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The Seventh Summer School “Intermediate problems of Model Theory
and Universal Algebra” was held on 26-30 of June 2007 in the camping center
“Erlogol” in Altai mountains. The School was organized by Algebra and Math
Logic department of Novosibirsk State Technical University (NSTU). Fifty
participants took part in the conference.

Unfortunately during the last two years since the former School some
active participants and authors of Erlogol collections of papers had passed
away. Organizing Committee recalls with gratitude the time of collaboration
with prof. Eugeny Sukhanov (Ekaterinburg, Russia), prof. Nikolay Medvedev
(Barnaul, Russia), prof. Kazimierz Glazek (Zielena Géra, Poland).

The School was supported by RFBR (grant N 07-01-06046).

The book is composed from some articles of the participants. Organizing
Committee of the conference thanks director of Institute of Distant Education
Prof. Z.S. Temljakova for financial support of this edition.

Chairmen of Organizing Committee:
Prof. A.G. Pinus (NSTU, Novosibirsk, Russia),
Prof. K.N. Ponomaryov (NSTU, Novosibirsk, Russia).

Organizing Committee:
Prof V.D. Mazurov (Math. Institute, Novosibirsk, Russia),
Prof E.A. Palyutin (Math. Institute, Novosibirsk, Russia),
Dr. S.V. Sudoplatov (NSTU, Novosibirsk, Russia),
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Erlogol 2007
INTERMEDIATE PROBLEMS
OF MODEL THEORY AND UNIVERSAL ALGEBRA
(JUNE, 26-30)

26 June. Chairman Semen Rososhek

V.G. Bardakov (Nowosibirsk, Russia).

Braids, knots and linear representations.

K.N. Ponomaryov (Novosibirsk, Russia).

Factor-morphisms and centroids of algebraic groups.

V.A. Churkin (Novosibirsk, Russia).

Groups of rotations and matrices’s diagonalizeability.
Chairman Valery Churkin

A.A. Buturlakin (Nowvosibirsk, Russia).

Spectrums of linear and unitar groups.

S.A. Zyubin (Tomsk, Russia).

Flag-transitiveness of groups on projective varieties.

M.A. Grechkoseeva (Novosibirsk, Russia).

On recognition of simple linear groups by their spectrums.
27 June. Chairman David Stanovsky

S.V. Sudoplatov (Novosibirsk, Russia).

Graphs in models and Ehrenfeucht theories.

V.M. Kopytov (Novosibirsk, Russia).

On normal subgroups of [-groups.

N.A. Peryazev (Irkutsk, Russia).
Algebra of not completely defined partial functions.
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Chairman Valery Kopytov

I.A. Dolguntseva (Barnaul, Russia).

On cogomologies’ group of some simple associative comform algebras.

N.V. Bayanova (Barnaul, Russia).
Free pseudo-M V-algebras.

O.A. Kuryleva (Barnaul, Russia).

Discriminative [-groups.

V.V. Lodeyshchikova (Barnaul, Russia).

On Levi’s quasivarieties.

O.V. Bryukhanov (Novosibirsk, Russia).

On residual nilpotency of fundamental groups of 3-dimentional Sol-
varieties.

28 June. Chairman A? Borodin

S.K. Rososhek (Tomsk, Russia).
Cryptosystems of group rings.

S.V. Sudoplatoff (Paris, France).

Human network, technological network.

E.A. Palyutin (Novosibirsk, Russia).

Elementary questions of structures’ classes closed for product.
Chairman Sergey Sudoplatoff

A.P. Pozhidaev (Novosibirsk, Russia).
Dialgebras and triplet systems.

A.M. Popova (Novosibirsk, Russia).
Automorphisms of the ring ZSs.

E.V. Grachev (Novosibirsk, Russia).

Construction units group of integral ring of cycle group of prime order.
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A.N. Borodin (Russia).

On method of coordinatisation of physical principals by universal algebras.
29 June. Chairman Alexander Pozhidaev

S.I. Mardaev (Novosibirsk, Russia).

Natural numbers and fixed points.

D. Stanovsky (Prague, Chesh Republic).
Park hypothesis.

L.A. Shalomov (Moscow, Russia).

Application of model theory methods to mathematical decision theory.

I.B. Gorshkov (Novosibirsk, Russia).

On groups with composition quotient groups isomorphic to S7.
Chairmen Valery Bardakov
E.S. Chibrikov (Nowosibirsk, Russia).

On intersection of onegenerated ideals of free Lie algebras.

M.A. Rusaleev (Novosibirsk, Russia).

Properties of extended stable theories.



KObl I CME2KHOCTD B
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CUMIIJIEKCOB BEIHIECTBEHHDBIX
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A.A. BoeBoga, A.B. Uexonaackux

HoBocubupckuii rocy1apcTBEHHbBI TEXHUYECKUN YHUBEPCUTET,
Poccus, 630092, Hosocubupcek, np. K.Mapkca 20
e-mail: algebra@nstu.ru

1 Bseaenne

[Ipu pemienuu 3a/1a4 CUHTE3a CHCTEM aBTOMATHYECKOI'O PEryJIMPOBAHUS
OIIepaTOPHBIM METOJIOM BayKHEHIIINE CBOMCTBA Tapbl 006eKm «— KOMNEHC -
MOP OUPEIETSTIOTCS 3HAYECHUSIMU KOPHEH XapaKTePUCTUIECKOrO0 MHOTOYUJICe-
Ha. OnruMusamms CHCTEMbI KOpHEH II0 OTHOIIEHWIO K 3aJaHHOI IIesIeBOit
obytacTu HamboJIee eCTeCTBEHHO ITPOU3BOIMIACH Obl IIPU PACCMOTPEHUH KOP-
HEBOT'O BEKTOPa KaK 3JIEMEHTa — N-MEPHOro MPOCTPAHCTBA HaJ mojieMm R
JIERCTBUTE/IbHBIX YUCEJ BO B3AUMHO OJIHO3HAYHOM COOTBETCTBHH C BEKTO-
poM KO3 PUIMEHTOB MHOroWIeHa. Takoe mpejcTaB/ieHne, OHAKO, HATAJI-
KUBAETCST HA PsiJi TPYAHOCTEl: KaK HPUHIUINATIBHBIX (HEYHOPSI0IeHHOCTh
KOPHEBBIX HAOOPOB), TaK U TEXHUYECKUX (CTPYKTYPHAs CJOKHOCTH PACIIO-
JIOZKEHUS KOPHEl MMEHHO BEIeCTBEHHBIX MHOI'OUJIEHOB B KOMIIJIEKCHOM IIPO-
crpanctee C™). IlpeanpunsTas aBropaMu paHee MOMBITKA TOCTPOCHUS B3a-
UMHO OJTHO3HAYTHOTO COOTBETCTBUS KOPHU «— K0ahhuyuernmo, KOpPEKTHA
TOJIBKO JIOKATIBHO [1]. B cepun pabor [2-4] cermenTapmbie CHMILIEKCHI MHO-
TOYJIEHOB MPOU3BOIBLHOM CTENEHN OBLIN MPEICTABIEHBI C TTOMOIIBIO TPpadOB;
JIJIsE MHOTO'JIEHOB CTEIIEeHN He BBIIE H COOTBETCTBYIOINIHE OPIrpadbl ObLIN 110-
crpoensl siBHO |3, 5|. OjiHAKO yiKe Jijist cTeneHu 6 1 BbIIle BHOE PEeJICTaBIe-
HUEe CTAHOBUTCHA HEI(DMDEKTUBHBIM B CBA3U C OBICTPHIM POCTOM MOIIHOCTHU. B
HaCTOosAIIEeil paboTe MpeJIaraeTcst KOJNPOBKA KOPHEBBIX CEIMEHTOB (BEPIIIH
oprpadoB), TO3BOJIAIOINIAS JIETKO BBISICHUTH X CMEXKHOCTb JIJIsI TIPOU3BOJIb-
HOl cTereHu.
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2 KopHeBble cerMeHTHI 1 BepIIUHBI rpada

Kopuesbie HaOOPBI BEIIECTBEHHBIX MHOTI'OYICHOB JIOIYCKAIOT JIIOObIE ITe-
pPeCcTaHOBKU CBOMX 3jieMeHTOB. OIHAKO ¢ IMPAKTUIECKON TOUKU 3pEHUs Obl-
JIo OBI yyiobHee pacroJiaratb MHO2KeCTBOM B C", cojiepzKallluM TOJIBKO OJINH
KOPHEBO# HaboOp I KaxKJ0r0 MHOTOYJIeHA. XOTd IOC/IeHee OKa3bIBaeT-
sl HEJIOCTHZKUMO (3aMedaHye O JIBYJTMCTHOCTH MOJMHOYKECTB, OTBEYAOIINX
JBYM 1 60Jlee KOMILJIEKCHBIM TlapaM KopHeit cMm. B |2, 3]), Mbl Gyjaem como-
CTaBJIATH KarKJIOMYy HAaDOPY KOpHEHl HEKOTOPYIO TOYKY B IpocTpaHcTBe R,
IPUYEM B OIPEJIEIEHHOM €r0 CerMEHTE, OrPAaHMYEeHHOM HECKOJIbKUMU JIU-
HEHHBIMI HEPABEHCTBAMU. DTO AT €CTECTBEHHBIM U MIPAKTUYIECKHU Y100-
HBIM HCIIOJIb30BaHME JetUcmEumenvHulr K00pouHam it JTAHHOTO KOPHEBOIO
nabopa. Bece Bo3MOKHBIE CeIMEHThI 00Pa3yI0OT CUMILIIEKC; I'PAHUITBI MEXKTy
CerMeHTaMU, B CBOIO OU€PE/Ib, TAKKE SABJIAIOTCI CezMeHMamu — k-MEePHBIMA
TOAMHOYKECTBAMU IIPOCTpaHcTBa R", 3a1af0IUMUICsT HEKOTOPBIMU JIHHEHHbI-
MU HepaBeHCTBaMu U paBeHcTBaMU. CTPYKTYpa 9TOTO CUMILIEKCA, CBOJISAIIA-
scd K MHOTOYPOBHEBOMY COOTBETCTBUIO 00JIaCTEil M I'DAHUIL, MOYKET IPE/I-
CTaBJIATHCA B BUJIE OPUECHTHPOBAHHOIO r'pada.

Hanpumep, st IPUBEIEHHOrO MHOTOUJIeHa 3-it cremenu f3[z] = 23+
+as2? 4+ a1z + ap BO3MOXKHO, BO-TIEPBBIX, HAJMYHE TPEX JIEHCTBUTEILHBIX
KOpHeN: 7 < Ty < X3, BO-BTOPBIX, OJHOI'O JAEHCTBUTEJIBHOIO KOPHS BMe-
CTe ¢ KOMILJIEKCHO CONPszKEHHO# napoii. [lepBorit cirydail oTBeYaeT cermenTy
Ag, OTCEKaeMOMY IIJTIOCKOCTSIMA T; = Tg U Ty = T3 — 9TO “TpeTh’ IIPO-
crpancTBa R® (nByrpaHublii yroa npu pebpe T = Ty = T3, COOTBETCTBYIO-
muit aToMy cermenty, paser 120°). Bropoii ciydail ecTecTBEHHO COOTHOCHT-
cst ¢ Ay — “mpaseiM”  nosynpocrpancrsom OXY Z (upu ycnosuum y > 0):
212 = ¢ tiy,x3 = 2z (wm x; = z). llpu y = 0 910 mEpEXOIUT B KpaT-
HYIO JEHCTBUTENBHYIO HApy 212 = & BMeCTe C TPETbHM, BO3MOXKHO, OT-
JUYHBIM OT HUX KOpHeM z3 = z (mwmm xp = z). Cayuait © < z coor-
BETCTBYeT IOJIYILIOCKOCTH Byl, 3ajlaBaeMoii HEpaBEHCTBOM X1 = To < 3]
ecam ke T > zZ, To nojyminockoctu By2 : x; < xy = x3. I13-3a 3Toro
€CTEeCTBEHHO CUnTarTh 00/acTh A; 0ObeIuHEeHHeM JIBYX CEIMEHTOB: B IIep-
BoM, A;1 BeImosHSIeTCA HepaBeHCTBO Rez; o < z; Bo BTopoM, A;2 — Hepa-
BEeHCTBO Rez;o > z. Mexmy coboil oHE pa3rpaHHYeHBI ITOIyIIOCKOCTBIO
By : Rezy 9 = 2&Imz 2 = y > 0. Camu xe nosymiockoctu Byl n By2 — 310
JIByMEpHBIE CEI'MEHTBI, KOTOPbIE, B CBOIO OUEPE/ib, PAa3rpaHUIEHbI OIHOMED-
woit psimoit C' @ x = z&y = 0 <= 11 = 9 = T3, KOTOpPasg COOTBETCTBYET
TPEXKPATHBIM KOPHSAM U CJIYZKHUT OOIIUM IE€pecedeHneM TaKKe U CO CJI0OEM
B;.

Taxkum obpasom, Bosuukaer rpad Gs (puc.l) — eJIMHCTBEHHBINH, MO3BO-
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Puc. 1: G4

JIAIONMIMI B3aUMHO OJIHO3HAYHO COIIOCTaBUTH KaKJIOMY KOPHEBOMY HabOPy
OIpeIeISHHYI0 TOUKY IpocTpancTsa R3. JIyru B HEM ITpoBeJieHbl 0T 00/1a-
CTeil K rpaHuIiaM.

B obmiem ciiydae Oy1yT UCIIOJIB30BaThCs cxXoxkne obo3Hadenus. [lockob-
KY YHUCJIO KOMILJIEKCHO COIPSXKEHHBIX Tap KOPHEH I MHOTOYJIEHA CTEIICHI
nHe MPEBOCXOJUT 4ucia [n/2], 1o ceemenmaphvie caou GyJeM HyMepoBaTh
10 4ucyy 3Tux nap: Ag, Ay, ..., App, /o), KaXKIblil 13 KOTOPBIX CKJIAbIBACTCA U3
N-MEPHBIX JIEHCTBUTEIbHBIX CEIMEHTOB; JIJIT PACCMATPUBAEMbIX HUXKE MHO-
ro4IeHoB 4-if m 5-it crenenu 3to Ag, Ay n As.

Croit Ag BKJIIOYAET eMHCTBEHHBIN CeIMEHT, ONMCHIBAIOIIUIICST HEPABEH-
crBamu 1 < 29 < ... < x,. [onyckas paBeHCTBO B k-OM W3 HEpaBEHCTB:
1 < .. < T = Ty < ...Tp, HONQJIAEM Ha N-1-MepHBIT 'paHUYHBIN cer-
MeHT Bok. Takum obpazom, Ha KaxKjoM u3 cermeHTOB Bpk pacrosaraert-
Cd I1apa KpaTHBIX JEVCTBUTEILHBIX KOPHEN, KoTopad IIpA MaJloil Bapuanuu
KO3 PUIUEHTOB MHOTOYJIEHA MOYXKET “OTKJIOHUTHCA Ha3aJl , BOZBPAIAACH K
rmape pas/IMIHbIX JeHCTBUTEIBLHBIX KOPHe#l B cerMenTe Ag, a, OTKJIOHSSICH
“B IPYryI0 CTOPOHY’, IMEPEXOJIUT B MAaPy KOMILJIEKCHO COIPS?KEHHBIX KOPHEit
2k k+1 = T} £ iy B cocTaBe KOPHEBOI'O HabOOpa U3 N-MepHOro cermenra A;k,
OTIMCHIBAIOIIETOCH CUCTEMON HEPABEHCTB

1 < . < < xpyo < < 2,&yk > 0 (noe, pasymeercs, vy = Rezg gi1).

BameTnm, 9T0 cerMeHThl Bk pu HEeIETHOM | OKa3bIBAIOTCS TPAHUIAMM
BHYTPHU OJIHOTO CJIOsI, & IIPU YETHOM — MEZK/Iy CeTMEHTaMU COCETHUX CJIOEB.

CermenToB 1-ro cimosg Bcero n — 1 @ A;1 — Aj(n — 1); ux obbeaunenue
obpazyer cumiieke A, a Mexy coboit OHU pa3/esioTCsd N — 1-MEepPHBIME
rpanunamu Byl — By(n — 2), KOTOpbIX Beero n — 2:
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Bil: Rezigo =23 < ... < 2,&y; > 0<4<= 21 = Rezosz < ... < x,&y2 >
0;

Biin—2):21<..<z,3< Rezpon1=2,&Yp2>0<= 11 < ...
S Tpo= Rezn—l,n&yn—l > 07

(koneuno, yx = Imzggi1).

BaxxHO OTMETUTDB, UTO Mepenymepauuy Ha cmoikaxr ceamenmos Bik u
By (k + 1) eckondaurmmo.

CermenTnl 1-ro cjost ogHoucTHBL. Korma emé oHO HepaBeHCTBO Iy <
Zk41 oOpalaeTcs B PaBEHCTBO, KOPHEBO# HAOOP MEePeXouT Ha TpaHully Bsl
co ciaoeM Ag, Bce CerMeHTbI KOTOPOI'O N-MEpHBI, JABYJIUCTHBI U Pa3Je/IeHbl
MeXKTy cO0O0# IpaHUIHBIMU N — 1-MEepHBIMU cerMeHTaMu Bym.

JIlerko BUETDH, YTO JIJIT MHOTOUIEHOB 4-if 1 5-if cTernenu “cJI0RHOCTL” Op-
rpada ncaepnbiBaeTcs ciioeM As, mpuuéMm B ciaydae 4-if cTeneHn OH COCTOUT
13 eJMHCTBEHHOT'O CEerMeHTA: JIBYJUCTHOW TIeThIPEXMEPHOH “TTOJIYILIIOCKOCTH
B KBaJpare’ (TJe KOOPAMHATHI Ty, OTBEYAIONNE JeHCTBUTEIbHBIM YacTsIM
KOpHEeli, IPUHUMAIOT JII0Oble 3HAYeHUs, a “MHUMbIe” KOOPANHATHI HEOTPUIIA-
TeJIBHDL Y1 3 > 0); & B cllydae CTEeHn b — U3 TPEX ABYIUCTHBIX CEIMEHTOB!

Azl : Rezy 9, Rezz y < x5,

A2 Rezy o < 23 < Rezys;

A23 ) S RGZQ,g, R€Z4’5.

st MHOrouIeHa »Ke IeCTOR CTEIeHH IOoABJseTcs caoii Az — mecru-
JINCTHAA “TIONYIIOCKOCTh B KyOe”, rie “meiicTBUTE/bHBIE” KOOPIAMHATHI X
JoOble, a “MHUMbIC” HEOTPUIATEIbHBL: Y 35 > 0.

Jlastee, mepecedenne JIByX N — 1 — MEPHBIX I'PAHUYIHBIX CETMEHTOB 6c¢e2da
HeNYcmo, TaK KakK COJEPKUT OJHOMEPHYIO NMpsaAMyo L @ x1 = ... = T,, U
OKa3bIBaeTCsi rpaHuIHbIM cermMeHToM (', Kak IIpaBmio, Pa3MEepPHOCTH 1 — 2.
B paccMoTpeHHBIX BBIIIE IIpUMEpax TOJBKO B OJHOM CJIydae IepecedeHre
YEeTEXMEPHBIX CETMEHTOB OKa3bIBAETCH HE TPEXMEPHO, a JBYMEPHO — 3TO
MHOKecTBO B11M B3 /151 MHOTOUIeHA 5-1f CTeIleHn; B cCaMOM JIeJie, CUCTeMa
HEPaBEHCTB:

Bi1l: Rezip = w3 < w4y <5 <= 11 = Rezpg < 1y < 5

Bi3:x <y < Rezgy = w5 <= 11 < 29 < 23 = Rezyp, — ylloBiIeTBO-
psieTcsi, TOJIBKO KOIJIa BCe AeHCTBUTE/IbHBIE YACTU PABHBI, HAIIPUMED,

Rez1 9 = 2345 <= T123 = Rezys.

