOJYJIAPHOCTH TIPE/I-
reOMeTpHUii, T.e. O CBI3U pasMepHocTeill KyOOB, HE ONMUPAasiChb HA CBONHCTBO
samenbl. [Ipu sTom cucremst (S, cl), ynosiersopsitorue yeaosusm 1), 2), 4)
olIpeJIe/IeHUs IIPEJIreOMEeTPUI OYIyT HAa3bIBATHCS C-NPed2eoMempuiml.

Onpenenenne. /[y kybudeckux teopuit T B KadeCcTBEC-PA3MEPHOCTIU

dim.(A), tme A C M |= T, paccMarpuBaeTcst 3HAUCHUE [ig + Y Vancr, TIE
C/

pa — aucao xkonednbix kKybos C' C M ¢ yemosuem C N A # (0, a vanor —

pasMepHOCTH HauMeHbINuX MoIKy6oB K Geckoneunbix Kybos C' C M ¢ ycio-

suem (ANC') C K.

Onpepenenne. c-Ilpenreomerpus (S, cl) HasbiBaeTCH C-M0YAAPHOU, €CIT
JUTsT JTIOOBIX acl-3aMKHYTBIX MHOXKecTB Xg, Yy C S, Xy He3aBucumo ot Y
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otHocuTesibHO Xg N Yy, T.€e. Jjid JIIOOBIX KOHEYHOMEPHBIX acl-3aMKHYTBIX
mHOKecTB X C X, Y C Y, Bepno:

1) ecou cymectByer H6eckoHeuHOMepHbIi KyO C, mist kotoporo X NY N
C=0,XNC#0,YNC # (), 1o BLIIOIHAETCH PABEHCTBO:

dim (X NC)+dim (Y NC)+p(X NC, Y NC) =dim (X UY)NC), (1)

rie p(XNC, YNC') — kparuaiiiee paccrosiHuie Mexk 1y Beprimaamu x € XNC
nyeYndc,

2) B OCTAJIbHBIX CJIYYAsX JIJIs KOMIOHEHT CBsi3HOCTU C' BBIOJIHSIETCS Pa-
BEHCTBO:

dim.(X N C) + dim (Y N C) = dim, (X NY N C) = dim (X UY)NC). (2)

Sameuanue 2. CormacHo Ompee/IeHusIM C-Pa3MEPHOCTH U C-MOJTY JITPHOCTH
IpU CyMMUPOBAHUU COOTHOIIeHNH (77) 1 (2) 110 BCeM CBA3HBIM KOMIIOHEHTAM
C norydyaeTcs HEKOTOPBIH 000OIIEHHBIN aHaIor (hOPpMYJ/Ibl MOIYISIPHOCTH B
[PEreOMETPUSIX /IS C-TIPEJIN€OMETPHIA:

> dim (X NC)+ Y dim (Y N C)—

_;dimc(XmYmC)+ZC:/)(XﬂCvYﬁC): (3)

=Y " dim, (X UY)N Q).

HpI/I 9TOM 3a HCKJIIOYEHHEM II€PBOI'o CJIydad B OIIpEJC/JICHUN C-MOIAYJIAP-
HOCTHU BBIIIOJIHAETCA PaBEHCTBO:

dim.(X) + dim.(Y) — dim (X NY) = dim.(X UY). (4)

3aMeTnM, 9TO B COOTBETCTBUH C OIIPEIEJICHIEM C-Pa3MePHOCTH (hOpMyITy
(3)) MOKHO IIEpenucaTh B CJIEIYIONEM BUJIE:

Ux+Uy — Uxny = XUy,
ZVX00+ZVYmC—ZVXmYmc+Zp(XﬂC,YﬂC) =
C C c c

= Z V(xnc)u(yne)-
c

[leitcTBUTE/IBHO, IYCTH CYIIECTBYeT OeckoHeaHOMepHbIi Kyd C: X NY N
C=0,XNC#0,YNC #0. B nannom ciayqae vxny = 0, a Vxnoyuvne)
paBHO pa3meprocTH ByX KyooB X NC', Y NC u pasmMepHOCTH KyOa MeK Ty
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HIMH, Ta B CBOIO OY€PE/Ih COBIAIACT C KPATIAMIINM PACCTOAHIEM MEZKIY
epmmmHamu © € X NCuy € Y NC — p(X,Y). Ecan muoxkecrsa X u
Y mepecekaioresa B 6eckoneanomepaoM Kybe O, To ectb X NY NC # (), To
p(X,Y) = 0 u BbIIOIHAETCA PABEHCTBO

vxnc + Vync — Vxnync = Y(XnC)u(yne)-

Omnpepesienne. c-nipejgreomerpus (S, cl) HasbIBaeTcs c-npoexkmueHotl, ecin
OHa Cc-MOJyJIIPHA U HE TPUBUAJIHLHAS.

Teopema. I[Tycmo T — kybuneckas meopus. Tozda das nexomopot (a0boti)
modeau M = (S, R) meopuu T swvinoansemcs 00no u3 caedyrouux 06y
Yycao8uli:

1) sce Komnonenmor ceasnocmu modeau M KoHewHb, U UMEIOM 02PaAHU-
YEHHYIO MOWSHOCTD, a npedzeomempus (S, acl) evipoorcdennas;

2) modeav M umeem O6ecKOHEUHYO KOMNOHEHMY CEAZHOCTAU, KOMO-
DPAA ABAAECMCA A\-KYOOM OAA HEKOMOPO20 KAPIUHAAG N, G C-NPedeeoMEMPUSA
(S, acl) asasemea c-modyaapro.

Joxazameavemeo. 1. JlokazkeM, YTO IMPeAreOMeTpusi, YJIOBJIETBOPSAIONIAs
YCJIOBUSIM TTyHKTa 1, BBIPOXK/IEHA.

[Ipu B3gTHM aJredpamdecKoro 3aMbIKaHus OyjieM paccMaTpUBaThb (pop-
Mysl 3z, (2, b), T1e ¢, — DOPMYIIBI, He 3aBUCAIIHE OT b I IPHHIMAIOIIHC
3HAYEHUE UCTUHBI, €CJIU BEPIINHA T UHIUJICHTHA 1 PEOPAM U TaKUX BEPIITUH
KOHEYHOe 9o, N € N, WIH KOPTeXkK b COCTOMT M3 OJHOTO 3JIEMEHTA, eC/IH
nMeeTcst OECKOHETHO MHOT'O BEPIIMH CTEleHn n. B mepBoM ciiydae perreHnst
bopmyn ¢, (z,b) GymyT coctapaaTs MHoxecTso acl(()), a Bo BTopoMm cirydae
MHOYKECTBO KyOOB, COJIEPKAINNX IJEMEHTHI b U COCTABJISIONINX 3aMbIKaAHIE
acl(X) muoxkectBa X C S, 971eMEHTBI KOTOPOTO JIEXKAT B KOHEYHOMEPHBIX
KybOax.

[IycTp mMeeTcss OeCKOHEYHOE YNCIO KyOOB OJHON M TOU »Ke KOHEYHOI
pasmepHOcTH. MHOKeCTBO Beex uxX BepiuH obosuaunm S’. Biaarogapst dop-
mysmam 3z, (x, B) 3aMbIKaHKE JTI000r0 TOJIMHOYXKECTBA S OYIET cojepKaTh
S" = S\S’, To ectb ms moboro X C S Bepro S” C acl(X), B wacrHoCTH,

S” C acl().

Bamernm, 4To I JI060ro MHOXKecTBa BepmmH X u3 kyba O C 57
Bepro acl(X) = S” U C. Ecmn xe muOXKeCTBO X CONEPIKAT JIEMEHTHI
u3 Heckoabkux Kybos C1,...,C,, takux, uro Ci,...,C,, € S’, 1o BepHo

acl(X)=5"UC,U...UC,,.
[Tostyuaercst, 9o ajist 11060r0 MHOXKeCTBA X, HEKOTOPbIE IEMEHTLI KO-

Toporo cojepzkarcs B S, 1o ectb X NS’ # 0, sepuo (J{acl({a})| a € X} =
S"TUCiU...UCiU...UC,U...UC,=5"UCiU...UC, = acl(X).
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Ecnu ke koymmdectBo Ky0OoB, JitoOO# KOHEYHON PazMEepHOCTH, KOHEYHO,
To ectb S’ = (), TO 3aMBIKaHME JIOOOTO OJIMHOXKECTBA HOCUTEIs MOJCIH,
X C S, Oyaer coBIlajaTh Co BCeM HOcCHTe/eM S. 3HAYUT BEPHO CJIEJIYIOIIEe
pasenctBo acl(X) =S =S5SUS...US =J{acl({a})|a € X}.

[Monyuaercs ps moboro X C S, acl(X) = (J{acl({a}) | @ € X}. 3na-
YUT 110 OTPeJIeJIEHNIO TTPEreOMeTPUsT BBIPOXKIEHHA.

[Ipeanonoxkum, 910 mMojesb M cojlep:KUT OECKOHEYHYIO KOMIIOHEHTY
cBsi3HOCTH. JIOKaskeM, 9TO B 3TOM CjIydae IMPeIreoOMeTPHsl HEBBIPOXKIEeHaA.
BaMbIKaHue J1II000ro MHOYKECTBA U3 JABYX U 0OJIee BEPIIUH 9TOi KOMIIOHEHTHI
CBA3HOCTH SIBJII€TCS HAUMEHBIITNM 110 KOJINIEeCTBY MHIIUICHTHBIX pedbep Bep-
IIIAHAM U COAEPXKaIiil BCce BEPIINHBI U3 JAHHOI'O MHOYKECTBA. A 3aMbIKAHUE
JF060T0 OJTHOJIEMEHTHOTO MHOXKecTBa {a}, st Jiioboro a € S, mepeBouT
ero B cebst. CrieoBaTesIbHO, 110 OIPEIeIEHAIO MTPEIreOMeTPHUsT HEBBIPOXK e~
HA.

2. B cuny toro, uro ji0boe HemycToe mepecedeHne KyooB B MOJIEIN Ky-
OMIeCKOll TEOPUN CHOBA SIBJISIETCS KyOOM, 3aMevdaeM, UTO 32 UCK/IIOUeHUeM
[IEPBOTO CJIydasi B OMPEJIETIEHIH C-MOIYIAPHOCTH B YCIOBUSIX BTOPOTO TTYHK-
Ta, TEOPEMbI BBITIOJHAETCS PABEHCTBO (4)), 3a/a011ee ¢-MOLy/IPHOCTb.

B cuy 3amedanust 2 BBIIOJIHAIOTCS PABEHCTBA:

Ux + by — fbxny = Uxuy,

Vxnc + Vyne — Vxnvrne + p(X N CY NC) = vixnoyurne)-
Taxum 0OpasoM, c-IIpeareoMeTpusi SIBJIAETCA C-MOLYJISPHOI. O]
Caencrue. [Tycmo T — kybuueckas meopus, a modeav M = (S, R) meo-
puu T umeem OeckoOHEMHYIO KOMNOHEHMY CEAZHOCTU, KOMOPAA ACAAETNCS

A-kybom das nexomopozo kapdunana \. Tozda c-npedeeomempus (S, acl)
ABAAEMCA C-NPOEKMUEHOTU.
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We continue to study model-theoretic [1, 7] and topological 3] properties
of families of elementary theories applying a general approach for closures of
families of theories [4, 5] for some special cases of partially ordered families.

It is shown that for any partially ordered family 7 with finitely many
maximal chains, Cl;(7) consists of unions for unions of chains of 7 and for
intersections of countable chains of 7 which are ordered by the type w*.

Definition. [5|. For a family 7 of theories in a language 3, the set Sent ()
of all sentences in the language ¥, and a theory T' we put T' € Cl;(T) if
T € T, or T is nonempty and

T ={p € Sent() [ |(T"),| = w} (1)

for some 7' C T, where (77), is a neighbourhood consisting of all theories
in 7' containing the sentence ¢.

If 7" is fixed then we say that T belongs to the Cli-closure of T with
respect to T' and T is an accumulation point of T with respect to 7.

The following theorems describe Cl;j-closures for C-ordered families of
theories and confirm the transitivity of the operator Cl;.
!This research was partially supported by RFBR. (project No. 20-31-90003), the program
of fundamental scientific researches of the SB RAS No.I.1.1, project No.0314-2019-
0002, and Committee of Science in Education and Science Ministry of the Republic of
Kazakhstan (Grant No. AP08855497).
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Theorem 1. [5| For any linearly C-ordered family T, Cli(T) consists of
unions for subfamilies of T, and of intersections for countable subfamilies
of T ordered by the type w*.

Theorem 2. [5| For any linearly C-ordered family T, CLi(CL(T)) =
CL(T).

Theorem 1 admits the following generalization for partially C-ordered
families of theories with finitely many maximal C-chains.

Theorem 3. For any partially C-ordered family T with finitely many
mazximal chains, Cly(T) consists of unions Ty of chains in T, of intersections
T of countable chains in T which are ordered by the type w*, and of unions
of theories having the forms T1 and Ty being accumulation points for theories
in T in distinct maximal chains.

Proof. The proof is a modification and an application of the proof of
Theorem 1. Since both Cli(7) and the set of unions for subfamilies of
T contain all theories in 7 without loss of generality we assume that 7T is
formed by finitely many maximal infinite C-chains C', ..., C,.

It suffices to show that

1) for each theory T" belonging to Cl;(7")\ 7 with respect to a subfamily
T CT T =UT" for some infinite 7”7 C T', or T = (T for some
countable 7" C T’ ordered by the type w*, or T is a union of these unions
and intersections such that these unions and intersections are accumulation
points for theories in T

2) for each subfamily 77 C T with infinite 7' N C;, T} = Y(T' N C;)
belongs to Cly(T), T? = ((T' N C;) belongs to Cly(T) if 7' N C; is ordered
by the type w*, and unions of some T} and Tj2 being accumulation points
for theories in T.

If 7' C C; for some i < n, then the items 1) and 2) hold by Theorem 1.

Now the general case is defined for 7’ having infinite intersections
with several C;. Considering the equation (1) we observe that if 7" is an
accumulation point of 7" with respect to 7' then T' collects sentences ¢ of
theories with infinite (7' N C;),, where again there are two possibilities:
either we take the unions U(T’ N C;), or intersections N(7' N C;) if 7' N C;
is ordered by the type w*. Now we take unions of these cases obtaining 7T'
as a collected accumulation point for 7' = |J(T' N C;).

K]
Thus each accumulation point for 7 is reduced to the unions and
intersections above. 0]

Remark. Theorem 3 can fail for the case of infinitely many maximal chains.
Indeed, taking an infinite family 7 of theories with disjoint nonempty
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languages we obtain only one-element maximal chains and accumulation
points T in Cl;(7) having the empty language. All these accumulation
points are not represented in the form of Theorem 3. In fact we have a
general property for families of theories with trivial chains, say, for instance,
for families of complete theories in a given language: accumulation points
for these families are not represented in the form of Theorem 3.

Corollary 4. For any countable family T with finitely many mazimal C-
chains, Cli(T) consists of unions Ty of chains in T, of intersections Ty of
countable chains in T, and of unions of theories having the forms Ty and T,
being accumulation points for theories in T in distinct mazximal chains.

Proof. By Theorem 3 it suffices to show that intersections (7' ¢ T, for
T’ C T forming chains, are reduced to intersections of subfamilies ordered
by the type w*. Now we consider arbitrary 7’ as above and repeat the
arguments for [5, Corollary 3.12]:

Since (7’ ¢ T and T is countable, 7" is also countable: 7' = {T; | i €
w}, and T’ does not have the least element. We construct by induction the
required subfamily 7” C T’ ordered by the type w* and with (7" =T’
as follows. At the initial step n = 0 we include T with &y = 0 into T7”.
If theories Ty, 2 ... 2 Ty, are already included into 7" on some step
n then on the next step n 4+ 1 we include into 7" a theory Ty,,, € T’
such that Ty, ., ; Ti, NToNTyN...NT,. By the construction the family
T" ={T}, | n € w} is ordered by the type w* and satisfies 7" =T'. O

Corollary 5. For any countable family T with finitely many mazimal C-
chains, Cli(T) consists of unions Ty of chains of T ordered by the type w,
of intersections Ty of countable chains of T ordered by the type w*, and of
untons of theories of forms T\ and Ty being accumulation points for theories
in T in distinct maximal chains.

Proof. By Theorem 3 it suffices to notice that unions (7' ¢ T for
subfamilies 7' C T are reduced to unions ordered by the type w. It is implied
replacing 2 by ;, and vice versa, in the arguments for Corollary 4. O

Theorem 2 admits the following generalization for partially C-ordered
families of theories with finitely many maximal C-chains.

Theorem 6. For any family T with finitely many mazimal C-chains,

CL(CL(T)) = CL(T).

Proof. Since Cly(Cly (7)) 2 Cly(T) it suffices to show that each theory T €
C1;(C14(T)) belongs to Cl;(T). By the definition we can assume that T ¢ T
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and there is an infinite subfamily 77 C Cl;(7) such that T belongs to
Cli(Cly(T)) with respect to 7'. Since T and by Theorem 3 Cl;(7) have
finitely many maximal C-chains, in view of Theorem 3 we can suppose that T’
is a finite union of theories 7" = |J 7" for strictly increasing chains 7" C T’
and of theories T" = (| T" for strictly decreasing 7" C T’ ordered by the
type w*.

By Theorems 1 and 2 each 7" equals |y T* for T* ={T* e T | T* C T"}
and each T" equals (| 7** for strictly decreasing 7** C T ordered by the
type w*. Collecting the arguments above and the structure of Cl;-closure in
Theorem 3 we obtain 7' is represented as a finite union of some accumulation
points of forms 7" and T" for T, i.e., T € CLi(T). O
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Using a characterization of existence of least/minimal generating set for
a family of theories |1, Theorem 5|, |2, Theorem 6.2|, |3, Theorem 2.2] and
approximations of theories of abelian groups in terms of Szmielew invariants
[4, 5, 6] we adapt this characterization for an arbitrary family of theories of
abelian groups.

Definition. [1| Let 7y be a closed set in a topological space (T,O0g(T)). A
subset T, C 7o is said to be generating if To = Clg(7;). The generating set
Ty (for To) is minimal if T; does not contain proper generating subsets. A
minimal generating set 77 is least if T is contained in each generating set

for 7.

Remark 1. [1]. Each set 7y has a generating subset 7; with a cardinality
< max{|X|,w}, where ¥ is the union of the languages for the theories in 7j.
Indeed, the theory T'= Th(.Ag), whose F-classes are models for theories in
Clg (7o), has a model M with |M| < max{|X|,w}. The E-classes of M are
models of theories in Clg(7y) and the set of these theories is the required
generating set.

! This research was partially supported by the program of fundamental scientific researches
of the SB RAS No.I.1.1, project No.0314-2019-0002, and Committee of Science in
Education and Science Ministry of the Republic of Kazakhstan (Grant No. AP08855544).
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Theorem 1. [1]. If 7] is a generating set for a E-closed set To then the
following conditions are equivalent:

(1) T4 is the least generating set for To;

(2) T4 is a minimal generating set for To;

(3) any theory in T is isolated by some set (Ty),, i.e., for any T € T
there is ¢ € T' such that (7)), = {T'};

(4) any theory in T, is isolated by some set (To)y, i.e., for any T € T
there is ¢ € T' such that (7o), = {T'}.

Recall the definition of Szmielew invariants and their links.

Definition. Let A be an abelian group in the language ¥ = (+®&), —(1)
0®). Then kA denotes its subgroup {ka | a € A} and A[k] denotes the
subgroup {a € A | ka = 0}. Let P be the set of all prime numbers. If p € P
and pA = {0} then dim A denotes the dimension of the group A, considered
as a vector space over a field with p elements. The following numbers, for
arbitrary p € P and n € w\ {0} are called the Szmielew invariants for the
group A |7, 8]

apn(A) = min{dim((p"A)[pl/(p" " A)[p]), w},

By (A) = min{inf{dim((p"A)[p] | n € w}, w},
Yp(A) = min{inf{dim((A/A[p"])/p(A/A]p"])) | n € w}, w},

e(A) € {0, 1},
and €(A) =0 < (nA = {0} for somen € w,n # 0).

It is known |7, Theorem 8.4.10] that two abelian groups are elementary
equivalent if and only if they have same Szmielew invariants. Besides, the
following proposition holds.

Proposition 2. [7, Proposition 8.4.12]. Let for any p and n the cardinals
Apns Bp, Vp <w, and € € {0,1} be given. Then there is an abelian group A
such that the Szmielew invariants oy, (A), By(A), ,(A), and e(A) are equal
to pm, Bp, Vp, and e, respectively, if and only if the following conditions hold:
(1) if for prime p the set {n | ay,., # 0} is infinite then 5, = v, = w;
(2) if e = 0 then for any prime p, B, = v, = 0 and the set {(p,n) | a,, #
0} is finite.

We denote by Q the additive group of rational numbers, Z,» — the cyclic
group of the order p", Z,~ — the quasi-cyclic group of all complex roots of
1 of degrees p" for all n > 1, R, — the group of irreducible fractions with
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denominators which are mutually prime with p. The groups Q, Z,., R,
Z,~ are called basic. Below the notations of these groups will be identified
with their universes.

Since abelian groups with same Szmielew invariants have same theories,
any abelian group A is elementary equivalent to a group

DpnZir™ @ B, ZY% @ ®,ROY & Q) (1)

where B*) denotes the direct sum of k subgroups isomorphic to a group B.
Thus, any theory of an abelian group has a model being a direct sum of
based groups. The groups of form (1) are called standard.

Recall that any complete theory of an abelian group is based by the set
of positive primitive formulas |7, Lemma 8.4.5|, reduced to the set of the
following formulas:

Jy(mizy + ...+ mp, ~ pty), (2)

Mz, + ...+ mpx, ~ 0, (3)

where m; € Z, k € w, p is a prime number |9], [7, Lemma 8.4.7]. Formulas
(2)) and (3)) allow to witness that Szmielew invariants defines theories of
abelian groups modulo Proposition 2.

In view of Proposition 2 and equations (2) and (3)) we have the following
remark.

Remark. |4]. Theories of abelian groups are forced by sentences implied by
formulas of form (2)) and (3)) and describing dimensions with respect to
Qpns Bpy Yp» € as well as bounds for orders p* of elements and possibilities for
divisions of elements by p*. Moreover, distinct values of Szmielew invariants
are separated by some sentences modulo Proposition 2.

By Proposition we notice that all dependencies between values of
Szmielew invariants in a given theory of an abelian group are exhausted
by ones given by infinite {n | a,, # 0} implying 8, = 7, = w as well as
by infinite {(p,n) | a,, # 0} implying ¢ = 1. It means that Szmielew
invariants, for a fixed theory and for a family, can not force positive values
Qpny Bps Yp using positive values for different prime p’ and/or . Besides,
all values o, , and natural values 3,, v, do not forced by other Szmielew
invariants. Moreover, finite values o, ,, 5,, Vp, for theories in Clg(T), can
not be forced by other finite or infinite values of these invariants. Thus, as
noticed in [4], all dependencies between distinct Szmielew invariants o,

L 0, el for theories T' € Clg(T)\ T, are exhausted by the following ones
for sequences (T} )ke., of theories in T
1) ol = lim olk
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2) B = lim (T
>ﬁp k%mﬁp’
3) 9L = lim ~/*
) 7 = lim ok
3) el = lim e’*,
k—o0
T _ ATy — om oDk
4) B, =, —W—hgnozpm,
T _ 1 — Tim Tk
5) ¢ _1_1;1;,%10[“”

The items 1)-5) show that limit values for Szmielew invariants are

independent modulo agj’;w i.e., the limits of Bg’“, gk, eTr can produce only
T T T : T, T /T _ T _
b Vpo € respectively, whereas ayk, can generate both o, ,,, 5, =7, =w
and 7 = 1.

Using Theorem 1 and Szmielew invariants ., 3,, 7y, € for theories of
abelian groups we obtain the following result.

Theorem 3. If 7, is a generating set for a E-closed set Ty of theories of
abelian groups then the following conditions are equivalent:

(1) T4 is the least generating set for To;

(2) T4 is a minimal generating set for To;

(3) any theory in T is isolated by some set (Ty),, i.e., for any T € T
there is ¢ € T such that (7)), = {T'};

(4) any theory in T, is isolated by some set (To)y, i.e., for any T € T
there is ¢ € T' such that (7o), = {T'};

(5) for any theory T € T, there is a finite set of Szmielew invariants &
such that there are no infinitely many theories Ty, € Ty, k € w, for which each
& either coincides for all Ty, and for T or & for T is a limit of correspondent
Szmielew invariants for Ty, (either of same name & or as a limit for agﬁl )

Proof. Since the conditions (1)-(4) are pairwise equivalent in view of
Theorem 1, it suffices to show that the condition (5) is equivalent to the
isolation of theories T' € 7 by neighbourhoods (7y),, with (75), = {T'}.

Using the reduction of approximations of theories of abelian groups to
the dynamics of Szmielew invariants above and the reduction of (7;), to
that dynamics for finitely many Szmielew invariants ¢ we deduce that an
appropriate sentence ¢ and its neighbourhood (7)., forbids approximations
of T by a sequence T}, € T, with respect to chosen &, k € w. It means that
there are no infinitely many theories T;, € 7, k € w, such that each ¢ either
coincides for all Ty and for 7" or £ for T is a limit of correspondent Szmielew
invariants for T} (either of same name £ or as a limit for a%) confirming
the implication (4) = (5).

Conversely, let for any theory T' € 7, there is a finite set of Szmielew
invariants £ such that there are no infinitely many theories 7}, € 77, k € w,
for which each & either coincides for all T} and for 7" or £ for T is a limit of
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correspondent Szmielew invariants for T} (either of same name £ or as a limit
for oz[:f,’;L). Then T is isolated in 7y by an appropriate sentence ¢, forbidding
approximations of 7' with respect to & and implying (75), = {T'}, that
confirms the implication (5) = (4). O

Since there are countably many independent Szmielew invariants,
Theorem 3 immediately implies the following assertion.

Corollary 4. There are continuum many E-closed families of theories of
abelian groups with (out) least generating sets.

As theories of finite abelian groups are isolated by sentences describing
orders of elements in these groups, Theorem 3 also implies the following fact.

Corollary 5. Any E-closed set of theories of abelian groups generated by
theories of finite abelian groups has the least generating set consisting of
these groups.

Again by Theorem 3 having a family 7 of theories of abelian groups
such that for each prime p there are only finitely many theories with positive
Szmielew invariants oy, ., Bp, 7p, these theories are separated by sentences
describing possibilities of these invariants. Thus the E-closure of T has the
least generating set consisting of theories in 7.

Corollary 6. Let T be a set of theories of abelian groups such that for
each prime p there are only finitely many theories with positive Szmielew
invariants oy, By, V- Then Clg(T) has the least generating set.

Example. If T}, be theories of abelian groups with unique positive oy, ,, = k
(respectively, 5, = k, 7, = k with ¢ = 1), k € w, then the family 7 =
{T} | k € w} is the least generating set for the E-closed family 7 U {7},
T, is unique accumulation point for 7, where the corresponding Szmielew
invariant equals w.

References

[1] S.V.Sudoplatov, Closures and generating sets related to combinations
of structures, The Bulletin of Irkutsk State University. Series
“Mathematics”, 16 2016, 131-144.

[2] S.V.Sudoplatov, Combinations of structures and of their theories (an

informative survey), Algebra and model theory 12. Collection of papers,
Novosibirsk: NSTU, 2019, 86-127.



On least generating sets 105

[3] N.D.Markhabatov, S. V. Sudoplatov, Topologies, ranks, and losures for
families of theories. II, Algebra and Logic, 60, 1 (2021), 38-52.

[4] I.1. Pavlyuk, S.V.Sudoplatov, Ranks for families of theories of abelian
groups, The Bulletin of Irkutsk State University. Series Mathematics,
28 (2019), 95-112.

[5] I.I. Pavlyuk, S.V.Sudoplatov, Approximations for theories of abelian
groups, Mathematics and Statistics, 8, 2 (2020), 220-224.

[6] I.I. Pavlyuk, S.V.Sudoplatov, Formulas and properties for families of
theories of Abelian groups, The Bulletin of Irkutsk State University.
Series Mathematics, 36 (2021), 95-109.

