Novosibirsk State Technical University

Algebra
and Model Theory &

Collection of papers
edited by A.G. Pinus, K.N. Ponomarev,
S.V. Sudoplatov and E.I. Timoshenko

Novosibirsk
2011



512(06)

Algebra and Model Theory. Collection of papers. Edited by A.G. Pinus,
K.N. Ponomarev, S.V. Sudoplatov and E.I. Timoshenko. Novosibirsk State
Technical University, 2011. — 142 p.

ISBN 5-7782-0175-3

The papers in this book are devoted to some problems of algebra and
model theory.

Technical editor I.D. Chernykh.

(© Novosibirsk State Technical University



INTRODUCTION 3

Introduction

Algebra and Model Theory 8

The 9th International Summer School “Problems Allied to Universal
Algebra and Model Theory — Erlagol 2011”7 was held on 22-28 of June
2011 in the camping center “Erlagol” in Altai mountains. The School was
organized by Algebra and Mathematical Logic chair of Novosibirsk State
Technical University (NSTU) and by Sobolev Institute of Mathematics SB
RAS. Professors Viktor D. Mazurov, Aleksandr G. Pinus, and Evgeniy I.
Timoshenko were the chairmen of Organizing Committee of School. Profes-
sors Aleksandr V. Mikhalev, Evgeniy A. Palyutin, Konstantin N. Ponoma-
ryov, Vladimir N. Remeslennikov, Vitaliy A. Roman’kov, Sergey V. Su-
doplatov, and Associate Prof. Evgenii N. Poroshenko were the members
of of Organizing Committee. Six two-four-hours talks were presented in
the School: “Foundations of Algebraic Geometry of Universal Algebra” (by
Vladimir N. Remeslennikov — Evelina Yu. Daniyarova, Boris I. Plotkin —
Eugene B. Plotkin — Elena V. Aladova, Aleksandr G. Pinus) and “Ele-
mentary and Universal Theories of Groups” (by Elena I. Bunina, Vladimir
N. Remeslennikov, Vitaliy A. Roman’kov, Evgeniy I. Timoshenko). It was
proposed ten plenary talks and many short reports in two sections “Universal
Algebra and Model Theory” and “Groups and Others Classical Algebras”.

The School was supported by REFBR (grant N 11-01-06028) and by grant
of NSTU, having a special purpose.

The Collection of Papers is composed by some articles of the participants
of School, being connected with the subject of School.

The compliers thank Dean of Faculty for External Education of NSTU,
Professor Zoya S. Temlyakova for financial support of this edition.
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92 Tnternational Summer School-Conference
“PROBLEMS ALLIED TO UNIVERSAL ALGEBRA
AND MODEL THEORY”

(June, 23-28)

June, 23.
Plenary talks and lectures. Chairman Vitaly Roman’kov

V.D. Mazurov (Novosibirsk, Russia).

(Classification of Finite Simple Groups: a Theorem or Still a Conjunc-
ture.

V.N. Remeslennikov, E. Y. Daniyarova (Omsk, Russia).

Universal Algebraic Geometry.

V.M. Kopytov (Novosibirsk, Russia).
On Groups of Finite Malcev Rank.

Chairman Alexander Chekhonadskih

V. A. Churkin (Novosibirsk, Russia).

Polar Decomposition of Operators in Minkovski Spaces.

A.T. Nurtazin (Almaty, Kazakhstan).
Existentially and Positively Existentially Closed Models.

Short Talks
Section 1. Chairman Alexander Chekhonadskih

A. A. Kuznetsov (Krasnoyarsk, Russia).
On Centralizers of Automorphisms of Burnside group By(2,5).

M. V. Kotov (Omsk, Russia).
Algebraic Geometry over Some Topological Algebras.
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Section 2. Chairman Fedor Dudkin

A. M. Popova (Novosibirsk, Russia).

On a Zassenhaus Problem.

E. V. Grachev, A. M. Popova (Novosibirsk, Russia).
Automorphisms of the Group of Units of the Group Ring ZAs.

June, 24
Plenary talks and lectures. Chairman Sergey Sudoplatov

V. A. Roman’kov (Omsk, Russia).

Random Equations in Groups (a lecture from the series “Elementary
and Universal Properties of Groups”).

B.S. Baizhanov (Almaty, Kazakhstan).
Non-Orthogonality of 1-types in Ordered Structures.

E. Casanovas (Barcelona, Spain).
On Finitary Hyperimaginaries.
Chairman Valeriy Churkin

A. G. Pinus (Nowosibirsk, Russia).

Algebraic and Logic Geometry of Universal Algebras. Unified Appro-
ach (a lecture from “Fundamentals of Algebraic and Logic Geometry
of Universal Algebras”).

Short Talks
Section 1. Chairman Evgeny Poroshenko

A.V. Chekhonadskih (Nowosibirsk, Russia).

Extreme Replacements of the Poles of Control Systems with a Small
Number of Parameters.

S.I. Mardaev (Nowosibirsk, Russia).

Properties of Model Formulae Transferable from the Original Formula
to the Formulae that Define the Least Fixed Point.
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Section 2. Chairman Valeriy Churkin

D. A. Zubko (Moscow, Russia).
Elementary Definability of Linear Groups in the Class of All Groups.

F. A. Dudkin (Novosibirsk, Russia).

On the Abstract Commensurator of Baumslag—Soliter Groups.
June, 25
Plenary talks and lectures. Chairman Bektur Baizhanov
B. Poizat (Lyon, France).
Equationnally minimal groups

E.I. Timoshenko (Novosibirsk, Russia).

Universal Theories of Partially Commutative Metabelian Groups (a
lecture from the series “Elementary and Universal Properties of Gro-

ups”).

S. V. Sudoplatov (Novosibirsk, Russia).

On Classification of Countable Models of Complete Theories.
June, 26

Plenary talks and lectures. Chairman Alexander Pinus

V.N. Remeslennikov (Omsk, Russia).).

Elementary Equivalence of Nilpotent Groups And Algebras (a lecture
from the series “Elementary and Universal Properties of Groups”).

E.I. Bunina (Moscow, Russia).

Elementary Properties of Chevalley Groups (a lecture from the series
“Elementary and Universal Properties of Groups”).

Short Talks
Section 1. Chairman Oleg Bryukhanov
A. Kungozhin (Almaty, Kazakhstan).

Positively Existentially-Closed and Maximal Models in h-universal
Axiomatizable Theories.
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A. A. Mishchenko (Omsk, Russia).

Universal Equivalence of Partially commutative Nilpotent R-groups.

A.V. Treyer (Omsk, Russia).
Automorphisms of Partially Commutative Nilpotent R-groups.

M. A. Roizner (Moscow, Russia).

Elementary Equivalence of the Automorphism for Abelian p-groups.

D.Y. Vlasov (Novosibirsk, Russia).

Definitial Axiomatic Extensions of Formal Calculi.
Section 2. Chairman Alexander Pozhidaev

E. N. Poroshenko (Novosibirsk, Russia).

Bases of Partially Commutative Lie algebras.

A. S. Krivonogov (Novosibirsk, Russia).

On a proportion of Matrices with Real Spectrum in Finitely Dimensi-
onal Real Lie Algebras.

D.I. Ozornin (Moscow, Russia).

Equivalence of Abelian Groups in the Second Order Logic

A. Borodin (Gorno-Altaysk, Russia).
2-structure of rank 3. Algebraic Approach

June, 27
Plenary talks and lectures. Chairwoman Elena Bunina

E. Aladova, B. 1. Plotkin, E. Plotkin ( Bar Ilan, Israeli).

Algebraic Logic and Logical Geometry of Universal Algebras (a lecture
from “Fundamentals of Algebraic and Logic Geometry of Universal
Algebras”).

A.N. Koryukin ( Novosibirsk, Russia).

Root Systems, Reduced Words and Complete Relation Systems in Lie
Algebras A}, B, CF, D
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Short Talks
Section 1. Chairwoman Asya Popova

V. V. Lodeyschikova (Barnaul, Russia).
On Levi Quasivarieties Generated by Nilpotent Groups.

R. A. Popkov (Novosibirsk, Russia).

(Classification of Countable Models of Complete Theories of Unary
Predicates with Permutations of Bounded Orders.

A. Simonov (Novosibirsk, Russia).

On Right Neardomains.
A.N. Shevlyakov (Omsk, Russia).

Algebraic Geometry over Boolean algebras.

K. A. Baykalova (Nowosibirsk, Russia).

Limit Models of the Theories of Graphs with Uniform Finite Separa-
bility and Abelian Groups.

Section 2. Chairman Valeriy Kopytov

P. P. Semenov (Moscow, Russia).

Automorphisms, Endomorphisms, and Elementary Equivalence of se-
migroups of invertible non-negative matrices.

A.P. Pozhidaev (Nowosibirsk, Russia).
On Rota—Baxter Algebras.

M. A. Zvezdina (Novosibirsk, Russia).

On coincidence of Graphs of Alternating Groups.

N. V. Bayanova (Barnaul, Russia).

Weak Identities in Discriminated. L-groups.



[IPEJEJIBHBIE MOJIEJIT TEOPUN
ABEJIEBDBIX I'PVYIIII

K.A. Baiikajgosa*

HoBocubupckuii rocyiapcTBEHHbBIN yHUBEPCUTET,
ya. ITuporosa, 2, Hoocubupck, 630090, Poccust

e-mail: bkristina@bk.ru

B kuure [1| npusenena kiaccudukaiys Teopuii abeeBbIX TPYIIT 110 WH-
BapuanTaM [IImeseBoit. B nacrosimeit pabore na ocnose uaBapuanTon [1Ime-
JIEBOI YCTaHABINBACTCS KPUTEPHUIl MAJIOCTH TIOJTHOM Teopun abeseBoil rpyii-
I1bI, JIJIS MAJIbIX TEOPHUil adeIeBhIX I'PYIII JTOKA3BIBAIOTCS JTOCTATOUHbBIE YCJIO-
BUsl OTCYTCTBUsI, €IMHCTBEHHOCTH W OECKOHEYHOI'O UHMCJIa IIPEJIETbHBIX MO-
JIeJIE.

[MocaenoBarenbaoctb Mogiesiedi (M, )pe, HA3BIBACTCA AEMEHMAPHOT Ue-
nwto, ecu M, < M, 1 7171d Bcex n € w.

Hanmomuum [2], uro mogesns M HasbiBaercs npedeavhoti, ecau M He siB-
JIFeTCs MPOCTOI MOJIEIbI0 HU HaJl KakuM Koprexkom u M = |J M, s

new

HEKOTOPO 3eMeHTapHOil nerut (M, )pe, TPOCTBIX MOJE/EH HAJT HEKOTOPBI-
MU KOPTEXKAMHU.

Yepes Q Oyzem 0603HAYATE 8 IUTUBHYIO TPYIIITY PAIHOHAILHBIX TUCEII,
Z(p") — IUKJINYECKYIO TPYHIy Hopsaka p", R, — IPYIIy HeCOKPATHMBIX
JIpobeii co B3aUMHO IPOCTBIM € p 3HaMeHaTesieM, Z(p™) — rpyIiry Bcex KOM-
IUIEKCHBIX KopHeil u3 1 cremenu p" jyua scex n > 1. Ipymmer Q, Z(p™), R,
Z(p™) Ha3bIBAIOTCA OA3UCHBIMU.

Usgecrtno [1], ato mobast abenesa rpynma A sj1eMeHTaApHO SKBUBAJCHTHA
rpymie @,.,Z(p") ) @ @,Z(p>) %) @ @pR,(ﬂp) & Q©). Baecw p - mpocroe
IUCIIO, Qpp, By, Vp, € - BHBapuanTs! [lIMeneBoit u oy, p, By, 7p DUKCHPOBAHDBI
JJIsL KazKJ0M KOHKPETHOI Teopuu.

UsgectHo [1, uro sobast dpopmyaa Teopun abeseBoil IpyIiibl SKBUBa-
JIeHTHa Oys1eBOifl KOMOMHAIIMK TTO3UTUBHO MPUMHUTUBHBIX (POPMYJI, a Jrrobas
[MO3UTUBHO IPUMUTUBHAs (hOPMYJIa SKBUBAJIEHTHA OTHOCUTEIHHO TEOPHH abe-

n n
JIEBBIX IPYTII KOHBIOHKIUN hopmysT Bujia g > mx; ~ pFogn Y myz; ~ 0,
i=1 i=1

*Pabora Bbinosnena npu dunancosoit nmomuepxkke Cosera 1mo rpanrtam IIpesmgenta
P® g nommep:kku Benymux HaydHbIX KO, npoekT HITI-3669.2010.1.
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rne m; € 4, k € w, p - IpoCTOE YHUCJIO.

Teopema 1. IToanas meopus abeaesots epynnove A masa moz2da u MoAbKO
mozda, Kozda mmoocecmeo {p | Inay, ,(A) # 0V 5,(A) # 0} wonewno.

n
Hokazaresnbcrso. Gopmyiisl Buja » | m;x; ~ 0 “roopst” o JuHeiHOH 3a-

BUCHMOCTH /I HE3ABHCHMOCTH 3/eMOHTOB & H MAJIOCTH TEOPHUU HAPYIIHUTh
HEe MOT'YT, TaK KakK JAal0T TOJBLKO CIETHOE YHCI0 KOMOMHAIIMIA.

Ecm mmoxecrso {p | Ina, ,(A) # 0V 5,(A) # 0} 6eckometno, nponyme-
pyeM Bce ero seMeHThl. st Kaxoro cjiosa € B aidasure {0, 1} mocrpoum
dbopmyity () no crenyromemy npasuiy: ¢g(x) = (x ~ x). Ecin jymnHa €
paBHa n, dhopmyia p.(x) yxe mocrpoena, To @.o(x) = p-(x) A Jy(py =~ z),
ve1(z) = pe(x) A -Jy(py =~ ), Tie p - TpocToe UncJao ¢ HOMEpoM 1 + 1.
Hna xaxgoro § € {0, 1}* muoxkecrBo dopmyrn S5 = {¢.(z) | € — Koneu-
HBIl HAYAJIbHBIH 0Tpe30K d} coBmectHo. Ecmm 6 # ¢, 1o MmuO)KecTBO S5 U Sy
HecoBMecTHO. TakuMm 06pa3oM 1JIst pa3HbIX § MHOKeCTBa S5 OYAyT pasHbIMU
tuntamu. Beero takux § Oyzer 2¢. 3naunt, umeercs 2“ THUIOB.

Eciu muoxecrso {p | Ina,,(A) # 0V B,(A) # 0} xomeuno, dopmyIist

n
Buga drg Y. mr; ~ pFrg ToXkKe HaJyT TOJLKO KOHEYHOEe HYUCJI0 KOMOWHA-
nuit. U =

B kaure [3] mpuBejieH KpuTepuit w-KaTErOpUIHOCTH HOJIHO Teopun abe-
JICBOI I'DYIIBLI Ha S3bIKE MOPSAIKOB 3JEMEHTOB. TakK KakK w-KaTeropudHas
TeOpHsl He MMeeT INPeJeIbHBIX MOJIe/Iel, STOT KPUTEPHii MPeJCTABIAET CO-
6ol XapaKTepHU3aIio OTCYTCTBUA MPEIEIbHBIX MOJIEJIEl.

Teopema 2. Ecau T — noanas meopus abesesoti epynnoe A, mo meo-
pus T w-kamezopuyuna (u e umeem npedeavuix modeseti) mozda u MoAbKo
moeada, Ko2da NOPAIKU SNEMEHMOE U3 A 02PaAHUYEHDL 68 COBOKYNHOCTNU.

Jokazareabcrio. [lycTh mopsiiku 3/1eMeHTOB U3 A orpaHndeHbl HEKOTO-

n n

poiM ancsiom n. Kosmaecerso dopmyn uya 3xg > myz; ~ pFarou Y myz; ~0,
i=1 i=1

B KOTOPBIX BCe KO3(DMUIMEHTHI 10 MOJLYJIIO He IPEBOCXOAAT 1, KOHedHO. TuIl

JIIOOOTO KOPTEXKa OIHUCHhIBACTCA OY/IeBOil KOMOMHAIMEH TuX (opMys, Tak
Kak popMysbl ¢ KoddduimeHTamMu, OOJIBIMTUME TOPAIKOB 3JIEMEHTOB 3TOT'O
KOPTEXKa, BHIBOJAATCA U3 (DOpMYJI, KOIDDUIMEHTH KOTOPBIX HE ITPEBOCXO/IAT
MOPSIKOB 3JIeMeHTOB. Takum ob6pa3om, THUIl JTI0OOr0 dj1eMenTa Oy/IeT IiiaB-
HbIM. A 3Ha4UT, Teopusi T w-KaTeropuyiHa u HE UMEET IIPE/IETbHBIX MOJIE/IEH.

Ecmn mopsigkm ssiemenTtoB m3 A He orpaHWYeHbBI, TO 10 TeOpeMe KOM-
IMAKTHOCTH Hafijercd Mojeab Teopun 1, cojepzkaiias 3JIEMEHT OeCKOHeU-
HOTO TOpsiaKa. THI 3TOro sjeMeHTa HEU30JIMPOBaH, 3HAYUT, Teopus 1 He
w-Kareropu4dna. 0O
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Jlemma. I[Tycmo A — abenesa epynna u e(A) # 0. Toeda A < Ad Q.

HokazarenbcrBo. Pacemorpum muO)KecTBO p(), coctosiiee u3 hopmyt
-nr ~ 0, Jy(x = ny), nx =~ a gg Bcex n € w \ {0} u Bcex a € A.
Tak kak €(A) # 0, HOPSJIKKA SI€MEHTOB IPyNIbl A HEOrpaHWYCHBI, a 3Ha-
YUT, MHOXKECTBO Bcex opmys Bujta —nz ~ (0 JIOKaJIbHO coBMecTHO. Tak
KaK TOPSAJIKA 3JIEMEHTOB HEOI'DAHUYEHDI, JIIsd JIIOOBIX HATYPAJbHBIX UUCET

ni,No, ..., N, HalieTcsa 3jeMeHT a € A, TOPSI0K KOTOPOTo OyiaeT OoJbIIe,
YEM NqNg . . . N, U IIEMEHT 11Ny . . . NG OYJIET JETUTHCA HA KayKJI0€ U3 THCeT
N1,Ma, ..., Nk, TO €CTh MHOXKECTBO Bcex dhopmyit Buja Jy(x ~ ny), -nx ~ 0

JIOKAJIbHO COBMECTHO. A 3HAYWT, U BCe MHOXKECTBO P(Z) JIOKAJIBHO COBMECT-
Ho. CutejloBaresibHO, p(x) — TUII HaJi MHOXKECTBOM A U CyIecTByeT TpyIia
B > A, B KOTOpPOIi TOT TUN peasusyercs. JIwobas peanuzarus Tuna p(x)
nopoxkaer rpymny Q, re. A® Q' < B, e Q' = Q.

Ocrasock jokazarh, 910 A < A @ Q'. Jlj1st 5T0Or0 JOCTATOYHO MOKA3aTh,

970 Jyist J11060i bopmyiibt ¢(xg, T) u Jao6oro Koprexka a = (ay, ..., a,) € A,
ecin A @ Q' E Jxop(wo, @), To Hallnércsa smement ag € A, Takoit yro A =
o(ap,a).

Tak Kak A u A® Q' — abesieBbl rpyIIIIbl, TO MOXKHO CIUTATH, qT0 o(T9,T)
IMeeT BUJL Z mr; ~ phag. yers A ® Q' | 3wop(xg,a). Torna Z mia; =

a€Aun A 63 Q’ = Jzo(a ~ pFag). Buauut, naiiiéresa snement ag E Ao Q
JIJI KOTOPOT'O BEPHO a =~ pkao. Tak kak a € A, Touag € A. O

CaencrBue 1. Ecau T — noanas meopus abeaesoti epynnu, A, mo meo-
pus T w-kamezopuwna mozda u moavko moezda, xozda €(A) = 0.

Hokazaresnbcro. M3sectHo [1], aTo ecom st abesieBoii rpynsl A nHBa-
puant [TmesneBoii £(A) = 0, 10 Jj1st 0600 MPOCTOrO YUCIA, P BBIIOJIHAETCS
Bp(A) = p(A) = 0 u muoxkectso {(p,n) | o pn) # 0} Komeuno. A 3uauwur,
HOPSIJIKU 3JIEMEHTOB TPYIIbl A OrpaHrYeHbl B COBOKYITHOCTH U 110 TEOPEME
2 teopus T w-kareropuuna. Ecmm e(A) # 0, To mo temme A < A Q, a 3Ha-
qut, B Mojiesin A @ Q Teopun T Haiijercss 37eMeHT OECKOHETHOTO TOPSIIKA,
" 1o TeopeMme 2 Tteopus 1’ He w-KareropumdHa. O

Teopema 3. Ecau T — manasa meopus abeaesoti epynnvt A, nopadku
anemMenmos u3 A we ozpanurMervl, 0Af Kascdo2o0 Npocmozo p UHEAPUGHIYL
Bp(A) uvp(A) Koreurnv, u arobas modeav meopuu T' npedcmasasemea 6 eude
NPAMOT CYMMbL 0A3UCHBLT 2DYNN, MO NPEICALHAA MOOEAD eOUHCMBEHNE.

JokazarenscrBo. Ilo yemosuio yobast mogens A’ reopun T’ npejcraBiis-
€TCd B BUJE

A= @me(p”)(ap,n) D @pZ(pOO)(’BP) D @pngp) o Q(E)
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Tak Kak mopsJKd 37aeMeHToB Heorpanmdensl, To £(A) # 0. Torma mo
aemmve A <A@ Q. Tak kak s KaxKJI0r0 IPOCTOro p MHBapuantTel [,(A)
1 Y,(A) KOHEUHBI, 9TO Oy/IeT €IUMHCTBEHHBIM CIIOCOOOM PACIINPEHHS MOJIE/IH
Teopun 1.

[Iycts Ay — mpocras momens Teopun 1. Torma Ag < Ag @ Q u Moxkem
pacHIupsTh TaK CKOJILKO yrojHO pa3. Ha koHedHoMm 1mare OyIeT mo/IydaTbest
IpocTas HaJl KOPTEXKOM MOJIe/Ib, a Ha OECKOHEYHOM — IpejiesibHasd. Takum
obpazoM, TpejieTbHast MOJe/b eUHCTBeHHa, [

Hanomuum [4], aro rpynna G HasblBaeTCs noAHOU WIH 0eAuMOTl, e
JUts JTI000T0 HATYpasibHOro n > 0 u goboro g € G ypaBHeHHE NT = g UMEET
B rpyie G XoTst Obl OJUH KOPEHb.

CaencrBue 2. Fcau T — manas meopus noanoti abeaesots epynnv, A,
NoOpPAOKU IAEMEHMOE KOMOPOT He 02PAHUMEHD, U OAA KadHcI020 NPOCMO20 P
unsapuanmos ,(A) Konewnv, mo meopusa T umeem edurncmeernnyro npe-
deavHnyro Modeas.

Hokazarenbcrso. [To Teopeme 9.1.6 u3 [4] mobast HenyeBast mosHast abe-
JieBa TPYIIa PacK/aJblBaeTcs B npsaMyo cymmy rpymin Q u Z(p™), O6bITh
MOZKET, [0 Pa3HbIM IPOCTHIM dnciaaM p. A suaunt, v,(A) = 0, u o Teopeme
3 mpejebHas MOJeab Teopun 1 equHCTBeHHA. O

IIpennoxenue. EcauT — manraa meopus abenesoti epynno A u 5,(A) =
W us Yp(A) = w das nexkomopoeo p, mo T umeem beckornewno mHoz0 npe-
denvnvix modeset.

HoxkaszarenscrBo. Ecmn (,(A) = w mmn 7,(A) = w, 10 €(A) # 0 u
pocToil Momesn Teopun 1 MOXKHO J00ABIATH HEOrPAHUYCHHOE KOJIUICCTBO
IpsAMBIX craraeMbix Z(p™), R, u Q, a 970 gaér GeCKOHedHoe 9UCIO IIpe-
JeJIbHBbIX MojeJeii. O

Crmicok amrepaTyphl
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2009. — 336 c.

[3] Mycmagun T. I'., Hypmazambemos T. A. Benerne B pUKIaIHYIO T€O-
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[4] Kapeanoaos M. H., Mepsaaxos FO. H. OcuoBbl Teopun rpymm. — M.:
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TPYIITHI BHEITHUX
ABTOMOP®IN3MOB JIBYX
CBOBOJIHBIX BEPHCAIOBBIX
TPVYIIII

E.B. I'pauges

WNHCcTUTYT HEOPraHUIECKON XUMWM,
up. JlaBpenrnena, 3, HoBocubupck, 630090, Poccus

e-mail: grachev@niic.nsc.ru

0.1 IlocTaHOoBKa 3ajJa4n

[Iycrs G = {ay, a9, . .., a,}-KOHeYHAs I'PYIIIA U ] = € - €JMHUIA TPYII-
ubl. [lycrs rpynmner G 3agana tabmuneir Koo u {g1, go, . .., gx} Takas ee
cucTeMa, IMOPOXKJIAIONINX, JIJIsi KOTOPOW BBINIOJIHAETCs yeaoBue Vi = 2,. ..,k
g ¢ G(g1,...,9i—1). IlycTb KaxKIplil JIeMEHT TPYIIbL a; 3aJaH CJIOBOM
Wi(g1, 92, - - -, gr) OT TOPOKIAIONMIUX JIEMEHTOB. MOXKEM CUUTATE, YTO DJIe-
MeHTBI oArpynnbl (G(g;) 3a/laHbl CJIOBAME TOJIBKO OT (1, 9JIEMEHTBI MO/
rpytibl G(g1, go) 3a/aHbI CJIOBAME TOJIBKO OT (1, gy ¥ T.JI.

Bueknus ¢ : G — G mazbBaercs aBToMopdusMoM rpyiibl G, ecim
Va;,a; € G somosmnsgercs p(a;a;) = ¢(a;)p(a;). ABromopdusM ¢ Has3bIBaeT-
sl BHYTPEHHUM, €CJIM CyMIECTBYET Takoii anement b € G : o(a;) = bab™! na
BCEX 9JIEMEHTOB I'PYIIIbI ;. I pyTiny Bcex aBTroMopdu3MoB rpyiibl G 0603Ha-
anm depe3 Aut(G), moarpyrny BHyTpeHHIX aBToMOpdu3MoB depes Int(G).
[Monrpynma Int(G) sBisiercss HOpMaJbHO# moArpymmoil rpynmsl Aut(G) u
dakrop Aut(G)/Int(G) HasbBaeTCs TPYIIION BHEITHIX aBTOMOPQMU3MOB 1
obosnadaercsa Out(G).

[Iycrs C4,Cy, ..., C, - conpsizkennbie Kiaacchl rpynnbl G u C7 = {e}.
3aMeTuM, 9T0 BCAKUN aBTOMOPMU3M (© 0TOOpaXKaeT MPOU3BOJIbHbBIN COIPS-
JKeHHBII Ki1acce (O Ha HEKOTOPBIi colpszKeHHbIH Kinacc C; 1 TaKIM 00pa3oM
peau3yer 1epecTaHOBKY Ha MHOXKECTBE COIPSIZKEHHBIX KJaccoB. Torma Bos-
HukaeT roMoMopdusm rpymibl Aut((G) Ha IpyIIy MepecTOHOBOK, JIEHCTBY-
IOIYIO HAa MHOXKeCTBe colpsizkeHHbIX KiaccoB Cp,Csy, ... C,.. dapom sToro
romomMopdusma sBisiercst norpynmna H C Aut(G), comepKaiias moarpyiy
BHyTpeHHIX aBromopdusmos Int(G). B manHoit pabore paccMaTpuBalOTCs
asropuTMbl ocrpoenus dakropa Aut(G)/H.

13
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0.2 Ormmcanue ajropurMa

[Iycrs {g1, go, - - -, g} mopoxkpatomue rpymnbl G. Pazobbem sj1eMeHThI
rpynnbl Ha conpsizkeHubie Kjaaccbl Cp,Co, ..., C,.. g KaxKja0ro sjaemMeHTa
IPYIIBL @; BBIYUCUM €ro HOPsIOK 0(a;) U MOPsiZIOK CONPSIZKEHHOIO KJIacca,
B KOTOPOM OH HaxouTcst o' (a;).

Bynem nepebuparh Bce MHbEKTHBHBIE OTOOpazkenus F : g; — g, MOPOXK-
JlatoIuX rpyiis! G, 1jie ¢, - IPOU3BOJILHBIE 3JIEMEHTBI TPYIIIBI, J1J1s KOTOPBIX
o(g;) = o(g:;) m d'(g}) = ' (g;). Ans xaxzgoro cinosa W;(g1, ga, - - - , g) BBIYUC-
M cootBercTByioree citoBo Wi(gl, gb, ..., gi.) I BCEX 9EMEHTOB I'DYIIIIBL.
Torga MbI OJIydYnM TPOJIOJIZKEHNE OTOOpazKenusa F' Ha BCe 3JIEMEHTBHI I'PYTI-
1bl. Ecyim orobpazkenne F' He Guekiusi, To 310 He aBToMopdu3M. MHawe mpo-
BepsieM, Bomosmsercsa au F(ga;) = ¢iF (a;), mai=1,...,k, j=1,...,n.
Ecyin BbITIONIHSIETCS1, TO 0003Ha4YuM ¢ = F', T.K. F' - aBTOMOpP(MOU3M TPYIIIIHI
G. Boraucaus ¢(C1), ¢(Cy), . .., ¢(C,), HOIyIUM HCKOMYIO [IEPECTAHOBKY.

0.3 Bwuemnaune aBTOMOpdU3IMBbI CBOOOIHBIX OepHcaii o0-
BBIX TPYIIII

[Iyctb my,n € N : m > 0,n > 1. CBobomHOII GepHCaiigoBOI IPYyIIIOit
B(m,n) HazbBaercsd rpymia ¢ HOPOXKIAIMMA {g1, g, . - ., §m} U TEHETH-
qeckuM KojioM W™ = e, rje W - IpOu3BOJIBHOE CJIOBO OT IIOPOKJIAIOIINX.
B 1902 Bepncaiijiom ObLI 1TOCTaBIEH BOIPOC IIPU KAKUX M, N TaKas TPy
6yner kouneunoii [1]. [Ipu m = 1 rpymmna B(1,n) = C,. llpu n = 2 rpyn-
na B(m,2) = Cy'. Illpu m > 1,n > 2 rpyuna B(m,n) HEKOMMYTaTHBHA.
K macrosiimeMy BpeMeHH JOKa3aHa KOHEYHOCTb CBOOOIHBLIX GepHCailgoBbIX
rpymm npu n = 3,4,6 mw m > 1. /lo nHacrosmero BpeMeHn He yIaeTcd Ji0-
Ka3aTh KOHEYHOCTh WJIM OECKOHEYHOCTH Ipymibl B(2,5), HecMoTpsi Ha TO,
9TO 3Ta TPYIIA HCCASHLYyeTCs B HECKOJIbKUX KAHIUJIATCKUX M JOKTOPCKUX
JIUCCePTAIUSIX.

Mgt octpomstu rpymity Aut(G)/H miast nByX cBOGOIAHBIX GEpHCANIOBBIX
rpyun B(2,3) u B(2,4). dns srux rpynn H = Int(G) (BbIYUCIEHO € TOMO-
MBI KOMITbIOTEpa aBTopaMu crarbh). Takum obpasom, dbakrop Aut(G)/H
uzomopden rpymie Out(G).

|Out(B(2,3))|=48. I'pynma Out(B(2,3)) MOpoKIaeTcs YeThIPbMST aBTO-
MOpUZMAMHI 1, Pa, 3, P4, I KOTOPBIX @i(a) = a,p1(b) = ab,pa(a) =
a, 902([)) = b27903(a> = CLQ, 903(b> = b7§04(a) = b7 904([)) = a, rle a, b- HOpOK/Ta-
fomue rpymisl B(2,3).

Tabmia XapaxTepoB 9TOM IPYIIILI IPEICTABICHA HUZKE.
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G| ||G]| 4] 6] 8|6 8

IA[2A [2B | 3A [4A |6A | 8A | 8B
vi| 1|11 [1]1]1 1
2| 1|1 -1 1]1]1] -1 -1
xs| 2 [ =210 |-1]0 | 1 |+V2|-v2i
xa| 2 [ 210 [ -1[0 ] 1 |-vV2i| V2
s 2 2]0]-1]2]-1]0 0
xe| 3| 3 [-1]0]-1]0 1
xr| 3] 3] 1]0]-1]0] -1 -1
xs| 4 4] 0] 1]0]-1 0

|Out(B(2,4))|=3072. I'pynna Out(B(2,4)) mopoxKaaeTcs MAThIO aBTO-

MOPUZMAMI 1, P2, 3, Pa, Ps, s KOTOPBIX 1 (a) = a, 1(b) = ab, pa(a) =
a,pa2(b) = 0%, p3(a) = a,p3(b) = bab®, ps(a) = a,ps(b) = b*ab, ps(a) =

b7 125 (b> =

Q.

B rpymme Out(B(2,4)) nmeercss HOpMaJsbHAs MOAIPYIIa H30MOpQHAsT
Fys. Tabauia xapaxTepoB

rpyrme C8. O6o3naunM dhaxTop 1Mo Heil gepes
2

rpynnbl Fyg mnpejcraBieHa HUZKe.

Gl | |Gl | 24 | 24 |12 | 12| 8 | 8 |24 | 24| 8 | 24| 12| 12 | 12

TA | 2A | 2B | 2C | 2D | 2E | 2F | 2G | 3A | 4A | 4B | 6A | 6B | 6C | 12A
x1 | 1 T |1 |1 ] 1 1] 1] 1] 1] 1] 1] 1]|1]1 1
x2 | 1 1 |1 |1 ] 1| 1] 1]-1] 11 ]-1]1]|1]1 i
x3 | 1 T |1 |1]1|1]|1]1]1]|1]-1]1][1]-1] 1
xa | 1 T |1 |1] 1| 1]|-1] 1] 11| 1] 1][1]-1] 1
x5 | 1 T | 1|1 ] 1|1]|-1]1]1]|1]-1]1][-1]1] 1
xo | 1 T | 1| 1] 1| -1]|1]-1]1]-1] 1] 1][-1]1] 1
x7 | 1 T | 1 |-1] 1|1 ]|-1]-1] 1|1 ] 1] 1]-1]-1 1
xs | 1 T | 1|1 ] -1 |1 1] 1|1 1]-1]1]-1]-1 1
xo | 2 | 2] 0] 0] 2 2]0]0]2]0]0]-2]0]0 0
xo0] 2 | 2] 0] 0] 2]20]0]2]0]0]-2]0]0 0
xi1] 2 | 2 | 2] 2]0]o]o]o]|-1]=2]0]-1]1]-1 1
xiz| 2 | 2 | 2] 2]0]o0o|o]o]|-1]2]0]-1]1]1] 1
xi3] 2 | 2 | 2] 2]0]o|o]o]|-1]2]0]-1]-1]-1] 1
xa| 2 | 2 | 2] 2]0]olo]o]|1]2]0]-1]-1]1 i
xi5| 4 | 4 0] 0] 00| 0]0]=2]0]0]2]0]o0 0
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[Iycre G — rpymma. O6osznaunm depes 2(G) MHOKECTBO n30MOphU3-
MOB TIOATPYIII KOHEYHOTO uWHjekca rpyminbl (. JIBa Takux msomopdusma
v1: Hy — H| u py: Hy — H), HazoBEM 9K6USAACHMHbIMU (TUIIEM (O] ~ Og),
€CJIN CYIIEeCTBYeT TaKas IMOJIPYIa KOHEeIHOro uHjaekca H rpynmbl G, 9To
06a m3omopdusma onpeseneHsl Ha H u ¢y |g= 9 | 5.

s nByx JaHHBIX M30MOPGU3MOB 1 U @ U3 () ompeesuM ux mpo-
usBesienne oo o) (H) N Hy) — oo(H, N Hy) — msomopdusnm us Q(G).
dakrop muoxecrso (G)/ . nacaemyer ymuoxenue [o][5] = [af] u aBiser-
sl TPYIIION OTHOCTEJIbHO TaKoil onepanuu. ByaeM Ha3bIBATH TAKYIO I'PYIILY
abempaxmmuovim cousmepumenem epynnu, G (auri. abstract commensurator)
W, JUist KPATKOCTH, coudmepumenem 2pynno, G 1 obosnadars Comm(G).

Ipymma Comm(G), kKak npasmio, ropasio bosbiie, dem Aut(G). Hanpn-
mep, Aut(Z™) = GL(n,Z), B 10 Bpems, kKak Comm(Z") = GL(n, Q).

CowusmepuTe/ii TOYHO ONMUCAHBI JIMIIE IS HECKOJIBKUX KJIACCOB TPYIIIL.
st rpynst M CG, kitaccos orobpazkenuii mosepxuocreit Vsanos [1] nammer
Comm(MCG,). ®apb u Xsumias gokazanu B [2], aro Comm(Out(F,)) =
Out(F,) st n > 4. Jleitnuarep u Mapraaut [3] HAILIH cOn3MepUTEb TPYII-
bl Koc B, na n > 4 uurax. g rpynmnsr Horrunrema cousmepuresib 10/1-
cunras Epmios [4].

[pynna wasbiBaeTcs rong@os6oll, ecau BCIKHUT €€ TOMOMOPMU3M Ha ce-
Os1 MeeT TPUBHAJILHOE SIJIPO, T.€. sABjsieTcss aBToMopdusMoM. lasiee Oyaem
CYUTATh, 9TO P U ¢ B3AMMHO IIPOCTHIE TiejIble ducia (mmimem p L q), He pas-
HBIC HYJTIO, eJuHule u MuHyc exuanne. baymcmar nu Cosurep 6] Brepsbie

*Pabora BeinosiHeHa pu (punancoBoii nogaepxke ABIIIT Pocobpasosanus "Passurue
HAY9IHOTO TOTeHIrAaa BhIcieil mkoybl mpoekT 2.1.1.419, Cosera no rpantam [Ipesumenra
PO mra mopmepkku Beaymux HaydHbIX ko1, mpoekT HII-3669.2010.1, n mogaepkana
rpaaTamMu PO®U Ne 10-01-00391 u DIIIT 14.740.11.0346.
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[IPEJJIOKUIIA CEPUIO ITPUMEPOB HEXOTI(POBBIX T'PYIIT C JIBYMs MOPOKIAIONTU-
MU dJIEMEHTAMU U OJIHIM COOTHOITIIEHUEM, OHU TeIepPb 0003HAYAIOTCS

BS(p,q) = {(a, t | t 'aPt = a?).

DTU IPYIIIbI OKA3AINCh HHTEPECHBIMU U C APYTHUX MO3UINNA: Te€OMETPUIECKIAX
cBoOiicTB, pyHknuit pocra, pyuknun IsHa u T.1.

[Iycts B,, — rpad-1uki ¢ BepirmHaMu
C1,Co...,Cp U peOpaMu €1, €s...,6e,. Llo-
CTABUM B COOTBETCTBUE BEPIIMHAM U Ped-
pam rpada B,, beckoneunble IUK/INIECKHE
rpyunbst C1,Cy ..., C,u By, By ..., E, co-

orsercTBerHo. Ilyerb ae,: by — ¢! nm

We, : b; = ¢ { — BIOXKenms pebGepHOit rpyII-
ubl E; = (b;) B Bepmuanble rpymmnst C; 1 =
(¢it1) m C; = (¢;) BepmuH ¢4 1 ¢;, UH-
[IUJIEHTHBIX PeOpY €;. DTU BJIOKEHUA 000-
3HAYEHBbI HA PHUC. | METKAMU P U ¢ Ha Hada- 9 ¢
JIaX 1 KoHIax pebep e;. Takum obpazom 110-
crpoel rpad rpymn B,,. Obo3nadnm depe3 Puc. 1: I'pad rpymm B,,.
H,, = m(B,,) dynramenraapayto rpyiiry
rpacda rpym B,,.

[To onpenenennto GpyHIaMeHTAIbHON TPYIIIBI T'pada IpyIn

m-1

Hy={c1,00,... cp,d |d ' Ed=cl ! =c,,i=1,2,....m—1).

Bamerum, uro rpynna BS(p, q) usomopdua Hy. B [5] nokazano, uaro Best-
Kasl [OJIpyIa KOHEYHOro MHJeKca rpynibl BS(p, q) nzomopdHa HEKOTO-
poii rpymme H,,. Tak kak aBToMOpPdU3M HOArPYIIBL KOHEYHOIO HHIEKCA
siBJIsieTcst m3oMopdusMoM, 1o i onmcanus Comm(BS(p, q)) HyKHO 3HATH
Aut(H,,).

TEOPEMA 1. IIycmb p u q 63aumMmo npocmovie Ueavle YUcAa, He PaG-
Hwe 0, 1, -1, moeada

Aut(H,,) = (S, AT |1*=1,[S,1]=1,A" = A™' A7 = §71APS,

[S™ A7 = STHS™ AJPS, [[S™ A], STFASY =1,k =0,1,...,m — 1).

O6osnaunm  4epes Q,, HOArPYNIy paIMOHAJIBHBIX —UHCEJ {% |
m € Z\{0},n € N;mn L pq} orHocurensro ymuoxkenust. B rpymme Aut(H,,)
€CTb TOATPYIIa HHCKCA 2, TOPOXK ieHHas djieMentamu A u S, obo3naqnm ee
4yepe3 L,,. Mbl joka3biBaeM, 910 eciau m | n, 1o rpymma L, BKIaIbBaeTCs
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B L,. Kpome Toro ommceiBaem neiictsue rpymmnsl Q, , aBroMopdusmMamu Ha
npstMom tipejene rpynn L,. CupasemmBa

TEOPEMA 2. IIycmb p u q 63auMH0 Npocmovie Ueavle YUCAa, He PaG-
nwe 0, 1, -1, moeada

Comm(BS(p,q)) = Qpq K mLm‘

B pa6ote [7] O. B. Boronosbckuit okazas, 9ro

Comm (BS(1,n)) = { ( (1) Z ) , rie s € Q\{0},r € @} . (1)

SAMEYAHMUE 1. Teopema 2 npu p = 1,q = n, skeusasenmma @Hop-
myae (1).
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BBeaenne. Teopus aBTOMATHYECKOTO yIIPABJIEHUS C CAMOIO Hada I8 aK-
TUBHO UCIIOJIb30BaJIa aJredpandecKkne ujen u nojaxoinl. McciaenoBanme -
HEWHBIX CUCTEM, OITUCHIBAIONIUXCS CUCTEMAMU OOBIKHOBEHHBIX JTud dhepeHIu-
AJIbHBIX YpaBHEHUM, 1Mo JeficTBueM mpeobpaszoBanud Jlammaca nmpuHuMaer
dopmy cucTembl ajredpanvdecKnx ypaBHEHUI, TaK UTO KJIACCUIECKUIl KpU-
Tepuii ['ypBuIia ycTOMINBOCTH CUCTEMBI UMEET YHUCTO AJIredpanvdecKyio op-
My [1]. B nmociemame gecstuiiernst Mpomioro Beka ObLI XOpoIo pazpaboTan
CHHTE3 CHCTEM IOJHOTO HOPSJIKA, B KOTOPBIX peryistop (controller) ormcsi-
BaeTCs MaTPUIHON TepeaaToIHol (PyHKIUEH CO CTPOYHBIMU CTEICHIMU B
TeX JKe T'PAHUIAX, YTO U YIPaBJIAEeMbIl 00bEKT; OOJIbINOEe KOJIHMIECTBO BO3-
HUKAOIIUX CIy9aeB U3JI0XKeHO B (yHIaMeHTaabHol MoHorpadun [2]. Tem
He MeHee, B TEXHUKE U ITPOMBIIIJICHHON MTPAKTUKE 3HAYUTEILHOE TTPEUMYIIIe-
CTBO TIOJIYYHJIU PErYJIATOPHI MaJIbIX MOPSAKOB, B yactnoctu, [1, [T u [T/
(IporopIuOHAIbHO-UHTErPATbHO-IuddOEpeHInATbHBIE ).

Nzyuenue [IN]I-yrupaBienuss — ojHa U3 CAMbBIX aKTyaJIbHBIX HBIHE 00-
JlacTell TeOpUU aBTOMATHYECKOIO YIIPABJIEHUs, KOTOPOW MOCBAIIEHO MHO-
J)KecTBO crareit m MoHorpadwmit moceanux jet [3-5]. Konerpynposanue u
nactpoiika Tpéxnapamerpudeckux [IV/I-peryagaropoB, ¢ 0JIHON CTOPOHHBI,
OCTaBJIAIOT HEMAJIO COJIEPYKATETbHBIX IIPOOJIEM, C JIPYTOil — JIOMYCKAIOT TIPU-
MeHeHNe KOMIIbIOTEPHOIO MOJIEJTMPOBAHUS W BBIYUCJIEHNN, YTO TPUBOJINAT K
3HAYUTEILHOMY TTPOIDECCY B MHYKEHEPHO MPaKTUKE.

O/ iHaKO CHHTE3 CUCTEM ITOHUKEHHOTO IOPsJIKA C JYHCJIOM I1apaMeTpOB
BBIIIIE TPEX HATAJIKUBAETCH HA CYIMIECTBEHHO OOJIBIINE TPYIHOCTU YUCJIEHHO-

19



20 A.H. Koproknn, A.B. Yexonagckux

ro aHajan3a; CKOJIbKO-HUOY/Ib YHUBEPCAJIBHBIX YHUCJIEHHBIX METOJOB JI0 CHX
IOp HE HaMJIEeHO.

1. OcHoBHBIe TIOHATUA U cOooTHoIIeHusdA. CrucremMa aBTOMATHIECKO-
ro yIpaBJ/IeHusl B KJIACCUYECKOM CJIydae IPEeJICTaBIIsIeT coOOil apy obsexm-
pe2yAAMOp € OTPHUIATETHLHON 00paTHOil ¢BA3b0. OOBEKT IPE/IIoJIaraeTcs
3a/IAHHBIM U MaTEMaTHUYIECKH CMOJEJIMPOBAHHBIM; €r0 PE3YIbTATOM PabOTHI
ABJIIETCS KOHTPOJIMPYyeMasl BeJINUNHA, CKaJIsdpHas NN BEKTOPHas, KOTOpas
B CIJIy Te€X WJIA WHBIX IPUYIUH OTKJIOHAETCS OT CTAHJIAPTHOTO 3HAYEHUS - 3a-
nanus. Peryngarop — crenuaabHOe yCTPONCTBO, YIIPaBJILIONiee BO3/IeiicTBIE
KOTOPOT'O Ha 00BEKT 3aBUCHUT OT PA3HOCTU MEKJLY 3a/IaHUEM U TEKYIIIUM 3HA-
YeHneM BbIXOJIa. B mjeasie peryagarop JO/KEH ObITh IMOCTPOEH TaK, YTOOBI
€ro yIpaBJeHIe UH/IYIIIPOBAJIO IIEPEXOIHBIN IIPOoIece B 00bEKTe, BO3BPAIa-
IOIWIT 3HaYeHNe KOHTPOJUPYEMOIl BEJIMUUHBI K CTAHJIAPTY.

Obsexm onucekiBaercst cootnomerueM Dy(t) = Nu(t), tae y — BeKTOp
BBIXOJ[a 00'bEKTA; U — BEKTOD BXOJHBIX (yIPABJISIONMX) BO3IEHCTBUI

(dim y = dim u); D, N — suneiinsie nuddepeHnuaibHbie orepaTopsl (B
CTAIIMOHAPHOM CJIy4ae — C MOCTOSTHHBIMU KO3 DUIIHEHTAMHE).

C nomorpio peobpazoBanus Jlamraca moJydaercs orepaTopHoe OIHIca-
HUe 00'beKTa, KOTOPOe MOXKET OBbITh 3aIiCaHO B JIEBOM M IIPABOM pa3JIOKe-
magx: y(s) = G(s) - u(s) = D()_,]}(S)Nobj(s) ~u(s) = N,.(s)D;71(s) - u(s).

Ananorudno, peryisitop (KOHTPOJLIEP) OMHUCHIBAETCS COOTHOIIEHUEM

u(s) = O(s) - e(s) = D} (8) Neon(s) - ()

con

(311ECHh € = W — Yy — paccoriaacoBaHne MEXK/Iy 3a[aHIEM W U BBIXOJOM Y).
Orciona u(s) = C(s) - (w—G(s)u(s)), mmm u(s) = (E+C(s)G(s))1C(s) - w.
Marpuunas nepenarodnast GyHKIHSA CHCTEMbI CBA3bIBACT 3a/IaHIE U BBIXOI:
y(s) = G(s) - (E+ C(s)G(s))™ - C(s) - w. C moMOIIBIO 3TUX PA3IOKEHUI
marpuna cucrembl Hg,s = G(s)- (E+C(s)G(s))™-C(s) mpusomures K Buy

Hys=G-(E4+CG)™-C=

N, D' (D} Deon DDt + DL Noo N. DY) DL N, =

Ny [Deon Dy + Neon Ny ] "' Neop (€pemennas s nporymiena).