B cBoto ouepenb, cermenTnr Cl orpaHTTeHbl n—3 - MEPHBIMU CEIMEHTAMM
Dyl, xoTopble Jj1si MHOTOU/IeHa, CTEIeHN 4 y2Ke OKa3bIBAIOTCS €/IMHCTBEHHOM
npamoit L : x1 = ... = 4.

JlurepaabHbIil pocT OyKBEHHOIO CUMBOJIA COOTBETCTBYET IIOHUZKEHUIO pa3-
MEPHOCTH I'DAHUYIHBIX CEIMEHTOB.
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yru B oprpade mpoBojisiTcs oT obJiacteil K rpanunam. Ecim e Bepiim-
HBI, 00O3HAYEHHBbIE OJHOW M TOH »Ke OYKBOI, MHIMJICHTHBI HEKOTOPO Bep-
MuHe cjemyromnieil o andaBuTy OYKBBI, TO CETMEHT TOCTeTHEl MMeeT pas-
MEPHOCTH k — 1 1 OKa3bIBaeTCd IPAHUIIENl MEXKTy CErMEHTAMU JIBYX MEPBLIX,
Pa3MepHOCTb KOTOPBIX K.

3 Kozapl Bepmma rpada

Koauposka Bepinma rpada ocyImnecTBIgeTCs 10 3a/Ial0MNM HepaBeHCTBaM
COOTBETCTBYIOIIETO cerMeHTa. KomaMu gaBIAI0TCs e/ I0UNCICHHBIE MaTPHUIIbI
Kgxm: le Zlm ,Fﬂemgn,kljZl,OSijSklj,zkij:n.

21 2m

Yucsio cTob10B m paBHO KOJMYECTBY PA3JIUIHBIX JEHCTBUTEILHBIX da-
cTeif B KOPHEBBIX HabOpax JJAHHOI'O CerMeHTa — WJIM, UTO TO Ke caMoe, Ha
€JIMHUILY OOJIBbITIE YUCJIA 3HAYKOB < B CHCTEMEe HEPABEHCTB, 3a/IAI0IIel JlaH-
HBIII cerMeHT 1 BepiuHy rpada. Hanpumep, 114 3aa101mx HepaBeHCTB

Rez 9 = x3 < x4 = o5 = 26 < Rezyg = Rezg 19 = 11 OKa3bIBaeTCd, 4TO
m = 3.

Crpoka (ki1 k1) cOCTaBIIIETCS M3 YUCE]T PABHBIX MKy CODOil 4/ICHOB
3ajatomeit cucreMmbl. JIJis1 BBIIEIPUBEIEHHON CHCTEMBI 9TO OyJeT CTpoKa
(2 2 3). DaeMeHTBHI BTOPOIl CTPOKHU yKa3bIBAIOT, CKOJIBKUE M3 ITUX PABHBIX
MEXKJTy COOOM JIeHICTBUTE/ILHBIX YacTell COOTBETCTBYIOT KOMIIJICKCHBIM ITa-
paM; cyMMa, BTOPOii CTpOKH Ykg; = [ — 9TO YHMCI0 KOMILIEKCHBIX I1ap Habo-
pa, Wim, 9TO TO Ke caMoe, HoMep cJjiosd. B ykKazaHHoM ciiydae BTopas CTPOKa
okazkercs Takoii: (1 0 2); eé cymma paBHa 3 — 9TO YUCIO KOMILJIEKCHBIX
rap; a CyMMa BCeX 3JIEMEHTOB MATpuUIlbl paBHa 11 — crerienn MHOrOYIeHA U
o0IIeMy IucTy KOpHENd.

B 1estom Koj1 cucteMbl HEPABEHCTB U BEPIIUHBI I'pada OKa3bIBACTCA Ta-

1 0 2

[IPUBEJIEHHOI crcTeMe, TaK 1 K JTI000I PABHOCUIBLHOI €l cucTeMe HepaBeHCTB
(3a cuéT mepeHyMepalu KOpHel WX MOXKeT ObITh HECKOJIBKO), HAIPUMED,
r1 = Rezys < x4y = x5 = 26 < Rezyrg = w9 = Rezyp11. braronapsa sromy
KO/JIbI TIPEJICTABJIAIOT COOOI OoJiee yA0OHBIN CIIOcO0 ONMCAaHUsST CEIMEHTOB U
BEPIIIH, YeM CaMH 3a/af0IIie CUCTEeMbl HePaBEHCTB.

Henumae orMeTnTh, UTO KOJ KOHKPETHOI'O KOPHS X) WJIU Iapbl KOpHEit
2 k1 = Tk £ 1Y, HAXOJUTCA B CTOJIONE ¢ MUHIMAJIBHBIM HOMEPOM | — caMoM

JIEBOM, JIs KOTOPOro BbinojHsercs yeaosue y (ki + koj) > k.
J<d
3aMeTnM, 9TO CJI0W BEPIIUHBI OIPEJIEIIeTC KAaK CyMMa 2-if CTPOKH €€

2 3 3
KUM: ( . Ero pacmudpoBka MoxkeT NpuBecTH Kak K CAMOI BbIIlie-
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KOZa Y koj; a pa3MEpHOCTDb CEIMEHTa JIETKO yCTAHABJIMBACTCS 110 €r0 KOJIY

j
Kak cymma m+ 3 koj = > (sign(kyy) + ko).

J J

4 CwmexXHOCTh B oprpade

Komapr Beprimma cermenTapHoro oprpada IMmo3BOJISIOT JIEFKO YCTaHABIIU-
BaThb CMEXKHOCTb BEPIINUH M, TeM CAMbIM, OTHOIIEHHE 00JIaCTh — IPaHUIA
JIJIsT CEIMEHTOB Pa3HbIX pa3MEPHOCTEH, a OIMOCPEOBAHHO — U OTHOIIEHUE
COTIPEJIEIBHOCTHU (T.€. TPAHUYAT JI OHU MEXKJLy cO0Oil) Il CErMEeHTOB PaB-
HOII Pa3MEpHOCTH.

[Ipu mepexojie HA MEXKCJIONHYIO TPAHUILY C “JIEHCTBUTEIBHON CTOPOHDI
OJIHO U3 HECTPOTI'UX HEPABEHCTB MEHSIETCSI Ha PaBEHCTBO: 1 < ... < xp <
<z < oo <L < xp = 2py < .o < @, Wi J1d OoJtee “KpaTHOTO”
BapuaHTa T1 < ... = T K Tpy] = .. S Ty = 1 S ol =T = Ty = ... <
Tp.

B oboux cirydagx 9uco CTOJIONOB COKPAIACTCH Ha €JIMHUILY, TPUIEM B
KOJIe CKJIaIbIBAIOTCsI [-bIif U [+ 1-bIif CTOJIOIBI — UMEHHO T€, B KOTOPBIX 3aKO0-
JupoBanbl k-it u k + 1-it KopHE (IIOCKOJIBKY OHU Pa3jie/ieHbl HEPABEHCTBOM,
OHU HAXOJATCs 00s13aTEJIbHO B COCEJIHUX CTOJIONAX ):

(kn vk ki klm)H(kll v (kuy Hkig) - klml)
kor o ko ko oo kom ko1 o (kor 4koip1) o komer )

HazoBém a1y onepanuio cmoabuo6vim CAodHceHUeM.
[Ipu Bo3BpaIleHNN HA MEXKCJIONHYIO TPAHUILY ¢ “MHUMOI CTOPOHBI OJIHA
13 KOMILJIEKCHO COIPSAXKEHHBIX AP 00paIaeTcsd B KPATHYIO JIEHCTBUTEILHYIO

rnapy:

21 < o< Rezppyr S Tppe < S 2p&yy > 00— 2 < <y =

= Tp1 < Tpyo < .0 < xn&yk =0;

YUCJIO CTOJIOIOB IIPU 9TOM HE MEHSeTCs, HO eJuHula [-ro crosbdia, B
KOTOPOM 3aKOJIMPOBaHa Napa 2j k+1 = T = 1Yy, HOJHUMAETCA U3 2-if CTPOKH
B 1-10:

(]{711 kll klm)}_}(kll <k11+1) klm—l)
k’gl k?gl kgm ]Cgl (kgl—]_) k’gm_l '
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HazoBéMm 3Ty oneparum cmpouHviM CAOHCEHUEM.

HerpynHo BuIeTh, 9TO M BBIXOJLI U3 CEIMEHTa HA BHYTPHUCIONHBIE TPa-
HUIIBI, KaK, HAIIPUMeD,

1< ..y < Rerp1 <. Zz,—2 < ... < xp = Rexpy < ... < ay,

i jgaxe r1 < ... < Rexy < Rexpio < ... <z, — 21 < ... < Rexy =
= Rexyys < ... < 1, — BBIPAXKAIOTCA B CTOJIOIIOBOM CJIOYKEHUU KOJIA.

O06e BO3MOKHOCTH CJIOXKEHHS: CTPOYHOIO M CTOJIOIIOBOIO — OyIeM BMECTe
Ha3bIBATHL IPOCTO CAodicenuem. Pazymeercs, KaxKIblil KOJI JOIMYCKAeT MHO-
»K€CTBEHHBbIE BO3MOYKHOCTH CJIOYKEHUS, — HUCKJIIOUEHNE COCTABJIAIOT TOJIHKO
JIBYXCTOJIOIOBBIE KOJbI C HYJISMU BO BTOPOIl CTPOKE MJIM OJHOCTOJIOIOBBI
kox (n — 1 1)T (115 HUX ecTh eMHCTBEHHBIH BApHAHT CJIOXKCHU), a JJId
omoctosbnosoro kojaa (n 0)7 Hukaxux Bo3MOKHOCTEfl CIIOKEHHs BOOGIIE
wetr. HeTpyiHO BuIeTh, 9TO Onepalys CI0KEHUsT TOHMKAeT HAaIeHHYIO 110

dbopmye m + Y ky; pasMepHOCTb CeIMEHTa KaK pa3 Ha eUHMAILY.
J
HazoBém cymmoti x0da MHOKECTBO BCEBO3MOXKHBIX KOJIOB, TIOJIY IATOTIAX-

Cs U3 HErO TeM MJIM WHBIM CJIOYKEHUEM.

ObparHast omepalst — pas.AosceHue kK00a — I03BOJIAET OTBETUTD M HA BO-
Ipoc, I'PaHuIlell KAKUX CerMEHTOB IIPE/IIECTBYIONIEN JUTepPhl ABJAeTCs Cer-
MCHT C JaHHBIM KOJIOM. ECTeCTBeHHO, 31€Chb TaK2Ke CJIeJlyeT YIUTbIBaTh BCE
BO3MOYKHOCTH Pa3jiozKeHust (pumep 2 B 1I. 5).

Taxum oOpa3oM, yCTAHOBJIEH KPUmMepuli CMeHCHOCTU:

BepmuHbl cuMILIeKTHIeCKOro oprpada coceICTBYIOMMX JIATEP CMEXKHbI,
€CJIM KO/l BEPIIUHBI CJIeJIYIOIeil JIUTEPhl BXOJAUT B CyMMY KOJIa BE€PIIUHBI
OPEANIECTBYIONIEH JIMTEPDI.

Caedcmeue. CerMeHThI CUMILIEKTUIECKOTO Heoprpada pasMepHocTu k
rpaHrYaT IO CETMEHTY pa3MepHOCcTH k—1 | ecyin lepecedenne CyMM UX KOJIOB
HEITYCTO.

5 Hekortopbie npuMepbl

IIpumep 1. Kak yka3bIBaJIOCh B IIYHKTE 2, JJIsi MHOT'OUJIEHA H-ii CTEIIeHI
repecedenue 4—M€prIX CEeIrMeHTOB

Bil: Rezp = 3 < 04 < 05 <= 11 = Rezp 3 < 4 < T

Bi3:x; <xy < Rezgy = a5 <= 11 <29 < 3 = Rezys

OKa3bIBa€TCsA JIBYMEPHO. ILGI‘/)ICTBI/ITGJ'IBHO7 KOJbI COOTBETCTBYIOIIIUX CEI-

(211 11 2
MEHTOB TaKOBBI: 10 0 n 00 1 .

CyMMbI 9THUX KOJOB OKa3bIBaIOTC:dA HCIICPECEKAIOIMNMUCA MHO2KECTBaMU
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o) (oo ) (50)pla3) (o v) (o

COOTBETCTBEHHO.

4
A BOT CyMMBI CyMM VK€ COJIEpPKAT OOIIUil 3/IEMEHT ( 1 ) — KOJI cer-

MEHTa RBZLQ = X345 <~ T123 = R62’475.

ITpumep 2. PaccmoTpum cerMenT Jijid MHOTOWIeHa 11-if crerenn, 3a1a-
OIUiica HepaBeHCTBaMU

Rez1 9 = 13 < 1y = w5 = 16 < Rezrg = Rezg 190 = T11

(i 21 = Rezo3 < 14y = x5 = 16 < Rezrg = 19 = r€210,11)-
2 3 3
10 2

3 3 3 5 3 2 6

Ma 3TOTO KOJIa COCTOUT M3 MATPHUI] (0 0 2),(1 2),<1 2) u

2 3 4
101 }. Bajaromumy HepaBeHCTBAME JIJIsl [TOCJIEIHErO U3 HUX OYJIeT,

HaIIpUMep, cucreMa r; = Rezos < Ty56 < Rezrg = T910.11-

A pasyioxkeHust JAHHOIO KOJia IMPUBOAAT K KOJAM CEIMEHTOB, Ubeil Tpa-
HUIIEH OH, B CBOIO O4€pe/ib, siBjigeTcd. [[0CKOIBbKY 9TOT KO/ He MOI OBbITh
HOJIYYeH CJIOYKEHMEM CTPOK (B 9TOM CJIydae 3JIeMEHT BTOPOil CTPOKY ObLIT Obl
GOJIbIIIE BBIIIEJIEZKAIIEr0), OCTAIOTCS PA3JIOKEHUsI CTOJIOIOB:

1133 1133 1133 2 12 3

(o 2)’(1002)’(1002)’(1002)’
3 2 3 1 2 2 321

2)’(1 00 2)’(1 0 2 0>H’HaKOHe“’

2 1 2 31 2

(1 01 1 )H( 10 1 1) .COOTBGTCTBYIOHH/IQ CUCTEMbI HEpa-

BEHCTB 6e3 TPpyda BBIIINCBIBAIOTCH.
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[Iycrs M,,(F) — anrebpa KBaJpaTHBIX MATPHIL IOPsiiKa, 1 HaJl oJeM F.
Marpuria A Ha3bIBAETCS IUATOHAIM3NPYEMOIt HAJL 1ToJIeM F', ecjii CyIecTBy-
er Takas obparumast marpunia C' uz M, (F), uro marpuna D = C~1AC —
JaroHaJibHa. PaBHoCH/IbHOE yCJIOBUE — BEKTOPHOE MIPOCTPAHCTBO pa3Mep-
HOCTHU N HaJ| 1ojieM F' OTHOCHUTE/ILHO JIMHEWHOTO oliepaTopa ¢ Marpureit A
006g3aTeIbHO UMeeT 0a3UC, COCTOLAIINI U3 COOCTBEHHBIX BEKTOPOB OIIEPATO-
pa. XapaKTepucTUIecKii MHOTOYJIEH JUArOHATU3UPYEMOIT MAaTPHITHI Pa3ia-
raercd HaJ mojieM F' Ha JinHelinble MHOKuTes . VMeercs Ba nmpensaTcTBus
K JIMArOHAJIU3UPYEeMOCTH: 1) XapaKTepUCTUIECKIA MHOTOYICH NUMEET KOPHH,
He TpuHajyIexaime mojo F) 2) xopaaHosa hbopMa MaTPHIIbI MOXKET ObIThH
HeanaroHaJILHOI.

ITycte Tenmepp F' = Fj, — KoHe4HOe NOJIe nopaaka ¢. Obo3HauNM 4epes
GL,(F) = GL,(q) — rpyumy obparnmbix Marpui, a depe3 D, (F) = D,(q)
— MHOKECTBO BCEX JHaroHajm3upyembix naj F = F, marpun uz M, (F) =
M, (q). Lesnb paboThl — MOJCIUTATE JIOJIEO

Pn(q) . |Dn(Q‘

[ Ma(g)]

JIMaroHaJIM3UPYeMbIX MaTpuIl| B aarebpe M, (q) u HalTH aCHMOTOTHYECKYIO
BEPOATHOCTH AT OHAJIM3UPYEMOCTH

P, = lim P,(q)

q—0o0

MaTpPHuUIL IopdAaKa 1 Hal OOJILIITIMA KOHEYHBLIMH ITOJISIMU.

16
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[Ipexke, yem chpopmyIupoBaTh OTBET, BBeAEM o0o3nadeHus. [lycTs gano
MOHOTOHHOE pa3bMeHne HaTypaJbHOIO YUC/Ia N B CYMMY S HaTYpaJbHBIX
c1araeMbIxX

n:k1+k2+"'+k5, ]{5121{3222[{35

OHO olpeJaesidaeT r 6JIOKOB COBH&,HGHI/II./JI IJIAH 711, N9, ..., Ty
kl :kQZ...:knl >k7n1+1 :...:kn1+n2 > ... >kn1+...+n7~71+1:"‘:
= kn1++n7
Ob6o3HaTIM

N(l{l,...,k3> :nl!ngl‘--nr!
— YHUCJIO BCEBO3MOXKHBIX IIE€PECTaHOBOK, COXPaHAIOIMINX OJIOKU COBIAIEHNUI.

Teopema 1.