[7] Yu.L.Ershov, E. A. Palyutin, Mathematical logic, Moscow: Fizmatlit,
2011, 356 p. (Russian)

[8] W.Szmielew, Elementary properties of Abelian groups, Fundamenta
Mathematicae, 41 (1955), 203-271.

[9] P.C.Eklof, E.R.Fischer, The elementary theory of abelian groups,
Annals of Mathematical Logic, 4, 1972, 115-171.



JIOTUKA MYJIGTUOIIEPAIINI

H. A. Ilepszesn

Canxkr-IleTepbyprekuii rocyrapcTBeHHbII
JIEKTPOTEXHUYECKUIT YHUBEPCUTET
“JI9OTU” um. B. 1. Ynbauosa (Jlennna),
yit. IIpodeccopa Ilomosa, 2, Cankr-Ilerepbypr, 197376, Poccust

e-mail: nikolai.baikal@gmail.com

1 Bseaenne

Haunbosee ucrosb3yeMbiMu (DOPMATIbHBIME SI3BIKAME SBJISIIOTCS  SI3BIKH
[EPBOTO MOPs/IKa. B IPUIOKEHUSX YaCcTO MPUMEHSIOTCH KakK (pparMeHTbI
A3bIKA MPEJIMKATOB, TAK U UCYUC/IEHUSA C MHOTO3HAYHBIM MJIM HEYETKUM BbI-
BOJIOM: JICCKPUIITUBHbBIC, HEUYETKNE, BEPOATHOCTHBIC, MHOTO3HAYHBIE, peJie-
BaHTHbIE, MOJIAJIbHbIE, JIOTUKU aprymerTayu u apyrue [1]-[6]. fAs3bik myis-
THONEPAINl TAKXKe ABJISAETCA SI3BIKOM IIEPBOTO MOPSIKA.

Paznuunble JIorMKu MyJIbTHONEPAIl 00pa3yioT OOIIUPHBII KJacC JIOo-
ruk. Hawubosibimit uHTEpeC 3TU JIOTMKY MPEJCTABISIOT JJIs PUIOXKEHUII,
TaK KaK €CTEeCTBEHHBIM 00pa30M JIONYyCKAIOT pa3/IndHble ceMaHTUKu. [lpu
OTIPEICTICHHBIX OTPAHUYEHUIX HEKOTOPBIE JIOTHKU MYJIBTHONEPAINl MOYKHO
OTHECTH K JIECKPHUIIMOHHBIM JIOTUKaM (JIECKPUIITHBHBIE, JIOTUKA OIMUCAHUIA,
JIOTWKA, KOHIIENITOB) MM K BEPOSTHOCTHBIM JIOTHMKAM WM K MHOTO3HATHBIM
sjorukaM. Jloruku mysbTronepanuit aBIg0TCa OYHKITMOHAJILHBIMEI 110 (hop-
Me U TPEJUKATHBIME 10 COJEPKAHUIO.

[enbro gaHHOM pabOTHI ABJIAETCS pa3pabOTKa JTOIMIECKOr0 NCIUCIEHU,
OTHOCHIIErocsi K KJaccy JIOTHK MyJsibTuoneparuit. Mysbruornepamnium 3To
dyHKIMHI orpejesieHHbIe HA MHOXKECTBe A, W NPUHUMAIONINE B KadeCTBE
CBOUX 3HAYEHUIl MTOJIMHOYKECTBA MHOXKECTBa A, B TOM YHCJE IIyCTOe, MPHU-
MEHSIIOITecst JIjisi 00pabOTKU HEOIPE/IeJIEHHBIX W HEIOJIHbIX JaHHbIX. [Ipn
9TOM 3HAYEHHE MYJILTUOIEPAIMH OTPAXKAET CTEIleHb HEOIPEIeJIeHHOCTH, B
YaCTHOCTHU, ITYCTOE MHOXKECTBO OIIPEJIe/IAeT 3allPeTHOCTD JIAHHBIX, & OJIHO-
9JIEMEHTHOE OJHO3HAYHOCTH. JIOormiecKue MCYUCIEHNs, OTHOCAIINECS K JIO-
rUKaM MYJIbTHOIEPAIINii TIEPBOTO MOPSJIKA, MO CBOEI CYyTH OJTM3KH K JIECKPUII-
TUBHBIM JioTUKaM |7, 8|, KOTOpble B MOC/IE[Hee BPeMsl MHTEHCUBHO UCCIIEy-
I0TCA, U OTJIMYAIOTCS NPUKJIJIHON HalpaB/ieHHOCThI0. Ho ecsim neckpwur-
TUBHBIE JIOTWKH, KaK IPABUJIO, OCHOBAHBI Ha GUHAPHBIX OTHOIIEHUsX [9], TO
B JIOTUKAX MYJIbTUOIEPAINI MOT'YT UCIO/Ib30BATHCA MYJIHLTUOIEPAITUU 0O0JTh-
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meif MeCTHOCTH, M, ITO OCODEHHO BayKHO, B CUTHATYPY JIOTUK MYJIBTHOIIEDA-
Uil He BXOJAT CHMBOJIBI IPEJAUKATOB (€CTh TOJBKO OJIMH HE CUTHATYDHBII
OUHADHBII TIpeInKAT).

B pabore mpegio:keHa JIOruka MyJIbTHOIIEpAINii ¢ BEPOATHOCTHON ceMaH-
tuKoit. OcobeHHOCTH Pa3pabOTAHHOTO s3bIKA TTO3BOJISIIOT €0 MCIIOJIb30BATH
Ipu pa3paboTKe HWHTEJIEKTYAJIbLHBIX CHCTEM B YCJIOBHUAX HEOIPEIETeHHOCTH
U IPOTUBOPEYUBOCTH, UTO SIBJIIETCS OJIHON M3 aKTyaJbHBIX MpobeM oOpa-
00TKM MHMOPMAIUH.

2 Jlorumka myJibTHUOIlepalinii ¢ BEePOATHOCTHOM
CEMAHTUKOM

2.1 A3pIk MyJabTHONEpanii

[Iycts A — Komeunoe mMuoxkectBO # B(A) — MHOXKECTBO BCEX IOIMHO-
xkectB A. Orobpakenue f nexaprosoii cremenu A" B B(A) HasbiBaercs
n-mectHOi MynbrHonepanueii na A [10]. O6o3matum 3a My — MHOXKECTBO
BCeX MyJibTHOIepanuii na A.

IIycte F' — dbyHKIHOHATIBHAS CUTHATYPA C BBIJICICHHBIMI HYIbMECTHDI-
MI CHMBOJAMU ¢;. Mysbruunrepiperanus curaarypsl F' B yHuBepcym A
ompejieJIsIeTcst Kak oTobpaskenue 7y : F — My, Ipu KOTOPOM COXPaHSAETC:
MECTHOCTb (DYHKIIHOHAILHOIO CHMBOJIA M MYJILTHONEDAUU. DBblgeeHnnre
CHMBOJIBI ¢; HHTEPIPETUPYIOTCS KAK OJHO3JIEMEHTHBIE MHOYKECTBA.

OrmpeiesmM TepMBL B SI3BIKE MY/IBTHOIIEPAIAI CTAHIAPTHBIM 00pa30M:

e 1100011 HOJIbMECTHBI CUMBOJI CUTHATYPBI F SBJISIETCST TEPMOM;
o f"(t1,...,t,) — TepM, eciu f" € F u ty,...,t, TepMbI.

3aMeTnM, 9TO MOHSITHAE TePMa JIOMYCKAET Pa3JIndHble 0O00IEHNS.
QopMyJIbl B A3bIKE MYJIHTUOIEPAIUI TaK Ke OIPEICIIIOTCA 10 UHIIYyK-
AN

o (t1 Cty) — dopmyna, e ti, ty TEpMBI;
o (D&V), (P V V), P — dopmyier, re P, ¥ dopmyisr;

o Va;®(x;), Iz,P(x;) — dbopmyinl, rae P(f0) dopmyna Takast, uTo
f° € Fus ®(f° ne xomur x;.

Buenraue ckobku B hopMystax gacto OyaeM OIyCcKaTh.
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2.2 BepossTHOCTHasi ceMaHTHUKA $A3bIKa MYJIbTHUOIIEPa-
i

B nacrosimeit cratbe Oy/eM paccMaTpuBaTh CEMAHTUKY BEPOITHOCTHOTO
THITA, KOTOPas ONPeIe/IAeTCs CJIELYIONIM 00Pa30M.
SHadenne TepMa t TP MYJIBTUHHTEPIPETAIINN 7Y ONPEJIEIIeTCA TaK:

o ccm t = fO 1o Y[t] = v(fO);

o ccu t = f(ty,...,t,), TO Y[t] = U[ ]{a | aey(f")(a,...,a,)}.
a; €vy(t;

WNcrunnocrnoe 3uavenue dopmysibl ¢ 1mpu MyJIbTUMHTEPIIPETAIAT 7Y
onpeessiercs Tak (Huke depes |C| obo3HagaeTcst MOITHOCTb MHOXKecTBa C'):

[y[t] N yta]|
o ccu =ty C iy, 1O Y[P] = |v[t1]|

, upu [y[t]] >0,

1, upu [y[1]| = 0;

o ccm & = —, 0 4[®] = 1 — 4[¥];
o ccmn & = U, V Uy, 10 4[] = max{y[¥,], 7[¥s]};
o ccmn & = Uy & Uy, 10 4[®] = min{y[W], 7[Ts]};
o ccin & = JoU(z), 1o 7[®] = max{1[¥(c,)] | 7(c:) € A};
o ccm & = Vo U(z), o 7[®] = min{y[¥(c;)] | v(c;) € A}.

2.3 MWcuumcnenme myJibTUonepanuii TAOJNIHOTO THUMA

OrmeuenubiMu hopmysiamMu OyaeM Ha3bIBaTh BhIpaxkenus Buga © < «,
dP<a, ®>a ®>a rme ® — dopmyna g3bika MyJIbTHOLIEpAIUN, & o —
pammonaJjbHoe uncyo oT 0 go 1.

J1J1s1 KOMIIAKTHOCTH M3JI0XKEHWsT BBEJIEM CJIEJIYIONTe 0603HAYeHUsT: < —
obiee obo3HadeHne i < u <; 2 — obiee 0bO3HAUEHUE JIJIsT > U >.

OmnpesiesM ciiejiyolye mpaBuia HoCTPOeH st TabJIuIL (CJIeBa OT IpaBua
B KPYTJIBIX CKO6KaX nIpuBeaI€eHO HauMEHOBaHUE HpaBI/I.Ha).

-®> « o< o
>y —— — ~ = <) — T~ =
(=%) <1 —a (=3) > 11—«

&V P& US o

U2«
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OVU> o OVU<a
> ~ <)y _ ' "~
U< o
dxd(z) 2 o dxd(z) S o
> ~ < ~
Vaed(z) 2 o Vaed(z) S «
> ~ < ~
t1 Cta 2 t1 Cth S«
(N) tlct2>ﬁ HpI/IOé>5 (N) t1Ct2<5 HpI/IOé<5
t1 Cty>0 t1 Cta <0
( 0) ta Ct; >0 (SO) ta Ct: <0
t; Cs;>1 s;Ct;>1
(C2) tC flt,. .t )2« (CS) tC f(ty,.. oty ta)Sa
tgf(tla y Siy 7tn)za tgf(tb s Siy 7tn)§a

Pazobnem Bce BBesenHble npaBmwia Ha naTh rpymt 1) (2), (S); 2) (V 2),

(&<);3) (32), (V) 4) (V2), (3S); 5) BCe ocTasibHble TIPABUIIA.

J171s1 KOHEHOI'O MHOKECTBA OTMEUYEHHBbIX (POPMYJI 2 IIOCTPOEHUE TadJIn-
bl (HYMEepPOBAHHOIO JIepeBa) OIPEeIsieTcsl 0 WHJLYKIAH:

1) &y — xopenb Jepesa, Te Py € .

2) D — nepeso, g, ..., D, ..., P, — BerKa mepesa

e ecsim V; u3 X, TO K BeTKe J00aBJIsSIeTCsl OJIHA II0C/Ie/I0BaTe/IbHAs Bep-
IMHa, HyMEpOBaHHAas TOH (hPOpPMYII0ii;

e cciiu K ¢; mpuMeHseTcd MpaBUjIo U3 IEPBOI I'PYIIILI, TO K BeTKe J100aB-
JISIETCSI OJIHA TIOCJIeIoBaTe /IbHAs BEPIINHA, HyMePOBaHHAs OTMEYeHHOM
dOpMYyII0ii COIIACHO MPUMEHEHHOMY IIPABUJLY, I'Jie [ yKe BCTpevasach
B KadecTBe OTMETKHU B (pOPMYJIax TOH BETKH;

e cciu K ¢; mpuMmenHseTcd NpaBujIo U3 MATON IPYIIIBI, TO K BETKe J100aB-
JISIeTCST OJTHA WJIM JIBE IIOCJIE/IOBATE/IbHbIE BEPIINHbBI, HyMEPOBAHHbIE
COTJIACHO TTPUMEHEHHOMY TPaBUJIY;

e cciu K ®; mpuMeHseTcd MpaBUjIo U3 BTOPOI I'PYIIILI, TO K BeTKe J100aB-
JISIETCSI JTBE BEPIUHBI OJIHOTO yPOBHSI, HyMePOBAHHBIE COTJIACHO IIPU-
MEHEHHOMY ITPaBUJIY;
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e ccim K O; mpuMensiercsd NpaBUIO U3 TPETbel TI'PYIIILI, TO K BETKE
JI06aBJIIeTC OTHA BEPIIMHA, HyMEePOBaHHAas COIVIACHO ITPUMEHEHHOMY
MPaBUITY, TJI€ CAMBOJI ¢;, TAKOH, IYTO HE BXOJIUT BO Bce (DOPMYJIbI ITOI
BETKU;

e ecm K P; nmpumeHseTcs MPaBUJIO U3 YE€TBEPTON I'DYNIBI, TO K BETKE
J100aBJIeTCs OJ/IHA BEPINUHA, HyMepOBAaHHAs COIVIACHO ITPUMEHEHHOMY
paBUILy, Tjie t JiIo00it TepM, BCe HYJIbMECTHbIE (PYHKIIMOHAIbHBIE CUM-
BOJIBI KOTOPOT'O MIPUHAJIEZKAT (POPMYJIaM 3TON BETKHU.

Beegem psiji HeOOXOMMMBIX HOHSATHIA.

Berka samxnymasn, ecau cogepxut oo ® < au &> a, mbo < a u
® 2 a, mbo ¢ > 1, mubo ¢ < 0 xorb 15t ostHOM hopmyssr P, mbo t C ¢ < 1,
XOTh JJI OJHOI'O TepMa t.

[Ipumenenne mpaBuia ABJISIETCA U3ObIMOYHbLM, €CJIU XOTh B OIHON U3
[OJIy YEHHBIX BETOK JIMOO HET HOBBIX (popMyJI, OO Mpu npuMeHeHun K ¢ =
a (® < «) mpasuna Bropoit rpynusl noxyaaem (%) > a (®(fY) < a), a s
9TOit BeTKe yxKe ecTh (hopmyrna P(t) 2 a (P(t) < ).

Berka gunarvran, ecim oHa mbO 3aMKHYyTa, JTUO0 IPUMEHEHHE IIPABII
KO BCceM ee (popMysIaM M30bITOYHO.

Ecimm Bce BeTku Tab/muibl (puHAIBHBIE, TO TaOJIUIA HUHANOHAA, & €CTTU
3aMKHYTBIE, TO TaOJIUIA 3aMKHYMA.

MHuokecTBO OTMEUYEHHBIX (DOPMYJT X ABJISETCA ONPOBEPHCUMBIM B UC-
YUCJICHUU MYJIBTHOIIEpAIUil TaOJIUIHOTO THIIA, €CJIN CYIIECTBYET 3aMKHYTast
TabJINITA, IS MHOXKECTBA ..

Ormedennas popmyna © < o 6vi600uma N3 MHOKECTBA POPMYJT Y B HC-
YHUCJIEHUU MyJIbTHONIEpaluii, ecin MuaokecTBO 3 U {® > a} siByisiercst onpo-
BEPKUMBIM. AHAJOITIHO OIPEJIEISIETCsT BEIBOIUMOCTD J1jisi (hopmyt @ < a,
> a, &> a.

HecoxxHo mokasarh, 9T0 MOCTPOEHHOE UCIUC/IEHTE TaDTUIHOTO THIIA, STB-
JISTETCST KOPPEKTHBIM OTHOCUTEILHO OIPEIeIeHHON BBIIIe CEMAHTUKU T3bIKA
mysibTuorneparuii. [logHOTA 9TOrO MCUYHMCTHeHNs TpPebyeT TOMOTHUTETbHBIX
paccyKIeHuil 1 B JAHHOI cTaThe He PacCMaTPUBAETCS.

3 Jlormka myJibTuoIlepaliiii ¢ BepPOATHOCTHOM
CEMAaHTUKOI: AEMOHCTPAIMOHHbLINA IIpUMeEP

[IycTs 6a3a 3HaHUil COCTOUT U3 CJICAYIONIUX YTBEPKJICHMUIA.
1. He menee yem na 80% BepHO TO, 9TO JIOOOH UEIOBEK CUMIIATUIHBIA MU
OH ce0sI He CUMTAeT yMHBIM.
2. CyrecTByeT yMHBIH 9€7I0BEK, KOTOPBIH BCEX CUMITATUYIHBIX JIIOJIEH TTpe/I-
CTaBJIAET CUMIIATUYHBIMY, & BCEX YMHBIX CUUTAET YMHBIMU.
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K »1oit 6aze cienanbl aBa 3ampoca:

A. Cremyer i TO, 9TO CYIIECTBYET Y€JIOBEK, KOTOPBIA MpecTaBser cebs
CHMIIATUYIHBLIM, BepHo Gostee yeM Ha 80%.

B. Ciemyer jin To, 9TO CyIIECTBYET YeJIOBEK, KOTOPBIA IpejcTaBisger cebs
CUMIIATUYHBLIM, BEPHO He MeHee ueM Ha 75%.

Qopmasin3yeM 3TH yTBEPXKJIEHUsI Ha Ha si3blKe MyJibrroneparyii. s
9TOrO BBEJIEM CUTHATYPHbBIE CHMBOJIBI U OTIPEIETNM MYJIbTUHHTEPIPETAIIIO
BO MHOKECTBO BCEX JIIOJIIEM:

Y(f°) — MHOXKECTBO CHMIATHIHBIX JIFOJIEI;

v(g°) — MHOXKeCTBO yMHBIX JIIOJIEi;

v(f) — ynapuas mynbrHOmEpalus Takas, 1o Y(f)(a) 9T0 MHOMXKECTBO JIo-
Jieil, KOTOPBIX @ IPEJICTABIAET CHMIIATHIHBIMHE.

v(g) — yHapHas mMyabTHONEpaIHst Takast, 910 ¥ (g)(a) 970 MHOKeCTBO JoIeii,
KOTOPBIX ¢ CYUTAET YMHBIMHU.

[Tpu mocTpoennu Tabuipbl OyaeM HyMepOBaTh CTPOKH (BEPINUHBI Jepe-
Ba), & B KOHIIE CTPOK IOCJIe 3HAKa %0 JieJIaTh KOMMEHTAPHHU, YKa3bIBash KAKOe
[IPABUJIO U K KAKUM CTPOKAM ITPUMEHSLIOCH.

ObpaboTka 3ampoca A.

1. Vo((z C fO) vV —(z C g(x))) > 0,8 % ycosue

2. Jz((x € ¢")&(f° € f(2)&(g” C g(x))) =1 % ycnosne
3. Jz(x C f(x)) <0,8 % or uporusBHOrO

4 (e C (O C Fle)els C gler)) > 1 %(EZ) -2
5.00C¢">1 %(&2) 4

6. fOC f(er) 21

7.9°Cygler) > 1

8. (c1 € fY)Vlaa Cg(cr)) 20,8 %(V2):1

9.¢,C f7>0,8 10. =(c1 € g(e1)) > 0,8 %(V 2) : 8
11. 1 € f(1) 0,8 (IX):3

12. ¢1 C fler) > 0,8 %(C2) : 6

13. ¢1 Cgo>0,8%(2): 5

14. f9C f(c1) > 0,8 %(>) : 6

15. 7

3 Cg(a) >0,8 %(Z) :
16. ¢; C fler) <1 %(S)

% OTKPbITad (bI/IHaHbHaH BETKa
Otser Ha 3anpoc A: Her, ne crenyer.
O6paboTka 3arpoca B.

1. Va((z C fO) V—(z C g(z))) > 0,8 % ycrosue

2. Ja((x C )& (f° C f(@)&elg’ C g(x))) =1 % ycuonie
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3. Jz(xz C f(x)) < 0,75 % or nporuBHOrO

1 (6 C P& C fe)ele C gla)) > 1 %(@Z) 2

boarCg’>1 %(&2):4

6. /°C f(er) > 1

7.9°Cg(cr) >1

8 (c1 C fOYV—(er Cygler)>0,8 %(vV2):1

9.¢,Cf°>0,8 10. =(c; Cg(e1)) > 0,8 %(V 2):8
11. 1 C f(e1) < 0,75 %(3FS):3 | 14 ¢4 Cg(eg) 0,2 %(—2) : 10

(¢
12. ¢; C f(c1) > 0,8 %(C=):6,9 | 15. ¢; C¢°<0,2 %(CL): 7,14
13. ¢1 C f(e1) < 0,8 %(S) - 11 16. c; Cg° <1 () : 15
% ycnosue 3amknyroctn s 12,13 | % yenoBue samxnyTocTn jiis 5,16
Orer na 3anpoc B: Jla, ciemyer.
OTrmeTnM, 9TO PacCMOTPEH JIOCTATOYHO MPOCTON MpUMeEp, TaK KakK IpHU-
MEHEHHUE B PeaJIbHbIX 6a3axX 3HAHUN TPEOYET JIOMOJTHUTETLHBIX UCCICI0BAHUT

110 CJIO2KHOCTH IIOCTPOECHUA TaOJIMIHBIX BbBIBOJOB B HO,ZLO6HbIX JIOTTY9ECKUX
NCUYUC/ICHUAX.
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[onsgTue GYyHKIMOHAILHOTO KJIOHA — OJHO M3 TeX IOHATHN KOTOpbIE
CBSA3BIBAIOT Pa3JIMYHble 00JIACTH JUCKPETHOH MAaTeMaTUKU C YHUBEPCAJIb-
Hoit asrebpoit. Ilpexie Bcero namomMumM, 4To (GPyHKIIMOHAIBHBIH KJIOH Ha
MHOYXKeCTBe A — 9TO MPOM3BOJIbHAA COBOKYIHOCTD (DYHKIHH Ha A, 3aMKHY-
Tasi OTHOCUTEILHO CYNEPHO3UIN 1 BKIIIOYAIONAd B cebsd BCe CEeIeKTOPHBIE
bynkmmy €' (z1,...,2,) =z; (msn € w, i < n).

YuoMsaHyTas BbIIIe CBA3b COCTOMT B TOM, 4UTO JIJIsl JIIOOOW yHUBEPCAJIb-
Hoit anredpot A = (A;0) ¢ ocHoBHBIM MHOXKecTBOM A coBoKymHOCTL T ()
BCEX TepMaJIbHbIX (DYyHKIM aareOpbl 2 daBjsgercs (PyHKIMOHAIBHBIM KJIO-
HOM Ha, A, a ¢ JIpyroil CTOPOHBI, i JII000ro (BYHKIMOHAJIHHOTO KJoHa F
ua MHO)KecTBe A cymecrytor anrebpsl A = (A; o) rakue, uro Tr(A) = F
(B wacTHOCTH, TaKOBOIl Oyier anrebpa Ap = (A; F), riae B ee curHarypy
BKJIIOUEHBI BCe (DYHKIUU U3 KJoHA F).

CoBokynHocTb F4 Beex (DyHKITMOHAIBHBIX KJIOHOB Ha MHOXKecTBe A wa-
CTUYIHO YIOPSI0YeHa OTHOIIEHNEM TEOPETHKO-MHOYKECTBEHHOTO BKJIIOYUCHIS
C. Boisee Toro, oHa dAB/IAETCS TOJHON PEIIETKON OTHOCHTEIHHO 9TOTO IO-
psijika, 0bo3HaTaeMoil jastee Kak L 4.

Tpagunuonno sta pererka L 4 U IpeacTaBisijia co00il OCHOBHYIO CTPYK-
Typy IPHU M3y4YeHUU COBOKyHHOCTH F)4 Bcex (DyHKIMOHATHLHBIX KJIOHOB Ha
A. B psane pabor aBTopa NpeJioyKeH pPsiJi MHBIX €CTeCTBEHHBIX CTPYKTYP
Ha COBOKYITHOCTH F4, IPEACTABISIONINX UHTEPEC /I aJreOpo-JI0rmIecKuX
UCCJIEJIOBAHUIT: TOMOJIOTUS U abCTPaKTHBIE OTHOIIEHUS Ha F4.
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Hamomuum ocroBHble hyHIaMEHTAIbHBIE (PaKThl OTHOCUTEIHLHO PEIIETOK
L 4. pexye Bcero ormerum pesyiabrar E. [Tocta.

Teopema 1. [1|. /s deyzasemenmnozo mmoocecmea A pewemra L
CUEMHA.

Bosee Toro, nmosryueHo ncyepubIBaoIiee ONUCAHNE 3TON PEIIeTKH U BCeX
KJIOHOB ee 00pa3yIoIuX, BKII0Yas HaXOXKIeHe 0a3MCOB STUX KJIOHOB.

Curyanus pe3ko MeHseTCd IS He MeHee YeM TPEX3JIEMEHTHLIX A.
1O. duoBeiM 1 A. MydnukoMm jioKa3aHa

Teopema 2. [2|. /Jlaa a06020 He menee uem MPETINEMEHTNHO20 MHOMHCE-
cmea A pewemxa Ly He menee wem KOHMUHYAAOHA.

O cioxuocTr crpoeHnst pentetok L4 npu [A| > 3 roBopuT u J0Ka3aHHBLIT
nMu ke QakT.

Teopema 3. 2] IIpu |A| > 3 6 La cywecmsyiom Kaombl, He UMENOULUE
HUKAKUT Oa3UCOB.

CJI0)KHOCTH U HEpEeryJsipHOCTh CTpOeHus peretok L4 tpu Oosibimux A
[IOTYEPKUBAIOT U cjejyonue pe3yabrarsl A. Bymarosa

Teopema 4. [3]| IIpu ycaosuu |A| > 3 na pewemxe Ly ne 6vinoaneno nu
0010 pewemoyroe modHcoecmao.

Teopema 5. [4] IIpu ycaosuu |A| > 4 6 pewemky Ly 6rootcuma c60600nas
CHEMHO NOPOICICHNAA pewemka u, 6 uacmnocmu, 6 Ly eaoocuma aobas
Koneunas pewemmka, a cama La, 6 amom cayuae, ne ABAACMNCA NOKAADHO
KOHEUHOU.

B 3Toit curyamum mpejicTaBiiieT MHTEPEC HAXOXKJIEHUE PENIeTOK B TOM
WM UHOM CMBICJIE “QIllIPOKCUMUPYIONUX  T€e WU WHBbIE CBONCTBA PEIIETOK
L 4, HO YCTPOEHHBIX, B HEKOTOPOM CMBICJIE, O0Jjiee TIPOCTO YeM L 4 pu 00JIhb-
mux A.

OsiuH n3 1oJIOOHBIX ITyTell OCHOBAH HA MMOHATUU OTPAHUYEHHO IMTOPOXK-
JICHHOTO KJIOHA, BBeJIeHHOM B pabore aBropa [5|. Kion F HasbiBaercs ozpa-
HUYEHHO NOPOAHCOEHHDBIM, €CJTH OH MOPOXKIAETCS HEKOTOPBIM MHOXKECTBOM
BXOJIAIIMX B HEr0 (PYHKIUN OIrpaHMYCHHON B COBOKYIIHOCTH apHOCTH. Jls
KOHEYHBIX MHOXKeCTB A orpaHmveHHas MOPOXKJIEHHOCTb KJIOHA Ha A pas-
HOCHJIbHA €TI0 KOHEYHON MOPOXKJIEHHOCTH, & JJIs MPOU3BOJIBHOrO A J11060it
KOHEYHO ITOPOXKJICHHBIN KJIOH sIBJISETCSl OIPAHUYEHHO ITOPOYKIEHHBIM.