31eCh SIBHO IPUCYTCTBYET XapaKTePUCTUIeCKast MaTpulia (“3HaMeHaTe b
cucreMnr”’) Dgys = Deon Dy + Neon Ny

Xapaxmepucmuyeckutds mrozouser cucmemos f(8) = det(Deon($)Dy(s) +
Neon(8)N,.(s)) MHBApHAHTEH OTHOCUTEJILHO JIEBBIX U [IPABBIX TIPEJICTABJIEHIA.
Iomocamu, cucmempb: HA3BIBAIOTC KOPHH XapaKTEPUCTHICCKOTO MHOTOUJIE-
Ha. PacrosioxkeHneM MmoJiocoB CUCTEMbI OIPEJIEIAIOTC €6 IPUHIUITHATBHBIE
cBoiicTBa. OHO B/IHMSIET Ha MHOI'HE ITOKA3aTEJIN IIEPEXOIHBIX IIPOIECCOB. Y II0-
MsIHYTBIHi BO BBEJIEHUM CHHTE3 PEryJIsiTOPa MOJHOTO MOPSIIKA [IPELyCMATPH-
BaeT 3aJlaHne 3HaMeHaTeNs CUCTeMBI Dy, s, IMEIOIIEro Hy KHOE PACIIOIONKe-
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HUE TI0JIIOCOB U 00ECIEednBAIOIIEro PA3PEIUuMOCTh MAMPUH020 Juogharmo-
6a ypasnernus Dgys = X D, +Y N, oTHOCUTEIBHO HOTMHOMUAAJIBLHBIX MaTPHIL
“qucsinrenss’ X = Ngo, u “3namenarensd’ Y = D, perynaropa. Perenune
CBOJIUTCS K CUCTEMeE JIMHEHHBIX aJreOpandecKuX ypaBHeHHH J1/isi KO3 uIm-
€HTOB HOJIMHOMOB Z;;(S) U ;;(s), IPUTIEM YCIIOBUS CYIIECTBOBAHNS TEXHIIE-
CKH Pean3yeMbIX PelleHnil TakzKe OCHOBaTebHO paspaboransl |2]. [Ipu cra-
6I/IJH/I3aLLI/II/I TaKOIl CUCTEMBI C IIOMOIIBIO pEeryjadTopa IMOHU2KCHHOI'O ITOPAIKa
3aB€/IOMO HEKOPPEKTHO IIPOM3BOJILHOE 3ajamne mpaBoil dactu Dgys(s), mo-
CKOJIbKY CHCTeMa JINHEHHBIX ypaBHEHHIl JJIA SJ€MEHTOB MaTPUIb (Y;;]T;;)
[OYTH BCETJIa OKA3BIBAECTCA HECOBMECTHOIA.

EcrecrBennoit moctaHOBKON 3ajiadM OKA3bIBACTCH 3aJaHUE HEKOTOPOI
CTPYKTYPhI peryJisTopa, Kak IpaBujlo, CBA3aHHONI C rapaHTUPOBAHHON BO3-
MOKHOCTBIO TEXHUIECKOW peasin3alliid M BKJIIOYAIONEeil B cebsi HECKOJIbKO
cBOOOJIHBIX (HACTPAMBAEMBIX) IAPAMETDOB, C TOCIEIYIONMM BbIICHEHUEM
BO3MOXKHOCTEI PEryJIMPOBAHUS.

[Ipexx e Bcero, 11e/1ecoo0pa3HOCTb TAKOTO YIIPABJICHUS OIIPEIEISICTCS BO3-
MOKHOCTBIO 38 CUET BBIOOpA 3HAUEHUN IMapaMeTpoB PErysiTopa CAeIaTh Ch-
cTeMy YCTOHYHUBOiA, T.€. PACIIOIOXKUTD IOJIIOCA CUCTEMBI B JIEBOH TOJIYILIOC-
KOCTH.

lasee, Ka1ecTBO yIpaB/IeHUS CBA3aHO C 3alaCOM YCTOWYUBOCTH — OT-
KJIOHEHHEM BJIEBO OT MHHUMON OCH CaMbBIX IPaBbIX KOpHe#l max Rezp , Be-
JTIHHON KostebarebHocT max |Imzy |, mepeperymumpoBanmem, KOTOpoe KOc-
BEHHO CBA3aHO C IIOPAJAKOM 3aJav9u: 9YMCJIOM IIOJIFOCOB U, TEM CaMbIM, YUCJIOM
CJIAraeMbIX B OIEPATOPHOM DEIIeHUN ), U T.JI.

Takum 0Opa3oM, eCTeCTBEHHBIM METOJIOM TTOUCKA YIIPABICHUS TTOHIAKEH-
HOTO TIOPsAJIKA OKa3bIBACTCS 3aJIaHNe HEKOTOPOIl IesIeBoil 001acTn HA KOM-
ILJIEKCHOM TIJIOCKOCTHU, PACIIOIOXKEHUE TI0JIIOCOB B KOTOPOI TIO3BOJISIET Y0BJIE-
TBOPUTH MHXKEHEPHbIE TPEOOBAHUS K ITEPEXOIHBIM IIPOIECCaM, U HAXOXK ICHHE
TAKUX 3HAYCHUN KO3(PMUINEHTOB HOJHHOMOB ¥;;(S), T;5(s), 9r0obBI HOJIIOCA
pacrojiarajnch B 3TOil 00JIaCTH.

[Ipemmonoxkum, 9TO 3ajlaHa HEKOTOPas YHCACHHAA XapaKTEePUCTHKA
E(z1, ..., 2,) DACIIOJIOKEHHSI TIOJIOCOB, 3aBUCAINAs OT BEKTOPa p HapaMeT-
poB peryssTopa. Hampumep, dyukims yeroitunsoctu mo Uypsuiy H(p) =
maxy_1,.,Rez; (myneBoe 3uavenne KOTOPOi pas/e/ser 0OJACTH KJIACCHHIe-
CKOIi YCTORYIMBOCTH CUCTEMbBI ¥ HEYCTOWIMBOCTH ), UJIM KOHUYeCKas (pyHKIIs
G(p) = maxg—1, . n(Rezp+|Imzy|), yanrsBaromas Takke KorebaTeIbHYIO CO-
CTABJISIIONLYIO (€€ OTpUIATE/IbHOE 3HAUEHUE FaPAHTUPYET YCTONINBOCTD BMe-
cre ¢ orpaHmdeHneM Ha ocnmuisiun ). [IpuHas Takyio byHKIMIO B KadecTBe
1I€JIEBO, MOXKHO MPHUJIATH 3a/lade ONTUMHU3AINOHHYIO (DOPMY: HANTH TaKoe
3HAYCHUE BEKTOPA P, Ha KOTOPOM JIOCTUTACTCs TVIOOAJbHBIN MUHUMYM 9TO
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GYHKIIMH B IPOCTPAHCTBE IMapaMeTPOB MJIM B €r0 OIPEIE/IEHHON JacTH.

OpHako Takasi IMOCTAHOBKA 3aJa9d COIPSI?KEHA C PSIOM ONTHMUA3AIU-
OHHBIX TPYIHOCTEH: HEBBIITYKJIOCTHIO, MHOIOIKCTPEMAIBHOCTHIO, OBPAXKHBIM
pesibedbom, HemddepeHIIPYEeMOCThIO ¢ HeOrpaHuIeHHbIM cyOmud depeHIu-
asom [7,8].

Pestomupyst ckazaHHOE, MOYKHO YTBEP:K/IATh, YTO YIIPOIIEHNE CTPYKTYPhI
peryJjiaTopa M yMeHbBIIEHHEe JUC/Ia €ro IapaMeTpOB HATAJIKHBAECTCS, C OIHOI
CTOPOHBI, Ha OTCYTCTBHE TI'apaHTUPOBAHHOIO PeEIIeHUs JIHopaHTOBA ypaB-
HEHUsA, U 3HAYUTE/IbHYIO CJI0YKHOCTH KPUTUYECKUX MHOTI00OOpa3uil mesieBbIx
dyHKIUH — ¢ JpyToii.

2. Kputnyeckue kopHeBble quarpammbl. Cepust pabot [9-11] mocssi-
I[IIeHA M3YIEeHUIO JeHCTBUTEIbHBIX KOOPAUHAT JIJIsT BCEBO3MOXKHBIX KOPHEBBIX
HabOPOB JleficTBUTE/IBHBIX MHOTOWIeHOB. Hasmmane nesieBoit pyHKIMmM 3a/1a-
€T IPEeJNOPsiZIOK Ha KOPHEBOM MHOXKECTBe: 21 <, 22 < F(z1) < E(z). Ilo-
9TOMY MOXKHO IOJIb30BaThCA JIEHCTBUTEIbHBIMU KOOPIMHATAMHU JIJId KOPHEit
B KOPHEBBIX 30HAX — TeX 00JIaCTAX IPOCTPAHCTBA IIapaMeTpPOB, IIe MeK-
JIy HIMHU COXPaHSAeTCsl HeM3MEHHOe COOTHOIIEHNE — TaK Ha3bIBaeMas KOpHe-
Basg JuarpamMma. ['paHHIIbI MEXKy 30HAMH XapaKTepU3YIOTCA COOTHOIIEHU-
sIMH, TJIe HApsAJy ¢ HEPABEHCTBAMU IPUCYTCTBYIOT PABEHCTBA: 2] =, 29 <
E(z1) = E(23), 1 COOTBETCTBYIOIIUMI KOPHEBBIME JIUAIDAMMAMU.

JLnist neficTBUTE/IbHBIX KOPHEN PABEHCTBA 21 = 29, 2] = 22 PABHOCHJIbLHBI,
1 KOpHEBasl 30Ha, C KPATHBIME JIHCTBATEIbHBIMI KOPHSAME OKA3bIBAETCsI I'Pa-
HUIIEH, T/e JeficTBUTeIbHAs Iapa MEPEXOIUT B KOMILIEKCHO CONPAXKEHHYIO,
IPpUIEM COOTHOIICHUS MEXKJLy BCEMU OCTAJILHBIMA KOPHAMU COXPAHSIOTCS.

Touro Tak »Ke -paBEHCTBO, HE CBA3aHHOE C HAJIMIHEM KPATHBIX KOPHEI,
3a/1a6T IPAHUILY JIByX KOPHEBBIX 30H. TaK, a-paBeHCTBO KOMILIEKCHON Maphl
" JEHCTBUTEJILHOTO KOPHA T1 T+ 7 - Yo =, T3 38JIaET TPAHUILy MEXKJIy 30HaMU
T1 1Yy <o X3 U1 £1-Ys >4 3. A @-paBEHCTBO JBYX KOMILIEKCHBIX I1ap
Ty E£1-Ys =4 T3 £ 1 yYs OKA3BIBAETCH CBOETO pOJjia “BHYTpPEHHEN rpaHuieii’”
JIMHKUEH “CKJIeHiKU’ JBYJIUCTHBIX CEIMEHTOB JIeHCTBUTEIbHBIX KOOPUHAT JIJIst
takux map [11].

CymectBenHo, 910 KycouHo-uddepenimpyemas byukiys F(zy, ..., z,)
3aa6T KYCOIHO-TIAJIKIE IPAHUIIBI MEK/Iy KOPHEBBIMI 30HAMH.

[Tockonbky 3nauennst dynknuit Tuna H(p) u G(p) oupeaensiorcs ca-
MBIMH (-IIPABBIMU KODHSAMHE, PABEHCTBO (KPATHOCTB) WJIM (-PABEHCTBO Ta-
KX KOpHeil nmpusojuT K Heguddepennupyemocru tesesoit gyuknuu |8,10]
U, CJIEJIOBATE/IbHO, K KPUTHIECKON Touke. [loaromy KpuTnaeckne MHOTO00-
pasusi 1eaeBbIX (DYHKIMI BKIIOYAIOT T'PAHUIBI MEXKIY 30HAMHU C pas3jind-
HBIME (-TIpaBbIMi KopHsMu. Ocoboe 3HAUEHME IIPU 3TOM IIprodpeTaer pas-
MEPHOCTH COOTBETCTBYIOIIEH KPUTHIECKOH 30HbI. Kazk10e a-paBeHcTBO CBs-
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Puc. 1: Kpurnueckue kopHeBble aumarpammbl Juisi Tpéxnapamerpudeckoit CAY.
KparnocTs KOpHS MOAIUCHIBAETCS PAIOM ¢ M300paxKaroreit ero Toukoit. Haxox-
JeHre KOpHell Ha OTHON BepTUKAJIN YKa3bIBaeT Ha UX a-paBeHCTBO. Pacmnosioxkenne
IpoYnX KOpHEH (IOMUMO (-IIPABbIX) 0OO3HAYEHO TEMHBIM CEIMEHTOM CJIEBA.

3bIBAET OJHY M3 CTeleHeil ¢cBOOOIbI B IIPOCTPAHCTBE ITapaMeTpoB, Oyab TO
KPaTHOCTh JAefICTBUTE/ILHOTO KOPHSI WJIN (-PABEHCTBO KOMILIEKCHBIX IIap.
KparHOoCTh KOMILJIEKCHBIX TIAap CBA3BIBAET JBE cTelleHn cBoOoibl. [Toka pas-
MEPHOCTH KPUTHUIECKOTO MHOI000pa3usi MOJIOKUTE/IbHA, Ha HEM COXPaHAeT-
¢ BO3MOXKHOCTD JIaJIbHENIIell MUHUMU3AIMN — II0Ka He JI00aBJIAeTCA eIllé
HECKOJIBKO PAaBEHCTB (T.€. HECKOJIBKO (-IIPABBIX WM HPOCTO KPATHBIX JIEii-
CTBUTEJIbHBIX KODHE(T), 1 PA3MEPHOCTh HE CTAHOBUTCS HYJIEBOIL.

[TosroMy i TpEXHApaMeTpUIecKOro peryisaropa (B YacTHOCTH, JIJIs
[TN]T) ectb BoceMb BO3MOXKHOCTE(H (puc. 1), mpu KOTOPBIX CIpaBa OKa3blBa-
ercs ot 4 1o 8 kKopueii. “Henpapbie” KOpHU pacioyioXKeHbl B CePoii 00J1acTh
B JIEBOIT JacTu auarpaMMbl. Bee Takme KOpHEBBIE PACIIOIOKEHUST JIJIsT TPEX-
[IapaMeTPUIECKOTO PEryJIaTopa OKa3bIBAIOTCS HYJIbMEPHBIMU — T.€. KPUTHU-
YeCKUMHU TOYKAMU B caMOM OObIYHOM cMbicie. [Ipu k& > 3 mapamerpax stu
JKe JarpaMMbl onuchiBaor (k — 3)-MepHble KpUTHYeCKHe MHOIOOOpas3usi.

Hato mouepkuyTh, 9TO BO BCEX ITUX CJIyUasx KPUTHIECKas TOUKA Bbl-
sBJIsieTcd depe3 He g depeHImpyeMocTh. X0Ts CHUKEHUE Pa3MEPHOCTU U
BO3HUKHOBEHHE KPUTUIECKIX TOYEK Ha MHOTOOOPA3HAX IOJOKUTETHLHOI pas-
MEpPHOCTH BO3MOKHO U IIPU OOpaIleHI! B HYJIb I'PaJHeHTa [0 MHOI0OOPA3UIo
dE/dK, rne K — KacarebHOE IPOCTPAHCTBO K KPUTUIECKOMY MHOrOOGpa-
3uio. B mocreneM ciaydae B KPUTHIECKON TOYKE 10 OJIHMM HAIPABJICHUSM
[IPOU3BOIHAA HE CYIIECTBYET, a [0 APYTUM OOpaIlaercs B HyJIb.

Taxmm 06pa3oM, IOUCK B IIPOCTPAHCTBE IIapaMeTPOB TOYEK, COOTBETCTBY-
OIMUX KPUTHICCKUM KOPHEBBIM JIMarpaMMaM M BBIYHCICHHE 3HAUEHUN Iie-
JIEBOI (DYHKIIMH B 9TUX TOYKAX, B HEKOTOPBIX CJIydasX MO3BOJIAET HAXOIUTD
JIOKAJILHBIE U TJIOOAIbHBIT MUHUMYMBI 11€/1€BO (DYHKIINH, & B OCTAJIbHBIX —
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[IPOJIOJIZKUTH MMOUCK Ha KPUTUYIECKOM MHOTOOODPA3UU TOJIOKUTEIHLHOW pas3-
MEPHOCTH, TAPAMETPHU3YS €r0 HY?KHBIM YUCIOM KOOPMHAT U Periast CUCTEMY
ypasuenuit dF /dK = 0. Huxe 310 jieMoHCTpUDYETCsE
Ha KOHKPETHOM IIPUMEDE.
3. TpéxmaccoBasi cucreMa.
B kaugecTBe 00beKTa YIIPaBICHUS BO3BMEM CUCTEMY
u3 Tpex rest ¢ Mmaccamu m; (1 = 1,2, 3), coeIMHEHHBIX
C HETIOJIBUZKHBIM II0JIBECOM M MEKJIy COOOI TPy KUHA-
mu kecTrocTn k; (i = 1,2, 3) (puc. 2). Yupasisiorue
BO3JEHCTBUAS — CHJIBI U;, KOTOPble MOTYT ITPUKJIA/IbI-
BaThCs K 9TUM TEJIAM BEPTUKAJBHO C ITOJIOKUTETHHBIM
nanpasjenueM Buus. [lepemennbivu cocrosnus OyjieM
CIUTATH KOOPJUHATHI IPY30B X;, OTCIUTHIBAEMbIE BHI3
OT COCTOSIHUS paBHOBecHsd. /IBUKeHMe TeJl COTPOBOXK-
JIaeTCsd TPEHUEM, MPONOPIMOHAIBHBIM UX CKOPOCTH C
ko durmenrom a; (i = 1,2, 3). [Ipu manbix koseba-
HUSIX YPABHEHUS CUCTEMbI BBITVIAIAT TaK:
mlzt'l + alyél + kl.Tl + kQ : (1‘1 — .TQ) = Uq
mgl."g + CLQI:Q + kg . (ZEQ - ZEl) + ]{33 . (ZEQ — ZE3) = U9

Puc. 2: Tpéxmacco- mads + agts + ks - (3 — T2) = us.

BEIIl OOBEKT, yIpaB- TH Ke ypaBHEHUs B olepaTopHoil dopme:
JITEMbIH JIeficTBUAMUI (m132 +a1s + ki + ko)xy — koo = uy

CIJT U] — U3 —kixq1 + (m282 + ags + ky + k3)xa — kaws = us

—koxo + (m332 + ass + k3)$3 = Uus.

B [12] pemaercsa 3amada crabuimsanuu TaKOro 0ObEKTa PeryJjsTopoM
HOJIHOT'O MOPsijIKa TIPU KOHTPOJMPYEMBIX TepeMeHHbIX y; = x; (i = 1,2), u
yupasistiormux Boszeiicteusax u; (i = 1,2, uz = 0). OHOBpPEMEHHO ¢ 9TUM
BBIIIOJIHSIETC TpeboBaHUe aBTOHOMU3AIINK KAHAJIOB yIIPaBJICHUS.

CJI0)KHOCTH TIpU 9TOM CO3/Ia€T COBIAJICHUE HYJICH U TOJIIOCOB 00bEKTa,
HaXOJIAIMXCA HAa MHUMOW OCH, 9TO BO3HHKaeT mnpu m; = 1, a; = 0, k; =
ky = 2, k3 = 4. Ilocie uck/IOUYeHns IEpEMEHHOIl T3 O0OBbEKT OIMCHIBALTCS
MaTPUIHBIM yPaBHEHIEM

s24+4 —2 (s) = 1 0 u(s)
—2(s2+4) (s246)(s2+4)—16| " T |0 s24+4] "

9TO COOTBETCTBYET JIEBOMY HOJMHOMHUAIBHOMY DA3JIOKEHHIO OOBEKTa
Di(s)y(s) = Ni(s)u(s). Orcioma BO3HHKAET MaTpUYHAs IIE€PEIATOTHAS

bynxmus Wy(s) = D;'(s)Ny(s). Eé npasoe pasioxenue BKIIOUAET TaKue

16(s2+4)  —2(s2+4) 16 0

marpunet [12]: Drs) = |77 g0 7 a g g M) =10 oy



Crabumm3arust TpEXMaCCOBOH CHCTEMBI 25

DTU MATPUIBI BXOJIAT B AUO(MAHTOBO YpaBHEHUE JIjIs MATPUTHOIO ‘3Ha-
menaresist” cucreMsl yupasienus C(s)g,s = Y (s)D,(s)+X (s)N,(s), koropoe
MOZKHO 3aIICaTh C TOMOIIBIO MPAMOYTOTBHBIX MaTPHIIL:

16(s24+4)  —2(s> +4)
(yn(S) ylg(s) ZL‘H(S) 1'12(8)) —32 84+ 1082+8 o (CH 012)
y21(5) y22(8) $21(S) 9522(3) 16 0 Coy O/’
0 s? 44

B [12] 3amana nunaronanbias mMarpuna cucteMbl C(S)gys, COOTBETCTBYIO-
as MHKEHEPHOMY CBOWCTBY CHCTEMHOlN aBTOHOMU3AIMH, C MHOIOYJICHAMU
4eTBEPTOI ¥ BOCLMOIi CTeleHn Ha JUaroHa . Y 3JeMEHTOB MaTPUIL PeryJisi-
TOPA IOJIHOIO MOPSIIKA Te YKe CTEIEHH, YTO U Y COOTBETCTBEHHBIX 3JIEMEHTOB
MaTpHUIl 00bEKTA.

Kak ykazaHo BO BBEJICHUU, CUHTE3 PEryJsTOPa IOHUZKEHHOI'O IOPSIIKa
CBOJIUTCSA K BO3MOXKHOCTH PACIIOJIOXKUTD I0JIIOCA CUCTEMBI B HEKOTOPOIi I1e-
JIeBOI 006J1acTH JIEBOW KOMILJIEKCHOW ITOJTYIIJIOCKOCTH, & B OITUMHU3AIIMOHHO
[IOCTAHOBKE — BO3MOKHO JieBee: MUHUMU3UPYsE (DYHKIIUIO I'yPBUIIEBOM yCTOM-
yugoctu H(zy, .., z,) = max Re(zy, .., 2,).

B [10] paccmarpuBaercs crpykrypa [1/1-perynsropa

g% = (cus +di1 128 +dig Y1
Uz €218 +da1 €225 + dao Y2

(re. Y = E, X =(Cs+ D), no3Bosisiomas CyIecTBeHHO CHU3UTH 00bEM
BBIYUCJICHUN U CJI0YKHOCTH KPUTUIECKUX MHOI00Opas3nii 1esieBoit byHKIUN.

5 Cij>dij € R

0 C99S + dgg

CTAHOBUTCH BO3MOXKHBIM JIOOUTHCA CTAOUIU3AIMI cUCTeMbL. [Ipu aToM ryp-
ButieBa dyukuus H (2, .., 2g) OKa3bIBAETCsI JBYXIKCTPEMATLHOI:

JnoKaabHbI MuaumyM F'(5.70,1.57,1.53) ~ —0.26 nocruraercs Ha KOp-
HeBoM Habope {—0.26 +3.08i, —0.26 4= 1.124}, rye nepsas napa JByXKpaTHa;

riobasbablil MuanmyM F'(—2.68,5.05,2.66) ~ —0.55 mocTuraercs Ha KOp-
Hax {—2.29; —0.55; —0.55 4+ 1.52i} ¢ TakKe JABYXKPATHON KOMIUIEKCHOM ITa~
poii.

dll 0
VaKe B ciIydae JUaroHaJIbHON MaTpuIlsl ‘uncjuress’ X =

ci1s +du di2
day €225 + dao
dy1 = 2, mostyanM BepxHeTpeyrosbayio marpuity C(s), riae siaement Cq(s) =
5241154 dq1 +4 T03BOIACT TOOUBATHCS JIIOOBIX PACIIOJIOKCHHI TOIIOCOB IO
nepBoMy KaHaly, a 3jeMeHT Cyo(s) = s+ cop83+ (don +10) 82 +4cpps+4dan +8
JIOIIyCKAeT CyIIECTBEHHOE YIPOIIECHUE 3aa491 BO3MOXKHO 0OoJIee JIeBOro pac-
ITIOJIOZKEHIU A Xapa,KTepI/ICTI/ILIeCKI/IX KOpHeﬁ B 3aBHUCUMOCTH OT HapalVIeTPOB
C99, doo. EIMHCTBEHHBIT MUHUMYM, OOIIU JI/IsT HECKOJIbKUX BUJIOB IIEJIEBBIX

3a/1aB YUC/IUTEh PETYJIATOPA ( ) U TIOJIOXKUB d1p =
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Puc. 3: Kopuesble quarpaMMbl J1jisi MHOTOYJIEHA IIATON CTEIICHH, 3aBUCAIIETO OT

TPEX MapaMeTpOB.

dyuKImit, gocruraeTcd Mpu Cyy = 4, doy = 2 Ha KpaTHOU mape KOpHei
—14/3i.

4. IsyxkanaubHbIii 111 /1-peryasaTop u ero kputuieckne KOpHe-
Bble auarpammbl. 2 X 2 [IU/I-peryiagarop mpemosaraeT MaTpUIHbIi “3Ha-
€11 €12

MeHaTe b 1mepBoil crenenn Y (s) = s - R PR “aqucsmresns” — BTOPOIL
21 €22
2
c18°+bis+ay dys
crenern: X (s) = s 9 . Hrobbl yMEHBIIUTH
ng CoS8” + bQS + as

YUCJIO TAPAMETPOB, COXPAHUB THII PErYIATOPA, 3318/ (UM 3HAMEHATE b B BU-
Je Y = sE. Kak u Bbiie, 3HadeHnd dy o = 2 I03BOJIAIOT ClleaTh MaTPUILY
cucrembl C(s) TraroHaIbHOIL.

3a cuéT 9TOro 33/1a9a TaKKe PACIAIACTCA Ha, JBE, IIPUIEM B JIEBOM BEPX-
HeM yrity mosydaercsa sement Ciq(s) = 16 - (s* + ¢18* + (b + 4)s + a1),
KODPUIHUEHTBI KOTOPOTO MOTYT OBITH CJE/IaHbl [TPOU3BOJILHBIMU, TAK JKe
KaK PacCIIOJIOKEHHe OJIF0OCOB. B HIZKHEM TIpaBOM yTJIy MOJIYYaeTCs TPEXIa-
pamerpudeckasg MunuMuzanus Muorodiena P(s) = Coy(s) = 85 +cos?+ (by+
10)s® 4 (ag + 4c2)s* + (4by + 8)s + 4as.

W3-3a Toro, 4To Umciio ero Kopueil ne 60siee 5, n3 BOCHMHU BO3MOXKHDIX
KODHEBBIX J[arpaMM, yKa3aHHbBIX HA PUC. 1, ocTaéres TOJIbKO Tpu (puc. 3).

Pacemorpum 5T cirygan 1o odepe/iu, mpejioiaras, YTo B KadecTBe Ie-
neBoit B3aTa rypeunesa byukius H(p) = H(a,b,c) = max(Rezy, .., Rezs).
Nujexe 2 npu mapaMerpax peryistopa a, b, ¢ Be3jie HuKe OIyIIeH.

4.1. YeThIp€XKpaTHBIii BellleCTBEeHHbI KOpeHb. [lokarkeMm, 1To 3TOT
cilydail He pean3yeTcs, T.. XapaKTEPUCTUICCKUN MHOTOUICH HE MOXKET
UMETb YeThIPEXKPATHBIX KopHell. Takne KopHU ObLIN ObI OOIUME JIJIT MHO-
rovaeHa U TPEX ero MPOU3BOHBIX. BbIicaB BbIpasKeHusl Jjist TIPOU3BOJIHbIX,
[OJIYIMM CHUCTEMY aJireOpandecKux ypaBHEeHUi

P(s) = P'(s) = P"(s) = P"(s) =0,

JINHEWHYTO 110 TTapaMeTpaM pery/isaTopa a, b, ¢. VIck1ouuB ux, moJiyauM ypas-
HeHUEe OTHOCUTEILHO IIEPEMEHHON S:

s® 4+ 16s% + 1125 — 1285% + 512 = 0.
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Yuciennas MpoBepKa IMOKA3bIBAET, YTO OHO HE MMEET BEIIECTBEHHBIX KO-
meit: s € {£1.1897 £ 3.1850¢, £1.1590 £ 0.7836¢}, T.e. mcxogHast cucreMa
HecosMecTHa HaT R.

4.2. TpéxkpaTHBbIil BelleCTBEHHbIII KOPEHb HA OHOII BEpPTUKAJIN
C KOMILJIEKCHOI mapoii. [IycTh ¥ — TpéxKpaTHBII BelleCTBEHHBINT KOPEHb;
y > 0 — MHEMAasg 9acTh HPOCTON KOMILIEKCHOM napwl; ¢ = x2 + y2. [Toaunom
p(s) ¢ srumu kopusimu umeet Bug (s — x)3(s? — 225+ q) =

= 5 — bast + (922 + q)s® — (T2® + 3qz)s* + (22 + 3qx?)s — qz?.

[Tpupasuusas xkosddurmentsr noauHoMoB P(s) u p(s), mosydum cucre-
My U3 ST ypPaBHEHUI JJId HEU3BECTHBIX a, b, ¢, x, q¢: ¢ = —Hz,

b+ 10 =q+ 922, a + 4c = —T2> — 3qz, 4b+ 8 = 22* + 322, 4a = —q2>.

[IepBoe, BTOpOe U TIATOE YpaBHEHUS COJEPKAT IOTOBBIE BHIPDAYKEHUS T1a-
paMeTpoB perysdaTopa a, b u ¢ yepes 3navenus x u ¢. llojcrasisgs ux B 18a
OCTABIIIMXCS, TOJTYyINM CBA3U MEXKY T U -

r(qe? — 2822 — 12¢ + 80) = 0, 22 — 3622 — 4q + 32 = 0.

Cuwnrasi, aro x # 0, ¢ TOMOIIBIO IEPBOIO U3 JIBYX IOCJIEIHUX PABEHCTB
MO2KHO BBIPA3UTDh ¢ Yepes3 &: ¢ = %. [Tocsie sToro ocraércst ypaBuenue
nute HemssectHoro i 2% 4 122* + 5622 — 32 = 0.

OHo uMeer JBa BelIeCTBEHHBIX KOpHS  ~ +0.716. B3gas x ~ —0.716, no-
JgyanMm q =~ 5.714, a ~ 0.524, b ~ 0.328, ¢ ~ 3.580. IlojcraBiss HaiiecHHbIC
rapaMeTpbl YIpaB/JIeHUS B XapaKTEPUCTUYECKOE yPaBHEHUE, MOYKHO ITPOBe-
PUTh, YTO OHO JEHCTBUTE/ILHO UMEET BEIIEeCTBEHHbINI TPEXKPATHBINI KOPEHb
1 KOMILJIEKCHYIO TTapy Ha TOH Ke BepTUKAJIU.

Wraxk, 1141 TaHHONI KOPHEBO TUATrPaAMMBbI ITOJTyJaeTCsd €IMHCTBEHHOE 3Ha-
JeHne apaMeTpoB yIpaB/JIeHUs, ITIPU KOTOPBHIX KOPHU JIeyKaT Ha OJIHON Bep-
THUKAaJIU B JIEBOU IIOJIYIIJIOCKOCTH.

4.3. BemniecTBeHHBIII KOpeHb HA OJHOI BEPTUKAJM C KPATHOM
KOMIIJIEKCHOI Mapoii.

PaccemorpuM motmHOM ¢ KpaTHONW KOMILIEKCHO# 1mapoit x + yi u jeiicTBu-
TEeJBHBIM KOPHEM ' Ha ojiHoil BepTukamu: ¢(s) = (s — x)(s? — 2xs + q)? =
s — 5wst + (2q + 82%)s® — x(6q + 42?)s* + (4q2® + ¢*)s — ¢*.

[IpupaBuseM KO3(DMUIUEHTHI STOTO U XaPAKTEPUCTUIECKOI'O MHOTOYJIe-
noB. [loryunm cucremy u3 ngTu ypaBHeHUIt, TUHEHHYIO OTHOCUTETLHO TIapa-
MeTpPOB peryraTopa. VICK/II0unB nx, MOJIyIuM: a = —iqu, b= 8z%+2¢—10,
c=—bw, =32+ 322% + 8¢ — 4qz* — ¢* = 0, x - (¢*> + 80 — 24¢q — 162°) = 0.

Hna x < 0 u g > 0 j1Ba nocjaeHux ypaBHEHUN PABHOCUILHBI TOMY, 9TO
= —1\/¢* — 24¢q + 80, —512 + 240¢ — 28¢> + ¢* = 0.

[Tocneanee ypaBHeHue MMEET TOJIHKO OJIUH TOJIOKUTEIbHBIN KOPEHb ¢ ~2
3.1777. Tenepb U3 NPUBEAEHHBIX BBIIIE (POPMYJI BBIUUCIUM 3HATCHUSA OCTAJIb-
HBIX HeM3BeCcTHBIX: © ~ —0.9298, y ~ 1.520, a ~ 2.347, b =~ 3.271, ¢ ~ 4.649.
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[TockoJibKy 3/1eCh YKa3bIBAETCH MUHUMAJILHOE U3 JIOCTUTHYTHIX 3HAYCHU
1e/1eBoit (byHKIMH, PACCMOTPIM MHOI000pa3ue (-paBHBIX KOPHEii 0co00 (Hu-
x)e B I1.6).

5. Muoroobpa3sme AByKpaTHOII KOMILJIEKCHOI mapsbl. lcciemyem
Terepb BOIPOC: TJIe JIOCTUTACTCAd MUHUMYM TiesieBoit dyuknuu ['ypBura s
IapaMeTpOB PeryasTopa, Ipu KOTOPBIX Cpeu KOpHeil XapaKTepUuCTUIeCKui
MHOTOYJICHA €CTh JBYKpaTHasl KOMILIEKCHAs rmapa’

N3 gty KopHeil XapaKTepUCTUIeCKOI0 MHOTOUJIeHa YeThbipe 00pa3yioT
JIBYKPATHYI0 KOMILIEKCHYIO napy (0603Ha4uuM 31u Kophu = =+ iy). Ocraérest
OJ/INH HEKPATHBIA BeleCTBeHHbIN KopeHb. O003HaUINM ero depes t.

Mmuorowien nsTol cTernenu, UMEIONIUi IBYKPATHYIO KOMILJIEKCHYIO TTapy
KOpHEl x + iy M IPOCTOi JIeHCTBUTEIbHBIN KOPEHDb §, UMeeT BU/I:

(s —t)(s* —2xs + q)* = 8> + (=t — 4x)s* + (4tz +2q + 42%)s* +
(—t(2q+42%) —4qx)s* + (4 tqr+q*)s—tq*. 3nech mo pexueMy q = x2 +1y%.
[IpupaBusieM KO3 UITUEHTHI STOTO U XapaKTEPUCTUICCKOI'O MHOTOUJIEHOB.
[Tosryunm cucreMy U3 ISTH ypaBHEHUN JIjId IECTH HEU3BECTHBIX a, b, ¢, t, x,
¢ c+t+4r =0,b+10 —4dtx —2q — 42> = 0, a +4c+ q(2t +4x) + 4tx* = 0,
4b+ 8 —4qtx — ¢*> = 0, 4a + tg> = 0.

OTa cucrema JMHEHA 110 ITapamMeTpaM yiipasjieHud a, b u c. [lepsoe u3
YPaBHEHUI CUCTEMBI HE 3aBUCUT OT ¢, BTOPOE U TPEThe YPaBHEHNE JIMHENHO
110 ¢, JIBa TOCJIeIHUX ypaBHEHHs BTOPOil crenenn 1o ¢. OTciofga BUIHO, 9TO
HEU3BECTHBIE @, b, ¢, ¢ MOYKHO UCKJIIOYUTHL. B mTore mosydum:

4H(=2t + t°x + 42° + 2°1°)

a=—

(4+ %)z ’
b— 2(8ta” + 2t%2” — 4t — dw — Px + 82° + 22°¢°)
(4+ 1)z ’
c=—t—4x,
t
I p—_—
q ( (4—|—t2)x)’

—12 — 1622 — 4t22% + 162* + 8t2x* + t*z* = 0.

[ToMHMO paBEHCTB, BLIPAZKAIONINX HeU3BECTHDIE, OCTAJIOCH HOC/Ie Hee YDPaB-
HeHue, CBsA3bIBaloONee IepeMeHHble ¢t 1 x. Ero MoxKHO mepenucarb B BHJE
(22(12 +4) —2)2 = > + 4, wm 2*(t* + 4) = 2 £ V{2 + 4. Jlesag yacTb 110-
CJIeJIHEr0 PaBEHCTBa HeoTpuUllaTebHad. 3uaunt, r2(t2 +4) = 2 + V12 + 4.
[Tostarasi, 9TO IVIABHBIN MHTEpeC HPEJICTABIIAIOT YCTONUUBLIE PellleHud, T.e.
x < 0, nojy4um

2 1
+ .
24+4 1244

Nrak, jocTurnyra mnapaMeTpu3alusg BCEX HEM3BECTHBIX IE€PEMEHHON ¢
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T
-20 -15 -10 -5 0

Puc. 4: Cnesa dynxius ¢ — x> — 2 Ha unrepsaie —20 < z < 0, cupasa — Belre-
CTBEHHAs 9aCTh KPATHOW KOMILIEKCHOW Mapbl B 3aBUCUMOCTH OT BEIIECTBEHHOI'O
KOPHA T

— HPOCTBIM KOPHEM XapaKTePUCTUIeCKOro MuorouteHa. OCHOBHOI HHTEpec
IPEJICTABIAIOT €6 OTPUIATE/ILHbIC 3HAYCHNUS.

Hapucyem rpadux dyuxuun ¢ — 2 — 2 (puc. 4 ciepa) 1 ero moMomibIo
yOeImMes, UTO I OTPHIATEIBHBIX ¢ BBIIOIHEHO HEPABEHCTBO ¢ — T2 >
0, obecreunBaloliee CMBICH IIepeMeHHol ¢ = ' + y?, U JjazKe BBIIOJIHEHO

HepaBeHcTBo q — x2 > 2.

N3zob6pazum tenepsb rpaduk GyHKIUMH r = — ﬁ + ﬁ U IPAMYIO

x =t (puc. 4 cupasa). 13 dopmynsl x = x(t) BugHo, uro npu t < 0 dyHK-
st (t) MmoHOTOHHO yOBIBaeT 110 3Hauenust x(0) = —1. Takum o6pasom, ecTb
eJIMHCTBEHHAs TOYKA, e JefiCTBUTEIbHAs YaCTh KOMILIEKCHOH Hapbl COB-
HaJAeT C JeHCTBATEILHBIM KOpHEM: ¢ = x. 3HAYUT, MUHUMYM TI'yPBHUIIEBOM
dbyuxiun H(a, b, c) = max(t, ) gocruraercs B ToUKe nepecedenus rpadu-
KOB, & 9TO M O3HAYaeT, 9TO BCe KOPHM MHOIOYJICHA HAXOAATCA Ha OJIHOMN
BepTuka/an. JuciaeHnoe perenne ypapHenus x(t) = ¢ IPUBOJNUT K 3HAYCHUIO
r =1t~ —0.9298.

Vcnonb3ysa HaiigenHoe 3HaYeHne napaMeTpa ¢, Haii M 3HAUYCHI OCTA b
HBIX IIEPEMEHHBIX: ITapaMeTpbl peryudaropa a ~ 2.347, b ~ 3.271, ¢ ~ 4.649;
MHUMas 9acTh KpaTHOM mapbl KopHeit y ~ 1.520.

Bameuanmne. [lockonbky |y| = \/q — 2% > /2, “konndeckas’” HyHKIH
G(p) okasbiBaercs B JAHHOM ciiydae Hed(hEeKTUBHOIL:

G(a,b, c) = maxy—1__5(Rezp+|Imzy|) > 0.4, aro He mO3BOIISLET PA3AEIATH
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00J1aCTH yCTOWYIUBOCTA U HEYCTONIMBOCTH.

Takum obpazom, TOUKY, peau3yIoNniyio IIpaByio KOPHEBYIO JuarpaMmy
puc. 3, MOXKHO HaiiTH HEIIOCPEJCTBEHHO, KakK B 11.4.3. O1HaKO paccMOTpeHne
9TOr0 IyHKTa IT03BOJIMJIO yKa3aTh B IPOCTPAHCTBE [MapaMeTpPOB yIpaBJie-
nust {(a, b, ¢)} mapamerpuszanuo MHOrooOpasusi, Ha KOTOPOM XapaKTepUCTU-
YECKMUIT MHOTOYJICH MMEET KPATHYIO KOMILIEKCHYIO Hapy — T.e. IOJIyYIUTh
KOHKPETHYIO a/iredpanveckyio KpUBYIO — U FapAHTUPOBATH, 9TO HallIeHHAS
TOYKA JIOCTABJIAET MUHUMYM I'YPBHUIEBON (DYHKIMKM HA STON KPHUBOIi.

6. Bce KopHu Ha O/THOII BEPTUKAJIM MPU OTCYTCTBUU KPATHBIX.

O06e Hy/IbMepHBIE KOPHEBBIE JIHArpaM-
MBI, PEaU3yeMOCTh KOTOPBIX YCTAHOB-
JieHA B 1.4, SIBJISIOTCS YACTHBIMU CJTy-
YasiMU PACIOJIOKEHUS AT KOPHe#l Ha
oziHoll BepTHKaau (puc. 5), KOTopoe 3a-
/ JlaéTesd JBYMs PaBEHCTBaMU:

I = RG(ZZ?,) = RG(Z475),

u, TeM CaMbIM, CBA3bIBacT JIBE CTEIICHU

Puc. 5: KopHessie juarpamMmbi oji- €BODO/IBI, 3a/1aBasi OJITHOMEPHOE MHOI'000-

HOMEPHOI'O0 KPUTHUYECKOro MHOrooo- Pashe, 3aBeJOMO HEIlyCTOoe.
pasus U ero HyJIbMEPHBIX KOHIIOB. HyCTb r<0— JeUCTBUTE/IbHAA 9aCTh

Beex KopHeit; y1 = [Imzo 3], yo = [Imzy 5);

G =7+ Y p=q+ ¢ 0= Qg

[TosmHOM € KOPHSIME T, 223, 245 UMEET B p(s) =

= (s —z)(s* = 2zs + 2® + y})(s* — 2xs + 2* + y3) =

=(s—a)(s* —2ws + q1)(s* — 2w5 + @) =

= (s —x)[(s* —2z5)* +p- (s* — 228) + q] =

=5 — bast + (p+ 82%)s®* — x - (3p + 42?)s® + (¢ + 2px?)s — qu.

[Tpupasusas Ko3pPUIEEHTEI 3TOr0 U XapaKTePUCTUICCKOIO ITOJUHOMOB,
HOJIyYUM CHCTeMYy U3 IATH ypaBHEHUI OTHOCUTEILHO HIECTH HepeMeHHbIX a,
b, ¢, x, p, q, HeUHENHNYIO0 TOJIBLKO 10 x. Vckmounm u3 Heé HEM3BECTHBIE @,
b, c: a = —ixq, b = 8z% +p— 10, ¢ = —5x. Ilocre sTOro OCTAéTCA NIBA
COOTHOIIEHUS, CBA3BIBAIOIINE IIEPEMEeHHLIC T, P, |-

—32+ 3222 +4p —2px®> —q=0, z-(q+80—12p — 162?%) = 0.

CokpaTuB Ha X, IOy IUM:

8(3+a2%)  16(—2+52* +1?)
4422 77 4+ 22 ’

I/ITaK, BCeE IIEpeMEHHbIC ITapaMeTPpu30BaHbI ,ZLQIZCTBI/ITGJH:HI)IM KOpHEM T.
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Beimuiem Terepb orpaHmdeHust Ha IapaMeTphbl X, ¢1, ¢o. lIpexkie Bce-
r0, 1, (o ABJSIIOTCA PA3INIHBIMU AEHCTBUTE/ILHBIMI KOPHAMEI KBAIPATHOTO
ypasrenud t2 —pt+q = 0. 3HaunT, ero JUCKPIMIHAHT JIOJIZKEH OBITH OOJIBIITe
mynst: p? — 4q > 0.

Kpowme Toro, q; > 22, o > x%. T0 paBHOCUILHO HEPABEHCTBAM

(n —2°) + (@2 — 2%) > 0, (1 — 2%)(q2 — 2*) > 0,

YTO0, B CBOIO OYepe/Ib, MOXKHO IepercaTs B Buje p—222 > 0, g—pz?+2* > 0.

NTak, nepeMeHHbe T, p, ¢ YAOBJIETBOPAIOT HepaBeHcTBaM p? — 4q > 0,
p—222 >0, g — pr® + 2% > 0. [lepBoe U3 3TUX HEPABEHCTB TaPaHTHPYET
CYIIECTBOBaHNE PA3IUIHDBIX BENIECTBEHHDBIX YNCE (1, (o TAKUX, 9TO 1 + (o =
P, q1q2 = q. Hepasencrsa p — 222 > 0, ¢ — pz? + 2* > 0 rapanrupyior, 1ato
¢ > 22, o > 22, uTO ObecuednBaeT CyIECTBOBAHNE JABYX KOMILICKCHBIX Iap
Ha BEPTHUKaAJIN T .

[TocMoTpuM Temnepb, KOT/ia BBIIOJTHAIOTCS 3TU TPU HEPaBEHCTBa, obecrie-
quBalolye CymeCTBOBaHNEe BEIICCTBEHHOI'O KOPHA U JIBYX KOMIIJICKCHBIX IIap
Ha BEPTHKAJIU .

[Toscrasiga B HepaBeHCTBO p? — 4g > 0 BbIpazKeHHd p U ¢ 4epe3 T,
TIOJIy YU M:

64(3 +22)%  64(—2 + 52 + %)

— > 0.
(4 + x2)? 4+ 22
3HaMeHATe b JIEBO YacTU IMOCJIEHEr0 HEPaBeHCTBA rojioykuTeieH. 30a-
BUMCS OT 3HaMeHaTes u noayuaum: 1088 — 76822 — 512x* — 6425 > 0. Ilo-
JIMHOM B JIEBOI YaCTHU IOCJIEHEr0 HEPaBEHCTBA MMeEET TOJILKO JIBa Bellle-
CTBEHHBIX KOpHHA * ~ +0.9298. 3naunT, och x pa3zduBaeTcd HA TPU UHTEPBa-
Jla, B KaKJIOM M3 KOTOPBIX ITOJIMHOM He MeHdAeT 3HaK. fZIcHO, 9TO TOJBKO B
UHTEPBaJIe MEXKJIy TUMU CBOUMH BEIECTBEHHBIMU KOPHIMU 3TOT TOJHMHOM
[TOJIOZKHUTEJIEH.

Urak, mia ¢ < 0 mepaserctso p° — 4g > 0 paBHOCWILHO TOMY, 9TO
r1 < x < 0, tne r1 =~ —0.9298 — eIMHCTBEHHBII OTPUNATETHLHBIN HY/IH
dbynxiyn p? — 4q.

Samernm, uTo 3HadeHue 1 ~ —0.9298 cooTBeTCTBYET IPABOil KOPHEBOI
muarpamme puc. 5. Heitcrsurensno, npu p? — 4q = 0 moaydaeM q; = ¢, TO
€CTh TIOJIy4aeM KPATHYIO KOMILIEKCHYIO Tapy.

ITocmoTpuM Teneps, Korja @ < 0, p— 222 > 0. Tak xak p —22? = 2 13;;4,
To ipu & < 0 mepasencTBo p — 272 > 0 paBHOCHILHO ToMY, 9To 12 — 2% > 0,
To ectb —1.8612 ~ —v/12 < z < 0. BnaunT, Hepasencrsa v < 0, p? —4q > 0,
p — 222 > () cCOBMECTHO PaBHOCHILHLI TOMy, uTo —0.9298 ~ z; < = < 0.

Haxomelr, IoCMOTPUM, KOT/Ia BBIIOJIHICTCS HEPaBEeHCTBO ¢ —p 22 + x4 > 0
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upu x < 0. Beraucmum ¢ — p 22 + 2* kax dynxmmio ot x. [omyanm

—32 + 5622 + 12z* + 28
4 + g2 ’

q—pr’+at=

[TommaoMm —32 + 5622 + 122% + 2% umeer eauHCTBeHHEBIH OTpPUIATEILHDIIH
KOpeHb Ty ~ —0.716, npuyém on npu r = —1 nosioxkuresnen u npu r = (
oTpUnAaTeIeH. 3HAYHUT, HepaBeHcTso ¢—p 2 +x* > 0 mpu 2 < 0 paBHOCHILHO
TOMY, 4TO T < 9 ~ —0.716.

Tak xKak ¢ — pa? + 2% =
0, (@ —7%)(g2— %) = yiy3, To
’ paseHcTBo ¢ — pa’ + 2t =0
PaBHOCUJIBHO  TOMY, HYTO
11y2 = 0. T.e. mpu

) r=x ~ —0.716

KOMIIJIEKCHAS ITapa XapaKTe-
PUCTAYECKAX KOpHEN
CJINBAETCS C JIENCTBUTETHHBIM
--06  KopHeM, 00pa3yd TPEXKpar-
HYIO IT1apy U peajusys JEBYIO
L 05 KOPHEBYIO JIMArpaMMy pHUC. O
TOUKY, YKa3aHHYIO B 11.4.2.