Pn(q):wi 3 agl¢g—1)...(¢—s+1)

|Mn(Q)| o—1 N(klw--ka) Hf:1 |GL/€1(Q)|
R
kl 2 : > ks
Teopema 2.
1
lim P,(q) = —.
qggo (9) n!

okazarenbecTBO TeopeMbl 1. Kitace mMaTpuil, moo0HBIX JuAroHaIbLHOM,
OJTHO3HATHO 3a/1aeTCsl XapaKTePUCTUIECKUM MHOTOYIEHOM MATPHILBI, ITPU-
JeM Bce KOPHU MHOTOYJIEHA JIesKaT B JAHHOM Iojie. B cBoO odepenb Takoit
MHOT'OYJIEH OIPEJIe/IAeTCA MHOYKECTBOM KOPHEH Aq, ..., Ay U UX KpaTHOCTE
ki,...,ks, ipu 3ToM ki + --- + ks = n — cTeleHb MHOTOYJIEHa WA IIO-
psok maTpuiibl . MoKHO Takyke mpejrosaratb, 9To HaOOpP KPaTHOCTE
MOHOTOHEH ki = --- = k,. Ecim nabop kpaTHocTeil CTpOro MOHOTOHEH:
ky > ko > --- > kg, TO BBIOOpKaA KOpHe#l oOpa3yer pa3MelieHue u3 ¢ dJieMeH-
TOB I10 S ¥ OJHO3HAYHO ONPEJIE/IIeT XapaKTePUCTUICCKU MHOTOYICH

s

TTO =2

=1

Taxkux muorowieHoB q(q — 1)+ (¢ — s+ 1). Ecim xxe nabop Kparnocreii He
CTPOro MOHOTOHEH, TO OH pa30uBaeTcst Ha OJOKU COBNAJIEHUN JJIMH Ny, Ng,

.,n,.. B npenenax ogHoro 06JioKa COBHAJIEHUI KPAaTHOCTEHl KOPHU MOXKHO
[epecTaB/IsdTh 03 U3MEHEHHUs XapaKTePUCTUIeCKOro Muorodiena. [losromy
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B 00IIIEM CJIydae 9UC/I0 XapaKTePUCTUIECKUX MHOTOUICHOB JTHATOHATH3UPY-
€MbIX MaTpul Ha/[J II0JIEM U3 ¢ 3JIEMEHTOB C MOHOTOHHBIM Ha60pOM KpaTHO-
creit kq, ..., ks paBHO
gla=1)lg—s+1)
N(ky,. .. ks) '

®urcupyem puaronasbuyio Marpuity D = Diag(A1, ..., A\, Ag, ..., Aoy .. Ag,

., As) € yKa3aHHBIM XapaKTePUCTUUIECKUM MHOIOWIEHOM. Tor/ia MOIIHOCTh
KJlacca CONpszKeHHbIX (i 1o106ubx) Matpul, A = CDC™! ¢ marpuneit D
B anrebpe M, (q) paBHO WHJIEKCY IEeHTpau3aTopa Marpuibl DD B rpyie
GL,(q). lTockonbky mMarpuna D cocraBiieHa U3 IHATOHATBHBIX KJIETOK Pas-
JIMTYHBIX CKAJISIPHBIX MaTPUIL HOPAIKOB k1, . . . , kg, TO Jitobast obparuMasi KOM-
MYTHUPYIOIIAasi ¢ Hefl MaTpUIAa TOXKE KJETOYHO JUATOHAJIBHA C OOpATUMBIMU
KJIETKAMU TOPSJIKOB k1, . . ., ks. Takum obpa3oM, MOPSIIOK IEHTpaIn3aTopa
marpuusl D B GL,(q) paser [[;_, |GLy,(¢)|, a ero ungexc —

|G Ln(9)]
=1 IGLe ()]

CyMMEpPysT MOITTHOCTH KJIACCOB MaTPWIL, TMOJO0HBIX JUArOHAJIBHBIM MATPHU-
am B asrebpe M, (¢) 10 BceM XapaKTepUCTUIECKIM MHOTOUIEHAM, TIOJTY ITUM

n

_ qlg=1)... (¢ =5+ 1)|GLu(q)|
Du(@)] =2 2 Nk k) T G L ()]
=Lk 4+ 4+ ks =n,

kip =z - 2 ks

Hounst P,(q) mnaroHajm3upyeMbIX MATPUIL TOJIyYaeTCsl OTCIOJIA JeJICHUEM Ha
|M,(q)]-

JlokazaTeibCcTBO TeoOpeMbI 2 TOJIydaeTcss U3 TeOpeMbl 1 ¢ MCII0JIb30BAHMU-
€M U3BECTHOI JIEeMMBI.

n? n—1/ n %
Jdemma. |M,(q)| = ¢, |GLn(q)| =112y (¢" — ).
Orciona cpasy moaydaercs, ITo

IGL,
lim li || — 1.
e M yM ey

Kpowme Toro, Kak MHOTOYJIEH OT ¢ YUCJIUTEH B (DOPMYJIe U3 TeOpeMbl 1 mMeeT
BUJI,
gg=1)---(g=s+1)=¢"+...,
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rJile MHOrOTOuYreM 0O03HadYeHa CyMMa MJIQJIIIUX cTelleHeil ¢ ¢ koddduiimeH-
tamu, 3aucsmmMun Toabko oT 0,1,...,8 — 1 < n. C apyroit cTopoHsi, B
3HaMeHaTe e IPOU3BE/IeHIE

S

[T1GL ()] = ¢"+-+5 + .

=1

ABJIAETCS MHOPOUJICHOM OT ¢ crenenn ki + ... + k2, npuuem xosdbdunuen-
ThI TIPU MJIAJIIINX CTEHEHSX ¢ 3aBUCAT TOJHKO OT PAa3JIOXKCHUSA 1 B CYMMY
HaTypaJIbHbIX uncesl. [lockobky § < n = ki + ...+ k, < kI + ... + k2

¢ YIETOM HATYPAJLHOCTU Ki,...,Ks, TO PABEHCTBO CTEICHEH YUCIUTENA U
3HaMeHaTe sl BO3MOXKHO TOJILKO JIMIIb B ciaydae, Korja ky = ... = kg = 1
us = n. Barom cayuae N(1,...,1) = nl. CoorBercrByoiree ciaaraemoe

CyMMBI U3 TeopeMbl 1 crpemurest K 1/n! ipu ¢, crpemsitemcest K 6eCKOHETHO-
CTHU, & OCTAJIBHBIC CJIAraeMbIe CTPEMSTCS K HYJIIO, YHCJIO CJAAraeMbIX 3aBUCUT
TOJIBKO OT n. Teopema 2 jgoKkazaHa.

Mpbr BujinM, 9TO OOJIBIIIE BCETO JIMATOHAJU3UPYEMBIX MATPUIL, XapaKTe-
PUCTUYIECKUN MHOT'OYJIEH KOTOPBIX HE NMeeT KPATHBIX KOPHEIl.

Tenepb onennm posib (haxkTOpoB HeauaroHausupyemoctu. Ob6o3HATIM
gepe3 J,(q) MHOKecTBO Marpur u3 M, (q) ¢ HeMATOHAILHO KOPIAHOBOI
dopmoit, xapakTepucTuieckue KOpHH KOTOPBIX IpuHaJjexkar Fy. Haiigem
ACUMITTOTHIECKYIO JTOJTI0 TAKMX MAaTPHII JjIs OOJIBIITIX KOHETIHBIX IOJIEH, T.€.

i (@]
a—o0 | My (q)|
CHoBa PeIoNIoKIM, IYTO MATpuIia A nMeeT XapakTepUCTUIeCKUl MHO-
rOYJIeH ¢ Pa3IMIHBIMA KOPHAMH Ai, ..., \s U3 I, kpaTHOCcTeit ky > ... > ks,
k1+---+ks = n — cremneHb MHOTOUJIEHA UIN TOPSIOK MAaTpuIibl. IlycTs Kop-
naHoBa opma J MaTpuibl A COCTOUT U3 YKOPIAHOBBIX KJIETOK Ji, ..., Jn,
HOPAJIKOB U1, ..., lpy, 11+ ...+, = n. 3BecTHO, YTO NEHTpPATIU3ATOD KOP-

JIAHOBOM KJIeTKU Topsijika | B ayiredbpe M, (¢) cocTrouT m3 MHOTMOUJIEHOB Ha/I
F, ot 3roit kieTku u umeer 1opsiok ¢'. [loaToMy HeHTpasm3aTop MaTpu-
el J MMeeT MOpsJioK, He MeHbmmi, gem ¢t Tm = ¢". Orcroma MomHOCTD
KJIacca CONPSZKeHHOCTH MaTpuIlbl J He 6osbiie, yeMm |G L, (q)|/q". C apyroii
CTOPOHBI, IIOCKOJILKY KOPJaHoBa (popMa HeInaroHabHa, TO XapaKTepPUCTH-
YECKMIl MHOIOUJIEH 00s3aTe/IbHO UMeeT KPATHbIE KOPHH 1 ¢ (DUKCUPOBAHHBIM
HabOpOM KpaTHocTeil ki > ... > kg IMCJIO TaKUX MHOTOYUJIEHOB PaBHO

qgl¢—1)---(¢—s+1)
Nk, k)
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rie s < n. Caenosarensho, gactaoe |J,(q)|/| M, (q)| re 6ombiie, dem cymma
cJIaracMbIX TUII&

. |GL"(q)| . Q<q—1)...(q—5+1)
1,(0) i

3/1ecb KOJTMYECTBO cJaraeMbiX CyMMbl u Kodddurimerat C,, ONpeIesiioTcs
pas3bueHreM n B CyMMYy KpaTHOCTEil KOpHeiHl M KOJUYeCTBOM HEIOI00HBIX
JKOPJIAHOBBIX (POPM TOpSAIKa N. T. € OrpaHuvYeHbl B 3aBucuMocT OT n. [lo-
CKOJIBKY S < 1, TO BEPHA

Ch

Teopema 3.

| Ju(q)]

lim —— L = (),
a0 | Mn(q)]

CiietoBaTesIbHO, IJIaBHBIN (PaKTOP HEUATOHATU3UPYEMOCTU MATPUIIHI HA/T
KOHEYHBIM IT0JIEM COCTOUT B TOM, YTO XapPaKTEPUCTHIECKUI MHOTOUJIEH UMe-
€T KOPHU BHE JIAHHOIO KOHEYHOT'O TIOJIA.

B zakmiouenne cTouT OTMETUTH, 9TO MHTEPECHO OBLIO ObI HAWTHU TPU (DUK-
CUPOBAHHOM KOHEYHOM TI0JI€ aCUMIITOTUKY COOTBETCTBYIOIINX JI0JIeN MATPHIL
D,,(q) n J,,(q) npu nopsijikax MaTpHIl, CTPEMAIUXCST K GECKOHEUHOCTH.
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1 BBeaenne

[Tycrs G — koneunas rpymia, 7(G) — MHOXKECTBO BCEX MPOCTHIX JIEJIU-
Tesieii ee mopsizika U w(G) — cuekTp rpymnbl G, T. €. MHOYKECTBO MODSII-
KOB BCEX €€ 3JIeMeHTOB. /[ IPOM3BOJLHOTO MOJAMHOYKECTBA W MHOMKECTBA
N HarypasbHbIX dnces 0603HaUNM depe3 h(w) ducio monapHo Hem30Mopdh-
HBIX KOHEUHBIX rpymn G rakux, 910 w(G) = w. Mbl 6yjieM 1OBOPUTH, YTO
JUI KOHEUHOH rpymnbl G npobaema pacnosnasaemocmy peuleta, eCIu Mbl
snaeM sHadenue h(w(G)) (mis kparkocrn, h(G)). B gacrinocrn, rpynma G
HA3BIBAETCS PACNo3Hasaemoti no cnexkmpy (KPaTko, paclo3HABAEMON ), eCJIn
h(G) = 1. locaeauuii 1o BpeMeHn 0630p PE3y/IBTATOB B 9TOM 061aCTH CM. B
[1].

I'pad GK(G) = (V(GK(Q)), E(GK(G))), rne V(GK(G)) — MHO)KECTBO
Bepima u E(GK(G)) — muO)KecTBO pebep, HasbiBaeTcst epagom I pronbep-
ea — Keeean (nnm epagpom npocmux wucen) rpymist G, ecn V(GK(G)) =
7(G) u pebpo (r,s) nexur B E(GK(G)) Torma m TOIBKO TOI/a, KOTJa
rs € w(G). [Ipocrsie uncna r, s € m(G) HABBIBAIOTCS CMEHCHBLMU, €CJT OHU
cMexkHbI KakK Bepiunel rpada GK(G), 1. e. (r,s) € E(GK(G)). B nporus-
HOM CJIydae, I ¥ § HasbIBaroTCst Heemeorchvmu. Obosnadnm depes s(G) auciio
CBSI3HBIX KOMIOHEHT 5T0ro rpada u depe3 m;(G), i = 1, ..., s(G), ero i-10 Kom-
nonenty. Ecm rpynia G umeer "eTHBIH MOPsI0K, TO nonoxum 2 € 71 (G).
O6oznaunm 4depes3 w;(G) mMHOXKECTBO, cocrosmiee u3 n € w(G) Takux, 9ro
KasKJIblii IPOCTOM JlesiuTe b ducsa n npuHaiexut m;(G).

BOJIBITMHCTEO TPYIIIL, JIJId KOTOPBIX MPOGJIEMa PACIO3HABAEMOCTH Pellie-
Ha, IMEIOT HECBSI3HBIN I'pad MPOCTHIX YKCe, IIOCKOJIbKY TeopeMa ['prondep-

21
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ra — Kerensg n kiaccudukanmusg KOHEUHBIX ITPOCTBIX I'PYIII C HECBSI3HBIM
rpadoM MPOCTBIX dHCeN, MoaydeHHass YuibsMcoMm u Konaparbesbim|3, 2|,
SIBJISIOTCS BayKHOM 9aCThIO JIOKA3ATEIbCTBA UX PACIIO3HABAEMOCTH.

Teopema A (I'pronbepe — Kezean). Ecau xoneunan epynna G- umeem
neceaznviti epadp GK(G), mo svinoanaemes 00no u3 caedyrouur Yycrosud:

(a) s(G) =2 u G — epynna Ppobenuyca;
(6) s(G) =2 u G - deotinas epynna Ppobenuyca;

(6) cywecmeyem neabeaesa npocmas 2pynna S maxas, wmo S < G =
G/K < Aut(S), 2de K — MaKcumasvran HOPMAAOHAA PA3PEUUMAA
nodepynna epynnv. G. Kpome moezo, epynna K nusonomenmna, K
u G /S asamomes T (G)—epynnamu, epad GK(S) neceasen, s(S) >
s(G), u das mobozo wucaa i, 2 < i < s(G), cywecmsyem j, 2 < j <
s(9), makoe, wmo w;(G) = w;(9).

Jokaszarenscro. Cwm. [2].

[Ipu ucnobzoBanum Teopemnl ['piondbepra — Keresst npumeHnTeIbHO K
mpobJieMe Pacro3HABAEMOCTH KOHEYHBIX ITPOCTHIX I'PYII MOJE3HONW OKa3bl-
BaeTcs pabora AsteeBoii 4], B KoTOpPOii olicaHBl KOHEYHBIE TPOCTHIE TPYIIIIbL
CO CIIEKTPOM Kak y rpymibl Ppobennyca uin aBoitnoit rpytms Ppobennyca,
9TO TIO3BOJIAET UCKIIIOUUTD U3 paccMoTpenust ciydan (a) u (6) 3ak/roueHus
TEOPEMBI.

JlokazarebecTBO TeopeMbl ['pronbepra — Kereis cyiecTBeHHO HCTIO/IB3Y-
eT ToT GakT, 9To B rpyiie G HANIETCS 9JIeMEHT IIPOCTOTO HEYETHOTO TIOPS/I-
Ka, He ca3anublii B GK (G) ¢ mpocteim uncaom 2. OkasbiBaercst (CM. Teope-
My B), aro TpeboBanue mHecBsazHOCTH Ipada MPOCTHIX YHCEN B OOIBITHHCTBE
cIydaeB MOXKeT ObITh 3aMEHeHO OoJiee ciadbiM TpeDOBaHMEM HECMEXKHOCTH
qHCIa 2 ¢ XOTs ObI OJTHUM HEYETHBIM ITPOCTBIM THCIOM.

O6ozHaunm [epes t(G) HEIIOTHOCTH rpada MPOCTHIX UHCEN, T. €. Hau-
GoJIbIliee YUCIO MOMAPHO HECMeXKHbIX BepiuH. depes ¢(2, G) obozHaunm 2-
HEIJIOTHOCTD, T. €. HAMOOJIBIIIIT TOPSII0K HE3aBUCHMOTO MHOYKECTBA BEPIIIHIH,
coJiepzKaIrero 2 (MHOYKECTBO BepIIUH rpada HA3BIBAETCS He3AGUCUMDBLM, €C-
JIL €10 BEPIIUHBI MTONAPHO HECMEZKHBI ).

Teopema B (Bacuaves). [Tycmo G — koneunas epynna, yooeremeopsio-
was 06YM YCAOBUAM:

(a) cywecmeyem mpu npocmuix wucaa ud T(G), NONAPHO HECMENCHHT 6
GK(G), m.e. t(G) > 3.

(6) cywecmesyem newemmoe npocmoe wucao us m(G), neemesicnoe 6 GK(Q)
¢ 2, me. t(2,G) > 2.
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Tozda cywecmsyem Konewnas Heabeseéa MPOCMas 2pynna S makas, “wmo
S <G =G/K < Aut(S) ona makcumasvroti Hopmaivot paspewumoti
nodepynnoe K epynnoe G. Kpome mozo, t(S) > t(G) — 1, u swnoanerno odno
U3 CAOYIOUUT YCAOBUTL.
(1) S ~ Alt; uru Ai(q) dan nexomopozo newemmozo wucaa q u t(S) =
t(2,5) = 3.
(2) s xasrcdozo npocmozo wucaap € m(G), necmesrcrozo ¢ 2 6 GK(G), cu-
A08cKas p-nodepynna epynnot G udomoppra cusosckoti p-nodepynne epynnol
S. B wacmnocmu t(2,5) > t(2,G).

Jlokaszarenscro. Cwm. |5

[Ipu ucnonbzoBanuu Teopembl B 1t perierust mpoOieMbl paciio3HaBa-
eMOCTH KOHEUHBIX MPOCTBIX TPYII BO3HUKAET CTECTBEHHBIN BOIPOC: KOTa
B KOHEYHOH I'pyIIle, yIOBJIETBOPAIONIEH YCIOBUIO TE€OPEMBI, BBIIOJHAETCS
nyekT (1) 3aksmodenns TeopeMmbl! B Hacrosmeir paboTe MmosydeH dacTud-
HBI{i OTBET Ha HTOT BOIPOC.

Teopema. [lycmv L — xoneunasn neabeaesa npocmasn epynna, G — xo-
newnas epynna maxas, wmo w(G) = w(L), u S < G/K < Aut(S), 2de K -
MAKCUMANLHAL HOPMAALHAA padpewumas nodepynna epynno, G, S ~ Alt;

u Aut(S) ~ Symy. Toeda L ~ G ~ Alt;.

CaeacrBue. [lycmv L — neabesesa Konewnan npocmas epynna, 0mau-
nasa om epynn Altr, Alt,,, 2de n maxoso, wmo cpedu wucean,n—1,n—2,n—3
nem npocmoix. Feau G — woneuwnas epynna, ydosaemeopaowas Ycaosuo
w(G) = w(L), mo cpedu Komnosuyuornux paxmopos epynno. G nem dax-
mopa, uzomopgprozo Alts.

2 IlpenBapuresbHble pe3yJabTaThl

JIemma 1. ITyemv L — Konewnas npocmas 2pynna, OMAUNMHASL OM 2PYNN
Ay(3), 2A3(3), Cy(3), Altyy u epynn Alt,, 20e n ewbparo mak, wmo cpedu
wucea n,n — 1,n — 2,n — 3 nem npocmux. ITyemv G — koneunas 2pynna,
ydosaemesoparwas ycaosuro w(G) = w(L). Tozda das epynnw. G umeem
mecmo daxamouenue meopemv, B. B wacmmnocmu, G umeem eduncmeenmvit
Heabenes KoMno3uuuoHHwLl Garxmop.

Hoxazarenscro. Cwm. |6, caencrsue 7.2].

Jlemma 2. Ecau t(G) > 3, mo epynna G — nepazpewsuma.
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/lokazarenscro. Cum. |5, npeyoxkenue 1].

JIemma 3. Ilycmv G — xomeunan mepaspewumasn epynna u t(2,G) > 2,
S — xoneunas npocmas neabenesa epynna maxas, wmo S < G = G/K <
Aut(S) daa marcumarvrot Hopmarvhot paspewumot nodepynno, K epynno
G. Tozda t(S) > t(G) — 1. Boaee mozo, das kasrcdozo nodmmosrcecmsa p
npocmux wucea u3 w(G) makoeo, wmo |p| > 3 u éce wucaa u3 p NONapHo
neemesrcnv, 6 GK(G), ne 6oaee wem 001o wucao us p deaum npousdsedenue

K[ -|G/S].

Jlokazarenscrpo. Cum. |5, npeyoxkenue 3.

[TockombKy MHOKECTBO w((G) YACTUIHO YHOPSIOYEHO 10 JETUMOCTH, OHO
OJIHOBHATHO OIIpEJIeJIsIeTCst MHOKECTBOM i((G) CBOMX MaKCHMAJIBHBIX TIO Jie-
JIMMOCTH 3JIEMEHTOB.

