Novosibirsk State Technical University

Algebra
and Model Theory 11

Collection of papers
edited by A.G. Pinus, E. N. Poroshenko,
S. V. Sudoplatov, and E.I. Timoshenko

Novosibirsk
2017



UDC 512(06)
A 35

A 35 Algebra and Model Theory 11. Collection of papers /
Edited by A.G.Pinus, E.N.Poroshenko, S.V.Sudoplatov, and
E. I Timoshenko. — Novosibirsk: NSTU Publisher, 2017. —
188 pp.
ISBN 978-5-7782-3213-6

The papers in this book are devoted to some problems of
algebra and model theory.

Technical editor E. N. Poroshenko.

UDC 512(06)

© Composite authors, 2017
ISBN 978-5-7782-3213-6(C) Novosibirsk State Technical University, 2017



Introduction

Algebra and Model Theory 11

The 12th International Summer School “Problems Allied to Universal
Algebra and Model Theory” was held on 23-29 of June 2017 at the camping
center “Erlagol” (Chemal district, the Altai Republic). The School was
organized by Algebra and Mathematical Logic Department of Novosibirsk
State Technical University (NSTU) and Sobolev Institute of Mathematics
of Siberian Branch of Russian Academy of Sciences (IM SBRAS). This
school was dedicated to the 75th of professor V.M. Kopytov and the 70th
of professor A.G.Pinus. The School was supported by RFBR (grant Nel5-
01-203070) and by Grant of NSTU (C10). At the school-conference, there
were participants from Greece, Iran, Italy, Kazakhstan, Serbia and Russia.
They made 16 plenary and 22 section talks. Within the school-conference,
“Hour of problems” was organized. All participants of the conference asked
for publishing the works of the conference as a traditional collection of papers
“Algebra and model theory 117

The publication of the collection of papers has been supported by RFBR
(grant Ne 17-31-10114/17).

The Organizing Commuittee of the School-Conference



Program of
12th International Summer School-Conference
“Problems Allied to Universal Algebra
and Model Theory”

June 24, Saturday

9:15am-9:30am Opening the school-conference

Plenary Talks
Chairperson S. Sudoplatov

9:30am—10:20am  GONCHAROV S. (Novosibirsk, Russia)
“Mathematical models in semantic programming”

10:30am—-11:20am KopyTov V. (Novosibirsk, Russia) “Power series and
groups”

11:30am—12:20pm BAI1zZHANOV B. (Almaty, Kazakhstan) “Conservative
extensions of models of complete dependent theories”

12:30pm—1:20pm  PERYAZEV N. (Saint-Petersburg, Russia) “Identities
on superclones”

Short Talks

Universal algebras and models
Chairperson A. Pinus

3:00pm-3:30pm  DUDKIN F. (Novosibirsk, Russia) “On centralizer
dimension of generalized Baumslag—Solitar groups”

3:30pm—4:00pm KIOUVREKIS Y., STEFANEAS P. (Ahtens, Greece),
SUDOPLATOV S. (Novosibirsk, Russia) “Definable sets
in generic structures”

4:00pm—4:30pm  STAROLETOV ~ A (Novosibirsk, Russia) “On
recognizability by prime numbers graph of alternating
groups”

4:30pm-5:00pm ZAMBARNAYA T. (Almaty, Kazakhstan) “p-
preserving formulas and the number of countable
models”



School Program

5:00pm—5:30pm

5:30pm—6:00pm

9:00am—9:50am

10:00am—10:50am

11:00am—11:50am

Noon-12:50pm

3:00pm—3:30pm

3:40pm-4:10pm

MIKHAL'CHISHINA ~ YU.  (Novosibirsk, Russia)
“Representation of virtual braids by automorphisms
and virtual knots groups”

AHMADI DELIR K. (Tabriz, Iran) “Non-associating
graph of a finite Moufang loop and its relationship

with the non-commuting graph”

June 25, Sunday

Plenary Talks

Chairperson M. Peretyat’kin

KurpesHOv B. (Almaty, Kazakhstan) “Binarity
is almost omega-categorical completely o-minimal

theories”

PiNnus A. (Novosibirsk, Russia) “Fragments of clones
as a method of research of the latter”

TEPAVCEVIC A.

(Novi

Sad, Serbia) “Weak

congruences and (2-algebras”

SUDOPLATOV S. (Novosibirsk, Russia), “Derivative
Objects in Model Theory”

Short Sections

Classical algebra

Chairperson S. Zyubin

GRACHEV E., Poprova
A. (Novosibirsk, Russia)

Universal
and Models
Chairperson D. Valota

algebras

BAizHANOV S. (Almaty,
Kazakhstan) “Expansion

“Automorphisms of of models by type
integer group rings” definable relation and
stability.”
BRYUKHANOV O. RvyaBers L. (Irkutsk,
(Novosibirsk, Russia) Russia) “Strong
“On  ascending HNN- closure operators for
extensions of almost hyperfunctions on a

polycyclic groups”

two-element set”



School Program

4:20pm—4:50pm

5:00pm—5:30pm

9:00am—9:50am

10:00am—10:50am

11:00am-11:50am

9:00am—9:50am

10:00am—10:50am

11:00am-11:50am

GAL'T A. (Novosibirsk,
Russia) “On splittability
of the normalizer of a
maximal torus in groups

BORODIN A.
“Phenomenologically

symmetric geometry of
finite rank as a derived

of Lie type” structure of universal
algebras”
MUKANKYZY A.
(Almaty,  Kazakhstan)
“Exchange principle and
dp-rank”

June 26, Monday

Plenary Talks
Chairperson B. Kulpeshov

ODINTSOV S. (Novosibirsk, Russia) “On realizability
semantic for I F-logic”

PERETYAT'KIN M. (Almaty, Kazakhstan) “First
order combinatorics and a definition of model-
theoretic property with applications”

POROSHENKO E. (Novosibirsk, Russia) “Structure
and theories of partially commutative Lie algebras”

June 27, Tuesday

Plenary Talks
Chairperson A. Tepavcevié

SHAHRYARI M. (Tabris, Iran) “A characterization of
q.-compact algebras”

CHURKIN V. (Novosibirsk, Russia) “On R. Garipov’s
works on crystallography”

VALOTA D. (Milan, Italy) “Spectra Problems and
Many-Valued Logics”



School Program

Noon-12:50pm CHEKHONDADSKIH  A.  (Novosibirsk, Russia)
“Algebraic method of synthesis of reduced order
control for different classes of dynamic systems”

Short Talks

Classical algebra
Section meeting in memory of Pestov G.

Chairperson V. Kopytov
3:00pm—3:30pm KopryTov V.M. (Novosibirsk, Russia) “Finitelly

generated Conrad groups of finite rank are solvable
and have a faithful representation by matrices”

3:40pm-4:10pm  ZENKOV A. (Barnaul, Russia) “ Wreath products and
varieties of m-groups”

4:20pm—4:50pm  ZYUBIN S. (Tomsk, Russia) “Subgroup properties of
Chevalier groups”

5:00pm—5:30pm  GALANOVA N. (Tomsk, Russia) “Sections of non-
Archemedian really closed field”

5:40pm-6:10pm  ZABARINA A., FOoMINA E. (Tomsk, Russia) “On
some properties of two-dimensionally ordered groups”

6:20pm—6:50pm  Speech on Pestov G.

June 28, Wednesday

Plenary Talks
Chairperson M. Shahryari

9:00am—9:50am  SHEVLYAKOV A (Omsk, Russia) “Compactness
classes in universal algebraic geometry”

Universal algebras and models

Chairperson L. Ryabets

10:00am-10:30pm PINUS A. (Novosibirsk, Russia) “Direct and inverse
limits of retractive spectra and their applications”



School Program

10:30am—11:00am

11:00am—11:30am

11:30am—Noon

Noon—12:30pm

12:30pm—1:30pm
1:30pm—1:45pm

KOBDIKBAEVA F. (Almaty, Kazakhstan) "Countable
models and order property”

KaziMIROV A. (Irkutskk, Russia) “Algorithms of
minimization of multifunctions”

KIOUVREKIS Y. (Athens, Greece) “Categorical
abstract model theory”

TEPAVCEVIC A. (Novi Sad, Serbia) “Partial closure
operators and systems”

Hour of problems

Closing the school-conference



K 75-neruro mpodeccopa B. M. KonbiToBa

26 centsa6ps 2016 roga 3aMevaTeILHOMY YeJIOBEKY U BLIJAIOMIEMYCH yie-
nomy Basneputo MarseeBuuy KonbiToBy ucnosinuiaocs 75 jiet. Baaepuit Mat-
BeeBud posuiics B I. CeepyioBeke. [locie okoHIanus cpeHeit KoJIbl OH 0~
CTyHaeT Ha MEXaHUKO-MaTeMaTHIecKuii (hakyJabTeT Y paabCKOro YHUBEPCU-
teta. Imenno Tam mpousornio 3uakomMcTBo ¢ Ay Banosuaem Kokoputbim,
KOTOpPO€e BO MHOT'OM ompejiesinyio nurepec Basepus MarBeeBuda K ynopsio-
YEeHHBIM I'DYIIIaM U CBA3AHHBIMU C HUMU BOIIPOCAMH.

B Teopuu rpy1ir oueHb BayKHBIMUA U HHTEPECHBIMU ABJISIIOTCS T€ WA UHBIE
BOIPOCHI MONOJIHEeHNsI (B CMbIC/Ie u3BJedeHus KopHeii). O HUM U3 TePBbIX
pesysbratoB B. M. KonbiroBa sBjisiercst TeopemMa O BJIOKUMOCTH C TTPOJIOJI-
JKEeHWeM TOPSIKa BCAKON YIOPSIOYMBAEMON TPYIIBI B yHOPSIOYNBAEMYIO
IPYIILY ¢ HOJHBIM 1eHTpoM [1]. Dra Teopema BbIsIBUIA OMPOMHBIH Hay IHBII
ITOTEHITNAJT MOJIOJOTO YYEHOTO U CTajla KJIACCHYECKON B TEOPUU YIIOPSIO-
vennblx rpymm. [lo ciosam JI. @ykca, nosyuennsiit B. M. KonbiToBeim pe-
3yJIBTAT, MTOKA3aJ/I BBIJIAIONLYIOCHd POJIb IIEHTPa B YIOPSI0YMBAEMON TPYIIIIE.
[Tozxke Teopema ObLIa 0000IIEHA Ha CJIydail JIOKAJIHLHO HUJIBIIOTEHTHOW WH-
BapuanTHoit oarpytmbl C. A. I'ypuerkoBbiM, yaenukom Bastepusi Matsee-
BHUYA.

OJHUM M3 eCTECTBEHHBIX BOIPOCOB TEOPHUH YHOPSJIOYMBAEMBIX T'DYIII
SABJIAETCd BOIPOC O ducje mnopdaakos Ha rpytre. M. V. Kapramosiosbiu,
A. 1. Kokopuabim u B. M. Konbirossim B pabore 2] 6b111 TOCTPOEHBI TPYII-
bl ¢ 2 - 2" - n! TUHEHHBIMI TOPSAIKAMA, YTO JIAJI0 OTPHUIATETBHOE PEIlleHne
runiore3bl b. Helimana o ToM, 94TO 4MCJIO JTUHEHHBIX TMOPSAIKOB €CTh HEKOTO-
pad cTeneHnb 2.

B 1965 romy, nmocie 3ammThl KaHIuaaTcKoi qucceprannu Bagepuit Mat-
BeeBnu 1o npurtamenuio M. . KapramosoBa mnepee3kaer B HEJaBHO OT-
kpoiBiniict Uacruryt maremaruku CO Akanemun Hayk CCCP. C tex mop
»xkn3ab B. M. KonbiToBa HepaspblBHO ¢BsizaHa ¢ AKaJIeMIOpOIKOM. 371eCh B
[IOJTHON Mepe pacKpblBaeTcs TajgaHT Basepms MaTBeeBmda Kak ydeHOrO U
nestarora. OMUH U3 MEPBBIX “HOBOCHMOMPCKHUX PE3Y/IbTATOB IOCBSIIEH H3Y-
YEHUIO MATPUIHBIX IPYIII — KJIACCUUIECKOMY paszjiesty Teopuu rpyii [3]|. Bour
MIOJTyYeH CJIEYIONIUi, Terephb y¥Ke KJIACCUIeCKU, pe3y/IbTaT: BCsIKasd IPYII-
I1a, UMeIOIas Pa3peluMyIo TOJIIPYIITY KOHEYHOTO HHIEKCA 0e3 KPpydeHus 1
KOHEYHOT'O PAHTa, JIOIyCKaeT TOYHOe IPeICTaBIeHne MaTPUTIAMU HaJT TTOJIEM
Q parnmona bHBIX Ynces. B 910it ke paboTe J1aHO ONMMcaHNe HUJIBIIOTEHTHBIX
CPYIII, JOIYCKAIONUX TOYHOE IpejicTaBienne marpuramu Har Q. menno B
s1o Bpems y B. M. KonbiToBa mnosiBiisiercs 3amevdaresibias yueHuria — Acs
Muxaiinosaa ITomosa. Heime Acst MuxaitioBHa sBJIsieTCsl TPU3HAHHBIM CIIe-
IIIAJIICTOM B 9TOil 00JIaCTH.
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“Veieuenne’” B.M. KombiToBa MaTpuyHbIME T'DYIIIAMA HE OCTAJIOCH
He3aMedYeHHBbIM djIeH-KoppectonaenToM Axajgemun nayk M. V. Kaprarmogo-
BbIM. [0 ero Muenuio, 3Ta yB/JI€UYEHHOCTH HAHOCUJIA YIIEPO MCC/ICOBAHUAM
o ymopsiyloueHubiM rpynmnaMm. [losTomy ¢ dopmymnpoBkoit “B MaTpHIHBIX
rpymnax u Tak recno’ Basiepuit MarBeeBut Bo3BpalaeTcs K UCCIEI0BAHUIO
YHOPSAI0YEHHBIX TPYII KaK OCHOBHOMY HAITPABJIEHUIO CBOEH HAy4IHOI pado-
. B 1972 roxy B cepun “CoBpemennast airebpa’ BbIxoguT KauUTa “JInHeii-
HO YIIOpsiIOYEeHHBIEe TPYIIbI, Hanucannas coBmectHo ¢ A. V. Kokopuubim.
HeoOxo/mmMocTb, CBOEBPEMEHHOCTH, BayKHOCTH M 3HAYUMOCTH 3TON KHUTH
[IO/TYEPKUBAET TOT (baKT, UTO OHA MOUTH Cpa3y ObLIa omyOInKoBaHa 3a pyoe-
JKOM Ha, aHTJIHiickoM si3bIke. B 310 e Bpems Basepuit MarBeeBud 1mpo/10J1-
JKaeT MCCJIeJIOBaHNEe BOIPOCA O YHUCJIE JIMHEHHBIX TOPsJIKOB Ha rpyitie. VM
HOKa3aHo B [4], 4To ecyim paspenimMasi TPYIIa JOMYCKaeT KOHEYHOe JHCIIO
YHOPSIOYEHN, TO OHO KpaTHO 4 1, HA00OPOT, /IJIs KazK/I0TO HATYPaJIBLHOTO N
CYIIIECTBYET pPa3periuMas I'pyIia ¢ 4n JMHEHHBIMUA TOPsJIKAMEA. DTy Teope-
My MOKHO CUUTATh HAMOOJI€e CYIIECTBEHHBIM U 3aKOHUYCHHBIM PE3y/IbTaTOM
B JIAHHOM HAITPABJICHUN.

B nagase 1970-x 8 CCCP u 3a pybezkoM HAUHMHACTCSA MHTEHCUBHOE U3y e~
HI€ PeleToYHO yIMOPSAIOUEeHHBIX IPYII ((-IpyTi )-aarebpandeckux CUcTeM,
COBMEIIAIONINX B cebe CTPYKTYPbI Py U pemeTkn. Bo muHOrom 6Jtarogaps
yemwusam Basepus MaTBeeBuva u ero yueHHUKOB Teopusi (-TPYIIIT TPUOOPe-
Jia 9epThl OOraToii TEOPUM CO CBOEH TEeXHUKON MCCJeIoBaHil, KPYTroM 3ajiad
u npobsieM. Torom 3Toil THTaHMYECKON paboThl cTajta Kaura ‘Pemerouno
yIHOpsiIOYeHHbIe TPyHbl’, Boimeamasa B 1984 roxy B cepun “CoBpemMeHHast
aarebopa”’. /1o cux mop 3Ta KHHUIa SIBJISETCs HACTOJBHON JJIsi HAYMHAIOIIIX
“yropsaoueHnukos”. B Heil BepBble ObLIM CHCTEMATU3UPOBAHO U3JI0YKEHbI
[IOCJIE/THAE JIOCTUKEHUS B TeOpUH MHOroobpasuit (-rpyiir. 13 muorouuncien-
HbIx pesyiabraroB B. M. KomnbiToBa, oTHOCAIMIXCA K TEOPUH MHOTOOOpa3mit
(-rpymi, 0cobo OTMETHM JiBa. BO-ITepBBIX, OBLIO MOKA3aHO, 9TO CBOOOTHA
rpynna B Kjiacce BceX (-IpymI JIOMyCKaeT TOYHOe MpeJICTaBIeHIe KYCOTHO-
JIMHEHHBIME TOPSIKOBBIME (DYHKIUAME JIeHCTBUTEIbHON 1ipsimoii [5]. Bo-
BTODBIX, B pabore [6] mokazaHo cyliecTBOBaHWE HAKPBITHI MHOTOOOpa3ust
abesIeBbIX (-TPYII, B KOTOPBIX BCsKasl pa3pelinMasi IPyIia gBjseTca ade-
JieBoii. /I mosrydenus sToro pesyibrara B. M. KombIToB mipe /oK HOBY IO
MOJIeJTh cobupaTeabHoro mnporecca. Onmpasich Ha ujaen 3Toi padboTel B 1991
roxy Y. Xomnanna n H. . MenBenes mokazanu cyiiecTBoBaHue KOHTHHYYMa,
HAKPBITUI MHOr00Opasus abeIeBbIX (-IPYII ¢ AHAJOTUIHBIMU CBOWCTBAMM.

NuaTencuBHoe pa3BuTHEe TEOPUU PEIIETOYHO YIOPSIIOYEHHBIX IPYIIIT TTPU-
BeJIM K 3HAYUTETbHBIM U3MEHEHUSIM B TEOPUU yIOPAI0YEHHBIX I'pyil. Bos-
HUKJIa OCTpasi HeOOXO/IMMOCTb WU3JI0YKUTH Pe3YJIbTaThl, MOJIyYeHHbIE B Te-
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YEeHUU BOCHBMU-JIECSATH JIET ¢ MOMEHTa TOsIBJIEHUS IPeJblayieil kuuru. B
1994 rony B mzmarenbcrBe “Kluwer” Bwixoautr Tperbsa kuura B. M. Ko-
nbitoBa “The theory of lattice ordered groups”, HammcanHash COBMECTHO C
H. 4. MeaBenebiM. B onyb/imKoBaHHYI0 KHUT'Y BOIILIA TOJIHKO TTOJIOBUHA 110~
nobpanuoro apropamu mMarepuasa. B 1996 roay B cepun “Cubupckas nrkoJsia
ayiredpbl 1 joruku’ BeixoauT MoHorpadus B. M. Konsrrosa u H. 4. Mease-
neBa “IIpaBoynopsigoueHHbie IPYIIIbI ', KOTOPYIO ABJISI€TCs IPEKPACHBIM BBe-
JICHHEM B TEOPUIO IPABOYIIOPAI0YMBACMbIX TPyII. VHTepec K BbIe e
KHHATE Yy ajreOpancToB, HE 3aHUMAIONIUXCH YIIOPSI0YCHHBIMUA OObEKTaMHU,
OBLT CIpoBOIUpPOBaH JokasarebcTBoM Il. JlexopHoil mnpaBoymopsmounBae-
MocTu rpyiir Koc. [lenast riaBa HOBOW KHUTU ObLTa MOCBSIIEHA MCCJIEI0BA-
HussM Basiepust MarBeeBuda 110 “9K30THIECKUM  TTOJIYIMHEHHBIM TOPSTKAM.

Harmm paccka3 Oy/eT HEmoJIHBIM, €CJIM Mbl He KOCHEMCHA HaCTaBHUYECKOI
nearenbroctu Banepus Marseesuya. Haunem ¢ Toro, uro pabotast MHOTO
ser nekanom B @MIII, yntasg Tam paszaudHble cnenkypcbl, Bamepuit Mat-
BeeBUY (POPMUPOBAJI BKYCHI U CIIOCOOCTBOBAJI TBOPUYECKOMY Pa3BUTHIO OYIy-
mux MaremarukoB. HaBeproe, B 3ToM cMmbiciie MHOTHE BhiTycKHIKT PMIII
MOT'YT HA3BIBATH €0 CBOMM IIEPBBIM ¥ untesieM. Kcu roBoputh 06 yueHnkax
TO, TIPEXKJIE BCETO MBI JIOJI?KHBI BCIIOMHHUTD O JIIOOMMOM yYEHUKE W OJIN3ZKOM
apyre Hukonae fAxosneBuue MensegeBe — desioBeke, mporne/reM ¢ Bage-
puem MarBeeBrdeM Bech IIyTh OT BTOPOKYPCHHKA O COABTOPA MHOTOYNC-
JIeHHBIX cTareil n Kaur. IMenno Osiarogapst mX COBMECTHBIM YCUJIUSM TepP-
MuH “(-rpymma’ cTaJl H3BECTEH U MPYXKUIICS Ha “anraiickoit’” 3emite. [lepBbie
IATHIIATB-JIBA/IIIATEL JileT 1nocie nepeesia H. . Menpenesa B 1. Bapnayn
B. M. KonbiroB npuesxkaa B ATaificKuii rOCyHUBEPCHTET U YUTAJ “BaXTo-
BbIM MeTojioM” (10 TpH Hapbl B JIEHb) CIEIKYPChI JJisi CTYJIEHTOB, CIelna-
JIMBUPYIOMIXcs Ha Kadeapax aaredpbl. OOIATbCs Ha PABHBIX C YIEHBIM C
MUPOBBIM UMEHEM ObLJIO OI'POMHBIM BE3€HHEM JIJId HAUWHAIONNX ajredpan-
CTOB. DTHU peryJspHble BCTpedn B T. BapHayse crocobcTBOBaM HE TOJBKO
PO eCCUOHATLHOMY POCTY HAYUHAIONIUX “‘YIIOPSI0YEHHIUKOB , HO U YUUIH
X HACTOSIIEMY ITPOMECCHOHATBHOMY IOAXOIY K ey, €CJIM XOTUTe, dhop-
MUPOBAJIA CTUIb MBIILIEHUS.

Kak Beaymumii ceruancT 1o yropsiJiodeHHbIM rpytmnam Basgepnit Mat-
BEEBUY TOJJICPXKUBAJ U TIO/IJIEP>KUBAET T€CHbIE HAYYHbIE KOHTAKTBI CO BCEMU
IIKOJIAMH, TaK WJIM UHAYE CBA3BAHHBIMU C yIOPAI0UCHUIME aJIreOpandecKux
cucreM. JlocTaTOIHO BCIIOMHHUTD O ILJIOJIOTBOPHOM COTPYIHUYECTBE ¢ Dorap-
CKUMH U Y€XOCJoBaIKuMu MareMaTukaMu B 70-80-e rogbl IPOILIOro BEKA.
[Ipounble KOHTAKTHI CBA3BIBAIOT Bastepua MaTBeeBuda u ¢ TOMCKOI IITKOJIOM
“yropsoueHHUKOB”. MHOTOIETHEE COTPYIHUYIECTBO, Oepyllee CBOe HAYAJIO
co Bpemen Ay MpanoBnua KokopuHa u MpomoOJIKUBIIEECT B COTPYIHIYIE-
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crBe ¢ B.B. baynosbiM, cBaseiBaer B. M. KonbiToBa ¢ MPKyTCKO# KOOI
‘YOS IOUEHHUKOB .

JlobpozkenaTe/bHOCTb, OCTPBI YM U IOTPsAcaloliee 9yBCTBO oMopa Ba-
snepus MarBeeBn4a HaBCeria OCTAIOTCS C TEMH, KOMY IOCYACTJIMBUJIOCH C
uuM obmarbes. U ceronnst Basepuit MarBeeBud 10JI0H CHJT ¥ TBOPYECKOI
snepruu. zZKejaem eMy JIOJTUX JIET XKU3HU U KOHTUHYYM HOBBIX TBOPYECKUX
yJa4d U CBeplIeHuil.
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75th anniversary of Professor V.M. Kopytov

On September 26, 2016 there was the 75th anniversary of remarkable
person and outstanding scientist Valery Matveevich Kopytov. Valery
Matveevich was born in Sverdlovsk. After graduating a high-school he
entered the Faculty of Mechanics and Mathematics of the Ural State
University. It was there that he met Ali Ivanovich Kokorin. This
acquaintance caused Valery Matveevich’s interest to ordered groups and
problems allied to them.

Very important and interesting problems in group theory are problems
on completion (in the sense of extraction of the roots). One of the first results
of V. Kopytov is the theorem on embeddability with an extension of order
of any orderable group to an orderable full-center group [1]. This theorem
showed large scientific potential of Valery Matveevich. Now this theorem is
considered to be classical in ordered group theory. As L. Fuks said, the result
of V.M. Kopytov showed an outstanding role of the center of an orderable
group. Later on, one of the Kopytov’s disciples S. A. Gurchenkov generalized
this theorem to the case of locally nilpotent invariant subgroups.

One of natural problems in ordered group theory is the problem on
number of orders on a group. In [2], M.I. Kargapolov, A.I.Kokorin, and
V.M. Kopytov have found groups having 2 - 2" - n! linear orders. So, they
give the negative answer to the B. Neumann’s conjecture claiming that the
number of linear orders of a group is a power of 2.

In 1965, Valery Matveevich defended his Ph.D.-thesis. After this
he was invited by M.I. Kargapolov to recently opened Institute of
Mathematics (Siberian Branch of the Academy of Sciences of the USSR) and
V. M. Kopytov moved to Academgorodok of Novosibirsk where he lives and
works now. Here he revealed himself as a talented scientist and pedagogue.
One of the first his results in Novosibirsk is concerned to matrix group theory
[3]. Valery Matveevich showed that if a group has a solvable subgroup of finite
index, is torsion free and of finite rank then it admits an exact representation
by matrices over the field of rational numbers Q. Now this theorem is
considered to be classical in group theory. In this work, a description of
nilpotent groups admitting an exact representation by matrices over Q
was also given. At that time V.M. Kopytov got a remarkable disciple Asya
Mikhaylovna Popova. Now Asya Mikhaylovna is a recognized expert in this
area.

V. M. Kopytov’s interest to matrix groups was noticed by Corresponding
Member of the Academy of Sciences of the USSR M. I. Kargapolov. By his
opinion, this interest prevented Kopytov’s study of ordered groups while
“there was too crowdy in matrix groups”. For this reason, Valery Matveevich

13
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went back to the study of ordered groups. Valery Matveevich jointly with
A. 1. Kokorin wrote the book “Linearly ordered groups”. In 1972, this book
was published in the series “Modern mathematics”. This book was almost
immediately published abroad in English. This fact showed that the book
was necessary and important that time. At the same time Valery Matveevich
continued his research of number of linear orders in a group. In [4], he has
shown that if a group admits only finitely many orders that the number of
orders is divisible by 4. Inversely, for any natural n there is a solvable group
admitting 4n linear orders. This theorem is the most essential and complete
result in this area.

In the beginning of 1970s, lattice-ordered groups (f-groups) began to
attract the attention of mathematicians in the USSR and abroad. These
groups combine structures of both groups and lattices. Mainly due to Valery
Matveevich and his disciples /-group theory became a well-developed theory
with its own research technique and types of considered problems. As a
result of his huge work he wrote the book “Lattice-ordered groups” published
in 1984 in the series “Modern algebra”. This book became a manual for
beginners in ordered group theory. It was the first book systematizing
last results in theory of /(-group varieties. Let us notice a couple of
V.M. Kopytov’s results concerning to this theory. Firstly, he showed that
a free group in the class of all {-groups admits an exact representation by
piecewise linear ordinal functions on the real line [5]. Secondly, it was shown
in [6] that there exist covers on the variety of abelian groups such that any
solvable group in such cover is abelian. To get this result V.M. Kopytov
introduced a new model of a collecting process. In 1991, C. Holland and
N. Ya. Medvedev showed using the results in [6] that there are continuum of
covers of abelian /-groups having analogous properties.

High development of theory of lattice ordered group theory followed large
changes in ordered group theory. So, it became necessary to systemize results
obtained for 8-10 years since the last book had been published. In 1994, the
third book of V.M. Kopytov “The theory of lattice ordered groups” in was
published by Kluwer publisher. This was a joint book of Valery Matveevich
and N. Ya.Medvedev. This book contained only half of picked material. In
1996, the monograph of V. M. Kopytov and N. Ya. Medvedev “Right-ordered
groups” was published in the series “Siberian school of algebra and logic”.
This monograph was a good introduction to the right-ordered group theory.
After P. Dehorna showed that braid group is right-orderable the book became
interesting even for algebraists not studying ordered objects. A chapter of
the monograph was devoted to Valery Matveevich’s research of “exotic” semi-
linear orders.
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Talking about Valery Matveevich Kopytov we should mention his
mentoring activity. For many years he was working as a dean in the Physical
and Mathematical School in Novosibirsk and giving lectures in various
subjects. Thus, he formed mathematical way of thinking and contributed
to the creative development of high-school students. So possibly many
graduated students of the Physical and Mathematical School can refer
to him as their first Teacher. Talking about V.M. Kopytov’s disciples we
should mention his favorite disciple and close friend Nikolay Yakovlevich
Medvedev. He started working with Kopytov being a second-year higher
education student and finally became a co-author of a lot of Kopytov’s
papers and books. That is because of their effort the term “¢-group”
became well-known to “Altai’s science”. The first fifteen-twenty years after
N. Ya. Medvedev moved to Barnaul, V. M. Kopytov kept visiting Altai State
University and gave lectures (three classes per day) for students choosing
algebra as their major. Thus, students had an opportunity to communicate
with a well-known scientist. These regular meetings in Barnaul not only
provided a professional development of beginners in algebra but also formed
professional way of thinking.

As aleading expert in the area of ordered groups Valery Matveevich keeps
in touch with all science schools allied to ordered algebraic systems. Here we
can mention his productive collaboration with Bulgarian and Czechoslovak
mathematicians in 70-80th years of the last century. Valery Matveevich
also keeps in touch with the Tomsk science school on ordered groups. For
many years Kopytov has been collaborating with the Irkutsk science school.
This collaboration started with joint work with Ali Ivanovich Kokorin and
continued by a collaboration with V. V. Bludov.

Valery Matveevich’s kindness, keen mind and brilliant sense of humour
are memorized forever by everybody who has had a chance to talk with him.
Today, Valery Matveevich is full of strength and creative power. We wish
him many long years of life and a continuum of new creative ideas.
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K 70-neturo mpodeccopa A.I'. IImayca

3 nekabps 2016 1. ucnosHUIoCch 70 JieT npodeccopy Kadeapbl aaredpbl
U MaTeMaTu4IecKoi Joruku HoBocubupcKoro rocy1apcTBeHHONO TEXHUIECKO-
ro0 YHUBEPCUTETA, JOKTOPY (DU3UKO-MATEMATHICCKUX HAYK, IIPOdeccopy, To-
gerHoMmy paborauKy Boicrieit [TTkossr Poccuiickoit @eepanun Atekcanipy
[leoprueBuuy Ilunycy.

Anekcangp l'eopruepna Ilunyc poamica 3 mekabps 1946 roga B ceMbe
yueHbIx-reosioroB B HoBocubupcke. CriocoOHOCTH K TOYHBIM HAayKaM Y HEro
[POSIBUJINCH CO IIKOJBHON CKaMbi HAa MaTeMaTwmdecKux ojumiuaiax. [lo
OKOHYAHUU cpejHeil mkobl B 1964 roxy Amnekcanap I'eoprueBnd mocTymmia
Ha MeXaHMKO-MaTeMaTudecKuil ¢dpakyiabrer HoBocnubupckoro rocyiapcrBeH-
HOI'O YHHUBEPCUTETA, 110 OKOHYAHUU KOTOPOTO OBbLT PEKOMEHJIOBAH B acCIIU-
parrypy npu HI'Y. Acnupanrckuii mepuon Ha Kadeape aareOpbl u Mare-
Marudeckoir Jjioruku HI'Y ¢ 1969 mo 1972 rona o3HaMeHOBAJICA 3aIUTOM
KaHIuaTcKoi auccepramnuu 1mo teMe “HesjnemenTapHble cBoiicTBa JIMHET-
HO YTOPSIIOY€HHBIX MHOXKECTB’ TIOJ] PYKOBOJCTBOM YJIEHA-KOPPECIIOHIEHTA,
Axagemun nayk CCCP 1O.JI. Epmosa. B 1970-ste rompr A. I ITunyc mpo-
JIOJIZKAET MCCJIE/IOBAHUsT BOIIPOCOB 3aTPOHYTHIX B €r0 JUCCEPTAIUU: BOIIPO-
COB BJIOYKUMOCTH JIMHEIHBIX MOPSJIKOB, 8 TAKXKEe TEOPETUKO-MOJCTbLHBIX BO-
IIPOCOB U BOIIPOCOB PA3PEIIUMOCTU TEOPUil B UCUUCJIEHUAX ¢ OO0OIIEHHBIMEI
KBaHTOPAMI.

B 1980-e roger mnayunsie nntepeckl A. I [lunyca cmemniaiorcs B ¢TOPO-
HY YHUBEpPCAJIbHO# ajredpnl. VM JleTajbHO HCC/IeIYIOTCS BOIIPOCHI CTPOCHUS
CKeJIETOB BJIOYKUMOCTH U SMUMOP(MHOCTU KOHI'PYIHII-IUCTPUOYTUBHBIX MHO-
roobpasuii ajredp u paspadaTbiBaeTCs KJacCUMUKAIAA T10J00HBIX MHOTO-
obpasnii Ha OCHOBE CTPOEHHS WX CYETHBIX CKEJIETOB. DTHU PE3yJIbTAThI CO-
CTABUJIU COJIEPKAHNE €ro JTOKTOPCKO# muccepranun “CKeeTbl KOHI'PYIHII-
JIUCTPUOYTUBHBIX MHOIOOOPa3uil yHUBEPCAJIBHBIX ajaredp”’, 3aluieHHON 1M
B 1992 ronuy.

C 1972 mo 1992 rox Anekcangp [eoprueBumu paboraer B JOJIZKHOCTSIX
ACCHUCTEHTA, CTapIIero IperojiaBaTe/id, JIONeHTa Ha Kadepe HHKEHEePHO
maremarukun HoBocubupcekoro anekrporexumdeckoro naerutyra (HOTU). B
1992 roxy HOTU 6611 mpeobpazoBan B HoBocubupckuii rocyrapcTBeHHbIN
rexunyeckuii yuuepcurer u A. T Ilunycom, 1o mpejiosKeHuIo pekropara,
ObLTa oprann3oBaHa Kadeapa ajareOpbl U MaTeMaTHIeCKOW JIOTWMKM, €JIUH-
CTBEHHAd 110/I00Has Kadeapa B TeXHmYecKux By3ax Poccun. PykoBomu aToii
kadeapoit A. I [Iunryc mo 2007 rosma, Kora oH meperies Ha paboTy mpodec-
COPOM 3TOil Ke KadeIphbl.
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[IpenomaBarenbekyto jesarenbHocTh Ha Kadeape A. T I[lunyc ycmemntto
codeTaeT ¢ IPOJIOJIKEeHEeM CBOUX HaydHBbIX uccienoBanuii. B 1990-bie ro/ibr
UM paspaboTaHa TEOpHs TaK HA3BIBAEMbBIX YCJIOBHBIX TEPMOB, HaIIe/IIIas B
JIaJIbHEHIIeM caMble pa3Hble IPUMEHEHUsT B a/IredPO-JI0OTMIeCKUX UCCIe10Ba-
HUSIX, B TOM YUCJI€, B IIOCJI€/IHEE BPEMs, B BOIIpOcax Kjaccudukarmu GyHK-
[IMOHAJIBHBIX KJIOHOB. Bosbmoit muka pador A. I'. Ilunyca csi3an ¢ ucciemno-
BaHUEM POM3BOJIHBIX CTPYKTYP YHUBEPCAIbHBIX aredp: Kiaaccupukanmeit
CBOOO/IHBIX aJIredp MHOr00Opa3uii 1o 3JieMeHTapHBIM TEOPUAM UX IIPOU3BOJI-
HBIX CTPYKTYD (pemeToK momaarebp, KOHrPy HIUil, TPyl aBTOMOPMOU3MOB
U T.11.), B YaCTHOCTH, perterne mpodsemsl [ ['perriepa 06 smemenTapHOii 9K-
BUBAJIEHTHOCTU PEIIeTOK Pa30MeHnil MHOYKECTB; Pe3y/IbTaThl O B3AMMOCBSI-
31 YHUBEPCAJBHBIX ajare0p ¢ MIeHTUIHBIMY ITPOU3BOTHBIME CTPYKTYPAMIH; O
CBA3U TIPOU3BOJIHBIX CTPYKTYP aaredp ¢ HesiBHBIMUA U aOCTPAKTHBIMU (DYHK-
IUAME Ha ajaredbpax; pe3yabraTbl 0 (GOPMYJIbHBIX Ho1aaredpax, KOHIPYIHIIU-
sx, apTroMopduamax. [IpeamozkeHbl HOBbIE TOAXOIbI K U3YIeHUIO (hOPMYIIhb-
HBIX IIOJIMHOXKECTB YHUBEPCAJIBHBIX aJiredp KakK aHAJOTOB ajaredpamvaecKux
MHOXKECTB B paMKax Hjieil ajaredpandeckoil TeOMeTPUH YHUBEPCAIbHBIX aJl-
reop.

[lepy A.T.Iunyca mupunasmiexxur 6osee 200 HaydIHBIX CcTaTeir u
mectb Mouorpaduii:  “KoHrpysui-moysisipable  MHOTOOOpa3us aJjredp’,
“Constructions of Boolean Algebras”, “Boolean Constructions in Universal
Algebra”; “YcmoBHbIE TEPMBI 1 UX TIPUMEHEHUE B a/iredpe U TeOPUH BBITHUCIe-
uuit”, “IIponsBoiHbIE CTPYKTYPHI yHUBEPCAIBHBIX aaredp’, “DaeMeHTapHast n
OiM3Kue K Heil JIOrnyecKne SKBUBAJCHTHOCTH KJIACCUIECKUX U YHUBEPCAIb-
HBIX asrebp” (mocmenmsis copmectro ¢ E. . Bynunoit u A. B. Muxasesbim).

A.T.Tlunycom Hammcaubl u ONMYOJUKOBAHBI IIEPBbIE HA PYCCKOM 3bI-
Ke y4eOHUK ¥ 3aJ@dHUK TI0 yHUBepcaybHOW ajrebpe: “OCHOBBI yHUBEp-
caJIbHOI ayirebpbl’ u “3ajladn W yIpaykKHeHUs 110 YHUBEPCAJbHON aJired-
pe”. Tlos ero pyKoBOJACTBOM OBLIN 3aIUINCHBI KAHIUIATCKUAE TUCCEPTAIII
4. JI. Mopasurosa u C. B. ZKypkosa. Anekcanap ['eopruesud ObL1 pyKOBO-
JIUTEJIEM TIEJIOT0 pdjia ucciaeaoBarebckux rpantoB POOU u Munobpuaykun
P®. On aktuBHO corpyauudaer ¢ aiarebpancramu Mocksbl, ExatepunOypra,
NpkyTcka u Apyrux POCCUUCKUX ajredpandeckux 1meHTpoB. JloBobHO 1TH-
poka reorpadusi ero MexKyHapoaHoro corpymaaudectBa: [epmanusi, [Tosn-
ma, Yexust, CIITA, Cepbust, KOAP u . 1.

Ocoboro BHUMaHWS 3aC/y’KHBAET OPraHU30BAHHAS 110 €TI0 WHUIUATH-
Be (u mposenennast B 2017 roay yxke B 12-it pa3) MexynaponHas Hayd-
Has KoHbepennus Ha 6aze HI'TY “Opaaron” (Fopubrii Aurait) “ITorpanmd-
HBI€ BOIIPOCHI YHUBEpPCAJIbHON aJreOpbl W Teopun Mojeseir”. 3a 0obioit
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BKJIa/1 B HayKy u obpazoanue A. . Ilunyc B 1995 romy 6611 u3dbpaH 4ieHOM-
KoppectonieHToM MeX TyHapo/iHo# akaeMun HayK Boicieil mKoJibl.

II. E. Anaes, A. B. Bacuaves, A. A. Buxenmues,

C. C. I'onuapos, FO. JI. Epwos, A. M. Heaesa-Ilonosa,

B. M. Konwmos, B./JI. Masypos, H. A. Maavues,

C. II. Odunuyos, E. A. Hanomun, K. H. [lonomapes,

E. H. Ilopowenxo, B. I [Tysapenxo, A. U. Cmyxaués,

C. B. Cydonaamos, E. U. Tumowenro, A. B. Yexonadckuz,
B. A. Yypxun, M. B. [llsudescku, M. C. [Ilepemem



70th anniversary of Professor A. G. Pinus

Professor of the chair of Algebra and Mathematical Logic of Novosibirsk
State Technical University, Doctor of Physical and Mathematical Sciences,
Honored Worker of Higher School of Russian Federation Alexander
Georgievich Pinus had the 70th anniversary on December 3, 2016.

Alexander Georgievich Pinus was born in the family of scientists-
geologists in Novosibirsk on December 3, 1946. His ability in exact sciences
became apparent in the school time when he participated mathematical
competitions. Graduating high school in 1964 Alexander Georgievich entered
at the Faculty of Mechanics and Mathematics of the Novosibirsk State
University. After that he was recommended for the graduate school at
NSU. In 1969-1972 A.G.Pinus completed his Graduate program at the
department of Algebra and Mathematical Logic of NSU and defended his
Ph.D. thesis entitled “Non-elementary properties of linearly ordered sets”
under supervision of Corresponding Member of the the USSR Academy
Sciences Yu. L. Ershov. In the 1970s, A.G.Pinus continued a research of
problems allied to ones in his thesis. These are problems of embeddability
of linear orders, as well as model-theoretical problems and problems of
solvability of theories in calculi with generalized quantifiers.

In the 1980s, A.G.Pinus started research in the area of Universal
Algebra. He investigated in detail the structure of the skeletons of
embeddability and epimorphisms in congruence-distributive varieties of
algebras and developed a classification on related varieties on the based on
the structures of their countable skeletons. These results formed his doctoral
thesis “Skeletons of congruence-distributive varieties of universal algebras”
defended in 1992.

Since 1972 till 1992, Alexander Georgievich worked in the positions
of Assistant, Senior Lecturer, Associate Professor at the department of
Engineering Mathematics of Novosibirsk Electrotechnical Institute. In 1992,
this institute was transformed into Novosibirsk State Technical University
and the administration of it suggested to A.G.Pinus to organize the
department of Algebra and Mathematical Logic. This was the first such
department in technical universities of Russia. A. G. Pinus accepted the offer
and was a head of this department until 2007, when he went to position of
professor in the same department.

Besides his teaching activities at the department Pinus successfully
continues his scientific research. In the 1990s he developed the theory of
so-called conditional terms. Later on, this theory got various applications in
algebraic-logical research. For instance, lately, it was used in classification
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of functional clons. Large series of papers by A.G.Pinus is allied to
derived structures of universal algebras. Namely, the classify free algebras
of varieties by elementary theories of their derived structures (lattices of
subalgebras, congruences, automorphism groups, etc.) and in particular,
they give a solution of G. Gretzer’s problem on elementary equivalence for
lattices of partitions of sets. He also obtained results on connection among
universal algebras with identical derived structures, on the relation of derived
structures of algebras and implicit and abstract functions on algebras, on
definable subalgebras, congruences, automorphisms. New approaches to the
study of definable subsets of universal algebras as analogues of algebraic sets
in t Algebraic Geometry of universal algebras were introduced.

A. G.Pinus is an author of more than 200 papers and six monographs:
“Congruence-modular varieties of algebras”, “Constructions of Boolean
algebras”, ‘“Boolean constructions in Universal Algebra”, “Conditional
terms and their application in Algebra and Computability Theory”,
“Derived structures of universal algebras”, “Elementary and related logical
equivalences of classical and universal algebras” (the last one is joint with
E.I. Bunina and A. V. Mikhalev).

A. G.Pinus published the first textbook and problem book on universal
algebra in Russian: “Fundamentals of Universal Algebra” and ‘“Tasks
and exercises on the Universal Algebra”. He was a scientific adviser of
Ya. L. Mordvinov and S.V.Zhurkov when they were graduate students and
they both defended their Ph.D. thesis under his mentoring. Alexander G.
was the head of a series of research grant projects of the RFBR and Ministry
of Education and Science of the Russian Federation. He actively collaborates
with algebraists of Moscow, Yekaterinburg, Irkutsk and other Russian
algebraic centers. He also collaborates with scientists of such countries as
Germany, Poland, Czech Republic, USA, Serbia, South Africa, etc.

It is worth mentioning that he suggested to organize an international
scientific conference on the camp of the NSTU “Erlagol” (Mountain Altai)
“Problems allied to Universal Algebra and Model Theory”. This year the
conference was held for the 12th time. In 1995, A. G. Pinus was chosen as
Corresponding Member of the International Academy of Sciences of Higher
School for the great contribution to science and education.

P. E. Alaev, A. V. Chekhonadskih, V. A. Churkin,

Yu. L. Ershov, S. S. Goncharov, A. M. Ivleva-Popova,
V. M. Kopytov, I. A. Mal’cev, V. D. Mazurov,

S. G. Odintsov, E. A. Palyutin, K.N.Ponomarev,

E. N. Poroshenko, V. G. Puzarenko, M. V. Schwidefsky,
M. S. Sheremet, A. I. Stukachev, S. V. Sudoplatov,

E. I. Timoshenko, A. V. Vasil’ev, A. A. Vikent’ev
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1 Bseaenne

I'pymnna G HasbiBaeTcs m-2KeCTKOil, eCiu B Hell CyNIecTByeT HOPMaJIbHBII
pAnL

G=G1>Gy>...>Gp >Gpy =1,

dakroper kKoroporo G;/G;y1 abesieBbl U, paccMaTpuBaeMble Kak IpaBble
Z|G/G;]-momynu, He MMEIOT MOJYJIBHOIO KPYUeHHsI. DTOT Psiji, €CIU OH BO-
001IIe  CyIIeCTBYeT, OmpeiessieTcst Tpytnoii (G- 0JJHO3HAYHO, OH Ha3bIBAETCSH
JKECTKUM PSIJIOM T'PYIIbl. BaXKHbBIME IIpUMEpaM# YKECTKUX TPYIII sABJISTIOT-
cs1 cBOOOIHBIE paspenuMblie TpyIbl. Onpejesenne KECTKOW TPYIIbLI TPHU-
najyiexkut H. C. PomanoBckoMy, B ero paborax, a Tak:Ke B COBMECTHBIX C
A.T. MsicHukoBBIM paboTax ObLIN U3y4YeHbI MHOI'HME aCIEKThI ajredpante-
CKoOil TeoMerpuu HaJ kécTkuMmu rpynmamu [1]-[6]. ZKecrkas rpynma G na-
3BIBAETCI JIETIMMOI, ecyn dyieMeHThl hakTtopa G;/Gy1 Jeaarcsa Ha HEHyJe-
BbI€ 9JIeMeHTH! Kosblia Z[G/G;| wiu, apyrumu cioBavu, G; /Gy BIIsI€TCS
BEKTOPHBIM ITPOCTPAHCTBOM HaJ[ TeJoM 4dacTHBIX (Q(G/G;) 9Toro KoJblia.
Haxkomner, xectkas rpymma (G Ha3bIBaeTCs PACIIEILISEMON, ec/ii OHa PacIa-
JlaeTcd B TIOCIe0BaTe/IbHOE TIOTyTIpsaMoe TpousBeenne A A, ... A, abese-
BIX Tpymn A; = G;/Giyq, tne A; nopmamusyer A; npu i < j. Pacmerse-
Masl JIeJTIMAast YKeCTKasi TPYIIIa OIPEJIEIIeTCsl OTHO3ZHATHO MOITHOCTIME (;

*Pabora BoInostHeHa 1Tpu buHaHcoBoi moepkke PODU, mpoekT 15-01-01485.
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0a3 COOTBETCTBYIONINX BEKTOPHBIX IMPOCTPAHCTB A;, oHA 0bDO3HAYAETCH dUe-
pes M(ayq, ..., ay). Onpenenennst MoxkHO HafiTu B [2]. Ha camom feste srobast
JleJIIMast JKeCTKas TPYIIa ABJISeTCs PacIenigeMoi [3].

B |4] 6buin onucanbl KOOpAMHATHbBIE TPYIIIBI HEIPUBOIUMBIX ajirebpan-
JeCKUX MHOXKECTB B abpUHHOM IIPOCTPAHCTBE HaJI JIEJIMMOI KECTKOM I'PyII-
0¥, TOYHee CIeNUaIbHBIX HEIMPUBOIUMBIX ajiredpamdecKux MHOXKecTB. [lo
CYTHU OIHMCaHUe KOOPIAWHATHBIX I'PYII PABHOCHIBHO OMUCAHUIO CAMUX ITUX
MHOXKecTB. HarmoMunM, 910 B ajaredOpandeckoil reOMeTpHH HaJl HETEPOBOIL 110
ypaBHeHUAM rpyIioit G Tonojorusg 3apucckoro Ha ad@UHHOM TPOCTPaH-
ctBe G™ HETEPOBA U MOITOMY BCSIKOE 3aMKHYTOE MHOYKECTBO SIBJIACTCA 00b-
eJIMHEHUEM KOHETHOI'O YUC/Ia HEIIPUBOIUMBIX aJIre0paniecKux MHOYKECTB, HO
COBCEM He 00g3aTebHO OHO camo OyjeT ajiredpandeckuM. [losTomy B TOM
caydae, KOTJIa €CTh ONNCAHWE HEIMPUBOJMMBIX AJITeOPanIecKuX MHOXKECTB,
BOZHHUKAET 3aJia9a IMOHATH, NP KAKUX YCIOBUSIX OO0beIUHEHHe KOHETHOI'O
YHC/Ia HEIPUBOJMMBIX a/redpandecKnX MHOXKECTB OyJIeT CHOBa aJjredpau-
YeCKUM MHOKecTBOM. B aroit cBsasm ormernm paborsl [7| u [8]. B mepsoit
U3 HUX OINUCAHBI HEIPUBOJUMBIE ajreOpandeckne MHOXKECTBA B CBOOOIHOM
2-CTYyIEHHO PAa3peIuMoii IPyIIe W CIJIETEHUN JBYX CBOOOJTHBIX abeeBhIX
IPYII, TO €CTh B COOTBETCTBYIOIEM ad@UHHOM TPOCTPAHCTBE Pa3MEPHO-
ctu 1, a BO BTOpOil — HaileHbl YCJOBHUs, KOrja O0beJIrHEeHNe KOHEYHOTO
YHC/Ia TAKUX MHOXKECTB Oyzer ajrebpamdeckum. B jpamHO#l pabore 1momo0-
Has 3a/1a9a PeInaeTcs JIIsd JeJIMMON 2-2KeCTKOW TPYIIIIbI: BbISCHIETCS, KOTJIa
o0be/IMHEHNEe HEeIPUBOINMBIX CITEIUAIBHBIX AJIreOpPanIecKuX MHOXKECTB U3
caMoii TpyIIibl OyJieT ajiredpandecKkuM. Tak 4To HAM Y/JIaI0Ch PazodpaThesd
TOJIBKO C 2-CTYIIEHHO Pa3pellrMbIM CIydaeM M PasMepHOCTBIO 1, a 3amada
JIJIsE ODIIEro cJjrydasi OCTaéTCsl HEPEIEHHO.

2 O6mue cBegeHms 00 ajiredpamdeckoii reo-
MeTpU HaJ rpynnamu

Hns nannoit rpynnbl G obozHaduMm depe3 F cBoOOJIHOE TIpOU3BE/IE-

e rpynnbl G u cBobomHOM rpynmbl ¢ 6asoit {xq,...,%,}. MHOKecTBO
S C G" pemenuit HekoTopoit cucremsr ypasuennit {v;(z) = 1 | i € I}
or x = (x1,...,2,), J€Bble YACTH KOTOPBIX SIBJISIIOTCS 3JIEMEHTAMU U3

F, nazpiBaerca anrebpamdeckum mojMuoKecTBoM B G". Obo3HauuM |epe3
I(S) = {v(x) € F|v(s) =1, s € S} aunynarop Hemycroro ajrebpamde-
CKOT'O MHOXKeCTBa S M HA30BEeM KOODJMHATHON rpytmoit S dakTop-rpyriry
['(S) = F/I(S). OueBnano, uro G BKJIAIBIBACTCA B 9TY (DAKTOP-TPYIILY U
['(S), kak G-rpyIia, nopoxaercs 06pa3aMu JIEMEHTOB X1, . . ., Ty.
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['pynmy F' MOXKHO MOHUMATH KaK I'PYIILY ypPaBHEHUN OT & ¢ KO3 duiim-
earamu u3 (G. Boobire-To, MbI Ha30BeM T'pyIIoil ypapHeruit Hag G 100yi0
rpytiry D, KoTopasi MopoK/IaeTcs cBoeil moArpymmnoit G 1 MHOKECTBOM 3Jie-
MeHTOB {Z1,...,T,}, €ClM OHA YJIOBJIETBOPSET YCIOBHIO: BCIKOE OTODpayKe-
Hue r — (g1, ...,9,) € G" oupegenser G-snumopdusm D — G. [ousaruo,
aro D upejcrasisercs: B Buje dakrop-rpyuisl F/H. Cpeau takux D cy-
[IECTBYET I'pyTiiia ¢ MakcuMasabHbiM H , pasabiv [(G™), sro rpymma I'(G™).

[Tycts S — anredbpanteckoe moamuokecTBo 13 G". Eciu BoIme B omnpeie-
JIeHUU TPYIIbl [ paccMaTpuBaTh TOJBKO OTOOpaxkeHust & — (g1,...,gn) €
S, To MBI TIOJTyuaeM OoJiee oOIIee omnpejesienre Tpynibl ypaBHenuit najg G
npu ycioun x € S. Takas rpynma HakpeiBaer ['(S).

OrmeTnM, UTO IepecedeHre JIIOOr0 CeMeicTBa AJIredpandecKux MHO-
»xecTB n3 G" cHOBa OyJeT aJiredpanvdecKinM MHOKECTBOM, & BOT 00'be/IMHEHTEe
JIBYX aJireOpamvyecKnX MHOYKECTB MOXKET He OBITH aJredpamvdecKiM.