Pestomupyst  ckazamnnoe,
Puc. 6: I'padux nesnesoit dyukmun I'ypsuna Ha  MOKHO yTBEPZKIATH, YTO OT-
unreppase —1 < x < —0.5 npn napamerpusa- pe3ok
UM OJTHOMEPHOI0 MHOI000pa3usi BEPTUKAILHOMN
IATEPKA KOPHEH BEPTUKAJIBIO T (1, x2) = (—0.9298, —0.7160)

NEepEeMEHHON T, MMEIOMEN CMBICA JEHCTBUTEIBHOIO XapaKTEPUCTUYECKOT'O
KODHs, TepexoguT B anaaurudeckyio kpusyio {(a(z), b(x), ¢(z))} B 1po-
CTPAHCTBE IIaPaMETPOB PEryadaTopa

1 4z(—2 + 52 + z4)
a=——rq=— ,
4 4 4 22

8(3 + x?)

b=8x2+p—10=8z2—-10+ , ¢= —buz,

4 4 22
BCe TOYKHM KOTOPOI peasin3yloT BEPXHIOI KOPHEBYIO JMarpaMMy pHUC. D, a
KOHIIEBbIE TOYKN — JieByio (ipu © ~ —0.7160) u npasyto (mpu x ~ —0.9298)
JrarpaMMbl puc. 5. B cumry 3TOro odeBmiHo, 9To TOYKA U3 IyHKTa 4.2 He
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SABJIAETCH TOYKOM MUHMMYyMa TieieBoit pyuknuu ['ypBuiia: BJo/Ib yKa3aHHO
KPHUBO# TPOUCXOJIUT CHUXKEHUE 3HAYEHUs PaBHBIX MeEXKJy co0oil JieficTBu-
TEJIbHBIX YacTell KOPHEBOI'O HabOpa BILIOTH JIO TOYKU U3 IMyHKTa 4.3. D10
HAIJISTHO MOJITBEPXKIaeTcs rpadukoM 1esreBoit pynknun ['ypsuna na yka-
3aHHON KpuBoii (puc.6).

7. Muaumywm niesieBoit dpysknun I'ypsBuiia B MEHOTroOOpa3uu JIBY-
KPATHBIX BEIECTBEHHBIX KOPHEI.

Ocraérest paccMOTPETh BO3MOYKHOCTD, IIPEJIJIOZKEHHY IO B KOHIIE 11.2. YCJ10-
BHE KPDATHOCTH JIEfICTBUTEILHBIX KOPHEl CBA3BIBAET OJIHY CTEIeHb CBOOOIBI 1
3aJIa€T MMOBEPXHOCTH B IPOCTPAHCTBE IMapaMeTpoB peryiaropa. [lonpodbyem
MUHUMU3UPOBATH TEJIEBYI0 (DYHKIIUIO Ha 3TOM JIBYMEPHOM MHOIOOOpa3uu,
JIOIyCKasl KaK HeCyIeCTBOBaHUE I'Da/IMEeHTa, TaK W OOpallleHue ero B HyJIb.
Hanuuane nByXKpaTHOrO JEHCTBUTEILHOTO KOPHSA T XapaKTEPUCTHYECKOI'O
MHOT'O4JIeHa PABHOCUJIBHO TOMY, YTO XapaKTEePUCTUIECKUII MHOTOYJIEH U €r0
[IPOM3BO/IHA B TOYKEe ¥ OOpAINAIOTCH B HYJIb, TO €CTh PABHOCUJILHO PaBEH-
CTBaM

2° +cxt + (b4 10)2* + (a + 4e)2® + (8 + 4b)z + 4a = 0
5zt + 4ca® + 3(b + 10)2% + 2(a + 4c)x + 8 + 4b = 0.

Bripasus nepemennbie a, b, oIy dIuM:

0 2% (22° + ca’ + 162° + 8ca® + 64x + 16¢)
B (z° 4+ 4)°
32 + 2¢a® 4 302 + 16¢2® + 1122 + 32w + 32
(z° + 4)° '

Teneps MHOrOOOpasue JBYKPATHBIX BEMICCTBEHHBIX KOPHEil mapaMerpu-
30BaHO HE3ABUCUMBIME II€DEMEHHBIME I, ¢. [[0/ICTaBUB B XapaKTepuCThIe-
CKHI MHOTOUJIEH 9TH BBIPAXKEHUsI TADAMETPOB @ ¥ b, IOy IUM MHOTOUJIEH C
napamerpamu x, ¢: P, ,(s) = (22 +4) 2(s—2)?[(2?+4)2s>+ (22° +cxt + 1623+
8cw?+32z2+16¢)s°+ (42 +1622+128) s+8x° +4dcat +-6423 +32cx* +2562+-64c].

O6o3HAYNM MHOXKUTEJb B KBaJIPATHBIX CKOOKaX [depes ¢($):

q(s) = (22 + 4)*s® + (22° + cx* + 162° + 8cx? + 32z + 16¢)s* + (4a* +
1622 4 128)s + 8z° + dea* + 6423 + 32ca? + 2567 + 64c.

7.1. TIpeanonoxkuM, 9T0 MHOrOU/IeH ¢(S) MMeeT JBYKDPATHBIH KOPEHD ¥.
Tak Kak 9TO MHOTOYWIEH CTEIEHU 3, TO KOpeHb y — JeicTBuTe bHbIH. [Toj-
CTABUB B MHOTOWIEH ¢(S) M €ro IPOU3BOHYI0 BMECTO S KOPEHb ¥, TOJLY IHM:
(2% +4)%y® + (22° + ca* + 162% + 8ca® + 320 + 16¢)y* + (4da* + 162 4+ 128)y +
825 + 4ext + 6423 + 32ca® + 2567 + 64c = 0,

3(x2+4)%y?+2(22°+ca* +162°+8cr?+322+16¢)y+ (441622 +128) = 0.

ITocjte MCKIIIOUEHUs IapaMeTpa ¢ mojrydaeM ypasHenne: 16z + 8y2z?t +
yrrt + 8yta? + 80y%a? + 64x% — 256yx + 64y + 16y* + 512 = 0.

b:
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BroiiesinB 1osinble KBaJIpaThl, JIETKO YOEIUThCS, UTO JieBasl YacTh CTPOIO
nojioxkurenbha: 16(z? — 2)% + 16(y? — 2)? + 128(x — y)? + 8y?z* + y'z* +
8ytz? + 80y2x? + 384 > 0. 3Hauur, AByKpaTHLIX KOpHeil Muorodien ¢(s) He
MMeeT, U ero KOPHU Bceria b0 BCe BEIeCTBEeHHbBIE, JTUO0 9TO KOMILIEKCHASI
1apa W BelleCTBeHHbI KOPEHb.

Ilpu z = ¢ = 0 monyuum q(s) = 16s* + 128s. Cienosaresbio, mpu
JIFOOBIX TIapaMeTpax &, ¢ KOPHU MHOrowieHa ¢(s) — 9T0 KOMILIEKCHAs! T1apa
U BEIEeCTBEHHBII KOPEHb.

7.2. O60o3HAYNM ITOT BEIeCTBEHHBI KOpeHb depe3 z. [lojcraBum B 110-
JMHOM ¢(S) BMECTO IepeMeHHoli s ero Kopenb z. [loyuum ypaBHeHue

(2% +4)%23 4 (c (22 +4)* +22° +162° +322) 22 + (4a* + 1627 +128) 2+ (4ot +
3222 + 64)c+ 825 + 6423 + 2562 = 0, MHEiHOE OTHOCUTEIBLHO TIapaMeTpa C.
Bruipaxkas ero, mosryanm

2% — 4(z + 2x)
(2% +4)(z> +4)*

c= (z—|—2x)+16

Biarogaps mocsieiHeMy paBeHCTBY MOJIyU€HA ITapaMeTPU3AIMsT TPOHKY
a, b, ¢ IByMsI HE3ABUCUMBIMHU [IEPEMEHHBIME T, 2 (JBYKPATHBIM U OJHOKPAT-
HBIM KODHSAME XapaKTePUCTUIECKOTO MHOIOUIEHA).

Kaxk nokasano B 1.7.1, Kopau MHOTOUYIeHA ¢(S) — 9TO KOMILIEKCHAS Ia-
pa 1 BEleCTBEHHBIH KOpeHb 2. To ecTh KOPHU XapaKTePUCTHIECKOTO MHOIO-
anena P(s) = s° + c¢s? + ... — 910 KOMILIEeKCcHas Hapa, IPOCTOli BelecTBeH-
HBbIIl KOPEHb Z W JIBYyKPATHBIN BeleCTBeHHBIN KOpeHb r. OOo3HAINM depe3
7 BEINECTBEHHYIO YaCTh KOMILIEKCHOM mnapbl. Koaddurnuent npuseséanoro
muorowiena P(s) npu derBéproii crenenu ¢ = —(z + 2z + 2r). Tenepn u3
HOCJIE/IHETO PABEHCTBA ¥ HOJIyYEeHHO paHee NapaMeTpUu3alid apaMeTpa ¢
HEePEMEHHBIMU T, 2 MOJIyYUM 3aBEJOMO TIaJIKYIO (DYHKIUIO

zx? — 4(z + 2x)
BRI

Ipacduk dbyuxiun r(zr,z) B KBajgpare —6 < x,z < 0 u3obpazkeH Ha
puc. 7.

7.3. U3 rpaduka BuIHO, 9TO B 9TOM KBajpare dyHKIUs 1(T, 2) UMeeT
MUHUMYM, U 9TOT MEHUMYM JIOCTUTAeTCsI He Ha IpaHulle kBajpara. [loHsTHo,
YTO 9TOT MHUHUMYM TJIAJIKHUIA.

Haiiném remepb skcrpemymbl dyukimu r(x, z). Iasg 57010 BbIYACIAM
YaCTHbIE [TPOU3BOJIHBIE (DYHKIMN %T([L’, Z) U IpUPABHSIEM UX K HYJIIO:

2z0 — 8 4(za? — 4(z + 22))x
TR AR () A

=0,
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r? —4 2(z2? —4(z+2x))z
TP D@ A (@A) 0

N3baBumcs OT 3HAMEHATEJIEI:
(23 —122)2 — 1222 + 16 = 0,

(22 —4)2*—16zx—42*4+16 = 0.

Beipazum 2z u3 1epBoro ypas-
4(32° — 4)

x(z? —12)
BUB TeIIEpb IIOJIy9Y€HHOE BbIpazKe-

HUe JIIg 2 BO BTOPOE ypaBHEHUE,
TIOJTY UUM:

a¥ — 162° — 160z* — 25627 +
256 = 0.

Haiiyiém paszioxkenue moJIMHO-
Ma U3 JICBOI YaCTHU IIOCJICHErO Pa-
BEHCTBA HAJL TI0JIEM BEIECTBEHHBIX
YUCET:

a¥ — 162° — 160z* — 25627 +
256 = (v2+4w—4)(x*—4x—4)(2*+
4)2,

Hac unrepecyior ToJibKO Beliie-
CTBEHHbBIE KODHH 9TOT'0 MOJUHOMA.
Haiiném nx. Kopuu nmosmnoma, 224
dr —4 —»o102-(—1+£ \/5), nin 9ucjaenno: r ~ —4.8284,0.8284. Kopuau mo-
munoMa 2 — 4x —4 — 910 2 - (1 £ /2), nm uncienno: x =~ 4.8284, —0.8284.
Orpunarensubie Kopun: 2 - (—1 — 4/2), 2 - (1 — +/2), wm unciaenno: r =
—4.8284, —0.8284.

Hna v = —4.8284 nonyuum z ~ —4.8284, 10 ectb 2z ~ x. na x =
z = —4.8284 nomyunm r(z,z) ~ 0.0214 > 0, 9r0o He obecHeIMBAECT yCTOl-
YUBOCTb CHCTEMbI: KOMILIEKCHAS [Tapa HAXO/IUTCs B IIPABOI MOJIYILIOCKOCTH.
N3 rpacduka 7 BUIHO, YTO 3TO TOUYKA MAKCUMyMa (PYHKITUH 7.

g x = —0.8284 monyunm z ~ —0.8284, To ectb 2 =~ x. na x = z =
—0.8284 nmosyunm 7(z, z) ~ —0.7285 < 0, uTo 0beCHEUMBACT YCTONINBOCTE
cucrembl. I3 rpacduka 7 BUJIHO, 9TO 3TO TOYKA MUHUMYyMa (DYHKIIAU 7.

Urak, skcrpemymbl dbyHKIMA 7(x, z) gocrturaiorcsa npu = z. [Ipuse-
Jém rterepb rpaduk dysknuun r(x,z) npu x = z (puc. 8). dro rpaduk
[IOJIOYKEHUsT BEPTUKAJIN KOMILJIEKCHOW Tapbl KOPHEH XapaKTepUCTUYIECKOTO
MHOTOYJIEHa B MHOTIOOOPa3uy TPEXKPATHBIX KOPHEN B 3aBUCUMOCTH OT TPEX-
KpPaTHOT'O KODHS .

Takum obpazom, z = r ~ —0.8284 — TpEXKpaTHBII KOPEHb XapaKTe-
PHUCTUYECKOIO MHOIOYJIeHa, obecrieauBaiomuii MuauMym r ~ —0.7285 < 0

HEeHUsl: 2 = . Iloscra-

Puc. 7: T'paduk pgeiicturensuoii gactn
KOMILJICKCHBIX XapaKTEPUCTUICCKUX KO-
Hell Kak (PYHKINNA JAEHCTBUTEBHBIX KOP-
Hel: IBYKPATHOI'O & U IIPOCTOrO 2
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1eJ1IeBOi (PYHKITUU B MHOTOOOPA3UU JIBYKPATHBIX BEIIECTBEHHBIX KOPHEIT.
Boraucimm juts Hero napa-
MEeTPBI YIIPpaBJICHUS: -6 -5 -4

a = 0.740, b~ 0.887, c A 3.942.

st 5TUX 1IapaMeTpoB yIIpaB-
JIEHUsSI BBIYHUC/IAM XapaKTepH-
crudeckuii Muorouien: P(s) ~
§94-3.9425%4-10.887534+16.50952+
11.54954-2.960. /1151 5TOTO MHO-
rovseHa BeraucanM Kopum: —(0.828+
0.0009z, —0.827, —0.728+2.162.

B ntore makcumym BeliecTBeH-

HBIX 9aCTel 3TUX KOPHEA — 3TO

r~ —0.728 < 0.

Taxum obpazom, B objiacTu

YCTOMYIUBOCTA MUHUMYM II€JIe-
BOI (pYHKIMH Ha MHOIOOOPA3UM JIBYKPATHBIX BEIECTBEHHBIX KOPHE, KaK 1
MUHHMYM Ha MHOTOOOpa3uu TPEXKPATHBIX BEIECTBEHHBIX KOPHEil, OKa3bIBa-
ercsa U-00pa3HbIM U OIPEJIe/IgeTCs TEM, UTO B 9TOH TOYKE I'PAJIUEHT paBeH
HYJTIO.

8. 3akurouenue. Mrak, 3aja4da crabum3alui TPEXMACCOBOM CcHUCTe-
MBI JByxKaHaJabHbIM [TV /I-peryiaropoM perieHa Kak 3a/ia9a MUHAMU3AIAN
dbynkimn rypsunesoil ycroitunsocrun H(p) = maxj_;  , Rez;, obecretnsa-
IOIell caMoe JIEBOE PACIIOJIOZKEHUE TIOJIIOCOB PETY/IITOPa, BO3MOXKHOE ITPHU
BBIOPAHHO# CTPYKTypEe peryssiropa.

Koncrpykius KOpHEBBIX CUMILIEKCOB YKa3bIBAET KPUTUIECKIE KOPHEBbLIE
JquarpaMMbl (puc. 1, 3), T.e. Takue pPacIoJIOKeHUs! MOJIOCOB Ha KOMILIEKC-
HOM IIJIOCKOCTHU, IPH KOTOPBIX HE CYIIECTBYET YACTHBIX ITPOU3BOJIHBIX IEJIe-
Boil (byHKIMK. B TakoM HysibMepHOM MHOI00Opa3uu (OJHON UM HECKOJIbKUX
TOYKAX) MOYKET JIOCTUTATbCS IKCTPEMYM IEeJIeBO hyHKIUN.

Bce Takue BO3MOKHOCTU ObLIN UCCJIEI0BAHBI, U JIJisl OJIHOM U3 HUX (mpa-
BOI Ha puc. 3 u 5) J0CTUTraeTCs HAUMEHbIlee U3 ODHAPYKEHHBIX IIEJIEBBIX
sHavenuii. Emé ogHa BO3MOXKHOCTL (JieBasi HA PHC. 3, C YeTHIPEXKPATHBIM
JIeHiCTBUTE/IbHBIM KOPHEM CIIPaBa) OKa3aJjiach HEOCYIIECTBUMOI.

BoisicHIIIOCH, 9TO TpeThsl W3 9THX TOUYEK (IEHTpasbHasl Ha pHUC. 3) He
SIBJISIETCST TOYKOM JIOKAJIBHOIO MUHIMYMaA.

Takum obpa3om, IpeJcTaBIeHHbIN 3/IeCh I0JIX0J peau3dyer Oojiee 3h-
(EKTUBHYIO ¥ THOKYIO CXEMY IOUCKA IKCTPEMYyMOB, Ye€M I'DaJIMCHTHBIE Me-
TOJIBI, UCIIOJIb30BABIINECs BO MHOXKeCTBE paboT, B T.4. [14,15,16].

Puc. 8: ®ynkuus r(z, z) upu x = z
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Ocobo cie/ryer OTMETUTD, YTO JIOCTUYKEHNE IKCTPEMYyMa B TOUKE MAKCH-
MaJIbHOI KpaTHOCTH, oTMedeHHoe B pabore 14| kak “unrepecubiii peromen”
(Tam 910 OBLI MSATUKPATHBIN MOJIOC) 3/1€Ch HEBO3MOYKHO, TIOCKOJIBKY YeThI-
PEXKPATHBIX KOPHEel 3a/laHHas CTPYKTypa PeryasaTopa BooOIIe He JI0MyCcKa-
er. Bimkaiiirag u3 ocymecTBUMBIX BO3MOYKHOCTEH — TPEXKpATHbIE KOPHU
— peaJn3yercsd Kak ajreOpamdeckas KpUBas B IIPOCTPAHCTBE IapaMeTpOB.
O 1HaKO MUHUMYM Ha HEHl JIOCTUTAETCs B KPUTHIECKONW TOUKE JIPYTOrO TUTIA:
TaM, TJie Ha MHOTOOOpa3uu IpaJueHT oOpalaercsd B HyJIb, a He TaM, TJe OH
HE CYIIEeCTBYeT.

e a1u Touku (HecyecTBOBaHUsI U OOpAIeHNs] B HyJIb IPAIMEHTa) pac-
IIOJIO?KEHBI 110 COCEJICTBY: Pa3HOCTU KOOPJIMHAT B IIPOCTPAHCTBE IIapaMeTpPOB
nopsyika 0.1, a 3uavennii nenesoit pynkmuun — nopsyaka 0.01. Tem ne me-
Hee, pa3jindne 3TUX TOYeK YCTAHABJINBAETCS ¢ OOJIBINM 3allacOM TOYHOCTH,
a JIOKQJIbHBIN SKCTpeMyM jaéT npumep U-o0pasHOro MUHHMYMa IEJIE€BOit
dyHKIIH.

Jlastee, njest KOpHEBBIX KOOP/IMHAT, OO/ IMBIIast PA3BUTUE KOHCTPYKITUU
KopHeBoro cuMmiutekca [9-11], okazasach 3mech 1ocTaToIHO 9D HEKTHBHOI:
caMU 3HaYeHUs KOpHell (MX JefiCTBUTEIbHAST M MHUMAasi 9aCTH) [I03BOJIU-
JI1 PalMOHAJIBHO IapaMeTPU30BaTh MHOrooOpasus ¢ 3aJIaHHBIM KOPHEBBIM
MIOPTPETOM.

EcrectBenno, Takas 3¢pdeKTUBHOCTD 00YCJIOBJIEHA TEM, UYTO B KaueCTBE
1esieBoil (pyHKIUN B3sTa caMast pocras. Peasmzaiius Ipyrux KOHCTPYKITUi
1eJ1eBOM (DYHKIINU TO3BOJIAET IPEJIIONIOKUTH JOIOJHUTEIbHBIE TPY/IHOCTH,
He HOCHAIINE, OJHAKO, TPUHIUIUAILHOIO XapaKTepa.

To ke caMoe MOYKHO CKa3aThb U O YUCJIOBBIX OCOOEHHOCTSIX BBHIOPAHHOTO
npuMepa. [louTn Hurme aBTOpH HE MOTBL30BAJIUCH TEM, UTO XaPAKTEPUCTUKI
00bekTa 3a/IJaHbl UMEHHO TaKuMU. [[j151 JTI0OBIX JIpYTUX apaMeTpPOB CUCTEMBI
CUTYAIIO MOKHO aHAJIM3UPOBATH U IIPOCIUTHIBATH aHAJIOrmIHO. Hampumep,
HEPABEHCTBO B I1.7.1, JIOKa3aHHOE BBIJEJEHIEM TOJHBIX KBaJPATOB, JIETKO
yCTaHAB/IMBJINBAETCS YUCJIEHHO; BMECTO AHAJIUTUYECKOI'O BBIYHCJIEHUsST KOP-
Hell 11.7.3 MOXKHO OTPaHUYUTLCS UX MPUOJIMZKEHHBIM PAcYeTOM; YHCJIEHHbIE
cBeJieHus 11.6 MOXKHO JIETKO M3BJIeYb U3 I'PAPUKOB, U T.]I.

CpaBuenue 3uadenuii 1eeBoit ¢pyuknun B 1.4.3 u 1.7 HEIb3s CINTATD
JIOKA3aTe/IbCTBOM TOTO, 9TO B 11.4.3 HalijileH T/I00AbHBIII MUHUMYM (DyHK-
. H(p). Crporo rosopst, jijist 9T0oro Tpedyercsi MOJHOEe UCCIe0BAHIE HA
9KCTPEMYM BCEX CEIMEHTOB KOPHEBOI'O CHUMILIEKCA — BeJlb, KaK MOKA3bIBAET
IIPUMeEp 1.7, SKCTPEMYM MOKET JIOCTUTIaThCs U B TOM CJIydae, €CJIM CIIPaBa
HAXOJIUTCST BCETO OfiHA Hapa (MM OJUH JefCTBUTEIbHbI KOPEHB ).

O/ 1HaKO HAXOXK/IEHUE TOYEK C KPUTUIECKUMU KOPHEBBIMU IOPTPETAMU U
B 9TOM CJIydae JIaéT HaJIEKHbI opuenTup. IIyHKT 7 miumocTpupyer u MeTo/,
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C IIOMOINIBIO KOTOPOT'0 MOYKHO HMCKaTh IKCTPEMyMbl Ha “JiHe” oBparoB ¢ Y-
0Opa3HBIM IIOIIEPEUHBIM CEYEHHEM , TTOCKOJIBKY CaMo 3TO “JHO" TJIajikoe, U
rpajMeHT Ha IapaMeTPU30BAHHOM MHOIOOOPA3UM CyIIECTBYET.

JlabHeiinee pasBUTHE IMPEJJIOKEHHOIO METO/a, pa3pabOTKa BBITHC/IU-
TEeJILHOIO almapara 1 0000INEeHNe MUCIIOJIb30BaHHbIX BbINIE IPUEMOB OCTAB-
JIAIOT TITUPOKOE T10J1€ TTPOOJIEM.

ABTOpPBI CUMTAIOT HPUATHBIM J0JITOM Iob/arogaputh mpod. A.A. Boe-
BOJIy 3a II€HHBIE OOCY:KJICHUSA PACCMOTPEHHOW B CTAThe CUCTEMbI U 0bIee
Hay4HOE PYKOBOJICTBO.
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1 Bseaenne

B ynupepcasibnoit ajarebpandeckoil reOMETpUN U3ydaroTCs ajredpande-
CKHe MHOYKECTBa — MHOYKECTBA PEIICHUI CUCTeM ypaBHEHU Hal ajredpamu.
B ciayuaae, eciin anredbpa gBJIeTCsS TOIOJIOITYECKON aaredbpoii, To HEKOTOPYIO
nndOopMaImio 06 aJredpanIecKnx MHOXKECTBAX MOXKHO IOy IUTh U3 CBOMCTB
3a/IAHHOTO TOIOJIOTMIECKOT'O ITPOCTPAHCTBA.

Hanpumep, B Kiaccudeckoii aareOpanieckoil reOMeTpUn N3y 4aroTcst MHO-
JKeCTBa HyJIeill MHOTOYJIEHOB HAJI ITOJIEM BelllecTBeHHBbIX unces R. Xoporro
U3BECTHO, YTO B 9TOM CJIydae BCEe MHOYKECTBa PeEIeHUil ypaBHeHuit OyyT
3aMKHYTBIME B €BKJINJIOBO TOIIOJIOTUU MHOYXKecTBaMu. HecioyKHO 1moKa3arh,
YTO aHAJIOTMIHOE YTBEP:KJICHUE UMeeT MECTO B CJIydae IPOU3BOJILHON TOTIO-
noruaeckoii anrebpet A = (A, T, L) ¢ xaycnopdosoit ronoorueit T (cM. Teo-
pemy 3).

g mekoropbix tomosornueckux anrebp A = (A, %, L) Bepro u 06-
paTHOE BKJIIOUYEHUE, TO €CTh JII000e 3aMKHYTOE B TOIOJIOrUU T" MHOXKECTBO
X C A" gmnserca ajrebpamdeckuM HaJ A MHOXKECTBOM. 3aMeTHM, 9TO B
9TOM CJIydae MbI IIOJIydaeM OIMCaHue ajareOpamdecKux MHOXKECTB, & B 9TOM
U COCTOWT OJIHa M3 OCHOBHBIX 3aJ1a9 YHHUBEPCAJILHON aJiredpandecKkoil reo-
METPHH.

Onucanne Takux aysredbp gaércs Teopemoii 5. Hecmorpst Ha 1o, uTo T4
TeopemMa (DOPMYIUPYETCs JTOCTATOYHO CJIOZKHO, 9Ta TeopeMa yI00HA B TeX-
HUYECKOM ILIaHe, W B pasjesie 4 1MoKa3aHo, KaK ¢ IOMOIIBIO 3TOil Teope-
MBI MOXKHO TIOJIYYUTH ONUCAHUE aJredpandecKux MHOXKECTB HaJl ajredpamMu
(N, 4+, min, max, 0, 1), (R, +,|- |, —1,0,1), (R, +, max, —1,0, 1) u HeEKOTOpHI-
MU JIPYTHAMH.

40
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OCHOBHBIM pPe3y/JIbTATOM JAHHOW PAOOTHI SIBJIETCS TeopeMa b.

2 Heobxoagumbie MOHATUA YHUBEPCAJIBHOM
ajredpamdeckoii reoMeTpun

B a10M passielie HAIOMHUM HEKOTODBIE OLPE/IeIeHNs] 13 TeOPHU MOJIeJIeit
U YHUBEPCAJILHOMN ajirebpandeckoil reomerpu, ciaeays 2] u [1].
DYnKUUOHAALHHIT A3bK L TIOTHOCTBIO OLPE/IENISIeTCs 3a/1aHIeM

1. MHOX)KecTBa (DYHKIMOHAJIBHBIX CUMBOJIOB [’ ¥ IOJIOZKUTEIBLHBIX EJIBIX
quces ny 114 Kaxgoro f € F

2. MHOXKECTBA KOHCTAHTHBIX cuMBOJIOB (.

(Y144

JaJgee Jjisi KpaTKOCTH CJIOBO ,,(pYHKIIMOHAJIBHBIN OYIET OIyCKaThCs.

[IycTth x — KOHEUHBIN HAOOP TepeMeHHbIX, [, — HEeKOTOPbIN A3bIK. MHO-
JKECTBO MepMo8 A3bIKa L OT IEepeMEeHHBIX X — 39TO HauMeHbIee MHOZKe-
crBO 1’ Taxkoe, 4TO

1. ¢ € T s KaxKJa0ro KOHCTAaHTHOTO cuMBoJia ¢ € '
2. x € T nna KaxKJa0il nepeMeHHol © u3 X;
3. ecmm ty,ty, ... ty, €T u f€F, 10 f(t,ta,...,t,,) €T.

Qopmyna Buga t1 = to, T7ie t; W ty — TEPMBbI, HA3BIBAETCH YPAEHEHU-
em OT TepeMeHHbIX X #3biKa L. JI100oe MHOXKEeCTBO ypaBHEHU HA3bIBAETCS
cucmemoti ypasHenuli OT IIePEMEHHBIX X s3bIKa, L.

Auneebpa A si3bika L IIOTHOCTBIO OLPEIEISAETCs 3a1aHIeM

1. HemycToro MHOXKeCTBa A, Ha3bIBAEMOIO Hocumenem aaredpor Aj;
2. dynkmuu fA: A — A g kaxioro f € F;

3. xoncrauTsl ¢t € A nna xaxoro ¢ € C.

(DyHKL[I/IH f‘A 1 KOHCTaHTa C"4 Ha3bIBalOTCAd uHmMmepnpemayuAmUu CUMBO-

jgoB f m ¢ coorBercTBenno. [lamee anredbpy A Oyiem 3ammcbiBaTh B BU-
e (A, L).

[To mobomMy TepMy MOXKHO TOCTPOUTL (DYHKITUIO, & UMEHHO, IyCTh ¢ —
TEpM OT N IlepeMeHHbIx X. VuaykTusno onpepenu t4(a), a € A", ciemyo-
M 00pa3oM:

1. ecrm t — KOHCTAHTHBIH cuMBOI ¢, To t4(a) = c;
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2. ecrm t — mepemennas ;, To t4(a) = a;;

3. ecm t — Tepm f(ty,...,tn f), rie f — byHKIMOHAIBHBIN CHMBOJI U
t1, ... ty, — mepmsr, 10 t4(a) = fA(t{'(a), . .. ,t;ff(a)).

Ternepn Bepuémces K cucremam ypasaennit. Touka a € A™ naspiBaercs pe-
wenuem ypasuenns t(x) = ty(x) nag A, ecqm tit(a) = t5'(a). Mol rosopum,
910 TOuKa a € A" sBideTcs pewenuem CucTeMbl ypapHeHuit S(x) Haz A,
€CJTH @ sIBJISETCS PEIIeHUEM KarK0ro U3 YPaBHEHUI CUCTEMbI S.

MHuozkecTBO Beex perieHuii cucreMbl S(X) HA3bIBAETCS AA2e0PAUMECKUM
mHoocecmeom Had A, coorBercTByomum cucreme S, u oboznadaercs V 4(S).
CoBokymHOCTb Beex asirebpanmydecknx naj A muoxkects Y C A™ obo3na-
quM A 4 -

[IpuBeiéM HECKOIBKO TPUMEPOB ajirebpandeckux MHOXKecTB. [lycts A =
(A, L) — npousBosibHast ajrebpa.

1. MuoxkecrBo A" (HazbiBaeMoe adPUHHBIM N-MEPHBIM IPOCTPAHCTBOM )
ABJIAETCH aaredpandecKuM, TaK KaK gBJIAETCA MHOXKECTBOM PEIIeHUA,
HAIIPUMeED, YPABHEHUS T = T7.

2. Ecim cymecTByroT aBa KOHCTAHTHBIX CUMBOJIA Ci,Cy € L Takux, 9TO
cft # ¢, TO TMycTOE MHOMKECTBO SIBJISIETCS aNreOPamdecKuM, TaK Kak
@ =Vaulcr = ).

3. Ilycts C' = {cA, ¢ € L} — MHOXKeCTBO 3JIeMEHTOB, KOTOPHIMH TIPOHH-
TEPIPETUPOBAHbl KOHCTAHTHBIE CUMBOJIBI A3biKa L. Torma mo6oe oj1-
HOTOYEYHOE MHOKECTBO { (a1, ...,a,)}, a; € C, aBisercs anrebpande-
CKUM, Tak Kak V(21 = ay,...,x, = a,) = {(a1,...,a,)}.

4. Tlycrs {Y;,i € I} — npousBosibHOE CeMEHCTBO aarebpandecKux MHO-
JKECTB, TOIJ[a Ilepecedenue (), ; Y; TakKe sBJAETCs anrebpanmdecKnM
MHOKeCTBOM. B camom gerte, myers Y; = V 4(S;), @ € I, Torpa ()., Y; =

Va (Uiel Si)‘

5. Ilycrs Y] n Yo — anrebpandeckue MHOXKECTBa, TOTJIA UX ITPOU3BEJICHUE
Y1 XY,y — anrebpandeckoe muozkectBo. [lycrs Y1 = VA (S1(21, ..., 2m)),
Yo = VA(SZ(merb s axn))a Torga Yp X Yo = VA(Sl U 52)

IIpumep 1. Paccmorpum amre6py Amdpm = (R,max,-,+,—,0,1), koro-
pas paccMmarpuBasack B pabore [5]. Kimace anrebpantdecknx MHOKECTB Hal
9TOI aJiredpoii JJocTaTrodno OoJbinoil. Hamnpumep, e MHUYHDBIN KPYT sABJIET-
¢ aJiredpamdecKuM MHOYXKECTBOM, TaK KakK SABJISETCs MHOYKECTBOM PEeIIeHUit
ypasuenus max(z® + y? —1,0) = 0.
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PacemorpumMm citejtytomniyio cucremy ypasHeHuit ot nepemennoit x. [lyctn
fi(z) = z(x — 1) u nepBoe ypasuenue s; umeer Bug max(fi(x),0) = 0. Muo-
JKECTBO perieHnii sroro ypasuenus ectb orpe3ok [0, 1]. Bee mocsemyiomntue
ypaBHeHus OyyT Takxke umersb By max(fi(z),0) = 0, a muorowrensr f;(x)
CTPOATCS CJICIYIOmuUM 00pa3oM. MHOXKeCTBO PelieHuil ypaBHEHUS S;—1 HA/
Amndpm €CTh obbeHenne oTpe3koB | <,<oi-1[ak, bx]. Tlomommm

2ak + bk ap + Qbk
filz) = H (x — ag) v —a— Jlv-—5— (x — by).
1<k<2i-1

Heci10:kH0 3aMeTHTD, 9TO MHOYKECTBO PEIICHUIT IOy YeHHON CUCTEMbI ypaB-
menuit {sy, So, ...} Hax Apapm fBIgETCH MHOXKecTBOM Kanrtopa [4, cTp. 31].

Bunno, 4o Haj asnrebpamdeckoit cucteMoit Apgpm ABIAOTC ajirebpan-
YECKUMU MHOXKECTBA OYCHDb CJIOKHOH CTPYKTYPBL. 1eM He MeHee JIErKO II0-
JIyYUTDb OIUCAHKME BCeX anrebpamdeckux MHOXKeCTB. OKasbIBaeTcst COBOKYII-
HOCTD aJredpamdecKux MHOXKECTB COBIAJACT C COBOKYIIHOCTBIO 3aMKHYTBHIX
B €BKJIM0BOI TOIOJIOIMY MHOXKECTB. JTO OYAET CIeJI0BATL U3 TEOPEMBI 5.

ITpumep 2. Paccmorpum anredpy Apmmp = (N, +, min, max, 0, 1), koropas
Takzke nszydasnach B padore [5|. Ilycrs (ki, ..., k,) € N", Paccmorpum ypas-
HEHHE S(k, k) (%1, ..., L) BHIA

max E max (x;, k;), 1 + E min (x;, k;) E max (x;, k;) .

MHO»@KecTBOM pellleHril 3TOro ypaBHEHUsI HaJl ajredpoii Anmmp ABJILAETCS

muozxkectBo N\ {(k1, ..., k,)}. Orciona cpasy xe cieyer, 94To J1060€¢ MHO-
xkecrBo X C N” gpiisercs anre6pandecKuM Ha| Aymmp, TaK KAK MHOZKECTBO
pertenuit cucTeMsl {Sk,, . k) (T1, -+, Tn) }kr,.. kn)enm\ x COBHAzIAET ¢ X.

3 Tomosormyeckue ajaredpbl

[Iycrs A = (A, L) — npousBosibHas ajirebpa. [IpenoiokuM Takzke, 9ro
Ha MHOXKecTBe A 3ajana Tonosorus . Torma eciam Bce GpyHKIMOHATbLHBIE
CUMBOJIBI A3bIKa [ IPOMHTEPIPETUPOBAHBI HETPEPBIBHLIMU B TOIIOJIOTHU T
dbyuxIwaME, TO anrebpa A HasbIBACTCA Monosozuyueckol areebpot |3| m 060-
snadaerca (A, T, L).

Ecnun mekoropasi Tonosioruss ¥ mpeppariaer aiarebpy A B Tomosornde-
CKYI0 ajrebpy, To Oy/eM TOBOPUTH, 9TO ¥ sBJIsieTCsI Tomojorueit Ha A.

Ecnu Tonostorust siBiisiercst xaycopdoBoii, TO UMEIOT MECTO CJIE/IyIOIIIe
aBe jieMMsl |4, crp. 192-193].
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Jlemma 1. [Tycmo A = (A, T, L) — npoudcosvnas monos02uveckas an-
eebpa. IIpocmparncmeo (A, T) xaycdopdoso mozda u moavko mozda, k020
MHOIHCECME0 PEWEHUT, YPABHEHUS T = Y 3AMKHYMO 6 MONON02UNECKOM NPO-
cmpancmee (A% T?).

Jlemma 2. [Tycmo A = (A, %, L) — monoaozuveckan anzebpa, monosozus ¥
asasemes xaycdopdosot, u f(x) = g(X) — npouseoavroe ypasHeHue A3vKG
L om n nepemennvix x. Tozda mnoocecmeo V 4(f(x) = g(x)) samrnymo 6
monoaozuseckom npocmparcmee (A", T").

Tax kax V(S) = (N,cq V(s), a nepecedenue mpou3BOJILHOIO YHC/IA 3a-
MKHYTBIX MHOYKECTB 3aMKHYTO, TO, MCIOJIb3Ysl 9TH JBE JIEMMBI, [OJLyYIaeM
CJIEJLYOIIYIO TE€OPEMY.

Teopema 3. ITyemv A = (A, T, L) — npouseosvras monoio2udeckas an-
eebpa. Tonosrozuneckoe npocmpancmeo (A, T) asasemcs raycdopdhosvim mo-
20a U MoAvKO Mo2da, K020a 0AA N100020 NOAOAHCUMENDHO20 UENA020 Ty A10DOE
anzebpauveckoe nad A mmootcecmeo Y C A™ asasemcea 3aMKEHYMbIM 6 TO-
noaozuseckom npocmparcmee (A", T).

W3 3T0i1 TeopeMbl CIeyeT, UTO €CJIn TOIOJIOTHS XaycaopdoBa, TO JJIsd
JII00OOT0 TEJIOT0 MOJIOXKUTEILHOTO 1 BEPHO BKJIIOUYEHNE

Ay, C CUT).

4 CoBrajgeHne COBOKYITHOCTH aJredpamviecKnx
MHOXKECTB C 3aJIaHHOM TOIIOJIOrneil

B npeapiayiem pasjese mokaszaHo, KOTJa Bce ajredpanmdecKne MHOZKe-
CTBa ABJISTIOTCS 3aMKHYTBIMU. BBISICHIM, IpH KAKUX YCJIOBUAX COBOKYITHOCTD
airedpanvIecKnx MHOXKECTB COBIIQJIACT C COBOKYITHOCTHIO 3aMKHYTBIX MHO-
JKECTB.

OueBuaHO, 9TO ecym ajredpamdecKre MHOXKeCTBa o0OpasyroT Oasy 3a-
MKHYTBIX MHOKECTB HEKOTOPOIi TOITOJIOTUH, TO U BCE 3aMKHYThIE MHOXKECTBa,
Oy/yT ajnrebpandecKuME, TaK KakK IPOU3BOJILHOE IepecevueHne ajredpande-
CKUX MHOYKECTB SIBJISIETCS aJIreOpamIeCcKuM.

JlokaxkeM yTBEp2KJIeHIE, KOTOPOEe IIOMOXKET HaM IIPOBEPATH, B KAKOM CJIY-
yae ajredOpamdeckue MHOXKeCTBa 00pa3yioT 0a3y 3aMKHYTBIX MHOXKECTB.

Jlemma 4. [Iycmov (A, T) — monoaoeuveckoe npocmpancmeo, By — ba-
3a (omrpvmoir muooicecms) monoaoeuy X. Jaa mozo, wmobv, nekomopas
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cosokynHocms By 3AMEHYMDBIT MHOACECTE MOonoso2uu L bviaa 6a301 3a-
MEHYMBLT MHOHCECTNG IMOT MONOA0UU, HEOOLOOUMO U JOCTNAMOUHO, YIMO-
oL Ons KaHcAOT mouky a € A u 1106020 codeprcawezo MoKy a MHONHCECTNEE
X € By cywecmsosano mmuoocecmso 4 € By, ne codepoacawee mouky a u
codeporcawee mroocecmeo A\ X.

oxazamesvcmeo. HeodxomumocTs. [lycTh By — 0aza 3aMKHYTBIX MHOYKECTB,
a € Aun X € B; — OTKpPbITOE MHOXKECTBO, COJeprKalee TOYKY a. Torma
A\ X = (;e; Zi — nepecedenue KaKux-To sj1eMenTos u3 By. Haiinéresa xora
ObI OJIHO /Z; HE CcoJiepzKalllee @, OHO U OYIeT UCKOMBIM.

Hocrarounocts. [lycTs By yinosiierBopseT ycaoBuio yreepxkaenud. IlycTnb
X — 1pousBoJIbHOE 3aMKHYTOE MHOYKECTBO, Torjia ero jonosnenne A\ X
OTKPBITO H, ClleioBaTe/IbHo, npejcrasumo B Buje A\ X = (J,o; Xi, rie
X; € B,. [lna kaxoro MHOXKecTBa X; U JIjIsI BceX ToYeK a € X; Hallaércs
3aMKHYTOEe MHOXKECTBO Z; , € By Takoe, uto a ¢ Z; , u Z; , 2 A\ X;. Torga
X =Nier maEXi Zj q, B 46M HECJIOKHO YO IUTHCSL. O

Takum obOpa3oM, UMeeT MeCTO CIeyolas TeopeMa, KOTopas SBJISeTC
MPSIMBIM CJIEJICTBUEM TE€OPEMBI 3 U JIEMMHBI 4.

Teopema 5. ITycmv A = (A, T, L) — monoaoeuueckasn anzebpa, T — wa-
ycdopdosa monosozus, n — noaodcumenvroe yesoe wucao. Ay, = Cl(T?)
moada u Mmoavko mozda, Koeda natidémcsa maxas 6ada B monosozuu T",
ymo das 060l mouku a € A" u 100020 codeporcauiezo MoOuKy a MHodiCe-
cmea X u3 B natidémces arzebpauveckoe mroocecmseo Y we codeporcauiee
mouky a u codepotcauee mroocecmeo A"\ X.

PacemorpuM HECKOJIBKO TIPUMEPOB.

IIpumep 3. B mpumepe 2 Obuia paccMorpeHa ajrebpanmdeckasi CUCTEMa
Apmmp = (N, +, min, max, 0, 1). Pacemorpum ma mmoxkecrse N nuckper-
uyto rTonosoruio. Kak 6bu1o nokasano, muoxkecrsa suga N™ \ {(ky, ..., k,)}
SABJIAIOTC ajireOpandeckuMu. HecoKHO 3aMeTUTDh, IYTO OHU 0Opas3yioT Oa-
3y 3aMKHYTBIX MHOXKECTB JUCKPETHOU Tomojoruu. Takum o6paszoM, MOXKHO
[IPUMEHUTH TEOPEMY D U MOJIYIUTh U3BECTHBIN HAM PE3yJbTaT: JIIo00e MHO-
xkectBo X C N” gpisierca ayrebpandeckuM Hajl Apmmp MHOKECTBOM.

IIpumep 4. Paccmorpum amredpy A,, = (R,+,|-|,—1,0,1), rae cumso-
JIbl CUTHATYPBI HHTEPIPETUPOBAHbI eCTeCTBeHHLIM 00pasoM. Hajienms MHO-
»kecTBO R eBKJIMJIOBOI Tomojorueit Ty, IOJYYUM TOIOJOIMYIECKYIO ajreb-
py. Ilycts n 3a1aHo, paccMOTpPUM Ha MHOXKecTBe R™ 6a3y COCTOSIIYIO U3
KUpIUYeil, TO eCThb MHOXKECTB BHJA |r1,Si[ X ... X |r,,s,[. Urak, mycrb
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(ay,...,a,) € R" — mexoropas Touka u X = |ry, s1[ X ... X |ry, sp,| — 271e-
MeHT 6a3bl, COJEPKAIINA TOUKY (ay, . .., ay). IlokaxkeM, 9TO cyIiecTByeT He
cojiepzkaliiee TOUKy (ag,. .., a,) ajarebpanveckoe MHOXKECTBO Y Takoe, 4To
Y D R™\ X. 3amernM, 9TO IPH 3alUCH YPABHEHUIT MOXKHO HCIIOJIb30BATDH
pallMOHAJIbHBIE YUCIIA, [OIPa3yMeBasl, 9TO ypaBHEHHe BCerja MOKHO Oyjer
epenucaTb Tak, “ITO6I)I BCeE 4YUCJIa B 3alliCU YpaBHCHUA CTaJIk HEJIbIMU. PaC—
CMOTPUM YpaBHEHUE

n n
E \a?i—(h'|—7":§ |zi — qi| — 7, (1)
i=1 i=1
e 7, q1, G2, - - - ¢n € Q, 7 > 0. MHOKECTBOM pelreHnii 9Toro ypaBHeHUsI SB-
JIZETCsI BHEITHOCTDh «N-MEPHOI'O OKTa’y/pa» pasMepa 21 ¢ IEHTPOM B TOUYKE
(41,2, - - -, Qn). 3aMETHM, YTO BHYTPU ITOTO «OKTA3Pa» COMEPKUTCH KUP-
g
r r
, n n
1<i<n
[Tomoxum r = %min(sl — 1,41 — Ty, Sy — A, Gp — Tp). V1 BbIOE-
T T
PEM q1, - .-, ¢y TAK, 9TOOBI ¢; — = < a; < q; + . IIpn Takux mapamerpax

MHOZKECTBO pertiennii ypasuerust (1) 6y/eT HCKOMBIM ajrebpandecKuM MHO-
skectBoM. Takum obpaszom, K anredpe Ay, IpuMeHHMa TeopeMa 5, cieJoBa-
TeNILHO, ™A 4, n = Th

IIpumep 5. Paccmorpum Teneps anrebpy Ampm = (R; +, —, max, 0,1). Bee
pPacCyKIeHHs MPEIbLIYIINEro MPpUMepa MOXKHO TOBTOPUTH JIJIsI YPABHEHUS

n n
max Z max(z; — ¢, —x; +¢q;) — 1,0 | = Z max(r; — ¢, —T; + q;) — T
i=1 =1

U IOJIyIUTh, 9T0 A g, n = T

3aMeTnM, 9To ec/iu JOOABUTH B CUTHATYPY HOBbIE (DYHKIIMOHAJIHHBIE CHM-
BOJIBI I MHTEPIPETHUPOBATH MX HEIPEPBIBHBIMU (DYHKIMAMHI, TO BCE HAIIU
paccyzKJIeHIA OCTaHyTCA B cuie, M03TOMYy K anrebpe Apyqpm U3 Ipumepa 1
TaKKe IMPUMEHUMa TeopeMa b, cJIe0BaTeIbHO, A 4 n= 2.

mdpm

IIpumep 6. Paccmorpum amrebpy Ay, = (R;+,max,—1,0,1), xoropas
SIBJIAETCS MJIEMIIOTEHTHBIM TI0JIYKOJIBIOM. Bee paccyskieHuss MOXKHO [IpUMe-
HUTH K yPABHEHUIO

n

max QZ max(z; — ¢;, 0), Z(a:l —q)+r|= QZmax(xi - ¢;,0)
i=1 =1

=1

1 . P n
U IIOJIyYMTh aHaJOrM4IHbIl pesyabrar: A, = Tp.
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1 Bsenenune

B [1] mo komeunomy mpocromy (6e3 meress 1 KpaTHbiX pebep) rpady I
BBEJIEHa YaCTHUIHO KOMMyTaTuBHas rpymmna Gr B MHOrOOOpasuu JABYCTYIIEH-
HO HUJIBIIOTEHTHBIX Q-TPYII, ¢ IIOMONIBIO TIOPOKIAIONINX U OIIPEJIEIAIONIIX
coorHoteHuit. TTopoK IaoNuUMu IPYIIIBI ABJISETCS MHOXKECTBO BEPIIUH I'Pa-
dba V(') ={z1,...,2,}, a ONPeJEIAIONIUMI COOTHOIEHUAME OYJIET MHOZKE-
crso R(T) = {[2;, ;] = o 'a; 'y = 1| ans seex (x4, 25) € Er}.