JIemma 4. [lyemv G — xomeunan npocmas epynna u s(G) > 2. Tozda
ln(G)Nwi(G)| =1 npui>1.

Jlokazarenscro. Cwm. |7, emma 2|.

Jlemma 5. Ilyemv G — xoneunas epynna, N<G, G/N — epynna @poberuyca
¢ adpom F u yukauveckum donoanenuem C. Ecau (|F|,|IN|) =1 u F ne
codeporcumes, 6 NCg(N)/N mo p|C| € w(G) daa nexomopozo npocmozo
deaumens p wucaa |N|.

Jlokazarenscro. CM. (8, memma 1].

Jlemma 6. ITycmo p u q — pasausnvie npocmue wucaa. H{a) — maxoe no-
AYNPAMoe npoussederue Hopmasvnot {2, q, p} -epynnw H u epynnw (a) no-
padka p, wmo [H,a] # 1. Ecau H{a) deticmeyem mowno Ha Hexomopom
sexmoprom npocmpancmee V. nad nosem nopadka q, mo Cy(a) # 0.

Hoxrazarenscrso. Cwm. [9).

JIlemma 7. (2Kuemondu). [lycmov a, s — namypasvroie wucaa, a,s > 2. To-
20a 8epHO 00HO U3 CACOYOUUL YMBEPHCOEHUT:

(a) cywecmeyem npocmoe wucao r maxoe, wmo r deaum a®—1 ur ne deaum
a' — 1 npu aobom namyparvrom t < s;

(6) s=6ua=2;

(6) s =2 ua=2"—1 daa nexomopozo HamypasoHoz0 “wucia t.
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Hoxrazarenscro. Cwm. [10].

Hucsio , OTAMIHOE OT 2 U yJOBJIETBOPSIIOIIee IyHKTY (a) TeopeMbl, Ha3bl-
BaeTCs IPUMHUTUBHBIM jiejiuresieM dncia a® — 1. Cuenyst 6], 6yaem canrars,
9TO YUCJIO 2 €CTh IPUMUTUBHBIN JIeuTe b dncia a— 1, eciim a = 1( mod 4),
1 2 eCcTb IPUMUTUBHBIL jlesmTenb uncaa a® — 1, ecm a = —1( mod 4). Ecim
YUCJIO a4 (PUKCUPOBAHO, OyJjieM 0003HAYATHL MPUMUTHUBHBIN JIEJIUTETb YUC/IA
a® — 1 gepes 1, (ICHO, 9TO TAKUX JeJUTeIell MOXKeT OBITh HECKOJIBKO).

Jlemma 8. ITycmv S = Ai(q), 2de ¢ = p*, p — npocmoe wucao, u epynna G
maxosa, wmo S < G < Aut(S). Toeda t(G) < 3. Ecau t(G) = 3, mo xaorc-
doe marcumanvhoe nezasucumoe muootcecmso p uz V(GK(G)) codeporcum
NPUMUMUGHBIE deAUment, 1 u T9 wucea ¢ — 1 u ¢* — 1 coomsemcmeero.

Jlokazarenscrpo. U3 |6] BbITeKaeT, 9T0 KazK/10e MaKCHMAJIbHOE He3aBH-
cumoe MHOX)KecTBO Beprint rpada GK(S) umeer Bug {p, 1,72}, e r1 u
r9 — IPUMUTHUBHBIE JlesuTenn anucen ¢ — 1 u g2 — 1 coorsercrsenno. Ilycts
p — HEKOTOPOe MaKCHMaJbLHOE He3aBUCHMOE IOJMHOKECTBO BEPIIUH Ipada
GK(G). Ilo nemme 3 He Gostee deM OJHO U3 Yuces u3 p geaut mopsaiok G/S.
Crenosarensro, ecu t(G) > 3, To p = {p,ry,re, S}, TJe S — HEYETHBIH
upocroit genurens ducia |G/S|. OnHako B neHTpasusaTope JIoboro aBTo-
Mopdu3Ma rpynib! S HEYETHOrO IMOPIIKA COMEPIKUTCA JIEMEHT IIOPAIKA P,
caenoBaresibho, t(G) < 3. Anasoruuno, ecian t(G) = 3 U p COAEPKUT JIAIIb
OJIHO M3 YUCETI T'1, T'y, TO P CONEPKUT U P, U § OJHOBPEMEHHO, YTO HEBO3MOK-
HO.

Jlemma 9. Ecaup®—1r° =1, ede p ur — npocmuie wucaa, mo 6bnosHACTCA
0010 u3 ymeeprcoenuti:

l)a=1

2)b=1

3)p=3,a=2, r=2, b=3.

,HOKaBaTeJIbCTBO. yTBep}KﬂeHI/Ie ABJIdeTCd CjaeJCTBUEM JIEMMbI 7.

Jlemma 10. Ecau p™* 4+ p* +1 = ¢, 2de p u ¢ — npocmuvie wucaa, mo k = 0.

JlokazarescTBo. VIMeeT MeCTo cireyionas mernodka papencTs: piF+p?F 4
Honyctum k # 0, B atom cayuae (p?f — pf + 1) > 1. Cnenosarenbho,
(p?* —p*+1) u (p* +p* +1) nensarea na q. [losromy pasunocts (p?* —p* +1)
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u (p?* + pk + 1), pasnas 2 - p*, Toxe nenurea na g. [omyuaem, 9To ¢ paBHO
6o 2, mu6o p, Ho p** + p?* + 1 He mesmrcs HA 2 M HA p; IPOTUBOpPEUHE.

Jlemma 11. Ecau p?" +1=2-5* up — npocmoe, mop =3 uaup =T.

Jlokazarenbcrpo. Pemnm ypasuenue r°—a-y? = (—1)". @opmyJia BBIYUC-

Jtlenns n-k-oro pemenus nMeeT Bug (eM. [11, erp 341]): 2y = 52, Ypp =
aZJr—aLL

ba, Tae app = T + Vayg, ax- = x, — Jayg. ycrs a = 2. To-
/1A, pellieHne MOXKHO 3alucaTh B peKyppeHTHON dopme (cm. [12, crp 43]):
Tp = Tp1+ QYn_1, Yn = Tn_1 + Yn_1, To = 1, yo = 0. IlepBoe perienue
Takoe, 9T0 y = 5!, mMeer BUIL 3 = 7,3 = 5. C HOMOIIBIO PEKYPPEHTHOI 3a-
IICU PElIeHust, JIENKO IIOKA3aTh, UTO PEIICHUS Y3, 41 U 3,1 HE AEIATCI Ha 5.

Taxum obpazom, oOIuit BT penennii Takux, 9To Y = Hg, MOXKHO 3aIUCATD

al, —al_ z3+v2y3)—(z3—V2 aj . ap " n— n—
TaK: Y3, = 3+2\/§3 = {atviave)- (s 2\/;;3))( R y3(a3+1+. Ltaptt) =

5(ay ' +...+ay"!). Yuucen s = a—bu f = a" 4+ba" 2 4. . .+ 2a 40",
ecJii XOTs Obl OJHO U3 HUX HEYETHO, CYINECTBYET B3aUMHO IIPOCTDIE JIE/IU-
temm. CieoBaTesbio, 4 = 5! TOMBKO B TOM ciydae, ecau n = 1. B atom
cayqae t = 3, v = 7, y = 5, a sHauwT, p? + 1 = 2-5%. Caywaii, korna a = 10,
paszbupaercsi aHAJIOTMYHO, U BO3MOYKEH TOJIbKO, ecim y = 1,z = 3. Jlemma
JIOKa3aHa.

Jlemma 12. /lasa 2106020 wucaa x, boavwezo 12, cyuecmeyrom ne menvuie
MPET PASAUNHBLET NPOCTVOIT YUCEN P1, P2, P3 MAKUT, ¥mo p; < T, pi+p; > T,
2de 0 <i,j <3 ui#j.

Jokazarenscrpo. Ilycrbs 7(x) — 9neao mpocThIX €MCes, MEHBIINX HJIH
paBubix x. Cymecrsyer orenka 0,921 - (z/in(z)) < m(z) < 1,106 - (z/In(z))

(em. [13, romasa 35, §1]). Ilycrs ¢(x) — 9HCIO TPOCTHIX YUCEN B MHTEPBa-

ne [2/2,2], rorna ¥(z) = w(x) — 7(2/2), G(r) = HFIEEI, Toria

() 0,921-x  1,106.z/2 _  x(0,368-In(z)—1)

z(
= In(x) In(z/2) ~ In(z)(In(z)—In(2)
Bo3pacraer U npu r > 5l Bbimosnneno mepasenctso ¢(z) > 3. Cienosa-
resibHo, u Y(x) > 3 upn x > 51. Ilposepsem snavenns (x) s x < 51:
P(6) =2, »(7) =2, P(8) =2, ¥(9) =2, P(10) = 2, P(11) = 3, P(12) =

2, YP(x) > 3, rme 13 <z < 51. Jlemma mokasaHa.

;= ¢(x). Pynkims ¢(x) MOHOTOHHO

3 UckiouuTesbHble CIydyaun

B 3ToM mmyHKTE MBI JIOKaXKeM OCHOBHYIO T€OPEMY JIJIsl TeX IIPOCTBIX I'PYIII
L, paccMoTpenre KOTOPBIX HE YKJIAJbIBACTCH B OOIIYIO CXEMY J0KA3aTe Ib-
CTBA.
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JIemma 13. Ecau epynna L ydosaemesopaem ycaosuam meopemvt, mo L e
usomopdra caedyrowum epynnam: Az(4), Cy(2),2A3(5), Bs(3), D4(3).

Jlokazarenbcrso. Jonycrum, L uzomopdna onoit uz rpymn As(4), Cy(2),2A3(5),

Bs(3), D4(3), u rpymna G ymoBieTBopsieT ycjoBusiMm Teopemsl. Ilycts G
HekoTopast cexius rpymnsr (. Ouesnano, aro w(G) C w(G). Eemm mbr
nokaxem, uto w(G) ¢ w(L), 10 w(G) ¢ w(L), u nomyanres TpeGyemoe
[IPOTUBOPEYHE.

[Iycts r = 17, eciim L ~ A3(4) wim Cy(2), m r = 13, ecsin L ~ Bs(3),
2A3(5) mmm Dy(3). Hyers R = Syl,(K), N = Ng(R). B cuiy aprymenra
®parruan G/K ~ N/N N K ~ G. Takum obpasom, w(N) 2 w(S). Caeno-
BaTebHO, B [N ecTh 3jeMeHT nopsjiaka 3. [lycts H cuioBckas 3-mojrpyiia
rpynnsl N. Torna H neficrByer Ha R 0e3 HENOJBUXKHBIX TOYEK, TaK KaK B
N mer snementa nopsiaka 3r. Ciemoaressno H R — rpymnmna @pobennyca c
JiortostHenneM H. 3Ha4YUT, CUI0BCKas 3-OArpyIa rpy bl N IUKIMYecKasd,
CJIe/I0BATEIIBHO, U B G CHIIOBCKAs 3-TIO/IPYIIIA JOJZKHA ObITh ITHKJIHIECKOIl;
[IPOTUBOPEYHE.

Jlemma 14. Ecau L makxas xkax 6 ycaosuu meopemv,, mo L ne uzomoppna
epynne 2Ay(5).

Jokazaresberso. Tonycrum L ~ % Ay(5). Torma p(L) = {10,8,7,6}. Tlo-
CKOJIbKY 12 € w(Symy), mmeem G/ K = S ~ Alt;. I'pynna K HUIBIOTEHTHA
mo TeopeMe A, Tak Kak rpad rpynmnsl L, a 3HaguT, n rpynnbl (G HECBS3€EH.
O6o3naunM 4vepe3 R CHUIOBCKYIO T-TIOArPYIILy rpymmbl K. 3aMerum, 9To
rpymmna S jeiictByer Ha R Touno, nnade Cq(R)K = G, u B G Haiigercs sJie-
MEHT MOPsiJIKa 77 TP 7" 7 7 WK 3JIeMEeHT HopsiiKa 35 Ipu 7 = 7, 94TO cpasy
npuBeJieT Hac K rnporuBopednio. [lycrs » = 5 mwm 7. [lockobKy crioBcKas
3-moarpymma B S ecTh 3JIeMeHTapHasg abejeBa TpyIa IopsaaKa 32, To OoHa
He MOXKeT JiefictBoBaTh Ha R 6e3 HemoaBMKHBIX To4dek. Cjie/loBaTe/IbHO, B
pacmupenun RS, a 3una4uT, n B pacmmpennn K S, eCTb 3JIeMEHT HOPsIKa
3r; nporusopeure. [lycts r = 3. I'pynma S comepxxkut noarpymmny Opobde-
HUyCa C sJIpOM TOpsijiKa 7 ¥ JIONoJiHeHneM mopsijika 3. [losromy mo Jjem-
Me 5 B (G HaiifeTcs 3JIeMeHT mopsaka 9, 9To HeBO3MOXKHO. Takum obpasoM,
MBI MOXKEM CUYnUTaTh, 9T0 K sBisgercd 2-rpymmoii. PacemarpuBast paxkTop-
rpynny G o noarpymme @partunu rpynibl K, MOXKHO 1ojiaraThb, 91o K —
s/IeMeHTapHas1 abejieBa 2-rpyIia, KOTOPYIO MOXKHO PacCMaTpPUBaTh KaK BEK-
TOPHOE TPOCTPAHCTBO HAJI MOJIEM XapakTepuctuku 2. Paccmorpum mpeji-
crapieane S Hajx K. Ilepexoss mpu HEoOOXOIUMOCTH K S-WHBAPUAHTHOMY
ITO/IMO/TYJTIO, MOYKHO CYHUTATh, 9TO 9TO IpejcTaBeHue HermpuBoguMo. [lo-
CKOJIBKY B I'pylie L HeT sjieMeHTa nmopsijika 14, To Jo00it 3/IeMeHT HOopsiIKa
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7 u3 rpyunsl S HE MOXKET MMETh B YKa3aHHOM IIPECTABJICHUN HEIOBUK-
HBIX TOYeK. Vcrmomb3yst Tabimiy Opay’spoBbIX 2-xapakTepoB rpymibl Altr
HECJIOXKHO YCTAHOBHUTD, YTO €IMHCTBEHHOE HEIPUBOIAMMOE IIPEJICTABJIEHNE,
B KOTOPOM 3JIEMEHT MOPSAJIKa 7 IPYIIbLI S He UMeeT HEIOIBUKHBIX TOUEK,
UMeeT pasMepHOCTh 6. DTO IpeJCTaBIeHne MOKET ObITh IIOJIyUYeHO U3 eCTe-
CTBEHHOTO IOJICTAHOBOYHOI'O 7-MEPHOIO IPEJICTaBICHUsI TPYIILI S HaJ 110-
JIeM XapaKTepUucTuKn 2 (pakTopusamyeil NCXOQHOro IPOCTPAHCTEA, 110 OIHO-
MEPHOMY TOJIIPOCTPAHCTRY, MOPOXKJIEHHOMY BEKTOPOM, PABHBIM CYMMe BCEX
ceMu Da3MCHBIX BEKTOPOB. e Mbl 0603HAYNM Yepe3 vy, . . . , Vg DA3UC TOJTY-
YEHHOTO 6-MEpPHOro MPOCTPAHCTBA, a Yepe3 U7 BEKTOD, PABHBIA UX CyMMe, TO
B 9TOM IIpeJICTaBJIEHUN JieficTBIe TIpeobpasoBanust ¢(g), COOTBETCTBYIOIIETO
HOJICTAHOBKE g € S, Ha JIAHHBIX BEKTOPAX OIPEJIEIEHO CJIEIYOIIIM 0Opa30M:
vip(g) = vig. Ilpennonoxknum, aro B rpynmne G HET 3JIeMEHTOB TOpsIKa 12.
DTO O3HAYAET, ITO KazK/Iblii 971eMeHT a € S mopsijKa 6 aHHYIUPYeTCs] MHOTO-
wienom 10 +xt 423+ 22 +2+1. Onuako Mmarpuna saementa a = (123)(45)(67)
nopsijika 6 umMeer B yKazaHHOM 6a3uce BUL:

_ o O OO
_ o O O O
o O O O
—_0 O O O
_ O = O OO
_ O O O oo

HemnocpeicTBEHHO BBIYUC/ISAST MATPUILY a+at+at+a’+a+ 1, onpenens-
€M, 9TO OHa He sIBJIdgeTcd HyseBoil. Takum obpazom, B G HaileTcs J1€eMEeHT
nopsiaka 12. ITockombky 12 ¢ w(L), memma 1okasana.

Jlemma 15. Ecau epynna L ydosaemeopsem ycaosuro meopemov,, mo L ne
udomopgpna epynne Jo.

Jlokazarenscro. Jomycrum L ~ Jy. Torma p(L) = {15,12,10,8,7} u,
caepoBarenpho, 2 € w(K), a takxke 3 € w(K) wm 5 € w(K). B gacr-
noctu, rpynmna K nHerpuBnasbHa. [lo Teopeme A rpymnma K HUJIBIIOTEHT-
Ha. Jlomycrum, uro 5 € w(K), Torma rpymma S JefiCTByeT Ha CHJIOBCKOI
S5-nmojrpymme rpytnbl K touno (uHade B G eCTh 3JIEMEHT HOpsijika 7 -« 5).
[Iycrs Ry ~ Syls(K). Ilepexons k daxrop-rpyiie o noarpytmne Oparruan
rpynmbsl Ry, MbI MOJKEM PACCMATPHBATH Rs KakK TOUHBIH G-MOJLYIIb HA 110-
JieM xapakTepucTuku 5. Bocrosib3yemces Taduieit OpaypoBbIX H-XapaKTepPoB
rpymusl S (em. [14]). meercs suiib 1Ba HEIPUBOAUMBIX MOy Vi u Vo, B
KOTOPBIX 9JIEMEHT IOPsJ/IKA 7 TPYIIILI S HE UMEET HEIO/IBUKHBIX TOYEK, 00a
pasmepnoctu 6. [lycrs smement x € S umeer nopsiiok 6. Torga dim Cy, (x) =
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dim Cy, (z) = 2, nosromy B rpynie G ecThb 37eMeHT nopsiika 30; IpOTHBO-
peune. CreoBarensbro, B K HeT sseMenta nopsjka 5. Suaqnr, 3 € 7(K).

[peanonoxum Brauane, uto G = G/K ~ Alt;. B L, a snaunt, u 3 G,
CYIIEeCTBYIOT 3jieMeHThI opsi/ikoB 10 m 15. I[lockosrbKy Bce rpymibl HOpsiiKa
5 B Alt; conpsizkennl, 1 B Alt; Her s1aemerToB nopsiaka 10 u 15, To Haiigercs
smeMeHT r € (G nopsiaka b, MeHTPaIu3yIouil 3JIeMeHThl § € Ry u 2 € Rj
opsiIKOB 2 1 3 coorBeTcTBeHHO. Torma snement xyz € G umeer mopsiiok 30.
[TockombKy B L HET 371eMeHTa TaKOT'O MOPSIKa, MbI IPUIILIA K TOTUBOPETHIO.