Ha muoxkectBe G™ ompeiesisieTcst TOMOJIOIUs 3aPUCCKOTO: HY2KHO B3SITh B
KavuecTBe Mpe10a3bl ceMeficTBa 3aMKHYThIX MHOXKECTB aJIredpantiecKie MHO-
»kecTBa. HarmoMHUM, 9TO TOIO/IOTUSI HA3BIBAETCS HETEPOBOil, ec/in He CyIiie-
CTBYeT OCCKOHEYHBIX YOBIBAIONIUX IEIMOYEK 3aMKHYTBIX MHOXKECTB. B 3ToM
cIydae BCAKOe 3aMKHYTOE MHOXKECTBO €JIMHCTBEHHBIM 00Pa30M IIPeICTaBIIs-
eTcsd B BUJIE HECOKPATUMOT'O O0be/IMHEHNs] KOHEYHOT'O YUC/Ia HEIIPUBOIUMBIX
3aMKHYTBIX MHOYKecTB. HeTrepoBocTh Tomosiorun 3apucckoro na ad@uuabIx
npocrpancTBax G paBHOCH/IbHA HETEPOBOCTU TPyIIbl (G IO YPaBHEHUSIM.
[Tocnennee osnadaer, 9TO I JIIOOOTO 7 BCAKAsg CHUCTEMa YPaBHEHHIl OT
Z1,..., T, HAT rpymnmoit G 9KBUBaJIEHTHA HEKOTOPOW CBOEH KOHETHOH ITOJI-
cucreme. B [5] 6bL1 I0Ka3aH NPUHIUINATIBHbINA PE3yIbTAT: JTH00ast KECTKas
rpyiia HETEePOBa 0 YPaBHEHUSIM.

3 Henumasi kectkasi rpynma M (aq,as), cre-
IaJbHbIe IIepeMeHHble 1 aJjiredpamdecKue
MHOXKECTBA

[TOCKOIBKY MBI PACCMATPUBAEM TOJIBKO 2-CTYTIEHHO PA3PeNInMBblii Crydaii
U pa3MepHOCTD 1, Paii IPOCTOTHI IPUBEIEM HEOOXOMMBIE OIIPEIeJICHHsT 13
[4] TosbKO ISt HEUX.

A
Ipymna G = M («q, ap) npeicTaBisieTcst Kak IPYIa MaTPUIL (T (1)),

rie A = M () usomopdra mpsaMoii cymmMe (v KOMuil ajInTHBHON IpyTi-
bl panuoHa’bHeX dncest Q, 7' — mpaBoe BEKTOPHOE IIPOCTPAHCTBO ¢ Oa-
soit {tx | k € K}, mommocTn ap HaJ mojeM dacTHbIX (Q(A) rpynmnoBoro
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KoJiblla ZA. Dta rpynna pacmemserca: G = A1 As, tone A = (61 (1)) 30~

1 0
T 1
JIioboe npyroe pacuienienne rpynibl G B MOJIYIPSIMOE [IPOU3BEIEHIE JIBYX
abesieBbix noarpyin umeer sug AjAY, g € G. Badukcupyem gannoe pac-
memieHne. B HameM cjiydae MMeeT CMBIC PACCMOTPETDH JIBE CIEIUAIbLHBIX
IIEPEMEHHBIX X,y C yCJOBUEM: I IPHHAMAaeT 3HadeHue B A;, a y npunumaer
sHavenne B Ay. OOBIYHYIO IIEPEMEHHYIO MOXKHO IIPEJICTaBUTh B BHUJIE LY, OHA
MOXKeT IIPUHUMATh JII00bIe 3HadYeHud u3 G.

I'pymma ypasuennit (G, OT CHEIUATIBHBIX II€PEMEHHBIX OIPEIEIseTCsI
caemyromum obpasom. Cravasa 6epérest abeseBa rpymma A, = A X (r) —
npsiMoe TipousBesierne A u cBoOoIHOM abesteBoil rpymmbl (). Pacemorpum
npaBblit ZA,-monyib T Q74 ZA,, ¥ MyCTh

Txy =T ®za ZAx +y- ZAz

MopdHa A, Ay =

n3oMopdHa aJyINTUBHON I'pyIIie mpocTpancTsa 1.

— mnpsamas cymma 1T’ ®z4 ZA, n mpaBoro cBobogHoro ZA,-mMomayis ¢ 6a3oi

Ay
{y}. llonaraem G,y = (Txy 1

), [IPA 9TOM 3JIEMEHT X OTOXKJIECTBJIIEM C
z 0 0
0 1 1
HOPOKIaeTcst cBoeit moarpymmoi G u muoxkecrsoMm {z,y}. Pemenus creru-
aJIbHBIX ypaBHEHUIi cojepxKkarca B MHOKecTBe A; X Ao, Tak Kak KarkIblit
9JIEMEHT rpymibl (G IIPeACTaB/IsieTCsl B BHE IPOU3BEICHUS JIEMEHTOB U3
Ay m Ay, MHOXKECTBO A1 X Ay MOXKHO (hbopMaIbHO 0TOXK AecTBUTH ¢ (G. Uepes
creraaIbHbIE YPABHEHUST MOXKHO OIPEJIETUTD CIIEINAIbHbIE ajredpandecKne
MHOKECTBa M BCE JIPYTHUe MOHATHA aareOpanviecKoil TeOMETPUN.

Ucnosb3yst pe3ysibrarThl TeopeMbl 3 u3 [4], mosydaem, 9To crenuaabHbl-
MU HEIIPUBOIUMBIME aJIreOparmdecKuMu MHOXKecTBaMu B rpymme G OyayT B
TOYHOCTH CJIELYIOIIINE:

MaTpuIei , @ 9JIEMEHT y — C MaTpuIlei . Honarno, aro Gy

1) Beg rpynma G

a .
2) OJHO3JIEMEHTHOEC MHOXKECTBO { (t 1) }, 3a/laBa€MO€ CUCTEMOU ypaB-

HEeHU#l ¢ = a,y = {;

a 0
3) MHOXKECTBO BHJIA T 1) 3anaBaeMoe ypaBHEHHEM T = d;
4) MHOXKeCTBO, 3ajaBaeMoe cucteMoii ypasuenuii {f(x,y) = 0, rue
f(z,y) € T,, cocraBiAOT COOCTBEHHBLI M30JMPOBAHHBII IIOAMOILYIIb

naja ZA; B 1Ty,, nepecekatomuiica ¢ T' ®z4 ZA, 10 HyJIIO.
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TeopeMa. C?"LG’MU(I./L’bH’bLMU CL/L265pCLU‘t€C7{IUMU MHOAHCECTNBAMU, 6 2PYNNne

A0

G = M(aj,as) =
( 1, 2) T 1
mumoie) 005edUNEHUA CEUUAADHIT HENPUBOOUMBIT AN2EOPAUMECKUT MHO-

aHcecme:.

) oydym 6 mounocmu caedyrouue (Hecoxpa-

1) 6ca epynna G;

2) obsedunenue KoneuHo2o wucaa mroscecms suda (2) u (3):

a 0 a, 0 Q41 0 (07% 0
L D) (e Dol Do (3 ),

20e Ay, ..., Qm, Gty - .-, Qn — padauvnoie 2aemenmo, us A, e; € T.
Bosmootcro, 6 obsedunenuu omcymemeyrom muoscecmea suda (2)
uau (3).

3) Ob6sedunenue odrnozo mmosicecmsa 6uda (4) u Koneunozo wucaa pas-
AUNHOLE MHootcecme euda (3). Bosmooicno, 6 obsedunenuu omeym-
cmeyrom muodcecmesa 6uda (3).
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1 Introduction

A set ) with one binary operation is a quasigroup if the equation zy = z
has a unique solution in ) whenever two of the three elements x,y,z € @)
are specified. A quasigroup with a neutral element 1 satisfying lx =21 ==z
for every x is called a loop. A Moufang loop is a loop in which any of the
(equivalent) Moufang identities ((xy)x)z = x(y(x2)), z(y(zy)) = ((zy)2)y,
(zy)(z2) = z((y2)2), (zy)(22) = (x(yz))z holds.

Moufang loops appear naturally in algebra (as the multiplicative loop of
octonions), and in projective geometry (Moufang planes), and hence they
have been studied more than any other class of loops. Although Moufang
loops are generally non-associative, they preserve many known and desirable
properties of groups. For instance, every « has a two-sided inverse ! such
that zz7! = 7'z = 1, any two elements generate a subgroup (known
as diassociativity property); in finite Moufang loops, order of an element
divides order of the loop, and it has been shown recently that order of a
subloop divides order of the loop; every finite Moufang loop of odd order
is solvable. Also, there are analogous forms of Sylow and Hall theorems for
finite Moufang loops. For more details one can see [4, 13, 16, 17, 26].

Besides these, we haven’t got access to many fundamental tools in
Moufang loop theory which are available in group theory. Because of the
loss of associativity, presentations are very complicated and hard to calculate
and in the common sense, permutation representations are impossible.

Let @ be a loop with neutral element 1. We define Vx,y € @, commutator
of x and y by [z,y], where xy = (yz) - [z,y] and associator of x,y and z

28
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by [z,y, z], where (zy)z = x(yz) - [x,y, z]. Commutant of a subset S of @
is defined by {z € Q | zs = sz,Vs € S}. In particular, commutant (or
Moufang center or centrum) of @ is defined by {z € Q | xy = yx,Vy € Q}
and is denoted by C(Q). Center of @ is defined by {z € @ | [z,y] =
[z,y, 2] = [y, x, 2] = 1} and is denoted by Z(Q). Nucleus of @) is denoted by
N(Q) and is the subset {x € Q | z(y2) = (zy)z, y(zz) = (yx)z, y(zz) =
(yz)z, Yy, z € Q}. A non-empty subset P of @ is called a subloop of @ if P
is itself a loop under the binary operation of ); in particular if this operation
is associative on P, then it is called a subgroup of Q). A subloop N < @ is
called normal in Q if tN = Nz; x(yN) = (xy)N; N(zy) = (Nx)y for every
r,y € Q. A loop L is power-associative loop, if for any = € L, the subloop
generated by x is a group.

Now, Z(Q) = C(Q)NN(Q), and N(Q) and Z(Q) are subgroups of () but
in general C'(Q) is not even a subloop. Of course, if ) is Moufang then C(Q)
is a subloop of that (in fact, all of them, i.e. N(Q), Z(Q), and C(Q), are
normal in ) and the normality of C(Q) is a recent highly non-trivial result
by Gagola [12]). Also, we have centralizer of an element (as a commutant
of a singleton Cy(z) = C({x}), although generally it is not a subloop of Q.
But in special cases, such as if z € N(Q), it is a subloop. So, in general
the notion of centralizer is not so suitable and good tool in computations
in loop theory as in group theory. Generally, |Co(z)| 1 |Q| and we have not
the concept of conjugacy class and a theorem like |G : Cq(x)| = |Cl(z)]
in loop theory and even in Moufang loops. Although, as we will see in the
next sections, in some special cases this consideration is an advantage (for
example, if we want to show that an assumed finite Moufang loop is not
associative i.e., it cannot be a group).

Generally, there is an intimate relation between the groups and graphs,
and in many occasions properties of graphs give rise to some properties of
groups and vice versa. One of these graphs that has attracted the attention of
many authors is the non-commuting graph T associated with a finite group
G. It has been defined in [21] as follows. The vertex set of I' is G\ Z(G) with
two vertices x and y joined by an edge whenever the commutator of z and y
is not the identity. The non-commuting graph of a non-abelian finite group
has received some attention in existing literature. Recently, many authors
have studied the non-commuting graph associated to a non-abelian group.
They have shown that some classes of groups can be characterized (or at
least order characterized) with non-commuting graphs (for more details, see
[1, 10, 20]). Specially, Woldar has proved that all finite non-abelian simple
groups can be characterized with their non-commuting graphs [30].

In [2], we have introduced a similar concept for loops, specially for
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Moufang loops. So, we have defined the vertex set of this graph as V(I'g) =
Q \ C(G) with two vertices x and y joined by an edge whenever the
commutator of z and y is not an identity. Note that as in groups, a finite
loop @ is commutative if and only if V(I'g) = 0 and so I'g is the null graph.
We have proved in [2] that these graphs are connected with diameter at most
6 and girth 3.

In this paper, we are going to associate a new graph to a finite non-
associative Moufang loop, call it non-associating graph of this loop, and try
to derive its important and interesting graph properties. Then we a going
to determine its relationship with its non-commuting graph. We define this
graph as follows. Let M be a non-associative Moufang loop with nucleus
N(M). The non-associating graph associated to M is a graph with vertex
set M\ N (M) where distinct non-nuclear elements x and y of M are joined
by an edge iff for some z ¢ M we have [z,y, z] # 1. Of course, N(G) = G
for a finite group G and so the set of vertices of the non-associating graph
of G is an empty set and it is a null graph.

Our notation for graphs is standard and one can consult [3] for the
graph concepts that we use here. But for convenience let us introduce some
necessary notation and definitions. For a graph I' we denote the sets of
vertices and edges of I" by V(I') and E(I'), respectively, or simply denote it
by I' = (V, E'). The degree deg(g) of a vertex g in a graph I is the number of
edges incident to g. The neighbors of a vertex g, denoted by N(g), is the set
of vertices adjacent to g. Two graphs I'y and I'y are said to be isomorphic
if there exists a bijective map ¢ : V(I';) — V/(I'y) such that x and y are
adjacent in I'; iff p(x) and ¢(y) are adjacent in I'y. If two graphs I'y and Iy
are isomorphic, we denote this by ¢ : I'y = I'y or simply I'y = I's. It is easy
to see that if ¢ : I'y =2 T'y then |V(T'y)| = |V(I'2)| and |E(Ty)| = |[E(T)]. A
graph I is called k-regular if its vertices are of the same degree k. We consider
simple graphs i.e. undirected graphs with no loops or multiple edges. A path
P is a sequence vgejvies - - - exvr, Whose terms are alternately distinct vertices
and distinct edges, such that for any i, 1 < i < k the ends of ¢; are v;_; and
v;. In this case P is called a path between vy and v, . The number £ is called
the length of P. If vy and v, are adjacent in I" by an edge e, then PUex
is called a cycle. The length of a cycle defines the number of its edges. The
length of the shortest cycle in a graph I' is called girth of I' and is denoted
by girth(I'). A Hamilton cycle of T' is a cycle that contains every vertex of
I'. A graph is called hamiltonian if it has a Hamilton cycle. If v and w are
vertices in I then d(v,w) denotes the length of the shortest path between v
and w. The largest distance between all pairs of the vertices of I is called the
diameter of T" and is denoted by diam(I"). A graph I is connected if there is
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a path between each pair of the vertices of I'. A planar graph is a graph that
can be embedded in the plane so that no two edges intersect geometrically
except at a vertex both of edge are incident to. A graph I' = (V, E), is called
k-partite, k > 1, if it is possible to partition V' into k subsets Vi, Vs, ..., Vi
such that every edge of E connects a vertex of V; to a vertex of V; where

i j.

2 On the Classification of Moufang loops

To use in the next section, we summerize the spectrum of Moufang loops
here. So, the first natural question is:

For which orders m is there a non-associative Moufang loop?

The following Theorem has been proved by Chein and Rajah in [9] and leads
to an important corollary.

Theorem 1 ([9], Theorem 2.2). Every Moufang loop L of order 2m where
m odd, such that this Moufang loop contains a normal abelian subgroup M
of order m is a group.

Corollary 2 (|9], Corollary 3.1). If a Moufang loop L contains a normal
abelian subgroup M of odd order m, such that L/M is cyclic and if u? €
Z((u*, M)), for some generator uM of L/M, then L is a group.

We should now propose the following question: For which even value n,
every Moufang loop of order n must be a group? The answer is as follows.

Corollary 3 (|9], Corollary 2.3). Ewvery Moufang loop of order 2m is
associative iff every group of order m is abelian.

So, by the corollary above, there is a non-associative Moufang loop of
order 2m iff there is a non-abelian group of order m. Therefore, there is a
non-associative Moufang loop of order 2% iff £ > 3 and for every odd m > 1
there is a non-associative Moufang loop of order 4m. In the case of 2m, where
m is odd, we have the following result (which follows from a result in group
theory (see Lemma 1.8 in [9]): “If m = p{* ---pp*, where py < --- < py are
odd primes then every group of order m is abelian iff oc; <2, (i=1,...,k),
and p?j Z 1 (mod p;), for any i and j.”):

Theorem 4 ([9], Corollary 2.4). Let m > 1 be an odd integer. Then every
Moufang loop of order 2m is associative iff m = p{* - - - pp*, where py < -+ - <
pr are odd primes and
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(i) a; <2, foralli=1,... k,

(i1) p; #1 (mod p;), for any i and j,

(i) p5 # 1 (mod p;), for any i and j with a; = 2.

Also, for a Moufang loops of odd order, we have:

Theorem 5 (18], Theorems 1 and 2). Every Moufang loop of order
pgit - gt is associative if p < ¢ < -+ < q are odd primes, and if

one of the following conditions holds:
(i) « <3 and a; <2, foralli=1,...k,
(ii) p>5, a<4, and o; <2, foralli=1,... k.
O

Theorem 6 (|9, Theorem 2.1). Let L is a Moufang loop of order
pip2 - prq>, with py, o, ..., pr and q distinct odd primes. If ¢ Z 1 (mod p,)
and g #Z 1 (mod p;) for each i > 1, , then L is a group.

So, by the theorem above, for any prime p, none of Moufang loops of
order p,p?,p* are non-associative; none of Moufang loops of order p* are
non-associative unless p = 2,3. Moufang loops of order pg, where p and ¢
are distinct primes, are associative. So are Moufang loops of orders pgr, and
p?q, (p, ¢ and r distinct odd primes). By a theorem in [27], a non-associative
Moufang loop of order pg®, where p < ¢ are oddprimes, exists iff ¢ =
1 (mod p). In [15] and [23], Goodaire, May, Raman, Nagy and Vojtéchovsky
classified all non-associative Moufang loops of order 3* = 81 and 64. They
proved that there are 4262 pairwise nonisomorphic non-associative Moufang
loops of order 64, and there are 5 pairwise nonisomorphic non-associative
Moufang loops of order 81, 2 of which are commutative. All 5 of these loops
are isotopes of 2 commutative ones. In [22]|, Nagy and Valsecchi have shown
that there are precisely 4 non-associative Moufang loops of order p° for every
prime p > 5. Finally, Slattery and Zenisek classified all non-associative
Moufang loops of order 243 in [28]. Therefore, the classification of non-
associative Moufang loops of order p* and p°® is now complete. Of course,
much more is known but in general the problem is open.

Table 1 gives the number of pairwise nonisomorphic non-associative
Moufang loops of order n for every 1 < n < 64 and n = 81,243 for which at
least one non-associative Moufang loop exists.
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Table 1. The number M (n) of non-associative Moufang loops of order n
less than or equal to 64 and n = 81, 243.

n 12116 |20 |24 | 28|32 | 36 |40 | 42
Mmn)|| 1|5 1|5 1|71 4 ) 1

n 44 | 48 152 | 54 | 56 | 60 | 64 | 81 | 243
M(n)| 1 [51] 1| 2| 4|5 [4262]| 5 | 72

Table 2 shows the commutant, nucleus, center, centralizer, and nucleizer
sizes of all non-associative Moufang loops of order n up to 64 and order
n = 81. They have been calculated by GAP codes, [14].

Table 2. Commutant, nucleus, center, centralizer, and nucleizer sizes of all
non-associative Moufang loops of order n < 64 and n = 81.

[ M =M(m,n) [ TGO T INGOT T 1Z(M)] | [Cp(@)] [ N (@]
M(12,1) 1 1 1 12,8,3 12,3,2
M(16,1) 2 2 2 16,12,4 16,4
M(16, 2) 2 2 2 16,4 16,4
M (16, 3) 2 2 2 16,4 16,4
M(16,4) 2 2 2 16,12, 4 16,4
M(16,5) 2 2 2 16,12, 4 16,4
M(20,1) 1 1 1 20,12, 5 20, 5, 2
M(24,1) 2 2 2 24,16, 6 24,6,4
M (24, 2) 1 1 1 24,16, 8, 3 24,4,3,2
M(24,3) 2 2 2 24,6,4 24,6,4
M (24, 4) 2 2 2 24,16, 6 24,6,4
M (24,5) 2 2 2 24,6, 4 24,6, 4
M(28,1) 1 1 1 28,16,7 28,7, 2
M(32,n), n = 1,10, 11, 4 4 4 32,24,8 32,8

19, 23,24, 39 — 41, 60, 70
M(32,n), n = 2,5, 16, 21, 35, 49, 50, 4 4 4 32,8 32,8

52 — 54, 56, 58, 62, 65 — 67, 71
M(32,n), n = 3,14, 15, 18, 20 2 32,24,16,8 32,8, 4
M(32,n), n=4,42 — 48,51, 4 4 4 32,24, 16,8 32,8, 4

55,57, 59, 61, 63, 64, 68, 69
M(32,n), n = 6,25,26,29, 30, 36 2 4 2 32,24, 16,8 32,24, 16,8
M(32,n), n =17,27,37 2 2 2 32,20, 8 32,20, 8
M(32,n), n=8,31 — 34 2 2 2 32,20,12,8,4 32,20,12,8,4
M(32,n), n=9,28,38 2 2 2 32,8,4 32,8,4
M(32,n), n =12, 13,17, 22 2 4 2 32,8,4 32,8, 4
M(36,1) 1 1 1 36,24,18,9,6 36,9, 6
M(36,2) 1 1 1 36,20, 9 36,9, 2
M(36,3) 1 1 1 36,20, 9 36,9, 2
M (36, 4) 3 3 3 36,24, 9 36,9, 6
M (40, 1) 2 2 2 40, 24,10 40, 10,4
M (40, 2) 2 2 2 40, 10,4 40, 10,4
M (40, 3) 1 1 1 40,24,12,5,4 40,5, 4,2
M (40, 4) 2 2 2 40, 24,10 40, 10,4
M (40, 5) 2 2 2 40, 10,4 40, 10,4
M(42,1) 1 1 1 42,7,3,2 42,7,3,2
M(44,1) 1 1 1 44,24, 11 44,11,2
M(48,n), n =1,17,19, 37,42 4 4 4 48, 32,12 48,12,8
M(48,n), n = 2,51 2 2 2 48, 32,16, 6 48,8,6,4
M(48,n), n = 3,6, 27, 28, 43 2 4 2 48,32,24,16,12,8 | 48,12,8
M(48,n), n = 4,21,22,33 2 6 2 48,32, 24,12 48,12
M(48,n), n = 5,32, 34 2 6 2 48,24,12,4 48,12
M(48,n), n =17,35,46 2 2 2 48,28, 12 48,12, 4
M (48,7n), n = 8,36, 45 2 2 2 48,12, 4 48,12, 4
M (48, 9) 1 1 1 48,32, 28,20, 4, 3 48,8,4,3,2
M (48,7n), n = 10, 50 2 2 2 48,6, 4 48,6,4
M(48,7n), n = 11, 25,26 2 4 2 48,24,12,8,4 48,12, 8
M(48,7n), n = 12,23,24, 41, 44 2 2 2 48,36,28,20,12,4 | 48,12,4
M(48,7n), n = 13,14, 31 6 6 6 48,36, 12 48,12
M (48,n), n = 15, 16, 48, 49 2 6 2 48,36,24,12,4 48,12
M (48,n), n = 18,20, 38 — 40,47 4 4 4 48,12,8 48,12,8
M (48,n), n = 29, 30 6 6 6 48,12 48,12
M(52,1) 1 1 1 52, 28,13 52,13, 2
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[M=MMm,n) [ [COM] [ INA[ [ TZAD[ [ [Cp (=) [ INam ()] ]
M(54,1) 1 I I 54, 27,9, 2 54,9, 6
M (54, 2) 1 3 1 54,27,9,2 54,9,6
M(56,1) 2 2 2 56,32, 14 56,14, 4
M (56, 2) 2 2 2 56,14, 4 56,14, 4
M (56, 3) 2 2 2 56,32, 14 56,14, 4
M(56,4) 2 2 2 56,14, 4 56,14, 4
M(60, 1) 1 3 1 60,36,15,12,6 60, 15,6
M (60, 2) 1 5 1 60, 40, 30, 20, 15, 10,8 | 60, 15,10
M (60, 3) 1 1 1 60,32, 15 60, 15, 2
M (60, 4) 3 3 3 60, 36, 15 60, 15,6
M (60, 5) 5 5 5 60, 40, 15 60, 15, 10
M(81,1) 81 3 3 81 81,9
M(81,2) 81 3 3 81 81,9
M(81,3) 9 3 3 81,27 81,9
M(81,4) 9 3 3 81,27 81,9
M(81,5) 9 3 3 81,27 81,9

3 Preliminary Results

There is a class of non-associative Moufang loops, first defined by Chein
[7], that is well understood. Let G be a group of order n, and let u be a new
element. Define a multiplication o on GU Gu by go h = gh, go hu = (hg)u,
guoh = (gh™Hu, guo hu = h~'g, where g,h € G. The resulting loop
(G U Gu,0) = M(G,2) is a Moufang loop. It is non-associative iff G is
non-abelian.

Let m(m) be the number of isomorphism types of non-associative
Moufang loops of order at most m and o(m) the number of non-associative
loops of the form M(G,2) of order at most m. Then according to Chein’s
classification [8] 7(31) = 13, ¢(31) = 8, 7(63) = 158, ¢(63) = 50.
This displays clearly the plenty of loops of type M(G,2) among Moufang
loops of small order and mainly by this fact they play a distinguished role
in a classification of Moufang loops. It has been proved that M(G,?2) is
isomorphic to M(H,2) iff G is isomorphic to H (see, for example, [31]).
Thus, we obtain as many non-associative Moufang loops of order 2n as there
are non-abelian groups of order n.

Let us prove some useful facts about Chein loops.

Lemma 7. In every Moufang loop M = M(G,2), we have ¥g,h € G:
(i) guoh = hogu iff h* = 1;
(ii) guohu = huogu iff (g71h)? = 1.
Also, if gh = hg then gu o hu = hu o gu iff g*> = h?.
Proof. The proof is clear by the definition of M(G,2). O

Lemma 8. Let M = M(G,2) be a finite Chein loop. Then the following
assertions hold.
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(i) If h € G and h? # 1 then Cpr(h) = Cg(h) (in this case Cyr(h) is a
subgroup of M );

(ii) If h € G and h* =1 then Cy(h) = Cg(h) U Gu;
(iii) Let I ={t € G | t* = 1}. Then for every g € G, Cy(gu) = I U (gI)u.

Proof. (i) Let h € G and h? # 1. Then by Lemma 7(i) we have hogu # guoh,
Vg € G, and so Cy(h) = Cg(h).
(ii) Let h € G and h* = 1. Then by Lemma 7(i), we get h o gu = guo h,
Vg € G, and so Cy(h) = Ce(h) U Gu.

(iii) Let g be any element in G and I = {t € G | t* = 1}. Then by
Lemma 7(ii) we have:

Cu(gu) ={teG|t?* =1} U{au € Gu | guozu = ruo gu}
=ITU{zu e Gu| (z71g)* =1}.

Now, one can easily verify that, {zu € Gu | (z7'g)*> = 1} = (g)u and so

Cy(gu) = ITU (g)u. O
It follows immediately that:

Corollary 9. Let M = M(G,2) be a finite Chein loop. Then the followin

assertions hold.
(i) If h € G and h* # 1 then |Cyr(h)| = |Ca(h)];
(ii) If h € G and h* = 1 then |Cy(h)| = |Ca(h)| + |G;

(iii) If g € G then |Cy(gu)| = 2t + 2, where t is equal to the number of
involutions in G.

The following lemma is a part of Lemma 9.1 in [11].

Lemma 10. Let G be a non-abelian group and M = M(G,2). Then the
following assertions hold.

(i) N(M) = Z(G);
(i) C(M) C G. Precisely, C(M) = Z(M) ={zx € Z(G) | 2* = 1}.

Proof. (i) Since G is a non-abelian group, there exist elements y,z € G
such that y 127! # 271y~ and so for any x in G, - yz~ ! #2271yt or
x-yzt#x- 27y~ Hence, (- yz~')u # (z - 271y~ 1)u which is equivalent
to xuo (yoz) # (xuoy)oz. This means that GuN N(M) = (). On the other
hand, one can easily show that z € G is in N(M) iff z € Z(G).
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(ii) Since G is non-abelian there is h € G such that h? # 1 and so by
Lemma 7(i) GunN C(M) = 0 and so, C(M) C G. By Lemma 8(i), C(M) =
{x € Z(G) | 2* = 1}. So, by part (i) C(M) C {z € Z(Q) | 2* = 1} C
Z(G) = N(M). Now, Z(M) = N(M) N C(M) = C(M). O

Lemma 11. Let G be a non-abelian group and M = M(G,2). Then for any
g,h,k € G the following assertions hold:

(i) lg,h,ku] =1 < [g,h] = 1;
(ii) (g, hu, ku) =1 < [g,k~'h] = 1;
(iii) [gu, hu, ku] =1 <= gh™'k = kh™g.

Proof. Let g,h and k be arbitrary elements in G. Then by definition of
M = M(G,2) we have:
(i)

g,h,ku] =1 <= go(hoku)=(goh)oku
< go((kh)u) = (gh) o ku
< (kh)g = k(gh)
<= hg=gh
<~ [g,h] =1.
(i)
lg,hu, ku] =1 <= go(huoku)= (gohu)oku
<= go(k™'h) = (hg)uo ku
<= g(k7'h) = k~'(hg)
<~ [g,k7'h] =1.
(i)

[gu, hu,ku] =1 <= guo (huoku) = (guo hu) o ku
<= guo (k7'h) = (h7tg)oku
= (g(k~ )" u = (k(h™"g))u
< gh 'k =khlyg.

]

Now, we define a new concept in Moufang loops and try to obtain some
elementary properties of it.

Definition 12. Let M be a Moufang loop and x € M. Define the nucleizer
of z in M as follows:

Ny(z)={y e M | [z,y,2] =1,Vz € M}.
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So, somehow, nucleizers of elements in loop theory can play a role similar to
one of centralizers of elements in group theory.

Lemma 13. Let M be a Moufang loop. Then the following assertions hold:
(i) Ny(x) = M, Yz € M iff M is associative;

(i) N(M) = (Vpens Ny (2);

(ii) 1 € Ny(z) and y=', 2"y, yx™ € Ny(z) for any y € Ny(x), here n is
any integer.

Proof. (i) and (ii) are trivial.
[(iii)] It is clear that 1 € Ny(x), Vo € M. By Lemma 5.5 in [4] in any
Moufang loop the following identities are equivalent:

[[a,b,c],a] =1 = la,b,c] = [a,ab, ].

Therefore, if y € Ny (z) then [z,y,z] = 1, Vz € M by definition and so
[[z,y, 2], 2] = 1 and this is equivalent to [z, vy, z] = [z, zy, z] by above. Thus,
[z,zy,2] = 1, V2 € M and so by definition of nucleizer, zy € Ny (z).
Now, it follows by induction on n and diassociativity of Moufang loops
that [z,2"y,z] = 1, V2 € M and so 2"y € Ny(x), Vn € N. Also, by
elementary properties of Moufang loops (see, for example, Lemma 4.1 in
[4]), the equation [a,b,c] = 1 implies each of the equations obtained by
permuting a, b, ¢ or replacing any of these elements by their inverses. So,
[z,y,2] =1, V2 € M implies [x71,y,2] = 1, Vz € M which itself implies
that [x71, 27"y, 2] = 1 = [z,27 "y, 2], Vz € M for every natural number n.
Thus, 2™y € Ny(x), Vm € Z.

On the other hand, by Lemma 5.4 in [4] in any Moufang loop we have
la,b,c] = [a,bc,c]. So, if y € Ny(x), [z,y,2] = 1 = [z,yx,z]|, V2 € M.
Hence, yr € Np(x). The rest of the proof is similar and we can deduce
yz™ € Ny (z) for any integer m.

Finally, since y € Ny (2), [z,y,2] = 1, Vz € M implies [z,y ', 2] =
1, Vz € M by above, we have y~! € Ny (). This competes the proof.  [J

1

One may compare the above properties with those of centralizers in group
theory (recall that for a group: G, Cg(z) = G iff G is commutative; Z(G) =
Nsec Ca(x); and for any o € G, Cg(x) is a subgroup of 7). But, in general,
nucleizers of elements in a Moufang loop have not a strong structure like
centralizers of elements in a group. For example, we have |G : Cg(x)| =
cl(z) = z¢ for any element * € G but we can not prove an analogous
result about nucleizers in general. However, in the class of Chein loops the
situation is completely different and we show that the nucleizer of an element
is a subgroup of the loop.
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Proposition 14. Let M = M(G,2) be a Chein loop. Then for any x € M
the nucleizer of x in M 1is equal to:

M, r e N(M) = Z(G);
Nu(z) =4 Cela), v € G\ Z(G);
N(M)UN(M)z, =€ M\G.

Proof. We can write Ny (x) as:
{yeG|lx,y,2]=1, Ve M} U{yu |y € G, [x,yu,z] =1, Vz € M},
First, let z € G. Then If y € G and [z,y, 2] = 1, Vz € M then
[z,y,t] =1, [z,y,tu] =1, Vt € G,

and so by Lemma 11 (i), we have [z,y] =1 or y € Cg(x). But if [z,yu, 2] =
1, Vz € M (y € G) then by Lemma 11 (i) again we have [z, z] =1, Vz € G.
Thus x € Z(G). Hence, by Lemma 10(i), x € N(M). That is, Ny (z) =
M. Also, if x ¢ Z(G) = N(M), then Ny (x) = Cg(x), since {yu | y €
G, [r,yu,z] =1, Vz € M} = 0.

Now, let © = tu € M \ G = Gu, where t € G. Let y € G. Then, if
[z,y, 2] = [tu,y,2] = 1, Vz € M we also have [z,y, z] = [tu,y,z] =1, Vz €
G. So, by Lemma 11(i), [y, 2] = 1, Vz € G. Thusy € Z(G) = N(M). Also, if
[tu,yu, z] =1, Vz € M then [tu, yu, z] = 1, Vz € G and so by Lemma 11(ii)
we obtain [z,t7'y] = 1, Vz € G and therefore, 7'y € Z(G) = N(M),
i.e. y € N(M)t. This means that yu € N(M)tu. Finally, if [tu, yu, zu] =
1, Vz € G, then [tu,yu, 2] = 1, Vz € G, by Lemma 11 (iii) we have ty =1z =
zy~t, ¥z € G. Since, by above, t7ly,y71t € Z(G) we get ty 'z = yltz
and so ty~' = y~, which means y € Cg(t). That is, yu € Cg(t)u. Now,
N(M)tu C Cg(t)u. Therefore, yu € N(M)tu N Cq(t)u = N(M)tu. O

Corollary 15. Let M = M(G,2) be a Chein loop. Then for any x € M,
the nucleizer of x in M, Ny(x), is a subgroup of M.

Proof. This is clear by the structure of Ny;(z) in Proposition 14 (in the case
N(M)UN(M)x, where x € M \ G, by definition of nucleus, Va,b € Ny (x),
ab € Ny(z) and also Ny (x) is associative). O

Now, we can deduce easily the well-known result about Chein loops again:

Corollary 16. Let M = M(G,2) be a Chein loop. Then M is associative
iff G is abelian.



Non-associating and non-commuting graphs of a finite Moufang loop 39

4 Some properties of the non-associating
graph in finite Moufang loops

To derive the results of this section, the GRAPE package for GAP [29]
has helped us well. In section 1, we defined the non-associating graph of a
finite Moufang loop as follows. Let M be a non-associative Moufang loop
with the nucleus N(M). The non-associating graph I'y; associated to M is
the graph with vertex set M \ N (M) where distinct non-nuclear elements
x and y of M are joined by an edge iff [x,y, 2] # 1 for some z &€ M. So,
by the definition of nucleizer the degree of each vertex x of I', is equal to
M \ Ny(z) and we have the following preliminary properties of this graph:

Proposition 17. Let M be a finite Moufang loop, I'y; its associated non-
associating graph, and p(M) the sum of degrees of vertices for this graph.
Then the following assertions hold.

1) p(M) = Yievirpdes(®) = Foey |M \ Nu(z)] = [M]* -
2 wens [Nm ()]

(i) of M = M(G,2) then p(M) = |G|(4|G| — k(G) —3|Z(G)|), where k(G)
is the class number (number of conjugacy classes) of G.

Proof. (i) It is obvious because of the definition of non-associating graph.
(ii) By Lemma 10, Proposition 14, and Corollary 16, we can write:

p(M) =3 evr,, deg(x)
=2 went M\ Nu ()]
= [MJ* = > penr INm(2)]
= |MJ? - erG\Z(G) [N ()]
- erZ(G) [N ()| — erM\G |Nar(z)]|
= |MJ? - erG\Z(G) |Ca ()]
- erZ(G) |M| — erM\G IN(M)UN(M)zx|
= |M|* - erG\Z(G) |Ca ()]
— 2 wez6) 2Gl = 2perna 214(G)]
= |MJ* - (erc\z(c) |Ca(x)] + erz(c) G)
— 2wez@) Gl = 2seana 212 (G)
= |MP? =3, |Ca(@)| = |Z(G)||G] - 2|Z(G)||G]
= [MP? = [k(G)|IG] = 3|Z(G)||G|.

So, we have p(M) = |G|(4|G| — k(G) — 3|Z(@)]). O
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In [1], it has been shown that the non-commuting graph of every group is
always connected, with diameter 2 and girth 3. Also in [2], the author of this
paper has shown that the non-commuting graph of every non-associative
Moufang loop is always connected with diameter at most 6 and girth 3.
Further, we show that the non-associating graph of every Chein loop is
always connected. To prove this we need the following tools.

Lemma 18. Let G be a non-abelian group and M = M(G,2). Let ' be the
non-commuting graph of G and I"y; the non-associating graph of M. Then
I'¢ is an induced subgraph of T'y;.

Proof. By Lemma 10, N(M) = Z(G), and by Lemma 11, we have
[g,h,ku] =1 <= [g,h] = 1.

for all g,h, k € G.
So,
l9,h] #1 < 3k € G;[g, h, ku] # 1.
Hence, {g,h} is an edge of I' iff {g, h} is an edge of I'y;. ]

Lemma 19. Let G be a non-abelian group and M = M(G,2). Let I'y; be
the non-associating graph of M. Then {x,g} is an edge of Iy for every x
in Gu and every g in G\ N(M). Also, for every x,y € Gu, the pair {x,y}
is an edge of Ty iff y & N(M)x.

Proof. Let + € Gu and g € G\ N(M). Then = = tu, where t € G. In
contrary, let x be not connected to g in I'y;. Then

xo(goz)=(rog)oz, Vze M,
= xzo(goz)=(rog)oz, Vz € G,
— (tu)o(goz)=((tu)og)oz, VzeQaq,
= (t(92) Hu = (tg7Huo 2, Vz € G,
= (tz7'g Hu= (tg 'z Yy, Vz e G,
= tz g7l =tg7 a7t Vz e G,
= zlgl=gt27t, Vz e G,
= g€ Z(G).

(or by Lemma 11 (i), [tu,g,2] = 1iff [g,2] =1, Vz e G iff g € Z(G)). But
N(M) = Z(G) and we get a contradiction to the hypothesis g € G\ Z(G).
Therefore, {z, g} is an edge of I'y,.
Now, let y € N(M)z. Since
N(M)z = {gox|ge N(M)=Z(G)}
= {gotulge Z(G)}
= {(tg)ulg e 2(G)},
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we have by Lemma 11 (i) [z,y, 2] = [tu, (tg)u, z] = 1 iff 1 = [z, (tg) ]
[z,g7"] for all z € G. This holds since g € Z(G). Also, by Lemma 11 (iii
for all zu € Gu we have [z,y, zu] = [tu, (tg)u, zu] = 1 iff t(tg) 'z = 2(tg) ™"
iff tg~'t712 = 2¢~', which holds again since g € Z(G). Therefore, by the
definition of the non-associating graph, x is not connected to elements of
N(M)z.

On the other hand, if x € Gu is connected to y € Gu then by the
definition of a non-associating graph we have

~ —

3:€M; wo(yos) £ (voy)ox
Let z = tu and y = su. Then if z € G we have
ro(yoz)=tuo(suoz)=tuo (sz u=(sz7 ')t =25t
and
(roy)oz=(tuosu)oz=s "t -z=s 'tz

Now, we have zs71t # s7'tz and so s™'t ¢ Z(G) = N(M). Hence we get
s & N(M)t. This means that y = su & N(M)tu = N(M)z. This completes
the proof. l

Proposition 20. Let G be a non-abelian group and M = M(G,2). Then
Iy is connected with diam(I'y,) = 2 and girth(I'y,) = 3.

Proof. By above remarks, ['¢ is connected, of diameter 2, and girth 3.
Moreover, by Lemma 18 this graph is an induced subgraph of I'; and also by
Lemma 19 every element in Gu is connected to every vertex in I'. Therefore
diam(I"y/) = 2 and girth(I'y,) = 3. O

Let Ds,,, be the dihedral group of order 2m. Consider the following
presentation for Dsy,,:

Ds,, = <a,b | a™ =b*=1,ba = am_1b>.

We know that the center and number of involutions ¢ of D, can be find as
follows:

{1,a?}, Vm even,

Z(D2m) = {

1, Vm odd;
. m+ 1, Vm even,
B m, Vm odd.

Here, we want to give some elementary properties about the non-
associating graph of the non-associative Moufang loop M (Dsy,,,2) of order
4m.
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Lemma 21. Let M = M(Dyy,,2) and I' = T'yy be its non-associating graph.
(a) If m is odd then:
(i) N(M) =1 and |V(I')] =4m — 1;

(i) Yo € M,
dm, =1,
Ny(x)=<am, z=da (1<i<m-1),
2, x # a’

(i) Va € M\ N(M),

3m, r=ad (1<i<m-1),
deg(z) = {4m—2 r # a;

(V) Ypers INur(@)| =m? +9 3,0y deg(x) = 3m(5m — 3),
()| = =9,

(b) If m is even then:
(i) N(M)={1,a=} and |[V(T')| = 4m — 2;
(i) Vo € M,

4m, 33:1,CL%,
Nu(z)| ={m, z=d (1<i<m-—1i#m),
4, T # a’;

(iii) Vo € M\ N(M),

3m, r=ad (1<i<m-1),
deg(z) = {4m—4 T # a;

(iv) Y sen [Nu(x)] = m* + 18m, > zev(r deg(z) = 3m(5m — 6),
3m(5m — 6
() = om0,
Proof. By Lemma 8 and Corollary 9, parts a(i), a(ii), b(i), and b(ii) easily
follow. Parts a(iii) and b(iii) follow from parts a(ii), b(ii) and the assertion
deg(z) = |M \ Ny(z)|, for all x € V(I'), at once. Finally, parts a(iv) and
b(iv) are trivially calculated from parts a(ii), b(ii), a(iii) and b(iii). O



Non-associating and non-commuting graphs of a finite Moufang loop 43

Let S,, and A,, denote the symmetric and alternating groups of degree
n respectively. We know from elementary group theory that Z(S,) = 1 for
every n > 3, and Z(A,) =1 for every n > 4. Now, from these facts, we can
deduce the following lemma.

Lemma 22. Let M = M(S,,,2) and L = M(A,,2). Then
(i) Vn >3, [Z(M)] = |C(M)| = [N(M)| = 1;
(i) Vn > 4, |Z(L)] = [C(L)| = [N(L)] = 1.

Proof. Both parts of the lemma follow from the above facts about the centres
of S,, and A,, and Lemma 10. l

Remark. Let M be a finite non-associative Moufang loop. If L is any Moufang
loop such that I';, = T'y; then |V(I'y)| = |V(I'y)| and so |L| — |N(L)| =
|M| —|N(M)]|. Since M is finite so is, L — N(L) and since N (L) is a normal
subloop of L, it is of finite index in L and |[N(L)| <|L — N(L)|. Thus N(L)
is finite. Now, |L : N(L)||N(L)| = |L|, and so L is finite.

Also, M is non-associative and so |[M — N (M)| # 0 implies |L — N(L)| #
0. Consequently L must be non-associative.

Now, if I';, =2 I"ys, we have

INDI(L = N(L)| = 1) = [N(M)[(|M = N(M)| = 1).

5 Characterization of Moufang loops of small
order by their non-associating graph

As an application of the previous results, in this section we want to
characterize some of Moufang loops up to order 63 by their non-associating
graph. Of course, by Remark the non-associating graph of a finite non-
associative Moufang loop can not be isomorphic to that of a finite group.

The following results are true for non-commuting graph of finite Moufang
loops (see |2]) and we generalize them to non-associating graph of finite
Moufang loops.

Lemma 23. Let M be a finite Moufang loop with |N(M)| = 1. Let L be
any Moufang loop with Ty = Ty If there is x € V(T'yy) such that deg(x) =
|M| — 2 then [N(L)| =1 and |L| = |M]|.
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Proof. Since I', = I'y; we have |L| — |[N(L)| = |M| — 1 and also there is
y € V(I'p) such that deg(y) = |L| — |[N(L)| — 1. Suppose that |[N(L)| > 1.
Then 31 # z € N(L). Consequently yz € V(I'y) and also [y, yz,t] = 1 for
all t € L. Hence {y,yz} ¢ E(I'r) and so deg(y) < |L| — |N(L)| — 2, which is
a contradiction. Therefore |[N(L)| =1 and |L| = |M]|. O

Lemma 24. Let M be a finite Moufang loop with |N(M)| = 1 and order
p+1, p an odd prime. If L is any Moufang loop with T, = Ty then |[N(L)| =
1 and |L| = |M].

Proof. By remark, since I'y, = "y, L is also finite and we have:
IN(D)I(IL = N(L)| = 1) = [M]| = [N(M)] = p.

So, [IN(L)| =1or |[N(L)| = p. If IN(L)| = 1 then |L| = |M]| as required. But
if [IN(L)| =pthen |L: N(L)|—1=1andso |L| = |N(L)||L: N(L)| = 2p.
But the only Moufang loops with order 2p are associative ones (groups), we
get a contradiction. O

Example 25. Consider M = M(S,,2). By Lemma 22(i) |[N(M)| = 1 for
every n > 3. We have |M| = |M(S,,2)| =2 -n!land so |[V(['y)| =2-n! —1.
Therefore, for such values of n that 2-n!—1 is prime the order of M is p+1
and by Lemma 24, if L is any Moufang loop with I';, 2 T'); then |N(L)| =1
and |L| = |M|. For example, if 3 <n < 7orn=14,1517, then 2-n! — 1 is
a prime, but for the other values of 2 < n < 20 it is not.

Also, consider L = M(A,,2). Again by Lemma 22(ii) |[N(L)| = 1 for
every n > 4. We have |L| = |[M(A,,2)| = n!l and so |V(I'y)| = n! — 1. Hence
for such values of n that n! — 1 is prime, the order of L is p + 1 and by
Lemma 24, if L; is any Moufang loop with I';, 2 T';, then |[N(L;)| = 1 and
|L| = |Ly|. For example, if n = 4,6,7,12,14,30 then n! — 1 is prime, but
for the other values n such that 3 < n < 30 it is not. In fact, from number
theory, we know that for every prime p > 5, the number (p — 2)! — 1 is not
prime (Wilson’s theorem guarantees that p | (p —2)! — 1) and n! +1 are
composite pairs for 4000 < n < 6000! On the other hand, 6380! + 1 and
6917! — 1 are prime numbers. So, in practice it’s very rare that either of
n! £ 1 are prime (see, for example, [6]).

Corollary 26. Let M be a non-associative Moufang loop of order 4m, where
m > 3 is an odd positive integer. Let [N(M)| = 1 and 4m — 1 be a prime
number. Then |L| = |M| for every Moufang loop L such that I'y, = T'y.
Particularly, if m is also prime then L = M.
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Proof. Since 4m — 1 is prime, |M| = p + 1, where p is prime and since
IN(M)| = 1, by Lemma 24 we have |[N(L)| = 1 and |L| = |M|. Now,
if moreover m is also prime, since |L| = 4m and the only non-associative
Moufang loop of this order (up to isomorphism) is M (Da,,,2) (see |5]). So,
L=M. O]

By the above lemma or its corollary we can characterize Moufang loops
of order 12,20, 42,44 by their non-associating graph.

Theorem 27. Let M be a finite non-associative Moufang loop. Let | M|
s equal to one of the numbers 12,20,42,44. If L is a Moufang loop with
¢:T'p =Ty then L= M.

Proof. By remark, L is non-associative and finite. By Tables 1 and 2,
the non-associative Moufang loops of order 12,20,42,44 are unique up to
isomorphism and all of them have trivial nuclei. In each case |M| = p + 1,
where p is an odd prime and so by Lemma 24, we have |L| = |M| and if L
is non-associative then by uniqueness of M we get L = M. Also, L can not
be associative since the non-associating graph of a group is null. O]

Theorem 28. Let M be a finite non-commutative non-associative Moufang
loop of order 28. If L is a Moufang loop with ¢ : 'y, = 'y, then L = M.

Proof. By remark, L is non-commutative and finite. By Table 2, the non-
associative Moufang loop of order 28 is unique up to isomorphism and has
the trivial nucleus. Then by the above considerations we have

IN(D[(IL: N(L)| = 1) = 27,

and so we have four cases:

Case 1. |[N(L)| = 1. Then |L| = |M| = 28. We know that L cannot be
associative since the non-associating graph of a group is null and therefore
L is also non-associative. So, L = M.

Case 2. |[N(L)| =3. Then |L : N(L)| — 1 =9 or |L| = 30. Since there is no
non-associative Moufang loop of order 30, L must be a group, so this case
is impossible.

Case 3. |[N(L)| = 9. Then |L : N(L)| —1 = 3 or |L| = 36 but by Table
2 non-associative Moufang loops of order 36 have a nucleus with 1 or 3
elements. Therefore, similarly to Case 2 L is not a group. So this case is not
possible either.

Case 4. |[N(L)| =27. Then |L : N(L)] —1=1or |L: N(L)| = 2 and this
is not possible by Table 2. This completes the proof. l
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At the end of this section, we state the following problem about a
characterization of all small Moufang loops up to order of 64 and orders
n = 81, 243, which are known and defined to LOOPS package [24].

Problem 1. Determine all small Moufang loops, up to order of 64 and
orders n = 81, 243 which can be characterized by their non-associating
graphs.

6 Characterization of Paige loops
(non-associative finite simple Moufang
loops) by their non-associating graphs

In 1956, L. Paige in [25] constructed a Paige loop for every field GF(q)
(of course, he did not call them Paige loops). Thirty years later, M. Liebeck
in [19] showed that there are no other Paige loops (non-associative finite
simple Moufang loops). It is customary to denote the unique Paige loop
constructed over GF(q) by M*(q). An easy argument of Paige [25], shows
that M*(q) has ¢*(¢* — 1) elements when ¢ is even and ¢*(¢* —1)/2 elements
when ¢ is odd. So, the smallest Paige loop is M*(2) of order 120.

In 2006, Abdollahi, Akbari and Maimani proposed the following
conjecture [1]:

AAM’s Conjecture. Let P be a finite non-abelian simple group and G be
a group such that I'¢ = I'p. Then G = P.

Thereafter, this conjecture is verified for all sporadic simple groups, the
alternating groups in some papers by the first author of [1], and some others.
Finally, Solomon and Woldar proved it in [30]. So, coming back to finite
Moufang loops it follows that every associative finite simple Moufang loop
is characterizable by its non-commuting graph. Now, it is a natural question
that what happens about non-associative finite simple Moufang loop? Can
we characterize a Paige loop by its non-associating graph? Formally, we
propose it as a conjecture:

Conjecture. Let S be a finite non-associative simple Moufang loop and L
be a Moufang loop such that I'y = I'g. Then L = S.
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[Iycts L — cUeTHBI 43BIK IIEPBOrO MOpsiaka. Bcioay B jaHHOM cTa-

The MbI paccMaTpuBaeM L-CTPYKTYpbI U IpejrosaraeM 49To L COIepKUT
CHMBOJI OMHAPHOTO OTHOIIEHUS <, KOTODPBII MHTEPIPETUPYETCs KakK JIu-
HEHHBII MOPAJIOK B 9THX CTPyKTypax. Hacrosmas padora KacaeTcs MOHS-
THA €000 0-MUHUMAABHOCNMU, TTEPBOHAYAIBHO ITyOOKO HCCJIEIOBAHHOIO
. Makdepconom, 1. Mapkepom u 1. Creituxoprom B [1]. TTogmuoxkectso A
JINHEIHO YTIOPSIJIOUEHHON CTPYKTYPbl M Ha3bIBAeTCS 6biNYKAbLM, €CIIU JIJIs
mo0bIx a,b € A u ¢ € M Beaxwmit pa3, korga a < ¢ < b, Mbl umeem ¢ € A.
Caabo 0-MUHUMaALHOT cmPYKMypoti HA3BIBAETCS JTUHEHHO yIOPSI0YeHHAs
crpykrypa M = (M,=,<,...), Takas 4ro Jitoboe onpejeanmMoe (¢ napamer-
paMu) IMOJMHOMKECTBO CTPYKTYpPbl M siBjisieTcst 0ObeMHEHNEM KOHETHOTO
YUCIa BBIIYK/IbIX MHOXKecTB B M. Bemomuum, aro Takasi crpykrypa M
HA3BIBACTCS 0-MUHUMAALHOU, €CITH KazKI0€e OIpeIeinMoe (¢ mapaMeTpaMi)
[IOJIMHOYKECTBO CTPYKTYPbl M daBjgercd o0beInHeHHeM KOHEYHOIO YHCIIa
nHTepBaJIOB 1 ToueK B M. TakuMm obpasoM, cirabas o-MUHUMAJIHHOCTD $IB-
JisieTcst 00ODIIEeHneM O-MUHUMAJIBHOCTU. BelecTBeHHO 3aMKHYTBIE TOJIs C
COOCTBEHHBIM BBIIYKJIBIM KOJIBIIOM HOPMUPOBAHUS O0DECIIEUUBAIOT BayKHBIHI
npuMep c1abo O-MUHUMAJIBHBIX (HE O-MHUHUMAJIBHBIX) CTPYKTYD.

[Iycrs A, B — npou3BOJIbHBIE MTOJIMHOYKECTBA JIMHEHHO yHOPSI0YCHHOM
crpykrypbl M. Torma Beipaxkenne A < B o3Hadaer, 910 a < b Beskuii pas,
korjia @ € A u b € B. Boipaxkenne A < b osnagaer uyro A < {b}. Yepes
AT (u, coorBercrBenno, A~) GymeM 0603HAYATH MHOXKECTBO JIEMEHTOB b
paccMmaTpuBaeMoil cTpyKTyphI ¢ yeiaosuem A < b (b < A).

Onpepnenenne 1. 2] Ilycts T — ciabo o-munumasbias teopust, M — mo-

90
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CTATOYHO HACBINEHHAs MoJesb Teopun 1T u mycth ¢(x) — Hpoum3BOJIbHAS
M-onpenienumasi hopmysta ¢ OJIHO# CBOOOIHOI ITepeMeHHoi. Pane 6bnyk.ao-
cmu gopmyave ¢(x) (RC(P(x))) onpesemnsiercst cieLyIOmumm 00pasoM:

1) RC(¢(z)) > 1, ecu ¢(M) GeckoneqHO.

2) RC(¢(x)) > a+ 1, eciu CyIIECTBYIOT TAPAMETPHYIECKH OIIPEJIEINMOE
OTHOIIIEHNE SKBUBAIEHTHOCTH E(x,y) 1 OECKOHETHOE YUC/IO 9JIEMEHTOB
b;,1 € w, TakuWe 9TO:

e st JIIOOBIX ,] € w, BCAKUiT pa3 Korja ¢ # j Mbl umeem M |=

_‘E(bi’ bj)

e syt Kaxzoro i € w  RC(E(x,b;)) > o u E(M,b;) — BBIIIyKII0€
IOJIMHOKECTBO MHOXKecTBa ¢( M)

3) RC(¢(x)) > 9, ecim RC(¢p(x)) > o st Beex v < 6 (§ — mpe/IesibHbIA ).