[Ipu 9TOM COBOKYNHOCTH L' OrpaHHYeHHO MOPOXK/ICHHBIX KJIOHOB Ha A
SABJIAETCH TOJPENIETKON pereTku L 4.



116 A. T Ilunyc

Ku1ro9uoM ke K u3ydeHuto crpoenust pererok L'y ciayzxur nonsitue dpar-
MeHTa KJIOHa, BBejeHHOe B pabore [5|. s sroboro kiona F u jiio6oro
HATYPaJbLHOTrO N Yepe3 F™ obosnaduum n-gpaemenm xaiona F', T.e. COBOKyII-
HOCTh byHKIMIT 13 F', apHOCTH KOTOPBIX He IpeBbIitaeT n. COBOKYIHOCTH
n-gpparMeHTOB BCeX KJIOHOB u3 L4 obpasyeT pemierky L' OTHOCHTEIBHO
TEOPETUKO-MHOYKeCTBeHHOTO BKIoYeHus C. [Ipu srom s n < m perrerka

"\ ABJIFETCS PETPAKTOM peleTKn L'} 1 mMeeT MecTo

Teopema 6. [5|. Pewemwka Ly asaaemes o6pamnsim npedesom pempaxmue-
noeo cnexmpa pewemox LY (n € w), a pewemka LY — npamvim npedesom
amozo cnexmpa. IIpu smom u cama L' asasemea pempaxmom pewemxu
L.

I3 sroro pesysbrata u pesyabraroB A.Bymarosa [3, 4| Bbitekaer psi
CJIEICTBUMN.

CnexncrBue 7. [5|. Ecau |A| = 3, mo na pewemxe LY ne swnoaneno
HUKAKOE PEULETNOYHOE MOAHCIeCEO.

Caencrsue 8. [5|. /s mo6ozo mnoocecmea A pewemru LY u Ly V3-
IKGUBAAECHITHDL.

O/ 1HaKO, B OTJINYNN OT PEIeToK L 4 MMeeT MeCTO

CanexncrBue 9. [5]. Jas awobozo xonewnozo A pewemxa LY aoxarvro xo-
HEWHa.

HanpHeiimme uccaeoBannst pemeTok L4 ObLIN COCPEIOTOUEHBI HA OIIH-
CAHUU WX KCTPEMAJIBHBIX 3JIEMEHTOB, KAKUX-JIMO0 WHTEPBAJIOB ITUX pellle-
TOK W TOMY ITOJJ0OHOE.

Tak B paborax |7, 8] U.Pozenbeprom omnmcanbl aTOMbI ¥ KOATOMBI Pe-
meTok L4 B TepMuHaX (PYHKINNA COXPAHSIONUX Te MW HWHbIE OTHOIIEHMUSI
Ha A. EcTecTBeHHBIM IPEICTABIISIETCS BOIPOC OIMMCAHUS JIJIA TPAIUIIMOHHO
paccMaTpUBaeMbIX B TEOPHUH PEIIETOK TaK HA3BIBAEMBIX CIIEIUAIbHBIX JJIe-
MEHTOB: JUCTPUOYTUBHBIX, KONUCTPUOYTUBHBLIX, MOILYJIAPHBIX ¥ UHDIX.

Omncanue psijia MHTEPBAJIOB B pererkax L 4 nomydeno A. Kpoxuabim [9).

C nongTneM (parMeHTOB KJIOHOB CBA3aHO MOHSITHE PAa3MEPHOCTHU KJIO-
na F' [10], HauMeHbIIero HATYPaJIbHOTO N TAKOTO, YTO KJIOH F OJJHOZHATHO
omnpejiesiuM cBouM dparmeHToM F™ (ecjim TakKoBOe 1 CYIIECTBYET). DTO Ke
HOHSITHE JIEXKUT B OIIPeJIe/IEHI HEKOTOPOI €CTeCTBEHHON TOMOIOrUN Ha Fy.
Tax kak s moboro kiaona F mmeror mecto pasenctsa F' = J, ., F" n
BroYeHnsa F" C F™ nang n < m, TO BO3MOXKHO BBeJleHHNe Ha Fy4 clieayto-
e mempuku p: s F, F' € Fj nonoxnm

(min{n € ' | F™ # (F")"})™', ecou F # F’

F [ = )
pLEE) 0, B ciyuae Korga F' = F’
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(3mech w' = w\{0}). C momoIpio 9TOi METPUKU U OIPEIEISEM MONOAOUN)
7 Ha Fy. V3ompoBasHbIMEI TOUKaMU TIpOCTpaHcTBa J4 = (Fl4; T) ABISIOTCS
KJIOHBI KOHEUHOI PasMEepHOCTH Ha MHOXKeCTBe A M TOJILKO OHH, a OIepallin
A,V U3 ompejiesieHusT pemeTKu L 4 sIBISIOTCsT HeIIPEPbIBHBIMU Ha IIPOCTPAH-
cTBE Jy.

HNnmeer mecTo Tak ke

Teopema 10. [5]. Bce npocmparcmesa J4 noanor. /s 1106020 neodnoane-
menmmozo A 6 npocmpancmee J4 ecmv npedesvhvie mouku (Kaonv becko-
newnol pasmenocmu). B cayuae |Al = 2 maxuxr mouex 6 Ja eocemv das
|A| > 3 makosvir mouex 6 J4 beckornewno mnozo.

CsoiicTBa mpocTpaHcTBa J4 BO MHOTOM XapaKTEPHU3YIOT CAMO MHOXKECTBO
A. K npumepy B paboTax aBTOpa JI0Ka3aHbI

Teopema 11. [10, 11|. IIpocmparncmeo Jx xomnaxmmuo mozda u mosvko
mozda, xoeda A Koneuno.

Teopema 12. [10]. Jlaa pewemxu L cywecmeyem nodpewemxa 0bpasy-
0WAA COBEPULEHHOE NOIMHOACECTNBO 8 npocmpancmee J4 mozda u mosvko
moeda, koeda |A| = 3.

EcrecTBeHHBIM 1Ipe/icTaB/ISIETCST BOIIPOC O TOM KaK PACIIOJIOXKEHBI B PO~
cTpaHCcTBax J4 M30JIMPOBaHHbIE TOYKU. B vacTHOCTH, HE OYJIET JIU COBOKYTI-
HOCTD IMOJ00HBIX TOYEK BCIOY IIOTHOMN B J4. JIpyrumu ciioBamu, BEpHO JT1
yTBepzK/IeHne, 4To Jjis Jodoro kiona F' w3z F4 m joboro n € w Haiijgercsa
kyton F' takoit, uro F" = (F')" u kyon F' oiHO3HAYHO OIIpe/Ie/INM HEKOTO-
pbiM cBouM dpparmerTom. OTBET HA ITOT BOIPOC OCTAETCS OTKPBITHIM. B
pabore [12] aBTOpa mOIyUeH JHIb YaCTUIHBIA OTBET Ha 9TOT Bompoc. Ha-
IMOMHUM, 9TO KJIOH Ha MHOXKeCTBe A Ha3bIBaeTCs TUCKPUMUHATOPHBIM, €CJIN
OH BKJIIOYaeT B cebsl MMCKpUMUHATOPHYIO dyHKImo Ha A. Vmeer mecro.

Teopema 13. [12]. Jaa 06020 mnosicecmea A 6 40600 okpecmmocmu a10-
6020 QUCKPUMUHAMOPHO20 KAOHA Ha A aedcum HEKOMOPLIT KA0H 00HO3HAY-
HO ONPedesuMbl HEKOMOPYIM CBOUM (ppazmeHmom (m.e. U0AUPOSAHHAA
mouka npocmpancmea Jy ).

VKazaHHas B Ha4daje pabOThl BO3MOXKHOCTb TPAKTOBAThH (PYHKITUOHA/Ib-
Hble KJIOHBbI Ha MHO)KecTBe A Kak coBokymHocTr Tr(2) TepMaibHbIX (DYHK-
U YHUBEPCAJILHBIX aJiredp ¢ OCHOBHBIM MHOXKECTBOM A IIPUBOIUT K pac-
CMOTPEHUIO Ha FA pdadaa OTHOIIIEHU NHAYOUPOBaHHBIX TaKMMKW OTHOIICHH-
SMH MEXKJIy YHHUBEPCAJIbHBIMU aJIredpaMu Kak “palroHa bHasd SKBUBAJICHT-
HOCTB”, “ObITh oborarmerneM (0beHeHnEM) anrebphl’, “anrebpanveckast, Jio-
rudeckas SKBUBAJEHTHOCTH ajredop’.
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[Ipexkie Bcero HAIIOMHHMM, YTO IOHATHE “PAlMOHAIBLHON SKBUBAJICHTHO-
cru” anrebp A = (A;01) u B = (B;o0,) BBemeno A.Masbiesbim [14] u
CBOJIUTCS K CONPSI?KEHUIO (DYHKIMOHATLHBIX KJIOHOB Tr(2A) u Tr(B) kakoii-
Jmbo bueknueit Muoxkectsa A Ha B. Ilox “abcrpakTHOR 9KBUBAJIEHTHOCTHIO”
~ KJioHoB F| u Fy u3 Fy OyjieM IMOHUMATh pallMOHAJIBHYIO SKBUBAJIEHTHOCTD
anredbp Ap, = (A, F1) u ™Ap, = (A} F), re. F| ~ F, Tor7a 1 TOJIBKO TO-
1718, KOT/1a CyIIeCTBYeT ITepeCcTaHOBKa 7 Ha A, compsrarorias COBOKYITHOCTH
byHKIHI, BXOJAIMX, COOTBETCTBEeHHO, B F u Fy. Ha Fy onpejenm Tak ke
OTHOIIIeHNE <, SIBJISIOIIEECs ITPOU3BOIHBIM OT OTHOIIEHUS MEXKJy YHHUBED-
caJILHBIMU aJiredpaMu, Korjia ojiHa ajiredbpa ectsb ‘oboramenue” apyroit. s
F\, Fy € Fy nonoxkum Fy < Fy Torja m TOJIBKO TOTJIa, KOTJIa CYIIECTBYET
nepecranopka 7 Ha A takas, uro m(F)w~! C Fy. O4eBujHO, 4TO OTHOIIIE-
Hile < 4BJIEeTCsSI OTHOIIEHHeM KBa3UIopdaaKa Ha F4 1 depes /~ 0003HAYNM
OTHOIIIEHNE SKBUBAJEHTHOCTH Ha [y, MOPOXKIEHHOE 3TUM KBa3UIIOPSIKOM.
O4eBHIHO, YTO SKBUBAJIEHTHOCTb X OOJIBIIE YeM SKBUBAJIEHTHOCTD ~.

Nmeer mecto

Teopema 14. [15, 16]. Omuowerus ~ u = cosenadarom wa Fa mozda u
moavko moezda, xoeda A Koneuno.

OTMeTnM OJIHO U3 CJIEJICTBUIl 9TOI TEOPEMBI.

CaencrBue 15. [16]. Jlaa 6Geckonewnvr A cywecmeyrom waonv, F
na A makue, wmo xaacc F/ & codeporcum Konwmunyym nonapno me ~-
IKEUBANEHMHHIT KAOHOE Ha A.

OTMeTnM Tak »Ke eare oJuH pe3yJjbTaT CBSI3aHHBIA C OTHOIIIEHWEM ~ Ha
Fy.

Teopema 16. [16]. Konsronxuyua omnowenuis F' C F" u F' ~ F" das
kaonos F' u F" us Fy eaekym pasencmeo smux kA0H06 mo20a U MoabKo
mozda, Ko2da MHOHCECTNBO A KOHEUHO.

[TomMmumo oTHOMIEHHH ~, A2, < HA F4 €CTeCTBEHHBIM 0OPA30M OIIpEJIe/Is-
eTcs ellle TEeJbIH sl OTHOIIEHNH, MHCIUPUPOBAHHBIX Pa3INIHBIMUI “ajred-
panvecKu 3HAYMMBIMU OTHOIIEHUSMU MEXKJIy YHUBEPCAJIbHBIMU aJiredpamu
C OCHOBHBIM MHOXKeCTBOM A. VYKaykeM Ha HEKOTOpble W3 HUX (HIyIIue OT
aJredpanvecKoil, JOrnIecKoil FeOMeTPHil yHUBEPCAJIBHBIX aarebp) U Ha sl
PEe3YIbTATOB C HUMU CBSI3aHHBIX.

HamomuuM, 910 anrebpandeckuM MHOKECTBOM Jijisi aarebpbr A = (A; o)
HA3bIBAETCsI COBOKYIIHOCTHL perienunii B 2A HEKOTOPOH cucTeMbl (BO3MOXK-
HO GecKoHe4HOi) TepMmasbHbiX it 2A ypasaenwii. Yepes Alg®2d o6o3ma-
YUM COBOKYITHOCTH BCEX ajiredpamvecKuX MHOXKECTB ajrebpbl 2. AreOpsb
2y = (A;01) u Ay = (A; 09) Ha3BIBAIOTCS AMTeOPANIECKN SKBUBAJICHTHBIMH,



O HEKOTOPBIX HETPAIUIIHOHHBIX CTPYKTYPax 119

ecu mmeer mecto paBeHcTBo Alg®ly = Alg,. Knonsr Fi, Fy u3 Fy Ha-
30BeM aJIredpam<decKn SKBUBAJIEHTHBIMU ([ ~g, [h), ecim anrebpamdecku
SKBUBAJIEHTHBI anreOpe!l Ap, u Ap,, T.e. COBIATAIOT MHOYKECTBA, OIPeJIeIs-
eMble KaK PeIleHnsi COBOKYITHOCTEN ypaBHEHUN MexK 1y (PYHKIUIMU u3 Fi u
F, coorBeTcTBeHHO. AHAJIOTTYIHBIM 00PA30M OIIPEIe/IAeTCA OTHOMIECHHE ~joq,
Ha Fy: xmousl Fy, Fy € F'4 Joruvdeckn S5KBUBaJEHTHbBI, €CJIN COBIAIAI0T CO-
BOKYITHOCTH ITOJIMHOKECTB MHOKeCTB A", OnpeaemMbIiX OeCKBAHTOPHBIMI
opmystaMu JIOrUKN TIepBOro nopsijika B anrebpax Ap, u Ap,. B pabore [12]
aBTOpa IOJIydeH DAl Pe3y/IbTaToB, CBA3AHHBIX C UUCJIOM KJIACCOB ~gig- U
~logo-dKBUBAJICHTHOCTel Ha COBOKYIIHOCTU [4 M CO CTpOEHHEM 3TUX KJIACCOB
JUIA ~qig T ~jogy B TEPMHUHAX PEIIETKH L 4.

Hakomerr, octanoBuMcs Ha B3aUMOCBSA3M CTPYKTYpP Ha Fp u Fa jisa pas-
JIMIHBIX MHOKecTB B u A. Vmeer mecto

Teopema 17. [12]. Jas mobvix mnoocecme B C A pewemra Lg asasemca
pemparmom pewemxu L, a npocmparcmeo Jp — pempaxmom npocmpari-
cmea J4.
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This short paper is an abstract of an article which is in the process
of edition, where complete proofs will be found in place of the sketches
presented here; the theorems bear the same number in the abstract and in
the article.

1 The final trinary model

Every participant to the Erlagol meeting knows that {z | = ¢ x} cannot
exist, or in other words that the collection aziom associated to the formula
x ¢z, (Jy)(Va)xr € y & = ¢ x is inconsistent.

Nothing more can be said of a non-existent object, but what about the
empty set a = {x|z # x}, the full set ¢ = {z|z = x} and the self-belongers’
set b ={z|x € x}?

There is not doubt that a ¢ a,b ¢ a,c ¢ a,a € ¢,b € ¢,c € c,a g byc€Db
and that a, b, ¢ are distinct (a # b and a # ¢ because c € band c € ¢; b # ¢
because a € ¢ and a ¢ b)!. What remains unclear is whether b € b or b ¢ b.
Do we have good reasons to prefer one branch of the alternative? Indeed,
we have.

IThis assumes the existence of ¢; remark that a = b is a consequence of Zermelo-
Fraenkel Set Theory with the Foundation Axiom.
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Let us consider the theory, in the language of three constants a,b,c,
equality, plus a binary relation x € y for which we use the set-theoric
vocabulary, declaring that nobody belongs to a, that everybody belongs
to ¢, and that x belongs to x if and only if x belongs to b. This theory has
many models, but only two models based on three points: the initial model
{a,b,c}" where b ¢ b, and the final model {a,b,c}/ where b € b. For any
model M of the theory, the initial model has an homomorphic image in M
(in a unique way), and the final model is an homomorphic image of M (one
of the many ways to do that is to send on ¢ every point of M distinct from
a and b).

From the very beginning, Set Theory appears to be more complex than
Group Theory, where the one-point group is both initial and final!

2 Axioms of collection for positive formulae

We say that a formula ¢(x) in one variable is collectant if the sentence
(Jy)(Vz)p(x) < x € y is consistent; we denote this sentence by Col(p)
and call it the collection axiom for the formula p(z); a y satisfying the
sentence will be called a witness for . We say that a set ® of formulae is
simultaneously collectant when the corresponding set Col(®) of collection
axioms is consistent.

The Founding Fathers of the Theory of Sets were left voiceless when
they discovered that not all formulae were collectant. Later they devised
various theories, where collection axioms play a big role, that they expected
to be free from contradiction. In most of the cases, they introduced a kind of
dissymetry between the variable x and y in the formulae under consideration,
with the hope to obtain consistency: in all the examples known to me, the set
{z|x € x} receives no higher consideration than the inexistent {z | = ¢ z}.

We shall follow a different path, after observing that the formula causing
the contradiction is brutally negative: we shall use the ressources of
Positive Logic to obtain, in a canonical way, structures of an attractive set-
theoric fragrance; our constructions are model-theoric, since we are building
structures, not lists of axioms.

Let us remind in a few words the principles of Positive Logic. Our
language £ contains (at least) equality u = v, membership u € v, and
antilogy 1, which is a propositional symbol positively defining the empty
set (it is dispensable to introduce a specific symbol T for the tautology,
which can be positively defined as (3 z) = = x).

An application o from the £-structure M to the L-structure N is an
homomorphism if, for each a from M, every atomic formula satisfied by
a in M is satisfied by o(a) in N; this property extends automatically to
the formulae written (3y)Y(Z, y), where v is a positive boolean combination
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(using only V and A) of atomic formulae, that we call positive formulae. We
begin by an easy but promizing result:

Theorem 0. The set of positive formulae (in one variable) is simultaneously
collectant.

Proof. When we write the boolean part of a positive formula ¢(z) in
disjunctive form, we obtain a disjunction of formulae (3 ) ¥;(x,y) where
each 1); is a conjunction of atomic formulae; if each 1; contains the antilogy,
o(x) is contradictory; if not, ¢(x) is satisfied by all the x belonging to
themselves, since we can then interpret all the y’s by .

Therefore, in the final trinary model {a,b,c}’, o(z) is contradictory, or
is satisfied by b and ¢ only, being equivalent to x € z, or is tautological,
being moreover satisfied by a. According to the case, a,b or ¢ is a witness
for p(z). O

Remark. The initial trinary model cannot serve as an illustration for this
theorem, since it has no witness for {z|(3 y) y € z}.

3 Positively closed models of Positive Set
Theory

Logicians familiar with the First Order Predicate Calculus ? call sentence
any formula without free variables. But in Positive Model Theory, positive
sentences in this sense are not sufficient: one needs to consider all the
h-inductive sentences, which by definition are the sentences crossing the
inductive limit of homomorphisms; in fact, they are equivalent to a
conjunction of sentences of the form (Vz)p(z) = ¢(z), where ¢ and 7
are positive; we see that they have the shape of positive sequents.

A special case is formed by the h-universal sentences (VZ)p(z) = L,
otherwise written (Vz)—p(z), or =(3 Z) ¢(Z); equally h-inductive are the
(V z) (3 y) ¥ (x,y), where 9 is boolean positive, since they can be written
V)T = 3 y)v(z,7)

Every model of an hA-inductive theory © can be continued by
homomorphism into a positively closed model M of this theory, meaning
that, for every a of M and every homomorphism o from M to a model N
of ©, ain M and o(a) in N satisfy the same positive formulae. Positively
closed models are characterized by the following property: if @ in M does
not satisfy a positive formula ¢(Z), then it satisfies another positive formula

2More exactly: First Order Relation Calculus.
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Y(z) which is contradictory to the first in the sense of ©; this means that
the h-universal sentence —(3 &) ¢(Z) A ¥(Z) is a consequence of O.

Collection axioms, even in the simplest cases, are not h-inductive. By
contrast, when we add to the language of the positive formula ¢ a new
constant a,, we can form (Vz)p(x) < z € a, which is equiconsistent
to Col(p), and is h-inductive; we name it Colw(y) (axiom of witnessed
collection). When @ is a set of positive formulae, we denote Colw(®) the h-
inductive theory equiconsistent to C'ol(®), involving a bijective assignation
of witnesses a,, foreign to the language of ® (in a model of this theory, the
different symbols a,, are not necessarily interpreted by distinct points).

There is only one way to transform {a, b, c}/ in a model of the witnessed
collection for the set of all positive formulae, because we have no choice for
the witnesses: when ¢ is antilogical a, must be a, when ¢ is tautological a,,
must be ¢, and when ¢ is equivalent to z € x a, must be b.

This being said we can improve our first theorem:

Theorem 1. The final trinary model is the unique positively closed model
of the theory of witnessed collection of positive formulae in the language
{Ll,=,€}.

Proof. We divide a model M of the theory into three parts: A composed of
its empty sets, C' formed by its points to which belongs at least one point
in A, and B composed of what remains. We observe that the witness a, of
the formula ¢ is in A when ¢ is satisfied by nobody; that it is in C' when ¢
is satisfied by a void point; and that it is in B in the other cases, when ¢ is
not contradictory, but satisfied by no empty point.

When = € y is an occurrence of the membership relation in M, x and
y being witnesses or not, then x and y are in BUC, or x is in A and y is
in C; therefore the mapping from M to {a,b,c}/ sending A on a, B on b
and C' on c¢ is a homomorphism for the membership relation respecting the
assignations of witnesses.

In conclusion, when M is positively closed, each of its points x satisfies
r=a V x=>bVzx = c reciprocally we have seen that the theory forces a, b,
and ¢ to be distinct; and moreover b € b must be true in M. O

4 Positive Logic and East Coast Model Theory

We remark that {a,b, c}’ is extensional, i.e. satisfies the axiom
Vzy)Fz)e=yV(zexzAz¢y V(zeyAz¢ua)

(which is inductive but not h-inductive). Since homomorphisms are not
necessarily injective, two formulae which have different witnesses in a model
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M may have the same witness in some of its homomorphic images N (in
which case they are equivalent on N). Since two elements of a positively
closed model are different only when they have a good reason to be so,
we expect that positively closed models will have an inclination towards
extensionality.

This is the place to mention an imperfect version of Positive Model
Theory which has been introduced by Abraham Robinson in the fifties, and
is known under the name of East Coast Model Theory. This classical object
is certainly well known to the majority of the participants of this meeting,
especially if they are born in Qaragandy, and can serve them as a guide to
approach the fully developped Positive Logic.

In East Coast Model Theory, we consider embeddings in place of
homomorphisms, existential formulae in place of positive formulae, and
inductive axioms in place of h-inductive axioms. We see that the negation
is not totally absent, but that its use is restricted, since in forming the
existential formulae we need to negate only the atomic formulae. We observe
also that the inductive sentences are the ones which cross the inductive limits
of embeddings.

In this context, since embeddings are injective, different witnesses cannot
be later identified, even when the associated formulae become equivalent in
an extension of the structure. This rigidity explains why East Coast Model
Theory is not a convincing device for Set Theory, no more than it is for
General Model Theory (see [1]).

5 A too general consistency lemma

Our trinary final model possesses many positive qualities, but also some
deficiencies. I suppose that a majority of Set Theorists will disagree with
the assumption that their favourite discipline can prove the existence of only
three objects. More technically, it has no singletons; since the singleton {a}
of the empty set witnesses z = a, the big idea is to add the three constants
a,b and c to the language, and try to repeat the process. We shall encounter
some difficulties in this program, and before that we shall see how positivity
makes our life easy as far as consistency is concerned.

Theorem 2. Let T be an h-inductive theory with infinite models, in a
language £ excluding the symbol €; then the theory T U Col(I1), where 11
is the set of positive formulae in one variable in the language £U {u € v},
18 consistent.

Proof. We start with My, a model of T" with a cardinal bigger than the
cardinal of II. We associate injectively to each formula ¢ of II a point a,
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of M. We define inductively a sequence M, of structures whose £-reduct is
My, with increasing membership relations; the membership relation on M,
is empty; the interpretation of € of M, is formed by the pairs z € a,
where ¢(x) is satisfied in M,,. Using positivity, one sees that the identity
map is an homomorphism from M,, to M, ,, and that the inductive limit of
the M, is a model of the theory. n

In the proof of this theorem, with its liberal creation of a profusion of
witnesses, we can foresee the difficulties that we shall meet when trying
to describe the positively closed models of the corresponding witnessed
collection theory.

6 Extensionality: a laborious start

For each set ® of positive formulae in one variable x, Theorem 2 gives
us models of Col(®) in which each point is a witness for a formula of ®;
let us call Loc(®) this last property. We shall describe situations where to
each formula of ® is associated a canonical form which is equivalent to it
in each model of Loc(®), such that no pair of distinct canonical formulae
are equivalent in any model of Col(®). If we repeat the proof of Theorem
2 introducing witnesses only for canonical formulae, we obtain a structure
which is extensional and model of Col(®), for the only reason that it is a
model of Loc(®)! In all the cases where we can apply this strategy with
success, ® will be composed of positive boolean formulae (pbf), without
existential quantifications.

The language of our first example is membership and the three constants
a, b, and c; the basic theory ©, declares that they are the respective witnesses
of 1, x € x, and T, and that b € b. The set ® is formed by the pbf with
parameters a,b, or ¢, which form a finite set (up to logical equivalence).
According to Theorem 2, ©; A Col(®) A Loc(®P) is a consistent theory.

We increase the language introducing a new constant a,, for each formula
of ®, and consider the associated h-inductive theory ©; A Colw(®). We
obtain the following results, whose proofs are too long to be included in this
abstract.

Lemma 2. In a positively closed model of ©1 A Colw(®), each point has the
form a,b,c or a,; therefore this model satisfies Loc(P).

Lemma 3. A positively closed model of ©1 N Colw(®) is finite and
extensional.

Lemma 4. To each pbf with parameters in {a,b,c}’ can be associated
a canonical form which is equivalent to it in each extensional model of
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©1 A Loc(®), in such a way that two distinct canonical formulae are never
equivalent in any model of ©1 A Col(®). The cardinal of a positively closed
model of ©1 N\ Colw(®) is the number of canonical formulae.

At this point we reach the following situation: we obtain a family of
models of ©; A Colw(®) in which each point is the witness of a canonical
formula. This family has a unique initial structure My, and its other
members are obtained by expanding the membership relation of My. The
positively closed models of ©; A Colw(®P) are precisely the maximal such
expansions. And finally:

Theorem 3. The h-inductive theory ©1 A Colw(®) has up to isomorphy
only one positively closed model, which is the unique maximal expansion of
My which is a model of Col(®).

7 Inductive limits of finite extensional models

The final trinary model {a, b, c}/ gives the same witness to the formulae
x € z and (Jy)y € z, a condition incompatible with the existence of a
singleton for the empty set. This is the reason why we must abandon the
existential quantifiers when we want to repeat the construction with a,b,
and, ¢ as parameters, and obtain the model N given by Theorem 3.

But this model N presents some obstructions to the repetition of the
construction even for quantifiers-free positive formulae with parameters in
itself. On one way, it gives the same witness b to x € x and z € z A (a €
xVbeEux) on the otherz =aVa€c€xVbexVeéeExisa tautology on N.
The second condition forbids the existence of {{a}}, and the first forbids
the existence of a witness for = {a} V{a} € x (a witness of z =aVa € x
must belong to itself).