[To mpousBosibHOMY 1IpocTOMy Tpady 1’ orpeesimm rpadosyio I-dbopmyity

o(T):

NT) =322 J\ lozml=1A N [z 2] #1

(i, y;)€EET (Wir y;)E BT
i i=1,.0m
riae {y1,...,Ym} — MHOKeCTBO BepuinH rpada T', a Ep — MHOXKECTBO €ro

pebep.

B craree [1] Mbl npuBesn kpurepuii BbimoaanMocTa hopmynbl (1) Ha
rpymre Gr.

Teopema 9 Dopmyaa ¢(T) evinosnsemcea na epynne Gr das npous-
60AbH020 KOHEUWH020 Npocmozo epaga T, mozda u moavko moeada, Koz2da cy-
wecmeyem epad 'y — noaywennoid ud I' nocaedosamenvrocmio asemenmap-

48
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HOLT Pa3dymutl u corcamutl nepeozo, 6Mopoz0 u mpemuvezo pooa, maxot, 4mo
epap T asanemces noanvim nodepagpom epaga I'y.

K coxkasennio, 10Ka3aTelIbCTBO 9TOT0 KPUTEPUS HE SABJIAETCS IIOJHBIM.
Hannast pabora gBJISIETCsI CYIECTBEHHBIM JIONOJIHEHNEM K [1], K TOMYy Ke MbI
06061aeM Bee mostydeHHbie B [1] pesysibrarThl Ha cirydail YacTHUIHO KOMMY-
TATUBHBIX JIBYCTYIEHHO HUJIBIIOTEHTHBIX R-rpytir, riae R — OuHomMuabHOe
eBKJINJI0BO KOJIbIO. Paju ymobcTBa dauraTesis Bce HEOOXOIUMbIE OIpejielie-
HUsI U OT/Ie/IbHbIe (DpArMEHTHI JJOKa3aTe bCTBa U3 1| Mbl IpuBeeM B JaHHOI
crarTbe.

2 IlpeaBapuresibHble CBeJIeHUS

[Tycts R — OunOMMasIbHOE EBKJIMJIOBO KOJbIO, Yy p — MHOroobpasme
JIBYCTYIIEHHO HUJIBIOTEHTHBIX R-rpymi. Omnpejesenne GUHOMHATIBLHOTO €B-
KJIMJIOBA KOJIbIa U MHOroobpasus My p MoKHO Hajitu B [2]. [To koHeunomy
upocromy rpady I' ¢ muoxkecrsom Beprma X = {xy,...,2,} ¢ HOMONIBIO
[TOPOKTAIOIIUX W OIPEJIE/ISIIONTNX COOTHOIICHIUH OTPEIe/IUM YaCTUIHO KOM-
MYTaTHBHYIO I'PYIILy B MHOrooopasun g p:

Gr = (z1,...,z|[zs, 25] = 1, roe (25, 2;) — pebpo B rpace ')y, ,

OrmeTnM, 9TO U3 JABYCTYIEHHONW HUJIBIIOTEHTHOCTH TPYIIbl G CIEyeT,
9TO JIJIst JIIOOBIX 9JIEMEHTOB T'PYIIIBI X,y U JIIOOBIX v, 3 € R BBIIOJIHACTCH
TOXKJIECTBO:

[2%,y°] = [z,y]*".

B npedaoorcernuu 1 u3 [1] npuBogmTes HOpMasibHas (HOPMa JEMEHTOB
rpyunbsl G B ciaydae, ecau R — 1oJie panuoHaJIbHbIX 4ducest. Jlokazaresnb-
CTBO 9TOI'0 pe3yJibTaTa MOJTHOCTBHIO ITPOXOJUT U JJIsd CJIydasi IPOU3BOJILHOIO
€BKJIM/I0Ba OMHOMMAJILHOIO KoJiblia. [IpuBeném onmrcanne HopMaJibHOMN (hop-
MBI JIjIsT IPOM3BOJILHOTO djIeMeHTa ¢ rpyiibl Gr:

g=ai" .. am Hy,fl’“‘, (2)

e z; € X,y = [xp, 1] # 1, k<1, u oy, B € R.

BBeném BazkHOe 151 Halllell JlajibHelinieit paboThl MmoHaTre 06JJ0OKOBOIO
smeMenTa. st 9Toro st mpom3BOJILHOIO dj1eMenTa w € G, 3alnCaHHOIO
B BuJie (2), 0bo3HAYNM Uepes3

aq Qn

W=y ...Ty ",
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a gepe3 o (W) 0603HAYNM MHOZKECTBO BCEX TOPOKIAIONIIX X; € X, BXOJAIINX
B 3allMCh W C HEHYJIEBBIMU NOKazaTessiMu ;. Hapsiy ¢ rpadom KommyTa-
tuHoctu [' jyisgt rpynner Gr pacemorpuM JBoiicrBennblii rpad A. Muoxe-
crBo Bepumt rpada A coBnagaer ¢ X, npuiéM (z;, ;) € Ea Torna u Toiabko
torna, Korga (z;, x;) ¢ Ep. s snemenra w € Gp 4depes A(w) obo3HaImM
MaKCUMAJIbHBIA moarpad A Ha MHOXKeCTBE BEpIHH «(W).

Onpepenenne 1. Jaemenm w € Gr nasvisaemca 6.40k06vMm, ecau A(w) —
C8A3NBI 2padp.

[Iycrs Aq, ..., A, — Bce KOMIOHEHTHI cBsi3HOCTH rpada A(w), TO ecTh
A(w) = UM A;. Torga W MOXKHO 3amucartb B BHIE W = W ...Wy,, TIe
A(w;) = A;. HazoBem W = wy ... w,, 0A0K0BUM DPA3A0AHCEHUEM DJIEMEHTA
W ¥ W, & JIEMEHTBI W1, . . ., Wy, — €ro 6A0KaAMU. 3aMETUM, UTO U3 OIpeJelie-
HUS CJIEJIYeT, 9TO OJIOKH W1, . . . , Wy, KAK JIEMEHTHI TPYIIIHI IEPeCTaHOBOYHbI
ME3K/LIy CODOIA.

J1st Ipon3BOJILHOTO KOHETHOTO MHOKECTBa djieMeHToB M = {g1,..., gk}
rpytibl Gr onpejeanM nouaTue rpada kommyrarusHoctu [y, Bepmmaamu
sToro rpada OymyT ajemMenTsl MuozkecTsa M. JIBe Bepmmnbl g; U ¢; coelu-
Hennl pebpom B rpade ['jy; Torjga m TOJILKO TOIrIA, KOIJa JEMEHTBI ¢; U
KOMMyTUpytoT B rpymie Gr. 3ameruMm, uro ecsu rpadosas dopmyna ¢(T')
BBINIOJTHsIETCsT Ha, MHOXKecTBe semeHToB M = {¢1,..., ¢} rpynust Gr, 1O
rpad kKoMmmyTaTuBHOCTH ')/ JIJI STOTO MHOXKECTBA 3JIEMEHTOB OYJIET COBIIa-
narhb ¢ rpadom 1.

Konbo R nasbiBaeTcsd e6kA4u006biM, €CJIN B HEM OIpejiesieHa HOpMa

d:R— NU{0}

U BO3MOZKHO JIEJIEHUE C OCTATKOM, TO €CTh Jiyist JoObix a,b € R (b # 0), cy-
mecTByoT ¢, € R takue, uro a = bg+r, npudem d(r) < d(b). IIpumepamu
€BKJIMJIOBBIX KOJICIT SIBJISIIOTCS TI0JI€ HYJIEBON XapaKTEPUCTUKU, KOJIBIO IIe-
JIBIX YMCEeJI, KOJbI0 MHOTOYJICHOB OT OJIHON IIEpEeMEHHON Ha ITOJEM HYJICBOU
XapaKTePUCTUKH.

O6oznaunm F(R) MHO)KeCTBO 06paTUMBIX 9JICMEHTOB KoJIbIia R. [IBa sie-
MeHTa a,b € R HazoBeM accouuuposarnvimu, eciau cymecrsyer e € E(R),
Takoit, uro a = be. flcHO, YTO OTHOIIIEHHE ACCOIMUPOBAHHOCTHU SABJIACTCS
OTHOIIIEHNEM SKBUBAJCHTHOCTH, CJIEI0BATE/IbHO KOJIBIO R pasdbmBaercs Ha
HEIIEPECEKAIOINEeCs KJIACChI SKBUBAJIEHTHOCTU I10 OTHOIIEHUIO aCCOIUUPO-
Banuoctu. Eciim o« € R u [a] — KJ1ace 9KBUBAJEHTHOCTH, COJIEPKAIIUIT JJ1e-
MEHT (v, TO UMEET MeCTO paBeHCTBO [a] = aF(R).

Ha xiraccax 9KBUBaJIEGHTHOCTH MOYKHO BBECTH YaCTUUIHBIN MTOPSIOK, CJie-
aytonuM obpasom: kiace [a] < [f], ecam cymectByer ¢ € R, Takoe, 4ro
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ac = (. HerpyaHo 3aMeTuTh, 9TO 9TOT YACTUIHBIN MOPSAIOK HE 3aBUCUT OT
BBIOOpA TipejicTaBuTeeit o u f3.

Omnpenenenne 2. [lycmov g € Gp. Iaemenm gy € Gr bydem nasvieamo
KOPHEBBIM INEMEHMOM OAA §, eCAU cywecmeyem o € R, maxoe, wmo 6vi-
NOAHEHDL CACOYIOULUE YCAOBUA:

e g =g mod Gf;

o ccau cywecmeyem h € Gr u 8 € R maxue, wmo g = h? mod Gy, mo

6] < [a].

be3 orpanunvenust obmiHOCTH Oy IeM CHUTATh, YTO JIJI KOPHEBBIX dJIEMEH-
TOB BBLIIIOJIHEHO gg = (-

[Iyctb @y, ..., q, HabOp 371eMEeHTOB KoJiblla R. DjaemenT d € R HazoBeM
HAUOOABLULUM 0OULUM DEAUMENEM TIEMEHTOB (11, . . ., ay (d = HOd(ay, . . ., o)),
€CJIN BBITIOJIHEHBI CJIEJIYIOININe YCJIOBUS:

o [d <o), mmsBeexi=1,...,m;
e st jioboro d', takoro, uro [d'] < [oy], ;s Beex ¢ = 1,...,n, BbIION-
neno [d'] < [d].

JlokazaresibCTBO CIIEIYIOIIEro MpeJIJIoyKe sl MOXKHO Haiitu B [2].

ITpepnoxenue 3. [fycmv Gr — “wacmuuno KOMMYMamueras 0eycmyner-
HO HuAvnomenmmas R-epynna, 2de R — 6unomuasvroe eskAudo8o Koabuyo.
Tozda das a06020 anemenma g € Gr \ Gi cywecmeyem kopnesots aaemenm.

CuleJtyrommast JleMMa OLIMCHIBACT IIEHTPAIN3ATOD [IPOU3BOJILHOIO JIEMEH-
Ta rpyunsl G, JIOKA3aTeIbCTBO MOXKHO HaiiTh B [2].

Jlemma 4. I[Tyemo w € Gpr 4 W = wy ... wr — 0.40K080€ Pasnodcerue dne-

MEHMA W, @ W, — KOPHEBOT INEMEHM OAA W;, M0O20q
Cw)=( [ (whxAw))-Gr.
|a(w;)|>1

3 JemeHTapHbIe onepaluu Ha rpadax

Hamomuum HyzKHBIE HAM B CTaThe ollepalini Ha rpadax, BBe/IeHHbIe HAMU
B [1].

Pacemorpum rpad T u sepumuny v € V(T), obosnaunm uepes v map
pajnyca 1 B rpade T'. norna, ecim pedb UaeT 0 KAaKOM-HHUOY b KOHKPETHOM
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rpace T', MHO¥KECTBO COCEIHUX ¢ ¥ BepHIuH OyjiemM obo3HavaTh v7. Ilycrs V

HOJIMHOKeCTBO BepimH rpada T, Tormga obozHaunm V> = N v*. JlaHHBIE
veV
olepanyu OPTOrOHAIBLHOCTH ObLIN BBEJIEHBI B 5| /s u3ydeHns CBOOOIHBIX

YaCTUIHO KOMMYTATUBHBIX aJredp U TPYIIL
Ipe Bepiunbl - 1 y rpada T HABBIBAIOTCS IKGUBAACHIMHbLMU, €CITH X
y*. O6oznaunm 3a [r] — KJ1ace SKBUBAJIEHTHBIX C T BEPIIUH.

J_:

Ounpenenenne 5. Iaemenmaprovim pasdymuem nepeozo poda zpaga T 0y-

dem nasvieamo epagp T, noayuennod uz T caedyrouum obpazom (cmompu
Puc. 9):

1. Bwibupaem sepwuny v € V(T).
2. Jobasasem sepuuny v' 6 epad.

3. Coedunsem v’ co ecemu sepuunamu cocednumu ¢ v 6 epade T u camoti
sepuUHOt U Mmak, 4mobvl sepuiutvl V' U v 6oL IKEUBAAEHINHDL.

Puc. 9: DemenTapHoe pazjyTre epBoro pojia

[Iycrs B rpade T ecrb BepimHa v, s KoTopoii |[v]| > 1, Hazosem
onemenmapivim corcamuem nepeozo poda rpada T', Taxoit rpad T', KOTOpBbIt
nostyder u3 rpada T’ ¢ IOMOIIBIO y/IaIeHnsT OJJHON BEPIIUHBI U3 [v] BMecTe
C UCXOJAIUMA U3 Hee pedpaMu.

DJieMeHTapHbIEe Pa3/yTUs U CXKATHs TIEPBOIO POjia OBLIM BBEJEHBI Kak
rpadbl HOyYaeMble U3 MCXOJIHBIX, TAKyKe MOHSTHS 3JIEMEHTAPHOIO PasJLy-
TUS U CZKATHsI MOXKHO BOCIIPUHUMATD KaK OIEPAIUIO IEPEX0ia OT UCXOIHOIO
rpacda T' k rpady T. flcro, 9TO oneparus 3JeMEHTAPHOrO CXKaTUs TIEPBOTO
pojia siBJIIeTCst 0OPaTHOl K OIIepaIui 3JIEMEHTAPHOIO PA3/IyTUs IEPBOTO PO-
ga. Ormerny, aro ecan B rpade T, |[v]| = 1 g moboit Beprumnet v € V(T),
TO ONEPAIUIO FJIEMEHTAPHOIO C2KATUSI IIEPBOTO POJIa Y2KE HEJIb3s IPUMEHSTh
K rpady 7. TTosroMy KOJIMIECTBO BOBMOKHBIX 3JIEMEHTAPHBIX CKATHUii 11ep-
BOI'O pojia Jyist KoredHoro rpada 1" komedno u pasuo |[v1]| + ...+ |[v,]| — n,
riev; € V(T), i=1,...n.
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Oupenenenne 6. Bydem zosopumv, wmo zpadp T noayuen us epaga T
NEMEHMAPHLM Pasdymuem 6mopozo poda (cmompu Puc. 10), ecau cywe-
cmeyem pebpo e € FE(T) u eepwuna vo € V(T) makue, wmo epagdp T
omaunaemcsa om epaga T Moavko Ha 6ePUIURY Vy U MHOAHCECMEO pebep
{voz;| z; € (v1)7 N (v2)7}, 2de v1 u vy — 6epwunv, pebpa e.

,U/
U1 V2 U1 V2

Puc. 10: DemenTapHoe pas3iyTre BTOPOTO Poja

Onpenenenue 7. Bydem zosopumv, wmo epag T noayuen us epaga T sae-
Menmapnvm pazdymuem mpemuvezo poda (cmompu Puc. 11), ecau cyuwse-
cmeytom dee sepuuin, vy u vy € V(T) u sepwuna vy € V(T) makue, wmo
pebpo vivy & E(T) u epagp T omaunaemes om epaga T moavko 1a sepuiuny
vy u Mnooicecmeo pebep {vox;| z; € (v1)7 N (ve)7}-

,U/
U1 V2 U1 V2

Puc. 11: DnemenrapHoe pas3ayTre TPEThEro poja

Kak u B ciiydae s/ieMeHTApHOTrO C2KATUS EPBOIO POJIA, OIPEJIEJINM aHa-
JIOTUIHBIM 00pPA30M 3JIEMEHTAPHBIE CXKATUsI BTOPOTO U TPETHETO POJia KaK
orieparuu 0OpaTHbIE K 9JIEMEHTAPHBIM Pa3/Ly TUSIM BTOPOIO U TPETHErO Poja
COOTBETCTBEHHO. ZlCHO, 4TO K KoHEeYHOMY Tpady 1" MOXKHO IPUMEHUTD JIUIIb
KOHEYHOE YUCJIO 3JIeMEHTaPHBIX CXKATUIl BTOPOI'O M TPETHErO POJIA.

Cutestytomiasi JeMMa MOKA3bIBAET, YTO OIEPAIH JIEMEHTAPHOTO Pa3/Ly-
THS U CKATUs TEPBONO BTOPOI'O WM TPETHETO PO COXPAHSIOT BBIIOJIHI-
MocTh (bOPMYJIBI Ha TpyIIe. Dra jJeMMa jjokasaHa B |1| mia caydas ecan R
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— II0JI€ PAIMOHAJIBHBIX YHCEN, HO J0KA3aTeJIHCTBO BEPHO JJIsI CIydasi, KOTIa
R — 6unoMuaIbHOE €BKIMIOBO KOJIBIIO.

Jlemma 8. Ecau Ty anemernmaprioe pazdymue epaga Ty, mo ¢(T1) evinoa-
naemes na epynne G moezda u moavko moeda, xozda ¢(Ty) evinosnaemces
na epynne Gr.

4 Kpurepuii BLIIOJIHIMOCTA I'PadOBBIX
J-dbopmyn

Cremyrorias TeopeMa u OyieT KpurepueM, 00bsiBJICHHBIM B 3arJIaBUN I1a-
parpada. [Iycrs Gr —4acTUIHO KOMMYTaTUBHAs JIBYCTYIIEHHO HUJIBIIOTCHT-
Hasg R-rpymnma, moctpoenHas 1o npousBosbHoMy rpady ' (R — GunoMuasb-
HOe €BKJINJIOBO KOJIBIIO).

Teopema 9. Dopmysa ¢(T') svnoansemea na epynne Gr 0aa npouseonn-
1020 KoHeurHo20 npocmozo epaga T, moada u mosvko moezda, xozda cywe-
cmeyem epag 'y — noayuennoiti ud I' nocaedosamesvrnocmvio asemernmap-
HOLT pas3dymud u corcamutl nepeozo, 6Mopo2o U MpPemve20 pooa, maxot, ¥mo
epap T asasemces noanvim nodepagpom epaga 1g.

JlokazaTeJibCTBO

[Tycrs dhopmyna ¢(T) bimonnsiercs ua rpynme Gr, u § = {g1,. .., gk} —
Habop 3/1eMeHTOB Ipyliibl G HAa KOTOPBIX BBINOJJIHAECTCA 3Ta (bopMmysia, k =
|V(T)|. Bamumiem sieMeHTHI g; depe3 o6pasyroliue 0 MOJIYJII0 KOMMYTaHTa
rpytibr Gr:

g1 = x?ll .. .xa1n7
n
— Q21 QU
g2_$1 ...xn2n7
— %1 o
gk_xl ...xnkn’

Tae oG € R.
Kaxkplit u3 31eMeHTOB ¢; MOYXKHO IIPEJICTaBUTh B BHUJEe OJIOKOBOI'O pa3-
JIOZKCHUA:
g1 = Wi1Wi2 * * - Wiy,
g2 = W21W22 * * - W2y,

gk = WE1Wg2 * - Wk, -
Kak ormevasioch BbIle, OJIOKM yYacTBYIONINE B 3aIUCH OJHOTO 3JIEMEHTa
KOMMYTHPYIOT M€Ky co0oit (To ecTh Bee GJIOKH wyj, tiie j = 1,...,1; 1o-
napHo KOMMyTHPYIOT). O60o3HaINM Yepe3 ) MHOXKECTBO BCeX OJIOKOBBIX 916~
MEHTOB TPyIibl (Gp, yIaCTBYIONUX B 3AIUCA (1, . . . , (k-



O BBIIOJTHIMOCTH (DOPMYJI HA U.K. HUJIBIIOTEHTHOH TDYIIIe 55

Q = {wlla"'7w1l1aw21a"'7w2l27"'awklk}'

dAcno, aro dopmyna ¢(I') Beinonnsiercs B rpynne G Ha MHOXKECTBE Ka-
HoHUYecKux mnopoxkaaonmx. Craprys ¢ rpada [' mo nabopy 6JI0KOBBIX 3Jie-
MeHTOB §) Mbl octpouM rpad [y, onmcannbiit B poOpMyTUPOBKE TEOPEMBI.
MpbI 6ysieM CTPpOUTDH 3TOT I'pad € MOMOIIBIO TENOYKK pas3/tyTuii rpadoB, Ha-
ynnag ¢ rpada .

r=r,clyc...cr,,=1I,.

Hamr nmporiece nmocrpoenus nenodkn rpadoB OyAeT COCTOATH U3 JBYX STa-
noB. Ha mepBom 3Tarie Mbl ipucoe M K rpady [ BepImnbl cCOOTBETCTBYIO-
e 6siokam u3 (). Ha BTopom sTarie u3 BepiinH COOTBETCTBYONIAM JTAHHBIM
OJI0KAM MBI TIOJTyIUM HYZKHBIE HAM SJIEMEHTHI (1, . . . , (-

Ha xaxxjom miare mporecca ¢ MOMOIIBIO 3JIEMEHTAPHBIX PA3/LyTHIl MbI
oynem crpouth 1o rpady I's rpad I's;. Ha kaxmom mrare npormecca mpu
JI00aBJICHUN HOBO# BEpIIUHBI B rpad MbI OyJieM CTaBUTL eif MeTKy. Kaxk-
Jlast MeTKa 3TO 3jemeHT rpynnbl Gpr. Merka jiyisi HOBOM BepHinHbI OyJeT
paBHa ITPOU3BEJICHUIO METOK pa3/lyBacMbIX BEPIIUH B CJIydae dJIEMEHTapHO-
r'o pa3/lyThusl BTOPOTO U TPETHETO poja. B cirydae 3/1eMEHTAPHOTIO Pas3 Iy Ths
[IEPBOT'O POJia OYJEM CTABUTH METKY SBJISIONIECS HYKHOM CTENEHBIO METKI
pasjryBaeMoii BepimuHbl. ['pad KOMMYTaTUBHOCTH JIJIsI MHOXKECTBA METOK Oy-
JIET COBIJIATh C MOJIydaeMbIM Ha KakJIoM Imare rpagom. MoxHo cunrarh,
YTO BCE Paz3/yTus Ha rpadax MpoBOJIATCH HEe TOJbKO Ha BEPIIMHAX, HO U HA
MHOKECTBE METOK JIJIsi BepIINH 3Toro rpada. [losromy, Korja Mbl roBOpHUM,
YTO K 3JIEMEHTY ¢ IPUCOEIUHSAETCA IJIEMEHT (o 3TO O3HAYAET, YTO IIPOBO-
JIUTHCS Pa3/yTHe BTOPOIrO WA TPETHErO POJIA JIJIs BEPIINH, KOTOPbIE IMEIOT
METKU ¢ U g3 COOTBETCTBEHHO.

Ha xazx1oMm 1iare mepBoro sTara mpolecca 0yeM JeiicTBOBaTh TakK, ITO-
OBl BBITOJTHSINCH CJIEIYIOIIIE €THIPE YCIOBUS:

1. K 60Ky 6y/1eM mpucoeimHATh TOIBKO OHY OYKBY (0Opasyrormuii rpyI-
bl Gr);

2. Pazpermaercs npucoeInHATH K OJIOKY TOJIBKO TY OYKBY, KOTOPOIi B HEM
erie HeT;

3. BykBbl Oy/1eM MIPUCOEIUHATDH B TAKOM MOPAJIKE, YTOOBI HA KaKJIOM I~
re NIoJIydaJiuCh BEPHINHBI, METKHN KOTOPLIX COCTOAT TOJIBKO M3 OJHOI'O
OJ10Ka;
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4. Ecmm HaM HYKHO J100aBUTH KaKoi-TO OJI0K w € €2, a B rpade ['y yxke
€CTh BEpIINHA ¥ ¢ METKOI w®, TO MBI JI00ABJSIEM €r0 KakK pa3iIyTue
[IEPBOT'O POJIa BEPIIUHBI .

PacemorpuM HECKOIBKO CTydaeB, B 3aBUCUMOCTHU OT TOI'O KAKUM 3JIEMEH-
TapHBIM Pa3/yTUEM MbI TIOJIb3YyEeMCs U MMOKaXKeM KOPPEeKTHOCTL rpada gy q.
[Ton KoppeKTHOCTBIO Tpada Mbl IIOHUMAEM BBITIOJIHEHUE CJICIYIONIErO YCJIo-
BHS: JIIOObIE JIBE BEPIIUHBI COEJIUMHEHBI PEOPOM TOIJIa M TOJILKO TOT/Ia, KOT/ia
UX METKH KOMMYTHUPYIOT B rpytie Gr.

1. Pasdymue nepsozo poda. 11ocKOIbKY MEHTPATH3ATOD JIEMEHTA § COB-
majaeT ¢ MeHTPAIn3aTOPOM djaeMeHTa ¢%, rae a € R, ToO KOpPEeKTHOCTh
rpada ['s11 oueBnaHA.

2. Paszdymue emopozo poda. IlycTb MBI XOTUM pa3ayTh JIBe BEPIITHHBI.
Bes orpannyenus o6IIHOCTH MOYKHO CIUTATh, 9TO UM COOTBETCTBYIOT
MeTKH w1 U ], TJe w; OJOKOBbIH ssiement, u v € R. Ilpu srom j0-
GaB/geTcss BepIIMHa ¢ MeTKOi w = wix;. OueBumno, uro w Oyjer
KOMMYTHPOBaTb CO BCEMU METKaMH, KOTOPbI€ OHOBPEMEHHO KOMMY-
TUPYIOT C Wy U C 1, U He OyeT KOMMYTHPOBATH C METKAME, KOTOPbHIE
KOMMYTHUPYIOT POBHO C OJIHOM U3 MeTOK wq min x1. OTMeTuM, 910 TaKk
Kak Wy U T3 KOMMYTUDPYIOT, TO W Gy/IeT KOMMYTHPOBATh C Wy U C 7 :

[wiz], wi] = [wy, wi][x], w] = 1;
(wy], 2]] = [wy, 2]][z], z]] = 1.

[Tokaxkem koppekTHocTh rpada ['gy 1. Ilycts B rpade ['s1 namiach
BepIINHA C METKOI wy, KoTopasg KoMMmyTupyeT ¢ w. [lokaxkem, 1ro
TAKOI'O He MOXKET OBbITh. 3aMeTUM

[w, wo] = [w1], wo] = [wy, wollzy, wo] =1,
npuaem [wy, wo| # 1, [2], we] # 1.

MozkHO cUuTaTh, YTO

wy = x5 .. ahn

wo = 2 ... b,

rie oy, B3 € R.

[Torygaem
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Bropoit komMyTaTOp pacK/Ia bIBAETCI B IIPOU3BEICHIE TOJIHKO yﬁ“ =
(21, 2;]2Y, tae z; e kKomMyTupyer ¢ x; B rpymme Gr. Ho Takux y;
He MOKET TOJIyUUThCs U3 [IEPBOr0 KOMMYTATOPa, Tak Kak [wi, r1] = 1
(IpyruMu cJIoBaMu 7 KOMMYTHDYeT co BceMu OykBamu u3 wi ). [osy-
YEHHOE MTPOTHBOPEYHE JOKA3BIBAECT KOPPEKTHOCTH rpada [y 1.

3. Pasdymue mpemwezo poda. IlycTh MBI XOTUM PaA3/yTh JIBE BEPIITHHBI.
Bes orpanuyenust oOIIHOCTH MOXKHO CUUTATh, 9TO UM COOTBETCTBYIOT
METKH w1 U ], TJe w; OJOKOBBINA syement, u v € R. Ilpu srom j0-
GaB/geTcss BepMHa ¢ MeTKoi w = wix;. OueBuano, uro w Oyjer
KOMMYTHPOBATb CO BCEMH METKAMH, KOTOPbIE OTHOBPEMEHHO KOMMY-
TUPYIOT C Wy U C X1, U HE OyJIeT KOMMYTHPOBATb ¢ METKAMU, KOTOPbIE
KOMMYTHUPYIOT POBHO C OJIHOM 13 MeTOK wq min x1. OTMeTuM, 910 Tak
KaK w; ¥ T1 He KOMMYTHUPYIOT, TO w HE OyJeT KOMMYTHPOBATH C Wi U
¢y

[wiz], wi] = [wy, wil[z], wi] = [2], wi] # 1;

[wlx’lyvx’ly] = [wlv‘r’ly][x’ly?xn = [wbxn # 1.
[Tokaxkem koppekTHocth rpada ['gy 1. Ilycts B rpade ['s1; namiach

BEPIIHA C METKOM Wy, KOTOpasd HaunHaeT KOMMYyTHpoBaTh ¢ w. [loka-
JKeM, 9TO TaKoro ObIThH He MOoxKeT. IlycThb

[w, wo] = [wiz], wo] = [wr, wo][z], wo] =1,
npuaeM [wy, wo| # 1, [z], we] # 1.

MozkHO cUuTaTh, YTO

ey

rae oy, B3 € R.

[Torygaem

e i o | A i [

KoMmMmyTaTo I"Y Iﬂl C xﬂ" ACKJIaJIbIBAETCA TOJIBKO B IIPOU3BEIIEHUE
1r%1 n

yﬁ“, II0O3TOMY BC€ 3THU 3JIEMEHTBI JOJI?KHBI COKPAaTHUTHCA C aHaJIOrud-

HBIMU dJIEMECHTaMU U3 II€PpBOI'O KOMMYTaTOpa. TO €CThb

(1) (2)

Hyﬁu Hyﬁu _ 17
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rjie
A = b @i f1;
ti /81 6’5 ,
0
A(Q) _ | — ~;
17 Bl 62 P}/B
[Monyuaem —q; 31 + v6; = 0. To ecTb mMeeT MeCTO COOTHOIICHUE:

a;f = v

Ecmu g1 = 0, 1o BCe §; = 0 115 Bcex ¢ TaKUX 9TO &; HE KOMMYTHDYET
¢ x1. D10 O3HAuaer, 4To [x],wo] = 1, ciemoBaresbHO U [w, wo] =
1, 9TO0 MPOTUBOPEYUT TOMY, UTO Wy HE KOMMYTHPYET C T7 U C Wi.
CnemoBarenbro, (1 # 0. Takum obpazoM, moydaeM, 9TO JJId BCEX 1§
TAKUX 9TO CYMIECTBYET IyTh OT BEPIIUHbI 1 JIO BEPIIUHBI X; B I'pade He
KOMMYTaTUBHOCTU TPYIIbl G (0003HAYUM 3TO MHOXKECTBO MHIIEKCOB
I), BbImosIHEHO:

@i =B (B1,7 — const).

3aMeTuM, YTO B 3TO MHOXKECTBO MHJIEKCOB I BXOJIAT MHJEKCHI BCEX
OyKB OJIOKa wp, TaK KaK wir; ABJIAeTcsd OJIOKOBBIM 3jiemeHToM. Crre-
nosatebro, wy = (wa])?1ws, Tae wy — KaKoH-TO JPYTOH GIOKOBBII
3JIEMEHT, JIMOO IPOU3BeJIeHre OJIOKOBBIX 3jieMeHTOB. Ho Tak Kak Ha
Ka>KJ10M IIare Mbl MOXKEM HO.HyLIaTb TOJIBKO 3JIEMEHTDLI COCTOAIINE 13
oxHOro 6J10Ka, TO wy = 1. Takum obpazom

Wy = W

SHAYNT, Wy U W SBJIAIOTCA CTEHEHSIMU OIHOTO KOPHEBOI'O 3JIEMEHTA.
CitejoBaTeIbHO, €CJIM HAM HY2KeH OJIOK w, TO HaM HYKHO JT00ABJISTD
€ro Kak pazjlyTHue IepBoro poja 0J0Ka wy.

[Tocsie Toro Kax moJiydeHbl Bce OJIOKH MHOXKECTBa 2 IMepexojiuM KO BTO-
POMY 3Talry Iporecca — MOCTPOEHNe caMUX JIEMEHTOB (1, . . . , k. LI 9TOTrO
paccMaTpUBaeM BEPIINHBI COOTBETCTBYIOIIHE OJIOKAM W11, . . . , Wy, U IOCJIE-
JIOBATEILHO COEIUHSIEM UX PAa3/lyTHEM BTOPOTrO POjia, TAKUM 00OPa3oM, I0-
JIYIUM BEPIIUHY C METKO# ¢1. 3/1eCh UCIOJIL3YETCs Pa3/lyTue BTOPOro poja
TaK Kak Bce O6JIOKU OJIOKOBOI'O PA3J/IOYKEHUS OJTHOIO IJIEMEHTa KOMMYTUPYIOT

MEK/LIy CODOIA.

[Tokarkem, 4TO 1pu 3TOM HOJIYIUM KOPPeKTHBIH rpad ['si;. Ilycrs Mbr
XOTEJN Pa3/yTh JIB€ BEPIINHBI, METKON OJHOI M3 HUX OyJeT 3JieMeHT hy =

Wy ... Wg_1, & METKO# BTOPOI BEPIIUHBI OYJIET 3JIeMEHT hy = wy, /e w1, . . .

, W
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— OJIOKOBBIE 3jieMeHThl. llpy pazjayTun MbI MOJTyYUM BEPIIMHY C METKOM
W = W ... WE_1Wg. [Ipn 3TOM, IIyCcTh HaIECS 3JEMEHT Wy KOTOPbI KOM-
MyTHPYeT C w, HO He KOMMYTHUpYeT ¢ hy ¢ ho ¥ CO BCEMH 3JIEMEHTAMH C KO-
TOPBIMH KOMMYTHUPYIOT U hy 1 he. Tak Kak w umMeer OJIOKOBOE PA3JIOKEHHE
W = Wi ... W, TO IO JIEMMe 4 ero HMeHTPAJIM3ATOP IO MOJY/II0 KOMMYTAHTA
B rpytie Gt Oyjier uMerhb BU/T

Cl(w) = (w)) x ... x (wp) x Alw),

rae A(w) — moarpynmna mopoxKieHHas obpasyomumu {z;} KOTOpble KOM-
MyTHPYIOT CO BCeMH OyKBaMu OJIOKOB W1, . .., Wk, & W], ..., W) — KODHEBbIE
9JIEMEHTBI JijIs OJIOKOB W1, . .., W), coorBercTBeHHO. Tak Kak wy € C(w),
[IOJIy9aeM, UTO Wq JOJIZKEH KOMMYTHPOBAThL U ¢ hy u ¢ ho. [Tosyuennoe mpo-
TUBOPEYHE JIOKA3BIBAET KOPPEKTHOCTH Ipada [y, q.

[Ipomoirkast jeiicTtBoBaTh MOJO0OHBIM 00pa30M, MbI JI00aBUM B rpad Bce
BEPIIUHBI ¢ METKAMHU (1, . . . , J, KOTOpPbIE OY/IYT COeIMHEHBI pebpaMu B CTPO-
OM COOTBETCTBUU KOMMYTHPOBAHMIO JAHHBLIX 3jieMeHToB B rpyiie Gr. Ilo-
sgydennbiii rpad [, u Oyaer sBiagarbesa rpacdom 1.
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ITPOJOJIZKEHN A HACTNYHDBIX
[-N3OMOPPU3MOB KOHEYHBIX
IMPEINKATHBIX CUCTEM

E.B. OBuuanukoBa*

HoBocubupckuii rocy1apcTBEHHbBI TEXHUYCCKUIT YHUBEPCUTET,
np K. Mapkca, 20, HoBocubupck, 630092, Poccus

e-mail: eovchin@ngs.ru

Hng anrebpamaeckoit cucrembr A = (A, X) moboit m3oMopdusm Mex-
ay ee nogcucremamu Ay u Ay (MomHocTH k) HasbBaercsa wacmuunom (k-)
u3omoppuamom cucrembr A.

B pabore Xpyosckoro [1] qokazano, 9o jist J06BIX KOHEIHOIO HEOPH-
eHTHpOBaHHOrO rpada 6e3 mnereyb A 1 ero YaCTUYHBLIX K30MOP(MU3MOB P1,

., Pn CyIIIECTBYET KOHEUHBIH Tpad B, pacmupsitomniuii A, 1 aBToMOpPMU3MbI
rpacda B, pacmmpgmomnye py, . . ., Pp.

Xepsur 2] 0606mun 10T pesysabrar XpYIIOBCKOrO Jisi TIPOU3BOJILHOM
KOHEYHO IIPeIUKATHON aaredpamdecKoil CUCTEMBI.

B pabore [3| mokaszano, 4o J11060i KOHEUHbIH TTOJUIOH HA/| JIMHEHHO YIIO-
PsIJIOUEHHBIM MOHOUJIOM BJIOXKUM B KOHEYHBI TIOJIUTOH, Y KOTOPOI'O JII000it
YACTUIHBIN U30MOPMU3M MPOJIOIZKACTCS JI0 AaBTOMOP(MU3MA.

B pabore [4] u B anHoit paboTe MPeAIPHHIMAIOTCS TOBITKH OCTPOCHHUS
C MOMOIIBIO TPOEKTUBHBIX ILJIOCKOCTEN PaCHIUPAIONIEl CUCTEMbI, B KOTOPOK
JaCTUIHBIE aBTOMOP(MU3MBI ITPOJIOJIZKAIOTCS 0 aBTOMOP(MU3MOB.

B pa6ore [4] mokazano, 4T0 KOHETHAS TPEIUKATHAS AJredbpantecKast Cu-
creMa, B KOTOPOU JIIOOBIE JIBE OJTHOIJIEMEHTHBIE MOJCUCTEMbI M30MOP(MHBI,
BJIOYKUMA B CUCTEMY C TPAH3UTUBHOU I'PYNIIOI aBTOMOP(U3IMOB.

Cucrema A HazbIBaeTCs n-pi-00HopodHotl, ecau B Heil JTI000# YaCTHIHBIN
uzoMopdusM @, g Koroporo |domeyp| = n, npomokaercs 10 aBTOMOPQhU3-
Ma cucreMbl A.

Omnpejie M U3 BIOHKTHOE O0bEINHEHUE CEMENCTBA CHCTEM IIPEIMKATHOM
curnatypel A; = (A;, ¥);er ¢ HEIEPECEKAIONUMUCS HOCUTEJISIMU 110 TTPABILILY:

| ] A = (U A, X)), tme Py = |J P4, auist Becex P € 3.

iel i€l i€l

*Pabora BBImOMHEHA TpH (UHAHCOBOI Moamepkke Poccuiickoro dhouma dyHIaMEH-
TaJIBHBIX HuccienoBanuii, mpoekT 09-01-00336-a.

60
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Ornorrenne skBuBasieHTHOCTH @ cucteMmbl | | A; HasbiBaeTcs G-9K6U6A-
i€l
AEHMHOCMBIO, ecan Jisd o0bIX © € I u a,b € A; u3 ycaosus abfb ciemyer
a=>b.

a-DKBHUBAJIEHTHOCTH 0 Ha A, gBiOMAasgcsS KOHIPYSHIUEH, Ha3bIBAETCS
a-xonepyanyuet, cucremsr A.

Jns a-sxBuBasienTHocTn 0 Ha A u wHIEKCOB i,] € [, i # J, MOJIOXKUM
A;; = {a € A; | abb s nexkoroporo b € A;} u 60;; = 0N (A x Ajy).
Bamernm, 9T0 OTHOIIEHUA 0;; ABIAIOTCA OMeKIuAME MexKLy A;; m Aj;.

Bepno cieyionee

Yr1BepxKaeHue 1.
1. a-Ixsusarenmmocmsv O na A AGAAEMCA A-KOH2PYIHUUET 0204 U MOAL-
Ko mozda, Ko2da 0;; asasomces usomoppusmamu meotcoy Ai; u Aj;.

2. Konepysnuusa 0 na cucmeme A = | | A; asasemcesa a-xonepysnyued
i€l
mozoa u moavko mozda, koz2da dasn Arwboz0 1 € 1 omobpastcerue

el

deticmeyrowee no npasuay X;(a) = 0(a), A6aiemcs u3oMOPPHHOIM 6A0HCEHU-
eM.

Cucrema P(q) = (P, L, I), tne P — MHO)eCTBO mouek, L — MHOXKECTBO
aunuti, I € P X L — omnowenue unyudenmmuocmu, ¢ € w, Ha3bIBACTCA Npo-
eKMUBHOT ¢-NAOCKOCTDBIO, €CJIA BBIIOJTHSIOTCS CJICYIONIUE TTPEIOKEHUS:

Vpe P I el I(pl), Vie L 3% e P I(pl),

Vpr#p € P 37 e L (I(py, 1) AI(p, 1)),
vzl 7£l2 €L El:lpep ([(pall)/\[(paZQ))

Saech 377 o3HAUAET “CyIIeCcTByeT POBHO (.
OOBIYHO TIpeIIoIaraeTcs, 9To KaxKJasd JTUHUS TPOEKTUBHON IJIOCKOCTH
COJIEPKHUT HE MeHee TPeX TOUYEK, HO MbI OyJeM Jonyckarh ¢ = 1 u g = 2.

®@akt 1 [5|. Jhobas npoexmueras q-naockocmys cocmoum ug m = g —

q+ 1 mouex u umeem maxoe orce KosUveCMBO AUHUL.

Ecmn P ={po,...,pm-1}, L ={lo,...,lm—1}, TO mampuuyet unyuderm-
HOCMU TPOEKTUBHON g-1710cKocTH P(q) HasbiBaeTcs Marpuna S(q) mopsijika
m, COCTOAIIAA U3 3JIEMEHTOB

. 1, ecmm p; €y,
Y10, ecm p; € ;.



62 E.B. OBpuynaHHUKOBA

Ecim ¢ = p™ + 1 ay19 HEKOTOPOro IPOCTOrO HYUCIa P U HATYPAJIHHOTO
n, 1o Marpuiy S(g) MOXKHO MOCTPOUTH, UCHOJIB3YsT TaOJUIBI CIIOKEHUS U
ymuoxkerust mojsgs GF(p™). ThiockocTsh ¢ Takoii MaTpureil WHIUIEHTHOCTH
HA3BIBAETCA NA0CKocmbio [ aaya 1 0bo3HadaeTcs depes Sy ;.

Eciu marpuna S(g) — nukamdeckast 1 cuMMeTpryecKast (1o OTHOIIEHUTO
K TJIABHOM JiaroHaJm), To Gyjem obosnadarh ee depes 2(q). Hanpumep, na
puc. 1-3 npexcrasrienst marpunst (1), (2) u Q(5) nopsgakos 1, 3 u 21
(HyJIsIM COOTBETCTBYIOT ILyCThIE KJIETKH).

Pakr 2 [6]. Mampuya unyudenmuocmu naockocmu laaya Ss, nepe-
CMAHOBKAMU CMPOK U cMoabu06 npusodumcs k mampuue 2(q).

0
0 [1]

Puc. 1
0 2
111
111 1
111
Puc. 2
1 4 9 14 16 20
o [T 1 1 1
1 [1 i 1 1 1
1 1 1 T 1
1 1 1 T 1
4 [1 1 1 T 1
1 1 1|1 1
1 1 1] 1 1
1 1 1] 1 1
1 1 T 1 1
9 1 1 1] 1 1
1 1 11 1
1 1 T[1 1
1 1 111 1
1 1 11 1
14 [ 1 i 11 1
1 11 1 1
16 | 1 T]1 1 1
11 1 1 1
1|1 1 1 1
11 1 1 1
20 1)1 1 1 1

Puc. 3
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st npoekTuBHO# 110ckocTH P(q) 0603HaUNM Uepe3

M(q) ={mqo, -, mgq-1}

MHOZKECTBO HOMEDPOB HEHYJIEBBIX 9JIEMEHTOB CTPOKM ¢ HOMepoM ( B Mar-
purie Q(q). Hanpumep, maog = 0, moy = 1; M(4) = {0,1,3,7}; M(5) =
{0,1,4, 14, 16).

Tak kak mMarpua {2(q) — MUKITIeCKas U CUMMeTpHYecKast (110 OTHOIIIEe-
HUIO K [VIABHOMN J[MArOHAJIN ), BEPHO CJIEJIyIOIIee

YTBepxKaeHue 2.

1. B mampuue QU(q) svnoansemes sy, = 1 mozda u moavko moeda, xkoz2da
[+u=my, (mod(¢* — g+ 1)) das nexomopozo v € {0,...,q—1}.

2. B npoexmusnroti naockocmu P(q) npamoe ¢ nomepamu | u r nepece-
Kaomcea 6 mouke ¢ nomepom b mozda u moavko mozda, k0206 Cyw,ecmeyrom
My i, Mgw € M(q) maxue, wmo my; — 1l =mgy, —r =b (mod(¢* — ¢+ 1)).

Teopema. /s npedukamnoti cucmemor A = (A, X) mownocmu n cy-
wecmeyem pacwupsrouas e€ 1-pi-odnopodnas cucmema B = (B, X)) mouy-
nocmu ne boaee 4",

JokazaTeabcTBO. 3aduKCUpyeM N-3JIEMEHTHYIO PEJIUKATHYIO CHCTE-
my A = (A, Y). Pacemorpum pasbuenne MHO)KecTBa A Ha MaKCHMAJIbHbIE

[0 BKJIIOUCHUIO ¢;-3JeMeHTHBIe monMmHokectBa A; = {ay, .. . ,aiqi,l}, 1 €
{1,...,k}, Takue, 4ro BCe OJHOBIEMEHTHBIE TIOJICUCTEMbI CHCTEMbI A, cocTo-
sIIIe U3 3JIEMEHTOB MHOXKeCTBa A;, TornapHo n30MOPMHBI.

HaJgee OyaeM Ipejmoararhb, 9To Jjisd Kaxkiaoro ¢ = 1,..., k,

¢ € {1} U {p" + 1| p — upocroe unucno, k € w}

(eci 9TO He TaK, TO YBEJIMIUM MOIIHOCTU MHOMKECTB A; U3 BIOHKTHBIM J10-
baBsenneM K cucreme A 0IHOIEMEHTHBIX cucTeM, H30MOpdHBIX ({a; 1}, 2)).

Ina koprexeit (I1,...,10), e by, € {0,...,¢% — qu}, m € {1,...,k},
PacCMOTPHUM IIOIAPHO HelepeceKaomuecs n3oMopdubie kommu Ay, ) cu-
crembl A. IIpu sTom Oymnem cuurars, 9T0 HOCHTENb cucTeMbl Ag, ) co-
crour u3 Koprexkeit (a;j,li,....l;), tne a;; € A, j € {0,...,¢ — 1}, 1 €
{1,...,k}, u orobpazenue @q,  1y: A — Ag,,.1,) € yciaoBuem

Oy, (@ig) = (@i, Iy )

ABJIAeTCA n3oMopdusMom Mexky A Ay, -

Ha sjemenTtax cucreMbl L] Aq,....1) Onpesiesnm oTHomeHue ¢
Im€{0,....q2,—qm}
O cyrefyioneMy HpaBuiy: (aij,ly, ..., k)0(auy, 1, ..., 7)) TODIA U TOJIBKO
TOI'JIA, KOI'Ja
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<&ija ll, ceey lk> = <auv, T1y... ,T’k> njin
(i =, l; # 14, Ly = 7y U1 BCEX ML F# 4
umg,; — li =mg., — i (mod(q? —¢; +1))).

Ecmu (ly,...,lx) = (r1,...,7%), TO, IO ONpPEJIEJEHIIO OTHOIIEHUS 0, BbI-
nosasercs (i, b1, . .., lp)0{auy, 1, . . ., %) TOIBKO HPH Gjj = Uy, U, CIEI0-
BaTeJIbHO, 9 ABJIAETCA A-9KBUBaAJICHTHOCTBIO.

[ycts l; # r;. Ecau ycnosue l,, = 1, BBIIOJHEHO HE JIJI BCEX M F 1, TO,
10 OlpeJie/IeHuIo OTHOIeHud 0, Ay, 1y . ry = 2. Ecrm yenosue [, = 7,
BBINIOJTHSIETCsI JIJI BCeX M # 4, TO, Tak Kak B P(¢;) upsMbie ¢ HOMepaMu [;
U 7; TepecekaroTcss B eJMHCTBEHHON TOYKe W B CUJIY YTBEPKICHUS 2, MHO-
KeCTBO A, 1), (r1,...m) OAHOIeMenTHO. Tak Kak ¢ = u, TO 45, Ayy € A;.
[To mocrpoenunto MuHOXKecTB A;, JITOOBIE JIBE OMHOIJIEMEHTHBIE IOICHCTEMBI
cucreMbl A, cocrosiue u3 3J1eMeHTOB MHOXKECTBa, A;, OIapHO M30MOP(HLI.
CrieoBaTeIbHO, B CHJIy yTBep:KjeHusi 1, § — a-KOHIpySHIUS Ha CHCTEMe

L A1), @ oTobpazkenns
L €{0,01,g3, —~qm }

Xty Al = |_| A / 0,

Im€{0,...,92,—qm }

JEHCTBYIONIME 110 IIPaBUIaM

X1, l8) ((aij, li,y..., lk)) =0 (<aij7 li,..., lk>) )
SIBJISIFOTCST N30MOP(MHBIMU BJIOYKEHUAMIU.