Ecin RC(¢(z)) = « mig mekoToporo «, to Mbl roBopuM, uto RC(H(x))
oupezenserca. B nporusaoMm ciaydae (r.e. ecm RC(¢p(x)) > o 1a Beex ),
mbl nostaraeM RC(¢(x)) = oo.

B wactHOCTH, TeOpus MMeeT pPaHT' BBIITYKJIOCTH 1, €Cju He CYIIeCTBYET
oIpeIe/IuMOro (¢ mapamMerpaMiu) OTHOIIEHHUS 9KBUBAJEHTHOCTH ¢ GECKOHEY-
HBIM YHCJIOM BBITYKJIBIX OECKOHEYHBIX KJIACCOB.

B nacrosmeit pabore MbI HCCJIEIyeM BOIPOC COXPAHEHUS CBOICTB TpU
oboraleHnsIX MoJjieJieli CYeTHO KaTeropudHbIX CJIab0 O-MUHUMAJILHBIX TEO-
puit GuHapHBIME IpepuKaTamu. Panee B paborax [3]-[5] namm 6bu1 mccie-
JIOBAH BOIIPOC COXpaHEHUsl CBOHCTB IpU OOOralleHusx MoJeseil C4eTHO Ka-
TErOPUYHBIX CJIAO0 O-MUHUMAJIBLHBIX TEOPUN YHAPHBIME ITpejukaTaMu. Kak
u3BecTHO, B pabore [6] Baitxxanos B.C. mokaszai, uro oboraiiesne Moje-
i ¢1ab0 O-MUHUMAJIBHON TEOPUU YHAPHBIM IIPEJUKATOM, BBIJIEISIFOIIM KO-
HEYHOE YUCJIO BBIMYKJIBIX MHOYKECTB, COXPAHSAET CJIA0YIO O-MHUHUMAJIBHOCTD
oboramientoit Teopun. OHAKO B crydae 06orameHusi MOJIe/ I C1abo o-MUHU-
MaJILHO Teoprr OMHAPHBIM MIPEINKATOM, BBIJIEISIONIINM TP KaXKJI0M (PUK-
CUPOBaHHOM KaK II€pBOM, TaK K BTOPOM IIapaMe€Tpe€ KOHEYHOE YHNCJIO BbI-
IIYKJIBIX MHOXKECTB, O6OFaIHeHHaH Teopud MOZKeET ITOTePATDh C.Ha6yIO O-MUHU-
masibHocTh (IIpumep 4).

BenoMHEM HEKOTOpbIE MOHATHUS, IEPBOHAYAJILHO BBeJIeHHbIE B [1].
IIycts Y € M™ — (-oupenenumoe muoxkectso, m : M™™ — M™ — npo-
eKInsI, KOTopas 0TOpachiBaer Mmocje Hon Koopaunary, u Z = w(Y). Qg
Kaxkaoro a € Z uycrb Yz = {y : (a,y) € Y}. llpeamnonoxkum, 9ro s
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KaxKJI0ro @ € Z MHOXKECTBO Y; OIPDAHUYEHO CBEPXY, HO HE UMeeT CyIpPeMy-
ma B M. Ilycth ~ — ()-onpeiesmMoe OTHOIIEHUE SKBUBaJeHTHOCTH Ha M™,
OIIpeJIesIIEMOe CJICIYIOIIM 00Pa30oM:

a~bnaseex a,be€ M"\ Z, ma~b< supY, =supY;, ecm a,b € Z.

Iycrs Z == 2 / ~, U sl KazKJIOrO KOpTexka a € Z Mbl 0003HAYAEM ~-KJIaCC
KopTexka a depes [a]. CymecTByeT ecrecTBenHbIi ()-onpe e/ uMblil TuHeHHbIIT
nops/Iok Ha M U Z, onpejiesseMslil cieayomumM obpasoM. Ilycts @ € Z n
c € M. Torna [a] < ¢ Torjga u TOJILKO TOrja Korja w < ¢ JJIs BCeX w € Y.

Ecmm @ 4 b, To cymectByer HekoTOpBIt © € M, Takoii uro [a] < x < [b] win
[b] < x < [a]. Tlostomy < mHAynMpyeT JuHeitHbIit mopsaaoK Ha M U Z. Mo
Ha3bIBACM TaKOe MHOMKECTBO Z copmom (B JaHHOM cirydae, ()-ompeaemmbiv
coprom) B M, tie M — Je/IleKUH/I0BO IOTOJIHeHne CTPYKTyphl M, u pac-
cMaTpUBaeM Z KaK eCTECTBEHHO BIOKEHHYI0 B M. AHATOTHIHO MBI MOZKEM
NOJTy9uTh cOpT B M, paccMaTpuBasg HHOUMYMBI BMECTO CYTPEMYMOB.

Onpepnenenne 2. [1] Ilycre M — nuHe#HHO yHopsiodeHHasi CTPYKTYpA,
D C M — 6eckoneunoe muoxkectso, K C M, f: D — K — dyukius. By-
JIEM TOBOPUTD, 9TO [ ABJIAETCS A0KAADHO 603DACMAOWel (AOKAALHO Yoblea-
rowet, A0KaAbHO Koncmanmot) Ha D, ecim s jmoboro x € D cyriecTByer
6eckoneunbiit maTepsas J C D, comepxkariuil x, Takoit 94To f sABjsgeTcs cTpo-
0 BO3PAaCTaIOIIei (CTporo yOBIBaOIIEit, KOHCTaHToﬁ) Ha J.

Bynem takke roBoputh, 9To QyHKIUA f ABIICTCH AOKAALHO MOHOMOM-
noti va muO)KecTBe D C M, ecyin f siBjisiercst TuOO JIOKAIbHO BO3PACTAIOIIEIH,
JIOO JIOKAJILHO yObIBatoIei na .

IIpennoxenune 3. |7| Ilyemv M — caabo o-munumanvias cmpykmypa,
A C M, pe Si(A) — neanzebpauneckuts mun. Toeda mobas dynryua 6
A-onpedesumviti copm, obaacmov onpedeseHus Komopot co0epHcUm MHOMHCE-
cmeo p(M), Aasemcs AOKAABHO MOHOMOHHOT UAU AOKAALHO KOHCTNAHMOT
na p(M).

ITpumep 4. [Tycrs M := (R, <) — JuHeHHO yIopsiJioueHHas CTPYKTypa Ha
MHOKECTBE BemecTBeHHbIX yuces R. OueBuano, aro M — MOAEIb CIETHO
KaTeropuvIHoOl o-MuHUMaIbHOM Teopun. Oboratum Momesib M HOBbIM OuHAD-
HbIM oTHOIIeHNeM S (1, ) caeayonum obpazom: myetb M’ := (R, <, S?), tax
aro S(x,y) aBiasercs rpadukrom cieaytoreit yauapuoit ynkmnuu f: f(b) = 2b
st Kaxgoro b € Q u f(c) = —c s kaxgoro ¢ € R\ Q. OueBujno, 4aro
muoxkectsa S(a, M) u S(M,a) ABIAIOTCA OIHOIIEMEHTHBIME JJIsI KazKJ0T0
a € M, 1.e. OHU BBIIYKJIbIME MHOKecTBaMu. Tem He Menee, 3amedaem uto M’
He sIBJISIETCs CJ1a00 O-MUHUMAJIBLHON CTPYKTYPOIi, IOCKOJIBKY HE CyIIECTBYeT
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pazduennsa MHOXKecTBa R Ha KOHEYHOE YHMCJI0 BBIITYKJ/IBIX MHOYKECTB, Ha KarK-
JIOM U3 KOTOPBIX ompejenMasi yHKIuS f Oblaa Obl TOKAJTEHO MOHOTOHHOM
WK JIOKAJIbHO KOHCTAHTOIA.

3/1ecb MBI OI'PAHUYUMCS UCCJIEIOBAHIEM BOIIPOCA COXPAHEHUsI CBOICTB
Ipyr ODOTAIEHUAX MOJiesieil 1-Hepa3InIuMbIX CYETHO KATErOPUIHBIX CJ1abo
O-MUHUMAJIBLHBIX T€OPUil OTHOIIEHNEM SKBUBAJIEHTHOCTH, PA3OMBAIOIIIM OC-
HOBHOE MHOYKECTBO MOJIE/IN Ha OECKOHEYHOE YUCJIO0 OECKOHETHBIX BBIITYKJIBIX
KJIACCOB.

IIpumep 5. Ilycte M = (Q, <) — JjmHe#HO ylOpsAI0YeHHAs] CTPYKTYPa
Ha MHOXKecTBe pannoHaJbHbIX dncea Q. OueBuano aro M — cdeTHO Kare-
ropuvHasi o-MUHUMaJbHAs cTPyKTypa. Oborarum Mojeb M HOBbIM OMHAD-
HbIM oTHomenueM FE(z,y) ciemyiomum obpazom: nycrs M’ = (Q, <, E?),
TaK 9TO JJIsI JIIOOBIX a, b € Q mmeeT MecTo

E(a,b) < (2n—1)V2 < a,b < (2n +1)V2

Jst HekoToporo n € Z. Torna HeTpy/iHO MOHATD, uTo (X, y) — OTHOIIEHHE
SKBUBaJIeHTHOCTH, pasdupaoliee (Q Ha beckoHedHOE IUCI0 OECKOHETHBIX BbI-
IIYKJIBIX KJIACCOB, IpudeM F-Kracchl yIIOpsiA09eHbl 110 TUIY W' + w.

Mozker ObITh JoKa3aHno, uro M’ — ciabo o-MuHUMAJIbHAS CTPYKTYPAa, HO
Th(M') me sBsiercst No-KaT€ropHUIHOIL.

IIpumep 6. ITycts M := (Qx Q, <, E?) — nuHeiiHo yHopsi0ueHHas CTPYK-
Typa Ha MHOXkKecTBe Q X QQ, yropsimouennom Jjiekcukorpaduaecku. OTHOIIIE-
Hre E(x,y) oupemessiercs CaeyonmM 00pa3oM:

JUTst JII00BIX a = (my,n1),b = (ma,ny) € Q x Q  E(a,b) & my = ma.

Ouesnano, uro E(z,y) — OTHOIIEHNE SKBUBAJCHTHOCTH, pa3bHBaloliee
Q x Q Ha GeckOHEYHOE YHCI0 OECKOHEUHBIX BBIMYKJIBIX KJIACCOB, IIPUIEM
E-xnaccw! ynopsgodensb! 1o tuiy Q.

Pacmmupum ocnonoe muoxkectBo Q x Q crpykrypsr M pobasienu-
eM K KaxKJoMy F-Kjaccy JBYX 3JEeMEHTOB, SIBJISIONIMXCS JIEBOH M IPaBoOi
KOHIIEBbIMU TouKamu F-kjacca. B pesysbrare mojyduM HOBYIO CTPYKTY-
py M’ := (M’ , <, E?). PaccmoTrpum obejienue cTpyKTypsl M’ 10 cTpyk-
ryper M" = (M’ <). OueBugno, aro M"” — cuerHO KarTeropudHas o-
MUHUMAaJIbHasg CTPyKTypa. Ee oboramenune M’ := (M’ <, E?) asiserca
CYETHO KATerOpUYHOi JIMHEHHO yIopsI0ueHHoi crpyKTypoii, o Th(M') ue
ABJIAETCA CJ1ad0 O-MUHUMAJIBLHOM.
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IIpennoxenune 7. [lycmv M — 1-Hepazauvumasn CHEMHO KAME20PUUHAA
CAG00 O-MUNHUMAALHAA CMPYKMYPa panea ewnyksocmu 1, M' — obozauye-
nue modeau M ommowenuem sxeusarernmnocmu E(x,y), pasbusarowum M
Ha GeckoHeuHoe YUCAO BECKOHeUHBIT Sunykanx Kaaccos. Toeda Th(M') —
CUEMHO KAME20PUYHAA CAGO0 O-MUHUMANDHAAL MEOPUA <> K0200 6DINOAHEH D
caedyrousue Ycaro6Uua:

(1) cywecmsyem koneuwnoe wucao E-kaaccos, umerowur roms 6ve 00Hy
KOHUEBYI0 MOYKY;

(2) cywecmsyem roneunoe wucao E-kaaccos, umerowur wenocpedcmeen-
1020 NPedUecMBERHUKA U HENOCPEICMBEHH020 NOCAEIOBAMENS.

Jlokasamenvcmso. (=) PacemorpuM creyrontyo popmMysty:
o) =TIy <x <y AV2VE(yr < z <z Ax <t <y, — —E(z,1))]

B cuny cnaboit o-munnmansroctu Th(M')  ¢(M') ecrb obbeaunenne
KOHEYHOI'O YHCJIa BBIIYKJIBIX MHOXKECTB, OTKYJa CJIEJAyeT 9TO CyIIECTBYET
JIAIIH KOHEIHOE YUCJI0 F-KIaccoB, IMEIOMIMX XOTs ObI OHY KOHIIEBYIO TOUKY.

[Toiimem Terepb, 4To BbOJHAETC yeaoue (2). JlomycTuM poTuBHOE:
CYIIECTBYET OECKOHEUHOEe YUCJI0 F-KIaccoB, UMEIONMX HEIOCPEICTBEHHOIO
[PEe/IIECTBEHHUKA WM HEIIOCPEICTBEHHOTO TIOC/IeI0BATe . Fe jijisd Kask-
JIOr0 N < w CYMIECTBYET N < W, TAKOW UTO N > M M CYIIECTBYeT JHC-
KPETHO YIIOpsI0UYeHHAs TEH0YKa F-KIacCoB JJIMHBI 11, TO 110 KOMIAKTHO-
cru cymecryer Mojesab N’ teopun Th(M'), B KoTOpOit nmeercs GecKoHed-
Has JIMCKPETHO yIOpsIOoUeHHasd nenouka F-kmaccos. He ymanas obmuocTwH,
[PEJIIIOJIOKIM, YTO TaKasl IENoYKa yIOpsIoueHa 110 THUIly w. PaccMoTpum
caejytonme (popMyJIbL:

Fl(xv y) = E(l‘, y)

F2(x7y) = Fl(xvy) \/Vt(x S t S y/\ﬁFl(:Eat) - E(t7y))
Fo(z,y) = F,q1(z,y) VVt(z <x <y A-F,_1(z,t) = E(t,y)), n<w

[Tostyuaem, aro cymecrsyer a € N’ Takoii 4To
Fi(a,N'") C Fy(a,N') C ... C F,(a,N") C ...,

9TO IPOTUBOPEYUT cueTHOi Kareropuanocru Th(M').
Ecnm ke cymiecTByer IMCKPETHO YHOpsIOYEHHAs IIEeNodKa F-Kaaccos
MAKCAMAJILHON KOHEYHOI JIJIMHBL, HAIIpUMED, JJIMHBL k, TO CyIecTByeT m <



06 oborarmernsIx MogeaeH caabo 0-MHHAMAIBHBIX TCOPHIt 55

w, Takoit urto 2 < m < k m umeercsd OECKOHEUHOE HUHUCJIO IENOYeK JIIh-
uel m. Torma cymecrsyer a € M’ rakoit uro F,(a, M') ectb obbennaenne
GECKOHEYHOTO YHUC/Ia BBIMYKJIBIX MHOMKECTB, UTO HPOTUBOPEYUT CIabON O-
mvuanMaabHOocTH Th(M').

(<) B cuuy (1) cymecTByer KoHeqIHOE THCI0 F-KIIaCCOB, IMEIOIINAX XOTS
OJIHy KOHIEBYIO TOUKY. Toryma B cuity JmHeiinoit ynopsmogennocru M’ mo-
KeM (GOPMYJIbHO BBIJIEINTh KasKJIyl0 TaKyl KOHIEBYIO TOUKy. B cuiy (2)
MOYKEM TakzKe (DOPMYJILHO BBIJIEIUTh KarKJbli [-Kjiacc, UMeomuil Hero-
CPEJICTBEHHOIO TPEIIECTBEHHNKA UM HEIIOCPEICTBEHHOIO TTOC/IEI0BATEI,
a TakyKe BO3MOKHBIE HEIYCTBIE MPOMEXKYTKU MEK/Ly HEKOTOPBIME UX THUX
KJIACCOB (Te MPOMEXKYTKH, Tjie F-KIacchl IIOTHO yIOPSAI0UeHbl 6e3 KOHIe-
BBIX TOYEK ); KPOME TOI'O, BBIIEJIAIOTC F-KIACCHI, ABJISIONINECcs] MUHUMAJIb-
HBbIME (CaMBIil JIeBbIii F-KJIacc) WM MaKCHUMAaJbHBIMEU (caMblil mpaBbiii F-
KJIACC) B IIPOMEXKYTKAX C IJIOTHBIM yropsaoderueM F-kiaccos. Takum 06-
pasoM, moJIyIaeM KouedHoe aucio -onpenemumbrx bopmya 0;(z), 1 < j < n,
tak 910 0;(M') N 0;(M') = 0 s smobeix 1 < i < j < n. Kaxgas n3 srux
dbopmyir onpenenser nekoropblit 1-Tum ma (). CTaHgapTHEIME METOZAMHE J0-
kaszbiBaercst uro Th(M') pomyckaer JUMUHAIMIO KBAHTOPOB ¢ TOYHOCTHIO
J10 aToMHBIX opmyit u dopmyit 01 (), 0s(z), ..., 0, () (mocneaune dopmy-
JIbL OIPEJIEJISIOT BBIYKJIble MHOKecTBa B M'), OTKyJa MbI HOJIydaeM 9To
Th(M') — cuerno kareropudnasi cjabo O-MUHUMAJIbHASA TEOPUSL. O

CaegctBue 8. ITycmv M — 1-nepaziusumas CHemHo Kame2opuswtas, cAd-
60 0-MUHUMAALHAA CMPYKMYPA panea ewnykiocmu 1, M' — obozawenue
modesu M ommowenuem sxeusanrenmuocmu E(x,y), pasbusarowum M na
beCKOHEUHOE YUCA0 OECKOHEYHDIT 6bnyKAnT Kaaccos. Tozda M’ — 1-nepas-
AUMUMAA CHEMHO KAME20PUYHAA CAAOO 0-MUHUMANDHAA CMPYKMYDPA <> KO-
20a 8LINOAHENDL CACOYIOULUE YCAOBUA:

(1) xaotcowti E-xaacc ne umeem xonyesvx moyek 6 M';

(2) undyyuposartovili nopadox na E-kaaccax AGAACMCH NAOMHBM AUHET-
HOLM NOPAIKOM €3 KOHUCBHIT TOYEK.

Ipumep 9. [Iycts M’ := (Q, <, E?) — crpykrypa u3 [Ipumepa 5. 3amenum
KaxKIylo Touky a € QQ Konmeil panuoHaJbHBIX YHCEJ U ONPEJIeJUM HOBYIO
crpykrypy M” := (QxQ, < E? E?), rie ornomenue Ey(z,y) onpenensiercs
CJIEJLYIOIIM 0OPA30M:

Jutst TOOBIX a = (my,ny1),b = (Mma,n2) € Q x Q  Ey(a,b) & my = ma.

Herpyso nousite, uto Ey(x,y) — OTHOIIEHHE SKBUBAJIEHTHOCTH, Pa30u-
Batolee KaxkK/plii F-Kjaacc Ha O€CKOHEYHOE YUCI0 OECKOHETHBIX BBIITYKJIBIX
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KJIACCOB, TaK 4TO Fy-TIoJKIacchl Kaxk10ro F-kjracca MI0THO YIOPSIIOUYEHbBI
0€e3 KOHIIEBBLIX TOYEK.

Moxker 6bITh JoKazaHo, yro M” — ciabo o-MUHMMAIbHASA CTPYKTYPA,
Ho Th(M") He siBIgeTCS CIETHO KATETOPUIHO.

IIpumep 10. Bosbmem cuernoe umciio Konuit crpykrypbl M’ = (Q, <, E?)
u3 IIpumepa 5, ynopsnodennnix o tuimy Q. Torma moaydnm HOBYIO CTPYK-
typy M" := (Q x Q, < E? E?), rye ornomenne F(x,y) onpesensercs ciie-
JIYIOIIAM 00pa3oM:

JUTst JIIOOBIX a = (my,n1),b = (ma,ny) € Q x Q  Eiy(a,b) & my = may.

Torna E(a, M") C Ey(a, M") nns moboro a € M”, rne Ey(x,y) — o1-
HOIIIEHNe SKBUBaJEHTHOCTH, pasbuBatoriee M Ha GeckoHedHOE UHCIO Oec-
KOHEUYHBIX BBIMYKJIBIX KJIACCOB, YIIOPAI0YeHHBIX 110 Tuiy Q. 3amedaem, aTo
FE-nonknaccel Kazkjaoro [j-Kiaacca ynopsjaodennbl M0 TATY w™ + w.

Takzke MOXKHO HOHATD, 9T0 M" — c/1abo o-MUHUMAJIbLHASA CTPYKTYpPa, HO
Th(M") ne ABIAETCA CIETHO KATETOPUIHOIL.

Teopema 11. ITycmo M — 1-Hepasiuvuman cHemmo Kame2opuvHas CA-
00 O-MUHUMAALHAA CMPYKMYPaA parza svnykiocmu 2. IIpednoaostcum, wmo
Ei(x,y) — (Q-onpedesumoe omnowenue sksusarenmmuocmu, padbusarousee
M na beckoneunoe wucao 6eCkOHEUHVT 8unykAvix Kaaccos. TTycmv M’
obozawerue modeau M Hovm ommowenuem sxeusarenmuocmu E*(x,y),
pasbusarowum M’ wa beckoreunoe wucao 6ECKOHEUHBIT SVNYKADT KAACCOB.
Tozda Th(M') — cuemno KamezopuuHas cAGO0 O-MUHUMANLHAAL MEOPUS <>
%0200 6HINOAHENDL CACOYIOULUE YCAOBUA:

(A) cywecmeyem xonewnoe wucao E*-xaaccos, umerowur roms 6v. 00Hy
KOHUELEYI0 MOYKY;

(B) cywecmsyem koneunoe wucao E*-kaaccos, umerowux nenocpedcmeer-
HO020 NPEUECMBEHHUKA UAU HENOCPEICMBEHHO020 NOCAED0BAMENT;

(C) M’ pasbusaemcsa Ha KOHEUHOE YUCAO OECKOHEUHVT GUINYKADIT MHO-
orcecme Xq,. .., X,, maxux, umo oas kaccdozo 1 < 1 < m 6wvnoa-
HAEMCA 8 MOYHOCTIU 00U U3 CALOYIOWUT NYHKMOS!

(1) dan mobozo a € X; Ey(a, M') = E*(a, M’);

(2) dan mobozo a € X; Ey(a,M') C E*(a,M"), sup E1(a, M")
sup E*(a, M) winf E*(a, M") < inf Ey(a, M');

(3) dan mobozo a € X; E*(a,M') C Ey(a, M"), sup E*(a, M")
sup Ey(a, M') winf Eyi(a, M') < inf E*(a, M’);

M
M
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(4) X; = Ei(a, M') daa nexomopozo a € M', maxozo wmo Ey(a, M')
C E*(a,M') u sup Ey(a, M") = sup E*(a, M) usu inf E(a, M)
= inf E*(a, M');

(5) X; = E*(a, M") daa nexomopoeo a € M', maxozo wmo E*(a, M')
C Ei(a,M') u sup E*(a, M") = sup E1(a, M) uau inf E*(a, M")
= inf Fy(a, M');

(6) X; = E*(a, M) N Ey(a, M) das nexomopozo a € M', makozo
wmo E*(a, M") \ Ei(a,M") # 0 u Ey(a, M)\ E*(a, M) # 0.

Jloxasamenvcmeso. (=) (A) n (B) caeayior u3 nokasarenabersa [Ipemioxke-
uust 7. Pacemorpum ciepyrorue hopMysibt:

¢1(7) := Vy[Ei(z,y) < E*(2,y)]

$a() 1= Vy[Er (2, y) — E" (2, y)]A
ATz1329(21 < @ < 20 A E* (21, 20) A 2 E1(21,2) A By (2, 29))]
¢3(x) == Vy[E*(x,y) — Ea(z, y)|A
ATz 3ze(21 < @ < 29 A Ey(21,22) AN E*(21,2) A = E*(x, 22))]
oO4(x) == Vy[Ei(z,y) — E*(z,9)] A (Vao[z < 220 A 2EL (2, 20) — ~E*(x, 22)]
Wzilz1 < x A =Ey(z1,2) — 2 E* (21, x)])
o5(x) = Vy[E* (z,y) — E1(z,y)] AN (Vzo|r < 29 A 2E*(x, 22) — 2 Ey(x, 29)]
W2z < x A 2E*(z1,2) — 2By (21, 7))
P6(w) == Fy13ey1 < < YA (Y1, ) ANE™ (2, y2) A= L1 (Y1, Y2) A E™ (Y1, y2)]
VI Fely <z <y AE (g1, 2) A En(@,y2) A By y2) A2 E (51, 92)]

Herpynuao mousith, aro mjist joboro a € M’ cymecryer 1 < i < 6
takoit, aro M’ = ¢;(a), a takxke aro M’ |= —3x[p;(z) A ¢;(x)] arst 06bIx
1,7, Takux aro 1 < 4,7 <6 ui # j.

B cuny cnaboit o-munnmansHoctn Th(M') kaxmas ux stux dbopmyit
olIpe/iesisieT MHOYKECTBO, sIBJIAIONIEEcs O0beIMHEHNeM KOHEUYHOI'O YKC/Ia, Bbl-
IYKJIBIX MHOXKECTB, oTKy/a caemyer (C').

(<) Bommonnenue yeiosnit (A) u (B) cornacho jokazareiabersy lIpes-
noxkerust 7 (POPMyYJIBHO BbLIEIsIET UMEIOIUeCst KOHIIEBbIE TOUKN F-KJ1accoB;
KaxKJIplil F-KJ1acc, MMEroIuil HeIOCPEICTBEHHOTO TIPEJIIIIECTBEHHUKA WU He-
[OCPEJICTBEHHOIO OC/IeI0BATEIsI, a TaKKe IPOMEXKYTKH, rje F-Kjacchl
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IJIOTHO YIIOPSIOYEHbI 06€3 KOHIEBLIX TOYEK; KPOME TOT'O, BLIICIAIOTCS MU-
HUMAJIbHBIC WM MAaKCUMAJIbHBIC [-KIacChl B MPOMEXKYTKAX ILIOTHOIO YIIO-
panodenus FE-KaaccoB, MMEIOIINX CAMbBIil JIEBBII WMJIM CcaMbIil IpaBbIil F-
Ki1acc. TakuM 06pa3oM, HoJIydaeM KOHeIHOe 9ncIo (P-onpeaeuMbix hopmy.r
0;(z),1 < j <mn, rax aro 0;(M')NO;(M') =0 nst mobeix 1 < i < j <n.
Beimosrenne yenosus (C') obecriednBaet, 910 Kaxaast 13 Gopmyrt ¢;(z),
1 <7 < 6, onpejiesisieT MHOXKECTBO, SIBJISOIIEECT 00beINHEHNEM KOHETHOI'O
YHCJIa BBITYKJIBIX MHOYKECTB. Torja B cuily JUHEHHOH ynopsmnoaennoctu M’
Kaxkaa u3 opmyn ¢;(r) pacnagaercs Ha KOHETHOE YUCIO BBITYKJIBIX (-
onpeneumbix dhopmyt ¢ (z), 92 (z), . .., ¢r(x) ana nekoroporo n; < w.
Hakomerr, Moxker ObITH JIOKa3aHO cTaHIapTHbIME MeTogamu 910 Th(M')
JIONYCKAET SJUMHUHAIAIO KBAHTOPOB C TOYHOCTBHIO JO ATOMHBIX (POPMYJI 1
bopmyn 01(z),02(z), ..., 0,(x), ¢1(z)...,¢7 (x);. .., d(x), ..., d5¢(x), oT-
Kyza moygdaeM, 4o Th(M') — cuerno KareropuyHas ciabo o-MUHUMAJbHAST
Teopusl. O

CaencrBue 12. [Tycmo M — 1-nepasauvumas cHemmo Kame2opuiHas, Cad-
60 0O-MUHUMANDHAA CMPYKMYPA parea svinykiocmu 2. IIpednososcum, wmo
Ei(x,y) — 0-onpedesumoe omnowenue sxsusasenmmnocmu, pasbusarouee M
HA OECKOHEUHOE HUCAO OECKOHEUHDIT 8uNYKAWT Kaaccos. [Tycmbv M' — obo-
eauenue modeau M mosvim omnowenuem skeusasenmuocmu  E*(x,y),
pasbusarowum M’ na beckorneunoe YuUcA0 BECKOHENHBLT GHINYKADT KAUACCOB.
Tozda M' — 1-nepasiurmumas cuemmo Kame20pusHas CAab0 0-MUHUMAAOHAA
CMPYKMYPQ <, K0200 GHINOAHEHDL CACOYIOWUE YCAOBUA!

(A) xaorcowii E*-xaacc ne umeem xonyesox mouek 6 M';

(B) undyyuposarnol nopadox na E*-kaiaccar AGAAOMCA NAOMHHM AU-
HETUHBLM NOPAIKOM 0€3 KOHUECBHIT MOUeEK;

(C) das nw0boeo a € M' swnoansemes 6 mowHocmu 00UH U3 CACOYIOULUT
NYHKMOG:

(
(2) Ey(a,M") C E*(a,M’), sup Ei(a, M') < sup E*(a, M) u inf
*(a, M') < inf Ey(a, M');
(a, M
(
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N3zydennto pa3auvaHbIX CBOWCTB (DyHIAMEHTAIbHBIX TPYII 3-MHOI000OPa-
3Uil MMOCBSIIEHO OOJIBIIOE KOJUYECTBO HMCCJIEOBAHU, 0030p KOTOPBIX IPU-
BeJIEH B [6]. B uwactHOCTH, B 9TOM 0030pe OTMEYEHO, 9TO Kaxkjasd (dyHIa-
MEHTAJIbHAS I'PYIIIa 3-MHOI00OPA3Hs SIBJIAETCS TOUTH P-aIlIIPOKCUMUPYEMOit
JIJIS TIOYTH BCEX TPOCTBIX p. Kpome Toro pazymdnbie (yHIaAMEHTATbHBIE
IPYIIIBI MHONOOOPa3nii BOSHUKAIOT Kak HekoTopbie H N N-pacmupenus. Tak
. T.Baiiz u T.Cy [12] nokazamn GUHATHYIO AlIPOKCHMUPYEMOCTb BOCXO-
namux H N N-pacmuperuii TouTH TOJTUIMKITIECKUX TPYIIIL.

B cBoio ouepesn, B [11] ucenemosan Boupoc o JIMHEHHON IpejcTaBu-
MOCTH HaJ, KOJIbIIOM TIEJIbIX YHCe]T 7 TPOU3BOJBHBIX (HEe BOCXOJSIINX )
H N N-pacmupennii KOHEIHO TTOPOKJIEHHBIX a0eIeBbIX I'PYIIT U JTUHEHHOCTD
HECKOJIbKUX YaCTHBIX cIydaeB qanubix H N N-pacimmpeHuii KOHETHO TTOPOK-
JIEHHBIX JIMTHEWHBIX TPYIII.

A. Bopucos u M. Canup 7| nokazaiun GUHATHYIO allPOKCUMUPYEMOCTh
Bocxosmux H N N-paciiupennii 1j1s1 Jit000ii KOHETHO TOPOXKAEHHOM JINHEH-
HO¥i TPYIIIBI B 9aCTHOCTH JJist CBOOOMHBIX Tyl F. = (1, ..., Z,) KOHETHOTO
panra r. Ilpu 3TOM ecTh, Kak JIMHEHHbIE TPYIIIbLI, TaK U TPYIIILI HE TPE/I-
CTaBUMBble MATPHUIIAMU HaJ| TOJSMH, KaK HYJIeBOW, TaK U IMOJOKHUTETHHOI
XapakTepucTuku. Tak, HapuMep, IpyIiia

HNN,(F) = (a,b, tlt 'at = p(g) = a*,t7'bt = (g) = b*), 1k # £1,

He IIpejicTaBuMa MaTPHUIIAMK HaJl [10JIeM HyJIeBOW XapaKTepUCTUKH. B ciry-
gae, korja k, [ ¢ {—1,1} sro nokazan b. A. ®. Bepdpur. Jo ciayuas kl # +1
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pesyabrar B. A. @. Bepdpuna yeummaun C. dpyry u M. Cammp [9]. B cBoro
odepesp, rpynma Lepcrena HN N, (F3), 3amanaas KOIoM

(a,b,c,t|t " at = p(g) = a,t™'bt = ¢(g) = ba,t™'ct = p(g) = ca®),

HEe MpeJICTaBUMa MATPUIIAME HU HAJl KAKUM IOJIEM TI0JIOKUTEILHON XapaK-
TEpUCTHUKY [§].

B upe/icraBieHHoli pabore IOKA3aHO, YTO TOJIOMODP( IIOIUBOCXOIAIIIX
H N N-pacimupenuii Ho4TH IOJUIUKJINIECKUX TPYIIT H30MOP(MHO MpejIcTa-
BUM MATPHIAMU HaJ TI0JIeM paIMOHAJbHbIX uucea Q, u yxke u3 3TOrO,
1o u3BecTHbIM TeopemaMm A. V. Masbiesa [4], Kak Jjisi KOHEUHO TTOPOXK JIEH-
HBIX JIMHEHHBIX IPYIIL, ciepyer (DUHUTHAS AIINPOKCHMUPYEMOCTh BOCXO/Id-
mux H N N-pacumpennii 1M0YTH TOJUIUKIMIECKUX TPYII U UX [OYTH p-
AIIPOKCHMHUPYEMOCTD JIJIs [IOYTU BCEX MIPOCTHIX P.

1 Hpe,ﬂBapI/ITeJIBHBIe IIOHATHA 1 OIlIpede/IeHNn A

[pynmy G Ha3BIBAIOT NOAUGUKAUNECKOT, €CJIN OHA 00J1a/1aeT KOHEYHbIM
cyOHOpMaJIbHBIM psigioM noarpynn G = Gy > Gy > -+ > Ggyp = 1 ¢ nuk-
muaeckumu ceknusmu G /Gii1,1=1,.. ., s. [loiunukimyeckue rpybl sB-
JISTFOTCS 9aCTHBIM CJIy9aeM Pa3peuiuMoly TPYIII, TO €CTh TPYII, KOTOPbIE
00J1a/TAI0T KOHEIHBIM CcyOHOpMAabHBIM psijoM nogarpynn G = Gy > Gy >
<> Geyq = 1, ¢ abeseBbivu cexknusamu G;/Gii1,i = 1,...,s. Kpome Toro,
ecst O, (1, ..., Ton) — KOMMYTATOPHOE CJIOBO, OIPEJIEJEHHOE 10 WHLY KN
Kak 0p(z) = x,

577,—1—1(1:17 c. ,$2n+1) = [(Sn(flfl, C 71‘271), (5n($2n+1, .. ,I2n+1>] =

:5;1(.%1, c. ,$2n)5;1($2n+1, . ,$2n+1)(5n(1)1, . ,wgn)dn(l'gfurl, c. ,x2n+1),

TO TIPU HEKOTOPOM 7 B paszpertumoii rpyire (G BBIMOTHIETCS TOXKIECTBO
On(x1, ... o) = 1 ([3], m. 19). MunumasbHoe n ¢ TAKUM CBOHCTBOM Ha3bl-
BAIOT CMYNEHBLIO PA3PEUUMOCTMNU TPYTIIIHL.

Ecnu rpynmna G coiepKUT MOJIMIUKINIECKY0 ToArpynny H KOHEIHOro
unjekca |G @ H| < 00, TO €8 Ha3BIBAIOT NOYMu nosuyukiuieckot. Boobire,
ecu rpymma G cofepxkut noarpyniny H xorewdnoro uajekca |G : H| < oo,
00J1a/TAIONTYI0 HEKOTOPBIM CBOMcTBOM P, TO TOBOpAT, uTO rpymmna G noumu
obaamaer caoiictBoM .

Boczodauyum H N N-pacwupenuem rpynnbl G HA3bIBAIOT TPYIIILY

HNN,(G) = (G, t|{t"'Gt = G¥ < G),



62 O. B. Bproxanosn

rjie ¢ — moHoMopdusM rpyuisl G. Hekoropbie aBTOPHI JJaHHbIe PACIIIPEHUST
HazbiBatoT Hucxogammmu H N N-pacmupenusmvu |1, 10]. Bosee Toro, noau-
socrodaujum HN N-pacwuperuem HNN,, ., (G) 6yzem Ha3pIBaTH TPYIILLY,
MOJIy9eHHYI0 13 rpynnbl (G IOCIe0BaTe/IbHBIM BBIITOJTHEHIEM BOCXOISAIINX
H N N-pacmupennii, To eCTb

HNN, (G) = HNN,,, (HNN,, . ,(G)),i=1,....,n—1.

1s--5Pi+1 i+1

T'onomopom Hol G rpynmer G HABBIBAIOT €€ MOJIYIPsIMOE PaCIInpEeHue
G XN AutG, o ectb HolG = G - Aut G, tie G < HolG, GNAutG =1mn
Aut G — rpymnma Bcex aBToMOpdU3MOB Ipymibl G.

Hanomunm, aro rpymnmy G Ha3LIBAIOT I'PYIIION KOHEWH020 pawn2a, €CJIn
HaliJIETCA TaKoe IeJI0e YUCIO 7, YTO Jitobasi €€ KOHEYHO MOPOXKJIEHHAs 101
rpyIa MopoxKpaeTcsa He 6ojee 4eMm n vjneMentamu. Munummaibnoe n ¢ Ta-
KM CBOHCTBOM pa3HbIe aBTOPBHI HA3BIBAIOT: CNEyuasoHuM, Marvuescrum
win [progeposvim parzom TPYIIIHL.

[Tycts ) — HekoTOpPBIA Kaace rpymi. Ecan st 110060ro HeTpruBUAJIBLHOIO
971eMeHTa ¢ TpyIbl G HAWIETCS TOMOMOPMU3M (p STOH I'PYIIIBI C YCJIOBUEM
o(g) # 1, ¢(G) € Q, 1o roBopsT, uto rpynmna G annpokcuMupyemcs rpym-
mamu u3 Kiacca ). Ecmm ) — kiracc Bcex KOHEUHBIX TpyI, TO rpymay G
HAa3BIBAIOT PUHUMHO GNNPOKCUMUPYEMOT, ecau () — KJIacC BCeX KOHETHBIX
P-TPYIIIL, — P-annpoKcuMupyemots, 3J1eCb p — IPOCTOE THUCJIO.

Ecin rpynmna G uzomopdna Hekoropoii rpyiie marput u3 GL, (F'), npu
HEKOTOPOM 7 U HEKOTOPOM T10jie F'| To roBopdT, uto G — Aunelinas TpyIIa,
WM, YTO OHA M30MOP(MHO IpejcTaBUMa MaTpUIlaMU HaJl mojaeM F'.

2 (OcHoBHBbIE yTBEPKIEHUS

Paccmorpum cirydait Bocxojgamux H N N-pacimpeHust MOYTH TOJTUITIK-
JITYECKUX T'PYIIIL.

Teopema 1. ITycmo G — noumu nOAUYUKAUNECKGA 2DYNNA, © — MOHOMOD-
dpusm epynnw G, mozda socxodsuwee HN N -pacwupernue HNN,(G) uso-
MOPPHO NPeIcMasUMO MAMPUUAMU HAO NOAEM DAUUOHANLHULT Yuces Q.

Aokasameavemeo. Iycrs t7'Gt = G'. Tak kak Gt > G > G, MHOXKe-
cteo G = |J GY' aBnsercs nopmasbHoit moarpymoit B rpynmne HN N, (G).
i€Z
Hanee, Besaxuii KOHeIHbII Habop gi,...,gs € G COJIEPZKUTCA B HEKOTOPOH
msomopduoit kKormrn G mouTH moymImKIMaeckoii rpynmsl G.
XopoIo U3BECTHO, UTO Jito0as MOUTH HOJUIUK/InYecKas rpyima G 0b-
nAajaeT aBToMopdHO momycrumoii noarpymnmnoit Go < G, rae |G Gyl < oo,
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Gy — paspemmmMas rpymmna 6e3 Kpydenusi, Koneqnoro panra ([3|, . 21). Tax

KakK G KOHEUHO TIOpOKieHa, nojarpymia Gy Coep:KUT BepOabHY 0 HOAIPYII-

ny T womeunoro umyekca B G ([3], m.13). OgeBunno, uro rpynna 1T’ pas-

pemnMa, 6e3 KpydeHnus U KoHedHoro panra. Ilockonbky T' > o(T) = T,

onpesesiena rpymma 1 = (J T, Torma |G : T| < |G : T| < oo, upu aTom
i€z

T — paspemmumas rpyia 6e3 KpydeHus KOHEUHOI'O PAHTA.

B camom ziedie, ycTsb gy, - . ., g, € G — IpecTaBuTe /M Pas/ITIHbIX CMEYK-
HBIX KJIACCOB 110 Torpytme 1. Jljist 1106010 KOHEUHOro MHOYKECTBa 3/1eMeH-
T0B rpymsl G, B 9aCTHOCTH, /15l BBIOPAHHOTrO, Haiiagres moarpymma Gf <
G, xoropas m3omopdua G I Beex ux cofepzKuT. [losromy BeIOpaHHbIC 3JT€-
MEHTBI cojiepskaTes B He 6ojee deMm |GY : TH| = |G : T'| pasiuunbix cMesx-
HBIX KJaccax 1o mnoarpyie T < T. ClefoBaTeIbHO, BBIIOIHCHO HEPABEH-
crBo |G : T| < |G : T| < oo. Hanee, €cut Gy, ..., Gom € 1,0, (T) = 1, TO
6m(Gys -+ Gom) € TY. Tlockombky rpymma T usomopdna T, momydaem pa-
BEHCTBO 0y, (G, - - -, §ym ) = 1 1, B wrOTE, TOXKIAECTBO 0, (T') = 1. Koneunocts
paHra TpyIel 1 cleayer u3 3 PaBEHCTBA PAHIOB y TPYIII T 1 € Z. OtcyT-

creue Kpydenus B rpyune T = |J T, odeBujino, ciejiyer U3 oTCyTCTBUA
€L

Kpy4eHus B rpyuiibt 1.

Hasee, rpymma T’ 10 TOCTPOEHHIO GyeT HopMaibHoil B H N N, (G). Tak
kak 1 KOHeuHOro mHjekca B (, j1eMeHT { B HEKOTOPON crereHnm mg 6y-
JIeT TOJKIeCTBEHHO IeHCTBOBATH COMPAKEHNEM Ha CMeKHBIX Kiaccax G /7.
CrietoBaTeIbHO, TPYIIIA (T, ™) GyeT HOPMAJILHOI TIOArPYIIION KOHETHO-
ro ungiexca 8 HNN,(G). Ocranoch ToIbKO 3aMeTuThb, uto rpymma (1, ™)
SIBJISIETCS Pa3perunmMoit, 6e3 KpyueHuil 1 KOHeYHOTO paHra.

Kax nokasan B.M. Komsitos |[2|, mobast rpymia, KOTOpast sBIISIETCS
[IOYUTH Pa3perIuMoii I'PYIIoil KOHETHOTO paHra, 0e3 KpydeHusI, u30Mopd-
HO IIpEeJICTaBUMa MaTPHUIAMU HaJI MoJIeM parmoHa bHbix unces Q. Orcio-
na u Bocxoganme HN N-pacmupenns HNN,(G) moITn HOIHIUKITIECKIX
rpytn G u30MOPGHO IPeJICTaBUMbI MATPUIIAMU HAJL [TOJIEM PAIMOHAIbHBIX
qncen Q. ]

Tak Kak xapaKTepHCTUKa I0JIs PAIMOHAJIBLHBIX unces Q paBHa HyJIO, &
Bocxoggiue H N N-pacimmpenus Mo4YTH HOJUNUKINYECKAX TPy KOHETHO
HOPOXKJIEHBI, TI0 u3BecTHBIM Teopemam A. V. Masbiesa u3 [4], Bocxomsiue
H N N-pacimupenus TMOYTH TOJUANUKINIECKAX TPYIIT ABJIAIOTCA U (DUHUAT-
HO AIMIPOKCUMHUPYEMBIMI, U ITOYTH P-AIMTPOKCUMUPYEMBIMU JIJIT TTOITH BCEX
(KpoMe KOHEYHOTO YhC/Ia) MPOCTHIX P.

Tenepn, onmpasich Ha PACCYKIEHUS U3 MIPEJIBIIYIIEH TeOPEMBI, JIOKaYKeM
OCHOBHOE yTBEp:K/IEHUE CTaThU.
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Teopema 2. [Tycmo G — noumu NOAUYUKAUMECKAA 2DYNNa, Mo20a 2040~
mopd €€ noausocrodsuezo HN N -pacwupernus HN Ny, ., (G) usomopgro

npedcmasum Mampuuamu Had nosem PauuoHaroHuT wuces Q.

Joxasamenvcmeo. Tlokaxem B nauase, aro rpynna HNN,, . (G) comep-
JKUT B KQYECTBE HOPMAJIBLHOM HOATPYIITbl KOHEYHOTO MHJIEKCA Pa3PeNInMy o
IPYIITY KOHEYHOro paHra, 6e3 kpydenus. [Ilpu n = 1, 310 okazaHo B 10Ka3a-
tesiberBe TeopeMsl 1. [lanee, ecitu HN Ny, o, (G) comep:kut 0003HAMEHHYIO
[OJArPYIIy KOHEYHOIO MHJIEKCA, TO, KaK B KOHEYHO MOPOXKIEHHON IPYIIIIE,
BbIJICJIEHHAS HOJAIPYIIIA COAEPIKUT YK€ BepOAIbHYIO MOATIPYIITY KOHEIHOI'O
ungexca B HN N, o, (G). OueBuano, sra BepbasbHas moarpymia Oymer
paspentumoii, 6e3 KpydeHus U KOHEYHOTO paHra. Tak Kak BepOaJibHbIE T10/I-
IPYIIILL 3HIOMOPQHO JOIYCTUMbBI, TO AHAJOTMYHO, KaK B JOKA3aTeJbCTBE
TeopeMbl 1, MOKHO HOKazaTh, 9To rpymna HNNy, ., . (G) conepxut Hop-
MaJILHYIO MOJArPYIILY KOHEYHOTO MHJIEKCA, KOTOpasl sIBJISETCS pa3permMoii
rpyumoi 6e3 Kpydenus Konedroro panra. CieroBaTebHo, 10 UHILYKIUH 110-
aydaeM, uro H N N-pacmuperne HN Ny, .. (G) comepKur B KadecTBe HOP-
MaJILHOM HOATrPYIIILl KOHEYHOIO MHIEKCA PAa3pEIINMYyIo IPYIILy 6€3 Kpyde-
HUsI KOHEYHOI'O PaHra.

Kaxk nokazas B. A. @. Bepdpurr [13], roromopd Hol G mroboit rpymst G,
SIBJIAIONIEHCSA KOHEYHBIM PACIIUPEHUEM PA3PEIIUMOii IPYIIILI 0e3 KPydeHus,
KOHEYHOI'O paHra, OygerT M30MOPMHO MpeICTaBUM MaTPUIAMU HAJI IIOJIEM
pannonaabHbIX yrcen Q. Uro 3aBepinaer 10Ka3aTeIbCTBO TEOPEMbI O

B zaksmtouenune ormeruMm, 910 (GOPMYJIUPOBKA MTOCIEIHEHl TeOpeMbI Iepe-
KJIMKaeTCst ¢ m3BecTHbIM pesysbraroMm FO. V. Mepamsikosa [5] o romomopde
MOJIUIUK/THICCKUX TPYII U ABJISIETCS, CBOET'O PO/Jia “KOHCTPYKTUBHBIM W 0000~
IIIEHIEM 9TOIO Y TBEPKICHUS.
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1 IIpenBapureiibHble CBeAEHNs

Onpepnenenne 1. [1]-[6]. Ilycrs T — nosmas teopus, M = T. Pacemor-
pum Tuisl p(x), q(y) € S(0), peamusyembie B M, a Takxke BCEBO3MOXKHbIE
(p, q)-yemotivuswvie win (p, q)-nosyusosupyrousue HGOPMyYIbl Y(T,y) Teopun
T, T.e. bopmMyJibl, JJIsI KOTOPBIX HAMIyTCd dJeMeHThl a € M, Takue 4TO
E p(a) u (a,y) F q(y). Haomuum, aro eciu = p(a) u = ¢(a,b) ns (p, q)-
nostyuzosmpyomieit popmyst ¢(x,y), TO TOBOPAT, 4TO a noayudosupyem b.
Omupesiesam Jy1st KaxK 10 Takoit popmysibl p(x,y) JIByXMECTHOE OTHOIICHHE
R, o, = {(a,b) | M = p(a) A ¢(a,b)}. Ilpu ycaosuu (a,b) € R, ,, mapa
(a, b) HasBIBaeTcs (p, @, q)-dyeot. Ecmun p(a,y) — rmaBhas dopmyiia (HaT a),
1o (p, ¥, q)-nyra (a,b) TakKe HA3BIBALTCHA 24A6HO.

Ecmn ¢(z,y) asagerca (p < q)-popmyaot, T.e. OXHOBPEMEHHO (P, q)-
u (g, p)-ycroitunsoii, To muoxkectso |a,b] = {(a,b),(b,a)} HasBIBaeTCH
(p, ¢, q)-pebpom. Ecim (p, ¢, q)-pebpo [a,b] coctout u3 rnaBHBIX (p, ¢, q)- I
(g, 07, p)-nyr, e 1 (x,y) obosnauaer ¢(y,x), To [a,b] HAZBIBAETCA 2406-
Howm (P, @, q)-pedpom.

Bynem naswiBath (p, ¢, q)-ayru u (p, ¢, q)-pédbpa dyeamu u pébpamu co-
OTBETCTBEHHO, €CJIM U3 KOHTEKCTa sICHO, O Kakoil bopMy/ie uiaéT pedb, Win
pedb uAeT 0 HeKoTopoii hopmyite ¢(x,y). dyru (a,b), y Koropsix napst (b, a)
He ABJIAIOTCA JyraMu HU 10 KakuM (¢, p)-dbopmyiam, OyjieM Ha3bIBaTh HE00-
PAULACMOIMU.

*Pabora BbInoJiHEHA Tipu duHaHCOBON moiepkke Copera 1o rpantam Ilpesujen-
Ta Poccniickoit @erepanum A1 TOCYJAPCTBEHHON MOAAEPKKN BEIYIINX HAYYIHBIX IITKOJI
(upoexr HITI-6848.2016.1) u Komurera nayku Munucrepcrsa o6pasoBanus u nayku Pec-
nybmkn Kaszaxcran (rpant Ne0830/T'd4).

66
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Onpenenenne 2. [1, 7). dua tunos p(x),q(y) € S(0) obosnaunm depes
PF(p, q) muO)eCcTBO

{e(z,y) | pla,y) — rnapmas popmyna,
o(a,y) Fqy), tne = p(a)}.

[Tycrs PE(p, ¢) — muo)kectBo nap (p(x,y), v (z,y)) dopmyn us PF(p, q),
TAKUX 9TO I JI0O0H (HEKOTOPOI) peajin3aiuy a TUNA P COBHAJAIOT MHO-
)kecTBa pemtennit hopmyit ¢(a,y) u ¥(a,y).

Ouesnno, aro PE(p,q) sBiasercs oTHOIEHHEM SKBUBAJEHTHOCTH HA
muoxkectBe PF(p, q). 3amernm, uro kaxiaomy PE(p,q)-knaccy E coorser-
CTByeT JInOO TyIaBHOE peOpo, OO0 HeobpalnaeMas IJIaBHAdA JIyTa, CBA3bIBAIO-
IIasi pean3allii TUIIOB P U ¢ TTOCPEJICTBOM JIE000ii (HeKOTOpOit) hopMyIibl u3
E. Takum obpasom, dakrop-muoxectso PF(p, q) /PE(p, ¢) npencrasiasercs
B BHUJIE IU3BIOHKTHOTO 0ObeauHenusi muoxkects PFS(p, ¢) u PFN(p, q), rue
PFS(p,q) cocrour u3 PE(p, q)-k1accoB, cOOTBETCTBYIOMNX TVIABHBIM DPEO-
pam, a PFEN(p, q) cocrour uz PE(p, ¢)-knaccos, coorBeTcrByromux Heobpa-
[IAEMBIM TJIABHBIM JLyTaM.

Mmuoxecrsa PF(p, p), PE(p, p), PFS(p, p) u PFN(p, p) obosnauatorcst co-
orsercreerno depe3 PF(p), PE(p), PFS(p) u PEN(p).

Badukcupyem moyHyo Teopuio 1, He MMEIONIYI0 KOHEUHBIX MOJIEJIei.
[ycte U = U~ U{0}UU" — mekoropsiii andasut momuoctn > |S(T)],
COCTOSIIIUAI U3 0OMPuuamesvhul ssemenmos u- € U™, nososrcumensvHix
anemenmos ut € UT u mynsa 0. Kak o6brano, Gygem mmcars u < 0 s Jiro-
ooro snemenTa v € U™ u u > 0 g moboro snementa v € UT. MuoxkecTBO
U~ U {0} oboznauaercst uepez U<C a UT U {0} — uepes U=’. dnementsi
MHOXKecTBa U OyJ/ieM Ha3bIBaTh MEMKAMU.

PaccMOTpUM MHDBEKTUBHDBIE MEMOUHBIE HYHKUUU

v(p,q) : PF(p,q)/PE(p,q) — U,

p(x),q(y) € S(0), npu koropeix kiraccam uz PFN(p, q)/PE(p,q) coorBer-
CTBYIOT OTPHIIATEJIbHBIE 3JIeMeHThI, a Kiaccam u3 PFS(p, ¢) /PE(p, ¢) — sute-
MEHTBI HEOTpUIATEIbHBIC TaK, 49To 3Hadenue () OIpeIessdeTcs JIUIIb s
p = q u 3amaérea no dopmyre (z ~ y), v(p) = v(p,p). Ilpu srom Gynem
CUNTATH, UTO Py(p) N Pu(q) = 10} 1A p # ¢ (rae, Kak 0ObIUHO, Yepe3 py 000-
3HavaeTcst 00IaCTh 3HadeHHH QYHKIWME f) U Py (pq) N Pup.q) = 0, ecam p # ¢
u (p,q) # (p',q"). JTrobbie Merounble DYHKINY € YKA3aHHBIMU CBOHCTBAMHE, &
TaKkzKe ceMeiicTBa Takux (DYHKIMIT Oy1eM Ha3bIBATH NPAGUALHBLMU U JAJIee
paccMaTpuBaTb TOJIBKO IIPpaBUJIbHbIE METOYHbIC q)yHKI_H/H/I 1 UX IIpaBUJIbHbIC
cemMmeiicrsa.
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Yepes 6,4, 4(z,y) OyayT obosnauarsces dopmynst u3 PF(p, ¢), npeacras-
JAIOIHIE METKY U € Py (p,q)- FCm TUIl p pUKcUpoBan U p = ¢, TO opMmyIia
Opuq(2,y) obO3HATACTCS Tepe3 O, (z,y).