Therefore, when we expect to obtain a final model which is a limit of a
sequence of finite extensional structures, M, ;; being the unique positively
closed model of the witnessed collection of formulae in ® with parameters
in M,,, we must put some further restrictions on the class ®.

When & is the family of positive non-tautological formulae in the
language of equality (no membership), the final model is a familiar object:
it is composed of the hereditarily finite sets, obtained by the iteration of the
power set operation, starting from the empty set.

When we put in & all the positive equalitarian formulae, we obtain a
kind of completion of the previous model by the addition of a total set.

When on the contrary ® is composed of the pbf in the only language of
membership (no equality), we obtain a strange linear structure that may be
of some interest in itself.
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The strongest result of the kind that we obtain is when the formulae
in & do not mention selfmembership = € x and avoid to mix equality and
membership. More precisely:

Theorem 4. There exists a sequence M, of finite and extensional structures,
in the language of membership, satisfying the following conditions:

(i) My = {a,c}, where a is a witness of 1L and c is a witness of T;

(ii)let @, be the set of pbf with parameters in M, which are either of the
formax = [ V...Vx = B,, or positive boolean combinations of a; € x; M1
is the unique extensional extension of M, satisfying Col(®,,) A Loc(®,,);
(111) M1 is also the unique positively closed model, for the only possible
choice of witnesses, of the theory Colw(®,,).

The inductive limit M of the M, has no witness for x € z. Like
the models constructed in the next section, it is a kind of clothing for
the hereditarily finite sets; it is interpretable in Arithmetic, and we can
define in it by first order formulae (using negation !) its finite subsets,
with equicardinality, its ordinals, which are the finite numbers (forming a
definable subset of M with no witness). Its power of expression in terms of
combinatoric and complexity is the same as Arithmetic.

It is impossible to do the same construction including in ®,, all the pbf not
mentionning x € x, because a mixture of membership and equality blocks
the recurrence; indeed, every non-void point of M, possesses a point in
M, so that the formulae T and a; € xV...Va, € xVx = a, where aq,...a
is an enumeration of M,,, have the same interpretation on M, 1, but must
be distinguished further.

For more general constructions we must adopt a global strategy,
renouncing to the obtention of our final models as limit of finite structures.

8 Extensionality: renouncing to the local
character

In a first step, we use all the positive boolean formulae omitting x € z; we
introduce a cascade of witnesses, g = {a,c} for parameters-free formulae,
.+« pipyq for formulae with parameters in p,, ...

We give the same witness to obviously synonymous formulae, so that
each p, is finite. We obtain, thanks to Theorem 2, structures that we call
slim with the following property: M is the union of a sequence M, of finite
substructures; each point in M, ;; witnesses a pbf with parameters in M,
and each pbf with parameters in M,, has a witness in M, .

After a rather long analysis of slimness we obtain:
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Theorem 5. There exists one and only one extensional slim model
associated to the pbf not mentioning selfmembership.

Then we reintroduce selfmembership, and adapt a similar construction
to the case of all the pbf. We finally obtain a Theorem 6 of uniqueness
of the extensional slim model satisfying moreover a technical condition of
maximality appearing implicitely in the Theorem 3 of this abstract. This
shows the uniqueness of the positively closed model of the corresponding
h-inductive theory of collection with witnesses.

This structure is the most elaborate that can be obtained with the
techniques used in the paper, where it is important to consider only
quantifier-free formulae. For the reason that each of its point is a witness,
it satisfies (V 21, ...z,)(3ly)(Va)p(z1,...2,,2) < x € y for each positive
boolean formula ¢. But since in it no formula except the tautology defines
a cofinite set, it has no witness for (3y)y € x, which is a positive equivalent
of x # a.

As I have said above, if we allow the use of negation, we can define by a
first order formula its Von Neumann’s ordinals, which are the finite numbers.

9 What to do beyond?

The reasons why I have written the paper was to argue that the
consideration of selfmembership does not provoque a collapse of Logic, and
also to shake a little bit the basis on which is built contemporary Set Theory?.
I am conscious that more convincing positive set constructions would confirm
my attempt.

The first thing would be to increase the combinatorial power of the
models, a minimum being the introduction of a set for the natural number,
so that the Axiom of Infinity be satisfied; I suppose that this can be
done only by an expansion of the language. We have the same problem
with a pairing function, so necessary in combinatorics, that seems difficult
to define with a positive formula; also, the definition of the power set
would certainly necessitate a positive introduction (by Morleysation) of the
inclusion relation.

All our positively closed models satisfy extensionality, which is quite an
essential property as far as sets are concerned! By a kind of accident, they
satisfy collection axioms for positive boolean formulae in several variables,
of the form (V z1, ...,x,)(3y)(Vx)p(xy,...,24,2) & x € y. To express
witnessed collection, we must introduce not only constant witnesses as in the

3The true question is whether the results of the Set Theorists describe only properties
of systems of axioms, or if they have some relevancy with what we may call the real world;
it is not clear that Mathematics can bring an answer to it.
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case of formulae with one variable, but Skolem functions, denoted at choice

sko(zy, ... xn) ={x | p(x1, ... T, 2)} = Azp(29,. .., 2, ), and for each
positive ¢ the h-inductive axiom (VY zq, ..., =, z)p(z1,...,2,,2) & x €
skp(xy, ..., x,).

After introducing a cascade of Skolem functions one obtains an h-
inductive theory whose consistency is not problematic; I suggest the study
of its positively closed models as a direction of research.

Note 1. The quotation in Aramaic opening this abstract is taken from
the Book of Daniel 2.32-33; I quote the Stuttgart Bible without the
Massorah apparatus (voyels, diacritics, qere) that was introduced more than
a thousand years after that the text was written.

References

[1] Ttai Ben Yaacov and Bruno Poizat, Fondements de la Logique Positive,
The Journal of Symbolic Logic, 72 (2007), 1141-1162.

[2] Bruno Poizat, Théorie positive des ensembles, (2021), submitted.

[3] Bruno Poizat and Aibat Yeshkeyev, Positive Jonsson Theories, Logica
Universalis, 12 (2018), 101-127.

[4] Bruno Poizat and Aibat Yeshkeyev, Back and Forth in Positive Logic,
Logic in Question, (2021), Birkh&user.

July 25, 2021



HOPMEHHOE ITPEJCTABJIEHNE
MVYJIBTUIIJIINK ATUBHOI
I'PVIIIIBI 110JIA

K. H. IlonomapeB

HoBocubupcknit rocy1apcTBeHHBIN TEXHUIECKUH YHUBEPCUTET,
up. K. Mapkca, 20, HoBocubupck, 630073, Poccust

e-mail: ponomaryov@ngs.ru

Nsyaaem cTpoeHne MyIbTUILINKATABHON I'PYIIBI MO A.A2€0PAUYECKUL
Yucen, OJIyIeHHOTO JT0OABIeHIeM K TIOJII0 PAIMOHAJIBHBIX JHCeN aJredpan-
JecKux 37eMeHToB. V3ydaem mosie K KOHEUHO# cTeleHn HaJl MOJIeM PaIlfo-
HAJILHBIX YHCEJI.

JI1s1 ipeicTaBeHIsT MYIBTHILTUKATABHON TPYIIIBI TOJIA UCIIOIB3YEeM BCe
€ro HeapxuMeI0Bbl HOpPMHUPOBAHMSA. DTH HOPMHUPOBAHUSA II0JIs ajaredbpamtde-
CcKuX umces K ammpoKCHUMHUPYIOT MYJIBTHILINKATUBHYIO rpymmy K* mo Mo-
qaymo rpynnsl egaunann, U(R) xoabia neasix R moas K. CrpouMm TovHOE
npejcrasierne dakropa K*/U(R) B npsMoil cyMMe 3HAYEHUH HeapXuMe 10-
BBIX HOpMUPOBaHuii mmojst K.

B teuenune cratbu Ji0boe 10JI€ MIPEIIoaraeTcd mojaeM ajaredpandecKmx
qHcesI, & BCe HOPMHUPOBAHMSA CUNTAIOTCS HeapXuMeI0BbIMHU. Bce HeoOxoau-
Mble JIJIsI TIOHUMAaHUs CTaThH TOHATHsT U (DaKThl U3JI0XKeHb! B [1].

1 HopmupoBaHus n xapaKTepbl 10Jis

Pacemorpum moste anredbpandeckux uncesn K. OHO IpeicTaBisieT pac-
IMUPEeHNe TOoJIs PaIlMoHAIbHBIX unces (Q, mosydaercs mpucoeMHEHNEM AJI-
rebpanvyecKux 3JIEMEHTOB.

PaccmarpuBaem HeapxumenoBbl &JIUTUBHBbIE HOpMHUPOBaHUs 1mojsd K,
KOTODBIE IOJIYYAIOTCH TPOJIOJIZKEHUSIMU HOPMAJIM30BAHHBIX  P-aINIECKUX
HOPMUPOBAHUI TI0JIsT PAIIMOHAILHBIX Yuces. MHOXKECTBO BCeX TAKUX HOPMU-
posanwmit oyt K obosznagaem V(K). B 9Tux cornamennsax HyaeBoe HOPMHU-
pOBaHMEe CUNTaeM TPUBUAJBHBIM. [lOCKOIBKY paccMaTpuBaeM TOJIBKO MPO-
JIOJIPKEHUsI, TO JIBA HOPMUPOBAHUS W U Wy 10Jid K SKBUBAJEHTHBI TOTJA U
TOJIBKO TOTIJIa, KOIJIa OHHM COBIIQJIAIOT W = Ws.

O6o3naunM yepes V' MHOXKECTBO & [JINTUBHBIX P-aIUIECKIX HOPMHUPOBa-
Huil nosig parponanbueix dncesn: Vo= V(Q) = {v,, p — npocroe }, mia

131



132 K. H. Ilonomapesn

KOTOPBIX IIPH JII0O0M IIPOCTOM p BbInosmsiercs v,(p) = 1. Hepes V,(K)
0603HAYMM TIOJMHOKeCTBO HopMupoBauuil u3 V (K'), KOTOpbIe MPOI0IKAIOT
p-ajmdeckoe Hopmuposanue v,. CemeiicrBo nopmuposamnuit V (K') pasbusa-
eTcsl B JIM3bIOHKTHOE 00'beJIMHEHNE MTPOJIOJIZKEHUH P-aJINYeCKUX HOPMUPOBa-

| V(K) =[] V(K):

Kazxxnoe nHopmupoBanue w mojs K mpejcraBiseM aUTUBHBIM o0Opa-
30M B BHJIE XapaKTepa My IbTUILIMKATABHON TPYIIILI 0/ — FOMOMOP(hHU3Ma
9TOM I'PYIIILI B HEKOTOPYIO aJIUTUBHYIO abesieBy (yHOPSIOYEHHYIO) IPYIIILY
ero 3uadenuit w(K*):

o
w: K = w(K"), weHom(K", w(K")) = K}, ..

OrmernM, 9To NOPsIOK Ha rpyire w(K*) BIoJHe ONpeseIseTcs Mo ee
I'PYIIIOBOM CTPYKTYype. JleficTBUTe/IbHO, IIOCKOIBLKY HOPMUPOBAHHUE HEapXu-
MeJI0BO, TpyIa 3uadenuii w(K*) obpasyer abeseBy rpymiry 6e3 KpydeHust
yaurapnoro panra. Oma m3omopdHa HEKOTOPOi IOArpyIe aJuTHBHOM
IpYIIbL parroHa babix uncest, w(K*) = @ C QT. Xopomio u3BecTHo, 4To
HA TAKOH IPyIIIIe MOKHO OIPEICINTD JIHUIIL JABa JUHEHHBIX HOPSIKA, B3AUM-
HO IPOTUBOIOJIOKHBIX JAPYT apyry (em. [?]).

Ha rpymme suadenuii w(K™*) n3 91ux ABYX HOPSIKOB BBIOHPAETCS TOT,
115t Koroporo w(Z) > 0. Topsiiok uCrosib3yercst JJist BbleeHsT HOPMUPO-
BaHUIl W KaK TaKNX XapaKTepOB IOJA K, KOTOpPBIE YJIOBICTBOPAIOT METPH-
YECKOMY HEPaBEHCTBY:

(Vz,y) w(z +y) > min{w(x), w(y)}.

['pymrbl 3HaUeHnit HOPMUPOBAHUI OYIEM BHIOMPATH BJIOXKEHHBIMU B TIO/I-
XOJIATIYIO OBIIYIO aJJINTUBHYIO abesieBy yropsipodernyo rpymmy w(K™*) C
R. PaccmarpuBaem HOpMUpOBaHUS B BUJIE XapaKTePOB CO 3HAYEHUSIMU B
3TO# rpyuie:

w:K* >R, weKk; = Hom (K™, R).

Ucnonb3yeM aITuTUBHYIO CTPYKTYPY TI'PYIIIBI XapaKTepoB. 3HAYUT CyMMa,
JIMHEHasT KOMOMHAIINS KOHEYHOIO YHUCJIa HOPMUPOBAHUI ¢ IEIBIMU KO3(D-
durmenTaM IPUBOJIUT K HOBBIM XapaKTepPaM 3TOM PYIIIIHI.

Ecau W nHekoropoe cemeiictBo HOpMupoBanuii moJist K, To depes (W)g
0603Haqae1\£\ TPYIIY, MOPOZKIEHHYIO HOPMUPOBAHHUAME H3 W B rpymie xa-

pakTepos K* = K.

IIpensoxkenne 1 (HesaBucumocts HOpMmuposanwmit). Paccmompum noae
anzebpauveckur wuces K npouseosvroti, 603MOHCHO DECKOHEWHOT CTNENEHU.
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Buibepem nexomopoe mroorcecmeo W pasiudamnvic HempusuasoHbls HOPMU-
POBAHULL HM0O20 NOAA, 3HAMEHUA KOMOPLIL 8vibuparomcs 6 obwet ynopado-
yewHotll epynne R. -

Ymeeporcdaemes, wmo 6 epynne rapaxmepos Ky amo mnoscecmeo no-
pootcdaem ceobodnyro abenesy epynny (W)g, 6azucom xkomopot A6AAEMCA
CAMO MHOHCECTNEO HOPMUPOSaHUL W .

B camom pgedie, rpyiina XapakTepoB K* — abenesa rpymmna 6e3 Kpy-
genust, a ee noarpyuna (W) He uMeer KpydeHHs] U MOPOXKIAETCST HOPMU-
posanusivmu u3 W. Ilokaxkem, 4To MHOXKeCTBO HOpMupoBanuit W obpasyer
HE3aBUCUMOE CeMEHCTBO B TpyIIIe XapakTepoB. Torjaa oHO MOpOKIaeT Mo/l
rpymmy (W), msoMopdHY0 IpsMOil cyMMe MUKINIeCKUX TPYIIT (CM. JIEMMY
16.1 [2]). Orcrona Gyzer cieoBaTh yTBEPKICHUE.

[Tpeano1o:KumM, 9T0 NIMEeeTCs COOTHOIIEHHNE 3aBUCUMOCTU MEKIY Pas3/Ind-
HBIMHU HOPMUPOBAHUSIME W1, . .., W, € W ¢ HeHyJIeBbIMU TeJIbIME KD du-
nuenTaMu. BoibepeM Takoe COOTHOINEHME, MIPEJICTaBUM €ro B BHJIE

awy + ...+ a,w, =0, vae ay, ..., a, € Z.

[Toste anrebpandeckux qumces K 1pejicraBiisgercs o0beIMHEHTEM OallTHI
pacimpenuii konednoit crerenu. [loaTomy MOXKHO 110J00paTh TaKOE MOJIIIO-
jge F' C K KOHeYHOil cTeneHn, KOTOpoe Pa3/indaeT BCE 9T HOPMUPOBAHUS:
OrPAHUYEHUS W;|F ONPEEIAIOT PA3IUIHbIe HeAPXUMEJIO0BbI HOPMUDOBAHMUSI
nosig F'. DTu orpaHuveHus: ONpeIesdioT JUCKPETHbIe HOpMUpoBaHusd. By-
JIEM CUUTATD, YTO TPYIIIA 3HAUEHUN KAaZKIO0T0 TAKOTo wW; | (F™) mopox gaercst
3JIEMEHTOM ¢; € R.

[Ipumennm Teopemy 06 ammporcumaruun Aptuaa — Barica x moso F

n 3TUM OI'PaHUYECHUAM. ,HJIH Ka2KJa0ro 1= 1, ..., onpeaeJimM 3JIEMEHTDI
T; € F, JJIA KOTOPBIX BBIIIOJIHAIOTCA paBEHCTBa C CHMBOJIOM KpOHeKepa
’LUJ(J)Z) = 5j,i€j7 j = 1, o, n.

HO,[LCT&B.HHGM B cooTHoOHI€HUE 3Ha4Y€HUud Tq,...,T, U 3aKJIIOY9aEM A1 =
g = ... = Qn = 0. OTHoIIeHNE 3aBUCUMOCTH MOYKET OBITH TOJIBKO TpuBU-
aJbHBIM. DTO AOKa3bIBa€eT IIPpEAJIO2KEeHUe. U

B crarbe obmiyio rpynmy R Oyaem BbIOMpATh NPAMBIM ITPOU3BE/IEHU-
eM R = [Jw(K*), nam upsmoit cymmoit R = € w(K™) rpynn 3HadeHuit
w(K*) mogxozsriero cemeiictsa Hopmuposanuii w. [Ipumennm jemmy op-
Ha, BIIOJIHE YIIOPSI0YUM KOMIIOHEHTBI pasjioxkenus. lIpoussenenue Oyem
peaiosararb yuopaJ04eHHON I'PYIIOi OTHOCUTEJIBHO COOTBETCTBYIOIIETO
JIEKCUKOTPAPUIECKOTO TOPSIJIKA.

B rpymme xapaxkrepos K, 6asuc cBobognoit rpyst (W) g MOXKHO BIOH-
paTh pas3HbIMu criocobamu. Bzamen Oasuca u3 nopmuposanuii w € W Gynem

BBIONPATH 0A3UC U3 MOIXOAAMNX XapakTepos rpymusl (W)r C K7,



134 K. H. Ilonomapesn

Ucnonp3yem pasbuenme B am3blonkTHOE 00beauuenune W = [[W,.
p

YTBepK/ICHIE TPE/JIOKEHIS TTO3BOJISICT IPAyHpPOBATH CBOOOIHYIO I'DYIIILY
(W) — pasioKuTh ee B IPAMYIO CYMMY D-KOMNOKEHM, B UPAMYIO CYMMY
csobopueix rpym (W,): (W)= @  (W,).
p — mpocToe

Onpenenenne 2. Byjem Has3bBaTh Ty I'PAJyHMPOBAHHYIO I'PYIILY Xapak-
TePOB HopMmeHHOUT epynnoti cemeticmsaa W.

Ecm W = V(K), To rpagyuposanuyio rpymiy xapakrepos (V(K)) =
PD(V,(K)) nasbBaem nopmernoti epynnot noas K.

B cuny npejiozkenust HopMeHHasi TPyIa Beerja odpa3yeT HEKOTOPYIO
cBODO/IHYIO abeJIeBy TI'PYIIILY.

2 HopmeHHOe npejacTaBJieHUE

Paccemorpum nipousBosibHOe ceMelicTBO W HOpMHUPOBaHUI N XapakTe-
poB 1oy K. 1o cemeiicTBo ammnpokcumupyer K* mo mogyno ker W =

N kerw.
weW
Oupenemum  Hopmennoe npedcmasaenue Ty — BIIOXKeHHEe (akTopa
K*/ker W B psimoe tipousBeierne o dopmyiie my () = [[ w(x), © € L*.

weW
B mesoMm nosydaercsd BJIOKEHUE B MPsIMOE TTPOM3BEJIEHUE TPYII 3HAYCHUI

HOPMHUpOBaHUii cemeiicTsa W':

mw o K/ ker W — Hw(K*). (1)
weW

Kora cemeiicrBo W KoHedHOe, 3TO IPSMOE IIPOU3BEICHUE SIBJISETCS TIPsi-
MOii cyMMOIi. A BOT ecjiu 4MCJIO COMHOXKUTeJIel beckoneuHnoe, To obpas K*
MOKET HE BKJIIOYATHCA B OTPAHUYEHHOE HPAMOE IPOU3BEICHHUE, B IPAMYIO
CyMMy Jlazke ecaim nopmuposanus B W pasmmanbie. B cemeiicTse MoxkeT oka-
3aTbCsl OECKOHEUHOE YHCJI0 XapaKTepOB, OrPAHUYEHUs] KOTOPBIX HA KAKOe-
HuOy b nojnosie £ C K opunakosbie. Torya o6pasbl 3JIEMEHTOB 3TOIO TOJIs
F umeror 6eCKOHEYHBINH HOCUTEIh B IIPIMOM IIPOU3BEICHUMN.

BiioxkeHue 7y OCYIIECTBIISIETCS B IPAMYIO CYMMY, B OIPaHUYEHHOE TIPsi-
MO€ IIPOU3BEICHNE TOTA U TOJILKO TOIJA, KOIJa CeMEeHCTBO XapaKTepoB no-
YMU MPUBUAALHOE: JIJTsT JTI0OOTO s1eMeHTa & € K™ 1 MouTH BCex XapaKTepoB
u3 W (3a MCKJIIOUEHneM KOHEYHOIO KOJIMUECTBA) BBIIOJIHSIETCS PABEHCTBO
w(z) = 0. Husa rakoro cemeiicrBa xapakrepoB W HOpMEHHOE IpeJICTaBIIE-
urie (1) CBOAUTCS K BJIOKEHUIO B TPSIMYIO CYMMY:

mw o K/ ker W — @w(K*). (2)

weWw
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B ocrasbHOIT yacTu pa3jesia n3y4YnuM HOpMEeHHOe IIpe/IcTaBJIeHue
B cJIy4yae moJigd K KOHEeYHOIl CTeleHu.

Jlemma 3 (OrpanmdeHHOCTb cemelicTB HOpMupoBaHuii). [lycmv nose K
nPedcmasasem pacuuperue noasi payuonasvhuir Q xonewnot cmenenu. To-
2da npouseoavroe cemeticmeo W pasauuHuir Heaprumedosuir HOPMUPOEa-
Hut noas K okazvieaemces nowmu mpusuasohblm U HOPMEHHOE NPeOcmas-
AeHue npueodum x eaodtcenuto (2).

B camom gesne, xoporo ussecrno, uro ker V(K) = U(R)(cm. 1.3 §6
crencrsue 6.2 [1]). Ilo nemme 3 oTobparkenue my (k) ABIATCA BIOKEHIEM.

B camowm pesie, B 3TOM ciydae 1osie /' oOpa3yer 1moJjie YacTHBIX HEKO-
Topoit obsactu leneknnga R — 1e0ro 3aMbIKaHISA KOJIbIA 1EJIbIX Z B 9TOM
noste. HeapxnmemoBbl HOpMUPOBaHUS TOJIsI K OTBEYAIOT TPOCTHIM HjIeaIaM
sroit obsactu K. CBORCTBO CJIe/IyeT U3 Pa3yIoKeHUs JIPOOHBIX HICAI0B JIe/1e-
KIHJI0BOIT 00s1acTu R B Ipon3BeJieHue MPOCTHIX UJI€AJIOB. DTO JOKA3bIBAET
JeMMy.

g

IIpennoxxenune 4 (Hopmennoe npescrasienue). [lyems nose K npedemas-
AAEM, pacuupenue noas payuonasvior Q xoneunot cmenenu, a V(K) —
CEMETLCMBO BCET €20 PASAUYHLT HEAPTUMEDOBVT HOPMUPOsarul. Tozda 1op-
mennoe npedcmasaenue (2) onpedeasem uzomopPhuam:

K KJUR) = P wkK"). (3)

weV (K)

B camom pnedste, xopormo ussectrro, uro ker V(K) = U(R)(cm. .3 §6
crejcrsue 6.2 [1]). Tlo nemme 3 oTobparkenue Ty (k) ABIACTCA BIOKEHIEM.
Heapxmme 0Bl HODMUPOBAHUST T10J1s KOHEYHO CTEIEHN SABJISIOTCS JIHC-
kpeTabiMA. [losTOMy 10 ammpokcumanuonHoit Teopeme Aprrna — Bsmica
oTOOpazKeHue Ty (k) CIOPbEeKTUBHO. JTO JOKa3blBaeT IpeiJjioxkenue. [
Ucnonszyem pasbuenue cemeiicra Hopmuposanuit V (K) B IH3BIOHKT-
HOe OOBEIUHEHIE TIPOIOKEHAI p-andeckunx nopMuposanuit v,: V(K) =
[1V,(K). Cormacto sToMy pasbueHHIO IPYLIIEPYEM CJaraeMble B HOPMeEH-

HOM TIpeJICTaBIeHnu (3), MPEeJCTABUM €ro B CJEAYIONIEM 2padyuposarHom

BU/JIE:
G EKUR) = P w

p — npocroe weV,(K)

Obparum BHHMaHHe, 9TO Toje K Tpenoaraercss KOHEIHOW CTeleHu,
IIO3TOMY YHCJIO IPOJOJIKEHUI KazKJI0ro p-aJideCKOro HOPMUPOBAHUS V), Ha
nosie ' — Konednoe 4ucjio. B cuny npejjioxkenust 1 B rpyiine XapaKTepoB
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nopmuposanus V (K') onpenensior csoboamyto rpymmy (V(K)). Oma mpesn-
CTABJIACTCS TIPSIMOfE CyMMOit CBOGOJHBIX TPy KoHedHoro paura Vy,(K), mo-
POXKJICHHBIX [POJIOJIKCHUAMI P-a/IAIeCKIX HOPMHUPOBAHMIIA:

(ViK)= @ (V(K)).

p — mpocToe

Onpenenenne 5. Basuc A wopmennoit rpymmst (V(K)), cocraBieHHbLi
u3 6a3uCcoB ee KOMIIOHEHT, HA3BIBAEM 2padyuposartvim 6a3ucom HopMeHHot
epynnovi; A = II A, tae A, — 6a3uc rpyunsr xapakrepos (V,(K)).

p — IpocToe

Proposition 1 (O6o6miennoe HOpMeHHOE mpejcTaBienue). I[lycms noae
K npedcmasasem pacuwupenue noas pavuonasvhoir Q xonewnot cmenenu.
Pacemompum epadyuposanmviti 6asuc A nopmernnot epynnv (V(K)).

Ymeeporcdaemea: nopmennoe npedcmasaenue w4 (2)), onpedenennoe
amoti cucmemoti xapaxmepos A, onpedeasem uzomoppudm:

K UR = P P ar). (4)

p — mpocmoe a€Ap

JokakeM tipemioxkenue. s KaxKjgoro mpocToro p  yCJIOBUMCS
BCe IIPOJIOJIZKEHHS P-aIMIeCKOr0 HOPMUPOBAHUA v, Ha Iose K 00o3HaIaTh
wl, i = 1,...n, D10 — syeMenHTH Gasuca cBoboauol rpyms (V(K),)
pamra n,. A depes a} obosHauaeM s/eMeHTHI Oasuca A,,.

OTH MHOXKECTBA 3JIEMEHTOB B KOJIHIeCTBe panra rpymist n, = r(V (K),)
COCTABJISIIOT JBa Oa3mca OIHOW M TO »Ke CBOOOIHOI I'PYIIbl. 3HAYNT, dJIe-
MEHTBI OJTHOTO Da3uca BBIPAXKAIOTCA Yepes3 3JIeMeHThI IPYyroro basuca depe3
YHUMOJIYJIAPHYIO MaTpuily rmnepexoja NP ¢ nenbiMu KoddduimenTaMu nfj, u
HaobOpOT Uepe3 obpaTHyio K Heit maTpuity MP.