Ha cucreme B = | At / 0 I KarXkKJI0r0 KOPTEerKa,
lme{o,-nvq?n_Qm}

(ty, ... tp), tme ty, €40,...,¢% —qm}, m € {1,..., k}, onpegenum aBToMOp-

busm Yy, .1,y TO CIEIYIONEMY IPABUILY:

w(t1,...,tk>(6(<&i]’7 l17 ey lk)) = 6(<&iva r1,. .. 7rk>)a

ecItt Ty = by, — ty, (mod(q2, — g + 1)) ma seex m € {1,... .k} nv=j—t
(mod (g — ¢; +1)).

Ecm my, ; — i = mgu — fi (mod(¢? — ¢ + 1)), 10 my,; — l; +t; =
Mg,u — [i + t; (mod(q? — ¢; + 1)). Caenosarensbno, orobpazkenue Yy, )
OIIPEJIEJICHO KOPPEKTHO. [10CKOIbKY MpPU U3MEHEHUH t,, oT 0 110 ¢% — Gm +
1 wucna (I, — tp)(mod(¢?, — ¢ + 1)) npoberaoT 3TO Keé MHOKECTBO, TO
OTOOPazKeHUE Py, . 1,y ABIACTCA HOJICTAHOBKON Ha MHOXKeCTBe B.

Ecmu g xoprexa (ti,...,t) Bbmoansiercs t,, = 0 s Bcex m # i,
0003HATUM (4, 1,) depe3 ;. Ilokaxem, uro npu mobom i € {1,...,k},
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1; ¢, COXpaHdAeT 3HaYeHns IPEJUKATOB u3 2. /s onpegesieHHoCTH MOJI0ZKIM
i =1 (11 OCTAJIBHBIX 3HAYCHUI § PACCYK/ICHIE TPOBOJUTCS aHAJOIHIHO).

I[Iyctb P — m-MecTHBIII TpeIUKATHBIM CHMBOJI CHTHATYPBI X U
(by,...,b;) € Pg. Torua, no onpejesenuto cucreMbl B Kak (PakTOP-CHCTEMBbI
110 a-KOHIPYSHIUH, cymecTBYIoT | = (I3, ..., [;) 1 saeMenTo!

<&i1,j1’ l_>’ SO <a’imJ'm’ l_> € Al_>

11t KOTOPBIX (@i iy, 1)s - -+ (@i jins 1) € Pay 1 by = 0((ay, 5., 1)) mpu 7 €
{1,...,m}. Obozua1anm [epes I’ KopTex

(I — t1)(mod(q; — g1 + 1), lg, ..., li)).

Ouesnjno, orobpazkenue ;- 'o 5 U gpnserca mzomopduzmom mexky A;
u Ap. CnenoBareibHo, B cucreme Aj BBINTOJHAETCS

(<ai17j1’ F)? S <aim,jm> l/>) € PAZ"

Takum obpasoMm, OMeKIHA 1, COXpPaHACT 3HAYMCHUS [IPEJIUKATOB U3 X.
Tax Kak Vi, .1 = Y14y © - O Yp gy TO Yy, 1) COXPaHAET IIPEUKATEL.
[Tokazkem, uTo Jyist J00OBIX 9j1eMeHTOB b, ¢ € B rakux, 4ro ({b},X) ~

({c}, %), cymecrByer apromopdusm u3 Aut(B), mepesogsmmit b B c. bBes

OrpaHMYCHUs OBIIHOCTH MOYXKHO cuuTarh, 910 b = 0({a,ly,...,l)), ¢ =

0({aio,71,-..,7%)). Torma orobparkenune

P((11—r1)(mod (g2 —q1+1)),-.., (I 1) (mod (g2 —g+1)))

SIBJISIETCA M30MOPMU3MOM, IIEPEBOISIINIM b B C.

Takum obpasom, cucreMa B 1-pi-0HOPOIHA U OTOOParKEHUsT Y] O X SIB-
JITIOTCA M30MOPQHBIMU BIOKeHUAME cucteMbl A B cucremy B.

Jlnst 3aBepienus JI0Ka3aTe/IbCTBa HaiieM BEPXHIOIO OIEHKY JJIs MOIII-
Hoctu cucreMbl B. Ilycrs momaocts |A;| pasua n;, @ € {1,...,k}. Torna
niy + ...ng = n. g Kaxaoro n; cymecTByeT ¢; Takoi, 9to n; < ¢; < 2n; u
¢ € {1} U{2° 4+ 1| s € w}. Takum 06pa3om, 4TOObI JJOCTUYb HY?KHBIX MOIII-
HOCTeH pacmupeHuii MHOXKeCTB A; MOIHOCTL MHOXKECTBa A yBeJIMYnBaeTcs
He Gostee wem B 2 paza. Torma |B| < f(q,...,qk), nue

fla, o va) =@ —a+1) - (G —a+ 1),
B npemnosoxkenuu ¢; + ... + q = 2n dbysxnus f(qq, ..., qx) IpUHAMAET
MaKCHMaJIbHOE 3HAYeHHe IPU ¢ = ... = qp = 27” Paccmorpum dyHKIMIO

hiq) = f(q,...,q) = (¢*—q+ 1)27n s mo6oro n 9Ta GhyHKIUS IPUHIMACT
MaKCHMaJIbHOE 3HavYeHue npu ¢ ~ 3,3 u h(3,3) < 4™. O
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O PEIHIETKAX ITO/IMHO2KECTB
YHUBEPCAJIBHBIX AJITEBP

A.T. IIunyc

HoBocubupckuii rocy1apcTBEHHbBIN TEXHUYECKUIT YHUBEPCUTET,
np K. Mapkca, 20, HoBocubupck, 630092, Poccusa

e-mail: algebra@nstu.ru

B cucreme nonsgTuii ajredpandeckoil reoMeTpur yHUBEPCAJIbHBIX aaredp
(eMm., K pumepy, [1, 2, 3, 4]) 0IHO U3 EHTPATBHBIX MECT 3aHUMAET TIOHATHE
ajredpanvIeckoro MHOYKECTBA.

Hamomunm, aro moamuoxkectBo B C A™, riie n — HaTypaJbHOE YHCIIO, a
A — OCHOBHOE MHOYKECTBO HEKOTODOI yHUBepcasbHOil anrebpsl A = (A; o)
HA3BIBAETCS N-MEPHHIM AA2e0PAUNECKUM, €CTTH CYIIECTBYET CUCTEMa ypaBHe-
HU

{ti(xy, ... xn) =t5(x1, ..., xp)]t € T}

CUTHATYDBI 0 (371€Ch t; — TepMBI 9TOIl CUrHATYDPBI) TaKuX, 9T0 B ecTh co-
BOKYITHOCTH BCEX peleHuit 3Toii cucrembl B ainredpe 2A. COBOKYIHOCTH BCeX
N-MEPHBIX aJIreOpamdecKux MHOXKECTB aJreOpnl 2 obpasyeT, OTHOCUTEIHHO
TEOPETUKO-MHOYKECTBEHHOIO BKJIOYeHust C, moJayto perterky Alg,2A (pe-
WEMKY N-MePHOT aszebpauveckus nodmmoscecms anzebpor 2A). Tpu srom
onepanusa A Ha Alg,2 coBlajgaeT ¢ onepalyeil TeOPeTUKO-MHOKECTBEHHOIO
repeceveHusi M, B TO BpeMs Kak oreparust V MOXKeT ObITh OTJIMYHOI OT orre-
pamuu U.

AbcrpakTHble cBoiicTBa perterok Alg,2l cBa3aHbI cO cBOiCTBaAMU ajred-
pot 2. K npumepy, ogaosemerTHocTh perterku Algy 2l paBHOCHIBHA 1J1EM-
MIOTEHTHOCTHU aJIreOpnI 2.

HeiicTeuresbro, ecin airebpa A = (A; o) uieMnoTeHTHA, TO MHOKECTBO
perenwuit jiroboro o-ypasrenus t1(x) = ta(x) ectb A u, Tem cambiM, Alg2A =
{A}. O6parnoe, eciu f(xq,...,2,) € 0, TO B CHIy TOTO, YTO MHOXKECTBO
perennii ypasueuus f(z,...,x) = x (upu yciaosun |Alg,2| = 1) nomkao
ObITH paBHO MHOXKecTBY A, anredbpa 2l upeMmroreHTHA.

Anrebpy 2 = (A; o) HA30BEM PABHOMEPHO N-KOHEUHOU, €CII CYTECTBYET
HaTypaJbHOE M, TaKoe, YTO BCE N-IOPOXKJIEHHbIE 10aaredpbl aaredpor 2A
umeror He 6osiee yeM m, sjaeMenToB. Asrebpa A = (A; o) HasbiBaercs pas-
HOMEPHO NOKANDHO KOHEUHOT, €CJTH OHA PABHOMEDPHO N-KOHEYHA JJIsl JIFOOOT0
HATYPAJIBHOTO 7.
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st anredp 2l KoHEYHO# CUTHATYPbI YCJIOBUSA PABHOMEPHOM 1-KOHEYHOCTH
u koueunoctu pertetrku Alg,2 paBHocuwibHbL. JleficTBuTENIBHO, IYCTH
A = (A;0) — anrebpa KOHEYHON CUTHATYDBI 0 U Jisi JIIOOOIO KOPTekKa
a = {ay,...,a,) sneMenToB aaredpsol 2 mopaaredpa (a)y aaredpst 2 MOpoK-
JIeHHasi MHOKeCTBOM {ay, . .., a,} He 6ojee ueM m,-31eMeHTHa. TaK Kak Cy-
IIECTBYET JIUITh KOHETHOE YHCJIO TOMAPHO HEM30MOP(HBIX 1M,-3JIEMEHTHBIX
ayiredp CUTHATYPBI 0 C BBIJICJIEHHBIMU TOPOXKJIAIONIUMEA A1, . . . , (y, TO CyIIIe-
CTBYET JIMIITb KOHEYHOE YUC/IO 0-TEPMOB OT IIEPEMEHHDIX L1, . . . , Ly UMEIOIITUX
Ha ajreope 2l oTJIMIHBIE JPYT OT JIpyra TepMaJsibHble PYHKIHU. TeM caMbIM,
CYIIECTBYET JIUIIb KOHETHOE YUCJIO MTONAPHO HE SKBUBAJEHTHBIX Ha ajredpe
2l cucreM o-ypaBHEHHiII OT IIEPEMEHHBIX X1, ..., ~T,. 10 ecTb pemerka Alg,2d
KOHEYHA.

Ob6patno: ecu pemierka Alg,2l KoHETIHA, TO CYIIECTBYET JIUIITb KOHETHOE
YUCJIO TIOIAPHO He SKBUBAJIEHTHBIX Ha 2l CUCTEM o-ypaBHEHU, T.e. CyIIe-
CTBYeT JIMIITh KOHEYHOE YHCJIO O-TEPMOB OT IEPEMEHHBIX L1, ..., T, HUMEIO-
mux Ha ajaredpe 21 OTJIMYHBIE JAPYT OT Jpyra TepMaJibHble (byHKImu. Juc-
JIO 3TUX (DYHKIUNE U OMPEJIE/ISIeT TUCJIO M, MayKOPUPYIOIIEe MOITHOCTH 1~
[TOPOZKJIEHHBIX oA/ Iredp aaredpnr 2.

Tem cambiM, J1j1s1 aJiredp KOHEYHO# CUTHATYPbI PABHOCUILHBI YCIOBHUS:

e 2 — pPaBHOMEPHO JIOKAJIHLHO KOHEYHA U
e Bce pemerku Alg,2l KOHEUHBDLI.

Jlerko BuzeTh, 4TO [ arebp OECKOHEYHON CHUTHATYDBI 9TO HE TaK.

IIpeacrasiisier mHTEPEC JasbHellIIee HCC/Ie/I0BAHNE B3ANMOCBSI3U CBOMCTB
asirebp A u permerox Alg,2A.

EcrecTBeHHBIM IDEJICTABIISETCA U MHTEPEC K aOCTPAKTHOMY OIIMCAHUIO
KaK OTJeIbHBIX perrerok Bujga Alg,2, Tak wu mocsenoBaTebHOCTER
(Algnn € w) Iy MPOU3BOJIBHBIX YHUBEPCAJbHBIX airebp A. Drum Bo-
IpOCaM M IIOCBAINEHA JaHHAs paboTa.

Teopema 1. /J[asa 1106000 noanoti pewemku L cywecmeyem ynusepcasvHas
anzebpa A maxas, wmo L = Alg 2.

JIOKABATEJIBCTBO. ¥ TBEepKJIEHUE TON TEOPEMbI COJEP:KUTCS B pabo-
Te [4], oHAKO TOKA3aTEbCTBO €e MPUBEICHHOE TaM COJIEPKUT HETOTHOCTH
yCTpaHeHHbIe B IPUBOIUMOM Jtajiee. [Ipexkie Bcero HamoMHuM, 9TO IMOJTHO
pemeTkoii Ly TOJMHOXKECTB MHOYXKeCTBa B Ha3bIBaeTcs Jiodasd pPerneTouHo
yIopsiouennas oTHorieHueM C COBOKYITHOCTD OJIMHOXKECTB Ly MHOXKECTBa,

B rakas, aro ja soboro C' C Ly inf C' = () D. B wacrnocru, eaunnd-
DeC
HBII 971eMenT peretku Lo 910 inf @ = (| D = B. Ilycrs L upoussosbHas
Deo
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nostHas perretka. Kak xopomio u3BectHo (eM. K npumepy [5]) L momyckaer
[peJICTaBIeHNe TOJTHON permeTKoi Ly MOJAMHOKECTB HEKOTOPOI'O MHOXKECTBA
C'. Yepes L oboznaanm copokymnaoctsb Ly \{C'} monmuoxecrs muoxecrsa C'.
Yepes T' 0603HAIMM COBOKYITHOCTD JIIOOBIX KOHEUHBIX TIOC/IE10BATEILHOCTEH
B = By, ..., B, snementos u3 L. Iycrs D = {dg|B € T} — coBokynsocTh
HOIAPHO PAa3JINIHbIX (Uit pa3audubix B € T') 371eMeHTOB, N3 bIOHKTHAS C
CuA=CUD. Yepes P obosnaunm copokymnnocrs L) U {A}. OueBnmo,
qTo P ylnopsijjlodeHHas TeOPEeTUKO-MHOKECTBEHHBIM BKJIIOUEHUEM, ABJISIETCS
[TOJTHO PEIeTKOl MOIMHOXKECTB MHOXKecTBa A m3omopdnoii pemerke L. Ha
muOKecTBe A onpenenum ajredpy A = (A; o) curHaTypbl o, cocTosIei u3
HOIIAPHO PA3IMIHbIX CUMBOJIOB hp(B € L)) yHapHbIX GyHKIHUI, ciiemryio-
KM 00pa3oM:

a,ecmu a € B
hp(a) = { dp,ecrm a € A\B B
dgg,ecmu a = dg,rne C € T.

Baech BC — pe3ysbrar KOHKATEHAIMN (TPUITICBIBAHIS) TOCJIEI0BATE b-
noctu C' Bejesr 3a CUMBOJIOM B.
Takum obpaszom,

B ={aec A2 E hp(a) = a},
A={ac A Ea=a}

1 MbI IMEEM BKJIIOYCHUEC

C npyroit cTOpPOHBI, /I JIIOOOTO TepMa,
t(x) = hp,(hp,_,(..(hp,(2))...)) (t(x) = z)

n
curnaTypol o depe3 D; obosnaunm MuOKecTBO (| B; (A), a uepes t mocie-
i=1
JIOBATEJILHOCTD By, By, _1, . .., By. s m06b1x TepMoB ty (), to(2) oTmaHbx
JIPyT OT JIpyra ¥ OT TepMa & 4epes t; Nty 0603HaInM HanbOILIINI OOt
KOHEYHBIIT MHTepBaJ MocjefoBaTebHocTeil £ u ty. Takum obpasoM, ecin
t_l N t_g = Bm—la Ceey Bl, TO 1?1 = t_/lB}nfl N t_g, 1?2 = 1?/2.872711?1 N t_g, rae B71n 7é B72n
ssementsl u3 L) u t),t, € T. U3 onpenenenus dbynkiwuit h € o ciaemyer, ato,
ecit ty Nty = Byy1,..., By, TO

{a€ A = ti(a) = ty(a)} = BL, N B2 A By N...B,.

Tem cambiv, Briaodenne Algi%l C P, a, BMecTe ¢ TeM M PaBEHCTBO
Alg12l = P u, 3naunt, usomopdusm pemietok L u Alg;2l moka3aHbl.
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Taxum obOpa3oMm, MOJHOTA — €IMHCTBEHHOE abCTPAKTHOE OIpaHHICHUE
Ha pemerku Buja AlgiA. Nraue obcrouT meno mjst pemerok Buga Alg,2A,
mpu n > 1.

Yepes Part n obosnauum pererky pasouenuii mHoxkecra {1,2,...,n},
OTOKJIECTBJIASA TIOCTEHIOID C PEIIeTKON SKBUBAJEHTHOCTEH Ha 3TOM MHO-
xkecrBe. Kazxoit skBuBaienTHoctn © wa MHOXKecTBe {1, ....n} comocraBum
CUCTEMY ypaBHCHUM

OT IEPEMEHHBIX X1, ..., T, Ha ajareope 2.

[Iycts Ag — coBoKymHOCTB perieHuii cucrembl ypapaeunit Ug B asred-
pe A = (A;0). OueBngno, uro orobpaxenue p(0) = Ag aBigercs, 1t
HEOHOJIEMEHTHBIX ayirebp 2, m30MOpdHBIM BJIOXKEHHEeM perneTku Part™ n
(nBoiicTBenHoit perterke Part n) B pererky Alg,2(. B Tom uucie, 3o Bie-
YeT MOIHOCTHBIE OrpaHudenus Ha perrerku Alg,2l B cydae nx KOHEIHOCTH
(mpu n > 1). OrmeruMm Tak ke, 9ro yeiosus |Alg,A| = 1 (mpun > 1) n
|2(| = 1 paBHOCHIIBHBL.

[Ipu TOM OYEBHJIHO, YTO BJIOKEHHE (© TAKOBO, 4YTO JIs JII0O0i © €
Part n, B uarepsas [0, p(0)] pemerku Alg,2 nzomopdHO BIoKHMa pereTKa
Alg‘n/@@l.

Hepes Sym n 0603HAYUM CUMMETPHYECKYTO TPYIILY Ha MHOXKecTBe {1, . . .,
n}. s moboro ypasHeHust

tl(Il, c. ,I‘n) = tg(l’l, PN ,ZEn)

gyepes 7(t; = ty) 0603HAUNM ypaBHEHUE

L (Tr(1ys - s Tagn)) = L2(Tr(1)s - - Tr(n))-

s moboit yausepcasbroit anrebpst A = (A; o) u ob6oii cucremst J (21, . . .,
T,) ypaBHeHUii curHaTypbl 0 Yepe3 A; 0003HAYMM COBOKYIIHOCTDH PeIleHUi
sroit cuctembl B anredbpe 2. Torna, s oboro m € Sym n oToOparkKeHue

Vr(Ag) = Afn(ti=to)|t1=tac)}

SIBJISIETCSI, OYEBUIHBIM 00pa3oM, aBroMopdusmom pemterku Alg,2A. Tem ca-
MBIM, IpyTIa Sym n romoMopdHo orobparkaercs B rpymiy Aut Alg,2 aBro-
mopduszmos pererku Alg,2A. B cuity xke Toro, 9to (j11st HEOIHOIIEMEHTHBIX
areOp 2 JIst HETOXKJIECTBEHHBIX 7T € Symn oTOOparKeHus ), Ha I0jpe-
merke p(Part n) pemerku Alg,2l Tak ke HETOKJIECTBEHHBI, TO OTOOPAZKEHUE
¥ Symn — Aut Alg,2, e P(m) = 1, aBasercs n30MOPGHBIM BIOKE-
uueM rpyunsl Symn B Aut Alg,2. Tem cambim, numeer mecto
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Teopema 2. /J[asa 1106020 Hamyparorozo n, 0AL 110000 HeoOHoINEMEHMHOU
anzebpo, A 6 pewemxy Alg,2 uzomopdro roocuma pewemxa d8oticmeen-
nasa pewemxe Partn, a 6 epynny Aut Alg,2l usomoppro sroocuma epynna
Symn.

K mpumepy, paccMoTpuM pernreTkn

<O

Lo Ly Ly L

Pemerka Lo mBoiicrBenHa pernerke Part 3. Tem cambiM, HE Ui Kakoit
Heo IHO3/IeMeHTHOI anreOpnl 2 pemerka Algs2l He MoxkeT ObITH n30MOpQHA
HM Kakoil u3 pemetok Ly, Ls, Ls. Hnsa L; 310 ciiegyer u3 MOITHOCTHBIX
coobpazkenuii, T.K. |Ly| < |Lo|. Jnasa Ly — u3 Toro, uro Ly He BioKuma B L.
st Ls: cymecTByIOT 1Ba BiIOXKeHus pemerku Lg B Ly, Ho Aut Ly = Sym 2
u, 3HaquT, Sym 3 = Aut Lo ne Biaoxxkuma B Aut L.

[IpejcraBisger uHTEpEC BbISIBJICHUE JPYTUX abCTPAKTHBIX CBOWCTB perie-
tok Buya Alg,? n nocienosarensHocreit (Alg,An € w).

B gacTtHOCTH OTMETHM, 9TO €CJIM MECTHOCTH CUTHATYPHBIX (DYHKIUI aJI-
re6oper A He tpeBbiaer 1 u Alg,2A = Part™ n, To ¢ yg4eTroM yKa3aHHOTO BBIIIE
BJIOXKeHUsI ¢ perierku Part® n B pemerky Alg,2 oueBuaHo (paccmarpuBast
periernst B ajrebpe ypasaenuit Buga f(rq,...,%,) = x; I CUTHATYDPHBIX
dbyukuuit f), uro 31U curHaTypHbIE (DYHKIUE CYyTh 0000IIEHHBIE CeJIEKTOPDI.
[Tocnenee ke m BjIeveT, 9TO BCEe TepMaJibHble (DyHKIUK aareOpnbl 2 Tak ke
0000I11IeHHbIE CeIeKTOPLI U, 3HaunT, AlgpA = Part™ k mist 100bIX HAaTypaib-
HbIX unces k. Hamomuum, 910 000OIIEHHBIME CEJIEKTOPAMU Ha MHOXKECTBE
A HazbBaroTCa QYHKINNA BHUIA

x;,, ecan Dy(xq,. .., Ty),
flzy,... x,) =
zi,, ecint Dg(1,...,2Tm),
rae Dj(xy,...,%,) (mpr 1 < j < s) IOHAPHO HECOBMECTHBIE YCJIOBUS BHIA

Xj, = T, JU3BIOHKIUS KOTOPBIX TOXKJIECTBEHHO UCTUHHA.

(s

Crmcok JuTepaTyphbl

[1] B.I.Plotkin. Some Notions of Algebraic Geometry in Universal Algebra//
Algebra Anal., 1997, v.9, Ne 4, p. 224-248.



72 A.T'. Ilunyc

[2] E.Daniyarova, A.Myasnikov, V.Remeslennikov. Unification theorems in
algebraic geometry// Algebra and Discreta Math., v.1, 2008, p. 80-112.

[3] E.Daniyarova, A.Myasnikov, V.Remeslennikov. Algebraic geometry over
algebraic structures. Foundations// J. Algebra, submitted, arXiv:
1002.3562 v2 math AG .

[4] A.T'Ilunyc. O reomerpuueckn 6im3kux asnrebpax,// Algebra and Model
Theory 7, z-Bo HI'T'Y, HoBocubupck, 2009, c. 85-95.

[5] B.H.Canmuii. Pemerku// O6mas aarebpa. 1.2, 3-Bo Hayka, M., 1991, c.
192-292.



KJIACCUDPUMKAIINY CUETHBIX
MOJIEJIEN ITOJIHBIX TEOPUN
O/ITHOMECTHBIX ITPEJIMKATOB C
I[IOJICTAHOBKOI
OTPAHNYEHHOT'O ITOPAIKA

P.A. Iloukos*

HoBocubupckuii rocy1apcTBEHHbBIN TEXHUYECKUIT YHUBEPCUTET,
np. KapJsra Mapkca, 20, HoBocubupck, 630092, Poccus

e-mail: r-popkov@yandex.ru

B monorpadun [2| nocrasiena nmpobiema OnucaHus IpeInopsikoB Py-
quH — Keiiciepa n hyHKIMil pacipe/iesienns IpeaebHbIX MOJIe/Iei JIjId pas3-
JINYHBIX €CTECTBEHHBIX KJACCOB aJiredpanvecKux cucteM. B jaHHOi craThe
paccMaTpUBAIOTCH ITOJHBIE TEOPUU OJTHOMECTHBIX MTPEJUKATOB C PA3HBIM YHC-
JIOM HEIVIABHBIX THUIIOB, BBICHACTCA U3MEHEHNS YNCa TUIIOB U UX peajn3ye-
MOCTH TI0CJI€ OOOTAIEHU CUTHATYPHI MTOJICTAHOBKON OIPAHMYEHHOTO ITOPH/I-
Ka.

1 IIpenBapureiibHbIe CBEAECHUS.

BzauMoCBs3b CYETHBIX MOJIesIeii Oy1eM IPOC/IEXKUBATD ¢ TIOMOIIBIO CJie-
JIyrorero obobienus mpejanopsijka Pymun — Keiiciiepa:

Paccemorpum MuO)KEeCTBO X7 TUIIOB H30MOP(U3Ma CIETHBIX MOJIE/Ie Teo-
pun T ¢ 33J@HHBIM Ha HEM pedJIeKCUBHBIM, TPAH3UTUBHBIM OTHOIIEHUEM
nogunnenns <: M; < M; < FD(M;) C FD(M;), u o60o3Ha"mM HOJIyIeH-
uyto cucremy (Xp, <) gepes CM(T). OrHolleHNE SKBUBAJICHTHOCTH ~ Ha
eIy nopsiJIoueHHOM MHOXKecTBe (X7, <) 3a/a/iMM COOTHOIICHUEM a ~ b <
a <bwub < a 3amernM, uro Xr = (X7/ ~, <), e 1 < 23 < y1 < Yo
JUISE JIIOOBIX 4y € X1, Yo € Lo, ABJISAETCS YaCTHUHO YIIOPSIOYEHHBIM MHOMKE-
crBoM. Ec/ u3 KoHTEKeTa sICHO 0 KaKO| TeOpuu UIAET pedb, uHjaekc T Oyjer
OILYyCKAThCH.

*Pabora buHaHCOBO MO IepKana rparToM HoBOCHOMPCKOTO rocy1apCcTBEHHOIO TEXHU-
9eCKOr0 YHUBEPCUTETA.
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ﬂHHeﬁHO YIIOPAJO0YEHHOE IIOAMHO2KECCTBO B YaCTUYIHO YIIOPAJOYCHHOM
MHOKeCTBe X HasbIBaeTCs yenvlo. 3abukcupyeM sseMent & € X/ ~. Byaem
roBopuThb, 4ro oH Haxogutcsa Ha (0,)-yposue. ((A+ 1),)-ypoBHEM cHCTEMBI
X OyjeMm Ha3bIBATH MHOXKECTBO MOKPBIBAIOIIUX JIEMEHTOB JIJIsI 9JIEMEHTOB
(Az)-yposus. Eciu © — naumenbiuii kiace, 1o (A;)-ypoBeHb OyjieM Ha3bl-
BaTh A-ypoBHeM. CylpeMyM MOIIHOCTEl 1iereit OyaeM Ha3bIBAThH GblcOMOl
u oboznadars H(X'). CynpeMyM MOIIHOCTE MONAPHO HECPABHUMBIX 3JI€-
MEHTOB, HAXOJANIIXC Ha N-ypoBHE OyIeM HA3BIBATH WUPUuHol A\-yPOBHS 1

obosnagars W (X (N)).

2 Teopumu ofHOMECTHBIX ITPEANKATOB.

Bynem paccmarpuBath najiee caérayto curHarypy X = (Fy, ..., Py, ...),
COCTOSIILYIO M3 OJJHOMECTHBIX IPEJINKATHBIX cuMBOJIOB. B [1] mokasano, 1ro
JIaHHasi TeOPHs JOIYCKAET SJUMHUHAINIO KBaHTOpoB. CriegoBarebHo, MHO-
JKECTBa, U30JIUPYIONIUE 1-TUIIbI, COCTOAT U3 (HPOPMYJI, UMEIOIIUX B,

PO(x) AP () A ... AP () A ...,

rae 0; € {0,1} u P%(z) = =P(x), P'(z) = P(x). Muoxecrsa, n30/mpyiomnue
N-TUIIBI COCTOAT U3 (POPMYJI, MMEIONIUX B/

/\(xZ SET RN /\cpl(a:i),
irj Li
rae @(x;) — GOPMYJIBbI, COCTABIISIONINE MHOYKECTBA, H30IUPYIONIHE 1-THITbI
p(z;) Cp(ay, ..., z,).
Cuérnoe muoxectBo 1-tunos U C S1 () nasbiBaeTcst MoOeAbHBIM, ECITH
U conep:kut Bce ryiaBHbIE 1-THIIBI U i1 JIIOOOH ITPOU3BOJIBHON COBMECTHOM
dbopmysel p(z) cymecrByer Tui p(x) Takoi, ato p(x) € p(x).
[Iycrs K — Kiacc BceX MOJICIbHBIX MHOXKECTB, TOIVIA:
1.Ue K = |U| =w;
2. Ue K, UCV,|V|<w=V€eK;
3.VCUe K, |V| <w, V ne conepxxur rasubix tuinos = (U\V) € K.
[Togcaum nannoe cpoiictBo: Ilycrh Hekoropasd dhopmyria ¢ TPUHAIIEKUT
Tury p, ¥ — dopmyita, oTjesomas bl p u p’, Y € p, v — ¢. Torma
dopmyma o A =) npunajiexxkut tuiy p'. Cremoarenbho, ¢ € p'. To ectb
[IpU yJIAJIEHUN OJTHOTO HEIVIABHOTO THIIA, COJIEPKAIIEro (DOPMYILY (p HAIETCs
JPYTroii HETVIABHBIN THUII, COIEPKAIINN €€.
PaccmoTpum Teopuio HE3ABUCHMBIX OJITHOMECTHBIX IIpeuKaToB Fy, ..., P,
¢ axcromamu 3z(P(z) A ... A PP (z)), rue &; € {0,1}, i = 0,n, n € w. Ilo-

do(x On(x
CTABUM B COOTBETCTBHUE ITOCJIETOBATETHLHOCTAM (DOPMYJT POO( ), cee Pn”( ), e
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[TOCJIEOBATEIBHOCTH Og, 01, . .., 0p, . ... 1OIJa IPUMEPOM MOJIEJIHLHOTO MHO-
JKECTBa, MOYKHO CYMTATH CYETHOE MHOXKECTBO (hopMyst U COOTBETCTBYIOIIUX
MHOKecTBY W nocjieoBaTeibHOCTEl Hy el 1 eIMHAL, TAKUX, 4TO JIJIst JIEO-
6oro KopTexka HyJseil U eMHUIL 3TOT KOPTEXK SIBJIAETCS HAYAJIOM HEKOTOPOM
rnocjaexoBaTesbHOCTH U3 W,

[ycrs f : SHD) — w+ 1 — dyuKua pacupejie/ieHUs IUC/Ia DeaIu-
3aliii TUIIOB B HEKOTOPOIl cuéTHOil Mojenun N, To ecThb Jjisd J10060ro Tuila
p(z) HeorpunarenbHoe 3Hadenne f(p(x)) HokasbiBaeT YUCJIO peau3anuii Tu-
na p(x) B8 M. Ecom tun p(x) € S(@) riaBHblii, T0 €ro 4nucio peainsarmii
OJIMHAKOBO B JII00Oi cuéTHOi Mojenu, a ecim p(x) Hernmasublii, 1o f(p(x))
MOZKET MPOM3BOJIBHO BapbUpoOBaThCst B mpeieaax ot 0 g0 w. Yepes M(f)
Oymem 00603HAYATH MOJIE/h, PEATU3YIONLYI0 TUIIBI COTJIACHO (hyHKIUHU f.

IIpengioxxkenue 1. Jlasa a106020 modeavrozo muoocecmea U cyuecmeyem
modeav M, pearudyrouian darHnoe MOOJEALHOE MHONHCECTEO.

okazareabcTBo. /locTaTouHO B3ITH MOJIE/b, PEATU3YIONLYIO BCE IVIaB-
HbIE THUIIBI 1 UMEIOIILYI0 XOTsi ObI 110 OJHOH peajin3aliii KarKI0I0 HErJIaBHOIO
THUIIa U3 MOJEJIbHOTO MHOXKecTBa. [

IIpengyoxxkenue 2. Ecau f — dynxuyus pacnpedeserus ors cuémmoti mode-
AU, MO Zpiesl(@) f(p;) = w. Bepro u obpammoe.

JokazareabcTBO. ZlcHO, 9TO ecin MOJIe/Ib CIETHAsI, TO OHA COMEPXKUT
CYETHOE YHCJIO peajn3aluii Kakux-1o TuoB. C JIpyroit CTOPOHBI, €CJIU CO-
IVIACHO HEKOTOPO (PYHKIINN JJAHO CIETHOE YNCJIO Peasu3aliiii TUIIOB, TO st
MOJIEJIH C JIAHHBIME peaJimsaiusaMu (pyHKua f saBisgerca pyHKIel pacipe-
IejieHnd. [

Teopema 3. [lycmv f u g — dynkyuu pacnpedeserus “ucsa peau3a-
yut munos modesett M(f) u M(g) paccmampusaemots meopuu T. Tozda
M(f) ~ M(g) ecau u moavko ecau f = g.

HokazarenbcrBo. [Tycrs M(f) ~ M(g). Torma kax1o0it peanusanun
turia p B Mojean () B3aUMHO OJIHO3HAYHO COOTBETCTBYET DeasU3alius
tuna p B Mogenn IM(g). Craenosarenso, f = g.

[Iycrs f(p) = g(p) = A\, A € w+1. [lepenymepyem Bee Tunsl p,(x), n € w,
peaymmzyembie coryiacHo dyuknun f = g. [locrpoum nzomopdpusm F' mex ity
M(f) uM(g) manykiweit no n. Ha HavasbHOM mare CymecTByeT 9acTHIHbI
uzoMopdusM Fjy, B3aMMHO OJHO3HAYHO HEPEBOJSIINNII BCe peaTu3alii TUII
po B Mogesn M (f) Bo Bee peanmsanuu tuna py B Mogean M (g). Jomycrmm,
YTO JUIA N TULOB Po, P1, - - -, Pp—1 CYIIECTBYET YACTUYIHBINA m30MOppu3M F,,
B3aMMHO OJHO3HAYHO HepeBO,ZLHHH/H;‘I peajsin3aliun JJaHHbIX THUIIOB B MOIEJIN
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M(f) B coorBercTBHE peasm3anuu STUX TUIOB B Momean IM(g). Tak kak
f(pn) = g(pn), To cymecrByer Gueknus G, MeKIy BCEMH DeaTH3aIAsIMU
tuna p, B Momeasx IM(f) u M(g), Frp1 = F, UG, Tocie npoxox ienus
BCcex TUNOB mosydnm usomopbusm F = . F, : M(f) ~ M(g). O

Paccemorpum 1osinble CI4ETHBIE TEOPUH OJHOMECTHBIX IIPEJINKATOB € Pas3-

new

JIMYHBIM YUCJIOM HeriaBHBIX 1-Tunos: 0, 1, 2 <m < w, w, 2.

Teopun, Bce TUITbI KOTOPOi1 N30JIMPOBAaHHBIE.
Jlns maHHbIX Teopwil clipaBeymmBa Teopema Pwuib-Hapizesckoro, T.e.
TEOPUH W-KATETOPUIHBIE U CUCTEMa X COCTOUT U3 OJIHONW TOYKU — MPOCTON

monern, H(X) =1, W(X(0)) = 1.

Teopuu c HeHyJIEBBIM, He DoJiee YeM CUETHBIM, YMCJIOM HErJaB-
HBIX 1-TUIOB.

Jlyig aHHBIX TEOpUil ClpaBe/l/InBa TeOpPeMa, CYIIeCTBOBAHUS JIJIsi HACHI-
eHHbIX Mozeseit. CreoBaTe/IbHO, TEOPUU UMEIOT U IIPOCTYIO MOJE/hb, Ha-
xoggmiyiocst a O-yposue. Momenn Ha A-ypoBHax (A > () cyimecTByioT 1mo
TeopeMe KoMmmakTHOCTH, H (X)) = w. DJIeMEeHTbI 1 XapaKTEePUCTHKU CHCTEM
X Teopuil ¢ KOHEIHBIM YHC/JIOM HEIJIABHBIX 1-THUIIOB HPUBEJICHBI B TaOJIU-
e 1, co cuérubiM — B TabJmie 2, m — YUC/I0 HeriaBHBIX 1-TunoB. Yepes
M((p1,n1)s -+, (Pmy T ) - - .) ODOBHATAIOTCST MOJICIIH, UMEIOIITHE 7] PEAIH3a-
Uil TATIA P1, Tho PEAJTUIAIUANA TUIIA Py U T.J.

Tabsuma 1: Teopun ¢ KOHEYHBIM YUCJIOM HETJIABHBIX 1-THUIIOB.

m=1 2<m<w
Mogenn na A-ypoHax, A € w | M((p1, A)) | M((p1,n1), - -+, (P> Tom))
IIpenenbubie Mojem M((pr,w)) | MUp1, 1)y -y Py o))
Hacpimennas Mosens M((pr,w)) | M{pr,w), .., (Dmsw))
WA, ) e w i o
W(X(w)) 1 w

Tab6umna 2: Teopun co CIYETHBIM YUCIOM HEIJIABHBIX 1-THUIIOB.

m=uw
Mogenn ma A-ypoBasix, A € w | M((p1,11), .-+, (D, Mn)s - - -)
[Ipenesbable Mozen M((D1, 111)y -+ s Py o)y - - )
Hacblmmennas Mozesnb M((p1,w), ..., (Pm,w),...)
W(XN), N €ew w
W(X(w)) 2%
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ini:A,)\Ew;zm:,ui:w.
i=1 i=1

Teopuu ¢ KOHTUHYYMOM 1-THUIIOB.

Y Teopuit ¢ KOHTUHYYMOM THUIIOB BO3MOYKHBI JIBE€ CUTYaIlUN: TEOPHUs NMe-
eT IIPOCTYIO MOJIE/Ib, TEOPHUsI He UMeeT IIpocToil Mojenu. Ecim ecth mpocrast
MOJIe/Ib, TO oHa HaxomuTca Ha 0-yposue. Hachbimennoit momean Her. DJie-
MEHTBI U XapPaKTEPUCTUKU CHUCTEMbI X JJIAd JaHHBIX TeOpI/Iﬁ IpuBEICHbI B
Tabsuie 3.

Tabmuma 3: Teopun ¢ KOHTHHYYMOM THUIIOB U IIPOCTON MOJIETBIO.

Mogemn ma A-ypoBasix, A € w | M((p1,11), .-+, (D, Mn )y - - -)

[Ipenenbuble Moaean M((D1, 1)y - -+ s Py o)y - - )
W(X(N), A>0 2%

ini = N,i,ui =w
i=1 i=1

Ecsu mer npocroit Mojesu, To jits onpe/esenns 0-ypoBHs BOCIOJIb3yeM-
Cs1 MOJIEJIBHBIM MHOZKECTBOM.

Bynem cuaurars, uro Ha (0,)-ypoBHe Haxogurcs mozesnb IM(U), peann-
3yIoIas HeKOTOpoe MoJie/ibHoe MHOKecTBO U 1 HasbiBaTh ero (-ypoBHEM.
Tak Kak U3 MOJEJIBHOIO MHOXKECTBA MOXKHO yOMpaTh HEIrJIABHBIE TUIIbI [IPH
VCJIOBUH COXPAHEHUsI MOJIEJBHOCTH, TO OyJIeM PAcCMaTpPUBATH HE TOJIHLKO \-
yposuu, HO u (—\)-yposau. Eciu g(p;) = f(pi) — vi, Y. v; = A, TO MOjiesb
M(g) maxogurca Ha (—A)-yposre. Hacoimennoit momenun wer. H(X) = w.
DJIEMEHTBI ¥ XapAKTEPUCTUKU CUCTEMbI X JijId T€OPUil ¢ KOHTUHYYMOM TH-
1oB 6e3 IPOCTOil MoJIe/ I IPpUBE/IeHbI B Tab/mIe 4.

Yepes M(f, (p1,11), - -+ (Pm, M), - - .) ODO3HAUEHA MOJIEJbH, PEATU3YIO-
mas THIBl U3 MOJEJBLHOrO MHOXKecTBa U coracHo dbyHKmum [ ¥ THIIBL

pi € SL@)\U.

Tabsuma 4: Teopuu ¢ KOHTUHYYMOM THIIOB 0€3 IIPOCTONU MOJIEIH.

Mogenu Ha A-ypOBHSX M(f, (1, 1)+ -+ s (Pony )5 -+ - -)
Mogemu wa (—A)-yposusax | M((q1, f(q1) — v1), - {a, f(@) —w),...)
W(X(N)) 2w
W(X(-=\)) w
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Zﬂz:)\a)\ew—i_lapla?pmaGS;(Q)\U7

=1

Zl/i:)\,ql,...,ql,...EU

11

HpI/IMep TeoOpun HE3aBUCUMBIX OAHOMECTHBLIX IIPDEINKATOB IIOKa3bIBACT,
YTO B OTJIMYHE OT KJIacca MaJIbIX TeOpHil B Kjlacce TeOpHil ¢ KOHTHUHYa Ib-
HBIM YHCJIOM THIIOB OTHOIIEHNE MOJINHEHUS < Ha MHOXKECTBE THUIIOB H30-
Mopdu3Ma MOXKET He MMeTh HAaUMEHBIIIEro SJIeMEHTA, sABJISIOIIEroCs TUIIOM
n3oMopdusMa IIpoCcToil MOIEIN.

Teopema 4. Illycmv Ty u Ty — cuémmnvie meopuu 0OHOMECTIHBLL NPEIU-
kamos, moezda coomnowenue CM(T}) ~ CM(T3) pasnocusvro odiomy u3
cAedyowuUT Mpex Ycaosul:

1) T1 u Ty umerom odunakxosoe, ne 6oaee wem CHEMHOE, YUCAO HE2AAGHVLT
1-munos;

2) T1 u Ty umerom KOHMUHYGABHOE YUCAO MUNOSE U NPOCMYIO MOOEAD;

3) Th u Ty umerom KOHMUHYAALHOE YUCAO MUNOE U HE UMENM NPOCMOl
modesu.

HokazarenscrBo. Ilycts CM(T)) ~ CM(T). Torma H(Xp (N)) =
= H(Xr,()\)), cienoBaTebHO, MEXK/TY 9JIEMEHTAMU COOTBETCTBYIOIINX YPOB-
Heil MOJKHO YCTAHOBUTH B3aMMHO OJIHO3HAYHOE COOTBETCTBHE. Tak Kak Iinu-
puHa \-ypOBHE{l OIpejiesiseTcst MupruHoil 1-ypoBHs, mmpuHa (—\)-ypOBHS
(ecu oH ecTb) ompejensiercst muUpuHOi (-1)-ypoBHs, a mupuHa 1-ypoBHst
OIIpe/IEIISIeTCs TUCIOM HEelVIABHBIX TUIOB (1mpuHa (-1)-ypoBHsi Beerja cuér-
Hasi), TO BCE CBOJMUTCS K COOTBETCTBYIOIIUM TPEM CHTYAIUSIM.

O6paTHO, 11yCTh BBIOJIHAETCA OJIHO U3 TPEX yesosuit. Torma cyrecrsyer
Guexnust & : SHTY)\Y1 <> SL(T3)\Yz (Y1,Y; MHOXKeCTBA TJIABHBIX THIOB B
SI(Ty), SHTy) coorBercTBEnNO), TO ecTh mas modoro tuna p € S(Ty)\Yi,
f(p) = g(&(p)),p € SLT}). locraBum B cooTBeTCTBUE KazK10it Momem M ( f)
mogenb M(g). Ilyers 1,20 € Xqy m um coorBercrByor Momean I(fi) u
M(fy). Torma 1 < xy oznavaer, uro fi(p) < fo(p) mnst Beex p € SLH(TY).
[Iycrs ¢ @ X7, <> X1y, (1) coorBercTByeT Mogenb M(g1), ¢(x2) — Momenn
M(g2). Torma mna mobeix Tunos &(p) € SHTy) g1(€(p)) < g2(€(p)), uro
paBHOCHIILHO TOMY, 910 p(x1) < ¢(x), TO ecTh COXpaHsIeTCsi OTHOIIEHUE
nounnenus. Caenosarensno CM(T)) ~ CM(Ty). O
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3 Teopum oJHOMECTHBIX IIPEANKATOB C IIOACTa-
HOBKOI1.

PacemorpuMm Teopun OHOMECTHBIX IPEIUKATOB, OOOTAINCHHBIE ITOCTa~
HOBKO# F' orpaHmvyeHHoro mnopsijika L, JIeWCTBYIONINIT Ha HECYIIEM MHOZKe-
cTBe CUETHOIN Mojie/n jJanHoit Teopun. MHOX)ecTBa (hopMyJI, M30JIMPYIOIHE
1-tumel, cocrosaT u3 dhopmys Buga Jxp(x,y), rie

p(z,y) = (F*(x) = )’ A \ P ().

MmuoxkecTtBa (OpMYJI, M30JUPYIONIUX N-TUIBI, COCTOAT U3 (POPMYJ BUJIA
Jyp(zi,y) n p(x;, x;).

Bynem naseiBars tunsl p(x) u ¢(x) ceasannvimu nodemanoskot F, ec-
JIM CYIIECTBYET TAKOE IHCJI0 m, 9To MHOXKecTBO p(x) U q(y) U {F™(z) =y}
COBMECTHO. Peasimzalus HEKOTOPOI'O THIA BJIEYET PEATH3AINIO CBI3aHHOI'O
C HUM.

Hamee 6yaem obosnadars riuasublie tunbl Col;(x), neryasubie p;(x).

OGpa3 u mpoobpa3s IOACTAHOBKHU IPUHAJIEXKaT OIHOMY THILY.
Umeem F(a) = b, Col;(a), Coli(b), i € w, tae a u b — 37EMEHTBI CIETHOI
cucrembl M curnarypsr 2. Torga Bee peasmsanuu riasuoro tuna C'ol;(x) B
I ABJIAIOTCS peaTn3aIUsIMU TJIABHLIX TUIIOB

Jy(F™(z) =y A Coli(x) A Col;(y)).

Pacemorpum merstaBnbit Tun py (x) € S(). Ipeamonokim, 9To COBMECT-
HO MHOXKecTBO 7(x,y) = {F(x) =~ y} Up;(z) Up1(y) u (ag, a1) — peammsarnust
tunia 7. Torga Fag) = aq u Jyisi HEKOTOPBIX peaTu3anuil as, as, .. .,y 1
tuna pl Bemosnsiercs F2(ag) = F(ay) = as, F?(ag) = F(az) = asz, ...,
F™(ag) = F(am-1) = ao. Ecmm g moboit peanmsanuii 1aHHOTO THIA Dy
JUTMHA, [IUKJIA MOCTOAHHA, TO IHACJIO PeaIu3alyil TUIIA P; KPATHO JIJIMHE K-
aa my. Mogens 9 ((p1, k1), ..., (pj, k;), . ..) Ipeobpasyercsa B MOZAENID

ﬁ(<plamlkl>7 ) <pl7kl>7 .. ‘)7 my < L.

Ecsm pymmst 1pkios pasnundanst, To Mogesns MM ((p1, k1), ..., (p;, kj), . . .) npe-
obpasyeTrcsi B MOJIeJb

—~

m(<Q1,m1k1>, ey <qlamlkl>7 .. ) )

my,...,my,... < L,q — HeryiaBHbIe TUIBI, PACHIUPAIONIIE TUIILL P; IpU 000-
TallleHUN CUTHATYPBI TI0J/ICTAHOBKOIA.
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OGpa3 u npooGpa3s MOACTAHOBKY IPUHA/JIEXKAT PA3HBbIM THUIIAM
(oGpa3bl peasm3anuii rJIAaBHBIX TUIOB — IJIABHBIM, HEIJIABHBIX —
HETJIABHbBIM ).

Nmeem F(a) = b, Col;(a), Col;(b), i,j € w, i # j e a u b — 3/1eMeHTbI
cuérHoil cucrembr M curuaryper L. Torga Bce peasmsanyu rIaBHOTO THIIA
Col;(z) B 9 ABISIOTCS pEATU3AIASIMA [VIABHBIX THIIOB

Jy(F™(z) = y A Coli(z) A Col;(y)).