OrmernM, ato ecint Oy, ,(2,y) 1 04,,(,y) — dopmyisl, cBumETEND-
CTBYIOIIME O TOM, 4YTO JJId pPeaausaluii ¢ u b THIOB D U ¢ COOTBET-
crBeHHo mapel (a,b) u (b,a) ABIAIOTCS TIABHBIMU JIyraMu, TO (bOpMyIa
Opuq(,y) NOyy (Y, T) CBEACTEIBCTBYET O TOM, UTO |G, b] SBIAETCS TTABHBIM
pebpom. Ilpu 910M 06pamumoti MeTKe 1 OJHO3HAYHO COOTBETCTBYET (HEOT-
pulaTesibHas) MeTKa v 1 Hao60poT. MeTKu u u v GyjeM Ha3bIBATH 63AUMHO
06pammpLMu 1 0603HAYATH Yepe3 v U 4”1 COOTBETCTBEHHO.

J1jist TUIIOB Py, P2, - - -, Dry1 € SH(D) m muozkecTs Merok Xq, Xy, ..., Xp C

U obozHnaunm gepe3

P(p1, X1,p2, Xo, ..., Dk, Xk Diet1)

MHO2KECTBO, COCTOdIIee N3 BCEX METOK U & U, COOTBETCTBYIOHINX (bOpMyJIaM
0 u Xz KOTODbBIE JJId peaJu3alinii a THIa 1 1 HEKOTOPBbIX U1 < X1 N
P1,UPE+1 ’ )

pV(Pth)? ey Uk < Xk N py(pk,karl) YAOBJIETBOPAIOT YCJIOBHUIO

0p17u,pk+1 (a,y) F 0171,u1,p27u2,---7pk,w7pk+1 (a,y),

rie
—_
Op, JUT,P2,U2 5, Uk P41 (z,y) =

= 329, T3, .+, Tk (Opy g o (T, 22) A Oy g s (T2, T3) A

A epkfl,ukflypk (xk*h xk) A epk,UmpkH (xkv y))

Tem cambiM, Ha Gyneane P(U) muoxkectBa U obpasyercs aazebpa pac-
npedeseruti OUHAPHBLT USONUPYOUUT POPMYA C k-MECTHBIMHI OIEPAITASIMU

P(ph P25 Pk, 'ka—‘rl)v

rae pi, .- Per1 € SHP). Dra anrebpa mmeer ecrecTBeHHOE OOEJIHEHUE HA
moboe cemeiicreo R C S*(0).

OueBuiHO, YTO OUEKTHBHO 3aMEHsIsT MHOYKECTBO METOK, MBI IOJIyYIaeM
nzomopduyio aarebpy. B qactHocTH, nmeercd kanonuveckan arzebpa, y KO-
TOpOIU/I METKHU IIpeaCTaBJICHbI dJIeMeHTaMN

U PF(p,q)/PE(p, 9).

p.q

Tem He MeHee, MbI Oy/IeM HCIOJIB30BATH aOCTPAKTHOE MHOXKECTBO MeTOK U,
OTpazKaroIiee 3HaKi METOK U MPOsICHSIONIee aarebpandeckue CBOfiCcTBa ole-
panuii na P(U).
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BaMeTuM, UTO ecju XOTs Obl OJHO M3 MHOXKECTB X; He IIepeceKaeTcs C
Pu(pspir1) U, B JACTHOCTH, €CJIM OHO IyCTO, CIIPABE/JIMBO PaBEeHCTBO

P(pla X17p27 X27 s 7pk7Xk7pk+l) = (D
Ormernm Taxxke, ato ecmu X; € puy(p, piy,) A8 HEKOTOPOTO %, TO
P(pla X17p27X27 s >pk7Xk7pk+1> =
= P(p1, Xl N pu(pl,p2)>p2> X2 N pl/(pz,pg)a <oy Pk Xk N pr/(pk,karl)»pk-i-l)-

Ha ocnoBanuu mocjeguero paBeHCTBa B JaJIbHEHIIIeM IPU PacCMOTPEHIHT
3HaYCHUU

P(pb Xlap27 X27 <oy Dk Xkapk+1)

Oyznem npeanonaratb, 910 X; € pyppii), 0 = 1,... k.
Ecmu xaxmoe MHOXKecTBO X; COCTOUT JIAIIb U3 OJHOTO SJIEMEHTA U;, TO
B 3aIiCcu

P(ph X17p27 X27 <oy Py Xkupk-l—l)

BMECTO MHOZKEeCTB Xz 6y;[eM HCIIOJIB30BaTh 9JICMEHTDLI U; U IIMCATh

P(p17u17p27 U2y - vy Py uk:akarl)-
ITo OIIPpEIC/ICHNIO CIIPpaBEIJIMBO CJICAYIOIEe PaBEHCTBO:
P(plu X17p27X27 s 7pk7Xk7pk+1) =

= U{P(p17u17p27u27 S 7pk7uk7pk+1) | up € X17' S, UK € Xk}

Taxum obpazoM, 3aj1aHe MHOYXKECTBa,

P(pb X17p27 X27 <oy Dk Xkapk+1)

CBOJIUTCS K 3aJ[aHUI0 MHOXKECTB P(p1, U1, o, Us, . . ., Pk, Uk, Dit1). OTMETHM
TaKzKe, 9To JiIe j11060ro MuOZKeCTBa X C py(pq) BMeeT MecTo P(p, X, q) = X.
Bamernm, aro ecan u; = 0, TO p; = p;11 JJIsT HEIYCTBIX MHOYKECTB

P(p17u17p27 u27 e 7pi7 O;pi+17 L 7pk7uk7pk+1>
1 IIPpU 9TOM BBIIIOJIHAIOTCHA CJIEYyIoIre COOTHOIICHMA:
P(p1707p1> = {0}7

P(p1,u1,p2, U2, . oy Piy 0, Dig1, Wi 1, Pit2s -« - s Diey Uky Dit1) =

= P(pb U1, P2, U2y« -+ s Diy Uit Pit2y - -+ 5 Py ukakarl)-
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Ecau Bce Turibr p; coBIialaloT ¢ TUIIOM P, TO BMECTO 3allnceil

P<p17 X17p27 X27 <oy Dk Xkakarl)

u
P(pla U, P2, U2y - - -y Pk ukapk—f—l)

Oymem mucars P,(Xi, Xa, ..., Xi) u P,(uy,ug,...,ur) COOTBETCTBEHHO, a

rakxke | X1, Xo, ..., Xglp u |ug,ug, ..., ugl,. Bymem taxxke omyckarn nb-

JIEKCBI -, €CJIM U3 KOHTEKCTa $ICHO, O KAKOM THIIE D HIeT pedb. IIpu srom
BMeCTO DOPMYIT Oy vy pous . prugep (L5 Y) Oymem mucars O,y o, (T, Y).

[pu mammaun mogean M, rpymmons Bop) = (P(pup) \ {0}; [+, -]), Oy-
JIy9IH noayaccoyuamuehot (caesa) aarebpoii, MO3BOJISET MPEJICTABUTH BCe-
BO3MOZKHBIE OTE€PAIUH |-+, ..., | TepMaMu CUTHATYDHI |-, - |. B nasabreiinem
oneparnuio |-, -| 6yjem Takzke 0603HAYATH Yepes - U UCIIOJIL30BATh 3AIUCH U
BMeCTO 4 - v. IIpu 9TOM B ¢/iydae OTCYTCTBUS MOJIyaCCOIUATUBHOCTH CIPABA
OyJIeM B 3aIlUCH U1Us . . . Uy, TPEJIIOJIAraTh CJIEY Oy PACCTAHOBKY CKODOK:

[Tockosbky 10 BBIGOPY MeTKu 0 jyisi bopmysibl (z A y) clpaBe/IuBbI
pasercrtBa X - {0} = X u {0} - X = X jya moboro X C pyp), TPpyHmons
B (p) MMeeT emHIIHbIN deMenT {0} 1, IPU BBIIOJHEHNH CBOHCTBA T10JIyac-
CONMATUBHOCTH CIIPABA, ABJSETCSI MOHOUJIOM. B 9T0ii cucreme mjist JIoObIX
MHOKeCTB Y, Z € P(pyp) \ {0} cupaseamso coorronrenne

Y-Z=|J{yzlyeY,z€ 2} (1)

s cemeiicrsa 1-tunos R C S(T) obosuaunm 1epes Ir (B Momenn M)
MHOKECTBO
{(a,b) | tp(a),tp(b) € R u a uzosnupyer b},

a depe3 Sl (B Mojesin M) MHOKECTBO
{(a,b) | tp(a),tp(b) € R u a nosyusoaupyer b}.

OueBnano, aro Ir C Slg u Ha JIFOOOM MHOXKECTBE pean3aluii TUIoB u3 R
ornornenus Ir u SIp pedekcuBnbl. VI3BECTHO, YTO OTHOIIEHNE TIOJIY 3011~
POBaHHOCTU Ha MHOYKECTBE KOPTEXKeil MPOU3BOJILHON MOJIE/ I TPAH3UTHBHO
U, B YaCTHOCTHU, TPAH3UTUBHO Ji0Ooe oTHotrenne Slz. UTo Kacaercs oTHO-
mieHns Ir, OHO MOXKET ObITh KaK TPAH3UTUBHBIM, TaK U HETPAH3UTUBHBIM:

IIpennoxenue 3. (1, 7|. Hycmo p(x) — noanwid mun noanot meopuu T,
umerowets modeas M, v(p) — npasusvhas memounas dyrnkyus. Caedyro-
WUE YCAOBUA IKBUBANEHTHDL:



Autrebpsr J1j1s1 Teopuii CHMITLICKCOB 71

(1) omnowenue I, (na mnoocecmese peasudayud muna p 6 10600 MOOEAU
M = T) mpansumusno;

(2) dns mobvir memox uy, s € Py MHodceCME0 Py(u1, Uus) KoHEUHO.

IMpensoxenne 4. |1, 7|. Ecau p,q € R — anasnvie muno,, mo py(pq) U
Priap) C U=’

Pacmupsst MmuozkecTBO MeTOK U TOJIOKUTEJIHLHBIMI U OTPULIATEIbHBIME
METKAMHU JIJIsT TIOJTYyU30JIUPYIONUX (DOPMYJI, & TaKkKe HeUmpasbHbLmu METKa-
vu v’ € U’ (coBMmernaromumu HeobpaTUMble JyTH U TJIaBHbIE pebpa B MHOKe-
CTBO DeIleHuii moayn30aupyomux Gopmy.), noaydaeMm SJz-cucrembr &J
JUTS TIOJIYU30JIMPYIONUX (POPMYJI, & TaKzKe Si-paHru, OyJIeBbl olepalnyd Ha
MeTKaX 3TUX (POPMYJI, OTHOIIEHUSI JTOMUHUPOBAHUS METOK, COOTBETCTBYIO-
e otHoteHuio -, 1 POSTCr-cucrembr, BKIIIOYAIONE BCe YKA3AHHBIE aT-
pubyTHI [1, 8.

IIpensioxkenune 5. (1, 9]. Jas mobott meopuu T, nenycmozo cemeticmea
R C SY(D) usoruposanivix munos u npasuavrozo cemeticmea v(R) memou-
noir pyrwyuts das noayusosupyrowur popmys POSTCr-cucmema M, (g)
COCMOUM U3 NONOHCUMENDHDIT MEMOK U HYAA, U KAAHCOAA MEMKG U UMEEM,
JroroiHeHne i, maxoe wmo u AU = ) u u V U AGAACNCA MAKCUMANDHDLM
anemermom. Eciu R = {p}, mo monoud 6T,y = (My(r), ) noposcdaem-
cA bynesotl anzebpoti, 0as Komopol u NV U COOMBEMCMBYEM USOAUPYIOULUM
dopmysam muna p.

Caencrsue 6. |1, 9]. [l moboti w-kamezopuwnot meopuu T, nenycmozo
cemeticmea R C S*(0) u npasuavnozo cemeticmsa v(R) memouwnoix dynryul
das noayusorupyrowuz popmys POSTCr-cucmema M, gy Konewna, cocmo-
UM U3 NOAOHCUMEALHDIT MEOK U HYAA, U KAAHCOAA MEMKG U UMeEm JONoA-
HeHue U.

Teopema 7. [1, 9]. /s w60t POSTCr-cucmemovr M, y womopoti xasrc-
ast MEMKA NONOAHCUMENOHAS UAU HYAEBAS U NPU ITMOM UMEETN, JONOAHEHUE,
cywecmeyem meopus T, nenycmoe cemeticmeo R C S (D) usoauposarmnwviz
munoe u npasusvhoe cemeticmeo v(R) memounor gynkyud 0as nosyuso-
aupyrowux dopmya, marue wmo M, gy = M.

Caencrsue 8. (1, 9|. Jlaa w060 konewnotd POSTCr-cucmemv M, y xo-
mopoti A100aA MEMKG MONOHCUMENOHA UM HYACEAS U UMEEM JONONHEHUE,
cywecmeyem w-kamezopuunas meopua T, nenycmoe cemeticmeo R C S*(0)
u npasuavHoe cemeticmso Vv(R) memounux Gynkuut 044 noAYu3oUPYOUUT
dopmyn, maxue wmo M, gy = M.
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Samevanue 9. . OT™MeTum, 9TO €CIU Uy, ..., U, — BCE METKH, CBI3BIBAIO-
e peajim3aiuu 1-TUIIOB p U ¢ TJIABHBIMH JIyTaM#, TO JJIsl JIFOOOW MeTKH
u = u; V...V, €€ JIOINOJHCHNEM SBJIACTCI METKa U = uj, V... Voug,
rie {iy,... ik}, {J1,... i} — pasbuenue muoxkectBa {1,...,n}. [Tostomy B
caencTBUsX 6 1 8 0 HAJIMYIUH JIOIOJHEHUH MOYKHO HE YIIOMUHATD.

Kpome Toro, nockosibky B si060it Koreunoit POSTCx-cucreme M Bce
METKU CBOJIATCS K METKAM H30JIUPYIONIIX (hOPMYJI, 9T CUCTEMa OJTHO3HATHO
ompeJIesIsieTCsl CBOeH MoIa/iredpoil pacipeiesieHuii N30 TUPyIoNux (popMyJI.

2 Ajarebpbl OMHAPHBIX N30JUPYIOINX (POPMY.JI
JJid TEOPUN CUMILJIEKCOB

Onpepnenenne 10. [10]. Cumnaexc win n-meproi mempasdp (ot Jar.
simplex — mpocroit) — reomerpudeckas burypa, ABIAIONIAICA N-MEPHBIM
00001TIeHreM TPEYTOJILHUKA.

B mpocreiiniem cirydae CUMILIEKC 9TO TpeyToOabHUK. V3-3a pasHbIX Bapu-
aInii KOMITOHOBKY, OJIMHAKOBOE KOJIMIECTBO CHMILJIEKCOB MOYKET MMETh Pas-
HBII quameTp. MbI OyaeM paccMaTpuBaTh aJIreOphl JIJId TEOPUU CUMILIEKCOB
¢ ygeroM juamerpa. [log quamerpoMm mogpasymMeBaeTcs MOHATHE JTHAMETPA
Jis rpada.

AreOpbl JIJI TEOPUH CUMILIEKCOB 0003Ha4IaTh OyaeMm 1depes &, riae n
JIIaMeTp.

Onpepenenne 11. [/[1g9 CUMILIEKCOB C JUAMETPOM, PaBHBIM 1, 0003HAYNM
gepe3 &1 anredbpy (Si;*) ¢ MHOKECTBOM METOK py(py = {0, 1} u 3a;1aBaemyro
ceJIyIomeit Tab /InuIeii:

To 1
0] {0}| {1}
1{1}]{0,1}

Onpenenenune 12. [l cuMILIEKCOB ¢ UAMETPOM, PABHBIM 2, 0003HATUM
gepe3 Gy anredpy (Sa;*) ¢ MHOXKECTBOM METOK p,() = {0,1,2} u 3a1aBae-
MYIO CJIEJIyIONIeil Tab/IuIIei:

0 1 2
{0} | {1} {2}
{1} | {1,2} |{0,1,2}
2y 1{0,1,2} [ {0,1,2}

N =[O
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Omnpenenenne 13. [l CUMILIEKCOB C JUaMETPOM, PABHBIM 3, 0003HAYUM
gepe3 &3 anredpy (Ss; *) ¢ MHOKECTBOM METOK py ) = 10,1,2,3} u 3a1aBa-
eMYIO CJieJlylomeii Tabiuieit:

10 1 2 3
oj{oy| {1} {2} {3}
1 {1y | {12} [{0,1,2,3}{0,1,2,3}
2 ({2} [{0,1,2,3} [ {0,1,2,3} | {0,1,2,3}
31 {3} [10,1,2,3} | {0,1,2,3} | {0,1,2,3}

Omnpenenenne 14. s cUMILIEKCOB ¢ JIMaMeTPOM, PABHLIM 5, 0603HAYNM
uepe3 &5 anredpy (Ss;*) ¢ MHOXKECTBOM METOK Py = 10,1,2,3,4,5} n
3a/1aBAEMYIO CJIEJYIONIeH Tab et

T 0 1 2 3 1 5

0 [ {0} {1} {2} (3} {4} {5}

RE {1,2} {0,1,2,3} {0,1,2,3,4} | {0,1,2,3,4,5} | {0,1,2,3,4,5}

2 {2y | {0,1,2,3} {0,1,2,3,4) | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5}

3 {3} | {0,1,2,3,4] | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5}

4 {4y | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5}

5 | {5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5}
Omnpegenenne 15. [yt CUMIUIEKCOB ¢ I@MaMETPOM, PaBHBIM N, ajarebpa
(Sn;*) ¢ MHOKECTBOM METOK p,y = {0,1,2,3,...,n} 3amaerca ciejyomeit
TaOJINIIEH:

: 0 1 2 3 n

0 | {0} {1} {2} {k} {n}

R .2] [0,1,2,3) (S RNTES; 0.1,

2 | {2 {0,1,2,3} {0,1,2,3, 4} {01, m+2} {01, ,n}

m | {m} | {0,1,...,m+1} | {0,1,...,m+ 2} {0,1,...,m+ k} {0,1,...,n}

n {n} {0,1,..., n} {0,1,...,n} {0,1,...,n} {0,1,...,n}

u obo3navaercd depe3 G,,.

Bamernm, 4ro (m + k) He MOXKeT IIPEBBINATH 3HATCHUA N.

HeHOCpe,Z[CTBeHHaH HpOBepKa JJIA BbIH_IeyKaBaHHbIX Ta6.HI/H_L YCTaHaBJH/I—
BaeT CJejylolee

YrBepxkaeuue 16. /laa cumnaexcos ¢ duamempom, pasHuvim N, anzebpa
OUHAPHBLT UBOAUPYIOWUT Popmya umeem 6ud S, .
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Buepsbie a1y npobiemy paccmarpusad Llaccenxays B Hadase 70-X To10B
nporaoro Beka. OH IPeIoKUI CJIEYIONLY 0 TUIOTe3Y:

(Aut) IIycts © € AutZG — uopmasm3oBaHHbIil. Torma cyre-
crByeT eguHuiia o« € QG u aBromopdusm o € Aut G, Takue 4TO

9(g) = a~a(g)a, Vg € G.

Ornpe/ieJienne HOPMAJIU30BAHHOTO aBTroMopdu3sma cM. [1].

OnHako K 9Toil runorese ObLIH ocTpoeHbl KoHTprpuMepsbl. (K. W. Rog-
genkamp, L. L. Scott (1988) [2], M. Hertweek (2002) [3]). Mer paccmaTpuBaem
9Ty TPOOJIEMY ¢ TOYKN 3PEHUS TEOPHUH IIPE/ICTABICHUIA.

[Iycrs G = {e, go, ..., gn} — KoHeunas rpynmna, 11(G), ..., Ty(G) — Bece
ee HeIlPUBOJMMbIE HESKBUBAJIEHTHDBIE TIPEJICTABJIEHUs CTEIeHel Ny, . .., Ng.

D(G) = {dlag(Tl(g)vTQ(g)a s 7Ts(g))7g € G}

OueBnino, uro ZG = Z[D(G)], nosromy Bce JajbHEIme paccy K IeHust
uposojiaTes it Z|D(G)]. Yeaosumces koubiia Z[T;(G)] Ha3bIBATH KI€TKAME
kousibia Z[D(G)]. Mexay pasmuanbiMu KiaeTkamu Kousibiia Z[D(G)] Bo3Hu-
KA0T 0TOOPaKEHUS

Hij Zo‘gTi(g) - Zongj(g),ozg €Z,
geG geG
KOTOpPBIE JIN00 SIBISIOTCS m3oMopdm3mamu, Jinbo He spisiorcs. I[Ipo coBo-
KYIIHOCTh Bcex Tex Kietok Z[T;(G)], i = 1,--- | s, MeXy KOTOPbIMU OTOO-
pazKeHnd [i;; ABJAIOTCA n3oMopdusMaMu, OyJeM rOBOPUTH, YTO OHH OOpa-
sytor 6sox. Ecm knerku Z[T; (G)], ..., Z[T;, +x—1(G)],k > 1, obpasyior
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610K, T0 0boznaumM D, (G) = {diag(T;,(g), .- -, Ti,+x-1(9)), 9 € G}, KombIO
0O, = Z[D,(G)] nazosem 60roM. Cpady BO3HHKAET BOIPOC: SBJISETCS JII
orpanmdenne asroMopdusMa ¢ Kosbia Z[D(G)] na 610k O, aBromopdus-
mom 6rtoka? st orsera ma Bompoc 3amernM, uro O, = Z[D(G)|/1,, te

I, = {EZG%D(Q)| eZG%Dp(g) = 0}.

Teneps nousiTaO, UTO ecim ¢(I,) = I, To orpanntenue ¢ na O, ABIAETCS
aBroMopdusMoM O, B IPOTUBHOM CJIydae OTBET OTPHUIIATEIbHBIN.

OcranoBumMcest  1osipoOHee Ha BTOpoM  ciydae. llomsaTHo, 4To uje-
an I, mopoxnmaer wumean [, amre6psr Q[D(G)]. 13 Bumma kierodno-
HIZKHETPEYTosIbHOTO Oasnca kosbha Z[D(G)] (em. [4]) mordaTHO, 9TO MOXKHO
HaliTu aJIIUTUBHBIN Oasuc uieana I,, Torma I, OyjeT IpocTo 3aMbIKaHHEM
sroro Hasuca Har Q. ABroMopdusM ¢ MpoIoJIZKAeTCs 10 aBToMOpdu3Ma, O
9TOI aJireOphbl TAKXKe B CUJIY COBIAJICHUS aJINTHBHBIX OA3UCOB.

Ornocurenbro anrebper Q[D(G)] MoxKHO j10Ka3aTh, 4TO

1) QID(G)] = QO] & - & Q[O];

2) amrebpst Q[O,],p =1, ..., ¢ ABIAIOTCSH IPOCTHIME HAJ] CBOUMH IIEHTDA-
M.

JlokarkeM TIepBOe YTBEPIK/IEHUE.

Jlemma 1. /Jlas xaoicdozo 6aoka O; xoavuya Z|D(G)] cywecmeyem packaeu-
BANOWLEE HUCAO, TO ECTND MUHUMAALHOE HEHYACE0E HAMYPAALHOE YUCAO T,
maxoe 4mo

diag(0,...,0,m;0;,0,...,0) C Z[D(G)]
IIpu amom mi||n£_‘, 2de n; — cmenenv kaemox, sxodauux 6 ook O;.

Jlokasamenvcmso. Hanomuum [6], aro npoexmop P; Ha MOAIPOCTPAHCTBO
V; mpoctpancra V = C", uaBapuantaoe oraocutesnbno R(G), B KOTOpOM
peasimsyercs npsiMasi cyMma ripejcrasienuii 1;(G), nveer Bug

> xi9)R(9), (1)

geG

P =

n;
G|

rje x; — xapakrep npejcrasienus T;(G). Torma w3 Buga (1) ciemyer, aro

n; — .
Pl = i SN (R() = (0.0, O 0),
geG n;
rae ep, — €IUHHNYIHad MaTpHlla CTEIIEHH 71;, IIOCKOJIBKY _P,L»t Ha 3JIeMEHTaXxX

IIOAIIPOCTPaHCTBa ‘/; ,Z[efICTByeT TOXKAECTBEHHO, a 9JIEMEHTBI OCTaJIbHbIX WH-
BApPUAHTHBIX OTHOCHTEIbHO R((G) MOAMpPOCTPAHCTB 0OPAIAET B HOJIb.
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Bepnewmcs k npencrasiennto D(G) u paccMOTPUM IPOEKTOPBI HA MOITPO-
CTpaHCTBa, NHBAPUAHTHBIE OTHOCUTE/HHO OJ10KOB. Ilycrh 610k O; coctout
u3 k KjaeTok. B 3ToM ciiydae paccMOTPUM MaTPHUILY

Z xi(g -+ Xirk-1(9)) D(g) =
e
geG
= diag(0,...,0,€n,,...,€n,,0,...,0),
————

k

rae eJMHUYIHbIE MAaTPHUIIbl CTOAT Ha MeECTaX KJIETOK

Z|T(G)], ..., ZTi1k—1(G)]. Tlo memme 2 u3 pa60Tb1 [1], ectn ¥ = x; +
)

-+ Xisk-1, T0 X(G) C Z. HoaTOMy . Gl = deGx( )D(g) =
G G
diag(0,...,0, ’n,‘eni’ c |n’ €n;,0,...,0) € Z[D(G)]. Tak kak
A Z >
Gl , _ 1Sl
- A,ZID(G)] = diag(0,...,0, . 0;,0,...,0) C Z[D(G)|, wumeem
n;

N3 nokazarenbcTBa JeMMbI 1 BUIHO, 9TO

Q[D(G)] =Q[O1] @ --- @ QO]
HokazxkeMm yTBepxieHue 2).

Jlemma 2. /Jlna xaoicdozo 6aoxa O; xoavuya Z[D(G)| nopoorcdénmasn 1ad num
Q-anzebpa Q[O;] asasemes npocmot.

Jlokasamenvcmso. B cuny m3omopduoctn Q-amredp Q[T5(G)] u QO]
(em. semmy 1 w3 paborsr [1]), Gyzem gokaseiBaTh mpocToTy Q-amrebpbr
QAT(G)].

[Ipeamonoxum, aro B Q-amrebpe Q[T;(G)] naméncs HeTpuBHATHHbII
wiean I. ITycrs {hq, ..., hq} — Hekoropbiit Q-auTuBHbI 6a3uc TOro Uje-
ana. Ilockonbky T;(g)hj, hT;(g) € I, To nuHeiiHas 000IO0UKaA ITOrO HIeasIa
Hay1 osieM nipejcrasienus Q(O;) 6aoka O; Takke OyIeT WIATOM B COOT-
sercrytomein Q(O;)-amrebpe Q(O;)[T;(G)].

B cBoto ouepenn, mocrpoernas Q(O;)-anrebpa siBisiercss TpOCTOil Kak
Q(0;)-anrebpa HENPUBOAUMOTO TpejcTaBieHns u3 6a0ka O;, MOITOMY JIO-
6oit eé HeTpuBHABHBIN mieas Oymer cosmagarh co Beeit Q(O;)-amrebpoi
Q(0;)[T;(G)]. Crnenosarenbro, cpemu siemenToB Q-ajymruBHOrO 6asmuca
{h1,..., hg} maiigerca n? Marpun, JuHelHO HezaucuMbIx Hajl tojieM Q(O;),
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u 3uaqut, Haj ero nommoseM Q(x;). 31ech n; — CreneHb HEMPUBOIAUMBIX
npejcrapiaernit u3 omoka O;.

[Iycts hq, .. "hn? — BblJIeJIeHHAs], JIMHEHHO He3aBUCHMAas HaJ I10JIeM
Q(xi), wacts Q-amruBHOTO Oasuca nueana I, aj, ..., q, — 6a3uc KOHEU-
noro pacrampenus Q(x;) : Q. Tak kak Q[T;(G)] = Q(x:)[T3(G)], B nueane
I < Q|O;] maitnéres k;n? snementos o;hj, i = 1,... k7 =1,...,n?. Dror
Ha0Op HE MOXKET ObITH JUHEHHO 3apucuMbIM Hag (Q, Tak Kak B 3TOM Ciiydae
nojtyyaeM Jmnefinyio sasucumocts HaJl Q(x;) st saementos Ay, ..., e,
9ero He JIOJIPKHO OBITH B CHJIy UX BBIOODA.

B wurore noayuwnu, uro B ugeane I < Q[O;] maiinéres kn? numneiino
HezaBHCHMBIX Has Q ssemenToB, uro BiaedéT pasenctBo [ = Q[0;], Tak Kak
dimgQ[O;] = k;n? . Takum obpasom, Q-anrebpa Q[O;] ne comepzxur HeTpu-
BHAJIBHBIX COOCTBEHHBLIX MJICAJIOB, TO €CTh ABJIACTCS IIPOCTOI. ]

Us 1), 2) cremyer, aTo

I, = QO] ®--- & QOp1] ® QOp11] @ --- B Q[O4],

(L) =I, =Q0)) ®---®QOy_1] ® Q[Op11] @ --- & Q[O].

Torzta Q[D(G))/1, = QIO,], a Z(Q[D(G)]/T,) = Q[D(G)}/ Iy = Q[Oy).

Cootsercrsenno, ¢(Z[D,(G)]) = Z[Dy(G)], T.e. aBToOMOpdu3M ¢ 3amaeT
msomopdusm Mexy 6imokamu Z[D,(G)| u Z[ Dy (G)]. llycrs o : Z[D,(G)] —
Z[Dy(G)] — msomopdusm Mez Ly STUMA OJIOKAME 1

a=diag(ay,...,ap,...,0y,...,a;) € ZD(G)].

Torna
¢(a) = diag(a),...,o(ay),...,0 ay),...,a,),

-1
rae o(a,) € Z[Dy(G)], a0 (ay) € Z[D,(G), 1.e. npu aBroMopdusme ¢ 610-
ku O, u Oy “nepecrabidaiorcd’. HarmoMHuM BHJ KIaCCOBBIX CyMM, T.€. CyMM
9JIEMEHTOB, IPUHAIEKAIIIX OJHOMY KJIACCY COIPS?KEHHBIX 5JIEMEHTOB:

Gy .
S 1) = A, (e )

j
gegs

Tak Kak npu u3oMopdusMe KoJiell CKaJIgpHble MATPHUILI [IEPEXOJIAT B
CKaJISIPHBIE, TO U XapaKTepbl OJIOKOB IIPH aBTOMOPMU3ME ( TIePECTABIAIOTCH.

B cBa3u ¢ aTuM BBejieM Ha3BaHUSA aBTOMOP(MU3MOB.

Ecmm ¢(I,) = 1, T0o HA30BEM ¢ — CMabUAUSUPYIOULUM.

Ecmm ¢(I,) = Iy # I,, To Ha30BEM (¢ — NePecmasAAOULUM.
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Crabummsupytoriue aBTOMOPGU3MBI 00PA3YIOT HOAIPYIIILY
Stab(Z[D(G)])

B rpynie Aut (Z]D(G)]). Honaruo, uro Stab(Z[D(G)]) — nopmasbHas moji-
rpynmna Konedxoro mujekca B Aut (Z[D(G)]), T.e. cymecTByeT KOHEUHBIIT
Habop IepecTaB/ISIONUX aBTOMOP(MU3IMOB, ONPEJIEIAIONIX (PaKTOP-TPYIIITY
Aut (Z]D(G)])/Stab(Z[D(G)]).

g onucanus CTpOEHUS CTAOUIU3UPYIONINX aBTOMOP(U3MOB, H3YUCH-
HBIX HAMHU paHee, BBEJEM B PaCCMOTPEHHE elle OJWH aBTOMOpGpu3M. A
uMeHHo, nyctb K — ajrebpamdeckoe pacimmpenne nojs Q, 7 € Aut K,
a = (ai;) € Ky. Oupenermnm 7((ai;)) = (af;)

Orpanmdenne crabuausupyonero aBromopdusMa ¢ Ha 6j10k O, aBIA-
ercst apromopdusmom 6s10ka O,,. Orcroa orpanndenue $ Ha anre6py Q[O,)]
ABJIsAeTCs aBTOMOpGbU3MOM 310it anre6psl. Lenrpom amrebpst Q[O,] aBis-
ercs nose xapakrepa Q(x;,). Torma mo teopeme Herep — Ckonema, ecim
paccmarpuBarh anrebpy Q[O,] kax amrebpy mang Q, ee aBromopdusmamun
SIBJISIIOTCS KOMITO3UITUU aBTOMOPGU3MOB 7', T1e 7' — HpOJIOIzKeHne aBTO-
mopdusma 7 € Aut (Q(x;,)) /10 aBTOMOpdU3Ma oI Hpe/ICTaB/IeHIs OJI0Ka
Op, 1 conpsKeHnd eJIMHUIIAME 3T0# ajarebpel. B pesysbraTe HaMu mOJIye-
Ha dakropusanus apToMopdu3MoB kosibla Z[D(G)], oriudnast oT rumnoresmt
[Haccenxaysa.

Teopema. 10601 nopmaauzosarmnviti asmomoppusm xosvya Z[D(G)]
ecmb KOMNO3UUUA (L O T O Py, 20€ O — NEPECTNABAAOULUL GBMOMOPPHUIM U3
KoHewHo020 Habopa, T — asmomopduam noas npedcmasaerus epynnve G, o
— conpasicenue edunuyets s anrzebpu, Q[D(G)).
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1 Introduction

Many experts in the field of Digital Currency and Computer Science
in general have highlighted the need for convergence with the field of
Mathematical Logic and Formal Methods. The article of Herihy and Moir
[6] highlights the necessity of creating a logical system that can express
propositions such as “Because A (an agent) endorsed false statement, A
can no longer be trust with nuclear codes” and properties like authorization,
fairness, incentives as well as behaviors of miners.

In his presentation How Formal Analysis and Verification Add Security
to Blockchain-based Systems during the last Blockchain Protocol Analysis
and Security Engineering Conference 2017 Shinichiro Matsuo (MIT) reports
the need for a logical system that is sound and complete, and within which
we can describe the notion of security, privacy and thus prove the desirable
security specifications.

A first step was made by Brunnler et al [2] with blockchain epistemic
logic, but as described by the writers, it is at a rather early stage. In addition,
Joseph Y. Halpern and Rafael Pass in [4] provide a complete characterization
of agent’s knowledge.

With our work, our goal is as follows. First, we want to examine whether
it is possible to create a logic that can describe properties such as privacy,
security or Common Prefix Property, Chain Quality Property etc. Can
there be only one logical system, a universal logic? What knowledge do
we need from model theory and mathematical logic in order to be sure that
we can express properties in the logical system? Furthermore, we should

81
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question the implications of other properties of a logical system like Craig’s
interpolation property and compactness property. Moreover, what knowledge
can we get from the community of formal methods and the work done on
the expressiveness of properties such as privacy in logical systems?

The second thing we intend to explore is the relationship between Bitcoin,
Game Theory and Mathematical Logic. Can we translate the fundamentals
of Bitcoin Game in Formal Languages? It is known that the tools of modal
logic have enriched the game-theoretic language by making it possible
to express concepts that were previously either informally claimed to be
captured by a solution concept. A famous theorem of this theory is the
notion of common belief in rationality and its relation to iterative deletion
of strictly dominated strategies [1].

The first step is here, where we give a first definition about stable
behavior through topological approach, using coalgebraic tools and notions.

2 Coalgebras and Topology

In general we can say that a coalgebra consists of a set X named as
a state space and a function £ : X — T(X) where the elements of T'(X)
labeled as transitions from X. Formally the definition of coalgebra in the
language of category theory is above.

Definition 1. Let C be a category and T : C — C an endofunctor then a
T-coalgebra is a pair (X, ) where X is an object in category C and £ is an
arrow in C, i.e. £ : X — T(X).

Definition 2. Let T : C — C be an endofunctor then a morphism between
two T-coalgebras (X, ¢) and (Y, ) is a morphism f : X — Y such that the
following diagram commutes, i.e. vf = T(f)E.

x L vy
3 v
T(X) — T(Y
(X) —— T(V)
Fig. 1: Morphism of 7-coalgebra

Example 3 (Kripke Models). This example is coming from the area of
Modal Logic. A Kripke model [7] for a set of atomic formulas is a triple
M = (W AR cyop:V}) where W, the domain, is a non-empty set whose
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elements called as points or states or possible worlds. Each R™ is a binary
relation on W and V is the valuation function, which assigns to each basic
propositional symbol of the language a subset of the domain.

Following [5] we can define through a coalgebraic formalization as
Next(w) = {w' € W | wRw'} to be the set of states that are possibly next
of w and as Prop(w) = {p € P | w € V(p)} to be the formulas which are
true in state w.

Then we can see the Kripke model as (W, ), where

§:W — P(W) x P(P), {&(w) = (Next, Prop)

and finally the standard modalities can be defined as

O¢le = {we W | ¢w) € o]}

Example 4 (Topology). It is well known that we can obtain concrete
examples of colagebras from topological spaces [3]. If (X, 7) is a topological
space we can see it as a 7-coalgebra using the operation which associates
with every point x € X the filter U, , i.e.

VelU, <= F0ec71: 2 O&OCV. (1)

Definition 5. [3] An F-coalgebra (X, a) is called topological if there exists
a topology 7 on X such that for all x € X, a(x) = U, (x).

Proposition 6. [3] Let (X, 7) and (Y, p) be two topological spaces. Then
amap f:(X,U;) — (Y,U,) is a T-homomorhpism iff f is continuous and
open. Furthermore a subset Z of X is a subcoalgebra iff it is open.

In computer science, coalgebra has emerged as a formal way of specifying
the behaviour of systems and the behaviorally equivalent of two states.

Definition 7. For two coalgebras £ : X — T'(X) and ¢ : X' — T(X’), we
say that two states x € X and 2’ € X' are behaviourally equivalent and we
write x = ' if there exists a coalgebra ¢ : U — T'(U) and two coalgebra
homomorphisms f: X — U and g : X’ — U such that f(z) = g(2').

It is obvious from the above definition that behaviour equivalence is
a reflexive and symmetric relation, it is not difficult to show that in any
category with pushouts the behaviour equivalence is also transitive relation.
The initial step for our work is to introduce a definition about the behavior
of agents using topological notions.



84 Y. Kiouvrekis

Definition 8 (Stable under Behavior - SuB). Let X be a set, 7 a
topology over X and f a function f : X — X, then a point is Stable under
Behavior of the open U, and the orbit of function f iff f™(z) € U, for every
n € N.

Definition 9. Let (X, 7) be a topological space and f a continuous function
then the orbit of x under the action of f is the set

O, ={z, f(z), f(f(z)) = fO(x),.... f"(x),...}

Theorem 10. Let (X, 1), (Y,p) be topological spaces, o a continuous
function on X, and x € X,y € Y two behaviorally equivalent points
such that x is Stable under Behavior of « and U,. Then z such that
flz) =g(y) = z € (Z,x) is Stable under Behavior of f[U,] and g = f ©® «
where g+ Z — Z such that g™ (2) = f (o™ (z)).

Proof. Let U, C P(X) be an open set in (X, 7). Then f [U,]is open in (Z, x).
We have also f[O,] C f[U,]. Therefore, ¥ n € N: ¢™(z) € f[O,]. O

3 Future work

Based on the presented arguments, it is clear that we treat states as
agents. Also it becomes clear that it is important to develop syntax and
semantics of modal logics for reasoning about multiple parties creating a
map of formal verification projects on Digital Currency field and templates
and languages which are suitable for formal verification.
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In the work [1], initial notions of the first-order combinatorics are
defined presenting a conceptual framework for investigations of expressive
power of predicate logic. First-order combinatorics requires to accept some
family of methods for transformation of theories. A transformation has the
aim either to simplify the theory or to reduce it to a definite form with
the same isomorphism type of the Tarski-Lindenbaum algebra and with
preserving model-theoretic properties of corresponding completions. The
common practice of investigations in model theory widely uses a terminology
connected with the model-theoretic properties of complete theories, however,
this term was not specified in any way yet. Thus, a necessity to give a
definition to the concept of a model-theoretic property becomes actual.

Combinatorics of a given type is characterized by a definite set of used
methods of transformation of theories and by the layer of those model-
theoretic properties which are preserved by these methods. Relation between
the accepted class of methods and the semantic layer of preserved model-
theoretic properties is a Galois’s correspondence. Therefore, an inverse
dependence takes place between the set of methods and the volume of the
layer of model-theoretic properties preserved on them. Signature reduction
procedures and transformations by the universal construction of finitely
axiomatizable theories are considered as combinatorial methods in predicate
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logic; these methods are taken as a basis for the first-order combinatorics.
For finitary combinatorics, we accept methods of a transformation of finite
signatures and more general methods of Cartesian extensions of theories
while for infinitary combinatorics, we accept methods of a reduction of
infinite signatures to finite ones as well as transformations of theories by
means of the universal construction. The class of finitary methods can be
considered separately. As for the class of infinitary methods, its consideration
requires adding the finitary methods.

In this work, we describe the operation of a Cartesian extension of a
theory, give a definition to the concept of a model-theoretic property, and
specify in detail the pragmatic approach that turns out to be the most
adequate to the real practice of investigations in model theory. The definition
of a model-theoretic property includes some informal parts, nevertheless, its
applications ensure exact mathematical statements.

1 Preliminaries

We consider theories in first-order predicate logic with equality and use
general concepts of model theory, algorithm theory, constructive models,
and Boolean algebras that can be found in [2], [3], and [4]. A signature is
called rich if it contains at least one n-ary predicate or function symbol
for n > 2 or two unary function symbols. In the work, the signatures
admitting Godel’s numbering are only considered. Such signature is called
enumerable. Generally, incomplete theories are considered. For theories, c.a
means computably axiomatizable while f.a. means finitely axiomatizable.

There are two levels of definability in the first-order logic. The first one is
called radically logical or briefly model. It does not assume any limitation on
the class of used formulas. The second more delicate level is called algebraic.
At this level, 3N V-type of first-order definability is used. In this work, we
systematically follow the algebraic approach. If it is needed, all results in
the article can be transferred to the form corresponding the model-type
definability.

2 Cartesian-type interpretations

We use a simplest concept of an interpretation of a theory Ty in the
region U(z) of a theory T, [5]. Classes of isostone and model-bijestive
interpretations are introduced in [6]. In this section, we introduce a technical
class of interpretations presenting finitary methods in first-order logic.
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Given a signature ¢ and a finite sequence of formulas of this signature of
either of the following forms:

(a) 2= (P7 Je1, 05 fen, ., 0 24),

w1, ma me (1)
(b) %:<(p1 aSOQ 7"'7(105&>a

where ¢y, is a formula with m; free variables, (9, zx) is a formula with
2my, free variables such that Leny, = LenZz, = my; moreover, (1)(b) is
just a simpler notation for the common entry (1)(a) in the case ey (g, Zx)
coincides with gy, = Zz; for all k < s.

Starting from a model 901 of signature o together with a tuple sr of any
of the forms (1)(a,b) we are going to construct a new model Mty = M(sz) of
signature

op = o U{ULULU;, ..., U} U{K™ ! Kmeth (2)

as follows. As the universe, we take |9t | = M| U A; U Ay U ... U A, where
all specified parts are pairwise disjoint sets. On the set |91/, all symbols of
signature o are defined exactly as they were defined in 9; in the remainder,
they are defined trivially; predicate U(z) distinguishes |9|; predicate Uy (z)
distinguishes Aj; the other predicates are defined by specific rules depending
on the case. In the case (1)(b), each predicate K} in (2) should be defined so
that it would represent a one-to-one correspondence between the set of tuples
{a | M = gr(a)} and the set Ay = U(9M;). Turn to the most common case
(1)(a). Denote by Equiv(eg, px) a sentence stating that i is an equivalence
relation on the set of tuples distinguished by the formula ¢ (z) in 9. In this
case, (my, + 1)-ary predicate K} should be defined so that it would represent
a one-to-one correspondence between the quotient set {a | MM = pr(a)} /el
and the set Up(My), where €,.(y, 2) = ex(y, 2) V TEquiv(e, ¢r). The aim of
replacement of €5, by £} using Equiv(eg, k) is to provide total definiteness of
the operation of an extension IM(s) independently of whether the formulas
€k represent equivalence relations in corresponding domains or not. In the
case (1)(a), M(s) is said to be a Cartesian-quotient extension of M while in
the case (1)(b), the model M () is said to be a Cartesian extension of IM
by a sequence of formulas .

Expand the operation of an extension (initially defined for models) on
theories. Given a theory 7" and a tuple s¢ of the form (1). Using a fixed
signature (2) for extensions of models, we define a new theory 7" = T'(5) as
follows: 7" = Th(K), K = {M{s) | M € Mod(T)}. In the case (1)(a) it is
called a Cartesian-quotient extension, while in the case (1)(b) it is called a
Cartesian extension of T' by a sequence ».
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Usually, we follow an algebraic approach; i.e., we consider passages T +—
T () for which the sequence (1) satisfies the following technical condition:

or(Tr) and ex(yx, zx) are 3N V-presentable, for all k < s. (3)

Denote by RKD(c) and KC(o) the sets of tuples of formulas of signature
o of the forms, respectively, (1)(a) and (1)(b), while KD and KC are unions
of these sets for all possible (enumerable) signatures o. We denote by RC5ny
the set of all tuples (1)(b) satisfying (3), while KD, is the set of all tuples
(1)(a) satisfying (3).

In theory T(x), the region U(z) represents a model of theory T.
Particularly, the transformation T" +— T'(s¢) defines a natural interpretation
Ip, of T in T'(sx). It is called a special Cartesian-quotient interpretation.
Similar definition applies to the other case of the tuple s¢; thereby, the
concepts of a special Cartesian interpretation is also defined. Considering
theories up to an algebraic isomorphism we may use simpler term Cartesian-
quotient or, respectively, Cartesian interpretation.

Lemma 1. Given a theory T of an enumerable signature o and a sequence of
formulas » € RKD(o). Special Cartesian-quotient interpretation Iz, : T
T(s) is effective, model-bijective, and isostone. In particular, interpretation
It ,. determines a computable isomorphism pr . : L(T) — L(T(»)) between
the Tarski—Lindenbaum algebras.

The following statement is established based on first-order combinatorial
properties of Cartesian extensions of theories:

Lemma 2. The following relation defined on the class of all theories
T Ea S@dﬁ(ﬂx’%” € /{/Cgmv) [T<%I> g S<%H> ] (4)
is reflexive, symmetric, and transitive (i.e., it is an equivalence relation)

Further properties of Cartesian-type extensions of theories and
interpretations can be found in [7] and [8].

Definition 3. We introduce the following notations for particular semantic
layers that are relevant in this direction:

(A) ASL =the set of model-theoretic properties p € AL preserved by
any special Cartesian interpretation Ip¢ : T — T'(¢) for an arbitrary
computably axiomatizable theory T" of an enumerable signature o and
an arbitrary finite tuple £ = (p1,...,p,) of sentences of signature o
satisfying (3).
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(B) MSL = ASLN ML.

(C) ACL = the set of model-theoretic properties p € AL preserved by
any special Cartesian interpretation Irg : T — T(¢) for an arbitrary
computably axiomatizable theory T of an enumerable signature o
and an arbitrary tuple & = (™,...,¢7) of formulas of signature
o satisfying (3).

(D) MCL = ACLN ML.

(E) ADL = the set of model-theoretic properties p € AL preserved by
any special Cartesian-quotient interpretation Ipe : T — T(&) for
an arbitrary computably axiomatizable theory T of an enumerable
signature o and an arbitrary tuple £ = (¢]"/e1, ..., ¢"e,) of formulas
of signature o satisfying (3).

(F) MDL =ADLN ML.

Layer AC'L is said to be the (algebraic) Cartesian semantic layer; it plays
the role of a pragmatic release of the finitary semantic layer. By MCL we
denote its model version called the model Cartesian layer. Layer ADL is said
to be the (algebraic) Cartesian-quotient semantic layer; it plays the role of a
mazimalistic release of the finitary semantic layer. By M DL we denote its
model version called the model-type Cartesian-quotient layer.

Fig.1 presents a scheme of inclusions between the semantic layers and
corresponding similarity relations relevant for first-order combinatorics.
Arrows point out relatively stronger similarity relations and relatively wider
semantic layers of model-theoretical properties. Two relations ~ and =,
in the top are relations of isomorphism of theories, where =~ means a
model isomorphism or simply isomorphism, while ~, means an algebraic
1somorphism or 3 N V-presentable equivalence between theories. Although ~
and =, are not similarity relations they are included in the scheme for the
sake of completeness. The entries =, =, etc., are short forms for semantic
similarity relations =y, =4c;, with semantic layers MCL, ACL, etc., that
were defined above. The inclusions M DL C MCL and ADL C ACL are
also valid although they are not presented in the scheme in Fig. 1.

The layer M QL consists of the model-theoretic properties preserved by
all interpretations in the class IQuasi U ICartes between computably
axiomatizable theories, where IQuasi is the set of all quasiexact
interpretations, while /C'artes is the set of all Cartesian interpretations. The
layer M QL is supported by a regular version of the universal construction
of finitely axiomatizable theories, [6].
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Algebraic isomorphism

Algebraic local isomorphism

Algebraic singleton similarity
MSL  Singleton similarity
Algebraic Cartesian similarity

P ic fini 1
MCL Cartesian similarity (Pragmatic finitary layer)

MQL Quasiexact similarity
(Infinitary layer)

HL Hanf’s similarity e (Surface layer)

Fig1l: Scheme of semantic layers of model-theoretic properties

The Hanf semantic layer HL is an empty set &. Corresponding semantic
similarity relation =g, alternatively =, is called Hanf’s isomorphism
because William Hanf was the first investigator who studied such relations
between theories just in relation to the problem of expressive possibilities of
first-order logic, [9].

3 A definition to the concept of a model-
theoretic property

We are going to discuss approaches to the problem of classification of
complete theories modulo coincidence of their model-theoretic properties,
cf. [10]. Two complete theories are said to be equivalent if their real model-
theoretic properties are identical:

Ty = Ty <45 (V real model-theoretic property p)[Ti € p&Th €pl. (5)
Accordingly, any classes of complete theories closed under ~ are said to
be real model-theoretic properties. Thus, to define the concept of a real

model-theoretic property it is necessary to find available dependencies (called
reasoning) between complete theories of the following form

Ty~ Ty = Ty = Ty, (6)

that have significance in the practice of working in model theory.



92 M. G. Peretyat’kin

Two most important pieces of reasoning (for complete theories) are:

(a) Tw,S=T2=5,
(7)
(b) T{x)=T = S, for any » € K C5ny.

General significance of the reasoning (7)(a) is obvious. Argumentation (7)(b)
concerns virtual expansions of the universe which are just plain codings
for the initial universe; therefore, the pointed out sequence of implications
(7)(b) for all »x € KC can also be considered as adequate to the common
practice of work in model theory. Notice that, lots of researchers follow a
naive approach considering any classes of complete theories, even if they are
not closed under isomorphisms of theories. To avoid this common irregular
situation, we will assume (by default) that any considered class of complete
theories first should be closed under algebraic isomorphisms of theories by
the rule

p = p =, ={TeC|3Tep)[T=.T]} (8)

This correction rule is said to be a normalization pre-stage in the definition
we are going to introduce.
We give a generic definition to the concept of a model-theoretic property.

Definition 4 (Generic definition of a model-theoretic property). Initially,
we have to point out a collection of relations of reasoning of the form (for
complete theories)

~0iel (9)

that we intend to accept as a basis of the definition. The relation =, cf. (5),
is presented by the relation ~} obtained by the operation of closure of the
system of relations (9) up to an equivalence relation. Accordingly, the class of
all real model-theoretic properties is presented by the following expression:

ArealL = {p C C | pis closed under ~; }. (10)

To check up, whether a set p C C is a model-theoretic property, first, a
normalization pre-stage p +— p* should be performed; then, the condition
p* € Areal is to be checked. If the result is positive, we qualify p as a real
model-theoretic property; moreover, a specifying term “p is a model-theoretic
property up to the closure under isomorphisms” may be used. Otherwise, if
the test p* € ArealL fails, p is qualified as a class that is not a real model-
theoretic property.
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Lemma 5. An inverse dependence of the set of real model-theoretic
properties on the accepted set of reasoning ~, i € I, takes place.

*

Proof. Indeed, let the pointed out set defines an equivalence relation ~
playing the role of the relation =, thus, defining the layer ArealL. Assume
that, as the base for a new definition, some larger set of reasoning ~%’, i € I+,
IT D1, is taken. It is obvious that the inclusion ~* C ~ must take place;
i.e., each class of the new equivalence ~ consists of a number of classes
of the initial equivalence ~*. Thereby, we have AreaL®™ C Areal because
AreaL™ consists of the sets of complete theories closed under equivalence
~1 having larger classes in comparison with those of the initial equivalence
o~ [

X

The following (pragmatic) variant of the definition is fixed as preferable:

Definition 6 (Pragmatic specification to Definition 4). As a set of reasoning,
we accept the relation (7)(a) together with a series of relations (7)(b) for all
» € RC5ny. The relation &, on the class of all complete theories defined by
expression (4) in Lemma 2 is the closure of this system of relations. Thus,
within this approach, relation ~ coincides with &,. Accordingly, in view
of the scheme of semantic layers in Fig. 1, we obtain the following chain of
inclusions:

ArealL = ACL C ASL C AL. (11)

By default, we also suppose that, to apply Definition 6 for a set p C C,
a normalization transformation (8) should be performed initially.
An important statement concerning different versions of Definition 4.

Lemma 7. Suppose that a variant o of definition of a real model-theoretic
property is chosen with reasoning consisting of the relation (7)(a) and a
series of relations (7)(a) for all 32 € KCsny together with a definite set of
additional relations of the form (6). Then, the following chain of inclusions
takes place:

Aideal® C Areall® C ACL C ASL C AL, (12)

where the ideal semantic layer Aideal® corresponds to the potential
possibility of an extension of the accepted system of reasoning o with some
new rules of the form (6) that can appear and could be accepted in the future
within the system a.

Proof. From the principle of inverse dependence we mentioned before.  []
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The following systems of reasoning to the definition of the concept of a
real model-theoretic property are possible. Let an arbitrary set p C C be
given. At the naive approach, any set of complete theories is considered
as a model-theoretic property; the primitive approach requires that p
should be closed under isomorphisms of theories; the pragmatic approach,
cf. Definition 6, requires that p is closed under isomorphisms, Cartesian
extensions, and back transitions in the operation of Cartesian extensions of
theories; at last, the maximalistic approach requires that p is closed under
isomorphisms, Cartesian-quotient extensions, and back transitions in the
operation of Cartesian-quotient extensions of theories, i.e., the reasoning
T(x) =S =T =8, for all x € KDS,, is accepted that is wider in
comparisons with (7)(b).

Actually, other approaches for the definition to the concept of a realistic
model-theoretic property are possible. They can be based on principles
different from those adopted within the proposed scheme. To compare the
approach suggested here with the other potentially possible ones, some
discussion about the advantages and disadvantages of each of the alternative
approaches may be needed.

4 Transformations of theories complementary
to methods of finitary and infinitary
first-order combinatorics

In this section, we describe a number of interesting transformations of
theories which have properties close to those of methods of the first-order
combinatorics. These transformations are intended for different purposes
including that they can be used as possible extensions of argumentation
in a definition to the concept of a model-theoretic property. The suggested
demonstrations represent a useful addition to the first-order combinatorial
approach.

Demo 1. The rounding operation modulo theory SI. We consider
transformation of theories T' +— T @ SI, where SI is a successor theory
with an initial element and without cycles.