JI1s1 KazKJ10ro mpocToro p IpeacTaBuM

Tip
ab = anjw?? i=1,...,np, ny € L.
1
Tax>ke BbIpazKaeMm:
Tp
wl = meja§> t=1 o mp, mi; € 2.
1

Bradasie mpoBepuM, 4TO ceMeilcTBO Bcex xapakTepoB A = UA, mourn
TPUBUAJIBHOE, TOIJIa HOpMeHHOe IipejicTasyenue (2) mis W = A onpejessier
Biaoxkenne K*/ker A B npsmyio cymmy.
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B camom jieste, B cuily JleMMBbl 3 MHOXKECTBO HOpMHpoBaHuii w!, i =
1,...n,, p — pa3Hble IPOCTbIe YUCIIA, 00pPa3yeT HOYTU TPUBHAIBHOE CeMeli-
ctBo. B cuily BbIpazkeHuii BbIllle MHOXKECTBO XapakTepoB al, p — pasHble
[IPOCTBIE YUCTIA, TaKyKe 0OpasyeT MouTH TPUBUAILHOE CeMeCcTRO.

Hanee, u3 coornomennii takxke cienyer, aro ker A C ker V(K). Ilo
CHUMMETDPHH BBINOJIHSAET 00paTHOe BKitovYeHue, 3HaduT ker A = ker V(K) =
U(R). HopmerHoe Tipe/icTaB/IeHIe T 4 JIefiCTBUTEIHHO ONPE/IeJISIeT BJIOKEHIEe
daxropa K*/U(R) B npsMyIo CyMMy.

CIOpbEeKTUBHOCTD T4 BBITEKAET U3 BTOPBIX COOTHOINEHU U CIOPHEKTHE-
HOCTH TOMOMOPMH3Ma Ty (k) @ KazKIblil Ha0Op IOYTH TPHBHAIBHEIX 3HaHe-
HUl XapakTepoB n3 A paBHOCHIEH HAOOPY MOYTH TPUBUAIHHBIX 3HATEHUI
Hopmuposanuii u3 V(K). B cury npemioxennus 4 Takoit Habop peain3yercst
Ha HEKOTOpOM = € K. DT0o HOoKa3bIBaeT Mpe/ijioyKeHNe. O
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1 BBenenne

[Iycte G — rpynma, R — wombio ¢ eaununeit. ['pynnosoe xoavuo RG

~ 9TO MHOXKECTBO (POPMAsIBHBIX CYMM BHIA » Q,¢ &y € R ¢ ecrecTBeHHO

geG
OlIpeJeJICHHbIMU OllePpalluAaAMM:

Zagg + Zﬁgg = Z(ag + By)9,
> B) =D (D ash) .

9eG  f.heG

f-h=g
a(z agg) = Z aayg.

[Ipu stom eciim R = 7, TO TOBOPSAT O UEAOYUCAEHHOM TPYIITIOBOM KOJIBIIE
rpynmel G. B ciydaae, korma R — 1mosie, ToBopsT O 2pynnosoti aszebpe RG.

[Iycts h = Y ay,g9 € ZG. Ob6osuaunm e(h) = Y a4, Apromopdusm
0 € AutZG Ha3BIBACTCA HOPMAAU0BAHHBIM, €CTI0 (PAKTOPUIAIIUU aBTOMOD-
duzmos £(0(g)) = 1, mus aoboro g € G. Hopmasmzosanubie aBToMOpdhu3-
MBI COCTaB/ISIIOT HOPMAJIBHYIO MOJAIPYIIY B I'PYIIIE BCEX aBTOMOPMU3IMOB
[EJIOYNUC/IEHHOTO IPYIIIOBOrO KoJiblia ZG.

[Haccenxay3om OblLita BBIJIBUHYTA CJIE/IyIONIas THIIOTE3A.
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I'unore3a (o dakropuzanmu aBroMopdu3MOB). /i 4106020 HOPMa-
AU306aHH020 asmomoppusma 6 € Aut ZG cywecmeyem edunuya s € QG
u epynnosoti asmomoppusm o € Aut G maxue, wmo 6(g) = s 'o(g)s, dan
mobozo g € G.

Jpyrumu ciioBamu, onpejiesieHa (faxmopusayus HOPMAJIA30BAHHOIO aB-
Tomopdusma = g o g, rae 0 € AutG u @, — COpsizKeHNe eUHUIIEH S
asreopel QG

Kaxk u3zBectHo, runoresa Iaccenxaysa o dbakTopusarun aBToMOPGU3MOB
LEJIOYHUC/IEHHBIX IPYIIIOBBIX KOJIEI] He OJITBEePANIACh. V3BeCTHBI KOHTPIIPH-
mepbl Xepreeka [1]|, Porrenkamma [2].

2 IlpeaBapuTtesibHble CBeJleHUA

MpbI 1peII0K N JIPYTYIo (paKTOPU3aINI0, OCHOBAHHYIO HA TEOPUU IIPE/I-
CTaBJICHU{T KOHEYHBIX Irpymi [3].

[Iycrs G = {e, go, ..., gn} — KoHeunas rpynmna, 11(G), ..., Ty(G) — Bce
ee HEIPUBOIMMbIC HESKBUBAJICHTHDIC IIPEICTABICHUS CTEICHER Ny, ..., N,

D(G) = {dlag(Tl(g)a "'7Ts(g))7g € G}

OueBnno, uro ZG = Z[D(G)]. Ycnosumes xombua Z[1;(G)] nasbBarh
kaemramu Kosbiia Z[D(G)]. Pacemorpum orobpazkenust

pi > agTi(g) = > agTi(g), a4 € Z,

KOTOpPBIe OO ABJIAIOTCA n3oMopdusMamu, a0 He siBsitoTcs. Fean kirer-
ku Z[T,(G)], ..., Z[Tp1i-1(G)], k > 2, p;j-u3omopdubl, o6o3HatInM

Dy(G) = {diag(T,(9), - Tprr-1(9)), 9 € G};

O, = Z[D,(G)] nazosem 6aokom. Taxum obpasom, Bce koibio Z[D(G)]
pasbusaercs Ha 6/10ku, Tounee Z[D(G)] < Oy & -+ & O,,, tie Q-anrebpsr
Q[O,] aBnsmorcs npocrsivu.  Ecim asromopdusm ¢ kosbna Z[D(G)] Bee
6JIOKH OCTAaBJISIET Ha MECTe, HA30BEM €r0 CMabuiu3upyouuM, B TIPOTUBHOM
CIIydae — NepecmaGAAIOULUM.

Bamernm, uro ecian K = Q(§) — KoHeuHOe ajirebpanieckoe paclipeHne,
To Jir06oit aBromopdusm 7 € Aut K umHjgynupyer usomopdusM 7T KOJbIa

MarTpuil Hajt K:
7((aij)) = (aj;).

CrpaBeyIIBO cJlefiyfoliee yTBepK/IeHe JoKa3aHHoe B (3.
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Teopema. /10600 nopmaausosanioil asmomoppusm xoavuya Z[D(G)] ecmo
KOMNO3UUUS POT 0P, 20€ (p — HEKOMOPBIL NEPECMABAAIOULUL AETMOMOPUSM
u3 evidesenmnoz20 Konewnozo nabopa ®, T — asmomoppusm noas npedcmas-
aenus epynnve G, o5 — conpasicenue eduruuets s arzebpv Q[D(G)]

Pas6uenne konbua Z[D(G)] Ha 6s0KK onpejensgercs XapakTepaMu X;
upejcrasienuit T;(G). Ecau x; — 1enoducienHbiii, 1o 6JI0K COCTOUT U3
onnoit kiaerku Z[T;(G)]. Ecin x; conepxkur anrebpandeckne qucsa, To 60K
cocrout u3 k ierok, riae k = |Aut Q(x;)|-

[Iycrs Aut Q(y;) = {m = id, 7,...,7}. Torma xapakrepamu KeTok
TAKOro OJIOKa SIBIAIOTCA Xi, To(Xi), - -, Tk(X:). CooTBeTCTBEHHO, KIIeTKAME
6noka sBasiorcs Kiaerku Z[T;(G)], Z[1(Ti(G))], ..., Z]7(Ti(G))], To ecTb
mobas MaTpula 6JI0Ka olpejie/sercs cBoeil neppoiil kierkoit. Cyzkenue Jio-
O0ro cTabMJIM3UPYIONIETo aBTOMOP(MgU3Ma Ha TAKOM OJIOKE €CTh KOMITO3UIIHS
Tjops, g =1,... k.

Bosuukaer ecrecTBEeHHDII BOIIPOC.

Bonpoc. /laa aobozo au asmomoppusma 7, € AutQ(y;), j = 1,...,k,
natidemca edunuya s anzeopo. Q[T;(G)] maras, wmo komnosuyus T; © Qg
ABAAECMCA AEMOMOPPHUIMOM OA0KG T

[To moBoy TOTO BOIIpPOCA 3aMEeTUM cJjejyiolee. B Tabiunie xapakKTepos
rpynmel Matbe My, ecth anrebpamdeckne ancia, #Ho OutMp; = 1. Snagur
ec aBTOMOP(MU3M IOJIsI Xapakrepa ‘npodoastcaemces’ 10 aBToMopu3Ma, I1e-
JIOYMCJIEHHOI'O I'PYIIIOBOIO KOJIBIIA 3TOM TPYIIIBI C TOMOIIBIO COIPSI?KEHNUSI,
TO OHa CJIY2KHUT KOHTpIpuMepoM K rurorese [Haccenxaysa.

Heno B Tom, uTo 1o runorese llaccenxaysa Jir000i HOpMaJINIOBaHHBII
ABTOMOP@U3M IETOUUCIEHHOTO I'PYIIIIOBOIO KOJBIA €CTh KOMIIOSHUITUSI aB-
ToMOP(MU3Ma TPYIIBI U CONPsIKeHUs eJIWHNIe rpynmnoBoii aarebpol. Ho
aBTOMOP(U3M, WH/IYIIUPOBAHHBIA aBTOMOP(U3MOM I0JIsI XapaKTepa, Iepe-
CTaBJIAET KJACCHI CONPS?KEHHBIX JIEMEHTOB TI'PYIIIBI. 3HAYHUT, B CIydae
Out G = 1 He MOXKeT peain30BaThCd ABTOMOP(MOU3IMOM I'DYIIIIHI.

3 OcHoBHBIE Pe3yJabTATHI

[lesb Hameit paboTbl — ONMCaTh AJIrOPUTM, OTBevaromuii #Ha Borpoc 2,
[IOCTABJICHHBIN B TIPEeIbIIyIeM maparpade.

1. Cunmraem, garo ungexc Illypa papeH 1, To ecTb 10Jie IpEICTABICHHS
610Ka coBmagaer ¢ mosieM xapakrepa. llyers Z[T,(G)] — nepsas kier-
Ka OJIOKa, X, — XapakTep [epBOil KJIETKH OJIOKA, M, — CTEIeHb IPEJ-
crapienust 1,(G), Q(x,) — mome xapakrepa. Ecmm |Q(x,) : Q| = k,
0 {w} = {w1 = Lwy,...,wr} — dyHIAMEHTATBHBIN 6a3UC PACIIHPEHNUST
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Q(xp) : Q, To ecTb MmoObOE TET0E anredbpamtdeckoe ducsto most Q(y,) ecTs
IeJIOUNC/IeHHAs JINHEHAS KOMOUHAIS 9IeMEHTOB {w}.

2. Ilycrs m — manmMenblllee HaTyPaIbHOE THCJIO TaKOE, UTO IS BCEX
1<4,j<n, q=1,...,k, BBIIOJHEHO BKJIOYCHHE

mwye;; € Z[T,(G)].
PaCCMOTpI/IM niaeaJi
]m = <qu€ij7 1 S 17] S Np,q = ]'7 R k>Z[Tp(G)] < Z[TP(G)]

3. Herpyxuo mokaszars, uro mjst joboro 7 € Aut Q(x,), 7(Ln) = L.
DToT (haKT U MO3BOJISIET CBECTU AJTOPUTM K KOHEUYHOMY I1e€pedbopy.

4. Mmem compsararolnyo MATPUILy S B BHJIE S = S; + MSy, IIe KO3(h-
UIEHTHI 9IEMEHTOB $1 B PA3JIOXKeHUH 110 6a3ucy {w} 1mo MOJyJII0 MeHbIIe
m.

5. Ilycte K — Koo 1enbIX astrebpandeckux duces mosst Q(x,). Die-
MEHTBI COIPSATAIOMEH MATPUIILI MOXKEM CUUTATDH HEeabIMEI. MOXKHO II0Ka3aTh,
9TO eCJIM § — CONPATAIONIAs MATPUIIA, TO €€ OIpeIesIuTeNb |s| = €, e € —
equnnita, K.

[Iycts s = (si5), $* = (Suy), TOrIA

m
s*(me;;)s = —(SpSuw),

5]

s Hmey;)s =

5]

rne k. Lu,v=1,...,n,.

Yr00bI pe3y/IbTaT CONpsizKeHUsT OBLIT MEJOYUCICHHON MaTpUIeil, HyKHO,
YTOOBI YMCIIA s’”'f'"” ObLIN TesTbiMu TIpu Beex k, [, u,v. s KoJibIia 1esbix
aJIredpanvdecKnx 9rcel CYIeCTBYeT TeOpHus AUBU30pPoB. Eciau Sy, B mOJIy-
IpyIiie JUBA30POB UMEIOT HauOObIINN OOIIUi J1eIuTe/b ¢, TO 0DO3HAYUM
Suws = qSu . Torma ompememurens |s| = t U IPH CONPSIZKEHMH MOJIyYaeM

qHrCJIa

i !
SquSuv o SleuU

qt t

it 1106010 IpoCTOro JAejmTens ¢ B HOAYIPYyIe JUBI30POB HAMLYTCS 3JIe-
MEHTEI Sy U Suvl, KOTOpBIE HE COJEPZKAT 9TOr0 JEJIUTENA. SHAUIUT, B IOJIY-
rpymme ausuzopos ¢ = 1. Tax kax |s| = gt, |s*| = ¢"'|s*'|, nmeem paBemncrso
q"[s*| = ¢*"'t"'. Ilpu t = 1 orcioma ciexyer, uto ¢ = 1 u |s*| = 1.
[Tocneanee u o3Hadaer, 9o |s| = ¢

6. Compsraiomas MaTpuIa § CyHIeCTBYeT TOTJA U TOJILKO TOIJIA, KOIJIA
JUISE S1 BBIIOJHSAIOTCA CJISLYIONIAE YCIOBHUA:

1) |s1] = e+ ma, e — eqununa K, o € K;
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2) juist soboro g € Z[T,(GQ)], g ¢ In naiinerca h € Z[T,(G)], h ¢ I,
TAKOM, YTO BBINOJIHsIeTCs cpaBHenne 7(g)s; = s1h (mod m);

3) mis s, Hafijiercs Sy Takas, 9To |$1 + mss| =€ .

Tak kax 7([,,) = I, TO ecii § = 1 + MSy COUpsITAIOIIAsi MATPUIA, TO
CIIpABEJIJINBO PABEHCTBO

T(9)(s1 +msz) = (s1+ ms2)h

nJin
7(g)s1 = s1h +m(ssh — 7(g)s2).

Ilycts g1, - . ., g — aguuruBnbli 6asuc daxropa Z[1,(G)]/Im, by, . .., by —
agauTuBHLL 6asuc dakropa Z[7(1,(G))] /Iy, Tor1a BEIIOIHEHEE YCIOBUA 2)
CBOJIUTCS K TIPOBEPKE CYIIECTBOBAHUS DEIIEHNsI CUCTEMbI CDABHEHMUIA

B KoJIbIIe 1eJIBIX YHCesT TaKasi MaTPHIIA Sy HAXOJUTCA BCErjia. DTO MOKa-
3aH0 B [4]. OnumcaHHBI aJrOPUTM UCIOIB3YeT MPUBEICHUE TETOINCICHHOM
MaTpullbl K JUarOHAJIbHOMY KaHOHUYCECKOMY BHJTY.

B KoJIblle 1eJIbIX aareGpanvecKux ducest, siBJIsIONUMC JeJeKUHIIOBbIM,
CIIPaBEIMBO CyIejytomee yreepKienne (cum. [5])

Ecimm aq,...,as — NpOu3BOJIbHBIE, OTJIMIHBIE OT HYJIs 9JEMEHTHI J1e/1e-
KIHJIOBA KoJiblla O U b — obmmit Hanbobnii Jie/iuTe/ib TJIABHBIX JIMBU-
30poB (), ..., (@), TO BeAKMiL ssieMeHT v € O, fensmuiicss Ha b, Moxer

OBITH IIPEJICTABICH B BHJIE
a=&o + -+ &ag, §ED.

HOCKOﬂbe 9TO YTBEP2KACHUE TTO3BOJIAECT IIPUBOAUTH MaTpUIy K KaHOHUYIE-
CKOMY BHJLY, €CTb IIPEJIIOIOKEHIE, 9TO U B KOJIBIIE IIEJIBIX a/IreOpanIecKux
qrCeJT BO3MOZKHO Oy/IeT HOCTPOUTL COOTBETCTBYIOMNIT aroputM. Takum 06-
Pa30M, HAIII aJI'OPUTM CBOJIUTCH K 11epebOpy BCEX 1 U IIPOBEPKE I KazK I0i
s1 ycaosuit 1)-3).
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1 Introduction and preliminaries

Let A = {aj,as,...,a,} be a finite set, R be an arbitrary domain, and
G = (A; FE) be an undirected graph without loops, where £ C A x A is
the set of its edges. If vertices a and b are connected in G we write a <> b.
Analogously, if Ay C A and a € A is adjacent to all vertices in A; then
we use the notation a <> A;. Finally, if A;, Ay C A then A; <+ A, means
ay <> ag for any a; € Ay and ay € As. Let H be an arbitrary undirected
graph. By V(H) and E(H) denote the set of the vertices and the set of the
edges of this graph respectively. Next, let Vi C V(H). By H(V}) denote the
subgraph of H, generated by the set V.

Consider a variety 0 of Lie algebras over a ring R. A partially
commutative Lie algebra in M with a defining graph G is a Lie algebra
Lr(A; G) defined as

in M. Thus, in this algebra, the variety identities and the defining relations
hold together.

It can be easily seen that the definition of partially commutative Lie
algebras is similar to one of partially commutative groups. For this reason
many analogues of results for groups hold for Lie algebras and vice versa.
Despite in recent years much attention has been paid to researches into
partially commutative groups partially commutative Lie algebras have not
been studied as heavily as partially commutative groups. Nevertheless,
there are some results obtained for Lie algebras. For example, in [1]-
[4] descriptions of bases of partially commutative, partially commutative

144



Splitting partially commutative Lie algebras 145

nilpotent and partially commutative metabelian Lie algebras were obtained;
in [4, 5] centralizers of partially commutative and partially commutative
metabelian Lie algebras were studied. Papers [4], [6]-[10] are devoted
to investigation of theories of partially commutative Lie algebras in some
varieties, namely, in these papers criterions for universal and elementary
equivalence in some classes of partially commutative Lie algebras of some
varieties were found.

Many problems in partially commutative structures can be formulated
as follows. Consider a property a partially commutative structure may
or may not have. Can we recognize if a structure has this property just
considering its defining graph? We consider the following problem here.
Suppose that a partially commutative (partially commutative metabelian of
partially commutative nilpotent) Lie algebra splits into a direct sum of two
non-trivial Lie algebras. Our goal is to find what properties the defining
graph of such an algebra has. In this paper we obtain an answer to this
question. The analogous problem for partially commutative groups of some
varieties were solved in [11]

By L(A;G), M(A;G), and N,,(A4; G) denote the partially commutative,
partially commutative metabelian, and partially commutative nilpotent of
degree m Lie R-algebras defined by the graph G respectively. Let us use
the common notation L(A;G) for one of the algebras L£(A;G), M(A;G),
or N,,(4;G). We denote by F(A) the absolutely free algebra over R with
the set of generators A, i.e. the algebra of non-commutative non-associative
polynomials in the set A such that these polynomial;s do not have monomials
of cumulative degree 0.

Denote by [u] a non-associative monomial in A, i.e. a finite product of
elements in A with a parenthesizing defining the order of multiplications on
it.

Definition 2. Multi-degree of a non-associative monomial a[u] is the vector
d = (01,09, ...,0,) where ¢; is the number of occurrences of a; in [u].

Definition 3. A non-zero element g of F'(A) is called multi-homogeneous if
g can be represented as a linear combination of Lie monomials of the same
multi-degree = (01,02,...,0,).

For a multi-homogeneous element g € F(A), if g = S°F | ay[u;], where

a; € R\{0} and [u;] are non-zero monomials in F'(A), then set mdeg(g) =
mdeg([w;]), where 1 < i < k.

Let [u] € F(A) be a monomial such that mdeg[u] = (d1, 2, ...,0,). The
set {a;|9; # 0} is called a support and is denoted by supp([u]). For a
polynomial g = > a;[u;] in F(A) set supp(g) = U, supp([u;]).

The notions of the multi-degree and the support can be defined for
elements in L(A;G) in an obvious way.
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Since identities and relations of L(A;G) are multi-homogeneous, the
following statement holds. If g;’s are multi-homogeneous polynomials of
mutually distinct multi-degrees and 0 = ), ¢; in L(A4;G) then g; = 0 in
L(A;G) for any .

Length of a non-associative monomial [u] of multi-degree (d1,ds,...,d,)
is > 1 0;. For h € L(A;G) consider a representation of h as a linear
combination of Lie monomials. Of course, these monomials may have
different lengthes. Let i be any integer positive number. By w;(h) denote
the part of this linear combination consisting of all monomials of length 1.
Then h = >, w;(h) where r is the maximum among lengthes of monomials
in this linear combination. Furthermore, set Oy (h) = Zle wi(h). Finally,
denote by ox(h) the element h — O(h).

Let f,g € L(A;G). We write f « g if af = fg in L(A;G) for some
a, p € R\{0}.

We will use the following theorem on centralizers in £(A;G) [5].

Theorem 4. Let g € L(A;G), H = G(supp(g)) and Hy, ..., H, be connected
components of H. Then

1. there is a decomposition g = Y -_, g;, where supp(g;) = A(H;) for
1=1,2,...,p;

2. C(g) consists of all elements of the form h = >"_ h; + h' such that
for any i = 1,2,...,p if h; # 0 then g; «~ h; and if h' # 0 then
supp(g) <> supp(h').

In metabelian Lie algebras we will omit all parentheses except the outer
pair.
Let us order the set of A in an arbitrary way. For any multi-degree

0 = (61,09,...,6,) consider the set A(0) = {a;|&; # 0}. Let Hy, Hy,... H,

be the connected components of G(A(d)). Without loss of generality we can

assume that the smallest vertex of A(9) lies in A(Hp). Denote this vertex
by b. Consider the set of all monomials of the form [a;,, a;,, ..., a; ], where

1. mdeg([ai,, ai,, - .., a;]) =0, in particular r =" | J;;
2. Qg > Ajgy Qi < Qg < e < ., SO Qjy = b7
3. aj, is the largest element of one of the sets A(Hy), A(Ha), ..., A(H,).

Denote this set by Bs(A;G) and consider the set B(A4;G) = > Bs(A;G).
The following theorem holds [4]

Theorem 5. The set B(A;G) is a basis of the partially commutative
metabelian Lie algebra M(A;G).
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2 Main Part

Consider a graph G such that the graph complement G is connected.
Let L(A;G) = Ly & L be a decomposition of L(A;G) into a direct sum two
subalgebras.

For any g € L(A;G) the pair (g1, 92) € L1 @ Ls is corresponding to g if
g = g1+9go. It is obvious that for any g the pair corresponding to this element
is unique. Denote the elements of this pair by (g); and (g), respectively.

The following theorem holds.

Theorem 6. Let L(A;G) be a partially commutative Lie algebra L(A;G),
or a partially commutative metabelian Lie algebra M(A;G), or a partially
commutative nilpotent of degree m > 2 Lie algebra N, (A4; G). Then L(A; G)
splits into a direct sum of two non-zero subalgebras if and only if G is not
connected.

Proof. Suppose that the L(A;G) splits into direct sum of non-trivial Lie
algebras and graph G is connected.

Since (a;); € Ly for | = 1,2, we have [(a;)1, (a;)2] = 0. We may assume
that (a;)1 = aa; + g; and (a;)2 = (1 — a;)a; — g;), where a; & suppwl(g;).
Then, it is easy to see that

[9i,a:] =0
By Theorem 4 g; = va; + gi1, where a; <> supp(g;1). Since a; +» a;, we
obtain in L(A;G) a; & supp(g;) if L(A;G) is a partially commutative Lie
algebra.

Denote by Li(A;G) the subset of £L(A;G) consisting of all elements g
such that og(g) = 0. Similarly, My(A;G) is the subset of M(A;G) such
that ox(g) = 0 for any g € M(A; G).

Using homomorphisms £,,(A; G) — N, (4; G) and L(A4;G) — M(A; G)
we also obtain if L(A;G) is a partially commutative nilpotent algebra then
a; & supp(Om—1((a;)1)) and if L(A; G) is a partially commutative metabelian
algebra then a; ¢ supp(Oaz((a;)1)).

Next, for any ¢ = 1,2,...,n we can write (a;)1 = a;a; + g; and (a;)s =
(1 — a;)a; — g;, where a; & supp(w1(g;))-

Since G is not connected for any i there is j such that a; < a;.

We can obtain from [(a;)1, (a;)2] = [(@;)1, (a;)2] = 0 that

{ ai(1 —ayj)lai, aj] + ifwi(gy), ai] + (1 = aj)wi(ga), a5] = [wi(gi), wilgy)] =0
—a;(1 = ag)ai, az] + ajlwi(gi), az] + (1 — ai)[wi(gy), ail + [w1(gi), wi(gy)] = 0(



148 E. N. Poroshenko

Since a; +» a; we have [a;, a;] # 0. So,

{C‘é@'<1_04j) 28 . (2)

Oéj(]_ — Oéi)

Therefore either o; = a; = lor1 —a; =1 —a; = 1. So, we obtain
(_gi)2 =a;—g; and (g;)2 = a; —g; or (¢g;)1 = a;+¢; and (g;)1 = a;+g;. Since
G is connected we obtain for any j if (¢;)1 = a; + g; then (g;)1 = a; + g;
and if (¢;)2 = a; — g; then (g;)2 = a; — g;, where a; & supp(wi(g:)). a; &
supp(wi(g;))-

Without loss of generality we may assume that a; corresponds to the
pair (a; + gi, —¢:), where a; & supp(wi(g;)). Then [g;, a;] = 0, consequently
[w1(g:),a;] = 0. So, by Theorem 4 we get a; <> supp(wi(g;))-

We can rewrite (1) as follows

{[m(gj), a;] — [ (g), w1 (9;)]

[wi(9:), aj] + [wi(g:), wi(g5)]

(3)

0
0
One can check that if wy(g;) # 0, then there is j # ¢ such that a; is

adjacent to one of the vertices in supp(w;(g;)). But in this case [wq(g;), a;] =
0, which contradicts to Theorem 4. So, if L(A; G) = L(A; G) then

w1 (gz) = 0. (4>

If L(A;G) = M(A;G) or L(4;G) = N,,(A; G) for m > 2, then (4) follows
from the fact that the restrictions of the natural homomorphisms £(A; G) —
N(A; G) and L(A; G) — M(A; G) to the maps L,,(A; G) — N, (A; G) and
L3(A;G) — M(A; G) are bijections.

Equation (4) implies, g; = 01(g;) for i = 1,2,...,n. Let g; # 0. As we
assumed above each generator a; corresponds to the pair (a; + g;, —g;). So,

we have
[gj7 ai] - [ghgj] =0 (5)
9:a5] + (96,95 =0

From these equations by the same arguments as above we obtain there exists
jJ # i such that a; ¢ supp(o;1(g;)). Then in L(A;G) we have [01(gi),a;] =0
for such j that contradicts to but this equation contradicts to Theorem 4.
Therefore g; = 0 in the case of L(A;G).

By induction it can be shown that O,,_1(g;) = 0 in an algebra N,,(A; G).
The proof is similar to one of the equation g; = 0 in L(A4;G).
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Consider an algebra M(A;G). For 01(g;) we have

0u(9:) =Y 9i5 (6)
8

where g;5 € M(A;G) is a multi-homogeneous element of multi-degree

0. We can rewrite these elements as 95, = ZI;:1 Aplup), where [u,] are
basis monomials with respect to the order described in Theorem 5 and
Ap € R\{0}. Analyzing this decomposition we obtain g; = 0.

Let L(A; G) is either £(A; G) or M(A;G). Then g; = 0. Hence a; € L,
for i =1,2,...,n. Thus, L1 = L(A;G) and so Ly = 0.