Paccmorpum merasmbie tunst p;(z), pj(x) € S(@). lpeamonoxkum, 1o
cosmectno MmuoxkectBo 7(z,y) = {F(z) =~ y} U pi(z) Up;(y) u (ap,ar)
— peasmsanus Tuna r. Torma F(ag) = ap u st HEKOTOPBIX peajin3aluii
g, 03, . . ., Qp_1 THNA P BRIIOAHACTCA F2(ag) = F(ay) = ag, F3(ag) = F(a) =
as, ..., F™(ag) = F(am_1) = ag. Takum o6pasoM, ojiHa peajnsalysi TUIIA P;
BJIEYET peasn3aliu m — 1 THIIOB pj, CBS3AHIBIX C THIIOM p; IUKJIOM JIJIHIHBL
m. Ecmm obpasbl 0HOrO THIIa MOCTOSHHBI, TO 3TO IPUBOJUT K TOMY, UTO
IIUPUHA HOBOH CHCTEMBI X yMEHBIIACTCSL: W(/\f'( ) =W(X(1))—(m—1).
[Mupuna N-yposueii (N > 1) onpejesisiercst HOBOM mupuHOit 1-yposHs. Mo-
nerns M ((p1, k1), ..., (pj, k), - - .) mpeobpasyeTcss B MOJEND

im(<q1,k1), ey <ql,]€l>, .. .),

¢ — HeIVIaBHBbIC THIIbI, PACHIMPAIONIUE THUIILI P; IIPU OOOrallleHu CUIHATY-
PBI TOJICTAHOBKOM. Ec/iM OPSI0K 110/ICTAHOBKU PaBEH YUC/IY HEIVIaBHBIX 1-
TUIIOB, TO PeaJIU3allisl OJHOTO HEIJIABHOI'O 1-THIIa BJICYET peaIu3alliio BCex
HErJIAaBHBIX 1-THUIIOB

O6pa3 u pooOpa3 NoJICTAHOBKY IMPUHA/IJIE2KAT PA3HBIM THUIIAM.

Vmeem KOHEIHOE YHUCJIO HETJIABHBIX THUIIOB Pi, P2, . . - , Py CUTHATYPBI Y.
Ecsi rytaBHbIE TUITBI CBA3BIBAIOTCS TOJBKO € HETVIABHBIMU, TO CBA3b TJIABHO-
ro tuna Col; ¢ HeryIaBHBIM THUIIOM p; OIHCBIBaeTcs dbopmynamu F(z) ~ y,
Coli(x), vi(y), tue ¢; — dopmyiia, TO3BOIAIONA OTJIMINTh HETJIABHBIN THUII
P; OT OCTAJIbHBIX HETVIABHBIX THIIOB. B 3TOM ciiydae 971eMeHTHI Y, ABIABIITHEC
9JIEMEHTAMM HETJIABHBIX THIIOB, MOCE OOOTAIeHUs] CUTHATYPBI IIOJICTAHOB-
KO CTAHOBATCS 9JIEMEHTAMU [JIABHOTO TUla. TakKe, B CHJIy TEOPEMbl KOM-
HaKTHOCTHU, 00Pa3yloTCA HEeIVIaBHBIE TUIIBI ¢;, PEATH3AIINNA KOTOPBIX CBA3aHbI
TOJIBKO C Peau3aIusiMi HEeTJIABHBIX THUIIOB P;.

Ecnu peanuszaryy r/iaBHBIX TUIIOB CBII3BIBAIOTCS HE TOJBKO C peaIrn3alii-
sIMU HEIVIABHBIX THUIIOB, HO U C OKPECTHOCTSIMU HErJIABHBIX THUIIOB, TO CBSA3b
semenToB TunoB Col; ¢ JaHHBIMA OKPECTHOCTSME OIUCBHIBAIOTCS CJICIYIO-
muMu (GOPMyJIaMU:

F(z) = y,Col;(x),Coly(y);



Knaccugpukarmst ca6THBIX MOjeICH 81

F(z) = y,Col;(x),Coly(y);
F(x) =y, Coli(x), Col;(y);

Takum obpazoMm, Tpu OOOTAIEHIH CUTHATYPBI . MOJICTAHOBKOI OI'PaHu-
YEHHOT'O IMOPAJKa BO3MO2KHO YBEJIMYCHHE YHCJIa HETVIaBHBIX THUIIOB C KOHECY-
HOI'O YHCJIa JI0 CYETHOIO.

Eciu umeercst caéTHOE YUCIO HEIVIABHBIX THUIIOB CHUT'HATYPbBI X, TO 3Jie-
MEHT HEIVIABHOTO THUIIA MOXKET CTaTh JEMEHTOM IJIABHOTO THUIA TOJHKO B
TOM CJIydae, ecjii CyIIeCTBYeT KoHedHasi (popMysia 1), oTie/sonas Jroboit
HEerJIaBHBIN THUII OT OCTaJbHBIX HEIVIABHBIX TUIIOB. Kcin Takoit opMmysibl HeT,
TO BCE peaJin3allu HEIVIABHBIX TUIIOB CUI'HATYPbI by CTaHOBATCA peaJiu3aliu-
sIMHM HETJIABHBIX TUIIOB OOOTAIEHHON CUTHATYPHI.

B cnydyae kKoHTHHYyyMa THUIIOB HEBO3MOYKHO OJIHOW KOHEYHOI (hopMyJIoit
OT/IeJINTD JIFOOOI HErJIABHBIN TUIT OT OCTAJbHBIX HETVIABHBIX THIIOB, CJIEIOBA-
TeJIbHO, HEIVIABHBIX THIIOB IIPU OOOTAIEHUN CUTHATYPBI Y TaK K& OCTAHETCsI
KOHTUHYYM.

Takum oOpa3oM, IpU OOOTAIEHU CUTHATYPBI ) IMOJCTAHOBKON OrpaHu-
YEHHOT'O MTOP$JIKA COXPAHAETCHA W-KAaTerOPUIHOCTH U MaJIOCTh Teopuu 1. [1pn
oboralleHnn Teopuil ¢ KOHEYHBIM YHCJIOM HEIVIABHBIX 1-THUIIOB YHCJIO HECBS-
3aHHDBIX HEVIABHBIX THIIOB MOXKET MeHAThCsa B npeenax (w + 1)\{0}.

Teopema 5. Ilycmv Ty u Ty — cuémmnvie meopuu 00HOMECTIHBIL NPEIU-
kamos, mozda coomnowenue CM(T;) ~ CM(T3) pasnocusvho odnomy u3
cAedYIoUWUT MPET Ycaosul:

1) T\ u Ty umerom odunarosoe, ne bosee wem cuémnoe, MaKCUMANDHOE YUC-
A0 NONAPHO HECBASAHHIT HE2AAEHVLT 1-MUnos;

2) Ty u Ty umernom KoHMuNYaAvHOE YUCAO TMUNOE U NPOCTIYI0 MOOEAD;

3) Ty u Ty umerom KOHMUNYAADHOE YUCAO TMUNOE U HE UMEIM NPOCcmot
MODeNU.

Crexrpasibias QYHKIMS IPUHIMAET CJIE/YIONe 3HATCHUS:

I(T,w) = 1 & HerIaBHBIX THUIIOB HET;

I(T,w) = w < KOHEYHOE UHCJIO HErJIABHBIX 1-THUIIOB;

I(T,w) = 2¥ < cuérHoe ninM KOHTHUHYAJIbHOE YUCJIO0 HETJIABHBIX 1-THIIOB.

1.
2.
3.
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Let X be a finite set and let G = (X, E) be an undirected graph without
loops with the set of vertices X and the set of edges F. Since the graph G is
undirected the elements of E are unordered pairs that we denote by {z,y},
where z,y € X.

Definition. Let R be a commutative associative ring with unit. A partially
commutative Lie algebra over R is just the Lie R-algebra under the ring R
with the set of generators X and the set of defining relations

(i, z;) =0, for{z;,z;} € £ (1)

(thereafter, we denote the Lie product of x and y) by (x,y).

The graph G is called a defining graph for the corresponding algebra that
we denote by Lr(G). If there is no ambiguity we omit the subscript and write
L(G) instead of Lr(G).

So, the definition of the partially commutative Lie algebras is analogous
to ones of other partially commutative structures such as groups, monoids
etc. (see [4]).

The goal of this paper is to make up for a deficiency and find the bases for
partially commutative Lie algebras explicitly. We are using totally different
methods, namely the technique of the Grébner—Shirshov bases.

Let us order the set X and extend it the linear order on X* by two
different ways.

1. u < 1 for any non-empty word u. By induction, u < v, if u = x;u/,

v = xz;v', where z;,z; € X, and either z; < z; or z; = z; and v’ < v
This is so called lexicographic order.
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2. u < v if either {(u) < ¢(v) or ¢(u) = £(v) and u < v, where {(u) is the
length of u. This order is denoted by deg-lex.

Define associative and non-associative Lyndon—Shirshov words as in [5]
and [6]. Let us denote the set of all associative Lyndon—Shirshov words in
X by LSA(X) and the set of all non-associative Lyndon—Shirshov words in
the same alphabet by LS(X).

By [6], LS(X) is a linear basis of the free Lie algebra with the set in
generators X over an arbitrary field. We can easily conclude from this that
this set is also a basis of the free Lie R-algebra. Let us denote this algebra
by Lie R(X )

In [6], it was shown that for any associative Lyndon-Shirshov word there
is the unique bracketing making a non-associative Lyndon—Shirshov word.
It means that there exists a bijection [-] : LSA(X) — LS(X). So, from
now on, we denote the image of v € LSA(X) under this bijection by [u].
Finally, for [u], [v] € LS(X) we write [u] < [v] ([u] < [v]) if u < v (u < v
respectively). In a similar manner, we understand the notations: [u] < [v],
[u] 2 [, [u] > [o], [u] = [v], [u] > [v], [u] = [v].

To find a basis of a partially commutative Lie algebra we use the technique
of Grobner—Shirshov basis. The definition of Grébner—Shirshov basis and
the auxiliary definitions (for example the definition of a composition) were
introduced in [5, 6, 7]. On can also find all necessary definitions in [1]).

The main result we need is the following one:

Lemma 1 (CD-Lemma). (see [1, 2]) S is a Grébner—Shirshov basis if and
only if the set of all Lyndon—Shirshov S-reduced words is a linear basis for
Lier(X)/1d(S).

Finally, let us remind a couple properties of the Lyndon—Shirshov words
that we are going to use in this paper.

Lemma 2. ([3], Lemma 2.12) If u,v € LSA(X) and u > v, then uv €
LSA(X).

Lemma 3. Let [u],[v] € LS(X) and [u] > [v]. In Lieg(X), we can write
([u], [v]) = [wv] + 3 [wi], where [w;] € LS(X) and w; < uv.

Jloxazamenvcmeo. 1t follows clearly from [6] (Lemmas 2 and 3) and from
Lemma 2. O

Note that one can find English versions of [5, 6, 7] in [8].
To find a linear basis of £(G), let us find its Grobner—Shirshov basis.
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Let G = (X, E). Consider the free Lie R-algebra Lieg(X) whose set of
generators coincides with the set of the vertices of G. Let us denote by S(G)
the set of Lyndon—Shirshov words [u] such that [u] = ([a],b), where b € X,
[4] does not contain b, and {b,y} € E for any letter y appearing in [a].

Note that if [u] € S(G) then its last letter is the second largest one in
this word. The following statements hold:

Lemma 4. S(G) C I(G), where I(GQ) is the ideal of Lier(X) generated by
the set of relations (1).

Lemma 5. Let [u], [v] € S(G) and let the last letter of [u] be equal to the
first letter of [v]. Then the composition of [u] and [v] is trivial relative to

S(G).

It follows from Lemma 5 that the set S(G) is a Grobner—Shirshov basis
of Lr(G). Therefore, the set of S(G)-reduced words is a linear basis of this
algebra.

For the partially commutative algebra £(G) with the set of generators X,
let us define partially commutative Lyndon—Shirshov words (PCLS-words) by
induction:

1. All elements in X are PCLS-words.

2. LS-word [u] such that ¢([u]) > 1 is a PCLS-word if [u] = ([v], [w]),
where [v] and [w] are PCLS-words, and the first letter of [w] is not
connected with at least one of the letters of [v] in the graph G.

3. There are no other PCLS-words.
Now, we can formulate the main results of this paper.

Theorem 6. Let G = (X, E) be an undirected graph. Then the set of all
PCLS-words is a linear basis of the partially commutative Lie algebra L(G).

Let G = (X, E) be an undirected graph. We denote by L£(G,n) the
partially commutative nilpotent Lie algebra of the nilpotence degree n cor-
responding to the graph G, namely the algebra £(G)/I, where [ is an ideal
consisting of all words with the lengthes not less than n.

Theorem 7. Let G = (X, E) be an undirected graph. Then a linear basis
of hte Lie algebra L(G,n) consists of all PCLS-words with the lengthes not
greater than n — 1.

Acknowledgments: The author is very grateful to Prof. E. I. Timoshenko
for very helpful criticism and suggestions about this paper.



86 E.N. Poroshenko

References

[1] Bokut, L. A. Unsolvability of the Equality Problem and Subalgebras of
Finitely Presented Lie Algebras, Math USSR Izvestia, 6, 1972, 1153-
1199 (in Russian).

[2] Bokut, L. A., Fong, Y., Ke, V.-F., Kolesnikov, P.S., Grobner—Shirshov
bases in algebra and conformal algebras, Fundamental and applied
mathematics, 6(3), 2000, 679-716.

[3] Bokut, L. A.; Chen, Y., Grobner—Shirshov Bases for Lie Algebras: After
A. 1. Shirshov, preprint, arXiv:math.RA/08041254v1.

[4] Duchamp G., Krob D., Free Partially Commutative Structures, Journal
of Algebra, 156, 1993, 318-361.

[5] Shirshov A.I. Subalgebras of Free Lie Algebras, Math. Sbornik.,
33(75), 2, (1953), 441-452 (in Russian).

[6] Shirshov, A.1. On Free Lie Rings, Math. sb, 45(87), 1958, 113-122 (in
Russian).

[7] Shirshov, A.I. Some Algorithmic Problems for Lie algebras, Siberian
Math. J., 3, 1962, 292-296.

[8] Shirshov A.I., Selected works, Birkh&user, 2009.



Ob ABEJIEBBIX TTIOJIVI'PYIIITIAX
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CaoiicTBo abesieBoctr i1t anredp 6bi10 pacemorpeno B [1 — 3]. B [4]
onmcanbl abesesl rpynnonsl (A;-), s koropeix |A - Al < 3. B [5, 6] aa-
Ha XapaKTepu3alus abe/IeBbIX MOy TPYIII, IIEPUOITICCKUX a0eIeBbIX IPYIIIL,
HOJTyIIPOCTHIX abesIeBbIX motyrpymi. B pabore |7] onmcanbr abeeBbl KOHEU-
Hble KBa3WT'PYIIIbI, abeJIeBbl I'PYIIIONIbI ¢ euHuIe. Kpome 3Toro, B 910ii
e pabore mccaeayoTes abesieBbl Moayrpyimbl (A;-) ¢ yciaoBuem (%), T.e.
C yCJIOBUEM MHHUMAJILHOCTU BCEX OJIHOCTOPOHHUX IVIABHBIX HJICAJIOM IOJIY-
rpynmbl (A;-) i koneanocru MHOKecTBa A - A. B naHHOl craTbe yianoch
OILyCTUTH YCJIOBHE KOHEIHOCTH MHOKecTBa A - A.

HanmomumM HekoTOpBIe onpesesenns. Amnrebpa (A;-), riae - — 6bunapHas
orepaliusi, Ha3bIBAETCS TPYIIOUIOM. ['pyTIIION T ¢ acCcoIMaTUBHON OUHAPHOI
oreparueil Ha3bIBAETCA MOJIYTPYINoi. Beiogy HUKe B BBIPDAXKEHHAX BHJIA
a-b, tie a, b —3neMeHThl Oy rpy bl (A, -), 3HAK Oepalyy -, Kak IPaBUIIO,
Oy/IeT OIyCKATbCS.

Anrebpa HaszbIBaeTCsI abesIeBoil, ecyin I JII00O0 MOJIMHOMUAIBHON OIIe-

paruu t(z, Y1, ..., Yp) U JOOBIX JIEMEHTOB U, U, C1, . . ., Cp, d1, - . ., dy, aIred-
pbl u3 paBeHcTBa t(U, €1, ..., ¢,) = t(u,dy, ..., dy,) caenyer t(v,cq,...,¢,) =
t(U, dl, c. 7dn>

HerpyHo nousiTh, uro rpymnma (A;-) sBisiercs: abesieBoit aarebpoii Toraa
U TOJIBKO TOTJI&, KOTJIa OHA KOMMYyTaTHBHA. 3aMETHM, YTO MOJLYJIb U YHAPHAs
ajrebpa siBJISIIOTCS a0eJIEBBIMU.

Crenytonue onpejenenns Moxkuo Haiitu B [8]. lomyrpynma (A, -) Haspr-
BaeTCd IIPAMOYIOJIbHON CBA3KON MOJIYI'PYII, €CJIM CYILIECTBYeT CEMeHCTBO
{Ain | i € I, € A}, aBasioneecst pasbuenneM MHOXKecTBa A, npudem
(Aix, -) — momostyrpybl moayrpynisl (A, ) n g mobeix ¢ € I, A, u € A
BhIIOIHSETCA BKodenue A,y - Aj, C A;,. Homayrpymmna (A, ) naseiBaercs
pasjyBaHueM moayrpyunst (B, -), ecim cymecrByer pasbuenne { X, | a € B}
MHOKecTBa A Takoe, 9o a € X, u x -y = a - b jgus yobwvix a,b € B, x €
X.,y € Xp. Homyrpynmna (A, ) Ha3bIBaeTCsl CTAIMOHAPHOI, €CJIM PABEHCTBO
ub = uc Bieder vb = vc u paBeHCTBO bu = cu BjedeT bv = cv Jjisd JIOOBIX
u,v,b,c € A.
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Cutejrytoriiee yTBepK/IeHAE BBITEKAET HEIOCPE/ICTBEHHO U3 OIPE/IEICHUsT
abeJieBoil aJireOphI.

Yrepxkaeuue 1. [Hoayzpynna (A, -) abeaesa mozda u moavko moezda, Ko-
eda (A,-) cmayuonapna u daa aobwx a,b,c,d,u,v € A pasencmeo aub =
cud saevem pasencmseo avb = cvd.

st mostyrpymmst (A, -) onpeiesiiM OTHOIIEHHE SKBUBAJIEHTHOCTU Ha MHO-
KeeTrBe A:

aah & Vo € A(axr = bxr u za = xb)

Jtst Jio0ObIX a, b € A.

Bameuanne 2. [loayepynna (A, -) — pazdysarue noayepynnu, (B, -) mozda
U Moavko mozda, koz2da das a0bozo a € A cywecmesyem b € B maxot, wmo
aab.

Jlemma 3. Ecau noayepynna (A,-) asamomes pasdysanuem npamoyzons-
not ceasku (T, -) abesesvix epynn, mo T = A - A.

Jlokasameavcmeso. Tlycrs (A, -) — pazayBanue npsimoyroyibHoii cesasku (7T -)
abesiepwix rpymir. fcuo, aro T C A - A. Ecin aq - as € A+ A, To 110 ompe;ie-
JICHUIO Pas3AyBaHusd MOJIYIPYIIILI CYyIIECTBYIOT o,y € T Takme, 9TO Taa; H
yaas, T.e. apcap =x-y€T uA-ACT. O

[Iycrs (A, ) — moayrpymma. Ecim © — oTHOIIEHIE SKBUBAICHTHOCTH HA
Aua e A- A 1o 9epe3 O, oboznaunm MHOKecTBO (a/O)((A - A), tae
a/© — kacc skBUBajieHTHOCTH © ¢ HpejcTaBuTesieM a. BBejem ciieyonie
OTHOIIIEHUS Ha MHOXKECTBe A:

Py & Jz(xz = yz2),
Uy & Jz(zz = 2y).
Xy zr=aAzy=yA2* =2),
vYy e Iz(zz=xAyz=yA2* = 2),
x4y < x Xy AzYy.
Bameuanne 4. Ecau noayepynna (A,-) — abeaesa, mo
Py & Vz(zz = yz),
Uy < Vz(ze = zy).

u omuowenua © u W A64810MCA OMHOUWEHUAMU IKEUBAALHIMHOCTIUY 1A MHO-
otcecmee A.
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Jlemma 5. ITycmov (A,-) — abeaesa noayepynna. Toeda daa mobozo udem-
nomenma f € A u A006T IAEMEHMOS T, Y U3 A BLINOAHACTCA PAGEHCMEO

xy = xfy.

oxazameavemeo. lycrs x,y € A, f € A — unemnorent. Torma xf =z f f.
Tak kak mosyrpynna (A, -) abenesa, numeem zy = x fy. O

Jlemma 6. ITycmo (A,-) — abesesa noayepynna, 6ce 00HOCTMOPOHNUE 2A06-
HoLe UDEANDL KOMOPOT MUHUMAALHBL. T020a

1) omuowerus X u'Y A6AAOMCA OMHOWEHUAMU FKEUBAAEHIMHOCTU HA
A-A;

2) das mobwix udemnomenmos e, f € A umeem mecmo O, (Vs = {ef},
npuvem ef — udemnomenm,;

3) 0as mobozo a € A- A natidymes udemnomenmos e, f € A makue, wmo
ae XYy, npuvem X, Yy = Zey.

Jlokasameavcmeo. Tokaxem yreepxienue 1). Ilokaxkem, 9T0 OTHOIICHHE
X gaBjsiercs oTHOIEHNEM SKBuUBajieHTHOCTH Ha A - A. Jlokaxkem pediiekcus-
HocThb orHoIennsa X . Ilycts a = bc — npousBosibHBI 31eMenT A - A. B ety
MUHAMAaJIBHOCTH OJIHOCTOPOHHUX TJIABHBIX HJEaJIOB MoJyrpymnsl Ac = Aa.
N3 Toro, aro a € Ac caenyer, uro a € Aa, T.e. a = da A7 HEKOTOPOTO
d € A. llycts e = dd. Torna ea = dda = da = a. Tak xkak ddda = da,
1o (ddd)®d. Torga e? = dddd = dd = e. Cnenosarensno, aXa s J1060ro
a€ A-A.

Jlokaxkem Tpan3uTuBHOCTL oTHOIIEHUs X . [Iycrs aXbu bXc, rie a, b, ¢ €
A- A re ea = a,eb = b, fb = b, fc = ¢ 119 HEKOTOPBIX HIEMIIOTEHTOB
e,f € A. U3 pasencra eb = fb B cuiy abeseBoctu mosyrpynbl (A, )
crenyer ea = fa = a. Cnenosarenbuo, aXc. Takum obpazom, oTHOIIEHNE
X gBjsieTcsl SKBUBAJEHTHOCTHIO Ha A - A. AHAJIOITYIHO TOKA3BIBACTCHA, ITO
oTHoIIeHNe Y TakKe ABJISeTCs OTHOIIEHNEM SKBUBAJIEHTHOCTH Ha A - A.

Hokaxkem yreepxenue 2). [lycrs e, f - upemnorentor. Tak kak ef f =
ef ueef =ef, ro (ef)Peu (ef)Uf, re. ef € . Vy. [Iycrs g € OV,
g = be, tne b,c € A. Tak kak ge = ee, 1o beb(ce) = b(ce), r.e. (beb)Pb.
CrenoBarensHo, bebe = be, T.e. g2 = g, B yacTHOCTH, ef — MAEMIIOTEHT. Ecim
9,9 € .V, TO, OCKOIIBKY ¢, ¢’ — UIEMIOTEHTHI, g = g9 = g9’ = ¢'g’ =
g'. Taxum obpasom, X, (Y; = Z.y.

Hokaxkem yrepxkierue 3). Ecim a € A- A, to B custy pedieKCUBHOCTH
oTHOIIeHUsT X CyIIECTBYeT UJIEMIIOTEHT € € A Takoit, 4To aX e. AHAJIOIUYIHO,
cymecrByer uueMmnorent f taxoii, uro aY f. CremoBarensno, a € X, (Y.
ITo nemme 5 a = ea = e(fa) ua = ef = (ae)f. Tak kak ef — npemnorenr,
10 a € Z.y. PagenrcrBo X, (Y = Z.; nokasamo. O
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Jlemma 7. Ecau (A,-) — abeaesa noayepynna, 6ce 00HOCMOPONHUE 2406~
noie udeasvi KOmopot MunuMaivohv, mo (A - A, -) — npaMoYyeosvHaA CBA3KA
abesesulr 2pynn

{{Zes:-) | e, f — udemnomenmut},

npuvem Zep C Zey - Loy 0na mobvix udemnomenmos e, f e, f' € A.

Jloxazamenvemeo. OTHolEHne Z SIBISETCS OTHONIEHHEM SKBUBAJEHTHOCTH
Ha A - A Kak mepecedeHue JByX OTHONICHU SKBUBAJEHTHOCTH.

IIycte a € A - A. Ilo nemme 6 cylecTByeT MIEMIIOTEHT ¢ TAKOM, UTO
a € Z,. Crenosarensuo, nomyrpymma (A - A, -) ecrb obbenunenne abeste-
BBIX Ipyuu (Zg,,-), tae g — uaemmnorent. Ilycts g € A — mpounsBoJIbHbBLA
njemnorent. [lokaxkewm, aro (Z,,-) — abesesa rpymma. fcno, aro (Zg,-) -
noayrpynna ¢ exquauneii g. [Tokaxkem, aro ypasuenue ax = b umeer perie-
Hyue Jd Jooex a,b € Z,. Ilo ycioBuio MUHEMAJIBLHOCTH OJIHOCTOPOHHUX
[JIABHBIX ujeasioB nosyrpynmel Ag = Abg. Torma g = xbg s HEKOTOPOTO
z € A. Torma ag = axbg u a = (ax)b. Torga mo Teopeme 8 Z, — aberena
IPYIIIA.

[ycrs e, f, €, f' — unemnorentsr. Ilo semme 6 fe' — muemnorent, a 110
aemme 5 umeer Mecto paBeHCTBO efe’ f' = ef’. Ilokaxkem, uto Zop - Zop =
Zep. Ecn a € Zey, b € Zoyp, To 10 temmaM 5 u 6 ab = abef’ = abe’ fef’ =
abe' f' u ab = ef'ab = ef’efab = efab, ve. ab € Z.yr u Zoy - Zeryr C Zepr.
Ecmu ¢ € Z.p, 1o mo temmam 5 u 6 ¢ = ef'cef’ = (ef f'cef)e' ', re. ¢ €
Zef-Zerp A Zepr C Zep-Ze pr. Takum obpazom, mosyrpymma (A- A, -) aBisercs
IPSIMOYTOJIBHON CBA3KOM abesteBbix rpynt {(Z.s;-) | e, f — maemmorenTst }.

U

st moKazaTebCeTBa CJIIyIONIell TeopeMbl HaM TOHAI00UTCA (DaKT.

®Paxr 8. [7] IIycmo (A;-) — epynnoud ¢ edunuyed. 'pynnoud (A;-) acas-
emca abeaesot anzebpoti mozda u moavko moezda, kozda (A;-) — KoMMYMa-
MUBHAA NOAYZPYNNG, MaKas 4mo oaa sobux a,b € A ypasnenue ax = b
umeem e bonee 00Ho20 pewenus 6 (A;-).

Teopema 9. Ilycmwv 6ce odnocmopornue 2aashvie udeanv noayepynnoi (A, -)
murumarvioe. Tozda noayepynna (A, ) asasemcs abesesots anzebpoti 6 mom
U MOALKO 68 mom cayuae, kozda (A, -) — pazdysarue npaMoY20abHOT CEAZKU
abeaesvx epynn u npoudsedenue udemnomenmos us A asasemcesa udemno-
menmom u3 A.

Jlokasameavcmeo. Tlycrs (A, ) — abesieBa MOIyrpyIia, Bce OJHOCTOPOHHIE
[JIABHBIE UIea bl KOTOPOil MuHMMa ibHbEL. [1o 1emme 6 mpousBeieHmne uaemIio-
renToB u3 A sBisercs unemmnorentom n3 A. Ilo semme 7 osyrpymma (A-A, -)
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— IPSMOYTOJIbHASA CBA3KA abeseBbIX rpyiil {(Z.f;-) | e, f — maemmorenTst},
upudeM Zey C Zeg - Zerpr s JIO0BIX HJIEMIOTEHTOB e, f, e/, f' € A.

[Tokazkem, aro (A,-) — pasayBaHue IPAMOYIOJbHON CBA3KU abesieBbIX
rpyii. 3aduKcupyeM IPOU3BOJILHBIN dj1eMeHT ¢ € A, He npHUHA/IeKAIMIT
muokecTBY A - A. ITo 3amedanuio 2 J0CTATOYHO HAWTH MJIEMIIOTEHT ¢ Ta-
KOif, 4TO 3jileMenT gtg € A gBjsgeTcss UpeIcTaBUTEeIeM KJIacCa SKBUBAJICHT-
nocru t/a. Ilycrs e u f — npoussosbuble nuemunorentst, (te)(ft) € Z,, rae
¢ — WJIEMIIOTEHT, a, CJIeJ0BaTesbHo, eauunna rpymist {(Zy;-). Ilo memme 5
(te)(ft) = (te')(f't) nnst m06bIX wuemnoTenTos €, f/, mosromy g He 3aBHCHT
OT BBIOOpA UJIEMIIOTEHTOB € H f.

Hokaxewm, uro (gtg)at. Tak xax (te)(ft) € Z,, to gt(eft) = t(eft). B
cuty abesieBoctu mostyrpymisl (A, -) gtg = tg. Ananorundano, gtg = gt. Torna
st aoboro x € A - A, ucnosb3yst JieMmy 5, moaydaeMm xt = xgt = xgtg n
tr = tgr = tgxg, re. (gtg)at u (A;-) — pazaysanue nosyrpynnst (A - A;-).

Hokaxkem gocrarounoctsb. [To jsemme 3 (A, ) — paszjyBanue moJyrpyi-
bl (A- A;-), aBisroreiics, o YCIOBHIO, TIPAMOYTOIBHON CBI3KO abeIeBbIX
IPYII Z;) € UHUIAME €;, © € [, A\ € A, nmpuieM e;y - €, = €;, JJid JIo-
6bix 4,5 € I u A\, u € A. Tlokaxewm, uaro (A - A;-) abenesa anrebpa. [lycrs
x,y, ar, b € A (k € {1,2}) u ayxb; = asxby. TlokaxkeM, uro a;yb; = asybs.
I[To ompenesieHnIo pa3/yBaHUs MOTYIPYIIBI CYIIECTBYIOT Takue ¥’ € Zj,,
Yy € Zy, a), € Zin, b, € Zix (k€ {1,2}), uto x a 2/, y a V', ap a a},
by a by.. Torma af2'by = aba'by. dns moboro k € {1,2}

apr'by, = (agein, )7 (einb,) = ap(enein, )7 (einein )by, =

(apeir) (e o'ein) (€indy)) = (agean)(ein, e’ ejuein)(endy) =

= (agein) (e’ ejn) (enby) = ayx"by,

rie ay = age;n, v = e, x'ejy, b = epby, n af, 2" b € Z;,. CienoBaresbHo,
alz"b] = abx"by. Amamormano, apy'b, = ajy"ty, rne y' = e y'en € Zi.
Taxk kak Z;, — abesea rpymmna, To ajy’b] = ahy"by, re. o'yt = y'd.

Torma ayb = cyd. AHaJIOTUYIHO JOKA3BIBACTCS CTAIIMOHAPHOCTH MOJIYTPYIIIIbI
(A- A;-). CrenoBaresbro, o dakty 8, moayrpymma (A - A;-) abeqea. [

3aMeTHnM, 9TO YCJIOBUE MUHUMAJIHHOCTH BCEX OJHOCTOPOHHUX TIJIABHBIX
1JI€aJI0B TOJIyT'PYIIIBI UCIIOJIB3YETCS TOJBKO MPU JI0OKA3aTeIbCTBE HEOOXO -
MOCTH B TeopeMme 9.

IIpumep monouga (N, -), re N — MHOKECTBO HATYDPAJIBHBIX YHUCEJI, AB-
JIAIOINIErocss abesIeBOi TOJIYTPYIIIO, HO He ABJISIONIEr0oCs MPsAMOYTOJIbHO
CBSI3KOI abesieBbIX I'PYII, TOKA3bIBAET, UTO YCJIOBHE MUHUMAJIHLHOCTH BCEX
OJHOCTOPOHHUX IVIABHBIX HJICAJIOB ITIOJIYI'DYIIIBI ABJIACTCA CYIIECTBEHHBLIM B
dopmyImpoBKe Teopembl 9.



92 A.A. CrenanoBa, H.B. Tpurkarnas

Crefiyromuit npumep TOKA3bIBAET, 9TO B Teopeme 9 Heb3st OIyCTUTDH
YCJIOBHUE: TIPOU3BE/ICHUE UJEMIIOTEHTOB SIBJIAETCS MIEMIOTEHTOM. Paccmor-
pum muozkectBo A = | J{Zin | ¢ € {0,1}, A € {0,1}}, tme (Zi; +) — kouuu
IPYIIBL BEYETOB {Z9;+) 1o moaymo 2, Z, = {0,1}, 0;, — xonuu siementa
0B Z;y, L) — xommum syementa 1 B Z;y (1 € {0,1}, A € {0,1}). Joonpenennm
OllepaIUIo + Ha MHOXKeCTBe A creyiomum o6pasom:

_ = Eip + 0y, eCon © = j WA \ = [1;
5M+5J’u:{ ,'u s =
Eip + 0i + 1, B IPOTHBHOM CiIydae.

[omyrpymnma (A;+) saBigercd OPAMOYIOJLHON CBII3KON abeeBbIX TPYIIIL,
IpUYeM CyMMa HJIeMIIOTeHTOB He dBJIsSeTcs NAeMIIoOTeHToM, Harpumep, Oy +
011 = 1g;. IHonydennas nosyrpyina He gpisercda adbesesoil, T.K. 019 + 1o =
Li1 + 1o1, a 09 + 11y # 141 + 141

B [6] mokazano, 1o mosypocrast moayrpyima (A;-) sBisercs abeseBoit
TOrJIa U TOJILKO Torja, Korma (A;-) = (H;-) x (I;-) x (J;-), tae (H;-) — abe-
JeBa rpymma, ([;-) — moyyrpymnma JieBbix Hyseii, (J; ) — moJayrpyiia npaBbix
nyseit. Herpynno jnokasarhb ciejyromniee 3aMedaHue.

Bameuanue 10. Hoayzpynna (A;-) asasemca npamoyeosvhoti c6askoti abe-
AEGHIT 2PYNN, NPUNEM NPoussedenue udemnomenmos us A asasemcs udem-
nomerwmom u3 A moeda u moavko moeda, xoeda (A;-) = (H;-)yx(I;-)x{J;),
ede (H;-) — abesesa epynna, (I;-) — noayepynna aesvix nyaetd, (J;-) — no-

AY2PYNNG NPaswvir Hyaed.

Torma mo Teopeme 9 n 3amedanuio 10 morydaem cieryroniee yTBepKie-
HUeE.

CaencrBue 11. ITycmwv 6ce odnocmoponnue eaasnvie noayepynno, (A;-)
murumarvioe. Tozda (A;-) asasemca abesesoli ar2ebpoti 6 MOM U MOALKO
mom cayuae, kKozda (A;-) — paszdysanue noaynpocmot abeaesot noAyzpynbL.
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Rudin—Keisler preorders play a key role in the classification of countable
models of small theories as a tool for distributions of prime models over
tuples [1, 2|. In the paper, we consider variations and properties of Rudin—
Keisler preorders in small theories.

The author thanks Evgeniy A. Palyutin, Bektur S. Baizhanov, Aleksandr
G. Pinus, and Predrag Tanovié¢ for useful remarks.

We consider complete first-order theories T" with infinite models. Additio-
nally we assume that 7' are small, i. e., they have countably many types
(|1S(T)| = w). So for any type ¢ € S(T) and its realization a, there exists a
model M (a), being prime over a. Since all prime models over realizations of
q are isomorphic, we often denote such by M,.

Let p and ¢ be types in S(T'). We say that the type p is dominated by
a type q, or p does not exceed q under the Rudin—Keisler preorder (written
p <grk q), if M, |= p, that is, M,, is an elementary submodel of M, (written
M, <= M,). Besides, we say that a model M,, is dominated by a model M,,
or M, does not exceed M, under the Rudin-Keisler preorder, and write
M, <gx M,.

Syntactically, the condition p <gk ¢ (and hence also M, <gx M,)
is expressed thus: there exists a formula ¢(z,y) such that the set ¢(y) U
{¢o(Z,y)} is consistent and ¢(y) U {¢(z,9)} F p(Z). Since we deal with a
small theory, ¢(Z,y) can be chosen so that, for any formula ¢(Z,7), the
set q(g) U {p(Z,y),¥(z,y)} being consistent implies that ¢(y) U {¢x(Z,y)} -
¥ (z,y). In this event the formula ¢(Z,y) is said to be (q, p)-principal.

*The work is supported by RFFI (grant 09-01-00336-a), by the Council for Grants
(under RF President) and State Aid of Fundamental Science Schools via project NSh-
3669.2010.1, and by the grant of Novosibirsk State Technical University.
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Types p and q are said to be domination-equivalent, realization-equivalent,
Rudin—Keisler equivalent, or RK-equivalent (written p ~grk q) if p <rx ¢ and
q <grk p. Besides, models M,, and M, are said to be domination-equivalent,
Rudin—Keisler equivalent, or RK-equivalent (written M, ~gx M,).

As in [3], types p and ¢ are said to be strongly domination-equivalent,
strongly realization-equivalent, strongly Rudin—Keisler equivalent, or strongly
RK-equivalent (written p =grx q) if, for some realizations @ and b of p and ¢
accordingly, both tp(b/a) and tp(a/b) are principal. Models M,, and M, are
said to be strongly domination-equivalent, strongly Rudin—Keisler equivalent,
or strongly RK-equivalent (written M, =g M,).

Clearly, domination relations form preorders, and (strong) domination-
equivalence relations are equivalence relations. Here, M, =grx M, implies
Mp ~RK Mq.

If M, and M, are not domination-equivalent then they are non-isomor-
phic. Moreover, non-isomorphic models may be found among domination-
equivalent ones.

For the illustration, we consider the following Ehrenfeucht examples [4]
of theories T,,, n € w, with I(T,,w) =n > 3.

Example. Let T), be the theory of a structure M", formed from the
structure (Q; <) by adding of constants ¢, k € w, such that lim ¢, = oo,

k—o00
and by unary predicates Fy, ..., P,_3 which form a partition of the set Q of
rationals, with

EVr,y((r<y)—3Jz(z<2)AN(z<y)APi(z))), i=0,...,n—3.

The theory T,, has exactly n pairwise non-isomorphic models:
(a) a prime model M" (khm Cp = 00);
—00
(b) prime models M? over realizations of types p;(x) € S'(@), isolated
by sets of formulas {¢;, < z | k € w}U{P;(x)},i=0,...,n—3 (khm cp € By);
—00

(c) a saturated model M (the limit klim ¢k 1s irrational).
—00
The models M

pos - +» M, are domination-equivalent but pairwise non-
isomorphic. O

A syntactic characterization for the model isomorphism between M,
and M, is given by the following proposition. It asserts that an existence of
isomorphism between M, and M, is equivalent to the strong domination-
equivalence of that models.

Proposition 1 [1, 2, 3|. For any types p(z) and q(y) of a small theory
T, the following conditions are equivalent:
(1) models M,, and M, are isomorphic;
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(2) models M, and M, are strongly domination-equivalent;
(3) there exist (p, q)- and (¢, p)-principal formulas ¢, 4(y, Z) and p,,(Z, )
respectively, such that the set

p(i‘) U Q(g) U {@P,Q(gv j)? QO%P(‘T? g)}

18 consistent;
(4) there exists a (p,q)- and (q,p)-principal formula ¢(z,y), such that
the set

p(z) Uq(y) U{e(z,9)}
18 consistent.
Proof. (1) = (3). Let M(a) and M (b) be prime models over realizations
a and b of types p(z) and ¢(7), respectively.

If there is an isomorphism between M (a) and M(b), the existence of
(p,q)- and (g, p)-principal formulas ¢, ,(y, ) and ¢, ,(Z,7), satisfying the

condition that
p(f) U Q(g) U {@p,q(ga f)> QPq,p( )}

T,y
is consistent, follows from the facts that M (a) and M (b) realize just principal
types over a and b, respectively, and M(a) = M(¥') for some tuple ¥’

realizing type q(7).
(3) = (1). Assume that there exist (p,q)- and (g, p)-principal formulas
©pq(y, T) and ¢, ,(Z,y) such that the set

p(i‘) U Q(g) U {@Pﬂ(gv j)? QO%P(‘T? g)}

is consistent. We argue to show that M, and M, are isomorphic, where
M, = M(a), M, = M(b), | p(a), E q(b). Since ¢, 4(y, Z) is (p, ¢)-principal
and ¢, ,(7,7) is (¢, p)-principal, we have

p(i‘) U {@Pﬂ(gv‘f)} = Tl(j7y) S S(Q)a

q(5) U{eqp(Z,9)} = 2(,7) € S(2).
As p(Z) U{ep,q(U,7)}Uq(y) U{pgp(T,7)} is consistent, so r1(Z,y) = ra(¥, 7).
Let =ri(a’b'), = ra(ba’), where b’ € M,, @’ € M, then
M, =M, = M(@b)~M@ba)=M,,=M,.

It follows by that (M,,a) is a prime model of theory T U p(¢,), (M,,a,b)
is a prime model of theory T'Ury(éy,G3), (M, b) is a prime model of theory
T Uq(é), (Mg, @, b) is a prime model of theory T U (&, ¢), and that any
constant expansion of prime model is a prime model of new theory.
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(3) = (4). Having (p,q)- and (g, p)-principal formulas ¢, ,(y,z) and
©0qp(Z, ), and consistent set

p(i‘) U Q(g) U {QOP#I(g? j)v 9011,17(‘%7 ?j)},

we get a required (p, q)- and (g, p)-principal formula ¢(Z,y) = ¢,4(7,Z) A
Qoqvp(j ) g)

The directions (4) = (3) and (4) < (2) are obvious. O

Denote by RK(7) the set PM of isomorphism types of models M,,
p € S(T), on which the relation of domination is induced by <gk, a relation
deciding domination among M, that is, RK(T) = (PM,; <gk). We say
that isomorphism types M, My € PM are domination-equivalent (written
M, ~grk My) if so are their representatives.

Clearly, the preordered set RK(7') has a least element, which is an
isomorphism type of a prime model.

Proposition 2 [1, 2|. If I(T,w) < w then RK(T) is a finite preordered set
whose factor set RK(T') /~rk, with respect to domination-equivalence ~gy,
forms a partially ordered set with a greatest element.

Proof. That PM is a finite set is obvious, and the fact that RK(T") /~rx
contains a greatest element follows from the existence of a powerful type
which dominates any type in S(7). O

Obviously, a small theory T' is w-categorical iff |RK(T")| = 1.

In the above-given Ehrenfeucht examples of theories T,, with [(T},,w) =
n, each preordered set RK(T,) consists of the least element and (n — 2)
domination-equivalent elements corresponding to the models M ...,
Mz . Thus all ordered sets RK(T),)/ ~rk are two-element and linearly

ordered.

The following theorem describes preordered sets RK(7T) for small
theories T'.

Theorem 1 2, 5]. (1) For any small theory T, the preordered set RK(T)
18 at most countable, upward directed, and has a least element.
(2) For any finite or countable, preordered, upward directed set (X ;<)

having a least element, there exists a small theory T, for which RK(T') ~
(X;<).

Proof. (1) That |RK(T")| < w follows from the property of 7" being small.
The property for the preordered set RK(T) = (PM; <gk) to be upward

directed is implied by the following: if M; and M, are isomorphism types
of PM corresponding to models M(a;) and M (as), then types tp(a;) and
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tp(az) are dominated by ¢ = tp(a; "as); hence, M; <gx M and My <gx M,
where M is the isomorphism type of M,. The least element in RK(T') is
the isomorphism type of the prime model.

(2) In view of |2, Theorem 3.4.1], there is no loss of generality in assuming
that the set X is countable. A small theory 7" with RK(7) ~ (X;<) is
constructed similarly to how were the theories constructed in proving |2,
Theorem 3.4.1], with the theory of unary predicates Py, ..., P/x|_1 replaced
by a theory of pairwise disjoint unary predicates P;, i € w, each containing
infinitely many elements. O

Now we consider the relation <gg, being defined on the set S(T") of
complete types of small theory T'. Denote the structure (S(T'); <gk) by
RKT(T).

Since for each type p € S(T) there is a model M, and countably many
types (for instance, tp(a), tp(aa), . .. with |= p(a)) forms isomorphic models,
being prime over realizations of these types, the structure RKT(T') can be
obtained from RK(T') by replacement of each element by countably many
pairwise ~gg-equivalent elements, where ~gx = <rx N >grk. Thus Theorem
1 implies

Corollary 1. (1) For any small theory T, the preordered set RKT(T')
18 countable, upward directed, has the least ~gi-class, and each ~gyk-class
consists of countably many elements.

(2) For any countable, preordered, upward directed set (X; <) having the
least (SN >)-class and such that each (<N >)-class is countable, there exists
a small theory T, for which RKT(T) ~ (X; <).

P. Tanovi¢ noticed that the factorization of RKT(T") by the equivalence
relation =gk forms a structure which is isomorphic to RK(7T):

RKT(T)/ =rx ~ RK(T).

Indeed, in view of Proposition 1, for any type p € S(T'), the set of types,
that are strongly RK-equivalent to p, corresponds to the model M,. And
for types p and ¢ in S(T), being not strongly RK-equivalent, p <gk ¢ iff
M, <gx M,.

In particular, RK(7") is finite iff RKT(T")/ =gk is finite.

Since for any theory T', the inclusion =gg C ~pgk holds, the finiteness
of RK(T) implies that RKT(T)/ ~grx is finite (and |RK(T)| =1 iff
IRKT(T)/ ~rk | = 1, that means the w-categoricity of theory). At the same
time there are theories 7" with infinite RK(7") and finite RKT(7")/ ~gx, since
by Theorem 1 there are infinite preordered sets (X; <) being isomorphic to
RK(T') and having only finitely many ~gx-classes.
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Extend the relation <gg, being defined on the set S(7") of complete types
of the small theory T, to the set SS(T') of all types (including incomplete
types) of T'. For types p,q € SS(T) we set p <gk ¢, if any model, realizing ¢,
realizes p.

Notice that the relation <grx on =S(T') is induced by the according
relation on S(7'):

Proposition 3. For types p,q € SS(T), p <rk q holds iff, for any type
q € S(T), containing q, there exists a type p' € S(T) such that p' O p and
P <rk ¢

Proof. Assume that, for the types p,q € SS(T), p <rx ¢ holds and
¢ € S(T) is a completion of g. Since g is realized in the model M, the
conjecture of proposition implies that p is realized in that model by a tuple
a. The type p’ = tp(a) is a required completion of p such that p’ <gk ¢

Now we assume that, for any completion ¢’ € S(T') of the type ¢, there
exists a completion p’ € S(T') of p such that p’ <rk ¢’. Consider an arbitrary
model M, realizing ¢ by a tuple @, and the completion ¢’ = tp(a) of ¢. By
assumption, some completion p’ € S(T') of p is realized in M(a) and so in
M. Hence, the model M realizes p and we have p <gk ¢. O

Thus, the relation <gx on SS(T) is reduced to the relation <gx on
the set S(T') and to possible combinations of complete types, forming type-
definable sets.

Since even equivalent formulas form continuum many incomplete types
(including or non-including to types the formulas of given set of equivalent
formulas), it is natural to factorize the set <S(T') by the equivalence relation
~ of reciprocal deducibility of types:

p(7) ~ q(7) & p(T) F q(7) and ¢(7) - p(7).

The relation <gg is naturally transformed, by representatives, to the factor-
set S(T)/~, and further it will be also denoted by <gk.
Notice the following properties of the relation <gk on the set

=S(T)/~={p|pe=S(T)}.
_ Proposition 4. Ifp,p',q,¢ € <S(T), ' Cp, ¢ C ¢, and p <gx q then
P <mrk ¢
Proof is obvious. O

By the definition, we also have
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Proposition 5. The relation <gx on the set <S(T)/~ is preserved under
expansions of theory: if p,q € =S(T), p <rk ¢, and T’ is an expansion of T
then, for p,q € SS(T"), p <rk G holds.

Having |S(T)| = w, we get | =S(T)/~ | < 2¥. Tt is shown in [6], that any
countable Boolean algebra B is interval, i.e., B is isomorphic to a Boolean
algebra of subsets of linearly ordered set, being generated by intervals of form
(a,b]. Now, take a countable saturated structure M with a small theory
and, for some n € w \ {0}, countably many pairwise different principal
n-types pg(Z) with isolating formulas ¢y(Z), & € w. We get an interval
Boolean algebra for the set of definable sets, countably many ultrafilters
corresponding to types in S(&), and continuum many filters corresponding
to types {—pr(Z) | k € w}, w Cw.

If for each n € w\ {0} there are finitely many pairwise different principal
n-types px(Z), the theory is w-categorical and it implies finitely many n-types
p(Z) in S(@), n € w\ {0}, and so finitely many n-types p(z) in £S()/~.