Signature og; = {<1?, ¢}, axioms of the theory ST:

1°. (Vo) [=(z < 2)];
2. (Vz)(Vy)(V2) [(z < y) & (z < 2) = (y = 2) ]
3°. (Vo) (Vy)(V2) [(y <2) & (2 92) — (y = 2) |
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4°. (Vz)(3 )[a:Qy]

Vo) [(z # )= )y < z) |;

(
5. (

6°. (Vz)[~(z<¢)];
(

7°. (V20,21,...,2 )(zo<lz1 <<z, —>zo7ézn), n € N\{0}.

The theory SI is so simple that, in the common practice, anyone can
say that this theory has no model-theoretic properties. In view of its
completeness and decidability, the passage T +— T @& SI preserves an
isomorphism type of the Tarski-Lindenbaum algebra and transfers the
majority of model theoretic properties to correspondent complete extensions
of theories. The rounding operation, cf. Section 2.5 in [11], does not belong
to the class of finitary methods as it does not preserve the property to
have a finite model. It is possible to check that the natural interpretation
I :T — T &SI is quasi-exact. Therefore, this operation is an infinitary
method by definition. In the work [6], the rounding operation is applied to
transform a theory into a theory with infinite models. This represents a useful
reception allowing to prevent situations with finite models in constructions
corresponding to the infinitary direction in model theory.

Demo 2. Continual series of rounding operations. Such series can be
constructed based on the idea used in the proof of Lemma 1.4.1. in [11].
A set A C N is called rarefied it A = {ng,n1,...,njy...H, ng<ng <---<
n; < ...; moreover, limit of the sequence a; = (n;y; — n;) is infinity. By 2,
we denote the family of all rarefied sets. It is obvious that 2 is a continual
family. Consider a fixed set A € 2. We construct a modification SI[A] of
theory ST of a successor relation as follows. Signature ogr4) = {<?, ¢, U},
axioms of theory SI[A] are the following:

7°.

1°. (Va)[~(z < z)];
2°. (Va)(Vy)(V2) [(z <) & (2 <2) — (y = 2) ];
3°. (Va)(Vy)(V2) [(y <2) & (2 <) —(y = 2) ]
4°. (Vo) (3y) [z <y ];
59 (Vo) [(x # )= Ey)(y < @) |;
6°. (Va)[~(z<c)];

(
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8°. (Vzo,zl,...,zn)(c:zo<lzl G- <z, — U(zn)), for all n € A;
9°. (Vz0,21,...,2n)(c =20 <9z <+ <z, = =U(z,)), for all n € N\4;

10°. (Y20, 21, . .-, 2) (U(20) & 20021 Q- - - <12, —=U (2,,) ), for all n € N\{0}.

Similarly to the case of rounding modulo S1, each transformation T"+— T &
SI[A], A € A can be also considered as a rounding operation as it preserves
an isomorphism type of the Tarski-Lindenbaum algebra and transfers the
majority of model theoretic properties to correspondent completions of
theories.

Demo 3. An alternative continual series of the rounding operations. By U’ we
denote the family of sets A C N satisfying {0,1} N A = @. It is obvious that
2’ is a continual family. Consider a fixed A € 2. We construct a modification
SI°[A] of the successor theory SI° with cycles as follows. The signature is
TS10[A] = {<?,¢,U'}, the axioms are the following sentences:

1°. (Vo) [~(z < 2) ];
2°.

3°.

2°.

(

(
4°. (Vx
(

6°. (
7°. For any n € A, there is the only <-cycle of length n, moreover, exactly
one element in the cycle satisfies U(x);

8°. For any n € N\ A, there is no <-cycles of length n;
9°. (Vzq,..., zn)(c 1<, <z, — ﬂU(zn)), for all n € N;

10°. (Vzo,zl,...,zn)(U(zo)&ZO Lz <<z, &U(2) — 20 = zn), for all
n € N\{0}.

Similarly to Demo 2, this series of transformation of theories is continual.
Moreover, each of them can play the role of a rounding operation. This
demo is based on the E. A.Palutin’s remark having the aim to point out a
collection consisting of the continuum of pairs of different theories having
identical model-theoretic properties at author’s talk at Maltsev’s Meeting in
November, 2016 in Novosibirsk.
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Demo 4. A quick scheme for the infinitary semantic layer. As it is noted in
[12], the following series of transformations

(a) T T(x), »xeKRC;
(13)
(b) T—T()dSI, € RC

determines both finitary and infinitary semantic layers of model-theoretic
properties. Namely, up to coincidence modulo a representative list R of
model-theoretic properties, AC'L is equal to the set of all p € M L such that
p is closed under =, and is preserved under any transformation (13)(a),
while MQL is the set of all p € ML such that p is closed under ~, and
is preserved under any transformation (13)(b) for an arbitrary sequence of
formulas » € KC and an arbitrary computably axiomatizable theory T'. It
seems, the practical rule (13)(b) is the simplest representation allowing to
estimate preliminarily either inclusion or non-inclusion of a property p to
the infinitary semantic layer M QL.

Demo 5. Combinations of methods. Different variants of the rounding
operation preserve an infinitary layer, but do not that for finitary layer.
On the other hand, two rules (13)(a) and (13)(b) correspond to finitary and
infinitary types of the first-order combinatorics. This gives an idea to define
a series of combined rules with different transformations as follows. Consider
a fixed method m’ that is finitary or close to finitary, and a fixed method
m” that is infinitary or close to infinitary. We define their combination
m =m’ Wm” on the class of complete theories T as follows

(14)

n(T) = m/(7T), if T has a finite model,
| m"(T), if T is the theory of an infinite model

Furthermore, the method m that is initially defined on the class of all
complete theories can be expanded to the class of all theories (including,
incomplete ones) by the following rule:

T ~™S <4, (3 computable isomorphism p : £(T) — L(S))
(V complete extension 77 O T')
(V complete extension S’ O S)

15" = u(T") = (5" =a m(T"))].

(15)

These combined methods can be used as argumentation in the definition of
a model-theoretic property.
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Remark. Consider theory Sc that is a successor theory with a distinguished
element and without cycles defined as follows. Signature og. = {<?,c},
axioms of the theory:

1°.

2°.

4°.
5°.

(V)

(V)
3°. (Vx)

(V)

(V)
6°. (

Vzo,zl,...,zn)(zo<lzl<1~--<lzn—>zo7ézn), n € N\{0}.

It is possible to use theory Sc instead of ST in Demo 1, Demo 2, and other
similar constructions obtaining the same results. On the other hand, it is
impossible to do so without axioms preventing cycles in Demo 1, because
an isomorphism type of the Tarski-Lindenbaum algebras is not preserved.
Furthermore, it is impossible to do without constant ¢ in Demo 1 based on
theory S of signature {<1} without cycles, because under an isomorphism
of the Tarski-Lindenbaum algebras, the model-theoretic property of being
a theory of a rigid model is not preserved.

5 Advantages of the pragmatic approach

A scheme of all possible variants of definition to the concept of a
model-theoretic property is given in Fig. 2. The scheme presents a primitive
approach (a), a restricted pragmatic approach (b) with the class of all
methods used by the finite signature reduction procedure, a pragmatic
approach (c) with the class of all Cartesian methods, a maximalistic
approach (d) with the class of Cartesian-quotient methods, as well as
different intermediate between (c) and (d) variants. Possible, some classes
of finitary methods beyond the set of Cartesian-quotient extensions can
be discovered in the future (the question of existence of such methods is
open). Some examples in the preceding section can be accepted as additional
argumentation to the definition, allowing us to create realistic systems with
different variants of the concept of a model-theoretic property.
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(a) AL ={peC|pis closed under isomorphisms =}
(primitive approach)

(b) F2f8 ={pe AL|p is closed under f2fsignature reductio

() |ACL|={p € AL|p is closed under transitions 7"+ T(£),
(pragmatic approach) E=(p™, pn2,.

(@) ADL={pe€ AL|p is closed under transitions T+ T(),
(maximalistic approach) w={p{"/e1, p5%/ea, ...

Fig 2: Versions of the concept of a model-theoretic property

A general analysis of the definition of a model-theoretic property shows
that the variant (c) with a finitary layer AC'L and with the set of methods
including all Cartesian extensions of theories is the most significant. Indeed,
the main results on expressive power of first-order logic are obtained based
on the operation of a Cartesian extension of a theory, i.e., within the
pragmatic approach (c). Extension of the argumentation with Cartesian-
quotient extensions of theories is inexpedient as it leads to smaller semantic
layer of model-theoretic properties in view of the principle of inverse
dependence. It is also important that the operation of a Cartesian extension
of a theory corresponds to a greater extent to a spirit of general model
theory whereas the operation of a Cartesian-quotient extension has a certain
algebraic accent. It shows the special significance of the pragmatic variant
(c) of the concept of a model theoretic property.

The close variant (b) based on the class of finite signature reduction
procedures preserves a semantic layer F2fL which does not differ from
ACL modulo representative list R, [1]. However, the variant (c) looks
more fundamental in comparison with (b) since the former depends on
arbitrariness while the choice of forms of coding configurations for the
finite signature reduction procedure. As for the primitive approach (a), it
defines a rather large layer of model-theoretic properties. However, there
are no constructions supporting this layer so its role is strictly subordinated
with a technical toolkit in investigations. As for the maximal approach (d),
its incentive motive is to reach the bigger fundamental nature based on
Cartesian-quotient extensions of theories representing the class of all finitary
first-order methods, even despite certain reduction of corresponding semantic
layer of model-theoretic properties.
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Conclusion

In the work, we introduce a definition to the concept of a model-
theoretic property. Subsequent demonstrations give a generalized view on
the possible extensions of the concept of a model-theoretic property. Notice
that, there is a possibility to create new argumentations by the method
of generic extensions in set theory. At the same time, addition of any
new argumentations to a pragmatic version of the definition of a model-
theoretic property can only reduce the layer controlled by finitary first-order
combinatorics. An important point is that although the suggested definition
of the concept of a real model-theoretic property uses some informal parts,
nevertheless, exact mathematical statements are obtained based on this
definition.

References

[1] M. G. Peretyat’kin, Introduction in first-order combinatorics providing a
conceptual framework for computation in predicate logic, Computation
tools, The Fourth International Conference on Computational Logics,
Algebras, Programming Tools and Benchmarking, IARITA, 2013, 31-36.

[2] W.Hodges, A shorter model theory, Cambridge University Press,
Cambridge, 1997.

[3] H.J.Rogers H.J., Theory of recursive functions and effective
computability, McGraw-Hill Book Co., New York, 1967.

[4] Yu. L. Ershov,S. S. Goncharov, Constructive models, Transl. from
Russian (English) Siberian School of Algebra and Logic, New York,
NY: Consultants Bureau. XII, 2000, 293 pp.

[5] J.R.Shoenfield, Mathematical logic, Addison-Wesley, Massachusetts,
1967.

[6] M. G. Peretyat’kin, Finitely axiomatizable theories, Plenum, New York,
1997, 297 pp.

[7] M. G. Peretyat’kin, First-order combinatorics and model-theoretical
properties that can be distinct for mutually interpretable theories.
Siberian Advances in Mathematics, 26, 3 (2016), 196-214.



Definition of a model-theoretic property with demonstrations 101

8]

9]

[10]

[11]

[12]

M. G. Peretyat’kin, Invertible multi-dimensional interpretations versus
virtual isomorphisms of first-order theories, Mathematical Journal, 62,
4 (2016), 166—203.

W. Hanf, Model-theoretic methods in the study of elementary logic,
Symposium on Theory of Models, North-Holland, Amsterdam, 1965,
33-46.

M. G. Peretyat’kin, Fundamental significance of the finitary and
infinitary semantic layers and characterization of the expressive power
of first-order logic, Mathematical Journal, 65 3 (2017), pp. 91-116.

M. G. Peretyat’kin, Finitely axiomatizable theories and similarity
relations, American Math. Soc. Transl. 195, 2 (1999), 309-346.

M. G. Peretyat’kin, First-order combinatorics presenting a conceptual
framework for two levels of expressive power of predicate
logic, Computation tools, The Fifth International Conference

on Computational Logics, Algebras, Programming, Tools, and
Benchmarking, IARIA, 2014, 19-29.



AJITEBPBI MYJIBTUOIIEPAIINI

H. A. IlepsizeB* . K. I11apanxaeB

Cankr-Ilerepbypckuii
rocyJIapCTBEHHBIA BypsiTckuit rocyiapcTBEHHBII

3JIEKTPOTEXHUYECKUIT YHUBEPCUTET YHUBEPCHUTET,
“JIDTN”, yi. Cmounaa, 24a,
yit. IIpodeccopa Ilomosa, 5, Vnan-Vu3,
Caukr-IleTepbypr, 670000, Poccusa
197376, Poccuga
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1 MynpTuonepaiiiu 1 MeTaonepannn Ha MYyJIb-
THUOIEPAIAIX

[Iycts A — KOoHEUHOE MHOXKECTBO U 1esioe ancyo n > 0. [lox n-mectHoi
omepareil moruMaeM ortobpazkenme f : A" — A, a TOJ N-MeCTHOH MyJIb-
THonepalmeii — orobpazkenue f @ A" — 24 rne 24 — obosnauenue Jyis
MHOKECTBA, BCeX IOJIMHOYKECTB MHOXKecTBa A.

Mb1 6yaeM 0TOXKIECTBIIATH 3JIEMEHTHI C OJIHOSJIEMEHTHBIMI MHOKECTBAa-
MU, TIO9TOMY TTOHSATHUSI OTIEPAITUHN ABJISETCST YACTHBIM CJIYTaeM ITOHSITHST MYJTb-
THOIEPAIIHH.

Hucso |A| = k HasbiBaeTCs PAHIOM MYJIBTHOLEDAIHH.

Myubruonepanuio f € M4 panra k, tne A = {ay, . . ., ax_1} MOXKHO TIpei-
CTaBJIATH KaK 0TOOparkeHue

fo{202t 2k S f0,1, . 28 — 1),
nojtydaemoe u3 f 1pu KOJUPOBKE
az_>2za Q_)O) {&l1a7azs}_)2“++2ls

Bsenem obo3nauenud:
P}, P4 1yt MHOXKECTBa N-MECTHBIX U BCEX OII€PAIINii;
M7, My nas MHOYKeCTBa N-MECTHBIX U BCEX MYJIbTHOIEDAITHil.

*Ilybmukarust BLITTOJHEHA B paMKaxX TOCYIapCTBEHHOM paboTh! “VHUIMATHBHBIE Hayd-
HbIe TTPOEKTHI 0A30BOH 9acTh TOCYIAPCTBEHHOrO 3aianns MunncrepcTBa 0O0pa3oBaHns 1
Hayku Poccniickoit @eneparnun (3aanne Ne2.6553.2017/8.9).
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Onpenennm 3aJaHne n-MECTHON MyJIbTHonepalnii f B BEKTOPHOI dop-
ve: f = (ag,...,apm), tae a; € {0,1,...,28 =1} m oy = f(20,...,2"), a
(1,...,1,) €CThb IpeJicTaBIeHNe i — 1 B CUCTEMe MCUUCJEHUS 10 OCHOBAHUIO
k n-pa3psiIHbIM 9HCIOM.

[IpuBemem ompeseennst 1 0003HAUEHUA JIJIsT HEKOTOPBIX MYJIbTHOIIEPa-
105048

® 7-MeCTHAs IycTasl MYJILTHOIEPAITHS:

0" (ay,...,a,) = &;

® N -MeCTHad IIOJTHaA My.HbTHOHepa]_H/IH:
" (ay, ..., a,) = A;

® N-MeCTHas MYJIbTHOIIEpAIns TPOEKTUPOBAHUS 110 ¢ apTyYMEHTY:
er(ay, ... an) = {a;};

e GuHapHAs MYJILTHONEPAIUS IIePECeUCHNUs
frla,b) = {a} N {b}.

Hwxke nambl nmpuMepbl ONpe/ie/IeHHBIX MYyJIBTHOIEPAIil paHra 3 B BeK-
TOpPHOI (hopme:

6% = (000000000), 72 = (TT7777777), fr = (100020004),

e? = (111222444), e2 = (124124124).

TeHepb OIIpeJIeJIMM HEKOTOPbIE MeTaollepalluid Ha MYJILbTUOIIEpAaIIuAX:

e nepeceuenue [ u g:
(fng)ar,...,an) = flay,...,a,) Ng(ay,..., a,);

e paspermumocts [ € M’} no aprymenty ¢ € {1,...,n}:
(uif)(ay,...an) ={ala; € flay,...,a;_1,a,a;41,...,a,)}.

Jlerko BuIHO, YTO:
be (uif)(al, ey, A1, Cy Aty - - ,an) <~
CcE f(ah T Hai—l;b? @ijt1y .- - 7an>};

[Mpumepst: f = (305274615), 1 f = (165720427), pof = (514236615);

e cyueprosniys Mysnbruonepanuit f € My n fi,..., f, € M}

(F*frveofanan) = U Flbue b

bicfi(at,..,am)
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® II0JICTAHOBKA HA MECTO i-I'0 apryMeHTa B f MYJbTHONEPAIIUIO (-

(f*ig)(ar,...,an1m-1)=
= U f(ab...,ai—1,b,a¢+m,...,an+m_1);

beg(ais- s @itm—1)
® OTOXK/IECTBJIEHUE ¢ U j apI'yMeHTOB B MyJibTuoneparnun f € MY:
(Ai’jf>(a1, e ,Cljfl, CL]‘+1, e ,an) = f(al, Ce ,CLjfl, a;, aj+1, Ce 76Ln);

® OTOXKJIECTBJIEHHE BceX apryMeHTOB [ € M}:

(Af)(a) = f(a,..., a).

B nmanbreiimem Gyjem onyckaTh CKOOKHM, KOTOPBIE OJHO3HAYHO BOCCTAHAB-
JIMBAIOTCS.
Huxe nokazkem TOXKJIECTBa JIJIA IEPEHOCA OIEPATOPa Pa3PEIUMOCTH.

Jlemma 1. Bwinoansaromes caedyroujue mootcdecmasa:
1) pi(f N g) = pif O pig;
2) (" x5 g") = (waf" % g™) mpuv € {1,...,j —1};
8) wi(f™ %5 ™) = (fimmsr [ %5 g™) npui € {j+m,...,n+m—1};

4) wi(frx9™) = " (g™ f) npum > 1 wi € {j,...,j+m—1},
ede a1 — yexomopas nepecmanoska apaymenmos;

5) mi(f" % °) = (pipaf™ % °).
Jlokasamenvcmso. 1) Ilycers miast mo0BIX aq, . . ., @, BBITOJHIETCS
a € :U’Z(f N g)(ah s 7an)’
Tora 1o opesesIeHuIO [t; 9TO PABHOCUIBLHO BBITIOJTHUMOCTA

S (f ﬂg)(al, ey A1,y Qg1 - - ,CLn).

A 510 paBHOCHIBHO a; € f(al, ey (i1, Ay Gy 1y - ,an) n a €
glay,...,a;_1,a,a;11,...,Gy,), & 3HAYAT U PABHOCWILHO a € ;f(ay, ..., ay)
ua € pglay,...,a,). Takum obpaszoM, MOTyIUIH YCIOBHE

a€ pif(ay,...,an) Nuiglay,...,a,)

9KBHUBaJICHTHOEC II€pBOHaYaJIbHOMY. Pasencrso 1) JOKa3aHO.
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2) Ilycrh jjist JIEOOBIX @1, . . ., Gpyiyy—1 BBIIOJIHSAETCS

a € :uz(fn *j gm)(ala s aanerfl)v

rae i € {1,...,7 — 1}. Torga no onpejiesieHUIO f1; 9TO PABHOCUIIBHO BBIIIOJI-
HUIIMOCTHU

a; € (fn *j gm)(al, ey A1, Gy Qi 1y ey Ay ,(]Jner,l).

ITo onpenenenuio *; HafijeTca 3JeMeHT g, TaKOi 4TO

m
ap € g™ (@, Ajrm—1)
u
n
a; € f (ab <oy A1, 80, Gjtmy - - - 7an+m—1)7
e i € {1,...,j — 1}. DTu yca0BUsI pABHOCUIIbHBI CJIE/LYIOTIIM:
ap € g™ (aj, ..., Qj4m—1) 1 a € (a1, ..., aj—1,00, Gjtm, - - - s ptm—1)-

Taxum oOpazoM, MOJTYIUIU YCJIOBHUE

a€ (uif"*; 9™ (a1, Anrm—1),

9KBUBAJIEHTHOE [IEPBOHAYATHLHOMY. PaBeHCTBO 2) J10Ka3aHo.
3) [oka3sbiBaeTcst aHAJIOTMYHO PaBEHCTBY 2).
4) Tlycth jjist JIEOOBIX Ay, . . . , Gy tm—1 BBITIOJHSIETCS

a € pui(f" 5 9™) (a1, .., @nym-1),

rae i € {j,...,j+m—1} um > 1. Torga o onpeJesieHUIo [i; 9TO PABHO-
CUJIBHO BBITIOJITHUMOCTH

a; € (fn *j gm)(al, ey Ai1,G,A441, - - - ,an+m_1).

ITo onpenenenuto *; HailjeTcs 3JIeMEHT ag, TaKOi 4TO

m
apg € g (aj,...,clp,...,ajer_l)
u
n
a; € f (a'h <oy A1, 80, Gjtmy - - - 7an+m—1>-
Orciona a € pig™(aj, .-, 0, - -, Ajym—1) 1

(2

n
ap € ,ujf (a17 sy A1, Gy Ajpmyy - - - 7an+m—1)'
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Torma

a € (g™ *i pi f")(az, ..., a1, a1,. ..

ey A1, iy Ajpmy - - oy Angm—1,5 A1, - - - ,ajer,l).

Takum 00pazoM, IMOTYIHIN YCIOBHE

m n
CLE(,LLZg *Z:U’]f )(aja"'aai—laala'”
sy A1, Ay Ay - -+ Anpm—15 Gt 15 - - - 7aj+m71)7
9KBUBaAJICHTHOEC IIEPBOHAYAJIbHOMY IIPDHU IIEPECTAHOBKE 3JIEMEHTOB

a1, ..., 0nm-1. PaBeHCTBO 4) NMOKA3AHO.
5) [lycrb ayist JHOOBIX 1, . . . , Gy, BBITOJTHSIETCST

a € MZ(fn *q go)(ala s 7an—1)7

rae i € {1,...,n — 1}. Torya 1m0 ONpeseseHnIO [i; 9TO PABHOCUJILHO BBITIOJI-
HUMOCTH

a; € (fn *y go)(al, ey O, Ay Qg gy . ,an,l).

ITo ompejiesiennto *; HaiijieTcs JEMEHT g, TAKOH UTO ag € g0 u
n
a; € f (Gl, ey 1,00, Ay Ajyy - - - ,an,l).

Orcrona
n
a < ,uz-+1f ((11, ey Ai1,00, A4, Ay 1y - .- ,an_l).

Torna nmosmyunsm yciaoBue

a < (Mi+1f” *; 90)(a1, e @1, gy Op),

SKBHBAJICHTHOE IIepBOHAYAIbHOMY. PaBeHcTBO 5) j0Ka3aHo. [

2 Ajarebpsl omepanuii 1 MyJbTHOIIE DA

B sToM pasmene npuseseM onpeneaeHns U IPOCTEHIINe CBA3H I KJIO-
HoB (“Kiyon” —Clon” — “Closed set of operations”), cynepkiionos [1], anre6p
N-MECTHBIX Olepanuii u My/abTroneparmii [2].

Kionom man muoxkectsom A HasbiBaercda Jioboe moamuoxkectso K C
Py, conepzKalee Bce ollepaliuyl IPOEKTUPOBAHUA U 3aMKHYTOE OTHOCUTEILHO
CYLIEPIIO3UIIUA.
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Asrebpoit n-MeCcTHBIX Oleparnii HaJi MHOXKeCTBOM A HazbIBaeTcs J0doe
noamuozkectBo K C Py, comeprkaliiee BCe N-MEeCTHBIE OTIEPAIUU TTPOEKTUPO-
BaHMs U 3aMKHYTOE OTHOCUTEILHO CYIIEPIO3UIIUIA.

Ananorndnbie ajarebpbl paccMaTpUBaIuCh B |3

Bgenem obozHauenus:

[K],, — amrebpa n-mecTHBIX oneparumii Haj A MOPOXKIEHHAST MHOKECTBOM
K C Py [K]" = |[K]n Py,
JIJ1s1 IOJTHOTBI M3/I02KEHUS IPUBEIEM CJIeLyIONee IPOCTOe YTBEPIK ICHUE:

Teopema 2. /Jlas aobozo panea npu K C P} evnoansemcs

Jloxasamenvcmeso. Brimodenue [K], C [K]™ HEmOCPEICTBEHHO CIEAyeT U3
OIIpe/IeJIeHUI KJIOHA U aJirebphbl n-MEeCTHBIX OllepaIlHii.
JlokaszareabeTBy 0GPATHOIO BKJIIOUEHHS IIPEJIIOILIEM JIEMMY.

Jlemma 3. Ecau f™ € [K] u f1', ..., [l € [K]n, mo (f™*f], ..., [1) € [K].

JlokazaTebCTBO JIEMMBI IIPOBEJIEM UHIYKITUel 1o rnoctpoenuio f™.

Baszuc mupyknuu. Ecmun f™ € K, to f™ € [K], u 1o onpejeneHuto
arebpel n-MecTHbIX oneparwit (7 * fI' ... fr) € [K],.

Mar weayknun. ycrs f™ = (¢° % ¢, ..., ¢7") u ansg g°, g7, ..., g"
BBITIOTHAETCS WHIYKTUBHOE Tpeanosoxkenne. Torma B CuIy TOXKIeCTBA Cy-

nepaccormarusaocTr moiydaeM (f™ x fo o fmy = ((¢° * g, ..., g™) %
oo ) = (¢° % (g7 = f1y oo f2), oo, (g0 = 1, ..., f1). Tlo un-
JYKTHBHOMY TPEJIIOJIOKEHUIO [T ¢ caemyer, 9ro (gi" * fl', ..., f) €

(K], a IO MHIYKTHBHOMY NIPENOJIOXKEHUIO /i ¢° mosaydaeM (g° * (g* *
fi e fmds s (G ) € (K.

Tenepsb fokazarenbero Brouenus K| C [K], HEIOCPeICTBEHHO cJie-
JIyeT u3 JIeMMbI 3, Tak Kak jyist [ € [K|" puimosnsierca [ = (f"xel, ..., el)

n

u el € [K],. O

[Tepeitnem k aaredpamM HaJ| MYJIbTHOIEPATSMHU.

CynepKJIIOHOM HaJi MHOYXKEeCTBOM A Ha3bIBaeTCs JFO00E IMOJIMHOYKECTBO
R C My, conepxKaliiee Bce MYJIBTUOIIEPAIIMH ITYCTHIE, TTOJIHBIE, TTPOEKTUPO-
BaHUS U 3aMKHYTO€ OTHOCUTEJBLHO CYIEPIIO3UINiI U Pa3pPeruMOCTell.

Jlemma 4. Caedyroujue ycaosus 0as muoocecmsa mysvmuonepayuts A,
CO0EPIAHCAULL20 BCE MYALTMUONEPAUUL NYCTIDBIE, NOAHBLE U NPOEKMUPOSAHUA,
DPABHOCUNOH DL

1) A asasemcs cyneprioHom;
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2) A 3aMEHYMO OMHOCUMEALHO NOJCMAHOB0K, paspeuwumocmets u
omootcdecmesenudi;

3) A 3amrnymo ommuocumesvHo nodcmaro8ok, paspeuiumocmet U nepe-
ceverut.

Jloxazameavcmeo. Croencrsue u3 1) B 2) BBINOJTHIETCS B CHIY OYEBHJIHOTO
[IPeJICTABJIEHUS] CYIIEPIO3UIIMU Yepe3 IOJACTAaHOBKU C IOCJEIYIONIAM OTOXK-
JeCTBJIEHUEM apI'yMEHTOB, a IIePeCTaHOBKA ¢ U j apr'yMEHTOB B MYJbTHOIIE-
paruu [ BhIpasKaeTcst Kak

Mi(ﬂj(ﬂif))-

Crencrsue u3 2) B 3) BBIIOIHAECTCA BBUJY DABEHCTBA
Agif" = (" (e ed)) M f7) 55 70).
CraencrBue u3 3) B 1) BBIIOIHAETCH, TaK KAK BEPHO TOXKJIECTBO

(fNg)=(fnxf,9), tae fn= (e *ei, (u2e})).
0

AnreOpoit n-MeCcTHBIX MyJIBTHOTIEpAIUil Hal MHOXKeCTBOM A Ha3bIBaeTCs
moboe mogMuozkecTBO R C MY, conep:Kaliee Bce N-MeCTHBIE MYyJIbTHOIIE-
paluy MPOEeKTUPOBAHUS, ITYCTYIO, HOJHYIO MYJIbBTHOIIEPAIUA W 3aMKHYTOE
OTHOCHUTEJILHO CYIIEPIIO3UIINNA, Pa3pEelIMMOCTell 1 epeceYeHui.

Bsenem obo3naueHmd:

(R), — anrebpa n-MeCTHBIX My/IbTHOLEPAIHil Ha A OPOZK IeHHAS MHO-
xkecrBom R C M7%; (R)" = (R) N M3,

Teopema 5. /J[as mysvmuonepayuti aobozo parea npu R C M} evinoansa-
emcs:

(R), C(R)".

n

JlokazaTeIbCTBO HEMOCPE/ICTBEHHO CJICIYeT U3 OIPeICICHUI.
ObpaTHOe BKJIIOUEHHE MOXKET He BBIIMOJIHAETHhCA Jaxke Jid ajredop 1-
MECTHBIX MYJILTHOIEpAIHil, KOTOPbIE UCCIIEYIOTCS B CJIETYIONEM pasJiesie.

3 Auarebpbl yHAPHBIX MYJIbTHONEPAIIii

PaccmoTpum gacTHbIi cirydait anredp n-MecTHBIX MYJIbTHOIIEpAIlii, Tpu
n = 1, KoTopble OyJieM Ha3bIBaTh ajredbpaMu YHapHBIX MYJIbTHOIIEpAIUii, a
COKPAIIEHHO aJIredpaMu yMo.
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Haiinem kanonudeckyto hopmy Jjist YHAPHBIX MYJIBTHOIIEPAITHIT, IIPUHA/T-
JIEYKAIIX CYTEePKJIOHY, TIOPOKIEHHOMY aJredpoit yMo.

Hazosem n-06azucHbIMU MyJIbTHONEDAIIUSAMHA JJIs aaredpsl ymo R ciemy-
IOIIUe MYJIBTHOIEPAIINN:
(1, -y gn) = (g1 xeP) NN (gn *x€l), re g; € R.

Ompeenum MHOKeCTBO F(R) n-MeCTHBIX MyJIbTHOIEpAIUil 11 aareo-
pbl yMO R 110 WHIyKIIANA:
(g1, -+, 9] € F™"(R), nuist 06OBIX [g1, ..., gn], T11E g; € R;
ecin to, by, ..., ty € F*(R), 10 (to * t1,...,t,) € F"(R)

Teopema 6. ITycmov R anszebpa ymo npousseosvrozo parza. Tozda dasa a10601
fl e (R) cywecmsyem n u f* € F*(R), maxoe wmo f! = Af".

JlokazaTebcTBO ciejyer u3 jgemM 1 u 3.
Teneps npuBeeM pe3yabTaThl O COOTHOIIEHNN CYIIEKTIOHOB U aJIredp yMo.

e IIpu panre 2 smosmsiercsa (R), = (R)'.

e IIpu pamre Gosee 3 Bosmoxkno, ato (R), # (R)'.
[Tpumep jist anrebpbr ymo panra 4 (coobmun 1. H. 2ZKyk), B dopwme,
[I0JIy4eHHO# B Teopeme 6.
IIycts R = {g}, tne g = (10, 13,10, 7).
Torna (R), = {g,¢", 0", 7'}
f=Ag:91*[9:9] [g. ') x [e! €], [7', 7)) = (5,2,5,8).
Homyunmu (R), # (R) .

e IIpu panre 3 910 orkpBITHIT Borpoc: ( R), = (R)".

[TpuBegem CBOJKY BBIMUCIUTE/IBHBIX PE3YJIHLTATOB 0 YUC/TY aJiredp yHap-
HBIX OIlepaluii 1 MyJIbTHONIepaIuii paHra 3:

e (699 anreOp yHapHBIX oreparuii panra 3, U3 HUX:
5 — MaKCUMaJIbHBIX, 13 — MUHUMAaJILHBIX.
B kuure [4| npuBejieHO epevncieHIe BCEX ITUX AJIredp.

e 2079040 asrebp yHapHBIX MYJIbTHOIIEpAIlAl paHra 3, U3 HUX:
46 — MaKCUMAaJIbHBIX, 18 — MUHUMAJIbLHBIX.

Coobrmenne 0 MepevncjieHur BCeX ajredp YHAPHBIX MYJIbTHOIEDAIHit
panra 3 cmoTpu B [2].
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4 Pa3bueHnme MHOXKeCTBa KJIOHOB Ha KJIACChI
AKBMNBAJIECHTHOCTU

OTMeruM, 9TO MHOXKECTBaA BCEX KJIOHOB MOXKHO Pa30UTh Ha KJIACCHI K-
BUBAJICHTHOCTHU CJIEIYIOIIUME CIIOCODAMMU:

e Jlyist 1106010 N MHOKECTBO BCEX KJIOHOB Pa30UBAETCsT HA KOHETHOE MHO-
JKECTBO KJIACCOB, KAXK/IBIIl M3 KOTOPBIX COJEPXKUT BCE KJIOHBI C OJH-
HAKOBBIMHU ajrebpaMu n-MeCTHBIX orieparnuii. B cumy Teopemsl 2 51n
KJIACCHI He IIyCThIE.

OTmeTnM, 9TO B CIydae YHAPHBIX OHEPAIil MCIOJIb3YeTCs Ha3BAHIEe
MOHOU/IAJIbHBIE HHTEPBAJIBL [5].

e Jls1 y1r060ro m MHOXKECTBO BCEX CYLEPKJIOHOB (a 3HAYNT U KJIOHOB, B
CHULY CYIIeCTBOBaHUs COBEPIIEHHOf ¢Bsi3n ['astya MeK /1y KJIOHAMH U Cy-
nepksonamu [6]) pasbuBaercs Ha KOHETHOE MHOKECTBO KJIACCOB, KaK-
JIbIIl 13 KOTOPBIX COIEPIKUT BCE CYHEPKJIOHBI C OJIMHAKOBBIMHI aJIrel-
paMi N-MECTHBIX MyJbTHOIEeparnuii. Bo3sMoKHO, 9TO JyIst HEKOTOPBIX
aJredp N-MEeCTHBIX MyJIBTHOIEPAINil TaKne KIIACCHI SIBJISIOTCS ITyCThI-
MM.
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Ob OI'PAHNYEHHO
ITOPO2K/IEHHBIX
KOHI'PYSOHIINAX

n O CKOJIEMOBCKU-
OI'PAHUYEHHDBIX
PACIIIMPEHUAX TEOPUN

A.T. IIunyc

Hosocubupckuit rocy1apCcTBEHHBIH TEXHIIECKUT YHUBEPCUTET,
np. K. Mapxkca, 20, HoBocubupck, 630073, Poccus
e-mail: ag.pinus@gmail.com

B nmacrosieit pabore 1npuBe/ieHbI IIapa IPUMEPOB Ha IIPUMEHEHHUe TTOHs-
TU$l PETPAKTHBHBIN CIIEKTP, KOTOpPOe ObLIO BBEJEHO B pabore aBropa (1| u
YCIIEIIHO IPUMEHIOCh UM B pgje pabor [1]-[3] B caMbix pasHbIX cuTyalu-
gax. B nepBoit vacTu paboThl BBOJIUTCA TOHATHE OIPAHTIEHHO TTOPOXKJIEHHBIX
KOHI'PYIHIUI YHUBEPCAJIBHBIX ajreOp M OHO UCIOJIb3YETCd JIJId HAXOXK/Ie-
HUSA HEKOTOPOI TIOJIPENIETKHU PEIIeTKN KOHIPYIHIINI 9TOM aJiredphl 3a9acTyi0
MeHee MOIIHOM YeM peleTKa BCeX KOHI'PYIHIUN 3TOi aJredpbl, HO YHUBEP-
CaJIbHO SKBUBAJICHTHON (B TEOPETUKO-MOJICIILHOM CMBIC/IE) 9TOM MOCIe IHel
pemerke. Bo BTOpOil 4acT BBOJUTCS MOHATHE CKOJIEMOBCKU-OIPDAHUYIEHHBIX
pacIIupeHunii 3JIeMEHTAPHBIX TCOPHIl U, OIATh 2Ke, PeIlIeTKa MOJ00HBIX Pac-
MU PEHNI OKA3bIBAETCH YHUBEPCAJILHO SKBUBAJIEHTHON PEITETKE BCEX PACIIIU-
peHuii JIAaHHOU TEOPUH.

[Ipu usydennu cTpoeHus U CBONCTB YHUBEPCAJIBHBIX aJIredpP ¢ IMOMOIIBIO
TeX WJIU UHBIX IPOU3BOIHBIX CTPYKTYP TUX ajaredp, OJHUM U3 HTPEIsITCTBHT
K yCIIeXy siBJIIeTCsl OOJIbIast (3a9acTyio OOJIbIIast, YeM MOIIHOCTE CaMOii ajl-
rebpbl) MOIHOCTDH ITUX CTPYKTYp. B CBA3M ¢ 9TUM ecTecTBEHEH MHTEpec K
OTBICKAHHWIO MEHee MOIIHBIX CTPYKTYP, B TOW MJIM UHOI Mepe 00JIaIaronmx
CBOMCTBAMU 3TUX CAMBIX NPOU3BOIHBIX CTPYKTYp. [l0/100HbBIT nHTEpPEC mMe-
€T MecTO OBITh He TOJILKO 110 OTHOIIEHHUIO K IIPOU3BOIHBIM CTPYKTYypaM, HO
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1 I10 OTHOIIEHHNIO K CaMMM MCXOJHbIM aﬂfe6paﬂ‘{eCKI/IM CucreMaM. OTBeT Ha
BOIIPOC O CYIIECTBOBAHUY TAKOBBIX (TP OIPAHUYEHUH CBOICTBAMM, BbIDA3U-
MBIMH B sI3bIKE JIOTUKH TIEPBOTO TOPSIKA) JIAeT U3BeCTHAsi TeopeMa, JIeBeH-
reiima — Ckostema (cM., K mpumepy, [4]). 11 xoTs ee JoKa3aTesbecTBoO 10CTA-
TOYHO 3(DHEKTUBHO (B CMBIC/IE YKA3aHUsT HA WHYKTUBHBIA METOJ IOCTPOE-
HHUS CUCTEMbI MaJIOM MOH_LHOCTI/I), B ITPUJIO2KECHUUN K KOHKPETHBIM CUTYallUAM
JKeJIATeIbHO yKa3aHue Ha 0oJiee KOHCTPYKTHBHBIA (MMest B BHJLY IIOHSITHE
“KOHCTPYKIs”) MOJXO K MOCTPOCHUIO UCKOMBIX CHCTEM MAaJIOH MOITHOCTH
HACJIEIYIONUIX CBOWCTBA IepBOHAYAIBHBIX 0O0OJIee MOIIHBIX aJredpandecKux
CHCTEM.

O/1HO# U3 BO3MOYXKHBIX TOJ00HBIX KOHCTPYKITHI OKa3a/1ach KOHCTPYKITHST
IPsIMOTO U OOPATHOTO TPEJIETIOB PETPAKTUBHBIX CIEKTPOB YHUBEPCAJIHHBIX
asre6p (cm.[1]). B paborax [1]-[3] aTa KOHCTPYKIMS HCIOIBb30BAHA JJIsT 3aMe-
HBI OOJIBIINX PeNreToK (PyHKINOHAIBHBIX KJIOHOB Ha, KOHEUHBIX MHOMKECTBAX
Ha YHUBEPCAJIbHO 9KBUBAJIEHTHBIE UM (B TE€OPETUKO-MOJIEJLHOM CMBICTIE) Pe-
HIETKH OI'PaAaHUMYEHHO ITOPOXKAECHHBIX KJIOHOB, J1JIfd 3aMEHDBI 6O.HI3H_H/IX pemeToK
TOIMHOT000pa3uil JTUCKPUMUHATOPHBIX MHOTO0Opa3uil YHUBEPCATBHBIX aJl-
redp Ha YHUBEPCAJIHHO SKBUBAJIEHTHBIE UM PEIIETKN OrpaHUYeHHO Oas3upye-
MBIX TTOJMHOT000pa3uil 1 JIIsT 3aMEHbI B Psijie CIy9IaeB PeIeToK MoIaareop
Ha peIleTKNd OrPaHUYEeHHO TOPOXKICHHBIX HOJAJIredp 9TUX ajareop.

B macrositiem pasjiesie aHaJOMMIHBIN TTOIXO0]] IIPUMEHSIETCST K PEIIeTKAM
KOHI'DY3HIUIL.

Jaee gepe3 Con® Oymem 00603HAYATH PENIETKY KOHTPYSHIIUN YHUBEpD-
casbHOl airebpbl A = (A; o), pu 5TOM Oy/IeM OTOXKJIECTBIATH KOHI'PYIH-
o 0 anre6pnl 2 ¢ HOJIMHOMKECTBOM MHOKecTBa A2 — rpadukoM oTHOIIe-
Hus 6.

Hamomuum, wro mmuoroobpasue V' yHHBepcaabHBIX ajarebp Ha3bIBAeTCs
MHOI0OOpasueM ¢ MPOJOJZKUMBIMI KOHTDYIHIIUAME (TAKOBBI, K IIPUMEDY,
MHOTO00Opa3us abeeBbIX TPYIII, JUCTPUOYTUBHBIX PEIIeTOK, TUCKPUMIHA-
TOPHbIE MHOTOOOpa3usi W IeJIbli PsJl IPYTUX, CM., B 4acTHOCTH, [5]), eciu
Juts si0boit V-anrebpsr A = (A; o), moboit ee mopanrebpsr £ = (B;0) u
060t kKourpysunuu 6 anrebper £ umeer Mecto pasencTso (f)g N B2 = 6.
Buech u nasiee s moboro C' C A? uepes (C)g 0603HaMaETCH KOHTPYIHIUSA
ayrebpbl A, opokIeHHas MHOKecTBOM map u3 C. Tem cambiMm Jij1st /15000~
ro MaOroobpasus V ¢ nNpojgo/KUMbIMA KOHIPYIHITUAMU, 110001 V -a/redpol
A = (A;0), moboit ee nomanredbpsl £ = (B;0) orobpakeHue 1) pereTKn
Con 2l na pemerky Con £, onpenenentoe kKak ¥ (0) = 6 N B2, apngerca ro-
mMomopduamom, a orobpazkenue ¢ : Con £ B Conl, rie p(6) = (0)g aBasger-
ca BioxkernneMm perterkn Con £ B permerky Conf2A. IIpm stom orobpazkenne
Y ToxaectBenno Ha Con £. Takum obpasom, perrerka Con £ sBisgercs pe-



114 A. I [luryc

rpakToM penierku Con 2 OTHOCUTEILHO Mapbl OTOOpazKeHuit (@, V).

QukcupyeMm Tenepb HEKOTOpoe MHOTroobpa3ue V' ¢ mpoJIo/IKUMBIMU KOH-
rpysunusmu. [Tyers A = (A; o) — Hekoropast anrebpa u3 V. Ilycrs (I; <) —
HEKOTOPOE HAIPABJIEHHOE BBEPX YACTUIHO YIIOPSAIOYEHHOE MHOXKECTBO U
L={2; = (A;;0)|i € (I; <)} Hexoropas cucrema coOCTBEHHBIX TOIAITeOD
aaredpnl 2, Takaa 4To 2; ABjIAeTca cOOCTBEHHON 1101a/redpoil ajaredpor A,
i < jus I u | A = A — nanpasaennan cucmema cobcmeernvr noda.n-

i€l

2ebp anzebpor 2. (e)TMeTI/IM, YTO COBOKYITHOCTH BCEX KOHETHO MOPOXKIEHHBIX
ojiasiredp arebpol, He SBJISIONIENHCcss KOHETHO MMOPOXKICHHOMN, sABJISETCA, K
[IpUMEPY, HAIIPABJIEHHON CHCTEMO¥ COOCTBEHHBIX MOJAaJre0p ITOi ajarebph.

Kourpysumuio 6 anredbpbr 2 HazoBeM i-mopoxKaernoit (jyist ¢ € 1), eciu
0 = (0N A?)y. COBOKYIIHOCT i-TIOPOKICHHBIX KOHTPY3HIuil aireopsr 2 06-
pasyer nojperterky Con;2 pemerkn Con 2 uzomopdnyio perrerke Con ;.
Konrpysunuio 6 anredpor 2 HazoBeM L-o2panudento nopoxrcdenmnoti, ecim
OHa I-TIOPOK/JieHa Jjisg HekoToporo ¢ € I. Tak ke 04eBUHO, YTO COBOKYII-
HocTh Congl L£-orpaHMYeHHO MOPOXKIEHHBIX KOHIPYSHIINNA aaredpol 2A o6-
pasyer nozperierky perrerku Con2(. IIpu srom Cone2l = J Con,;A.

i€l

Ongarph ke, B CHJIy 3aMEUYEHHOI'O BhbIIIe 00 aJjredpax 1\€4Horoo6pa3m°1 ¢
IPOIOJIZKUMBIMEA KOHTPYSHIIUAMU, OUpeJiesss i ¢ < j u3 I orobpaxke-
g o5 : Con®; — Con®A; kak VI(0) = (0)a, m oTobpazKenus Yl
Con®; — Con®l; xax Y)(0) = # N A? monyuaeM peTpaKTHBHBIA CIICKTD
S = (Con |l v w1 < j € (I;<)).

[Ipu 3TOM € TIPSAMBIM MIPEJIETIOM TIPSIMOTO CIIEKTPA

S = (Con ;| mst 1 < j € (I;<))

ecTecTBEHHBIM 00pa3oM oToxkiecTBuMa perrerka Cong?l, a ¢ 0OpaTHbIM Ipe-
JIEJIOM OOPaTHOTO CIIEKTPa S = (Cony|yp! mnal < j € (I;<)) — pe-
merka Con®l. B pabore [1] mokasana yHHBepcaabHasi SKBHBAJIEHTHOCTH (B
TEOPETHKO-MOJIEJIBHOM CMBIC/IE, T.e. TO YTO HAa HUX MCTUHHBI OJHU U Te Ke
V-hopMyIIbl JIOTHKH [IEPBOTO HOPs/IKA) MPAMbBIX U OOPATHBIX HPEJIEJIOB Pe-
TPAKTUBHBIX CIIEKTPOB. TeM CaMbIM UMEET MeCTO

Teopema 1. Jlis 2106020 mHo2o06padus V. ¢ npodosrcumvtmu KoH2pysHuu-
Amu, 110000 V -anzebpo A u 10601 nanpassennoti cucmemnv, £ cobcmeen-
HOLT nodaszebp anzebpor A pewemxa xonepyanuyuti Con2l amoti arzebpvl u
pewemxa ee L£-ozparurerno nopoxrcdennvx xonepysnyul Congd yHnueep-
CANLHO IKEUBANEHIVHDL.

CrnenctBue 2. Jlaa 1106020 m102000pasus V- ¢ npodosrcumbimy Korepyt-
YUAMYU U 110000 OECKOHEWHO NOPOAHCIEHHOT, M. €. HE ABAANOWETUCA KOHEYHO
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nopootcdernoti, V -arzebpor A pewemru Cond u Coneg2l yrusepcarvro ax-
susasenmmvl. 3decy £ — co80KYNHOCMb KOHEWHO NOPOHCIEHHLLT Nnodanzedp
anzebpvl 2.

B gactrocTn pemerku Con® n Cong2l comepkar OJHN U Te K€ KOHEU-
HbIE TIOJIPEIIeTKN U Ha HUX MCTUHHBI OJIHU U Te YKe TOXKJecTBa. llpm srom,
B CJIydae CYETHOCTHU U JIOKAJIHHONW KOHETHOCTU aareOpbl 2 M KOHTHHYAIBHO-
ctu perterku Con 2l MbI IMeeM BO3MOXKHOCTb 3aMEHUTD 9TY KOHTHHYAJJILHYIO
pemerky Conf2l Ha cuernyto perterky Congl (rme £ — cucremMa KOHEIHBIX
nozaaredbp anrebper A) ¢ coxpanenneM cBoiicts perierkr Con A, BEIpa3uMbIX
V-dopmyiamu.

2

Paccmorpum 371€ch ernte oJinH ciiydail BO3SMOXKHOCTH TPUMEHEHUST PETPAaK-
TUBHBIX CIIEKTPOB U WX IPEJEJIOB, CBA3aHHBIN C peleTKaMH PACIIUPEHUiT
9JIEMEHTAPHBIX TeOpHii (MJIM JBOMCTBEHHBIME K HUM PEIIeTKAME AKCHOMATH-
3UPYEMBIX TIOJIKJIACCOB HEKOTOPOIO aKCHOMATH3UPYEMOro Kjiacca MoJeieit).

[Tycts T — nekoropas buKcHpoBaHHAs! dJIeMEHTApHAs (B JIOTHKE IIEPBOTO
HOPsIIKA aKCHOMaTU3UPyeMasi) Teoprsi CUTHATYPbI 0. Uepe3 Ly 0603HaIMM
pereTKy (OTHOCHTENHHO TEOPETHKO-MHOKECTBEHHOI'O OTHOIIEHWsI BKJIIOUE-
uust C) ee ayeMenTapHbix pacmupernit. Yepes 1] mug T) O T obozHaunm
coBokymHOCTb hopmys T1\T'. s mr060it coBokymroctu dhopmyn F curua-
Typbl 0 depe3 (F') 0603HAUNM 3IEMEHTAPHYIO TEOPHIO CUTHATYPBI 0 aKCHO-
MaTU3UPYEMYIO COBOKYITHOCTBIO F'. JIyis1 pemerounbix oneparuit A u V pe-
merku Ly umeem pasencrsa 11 VT, = (T1UTy) u TiNTy = ({d1Voa|p; € T;})
s 11, Ty € L.

DuemenTapuyio hopMysry ¢ curHaTypbl 0 HA30BEM N -CKOAEMOBCKYU 02Pa-
Huvennot ommocumenvro T (31echb N — HEKOTOPOE HATypaIbHOE UHCIIO),
ecJIu JIJIsi HEKOTOPOI MPEHEKCHO HOPMaJIbHON (hOPMbI (OTHOCUTEJILHO TEO-
pun T') dbopmynsr ¢ ee ckoseMoBckue (DYHKIMH MMEIOT apHOCTh HE Ipe-
BocxoaANIyI0 n. Teopuio 17 € Ly HA30BEM N-CKOAEMOBCKU 02PAHUMEHHDLM
pacwupenuem meopuu T, ecnu T akcnomarusupyema dpopmynamu 1T U F
e F' C T1\T — HekoTOpast COBOKYIMHOCTh 7-CKOJIEMOBCKU OIDAHUIEHHBIX
orHocuTesibHO 1" hopmyit. To ecTh OBITH N-CKOJIEMOBCKU OIDAHIIEHHBIM PaC-
mupenneM Teopunu 1 o3HadaeT g Teopun 1] BO3MOXKHOCTH OOOTAICHUS
CUTHATYPBI 0 UCXOJHOM Teopun T ;10 curHaTypbl o' (QYHKIMSAMUA apHOCTH
HEe IPEBOCXOJIAIIEH YUC/Ia N ¢ TeM 9To Obl KJjacc Mojieseit Teopun 1) ObLI
o-06eJHEHEeM HEKOTOPOro V-Kjacca Moje/ieii CUrHAaTyphl ¢’ BHYTPH KJiacca
Mmogtesieit reopun 1. Teoputo T} € Ly HA30BEM CKOAEMOBCKU 02DAHUMEHHBIM
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pacwuperuem Teopun 1’ ecjim OHA €CTh N-CKOJIEMOBCKU ONPAHUYEHHOE Pac-
mupenne reopun 1’ st HEKOTOPOTO HATYPAJJIBHOTO 7.

[Ipezxie Bcero 3ameTnm, 9T0 JTII0O0E KOHEYHO aKCHOMaTH3Npyemoe Ha1 1’
pacmupenue Teopun 1 ABJIsSeTCHA CKOJIEMOBCKH OTPDAHUYEHHBIM PACIINPEHNU-
eM Teopun 1. [IpuBejieM Takke HECKOJIBKO IIPUMEPOB CKOJIEMOBCKU OI'DAHU-
YEHHBIX PACIIUPEHUH JJIsi KOHKPETHBIX Teopuii 1, He sIBJIAIONNXCS KOHETHO
AKCUOMATU3UPYEMBIMU PACITUPEHUSIMA TTOC/IETHUX.

[Iycte T' — ssteMeHTapHasT TEOPUS JIEPEBHEB OECKOHETHOW BBICOTHI, Pac-
CMATPUBAEMbBIX KaK YaCTHYHO yIOPsI0UEeHHbIE MHOXKECTBA B curnarype (<).
Torma reopust T,, (n- mpon3BosibHOE (PUKCHPOBAHHOE HATYPATHHOE THCIIO) —
SJIEMEHTapHAs TeOPUs TTOJ00HBIX JIEPEBBEB C 1 BETBJCHUSIMU B KAaXK 0 Bep-
IIIIHE SBJISETCsT KOHETHO aKCHOMATH3UpyeMbIM Ha T T 1-CKOJIEMOBCKHU Orpa-
HUYEeHHBIM paciupenueMm 1. B to ke Bpemsa T,, — 3J/ieMeHTapHAs TEOPUST
T-nepeBbeB ¢ OECKOHEYHBIM YNCIIOM BETBJIEHUI B KarKJ0il BEPIITHE SABJISIET-
¢ 1-CKOJIEMOBCKY OI'DAHUYEHHBIM paciiupenueM Teopun 1') He siBJIAIOMINMCS
KOHEYHO aKCHOMATH3UPYEMbIM Ha/l 1 pacuiupeHueM mocieHeil.

[Iycts T" — Teopusi OyJsieBbIX ajredp, 1) — Teopust OYJIEBBIX ajaredp ¢
OECKOHEYHDBIM YUCJIOM aTOMOB, a Th — Teopusi aTOMHBIX OYyJIEBBIX aJiredp ¢
OeckoHEeUHBIM umcJioM aToMoB. Torma T aBisiercd (-CKOJIEMOBCKY OIDAHM-
YEeHHBIM paciupenueM Teopun 7', He SBJIAIONIMMCA KOHEYHO aKCUOMAaTU3U-
pyembim Hagt T, a Ty — 1-cKojieMOBCKOe orpaHudeHHoe pacmimpenue 1, He
SIBJITOITEECST KOHETHO aKCHOMaTU3upyeMbiM HaJT 1.

Haxkomner, mycts T' — Teopust abeieBbIX TPy, a 1] — Teopus JeTUMbIX
abesieBbIxX rpyti. Ouarh ke T) — 1-CKOoJIEMOBCKU OI'PaHUYEHHOE PACIIUPEHIEe
Teopun 1, He ABJIAIONINECT KOHEYHO aKCUOMATH3UPyeMbIM HaJl 1.