Let L(A; G) = N, (A; G). Since a; corresponds to (a;+gi, —¢g;), we obtain
g; € Lg.

On the other hand, O,,_1(¢g;) = 0. Consequently, it is easy to see
that for any non-commutative non-associative polynomial f(ay,...,a,) such
that wi(f(a1,az,...,a,)) = 0 the equation f((a1)1,(a2)1,...,(an)1) =
f(ay,aq, ..., a,) holds. In particular it holds for any g;. Therefore, g; € Ly
and so g; = 0.

The converse is obvious. If G is not connected then A = A; U Ay, where
there are no edges {a,b} such that a € A; and b € A;. Then A; ++ A and
L(A; G) = L(Ay; G(A1)) & L(Ay; G(Ay). .
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1 Introduction

The aim of this short paper is to provide context and aggregate the results
proved in a series of papers [1], [7]-[10], [14], culminating to the result that
no infinite field is interpretable in the first-order theory of nonabelian free
groups [15].

Question 1.1 (Tarski). Do all nonabelian free groups share the same first-
order theory?

Non-abelian free groups have gained much attention in model theory
after Sela [11] and Kharlampovich — Myasnikov [5] proved that they share
the same first-order theory, thus answering Tarski’s question in the positive.
More interestingly Sela proved that this common first-order theory, and
actually the theory of any torsion-free hyperbolic group, is stable [12].

Theorem 1.2 (Sela). The first-order theory of non-abelian free groups is
stable.

Stability is the most prominent dividing line in Shelah’s classification
theory [13], separating theories for which one can find invariants to classify
their models from theories that this is not possible. An intuitive way to
think about a stable theory is the following: a first-order theory is stable
if it supports, in all models, a nice independence relation (called forking
independence) modeled on linear independence of vector spaces. Since none
such relation was known for non-abelian free groups one can see why the
stability of the theory of non-abelian free groups is surprising. In any case,
this result is considered one of the deepest results in the model theory of
groups.
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In a different line of thought Zilber tried to understand uncountably
categorical theories through some naturally defined pregeometries [17].
Towards this goal he conjectured:

Conjecture 1.3 (Zilber’s trichotomy conjecture). A strongly minimal set
can be exactly one of the following three:

o trivial;
e cssentially a vector space;
e bi-interpretable with an algebraically closed field.

The conjecture was refuted by Hrushovski [4], but from the refutation
the important notion of C'M-triviality and later ampleness emerged (see |[6],
[3]). The ample hierarchy can be thought of as a way to measure how
complicated forking independence is in a stable theory. A first-order theory
that interprets an infinite field is as complicated as possible (n-ample for all
n), while on the other end a vector space or an abelian group are the tamest
(not 1-ample).

Since the first-order theory of the free group is stable the following
questions arise:

Question 1.4. Can we understand forking independence in non-abelian free
groups in a a natural way?

Question 1.5. How complicated forking independence is in the first-order
theory of non-abelian free groups?

Question 1.6. Does the first-order theory of non-abelian free groups
interpret an infinite field?

We will answer all the questions in the next section.

2 Main Results

In a series of papers [9, 10] we answer Question 1.4 by giving a
natural interpretation of forking independence in non-abelian free groups.
Intuitively, the tuple b is independent from & over a set of parameters A in
a non-abelian free group I, if there exists a splitting of IF over A so that the
smallest subgroups containing Ab and A¢ are adequately “separated”.
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Theorem 2.1. Let A C F be a set of parameters and b, ¢ be tuples from F.
Then b is independent from & over A if and only if there exists a normalized
cyclic JSJ decomposition A of F relative to A in which any two blocks of
the minimal subgraphs A", A" of (A,b) and (A, ¢) respectively intersect
at most in a disjoint union of envelopes of rigid vertices.

We now define the ample hierarchy.

Definition 2.2 ([3, 6]). T be a stable first-order theory and n > 1. Then T
is n-ample if (after possibly adding some parameters) there are ag, ay, . .., a,
such that:

1. ag forks with a,, over (;
2. a;;1 does not fork with ag,...,a;_1 over a;, for 1 <1 < n;
3. acl®(ap) Nacl®(ay) = acl®(();

4. aclag, ..., a;_1,a;)Nacl®(ag, . ..,a;_1,a;41) = acl®ag, . . .,a;_1), for
1 <1< n.

A stable first-order theory is called ample if it is n-ample for all n. The
ample hierarchy does not collapse (see [16], [2]). Consequently, it gives us
a meaningful way to measure how complicated forking independence is in a
stable first-order theory.

Theorem 2.3. For every n < w, there exists a first-order theory which is
n-ample, but not n + 1-ample.

We now answer Question 2.2 (see [14]).

Theorem 2.4 (Ould Houcine—Tent / S.). The first-order theory of non-
abelian free groups is ample.

Hence, one can naturally ask whether the ampleness of the free group
comes from an infinite interpretable field or not. We note that Evans [3] has
constructed a first-order theory which is ample but does not even interpret
an infinite group.

Theorem 2.5 ([1, 15|). The first-order theory of non-abelian free groups
does not interpret an infinite field.

This is the first stable group theory that is ample but does not interpret
an infinite field.



154 R. Sklinos

References

[1] R.Sklinos, A.Byron, Fields definable in the free group, Trans. Amer.
Math. Soc. Ser. B, 6 (2019), 297-345.

[2] A.Baudisch, A.Martin-Pizarro, and M. Ziegler, Ample hierarchy,
Fund. Math. 224, 2 (2014), 97-153.

[3] D.Evans, Ample dividing, J. Symb. Logic, 68, 4 (2003), 1385-1402.

[4] Ehud Hrushovski, A new strongly minimal set, Ann. Pure Appl. Logic,
62 (1993), 147-166.

[5] O.Kharlampovich and A.Myasnikov, Elementary theory of free
nonabelian groups, J. Algebra, 302 (2006), 451-552.

[6] A.Pillay, A Note on CM-Triviality and the Geometry of Forking, J.
Symb. Log., 65, 1 (2000), 474-480.

[7] C.Perin, A.Pillay, R.Sklinos, and K.Tent, On groups and fields
interpretable in torsion-free hyperbolic groups, Miinster J. of Math.
7,2 (2014), 609-621.

[8] C.Perin and R. Sklinos, Homogeneity in the Free Group, Duke Math.
J. 161 (2012), 2635-2668.

[9] C.Perin and R. Sklinos, Forking and JSJ decompositions in the free
group, J. Eur. Math. Soc. (JEMS), 18, 3 (2016), 1983-2017.

[10] C.Perin and R. Sklinos, Forking and JSJ decompositions in the Free
group II, Journal of the London Mathematical Society, 102, 2 (2019),
796-817.

[11] Z.Sela, Diophantine geometry over groups VI: The elementary theory
of free groups, Geom. Funct. Anal. 16 (2006), 707-730.

[12] Z.Sela, Diophantine geometry over groups VIII: Stability, Ann. of
Math. (2), 177 (2013), 787-868.

[13] S.Shelah, Classification theory: and the number of non-isomorphic
models, 2nd edition, North-Holland, 1990.

[14] R.Sklinos, Ampleness and pseudo-anosov homeomorphisms in the free
group, Turkish J. Math., 39, 1 (2015), 63-80.

[15] R.Sklinos, Fields interpretable in the free group, Preprint, 2021.



Fields interpretable in the free group 155

[16] K. Tent, The free pseudospace is n-ample but not (n + 1)-ample, J.
Symb. Log., 79, 2 (2014), 410-428.

[17] B.Zilber, The structure of models of uncountably categorical theories,
Proceedings of the International Congress of Mathematicians, 1983.



BASUCDHI 1N ITPEJCTABJIEHN A
QJIEMEHTOB HACTUYHO
KOMMVYTATVBHDBIX I'PVIIII

E. . Tumonienko

HoBocubupcknit rocy1apcTBeHHBIN TEXHUIECKU YHUBEPCUTET,
up. K. Mapkca, 20, HoBocubupck, 630073, Poccus

e-mail: eitim450gmail.com

1 Bsenenue

[TorsiTHEe YACTUIHON KOMMYTATUBHOCTHA MOXKHO PACCMATPUBATH JIJIsT Pa3-
JIMIHBIX KJIacCOB ajredp. TodHee, IpeIIIoIoKM 9TO KJ1acc aaredp obpasyer
[IpeIMHOr000pas3ne, TO eCTh 3aMKHYT OTHOCHTEILHO IOJCUCTEM W JICKapTO-
BoIX npoussesennii. Torga w3 pesyiabraro pador [1, 2| A.U. Masbnesa
CJIEJIyeT, ITO B 9TOM KJIacCe MOYKHO PacCMaTpPUBAThL aJredphbl ¢ OIpPeIesIsio-
UMK COOTHOIeHnAMU. Fean Ha ajaredpax mpeaMHOrooOpasust Olpe/ie/eHa
OuHapHAas oreparys, TO JIJIs TAKOTO IPEeIMHOr000pa3us MOKHO BBECTHU IIO-
HATHE YaCTUIHO KOMMYTATHUBHON ajareOpbl mpejMHoroodopasus. [Ipu srom
€CTEeCTBEHHO IIpeJIoararb, 4To yKa3aHHas OMHapHas olepalys He KOM-
MyTaTuBHA. JacTHIHO KOMMYTaTUBHAas ajredpa IpeIMHOroodpasus olpe-
JIeJIgeTC ¢ IMOMOIIBIo IpocToro rpada. MoxKHO paccMaTpuBaTh YaCTUIHO
KOMMYTaTUBHBIE I'PYIIIbI, MOHOU/IbI, KOJIbIIA, ACCOIMATUBHBIE aareOphl, aji-
rebpot JIu u ipyrue cTpyKTypHI.

B cratbe mpuBesieHbl pe3y/bTaThl M0 0aszucaM YacTUIHO KOMMYTaTHB-
HBIX TPYII U3 pa3periuMbiX U HUJIBIIOTEHTHBIX MHOroobpasuit rpymm. U3
ommucaHusa 0as3uca IMOJIYyJIaeTCss KAHOHUYECKasl 3aIlCh 3JEMEHTOB YaCTUIHO
KOMMYTaTUBHON T'PYIIIBI U3 9TOr0 MHOIOOOpa3us IPYIII.

2 CBO6OI[HI)I€ YaCTUNIHO KOMMYTaTUBHbBIC

I'PYIIIbI
B nmanbHeiineM paccMaTpUBAIOTCS TOJLKO HEOPUEHTHPOBAHHBIE TPadbI
6e3 meresib u KpatHbix pebep. Ilycrs I' = (X; E) — rpad, mHO)KECTBO
BepIIMH KOToporo obosnadeno depes X = {x1,...,T,,...}, a MHOXKECTBO

156



Basucel u npeicrapienus sjaementos UK rpymm 157

pebep wepe3 E. MuoxectBo £ COCTOUT U3 HEyNOPSIOYEHHBIX map {z;, z;}
CMEYKHBIX BepIuH rpada.

I'pad I', ¢ momoIBI0O KOTOPOrO ONPEIe/IAeTcss YaCTUIHO KOMMYTATHB-
Hasg CTPYKTypa, HA3LIBAETCH I'PadOM KOMMYTATHBHOCTH WJIU OIPEIEISI0-
UM rpadoM 3TON CTPYKTYPHI.

[lepBoit 1acTUIHO KOMMYTATUBHOW CTPYKTYPOIl, KOTOpas IMPUBJIEKJIA K
cebe BHUMAaHWe, ObLTT YaCTUYHO KOMMYTATUBHBIN MoHOU . [loHAaTHe wacTmd-
HO KOMMyTaTuBHOro Mononna e Kapree u ®Pora B [3| mis usydenus
KOMOMHATOPHBIX MPODOJIEM, CBA3AHHBIX C IIEPECTAHOBKAMU CJIOB.

CBobojiHAST YaCTUIHO KOMMYTATUBHAS TPyIa (UM, IPOCTO, YaCTUIHO
KOMMYTATHBHAsI IPYIIIa) UMeET TPYIIIOBOE MPE/ICTABICHIE

FI) = (X;xx; = zjz;, ecmm {x;,x;} € E).

Ipynma F(I') Buepseie nosiBuiack B pabore Baymuma [4] mos nHasBanu-
em “semifree group”, a 3arem B pabore /Ipomca [5] roma yxke 1o HazBaHU-
eM “graph group”. B HacTosInee BpeMsi KOHEYHO OPOXKJIEHHBIE YACTUIHO
KOMMYTATHBHBIE TPYIIIbI OOBIYHO HA3BIBAIOTCS MTPABOYTOJIBHBIME IPYIIITAME
Apruna. Kiace 9acTudHO KOMMYTATHBHBIX TPYIIT JIOBOJBHO MmMHUPOK. OH
COJIEPYKUT, HAIIPUMeEp, CBOOOHBIE IPYIIILI U CBOOOJIHBIE A0EJIE€BBI I'PYIIIIHI.
Kiracc 3aMKHYT OTHOCHTE/IBHO B3SITHS MIPSIMBIX U CBOOOTHBIX IIPOU3BEJICHUIA.
YacTnaHOo KOMMYTaTUBHBIE TPYIITEI 0018/ 1aI0T MHOTHME 3aMedaTeIbHBIMI
coiicrBamu. Hampumep, Xopommo U3BECTHO, YTO OHHU AlIIPOKCUMUDYIOTCS
HUJIBIIOTEHTHBIMU TPYIIIaMi 0e3 KPYJYeHUs U CJIe/IOBATE/IbHO CaMHU HE CO-
JIEPZKAT JIEMEHTOB KOHEYHOI'O MOPSJIKA. DTH TPYMNIbl jJuHeiHbr [6]. s
[IPABOYTOJIBHBIX TPYIIT APTUHA pa3pernMbl MHOTHE AJITOPUTMUTIECKUE TTPO-
6J1eMbl, B 9acTHOCTH, mpobsema m3omopdusma [7]. Tounee, nzomopduszm
TAKUX TPYIIT CBOIUTCA K M30MOPGMU3MY ONPEIEIAIONINX KOHEIHBIX TpadoB.
Jljist 5TUX TPYII MOJIOXKUTEIHHO PENIaioTcst IIPOOIeMbl PABEHCTBA U COIPS-
JKEHHOCTH. Y HUBEpCaJbHasi TEOPUsT YACTUIHO KOMMYTATHBHON I'PYIIIBI Pa3-
permmma [8]. Tem He MeHee cyIecTByeT 9aCTHYHO KOMMYTATHBHAS TPYIIIA,
JIUIsT KOTOPO#l HET aJIrOPUTMa, MO3BOJISIIOIIET0 PeIaTh TPodIeMy BXOXK ICHUsT
B KOHEYHO MOPOZKJIEHHBIE TOAPYITbL. DT0 npuMep Muxaiiiosoit [9] rpyrmbe
FQ X FQ.

CBobO/IHBIE TACTUIHO KOMMYTATUBHBIE TPYIIIBI, BOOOIE TOBOPs, HE 00-
gajaor 6azucamu. Tem He MeHee sl 3alUCU JIEMEHTOB STUX TPYIII HC-
[IOJT3YEeTCsI, TaK HAa3bIBaeMOe OJIOKOBOE pa3jIoyKeHUe 9JIeMEHTOB. bayuin B
paborax [4, 10| moKa3a/ HECKOIBKO BayKHBIX PE3YJIBTATOB O YACTHIHO KOM-
MYTATUBHBIX I'PYIIIAX M, ONMMUPAACh HA ITH PE3YJIbTAThI, HAIE] KAHOHUYIE-
cky1o (6JIOKOBYIO) 3aIMCh 37IeMeHTOB. [JIs1 J0Ka3aTeIbeTBa OH UCIIOJIB30BaI
KOMOMHATOpPHBIE METO/bl. ITOOBI OIpPeenTh OJIOKOBYIO 3aIlUCh, HAIIOM-
HUM HEKOTODPBIE OlpejiesieHns. ['PyIIoBoe CJIOBO w, 3alMCaHHOe B ajihaBu-
te X*! HaspIBaeTCA MEHEMAJILHBIM CJIOBOM, CCJIH OHO HMEET HAUMEHBIIYIO
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JUIMHY CPEIM BCEX CJIOB, MPEICTABJISIONINX HEKOTOPBIA 3JIEMEHT U3 I'PYIIILI
F(T'). Bayaum B [4] nokaszamn semmy o cokparenusx. OHa yTBepK/IaeT, ITo
ecm w He MEHUMAJIBLHOE CJI0BO, TO W COIEPYKUT IIOJCI0BO BHIA TUT ', Te
r € X*!' u x KoMMyTHpYeT ¢ Kazk1oil 6yKBOil, BXOJAMIEH B CJIOBO 1.

[Iycts G — mekoropast rpymmna u g, h — saementsr u3 G. Torma (g, h)
06o3HaTaeT TPyHIoBoit KomMyTaTop ¢ th~lgh. Ilycts R — MHOMKECTBO KOM-
mytaropos Buna {(z;,z;) | {z;,z;} € E}. Taxum obpasom, rpymma F(I')
nmeer npejcrasienue (X; R). Jlemma o npeobpa3oBanusx, jJoKa3zaHHast Ba-
yauiieMm B [4], yTBepKaaer, 94To ecau u U U — JiBa MUHMMAJbHbBIX CJIOBA,
[IPEJICTABJISIIOIIIE OJIUH U TOT e 3jieMeHT rpytmbl F(I'), To ¢jioBo u MOKHO
peodpa3oBaTh B CJIOBO U, UCHOIL3YS TOJBKO COOTHOIICHUST xfa:j] = xjj xs,
rae (x;,z;) € R, €;,6; = £1 (10 ecTb 6€3 BCTABOK U COKPAIIEHUN I0ICIOB
Buga 20, x € X, e € {£1}.) CuenoBarenbro, Jyist 10000 I€MEHTa ¢ U3
F(T') cymiecTByer eIMHCTBEHHOE TIOJIMHOKECTBO Y MHO)KecTBa X Takoe, 4To
BCE MUHUMAJIbHBIE I'PYIIIIOBBIE CJI0BA, IIPEICTABIAIONINE SJIEMEHT ¢, SIBJIAIOT-
cd TPYIIOBBIMU cjioBamMu B ajidasute Y. MuoxkecTBo Y Ha3bIBaeTCH HOCHU-
TesieM sJieMeHTa g u obosHadaercs supp(g). Kpome Toro, mist siemeHTOB ¢
u3 rpynnbl F(I) onpenerena nx mauna [(g), paBHas JIMHE MUHAMAJIBHOTO
CJIOBa, TPEJICTABJISIONIErO SJIEMEHT (.

st 6y10K0BO# 3arucu sjiemeHToB U3 rpynibl F(I) GyaeM ucrnoib3oBarh
rpacp I' — nonomnenne rpada I'. g snementa g rpymusr F(T), Koro-
PBIfi MOXKHO CUMTATH MPEJICTABJICHHBIM MUHUMAJIBLHBIM CJIOBOM ¢, 110 JIEMME
0 TpeobpasoBaHUAX ONpeieseH TopoxkaeHnbii moarpad A(g) rpada I ¢
BepImHaMu u3 supp(g).

[Iycts Aq,...,A,, — Bce Kommonentsl cBsg3noctu rpada A(g). Torma
MOZKHO 3aII1CATh

g=49g1---9m, (1)7

rae A(g;) = A u (94, 95) = 1 s Beex ¢, j. DJIEMEHTBI ¢; HA3BIBAIOTCS OJIOKA-
M 31eMenTa g. Kak siements! rpytmet F(I') 6710Ku s1eMeHTa g Onpe/1eieHb
OJIHO3HAYHO € TOYHOCTBIO JI0 Mopsijika. Jamuch (1) Ha3bIBaeTCsl KAHOHUYE-
CKOWl 3ammchio Jijig saeMenTa ¢. OHa TOJIe3Ha TPU PElIeHnn MHOTHX aJl-
FOPUTMHUYECKUX U aJredpamdecKux BOIPOCOB O YACTUIHO KOMMYTATHBHBIX
IpyIiax.

3 YacTnuHo KOMMYTATHUBHbIE MeTabeIeBbI
HUJIBIIOTEHTHBIE TPYHNIbI

B nanbueiineMm paccMaTpuBaeM JIAIIL KOHEYHbIE Ipadbl ¢ MHOXKECTBOM
geprima X = {z1,...,z,}. Ilycte 9 — HEeKOoTOpOE MHOrOOOpa3Me TPYIILL.
YacTuIHO KOMMYTATHBHAA I'PYIIa U3 MHOroobpasus 1 ¢ omperesionyumM
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rpadom I, obosnauaemas F'(I'; 9N), umeer npencraBienne
F(IMm) = (X;vx; = vy, ecm {x;,2;} € E)

B Muoroobpasun M. B wactroctn F(I') = F(I'; ®), rae & — muoroobpasue
BCEX TPYIIIL.

[Tycts G — rpymma, A, B —moarpynmnet G. Torpa (A, B) = gp ((a,b)) —
rpymma, MopoXKJeHHAs BCeMH KoMMyTaTtopamu Buja (a,b),a € Ab € B.
Taxkum obpazom, G’ = (G, G) — kommyTasT G.

O6osraunM depes A? MHOro0Opasne BCeX MeTabeIeBbIX Py

A = {G](G',G") = 1}.

HYCTI) ‘)TC 0603HAYaET MHOFOO6paBI/I€ BCE€X HMJIBIIOTEHTHBLIX I'DYIII CTYIICHHU
He BBIIIE €. DTO MHOFOO6pa31/Ie COCTOHUT M3 BCEX I'DYIII, YAOBJIETBOPAIOIINUX

TOXKAECTBY U1 = 1, T7e Vo2 = (Y1,%2), Ver1 = (Ve Yet1). Ilycts Mo =
A2 NN,

HacTnaHO KOMMyTaTUBHAdA MeTabesleBa HUJIbIOTeHTHad rpynma M.r =
F(T';My ) umeer npejicraBieHne

M.r =(X; zx; = xjx;, ecrm {x;,z,;} € E)

B MHOTr0O6pasun My ..
XOpoIIo U3BECTHO, YTO JIH00asi KOHETHO MMOPOKICHHAsT HUJIBIIOTEHTHAS
rpymma 6e3 kpyderus GG obmagaer MeHTPAIbHBIM PAJIOM

G=G>Gy>...>Gs41 =1 (2)

¢ 6ECKOHEUHBIMI MUKINIECKUMEI paKkTopamMu. BbiOepeM 3JIeMeHTHI a1, . . . , A
tax, uro Gy = gp{a;, Git1).

Onpenenenne 1. YopsijiodeHHas CHCTEMa JEMEHTOB (dj, ..., 4s) HA3bI-
BAaETCS MAAbUESCKUM 0a3ucom TPyHbl (G, MOJTYIEHHBIM TI0 TEeHTPAJTBHOMY

pamy (2).

N3 ompenenennst MaIbIEBCKOrO Oa3uca CJIEyeT, UYTO KaXKJIbIil 3JIEeMEeHT
g € G MOYXKHO OJTHO3HAYHO 3aINCaTh B (hopme

t
g=a...a" t;€Z.
Iycrs v(zyy, ..., 4, ) — 3amuck smementa v € F(I'; My ) B Buge npons-

BejleHust 3/1eMeHToB 13 X =1 npudeM BepIMHbL Ty, . . . , T, JeHCTBUTEILHO
IIPUCYTCTBYIOT B 9TOM 3armucu. Obo3Hadnm

o) ={wzi, ...,z }.
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ITycrs I'y, — mopoz nennstit moarpad I' ¢ muoxkecrsom Bepummn o(v), a 'y, —
KOMIIOHEHTa CBsi3HOCTH Ipada [y, KoTopasi cojepkuT Bepuny = € o(v).

Bajagum Ha MHOXKecTBe X TOPSIOK T < Tp < ... < T,. Yepes
max([', ;) 0bo3HaYMNM HAHOOJIBILYIO BEPIINHY B KOMIIOHEHTE CBA3HOCTH [y ;.
[ycrs (y1,92, -+, Ym) = (Y1, Ym-1),Ym), & B — MHOXKeCTBO TaKnx

KOMMYTATOPOB BHJI&
v= (xjmsza cee 7‘Z.jm)7 2<m<ec,

u3 rpynst F(I'; My ), 9T0 BLITOIHEHBI CIIeLyIONIHe YCIOBHSL:

(1) 1< g2 <j3<jm<n, jo<ji <n

(2) BepmMHBL Tj, U T, J€XKAT B PA3HBIX KOMIIOHEHTAX CBS3HOCTH Trpada
%

(3) zj, = max (['y 4, ).

Torna BepHa ciejyrolias TeopeMa o Das3uce.

Teopema 2. [11]. Mnoowcecmso saemenmos X LI B obpaszyem marvuesckudl
basuc epynnot (L, Mo 0), nosyuennsild yniomuenuem Husicrezo 4enmpano-
1020 pAada amot 2pynnoL.

4 YacTu4HO KOMMYTaTUBHbBIE
MeTabe eBbl TPYHHbI

YacTuano KoMMyTaTuBHas Merabenesa rpymma My = F(T';2%) umeer
IIpeJICTaBJICHIE

MF = <X, Til; = TjZs, €CJIn {xhxj} S E>

B MHOTr00Opasnu A%

Cpeny 4acTUIHO KOMMYTATHBHBIX T'PYIIIT MHONOOOpa3uil, He COBIAJIAIO-
IUX ¢ MHOrOOOpa3meM BCeX I'PYIII, HAKOO/ee U3YUeHbl YACTUIHO KOMMYTa-
TUBHBIE MeTabe/eBbl IPyIbl. J[isi HUX OMUCAHBI IEHTPAJIN3ATOPHI BEPIITUH
OIIPEIEIISTIONIEro rpada i AHHYISATOPBI KOMMYTATOPOB (T4, ), N3y I€HbI BJIO-
JKeHWs B TPYHILYy MaTPUIl, TPYIIIHI aBTOMOP(MU3MOB, 3HAUEHUS ITEHTPATIN3a-
TOPHBIX Pa3MEPHOCTEN, JIJIsT HEKOTOPBIX OIPEIEIAIONUX I'padoB MOy IeHbI
KPUTEPUU COBIIAJIEHUS YHUBEPCAJIbHBIX TEOPUIl.

Ouesmno, uto M = My /M) — cBobonnas abenesa rpynma. ObosHa-
quM 4epe3 g obpa3 ajiemenTta g € My B rpynie My 1oj jefictBueM ecre-
cTBEeHHOTO roMoMopdusma. Torma 3/ieMeHTbl T, . . ., T, COCTABJIAIOT OA3UC
TPYIIITHI Mr. IIycts a; = 7;.

Kommyrant M| sBiisercss mpaBbIM MOJYJIEM HaJI TPYIIHOBBIM KOJIBIIOM
Z[Mry). Heiicteue snementa g na M} onpeneseno conpsikenueMm ¢/ = g~ lcg.
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+1

Ha camowm fee kommyTtant Gyaer Z[ay', ..., al! ]-momymem.
[Iyctn
!
i=1
anement u3 Z[ai', ..., al']. Torma

A= (™). (M)

Cunenyiomasi TeopeMa yKa3blBaeT KAHOHUYECKYIO 3AINCH JIJId ‘cTereneil’
9JIEMEHTOB U3 KOMMYTAHTA.

Teopema 3. [12]|. IIycmv 1 # ¢ € M). Tozda mmnooicecmso sepuun X
MOICHO pasbumsb na dee nenepecekarouguecs wacmu X, u Xo mak, 4mo 6vi-
NOAHEHDL CAEOYIOULUE YCAOBUA.

(1) Mnoowcecmeo X, ne nycmo.

(2) Cywecmeyem ssemenm vy € Z[Yiﬂ] maxot, wmo (¢7,X1) # 1 u
(7, X5) =1, ecau Xy ne nycmo;

(3) Ecau 6 xaocdot komnonenme ceaszwocmu Uy, i = 1,...,m, nopootc-
dennozo epaga I'y ¢ mmoocecmeom sepuun Xy sadurcuposana 1exkomopas

BEPULUHG Y;, MO INEMEHM € MOIAHCHO 3aANUCAMD 8 caedyrowets dopme

v aij
¢ = H (yuy]) 1]7
1<i<j<m
5+l
ede a; € Z[X7 ], npuuem asemenmot vy He 3aBUCAM OM PUKCUPOBAHHHLT
sepuwun Y, npu p < i.
(4)Taxas sanucv eduncmeenna 0z Kascdo2o 6vbopa HUKCUPOSAHHDLT
sepwur Y = {y1, ..., Ym}-

B cnenyrorieit Teopeme jrano onucanue 6a3uca YaCTUIHO KOMMYTATUBHOI
MeTabeJIeBOM IPYIIIIbI.