Thus we get the following proposition.

Proposition 6. Let T be a small theory. Then the following assertions
hold.

(1) If T is w-categorical, then |<S(T)/~ | = w.

(2) If T is not w-categorical, then |SS(T)/~ | = 2.

Using Proposition 6 and combining the proof for Theorem 1 and Corollary
1, we get

Proposition 7. The relation <gk forms either countable or continual
preordered set on €S(T')/~, having unique (<px N >rk)-class (for countable
ES(T)/~) or being upward directed, having a least ~grk-class (consisting of
types that have isolated completions), where each ~grk-class is countable.

Proposition 8. For any small theory T, the following conditions are
equivalent:

(1) the structure RKT(T') has finitely many ~grx-classes;

(2) the structure {SS(T)/~; <rk) has finitely many ~gk-classes.

Proof. (1) = (2). Let RKT(T") has n ~gk-classes and py,...,p, € S(T)
be pairwise non-~gg-equivalent, P = {py,...,p,}. Take an arbitrary type
q in €S(T). Since any completion of ¢ is ~gg-equivalent to a type in P
and there are only finitely many subsets of P, we have only finitely many
possibilities for the ~grk-equivalence of completions for ¢ to types in P. Now
we get the implication (1) = (2), since ~-classes ¢, for which completions
of g are ~gk-equivalent to the same types in P, are ~gg-equivalent.

The implication (2) = (1) is followed by inclusion S(T") C €S(T). O
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Further we assume that the small theory 7" is not w-categorical and Isol
is the set of all types in SS(T') having isolated completions.

Notice that, starting with some n € w \ {0}, there exists (possibly
incomplete) n-type pyi(Z), such that its realizations are exactly all possible
realizations of non-principal n-types. That type is isolated by the set of
formulas —(Z), where the formulas ¢(Z) are principal. By the definition, the
~-class pp; is <rg-covering for the ~-class, corresponding to isolated types,
in the structure, being a restriction of ( <S(T')/~; <gxk) to the set of n-types.
Thus, if there exists a natural number n such that, on the set S(T') \ Isol,
each ~-class is connected by >grk with a ~-class, corresponding to some
n-type, then the structure (SS(7T)/~; <gk) has the least ~gg-class and the
least ~grk-class among others. By the definition the reverse implication holds
too.

Thus the following criterion for existence of two-element initial segment
for the result of factorization of (<S(T)/~; <gk) by the relation ~gg.

Proposition 9. The structure ((SS(T) \ Isol)/ ~; <gk) has the least
~rk-class iff there exists n € w \ {0} such that, for each ~-class
p € (SS(T) \ Isol) /~,
there exists a ~-class
g € (=S(T) \ Tsol) /~,
where q 1s a n-type with ¢ <rk p.

For finite structures RK(T") there exists a natural number n such that
each type of T"dominates some n-type (for n we can take the length of tuple
realizing types p for models M, that represent all isomorphism types in
RK(T)). Hence, Proposition 9 implies

Corollary 2. If the structure RK(T) is finite then the structure
((=S(T) \ Tsol) /~; <rx)

has the least ~ri-class.
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E.Hrushovski [1] showed that, for any predicate symbol R, taking a linear
prerank function of form

yr(A) = [A] = a - ep(A),

(where A is a structure (A; R), a € R, eg(.A) is a number of tuples in R,
being interpreted in .A) and a class Ky of finite structures A with yg(A) > 0,
one get a saturated countable Kg-generic (in the sense of |2, 3]) structure
Mp = (Mpg; R) with a stable theory.

For predicate symbols Ry,..., R,, ..., taking a prerank function

Ynr, i (A) = [A] =D i ep,(A),

and a class Kg, . g, . of finite structures A of language {Ry,..., R,,...}
with yg, g, (A) > 0, one again get a saturated countable Kg, g, -
generic structure M with a stable theory and such that M [ R, = Mp,.
That structure M is called the Hrushouvski fusion of structures Mg, (cf. [3,
4, 5]). Considering M itself, M and the restrictions M [ {R;,,..., R;,,...}
are called the Hrushouvski structures. If for a Hrushovski structure M, arities
for all relations R; are at most 7, coefficients «; are chosen in Herwig style [6]
(cf. [3, Chapter 4]) and additionally with ;- (k,)" < €,, as well as the special

*The work is supported by RFFI (grant 09-01-00336-a), by the Council for Grants
(under RF President) and State Aid of Fundamental Science Schools via project NSh-
3669.2010.1, and by the grant of Novosibirsk State Technical University.
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p
b2 are lower bounds for p-approximations of yg, g, . (with > instead of
i=1

>), then M is called a Hrushovski-Herwig structure.

Notice that each Hrushovski structure is countable. Notice also that,
by construction, the Hrushovski structures in [3| are Hrushovski-Herwig
structures.

The following definition generalizes the notion of (binary) envelope in

[3], being used for constructions of generic Ehrenfeucht theories.

Definition. Let R(z1,...,z,) be an atomic formula, Z be a tuple with
coordinates in {zy,...,z,}. The formula 37 R(z1,...,x,) (as well as the
correspondent relations in structures) is called the Zz-projection or the z-
envelope of R(x1,...,x,). A tuple (Q1, ..., Q) is an envelope of the relation
R or R-envelope if, for each coordinate x; in R(z1, ..., x,), there is a tuple T
without z; such that some @); is an Z-envelope of R. The envelope (@1, . .., Q)
is k-ary if each @); is a k-ary relation. Any 2-ary envelope is called binary.
If (Q1,...,Qm) is an envelope of R, the relation R is called the bush in

(Q17 .o 7Qm)

Since
R(xy,...,z,) F 3z R(xq, ..., 2,),
any envelope (Q1,...,Q,,) forms a formula
(T, ..., xy) = /\ 377 R(x1, ..., 2,),
j=1
where 377 R(x1, ..., x,) corresponds to @;, such that
R(xy,...,xy) F oz, ..., x,).

Now we consider an influence of bushes R and their envelopes (Q1, . .., Q)
with respect to Hrushovski construction, as well as Hrushovski fusions for R
and (Q1,...,Qm).

A bush R (an envelope (Q1,...,Qm)) is a Hrushovski(—Herwig) bush (a
Hrushovski(—Herwig) envelope) if its structure M is a generic Hrushovski(—
Herwig) structure.

The following examples show that an existence of K g-generic Hrushovski
structure can not guarantee that envelopes of R are Hrushovski envelopes.

Example. Let R(x,y,...,y,) be an infinite bush (with a Kg-generic
Hrushovski structure) for a binary envelope (Q1, ..., Q,), where

Elyla Y1, Vi1, - Un R(x7y17 s 7yn) = Ql(x7yl)7
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v =1,...,n, Q; = @ for some j # k, and @Q; satisfies the pairwise
intersection property (3], i. e.,

=V, y32(Q;(2, x) A Q;(2,9)).

Then the binary R-envelope (Q1, ..., Qn, @ni1), where Q41 corresponds to
the formula

Elxayb e Y- Y Ye—1 Y41, - -5 Yn R(xvyb s 7yn);

has the coordinate (), that forms a complete graph (havmg edges for
n-element subgraphs). Thus there is no Hrushovski structures w1th respect
to the class Kq, ., being generated by finite restrictions of a ), +1-structure.
If n > 2 one can replace (); and Q) by @,,+1 and again get an non-Hrushovski
R-envelope. O

Modifying Example one can get a Kgz-generic Hrushovski structure with
a binary envelope (Q1, . .., @), not having the pairwise intersection property
but with O(k?) edges for k-element subgraphs with respect to some Q;
producing a non-Hrushovski generic structure.

Recall [1, 3] that a finite substructure A in a Hrushovski structure M is
strong or self-sufficient if y.(A) < y.(B) for any finite B with A C B C M.

A Hrushovski relation R is self-sufficient any tuple (ay, ..., a,) in R forms
a self-sufficient set {ay,...,a,}.

Theorem. If (Q1,...,Qn) be a Hrushovski-Herwig envelope for an n-
ary bush and consisting of self-sufficient relations, then (Q1,...,Qn) has a
Hrushovski-Herwig bush R forming a Hrushovski fusion of generic structures

Mg, i=1,...,m, and Mp.
Proof. Let

YQr,.Qm (A) = |A] — Zaz eq, (A

be the prerank function for a generic model Mg, . q,.. Take 11, being in
Herwig construction [3, 6] and additionally with 41 - (k)" < &, allow to
permutate coordinates of tuples in R, preserving R, and to put (ay,...,a,)
in R if that tuple belongs to a bush of (Q1,...,Q.n))-

Now we consider the prerank function

YQ1@mk(A) = [A] = Y i eq,(A) = st - en(A).
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By choice of 41 for any n-element restriction Ay of structure in K¢, o,
there is a bush R of a copy of a restriction of (@4, ..., Q) such that p-
approximations of yg, . o...r(A) have lower bounds ¢?, for any non-empty
restrictions A of Ag.! Thus, a class Kg, g,z of finite (Q1,...,Qm, R)-
structures A with that lower bounds ¥, for p-approximations is generic.
Since each ); is self-sufficient, for each tuple a; € Q;, ¢ = 1,...,m, the
structure A; with the universe A;, consisting of all elements in a;, admits
(using standard arguments of Amalgamation Lemmas in [3|) the free am-
algamation B x4, A’ inside the class Ko,  ¢,. r, where A’ is a copy of A
such that A; is a strong restriction of A’ to a tuple in @;, and A; is a
strong substructure of B. Thus, in that amalgams, a belongs to the according
projection of R. Taking a K¢, . q,. r-generic structure M, we get the small
stable theory Th(M) and a required Hrushovski fusion with a bush R for
the envelope (Q1,...,Qy). O
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[Tox rpacdom B masbueiiniem O6yaeM MOHUMAThL KOHEYHOE MHOXKECTBO Bep-
mua X = {x1,...,2,}, HA KOTOPOM 3aJIaHO OMHAPHOE OTHOIIEHUE CMEXK-
noctu. Bee paccmarpuBaemble rpadbl He UMEIOT IIeTeIb U KPATHBIX pebdep.
Bamucs (z;, x;) € I' o3nadaer, 9ro BepHIIMHbI T; U T; CMexKHDLI B rpade I

[Iycte 991 — mekoTropoe MHOroobpaszme rpymn u ['— HEKOTOpbId Tpad.
Uwm coorBercrByer wacmuyno xommymamushas epynna F(ON, T'). Ouna ume-
eT IpeJICTaBICHUE

FOMT) = (z1,...,2, | vxy =252 & (x;, z;) €)

B MHOroobpazuu M. I'pad ' HaszweiBaeTcst onpeiensomum rpadom Judo rpa-
oM KOMMYTATHUBHOCTHU ITOM I'PYIIIIHI.

2% oboznauaeT MHOrooGpasue Beex MeTabeseBbIX (JBYCTYIEHHO paspe-
muMbIx) rpynm, a Sp = F(A2 T).

HeiicrBue snementoB g € Sp Ha KOMMyTaHTe Sf: OIPEJIENISIeTCs COLPsIKe-
nuem: cog = g~ 'cg, rae ¢ € Sp. OTHOCHTE/IBLHO 3TOTO JielicTBUSA S AB/IACTCSA
HPABBIM MOJLY/IEM HaJI EJOUNCICHHBIM TPYIIIOBBIM KostbiioM Z(Sr/ST). Co-
XpaHuM 3a obpazamu vjeMeHToB ¢ € Sp B rpymnme Sp/Sf obosHadenue ¢.
[ostomy Z(Sr/S}) = Z[X*')— koo muorouwnenos Jlopana or X*!
{oF!, ... 2t} Kak obbrano, kommyraTop [z,y] pasen o~ 'y~ 'ay.

Jist 100BIX He CMEKHBIX BEPIINH T;, T; OUPEJIeIUM nlieall A£ ; KOJIbIIA
Z[X* cnemytomum 06pazoM. Eciiu Bepiumbt @, T; JeXKAT B PA3HBIX KOM-
IIOHEHTAaX CBA3HOCTHU OIpeesioniero rpada I, To momoxum Agj = 0. Ecim
9TU BEPIIUHBI U3 OJHON KOMIIOHEHTDHI CBS3HOCTH, TO PACCMOTPHUM BCE IIYTH

*UcceoBannsi BBIIOJHEHBI TIPU (DUHAHCOBOU o iepkke Poccuiickoro douma ¢yH-
JaMeHTAJbHBIX uccyeoBanuii, mpoekt 09-01-00099
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{i, i, .o Tim, x5} Mexay HEME. KaK0My IIyTH IOCTABEM B COOTBETCTBUE
ssement (1 — ;1) ... (1 — 24,) Kombua Z[X*!. Unean A} ; nopoxen Bcemu
TAKUMHE 3JIEMEHTAMH.

Annyasmopom Ann(c) snementa ¢ € S} HasbiBaercs ujeas Kosbla Z[X £,
COCTOSIIMI U3 5JIEMEHTOB (¥ TOIO KOJIbIIA, JIJI KOTOPbIX ¢ = 1.

MpbI Gy/1eM HCIIOJIB30BATE CJIEYIONIYIO TeOpeMY, J0Ka3aHHYIO B [1].

_gr
Teopema 06 ammynarope. Ann([z;, v;]) = A; ;, ecimu [z;, ;] # 1.
PacemorpuM craniapTHBIH 93bIK TPYIIIOBOM CUTHATYPHI L, copepKariuit
orepaluy YMHOXKEHUS 1 OOpaIleHus.

J— npesoxkenneM HasbiBaeTcd hopMmysia BUA
Jwy .. wy,P(wy, ... W),

riae ®(wy, ..., wy,) — dopmyra a3bika L, He cojepKaiias KBaHTOPOB. 1o/
YEepKHEM, YTO IPEJI0KEHUE HE COJEPXKUT CBOOOJIHBIX IIEPEMEHHDBIX. DTO 3HAa-
YUT, 9YTO BCE IIEPEMEHHbIE W; CBA3aHbl KBAHTOpAMH .

MHuozkecTBO Bcex J— mpeIoyKeHnit, ICTHHHBIX Ha rpyiie (G, Ha3bIBAETCS
ee IK3UCMERUUANbHOU meopuel.

JIBe rpynmbl Ha3bIBAIOTCH YHUBEPCAALHO IKBUBAAEHMHBLMU, €CTTA WX K-
3UCTEHINATBLHBIE TEOPUN COBIAIATOT.

g mpomnssosibHOrO Tpada A Ha MHOXKECTBE BepIIUH Z = {21, ..., Zm }
obozratmM depe3 p(A) dbopmyy:

Jz1 .oz /\ [zi,2;]] = 1A /\ [zi,zj]%l/\/\zi%zj/\ /\zz%l)

(Zi,Z]')GT (Zi,Zj)¢T i#] i=1m

B.H.PemecieHHUKOB BBICKA3aJ1 THIIOTE3Y:

ITycmv M— nexomopoe mrozoobpasue epynn u F(OM,T1), F (O, Ty)—
YACTMUYHO KOMMYMAMUBHBLE 2DYnnvl u3 Mmuo2000pasus M. Ecau ynuesep-
CANBHBLE MEOPUL IMUT 2DYNN, PA3AUNHBL, MO Hatidemces epad A makoti, wmo
popmyaa p(A) eepra na 00not U3 IMUT 2pYnn, HO A0AHCHA Ha OPY20T.

DTa rUoTe3a MoJIyIiia CBOe MOATBEPKIeHIEe B pabore [2| 171 9acTHaHO
KOMMYTATUBHBIX 2-CTYIEHHO HUJIBIIOTEHTHBIX Q-rpyrrir.

Heussecrno, BepHa Jin T'UIIOTE3a J1JI MHOIOOOpas3ust MeTabe/IeBbIX IPYIIIL.
OJiHaKO, ec/ii OrPaHUIUThLCsT TOJIBKO Temu dhopmyaamu @(A), 171 KOTOPbIX
B KadecTBe A pacCMaTpUBAIOTCS JEPEBbsl, TO I'UIIOTE3a He BepHa. TodHee,
MbI IIOCTPOUM /JIB€ IaCTHUYIHO KOMMYTaTHUBHLIE MeTa6eﬂeBbI I'PYIIIIBI SF1 n
Sr,, MMEIOIe Pa3/IMIHble yHUBEPCAJbHbIE TEOPHUH, JJIg KOTOPLIX J0bas
dopmyna ¢(T), tme T— nepeBo, BepHA Ha OJHON U3 STUX IPYII TOLJIA
U TOJIBKO TOTJIa, KOTJa OH& BEpHA Ha, JPYTOil.
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SameTnM, 9TO TeM He MeHee, IMIIoTe3a PeMecIeHHIKOBa OCTaeTCs IIpaB-
JIOTIOJIOOHOI J1jIsT MHOT000Opa3usi MeTadeIeBbIX I'PYIIIL.

Yepes C), obozHaumM MUK Ha MHOKecTBe BepumH X = {xy,...,2,}.
YacTuaHO KOMMYTAaTUBHYIO MeTabesieBy I'PYIILY C OIpeae/saoniuM rpadom
C,, obosnauum S,,. OHa uMeeT MpecTaBIeHIe

Sp=(21,..., 2y | [wi, z5] =1, 1<i,j<n, i=j+1 (modn))

B MHOroo6pasun A2,
Pacemorpum rpymiy Ss u B Heil snementst w;(l, m), i =1,...,5, I,m €
7., otpejie/IeHHbIE CJICJIYIONIIM 00pPa30M:

us(l, m) = Tolwa, 24]'ws, 5™,
us(l, m) = w3lry, w3]'[xs, 5™,
ug(l, m) = zylwy, 24]' w0, 24]™,
us(l, m) = xs5]xy, x5)'[xs, 5™

Nnmeer mecTo cremyromnmas

Jlemma 1. B epynne S5 dan saemenmos u;(l, m) cnpasediusv, ymeep-
orcdenus:

L Jani =1,...,5 m.um. m. [u;(l, m), w;(I', m")] =1, wxoeda | =
I', m=m';

2. Toeda u moavko mozda [ui(ly, my), us(ly, ms)]

1, xoeda my; =

3. Tozda u moavko mozda [us(la, ma), us(ls, mg)] = 1, xoeda my =
ms;

4. Tozda u moavko moeda [us(ls, ms), us(ly, mqs)] =1, wxoeda I3 = ly;

5. Tozda u moavko moezda [us(ly, ms), us(ls, ms)] = 1, xoeda my =
ls;

6. Tozda u moavko moezda [uy(ly, m1), us(ls, ms)| =1, xoeda 1 = —ms;

7. Hpu 1l <i# 35 <5 [w(l;, m;), u;(l;, m;)] # 1, ecau i ne cpasnumo c
j+ 1 no modymo 5.

HokazareabctBo. IIposepum nepsoe yreepxjenne. [lycTs, mjisa onpe-
nenaeHHocTH, ¢ = 1. Beraucanm

[uy (1, m), ur(I', m')] = [w1[zy, 23] [z, 24)™, 21[21, arg]ll (21, x4]m/] =
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= lan, x3]l(1*x1)[x17 $4]m(1fxl)[$1> 373]1,(:6171)[%1, :174]m,(x1’1) —
— [x17 x3j|(l*l’)(17I1)[x17 x4](mim/)(1711)

[IpenmmooXum , 9T0 UMEET MECTO PaBEHCTBO
-1 (1—=z m—m')(1—x
21, x3]( )( 1)[:,517 x4]( J(A—z1) — 1

Paccmorpum ssiemenTt

[xh x3] (1-"(1—z1)(1—z2) [I‘l, 1_4] (m—m')(1—z1)(1—z2)

)

KOTOPBII TakKe paBeH ejunuiie B rpymme Ss. 13 Teopembr 006 annyigaTope
[IOJTY IUM
11—z
[I‘l, 1'3] 2 =1.

[TosTomy
](m—m’)(l—wl)(l—xa) -1

[1, 24
AHHyIATOp KOMMyTaTOpa T1, T4] HOpoxieH B Kosble Z[X 1| snementamu
1-— T5, (]_ - 1'2)(1 - ZE3).

BHAYUT JJIsT HEKOTOPBIX SJIEMEHTOB (v U [3 u3 Kousbla Z[X ﬂ] BBIIIOJTHEHO
paBeHCcTBO

(m—m")(1—21)(1 —x9) = a(l —x5) + B(1 — 22)(1 — x3).
[IpuMeHsisi K 9TOMY PaBEHCTBY HIOMOPQU3M
o=A{x; = x1, Ty = 39, v3 > 1, x4 > 1, x5 = x5}
kosibla Z[ X *, nomyuum
(m —m')(1 —a1)(1 —xq9) = 0.

Buagur m = m'.
Yrobb! JoKa3aTh, 4to | = [ paccMoTpuM 3j1eMenT

[ul(lv m)v ul(llv m/)]l_%v
paBHbIit equauIe. [loxydanm

[y, @) 0me) —

[To anajornm ¢ pacCMOTPEHHBIM paHee C/IydaeM, Oy IuM

=11 —2)(1—x5) =a'(1 —x9) + B'(1 — 4) (1 — z5)
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st nekoropbix o, 3 € Z[X*!]. Bnaunr [ = ['.
[IpoBepum BTOpOE yTBEp2KIeHUE. BHIYUC/INM 3JIEMEHT

¢ = [ui(ly, my), us(la, ma)l.

[Tomyunm

m1(17I2)[ mQ(Ilfl).

¢ = [x1, 23] 7% [ 2y To, 14)2@ D[z, 5]

Tak kak 110 Teopeme 00 aHHYJIATOPE
11—z x1—1
(21, 23] "2 = |29, x5]" T =1,

TO
[xh $4]m1(1_$2) [1'2, x4]12($1—1) — 1

B srob6oit MmeTabesieBoii rpylie CIpaBeJInBO TOXKJIECTBO fKOOH, KOTOpoe
MO>KHO 3aIliCaTh B BHUJIE

[z, y]' Py, 2 7z, 2]V = 1

N3 sToro ToxKpecTBa MoJrydaeM

]1—132[ 1—x1 - 1.

[951, Lyg Ly, 952]

3HauuT

c =[xy, x4](m1*12)(11*1)'

Ho annynsaTop sjeMenTa [xo, T4] HOpoxieH Kak mieas Kobia Z[ X+ se-

MeHTaMn
1-— xs3, (]_ - 1'1)(1 - ZE5).

3uaauT my = ly.

JlokazarebcTBa yTBep:KIeHN 3—6 aHAJIOTMIHBIE.

Il mokasaTe/beTBa MOCJIEIHEr0 YITBEPKICHUA JIEMMBI JJOCTATOYHO BOC-
noJstb3oBaThes Jgemmoii 4 u3 [3]. Cortacho stoit temme, ecom smemeHTs u;(1; m;)
u u;(lj, m;) nepecraHoBO4YHBL, TO [T;, z;] = 1.

JleMMa ITOJTHOCTBHIO JIOKa3aHA.

s maper smementoB g (ly, my) u us(ly, my) mapamerper my u ly Ha30-
BeM coorBercTByomumu. [lo yreepxienuto 2 jiemmbl 1 s1eMenToI ug (ly, M)
u us(ly, my) MEPECTAHOBOYHBI, €CIM UX COOTBETCTBYIOIINE HAPAMETPHI DaB-
Hbl. OTpeieInM COOTBETCTBY IOIIHE TTAPAMETDBI JIJIS AP JIEMEHTOB U (1o, M)
u uz(l3, m3) U T.J1., UCIOJL3Ysl YTBEPKIeHUsA 3— 6 Toil ke jeMMbl. MOKHO
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CKa3aTh, UYTO €CJIM yKa3aHHbIE 3JIEMEHTBI IIePeCTaHOBOYHBI, TO UX COOTBET-
CTBYIOIIHIE TIapaMeTPhbl PaBHBI JIUOO0 OT/INYatoTCs 3HakoM. [locieaass cury-
aIsl COOTBETCTBYET IECTOMY YTBEPKIEHUIO JIEMMBI.

Paccemorpum Terepsb rpyiiry Sg, otpejiesnieHayo nukiaom Cg 1 B Heil dre-

MeHTBl U; = v;i(p, ¢, 1), i=1,...,6, p,q,r €L :
v1(p1, qi, 1) = T1(z1, x3|PH 21, 4] [0, 25]™,
V2(p2, q2, T2) = To[T2, x| [xa, 5[0, x6]™,
U3(P3, 43, T 3) $3[$1, $3]p3 [553, xs] 3[3537 $6]T3a
V4(Pa, Qu, Ta) = Ta[T1, T4]P* [0, 4] 24, 26]™,
Us\Ps5, 45, T 5) $5[$1, $5]p5[$2, xs] 5[3537 $5]T5a
v6(P6, 6, T6) = Te[T2, T6)"°[T3, T6]™ X4, 6],

ITo anajoruu ¢ jgemmoit 1 MOXKeT OBIThH JOKa3aHa

Jlemma 2. B zpynne Sg 0ra 2aeMeNMO6 v; CNPaBedAUsHL YMBEPIAHCOCHUA:

1. [v1, vo] =1 moeda u moavko mozda, koeda p; = pa, 1 = Go;

2. [vg, v3] =1 moeda u moavko moeda, Ko2da gy = q3, o = T3;

3. [vs, v4] = 1 mozda u Mmoavko moada, K020a Pz = P4, T3 = T4;

4. [vyg, v5] = 1 mozda u moavko moeda, kKo2da Py = ps, Q4 = qs;

5. [vs, 1] =1 mozda u moavko moeda, Kozda qs = pe, T's = s;

6. [v1, v] =1 moeda u moavko moezda, Ko2da p; = —qs, 1 = —T¢;

7. [i(pi, @i, i)y (P, @y Th)] 1 mozda u moavko mozda, xoz2da p;
Piy @ =g, Ty =175

8 Ipul < i # j <6 [v,v5] # 1, ecau © ne cpasrnumo ¢ j + 1 no
M00y.a10 6.

[Tape mapamMeTpoB pi, | dJE€MEHTa ¥; COOTBETCTBYET Iapa IapaMeTpoB
D2, Q2 STEMEHTA Vg. DJIEMEHTBI V1, U MEPECTAHOBOYHBI, €CJIN TIaPbl COOTBET-
CTBYIOIIUX [IAPAMETPOB COBIAJAIOT, TO €CThb (p1, r1) = (P2, ¢2). AHATOrTYHO
OTIPEJIEIAIOTCS MTaphl COOTBETCTBYIONINX TAPAMETPOB JIJIsl JIPYTUX SJIEMEHTOB
Vg, U3 U T.J1. MOXKHO CKa3aTh, YTO YKa3aHHbIE 3JIEMEHTHI IEPECTAHOBOYHbI, €C-
JIX TIAPBI COOTBETCTBYIONMINX TapaMETPOB COBIIAIAIOT JTUOO OTINIAIOTCA 3HA-
KOM, KakK B yTBep:KJIeHUN 6 JeMMBI 2.

st n > 2 paccMOTpUM KOPHEBOE JIePeBO, KOTOpoe 0bo3HadnM depe3 A,
Cremnenb ero KOpHsI paBHa N, a CTeIeHb 000 He BUCsUIeil BEPIINHBL 1 + 1.
Paccrosnue ot kopus J10 Jiioboit Bucgdeil Bepmunbl pasua n. Ha pucynke 1
n300pazkeHo JaepeBo A.
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us(1,2) us(1,3)

U1 (0, ].)

Pucynox 1.

B nepese A,, orpeiesiuM ypoBHHE € HYJIEBOTO 110 n—bIii. Bepruaa a nmeer
ypOBeHDb t, ecii paccTosHue oT Hee JI0 KopHs paBHo t. Kopenb ag mmeer
ypoBeHb HOJb. QueBuaHO, 9TO JII0OOE sepeBo T sBisercsa mnoarpadom A,
[P TOJIXOJAIIEM JOCTATOIHO OoJibiioM n. 113 yrBepxkienus 4 [1| ciemyer

YrBepxkKaeHne. /10004 wacmuino KOMMYMamueHas Memabenesa epyn-
na ¢ onpedeasouumM 2padom — depesom Asafemca nodepynnot epynnot Sa,
npu NoOTOOAWEM M.

Cxkazxkem, uto rpad [ MOKHO pazmMeTuTbh HEKOTOpPOi rpyimoit G, eciu
Kask10i1 BepmmHe rpada I’ MOXKHO MOCTABUTH B COOTBETCTBUE HEKOTOPBII
HEEJIMUIHBIN 3JIeMeHT TPYIIbl G TaK, 9TO Pa3/JIUIHBIM BEpPIIMHAM COOTBET-
CTBYIOT pa3HbIe 3JIEMEHTBI I'PYIIILI U JIBE BEPIIUHBI cMeKHbBI B rpade ' Torma
1 TOJIBKO TOTI'/Ta, KOI'J/la COOTBETCTBYIOIIUEC UM 3JICMCHTDBI I'DYIIIILI II€peCTaHO-
BOYHBI.

Terepb MOxKeT OBITH JIOKA3aHA

Teopema. Cyuwecmsyrom 4acmuyHo KOMMYMAMUEBHBIE MEMAOEALEDL 2PYTN-
not Sr, U Sry, YHUBEPCANDHBIE MEOPUL KOMOPLIT PASAUYHDL, HO TMEM HE Me-
nee aobas gopmyaa o(T), T— awoboe depeso, sepra na 00nol u3 smux
2pynn m. m. m. m., K020a OHG 8ePHA Ha IpY201.

HokazareabctBo. B kaudecrse I'y u I'y pacemorpum nmkier Cs u Cy.
Kaxk mokazano B [4], Teopema 5, rpynimbl S5 u Sg HE YHUBEPCAJILHO SKBU-
BaJieHTHbI. MbI JJoKazkeM, 9ro Jyist Jiroboro jepesa T dopmyna p(T) Bepua
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Ha obeux rpymmax S5 u Sg. s aroro mocrarodno moka3arh, UTo rpad A,
MOXKHO Pa3MeTUTh rpyHnamMu Ss u Sg 1pu JIHOO0M 1.

Pasmernm BHawase gepeBo A, sjgementamu rpymimbsl Ss. Ilycte M =
{a; |0 < i < N }— muoxecrBo Bepmmn rpada A,. B kadecrBe mMeTok
PACCMOTPUM MHOYKECTBO

U={w(l,m)|i=1,....5; l,meZ}

9JIEMEHTOB TPYIIILI S5, OIPEICICHHOE B JIeMMe 1.

Kopnio mocraBum B coorBercTsre sement uq(0, 1). 3aTem mpocrabiis-
€M METKH Ha BEPUIMHBI [IEPBOIO yPOBHS, 3aT€M BTOPOrO U T.JI. BeprmmHam
OJIMHAKOBOIO YPOBHsI (v TIOCTaBJIEHbI B COOTBETCTBUE dj1eMeHThl u;(l, m), y
KOTOPBIX MapameTp ¢ OJMHAKOB, npudeM « + 1 =i (mod 5). (cM. puCyHOK
1.) Ipyrumu cioBamMu, Mbl TOMeYaeM BepIIUHY HYJIEBOTO YPOBHsI 3JIEMEHTOM
U1, BEPIINHBI IIEPBOIO YPOBHS 3JIEMEHTAMU Ug U T.JI., U3MEHsIS UHJIEKC i JIe-
menTa w; no mukiay Cs = {1, 2, 3, 4, 5, 1,...}. Odepeanas MeTKa, KOTOPYIO
MBI CTABHM, 00J1a/1a€T T€M CBOHCTBOM, YTO 3HAYEHUE OJHOTO U3 €€ Iapamer-
POB PaBHO COOTBETCTBYIONIEMY IapaMeTpy pPaHee MOCTABJICHHON CMEeXKHOM
METKH, a 3Ha49eHHUe JIPYroro HnapaMeTpa OTIMYaeTCs JIaxKe II0 MOJIYJIO OT
MoJyJsIeil Bcex paHee OIpe/e/eHHbIX Iapamerpos. Hampumep, eciau meTka-
MH CMEYKHBIX BEDIIHH SIBJISIOTC teMeHThI Uy (I, my) u us(ly, my) 1 MeTKa
us(ly, mo) craBuTCs 1M032KeE, TO [y BHIOMPAETCSI PABHBIM 111, & MAPAMETP M
BLIGEPEM TaK, UTO €ro MOAYJb OTJIMYEH OT MOJYJIell IapaMeTpoB paHee I10-
CTaBJIEHHBLIX METOK. Taknm 00pa3oM Ha KarKJIOM HIare MOSBIACTCA 3HAUYCHHIE
apaMeTpa METKH, OTJIMYHOE OT paHee OIPEICJCHHBIX IapaMeTPOB, B3AThIX
CO 3HAKOM ILJTIOC-MUHYC.

[TokazkeM, 9TO METKH HE CMEXKHBIX 9JIEMEHTOB He NepecTaHoBOYHbL. Jleii-
CTBUTEJILHO, €CJIM PACCTOSHIE MEXKJLy BepIIMHAMU OOJIBIIE JIBYX, TO UX MET-
KU UMEIOT BCE Pa3/IMYHBIC 110 MOYJIIO IIapaMeTPhl, CIeI0BATEILHO He Iepe-
CTaHOBOYHBI 110 JieMMe 1.

Ecin paccrosinme MexKjly BepHIMHAME PABHO JIBYM, TO OHU HaXOJATCS
b0 Ha OJHOM YpPOBHE, OO UX YPOBHU Pas3/MyalorTcd Ha jsa. U3 jiemmbl
CJIEJyeT, YTO IIPOCTABJICHHBIC METKHM TAKHMX 3JIEMEHTOB HE KOMMYTHDYIOT B
OJIHOM CJIy4ae II0 IEPBOMY, a B JIPYIOM CJIydae 110 MOCIECIHEMY YTBEPZK ICHIIO
JieMMmbI 1.

Anajoruuna IpoMCXOAUT pasMeTKa JepeBa A, dJeMeHTaMu IPyIbl Sg.
AJropuT™ MOHATEH M3 PUCYHKA 2 M MPOIECCA PACHPEIEICHIS METOK, OIU-
CAHHOTO JIJI TPYIIIBL Sj.
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v3(5,2,3) 05(6,2,3) v3(7,2,4) 05(8,2,4)

U2(0a273) U2(0a274)

Ul(()? 17 2)

Pucynoxk 2.

[To yrBep:kaennio 7 jleMMbl 2 METKHU BEPIIUH OJIHOTO YPOBHA HE Iepe-
CTAaHOBOYHBI, TAK KaK He BCE UX COOTBETCTBYIOIINE MapaMeTPhl COBIAIAIOT.
PaccmoTpuM He cMezKHBIE BEPIIUHBI COCEIHUX yPOBHEH. OUeBUIHO, UTO JIIO-
Oas Iapa mapaMeTpPoB OJIHOI METKU HE COBIIAIAeT C COOTBETCTBYIOIIE 11apoit
mapaMeTpoB JPYroil METKH JlarKe MO MOJIY/II0. SHAYUT METKU He IepecTaHO-
Bo4HBI. MeTKu, mmoMerenable B BEPIIUHBI HE COCEJTHETO YPOBHS, TaKKe He
IIepeCTAHOBOYHBI TI0 MTOC/IETHEMY YTBEPKIEHUIO JIeMMbI 2. Teopema joka3a-
Ha.

CIINCOK JIUTEPATYPDBI

[1] 4.K. Tynra, E.J. Tumomntenko, YacTuaHo KOMMYyTATUBHBIE MeTabe1e-
BBl I'PYIIIBE EHTPAIM3ATOPBI U dJIEMEHTapHas SKBUBAJIEHTHOCTH, Ajrebpa
u joruka, 48, Ne3 (2009), 309-341.

[2] A.A. Mummenko, YHuBepcaabHas SKBHBAJICHTHOCTb YACTUIHO KOMMY-
TATUBHBIX JIBYCTYIIEHHO HUJIbIHOTEHTHBIX Q-rpym, Bectnuk Omckoro ymu-
BepcuTeTa. CrienuaabHbIi BBITYCK. KoMOnHATOPHBIE METOBI aITeOPhI U CII0XK-
HoCTh Bbruucsienuii, (2008), 61-67.

[3] E.W. Tumorenko, YHuBepcaabHast SKBHBAJICHTHOCT YACTUIHO KOM-
MyTaTHBHBIX MeTabesieBbix rpymi, Asrebpa u joruka, 49,Ne2 (2010), 263
290.

[4] 9.K. I'ynra, E.W. Tumommenko, O6 yHUBEPCATBHBIX TEOPHSIX YACTUIHO
KOMMYTaTHBHBIX MeTabesieBbIX rpyii, Anrebpa u joruka, 50, Nel (2011), 3—

25.



ALGEBRAIC GEOMETRY OVER
LINEAR ORDERED SEMILATTICES

A.N. Shevlyakov

Omsk Branch of Institute of Mathematics, Siberian Branch of the Russian
Academy of Sciences,
644099 Russia, Omsk, Pevtsova st. 13

e-mail: a_ shevl@mail.ru

Introduction

Algebraic geometry over a field is the classical mathematic branch. It
studies sets defined by systems of polynomial (algebraic) equations. The
equationally Noetherian property (any system of algebraic equations is equi-
valent to its finite subsystem) plays a crucial role in algebraic geometry over
a field. It follows that all algebraic sets over a field are defined by finite
systems of equations and any nonempty algebraic set is a finite union of
irreducible ones.

However, the notions of an equation and a solution can be formulated
not merely over a field (see [1]). Thus, one can develop algebraic geometry
over an algebraic structure A (algebra for short) in an arbitrary language £
with no predicates. The definitions of algebraic set and radical are naturally
generalized for an arbitrary algebra. The notion of coordinate ring of an
algebraic set over a field corresponds to the notion of coordinate algebra in
the general case. As well in classical case, a coordinate algebra determines
the algebraic set up to isomorphism. Therefore, the main aim of algebraic
geometry (the classification of algebraic sets) can be reduced to the classifi-
cation of coordinate algebras.

The first of so-called Unification Theorems proven in [1, 2| describes the
whole class of coordinate algebras of algebraic sets over an algebra A using
seven different approaches. The second Unification Theorem describes the
coordinate algebras which correspond to irreducible sets over A. The unique
restriction of Unifying Theorems is the equationally Noetherian property of
an algebra A.

Unlike the fields, there exist algebras which are not equationally Noethe-
rian. The non-equationally Noetherian algebras do not admit a nice classifi-
cation of coordinate algebras, since Unification Theorems do not necessary

116
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hold. Trying to preserve the power of Unification Theorems, there were
defined the classes of weakly equationally Noetherian, u,- and q,-compact
algebras (see [3]). These three classes are denoted by N, U, Q respectively
and generalize the class of equationally Noetherian algebras N. Each of
the classes N’, U, Q inherits some properties of the class N. For example,
all algebraic sets over an algebra A € N’ are defined by finite systems of
equations. For any A € U the both Unification Theorems remain true, but
for every A € Q remains true only the first one.

As the belonging of an algebra A to one of the classes N, N’ U, Q
determines the set of Unifying Theorems which are true for A, the next
problem becomes fundamental in universal algebraic geometry.

Problem 1. For a given algebra A find the class N, N’, U, Q containing
A.

Problem 1 was solved for many classical algebras. In [2| it was listed the
examples of equationally Noetherian algebras.

Moreover, in [5] it was defined a q,,-compact group which is not equation-
ally Noetherian. In the paper [4] it was shown that all the classes N, N, U, Q
of algebras in the language £ = { fi(l)]z' € N} of countable many unary
functional symbols are pairwise distinct. In [6] we proved the distinction of
the classes N, N’ U, Q of semilattices in the language £ = {A} U{c;|i € N}
with countable many constants.

The interesting result devoted to Problem 1 was proven in [4]. It were
found the necessary conditions of an arbitrary algebra A to be u,- and q,-
compact. Let us formulate this theorem.

Theorem [4]. A system S over an algebra A is called an Ej-system if
S has exactly k solutions in A, but the solution set of any finite subsystem
So C S is infinite.

Suppose A is a q,-compact L-algebra, then for k € {0,1} there are not
Ey-systems over A. If A is u,-compact, then for any k € N there are not
Ey-systems over A.

Therefore, it is naturally to pose the next problem.

Problem 2. Find a class of algebras C such that for any A € C the
conditions of the theorem above are sufficient to be q,-compact (or u,-
compact).

In the current paper we deal with the class C of linear ordered semilattices
in the language £ = {A} U {c¢;|¢ € I} with infinite many constants and
prove that Problem 2 is positively solved in C (Section 6). As we consider
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semilattices in the extended language, we call them L-semilattices. Let us
formulate the main results.

Theorem. A linear ordered L-semilattice A is q.-compact iff there is
not any one-variable Ey-system with k =0 or k=1

Theorem. A linear ordered L-semilattice A is uy,-compact iff there is
not any one-variable Ey-system for every k € N.

In the paper we also prove the criteria for linear ordered L-semilattice
to be (weakly) equationally Noetherian (Sections 3, 7).

1 Basic notions

A linear order < over a set M is a binary relation which satisfies the
next axioms

VaVyVz (x <y A y < z — x < z) (transitivity),

VaVy (x <y V y < ) (totality),
VaVy (x <y A y < x — x = y) (antisymmetry).
The strict order is derived from < by

r<y<=x<yandz F#y.

A semilattice S is a partially ordered set with the operation A, which for
given z,y € S takes the lower bound = Ay € S of x and y. Obviously, the
operation A is commutative and idempotent, i.e. tAy =yAxand zAx ==z
for any x,y € S.

In any semilattice one can define a partial order by

rLS Yy ANy==u.

A semilattice S with a linear order < is called a linear ordered semilattice.

Let Lo = {A} be the standard language of semilattice theory. We add
to Ly a set of new constant symbols {c;|i € I} of an arbitrary cardinality
and obtain the extended language £ = {A} U {c;|i € I}. A linear ordered
semilattice of the language L is called a [linear ordered L-semilattice. In
other words, in a linear ordered L-semilattice any constant symbol from £
corresponds to an appropriate element of the semilattice. As for any pair
z,y € A we have either s ANy =2 (x <y)orz Ay =y (y < x), the set of
constants {c;} is closed under the operation A, i.e. it is a subsemilattice.

Let us consider the next example which will be used below.
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Example 1. Consider a semilattice [0,1] U {2,3,...} € Q of rationals
relative to usual order. By the segment [0, 1] we denote the set of all rational
x numbers with 0 < x < 1. All elements from the interval (0,1) are matched
as constants. Thus, we obtain the L-semilattice A, .

Below in the paper we assume that the set X = {z1,...,x,} of variables
is always finite. Each term of the language £ depending on variables X is
equivalent to

T(X) =z ANxd? AL ..aom Ac, (1)

where a; € {0,1} (if a; = 0 the variable x; does not occur in the term), c is a
constant. We will use Greek letters 7,0, ... to denote terms of the language
L. The set of variables occurring in a term 7(X) is denoted by X..

A term without a constant c is called coefficient-free. We will denote
coefficient-free terms by Latin letters ¢, s, . ..

Example 2. The expressions 1 A\ xo A 1/2, x1, 1/3 are terms over the
semigroup A, from Example 1. Moreover, the second one is coefficient-free.
However, the expression x1 A 1 is not a term over A.., since the element 1
1s not a constant in A.p

Remark 3. The number of all pairwise non-equivalent coefficient-free terms
depending on variables X = {x1,...,x,} over a linear ordered L-semilattice
equals 2™ — 1. For example, the coefficient-free terms in two variables exactly
are the following x1 N\ xo, T1, T9.

Remark 4. Let A be a linear ordered L-semilattice, P = (p1,pa,...,Pn) €
A" a point and t(X) a coefficient-free term. Then t(P) equals the coordinate
i, where p; = p1 Apa A ... A p,. For example, the value of x1 A x5 N\ x3 at
(3,1/2,1/3) € A., equals min{3,1/2,1/3} =1/3.

The value of a variable = at a point P is denoted by x(P).

Definition. We will say that a variable x (a constant c) occurring in a
term 7(X) defines 7(X) at a point P if the value T7(P) is equal to x(P) (c
respectively).

It is easy to check that any term of the language £ has a defining variable
or constant at any point P from a linear ordered L-semilattice. For instance,
consider a term x1 Az A1/2 over A,,; the variable z; defines it at (1/3,1/2) €
A?_ and the constant 1/2 defines the term at (3/4,1) € A2,
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2 The basic notions of algebraic geometry

Below we give the basic definitions of universal algebraic geometry. For
more details one can recommend |1, 2, 3.

An equation in the language £ is an atomic formula of L. A system
of equations (system for short) is an arbitrary set of equations. A system
depending on the variables X is denoted by S(X). Recall that we will
consider only systems which depend on a finite number of variables.

Remark 5. As the order x < y is expressible by the equation x Ny = x,
further we suppose that systems may include inequalities of the form x < y.

Let us give the main definitions of universal algebraic geometry.

The set of solutions of a system S in an L-semilattice A is denoted by
V4(S). If a system has not a solution in A it is called inconsistent over A.
If S contains only one equation 7(X) = o(X), we will omit brackets and
write V4(7(X) = o(X)) instead of V4({7(X) = o(X)}).

A set Y C A™ is called algebraic over A if there exists a system S(X)
such that Y = V4(S). A nonempty algebraic set is said to be irreducible if
it is not a proper finite union of algebraic sets.

Systems are called equivalent over the L-semilattice A if they have the
same set of solutions in A.

An L-semilattice A is said to be equationally Noetherian if for each
system S (even for inconsistent) there exists its finite subsystem Sy which is
equivalent to S over A. The class of all equationally Noetherian £-semilattices
is denoted by N.

The following three definitions generalize the equationally Noetherian
property.

An L-semilattice A is said to be weakly equationally Noetherian if for
any system S there exists a finite system Sy which is equivalent to S over A
(here we do not assume Sy to be a subsystem of S). Denote by N’ the class
of all weakly equationally Noetherian L-semilattices.

An L-semilattice A is called q,-compact if for any system S and any
7(X) = 0(X) such that V4(S) C V4(7(X) = o(X)) there exists a finite
subsystem Sy C S with V 4(Sp) C VA(T(X) = o(X)).

An L-semilattice A is u,-compact if for any system S and any finite set
of equations 7;(X) = 0;(X) (1 < i < m) such that

Va(S) € UVA(Tz'(X) = 0;(X)),
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there exists a finite subsystem Sy C S with
Va(So) € [ JValni(X) = 0:(X)).
i=1

The classes of all q,-, u,-compact L-semilattices are denoted by Q,U
respectively.

The next figure explains the inclusions of all classes defined above. Notice
that Q NN’ = N (see the proof in [3]).

Figure 1.

Definition. [4] A system S over an L-semilattice A is called an E)-system
if § has exactly k solutions in A, but the solution set of any finite subsystem
So C S is infinite.

The following theorem contains a necessary condition of u,- and q-
compactness and was proved in [4].

Theorem 6. [4] Suppose A is a q,-compact L-algebra, then for k € {0,1}
there are not Ej-systems over A. If A is u,-compact, then for any k € N
there are not Ej-systems over A.

3 Equationally Noetherian property

The description of equationally Noetherian linear ordered L-semilattices
immediately follows from the next criterion proven in [6] for an arbitrary
L-semilattice.

Theorem 7. [6] An L-semilattice A is equationally Noetherian iff the sub-
semilattice C generated by the constants {c;|i € I} is finite.

Example 8. Form Theorem 7 if follows that the L-semilattice A., defined
i Example 1 1s not equationally Noetherian.

Indeed, consider the sequence of constants {c;|i € Iy} which tends to 0,
hence the infinite system S = {x < ¢;|i € Iy} is not equivalent to any finite
subsystem.
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4 Decompositions of systems
In this section we study the simplifications of systems over linear ordered
L-semilattices. The results of this section will be used in Section 6.

Definition. An infinite system S(X) over a linear ordered L-semilattice A
is called homogeneous if there exist coefficient-free terms t(X), s(X) such
that each equation of S is one of the following:

t(X)ANa; =s(X)Aby;
t(X) = s(X) Aby;
t(X)

4. t(X)Na; =s(X)ADb;;
where aj, b; are constants.

Definition. A homogeneous systems S(X) = {t(X)Aa; = s(X)Ab,|j € J}
15 called ordered if the one of the following conditions holds:

Naj = s(X);

1. a; < bj for all equations of S;
2. a; > b; for all equations of S;
a; = b, for all equations of S;
all equations of S are t(X) Na; = s(X);
all equations of S are t(X) = s(X) A bj;

S oA e

all equations of S are t(X) N aj; = b;.

Remember that we apply the notions “homogeneous” and “ordered” only
to infinite systems.

Remark 9. By definitions, each homogeneous system is represented as a
union of at most six ordered systems.

The following lemma comes from Remarks 3, 9.

Lemma 10. Let S(X) be an infinite system over a linear ordered L-semilattice
A. Then S is represented as a finite union

S=8USU...US,US, (2)
where S; are ordered, S is finite.