B cuty npuBesieHHBIX BBIIIE OIpe/jiesiennii onepanuit A u \V pemetku Lp
OYEBH/IHO, UTO COBOKYIHOCTH L7 *" -CKOJIEMOBCKHI OI'DaHIIEHHBIX PaCIIHpe-
Huit Teopun T' (17151 71F06010 (DUKCHPOBAHHOTO 1) 06PA3YIOT HOJPEIIETKA Pe-
etk Lo ¥ 1y1e HaTypaJIbHBIX 1 < m pemeTKa L *" dABJgeTcsd MOApeneT-
Koit pemerku L7~ °". Yepes F}' 0003HAYMM COBOKYIHOCTH 7-CKOJIEMOBCKH
OTpaHUYEHHBIX OTHOCUTEIHLHO Teopun 1’ 3j1eMeHTapHbIX (POPMYJT CUTHATYPbI
0. Orobpazkenue 9" pemerku Ly B pemerky Ly *" onpemenauM cjeLyiomum
obpazom: st 1y € Ly nycers ¢™(Ty) = (T'U (17 N F™)). Henocpencrsenmo
3aMevaeTcd, 9To " ABJIAeTCd rOMOMOPMU3MOM pemeTKu Ly Ha pereTky
L5 n pemerka Ly *" aBisgercsa peTpakKTOM OTHOCHTEIBHO 3TOrO0 FOMOMOD-
dbusma n ToxgecTBenHoro Baokennst L1 B L. Hepes 7" (maa n < m)
0003HaMUM OorpaHrYeHIe ToMOMOpdU3Ma Y™ 10 noapemeTkn Ly~ *" pemeTkn
Lp. Touno Tak ke L7 " aBigercs peTpakToM pemteTku Ly~ *" oTHOCHTEIb-
HO roMoMopdusMa )" U TOXK/eCTBEHHOro BiIoykeHus id,, permerkn L7 °" B
pemterky L.
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Takum 00pa3oM MbI UMEEM JIeJI0 C PETPAKTUBHBIM CIIEKTPOM S =
(L (n € ), gin(n < m € w)).

[Ipu sTom mpsimoit mpesiest lim S cOOTBETCTBYIOIIETO MPSIMOTO CIEKTPA
H
S = (L7 °"(n € w);idy,(n < m € w)) oroxkaecteum ¢ |J L3 = Li-

new
peIIeTKON CKOJIEMOBCKHI OI'PAHUYIEHHBIX paciiuperuii reopun 1', a 0OpaTHbBII

— —
npegen lim S, 3necs S = (L7277 (n € w); ¥l (n < m € w)) — ¢ pemerkoit
Lr.

Onars ke, B cuily TeopeMbl 13 |1, mosrydaem ciiejyroniee yTBepK ICHEE.

Teopema 3. /[aa 210600 saemermaprot meopuu T pewemra ee ckoremos-
CKU 02PaHUMenHuT pacwupenuts LT ynueepcarvno axeueasenmma peuemse
Ly ecex ee pacwuperufi.
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DynknnoHaIbHBIE KJIOHBI Ha MHO)KecTBax A (cucrembl dyHKImIA Ha A,
3aMKHYTBI€ OTHOCUTEJILHO CYIEPIIO3UINii 1 BKIIIOYAOIIE B ce0s CEJIeKTOD-
uble pyHKI@N €l (z1,- - ,2,) = T, AIA 1 < N € W) UTPAIOT 3aMETHYIO
POJIb HE TOJIBKO B PA3JIMYHBIX Pa3jiesiax JUCKPETHO MaTeMaTHKI U e TIPH-
JIOZKEHUAX, HO ¥ KOHKPETHO B YHHUBEDCAJIBHON ajrebpe (IOCKOIbKY 6GOJb-
MINHCTBO MOHSATHIA, CBA3aHHBIX C YHUBEpCaabHON anrebpoit A = (A;0) 3a-
BHCAT, B KOHEYHOM CUeTe, He OT CUTHATYDHBIX (DYHKIMH 5TOi anre6psl, a
oT kJioHa Tr2l ee TepMaJbHBIX (PYHKIWMH, T.e. HEe OT camoii 2, a OT COBO-
KYITHOCTH PaIlOHAIbHO SKBUBAJCHTHBLIX eif, B cMbiciae A.M.Masbnesa [1],
asre6p). IIpu sTOM ryIaBHOEe BHMMAaHWE DU U3Y4YeHUH (DYHKIMOHATBHBIX
KJIOHOB Ha MHOXKeCTBaX A TpaJuIMOHHO OBLIO COCPEIOTOYEHO Ha H3yde-
HUI pereToK L 4 9TUX KJIOHOB (coBOKymHOCTH F4 Beex KJIOHOB Ha A ymopsi-
JIOYEHHON OTHOIIIEHUEM TEOPETHKO-MHOKeCTBeHHOTro BKtodeHusi C). Ompe-
JICJIAIONIYIO POJIb B U3YUEHUN STUX DEIIeToK urpain pesyiasrarsl E. [Tocra
[2] u FO. 1. fdnoBa ¢ A. A. MyunukoM [3|, yKasblBaoIiue Ha IPUHIATHATb-
HYIO Da3HHUILy B CUTYAIUU C PACCMOTPEHHEeM COBOKYyIHOCTefi F4 KJIOHOB Ha
naByxasteMenTHOM (|A| = 2) n ne menee dem Tpexsnementaom ([A| > 3 )
MHOKecTBaxX. B mepsom ciydae E.IlocroMm jeranbHO onmcanHo He TOJIBKO
cTpoeHme perieTkn L4 BCeX KJIOHOB Ha JIBYX3JIEMEHTHOM MHOXKeCTBe A, HO
TaKyKe CTPOCHHE U CAMHX KJIOHOB M3 Fy, BK/IIOYAs WX MOPsJIKH, GA3UCHl 1
up.. Bo Bropom ke ciyuae (korma |A| > 3) FO.U. dnos n A. A. Myunuk
JIOKa3a/Id He MeHee 9eM KOHTHHYaJbHOCTb COBOKYIHOCTH [, CyIiecTBoBa-
HIe KJIOHOB Ha A, He mMeronux 06a3mcoB, W HAJMYHE IEJIOT0 Psijia WHBIX
caoxkuocteil npu pabore ¢ kiaonamu u3 [4. Tem cambiv, B cirydae Korja
|A| > 3, nosnnoe onmcanue crpoenusi pemietku L,y (mogobHOE ommcaHmio
E. Tocra jyist ciyvas |A| = 2) npuHnunuajsHO HEBO3MOXKHO. B crity sroro
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OCHOBHOE BHHUMAaHHWE IIPU HCCJIeI0BAHUM COBOKymHOCTER Fy (s |[A] > 3)
OBLIO COCPEIOTOYEHO JTUOO HAa UCC/IEOBAHUN PA3IUIHBIX dacTeil 3TOi co-
BOKYITHOCTH (B YaCTHOCTH, MHTEPBAJIOB pererku L4 ), 1ubo Ha MCCie0Ba-
HUU KJIOHOB Ha A, Y/JOBJIETBOPSIONIUX TEM WU WHBIM 3HAYAIINM YCJIOBU-
siM (B TOM 9YHCJIe U 9KCTPEMaJIbHbIM TOYKAM DEIIeTOK L 4: aToMaM, KOaTo-
MaMm u T. J1.). [Tojo6Hble BOPOCH! pa3pabaThlBAJINCh COBETCKO-POCCHIACKOM
IIKOJION mccsteioBaresieil uckpeTHbiX (yHKIMA (He mpeTeHysl Ha MOJIHO-
Ty, ynomsHeMm 31ech A. 1. Mambnesa, C.B. {6monckoro, O.B. Jlymanosa,
FO. U. fduosa, A. A. Myunuka, A. A. Bysrarosa, I'. I1. laBpuiosa, 1. A. MaJib-
neBa, A.A.Kpoxuna, B.A.Pomosa, JI. A. Kanyxuuna, C.C. Mapuenkosa
u JI.p.), demickoil mkojoii Bo riaBe c¢ V. Posenbeprom, BeHrepckoir —
A. Crengpeit u jap., xKanajckoit — P.KBakenOymr u ap., repMaHCKOil —
K. leneke, /[.Jlay, P.Ilemen u np., aBcrpuiickoit — M. IIunckep u Jip.
Obmupnas Oubsmorpadusa MOJOOHBIX padOT HPHUBEIEHA B MOHOTpadUM
A.U. Masbnesa u 1. A. Masbuesa [4].

B psge pabor [5]-[8] aBTopa maHHOI CTATHH MPEJJIOKEH METOJL UCCIIEI0-
BaHWs COBOKymHOCTeil Fy (u, B wacTHOCTH, pemeTok L) Ha OCHOBE ecTe-
CTBEHHON AIMIPOKCUMAIINN KJIOHOB uX ¢parmertamu. 3oxkeHno 3T0oro
[OJIX0/1a U 0030PY MOJIYyYEHHBIX HA €r0 OCHOBE PEe3yJIbTATOB U IMOCBAIICHA
JaHHasg paboTa.

[ousrue gpaemenma xaona F € F4 BBemeno B pabore [5| u cBsizaHo
¢ OrpaHMYEHUEM Ha apHOCTb BXojdamux B F dyukuit. n-gpaemermom F"
dbyHKIHOHATBHOTO KiIoHA F' Ha MHOXKecTBe A (N € w ) Ha3bIBAETCsT COBO-
KYITHOCTB BceX (DYHKIuit u3 F', apHOCTb KOTOPBIX HE IPEBBIIIACT IUCIA M.

B cuny BK/IIOUEHMST B KJIOHBI CEJIEKTOPHBIX (DYHKIINN a, 3HAYUT, U Ha-
JIMIUST BO3MOYKHOCTH JTO0ABJIATH K apryMenTaM (hyHKIun (UKTUBHBIE apry-
MEHTBI, UMEIOT MecTO BKJtoueHus F™ C F™ g mobbix n < m u F' € Fjy.

[Tpu srom F' = |J F™. TlockoabKy coBokymaOoCcTh P4 Beex dyHKnmit Ha A
ncw
U caMa gBJIfeTcsd KIOHOM, COBOKYIHOCTBL P’} Bcex He Hosiee 4eM n-MeCTHBIX

dyuknit Ha A gBisercs pparMeHTOM KJIOHA U Js jrodoro F € Fy mmeer
mecto F" = F'N @Y.

Yepes F’y 0603HAYNM COBOKYITHOCTD BCeX (DPArMeHTOB (PyHKITMOHATBHBIX
KJI0HOB Ha MHO)kKecTBe A. OTHOIIEHnE CcTpororo nopsaka < wa [’y ompese-
auM careyionmum obpasom: g @ O € FYy momoxnm @ < @” rorma n
TOJILKO TOTJIa, KOTJa JJjisi HeKoTopbix FY, Fy € F4 m HaTypaJabHbIX m < n
umeer Mecto ¢ = FI", @ = FJ' u F{" C FJ'. YuopsodeHHas COBOKYITHOCTD
(Fy; <) sIBIsieTcs JIecoM, T. e. 0ObeJIMHEHIEM HEKOTOPO COBOKYITHOCTH Jie-
peBbeB. A KiloHBI F Ha MHOXKecTBe A OTOXKIECTBUMBI C BETBAMHU Vp Jieca
(F'; <) ux dbparMenTos.

Hamee, roBopss 00 n-oeparuvennoti cynepnosuyuu dbynkuit u3 P, Oy-
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JIEM CYUTATDh, YTO IPU CYHNEPIO3UIUU ITUX (DYHKINIA UX apryMeHTBhI BXO-
JIAT HEKOTOPYIO (DUKCHPOBAHHYIO COBOKYIHOCTH I€PEMEHHbIX {T1,- -+ , Ty}
1, TeM CaMbIM, COBOKYHHOCTb (dyHKImit P’} 3aMKHyTa OTHOCHTEIBHO n-
OrPaHMYEHHBIX CYNEPHO3UIMH U BKJIOYaeT B ceba dbyHkimu e g i <
m < n.

Unmeer mecTo cieyiomast Xapakrepusanust n-(hpparMeHToB KJIOHOB u3 [ .

VYreepxkaeuue 1. [5|. Cosoxynnocms ® dynruut na mroocecmee A om
HE OONEE UEM N AP2YMEHMOE ABAAECTNCA N-PPAMEHMOM HEKOMOPO20 KAOHA
u3 Fq moezda u moavko mozda, ko2da 0HG 3AMKHYMA OMHOCUMENLHO T~
02PAHUNEHHBIT CYNEPRO3uLUtl u exaouaem 6 ceba dynkyuu ' oaai < m <
n.

[TonsTue pparmenTa KJIoHA CIIY?KAT OCHOBOI I OIIpeJIe/IeHNs] HEKOTO-
poii ecTeCTBEHHOI Mepbl OTJIMYHsT KJIOHOB Ha, MHOXKeCTBe A npyr oT japyra u
Ha OCHOBE 3TO#l MepbI CTOJIb K€ €CTECTBEHHBIX IMOHATUN METPUKH Ha COBO-
KynHoctu F4 m pa3MepHOCTH 3JIEMEHTOB U3 F4, T. €. KJIOHOB.

Ompenesum paccrosiame d MeXKJIy KJoHamMu Ha MHOXKecTBe A (Mexy
Fy, F, € Fy ) crenyromum o6pa3oM:

J(F F) — (min{n € W'|F* # F})™, ectu Fy # Fy,

(£, ) = 0,8 ciydae, korga F) = Fy

Baech W' = w\{0}.

OueBnao, 40 (Fl4;d) sIBISIETCS METPUIECKUAM IPOCTPAHCTBOM B KOTO-
poM cucreMoit okpecrHocTeil Kiona Fcayxkar mmoxecrsa Of = {F) €
Fu|F»=F"}, rien € w'.

Hnsa moboro F € Fy non pasmeprocmuvro dim F kyiona F Gygem 1o-
HUMAaTh HAUMEHbIIee HATYPAJIbHOEe YHUCJIO N (ec/m MOJ0OHOe CYIIECTBYeT),
Takoe 4To Jjs Jioboro Fy € Fj, pasencrBo F|' = I Bieder coBnajieHne
kjoHoB F| u F. B nporuBHOM citydae (B cirydae OTCYTCTBHsI MOJZ0OHOTO 1)
Oy/ieM cYnTaTh Pa3MEPHOCTH KJIOHA [ OECKOHEYTHOT].

Taxkum 06pa3oM, U30IMPOBAHHBIE TOUKY IIpocTpancTBa (F'; d) cyTh Ko~
HBI KOHEIHON Pa3sMEpPHOCTH U TOJBKO OHHU.

OrmeruM OCHOBHBIE CBOiicTBa IpoCcTPaHCTB (Fq;d).

Vreepxkaenne 2. [5],[6]. a) Jaa 06020 neodnossemenmmozo A 6 npo-
cmpancmee (Fa;d) cywecmeyrom npedeavnvie mouky (m.e. xAonv, 6ecko-
newnot pazmeprwocmu wa A). Ipu smom das deyxrasemenmmuozo A amux
npedeavruir mover eocemv wmyk: Fo Feo - [ F& 6 0003na1enuAT pabo-
mot [4].

6) Bce npocmpancmea euda (Fu;d) noato.

6) Jlas aobozo 6eckoneurnozo mmoorcecmaa A npocmparncmeo (Fa;d)
He Komnaxmmo. B mo owce epema dasn deyxrasemenmmozo A npocmparcmeo
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(Fa;d) komnarxmno. Bonpoc o komnaxmmuocmu npocmpancms (Fa;d) das ne
OBYTINEMEHMHDLL KOHEUHLLT A 0CMaemcs omypoimbim.

2) Jan mobvix mmoorcecme B C A npocmpancmeo (Fg; d) usomempue-
cKu 8a001cuMO 6 npocmparcmeo (Fa;d) .

0) Jlas 106020 He menee wem mperasemenmnozo A cywecmeyem noo-
pewemxa L pewemxu L4, o6pasyrowan cosepuienoe nooMHONCECNEO NpPo-
cmpancemea (Fa;d), 2omeomopproe kanmoposy duckoHmunyymy.

OTrmMeTnM Tak ke 9TO perreTovdHble ormeparuu A,V Ha COBOKYITHOCTH [y
(oneparun pemierku L4) HelpepbiBHBI Ha npoctpancTse (Fa;d), Tak 9ro
pemierky L 4 BceX KJIOHOB Ha MHOXKecTBe A MOXKHO paccMaTpuBaTh Kak TO-
[TOJIOTUIECKYIO PEIIeTKY.

Pasmeprocts dim F' kjiona F' (Hapsay ¢ MUHAMAJIBHBIM IHCIOM €O TO-
POXKIAOIINX U MOPSIZIKOM KJIOHA) SIBJISIETCST OJTHOM 13 BOBMOXKHBIX €CTeCTBEH-
HBIX XapaKTEePUCTHUK CJIOKHOCTU CTPOEHUs KJIoHa F.

[Tpu sTom mopsnkom O(F') kiona F' Ha3bIBaeTCs MUHUMAJBHBIH U3 1M0-
PSJIKOB KOHEUHBIX 0a3UCOB 9TOro KjoHa (eciau F' KoHeUHO HGasupyeMm), a 1o-
PSITIOK KOHETHOIO MHOXKeCTBa, (PYHKITUI 9TO MAKCUMYM MOPSATKOB BXOISIIINX
B 9TO MHOKecTBO byHKImA. [lopsi/iok ke PyHKIUKI — 9TO YUCJIO CYIIEeCTBEH-
HBIX (He (DUKTUBHBIX) apryMEHTOB 3TOM (DyHKIUH.

Ouesnmno nepasencrBo O(F) < dim F', npu 5TOM BO3MOYKHO CTPO-
roe mepaencrBo O(F) < dim F u myust mobbix Fy, Fy € Fu, ecmu m =
maX{O(Fl), O(FQ)} n F{n = Fm, TO F1 = FQ.

OTrmeTnM crteTyroIee yejaoBre KOHETHOCTH Pa3MepHOCTH KJIoHa F' u3 [y
B TepMHUHAX pereTku L 4.

Vreepxkaenne 3. [6]. Ecau das xoneuno nopostcdennozo kaona F uz Fy
cyuLecmsyem Auwd KoHewHoe 4ucao nokpoimuts Fy, -+ F, 6 La, u das at0-
bozo F' € F5 maxozo, wmo F' < F' 6 L umeem mecmo 00no u3 nepasencme
F; < F (dnni < k) unpu omom 6ce kaonw, Fy, - -+ | Fy, konewno nopootcderol,
MO PA3MEPHOCTNG KAOHG KOHEUHA.

Hamee, misa moboit copokynnoctu ¢ dyHKIwmit Ha MHOXKecTBe A depes
(®) Gymem obo3HAYATH HAMMEHbIIHMH KJIOH Ha A, BKIOYaommi B cebs P,
KJIOH TIOPOXKJIEHHBIN COBOKYITHOCTBIO P.

Yepes F’} 0603HAUNM COBOKYITHOCTB BCEX N-(DParMeHTOB (DYHKINOHAIb-
HBIX KJIOHOB Ha A. DTa COBOKYIHOCTH OYEBHJIHBIM OOPA30M IIPEICTABIISCT
co0Oi1 HEKOTOPYIO PeIIeTKy

= (F4; Ans Vi)

OTHOCUTEJIBHO TEOPETHKO-MHOXKeCTBeHHOro oTHOmeHust C. 3nech F'A, Fi =
Froy, Fyou F7' Vv, FY = (F'U,, F)™ s mobsix Fy, Fy € FY.
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Orobpaxenue 1, : F4 — FJ oupememnm kax ¢,(F) = F" pia
F € F4. HenocpeacTtBeHHO TPOBEPSAETCS, YTO 1), ABJISIETCST TOMOMOP(MU3-
MOM perieTku KiIoHOB L4 = (Fa;A,V) Ha pemerky ux n-GpparMeHToB

no= (F%; A, Va). Hepes ¢, 0603natmm orobpazkerne coBokymnHoctu F B
F, onpeienennoe Kak @, (F™) = (F™) ansa moboro F™ € . Tak ke Hemo-
CPEJICTBEHHO 3aMeYaeTCs, UTO (©, €CTh BIOXKEHHE peleTKu L'} B pemerky
L4, a paBencrso ¥, (¢, (F™)) = F™ Bieder 10, 4T0 perieTka L' sABiIseTcs
peTpakTOM pereTku L 4.

st mobbix m < n onpeenM orobpazkerue (romomopdusm) ¥ pe-
merkn L7 wa pererky L} xak ¢ (F™) = F™ pa moboro F' € Fy. O1o6-
paxkenue (Biaoxkenue) ¢ pemerkn L'} B perterky L’ (g m < n) ompese-
M, iogtarast @t (F™) = (F™)". Ilpu stom 7 (o (F™)) = F™ st m1060ro
F e Fy.

HenocpeicrBeHHo 3aMevaercsi, 9To cucreMa pemerok L' (n € w) u ux
$—
romoMopdu3mMoB Y7 (npu m < n) obpasyer oOpaTHBIH cieKTp £, U IpH
(_

srom lim £ = L. C apyroit croporsr, cucrema pemerox L (n € w ) nmux

é
BaokeHuit ' (mpu m < n) obpasyer npsamoii crekTp L.

Knon F € Fa Ha30BeM 02DaHUMEHHO NOPOHCOEHHBILM, €CIIU OH TOPOKJICH
HEKOTOPBbIM cBouM bparmerToM (ecaun F = (F™) 1js HEKOTOPOro n € w)
WM, 9TO TO K€ CaMOe, €CJIM CYIIECTBYeT CHCTeMa ITOPOXKIAIONNX KIOH F
byHKIWMIT, apHOCTH KOTOPBIX OIPaHUYEHbI B COBOKYIIHOCTH. B ciiydae KoHeu-
HOCTU MHOYKECTBa A NMOHATUS KOHEYHONW U OIPAHUYEHHO MOPOXKIEHHOCTH
KJIOHOB Ha, A COBIIQJIAIOT.

Yepes F)’ 0603HAINM COBOKYIHOCTH BCEX OIDAHUYEHHO MOPOZKJIEHHBIX
kionoB Ha A. HenocpejcrBenno 3ameuaercsi, uro F)? spisercs nojperer-
koit L'} = (F)?;A,V) pemerku L, Bcex kionoB Ha A. Ilpm srom pe-

_)
rg .
merka Ly OTOXKJECTBUMA C IPAMBIM IIPEIEIOM hin £ TpAMOTO CIIEKTpa

H
£ = (Ly;¢"m < n € w). Takum 06pazom, mMeeT MecTo

VrBepxkaenue 4. [5|. Pewemka Ly PyHKuyuonasonmr kA0H08 Ha MHOMCE-
cmee A omootcdecmeuma ¢ 00pamHvLM npedesom 0bpamHoz0 cnexmpa pe-
wemok L (n € w) n-gdpaemenmos smuz xaonos, a ee nodpewemsxa L'
02PAHUMEHHO NOPONHCOEHHDIT KAOHOB ABAALMCA NPAMBM NPEVENOM NPAMO2O
cnexmpa amux pewemor L (n € w).

rg

ITpu sToM B cirydae ABYX3/1eMeHTHOTO MHOXKecTBa A permerku Ly u Ly
coBIaafoT (T. K., KAK XOPOIIO M3BECTHO, JIFOOOH KJIOH Ha MOj00HOM A 1O-
POXKJIEH HEKOTOPOW CHCTEMOI cocTosIeil u3 He DoJiee 4eM deThIpeX (DyHK-
muit). B ciryuae e He MeHee 4eM TPeX3JIeMEHTHOIO KOHETHOIO MHOYKecTBa A
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pemrerka LTAQ ABJIAETCd COOCTBEHHON CUETHOM MOJIPENIeTKON KOHTUHYAILHOM
pemtetkn L 4.

Ha camom nieste n3 yTBep:Kienns 4 BbITEKaeT COBIA/IEHNE CBOICTB perlle-
TOK LZ{’ u L 4, BBIpa3uMbIX V—(popMyIaMu B A3bIKe JIOTHKH [TEPBOTO MOPSIIKA.

VrBepxkaenune 5. [5]. Pewemka L'} yrnusepcanvro sxsusanermna, pewems-
ke La u asasemes 6ctody naomuot 6 npocmpancmse (Fy;d).

DTo craeyer u3 o6IIEro, JoKa3aHHOrO B padbotre [9], dakra st mpsMbIX
1 0OPATHBIX MPEJIEJIOB TaK HA3BIBAEMBIX PETPAKTUBHBIX CIIEKTPOB.

U3 yTBep:kieHust 5, B 9aCTHOCTH, CJIEJyeT COBIAJIEHNE COBOKYITHOCTE!
KOHEYHBIX MojiperieTok pemerok L'y u L4, a pasimane MexKjly HUMHI HACTY-
[aeT, Kak 9TO CJIeJlyeT U3 IPUBEJIEHHOIO Jlajiee YTBEPXKICHUS 7 Ha YPOBHE
UX KOHEYHO MOPOKICHHBIX MOIPEHIeTOK.

TeMm caMbIM, CYeTHAS, a 3HAYUT BIIOJHE BO3MOXKHO HOIAIONIASICS JETATb-
HOMY OIIMCAHUIO, perierka LY MoKeT urparb poJib MO Jisl U3ydeHUs
CBONCTB KOHTHHYAJbHBIX PENIeTOK L4 B CIydae KOHEYHOCTH MHOXKecTBa A.

B pabore A.A.Bymnarosa [10] mokazano, uro npu |A| > 3 Ha pemerke
L 4 He BBIIOJHEHO HUKAKOE PEIEeTOYHOEe TOXKAeCTBO. I3 3Toro pesynbrara un
yTBEPKJAeHUs 4 BbITEKAeT

Yrepxkaenune 6. [5]. Jas 1106020 ne meree wem mperasemMenmnoz0 MHo-
otcecmea A 8vinoanAmMes caedyrouwue c60tUcmea:

a) das 106020 pewemounozo mostcdecmea t; = to cywecmsyem HAMypaib-
HOEe M, Mmakxoe wmo mootcdecmso t; = ty A02HCHO MG KaAHCAOT U3 PEWEMOK
L'y npun >m;

6) na pewemxe L' ne swnoanumo nuxaxoe pewemounoe mootcdecmeo.

Cpenu cpoiicT, pasimuaionux pemerku Ly u L], ormernm coemyonee.

Kaxk gokazano A.A.Bynarosbivm B pabore [11| mpu |A| > 4 pemerku Ly
He SABJISAIOTCS JIOKATBHO KOHEIHBIMU. B TO Ke Bpems (OHATH 2Ke, KaK 9TO
BBITEKAET U3 YTBEPXKJIEHUs 4, UMeeT MeCTO

YrBepxkaenune 7. [5|. Pewemxa Lff AOKANDHO KOHEUHA OAA N100020 KOHEY-
1020 A.

OHUM U3 BarKHEHININX MOHATHUIl TaK HA3LIBAEMbIX aJIreOpandecKoii u J1o-
IMYECKOil TeOMeTpHil YHUBEPCAIBHBIX aare0p paspadaTbIBAeMBbIX IIKOJIAMU
B. . IInorkuna (cMm., k npumepy, [12], [13]) u B. H. Pemecsienaukosa (cm.,
K npumepy, [14]) aBasgiorcs noHsTHs aarebpanIeckoro u JOrHIecKOro MHO-
JKECTB yHUBepcaabHO anrebpnl A = (A; o). [Tpu 310M 9TH NOHATHSA, KAK 3TO
YIIOMHHAJIOCH B HAadaJjIe CTaThbU, 3aBUCAT HE OT CUTHATYPBI 0 aareopnl 2, a or



124 A. I [luryc

kiona Tr2l ee TepmasibubIX DyHKIMA. B cuty 9TOro mpejacraBiisieTcs: ecre-
CTBEHHBIM PAaCCMOTPEHHNE COOTBETCTBYIONMINX MOHATHI JJIs TTPOU3BOJIBEHOTO
dbyukimonanpHoro kiaona F Ha muoxectse A (kmona Tr2Ap TepMasbHBIX
dbyukiwmii anredbper Ap = (A; F), curnarypa KOTOpoii BKJIOUaeT B cebst Bce
dbyuknun u3 F). Takum 06pa3soM Mbl IPUXOIAUM K CJIEJIYIOMIEMY OIpPe/ieie-
HUIO.

Onpegenenne 8. IlogmuoxkecrBo B C A™ Ha3BIBAETCA N-A.42€0DAUMECKUM
ona kaona F (B € Alg, F), ecrm B = {a € A"|f}(a) = f?(a)} nnst mekoro-
poit copokynnocru { f}, f2|i € I} dyukumit us F".

Samerum, 4To coBOKynHOCTh Alg, F' siBjIsleTCs TOJIHON PEIIeTKO OTHO-
CUTEJIbHO TEOPETUKO-MHOKECTBEHHOI'O OTHOIEHUsT C.

[Ton aneebpauvueckoti eeomempueti kaona F Oyjnem jajiee MOHUMATD T10-
cinenosarebiocts Alg = (Alg, F|ln € w).

Yepes Log? F (nyia F € Fy) obosnauum Gynesy aareGpy MOJIMHOKECTB
mHOKecTBa A", onpeieseHHbIX B anrebpe A = (A; F') 6eckBaHTOPHBIMI BOP-
MYyJIAM¥ JIOTUKHU TIEPBOTO TOpsJiKa curuatypsl F. Muoxkecrsa u3 LoggF Oy-
JIEM HA3BIBaTh N-Lg-A02uMeckumu mHodcecmseamy oasa kaona F. Ormernm,
uro Kak pemerka Alg, F, taxk u Gynesa anre6pa Log F' onpejenenst, B Ko-
HEYHOM cUeTe, He caMuM KJjoHoM F', a ero ¢pparmentom F™.

ocnemosaresrocts Log’ F = (Log? F|n € w) 6ynem naspsath Lo- .0-
2uveckotl zeomempueti kaona F'.

Ba xmona Fi, F, na mHOXKecTBe A HazoBeM asnzebpauvecky Fi ~qg Fo
(Lo-nozuvecku Fy ~log F3) axeusanenmmvimu, €Cin COBIAIAIOT UX aarebpa-
maeckne (Lg-mormdeckue) reoverpun, T.e. ecam Alg Fy = Alg Fy (Log"Fy =
Log’F ).

OueBnHO, 9TO I 0000 MHOXKecTBa A 1 100bIxX KioHoB FY, Fy Ha A
oTHoOIIeHUE [ ~,1 Fy BiedeT ornomenne Fy ~o Fh. Obparnoe HeBepHO.

Cpen eCTeCTBEHHBIX BOIPOCOB, CBSI3aHHBIX C ajredpamvdeckoil m Lo-
JIOTUYIECKON TreoMeTpueil KJIOHOB [, OTMeTHUM CJie Iy IoIne.

1) HackoibKO HaYaIbHBINA HHTEPBAJ

COOTBETCTBYIOIEN reOMeTpun KJIOHA [’ MOXKeT olpenedaTh Bech KJIOH [
b0 BCIO €ro ajrebpandeckyio (Bcio ero Lo-sormdeckyio) reomerpuio Alg F
(AlgF)?

2) CKOJIBKO, [T pa3InIHbIX MHOXKeCTB A cymiectByer Ha A momapho me
~a1g-9KBHBAJTIEHTHBIX (He ~o,-9KBUBAIEHTHBIX ) KI0HOB? T.e. Bompoc o Mor-
HOCTH MHOXKECTBA Fy/ ~aig (Fa/ ~iog). 3aMETUM IPH STOM, 9TO JIJIA JIIOOOr0
He OJTHO3JIEMEHTHOTO MHOXKeCTBa, A oTHOIIeHne ~y,j, Ha F4 He TPUBHATBLHO.
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3) KakoBbl MOIHOCTH U KaK yCTPOEHBI (K IpuUMepy B perreTke L4 Beex
KJIOHOB Ha A) Kiaccel F/ ~ypp (F/ ~iog) AJIS PA3IHIHBIX KJIOHOB F' Ha
MHO)KecTBe A.

B cBsI3u ¢ mmepBBIM BOIIPOCOM BBEJIEM CJIeLytolue onpeiesaenus. 1o aa-
eebpaueckoli pasmeprocmoio alg- dim F' (cmpozoti anzebpauneckot pasmep-
Hnocmwio st.alg- dim F') kinona F' Ha A OyjeMm moHHMATh HaMMEHbIIEe HATY-
pasibHOe 1 (eciu MojobHOe CYIIECTBYET), TaKoe YTO JiIst JIFOOro KioHa F)
Ha A pasenctso Alg, Fy = Alg, F Bieder pasencrso Alg F; = Alg F' (coBma-
Jienne KaoHoB Fy u F'). B nporuBHOM citydae (B cjiydae OTCYTCTBUSI TAKOIO
n) Oy/ieM TOBOPUTH O HECKOHETHOCTH aJrebpandeckoit (cTporoit ajarebpan-
9eCcKoit) pasMepHOCTH KJoHa F.

AnaormaneiM o6pazom, ¢ 3amenoit Alg, F' na Log® F' u Alg I na Log" F
COOTBETCTBEHHO, ONPEJIEIISIOTCs Ao2uyeckasn log-dim F' (u cmpoeas nozuve-
ckas st.log-dim F') pazmeprocmu kiona F.

B kadecTBe mpmMepa OTMETHM CJIEIYIONIHE PABEHCTBa st KyioHa Po
Bcex (yHKIWA Ha nByxjeMeHTHOM MHOXkectBe 2 = {0,1}: alg-dim @, =
st.alg- dim @5 = 3, nupu sT0oM mopsizior O(Py) u pasmeprocts dim $y paBHBI
JIByM. 3aMeTuM, 9TO JiJIsi JTF0OOTO KJIOHA NMEIOT MEeCTO HepaBEeHCTBA

alg-dim /' < st.alg-dim F)
log-dim FF < st.log-dim F’

Kax oTKpBITbIE OTMETHM BOIIPOCKHI O BO3MOYKHBIX 3HAUEHUSIX [TAPAMETPOB
dim F'; alg- dim F', st.alg- dim F', log-dim F', st.log- dim F' mgya xyionos F' na
PA3/IMIHBIX MHOYKeCTBaxX A.

OTBeThl Ha BTOPOHl U TPETUIt U3 OTMEYEHHBIX BBIIIE BOIIPOCOB OKA3AJINCH
CBSI3aHHBIMU C BBEJIEHHBIME B PabOTax aBTOpa MOHATHAMHU YCJIOBHOTO U I10-
3UTUBHO yCJIOBHOI'O TEPMOB JIJIsi YHUBEPCAJIBHBIX ajreop.

He ocranaBimBasich 3j1eCh Ha OIPEJIEJIEHUN ITUX MOHATUIH (CM. O HUX, K
npumepy [15], [16]), ormernm Jumns, aTo coBokymHOCTh Ctr2l yeaoBHO Tep-
MaJIbHBIX (cOBOKYIMHOCTH PCtr2l mo3uTHBHO YCIOBHO TepMaJbHBIX) (ByHK-
muit anrebper A = (A; o) obpasyer QyHKIMOHAJILHBIH KJIOH HA MHOXKECTBE
A. st mioboro dyuknuonasabaoro kiona I ua A gepes CTF (PCTF) o6o-
saaunM yukimonaabHblil KiaoH CtrAp (PCtrAp ) ma muoxkecTBe A. Ortie-
paropsr CT : FF — CTF (PCT : F — PCTF) saBnsrorcst omeparopamu
3aMbIKaHUsI Ha pererke L4 BCeX KJIOHOB Ha MHOXKecTBe A (T. e. OHE 9K3u-
CTEHIIUAJIbHBI, MOHOTOHHBI ¥ MJIEMIIOTEHTHBI HA 9TOI pereTke).

Kion F' na MHOXKecTBe A HA3BIBACTCH IKEAUUOHANDHO GOOUTNUGHDIM, €C-
s coBokytHocTH MHOXKecTB Alg, F' (n € w) 3aMKHYTBI OTHOCUTEIBHO 00'b-
eIMHEHNIT KOHETHBIX COBOKYITHOCTEH CBOWMX 3j1eMeHTOB. B pabore [14| mpu-
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BeJIeHbI MHOIOYHUCJIEHHBIE IPUMEPDI aaredp 2 1j1d KOTOpbIX KJIOHBI 1T 2 9K-
BAIMOHAJIBLHO aJ[JIATUBHBI.
Nmeer mecTo ciemyronuit YacTUIHBINA OTBET HA BOIIPOC 2 JIJIs1 OTHOIIEHWS

~Y

alg-

VYrepxkaeuue 9. [7|. JTas 06020 Koneurnozo mnoscecmsa A wucao nonap-
HO AA2e0PAUYECKU HE IKGUBANCHMMHBLT IKEAUUOHANHO A0OUMUSHBLT KAOHOG
na A xomneuno.

DT0 CBAZAHO € TE€M, YTO JIJIst SKBAIMOHATBHO & JIATUBHBIX KJIOHOB F' nMe-
eT MecTo I~y PCTF, a uncio PCT-3aMKHYTBIX KjIOHOB [’ Ha KOHEYHBIX
MHO)KeCTBaxX A KOHEUHO (MX MHBApUAHTAMU CJIyZKAT MOJYTPYIIIBI BHYTPEH-
HUX TOMOMOPGhU3MOB ajredp Ag).

OueBnHO, UTO JUIs J1H060r0 KIoHA F' Ha MHOKecTBe A Kiace F/ ~ alg
ABJIAETCHA BbBIITYKJIBIM B DEIIETKe LA 1 3aMKHYTBIM MHOXKE€CTBOM B IIPOCTPaH-
crBe (Fy;d). ObpaTHOe HEBEPHO.

st mo6oro orneparopa 3aMbIKaHUs ¢ Ha IPOU3BOJILHOI pemerke L 1moj-
MHOKECTBO B pemerku L Ha30BEeM GEPTHUM NOAYUHMEPEANOM NOPOHCOEH-
HOLM ONEPamopom ¢, ecau Jijis HekoToporo b € B mmeer mecto g(b) = b u
B = {ce Llg(c) = b} . OueBunno, aro npu 51oM b = sup B.

Vreepxkaenne 10. [7|. Jas mobozo koneurnozo mnoocecmea A u 106020
IKBAUUOHANLHO addumuenozo kaona F na A waace F/ ~ alg asasemesn
obsedurentem KOHEUH020 YUCAA GEPTHUT NOAYUHMEPEAN0E, NOPOAHCOEHHHLT
onepamopom zamuvikanus PCT na pewemxe Ly.

Cpeau OTKPBITBIX BOIPOCOB OTMETHUM BOIIPOC O MOITHOCTSIX MHOYKECTB
F4/ ~ alg nis mpon3BoIbHBIX (B TOM YHCJIe U KOHEYHBIX) MHOXKECTB A 1 0
crpoennn KjaccoB F'/ ~ alg myst mobbix kaoHOB F' 13 Fy.

B orymmun OT OTHOIIEHHS ~ g, JJ1f OTHOIICHUS ~jog, B CJIydae KOHEU-
HOCTH MHOXKecTBa A, 5TH BOIIPOCHI peIlleHbl B IIOJIHOM oObeMe. B ornmann
OT OTHOIIECHUSA ~,je OTHOmeHHE F' ~i,, CTFEF mmeer mecro yxe jnaa mo-
ObIX KJIOHOB F' Ha MPOM3BOJIBHBIX MHOKecTBax A n nuBapuantamu g CT-
3aMKHYTBIX KJIOHOB [ BBICTYHAIOT IOIyTPYIIIBl BHYTPEHHIX H30MOP(MU3MOB
ayiredbp Ap. Tem cambiM umeeT MecTo

Vreepxkaenue 11. [8]. [asa amobo20 koneurnozo muoscecmsa A wucao no-
NAPHO He ~igg-IKGUCAACHIMHIT KAOHOE NG A KOHEewHO.

Crpoenue ke kiaccos F'/ ~log JUTAl KOHEYHBIX A Ommcano B ciieryromem
IpeIJIOZKEHNN.

Vreepxkaenne 12. [8]. Jaa mob6oz0 korewnozo A u a06ozo kaona F € Fy
Kaacce )~y Asasemes 06se0unenuem KOHewH020 YUCAG 6EPTHUT NOAYUH-
mepea.nos, noposcdernnor onepamopom samvikanus CT na pewemxe Ly.
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N3 stux yTBEpkKI€HU BHITEKAET U

VYreepxkaeuue 13. [8]. Jlas a106020 konewnozo mmoocecmea A u a106020

F € Fj aoeuueckan pasmeprnocms log -dim F' koneuna. Boaee moeo, cy-

wecmeyem namypaavroe wucao n(A), maxoe wmo das mobwx Fi, Fy € Fy
0 _ 0

paserncmeo Log,, 4)F1 = Log, 4y F2 6aenem cosnaderue aoeuveckux 2eomem-

puti xaorno8 Fy u Fs.

Haxkowerr, ykazKeM elre Ha HEKOTOPbIe Pe3yJIbTaThl, CBsi3aHHbIE ¢ (bpar-
MeHTaM# KJIOHOB. B pabote [17] (ma ocuose BBegenunoro B. U. [Tnorkumsiv
u I 1. ZKuromupekum [13], mOHATHS JOrHMYeCKN SKBUBAJIEHTHBIX aareOp)
BBEJICHO TIOHSITHE 3JEMEHTAPHO JKBUBAJIEHTHBIX KJOHOB: KJIOHBI Fy, Fy Ha
mHozkecTBe A anemenmapno sxeusasernmimv, (Fy ~rog Fo ), eciu coBajaior
COBOKYITHOCTHU 3JIEMEHTAPHBIX MHOXKECTB JIJI 9TUX KJIOHOB. IIpu 3TOM MHO-
xectBo B C A" masbiBaercsa F-aaemernmapnvm, ecmu B = {a € A™|Ur =

N\ ®;(@) s wexkoropoii copokynuoctu {P;(Z)|i € I} snementapubix (Jioru-
iel
KU TI€pBOro mopsijika) (opmys curaarypbt F'}.

B pa6ore [17] nokazaHo

Yrepxkaenune 14. [17|. /Jas 4106020 Konewnozo muooscecmea A 6vinoatie-
HoL caedyroujue c60UCmea:

a) YUCAO NONAPHO HE INEMEHMAPHO IKEUBAAEHMHBIT KAOHOE HA A KOHEUHO;
6) cywecmsyem namypaavroe wucao n(A) maxoe, wmo das mobvx Fy, Fy €
Fy cosnadenue cosoxynnocmeti F;-anemernmapnuix nodmmodxrcecme mmooice-
cmea A" eaevem anemenmapnyio sxsucasenmmocmy kaonos Fy u Fy;

8) das mobozo F € Fy kaacc F| ~ asasemces 066edunenuem KOHEwHO20 HUc-
AQ 6EPTHUL NOAYUHMEPEAN0E NOPOHCIEHHBLT onepamopom 3amvikanus ECT
ne pewemse L 4.

3necs ECT — F-kJ10H Beex 3JIeMEHTAPHO YCIOBHO TePMaJIbHBIX (DYHKITHI

([8],19]) amnrebper Ap.
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O HEKOTOPBIX E-ITPEAITOJIHBIX
KJIACCAX TUIIEP®YHKIINN
PAHTA 3

JI. B. Pabeir” M. . 'oryapoBa
HpKkyTckuit rocynapcTBeHHbINH
VHUBEPCUTET,
6. larapuna, 20, Upxyrck, 664003,
Poccusa
e-mail: riabets@rambler.ru e-mail: ritaal9952015@gmail.com

B pabore paccmarpuBaioTcs HEKOTOPbIE 3aMKHYThIE KJIACCHI TUIIEPdyHK-
I HA TPEXIJIEMEHTHOM MHOYKECTBE OTHOCUTEIBLHO ONEPATOPA 3aMBIKAHUSI
C pa3BeTBJIEHNEM 110 IIpeJnKaTy paseHcTBa ([F-omeparop).

B nocnennee Bpems npu nzydennn (yHKIIMOHAJIBHBIX CUCTEM MTPUMEHS-
IOT OIIEPATOPBI 3aMBIKAHUS, KOTOPbIE CYIIECTBEHHO CHJIbHEE OIEPATOpa CY-
neprosutiuu. OJHUM U3 TAKUX OIEPATOPOB SIBJISIETCS ONEPATOD 3aMbIKAHUS
C pa3BeTBJIEHUEM IO ITPEeIUKATyY paBeHCTBa. VcciemoBanus JIefCTBUAS 9TOTO
orepaTopa Ha MHOYKeCTBe OyJIeBBIX (DYHKITHII, YaCTUIHBIX OyJIeBbIX (DYHK-
it 1 YyHKIMA MHOTO3HAYHON JIOPMKH TIPOBOJMINCL B paborax |1, 2, 3|.
B pabore [4] nostyuen kpurepuit E-1m0JHOTH Ha MHOYKECTBE IuIiepdyHKIi
panra 2.

[ycers E3 = {0, 1,2} u 2P — muoxkectso Beex nopvuoxects Bs. Ompe-
JIeJTIM MHO2KeCTBO Hj — MHOYXKECTBO BCexX THIEP@YHKIUN paHra 3:

y={f|f:Ey —2%\{o}}, Hy=|JH}

Mycrs  f(z1,. .., 20), fi(x, ..o Tm), ooy ful2r, ..o 2) — rumepdyHK-
nuu. Cyrneprio3urius runepdyHKIui

Ffi(zr, o yxm)y oy fu(xr, oo Tm))

onpeesseT Tuep@yHKIHO §(x1, . . ., Tp,) CIELYIONIM 06pa30M: ecyin Habop
(v, ..., ) € EY', To 110 ompeiesieHuio

glar, .. om)= | fBi,.. B,

Bi€fi(at,...,am)

*Pabota Bbinosinena 1pu dpunancoBoii mojyiepkke PODU, rpant 16-31-00209 mos_ a.
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Byznem rooputh, urto runepdynknus g(ry,...,T,) HOIyIaeTCs U3 TH-
nepdyukiwit fi(z1,...,2,), f2(x1,...,2,) ¢ TOMOIIBIO OlEpAIU PA3BETB-
JIEHUsI 110 TIPEIUKATY PABEHCTBA, €CJIH Jist HeKOTOpbIX 4, € {1,...,n} BbI-
MTOJTHSIETCST COOTHOIIEHUE

filz, ... z,), ecmm x; = ),

g(z1, ..., 7,) =
fa(x1,...,2,), B IPOTUBHOM CiIydae.

Ompenenum E-3aMbikanne MHOKecTBa () C H3 KaK MHOXKECTBO BCEX T'H-
nepyHKIMit n3 Hjz, KOTOpbIe MOXKHO MOy YUTh U3 MHOYKECTBA () ¢ TIOMOIIHIO
onepalyii BBejgeHus (PUKTUBHBIX IIEPEMEHHBIX, OTOXKJECTBJICHUS IIePEeMeH-
HBIX, CYIEPIO3UINHE U PA3BETBICHU 110 IIPEJINKATy paBeHCTBa. MHOXKeCTBO
runepdyHKIN, KOTOPOe COBIIAIAET CO CBOUM F-3aMbIKAHUEM HA3BIBACTCS
E-3aMKHYTBIM KJIaCCOM.

[TycTs MHO)KECTBO A — HelycTOe TOJIMHOXKECTBO MHOXKeCTBa F3, mpuiem
A ne coBnayaer ¢ Es. Obo3nadnm yepes 1, MHOXKeCTBO I'MIep@YHKIHN U3
Hj;, Takux 4To

L ={feHs|flar,...,on)NA# D, 05 € A}.

Bcero cymiecrByer mects Takux Kiaaccos. Hanpumep, mis A = {0} kiracce
T,y couep:KuT runepdyHKINN, KOTOPbIe Ha HYJIEBOM HabOpe MOI'YT IIPUHU-
mars snadenns {0}, {0,1},40,2},{0,1,2}. dna A = {0, 1} xnacc Tjy; conep-
JKOT TUNepdyHKINN, KOTOopble Ha Habopax, cocrodmux n3 0 n 1 He mMoryT
npuHUMAThH 3Hadenune {2},

Teopema 1. Kaaccw Ty asaaromes E-zamxnymuvimu.

Jloxasamenvemeo. Saduxcupyem A u moxazkeM 3aMKHYTOCTb Kiacca 1,
OTHOCUTEJILHO OIIepaTOpa CYHEPIO3UINNA ITUIePdyHKIIIA.

[Iycrs dyuximwn f(21, ..., 2m), [i(z1,.. . 20), - fl21, ..., 2,) TPH-
najtexkar kiaaccy 1, u cynepnosunus f(fi(zy, ..., 20), ..., fm(T1, ..., T0))
sajaer GyHKIuio h(xy, ..., x,).

Paccmorpum 3navenue dyukimu h Ha HAGope (qv, ..., ap), T1e a; € A.

hag, ..., a,) = U fr, - Ym)

'Yiefi(alv--wan)

u fi(ag,...,an) N A# @ st Beex i.
ITycts Habop (7, .. ., Vm) TAKoi, 4To 17 JI060ro 7 91ement y; € A. Ilycrs
d; = f(v,...,%m)). B cuy Toro, aro f € T, cupasenymso §; N A # &.
Takum o6pazom, h(aq,...,a,) NA# @ u h(xy,...,x,) € Ty.
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Herpyamno nposeputs, uro Kiace 1, 3aMKHYT OTHOCHTEILHO OIEpAInil
OTOXKJIECTBJICHUS TIEPEMEHHBIX 1 BBEJICHUsT (PUKTUBHBIX IT€PEMEHHDBIX.

ITokazkeM 3aMKHYTOCTD KJacca 1, OTHOCHTEIBHO OIEPATOPa Pa3BeTBIIC-
HUS 110 TIPEJUKATY PaBEHCTBA.

Pacemorpum runepdyuknun fi(zy, ..., 2,), fo(z1,...,2,) € T4. Oupe-

Jesum ruepdyHKIa h(zy, ..., Ty)
filz, ..., z,), ecnn z; = xj,
Mz, ... ,x,) =
fo(x1,...,x,), B IPOTUBHOM Cirydae.
Paccmorpum suadenue h(oq, ..., o), rae o; € A. Ecm o; = a;, 10

h(ag,...,an) = filag, ..., ap).

Torma h(aq,...,a,) N A # 2.
Ecmn o; # aj, TO

h(ag,...,an) = falaq, ..., ap).

Takum obpazom, h(aq,...,a,) NA# @ u h(xy,...,x,) €Ty Il

B [3] nokazano, uro cucrema dynknuit {0,1,2} E-mosana B Kiacce Ps.
Jnga xnacca runepdyHKIUA HA TPEX3JIEMEHTHOM MHOXKECTBE CIIPABEIJINBO
AHAJIOTMIHOE YTBEP2KICHHE.

Jlemma 2. Cucmema 2unepdymruyut {0, 1,2,{0,1, 2}} aeasemcs F-noanot
6 xaacce Hs.

Pacemorpum cBoiicTBO F-1IOJTHOTHI OIMCAHHBIX BBIIIE KJIACCOB.
Teopema 3. Kaaccw Ty asaaromes E-npednoanvimu.

Jokxazamensvemeo. SadukcupyeM MHOXKECTBO A 1 paccMOTPUM TUIepdyHK-
o f(z1,...,2,), He npuHaIeKanyio Kiaccy 1, . Torga cymecrsyer Ha-
60p ajq, . . . , Qy, COCTOLAIIMIN U3 3JIEMEHTOB «; € A, Takoit uto f(ay,...,q,) =
B.rne BCEsuBNA=0g.

Hna moboro A kmacc T, cOIepKHUT COOTBETCTBYIONINI HAOOP KOHCTAHT,
a IMeHHO: JyIst Kaxkaoro a; C A dyukmms tj(xq, ..., T,) = a; CONEpXKUATCS B
T, . Takum 06pa30oM, MOYKHO HOJIy9NTb (DYHKITHIO

h(xl,...,xn) = f(tjl(flfl,...7In)7...,tjn($1,...,l’n)) =B.

Pacemorpum runepdyuknumio g(z1, ..., z,) € Ty, Takyio 9To:
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e na nabopax (ai,...,qy), B KOTOPBIX «; € A g Bcex i, 3HadYeHHE
g(on,. .0 NAZ£D:

e Ha Habopax ([, ..., 3,), B KOTOPBIX /I HEKOTOPOI'O i 3jieMeHT [3; & A,
saadenne ¢(0,...,0,) =c¢, c ¢ A.

PaccmoTpum cynepriozutiuio rutiepdyHKITHIT

s(xyy .. xn) =g(h(x, ..o xn), . h(xy, .o x) = g(B, ..., B).

st kaxkgoro yrounenus (vq,...,7,) Habopa (B,..., B) 3HaueHue runep-
beHKHHH 9(717 s 77n) =cC. TOF,ZL&

s(xy,. .., mn) = U 9V, ) = U c=c.

(V15-7m) (V15-n)

Takmm oOpaszoM, yJaao0ch HOJIYyInTh HEJOCTalomue B Kiaacce 1’y KOHCTaHTHL.
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1 Introduction

In this article, our notation is the same as in [1]-|5]. The reader should
review these references for a complete account of the universal algebraic
geometry. However, a brief review of fundamental notions will be given in
the next section.

Let £ be an algebraic language, A be an algebra of type £, and S be
a system of equations in the language L. Recall that an equation p ~ ¢
is a logical consequence of S with respect to A, if any solution of S in A
is also a solution of p =~ ¢. The radical Rad4(S) is the set of all logical
consequences of S with respect to A. This radical is clearly a congruence of
the term algebra 7 (X') and in fact it is the largest subset of the term algebra
which is equivalent to S with respect to A. Generally, this logical system of
equations with respect to A does not obey the ordinary compactness of the
first order logic. We say that an algebra A is q,-compact if for any system
S and any consequence p = ¢ there exists a finite subset Sy C S with the
property that p & ¢ is a consequence of Sy with respect to A. This property
of being g,-compact is equivalent to

Rad(S) = U Rada(So),
So

where Sy varies in the set of all finite subsets of S. If we look at the map
Rad4 as a closure operator on the lattice of systems of equations in the
language £ then we see that A is q,-compact iff Rad 4 is algebraic. The class
of g,-compact algebras is very important and it contains many elements.
For example, all equationally noetherian algebras belong to this class. In [3],
some equivalent conditions for ¢,-compactness are given. Another equivalent
condition is obtained in [6] in terms of geometric equivalence. It is proved
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that (the proof is implicit in [6]) an algebra A is g,-compact iff A is
geometrically equivalent to any of its filter-powers. We will discuss geometric
equivalence in the next section. We will use this fact of [6] to obtain a new
characterization of g,-compact algebras. Although our main result will be
formulated in an arbitrary variety of algebras, in this introduction, we give
a simple description of this result for the case of the variety of all algebras
of type L.

Roughly speaking, a super-product operation is a map C which takes a set
K of congruences of the term algebra and returns a new congruence C(K)
such that for all § € K we have § C C'(K). For an algebra B define a map
T which takes a system S of equations and returns

TB(S) = {RadB(So) : S() - S, |S(]| < OO}

Suppose for all algebra B we have C'oTs < Radg. We prove that an algebra
A is g,-compact if and only if C'o Ty = Rad 4.

2 Main result

Suppose L is an algebraic language. All algebras we are dealing with, are
of type L. Let V be a variety of algebras. For any n > 1, we denote the
relative free algebra of V, generated by the finite set X = {x,...,z,}, by
Fy(n). Clearly, we can assume that an arbitrary element (p,q) € Fy(n)? is
an equation in the variety V and we can denote it by p ~ ¢q. We introduce
the following list of notations:

1. P(Fyv(n)?) is the set of all systems of equations in the variety V;
2. Con(Fy(n)) is the set of all congruences of Fy(n);

3. S(V) = UL, PR (n)?);

4. Con(V) =2, Con(Fy(n));

5. PCon(V) = U2, P(Con(Fy (n)));

6. ¢, (V) is the set of all g ,-compact elements of V.