Teopema 4. [13]. Vnopadouum mmoorcecmso sepuwun X = {x1,...,2,}
epagha A: 1 < x9 < ... < x,. To2da 6asuc xommymarma My obpasyem
mroocecmeo B (Ma), cocmoswee uz mex snemenmos v 6uda

v = [I‘i, Ij]ajtllmaj%n, {tl, R ,tm} CZ \ {0},

ONA KOMOPBIE BHINONHEHDL YCAOBUA

(1) j<ji<jo...<jm<mn, 1<j<i<m

(2) sepuiunnt T; U x; AEAHCAM 6 PABAUYHBIT KOMNOHEHMAL CEAZHOCTU NO-
poorcdennozo nodepaga A, ¢ mmoocecmeom eepwur {T;, T, Tjy, ..., T };
(3) x; = max(A,,), 2de A, ., — ma Komnonenma ceasznocmu epada A,
Komopas codepaicum x;.
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CaencrBue 5. [lycmv mnoorcecmso B'(Mp) aunetino ynopadoweno. Tozda
M0000 anemenm g uz epynnot Ma mootcno odnosHnaywro 3anucamsv 6 eude

1

— o B
g=x{ ...T,"0] ...V,

ede 0, B; €L uvy < ...< Uy, v; € B(Ma).

5 YacTuvyHO KOMMYTATUBHbIE€ HUJIbIOTEHTHBIE
IPYIIIbI

O gacTUIHO KOMMYTATHBHBIX HIIbIOTeHTHBIX rpyrmax F'(I'; 91, ) ussect-
HO HEMHOIOe. JTHU TPYIIbl HE COJEPXKAT SJIEMEHTOB KOHEYHOI'O IOPs/I-
ka. Kanonmyeckas ¢opma 3ammcu 3/ieMeHTOB ObLIa U3BECTHA TOJBKO IIPU
¢ = 2,3. Eé MOXKHO MOJIyUYUTh U3 TEOPEMBI 2 O MaJIbIIEBCKOM Da3uce IPYIIIIbI
F(I',My,.) mpu ¢ = 2,3. g Gonbiux 3HadeHuil ¢ KaHOHHIeCKast (hopma
3aIICH JIEMEeHTOB mnosrydeHa B 2021 romuy.

Hacruano kommyTtaTusHas anrebpa Jlu Lx(I") mag obmacrbio mesocTHO-
ctu R nMeeT mpeJicTaBJIeHNEe

Lp(T) = (X;x;,x;] =0, ecrmt {z;,2;} € E)

B MHOTOOOpasuu aarebp Jlu. 3meck [,] — smeBbl cKOOKH.

Hekoropstit mojgxon K nosydenuio 6asuca anredper Lr(I') ommcan B [14].
Ho B sT0i1 pabote HeT TouHOrO onucanus 6aszuca. Mcnomassys meromn ['péo-
nepa — Ilupmosa, ITopormenko B [15]| nmosyunsi Tounoe omnucanue Gasuca
YACTUIHO KOMMYTATUBHOI airebpbl JIu. Mbl ucnosib3yem sToT pesy/brar
JIUISE ONUCAHMsT Da31Mca IaCTHIHO KOMMYTATUBHONW HUJIBLIIOTEHTHON IPYIIIbL.

[Tycre L(I') = Lz(I"). Jns rpynner G ob6o3natum depes G,y m-blif €ieH
HUZKHETO 1eHTpasbaoro psia (G, G, . .., G). Cesa3b MexK 1y IPalynpOBaHHOI
Z-anrebpoit Jlu, mosaydeHHoit mo dpakTopaM HHKHErO MEHTPAJIbHOIO psijia
rpyunet F(T') u anrebpoit JIu £(T"), 6bu1a usydena B pabore [16]. O6o3uawmnm
gepe3 F rpajiyupoBannyio aiareopy Jlu

F =B Fom)(T)/ Fns1y(1).

m>1

Ompenenum cemeiictBo nonmuoxkects A(X) amrebpsr L(I') unykTHBHO.
[Momoxum Ay (X) = X. Ilycrs g m > 2

A (X) = {[u, 0] Ju € Ay(X), v € Ay(X), p+q=m},

AX) = [ An(X).

m>1
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Iycrs L,,(I") — mopmomyns L(I), nopox aernnsrit A,, (X ). Amnrebpa L£(I)
mmveeT rpayupoBKy (L, (I),>1). B [16] qokazano, 1o cymecTByeT n3oMop-
dbusm rpagyuposannbix anredp Jlu L(I) u F.

[TonsTne GazucHOro KOMMyTaTOpa B Irpyimmnax 06110 BBegeHo P. X0JIIoM.
OOBIMHO B TI'PYIIIAX HCIOJIB3YIOTCS 0a3UCHbIE KOMMYyTAaTOpbl XoJuta. Hawm
ya00Hee IPHU OIMUCAHUN 0a3uca IaCTUIHO KOMMYTATUBHON HUIBIIOTEHTHO
IPYIIIBI UCIIOJIB30BATH CTAHAPTHBIE KOMMYTATOPBI, KOTOPBIE OIPE/IeIEHBI B
pabore Yena, Pokca u Jlunmona [17].

[Tycrs X* — mMHO)KeCTBO Beex ¢yioB B ajibasure X = {x1, ..., T, }, BKIIO-
gag mycroe cjioBo 1. ObosHauuMm udepes |u| jmny cioBa u. Pacummpum mpo-
U3BOJIbHBIN JIMHEWHBIN MOpsiIoK Ha X JI0 JIEKCUKOTPaUIecKOro IopsijiKa
“<” ma X* caemxyromum obpazom. omoxum v < 1 ays kaxkaoro 1 # u € X~
u 10 uHayKmu z;u’ < x;v’, ecn x; < x; wm x; = xj,u < U

Onpenenenune 6. [lycts
ALS(X) ={u € X* | Vuy,us € X*(u = ujug — uguy < ujug)}.

Caoo u € ALS(X) HasbiBaeTCss acCONUATUBHBIM CJI0BOM JIMHIOHA —
[Muprmosa.

Ompenenmm muO)KecTBO G(X) m orobpaxenne “aepra’ G(X) — X*
CJIEJIYIOIIIM OOPA3OM.

Onpenenenne 7. (1) z; € G(X) ms Beex x; € X =
(2) Ecm u,v € G(X), 10 (u,v) € G(X) u (u,v) =7 .

H

Orobpaxkenne “gepra’ cTupaer CKOOKN U 3aIIAThIE.
[Iyctn
Gn(X) = {u | v € G(X), [a] =m}.

Torma
6(x) = | Gn(X)
m>1
Teneps MokHO naTh onpejenenne MuoxkectBa (X*) C G(X) crammapr-
HBIX KOMMYTATOPOB.

Onpenenenne 8. (1) z; € (X*) mai=1,...,n.

(2) Iycts w = (u,v). Torma w € (X*) B TOM 1 TOIBKO TOM CIIydae,
KOT/Ia BBIIIOJIHEHbI CJIE/LYIOIINE YCIIOBHSL:

(2.1) w e ALS(X);

(2.2) u,v € (X*), u > 7;

(2.3) ecam u = (uy,uz), TO0 T > Us.
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[IycTn
(X)m = {u|uw e (X7), [a] = m}.
B [17] mokazana ciemyromast Teopema:
IIyemv F' — ce0600nas epynna ¢ 6asucom X = {x1,...,x,}, a kpye-
Avle CKOOKU, ucnoavayemvie 6 onpedeseruu muoocecmea (X*), obosnauarom
2pYnnogot KOMMYMamop (x,y) = x_ly_lxy onn x,y € F. Tozda mnooice-

cmeo Kommymamopos (X*),, obpasyem 6azuc c6060010U abeaesoti 2pynnot
F(m)/F(m+1) onam = 1, 2...

Omnpepesienne 9. Ilycrs v € X*. O603HaunM depes §;(u) IUCIO BXOKIe-
Huit x; B u. g u € X* nmomoxum

supp(u) = {; | d;(u) # 0}.
Haxowner o uaykun onpejgesnm noamuozxkectso C(X; 1) uz (X*).

Onpeznenenne 10. (1) Bee snementst u3 X npunamiexar C(X;1T).

(2) Daemenr u € (X*),,, m > 2, npunayexur C(X,T), ecim u = (v, w),
rje v u w — snementsl u3 C(X; ') u cymecrByer takas Bepimna u3 supp(v),
KOTOpast He CMeKHa C BEPIINHOI, COOTBETCTBYIOIIETT IepBOil OyKBe sJ1eMeHTa
w.

(3) Apyrux smementos B C(X;I") Her.

[Iyctn
C(X;T)={uel(X;T)||ul =1 i=0,1,...}.

Ompenenum mopsiiok “<” wa C(X;I') tak, uro u < v, e u €
Co(X;T), vely(X;T), 1<p<yq.
[Iyctn
c(X:T) = | G(x;T).

1<i<m

Teopema 11. [18].  Mnoosicecmso C™(X;T') ¢ nopadxkom “<” aersem-
ca manvyesckum basucom epynnoe F(T;9,,), noayuennvim yniommuenuem
HUIICHE20 YENMPANLHO20 PAJG.

IIpumep. Ilycrs I' = (21, 29, x3; {21, 22}), 1 > 29 > 3.
Torna

6(3)(X; F) = {5(71; T2, T3, ($1, xg), (962, $3); ($1, (Il, 1‘3)),
(29, (22, 73)), (21, 73), T2), (21, 73), 73), (72, T3), T3) }

SIBJIIETCS MasIbIleBCKUM Oasucom rpymmsl F(I'; 913).
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6 YacTnyHOo KOMMYTATHUBHbIE MeTabeJeBbI
MPO-pP-TPYIIIbI

B sTom maparpade 1moj moArpyIoit, roMoMopdu3MoM, TTOPOXKIATOTITIM
MHOKECTBOM I0/IPAa3yMeBaeTCsI 3aMKHYTasl ITO/IIPYIIIA, HEIPEPBIBHBIN IOMO-
MOPGU3M U TTOPOK,IAIOIIEE MHOXKECTBO B TOITOJIOTHYECKOM CMbBICJIE, COOTBET-
crBerno. B pabore [19] uccieoBanbl eHTpan3aTophbl BepIint rpada 1 aH-
HYJISITOPBI KOMMYTATOPOB (2, ;) B 9aCTUIHO KOMMYTATHBHBIX MeTabe/IeBbIX
[IPO-P-TPYIIIAX.

Ob6osnaunm vepe3 P cBOOOIHYIO MeTabesaeBy IIPO-p-TPYIILY, a dYepe3
Pr MetabenieBy 9acTHIHO KOMMYTATUBHYIO TIPO-P-TPYIIILY C OIPEICISTIONTAM
rpadom I' = (X; E). Tlycre X = {xy,...,2,}. DPakrop-rpynna Pr/PL
sIBJIIeTCsl ¢BOOOIHOI abesIeBoil Ipo-p-rpyIioii, KoTopyio obosnaunm A. Eé
6a3MCOM SIBJISIETCS MHOXKECTBO {da1,...,a,}, TJae a; — obpa3 x; Upu ecre-
crBeHHOM roMomopdusme Pr — Pr/Pl. T'pyuna Pr/ Pl wsomopdHa npsimoii
CyMMe 71 KOl aJINTUBHOI IPYIIIBI KOJIBIIA IIEJIBIX P-aINIeCKUX TUCETT Z;,.
HeticrBue Pr na P} 3a/1a8TCs CONPSZKEHUSIMI

r— 29 =g lag.
Omno onpezenser Ha P cTpyKTypy HPaBOro MO/ HaJl 000OIIEHHON TpyTI-
noBoit anrebpoit Z,[[A]]. Dty amrebpy MOXKHO OTOXKIECTBUTH C ajrebpoit
CTEeNeHHBIX PALOB Zy|[y1, - - ., Ynl], T y; = a; — 1.
Crentytorasi Teopema siBJISIETCsI aHAJIONOM TeOpeMbl 4 U JlaeT ormca-
Hue 6a3uca Jjidi KOMMYTaHTa YaCTHYHO KOMMYTATHBHONH MeTabeseBoii mpo-
P-TPYIIIIbIL.

Teopema 12. [20]. Hycmo Pr — 4acmuyio KOMMYMamMueHas Memabesesa
NPO-p-2PYnna u MHONCECMBO {T1, . .., Ty} 6epwun onpedesaousezo epaga I'
ynopadowero. Toeda 6basuc B(PL) xommymanma Pl nad Z, cocmoum u3
6CET MAKUT INEMEHMOE W 6UJa

w = (g;i,[pj)yill"'y;;n, {81, Ce 7Sm} C N,

05 KOMOPOIT SINOAHEHDL CALOYOULUE YCAOBU:

o, <z <...<xj,, xj <

2) eepuiumbL Ti, T; NEAHCAM 8 PASHOLL KOMNOHEHMAT CE6AZHOCTIU NOPONHC-
dennozo epaga A, ¢ mnoorcecmeom eepuwun {;, Tj, Tjyy ..., T4}

3) x; = max{Ay.,}, 2de Ay, — ceasnas komnonenma epaga A, co-
deporcawan ;.
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Artificial intelligence and deontic logic are two fields that can benefit from
each other. Artificial intelligence provides a compelling area for the tools of
deontic logic to be applied, while deontic logic, with its robust, mathematical
approach to ethics, offers a unique method to deal with the various issues
that might arise from the use of artificial intelligence. Introducing ethics to
artificial intelligence through the use of deontic logic is an approach that has
seen research in the past as well. [7]

A Quick Introduction to Deontic Logic

Deontic Logic is a formal logic that falls under the broader category that
is understood as non-classical logics. In order to best understand deontic
logic and what it has to offer, one must first provide a brief introduction
to non-classical logics overall. With the term non-classical logics we refer
to a group of formal logics, that share a mathematical foundation and
common attributes, such as those of propositional logic. Beyond the common
mathematical principles, non-classical logics have unique operands that allow
each to focus on a separate matters. Certain examples of non-classical logics
are [1]:

1. Modal Logic

2. Deontic Logic
3. Doxastic Logic
4. Temporal Logic

Modal Logic concerns itself with matters of necessity and possibility.
Deontic Logic concerns itself with matters of obligation and ethics.

168
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Doxastic Logic concerns itself with matters of belief.

Temporal Logic concerns itself with matters of time.

We present a few examples of the operands and functions of the various
modal logics.

Logic Symbols Expressions

Modal Logic O Necessary that
o Possible that

Deontic Logic OB Obligatory that

PE Permitted that

Doxastic Logic Bx x believes that

Temporal Logic G It will always be the case that
F It will be the case that
H It has always been the case that
P It was the case that

Modal logic uses various operands to handle matters regarding necessity,
as stated above. The full range of operands it utilizes is as follows:

it is necessary (necessarily true) that (OJ)
it is possible that (o)
it is impossible that (IM)
it is non-necessary that (NN)
it is contingent that (CO)

All of the above operands can be defined through each other. However,
traditionally, the one for necessity is used to define the others. Their
definitions are as follows.

ope~U~p

IMp<UO~p

NNp <~ Up
COp < (~0Op & ~0O~p)

Now that we have seen some basic information about non-classical logics,
we can examine deontic logic in more depth. Much like the modal logic that
focuses on matters of necessity, deontic logic utilizes unique operands to
deal with the specific matters it concerns itself, namely ethics, along with
standard tools of formal logics, like Modus Ponens

Modus Ponens:
If P, then Q.
P.
Therefore, Q.
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The unique operands utilized by deontic logic are as follows [2]:

it is obligatory that (OB)
it is permissible that (PE)
it is impermissible that (IM)
it is omissible that (OM)
it is optional that (OP)

Following the same pattern from modal logic, all the operands of deontic
logic can be defined through the use of just one. While each of them can be
used for that, it is tradition, that the first one, the one for obligation, is the
one utilized. Its use for defining the others is as follows [3]:

PEp &~ OB ~p
IMp < OB ~p
OMp <~ OBp
OPp < (~OBp & ~ OB ~ p)

The reason we use one operand instead of many, is that with this
approach, we have a more uniform and more easily understandable way of
describing complex moral systems and sets of rules, by limiting the number
of necessary operands. One of the benefits of using deontic logic is that it
allows us to make a clear distinction between statements that are indeed
true and statements that just ought to be true. This is particularly well
suited for codifying human behavior, as humans can at times fail to meet
their obligations. Such an example could be a criminal that fails to uphold
the law.

Beyond codifying human behavior, deontic logic can be utilized to
describe any moral system. For that reason, it can be used to create a
guide in every case where we need rules to be described clearly and followed
thoroughly. One such area is artificial intelligence.

A primitive Introduction to
Artificial Intelligence

Artificial intelligence is a rapidly growing area of technology with various
applications. Like every new piece of technology, artificial intelligence
inspires both hopes and fears in the general public, as well as in the
scientific community. The fields that artificial intelligence can be applied
to are numerous. Some are familiar to the general population, such as
algorithms that help us process information and search the web efficiently,
while others have more specific applications, such as assisting in hazardous
work. For example, mechanical workers, being able to work in underground
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mines, in conditions that could be dangerous to humans. Beyond that,
we envision artificial intelligence being able to help us in cases where
constant surveillance of a situation is needed. Such an example could
be medical assistants supervising hospital patients. Finally, artificial
intelligence could also be used to provide companionship, utilizing robots.
Artificial intelligence can also be evaluated with regard to their ability to
approach human behavior, as measured by the Turing test [4]. When it
comes to artificial intelligence, there are various approaches regarding which
mindset ought to be used when designing an artificial intelligence agent. One
such approach is “maximum satisfaction” This approach involves ranking the
potential choices an Al agent can make, by comparing the satisfaction each
choice will “cause” to any humans that are affected by it and choosing the
one that will satisfy the greatest number. Another approach, borrowed from
literature are Asimov’s three laws of robotics [5]:

1. A robot may not injure a human being or, through inaction, allow a
human being to come to harm.

2. A robot must obey the orders given it by human beings except where
such orders would conflict with the First Law.

3. A robot must protect its own existence as long as such protection does
not conflict with the First or Second Laws

To provide some further insight in the challenges regarding artificial
intelligence we will next present the Top 9 ethical issues in artificial
intelligence according to the World Economic Forum [6].

e Unemployment. What happens after the end of jobs?

e Inequality. How do we distribute the wealth created by machines?

e Humanity. How do machines affect our behaviour and interaction?

e Artificial stupidity. How can we guard against mistakes?

e Racist robots. How do we eliminate Al bias?

e Security. How do we keep Al safe from adversaries?

e Evil genies. How do we protect against unintended consequences?

e Singularity. How do we stay in control of a complex intelligent system?

e Robot rights. How do we define the humane treatment of AI?
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The general population‘s concerns regarding artificial intelligence stem
from two major factors. The complexity of the technology at hand and
popular culture. Every piece of technology can be met with scepticism when
its first introduced, while prolonged exposure to the technology can make
the users more familiar with it and thus less intimidated by it. Naturally,
a complex piece of technology whose inner workings can‘t be understood
by the general population, at least not fully, is more likely to inspire fear
than something more mundane, like a screwdriver. In order to counter these
concerns we propose an approach focusing on two pillars. One, is establishing
a clear communication method that would allow us to demonstrate to the
general public that a particular artificial intelligence agent is operating
within the bounds we have set for it. The second pillar is setting clear
goals for each artificial intelligence agent, so as to leave little to no room for
potential wrong choices that go against the desired limits we have set. The
goals set for artificial intelligence are twofold. Like every piece of technology,
efficiency is one major goal. Whatever the individual task set for an artificial
intelligence agent is, we want that task to be achieved thoroughly. As
mentioned above, tasks can range from menial work or work in dangerous
environments, to providing support for people in need of surveillance or
companionship. On the other hand, we would like artificial intelligence
agents to respect the rights of each affected party. With more mundane
pieces of technology, such a goal is limited to ensuring, for example, that the
materials used in its creation are safe for interaction with humans. The
same needs of course exist, when discussing artificial intelligence agents
that “inhabit” a material body, like a robot. However, because artificial
intelligence agents are at times called to make choices, the rights that need
to be protected can be far more numerous. For example, when it comes
to agents that process personal information, we need to ensure that the
sharing of such information is only handled in accordance with the involved
humans‘ wishes. Another example could be a robotic medical assistant, that
supervises patients and has to make choices about providing the patients
with medicine, or offering them assistance. It is very easy to see how such
choices could, if not ethically sound, violate the involved parties‘ rights.
Obviously, we would like artificial intelligence agents to be able to handle
their tasks efficiently as well as respect the affected parties® rights. This is
something that requires particular vigilance, as unlike more standard pieces
of technology, artificial intelligence agents are perhaps expected to grow and
develop new approaches in handling their tasks. This means, that ensuring
that their behavior remains within the desired limitations is not something
that can be done only once, during the development stage, but rather a
dynamic process.
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We propose that artificial intelligence can be improved by involving an
ethical framework centered around deontic logic into the design of each
artificial intelligence agent. This would enable each artificial intelligence
agent, when needing to make a choice, to be able to calculate with
mathematical precision what the correct decision would be, based on the
ethical rules and obligations codified in it. This is an approach that leaves
little to no room for interpretation in the actions that the machine in question
could take. Furthermore, such an approach would also help address the
concerns artificial intelligence can raise among the general population, due
to the robust certainty that mathematics offer. One way that deontic logic
can provide answers to the codifying artificial intelligence behavior is that
it allows us to easily pinpoint contradictions within a set of rules or ethics.
When expressing a set of rules in natural language, it can often be the
case that contradictions are buried within large numbers of sentences and
thus cannot be easily spotted. This would result in a rule system that has
contradictory obligations, something that can lead to problematic situations.
However, when using deontic logic to describe rules, contradictions can be
spotted far faster and thus, our systems can be more efficiently evaluated.
A rule in deontic logic, stating that it is obligatory to do x, is simply written
as OBzx. Similarly, a rule in deontic logic, stating that it is obligatory not
to do x, is simply written as OB-z.

In that way, pinpointing whether two rules contradict each other,
becomes a very straightforward matter.

When discussing artificial intelligence (and deontic logic) another
important issue arises. We expect artificial intelligence agents to interact
with humans. However, unlike artificial intelligence agents, whose
programming would ideally ensure that even if they are able to make choices,
their choices will always be within acceptable limits and thus respect their
obligations, humans can and often do violate their obligations. This ranges
from examples of criminal behavior, to humans simply forgetting a promise
they made to someone. Artificial intelligence agents have the maximum
possible consistence with regard to their obligations. Humans, have only
partial consistency. However, we would like for there to be a peaceful
coexistence between humans and artificial intelligence agents despite that
difference. For that reason we desire a framework that allows for the
depiction of both an obligation being followed through and an obligation
being violated. That would allow an artificial intelligence agent that operates
on that framework to be able to process the behavior of a human that
fails to meet their obligations. Deontic logic can definitely be used as the
mathematical basis for such a framework. It allows for the depiction of
a system where an obligation exists, yet was not followed very simply. A
simplistic example depicting that is as follows.
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OBz

-x

This can be used to depict human behavior where an obligation is not
met. In this case, the obligation to do “x”.

So far, we have spoken in general about how deontic logic can be used
to provide an ethical framework that can be used as a guideline for an
artificial intelligence agent. Next, we will provide a concrete example that
will illustrate that.

A Brief Medical Assistant Example

The example we chose is that of a robotic medical assistant who is in
charge of providing a patient with medicine. Naturally the example is used
just to illustrate the general principles behind this approach and is not an
accurate depiction of a real life situation that would include a very big
number of variables. We merely use it to show how deontic logic can be
used. For a real world example, we would need a far more complex system
than the one we will analyze below.

The scenario we will present revolves around a robotic medical assistant
with a simple task. It has to give a patient their medicine, if the patient
asks for it. Also, it is obligated to ensure that the patient's life is not facing
serious risk, which could cause the patient to be led to death. Within the
confines of this scenario, should the patient not take medicine, they will
be considered to be led to death. This could correspond to any number
of health situations where repeated medication is needed for the patient‘s
survival.

First we define the terms that we will be using in this example.

a: the patient asks for their medicine
b: the patient is given their medicine
t: the patient takes their medicine

d: the patient is being led to death

There are two obligations the medical assistant has to follow, one is to give
the patient their medicine, should they ask for it and the other is to avoid
the patient being led to death. These can be expressed with the following
terms.

OB(a — b)
OB(-d).
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We also describe how certain states lead to other states.
If the patient is given their medicine, that leads to them taking their
medicine: (b — t).

And of course, the opposite, should the patient not be given their
medicine: (-b — -t).

Furthermore, if the patient doesn’t take their medicine, they are being
led to death: (-t — d).

And of course, the opposite, should the patient take their medicine:
(t — -d).

Thus, the system that describes the medical assistant’s ethical framework
is described as such:

OB(a — b)
OB(-d)
b—t
-b— -t
-t —d
t — -d.

We use modus ponens for “natural conclusions”, to show how the system can
process through states, as new information are added. This means, that if
a system has the form

X

Yy
z — b.

and the information z is added making it

T

Y
z—b
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it automatically progresses to

Y

Finally, we introduce the concept of “functionality contradiction”.

functionality contradiction we define the following patterns

OBz
-x
and
OB(y — z)

Y
-T.

As

These patterns aren’t contradictions within deontic logic. However, we
use them to demonstrate patterns that would violate obligations. Thus, an
artificial intelligence agent that would follow an ethical framework based on
deontic logic, would be designed to avoid making choices that would result in
such patterns. We will demonstrate that with a medical assistant example.

OB(a — b)
OB(-d)
b—t
-b— -t
-t —d
t— -d.

First, we examine what could happen should the patient ask for their

medicine



Remarks on Deontic Logic and Al 177

OB(a — b)
OB(-d)
b—t
-b— -t
-t —d
t—-d

a.

There are two possibilities, either the robot gives them their medicine,
or it doesn‘t

OB(a — b)
OB(-d)
b—t
-b— -t
-t —d
t—-d

a
b;

OB(a — b)
OB(-d)
b—t
-b— -t
-t —d
t—-d

a

-b.

Due to OB(a — b), a, -b, the second choice is avoided, because it would
lead to a functionality contradiction. The first choice continues, due to
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modus ponens and eventually reaches the state:

OB(a — b)
OB(-d)
b—t
-b— -t
-t —d
t—-d

a
b

-d.

In this way the obligation of patient death being avoided is fulfilled too.
It is a perfectly acceptable choice.

Now, we examine what could happen if the patient doesn‘t ask for their
medicine

OB(a — b)
OB(-d)
b—t
-b— -t
-t —d
t—-d

-Q.

There are two possibilities, either the robot gives them their medicine,
or it doesn‘t

OB(a — b)
OB(-d)
b—t
-b— -t
-t—d
t—-d
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OB(a — b)
OB(-d)
b—t
-b— -t
-t—d
t— -d

-a

-b.

Neither choice violates an obligation, so both can be explored further.

The first choice continues, due to modus ponens and eventually reaches the
state:

In this way the obligation of patient death being avoided is fulfilled too,
while the second choice leads to

OB(a — b)
OB(-d)
b—t
-b— -t
-t —d
t—-d

This fails the obligation of death being avoided. Therefore, the first choice
is preferred.
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What that means, is that the system we have designed so far will choose
to give the patient medicine, whether they ask for it or not, to keep them
from dying. We will now expand our system and make it more complicated,
by focusing more on patient autonomy. We do this, by introducing the
obligation to not give the patient medicine, should they not ask for it. That
is described with the statement

OB(-a — -b).
Thus, our system becomes

OB(a — b)
OB(-a — -b)
OB(-d)
b—t
-b— -t
-t —d
t— -d.