[ycts G = G/K ~ Symy. Tpynna G geiicrsyer na rpymnme Rs TOYHO.
[Tepexong k daxrop-rpyitire no nogrpyiie Ppartunu rpynnsl 3, Mbl MO-
JKeM PacCcMaTpUBaTh R3 Kak TOUHBIH G-MOJY/Ib HaJT IOJIEM XapaKTePUCTH-
ku 3. [Iycrs V' — menpuBoauMblit G-IIOIMOJIYIIb 9TOMO MOIY/IA. BOCIOIb3Y-
emcst Tabsniieil 6paypoBbIX 3-xapakTepoB rpytbl Symy (em. [14]). Vmeercs
JINIID JIB& HEMPUBOAUMBIX MOAY/d Vi u Vo, B KOTOPBIX 9JIEMEHT MOPSAIKA 7
rpynnbl Syms; He MMeeT HEIOJIBIKHBIX Todek, oba pasmepnoctu 6. ITycrn
ssiemenT T € Symy; umeer nopsiyiok 10. Torma dim Cy, (z) = dim Cy, (z) = 1,
mosTomy B rpyiie G ectsb smeMenT nopsiaka 30; mporuBopeune. Jlemma mo-
Ka3aHa.

Jlemma 16. Ecau epynna L ydosaemsopaem yciosuro meopemvl, mo L ne
usomoppra 2pynne Altig.

lokazarenscrpo. Jonycrum L ~ Alty,. Torma u(L) = {21, 15,12, 10,9, 8}.
[Tockombky 9,8 & w(Aut(Alty)), mopsaok K menurest Ha 6.

Ecaun mopsiiok K menurest Ha 7, TO XosutoBa {2, 7}-moArpymnmna rpyist
K gasisierca rpynnoit @pobennyca uin JiBoitHON rpymmnoit @pobennyca, 1mo-
ckoJIbKY B G HeT 3jieMenTa nopsika 14. Ecim K gaBnsiercs rpymmoit Ppobe-
Huyca u ee sijipo R — 7-rpyiia, To CUJI0BCKas 2-mojrpyiia u3 K — rpyiima
¢ eJIMHCTBEHHON nHBoJoNMel 1 110 aprymenty @parruau B G €CTb 3/1eMeHT
nopsinka 14 & w(Altyg). Ilosromy cunosckas 7-moprpymia u3 K — rpyrmma
nmopsijika 7 u cHoBa 110 3amedannio Oparruan B G eCTh 971eMeHT opsijika 14.
Nrak, mopsaaok K we menurcd Ha 7.

[Ipearosioxkum, gro nopsgaok K jemuresd wHa 5. Ecom R — cuioBckas
7-nonrpynna w3 G, To R mopmasmsyer xostoBy {2,5}-moxrpymnmny H u3
K u peiictByer Ha Heil 0e3 HemoBMXKHBIX Todek. [lo Teopeme Tomricona
H wwmenorentra. [lo samedanuto @parrunn G = Ng(H) - K, nosromy
Ng(H)/Ng(H) ~ G/K. lonsrnro, uro Ni(H)/H — 3-rpynna. [lycrs T —
cunoBckas 3-moprpymia u3 Ng(H). Torma K = HT u Cx(H) NT =1.
[To zameuanuto @parruan HeKOoTOpasi cuyoBckast 7-toarpynmna U w3 Ng(H)
Hopmasmsyer 1. Ilpemmonoxum, aro [K,T| #1. fdcno, uaro [K,T| He nen-
Tpaau3yeT HEeKOTOPYIO CUJIOBCKYIO ¢-moarpymmy () w3 H s g, paBHOTO
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opuomy u3 wuces 2 win 5. I[To nemme 6 (B weit p =7, (a) = U, H = T /Cr(P))
mveem C,(K) # 1, aro mesepno. Ilosromy [K,T] =1 u, ciaegoBaresbHo,
Co(T)NNg(H) obranaer KOMIO3UIMOHHBIM (hakTOpoM, m3oMopdbHbIM Alt;.

Taxkum obpasom, B G ectb cexnus suga (Hy X Hs).3.Alt; win (Hy X
Hs).Alt;, tne Hy, Hs — cuioBckue 2- U 5-TOArPYyIIbl Tpytibl H.

N3 tabmui 2- u 5-MOIyIIpHBIX XapaKTepoB I'PyIbl 3. Alt; BeITEKaeT, 94To
JII000e HEITPUBOIMMOE TIpeJICTaB/IeHne Ipy bl 3. Alt; HaJI TOJIeM XapaKkTepu-
CTUKH 2 WU D, B KOTOPOM 3JIEMEHT TOPSJIKa 7 JICHCTBYET 0€3 HeITOIBUKHBIX
TOYEK, 0bajiaer TeM cBoiicTBOM, uTo B 3.Alt; mim B Alt; cymecrByer 3J1e-
MEHT IOpsA/IKa 3, KOTOPBIil 00/1ajaeT HEMOABUXKHON TOYKON B 9TOM IIpe-
crapyieanu. [Tostomy B G ecrb ssement nopsiika 30 & w(Alty). Urak, K
siByisiercst {2,3 }-TpyIIoi, MOPsiIoOK KOTOPO# JiesiuTcst Ha 6.

[Tomoxkum SO :1, Sl = Og(G), 52 = O&Q(G), 53 = 03’273(G), HyCTb
t — mepBoe 1uciIo, Jy1st Koroporo Sy = K. Ilongarno, uro t >2. Ilycrs G=
G/Si_o, K = K/S;_5. Torma K — rpymnmna, B KOTOpOii MHBapHAHTHA €&
CUJIOBCKag p-TIOArPyNIa Jyid p =2 ujm p =3.

[Iycrs BHauane p = 3. Torma G = G/S; 1 obiajaer HeTPpUBUAILHO
HOPMaJIbHON 2-ITOIPY IO S =5, /Si—1, dakTop-rpymma mo KoTopoit co-
JIEPYKUT B KaUeCcTBe HOPMAaJIbHOI mojarpyitiy, uzomopduyio Alt;. Tak kak B
G mer sjeMenTOB Hopsijika 14, To snemenT nopsiiika 7 uz G jeficTByer npu
compsizKeHnn Oe3 HEeIOJIBIKHBIX TOYEeK B S M, KaK cJie/lyeT n3 TabJnIbl 2-
MOJLY/IAIPHBIX XapakTepos Alty, moboit komnosuuonHsiit paxTop rpymisl G
B S SIBJISIETCSI HEIIPUBOUMBIM G-MEPHBIM IIPEJICTABICHIEM HaJl TIOJIEM ITOPSI/I-
Ka 2, B KOTOPOM Pa3MEepPHOCTD MPOCTPAHCTBA HENOJBIKHBIX TOIEK JIEMEHTa
nopsaka b pasta 2. Tak kak Kk S B G ectb jgononnenue, o Alt; neiicrByer
Ha S; 1 = S;_1/S_o # 1. Tabauma 3-Mo Iy TAPHBIX XapakTepos aaa Alt; mo-
kasbiBaeT, uTo U, (x) # 1 nd snementa x nopgajaka 5, u nosromy Cg, ()
SIBJISIETCS PACIIMPEHUEM HETPUBUAILHON 3-TPYIIIBI ¢ MOMOIIBIO 2-TPYIIIIHI
panra 6osbIiiero mbo pasHoro 2, cienosarenbio, Cg,  (T) COTEPKUT diie-
MeHT ropsjka 6. 91o o3Havdaer, 9To B (G ecTh 3jeMeHT mnopsjka 30, ITo
HEBEPHO.

Uraxk, p = 2. ITo mocrpoernmo S;_; = S;_4 /S;_o sBJIsIETCsT 2-IPYTIIOii, CO-
JlepzKallieil CBOi MEeHTPAIN3aTop B S=S5 /S;_2. C momorpio jemMbl 6 JIerko
nokasate, uto Gy = N(S) = C(S) - S, rie kak u [ paHblIe G = G/Si1, a
Gy — motabiit mpoobpas (G/K) B G. Ilostomy N (S ) = S. A rae A LeHTPa~
JIA3yeT Su A~ Alt,. [Tockonbky B G HET 3/IeMEHTOB TIOpg/iKa 9-7, rpyIa S
meeT mepuos 3. Ecim HeKoTopwIit HeTpUBHATLHEI 3/IEMEHT § 13 S IeHTpa-
JIM3yeT HeTPHBHUAJLHLIN 3/1eMeHT U3 S;_1, To A neficTByer Ha Cs,_(y) #1.
Kax u panbire, smement nopsika 5 us G nenrpanusyer s Cg, | (y) HekoTo-
PBIif HETPUBHAJIBHBIN 3JIEMEHT U, CaeJ0BaTeIbHO, B G €CTh 9JIEMEHT IOPSII-
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ka 30; nporuBopeune. [losaromy S — rpymnmna mopsiaka 3, JeiicTByOIas Ha
Cs,_, 6es menopmokHbX Touek. Otciofa BhiTekaet, uto Cg, (S) = S+ A, te

A ~ Alt; wm 3.Alt;. Tlockonbky B G HeT 31eMenTa mopsiaka 9, 1o S;_o # 1
u S;_o/S;_3 — HerpuBnaJbHas 3-oArpymna. Temnepb paccyKJIeHUs, UCIOTb-
30BaBIIKECS JJIsd p =3, MOKA3bIBAIOT, YTO JIJIs SJIEMEHTa X IOPSAIKa D IeTpa-
mmzarop Cg, /s, ,(x) comepKutr smemenT nopska 6, To ectb G COJEPAKHUT
ajieMeHT nopsaka 30; nmporuopedne. Jlemma JlokasaHa.

4 Jloka3aTeJbCTBO T€OpPEMbl

Hwke MBI TI0C/IET0BATETHHO PACCMOTPUM BCE BO3MOXKHBIE BAPUAHTHI JIJTsT
rpymmsl L. 3amernm, 9to L HEe MOXKeT ObITh N30MOpGHA paclo3HABAEMO 1
Jlayke KBasmpaciiozHaBaemoii rpymie. Konednas HeabesieBa mpocTas rpylia
L HaszbIBaeTCs K6a3upacno3nasaemott no cnexkmpy (WM IPOCTO KBA3UPAC-
[O3HABAEMOI1 ), €C/Ii KaKjiasi KOHeYHAasl IPYIIA C TeM K€ CIIEKTPOM HMeeT
POBHO OJIMH HeabeseB KOMIIO3UITMOHHBIN (hakTop S U 3TOT (haKTOp M30MOP-
den L. Beuay kiracudukaimoHHON TeopeMbl, ecan [, — IpocTasi IpyIIIa,
T0 L siBisteTcs OO IPYIIIION JIneBa THUIIa, JIMOO 3HAKOIIEPEMEHHO IPyIIIOii,
60 criopajmyaeckoit rpymmnoit. B [6, Tabiunax 2, 8, 9] ykazana HEIIOTHOCTD
KaxKJI0f KOHeuHOil mpoctoii rpymmbl. Takxke jierko Bujiers, uro w(G/K) C

w(@).

IIpengioxxkenue 1. L e moorcem 6vimov udomopdra wu 00not u3 cnopadu-
YECKUL 2PYNN U UCKAOUUMENDHBLT 2PYNN AUEBE TUNG.

/lokazarenscrBo. Bee ciopasuaeckne rpyInsl KpoMe Jo PACIIO3HABAEMBI.
Ipynma J; pasobpana B iemme 15. Bee rpymnib! HCKIIIOUATENIBLHOTO JIHEBa TH-
a SIBJISIIOTC KBa3upacinosHaBaeMbiMu (eM. [15]).

Taxum obpazom, L mMoxkeT ObITH H30MOpGHA JTNOO0 KJIACCUIECKO# IpyIIe
JINeBa THIIA, JTUOO 3HAKOIEPEMEHHOM TI'PYIIIIE.

N3 nemmbr 2.1 crepyer, 9To L MoxkeT ObITh n30MOpP(dQHA TOJBKO I'PYIIIIe
¢ HEIJIOTHOCTBIO, He npeBocxomsieit 4. Tak kak rpymnmna Alt; nuMmeer MHIEKC
2 B rpymme Aut(Alt;) ~ Symz, ro G/K ~ Alt; mubo G/ K ~ Symy.

[Tokaxkem, uTo L He MOXKeT OBITH U30MOPQHA KJIACCUIECKO#l IpyIIIIe Ju-
€Ba THUIIA.

IIpennoxenue 2. L ne moorcem 6oimv usomopdra A, (q).

Jlokazarenscrpo. Jonycrum, aro L ~ A, (q) /st HEKOTOPBIX N 1 .
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1. Iycrs L ~ Ay(q). Ppymusr Ai(q) pacnosnasaembr (cm. [16]), ecin
q # 9. B rpynme A;(9) Her smemenrta nopsiaka 7. CiemoBarenbHo, L He
MOzKeT ObITh n3oMopdua Ai(q).

2. llycrs L ~ Ay(q). I'pynma L sBiisieTcsi KBa3MPACIO3HABAEMOIT TPYII-
noit, eciu ¢ # 3 (cmorpu [17, Teopema Bl ). B rpymme Ay(3) mer ssementa
MOpsIJIKa, 7.

3. Ilycte L ~ As(q). Torma p(L) = {p, 73, rs}. CupaBemiusa ciemryio-
mast nerouka pasencts: (¢ —1)/(¢—1) = @ +q+1=qlg—1)+2(¢g—1)+3.
Takum 06paszoM, v ¢° +q+1 1 g — 1 obumM esuTeseM Mo¥KeT OBITh TOTBLKO
3. Yucno ¢+ ¢+ 1 B3aumno npocro ¢ ¢+ 1. O6osnauum 3a 7, IpOU3BeICHEe
BCEX NMPUMUTHUBHBIX JIEJIUTEEH CTEIIeHU N, B3ATHIX ¢ MAKCUMAJIbHBIMEI CTe-
nensvu. Torga T3 pasuo ¢° + ¢+ 1 wmm (¢> + ¢+ 1)/3, a7y pasuo (q+1)/2.
ITo siemme 3 me Gosee wem oo uncao u3 p jgeaut K| - |Aut(S)|. Snaunt,
OCTABIIHECS JIBA YUCTA U3 P JOJKHBI JIEJTUThH MOPSIOK S.

Hormycrum, 910 p U r3 Aeaar nopsyiok S, smauut, r3 € {57}, p €
{2,3,5,7}. Hecio:kHO HOHATH, 9TO B 9TOM CJlydae T3 JOJKHO OBITH CTe-
nenbio b win 7. JlambHeiinee paccykjenne pa3zoObeM Ha psJi CAy4YaeB B
3aBUCUMOCTH OT D.

i.a. Ilycts p = 3, ¢ = 3. Yncno 3% + 3% + 1 ne nemmres ma 5, a mpu
k = 6t +2 wm k = 6t + 4 genurca Ha 7. Ilo jtemme 10 quciio 73 He siBJIsieTCs
CTEIEHbIO IPOCTOrO YUCIA.

i.b.Ilycts p = 5, ¢ = 5*. Uncso 5% + 58 + 1 me nesmrcs Ha 5, u upn
k =6t+ 2 wm k = 6t + 4 nenurca Ha 7. VI3 nemmer 10 ciemyer, aTo 73 He
SIBJISIETCS CTENEHBIO MTPOCTOrO YUCIa.

i.c. Ilycte p =7, ¢ = 7. Yncao 7% + 7% + 1 ne nemmrea na 5 u na 7.

i.d. Ilycrs p = 2, q¢ = 2¥. Yucno 22% + 2% + 1 me nesmuresa na 5, cienoba-
tenabno, 22 428 +1 = 3.7 npu vernnix k, u 228 + 2% +1 = 7! npu nevernwIx
k. Honyctum, k = 2t 1gerno. Torma crpapeuinBa, ciieayiomasi MernodIka pa-
Benets: 24422 41 = (2241)2-2% = (2% 4+1-2")(224+1+2!) = 3-7.. Y uncen
220 +1 -2 u (2% + 1 + 2') ecTb B3AMMHO MPOCTDIE JIETUTE/IH, €CIIU OJIHO U3
Hux ne pasHo 1. Tomycrum, uro 3 gemut 2% +1— 2% 3uaunr, 2% +1 -2 = 3,
cnegoBarenbio t = 1, ¢ = 4. Ilo nemme 13 rpynna L #He MoxkeT ObITH M30-
mopdua Az(4). Homycrum, uro 3 geaut 228 + 1 4 28, Torpa 2% + 1 + 2 = 3
u, ciaemoBaresbHo, t = (0; mporuBopeune. 3HaunT k HedeTHo, k = 2t + 1.
Torma 24+2 4 2241 + 1 = 7!, CnpaBemBa, ciie/IyIomas NeNoYKa, PABEHCTB:
2204122041 4 1) = 7' — 1 = 6(7""1 + ... + 1). Takum obpasom, ec/u | HeveTHO,
to (771 +...4+ 1) He genures Ha 2, ciegosarenbho, 2t +1 = 1. ['pynmna Az(2)
SIBJISIETCST PACIIO3HABaeMOii, cienoBarenbio, L # A3(2). Sunaunt | deTHO,
| = 2s. Torma 242 42241 11 = 725, CpaseyiuBa cJieIylonas IeTouKa, pPa-
BencTh: 2201 -1 = 728 — 24F2 — (75 4. 920H1) (75— 220+1) » 92+ 4 1: iporuBo-
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peune. Takum obpazom, 1oka3aHo, 9To 160 p, b0 r3 msemut | K |- |Aut(S)].
CrietoBaTeIbHO, 7'y JIEJIUT TOPSIJIOK S.

Honyerum, aro p u ry genst |S|. Bamerum, 9T0 IPUMHUTUBHBIH TPOCTO
NeTesb pasHocTn ¢ — 1 He MoyKeT paBHATHCA 3 wan 7. IlosTomy 14 = b.

ii.a. IIycts p mewerno. Uz nemmbr 11 caemyer, uto ¢ = 3 wim ¢ = 7. B
rpymme As(3) met smementa nopsaka 7. Ecin ¢ = 7, To 7y = 25, u B rpymme L
ecTb 3JIeMeHT Topsiaka 25. B S Her semenTa mopsijika 25, cjegoBaTebHO,
5 pemut nopsaaok K. Ho ry = 5, ciemoBaresibHo, JaBa YUC/Ia U3 O JEJIAT
nopsiJIoK K'; mpoTuBOpeyne.

ii.b. Ilycrs p = 2. Torna 22 + 1 = 5. Ilo 1emme 9 umeem | = 1, k = 1,
q = 2, a rpynma |A3(2)| ~ Alts pacnosnaBaema. OTciona caeayer, 9ro 73
gemut |S).

Ocrajioch pacCMOTPETh CJIydail, KOrjia Iucia rs u ry geast |S|.

iii. Ilycts p # 2. Tak kak r4 = 5, mo jqemme 11 gubo ¢ = 3, mbo q = 7.
B sTux caydasax r3 = 13 i r3 = 29 cOOTBETCTBEHHO U, CJIEIOBATEHLHO, T3
He gemut |S|. Ciydait, korjga p = 2 pa3obpas B myHKTe i.d.

4. Hycrs L ~ Ay(q). Torma p(L) = {rs, ra, r5}, p(2,As(q)) = {2,75}.
Pazbepém sToT ciydait anajoruydno npebiaymemy. Llyets r3 o ry jgendr
mopsiyiok S. Ecim p = 2, 1o ry momkHO 661TH paBHO 5. Ilo gemme 9 310 BO3-
MOKHO TOJILKO B OJIHOM Cjiydae, Korja ¢ = 2. I'pymmna A4(2) pacrnosnasaema.
Ecnu p nederno, To ucia r3 u r4 CMEXKHBI ¢ 2, 3HAYUT paBHbl 3 wiu 5. Hu
r4, HI T3 HE MOTYT PaBHAThCA 3; mporuBopeune. CjieI0BATEIBLHO, I's JEJTUT
nopsiiok S. OJIHAKO 75 He MOXKeT JieKaThb B MHOKecTBe {3,5,7}.