Note that we have Con(V) C X(V). For any algebra B € V| the map
Radp : ¥(V) — X(V) is a closure operator and B is g,-compact, if and only
if this operator is algebraic. Define a map

Tp: %(V) — PCon(V)
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by
TB(S) = {RadB(So) : S9C S, ‘S{]’ < OO}

Definition 1. A map C : PCon(V) — Con(V) is called a super-product
operation, if for any K € PCon(V) and 6 € K, we have § C C(K).

There are many examples of such operations. The ordinary product of
normal subgroups in the varieties of groups is the simplest one. For another
example, we can look at the map C(K) = Radp({Jycf @), for a given fixed
B € V. We are now ready to present our main result.

Theorem 2. Let C' be a super-product operation such that for any B € V,
we have C' oTg < Radpg. Then

(V) ={AcV: CoTy=Rady}.

To prove the theorem, we first give a proof for the following claim. Note
that it is implicitly proved in [6] for the case of groups.

An algebra is q,-compact iff it is geometrically equivalent to any of its
filter-powers.

Let A € V be a q,-compact algebra and I be a set of indices. Let
F C P(I) be a filter and B = A!/F be the corresponding filter-power.
We know that the quasi-varieties generated by A and B are the same. So,
these algebras have the same sets of quasi-identities. Now, suppose that S
is a finite system of equations and p =~ ¢ is another equation. Consider the
following quasi-identity

VZ(50(T) — p(T) = q(T)).

This quasi-identity is true in A iff it is true in B. This shows that Rad 4(Sg) =
Radp(Sp). Now, for an arbitrary system S, we have

Rad(S) = [ JRada(So)
So

= | JRads(S)

So
Q RadB(S)

Note that in the above equalities, Sy ranges in the set of finite subsets of S.
Clearly, we have Radg(S) C Rad4(S), since A < B. This shows that A and
B are geometrically equivalent. To prove the converse, we need to define



A NEW CHARACTERIZATION OF gq,-COMPACT ALGEBRAS 137

some notions. Let X be a prevariety, i.e. a class of algebras closed under
product and subalgebra. For any n > 1, let Fx(n) be the free element of
X generated by n elements. Note that if V. = var(X) then Fx(n) = Fy(n).
A congruence R in Fx(n) is called an X-radical, if Fx(n)/R € X. For any
S C Fx(n)?, the least X-radical containing S is denoted by Radx(.9).

Lemma 3. For an algebra A and any system S, we have
RadA(S) = RadeM(A)(S),
where pvar(A) is the prevariety generated by A.

Proof. Since Fx(n)/Rad4(S) is a coordinate algebra over A, so it embeds in
a direct power of A and hence it is an element of pvar(A). This shows that

Radpvm«(A) (S) g RadA(S).

Now, suppose (p, ¢q) does not belong to Radyyara)(S). So, there exists B €
pvar(A) and a homomorphism ¢ : Fx(n) — B such that S C ker¢ and
o(p) # ¢(q). But, B is separated by A, hence there is a homomorphism
¥ : B — A such that ¥(p(p)) # ¥ (p(q)). This shows that (p,q) does not
belong to ker(¢ o ¢). Therefore, it is not in Rad4(.5). O

Note that since pvar(A) is not axiomatizable in general we cannot give
a deductive description of elements of Rad4(S). But for Rad,er(4)(S) and
Radgyar(4)(S) this is possible because the variety and quasi-variety generated
by A are axiomatizable. More precisely, we have:

1. let Id(A) be the set of all identities of A. Then Rady,qr(4)(S) is the set
of all logical consequences of S and Id(A);

2. let Q(A) be the set of all identities of A. Then Radgyer(a)(S) is the set
of all logical consequences of S and Q(A).

We can now, prove the converse of the claim. Suppose A is not ¢,-compact.
We show that

pvar(A), # quar(A),.

Recall that for an arbitrary class X, the notation X, denotes the class of
finitely generated elements of X. Suppose in contrary we have the equality

pvar(A), = quar(A),.

Assume that S is an arbitrary system and (p,q) € Rada(S). Hence, the
infinite quasi-identity

VZ(S(Z) — p(T) ~ q(T))
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is true in A. So, it is also true in pvar(A). As a result, every element from
quar(A),, satisfies this infinite quasi-identity. Let Fa(n) = Fiaa)(n). We
have F4(n) € quar(A),, and hence Radgyqr(4)(S) depends only on quar(A).,.
In other words, (p,q) € Radguer(a)(S), so p = ¢ is a logical consequence of
the set of S + Q(A). By the compactness theorem of the first order logic,
there exists a finite subset So C S such that p ~ ¢ is a logical consequence
of Sy 4+ Q(A). This shows that (p,q) € Radguar(a)(So). But Radguaer(a)(So) C
Rada(Sp). Hence (p,q) € Rada(Sy), violating our assumption of non-g,-
compactness of A. We now showed that

pvar(A), # quar(A),.

By the algebraic characterizations of the classes pvar(A) and quar(A), we
have

SP(A), # SPP,(A).,,

where P, is the ultra-product operation. This shows that there is an ultra-
power B of A such that

SP(A), £ SP(B)..

In other words, the classes pvar(A), and pvar(B), are different. We claim
that A and B are not geometrically equivalent. Suppose this is not the case.
Let A; € pvar(A),. Then A, is a coordinate algebra over A, i.e. there is a
system S such that

4 = Iv(n)
"7 Radu(S)
Since Rad4(S) = Radg(S), so
Fy(n)
A= ———
' Radg(S)’

and hence A; is a coordinate algebra over B. This argument shows that
pvar(A), = pvar(B).,

which is a contradiction. Therefore A and B are not geometrically equivalent
and this completes the proof of the claim. We can now complete the proof of
the theorem. Assume that C'o Ty = Rad4. We show that A is geometrically
equivalent to any of its filter-powers. So, let B = A!/F be a filter-power
of A. Note that we already proved that for a finite system S, the radicals
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Rad4(Sp) and Radp(Sy) are the same. Suppose that S is an arbitrary system
of equations. We have

Rada(5) = C(Ta(9))
C({Rada(Sp) : So C S, [So| < o0})
= C({Radp(So) : So C S,|So| < o0})
C Radgp(9).

So, we have Rads(S) = Radg(S) and hence A and B are geometrically
equivalent. This shows that A is ¢,-compact. Conversely, let A be q,-
compact. For any system S we have

Rada(S) = | JRada(Sh)
So
= \/{RadA(So) 05y C S, |S()| < OO}

= \/TA(S)a

where \/ denotes the least upper bound. By our assumption, C(T4(S)) C
Rada(S), so C(T4(S)) € \/ Ta(S). On the other hand, for any finite Sy C 5,
we have Rad4(Sp) € C(T4(S)). This shows that

C(Ta(S)) = \/ Tu(9),

and hence C' o Ty = Rad4. The proof is now completed.
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We consider some basic aspects of the classification of countable models
of complete theories [1].

1. At first, we recall related syntactic and semantic objects.

Collecting an information from the reality we get an (elementary) theory
T, i. e., a consistent information. It produces the syntazr written by first-
order formulas. Among all theories any complete theory contains a maximal
consistent information.

Semantic objects M interpreting, i.e., realizing the theory 71" are models
of T. A countable model (a structure) is a model (of a theory) with countably
many elements.

A (complete) type is a (complete) information about a finite set A in
M. Complete types are denoted by tp,,(A), tp(A) if M is fixed, or p(z),
where T = x1,...,x, is a tuple of variables, if there is some realization
A=ay,...,a, (in a model M of T) for p.
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Countable theories

with continuum many
w-categorical countable models
I(T,w)=1 (T, w)=2%
with finitely many with with wy
countable models, countably many countable models
Ehrenfeucht countable models
(T, w) =uw;
3<I(Tw) <w I(T,w) =w Vaught Problem
Fig 1:

2. We consider the classification of models of a theory up to isomorphisms,
i.e., to one-to-one correspondences preserving relations and operations. It
means that we take into consideration only essentially distinct objects.

3. For a complete theory T without finite models and for an infinite power
A, we denote by I(T, \) the number of pairwise non-isomorphic models of T,
having A elements.

The spectrum function I(T,-) maps a (finite or infinite) power (T, \) for
an infinite power \.

We consider countable A: A = w, i.e., models are enumerable by natural
numbers forming the set w.

4. Tt is known that for any countable complete theory 7',

e [(T,w) # 2, Vaught Theorem,

o if /(T,w) > w; (where wy is the least uncountable power) then
I(T,w) = 2¥ (where 2¢ is the continuum, i.e., the set of all {0,1}-
sequences), Morley Theorem.

Thus, I(T,w) € (w\ {0,2}) U{w,w;,2“}.

5. On Figure 1, possibilities for the number of countable models of
complete countable theories are represented.

6. Classification of models is divided into two main parts: uncountable
and countable (see Figure 2).
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9.

. For countable models we have the following subdivisions (see Figure 3).

. We denote by

P(T') the number of pairwise non-isomorphic (almost) prime models

of T,

L(T) the number of pairwise non-isomorphic limit models of T,

NPL(T) the number of pairwise non-isomorphic other countable

models of T.

The set of all types of theory T is denoted by S(T).
Countable theories are divided on two classes with respect to the number
of types (Figure 4).
10. For countable models of small theories we have the following
subdivisions with respect to spectrum function (see Figure 5).

11. The following theorem describes triples for distributions of countable

models of theories with continuum many types.

Models

uncountable

Shelah’s Classification Theory [2],
B. Hart, E. Hrushovski,
M. S. Laskowski [3],

and many other specialists

Fig 2:

countable

Many results
by specialists
including
the author’s [1]
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Countable models

Fig 4:

prime over limit other
finite sets, (not prime (neither
almost prime but unions prime
(finitely of almost nor
generated) prime models) limit)
Fig 3:
Countable theories

small, unsmall,

i.e., with i.e., with
countably continuum
many types many types
1S(T)] = w |S(T)] = 2¢
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Small theories
= NPL(T) =0

I(T,w) =1 I(T,w)=2%
P(T) =1 1< P(T) <w
L(T)=0 L(T) = 2%
_ I(T,w) =wi
3<I(T,w) <w [(Tw) =w
1<PT)<w
1<PT)<fw
1< P(T)<w 1<L((T))2w L(T) = w1,
1<L(T)<w P(T_)—l— L(Tj: " exlistence of T
is unknown
Fig 5:

Theorem 1 (R. A.Popkov, S. V. Sudoplatov |1, 4].). Assuming the continu-
um hypothesis, for any theory T in the class 7. of theories with continuum
many types, the triple cmg(T) = (P(T),L(T),NPL(T)) has one of the
following values:

(1) (2¢,2¥ X), where A € wU {w,2¥};

(2) (0,0,2%);

(3) (A1, A2,2%), where Ay > 1, A\, Ay € w U {w, 2¥}.
All these values have realizations in the class 7.

12. We consider two basic characteristics for the classification of
countable models of a theory:

e Rudin—Keisler preorders <gk for isomorphism types of almost prime
models:

MA <gx M(B) <& M(B) realizestp(A);

e distributions of limit models over equivalence classes of almost prime
models.
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1 2 1 1
0
0 0 0 0
I(T,w) =3 I(T,w) = 4
Fig 6:

—_
o

3 1 2 1
0
0
0 0 0 0
(® 1
(o 2)2 (e ] ?)1 1
0
® ®
0 0 0 ® 0

I(T,w)=5

Fig 7:

We obtain a classification for the class of small theories, with respect to
these characteristics.

The classification is generalized for the class 7. (with R.A. Popkov) [1, 4].

13. On Figures 6, 7 we represent examples of diagrams for Ehrenfeucht
theories with respect to Rudin—Keisler preorders and distribution functions
for limit models.

14. There are natural examples of Ehrenfeucht theories, among which

there is the most clear and historically first series of examples by
A. Ehrenfeucht:



Classification of countable models 147

Let T,, be the theory of a structure M™, formed from the structure (Q; <)
by adding constants ¢k, cx < cxi1, k£ € w such that lim ¢ = oo, and unary

k—o0
predicates Py, ..., P,_3 which form a partition of the set QQ of rationals, with
EVe,y((zr<y) —3Jz(z<2)AN(z<y)APi(z))), i=0,...,n—3.
The theory T,, has exactly n pairwise non-isomorphic models:

(a) a prime model M" (khm Cr = 00);

(b) prime models M? over realizations of powerful types p;(z) € S*(2),
isolated by sets of formulas {¢;, <z |k € w}U{P(2)},i=0,...,n—
3 (kh:m cr € By);

(¢) a saturated model M" (the limit lim ¢, is irrational).

k—o0

At the same time, these and similar Examples “from the nature” do not
cover all possibilities for the distributing spectrum for countable models of
Ehrenfeucht theories.

15. Realizing all possible basic characteristics for the classification we use
syntactic generalizations of semantic Jonsson-Fraissé-Hrushovski-Herwig
generic constructions based on syntactic amalgams.

Let ®(A), ¥(B), X(C) be diagrams in a class D, describing links between
elements in finite sets A, B, C respectively, with some (maybe empty) extra-
information, and such that ®(A4) C ¥(B) N X(C).

A (syntactic) amalgam of ¥(B) and X(C') over ®(A) is a diagram O(D) €
Dy such that ©(D) O ¥(B) U X(C).

In particular, these diagrams can contain only inner descriptions for finite
structures A, B, C with universes A, B, C. In such a case, a structure D is
a (semantic) amalgam of B and C over A.

On Figures 8, 9, we illustrate a semantic amalgam and a syntactic one
respectively.

16. We construct a generic structure M step-by-step using a given class
Dy of diagrams and of their amalgams such that all diagrams in D are
represented in M:

(1) every finite set Ay in the universe M of M is extensible to a finite set
A C M with a diagram ®(A) € Dy satisfied in M: M |= ®(A);
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Fig 9:

(2) it A C M is a finite set, ®(A),¥(B) € Dy, M = ®(A), and
®(A) < U(B) (where < is a given upward directed partial order for
Dy coordinated with C), then there exists a set B’ C M such that
AC B and M = ¥ (B').

Every finite part of the extra-information should be realized on some
step: if Jzp(z) € P(A) then there are B O A with U(B) O ®(A) and an
element b € B such that ¢(b) € U(B).

Finite steps approximate the required generic structure.

17. We form a required theory (with desirable properties) introducing an
appropriate class Dy of (in)complete diagrams.

If the process is organized uniformly then diagrams ®(A) € D, force
complete types tp(A).

It is natural to take diagrams with a minimal information including
atomic links by predicates and operations.
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We put an information via the class Dy and obtain a generic theory
T such that models of T realize the information I. Here, step-by-step
we construct simultaneously a syntactic object T' collecting the required
information I and a semantic object M realizing I.

On the following examples, we illustrate the mechanism for realizations
of basic characteristics of theories with three and four countable models [1].

18. For a theory T" with I(T,w) = 3, i.e., with P(T) = 2 and L(T) =
1, we consider countably many disjoint colors 0,1,...,n,... for elements
and directed links by colored arcs also with countably many disjoint colors
ordered by colors of elements.

For the theory 7" we have a prime model M, whose all elements have
finite colors.

Furthermore, there is a prime model M(a) over a realization a of the
type describing the infinite color. The model M(a) has countably many
essentially distinct extensions M (b;) by arcs of colors 1.

We introduce “bridges”, i.e., principal edges [b;, b;], guaranteing that any
i-extension M; = M(b;) is equal to a j-extension M; = M(b;). Having
these bridges we obtain unique limit model M (together with two non-
isomorphic almost prime models M, and M(a)). Links between the models
are represented on Figure 10.

19. For a theory T with I(T,w) = 4, P(T) = 2, and L(T) = 2 basing
on the example of a theory with three countable models we consider again
countably many disjoint colors 0,1,...,n,... for elements and directed links
by colored arcs also with countably many disjoint colors ordered by colors
of elements.

For the theory 7" we have a prime model M, whose all elements have
finite colors.

Furthermore, there is a prime model M(a) over a realization a of the
type describing the infinite color.

The model M (a) has two essentially distinct extensions M; = M(by)
and My = M(be) by arcs of colors 1 and 2 respectively.

We introduce arcs (bs, b) guaranteing that any 2-extension My includes
a l-extension M but not vice versa. Having these arcs we obtain two limit
models M® and M$° corresponding to elementary chains of 1-extensions
and of 2-extensions (together with two non-isomorphic almost prime models
My and M(a)). Here M3° is saturated.

Links between the models are represented on Figure 11.

20. For a theory T with I(T,w) =4, P(T) = 3, L(T) = 1, and a linear
Rudin—Keisler preorder basing on the previous examples for two disjoint
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Fig 10:
My M, Moy
M(a) &
b1 2 b2
/
1 2
M My

Fig 11
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a R ’

M, Mo

S

: Ms

b1 P2

Fig 12:

infinite unary predicates Py and P;, we consider countably many disjoint
colors 0,1,...,n,... for elements and directed links by colored arcs also
with countably many disjoint colors ordered by colors of elements. Thus we
have two non-isolated 1-types p; and p, realizing predicates Py and P; by
elements of infinite color.

For the theory T" we have a prime model M, whose all elements have
finite colors.

Furthermore, there is a prime model M; = M(a) over a realization a of
the type p; such that M; has a unique realization of p;.

The model M(a) has an extension My = M(b), where b is a realization
of p,. Moreover, having a and a realization o’ # a of p; we obtain
a model isomorphic to Msy. Without loss of generality we assume that
M(b) = M(a,d’).

Extending the model M5 by principal arcs we get unique limit model M3.

Links between the models are illustrated on Figure 12.

21. For a theory T with I(T,w) = 4, P(T) = 3, L(T) = 1, and a non-
linear Rudin—Keisler preorder, again for two disjoint infinite unary predicates
Py and P;, we consider countably many disjoint colors 0,1,...,n,... for
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elements and directed links by colored arcs also with countably many disjoint
colors ordered by colors of elements. We have two non-isolated 1-types p;
and p, realizing predicates Py and P; by elements of infinite color.

For the theory T" we have a prime model M, whose all elements have
finite colors.

Furthermore, there is a prime model M; = M(a) over a realization a of
the type p;.

The model M(a) has a proper extension My = M(b) by a principal arc
(b, a), where b is a realization of p; and My is not isomorphic to M.

Then the model M, has a proper extension M} = M(a’) by a principal
arc (a’,b), where @’ is a realization of p;, M) has a proper extension M/, =
M(¥') by a principal arc (V/,a’), where V' is a realization of p,, etc.

Extending the chain of almost prime models we get unique limit
model M.

Links between the models are illustrated on Figure 13.
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[Tycts G — mekoropas rpymma, o = (-, "1, e) — rpynmnosag curHarypa,

o(x1, ..., x,) — dopmysa ga3biKa 1-if cTyleHn CUIHATYPBI 0 CO CBOOOIHBIME
[IEPEMEHHBIMU X1, . . ., Tp.
IToamuOXKECTBO

D(p) ={(g1,---,92) €EG" | G = 0(g1,---59n)}

rpynnbl G" Ha3BIBAETCA  HOPMYALHLIM, I  ONPEICAUMBIM  POPMYAOT

(1, ..., xy).

Pacmmpum nonstue gpopmyabHoro Mmuoxkectna. st 9Toro paccMoTpum
HEKOTOpoe GecKoHeTHOoe ceMeiicTBo hopmyit p; (1, ..., bvr,),i € N. Muoxe-
CTBO

O(pi) ={(g1,---,92) €EG" | G E wilg1,...,9n) mia Beex i € N}

HA30BEM ONPedeauMbLM MHOHCECTEOM dopmys p;(T1,. .., xy,), 1 € N.

OueBniHO, 9TO JTI060E MHOXKECTBO, OIPEICIMMOE COBOKYITHOCTBIO (hop-
MYyJI TPYIIIIOBOM CUTHATYPBI, THBAPUAHTHO I10J1 JeficTBIEM JTFOO0TO aBTOMOD-
duzma rpymmsr G.

Pacemorpum rpynmy GG, ¢cBOOOJIHYIO B HEKOTOPOM MHOIOOOPA3WH T'PYIII
M. Dnement g € G HABBIBACTCHA NPUMUMUEBHHLM, €CJIT €TI0 MOXKHO JIOTOJI-
HUTH JI0 Oa3mca 3TOI IPYIIIIbI.

Ussecrno ( cm. [1], mpemiozkenne 1), 9T0 MHOXKECTBO HIPUMATHBHBIX JIe-
meHToB P(F) cBOoGOHOM Ipytibl F' KOHEYHOrO paHra 1, He sBJsieTcsi hop-
MYJILHBIM JIa2Ke B CUTHATYPe O, PACITUPEHHON KOHCTAHTAMU JJIs CBOOOTHBIX
nopoxaamoonmx, ecin n > 3. Ogako npu n = 2 muoxkecrso P(F') dop-
MYJIBHO B CUTHATYDE 0, PACIIUPEHHON IBYMsI KOHCTaHTaMu /i Oasuca {a, b}
rpynnsl F. D10 cremyer us [2].

*Pabora BeInOsHeHa Tpu (hrHAHCOBOH mojiep:kke PODU (npoekr 15-01-01485)
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I'pynmia G wHaswiBaercss 00HOpodHOTl, ecyiu Jjist JIIOOOTO TIOJIOKUTE b

HOTO 1 JIfoObIe J[Ba YIOPsJIOYeHHBIX HAbOpa 371eMeHTOB § = (g1,...,0n)
u h = (hy,...,h,), YIOBIETBODSIOIINE OJMHAKOBOMY MHOXKeCTBY (hop-
Myst @(1,...,%,), COUPIZKEHBI MOKOOPJAUHATHO HEKOTOPHIM aBTOMODMU3-

MoM rpyunsl G, To ectb gff = h;, o € Aut(G).

UsBectHo, 9T0 cBOOOMHAS TPYIIa KOHEIHOTO paHra F omHoposaHa [3,4].
DyteMeHTapHas Teopus rpymmbl F paspemmuma. [lostomy mMoxk#aO 3ddek-
TUBHO BbINUCATh Bee (GopMyJIbl ¢(z), UCTHHHBIE Ha djemeHTe ¢. MHOXKe-
CTBO 3TUX (POPMYJI TUIIOBO OIpPEJIe/isieT OpOUuTy djIeMeHTa ¢. SHAYUT OpOUTa
O(g) = g*"*“ npomsBobHOTro 371eMenTa ¢ cBOOOMHOI IPYIILI F KOHEIHOTO
paHra gBJISIETCs OIPEIeIMMON HEKOTOPOI COBOKYITHOCTBIO (hopmyit. [Iputiem
MHOKeCTBO bopmyi, onpezersaonmx O(g), MoxKHO 3bGEKTUBHO Tepednc-
JUTh. B 9acTHOCTH MHOXKECTBO MPUMUTHBHBIX 37eMeHToB P(F') cBoGOIHOI
rpynisl F' KOHEIHOIO PaHTra ABJISI€TCS ONMPEJICTUMBIM HEKOTOPBIM MHOXKE-
crBoM opmyit. CoBokymHOCTE hbopMmyt, onpeessonmx P(F'), MOKHO 5¢-
hEKTUBHO MEPEUUCITUTD.

[IpuBeiennbIe BbINIE COOOpParKEHUSI I CBOOOIMHON I'PYIIIBI HE IIPOXO-
JIAT JIJ1st CBODOTHO#M MeTabesieBoii rpytnbl M, KoHedHoro panra n > 2. Bo-
IIEPBBIX, HEU3BECTHO, SBJISCTCSA JIU 3T TPYIIIA OJHOPOHON, U, BO-BTOPHIX,
3JIEMEHTapHas Teopus rpyimsl M, Hepaspermma. TeMm He MeHee Jjist TPYIIIIbI
M5 MBI IBHO YKaxKeM ceMeiicTBO (hbOpPMYIJI, BBIJIEIAIONIIX MHOXKECTBO ITPUMHU-
TUBHBIX 3JIEMEHTOB I'PYIIIIHI.

Onpenennm

soi(x)\fﬂgyl-..yi< \ z=g. g = Hy(wzgay), (1)

(E15-84)

e €5, € {—1,1}, a ¢*/ = f1g°f.

Teopema 1. Til Mnoowcecmso P(Ms) npumumushox ssemenmos c60600-
not memabenesots epynno, My panea 2 onpedeaeno 3— gopmyaamu (1). Hu-
Kaxasa xonewnas wacmov (1) ne onpedeasem mmoorcecmeo P(My).

Jloxasamenvcmeso. Ilycrs h € My u My = ¢;(h) naa i € N. Beibepem B
rpynne My Gasuc {z1, 19} Tax, uro h = 2ic, e | € Z, ¢ — snemenr us
KoMMyTaHTa rpynnbl M. Pacemorpum B opmyiax (1) kauecrse g sjiemenT
x1. Tak kak 1pm 10060M [ 371eMeHT h MPUHAIEKUT HOPMAJILHOM TOArPYII-
1e, TIOPOKJIEHHON JIEMEHTOM X', CIIPABEJJINBA XOTs ObI OJIHA TIPEJITOCHLITKA

B HeKOTOpOil dopmyite @;(z). Tlosromy crpaBeiuBO U CJIEICTBHE B STOI
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bopmyste. 3HaunT 31eMEHT h CONPAZKEH C OIHUM U3 3JEMEHTOB ] WX T .
B Tom u gapyrom ciyuae h siBJisteTcss TPUMUTUBHBIM 3JIEMEHTOM.

Hao6opor, myctb h — npuMmuTuBHbIil 3/1eMeHT. [Ipeimonoxkum, 94To mnpe/i-
OChLIKA (POPMYJIBI (p; BepHa, TO ecTb h = ¢ ... ¢"¥% Jj1s1 HEKOTOPBIX
9JIEMEHTOB TPYIIIILL ¢, Y1, - - ., Y; U HEKOTOPBIX €, €1, ...,&; € {—1,1}. Cuemo-
BaTeJILHO, 3/IEMEHT h NPUHAJICKUT HOPMAJIHLHON ITOATPYIIIE, TOPOK ICHHOMN
971eMeHTOM ¢. Tak Kak h — NPUMUTHBHBINA 3JIEMEHT, JIEMEHT ¢ TaKyKe MPHU-
muTHBeH u conpszker ¢ hE! (em. [5]). BnaunT Bepna dbopmyma @;(h).

B [6] mokazano, 9T0 MHOXKECTBO IPUMHUTUBHBIX 3JIEMEHTOB CBOOOHOM Me-
TabesIeBOil IPYIIILI HEJIb3sl ONPEIeINTh 3-(hOpMYJI0ii IPYIIIOBON CUIHATYPHI.
Orcrosia ciiejryer BTOpast 9acTh TEOPEMBbI. H

U3 nemmbr 3 paborer [6] cieayer, 9T0 MHOKECTBO MPUMHUTUBHBIX SJIe-
MEHTOB €BO0OOJI0# rpynibl F' KOHEYHOrO paHra TaKKe HeJIb3s OIPEeJETNTh
J—dopwmyoit rpymnmosoii curnatypbel. Kpome Toro, B 110001t cBOOO/IHOI
rpytie F' KOHEYHOrO paHra MMeeT MECTO KJIacCHYecKuil pe3yibrar Marmy-
ca [7], anasormdHblil Teopeme DBanca n3 [5]: eciM IPUMHTHBHBIN S7IEMEHT
g € F npunajytezkuT HOpMaJIBHOI OArPYIIIe, TOPOXKIEHHOI B [’ ajleMeHTOM
h, TO g CONPSZKEH C OJHUM W3 3JeMeHTOB hl.

[Tosromy cripasejiyiuBa

Teopema 2. Mnoowcecms npumumushux asemernmos P(Fy) c60600not
epynno, Fy panea 2 onpedeasemcs dopmysamu (1). Hukaras womneunas
wacmsb (1) ne onpedeasem mmoorcecmeo P(Fy).

Jnst 1ByX JAHHBIX 3JIEMEHTOB ¢ U h HeKOTOpoii rpymmbl G OyaeM nucarh
g =3 h, ec/iu 3TH 3JIEMEHTHI YIOBJIETBOPSIOT OJHUM M TeM Ke J-hopMmysram
©(u) TPYNIIIOBO CHUTHATYDHI.

Teopema 3. /Jlsa darnvix snemenma g u h u3 xommymanma c60600no1
memabenesoti epynnoe M parea 2 mozda u moavko moezda sestcam 6 00Hol
opbume nod deticmeuem 2pynno, asmomoppusmos Aut(M), xoeda g =3 h.

Jloxazamenvemeo. Eciu onui U3 JaHHBIX 3JIEMEHTOB TPUBUAJIEH, TO TPUBHU-
anen u Jpyroit. I[TosTomy OyzeM cauTaTh, 9TO JAHHBIE SJIEMEHTHI OTJINIHBI
OT €JIMHUIBI TPYIIIIbL.

[Iycrs {z,y} — 6asuc rpynnet M u g = g(z,y), h = h(x,y) — 3anucu
9JIeMEeHTOB 4epe3 Gasuc. JlocTaTouHo NpoBEpUTDh, YTO U3 ¢ =3 h ciejyer
cymecTBoBanme aproMopdusMa rpymnbl M, orobpazkaiomero g B h.

OueBuiHO, 9TO J1J1sT (DOPMYJIBI

pg(2) = Eluv(g(u, v) = z)
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mveem M = ¢,(g). Buaaur, M = ¢ (h). dpyrumu ciaoBamu, saement h
SABJIAETC 00Pa30M 3JIeMEeHTa g TIPU HJIOMOpdU3Me

a={x—u, y— v}

Amnajiormgso, cyiecTByeT sHI0MOpGU3M [J, oTobpazkatomuit h B g. 3HaIUT
SHIOMOPIU3M = o OCTaBJISIET HEIOABUKHBIM HEeIMHUIHbBIN 9JIEMEHT U3
KOMMYTaHTa rpytibl M.

DJIEMEHT TPYIIbI HA3BIBACTCS MECMOGbLM, €CU JIF00H SHIOMOPGMU3M,
OCTaBJISIONINI 3TOT JIEMEHT HEIO/IBUKHBIM, SIBJISTETCST aBTOMOP(MU3MOM.

B [8] upuBesieHO onmcamne TECTOBBIX JIEMEHTOB B CBOOOIHON MeTabesie-
BOil rpynne panra r,r > 2. VI3 9T0it TeopeMbl CJeAyeT, UTO HeeTUHUIHBII
9JIeMEHT ¢ n3 KoMmMmyTauTa [M, M| sBiisercs TeCTOBBIM TOI/IA U TOJBKO TO-
IJ1a, Korjaa Jo0oit sa10Mopdu3M v rpyiisl M, JIeficTBYIONNI HA 9JIEMEHT C
TOK/IECTBEHHO, MHJyIpyeT asroMopdusm rpymmst M /[M, M].

BosbMmeM B KadecTBe ¢ 3JIeMEHT ¢, a B KadecTBe vy npumeMm aff. Umeem
gy = g. Tokaxkewm, uro v unjgynupyer asromopdusm rpymst M /[M, M].
DJIEMEHT ¢ 3amuineM B Buje ¢ = [z, Y|, rjie a HeKOTOPBIi SJIEMEHT U3 KOJIb-
na Z[M/[M, M]]. Ilpeanonoxum, 1to vy geiictyer Ha Oasuce {z,y} cremy-
IOIKUM 00pa3oM

T = xnymclv nypch% n,m,p,q € Zv C1,C2 € [M7M]

Hucsio ng — pm obosuaunm vepes d. Herpyauo nojcuurars, uro ([x, y]*)y =
[z, 9], Tak Kax 7y OCTAaBJIAET JTEMEHT ¢ HEMOABUKHLIM 1 MOYb [M, M]
He nmeer Z[M /[M, M|]-kpyuenus, To a = d(a7). Tak Kak orobpazkenue 7 He
U3MEHsIeT MHOXKeCTBO Kod(hUImenToB npu siementax rpyuist M /[M, M],
BXOJIANIUX B 3aIACh dJeMeHTa a, To d = £1. 9T0 03Ha49aeT, 9TO 7y WHJIYIHU-
pyer asromopdusm rpymnst M /[M, M]. 3uauut, o — aBroMopdusm. O

Cdopmymupyem Tpu CBORCTBA JIjI OTHOCUTEIBHO CBOOOIHON rpymiibl G
KOHEYHOI'O paHra .

CgoiictBo 1. Cywecmeyem gopmysra o(T1,...,T,) 2pynnosot cuzHa-
MYpvl €O CB0D0OHBIMU NEPEMEHHDIMU T1, ..., Tr, MAKGA MO INEMEHMDL
gi,---,9r € G ydosaemsopsarom dopmyae mozda u moavko mozada, Kozda

onu asasomes basucom oaa G.

CoiictBo 2. Cywecmsyem gopmyaa p(x) 2pynnosoti cuenamypot co c60-
60010t nepemennoti x maxas, wmo asemenm g € G ydosaemesopsem Pop-
MYAE MO204 U MOALKO M020a, K0200 ABAACMCA NPUMUMUSHBIM.

CaoiicTBo 3. ['pynna asasemcs 00HopoodHO1.
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Ecnu rpynma G obiajtaer cBoiictBoM 1, TO 09€BUIHO, ITO OHA 00JIa1aeT
cBoiictBoM 2. [IpoBepum, 4T0 OHa 00J1ajIaeT CBOMCTBOM 3.

Uraxk, myctsb dhopmyna ¢(z1, . . ., x,) Bbyiesier 6a3ucel rpymmbl G. [Tpe-
TIOJIOZKUM, 9TO HAGOPHI 3IEMEHTOB § = (g1,...,9n) U h = (h1,..., hy) yao-
BJIETBOPSAIOT OIHUM U TeM Ke (DOpMyJIaM OT 1 CBOOOIHBIX IIepeMeHHbIX. Pac-
CMOTPUM (POPMYJTY

g1, ... Ty) = Elyl...yr(ga(yl,...,yr) /\/\gi(yl,...,yn) :xi).

i=1

Eit ynoBieTBopsitoT 3JIeMEHTHI ¢, . .., §,. B KadecTtBe i, ..., Y, MOXKHO BbI-
oparb aseMenTsl 6asuca {a;,...,a,} rpynasl (G, B KOTOPOM 3aIIMCAHbBL ¢; U
) ) b
h;. 3HaunT 3Ta popmyaa BEpHA JUIS 9JIEMEHTOB hq, . . ., h,. [IycTs B KadecTse
b )
; BBIOpaHbI 3jieMeHThI b;. ClieloBaTeIbHO JIeMEHTHRI h; ABJISIOTCS 0Opa3aMu
9JIEMEHTOB ¢; TIPU aBTOMOPQU3IME

a={a —by,...,a, — b}

TeMm cambIM Ji0OKa3aHo, 4To rpyimna G oJHOPOIHA.
Tak Kak Gas3uchl CBOOOIHOI HUIBIIOTEHTHON (HeabeseBoii) TPYIIbI KO-
HEYHOrO paHra GopMy/IbHBI [6], TToTydaem

IIpeasoxkenne 4. C60600naA HUADNOMEHMHAA 2DYNNA KOHEYHO20 PAH2A
ABNAENCA 00HOPOOHOU.

[Iycrs Th(G) — meopus epynnu G, TO €CTh MHOXKECTBO BCEX MPEJIJIOKE-
HUI TPYIIOBOIl CUTHATYPBI, UCTUHHBIX Ha rpytie G.

B 9] onpenenen kmacc QQA-rpyIi, a MMEHHO, KOHEYHO MOPOKJICHHAS
GeckoHeuHas rpyina G Ha3bIBAETCA K6a3UAKCUOMAMUIUPOSAHHOT Uy (QA-
2pynnofi, ecim 11 1060 KOHEIHO MOPOKIEeHHON Tpynbl H BepHa UMILIN-
Kalus

Th(G) =Th(H) = G=H.

U3 kmaccudukamnuu [10] abesreBbIX Ipymin ciepyer, 9To Jobas KOHETHO
MOPOK/IeHHAasd OeCKOHedHas: abesieBa IPYIITa MPUHAICKAT Kiiaccy QA.

B [11] mokazano, uro cBoGoHAsT MeTabesieBa IPyIia KOHEYHOTO PaHTa
siBsisiercst () A-rpynmioit, a B [12]| yeranossieno, 9o jiiobasg KOHEUHO TOPOXK-
JIeHHAsl 2-CTYIEHHO HUJIBIIOTEHTHAsI TpyIlia 0e3 KpydeHus spjsercs ()A-
rpynmnoii. Tam ke mpuBejieH MpUMep KOHEYHO IMMOPOXKJICHHON 3-CTYIEHHO
HUJIBIIOTEHTHON TPYIIIBI, KOTOPasi He JIE?KUT B Kiacce (QA.

Mpr nmokarkem, 9TO JI0Oasg YaCTUIHO KOMMYTATUBHAsI HUJIBIIOTEHTHAS
rpyiia siBjsiercs () A-rpymioit.
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Hanomunm omnpesiesienre 4acTUIHO KOMMYTATUBHON T'PYIINIBI B HEKOTO-
pom muoroobpasuu M. [lycrs ' KoHewHblit HeopueHTUPOBAHHBIN rpad 6e3
1eTesib U KpaTHbIX pedep, X — MHOXKecTBO Bepinud rpada [, F — MHOXKe-
cTBO ero pébep. Takxke MHO)KecTBO X siBjIseTCs 6a3uCOM CBOOOTHON IPYIIIIHI
F(91) muoroobpasust M. Pebpo, coequmsioniee BEPIINHDL L; U L, 0003HATUM
(xi, ;). o rpady ' onpenesuM 4acTHIHO KOMMYTATUBHYIO IDYIILY 9TOrO
muoroobpasus G(I', ) kak dakrop-rpymmy F(9M)/R, rae R nopoxiena
KaK HOpPMaJsIbHas HOATPYIINIa TeMH KOMMYTATOpaMu [T;,Z;| = x; 1x;1xixj,
JUIsl KOTOPBIX BEPIIUHBI T; U T; cMexKubl B rpade I', To ects (z;, ;) € E.
Ipad I' maseiBaercs onpedeasrowyum epagom mist rpymmst G (I, 0N).

YacTtuuHo KOMMYTATUBHYIO IPyIIly MHOrooopasusi . HUILIOTECHTHBIX
I'PYHII CTYIIEHH HUJIBIIOTEeHTHOCTH < ¢ OysieM obozna4darb N 1.

IMpeagoxkenne 5. Kaorcdas wacmuiano KoMMYMAMUSHAL HUNDTLOMEHMHAA
epynna N, ¢ > 2, npunadarexcum xaaccy QA.

Jokxazameavcmeo. Ilycts H — KOHEYHO MOPOXKJIEHHAS HUJIBIOTEHTHAS
rpylIia, sJeMeHTapHast Teopusi KOTOPOil COBIIAJIAET C SJIeMEHTAPHO Teopueii
rpymnsl G = N, p.

[Ipesaroiokum, 9T0 KaKas-TO BepIInHa, HAIIPUMED T, I'pada ' cmexkHa
co BceMn ocTajbHbIME BepmmHamu. OboznatdnMm vepe3 A moarpad [, mo-
DOKJIEHHBIN BEPITMHAMA X1, . . ., Lp_1.

B [12]| pokazano, 4TO JIBE KOHEYHO MOPOXKIEHHbIE HUJILIOTEHTHBIE TPYII-
ubl G; u (9 3JIeMEHTapHO SKBUBAJIEHTHBI TOIJIA M TOJBKO TOIJA, KOIJa
Gi1 XZ =Gy X 1.

I'pymma G u3omopdua npsivmoMmy npousseieHuio rpymi N, o X (z,). SHa-
qUT

Nea X (x,) X Z = H X Z.

Us [13], temma 1, B TaKOM CiIydae MOy dIaeM
Nc,A X <l‘n> = H,

To ectb G = H.

[Tycrs rpacd ' He cofiepKUT BEpIKMH, CMEKHBIX CO BCEMHU OCTAJIbHBIMHU.
ITepexonst k rpymie Ny 1 ucnosssys [14], erko yoe uThest, 9T0 B 9TOM CJLy-
qae nentp Z(G) rpymner G npuHaiekur eé kommyranty |G, G]. Konewno
HOPOKJIEHHBIE HUJIBIIOTEHTHBIE TPYIIIIBI, 00JIaIaionme TeM CBOMCTBOM, 9TO
UX IEHTD JIEXKUT B M30JIATOPe KOMMYTaHTa, JiexkaT B kiacce QFA. B [15]
nokazana Teopema 10. CormacHo eit jutsg kaxkgoit rpymmel A € QFA cy-
IIIECTBYET IPeJIJIOKEHNe o, UCTHHHOE Ha A, nmpudém s Jiioboii KOHedHO
HOPOXKJIEHHOM I'pyIbl B BepHa UMILIMKAIAA

[Hosromy G € QFA C QA. O
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Outocodckasi JJOKTPUHA, YTBEPKIAIOIIA, IYTO U3 OJHUX 3aKOHOB JIOTH-
KU CJIEJYIOT, YTO BCE B MUPE MPEJIOPEIEIEHO U TIO9TOMY YeIOBEK He MMeeT
¢BOOOTBI BOJIN, TIOJTYIM/Ia HA3BaHME JOKTPUHBI JIOTHIECKOro (hatamn3ma. Ap-
I'YMEHT JIOPHIECKOTO (baTaan3Ma ¢ IeJIbI0 ero OIPOBEPIKEHUs BIEPBLIE ObLIT
u3obperen Apucroresiem (IV B. 10 H.3.) B ero 3HamenuToii 9-it riaBe Tpak-
tata “O6 ucronkoBauun” [Apucrorens 1978 (nepensnamue)|.
Cam aprymMeHT MOYKHO IPEJICTABUThH B CJIJyIOImeM Buje. lIpeamnoroxum,
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ceffyac MCTUHHO, 9TO 3aBTpa OyjeT Mopckoe cpazkenue. VI3 storo ciejuyer,
YTO HE MOXKET OBITh, ITOOBI 3aBTpa He OBLIO MOPCKOTO cpazkenusi. Cieo-
BATEJIbHO, HEOOXO/MMO, UTO 3aBTPA MOPCKOE CparkeHue MpPOU30iIeT (MpuH-
i HeobxoumMocTn ). [1o06H0 3TOMY, ecim cefidac JI0zKHO, UTO 3aBTpa Oy-
JIET MOPCKOE CparKeH#e, TO HeOOXOIMMO, 9TO MOPCKOe CpaskeHue 3aBTpa He
npousoiizer. Ho camo BbicKa3bIBaHWE O TOM, YTO 3aBTPa IIPOU30MIET MOD-
CKOe CpaKeHue, ceifuac JubO MCTUHHO, JTUOO JIOKHO (JIOMMYECKUHA TTPUHITAL
JBy3HaIHOCTH ). CJieI0BATEIbHO, W HEOOXOIMMO, YTO MOPCKOE CPayKeHue
3aBTpa IPOM30MJIeT, WM HEOOXOIUMO, UYTO MOPCKOE CpaKeHue 3aBTpa He
npousoiiger. OOOOIIUB 9TOT apryMeHT, MMOJydaeM, 9TO BCE IIPOUCXOIUT 110
HEOOXOIMMOCTHU ¥ HET HU CJIyYailHbIX COOBITHUI, HI CBOOOJIBI BOJIH.
Jlormveckast cTpyKTypa JaHHOTO apryMeHTa:

“p” — BBICKa3BbIBaHME O OYIYIIEM CJIyIaifHOM COOBITHH;

“~ p” — BBICKa3bIBaHUE, IIPOTUBOPeYAIllee p, U UNTAeTCsI Kak “He p’;

T(p) — “ucrunHO, 9TO P’;

~r~ F(p) — “moxno, aro ”;

~r~ N(p) — “Heobxomnmo, 4ro p’.

Tormna nmeem:

(1) T(p) — N(p) — npuHmun HeOOXOAUMOCTH,

(2) F(p) — N(~ p) — 1o Ke camoe,

(3) T'(p) V F(p) — upuHImII JIBy3HATHOCTH,

(4) N(p)V N(~ p) — u3 (1-3) 1o npaBmiIy KJIacCHIeCKOil JJOTUKI: n3 A —
C.B—-DuAvVB=CVD.

Ha ocnoBanme sToro harajm3mMa U BO3HHUKJA HIAES BBEJICHUS APYTHUX HUC-
TUHHOCTHBIX 3HadeHuit kpome 1 u 0. Oguum u3 nepsbix ObL1 JlykaceBud,
KOTOprU/I IPpEeJIOZKNJI BBECTU TPEThE NCTUHHOCTHOC 3HaYeHUue, NHTEePIIPETU-
py4 ero kak “Oespazimumaro’. B cpoeit crarbe “O merepmuausme” JlykaceButd
Jnaér dunocodckoe 000OCHOBaHNE BBEJICHUS B JIOTHKY TPETHEro MCTUHHOCT-
Horo 3HadeHus. B uém JlykaceBud nuirer, 9To CyIIeCTBYIOT Oy/yIiue ¢ak-
ThI, JJId KOTOPLIX €II¢ HET COOTBETCTBYIOIIUX (baKTOB B HacCTOAIIEM, T.€.
HET HUYEero, 94To C HeO6XO,ZLI/Il\lOCTbIO 3aCTaBUJIO 6bI HaC IIPUHATH BbICKA3bI-
BaHme 0 TakoM OysyrieMm (hakte kak ncruaHoe. C JIpyroifl CTOPOHBI, MBI HE
MOXKEM YTBEPXKIATh, 9TO TaKOe BBICKA3bIBAHUE JIOXKHO, €CJIM B HACTOAIIEE
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BpeMs He CyIecTByeT (hakTa, SIBJISIONErocs: MPUINHON TOro, 9T0 OyIyuinit
dakxT He nmpouzoiiaeT. Takue BhICKa3bIBaHNE B 9TOI cTaThe JIyKaceBrnd Ha3bI-
BaeT “0Oe3pasndHbIMUI’ W JIeJIaeT BarKHOe 3aKJI0YeHne, YTO aJibTepHATUBA,
cocTaBJIeHHas U3 JIBYX IIOJI00HBIX BBICKA3bIBAHUI, HanpumMmep, “fu Oyaer 3aB-
Tpa B HOJIJEHD JoMa, Jubo fHa 3aBTpa He Oy/eT B MOJIIeHb JoMa’, JIOJZKHO
OBITH UCTUHHO COTJIACHO 3aKOHY UCKJIIOUeHUs Tperhero. JlykaceBud yTBep-
JKJIaJI, 9TO apUCTOTEJIEBCKOE PEIeHne Mpo0/IeMbl, MO-BHIMMOMY, COCTOUT B
TOM, 9TO aJbTepPHATUBA ‘3aBTPa IMPOU3OIIECT MOPCKOE CParKEHHe MJIM 3aB-
Tpa He NPOU30IIeT MOPCKOe CparKeHue' y¥Ke CerojHs MCTUHHA, HO HU BbI-
CcKa3bIBaHUe “3aBTpa OYIET MOpPCKOE cpaskeHue , HU BbICKA3bIBAHUE ‘3aBTPa
He OYIeT MOPCKOTO CparKeHusT He SIBJISIOTCS HU MCTHHHBIMEU HE JIOYKHBIMH,
KaK oTHocdImecd K Onmzkaitimemy Oymaymemy. [Ipeyio:kus Takyio nareprpe-
taruio Apucroress, JlykaceBud, oHAKO, 3aK/IFOYAELT, UITO JOBOIBI ApPHUCTO-
TeJIsd MOJAPBIBAIOT HE CTOJILKO 3aKOH MCKJIIOYEHUS] TPETHEro, CKOJIbKO OJIIMH
u3 TJIyOOYafIuX MIPUHITUIIOB BCeil HaIell JIOTUKU, KOTOPBI UM YKe BIIEPBbIE
U yCTAHOBJICH, & MMEHHO, YTO KarKJ0€ BbICKA3bIBAHUE JIMOO0 MCTUHHO, JIU-
60 J10KHO (3aKOH GUBAIEHTHOCTH). JIJIst TIPOCTOTHI U MOTPYKEHUST B JIETAJIH
Jlajee paccMaTpruBaeM 3-3HAYHYIO JIOTHKY JIykaceBnda.

2 O Tpex3HauHoiil Joruke JIlykaceBu4a

JlykaceBuda crpoms cBow Jjioruky 1o anajoruun ¢ (s, ¢ COXpaHEHHeM
CBOWCTB HEITPOTUBOPEUYMBOCTH, TIOJTHOTHI i PA3PEIIMMOCTH. L3 siBiisieTcs pac-
mupenneM Co, HECMOTPsT Ha HE TPOXOXKJICHNE B MEPBON OCHOBHBIX 3aKOHOB
KJIACCHIECKON JIOTUKH, KaK 3aKOH HCKJIIOUEHHUSI TPEThEro M 3aKOH HEeIpo-
tuBopeyuns. s nocrpoenns Jloruku JlykaceBudua Ham HaJIO JTOOIPEIEUTD
HEKOTOPbIE JIOTHIECKIE CBSI3KH (3aMETHM, 9TO Mbl OCTABJISIEM KJIACCHIeCKUil
CMBICJI IMIUIHKAIAN — 1 oTpuianud ~) (1 — 1/2) = (1/2 — 0) = 1/2;
0—1/2)=(1/2—-1/2)=(1/2—>1)=1;
~1/2=1/2.

[TocpeicTBOM HCXOTHBIX CBSA30K OIPEIESIOTCS JIPYTUE JTOTTICCKIE CBA3-
Kk pVag=(p—q) —q
pAg=~(~pV~q);
p=q=p—a N(g—p)

SanuiireMm TabnIbl ICTUHHOCTH:

p |~p| [>T 1/2 0 Al 1 1/2 0
1[0 1 [1 1/2 0 1 [ 1 1/2 0
12 01/2) [1/2/1 1 1/2| [1/2[1/2 1/2 0
0| 1 01 1 1 0|0 0 0




Hogsbre Mose/IbHbIe PACCTOSHIS 165

1 1/2 0 =1 1/2 0
1 [1 1 1 1 [ 1 1/2 0
1201 1/2 1/2] |1/2]1/2 1 1/2
01 1/2 0 0] 0 1/2 1

Ouenxa muOXKecTBa opMmysn For B Tpexsnadnoii joruke JIykaceBuda ecTb
dbyuxims v : For — {0,1/2,1}, “coBmecTHas” ¢ npuBeIeHHBIME BbIIie Tab-
muramu. PopMysia Ha3bIBAETCA MAGMOA02UET, €CIIN TIPU JII000I OLEHKe N
npuHUMaeT evdesertoe 3nauenue 1. MHOKeCTBO JIAHHBIX TABTOJIOIHUI Ha-
3BIBAETCS TPEX3HAYHON (MaTpu4HO) Jlorukoil Jlykacesuua u 0603HAUAETCST
rocpeicTBoM Lig.

[TepBast akcmomaTu3aIys MHOXKECTBa TaBTosoruil Ly npunamiexnr yaenu-
Ky Jlykacesmua M.Baiicbepry [Weisberg 1931]:

Lp—a—g—r)—@—r1)
2.p—(¢—p)
3. (~p—~q) = (¢—p)
4 ((p—=~p)—p)—p
HpaBI/I.Ha BbIBO/Ia TaKHE 2Ke, KaK IJIfd KJIACCUYECKOMN JIOTUKMU.
R1. Modus ponens.
R2. Tloncranoska.

Axcunomaruzarmust Baiicbepra osmauaer, uro s Ls, kak u gas Cs, mMmeer
MECTO

Teopema apekBatHOoCcTU. /JlAs 6carxoti opmyarve A umeem mecmo = A 6
L3 moeda u moavko moeda, xoeda = A 6 L.

Taxkum o6pa30M, ncaucjieHue Lg HEIIPOTUBOPEYNBO U JJCAYKTHUBHO IIOJIHO.

3 MHNMurepuperanuu Tpex3HadHoii jorukn JIyka-
ceBnya Lj

C dopmasibHOIT TOUYKM 3peHnsT TPpeX3HaTHAasl JIOTHKA JIyKaceBuda BbITIIs-
JIAT OE3yIPEedHo: MoKa3zaHa e HeIPOTHBOPEYNBOCTD, T.e. B Ly HejgoKazyeMa
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Hekoropas dpopmysia A BMecTe co cBouM orpuiianueM ~ A, mokazana JeayK-
TUBHAs MOJTHOTA L3 1, KAK U KJIaCcCHIecKas JIOTUKA, Lz sIBJIT€TCST pa3perm-
Mmoit. Ho mockobKy nocrpoenue L, T.e. BBeJieHIEe B JIOTUKY TPETHETO UCTUH-
HOCTHOT'O 3HAYEHUs, IMeJIO CyT'y0O cojlepyKaTe/IbHbIe IIPEJIITOCHLIKH, a UMEH-
HO UJICI0 OTPA3UTH B JIOTUYIECKON (pOpMe UH/IETEPMUHUCTUICCKII CTATYC BbI-
CKAa3bIBAHUI O OYIyIUX CJIyYafHbIX COOBITUSAX W TaKUM 00pa30M OIPOBEPT-
HYTbH (paTaTuTUIeCKuil apryMeHT ApucToTeis, TO BCTaeT BOIIPOC: HACKOIBKO
dopmanbabIe cBoiicTBa L3 oKazamnch afleKBaTHBIMU JIJI BBIPAXKEHUs 9TO
njien. IToObl 9TO MOHATH HAJAO0 YACHUTH CMBICJ HCTUHHOCTHBIX 3HAYEHU
L3, a rmasuoe cmbica 1/2. Iepsbim sTuM Bompocom 3anasics A. H. Ilpaiiop
[Prior 1953]. ITo ero muenuto, ApucroTesinb B AeBATOI ritaBe TpakTara “O6 nc-
TOJIKOBAHUU TIBITAETCS ITPEO0JIeTh UCTUHHYIO TPYIHOCTH — BO3MOYKHOCTH
HCIIOJIB30BaTh BBICKA3BIBAHWS BO BHEBPEMEHHOM CMBIC/IE JIJIS OMUCAHUS CO-
ObITHII THIla “‘3aBTpaIllHEr0 MOPCKOro cpazkenns . IIpaitop memaer BBIBOI,
9T0 APHCTOTEH TOBOPUT O HEKOTOPBIX BBICKA3BIBAHUAX O Oy/IyIIeM, Kak He
SIBJISTONINXCS] HU UCTUHHBIMU, HU JIOZKHBIMHU, IIOCKOJIBKY €IIle HET OIPeIe/IeH-
HOTO (haKTa, C KOTOPBIM 3TH BBICKA3BIBAHUST MOYKHO COOTHECTH; OJTHAKO KAaK
YTBep:K/IeHNe, TaK W OTPUIAHUE TOJO00HBIX BBICKA3BIBAHUN MOTEHITUABHO
UCTUHHO WJIM MOTEHIUAJIBHO JIOYKHO, HO He aKTYaJbHO MCTUHHO WJIH JIOXK-
no. Korja ke 3Ta moreHnuaabHOCTh UCYE3a€T CO BPEMEHEM, TOrjia 3Hade-
uue “1” NpUIHUCHIBAETCS BBICKA3BIBAHUIM OIPEJICIEHHO UCTUHHBIM, T.€. IIPU
onucanune OYIynux COOBITUI KaK IPEeIONpPeIeIeHHbIX WU COOBITUI, KOTO-
pble y2Ke CTaJii HACTOSIIIIUMUI WJIN MPONLIBIMA. TaKie BBICKA3bIBAHUS U SIB-
JigoTed “HeobxoauMbiMu’. TakuMm oOpa30M, yTBEp2KJICHNE BbICKA3bIBAHUI O
COCTOSIHUM JIeJI B HACTOAIIEM U MPOILJIOM U YTBEPXKIEHHE UX ‘HEOOXOIIMMO-
ctu’ gBJIAIOTCA dKBUBaJIeHTHbIMEU B L. Kaszasmoch Obl, Bce TpyaHocTH Iipe-
0JI0JICHBI, HO APHUCTOTEb YTBEPXK /A, UTO ajJbTepHaTUBa pV ~ p B JIIOOOM
ciaydae sBisieTcd Beerna uctuaHO. OHako, B Lg 9T0 He BepHO, T.e. MU3b-
IOHKITUS B IIPEJIIoIaraeMoil Tpex3HadHol jioruke Apuctoressd He Oblia Obl
UCTHHHOCTHO-bYHKIMOHAIbHOI [Prior 1953].