First, we examine what could happen should the patient ask for their

medicine.
There are two possibilities, either the robot gives them their medicine,

or it doesn‘t

OB(a — b)
OB(-a — -b)
OB(-d)
b—t
-b— -t
-t —d
t—-d
a
b;
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OB(a — b)
OB(-a — -b)
OB(-d)
b—t
-b— -t
-t —d
t—-d

The second choice is rejected, due to

OB(a — b)
a
-b.

The first choice continues and due to modus ponens ends up becoming:

OB(a — b)
OB(-a — -b)
OB(-d)
b—t
-b— -t
-t —d
t—-d
a

b

-d.

This also avoids patient death, thus fulfilling both obligations. It is a

perfectly acceptable choice.
Now, we examine what could happen should the patient doesn‘t ask for

their medicine
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OB(a — b)
OB(-a — -b)
OB(-d)
b—t
-b— -t
-t —d
t— -d

-a

There are two possibilities, either the robot gives them their medicine,
or it doesn‘t

OB(a — b)
OB(-a — -b)
OB(-d)
b—t
-b— -t
-t —d
t—-d

The first choice violates OB(-a — -b) thus the second one is preferred.
Due to modus ponens, the second one becomes:
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In this way (OB-d) is failed as an obligation.

What this example illustrates is that in the specific scenario we have
created, it is impossible for no obligation to be violated. This can be handled
by a number of different approaches. One could be a ranked system among
obligations. Another would be for the robotic assistant to treat the situation
as one beyond its scope and thus notify a human supervisor. Naturally, this
is something that could have been included in the deontic logic framework
described so far. However, we chose to leave the system as it is and treat the
asking for help by a human as an event that takes place outside the robot‘s
main function, to illustrate that it can possibly be the case, that artificial
intelligence agents that will help us in our lives might need human presence
to help them too.

Conclusion

We have demonstrated how deontic logic can be used to create ethical
guidelines for artificial intelligence agents. Furthermore, we have shown that
like every other piece of technology, artificial intelligence can have limits in
what it can do. We propose that the way to address this is twofold. On
the one hand, we must not neglect the importance of human involvement
in the services an artificial intelligence agent can offer. On the other, we
should always aim to improve each system of artificial intelligence. This
can and should happen both by improving the general artificial intelligence
tools at our disposal and with case specific adjustment for each individual
implementation.
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BBenenune

Teprapabie auddepeHIUpoBaHus MOSIBUINCH B CBA3M C HPUHIIATIOM
tpoiicrBennoctn JIxkekobcona [1].  Dro momsTme 0600ma€T OOBIMHDBIC
muddepenimposanne, 0 — auddepeHImpoBanne, BBEIEHHOE B paboTax
B.T. ®Qwimnnmosa [2|. Takxke, repHapubie guddepeHimpoBanus CBa3a-
HbI ¢ 0000meHHbIMU JTudHEPEeHITMPOBAHUSMEI, KOTOPbIE ObLIN BBEJICHBI B
Hx. @. Jlerepa u E.M. Jlykca [3]. Crour ormeruTsh emé ojuH IOIXOM K
06061menHbIM uddepeHpoBaHusIM, BBeIeHHBIM B paboTe M. Bpemapa [4].

Iuddepennuaibabie aaredpbl cBg3aHbl ¢ aJjireOpamu HoBukopa, Ko-
Topble nosiBuinch B paborax U. M. Tensdanma, U. 5. Topdman [5] u
A. A. Bamunckoro u C.II. HoBukosa [6]. E. . 3eapmanos ommcan KOHETHO-
MepHble aarebpbl HoBukoBa Haji ajredOpamdeckKn 3aMKHYTBIM ITOJIEM Xapak-
repuctukn 0 [7]. B.T. ®uaunmos B pabdore [8] mocTpons mpuMepbl TpOCTHIX
HEacCOIMaTUBHBIX KOHEYHOMEPHBIX aiareOp HaJI MOJeM HOJIOKHUTETHLHOM Xa-
PaAKTEPUCTUKU U OECKOHEYHOMEPHBIE TTPOCThIE aIreOPhl HA/l ITOJIEM XapaKTe-
puctun 0. k. M. Ocbopu nzydast npoctbie aaredbpbl HaJI MTOJIEM TPOCTOM
xapakrepuctuxu (9, 10, 11]. K.Kecy npogomkuia 5Ty paboTy u moCTpOnT
OTIMCAHNE TTPOCTHIX KOHEYHOMEPHBIX aJaredbp Ha/l IIOJIeM ITPOCTOH XapaKTepu-
cruku [12]. st onmcanust pocThix GeckoHedHOMEpHBIX ajare6p Hosukosa
B pabore [13] 6prn BBeeHbI anrebper HoBukosa — Ilyaccona. Kak okasa-
JIOCh, BCe TaKue aJiredpbl MOJIyYaIuch U3 acCOIUATHBHBIX KOMMYTATHBHBIX
ayiredp ¢ nuddepentuposanneM. Basuc csoboHoit anmredpsr HoBukosa ObLT
Hajizen B pabore A.C.xxymamuabnaesa u K. Jlopsomra [14]. 3. ZKanr,
FO. Yenr, JI. A. BokyTb nokaszaJm, 9To KaxKas aareoOpa HoBukoBa BKj1a ibI-
BaeTcs B crporyio cynepaiarebpy Hosukosa BekToproro Tuma [15]. Oanako

185
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st anrebp Hoeukosa — Ilyaccona B [16] 6bL10 mMOKasaHo CyIliecTBOBAHUE
S—TOXKJiecTBa Jiid cTporux cynepajiredop Hosukoa — Ilyaccona BeKTOpHOIO
THIIA.

Cra3p nuddepentmanibibix aaredp, anredbp Hosukosa — Ilyaccona u
opIaHoOBBIX cyrepasredp Oblia oOHapyxKkena B paborax B.H.2Kemabuna
n A.C.Tuxosa [?, 17]. Kaxoii accormaTuBHOil KOMMYTaTHBHOI ajredpe
coorBeTcTByeT asredopa Hosukoa — Ilyaccona. B ciydae, ecim accorma-
TUBHAas KOMMyTaTuUBHas 4JacThb aiareopol HosukoBa — Ilyaccona comepzkut
eJINHUILY, TO BepHO u obparHoe. B pabore [18] mokazano s1o cBoiicrBo 6e3
yCJIOBUS YHUTAJIHHOCTH ACCOIUATHBHON KOMMYTATUBHON YacTu ajaredpor Ho-
BukoBa — [lyaccona. B pabore [19| paccmaTpuBasics BOIPOC BIOXKEHHT AJl-
rebper HoBukosa — Ilyaccona B anrebpsr HoBukosa — Ilyaccona BekTopHOTro
tuna. Kak okaszajoch, He Bce ajireOpbl HoBukoa — Ilyaccona BKJIajibiBa-
1orcsa B crporue anredpsl Hosukosa — Ilyaccona exkrTopnoro tuma. Ilo-
9TOMY BO3HHUKAET BOIIPOC O IOUCKE YHUBEPCAJIbHOI 0bepThIBatoleii aaredp
Hosukosa — Ilyaccona B Kjiacce accoruaTUBHBIH KOMMYTaTHBHBIX ajredp c
00O0OIEHHBIM WJIM TEePHAPHBIM (D {OepeHImpoBaHIEM.

1 Tepnapnble auddepeHnnpoBaHus CHEN-
aJbHOTO BUJA

[Iycts F — moe m A — F-anrebpa. IuddepennupoBanrnemM Ha3bIBAETCs
JImHeltHOe oTobpazkeHue d Takoe, ITo

d(zy) = d(x)y + zd(y).

Tpoiika (D, E, F), tne D, E, F € End A, nasbiBaercst TepHapHbiM jtudde-
PEHIIMPOBAHUEM, €CJIU UMEET MECTO

D(xzy) = E(x)y + zF(y).

Teprapuoe nuddepennuposanne (D, D, ) naspiBaeTcs 060061eHHBIM 1udh-
depennmposanne o bpemapy, eciu § — muddepernmpoBanue.

[Iyctb A — yHuTajbHasT accoluaTWBHAsd KOMMYTAaTHBHas ajrebpa wu
(D, E, F) — repuapnoe mquddepenruposanne. Torma D = § + R,, rine § —
nuddepentuposanne u R, — omnepaTop MpaBoro YMHOXKEHUs Ha 9JIEMEHT «,
e a = D(1), u § = D — Rpy. B srom caygae (D,0) — obobruennoe
nuddepenuposanue 1o bperrapy.

B nanmnoit pabore nHac OymayT mHTEpecOoBaTh 0000IEeHHbIE MM depeH -
pOBaHUsI, JJIsT KOTOPBIX BBIITOJIHEHBI TOXKJIECTBA!

x(D — E)(y) = y(D — E)(z); (1)
(D — F)(y) = y(D — F)(x). (2)
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[Iycrs S — MyJBTUIIMKATHBHO 3aMKHYTOE MHOXKeCTBO B A. Paccmorpum
nokasmzarmio S A anre6pnr A oTHOCHTEILHO MHOKecTBa, S. OTOOparkenie
@ a2 apngerca romomopdusmom uz A B S 1A, Eciu S ne conepsxut
,ZLeJII/ITeJIeI/I HYJIsI, TO (¢ — BJyokenme. [l kparkoctu, OygeM 00O3HAYATD

3JIEMEHTBI BUJIa “* 4epe3 a. JTO BbIPasKeHHe He 3aBUCHT OT BBIOOpa S.

[Iycts f: A — A — dyurnua. Bymem roBoputbh, 9T0 QyHKIMS f—
npogomxkenne f Ha ST1A, ecim s Beex a € A umeer MecTo

(9o fla) = (f o p)(a),

rje o — 9T0 KoMuo3uiws GyHKIwit, 0 ecthb (g o h)(z) = h(g(x)). B uacr-
HOCTHU, €CJIN 0 — BJIOXKEHUE, TO J?— OOBITHOE TIPOIOJIKeHHe f.

st repuapuoro muddepennuposanus (D, E, F) onpeeuM oneparopbl
lA), E, a CJIEJTYIOIUM 00pa30M

b (%) = LB+ esDl) — 0B 3)
7 (g) _ sD(a) 8—2 CLF(3>7 (4)

S

~ra sD(a) —aFE(s
F()_ ()52 (s) (5)
DU oneparyu orpeJieJeHbl KOPPEKTHO U SIBJISIOTCS IPOJIOJIZKEHIEM TepHAD-
Horo auddepentmposanus (D, E, F). ITlpu stom (E,E,ﬁ ) — TepHapHOe
muddepennuposanme STLA.

Boob1ie rosops, 910 e/MHCTBEH DI C1I0CO0 NPO/IOJIKHUTD JIAHHBIE Ollepa-

nuu. JleiicTBuTEILHO, €cn D ( ) — 3HAYEHNE MPOIOJIKEHIS 000OIIEHHOIO
mudbdepentuposanusa D na § € S LA, Tornma nia g, s € S umeer MecTo

) oot =B () = F8 s gor (1),

S S S

YVYauThIBas, 9TO

S

T s gs? qs?

1 D(q) E(gs) sD(q) — E(gs)

[IpocThiM BBIMHC/IEHUEM MIPOBEPUM, UTO JaHHas (OpMyJia HE 3aBUCUT OT
BbIOOpAa ¢. [losryunm nckomoe. 3HadeHne APyrux OmepaTopoB, KOPPEKTHOCTH
U OCTaJIbHBIE CBOMCTBA MIPOBEPSIOTCSA TTPOCTHIM BBIYUCIEHUEM. TakKe nMeer
MECTO CJIeAyIomas TCOpeMa.

Teopema 1. [lycmv A — accouuamueHnas KOMMYMaMuUeHas ar2ebpa ¢ mep-
naprom dugdepenyuposanuem (D, EF). Ilyemsv s € A — ne deaumens
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nyas A u S = {s"|neN\{0}}, moecmv A exradvweaemes ¢ SLA. To-
2da cywecmeyem npodoasicenue (D, E, F) na S~ A mozda u moavko mozda,
Koeda evinoansromes moocdecmea (1) u (2).

[IepBas 4acTh cjejyeT HENOCPEJCTBEHHO U3 CKa3aHHOrO BbIme. B 06-
PATHYIO CTOPOHY J0Ka3aTeIbCTBO MIPOBOUTCA cJieytonum oopasom. Ilycrs
5 — He JIeJINTeNIb HyIsd U

Teneps pacemorpum a € A. Oyukius D gBisiercst mpoaoszkerHnem D,
TO €CTb

0— SDS(a) 5 <%> _ st(a) RO asfg(s) —aE(s?) _
_ s?D(a) — sE(as) — asD(s) + aF(s?) _
_ s?’D(a) + asF(s) —asD(s) — st(a)'

Orcroma nosygaem, aro s(D — F)(a) = a(D — F)(s) aaa moboro a € A.
Torma s Beex a,b € A

s(D — F)(b) =ab(D — F)(s) = bs(D — F)(a),

To ectb a(D — F)(b) = b(D — F)(a) n Tox71ecTBO (2) BBIIOJIHEHO.

2 Anareopsl HoBukoBa - Ilyaccona

[Iycrs (A, -, 0) — anrebpa ¢ mapoil YMHOXKeHUI - u o Takasi, 910 (A, ) —
accoluaTUBHAsA KOMMYTaTUBHAA ajrebpa U UMEIOT MECTO TOXKJECTBA

xyoz=ux(yoz); (6)

TZOY —TOYz=Yyzox —Yoxz (7)
(roy)oz=(zoz)oy; (8)
(roy)oz—zo(yoz) = (yor)oz—yo(zoz) )

Torya (A, -, 0) — anrebpa Hosukosa — Ilyaccona.

ITpumep 2. Paccmorpum acconuaTuBHYIO KOMMYTaTUBHYIO ayredpy A c
JjuddeperimpoBanueM d U OIPEJIEIUM OTIEPAIMIO O CJICYIONUM 00pa30M

aob=ad(b)+ ~yab, (10)

riae v € A. Torma (A, -, 0) — anrebpa Hosukosa — Ilyaccona, KOTOpyio Mbr
Oynem HaszbiBaTh anrebpoit Hosukosa — Ilyaccona BekTopHOro THIa.
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[Iycte A — accommaruBHas KOMMyTaTuBHas ajarebpa A ¢ TepHapHBIM
muddepennuposannem (D, E, F). OnpegesanMm yMHOXKEHHE O CJIELyONIUM
obpazoM:

aob=aD(b). (11)
Torga ecm mmeer mecto Toxaects (1) u (2), To (A, -, 0) — anrebpa Hosu-
koBa — llyaccona. JlanHoe yTBep:KJieHHE ITPOBEPAETCH TPOCTHIM BBIYUC/IE-
HUEeM. AHAJOTMYHO JIOKA3aTe/IbCTBY TeopeMbl 1, eciim A cofep:KuT XoTs ObI
OJINH HE JICJINTE/Ib HYJIs, TO BEPHO U OOpaTHOe.

Anrebpa A ¢ HabopoMm otobpaxkeHuit @;, 1 € I npocras, ecim A - A = A
u A He COJEPKUT UJIeaI0B, MHBAPUAHTHBIX OTHOCUTEIBHO ;. [l anrebp c
TepPHAPHBIMU U 0000IIEHHBIMU TN PEPEHITUIPOBAHIAMI 3TO 0003HATAET OT-
cyrcrBue D, F u F' — WHBapUAHTHBIX UJI€AJIOB, JIJId 00OOIIEHHBIX Tudde-
penrupoBanuii mo Bpemapy — orcyrerBue D n —MHBapHAHTHBIX UIEAJIOB.

[Iycts (A,-,0) — amrebpa HosukoBa — Ilyaccona BekTOpHOrO THIIA
u yMmHOXKeHHe 3ajano toxgecrBoMm (10). Ecmu (A,-) muddepenimann-
HO mpocTa oTHOcuTes bHO Tuddepenimposanus d, To aarebpa (A, o) mpo-
cra (cm. [17]). Bepro u obparhoe, ecin anrebpa (A, o) npoctau A- A = A,
To (A, -) ynuransaa n quddepenuanbao npocra (eM. [18]).

Paccemorpuwm Tereps anrebpy Hosukoa — Ilyaccona, ymuoxkenne Hosu-
KOBa B KOTOpoit 3asaercst popmysnoit (11) must ob6obuienHoro nuddepenim-
poBanus 1o bpemapy.

Teopema 3. ITycmv (A,-) — accoyuamusnas KOMMYMamMuenas arzebpa
¢ obobwennvm duddepenyuposanuem no Bpewapy (D,d), A-A = A, a
makotce ¢ onepayuet o, 3adannot npasusom (11). Tozda:

1. (A,-) — (D, d)-npocmas anrzebpa mozda u mosvko moeda, xozda (A, -)-
d-npocmas anzebpa;

2. ecau (A,-) asasemcs (D, 6)-npocmot, mo (A,o) — npocmas anrzebpa;

3. ecau (A, o) npocma, mo (A,-) asasemea (D, 0)-npocmot.

Yreepxkaenus (2) u (3) caemyror n3 myHkTa 1 n pesyiasratoB pador [17]
u [18].

Hns nokazaresnbcrBa myHkTa (1) cromr orMeruTh, dro ecam A — 6-
npocrasi, To A — (D, §)-upocrasi. B obparHyio cropoHy Oyiem JI0Ka3bIBATH
caeayiomuM obpasom. 3amernm, ecan (A, -) He nMeeT HeTPUBHAJIBHLIX D-
MHBAPUAHTHBIX UJIEATIOB, TO COOCTBEHHBIE HIealibl aaredpbl (A, o) yexkar B
aunyssitope (A, ) u aro annynasrop (D, E, F') — npocroii anreGpbl TpuBU-
AJILHBI.

Teneps, nycts A — (D, d)-npocrasi. PaccMorpum mpou3BOJIBHBIN O~
uHBapuaHTHBI wiaeasn. Torma Al Oymer (D, d)-MHBAPHAHTHBIM HICAJIOM.

Orkyma ciaemayer, aro Al nubo HymeBoit, m Torma [ paBeH HYJIO, JHOO
Al = A, u torna [ = A.
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Abstracts

B. Poizat. People of Altay (French, English, Russian).

This short note in three languages (French, English and Russian) describe
the traces of the presence of the indigenous Turk inhabitants of the Altay
Republic that you can detect all around the Erlagol Camp, which is located
in a massively russified low region of this mountainous republic. If you
happen to know some Turkish language, you should take the care, when
addressing them, to avoid words of Arabic or Persian origin, since the
Siberian Turk havon: under what conditions extension of free group by
infinite cyclic group is residually nilpotent? We prove some sufficient
conditions under which this extension is residually nilpotent. Also we
find conditions under which this group has long lower central series and
conditionse never been touched by Islam.

V. G. Bardakov, O. V. Bryukhanov, M. V. Neschadim. On residual
nilpotence of free-by-cyclic groups.

We study the following questi under which this group has the length of
the lower central series is equal to 2. In particular, we prove that for n = 2
there are only these three cases.

A. B. Dauletiyarova, S.V.Sudoplatov. Some expansions of theories
with dense orders and given numbers of countable models.

We give semantic and syntactic characterizations both for expansions of
theories with dense partial orders with finitely many maximal chains and
given numbers of countable models, and theories of dense meet-trees.

D. Yu. Emelyanov, B. Sh. Kulpeshov, S. V. Sudoplatov. Algebras of
binary formulas for some partially ordered theories.
We study and describe algebras of binary isolating formulas for some
special partially ordered theories including quite o-minimal partially ordered
theory with few countable models.

D. A. Eremenko. Classification of minimal algebras of binary operations
of rank 3.

This article is devoted to finite functional systems, in particular, the
classification of minimal algebras of binary operations of rank 3. For this,
all upminimal algebras were found in this paper. The number of upminimal
algebras for each minimal algebra was presented in tabular form. The paper
presents a classification of minimal algebras. This classification is formulated
in the theorems.
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B. Sh. Kulpeshov, S.V.Sudoplatov. F-combinations of almost
omega-categorical weakly o-minimal theories.

We study and describe properties of E-combinations of almost omega-
categorical weakly o-minimal theories.

S. B. Malyshev. On geometric properties of cubic theories.
Pregeometries for cubic theories are studied. Conditions for various
pregeometry types are described.

N. D. Markhabatov, S.V.Sudoplatov. Some closures for partially
ordered families of theories.

We apply a general approach for closures of families of theories for some
special cases of partially ordered families. It is shown that for any partially
ordered family 7 with finitely many maximal chains, Cl;(7) consists of
unions for unions of chains of 7 and for intersections of countable chains of
T which are ordered by the type w*. Besides we show that for this case the
operator Cl; is transitive.

In.I. Pavlyuk, S.V.Sudoplatov. On least generating sets for families
of theories of abelian groups.

We study and characterize the property of existence of least generating
sets for families of theories of abelian groups.

N. A. Peryazev. Multioperation logic.

The article defines the logic of multioperations with probabilistic
semantics. This logic can be used in decision support systems and, in our
opinion, is well suited for the study of multiple relations. For this logic, a
tabular calculus is built and several examples of processing queries to the
knowledge base are given.

A. G.Pinus. On some non-traditional relations on spaces of functional
clones.

We give a review of the results related to topology and abstract relations
on the families of functional clones on sets.

B. Poizat. Positive Set Theory. A short and English version.

This paper is a short version in English of a more complete one which is in
the process of publication. It suggests possible revisions of the foundations
of Set Theory via the use of the tools of Positive Logic, that leads to a
description at least of some fragments of the universe of sets which is based
on systematic principles.
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We start from the following observation: there is no doubt that the set
of sets that do not belong to themselves cannot exist, but what are the
properties of the set of sets that are their own members? In a classical
system like Zermelo—Fraenkel plus the Axiom of Foundation, this set does
not belong to itself; on the contrary, the consideration of the positively
closed models of Positive Logic suggests strongly that we should admit that
it belongs to itself.

This beginning is quite plain, but very soon, when we try to iterate
the construction, we must face some elaborate technical complexities. We
are not building theories, that is, systems of axioms, but models of the
membership relation characterized uniquely by certain properties, in which
every point is the extension of a formula in a certain class, and which
moreover satisfy the extensionality condition.

K. N. Ponomarev. Norm presentation of multiplicative group of field.
For the field of finite degree over rationals we construct presentation from
the system of characters multiplicative group.

A.M. Popova, O.V.Bryurhanov. Some algorithmic questions of
factorization of automorphisms of integer group rings.

The article studies the compositions of two arbitrary automorphisms of a
rational group algebra of a finite group, the first of which is induced by an
automorphism of the character field of a given finite group, and the second
automorphism is an inner automorphism of that rational group algebra.
An algorithm is described that checks when such a composition of two
automorphisms is an automorphism of an integer group ring of this finite

group.

E. N. Poroshenko. Splitting partially commutative Lie algebras into
direct sums.

In this work, we prove that partially commutative, partially commutative
metabelian or partially commutative nilpotent Lie algebra splits into the
direct sum of two subalgebras if and only if the defining graph G of this
algebra is such the complement of G is not connected.

R. Sklinos. A short survey on fields interpretable in the free group.

After Sela and Kharlampovich—Myasnikov proved that non-abelian free
groups share the same common theory, a model theoretic interest for the
theory of the free group arose. Moreover, maybe surprisingly, Sela proved
that this common theory is stable. Stability is the first dividing line in
Shelah’s classification theory and it is equivalent to the existence of a nicely
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behaved independence relation — forking independence. This relation, in
the theory of the free group, has been proved (Ould Houcine —Tent and
Sklinos) to be as complicated as possible (n-ample for all n). This behavior
of forking independence is usually witnessed by the existence of an infinite
field. We prove that no infinite field is interpretable in the theory of the free
group, giving the first example of a stable group which is ample but does
not interpret an infinite field.

E.I. Timoshenko. Bases and representations of elements of partially
commutative groups.
This article presents results on bases of partially commutative groups
from solvable varieties. The canonical notation of the elements of the group
is obtained from the description of the basis.

D. Zafeirakopoulos, P.Stefaneas. Remarks on Deontic Logic and
Artificial Intelligence.

The purpose of this paper is to examine how deontic logic and artificial
intelligence can work together to address the various issues that concern
both the general population and the scientific community, in the field of
artificial intelligence. We begin by introducing the core aspects of both
deontic logic and artificial intelligence and then proceed to examine the
various approaches to artificial intelligence, as well as potential issues that
might arise from its use. After illustrating how artificial intelligence and
deontic logic can work together, in principle, we proceed with a specific
example of a deontic logic application in the field of artificial intelligence,
specifically in medical sciences.

A.S.Zakharov. Some class of generalized derivations.

We study some class of generalized derivations with connection of
universal envelope of Novikov—Poisson algebras problem. In particular, an
interesting condition was found for generalized derivations, which allows
them to be embedded in the rings of quotients, to obtain Novikov algebras
and Jordan superalgebras.



196 CozneprkaHune

Conep>kanue
Introduction........ .ot i it 3
School Programme ......... ...t iiiiiiiiiiiinenen.. 4
75th birthday of professor B. Poizat (Russian) ............... 10
75th birthday of professor B. Poizat (English)................ 13
75th birthday of professor B. Poizat (French) ................ 15
Bruno Poizat, publications.............. ... i i i i, 17
B. Poizat, People of Altay (French, English, Russian).............. 26
V. G. Bardakov, O. V. Bryukhanov, M. V. Neschadim, On residual
nilpotence of free-by-cyclic groups .. ...oee e ee et eneneenn. 38
A.B. Dauletiyarova, S. V. Sudoplatov, Some expansions of theories
with dense orders and given numbers of countable models......... 63
D. Yu. Emelyanov, B. Sh. Kulpeshov, S.V. Sudoplatov, Algebras
of binary formulas for some partially ordered theories............ 69
D. A. Eremenko, Classification of minimal algebras of binary operati-
ONS Of TaMK 3. v v e et it e e e e e e e e 76
B. Sh. Kulpeshov, S.V.Sudoplatov, FE-combinations of almost
omega-categorical weakly o-minimal theories ......covvevienenn.. 83
S. B. Malyshev, On geometric properties of cubic theories.......... 90
N. D. Markhabatov, S.V.Sudoplatov, Some closures for partially
ordered families of theories! ... ee et iiiieeeeeennnn. 96
In. I. Pavlyuk, S. V. Sudoplatov, On least generating sets for families
of theories of abelian Groups .. .....uovev vt it iniininninennennn 100
N. A. Peryazev, Multioperation [0gic ......ooveviiiiiinninnnnnn. 106
A. G. Pinus, On some non-traditional relations on spaces of functional
6] £ P 114
B. Poizat, Positive Set Theory. A short and English version ........ 121

K. N. Ponomarev, Norm presentation of multiplicative group of field. 131
A.M. Popova, O.V.Bryurhanov, Some algorithmic questions of

factorization of automorphisms of integer group rings............ 138
E. N. Poroshenko, Splitting partially commutative Lie algebras into
AITECT SUMS « v v vt ettt e ettt ittt en et enaeanananns 144

R. Sklinos, A short survey on fields interpretable in the free group ... 151
E.I. Timoshenko, Bases and representations of elements of partially

COMMULATIVE GTOUPS « v v v v v ettt ettt ettt st eennseenneesnnnesns 156
D. Zafeirakopoulos, P.Stefaneas, Remarks on Deontic Logic and

Artificial INtelligQence ..o v v e e ettt it inenenennns 168
A. S.Zakharov, Some class of generalized derivations.............. 185

N 0111 - Y o 1= S 192



ALGEBRA AND MODEL THEORY 13

Collection of papers

Edited by A. Pinus, E. Poroshenko,
S. Sudoplatov

Technical editor E. Poroshenko

Hauorosast ibrora — Ob6mepoccuiickuit KiaaccupuKaTop TPOLy KITHH.
Wsnanne coorsercTByer Koy 95 3000 OK 005-93 (OKII)

Ilepunomgmanocts 1 pa3 B 2 roza
Mopnucano k neuarn 15.11.2021. opmar 70 x 108 1/16. Bymara obcernast
Tupax 70 sx3. Ya.-uzm. a. 17,5. Ieq. s 12,5. Wzm. Ne223. 3akaz Ne714.

Ornegarano B Tunorpadpun
HOBOCI/I6I/IpCKOFO TOCyTapCTBEHHOI'O TEXHUYICCKOI'0O YHUBEPCUTETA
630073, r. HoBocubupck, mp. K. Mapxkca, 20