5. ycrs L ~ As(q). Torma p(L) = {ry4, 75, r6}, p(2,L) = {2,75}, nim
p(2,L) = {2,716}, wmm p(2,L) = {2,75,76}. Ilockonbky 75 ¢ {3,5,7}, TO
ry =5, rg =7 . VI3 memmbl 11 BBITEKAET, UYTO 74 MOXKET OBITH PABHO H TOJIBKO
upu g € {4,3,7}. B oarux cayqasx r; # 7.

6. Ilycte L ~ Ag(q). Torma p(L) = {ry, 75, 16, 77}, p(2,L) = {2,17}.
Yucna ry, re, 77 ¢ {3,5}, Ho x0Tt ObI ABa U3 HuX JeaaT |S|.

7. llycrs L ~ Az(q). Torpa p(L) = {rs, 16, r7, 13}, p(2,L) = {2,7r7}
win p(2,L) = {2,rs}, wim p(2, L) = {2,rs,r14}. Yucna rs, 76,717,738 ¢ {3,5},
HO XOTs1 OBl JIBa U3 HUX Jedr |S|.

JIuHeitHbie rpyIbl pa3MepHOCTH, OOJIbINEH 8, UMEIOT HEIJIOTHOCTD, 60JTb-
myto 4. [Ipenoxkenne nokasaHo.

IIpesioxkenue 3. L ne moorcem 6vms usomopdra A, (q).

Jlokazarenbcrpo. 1. Ilyers L ~ 2A,(q). Ipynna L sBiasercss KBasupac-
nosHaBaeMoii rpymoii, ecin ¢ # 3 u 5 (em. [18]). Ipynma ?A,(5) pazobpana
B nemme 14. B rpymnme 2Ay(3) wer smementa nopgaka 5.
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2. Iycrs L ~ ?A3(q), ¢ > 2. Torma p(L) = {p, r4, 76}, t(2,L) = {2,756},
ecmn ¢ + 1 me gemures Ha 4, p(2,L) = {p,r4}, eciun q + 1 nenurcsa Ha 8§,
p(2,L) = {p,r4,16}, eciu ¢ + 1 geurcs va 4, HO HE JeJaUTCA HA 8.

i. Ilycre p u ry gesist |S|. DToT ciyuail paceMoTper B myHKTe 3.1i Ipe/i-
JoxKeHus 1, 1 Bo3MozKeH TobKo npu ¢ = 3. I'pynma % A3(3) pacnosnasaema.
[IporuBopeune.

ii. [lycts p u rg genar |S|. Ecm p = 2, To 2% — 2% + 1 ne nenmres
Ha 7. CrenoBaresnbro, 14 € {3,5,7}. 3nauut, p wederno. Tak Kak 1¢ He
MOZKeT ObITh PABHO HU 3, HU 5 IIPHU JIIOOBIX 3HAYEHUAX ¢, TO r'g = 7, SHAUUT,
p € {3,5}. Hecnoxkno nousts, uro 76 = (¢> — ¢+ 1)/3%, tne i € {0,1}.
JHonycruM, p = 3. Torma, 76 = ¢> — ¢+ 1 = 3% — 3! + 1 = 7. TlokazkeM, uTO
3TO BO3MOKHO TOJILKO Ipn k = 1 1 ¢ = 3. Yncmo 3% —3'+1 neanred Ha 7 ipn
t =6k —1wumt=06k—05, Te. t HedeTHO. 3HAYUNT, CIIPABEJINBA CJIEIYIOIIAs
nenovKa papencts: 7 = 3220+ _32htl 1 — 320h+1) 4 9. 32k 41 3.32h+1 —
(32h+1 + 1)2 o 32(h+1) _ (32h+1 +1-— 3h+1)(32h+1 +14+ 3h+1)' Ecnu h 7& 07 y
aucen 3201 41 — 30+ i 32+ 1 — 3hF! et B3amMHO IIPOCTLIE TEIHTE.
Crenoarenbao, h =0wu l = 1,¢q = 3, uro u TpebOBAIOCH J0Ka3aTh. I pymia
2 A3(3) pacnoznaBaema. AHAJIOTHYHBIM CIIOCOGOM MOKHO MOKA3aTh, YTO €C/I
p=>5, 10 ¢ = 5. ITo temme 13 rpynma L nenzomopdua 2Asz(5).

iii. ITycrs 14 u 16 pesst |S]. Ciyuail, Korja p 4eTHO, pACCMOTPEH B ii,
ciiesioBaTesibho, p HederHo. [To semme 11 g € {3,7}. [lpu ¢ = 7 BeIIOTHEHO
re = 43 u, ciegoBarenbho, rg ve et |S|. lpu ¢ = 3 rpynna S = 2A43(3)
pacro3HaBaeMa.

3. Mycrs L =~ 2A4(q), q # 2. Torna p(L) = {r4,re,m10}, p(2,L) =
{2, r10}. Hecnoxuo monsts, uro rg ¢ {3,5,7}. Cuenosaresnbho, ry = 5,
r¢ = 7. Jlerko mokasarb, 94TO TOT CIydail TOXKE HEBO3MOYKEH.

4. Myers L ~ ?As(q). Torma p(L) = {rs,rs,r10},p(2,L) = {2, rio}.
Hucso rig € {3,5,7}. Buaunt, r3 u ry genar |S|. Dror caydait pazobpan B
MyHKTe 3.1i1 Tpeyioxkenns 1.

[Ipu n, 6osbiem 5, rpynmbt 24, (q) UMEIOT HEIIOTHOCTH GOJIBITYIO 3, U
HECJIO?KHO II0KA3aTh, 9TO L He MOXKeT ObITh n30MopdHa HE OIHON M3 3TUX

TpYIIIL.

IIpensioxkenue 4. L we moorcem 6vimv usomoppma By(q) u Cn(q).

Jlokazaresbergo. Ilyets n = 2. ITlo Teopeme I'prontGepra — Kerensa (g2 +
1)/(2,q—1) = p(L) Nwa(L) = pa(L) = pi(S), vme i = 2 nm 3. Ciesroa-
reqbno, (¢ +1)/(2,q—1) = 5 nim 7. D10 Bo3MOKHO TOsIBKO Tipu ¢ = 2. Ho
TorJIa 7 HE JIEJIUT IMOPsiJIoK L.

[yctb n =3, ¢ =2 wm n =4, ¢ = 2. TU TPYIUIBI ABIAIOTCA PaCIO-
3HABAEMBIMI.
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[Iycte n =3, ¢ # 2. Torma p(L) = {rs,rs, 76}, p(2,L) = {2,73}. Kak u B
IYHKTE 2 TpeJIoKeHNs 3, HECIOKHO MMOKa3aTh, 9TO 3TOT Caydail BO3MOXKEH
TosbKo nipu ¢ = 3. I'pynmer C3(3) u Bs(3) paszobpanbl B jemme 13.

ITycte n = 4. Torma p(L) = {rs,rs,7¢,7s}. Tax ke, kKak B myHKTE 7
HPEJIOKEHUA 2, MOXKHO [IOKA3aTh, YTO ITOT CJIydail HEBO3MOMKEH.

[Ipu n > 4 merwtoraoctsb rpynnbl L 60sbiie 4.

Ipengnoxenune 5. L ne mooicem 6uimo usomopgna D, (q) u 2D, (q).

Jorazarenscrpo. Ilycts n = 4. Torna p(L) = {r3,r4,76}. Jlerko moka-
3aTb, YTO 3TOT CJIydail BO3MOKEH TOIBKO 1pu ¢ = 3. Ciry4ait ¢ = 3 pasobpan
B gemme 13. Ilpu n > 4 gucno t(L) > 4, u HE OJHO U3 UHCEJI, JICXKAIIX B
p(L), He paBHO 3 Win 2, HO XOTs ObI TPH W3 HUX JeIAT Topsa oK S. [Iporu-
BOpeUne.

Ipengoxxenue 6. L wne mosicem Goimo usomopgna >Bs(q).

/lokazarenscro. B nmporusnom ciyuaae |p(L)| > 4 w Hu oxHO n3 wmced,
nexkamux B p(L), ve paBHo 3 wim 2.

Ipengnoxenune 7. L ne mooicem Goimo usomopdna >Dy(q).

/lokazarenscro. B nporusnom ciaydae p(L) = {r3, ¢, m12}. Jlerko moka-
3aTh, YTO ITOT CJIydail HEBOZMOXKEH.

Takum 06pazoM, U3 HpeIoKenuii 2 — 7 cyejyer, 9To L He MOXKeT ObITh
u30MOp(dHA KIaCCUUECKON IPYIIIIe JIMeBa TUIIA.

ITpennoxkenune 8. L ne moorcem 6vims uzomoppra Alt, npun # 7.

JokazarenscTBo. Jns mroboro mpocroro gucia p < n B Alt, cymecrBy-
eT 37eMeHT nopsaka p. Ilo jemme 12 mpu n > 12 cymecTByioT Tpu TIpo-
CTBIC 4HCJIA D1, P2, P3 < M TaKue, 9To p; + p; > n. V13 sroro ciemyer, 4To B
G K (Alt,) cymecTByer TpH HMOMAPHO HECMEXKHBIX MIPOCTBIX YUCIA D1, P2, P3-
[Topstok rpymmbl | K| MOXKET e IUThCst TOJBKO Ha OJIHO U3 HuX . [l0CKOIbKY
|G| = |K| |G|, To ocTaBmmecs 1Ba wmCIa TOKHBI AT TOpanok S. [Ipn
n > 13 gumcna pi, pe,p3 > 7, caemoBarenbho, n < 13. I'pynmer Altg, Altg,
Altyy, Alt1s pacniosnaBaemsl, rpymma Alt)g pazobpana B temme 16. Orciona
n="r.

Ecmu L ~ Alt;, To u3 pacrnosHaBaeMocT L cjeayer 3aK/II09eHne Teope-
Mbl. Teopema gokazaHa.

Hoxkaxkem ciencrsue. Jomycrum, aro L — npocras rpyuna u G yaoBe-
TBOpsieT ycsoBuio caenctus. Torma u3 [6] u semmbr 1 caeyer, aro eciam L
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ormana ot rpynn Ay (3), 2A3(3), Cy(3) u Alt,, rje n TakoBo, 9TO Cpejiu Yu-
cenn,n—1,n—2,n—3 HET IPOCTHIX, TO BBIIOJHEHO 3aKJIIOUEHIE TeopeMbl B.
Cure1oBaTeILHO, BBITIOJIHEHO 3aK/TI0YCHNE OCHOBHON T€OPEMbI. SHAYHT, IPYTI-
na L msomopdua Alty, Ay(3), 2A3(3) mmm Cq(3). B rpynmax Ax(3) u 2A43(3)
Her j1eMenTa nopsiyika 7. Coy4aii, korga L uzomopdua Cy(3), pasobpan B
sgemMe 13. CienoBarennno, L ~ Alt;. CiaencrBue J0Ka3aHO.
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CTPOEHUE I'PVYIIIIBI EJVHNUIL
NEJIOYNCJIEHHOTI'O
I'PYIIIIOBOI'O KOJIBLIA
[MNKJINYECKOU I'PYIIIIHI
I[TPOCTOTI'O ITOPAJIKA

E.B. I'paueB

HoBocubupckuii rocy1apcTBEHHbBIN TEXHUYECKUN YHUBEPCUTET,
Poccus, 630092, Hosocubupcek, nip. K.Mapkca 20
e-mail: algebra@nstu.ru

Ounpepnenenne. [lycte G = {e, g1, 9o, . .., gn} — KoHeuHas rpymnmna. Lle-
JIOUHMCJIEHHBIM T'PYIIOBBIM KOJIBIIOM /(G HA3BIBAETCS MHOXKECTBO (DOPMAIb-
HBIX JIMHEHHBIX KOMOWHAITIIM Zzigl- ¢ OOBIYHOI omepalueil CJIOKeHUusT U
orepareil yMHOXKEHUsI, OIpeIe/IgeMOil YMHOXKEHNEM 3JIeMEHTOB TPYIIIIHI.

Ob6paTtumbie 3j1eMeHThI KoJiblla Z (G 00pa3yioT I'PYIILy, KOTopas Ha3bl-
BaeTcs Tpymnoi eauuuil u obosnadaercs U(ZG). Ioarpymma V(ZG) =
{> 29, € U(ZG) : > z; = 1} na3pIBaeTcs HOPMAJIU30BAHHO IPYIIOi e/u-
Hutl KoJiblia ZG.

[lepBblit Bopoc, HA KOTOPBI HY?KHO OTBETUTDH, SBJISICTCS JIU 33 IaHHbII
3JIEMEHT KOJiblla ZC'p 00paTuMbIM.

Eciu Cp mukiamdeckas rpyiia HOPsiJIKa P, TO U3BECTHO, YTO €e Ipe/l-

1 0 0 0

0 & 0 0 .,
craBienne nmeer Buj D(a) = 00 & o | TJIe a TTOPOXKAIOIIII

00 0 ¢t

9JIEMEHT T'PYIIIBI U £ TIEPBOOOPA3HBIN KOPEHb CTEleHu p u3 eauHutipl. [Ipu

stom ZCp = ZD(Cp). IlpousBosbhslii smement kosbiia ZCp umeer BUj
— p=1 i _ p—1 _ ¢

B = Y iy za'. Pacemorpum kombro Z[E] = )Y 1) %€ Bamerum paj pa-

BEHCTB
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U3 9TUX paBeHCTB CJiejtyeT, ITo J00O0i 97IeMeHT KoJibIla Z|€] MoxKHO mpejcTa-
BUTH B BUJE: (@ = Zf:_g 2;&". Hac mHTepecyioT Takue oOpaTuMble JIEMEHThI
p—2 _
KOJIBIA Z €], U1t KOTOPBIX Y - 2 = *1modp.
Pacemorpum mzomopdusmel konbiia Z[€] 01(§) = &, 02(§) = &%, ..., 0,-1(§) =

&P~ B cuity pasencts (1) umeeMm, uTo seMeHT KoJblia Z|¢| o6parum Tora

p-1
2
U TOJIBKO TOTJIa, Korya ero nHopma N (a) = H |o;(a))* = 1. TIpu BeraucIeHIN
i=1

qJHUCJIa N(OZ) 3aMeTUuM, 9TO €0 MHOXKHUTEJIN MO2KHO IIPEJICTaBUTL B BUIE

p+1

oi(@)* = Ao+ AE+ET) 4o+ A (ET +ET) A e Z
ITpu sTom

2r(p — 1)
p

).

7™t = 2cos( ), €47 = 2eos(T ) (677 +6'H) = 2008

311ech A§ [IPEJICTABJISIOT CO0Oi KBapaTudIHbie (hOPMbI OT KOIDPUITIEHTOB
Zj-

Bropoii Bonpoc Ha KOTOPBIA HYYKHO OTBETUTH CJIEAYIONIUL: MOCTPOUTH
HOJArPYIIY KOHEYHOro uHekca rpymmbt V(ZCp).

Oboznaunm r = ’%1 -1

Kaxk oMy smeMenTy a Kouiblia Z €] TOCTaBUM B COOTBETCTBHE BEKTOD JIO-
rapudnmaeckoro mpocrparctsa () = (In(|oy(@)]?), In(|oa(a)?), .., In(|o,(@)]*)).

OG6O3HATUM TEPE3 1)1, N2, -.., 1)y HIEMEHTBI, JIJIst KOTOPBIX BEKTOPLI [(17), 1(1)2),
o, 1(n,) MUHENHO HE3ABUCUMBI.

3 usBecTHOl Teopembl Jupuxiie cjieyer, 4To TpyIina eJIuHKI KOJIbIa
Z €] kKoHEUHO TIOPOKIeHA, & UMEHHO JII00ast €JIMHUIIA [IPEJICTABIISIETCS B BIJIE
EFmt . . Jlna HAXOYKIeHUS TOPOZKIAIONIIX 1)y, 72, -, 1, HYYKHO B JIorapud-
MUYIECKOM IpocTpancTse Haiitu 6aszuc [(n1),1(n2), ..., 1(n,) ¢ MEHEMAIbLHBIM
00beMOM IapaJiiesIenuie/ia, HaTIHyTOro Ha BeKTOpbI Oasuca. Ecin ke 00b-
€M He MUHUMAJIEH, TO MoJIydaeM HOPOXKIAIOIIHEe TTOAIPYIIIbl KOHEIHOTO WH-
JIEKCA.

Takum 06pa3zoM HaAMU IOJIYYEH AJTOPUTM, KOTOPBIH IO3BOJISET HAXO-
JIUTDH TIOPOXKIAIOIAE MOArPYIIIHI KOHEUHOIO HHIEKCA I'PYIIIBI €UHULL KOJIb-
na Z[¢]. ocie aroro Mbl MozkeM 3 GEKTUBHO PEIIaTh MOCTABIEHHbIE HAMEI
3a/1a4H.

1) Yuuoxenne. Eemn o = 977 o = it .nlr. Torma ajoy =
§k+s77f1 + mnfr—i—l,« )

—Zp
r .

2) O6parenue. aj ' = &P~ Fp oy

Pt
3) UsBrneuenne kopHs. {/aq = Emny™ .m0, IPU YCTIOBUY 9TO M/ 21, 22, ..y Zp-
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DTa 3aJava perreHa HaMU i MpOCThIX p oT 5 jo 53. T.e. mirsa srumx
P HaMU IIOCTPOECHBI IMTOPOKJaroIIe IIOATPYIIIIbLI KOHEIHOI'O NHACKCa I'PYIIIIbI

V(ZCp).



HEITOIBU2KHBIE TOYKU
MOJAJIBHBIX DS-®OPMVJI

C.1. MapnaeB*

Uucruryr maremarukun CO PAH,
HoBocubupckuii rocy1apCTBEHHbBII YHUBEPCUTET,
Hopocubupck
e-mail: mardaev@math.nsc.ru

Panee [1] 66110 JJOKa3aHO, YTO HAUMEHBIIIE HEIIOIBIZKHbBIE TOYKU Ollepa-
TOPa, COOTBETCTBYIOIIETO MOJIAILHOM Y-(hopMyJie, OIpeIe MMbl HEKOTOPOI
ureparmeit 3Toit popmysibl. Takoit criocob mocTpoenus orpeerdionieit dpop-
MYJIBI WIEHO MPOCT W MPU 3TOM COXPAHSIETCS MO3UTHBHOCTH APAMETPOB.
3aMeTnM, OJTHAKO, UTO YUCJIO UTEPAIil MOXKET ObITh BEJIMKO W He HCKJIIO-
YeHO, 9TO 00Jiee NBOMIPEHHBIN AJITOPUTM MOYKET JIaTh 0oJiee KOPOTKYIO (hop-
MYJLY.

Teopema, jToka3aHHast B 9TOi craThe, 06001aeT pesyiabrar u3 [1|. Beeme-
Ho noustre DS-dopmyit, koropoe 0bobIaeT nmousaTue Y-popmyqt. Jlokazano,
YTO HAMMEHDINNE HEIMOJIBUKHBIE TOYKH OIIEPATOpa, COOTBETCTBYIOMero DS-
dopmyite, onpeneumbl ureparmeit 3Toit GopmMyIIbL.

Modasvrwie nponosuyuornasvrove HopMyave COCTABISIIOTCS U3 TPOIIO3U-
[MOHATIBLHON KOHCTAHTHI L (JIO2Kb) U MIPOIIO3UIHOHAJBHBIX IEPEMEHHBIX P, ¢,
r,... C IIOMOIIbIO OMHAPHBIX CBA30K A, V U yHapHBIX cBs30K —, [ u .
Bynem ncroszoBars cokpartienus | = -1, Qa = a V Qa.