4 O Te3mce Cyimko

B 1975 romy P.Cymiko moctpons GUBaAJEHTHYIO CEMAHTUKY JIJIs TPEX-
3uHavHoit joruku Jlykacesuua L3 u BHEC cyMATHILY B yMbI MHOIMO3HAYHUKOB,
yTBep:K/iast, 9TO KaKJias MPOIO3UINOHAIbHAS JIOTHKA SBJISETCS JIBY3HAY-
noii. [Iycrs For obosnavyaer MHOXKeCTBO (DOPMYJI ITPOITO3UITUOHAIHLHOTO A3bI-
ka L, a {0,1} — mHOKecTBO neTHHOCTHBIX 3HaueHuit. Torma LV 3 ectb MHO-
ecTBo Beex dyukumii ¢ : For — {0, 1}, Takux uro nis mobeix «, 5 € For
CIIPABE/JINBLI CJIEJTYIONINE Y TBEPKIEHUS :
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1. t(a) =0 wm t(~ a) = 0;
2. t(a — () = 1 Bcerma, xorya t(3) = 1;
=1ut(f) =0, 1o tla — B)=0;

)
4. ecm t(a) = t(B) n t(~ a) =t(~ B), 10 t(a — ) = 1,
)

8. ecin t(a) =t(~ ) =t(B) ut(~p) =1, 10 t(~ (0 — ) =0.

B urore Mbr ostyumsin aJIeKBATHYIO CEMAHTHUKY JIJIsT TPEX3HAYHON JIOTU-
ku Jlykacesuua L. IIpu Takom 1mojixose 3/ieMeHTHI TPEX3HATHON MaTPUILBI
Jlykacesuua 1,1/2 u 0 He paccMaTpUBAIOTCS KAK JIOTHYECKUE 3HAUEHWsI; OHU
npeacraioT, o Cymko, Kak aarebpamdeckue suaderus. [lo Cytiko, gornde-
CKOIl OTIEHKOIl sIBJIATOTCS OMBaJIEHTHBIE OIEHKH, PACCMOTPEHHbBIE KaK XapaK-
TEPUCTUYECKHE OIEHKN MHOYKECTBa (DOPMYII.

Tesuc Cyiko BeI3BaJI onpejienennyo kputuky. Hampumep, [ Manunos-
ckuit [Malinowski 1994] ckoHCTpyHpOBaI TPEX3HAUHYIO KBa3U-MATPUTHYIO
JIOTUKY, Jiist KoTopoit Meros Cymiko He MoxKeT ObITh npumeneH. OOcyxie-
HUIO JUJIEMMBI IBY3HAYHOCTH ¥ MHOTO3HAYHOCTH MTOCBSINEHA 3HAUNTETbHA
gqacTh paborsl [Beziau 1997].

5 O merone Ckorra

. Crorr [Scott 1973,1974], 3aMeHsisT MCTUHHOCTHBIE 3HAYEHUsI OIEHKA-
MU, TBITAETCS MIPHUIATh 0OJIee OUYEBUIHYIO XapaKTEPUCTUKY KOHEIHBIM MHO-
FO3HAYHBIM KOHCTPYKIWMAM. OIEHKH SABJISIOTCS JBYX3HAYHBIMU (DYHKIIMA-
MI U 33Jal0T paclpejeeHne MHOXKECTBA BBICKA3BIBAHUN JAHHOIO SA3BIKA
IO THIIaM, COOTBETCTBYIOIIUM MCXOJIHBIM JIOTMYECKHM 3HAYCHUNAM. HyCTb
For — muO>X)kecTBO (hOpMYJT JTAHHOTO MPOIO3UITNOHAILHOTO si3blka L u V' =
{vo,v1,...,VUn_1}(n > 1) —KOHEYHOE MHOMKECTBO OIEHOK: JIEMEHTHI MHO-
)KecTBa V' SBIISIIOTCS TPOU3BOJIbHBIMEU (byHKImsvu v; @ For — {t, f} c t,
0003HAYAIONUM UCTUHY, U f — J10XKb. 1[0 TUIIOM BBICKa3BbIBAHUI sI3bIKa L
OTHOCUTEJIBbHO V MbI IIOHUMaEM IIPOU3BOJIbLHOE MHOXKECTBO Zg BHu/1a

Zg ={a € For : v;(a) = v4(B) mra upoussossnoro ¢ € {0,1,....n —1}}.
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M cnonb3yst n-3/1eMeHTHOE MHOYKECTBO OIEHOK, MOYKHO BBECTH MaKCHMAJILHO
2" tunos. Hampumep, IBYX3JeMEHTHOE MHOXKECTBO OIEHOK {wp,w;} ompe-
Jesier JdeTbipe THNA: i, Lo, 43, Z4. HakiaapiBast orpaHndeHnsl Ha OIEH-
KU, MbI COKPAIAaeM YHUCJIO TUIOB. TOJBLKO YTO PACCMOTPEHHOE MHOXKECTBO
OIEHOK OyzieT onpejessith Tpu (camoe GoJibinoe) tuna: Zi, Zo, Z4, KOTJA
MBI TIoTpedyeM, 4Tobbl wo(a) < wy(a)Va € For, asa tuna: Zo, Z3, ecin
wo(av) # wyi(a)Va € For, u Zy, Zy, 1pu yCJIOBHA, UTO Wy = W.

Wo | Wr
Z1 | t | F
Zy | £ ] T
Zs| t | F
Zy| t | T

TaKI/Ie THUIIBI IBJISIIOTCA aHaJIOTaMU JIOI'MYEeCKUX 3Ha4YeHUI. ﬂaHa CKOTT ro-
BOPHUT O HUX KaK 00 “MHIeKcax .

Uctionb3yst 3ToT MeToj1, CKOTT MOJIY YUJI ONMCaHNe UMILTUKATHBHON CUCTEMbI
n-3HadHOM Jioruku JlykaceBnda ¢ momorrpio (n — 1)-371eMeHTapHOTO MHOKE-

CTBa OLEHOK
*
VLn = {l/(]7 Viy ooy ang},

TAKOro 9To Jijist JiIoObIX 4, j € {0,1,...,n—2} u a € For* (For* ucnosb3yer-
e Uit 0603HAMEHU MHOXKECTBa, (DOPMYJI sI3bIKa, L*, BKIIIOYAIOIIEIO CBA3KN
OTPUIAHUS U UMILIHKAIIAH — ):

(mon)v;(a) =t <=y(a)=tui<j

u, 6onee toro, vo(a) # f u vy_o(ag) # t Jjst HEKOTOPBIX i, e € For*.
Jlanmee MBI BepHEMCSI K Hallell TPEX3HAYHON JIOTMKE W PACCMOTPUM METOJ,
CkoTrra 111 Heé.

VL; = {I/O7 1/1}

Huzke npusesiena Tab/ula oKasbBaolias, YTO MHOXKeCTBO V L3 onpejelis-
er 3 Tuna /£, Z, BbICKa3bIBaHUIL:

Vo | 1
Zo| t |t
Zi| ]t
Zy | £ | 1
Oyuknus f (Zz) = 2 — i sgBJsETCd OIHO3HAYHBLIM OOpATHO HAIIPABJIEH-

HbIM OTO6pa}KeHI/I€M MHO2KEeCTBa THUIIOB B YHUBEPCYM MaTPHUIIbI ﬂyKaceBI/ma
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M3 * L. CBI3KI OTPUNIAHNASA 1 UMILINKAIIIN OIPEIEISIIOTCA CTaHIaPTHBIM 00-
pasom. MHoxkecTBO Beex (hopMy.T si3bika L*, MCTHHHBIX IIPU TTPOU3BOJILHOI
onenke v; € VL, ecTb B TOYHOCTH cojiep:KaHue MaTpunbl My

E(M;)={a€ For* : yi(a) =t,i € {0,1}}

O/IHOBPEMEHHO, OJIHAKO, COOTHOIIECHHE cJie/[oBaHns =5C 2For™ » For* :

X 5 a, ecom u Tosibko ecaun v;(ar) = ¢ Beerpa, korga v;(X) C ¢ g npons-
BoJIbHOTO V; € V' L3.

. Ckorr mpejiaraer, 9robbl paBeHCTBO hopMmbr “v;(a) = 7, ans i € {0, 1},
quTAINCh Kak ‘(yTBeprkienue) « mcTuHHO B crenenn . CiiegoBaTesbHO,
OH IIpejiroJiaraeT, uro gucia B pamy ‘0 < ¢ < 1”7 cuMBOJIM3UPYET CTEICHU
3a0JIyKJIeHNs B OTKJIOHeHNH OT ucTuHbl. Crenenb 0 — camasi CHJIbHas W
COOTBETCTBYET “COBEPIICHHON” MCTHHE MM OTCYTCTBUIO 3a0JIyKICHUA: BCE
TABTOJIOIMK JIOTUKHK JIyKaceBuda BJIAIOTCA CXEMaMU yTBEPKJIEHUM, NMero-
IUX B Ka4ecTBe cBoeii crernenu 3abiyzKaenus 0. Kpome Toro, umimkanms
Jlykacesnga mMoxKeT OBITH yI00HO MCTOJIKOBAHA B 9TUX TEPMUHAX: IIPEIIIO-
Ja0kuB 1 + j < 1, Mbl mosmydaeM, uro vi(a — () = t u v(a) = ¢ gaer
Vit (B) = t. Tak, ucrosb3yst BbICKa3bIBaHUA (¢ — (3, MOXKHO BBIPA3UTH BEJIH-
YUHY Pa3JIMIisd MKy CTEHeHsIMU 3a0JIy2KIeHUs OCBLIKA 1 3aKJI0UeHN,
KOTOpasl SIBJISIETCsI MePOii 3201y K/IeHIsT BCEl MMILITUKAITIN.

K Bompocy 06 wmaTepmperanun wmiukarnun Jlykacesuaa — JI. Ckorr
Bo3Bpaiaercst B pabore [Scott 1976] B pasmene “Jloruka 3abiyKaeHuii”.
Buechr CKOTT Jie/1aeT MHTEPECHOE 3aMedaHre O TOM, YTO MHOI'OMECTHOE OT-
HOIIIEHUE CJIeJIOBAHUSI

A07A17 o 'An—l = BOa B17 T Bm—l

UMeeT IIPOCTYIO MHTEPIPUTAIINI0 B TEPMUHAX CTEIEHU 3a0J1yKIeHN 1: BCe-
raa, Korma ¢ > Ay, aas Beex ¢ < n, Toraa i > B, JjIsI HEKOTOPBIX U < M.

BameTnm, 9T0 Joruka 3a0/1y K teanit CKoTTa ObLIa TOIBePTHY Ta KPUTUKE
JIx. Cwmaitna. Hampumep, ykasbiBaeTcsi, 9TO B MMOJIOOHBIX TEPMUHAX HEJIb3sT
[IPOUHTEPIPETHPOBATD OIEPAINIO OTPHUIAHUS ~.

6 IlocranoBka 3aga4dn

lano M — KoHeYHOe YHUCJIO IKCIIEPTOB, W KaXKJIbI M3 HUX YIIOPJIO-
YUBaET dJIeMEHTAPHbIE BBICKA3BIBAHUS, BXOJIsINE B 0a3y 3HAHUil. 3a/1a/ M
YIOPSAJIOUEHNS ¢ TOMOIIBIO (DYHKITHIA

pi(z) : S(X) — (0,1),i=1,..., M.
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J1J1st TIOCTPOEHMST pACCTOSIHUST yIUTHIBAIOIIErO “MHEHUsI O PACCTOAHUN  KarK-
JIOTO KCIIEPTa CHadaja BBEIEM PACCTOSTHUE JJIsI OTHOTO (DUKCUPOBAHHOIO
skcrepra. J[jis1 mpocToThl 0603HAYEHNS BPEMEHHO OIIyCTUM UHJIeKe. Paccro-
siHe MeXK Ty (bopMyJIaMu OY/IeM CTPOUTH MTOITAITHO, JIJIs Hada/1a BBEJIEM pac-
CTOSTHHE MEK]Iy MOJEIIMU ¢ (DUKCUPOBAHHBIM YIIOPSAJ0UEHUEM JIeMeHTap-
HBIX BBICKA3bIBaHUI. BTOPBIM 9TAIIOM TOCTPOUM PACCTOSTHUE MEK Ty MHOMKE-
cTBaMu Mojesteit. Jlasiee moib3ysich MOCTPOEHHBIMU PACCTOSTHUSIMU, BBEIEM
paccTosgHre MexKTy (opMyIaMu UCYUCCHUS BBICKA3BIBAHUI C YIETOM pac-
CTOSTHUI JIJIT KOHETHOT'O MHOYKECTBA IKCIIepTOB. PaHee aHAIOIMYIHbIE BOIIPO-
Cbl B JIPDyIoOii cATyaluu paccMarpusajuch B paborax [6]-[8]. Kemareabuo
3HAKOMCTBO ¢ paboramu [1|-[5].

7 PaccrogHusi Ha BBbICKA3bIBAHUAX SKCIEPTOB
C IIpUBJIEYEeHUEM MOJeJIeil 1 NX CBOMCTB.
Heobxomumbie ompeneieHns

HO,D; JIOTUYECKNMHI BbICKA3bIBAHUAMN ITOHUMAEM CbOpMyJIy nCcYnucjaIeHuda

BoicKasbiBanuil (1IB), onpe/iesieHHy 0 Ha MHOYKECTBE UCXOJIHBIX MPOCTEHIIIX

JIOTUYECKUX BBICKA3bIBAHUIN, HA3BIBAEMbBIX 3JIEMEHTAPHBIMU (POPMYJIAMHU.
[Iycte X - 6a3a 3uanwuii, cocrosiias u3 gopmya UB.

Ounpenesienne 1. MuoxectBo S(p) 3/eMEeHTAPHBIX BBICKA3BIBAHUIA, HUC-
noJib3yeMbIxX 1pu Hanucaunnu dhopmyiasl B ¢, mazoem wocumesem gpop-
MYADL P.

Omnpenenenne 2. HazoBem nocumenem cosokynrnocmu 3nanuti S(X) 00b-

enuHeHne HOCHTEsel hopMyst, BXoadmux B X, T.e. S(X) = U S(p). Pac-
peEX

cvorpum MuOKecTBo P(S(X)) = 3%9%) BeeBo3MoKHBIX TIOMHOMKECTB MHO-

xkecrBa S(X). Daementsr MHOKecTBa P(S(X)) HasbiBaeM ModeAAMU.

Ussectno, uro |P(S(X))| = 315G,
HpI/IMep 3. Y = (Al/g N BA ~ O)\/ ~ Dl/g, S((,O) = {A1/27B, C, Dl/g}.

Onpenenenne 4. Diaemenrapuas dhopmyina A ucruana na mogean M (r.e.
M =, A) torpma un Tosibko Torja, Koryma A; € M (3 MOXKeM OIlyCKaTh), T.e.

1. M)ZlA(i)AlEM
2. M):2A<:>A1/2€M



Hopble MozmerbHbIC paCCTOAHAS 171

3. ME piANpaes (M= ¢1) 1 (M = p2)
4. M ELo1Vpr e (M) nm (M =1 )

O6osnaunm yepes Modg(s) (A) maOzKecTBO MOIesTel 13 S(3), HA KOTOPBIX
ucrunHa A, T.e.

Modgsy(A) = {M|M € P(S(2)), M = A}.

O6ozuaunm uepes Ts(x) (M) MHOKeCTBO (DOPMYJI, HOCTPOEHHBIX C MOMOIIBIO
snementos S(X), ucrunnbix Ha M: Ty (M) = {¢[S(p) € S(X), M = ¢}

Jlemma 5. Hmerom mecmo pasencmesa:

1. Mods(s)(A A B) = Mods(s;(A) N Mods;) (B)
2. MOds(E) (A V B) == MOdS(E)(A> U MOdS(E)<B)

Taxum obpaszom, sobast hopmyrta ¢, takasg aro S(¢) C S(X), coorser-
crByeT coBokynHocT Modgs () Mozgesneit nuz P(S(X)), Ha KOTOPBIX HCTHH-
HA ©.

Ounpegenenne 6. Paccmosnuem mexiy dopmynamu ¢ u 1) npu (S(p) U
S(y) C S(X)) na muoxecrse P(P(X)) HasoBeM BeIUIHHY

Mod ~ oAV (N ~
psio ) = s A0V (o~ )

8 PaccrossHnue mMexkJ1y MoaessiMu

1 mobbIxX IBYyX MOJesiell M Ha MHOXKECTBE BCEX KOHEUHBIX MOjiesieit
P(S(X)), n dbukcuposanHoro 3ajanus p(r) SKCIEPTOM, OIPEIEINM PACCTO-
sHue MexK 1y stuMu Mojesimu A u B dopmyitoit:

> P@)(xale) — xa(2))’

z€S(X)
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Teopema 7. Ha xaacce P(S(0)) woneunvx modeseds ¢ purcuposarnvim
sadanuem p(x) axcnepmom, dpynxuus p(A, B) ydossemeopsem ceoticmeam
mempuru, m.e. (P(S(0)), p) Aeasemes mempuseckum npocmparcmeom.

Jlokasameavecmso. 1. p(A,B) =0 A = B.

[Iycrs p(A, B) = 0 gokaxem, aro tipu stom A = B. p(A, B) = 0, cienosa-
resibho, xa(z) — xB(z) = 0, Vo € S(X), To ects smbo x ¢ A, x ¢ B, mubo
r € A, x € B, snaunt A = B.

Teneps mycts = nokazkeM, 4o npu stom p(A, B) = 0.
A= B = ya(z) = xp(x) = xalr)—xs(z) = 0,Vz € S(X), ciegoBaremnnbho,
p(A,B) = 0.

2.p(A, B) = p(B, A).
O4eBUIHO U3 OIIpEIeICHN.
3.0(A, B) < p(A,C) + p(C, B).
Hokazem or nporusaoro. Ilycrs p(A, B) > p(A,C) + p(C, B), Toraa

>0 - x5(@))?

zeS(X) -

> P

zeS(X) (*)
>y —xc(r))? > P@)xelx) — xa(x))”
z€S(X) zeS(X)

3 pw) 3 pw)

z€S(2) zeS(X)

Orcrona

zeS(2
Z mmu¢zwmm>mw
zeS(X) zeS(X)

BosBeem HepaBeHCTBa B KBaJIPAT.
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Y P@)ale) —xs@)’ > Y pH@)(xalr) = xel(@))*+

zeS(S) zeS(3)
+2 [ > p@)(xal@) — xe(@)® [ D p()(xe(r) — xp(x))*+
z€S(X) zeS(%)
+ Y (@) (xelr) — xs(x)
zeS(X)
Tora
> PP xal@) —xs@)’ = > @) (xe(r) — xs(@)*~
zeS(%) z€S(%)
-3 — Yel))? >
zeS(X)
Z —xc@)? | D p(@)(xel@) — xs(@)*
zeS(T zeS(X)
Nnmeem
Z P —x8(2))* = (xe () = x8(2))* = (xa(z) — xc(2))?) >
zeS(X
Z P( > P - xa(2)).
z€S(X) zeS(X)

Jasee BO3BO/IsT B KBaJipaT U IIPUBO/IA TOI00HbIE,

> @) (—2xal@)xs(r) + 2xa(@)xc(x) — 2xc(2)? + 2x5(2) xo(1)) >
zeS(X)

> >0 = x5(®))*%

zeS(X) zeS(X)
Y P@)2xa(@)(—xa(@) + xe () = 2xo(@)(—xa(@) + X0 (@) >
z€S(X)

> ¥ S — x5())?

z€S(D) z€S(D)
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[Tosrygaem:
> 2 (@) ((—xal®) + xe (@) (xs(z) — xo(z)) >
zeS(X)
()
>2 [ Y PPa)(xale) = xe@)? | Y P@)(xele) = xa(2))?
z€S(%) 2€5(%)

Pacemorpum omo n3 caaraemsix (—xa(z) + xo(z))(xs(z) — xo(z)) n npo-
BEPHM, KOI/[a OHO IIOJIOKUTEILHO. DTO BO3SMOXKHO B JIBYX CJIydasx. Ilepsbrit

—xa(r) + xeo(r) >0 xa(?) < xe(z) td ANz EC
{ xB(7) — xc(z) >0 @{ xs(z) > xc(x) ﬁ{ r€BAxEC

[Toyaaem mporuBopeune (ecsm xa(z) = 0, xp(z) = 1, xo(z) = 1/2, o
(%) ByieT paBEeHCTBOM U BCE XOPOIIIO), PACCMOTPHUM BTOPOii crydaii

—xa(r) + xe(r) <0 xa(x) > xo(z) reANz & C
{XB($)_XC($)<0 (i){XB(IE)<Xc($) (:){x¢B/\xEC

Cuoa nporuBopeune (ecan xa(x) = 1, xp(x) = 0, xc(z) = 1/2, To (%)
6yzer paseHcTBOM), HepaBeHCTBO (—xa(x) + xco(2))(xB(z) — xc(x)) > 0
Heo3MoxkHO, 3HaunT Vo € S(X)(—xa(z) + xc(x))(xs(z) — xc(z)) < 0,
HPOTHBOpPEUne ¢ (#%), T.K. CIIpaBa CTOUT HEOTPHIATE/IbHAs BEJIUINHA.

[]

IIpumeuyanue. B pabore ucnosb3yercs mporpaMma, CUUTAIONAd PACCTOsI-
HUASA MEXKJTy JIByMsl JTIOOBIMU MojiesigMu 110 popmysie u3 Teopembr 7.

9 Paccrosgnue mMexkJIy MHOX»KeCTBaMi MojeJieii

Hastee niepeiijieM K BBEJICHUIO PACCTOSIHUS MEXKJIy MHOXKECTBaAMU MOJIE-
JIelt JIJIs OlpeJie/ieHnsl cTeleHn pa3dopoca Mojeseil IByX pOpMys ¢ yIeToM
YIOpSIOUeHUsT ¥ (DUKCHPOBAHHBIM 3aIaHieM P(T) IKCIIEPTOM.

Onpenenenne 8. Paccrosime MexKiy 9/€MEHTAMH & METPHIECKOTO MIPO-
crparctBa (P(S(X)), p) 1 MHOXKeCTBOM (MOZIEIBbIO) B U3 9TOr0 METPUIECKO-
IO IPOCTPAHCTBA ¢ (DUKCHPOBAHIBIM 3aJaHueM p(x) (SKCIEPTOM), 3a/18/iM
CJIEJTYIOIIUM 0Opa30M:

d(z, B) = min{p(z, y)|ly € B}
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Omnpenenenue 9. Beegem B pacemorpenne dbyHKINO oT MHOYXKecTBa A u B
u3 Merprdeckoro npocrpancrsa (P(S(X)), p) ¢ dukcupoBaHHBIM 33/ aHTEM
p(z) (9KCIEPTOM), ONpeIeIIeMYIO KAk

d(A, B) = max{d(z, B)|x € A}

Bamernm, uro d(A, B) merpuky, BoobIle roBopsi, He onpejesser (Tak Kak
HE BBINOJIHAETCS, HAIIPUMED, AKCUOMa CUMMETDHN ).

Omnpenenenune 10. PaccrosHue p MexXKTy JIBYyMs KOHEUHBIMIA MHOYKECTBAMMA
mojieneit A u B u3 merpuueckoro npocrpancrsa (P(S(X)), p) ¢ duxcupo-
BaHHBIM 33[aHUeM D; () SKCIepToM, 3a1a/ M GOPMYIIOit:

d(A,B)+d(B, A)

[TokaxkeMm, 9TO p AEHCTBUTEIHLHO OIPEJIEISIET METPUKY.

Teopema 11. Qynruyus p Asasemca Mempurot.

Joxazamesvcmeo. Tpebyercs MPOBEPUTH BBITOJTHUMOCTH aKCHOM.

1. p(A, B) > 0. D10 cieryeT u3 onpe/iesenus p, Tak Kak Besnanisl d(A, B)
u d(B, A) HeOTpUIIATETHHBI.

2. p(A,B) =0« A= B. Ecqu A = B, 1o, oueBujno, p(A, B) = 0. C apy-
roit croponsl, ecan p(A, B) = 0, to d(A, B) = —d(B, A). Tk. d(A,B) > 0,
mveeM d(A, B) = d(B, A) = 0. Berencrsue cBoitcts dyuxmumu d mosrydaem
A=B.

3. p(A, B) = p(B, A). 910 yTBEp:KICHUE CJIE/IyeT U3 ONPEIeJIeHUs .

4. p(A,C) < p(A,B) + p(B,C). Cuagana moKaxkeM, 9TO Jist JIIOOBIX
A,B,C C P(S(%)) somounsiercsa d(A,C) < d(A, B) + d(B, (). lokaxem
nepBoe paseHcTBo. Ilycts a € A, Torga d(a,C) = min{p(z,c)|c € C}. g
KaxKJoro b € B:

d(a,C) <min{d(a,b) + d(b,c)|c € C'} < d(a,b) + min{d(b,c)|c € C} <
<d(a, B) + max{d(b,C)|b € B} < d(a,b) + d(B,C).

Tak Kak 9TO paBeHCTBO BepHO Tpu Jiobom a € A, nonygaem d(A,C) <
d(A, B) + d(B, (). Hanee, cymmupyeM JiBa HEPABEHCTBA:

d(A,C) < d(A,B) +d(B,C) n d(C,A) < d(B,A) + d(C, B), nenum na 2.
[Monyuaem p(A, C) < p(A, B) + p(B, C). O
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10 Paccrosgsnue wMexXay ABYMsI HIPOIO3UIINO-
HaJIbHBIMHU JIOTUYecKUMI popMyamMmun

Onpenenenune 12. Paccrosguue Mex /1y JByMs (DOPMYIaMi BbICKA3bIBAHMI
9KcIiepTa ¢ (PUKCHPOBAHHBIM 3ajlaHueM p(x) 9KCIepToM, 3a1a M (hopMy-

JIOI:

p(p, ) + p(Modss)(p), Modgs (1))
2
VrBepxkaenue 13. Ha muooicecmee kaaccos IKGUSAAEHINHOCTIU GHICKA3bi-
sanutl axcnepmos ¢ durcuposantvim 3adanuem p(x), p onpedessem mem-
PUKY.

plp, ) =

JloKazaTe/bCTBO IMOJIydaeTcsd W3 CBOWCTBA, YUTO JIMHEWHash KOMOWHAIU
METPUK ABJIACTCA METPUKOM.

IIpumep 14. Ilycth 6a3a 3HaHMIT SKCIIEPTOB COCTOUT U3 TPEX dJIeMEHTaP-
HbIX BbicKasbBanuii S(X) = {A, B, C'}, ynopsgodenue Jjisi GUKCHPOBAHHOTO
skenepra: A < B < C,P(A)=1,P(B)=1/2,P(C)=1/3.

© Y ple, ) | ple,v)
ANB A= B 1/3 | 0406245
ANB AV B 2/9 | 0325397
AV B A= B 2/9 | 0325397

— (BAC) |A— (BVO)| 2/27 |0,181216
ANB—-C)| ~AvC 10/27 | 0411062
(AVB)ANC A—-C 5/27 | 0221362
~ A B—-C 7/27 | 0408301
AN(BVC) | (ANB)VC | 3/27 | 0269841

11 ®opmysaa jid PaACCTOAHUA MNPU HAJIUYUNU
HECKOJIbKUX Pa3JIMYHbIX IKCHEPTOB

TeopeMa 15. Ha mmoocecmse KAaCco8 IKEUBAAECHMHOCTU IKCNEPTMHHLL

BUICKA3BIBAHUT, MOJCHO 3adamv paccmosanue p* (a maxorce p*™* ¢ secamu),
AGAAIOULECH MEMPUKOT C YUEMOM YNOPAOOUEHUA INEMEHMAPHBIT BBICKA3 -
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Hosrre MOJI€JIbBHBIE DaCCTOAHUSA

8aHUT KAHCOBLM IKCNEPMOM U CMENEHU Pa3dpoca Karcd020 IKCNePma:

P (e, Y) = A =
Z pi(Mods(s) (), Mods(s) ()
_ple,¥) | ey
2 2M ’
a maxotce ¢ secamu
Z 7ipi(Mods(s) (), Mods(s) (¥))
s . e{1,..,.M}
P () = ap(e, ) + 7 :

Samerum, 910 KOIMDMUIUEHTH (v U 7Y; MOXKEM BBIOPATh METOIOM Hau-
MEHBIINX KBaJIPATOB, €cJau Oy/JeM UMeThb JONOJHUTEIbHbIE CBEJIEHUS O YKe-
JIaAeMOM paccTosgHuE p**.

p* | p™* OyIAyT pacCTOTHUSAMU, TaK KaK sIBISIOTCS JUHEHHON KOMOWHA-
el pacCTOAHUMN.

IIpumep 16. Ilycth 6a3a 3HaHMIT SKCIEPTOB COCTOUT U3 TPEX dEMEHTap-
ubix BbickasbBanuii: S(X) = {A, B,C} n nByx skcuepros. s mepsoro
Bo3bMéM yropsiiouenne: P(A) =1, P(B) = 1/2, P(C') = 1/3. na Broporo:
P(A)=1/2,P(B)=2/3,P(C) =1/4.

p Y P10, ) | pale,¥) | p(0,9)
ANB A— DB | 0406245 | 0406123 | 0406184
ANB AV B 0325397 | 0302676 | 0314037
AV B A— DB | 0325397 | 0398459 | 0361928

A= (BANC) | A= (BVC) | 0181216 | 0180711 | 0,180964
ANB—=SC)| ~AVC | 0411062 | 0345825 | 0378444
(AVB)AC A—C 0221362 | 0297184 | 0259270
~ A B—C | 0408301 | 034514 | 037672
AANBVC) | (AANBYVC | 0269841 | 019923 | 02345355

ITouck koaddurmenTos. V3ecTHbl paccTosHUS:
p(ANB,A— B)=04
p(AV B,A— B) =03
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p(A— (BANC),A— (BV(C)) =02

p(AN(B—C),~AVC)=04

p(AN(BVC),(ANB)VC)=0,25

Nimem ko3 dunmenTs METOI0M HANMEHBIITNX KBaJPATOB JIJIsl IIEPBOIO KC-
nepra:

pit + pi(l —x) — p; =0

x =0,53;y = 0,47 p(AANB; AV B) = 0,319206; p((AVB)ANC, A — C) =
0,219192; p(~ A, B — C') = 0,399358

JIJIE BTOPOT'O 9KCIEPTA:

r = 0,5583;y = 0,4417 p(ANB,AV B) =0,293295; p((AVB)ANC, A —
C) = 0,284125; p(~ A, B — C) = 0,335127

C onruMmaabHbIMI KOodbduImenTaMu /st 060X KCIepToB(¢ paBHOIl cTere-
HBIO JIOBEPUsI) PACCTOSTHUS TIOJIY YATCS:

p(ANB,AV B) = 0,3062505; p((AV B) A C,A — C) = 0,!251583; p(~
A, B — () =0,136724

Crout 3aMeTUTb, YTO UCXOJs U3 U3BECTHBIX PACCTOSHUN MBI MOXKEM BbI-
O6parb KO3 PUIMEHTHI JIoBepusd SKCIepTy. B HaleM npumepe MOJIyduM
N =3/47 =1/4.

p(ANB,AV B) =0,31273; p((AV B)ANC, A — C) = 0,235425; p(~ A, B —
C) = 0,3833.

12 Mepsnl nHOpMaATHBHOCTI U HEIOCTOBEPHO-
ctu (HETPUBUAIHHOCTN )

Onpenenum nHGOPMATUBHOCTD U HEJIOCTOBEPHOCTH B TEPMUHAX TEOPUN
Mojiesielt jiia Tpex3Hadnoit joruku. [loyg mndopmMaTuBHOCTHIO BhICKa3bIBa-
Hug OyJieM TOHUMATh OTHOCUTEJIBLHOE YUC/IO MOJIe/iell, Ha KOTOPBIX 9TO BbI-
CKa3bIBaHNE JIOZKHO, MJIM, 9TO TO K€ CaMOe, HODMHUPOBAHHOE PACCTOAHUAE OT
BBICKA3bIBAHUS JI0 TOXK/IECTBEHHO UCTHHHON hopmysbl 1. [lorsaTHo, 4TO BbI-
CKa3bIBaHUEe TeM NH(MOPMATUBHEN, YeM MEHbIIe MOJIeIell n3 JJaHHOrO KJiacca,
Ha KOTOPOM OHO UCTUHHO. [Ipm 3TOM TIpejimosiaraeM 9To OHO MMEET MOJIEIIH.

[Modg(s)(~ A)|
us)(A) = pse)(4,1) = —— 5

,HJIH TpeXBHa‘{HOfI JIOTUKKU MO2KHO BBE€CTHU MEPY HEAOCTOBEPHOCTU — OTHOCHU-
TeJIbHOE YHUCJIO MO,ILeJIeﬁ Ha KOTOPBIX BbICKa3blBaHWE€ HE MCTHUHHO.

[Modss) (4)]
ns)(A) =1 — O
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AHaJIOrMYHO MOXKHO BBECTH HOBYIO Mepy HMHMOPMATUBHOCTH [is(x)(¢),
KaK PacCTOgHUE OT MUCKOMON (hOPMYJIbI JIO TOXKJIECTBEHHOU (hOPMYJIbI, HC-
IIOJIL3y4 IIPU 9TOM BBEICHHOE paHee pacCTOAHUe, T.C.

fiso)(A) = pscz) (A4, 1).
Teopema 17. (cBoiicTBa Mep uH(MOPMATUBHOCTH U HEJIOCTOBEPHOCTH )
1. 0 < pgmy(p) < 1
ps) (~ ) # 1 — pss)(9);
psee) () = pses) (@ AY);
sy (@ V) < g (@);

ecau ps(s)(p,¥) =1, mo pss)(p AY) =1 u pss)(p V @) = 0;

S o e

ecau pssy(p,¥) = 0, mo pgsy (@ AN Y) = pssy (@) v pse) (e V) =
ts(s)(9);

pss) (@A) = psey (@, 0) + sy (9 V),

8. min{ sy (@), sy ()} = psy (@ V) > max{uss) (@), s (¥)
ps) (@, ¢) u mln{ﬂs ) (), MS(E)W)} + ps(z) (0, V) > ,US(E)(‘P A

=

}
)

>
maX{us (), 1 (w>}

Hoxasamervcmeo. 1.0 < pges) (@) < 1
OueBnyino, uro cBoiicTBo 1 BeINOHACTCS JUIs fig(x)(A) 1 Ns(n)(A).
2. pis(sy(~ hs ©) # 1 — pses)(9); |

Mod Mod ~
) .zksé)ﬁ'#l——')l;s@i“
Mod +|Mod ~

s(z) P R SE) 14 7£ 1
Iycts ¢ = AN B, Torja 1 # =5 45 % B dopmyste MokHO mOCTaBUTH <.
6) 1— |M0dfs<(22))(r“¢)| 41— |M0(‘1§g))|(90)|

3 3

1 # [Mods ) (e :)))\l;r(li\ffdsm)(wdl Ananornuno a), B GopMy/Ie MOKHO HOCTABUTh
>,
3. psz) () > sy (@ A);

[Modg(z) (~(eA))| _ [Modgs) (~(eAY))]
a) 315(2)] = 315
[Modg(s)(~VAy)|  [Modg sy (~p)UModg(s) (~)] > [Mod g (s (~)]

315D 315 35
6) 1— |M0dﬁgz()2(;fA¢)| — 1 [Modg s (¢ l?q?;\/)l‘()ds@)( )| >1— |MOC|1§§§§‘(<P)\
3 3

4. a) ps(s (90 V) < pses)(#);
|M0d5(2)(N(s@V¢))| _ Modgs) (~eA~y)| - [Modg(s) (~vp)NModygs) (~9)] < [Modg(s) (~¢)|

31S(2)] - 3lS(&)] 3IS(®)] RIE[]
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[Modg(s) (V)| [Mod g (x)(¢)UMod g sy (¥)] [Mod g (s) ()]
6)1 - 31S(®)] =1- 31S(®)] < 1- 31S(®)]

5. ecru pg(x) (1) = 1, 10 ps(sy (sko)—l 1 pses) (e V o) = 0.
CgoiicTBO BEpHO, ec/i ¢ U 1) He NPUHUMAIOT 3HaueHus 1/2, .e. ¢ =~ ¥ u
OJIHA ABY3Ha4YHbIE.

6. ecn ps(x)(p, 1) = 0, 10 pg(s) (PAY) = pses) (@) 1 prss) (PVY) = pss) (9)-
OueBniHo, Tak Kak u3 pg)(p,¥) =0 CJIe,ZLyeT 910 ¥ = 1.
7. s (P A) = (wb)ﬂts (@ Vab);
|[Modg z)( (erY))] \Mods<z>((~90/\¢)V(<ﬂ/\~w))| [Modg(s) (~(pV))l .
35| 35| 35| ;
[Modss) (~(pAY))|_ [Mods(s) (~(eVe))| _ [Mods(s) ((~pA)V(eA~Y))]
35| 35| 35| )

cJleBa M3 YHUCJIa MOJeJIeil, Ha KOTOPbIX MUCTUHHA (0, WK 1), WX 00€ JIOKHBI,

BBIYUTAETCA YNCJIJIO MO,ILeﬂeI;'I, Ha KOTOpBIX nu QO n @Z) JIOZKHBI. HOJIyqaeTCH quc-

JIO MOﬂeﬂef/’I, Ha KOTOprX HNCTHUHHAa UJIN QD nJim ¢, HO HE 90 AN @ZJ — a 9TO0 U €CTb

CI/IMMeTpI/I'—IeCKaﬂ paSHOCTb, 3alluCaHHadAd CHpaBa.

8. min{pgs) (@), sy ()} > psy(e V) > max{pss (@), s (V) } —
2 (e, ¥) 1 min{us) (@), ps) (V) + ps)(p, ) > pse)(p A ) >

maX{MS(z)(¢)aMS(zl)(¢)}; - ( )‘ ‘ ol )
Mod ~p)NMod ~) Mod ~ Mod (]
a) NS(E)(SO \ 1/)) - 55 ;jS(zn — { 3\55522)” . ) ISS((EE)H }

OYEBUJIHO.
s (o VoY) + ple, ) > max{pss) (@), ps)(¥)} cresa, Bee monen,
KpOMe TeX, TJ¢ ¢ A 1) UCTUHHA, CIPaBa BCE MOJE/IN, KPOME MUHUMAJHLHOIO
U3 MHOXKECTB Mods 2)( ©) 1 Modg(s)(v).
sy (P AY) = ps(z) (@, ¥) — aucio mojesneil Ha KOTOPBIX (0 1 ¢ JIOXKHBI.
D710 YuCI0 He 60JIbHIe gem min{ gy (@), sy (V) }-

stz o A ) 2 maclpis (), s ()} Ovesno
6) aHAJIOTUYHO, C UCHOJIb30BAHIEM CBOUCTB 3,4,7.

13 IIpumepsl kjaacTepusaium (popmyJ

[IycTn 6a3a 3HaHU SKCIIEPTOB COCTOUT U3 TPEX IJEMEHTAPHDBIX BHICKA3bI-
sauuii S(X) = {A, B, C} u ectb yuopsiiouenue sxcuepra: P(A) = 1, P(B) =
2/3,P(C) =1/3.

QDle/\B
QOQZA\/B
p3=A— B
oy =~ A

¢s =B —C
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Y1 P2 ©3 P4 ©s
V1 0,31156 | 0,407573 | 0,67267 | 0,496536
py | 0,31156 0,365195 | 0,55638 | 0,27815
w3 | 0,407573 | 0,365195 0,25600 | 0,26497
w4 | 0,67267 | 0,55638 | 0,25600 0,36348
w5 | 0,496536 | 0,27815 | 0,26497 | 0,36348

¥1 P2 ¥3 Y1 | P5
w|5/911/911/913/9]1/9

Hcnonb3yem o0benHeHNE KIacCTEPOB 110 MeTOLy “OsmzKaiiiero coceja’.
Omucanne agropurma: [IpuMennM mepapXmdecKuil aJrOpuTM KJiacTepu3a-
MM K HEKOTOpOil rpyiie n BbiCKasbiBaHuit. CHaga/a cauTaeMm, 9TO y HAC
ecTh n Kiacrepos. [locTpoum MaTpuily paccTOSHMI JJIsd TPYIIILI U3 N BbI-
CKa3bIBAHUIL, TIOTOM BBIJICJTUM HAUMEHBIIIEE PACCTOSHIE MEXKIY (POpMy/IaMu
i U@ , 1 00beuHIM (POPMYJIBI @; U (; B OJUH KJacTep. 3aTeM IepecunTa-
eM MaTPWUILy pacCTOSHUI Jijist y2Ke n — | BhICKa3bIBaHUsI, U OyIeM MTOBTOPATH
JIEHCTBUS JI0 TeX IMOP, MTOKa BCe BBICKA3BIBAHNA HE OObeTUHATCA B OJINH KJla-
crep. Kiacrepsr OyieM 00beInHATH 10 METO/Ly OJIMKAIIero coceia, To eCTh,
p(@rk, pij) = min{p(pwr, @), p(Pk, ;) }-

Hlar 1: min p(y;, ¢;) = 0,25600 = p(ps, p4). Knacrepsr: 1, 02, @34, s;
Hlar 2: min p(y;, @) = 0,26497 = p(ps4, @5). Kmactepsr: @1, pa, ©345;

Hlar 3: min p(y;, @) = 0,27815 = p(pa, Y345). Kimacrepsr: 1, Yo345;

Hlar 4: min p(p;, ¢;) = 0,31156 = p(p1, Pazas). Kitacrepsr: pia345. B ciyuae,
€CJIU ONTUMAJILHOE YUCJI0 KJIACTEPOB 3apaHee He M3BECTHO, B KAYeCTBE KPU-
Tepusi OCTAHOBKH aJITOPUTMa O0bEINHEHUST MOXKHO B3dTh Mepy HHMOpMa-
THUBHOCTH BBICKa3bIBaHUil. Hampumep, eciin miepes HaTaaoM KJIaCTEPU3AINN
3aJ1aTh MAKCHUMAJIBHYIO JIOIYCTUMYIO PA3HUILY MEXK/Ly MepaMi HH(POPMATUB-
HOCTH 3JIEMEHTOB OJIHOI'O KJIACTEPA, TO AJTOPUTM OYIET IMPOAOJIKATHCA 10
JIOCTUZKEHIS 9TOI0 3HAYEHMUS.

Ha mrare 1 makcumasibHasi pa3HUIA MeXK/1y MepaMu nHMOOPMATUBHOCTH O/I-
HOTO KJIaCTepa:

max || (i), ;) || = 2/9; na mare 2: 2/9; na mare 3: 2/9; na mare 4: 4/9.
Takum 06pasoM, ecjii MbI 38/13/IMM MaKCHMaJIbHOE 3HAYeHNe PA3HOCTU Mep
nHGOPMATUBHOCTH OJTHOTO KJIACTepa paBHoe 2/9, TO aJropuT™M OCTAHOBUTCS
[I0CJIe TIEPBOIO MIAra, W PEe3yJIbTaTOM OYIAYT KJIACTEPhI (1, Vs, (P34, P5. Ecin
3a1aJuM 3/9, TO Pe3yJIbTaT 1, Pa345. Eeim 4/9, TO p12345-

[IycTs HAM HaJIO0 Pa30UTh MHOYXKECTBO HAINMMX (DOPMYJI Ha OIpEJIeICHHOE
YUCJIO0 KJIACTEPOB, JOIMYCTUM Ha 2:

BosbMeM popMyIIbl, paccTosiHIE MEXK Ly KOTOPBIMI MaKCUMAaJIbHOE: B HAIIEM
ciydae 910 @1 u @y , p(p1,4) = 0,67267. Jloruano Gyjer moMecTuTb U
dopmysibl B pa3uble KiaacTepbl. MckaTh pazbuenue Ha 2 KjiacTepa OyaeM Tak:
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JIUISE KaxKJIOrO 3/IeMeHTa HailjieM O/riKaiiiiero cocesia u3 Tex BbICKA3bIBAHUIA,
KOTOPBIE YK€ MPUIIUCAHBI K KAKOMY-HUOY/Ib KJIACTEpY, ¥ IPUIIHIIEM €ro K
TOMY K€ KJIacTepy.

[MTar 1: min p(pq, ;) = 0,31156 = p(pa, p1). Kitacrepsr: @19, p4;

[Tar 2: min p(ps, ;) = 0,25600 = p(vs, p4). Kiacrepbr: v12, @345

HTar 3: min p(vs, ;) = 0,26497 = p(vs, p3). Kimactepsr: @19, ©345;
[Momyaaem 2 kinacca Ky = {1, 02}, Ko = {3, 04, 05}

14 3akJjrodyeHue

Bo BBeiennn npuBoIsATCH pa3IMIHbIE TIOIX0/IbI B U3y YeHUN (POPMYJT MHO-
rosHadHoil jsiorukn JIykacesmda. PesyiapraroMm pabors! sisgercsa Teopema 7
0 METPUKE C YIECTOM YHOPSTOUCHUsT 9JIEMEHTAPHDBIX BHICKA3BIBAHUIN KK THIM
9KCIIEPTOM, U3YUEeHHAs aBTOPOM paHee B KJIacCHIecKoM ciiydae u Teopema 11
0 METPUKE, IMOCTPOEHHO ¢ MOMOIIBI0 cTereHn pasdopoca. [IpuBenensr mnpu-
MEPHBI C MOICIETOM PACCTOSTHAN MKy (POPMY/IaMU, CBU/IETEILCTBYIONINE O
HOBH3HE METPUKH, U TpuBejieHa Teopema 15 0 mocTpoeHrn HOBOM (KOJIJIEK-
TUBHON) METPUKH TI0 yKe MMEIOIUMCs. BBeIeHbl Mepbl HMDOPMATHBHOCTH
u HejocToBepHocTH U Teopema 17, ykasbIBalolias Ha CBOWCTBA 9THX Mep.
[IpuBeieHbI AJITOPUTMBI KJIACTEPU3AINE MHOIMO3HAYHBIX (DOPMYJI IIPU IIOMO-
I BBEJICHHBIX PACCTOAHUN W IPUMEPHI.
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Abstracts

S. G. Afanasyeva. Algebraic sets in divisible 2-rigid group.
We give a description of finite unions of special irreducible algebraic sets
in a divisible 2-rigid group such that these unions are algebraic.

K. Ahmadidelir. Non-associating graph of a finite Moufang loop and
its relationship with the non-commuting graph.

The non-commuting graph associated to a non-abelian group G is a
graph with vertex set G\ Z(G) where distinct non-central elements z and
y of G are joined by an edge iff zy # yx. The non-commuting graph of a
non-abelian finite group has received some attention in existing literature.
Recently, many authors have studied the non-commuting graph associated
to a non-abelian group. They have shown that some classes of groups can be
characterized (or at least order characterized) with non-commuting graphs.
Specially, Woldar has proved that all finite non-abelian simple groups can
be characterized with their non-commuting graphs.

Also, the author has defined the same concept for a finite non-
commutative Moufang loop M and tried to characterize some finite non-
commutative Moufang loops with their non-commuting graph and obtained
some results related to the non-commuting graph of a finite non-commutative
Moufang loop.

In this paper, we are going to associate a new graph to a finite non-
associative Moufang loop and call it non-associating graph of this loop and
try to derive its important and interesting graph properties and then to
determine its relationship with its non-commuting graph. We define this
graph as follows. Let M be a non-associative Moufang loop with nucleus
N(M). The non-associating graph associated to M is a graph with vertex
set M \ N (M) where distinct non-nuclear elements x and y of M are joined
by an edge iff for some z ¢ M we have [z,y, z] # 1.

S.S. Baizhanov, B.Sh. Kulpeshov. On expansions of models of 1-
indiscernible countably categorical weakly o-minimal theories.

We find necessary and sufficient conditions for an 1-indiscernible
countably categorical weakly o-minimal structure of convexity rank 1 or 2 at
expanding by an equivalence relation partitioning the universe into infinitely
many infinite convex classes to preserve both countable categoricity and
weak o-minimality.

O. V. Bryukhanov. On ascending HN N -extensions of polycyclic-by-
finite groups..

184
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It is proven a holomorph of a poly-ascending H N N-extension of a
polycyclic-by-finite group is isomorphically represented by matrices of finite
size over field of rational numbers.

D.Y. Emelyanov. Algebras of binary isolating formulas for simplex
theories.
Algebras of binary isolating formulas for simplex theories are described.

E. V. Grachev, A. M. Popova. Factorization problem of integral group
rings of finite groups automorphisms.

We present the factorization of integer group rings of finite groups. The
proposed factorization differs from the Zassenhaus factorization.

Y. Kiouvrekis. Agent-behavior system: An introduction to a topological
approach.

In this paper, we give a first definition about stable behavior through
topological approach using coalgebraic tools and notions. Also, we argue that
it is important to develop syntax and semantics of modal logics for reasoning
about multiple parties, creating a map of formal verification projects on
Digital Currency field and templates and languages which are suitable for
formal verification.

M. G. Peretyat’kin. First-order combinatorics and a definition to
the concept of a model-theoretic property with demonstration of possible
applications.

The work is devoted to the first-order combinatorics presenting a
conceptual foundation for investigations concerned the expressive power of
predicate logic. We give a definition to the concept of a model-theoretic
property, and specify in detail the pragmatic approach that turns out to be
the most adequate to the real practice of investigations in model theory.

N. A. Peryazev, 1. K. Sharankhaev. Algebras of multioperations.
Ratios between superclones and algebras of n-seater multioperations are
considered.

A.G.Pinus. On restrictedly generated congruences and Skolem
restricted extensions of theories.

Universal equivalence for lattices of restrictedly generated congruences
and lattices of all congruences of algebras and an analogous result for lattices
of Skolem-restricted extensions of theories and lattices of all extensions of
elementary theories are proved.
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A. G.Pinus. Fragments of functional clones as a method of studying the
latter ones.
There is a review of the author’s results on fragments of functional
clones.

L. V.Ryabets, M.I. Goncharova. About E-precomplete Classes of
Hyperfunctions on Three-Element Set.

In this work, we consider the closure operator with the equality predicate
branching (E-operator) on the set of hyperfunctions on three-element set.
With respect to this operator six closed classes of hyperfunctions are
generated. It is shown that these classes are precomplete.

M. Shahryari. A new characterization of q.-compact algebras.
In this note, we give a new characterization for an algebra to be q,-
compact in terms of super-product operations on the lattice of congruences
of the relative free algebra.

S. V. Sudoplatov. Classification of countable models of complete
theories: popular and philosophical aspects.

We consider main notions and steps related to the classification of
countable models of complete theories. These objects are represented and
illustrated within popular and philosophical viewpoints.

E.I. Timoshenko. On formulas on soluble and nilpotent groups.

Let G be the free group F' of rank 2 or the free metabelian group M of
rank 2 and P the set of all primitive elements of G. First, there is a countable
set of I-formulas defining the set P however no finite part of these formulas
defines P. Secondly, two elements of the commutant [M, M| are conjugate by
some automorphism of M iff they satisfy the same J-formulas. Thirdly, free
nilpotent groups of finite rank are homogeneous and partially commutative
nilpotent groups are ) A-groups.

A.A.Vikent’ev. New model distances on logical sentences used expert
interpretations formulas of many-valued Lukasiewicz’s logic for collective
clustering of formulas from the knowledge base.

New model distances on logical sentences used expert interpretations
for formulas of many-valued Lukasiewicz’s logic for collective clustering of
formulas from the knowledge base are considered.



CONTENTS 187

Contents
Introduction.........cooiiiiiii i i i i 3
School Program ...........ciiiuiiiiiiiniiiinnennnnennnnnns 4
75th anniversary of Professor V. M. Kopytov (Russian)....... 9
75th anniversary of Professor V.M. Kopytov (English)....... 13
70th anniversary of Professor A.G.Pinus (Russian).......... 17
70th anniversary of Professor A.G.Pinus (English) .......... 20
S. G. Afanasyeva, Algebraic sets in divisible 2-rigid group .......... 22
K. Ahmadidelir, Non-associating graph of a finite Moufang loop and
its relationship with the non-commuting graph .......oovevveeen. 28
S.S. Baizhanov, B. Sh. Kulpeshov, On expansions of models of 1-
wndiscernible countably categorical weakly o-minimal theories. ... .. 50
O. V. Bryukhanov, On ascending HN N -extensions of polycyclic-by-
JINTEE GrouUPS. « v v v v v ettt e e e e e e e e 60
D.Y. Emelyanov, Algebras of binary isolating formulas for simplex
T . 66
E. V. Grachev, A. M. Popova, Factorization problem of integral group
rings of finite groups automorphisms .....oveviii it 75
Y. Kiouvrekis, Agent-behavior system: An introduction to a topological
0 00 e 81

M. G. Peretyat’kin, First-order combinatorics and a definition to the
concept of a model-theoretic property with demonstration of possible
APPLLCATIONS « v v vt et ettt ettt eeneeneeneeeneeneensanas 86

N. A. Peryazev, I. K. Sharankhaev, Algebras of multioperations. .. 102

A.G.Pinus, On restrictedly generated congruences and Skolem

restricted extensions Of theoTies « v v et et e e eeneneenennnn 112
A. G. Pinus, Fragments of functional clones as a method of studying the

2 2 P 118
L. V.Ryabets, M.I. Goncharova, About E-precomplete Classes of

Hyperfunctions on Three-Element Set......covvviiiiiiiiiiinan. 130
M. Shahryari, A new characterization of q,-compact algebras. ...... 134
S. V. Sudoplatov, Classification of countable models of complete

theories: popular and philosophical aspects........coveeeeeeeenn.. 141
E.I. Timoshenko, On formulas on soluble and nilpotent groups. . ... 154

A. A. Vikent’ev, New model distances on logical sentences used expert
interpretations formulas of many-valued Lukasiewicz’s logic for
collective clustering of formulas from the knowledge base ......... 162

AbStracts. . ..ot e e et e e e 184



ALGEBRA AND MODEL THEORY 11

Collection of papers

Edited by A. G. Pinus, E. N. Poroshenko,
S. V. Sudoplatov, E. I. Timoshenko

Hanorosas aprora — Obmepoccuiickuii KiaaccuduKaTop MpoJLyKIUN.

Usnanue coorsercrByer Komy 95 3000 OK 005-93 (OKII)

Ioanucano x neuaru 10.11.2017. ®opmar 70 x 108 1/16. Bymara odcernast
Tupax 140 sx3. Ya.-uzz. j. 16,45. Ileq. j. 11,75. Usm. Ne159. 3akaz Ne2066.

Ornegarano B Tunorpadun
HoBocubupckoro rocy1apcTBEHHOTO TEXHUIECKOTO YHUBEPCUTETA

630073, r. HoBocubupck, mp. K. Mapxkca, 20