Proof. Straightforward. One should apply that any ordered system is defined
by coefficient-free equation, and the number of such equations is finite. [
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5 The solutions of some equations and ordered
systems over a linear ordered L-semilattice

Below we write the solutions of equations and ordered systems depending
on at most two variables in a linear ordered L-semilattice A. Always when
we denote the constants by a,b we assume a < b. Let us write down the
solutions of such equations

xANa=Db)=0;
xAb=a)={a};

Voa(
Va(
e Vy(rha=2x)=Vay(xNa=zAb)={x <a};
Valzna=yAb) =Va(zha=y)={(z,2)lr <a}U{(z,a)|lz > a};
Va(

o rANa=a)={r>a}l;

o Vy(rNha=yAa)={(x,z)| for an arbitrary z} U {(z,y)|z,y > a};

Let us solve infinite systems depending at most two variable in a linear
ordered L-semilattice A (below we assume a; < by).

1. § ={x A a, =bg|k € K}. Obviously, S is inconsistent and equivalent
to its arbitrary equation.

2. § = {x Aby = ai|k € K}. Since the solution of the equation = A by, =
ay, is equal to {a;}, the system S is consistent iff all equations of S
have the same right parts. The consistent system & is equivalent to its
arbitrary equation; the inconsistent system S is equivalent to a pair of
its equations x A by, = ag,, © A by, = ag, with k; # k.

3. If any equation of the system S = {zAa, = yAbg|k € K} has the same
left part za then S is equivalent to its arbitrary equation. Otherwise,
S is equivalent to the system {z < ay|i € K}.

Remark 11. An arbitrary ordered system {t(X)Aa; = s(X)Ab;} is obtained
from the systems considered above by the substitution x = t(X),y = s(X),
where X,y are new variables.

Further we will assume that ordered systems S; in the decomposition (2)
consist of the equations t(X) < a;, t(X) > a;, t(X) Aa; = s(X) A a;, since
the another types of ordered systems are equivalent to these ones. Thus,

S=8USU...US,US, (3)

where Sy, is either {t(X) < aglk € K;} or {t(X) > ax| € K;} or {t(X)ha; =
s(X) ANaglk € K}.
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6 q,- and u,-compactness

Definition. A subset S of a linear ordered L-semilattice is called an algebraic
segment if S is one of the following (a,b are constants)

1. S = (—oco,b] = {z < b};
2. S=l[a,+o0) ={a< z};
3. S=labl=a<z<b}.
4. S =(—00,400) =A;

The empty set is an algebraic segment, since ) = [a,a). Indeed, any
algebraic segment is an algebraic set.

Let A be a linear ordered L-semilattice and k£ a natural number. A set
S C A is said to be Ej-segment if it is an intersection of infinitely many
algebraic segments {S;|i € I} such that |S| = k, but for any finite set of
indexes I, C I the set ﬂie I S; is infinite.

As every Ej-segment is an infinite intersection of algebraic sets, it is also
algebraic.

Example 12. Let A., be the L-semilattice from Example 1. Suppose {c;} C
Q is the sequence of constants which tends to 0. Therefore, the intersection
Nie; (=00, ¢;] defines an Ey-segment {0}. Similarly, the intersection ;2 [c}, ¢;]
defines an Eg-segment if {c;},{ci} tend to the same irrational limit (recall
that A., consists of rational numbers). Let N > 1 be a natural number from
Aez. If we add to A., a mew constant which is equal to N we obtain the
En-segment defined by (\;=,[ci, N], where the sequence {c;} tends to 1.

Remark 13. Let A be a linear ordered L-semilattice. Obviously, every Ej-
segment defines a Ey-system S over A depending on a single variable and
vise versa. According Theorem 6, we have

1. if there exists an Egy- or Ei-segment over A then A is not q.-compact;

2. if for some k € N there exists an Ej-segment over A then A is not
u,,-compact;

Remark 14. Below we assume that a system S is decomposed by (3).

By L; we denote the intersection of segments defined by the ordered
system §;, i.e.
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L Ly = (eflei, +00) if S; = {t(X) > cifi € I} or §; = {t(X)c; =
s(X)c;li € I}

2. Ly = Mer(—00, e i S = {(X) < cfi € T}

The sets L; are called the limit segments of the ordered systems S;.
According the definition, any limit interval is half-infinite.

Example 15. Let A., be the L-semilattice from Example 1. Consider a
system S, over A., which consists of the equations

{ZE < CZ|Z c ]O}U{y < CZ‘Z € IK+}U{y > CZ‘Z c I,if}U{Z > CZ|Z c ]1}U{I' < y/\Z},

where Iy, 1.+, I.—, Iy are infinite subsets of naturals, Kk is an irrational number
from the interval (0, 1), and

lim ¢; =0, lim ¢; =1, lim ¢; = lim c; = &,
1—»00, 1—00, 1—00, 1—00,
il ich iel iel

c,<k<cjforanyi € l,—, j€ .

The system S, is decomposed by S., = Sog U S+ US,.- US1 U 5, where
So={r<cliel}, S;+ ={y>clie l;+}, Su- ={y<cilie .-}, S =
{z>clie L}, S = {x <yAz}. The limit segment Lq of the ordered system
So equals {0}. Similarly, L.+ = (0,k], Ly.- = [k, +0), L1 ={1,2,...}.

Thus, Lg is an Ey-segment. The intersection of L.+ and L.+ is also an
FE-segment.

Remark 16. Let L C L; be a finite intersection of segments from a finite
subsystem S; C S;. We will also call L), a limit segment of S;.

The next lemma is obvious and its proof is omitted.

Lemma 17. Suppose a constant c does not belong to a limit segment L;.
Then there exists a finite subsystem (below S C S;, where S; is defined by
formula (3))

S=SUS,U...uUS, US (4)

such that ¢ does not belong to L, where L} is a limit segment of the finite
subsystem S;.

Lemma 18. Let A be a linear ordered L-semilattice without Fy-segments.
/

If limit segments L, L’; have a nonempty intersection for any finite sub-

system 8" C S, then L; N L; # 0.
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Proof. Assume the converse, i.e. L; N L; = (). Then S; US; is a Ey-system
that contradicts with the condition of the lemma. O

Remark 19. Further we assume that the finite subsystem 8" C S satisfies
the following two conditions.

1. Let C be a finite set of constants. According Lemma 17, one can assume
that any limit segment L. of the finite subsystem (4) does not contain
any constant ¢ € C which does not belong to a limit segment L;.

2. Following Lemma 18, for a linear ordered L-semilattice without Fy-

segments we claim that the limit segments L;, L. of S intersect iff
LN L; #0.

Example 20. Let S, be the system from Example 15. The limit segments
Lo, L.~ do not intersect, hence one can choose the finite sets {c;|i € I}, C
In}, {cili € I'_ C I,-} such that the segments Li, L'._ have the empty
intersection. Similarly, there exist segments Ly, L' . with Ly N L', = 0.
For distinctness we assume further that the segments Ly, L' _, L' . L' equal
[0,0.25], [0.3,+00), [0,0.5], [0.75,400) respectively, where r equals 1/ =~
0.3183.

Let A be a linear ordered L-semilattice, P a point (p1,ps,...,pn) € A",
and C a finite set of constants. Consider a point Q = (¢1, ¢z, - - -, qn), where
q; satisfy the following conditions

L p <pj;ift g < qy;
2. p; = p; then ¢; = g;;
3. ifp; <ceCiff g <c;

The point @ is called a C-shift of the point P. Notice that the definition of
a shift implies p; = c iff ¢; = ¢ for any ¢ € C.

Correspondingly, () is a C-strict shift if the first two conditions above
are replaced by

pi < pj;ift ¢; < g;.

Example 21. Let S., be the system from Example 15. In Fxample 20 we

defined the finite subsystem S.,. Let C = (0.1,0.4,0.6,0.9). The C-shifts

of the points P, = (0.3,0.4,0.8), P, = (0.09,0.08,0.2), P; = (0.3,0.55,0.8),

Py =(1,2,3) are Q; = (0.11,0.4,0.9), Q> = (0.1,0.1,0.1), Q3 = (0.4, 0.6,0.8),
Qs = (0.9,0.9,1) respectively (recall that a C-shift is not unique). The C-

shifts of the points Py, P3 are strict.
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Remark 22. By definition, any shift determines a map ¢ over the set {p;}
such that ¢ preserves the equality and order relations. For a strict shift
the map ¢ is injective. According Remark 4, ¢ preserves the values of every
coefficient-tree term t(X). For an arbitrary term 7(X) we have 7(P) = 7(Q)
if its constant belongs to the set C. Thus we obtain the next lemma.

Lemma 23. Let P € A" be a solution of a finite system S over a linear
ordered L-semilattice A. Then any C-shift (or strict C-shift) Q of the point
P is a solution of S, where the finite set C contains all constants of the
system S.

Let Ly, Lo, ..., L,, be the limit segments of the ordered systems &1, Ss, ..., S,.
The finite subsystem &’ is defined by (4) and L7, L), ..., L], are the limit
segments of the systems &7, S5,...,S),.

Suppose a point @) is a C-shift (strict C-shift) of a point P = (p1,p2, ..., pn) €
A". The point Q = (q1, q2, - - -, qn) € A" is called a limit shift (correspondingly
limit strict C'-shift) if for any coordinate p; we have p; € L;» iff ; € L;.

Example 24. Let S, be the system from Example 15. The limit segments

L. of the finite subsystem S' were defined in Example 20. As above C' =
(0.1,0.4,0.6,0.9), P, = (0.3,0.4,0.8), P» = (0.09,0.08,0.2), P; = (0.3,0.55,0.8),
P, = (1,2,3). The points Q1 = (k,k,2) (recall Kk = 1/7), Q2 = (0,0,0),
Qs = (k,0.6,1), Q4 = (1,4,8) are limit C-shifts of P;. Moreover, Q3, Q> are
strict.

Lemma 25. Let P = (p1,pa,...,pn) € A" be a solution of a finite system
S'. Then any limit C-shift (or limit strict C-shift) Q of the point P is a
solution of S, where the finite set C' contains all constants of the system S.

Proof. By Lemma 23, @ € V4(S). Let S; be an ordered subsystem of S.
Without loss of generality one can assume that S; is a system {t(z) > ¢;|i €
I'} with the limit segment L; = [,.;[c;, +00). Suppose the variable z defines
t(X) at P (hence x € Lf). According Remark 22, x defines t(X) at Q.
Since z(Q) € L;, we obtain t(Q) € L;, hence @ € V4(S;). Finally, we have
Q e VA(S) U

Now we are able to prove the criteria of u,- and q,,-compactness for linear
ordered L-semilattices.

Theorem 26 (The criterion of u,-compactness). A linear ordered L-semi-
lattice A is u,-compact iff there is not any Ey-segment over A for every

ke N.
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Proof. Following Remark 13, the existence of an Ej-segment (k € N) implies
A¢U.

Suppose now there is not an Ej-segment over A for any k € N. Let us
prove A € U.

Let & be an infinite system (3) over A. Consider a set of equations
7(X) =01(X),...,n(X) = 0,(X) such that

Va(S) € UVA(Tz‘(X) = 0i(X)).

Let &' C S be a finite subsystem defined by formula (4). One can suppose
that S’ satisfies Remark 19, where the finite set C' consists of all constants
which occur in the equations S U J\_ {(X) = 0:(X)}.

The proof of the inclusion

l
Va(s) € UVA(Ti(X) = 0,(X)) (5)

provides the proof of the whole theorem.

If §’ is inconsistent it is equivalent to S and the inclusion above holds.

Otherwise, let P be an arbitrary solution of &’. Firstly we prove that
there exists a limit strict C-shift of P.

Suppose the value p; of a variable x; belongs to the limit segments
L, L,...,L; Let L = ﬂ;‘:l L;;. According Lemma 18, L # (. Let ¢;, ¢, €
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C satisty ¢; < p; < ¢, and the segment [c;, ¢,.] does not contain any constant

from C.

By definition of a strict C-shift, one should map p; into LN [¢;, c,]. As A
does not have Ej-segments, |L N [c;, ¢,]| = co. By definition of a limit strict
C-shift, one should map into the set L N [c;, c,| all variables x;,, x;,, ..., z;,
with the values ¢; < p;; < c,. Since the set L N [c;, ¢, is infinite, one can do
it preserving the equality and strict order relations.

Thus, there exists a limit strict C-shift () of the point P. By Lemma 25 @)
is a solution of S. Hence, @ € V 4(7;(X) = 0;(X)) for some i. One can apply
Lemma 23 to 7(X) = 0;(X) and Q. Therefore, P € V(7;(X) = 0,(X)),
and inclusion (5) holds. O

Corollary 27. A linear ordered L-semilattice A is u,-compact iff there is
not any one-variable Ej-system with k € N.

Proof. Straightforward. Recall that any limit segment is defined by a system
in one variable. H
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Theorem 28 (The criterion of q,-compactness). A linear ordered L-semi-
lattice A is q.,-compact iff there is not any Ej-segment with k =0 or k = 1.

Proof. Following Remark 13, the existence of an Ej-segment (0 < k < 1)
implies A ¢ Q.
Suppose now there is not any Fj-segment over A for 0 < k < 1. Let us
prove A € Q.
Let S be an infinite system (3) over A. Let us take an equation 7(X) =
o(X) such that
ValS) € Va(r(X) = o(X)).

Consider a finite subsystem &’ C S defined by formula (4). One can
suppose that the system &’ satisfies Remark 19, where the finite set C
consists of all constants which occur in the equations S U {7(X) = o(X)}.

The proof of the inclusion

Va(S') € Va(r(X) = o(X)) (6)

provides the proof of the whole theorem.

If §’ is inconsistent it is equivalent to S and the inclusion above holds.

Otherwise, let P be an arbitrary solution of §’. Assume the converse, i.e
P ¢ VA(1(X) = o(X)). Without loss of generality one can put 7(P) < o(P)
and the variables x1, x5 define the terms 7(X), o(X) at the point P (similarly
one can consider a constant which defines the term 7(X) or o(X)).

For any point p; the intersection of all limit segments {L};[1 < j <
n;} containing p; is nonempty. As there are not Ey-systems over A, all
intersections L) = ﬂ;lzl L;; are nonempty. Hence, if we map a coordinate
p; into the limit segment L® we obtain the point () which is a C-shift of P.
If LM N L® =) we have q; # ¢o. Assume that LO N LA =L # (. As L is
not a Ey- or Ej-segment, we have |L| > 2, hence L) U L® > 2. It follows
that one can map py, po into LY U L) with ¢ # ¢o.

Thus we obtain the point @) with the coordinates ¢; # ¢o. Hence, 7(Q) <
0(Q). However, by Lemma 25, we have Q € V 4(S) that contradicts with
the inclusion V4(S) C V4(7(X) = a(X)). O

Corollary 29. A linear ordered L-semilattice A is q.-compact iff there is
not any one-variable Ey-system with k =0 or k = 1.

Proof. Straightforward. Recall that any limit segment is defined by a system
in one variable. O
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7 Weak equationally Noetherian property

Theorem 30. Let C C A be the subsemilattice generated by the constants.
A linear ordered L-semilattice A is weakly equationally Noetherian iff

1. every set of constants {c;, € Cli € K} has the upper bound in C or it
is unbounded above in A;

2. every set of constants {cj, € C|i € K} has the lower bound in C or it
is unbounded below in A;

Proof. Let us prove the necessary condition. Assume there exists a set of
constants {cg|k € K} such that it has not the supremum in C, but the
system S = {x > ci|k € K} is consistent (similarly, one can consider a set
without the infimum in C).

Assume S is equivalent to a finite one-variable system Sy. The system Sy
does not contain the equations x = c, since the solution set of S contains non-
constants. Therefore, the Sy consists of the equations {z > ¢;|1 < j < m}
and & is equivalent to the single equation x > /\;ﬂ:1 c;. Hence, the element

A=, ¢; is the supremum of {ci[k € K}. We came to the contradiction.

Now we prove the sufficient condition. According to decomposition (3),
it is sufficient to prove that any ordered system S is equivalent to a finite
system.

Suppose S = {t(X)cr = s(X)cg|k € K} (similarly, one can consider
another types of ordered systems). It is easy to check that for the unbounded
above set {ci|k € K} the system S is inconsistent. Hence, it is equivalent to
the equation ¢; = cy. Otherwise (the set {ci|k € K} has the upper bound
c), S is equivalent to the equation ¢(X)c = s(X)c. O
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BBenenue

OJIHUM U3 OCHOBHBIX KJIACCOB, U3y4YaeMbBIX B TEOPHU MOJeJIel, sIBJISeT-
Csl KJIAaCC CYETHBIX MOJIeJIell, Jjisi KOTOPOI'o UCCIIEJyeTcsl ero CTPyKTypHas
kiaccudukanus. B kuure [1] nokazano, uro jobast caeTHast MOJEb MAJION
Teopuu (T.e. TeoOpuu CO CHETHBIM YHUCJIOM THIIOB Ha/l ITyCTbIM MHO)KeCTBOlVI)
IIPOCTa Ha/J HEKOTOPBLIM KOPTE2KOM MJIM IIpEAe/IbHa, T.€. IPEACTaBJ/IACTCA B
BUJle O0bEeIMHEHNs CYeTHOM IIeNN IIPOCTBHIX HaJ KOpTeXKaMU Mojeseil u He
n30MOp(dHa HUKAKOH MPOCTO MOJE/N HH HaJl KAKUM KOHEYHBIM MHOMKE-
CTBOM. B 3T0il ke KHUT'e IpuBejeHa KOHCTPYKIUS, O3BOJIAIOIIAA CBOIUTH
U3yUeHUe OCHOBHBIX XapaKTEPUCTUK MaJIbIX Teopuii, T.e. map (cucrema TUIIOB
n3oMopdu3Ma IIPOCTHIX Ha/l KOPTEXKaMu MoJie e, (pyHKIMs pacipeIe/IeHIs
qHCIIa MIPEJIEJIbHBIX MOJIesIeil) K n3ydeHuio hakTopu3amuii CAMBOJIBHBIX II0-
CJIeIOBATEJILHOCTEN 110 MHOYKECTBAM CJIOBAPHBIX TOXKJECTB.

ITpr sTOM mHOKa3aHO, YTO BOIPOC O peaH3allii OCHOBHBIX CTPYKTYD-
HBIX XapaKTCPpUCTUK ITOJIHBIX TeOpI/Iﬁ C KOH€YHBbIM YHCJIOM CYCTHBIX MO,ZLeHefI
CBOJUTCA K I‘pa(bOBbIM IIOCTpOEHUuAM, OCHOBaHHBIM Ha CbaKTOpI/ISaHHHX I10-
CJIEZIOBATE/ILHOCTEH 110 MHOXKECTBAM CJIOBAPHBIX TOXKIECTB. V3ydenuro sTux
bakTOpH3aImii ¢ IeJIbI0 MOIYYeHUsI COOTBETCTBYIONMNX I'PAdOB, MMEIONIIIX
3a/laHHOE YHCJIO KOMIIOHEHT CBA3HOCTHU U 33JIaHHBIE JMAMETPBI 110 KarK IO
KOMIIOHEHTE, ¥, TeM CaMBbIM, /I IIOCTPOEHUS 3aJJaHHOIO YHCJIa IIPEJIe/Ib-
HBIX MOJIEJIEl, OIPeIe/IsieMOro YMCJI0M KOMIIOHEHT CBA3HOCTU Heoprpada Ha
COOTBETCTBYIOIIEM (haKTOP-MHOKECTBE, TIOCBsIIeHa paboTa [2].

*Pabora BbimosHena npu dunancosoit nmomuepxkke Cosera 1mo rpanrtam IIpesmgenta
PO nna nomep:kku Berymux HaydIHBIX mKoJj, mpoekT HIIT-3669.2010.1.
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B [1, § 3.5] u B pabote [2| onpegernena oneparnus, I03BOJIAIONA 110 CH-
creMe CJIOBapHbIX ToxkaecTB I crpouth rpad G(I) Ha HEKOTOPOM (hbaKTOP-
MHOKECTBE MHOXKECTBa IIOC/IEI0BATEILHOCTEN U3 W* 1 10 YUC/Yy KOMIIOHEHT
cesiznoctu rpada G(I) onpenensits uncio I;(T, p) npeaeabHbIX Mojieeit cne-
yuaavrot Teopun T Haj HEKOTOPBIM THIIOM P 3TO TEOPUH.

Jannas pabora siBJISIeTCS TIPOJIOJZKEHUEM HAUATBHIX B [2] nccienoBanuii,
CBABAHHBIX C IPEAMKATHBIM HOT00MEM IPEACIbLHBIX MOJIEICH U IUCIOM IIpe-
JIEJIbHBIX MOjIesIell Teopuii, MoJIydaeMbIX OTOXKIECTBIEHUSMU CUIHATYPHBIX
CUMBOJIOB. B Heil nccieyercss BOIPOC O BIMSAHUN HPEIUMKATHOTO TOJ00UsT U
OTOKJIECTBJIEHHs] CUTHATYPHBIX CUMBOJIOB Ha B3aUMOCBA3b IPEIETHHBIX MO-
Jlesieit M, B 9aCTHOCTHU, BOIIPOC O YUCJIE KJIACCOB KBUBAJIEHTHOCTHU MIPEJIE/Th-
HBIX MOJIeJICH HaJl 38 JaHHBIM TUIIOM 110 OTHOIIEHUIO IIPEJINKATHOTO MOI00Us
HOCJIe OTOXKICCTBICHIA CUTHATYPHBIX CUMBOJIOB.

1 IIpemukarHOe 11Og00ME ITPEaeIbHBIX MOdeeii
IIPU OTOXKECTBJIEHNSIX CUTHATYPHBIX
CHMBOJIOB

B pabore 63 mosicHeHII HCTIOJB3yeTCst TepMuHoJorns u3 Kuur [1],[3]-[5].

1.1 OcHoBHBIE oIIpe/ie/IeHus

PacemoTpuM MHOXKECTBO BCEX YHCJIOBBIX MTOCJIEI0OBATEIBHOCTEH WY 1 110~
ayrpyty So = (W5 ™), cocTosInyio u3 BceX Henycmolr cJIoB andaBuTa w I
onepanuu ~ KoHkaTeHanuu. Eciam wy, u wy — ciaoBa uz W, popmynna wy ~ wo
KaK OOBITHO Oy/IeT Ha3bIBAThCA mooicdecmeom. s mannoro muoxkecrBa [
TOXKJIECTB w{ R w%, J € J, comepkallero MHOXKECTBO [j BCEBO3MOXKHBIX
TOXKJIECTB BUJIA W A W, OIUPEJIETUM MHOXKECTBO TOXKJIECTB, BBHIBOJUMBIX U3
1. ToxkaecTBO Wy /X Wy HA3BBIBACTCA 6bl600UMbBIM U3 I, €C/in CYIIecTByeT KO-

HeuHasl 110C/Ie0BaTe/IbHOCTb TOXKIECTB Wi & ws, ..., wt ~ wh Takas, yro

wh = wy, wh = wy 1 MOGoe TOKAECTBO U3 FTON MOCIIENOBATEILHOCTH TIPH-
HaJIeKUT | WM TIOy9aeTcsa U3 IPeIbLIYIIX TOXKICCTB IPUMEHEHHIEM OJ1-

HOI'O U3 CJIEeJAYIOIUX IIpaBUJI BbIBO/IA:

w1 =~ Wo

1) ——, e wy, wp € W
W =~ W7
W1 = Wa; W2 =~ W3

, TIe wy, wa, w3 € W,
w1 ~ Ws
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Wy R we; Wy A wh

3)

/ / .
- —=, TJe wy, wy, wa, wy € W,
W1W] = Waly

wWiwy A Wiwh

/
4) ——, IJle Wy, wa, wy € W.

B nmanbreiiiem OyyT paccMaTpUBaTbCsi MHOXKeCTBa TOxkJecTB I DO I,
3aMKHYTbIE OTHOCUTE/IHHO BBIBOJIMMOCTH. JI1060€ MHOXKECTBO TOK,1ecTB [ Ou-
exTuBHO noJtyrpymie Sy = (W; ") /I, koropast sIBJIsleTCst Pe3yIbTaToM (haKkTo-
pusaInuu  [MOJyrpymHibl Sy 1O CJIEAYIONEMY OTHOIICHWIO KOHIPYSHIIUN
~r:

wy ~y wy & (wy A we) € 1.

Onpenenmm pakTOPU3AIUA MHOXKECTBA W, COOTBETCTBYIOIINE MHOZKE-
crBam ToxzectB . JIBe mocnenoBarenpHOCTH fo M f; M3 w“ HA3LIBAIOT-
cst noumu 00unakosvMu (00UHAKOEbIMU), €CIIN CYIIECTBYIOT TaKue YUC/Ia
lo,ly €w (lg =11 =0), aro fo(n+1lo) = fi(n+1y) pst mo6bIx n € w. [Toce-
JIOBATEJILHOCTH fo U f1 HABBIBAIOTCA 0E3YCAOBHO CUAHO | -2K6UBAAEHMHDLMU
(COOTBETCTBEHHO cuavho [-oK6uUSaACHMIBIMY), ecn f; OJuHAKOBA (IIOYTH
OJIMHAKOBA) CO CYETHO KoHKareHarweil cioB w” € W, m € w, 1 = 0,1,
IJie TOXKJIeCTBO Wy ~ wi" npunajyiexxur I, m € w. llocnaenosarensuocru f
u f' maswiBatorcs (6e3ycaoeno) I-sK6usasermuvLMu, €CI CyIecTByeT Mo-
clreIoBaTe/IbHoCTh fo, f1,. .., fn € W¥, B KOTOPOIt fo = f, fu = [, fiu fis1
(6€3yCcJIOBHO) CHIIBHO [-5KBUBAJICHTHBI j1j1st Jiioboro ¢ = 0,...,n — 1.

OueBn/IHO, UTO €CJIU HOCIEI0BATEILHOCTH OE3yCIIOBHO (CHIIBHO) [-9KBH-
BaJICHTHDBI, TO 9THU I10CJICI0BaTCJIbHOCTHU (CI/I.HBHO) I—SKBI/IBaHeHTHbI.

Ha muozkecrBe M Beex K/IACCOB [ MOUTH OJMHAKOBDIX [I0C/IEI0BATCIBHO-
creii onpeiesinm Heoprpad G(I), COOTBETCTBY IO MHOKECTBY TOXKIECTB 1.
TBa kiacca fo, fi € M GyaeM HASBIBATL CMENHCHbIMU, €CIIN HEKOTOPBIE 110-
CJIEIOBATEJIBHOCTU (o € fo " gy € fl cJIbHO [-3KBUBaAJIeHTHBI. [Ij1s1 KaxK10it
koMroHeHTsl cBstsHocTn C' rpada G(I) wepes d(C) Gymem obo3HavdaTh ee
JIAAMET].

Hamomuum, aro xaukot rpada G Ha3bIBaETCS MOAMHOXKECTBO MHOZKE-
crBa BepmmH rpada (G, y KOTOPOro BCe pa3/IMYdHble BEPINUHBI SBJISIOTCSH
CMEZKHBIMU.

[ociieoBarebHOCTD [ € WY HA3BIBAETCA NEPUOIUUECKOT C TIEPUOJIOM W
u obozHavaercst yepes (w), ecim f=w w w” .. ..

3ameuanue. Ecin MHOXKeCTBO TOXK/IecTB I HeTpUBHAJBLHO, T.€. COJIEp-
JKUT TOXKJIECTBO Wy & Wy, Wy 7 wy, To Kiaace uz G(I), comepxxaiiuii moce-
JIOBATEJILHOCTD (Wp), IPUHAJJIEKUT KOHTHHYaJbHON Kimke. /leiicrBuresib-
HO, €CJIU B MTOCJIEIOBATEIBHOCTH (1)) 3aMEHITH HEKOTOPBIE KOIIUH Wy HA W1,
TO IIOJIYHYUTCA CUJIbHO 9KBUBaJICHTHad K (wo) I10CJIe 10BAaTC/IbHOCTD. CLH/ITaH,
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9TO M- KOIUs Wy KOJIUPYETCcd HyJIeM, a Pe3yabTaT ee 3aMeHbl Ha W KO-
pyeTcd eMHUTIEH, MOoJIydaeM BCEBO3MOXKHBIE TIOCJIE/IOBATEILHOCTH HYyJel 1
eJIMHUIL, OIPEJIeJISIOIINe TIONAPHO PAa3JInIHble cMeyKHbIe BepimHbl u3 G(I).

O6osnaunm 4epes ¢(I) mormuocts |w®/I], u 910 3HaYeHNE GyeM Ha3bI-
BATDb “YUCAOM KOMNOHEHI CEA3HOCTNU HA MHOYKECTBE W® 110 MHOXKECTBY TOXK-
nects 1.

[Iycte T — mekoTopasi Maaas TEOPUA, T.€. MOJHAS TEOPUs, UMEIOIIas
cuerHoe 1ucso Tunos Hay &, p — tun u3 S(7T). Hamomuum [1], aro mozaennb

M reopun T masbiBaercst npedeavroti nad munom p, eciu M = |J M, nist
new
HEKOTOPO# 31eMenTapHoil nenu (M, ),e, TPOCTHIX MOJeseil HAJl TUIIOM P U

MoJiesib M He m3oMopdHA HUKAKOW MPOCTOH Mojien HaJi KopTexKeMm. dunc-
JIO TIOIIApHO HEM30MOPQHBIX IIPEJICIbHBIX MOJieeil Teopun 1’ HaJl TUIIOM P
oboznauaercst uepes [;(T, p).

Yuc10 KOMIIOHEHT CBA3HOCTH Heoprpada Mpu pacCMOTPEHHBIX BBITIE (haK-
TOPU3AIUAX TTOCEOBATEILHOCTEH 110 MHOYXKECTBaM CJIOBAPHBIX TOXKJIECTB
[IO3BOJISIIOT TOBOPHUTL O YHC/IE TPEJCTbHBIX Mojesiei. PakTop-MHOXKECTBO
w¥/I MHOXKecTBa W* MO OTHOIIEHUIO [-5KBUBAJIEHTHOCTH OUEKTHUBHO TEO-
pUsIM, TTOJIY9IEHHBIM TTOMAPHBIMEI OTOXKICCTBICHUSIMU TEHEeil JJIsT BCEX TOXK-
JIECTB U3 MHOYKECTBa 3aJIaHHBIX TOXKJIECTB. BcjescTBue Yero 4mcjio KOM-
[IOHEHT CBSA3HOCTHU Heoprpada siBISETCS TUCIOM IPEJICIbHBIX MOJIeIeil Hal
HEKOTOPBIM TUIIOM.

[Tpusenénnbie B KHure [1| KOHCTPYKIMU TEOPHil € 38 [aHHBIM KOHEIHBIM
YHUCJIOM CYETHBIX MOJIeJieli OCHOBaHbI Ha (haKTOPU3AIUSX, CBOJAIIMX UUCIIO
PEJIe/IbHBIX MOJIEJIEH Ha| TUIIOM K YUC/Iy HESKBUBAJEHTHBIX KOHCTAHTHBIX
IOCJIEA0BATEJIbHOCTEM.

Hasiee MbI OyJ1eM paccMaTpUBaTh MPEJIe/IbHBIE MOJIEIN Hal (DUKCUPOBAH-
HBIM TUIIOM P ¥ CYUTATH, YTO IpeJesibHble Mojen M Ha| TUIOM P B3AUMHO
OJIHOBHAYHO COOTBETCTBYIOT KOMIOHeHTaM cBsizHoctu C' rpada G(I) rtak,
9TO HEKOTOPasi MOCIEI0BATEIBHOCTD (@) )new JABYXMECTHBIX MPEIUKATHBIX
cumsosioB teopun Th(M) sazaer rpad G(I) cormacmo [1, § 3.5].

Mogyiesnib M npeduxammo nodobrna mopenu N, ecoiu M 1mojydaercd u3
N HeKOTOpOii IMepecTaHOBKON MpEeINKAaTHBIX CHMBOJIOB. ToXKaecTBaM BHIa
m & n, m,n € w, COOTBETCTBYIOT OTOXKJIECTBJICHUsI CUTHATYPHBIX CHMBO-
J0B Q,, 1 (), Teopun T'. B pesyiabrare TakKux OTOXKJIECTBJIEHHI 00pa3yeTcs
cneyuasvras reopus T’ u tun p', COOTBETCTBYIOMINIA THILY P.

1.2 OcHoOBHOI1 pe3yJIbTaT

B pabore [2] nokazana ciejyromias TeopeMa.
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Teopema 1. /Lias jroboro He 6osee dem cderHoro Heoprpacpa G, mme-
forgero 3ajanaoe qncyao ¢(G) KOMIIOHEHT CBSI3HOCTH U 3a/IAHHBIC BEJTHIHHbI
auamerpos {d; | i < ¢(G)} mo coorBeTcTBYyIOMUM KOMIIOHCHTAM CBSI3HOCTH,
cytecTByer MHOXKeCTBO Toxkjects I rakoe, aro rpad G(I) rakxke couep-
JKHT ¢ KOMITOHEHT CBSI3HOCTH, UMeeT Te ke juamerps d;, i < ¢(G), 1o Bcem
KOMITOHEHTaM CBSI3HOCTH, H Ka’KJias KOMIIOHEHTa CBsI3HOCTH rpaga G m30-
MOPHO BKJIAIBIBAETCS B COOTBETCTBYIONLYIO KOMITOHEHTY CBS3HOCTH rpaga
G(I), npuyem pasHble KOMIIOHEHTHI IIEPEXOJSAT B DA3HBIE.

OCHOBHBIM Pe3yJIbTATOM JAHHON PabOTHI SIBJISETCS CJIEIYIONIAd TEOPEMA.

Teopema 2. /ly1s1 1106bIX HEHYJIEBBIX, He 60JIee 9eM CIeTHBIX MOII[HOCTEEH
Aiy @ < o0, Ny S g, e i <, e € (w\{0}) U{w), A =1, 1\, j <47,
i€ (W\{0H)U{w}, Xy =1L pre N <A\, A= 3 A\, X' = > N, cymecryer

i< i<

crieruasibHast eopusi T ¢ Tunom p, y koropoii Ij(T, p) = X, umeercss poBHO
» + 1 KJIaccoB 9KBUBAJIEHTHOCTH S; HPEJCJbHBIX MOJEICH 110 OTHOIICHHIO
npeaukaTHOro mojobus u |S;| = N\;, i < 3, a rakxke cymecrByer teopust T"
u tui p rakme, yro T’ mosy4qaercs uz T OTOXKIECTBICHUSIMH CUTHATYPHDBIX
cumBoJIoB, p' coorsercrByer tuiy p, Li(T',p') = N, umeercss poro »' + 1
K/IACCOB 9KBUBAJICHTHOCTH S’ IPEJICIBHBIX MOJIC/ICH 110 OTHONICHHIO IPE/IU-
KaTHOro nojobus u |S| = N, j < 5.

HokazarenabcTBo. PaccMoTpuM IepBblIil cirydaii, KOrja Bce A; KOHEUHBI.
[Tocrpoum Teoputo T (MCHOJIB3Ys MOJAXOJ K JIOKA3ATEIbCTBY TEOPEMbI 1),
a TaKKe KJIACChl SKBUBAJIEHTHOCTH S;, cojepzKaline \; Ipee/bHbIX MOJIe-
Jiefl TI0 OTHOIIEHUIO IpeJauKaTHOro mnojaodus. Ilox auamerpom B Kiacce Oy-
JIeM IIOHUMATh JUAMETDP KOMIOHEHTHI CBA3ZHOCTH, COOTBETCTBYIOIIUI JII000I
HIpeJIeIbHOM MOJEIN JAHHOIO Kjacca. IlocrpouM Kiiacchl SKBUBAJIEHTHOCTH
TaKuM 00pa3oM, 4TOObI B Kjacce S; ObLI JuamMeTp, paBHBIA ¢ + 1, U B HEM
COJIEPKAJIOCH \; MpeJeNbHBIX Mojeseid. Jjisg sroro Oyaem paccMaTpuBaTh
[UKJITIECKIE [IOCIeI0BATEILbHOCTH ¢ JIMHON 1uKJa . [IpemenbHoii Moje-
m M, ; kimacca S; (Tae j 9T0 HOMep MOJEIH B KJacce S;) COOTBETCTBYET
KOMIIOHEHTa cBst3HOCTH rpada G(I) ¢ nnamerpom d; = i + 1 (pu sT0M Jyist
nocrpoenus rpada G(I) ucrnob3yeTcst MeTo I, IPEJJIOKEHHBII B cTaThe [2]).
Jlj1s1 mocTpoeHust TaKoro Kjacca pacCMOTPHUM IOCJIEI0BATETLHOCTH

f2i+1...3i = (21 + 1... 31), cey f()\i—l)i-I—l...)\ii = ((/\Z — ].)Z -+ 1... )\ZZ)

U TOXKJICCTBA
rr~ll,
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tner =1...0,l =ki+1...(k+ 1), tne k > \;. s mocrpoernst Tpeby-
emoro mumamerpa d; = i + 1 BozbMeM \;(i + 2) TaKuX MOCJIEI0BATEIbHOCTE
1 JJIS KazkJI0ro Habopa u3 i + 2 MoCc/Ie0BaTe/IbHOCTENl TTOCTPOuM Trpad, co-
OTBETCTBYIOMUI IpeseabHoit Mojemun M, ;. [ljig sToro JocTaTovHoO 3a/aTh
CHCTEMY TOXKJIECTB, 9TOOBI I'padd, 00pa30BaHHBIHM 38 TaHHBIMU UK TTIECKAMH
[TOCJIEIOBATEIbHOCTSME, 00pa30BhIBAJ IIPOCTYIO eI, COCTOMAIILYIO U3 i + 1
BepumH. Kiace S; cocTonT u3 npegenpubix Mogeneit M, j, 7 < \;.

st mocTpoenns \; = w HIpeIuKaTHO IOA00HBIX MO/Ieieil, bepeM cueTHOe
KOJIMYECTBO NMUKJINIECKUX TOCIEI0BATEIHHOCTEN THIIA OMMCAHHOIO BBIIIE 1
youpaeM TOXKJIeCTBO 11 = [[. VI aHaJI0OruvIHO CTPOUM COOTBETCTBYIOIINE I'Pa-
do1. Tloce cocraBienns TpedOyeMbIX rpadOB OCTABIINECA IOCIEI0BATE b
HOCTHU (B JaCTHOCTH, IIOCJIEJOBATECJIbHOCTU, 3aXBaTbIBalOIIHUE 3JIEMEHTbI W3
Pa3HbIX Hap) C IIOMOIIBIO CUCTEMBI TO2KJ/ICCTB I1011a/1al0T B OJHY HOBYIO KOM-
[TOHEHTY CBSI3HOCTHU He MPEeIUKATHO MOJ00HBIX MOJIEIe, IMEMOILYIO JTUaMeTP
1, HazoBeM ee ocoboti. Ilocie mobaBIeHNs CHCTEMBI TOXKIECTB

lx=2=3~=...~ )m, m+2~...&2m,...,

takoit, aro (m — 1) — (k; — ;) > 1, nosyaum TpebyeMblil KI1acC SKBUBAJICHT-
Hoctu S, cojepzKaniuii \; = [; Mosiesieii 110 OTHOIIEHUIO IPEUKATHOIO 11010~
ous. g kimacca S;, COCTOANIEro0 U3 CYECTHOIO YUC/Ia IPEICTbHBIX MOJIEIeH,
MOXKHO OTOXKJIECTBUTD, HAUNHAas ¢ TPeOYEMOTo HOMEPA, HATYPaJIbHbIE YUCTIA,
HOJIYIMB TEM CaMbIM Kjacc S; ¢ TpeOyeMbIM KOHEUHBIM IHCIOM IIPEIETbHBIX
Mozesteit. [Ipu TakoM OTOXKIECTBICHUN JIUITHAE KOMIIOHEHTHI CBA3HOCTH I1€-
peiiyT B 0cOOYI0O KOMIIOHEHTY. TakuM 00pa3soM B KarKJIOM KJiacce S; MOXKHO
YMEHBIIIATh YUCJIO TPEJEIbHBIX MOJEICH \;, a 3HAYUT, IPUMEHSSA OIIECPAIIIIO
OTOXKJIECTBJICHUS CUTHATYPHBIX CHMBOJIOB, MOYKHO yMEHBIIATH KOJIUIECTBO
[IPEIMKATHO TOJIOOHBIX MOJIE/ICH B KarKJIOM KJIacce.

Pacemorpum gBa kmacca S;_1 m S; ¢ mumamerpamu d;_q u d; COOTBET-
crBeHHO. I paccMorpuMm JiBe HPOM3BOJIBHBIE KOMIIOHEHTBI CBSA3HOCTH THUX
rpadoB, COOTBETCTBYIONINE IIpeieIbHBIM Mojeaam M,y y n M, ;. Ismenus
Jquamerp d; Ha d;_; (IPUMEHsIsl CHCTeMY TOXKJECTB, [PUBEJEHHYIO BBIIIE),
upejiejibHasg Mojiesib u3MenurTced nHa M, v, 1 B Kiacce S;_1 yBEJTUINTCA
YHCI0 IpeJeabHBIX Mojeseil Ha 1, a B Kiacce S; Ha 1 ymeHbmuTcea. Takum
00pa30M MOXKHO YMEHBIINTH JUAaMeTp HEKOTOPBIX MoJeseil B Kiacce S;, TeM
CaMbIM YBEJIUYIUB YUC/IO HOCIEIHNX B Kjaacce Sy, rae k < i, U JaxKe yMeHb-
IIATH KOJIMIECTBO KJIACCOB, YMEHBIIUB JIUaMETP BCEX KOMIIOHEHT CBA3HOCTH
B JIAHHOM HJIU C TIOMOIIBIO OTIEPAIMH OTOKIECCTBJIEHUSA CUTHATYPHBIX CHMBO-
JIOB, IIPIMEHEHHOIT KO BCeM KOMITOHEHTaM CBSI3HOCTH B JAHHOM KJacce (IIpu
9TOM BCE 3TU KOMIIOHEHTBI CBSI3HOCTH IEpeiilyT B 0COObIi Kjtacc).
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Crour orMerurhb, uro yciaoue A < A\ HOKA3LIBAET, 9TO IIPEJICILHBIX
Moziesteit Teopun 1’ TOCTATOYHO /It TOCTpoenus Kiaaccos S;. Takum obpa-
30M IIPUBEIEHHBIE BBIIIE IOCTPOEHUS [TO3BOJISAIOT EPEXOJUTH OT KJIACCOB S;
K KJaccaM S, Tak, 9TO CyIIeCTBYeT CIielnuasabHasg Teopus 1 ¢ Tumom p, y
koropoit I;(T,p) = A, umeercss poBHO » + 1 KJIacCOB 9KBHBAJEHTHOCTH S;
IPEJIETbHBIX MOJIEJICH 110 OTHOIICHUIO MPEUKATHOrO mogobust u |S;| = A,
1 < 2, a Takxke cymectByer Teopus 1’ u tun p’ takue, aro 1" mosrydaercs
u3 T OTOXKIECTBIEHUAMN CAIHATYPHBIX CHMBOJIOB, P’ COOTBETCTBYET THUILY P,
I(T',p') = XN, nmeercst posHO > + 1 KTaccos SKBUBaIEHTHOCTH S TIPeJIe Tb-
HBIX MOJIEIel 110 OTHOIIEHHUIO IPEINKATHOIO 01001 1 |S§| =\, j < .
O

Sameuanue. Paccmorpum nBa kmacca S; u S; ¢ auamerpamu d; u d;
COOTBETCTBEHHO. V paccMOTpUM JIB€ IIPOU3BOJIbHBIE KOMIIOHEHTHI CBA3HOCTH
5THX rpadoB, COOTBETCTBYIONIHE IIPeIeIbHBIM MogeaaM M, » u M ;. Ckite-
UB J[B€ BEPIIMHBLI U3 PA3HBIX KOMIIOHEHT CBA3HOCTH, IOABUTCA Kiacc Sy,
ec/II TaKoro ele He ObLI0, ¢ €IMHCTBEeHHON IpeesbHoil Mojeapio M1,
JmamMeTp Koropoii d;+d;. Takum oO6pazomM MOKHO yBEIUUUTD YUCJIO KIACCOB,
obpa30BaB KJacc C JUAMETPOM, PABHBIM CYMME JTHAMETPOB IBYX IIPEIe/Ih-
HBIX MOJEJIEN.
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Abstracts

K.A. Baykalova. Limit models of theories of Abelian groups.

This paper talks about the number of limit models of small theories
of Abelian groups. The investigation is based on classification of theories
Th(A) of Abelian groups A by the Szmielew invariants a,,(A), B,(A),

w(A), e(A).

E.V. Grachev. Groups of external automorphisms of two free Burnside
groups.

We consider the structure of groups of automorphisms of free Burnside
groups of finite order B(2,3) and B(2,4). We find factor groups of groups of
automorphisms of these groups with respect to subgroups of inner automor-
phisms.

F.A. Dudkin. On abstract commensurator of Baumslag-Solitar groups.

Let p and ¢ be a coprime integers not equal to —1, 0 or 1. We denote by
BS(p, q) the Baumslag-Solitar group with parameters p and ¢. First result
is the presentation of automorphism group for all subgroups of finite index
of BS(p,q). Second, we prove that an abstract commensurator of BS(p, q)
is a semidirect product of subgroup of rational numbers and direct limit of
certain groups.

A.N. Koryukin, A.V.Chekhonadskih. Extreme root locations of real
polynomials and stabilization of 3-mass control system..

Authors examine the optimal location of the poles of the control systems
with lower order control. For a given structure of the controller there are
defined types of possible extreme pole configurations. This is illustrated by
the 3-mass object with elastic links and 2x2 PID control. There is studied
the locations of the poles which are achievable in the parameter space, and
found a local and global minima of the Hurwitz stability function.

M. Kotov. Algebraic geometry over some topological algebras.

In this paper we describe topological algebras for which the family of all
algebraic sets coincides with the family of closed sets in the given topology.

139



140 Abstracts

A.A. Mishchenko, A.V. Treyer. On satisfiability of graph’s formulas
on partially commutative nilpotent group of class 2.

Abstract. In this paper we generalize our recent result about satisfiability
of graph’s formulas on partially commutative nilpotent R-groups of class 2
on the case of R is arbitrary binomial euclidean ring.

E.V. Ovchinnikova. Extensions of partial 1-isomorphisms of finite pre-
dicate structures.

It is shown that any finite n-element predicate system is embeddable
into a finite system of cardinality at most 4m? — 6m -+ 3 in which all partial
(1-)isomorphisms are continued to automorphisms.

A.G. Pinus. On the lattices of algebraic subsets of universal algebras.
The isomorphisms types of the lattices of algebraic subsets of universal
algebras is studied.

R.A. Popkov. The classification of countable models complete theories
of one-place predicates with substitution of the limited order.

The classification of countable models complete theories of one-place
predicates is arranged according to the number of types in these theories. The
invariants, characterising the isomorphism of the above mentioned models,
are established. The dynamics of change in the number of types, and their
feasibility after theories enrichment with substituting a limited order, are
elucidated.

E.N. Poroshenko. Bases for partially commutative nilpotent Lie algeb-
ras.

In this paper, linear bases for the partially commutative nilpotent Lie
algebras are found. The method of the Grobner—Shirshov bases is used.

A.A. Stepanova, N.V. Trikashnaya. On Abelian semigroups.

In the papers by Kiss E., Valeriote M, Hobby D., McKenzie R., the
Abelian property for algebras was considered. Warne R. described Abelian
semigroups, periodic Abelian groups, semisimple Abelian semigroups. In
the paper “Abelian and Hamiltonian groupoids” by A.A. Stepanova and
N.V. Trikashnaya, characterizations for Abelian finite quasigroups, Abelian
groupoids with identity, and Abelian semigroups with the condition () were
given. This paper continues the aforesaid paper.

S.V. Sudoplatov. On Rudin—Keisler preorders in small theories.
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Variations and properties of Rudin—Keisler preorders in small theories
are considered.

S.V. Sudoplatov. On Hrushovski fusions for predicates and their en-
velopes.

Links between Hrushovski fusions for predicates and their envelopes,
producing small stable generic theories, are investigated.

E.I. Timoshenko. On Remeslennikov’s conjecture for partially commu-
tative metabelian groups.

Let T be set of all finite nonoriented graphs I without loops and multiple
edges, and let T be set of all trees T' € T'. For each I' € T' we denote by
¢(I") a formula of the form

2.0 2z /\ [2i,2]] = 1A /\ [zi,zj]7ré1/\/\zi3«ré Zj/\/\Zi?él).

(2i,25)€l’ (2i,25)¢T i#£j i=1,n

Conjecture of V.N. Remeslennikov for partially commutative metabelian
groups: if the universal theories of two partially commutative metabelian
groups Sr, and Sp, are different then exists a graph I' € T" such that the
formula ¢(I") is true on the one of these groups and false on other. We prove
that there are two partially commutative metabelian groups Sr, and Sr,
such that their universal theories are different but they are indiscernible by
the formulaes ¢(T"), T e T.

A.N. Shevlyakov. Algebraic geometry over linear ordered semilattices.

We study equations over linear ordered semilattices in the language

extended by the set of constants. For any linear ordered semilattice we give
the criteria which characterize its geometric properties.

I.V. Shulepov. Predicate Similarity of Limit Models with Identifications
of Signature Symbols.

The work is devoted to the investigation of the question of influence
for the predicate similarity and the identification of signature symbols on
the relationship between the limit models and, in particular, the number of
equivalence classes of limit models over a given type in respect of predicate
similarity after identifications of the signature symbols.
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