IIxanra Kpunxe (W, R) cocrout u3 Hemycroro Muoxkectsa W u Gunap-
Horo oruomennss R na W. Modeav Kpunke (W, R,v) COCTONT U3 IIKAJIbI
Kpunke (W, R) u osnauuBanug v. O3navusanue v — 310 (DYHKIHs, KOTO-
pas KayKJIoil TIepeMeHHOM ¢ CTAaBUT B COOTBETCTBHE TIOJIMHOKECTBO V() MHO-
xkecrBa W. Bnadenne nepementoit ¢; OymeM 0603HaYaTh COOTBETCTBYIONIEH
nponucHoit 6ykBoit ;. OyHKIUS v €CTECTBEHHBIM 00PAa30M IPOIOJIZKACTCS
Ha pOpMyJIbl: KOHCTAHTE | BCerja COOTBETCTBYET IIYCTOE MHOXKECTBO, CBSI3-
kaM =, A, V, [0, {) cOOTBETCTBYIOT JIONIOJIHEHHUE, [IepecevdeHne, 0Obe IMHeHne
U CJIe/IYIONINE OIepaIn Ha MHOYKECTBaX:

OA = {z|Vy(zRy = y € A)}, 0A = {z|Jy(zRy Ay € A)}.

*Pabora nojepxkana Poccuiickum Ponmom Oynmamentanbubix MccaemoBanuit, rpanT

N.06-01-00358
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[Iycrs mana dopmyna ¢(p, qi, ..., ¢,) OT IEPEMEHHBIX P, G1, - - . , Gn, T MO-
nens Kpunke (W, R, v), B KoTopoii 3aianbl 3Ha4eHus @1, . . ., (), mepeMes-
HBIX (1, ...,({,, & 3HAYCHNE IePEeMeHHoi p He 3amano. Popmyna ¢ onpese-
aser na mogern (W, R,v) omeparop F,(P) = ¢(P,Q1,...,Q,). Muoxe-
cTBO P Ha3bIBaeTCA HEIIOIBUXKHOI TOUKOIl oneparopa I, eciin BbIIOIHSAETCS
P = F(P). Ecin menojBuzkaast Touka P coBIagaeT co 3HAYCHHEM HEKO-
Topoit opmyibl w(qy, ..., qn), TO dopMysIa w onpedesaem HENOIBUKHYIO
TOUKYy P.

Baenem obosnaueHns

QOO(Qh s 7Qn) = L7

¢k+1(q17 s 7qn) = SO(SOk(Qla s >qn)7q17 s 7qn)

Kpowme Toro, nooxum PF = o*(Q1,..., Q).

DS-dopmyioit HazoBeM MomaabHYIO (HGOPMYJIY, COCTABJIEHHYIO C IIOMO-
IBI0 CBI30K A, V m3 (opMmys ¢ TiaBHOM cBsa3Koil (¢ n dopmys, He comep-
JKAIUIX MOJIAJTBHBIX CBS30K. DTO MOHATHE 0000IIaeT MOHATHE Y-(DOPMYJIHL.
Hamomuum, uTo MogaibHO# Y-hopMmysioit HazbIBaeTcsd (hopMysia, COCTaBICH-
Has C IOMOIIBIO CBsA30K A, V, { u3 (opmys, He comep:Kallux MOJAJIbHBIX
CBSI30K.

[Iycrs ©(p, qi, - - -, @n) aBageTcs DS-bopMyIioii u mepeMeHHast p BXOIUT
B Hee TOJIbKO MO3WTUBHO. PaccMoTpmM BXOXKjeHne V, yJacTBYIOIEe B I0-
CTPOEHNH @ 13 (DOPMYJI € IVIABHON CBA3KOM O U OpMYyJI, HEe COMEPIKAIINX
MOJIAJIBHBIX CBsI30K. BbIHeceM Bce Takue BXoxKieHus V depe3 A Hapyxy. [lo-
JIy9IUM, 9TO Harma dhopMmysa ¢ upejactaBiena B Buge (g A B1) V-V (o A
Bk) V agi1 V-V, TIe «; aBadgeTcd KOHBIOHKIMeH (opMys ¢ raBHOi
cBsA3Koit (), mubo sIBiIsteTcsa 1, a [; He COMEPKUT MOIAIHLHOCTEI.

Teopema. @opmyna ¢**1(q,...,q,) onperenser HanMeHbIIYIO HeITo-
JBIZKHYIO TOYKY oneparopa I, B joboil Tpansurusnoit mosemn Kpnixe.

HokazarenabcTBo. 3abukcnpyem TpansutuBayo Mojeab Kpunke (W, R, v).
Ha j-Tom mare snauenue P’/~! nopcrasiaserca BMecTo p B GOPMyILy ¢ U II0-
aydaeTcs Hosoe 3Havenue P71, Yepes Ag , Bz.j 0b03HaUNM 3HAUEHUsT (HOPMYJIT
a; 1 5 Ha j-ToM Imare, T.e. Iocje Inojcrapienus P71 j > 1. Yepez A7
0003HATIM Aiﬂ U---UAL Wrak, P = (AN B))U---U (AL N B])U A
O6osmammm CY = (A7 N BJ)\ P71,

N nest nokazarebCTBa COCTOUT B TOM, 9TO JJIst KaxK 10 (hopMyJIsl a; A [3;
ee 3HAUYEHNE HE MOYKET YBEJIHMYUTHCS 34 CUeT TeX JacTeil 3HaueHui o, A [,
KOTOpPBIE TMOABUJINCH 38 CIeT caMoit oy A [3;.

Ecnu, kak B Hamem ciaydae, R TpaH3UTUBHO, TO JII0O0E MHOXKECTBO BU-
na QA siBjIgleTcst HUZKHIM KOHYCOM. $ICHO, UTO mepecedenne u o0beMHEHNE
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HUZKHIIX KOHYCOB — HEYKHIE KOHyChL 1losromy, muoxectsa A u A7 aps-
IOTCS HUZKHUMU KOHYCAMH.

CnenaeM j + 1-brit mar. Pacemorpum npupamenne PP\ PJu ero wactn
Cg+1 = (A" N B/ \ PI. Tak xak (3 He CONEPMKUT MOMAIBHOCTEH, TO
B/ moxer ormmaarhes or B, MOy YAOMIErocs MOACTAHOBKON &, TOJIBKO
BHyTpH MHONKecTBa PJ. Tlostomy, B/ ™\ P/ = B!\ P/ u

CIT = (AT N BT\ PP = (A7T N B\ P
Mmuoskectro A" Mozker yBemuuThea 10 cpapnenmio ¢ A TobKo BryT-
pu muoxkectsa O(P7\ PI1). Torma A7T'\ A7 C &(P7\ Pi7') = 6CJ U

U OCT UG(AT\ P71, Tak xax A’ - xomyc, To G(A7\ PI~1) C A7 C Pi.
[TosTomy

€I = (AT BN\ P = (41 N (B P)\ P C
C (A7 N (BI\AD)\ P/ C (AT \ D\ P C 0C{ U~ U oG,

Bjech B mepBoM BKMOUeHnH ucnoss3osamn Bl \ P/ C B!\ Al, sto crenyer
us AV N B} C PJ.

Ormpeie/ M HHAYKIHeH 110 j Pa3IoiKeHne Kazxi0ro Muoxkecrsa C7, 2
1 < k, B oObeHeHre HEKOTOPBIX MHOXKECTB Ol-j (t1, .. t-1):

cl= |J .. ti).
1<ty tj—1<k
Basuc j = 2. Ilonaraem C?(t;) = C? N @Ctll
[MTar. Tomyctum, 9TO KaxKj10e n3 CJ 2 < 1 < k uMeer ykazaHHOE Pa3Jio-

JKeHne B 00beIMHeHIe MHOXKCCTB C’] (tl, cotion).
. :
Panee nokazasmu, aro C7 Tl c <>C’] - U 6CY. Iosromy

it C U ocith.....ti).

1<t ,ntj—1,8<k

Orcrona
C’ij+1 = U Cg+1(t1,...,tj),
1<ty 0t <k
re 1o onpenenenmo CF Tty .. ;) = C/T N <>ng (t1,...,tj-1).
Jemma 1. Ecin f < j, 1o O} (tl, o tis) C <>C’tff(t1, s tpr).
HokazareabcTBo. Eciim f = j, To yTBep)kenue BoinosHsercsa. Ecmn
f < j, To mocen0BaTeIbHOCTD BKIIIOYEHUIT

O (t1, o tjm1) SOOI (b1, ta) © o C O (b1, 1)
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JIOKA3BIBAET JIEMMY.
Jlemma 2. Ecm f < juty=t;, 10 Cf (t1,...,t;1) = .
JokazareabcTBo. 1o jtemMe 1 BbITOIHAETCS

Cl(tr, - t51) ©OC] (ta, . ty0) C 0Af, = A

tf’
LOCJIeIHEE PABEHCTBO CIIEAYeT U3 TOro, 4to Al , - konyc. Tak xax C (t1, ..., t;-1) C
B}, To epecekast ¢ By, = Btlf, nogymm Cf (t1, ..., 1) C A{fﬂBtlf cp/cC
PI=1 Tax kax asemernros us P/~ 5 CY (t, ..., t; 1) mer, 1o C (t, ...t 1) =
@. JlemMma gokazaHa.
k1 _

Jlemma 3. Bomosmsercs Cyl (t, .. 1) = @.

HoxkazareabcTBo. Cpeu qucen ty, . . ., Ly HAHyTCA J1Ba OJIMHAKOBBIX,
Hanpumep ty = t;, tae f < j. Ilo semme 2 BeInONHACTCA ng (t1,...,tj—1) =
&, MOITOMY U <>Ct]j (t1,...,tj-1) = . YTBepKICHHE JIEMMBI CJIEIyeT U3
BKJIIOYCHUST

Ck+1<t17 R 7tk) - @Cg](tla s 7tj—1)7

let1
KOTOPOE BBITIOJIHAETCA TI0 JiemMe 1, Tak Kak j < k + 1.

[IpomomkuMm moKazareabeTBO TeopeMmbl. [lo gemme 3 ma k + 1-om mare
CH! = & Tlosromy, PFH1\ Pk = A1\ Pk re. PF+1 = PFUAFH! Ha k4-2-
om mare P¥2 yoxker yBemmuanresa o cpasuennio ¢ PP rompko B 9 AMH =
AR a rak kak AT C PR 1o PET2 = PR Jrak, PFT! — menonsuxHas
touka. Ona onpesengerca dpopmyinoit ¢+, Teopema moxaszana.

B HeKOTOpBIX cjIydasix OIEHKY, MO-BUIMMOMY, MOYKHO YJIyYIIUTH, Y9~
ThIBasl, KaKMe cjaraeMble COJep:KaT p, a Kakue — He cojepxkat. Hampumep,
ecJIi  BOODIIE HE COMEPXKUT P, TO JIOCTATOYHO OJIHON MTepaluu.

Konegno, 4nciao urepaiuii HEBO3MOXKHO OTPAHUYUTDL JJIA KJlacca BCEX
DS-dopmyn. Crenyrorias dpopmyita sBiigerca u DS-dopmystoit u X-dpopmyioii.

o =qV(@eANaAP)V(isAO(@AP) V- V(g AO(Gu-1AD))V O(gn AD).

B kauecTtBe Momesnm Bo3bMEM JIMHEHHO YHOPSIIOYEHHOE MHOXKECTBO C 3JIe-
merTaMu 1+ 1 < -+ < 2 < 1. g Beex ¢ mosmoxkum @; = {i}. Herpyano
nposeputh, uro Pt = {1}, P? = {1,2},..., P""' = {1,...,n + 1}. Hau-
MEHbINEN HENOABUKHOI TOYKON SIBJISIETCS prtt

NsBectHo, 9T0 MOja bHas jornka K4 xapakTepusyercss KJacCoM BCeX
TPaH3UTUBHBIX MKaJ. [loaTomy n3 Teopembl 1 mosydaem

Caencrsue. Jloruka K4 comepsxnt ¢popmyay oF+? < phtl,

JIuteparypa

[1]. Mapnaes C.U1. HemnomBuzKHble TOYKH MOJAILHBIX cxeM. Ajrebpa u
noruka, 31, n.5 (1992), 493 - 498.



O PACIIIUPEHNAX YACTUIHBLIX
M30MOP®U3MOB KOHEUHBIX
[TOJITUTOHOB HA I JINTHEMHO
VIIOPSI/TOUEHHBIMU
MOHOUJIAMU

E.B. OBunaaukoBa*

Kadeapa anrebpbl 1 MaTeMaTUIeCKON JIOTUKH,
HoBocubupckuii rocy1apcTBEHHbBI TEXHUICCKUN YHUBEPCUTET,
np. K. Mapxkca, 20,

630092, Hosocubupck, POCCU .
e-mail: algebra@nstu.ru, eovchin@ngs.ru

E. Xpymoscknii [1| mokazas, aro jyst moboro korewdnoro rpada ' u
JIOOBIX €r0 YaCTHYHBIX H30MOPMUMOB 1, ..., P, CyIIECTBYeT KOHEUHBIH
rpad IV, pacmmpsromuii I' n uMeromuit IpoIoJIzKeHIsT YACTUIHBIX H30MOP-
busmMoB @1, . . ., p, 10 aBromopduszmos u3 Aut(I”). B. Xepsur [3] 0606t
pesyabTaT XPyIIOBCKOIO JJIst IIPOU3BOJILHON KOHEIHON MPEIUKATHON aare6-
panveCcKOl CUCTEMDI.

B nacrosieit pabore 1mokasaHo, UTO JIFOOON KOHEYUHBIH OJUTOH HAI JIU-
HEIHO YIOPSIOYEeHHBIM MOHOMIOM BJIOXKHM B KOHEYHBIN IOJIMIOH, Y KOTO-
poro Jo6oit YacTUIHBI N30MOPMU3M IIPOI0JIZKACTCS 0 aBTOMOP(MHU3MA.

JleBbiMm S-noauzonom uazwbiBaercs anrebpa sA = (A, {fs | s € S}) ¢
OJTHOMECTHBIME OIEpaIisMU, B KOTOPOii i BceX S,t € S BBIIOTHAIOTCA
CJIEJLYIOIIHIE TOXKJIECTBA:

v (fl(x) = I),
Vo (fs(fi(@)) = fa()).

[Iycrs gA — mosuron. s yio6oro siementa a € A muoxectso {sa |
s € S} 6ynem obosHauarh depe3 Sa un Ha3bIBaTh 0pbumot saementa a. Ode-
BHUJIHO, 9TO gSa — IOIIOJIUTIOH ITOJUTOHA A, TOPOXKIEHHBIN 9JIEMEHTOM d.

*Pabora BbITONIHEHA TpU (pUHAHCOBON moamepkke Poccuiickoro dhouga dyHIaMeH-
TaJbHBIX HcceoBanmii (Ko npoekra 05-01-00411).
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46 E.B. OpuyunHUKOBA

Mowouy S HazbiBaercs aunetno ynopadouenmvim (JIV-mornoudom), eciu
st moboro b € S muOokectBo {Sa | Sa C Sb} nuHERHO yHOPSIOYEHO TIO
BKJIIOYEHHIO.

JIEMMA 1. Ecau S — JIV-monoud, sA — noauzon, mo das 1106020
anemenma a € A mmooicecmso {Sb | Sb C Sa} aunetno ynopadowero no
BKANOUENUIO.

JTOKABATEJIbCTBO. Ilycrs muo:kectBa Sb u Sc comepzxarcsa B Sa.
Torna cyImecTBYIOT 9JIEMEHTHI S1, So € S, JJId KOTOPBIX b = s1a4 U ¢ = $aa.
Tak kak S — JIY-monon, To BeimosHsiercsa Ss; C Ssy mm Ssy C Ssq. Ecin
Ss1 C Sy, TO HaltmeTcs saeMenT t € S, U1t KOTOpOro tsy = s1. Torma tsea =
sia, T.e. tc = b, cnemoBarenpHo, Sb C Sc. AHAJIOIMYHO TOKA3bIBAETCsI, 9ITO
ecmn Ssy C Ssy, To Sc C Sb. O

[Iycts A — momuron, ¢B, ¢C — moanonuronsl nosmrona gA. Torma
JI00oi m3oMopduaM ¢ g B~ ¢C' HA3BIBACTCS Y4aACMUYHBM U3OMOPHUIMOM
nojimrona gA.

OueBHUIHBIM SIBJIAETCSI CJIELYIOIIEE

SAMEYAHMUE 1. Eciim ¢ — gactuanbiii m3oMopdu3M MOUroHa g A,
p(a) = b nyis mHeKoTopbIX a,b € A, To p(Sa) = Sb.

Hns cemeiicta {gA;}ier HEmEpecekaronuxcs S-MoJUIOHOB 0003HATAEM

gyepes | | sA; u3bIOHKTHOE 06beIMHEH e TOJIUTOHOB g A;.
i€l
JIEMMA 2. [lyemv sA = || sA; — xoneunwidi nosueon u ¢ — €20
i€l

wacmunbll usomoppusm maxot, wmo ecau p(a;) = a; das a; € gA;, a; €
sA;, mo ¢(sA;) = sA;. Tozda cywecmsyem asmomopdusm ¢ nosuzona sA,
npodosstcarowut p.

JOKASBATEJIBCTBO. Jloomnpenenmnm ¢ 10 UCKOMOTO aBTOMOpPGU3Ma
¢ caenyromum obpazom: ecan a € Rangp U Dom g, 10 ¢(a) = a, a ecau
a € Rangy \ Dom ¢, To $(a) = (¢~!(a))", tne n Takoso, uro (p~ '(a))" €
Dom ¢ \ Rangy (B culy KOHEYHOCTH TOJIUTOHA gA Takoe KOHEYHOe 1 Cy-
mectByeT). II0CKOIbKY MOJMIOH gA MPeJICTaBIAeTCA B BUJIE N3 BIOHKTHOIO
obbeMHeHNsT TIOIMTOHOB ¢ HocuTeasamu Dom ¢ N Rangy, Dom ¢ \ Rangy,
Rangy \ Dom¢ u A\ (Rangy U Dom ¢), To mo nocrpoennto ¢ uzomMopd-
HO mepesojuT Dom ¢ B Rangyp, Rangp \ Dom¢ — B Dom ¢ \ Rangyp, a
A\ (Rangp U Dom ¢) ocrasiisier mosseMeHTHO Ha MecTe. [

Buicomoti h(a) anemenma a €s A nazoem mMorHocTh MHOXKecTBa {Sb |
Sb C Sa}, a svicomoti h(sA) noaueona sA — max{h(a) | a €5 A}.

Kopnem snementa a €g A nazoem mMuoxkecTBO K (a) = {b | a = sb qisa
HEKOTOporo s € S'}.
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O4eBUIHBIM SABJISIETCS CJIeIYIOIee

SAMEYAHIE 2. 1. Kopens K (a) coBnagaet ¢ muoxecrsoM {b | Sa C
Sb}.

2. Ecom Sb = Sa, o K(a) = K(b).

3.Ecmn Sb C Sa, to K(b) C K(a).

Ecmu S — JIV-MoHOMI, TO U3 JIEeMMBI 2 CJIeIyeT CIPaBeITMBOCTD CJIEJLY-
TOIIEr0 YTBEPKJICHUS.

JIEMMA 3. IIycmv S — JIV-momoud.

1. Ecau Sb# Sa u Sb ¢ Sa u Sa ¢ Sb, mo K(a) N K (b) = 0.

2. Ecau Sa — munumanvraa opbuma nosveona sA , mo sK(a) aeaa-
emca nodnoAUOHOM NOAUOHA sA U 06pasyem €20 KOMNOHEHMY CEAZHOCTNU.

Bepno sA = | | sK(a;), ede {Sa; | i € I} — mmnoorcecmeo 6cex munuman-
i€l
noir opbum noauzona gA .
3. Ecau h(a) =n, mo h(b) > n das aobozo b € K(a).O

lepesom smementa a nazoseM nosuron sD(a) = s(Sa U K(a)).
OueBuIHO, YTO JIJIT MUHUMAJILHON opouThl Sa nosmronst D (a) u s K (a)
COBIIAJIAIOT.

Ha ssiemenTtax mnosurona sA BBejieM JiBe 9KBUBAJEHTHOCTH ~ U ~. [lo-
JOXKUM @ ~ b (COOTBETCTBEHHO a =2 b), ecju CyIIEeCTBYyeT YaCTUIHBINA M30-
mMopdusm ¢ nosmrona gA raxoii, aro p(a) = b (u ¢(sD(a)) = sD(b)).

Ecmm a = b, ¢ 15 Sa™ ¢Sb — gacTuanblii n3oMopdusM mojmrona gA
Takoii, uto ¢(a) = b, 1 15 D(a) > ¢D(b) — npojoinKenue @, To Jyist J11000ro
x € D(a) 4epes x, o Oylem 0603HaUATH /1eMEHT ().

HamomuuM (3], 9T0 KOHIpysHIUS ), OTOXKIECTBISAIONIAS JI€MEHThl U3
Pa3HBIX KOMIIOHEHT CBSI3HOCTHU IOJIMTOHA, HA3BIBACTCS AMAAb2AMHOU.

TEOPEMA. Ecau S — JIV-monoud, mo das 1106020 koHewH020 NoO-
aueona sA cywecmeyem koneunwd nosuzon sA evcomo h(sA) u makod,
wymo gA eaostcum 6 sA u 6 noaueone sA a060G wacmunHLG u3OMOPPUIM
npodossicaemes do asmomopdusma sA.

JTOKABATEJIBCTBO Ilycts g A — mosuron BeicoThl n. CTpOUM IETot-
Ky moauroosB sA; C ... C gA,. IHonoxxum gA; = sA. Ecim mommron g Ay,
ocTpoeH, To obosnadnm depes Cy muokecTBO {0 € A | h(a) =n — k}.

st 100BIX IByX 9jieMeHTOB a,b € () Takux, 910 a ~ b u a % b,
oboznaunm vepes gD(a,b) nzomopduyio kommio jepesa sD(b), a s1ement,
cooTBeTCTBYIONHI 1eMenTy = € ¢D(b) B Kotmu gD(a,b) obo3HaTIM Uepes
Tab-

)
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a~b,azb
o 6, nopoxkaeniyio mapamn (a,b,p). Tak kax mommronst gSa u gSbyp
n30MOPGhHBI U 9JI€MEHTB @ U b, ), HEe CBA3AHDbI, KOHIPYIHIUS 0 SIBJISETCS

Ha mosurone gEjy = SAk|_|< || sD(a,b) | ompenemnnm KOHIPYIH-

amaJsibraMuoil kourpysunueit. [lojgaraem gAg 1 = sEy /0 u sA = gA,.

B nosmmrone Aj BBINOJIHZAETCS CBOMCTBO: s JIIOOBIX 3JIEMEHTOB @ U b
ectt a ~ b u h(a) = h(b) > n—k+ 1}, ro a ~ b. CiaemoBaresbHo, B
ITOJTUTOHE Sfl 9TO CBOWCTBO BEPHO JIJIA 9JIEMEHTOB @ U b JIF000i BHICOTHI.

IIycTh (0 — MPOM3BOMBHBI TacTHIHBLT n30Mopdu3M nosmrona gA, A =
{ai,...,an}. Crpoum wacruunbie uzomopdusmbl 09 C ¢1 C ... C ©p.
[Tosoxkum g = . IIpeanonoKum, 910 @1, . . ., Pr_1 y2Ke MoCTpoeHbl. Ecim

ar, € Domy,_1, 10 @0 = @p_1. Ecom ay & U D(b), To pst mo6oro
beDom ¢y _1

x € Domgy_1 nosaraeM pg(x) = ¢i_1(x), a quist moboro x € Say, — @r(r) =
x. Takum obpazom, B 3ToMm ciaydae Dom ¢, = Dom i1 U Sag. Eciin a €
D(b) \ Dom ¢y s nekoroporo b € Dom @1, TO pACCMOTPUM 3JI€MEHT by,
Takoif, ato Sbhy — MaKCUMAJIBHBIN 9JIEMEHT B 1.y.MHOYKECTBE

Up = ({Sz | x € Dom 1, a; € D(x)}; C).

B cuny 3amedanus 2 takoii sjieMenT by, cymectByeT. Tak Kak by € Domepy_1,
10 by, ~ pr_1(by). CaemoBaTenbHO, IO TOCTPOCHUIO TIOJUTOHA A CIIpaBe -
BO by =~ ¢r_1(by), 1. e. cymecrByer uzomopdusm Uy : D(by) % D(pg_1(bk))
Takoit, 910 Yk (by) = @i_1(by). dyst moboro x € Dom vy, (B wacTHOCTH 1715t
ax) nonaraeM @p(r) = Yp(x). Tak kak Sby — MaKCUMAJILHBINA 9JIEMEHT B
muOKecTBe Uy, To Dom ), N Dom ¢ = Sby, 1 onpenesnenne ¢y KOPPEKTHO.
Nzomopdusm ¢ = p,, gBageTcd aBTOMOP(MU3IMOM IOJIUTOHA A u pacrm-
pdaer ¢ . O

Crmcok anrepaTryphl

[1] Hrushovski E. Extending partial isomorphisms of graphs //
Combinatorica. 1992. V. 12. P. 204-218.

|2] Herwig B. Extending Partial Automorphisms on Finite Structures //
Combinatorica. 1995. V. 15. P. 365-371.

[3] Muzanes A.B., Oswunnukosa E.B., ITanomun E.A., Cmenanosa A.A.
TeopeTnko-MojieIbHbIE CBOMCTBA DPEryIsapHbIX Hoauronos // Oywja-
MeHTa/IbHas U npukiaagHas maremaruka. 2004. T. 10, Ned. C. 107-157.



Ob AJITEBPAX C TEPMAJIbHBIMU
R-KOHCEPBATMUBHbBIMU
OYHKINAMUN

A.I''lImayc*

Hosocubupckuii rocyiapcTBeHHBI TEXHUYECKUI YHUBEPCUTET,
Poccus, 630092, Hosocubupck, np. K.Mapkca 20
e-mail: algebra@nstu.ru

B yHuBepcasnbHoit anrebpe mspectHa (cM., K mpumepy [1] - [3]) menas
nepapxust KoHeuHbIX ajire6p A = (; o), 6/IM3KUX K IPUMAJILHBIM U OIPEJIeJIsi-
€MbIX KaK ajredpbl, TepMasbHble (DYHKIUH KOTOPBIX CYTh (DYHKIIUU COXPa-
HSIIOIIME T€ U WHBIE IIPOM3BOIHBIE OTHOIIEHM aareOps! A: KBa3uIpuMaib-
HbIe (COXpaHSIOININE BHYTPEHHIE H30MOP(MU3MBI), CEMUIIPUMAJbHBIE (COXpa~
HSAOIIIE TI0/1aJIre0phl), JeMICEeMUTIPIMAJIbHbBIE (COXPAHSIONINE TOIAIre0phl
1 aBTOMOPGhU3MBI ), XeMUNPUMAJIbHbIE (COXPAHSIIONIUE KOHIDYIHIIUK) U T. 1.

Hanomunm, aro 11060it KI0H (DYHKIMI HA KOHETHOM MHOYKECTBE (B 1acT-
HOCTH KJIOH TePMAaJIbHBIX (DYHKIHIA JIF000# KOHETHOiH ajireOphbl) MOKeT ObITh
olpeJiesieH KaK COBOKYITHOCTD (DYHKITHI Ha MHOYKECTBE, COXPAHSIIOIINX HEKO-
TOpBIE OTHOIIEHHsT HA STOM MHOX)KecTBe [4].

Hamomuum tax e, 910 ecjin R HEKOTOPOE M - MECTHOE OTHOIIIEHUE Ha OC-
HOBHOM MHO)KecTBe A yHUBepcaybHOll anredbpol A = (;0) u g — n - MecTHasI
dbyukus Ha A, T0 g coxpansier ornoienue R(g— R - koncepsamuena), ecin
ans mobpix af € Anpu 1 < i <m 1< j <n ornomenns R(aj,a?,...,a]")
npu 1 < j < n Baekyr ornomenue R(g(ai,...,ab),...,g(al,...;a™)). Ecim
R - HekoTopas COBOKYIHOCTH OoTHOIenuit Ha A, To dyuknus g R - xKou-
cepsamuena, ecau oHa R - KoHcepBaTuBHa 1 Jioboro R € R. dasee Oy-
JIEeM CUYHTATh, 9TO OJHOMECTHBIE OTHOIIEHUA "OBITH IHOJAAreOpoil aaredpbl
A"BxozsT B J1100yI0 COBOKYIHOCTh R (HE yKa3biBasi HA 9TO CIENUATHHO B
obozHavdeHusX it R), T.e. R - KoHCepBaTHBHBIE QYHKINE aareopst A OyryT
coxpaHsaTh mojgaaredopsr anredpsl A. Koneunyro anrebpy A Oyiem Ha3bIBaThH
R - cemunpumarvrot, ecau tepMmasibhbie dyHkun aaredpsl A = (A;0)
cyTh R - KOHCepBaTUBHBIE (PYHKIHH 3TOi anrebpol. Takum obpa3oM, B 3THX
TEPMUHAX, CEMUIPUMAJIbHbBIE AJINeOPBI 9TO — & - CeMUIPUMaJIbHbIE, KBA3HU-
PUMAaJIbHBIE 9TO — [S0 - CeMUIPUMAJIbHbIE, JTeMUCEMUIIPUMAIbLHBIE 3TO —

*Pabora Boinosnena npu ¢unancosoii nogep:xke PODU (rpant 06-01-00159)
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Aut - cemunpuMaJIbHbIE.

BaMeTuM Tak ke, 9TO, B CHJIy OIpeIeIeHuil, 1y JII0ObIX COBOKYITHOCTEMH
orHomreruit R, Ro takux, uro Rq C Ry mobasg Rq - ceMunpumasibHas aJj-
rebpa OyjeT u Ry - ceMUnpuMaJibHOi.

Mg mobbix @ = (ay,...,a,) € A" depe3 (@), 00603HATNM IOIAITED-
py asnre6psl A MOPOXKICHHYIO COBOKYIHOCTBIO {a1, ..., a,}. Ilycts R - co-
BOKYIIHOCTH HEKOTOPBLIX OTHOINEHHI Ha OCHOBHOM MHOXKeCTBe A asreOpbl
A = (A;0). Hdua moboro a € A™ mycth ¢z - HEKOTOPBIH (DUKCHPOBaH-
ublit ssement u3 (@) 4. Cookynuocts J = {(@,cz)[a € A"} nasosem R
- n — cnekmpom anrebpsl A, ecim i JI000r0 M - MECTHOTO OTHOIIe-

-m

must R € R m mobeix @' = (a,...,al),...,a" = (a,...,a") oTHOMmEHUS

R(al,...;al),...,R(a}, ...,a™) Baexyt ornomenue R(cgz, ..., czm). Takum 06-
pasom, ecau ¢(z1,...,x,) R - KoucepBatupHas dyHKIusa Ha A (HATOMHIM
npo ycsoBme g(a) € (a)4 ms moboro a € A"), o J, = {(@,g9(a))a €
A"} gasngiercs R — n — cnekTpoM ajre6pel A u obparHo, jis J1060ro
J ={(a,cz)la € A"} R —n — cuekrpa n - mectHas yuknus g(zq, ..., Ty,)
onpezenennas Ha A kak ¢(a) = cg urs soboro a € A™ sBisiercst R - KOH-
cepBaTUBHOM U, Ipu sToM, J, = J.

R—n — cuekrp J = {(a, cz)|a € A"} nHazoBeM %0 - aavma2upyemvim, eCn
cymectByloT anrebpa B = (B; ), snementrl b = (by, ...,b,) € B c € (b)z u
roMoMOphU3MEI g anre6per (b)Y na anrebpnt (@) 4(a € A™) Takume, 4TO 15
= (ay,...,a,) € A"pz(b;) = a; 1 pgz(c) = cq.

YTBEPZKJIEHHE 1. R - xoucepsarusHas GyHknus g(xy, ..., T, ) Ha aJ-
rebpe A(A; o) siBasiercs repmasbHOl DyHKIHEH agrebpsl A TOrIa 1 TOJBKO
TorJa, Korja ee R —n — cuekrp J, Ko-aMaIbIupyeM.

Jokazareabcrso. Ilycrs anrebpa B, ee smementsr b € B™, ¢ € (l_)>5 u
roMOMOpP@U3MBI g Ko-aMajbraMupyioT cuekTp J, dynkmun g. Torma, Tax
kak ¢ € (b)g, To cymecrsyer TepM t(z1, ..., T,) CU'HATYDbI 0 TAKOii, 4TO ¢ =

t(b1,...,b,), vae b = (by, ..., b,). Ho Torma s mobeix @ = {(ay, ..., a,) € A"

glay,...;a,) = cg = pz(c) = @a(t(by, ..., b)) = t(pz(b1), ..., pa(bn)) = t(ay, ..., an),

T.e PYHKINSA ¢ - TepMasbHas QYHKIHA aareopsr A.

O6parnoe, mycTh g onpejernena Ha A repmowm t(xy, ..., z,) u B—n — no-
poxkIeHHast cBOOOIHAsT aiarebpa MEOroobpasms M (A) mopoxieHHOro aared-
poit A u by, ..., b, cBobomHBIE IOpOXK Hatotie anrebpsl B, ¢ = t(by, ..., b,), ¢z
— roMoMopdusMbl arebper B Ha anrebpbl (@) 4 MPOJOIKAIOINIE 0TOOpa-
wenms b; — a; 1A i = 1,...,n. 3uech @ = {ay, ..., a,). Torna B,b,c u ¢z
KO-aMaJIbI'HIPYIOT R — n — criekTp J, GyHKIMN g. Y TBEpK/IeHUEe JI0KAa3aHO.

CJIEJCTBUE 1. Koneunas anrebpa A siBisiercs R - ceMUIpuMaIbHON
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TOTJIa ¥ TOJIBKO TOIJIA, KOTJIa JjIsi JII0OOro n € w, Joboit R — n — cruekTp
ayreopel A Ko-aMaJIbIupyeM.

Paccmorpum Teniepb psiji KOHKPETHBIX IIPUMEPOB COBOKYyIIHOCTEH R.

1. Hammomumm, ato depe3 [soA obosnadaeTcst mMoyrpyina BHY TPEHHUX
n3oMopdu3MoB aynredpst A (n30Mopdu3MOB MeXK 1y mojaaredbpamu aarebpbt
A). Tax xke uepes [s0.A 0603HAYUM COBOKYITHOCTD JIBYXMECTHBIX OTHOITIEHUI
Ha OCHOBHOM MHOXKecTBe A ayrebpbr A — rpadukos orobpaykernii u3 [soA.

Anrebpa A HazbiBaeTCs JUCKPUMUHATOPHON, ecii TpexMecTHas QyHK-
nus aucKpuMmuHaTopa Tepmasibia g A. C momorpio ciejgcrBusg 1 moka-
KeM u3BecTHbI dakT (nokazanubiii A.Ilukesum B [5]), 9To KoHEUHAsT anrebpa
A Iso - cemunpumasibia (KBA3UIIPUMAJIBHA) TOTJIA W TOJIBKO TOTJA, KOIJIA
ona jguckpumuHaTopHa. Ilycts A nuckpuMuHaTOpHAST KOHEUHAs ajaredpa u
J ={(a, cz)|a € A"} nekoropsiit [so — n — cuekrp aarebpsr A. Ha mMHOXKe-
crBe A" BBeJIeM OTHOIIIEHNE SKBUBAJIEHTHOCTH ~, st @, € € A™ : @ ~ € Torna
U TOJIBKO TOIJIA, KOIJIA CYIIecTByeT n3oMopdu3M ¢ anrebpol (@) 4 Ha aared-
py (€).4 Taxoii, uro p%(a;) = e; s i = 1,...,n. B kiaccax 9KBUBAJIEHTHOCTU
@/ ~ BoLgesmM 110 oxHoMy npecrasuresio k(a). Ilycrs K = {k(a)|a € A™}.
[Monoxkum B = [] (@), siementst b;(i < n) u ¢ u3 B onpegennm cieyo-

ackK
mum obpasom b;(a) = a;, c(@) = ¢4, vie @ = (ay, ..., ap). B cuity KoHeIHOCTH
K, TucKpUMUHATOPHOCTH ajirebp (@) 4 U TOrO, 9YTO 0TOOPAKEHUs gp% g, TS
Q1,09 € K, HE IPOJIOJIZKUMBI JI0 U30MOPGMU3MOB MeXK Iy ajrebpamu (ai) 4 U
(G9) 4, 271eMeHTHI by, ..., b, (Kak M3BeCTHO, CM., K npumepy, [6]) mopoxmator

BCio asrebpy B u, B wactaocTH, ¢ € (b)g. Ilycrb 75 - mpoekimst aarebpsr B
Ha asrebpy (a)4. s € € A™ onpenesmm roMoMopdusM ¢z = @Q@ © Th(e)
asrebper B Ha anrebpy (€) 4. Torma, oueBugno, aro B, by, ..., b,, ¢, (€ € A™)
Ko-aMaJjibramMupyior [so —n — cuekrp J. To-ecTb, coryiacHo cjiegcTBHIO 1,
anrebpa A Iso - cemunpumasbia. C Apyroit CTOPOHBI, OYE€BHUJIHO, 9TO PYHK-
Iusl TUCKpUMEIHATOpa S0 - KOHCepBATUBHA U, 3HAYUT, ecyn ajarebpa A Iso
- CeMUIpUMAaJIbHA, TO JUCKPUMUHATOP TepMmaJjieH Ha A, 9To u TpeboBaIoCh
IOKa3aTh.

Hamomunm takzke, 110 Kak Jokasano A Ilukcsnn [5] xomeunas anreGpa
A nmckpuMuaTOpHa TOIJIA M TOJIBKO TOrja, Korja Muorootpasune M(A) ero
HopozK/JieHHoe apudmerndHo u A Hac/IeJICTBEHHO TpocTa (BCe MoIaarebpbl
asre6oper A 1pocTsl).

2. Tak xkak ¢ C [so, TO, B CHJIy OTMEYEHHOI'O BBIIIE () - CEMUIIPUMAJIb-
Hble aarebpbl OyyT U S0 - CEMUNIPUMAIBHBIMY, T.€. B CUJIY MIPEIbLIYIIEro
[yHKTa, JIMCKPUMIHATOPHBIMU. BHYTpennuit m3oMopdusm aaredpbl Ha3bIBa-
€TCsI HeTPUBHMAJBHBIM, €CJIH OH OTJIMIEH OT TOXKJIECTBEHHOI'O OTOOpParKEeHUST
HEKOTOPOU ee MoJiareOpbl Ha cebs.

A.Docrepom u A.llukcau 5] mokaszano, 1uTo KoHewHast anrebpa A cemu-
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npuMaJibHa (¢ - ceMuIpuMaJsbHa B HAIIefi TEPMUHOJIOIUH) TOI/IA U TOJBKO
Torja, Korja A JUCKpUMUHATODHA W HEe MMEeeT HeTPUBHUAJIbHBIX BHYTPEH-
nux m3oMopdusmoB. Jlokaxkem 310 Ha ocHOBe cieictBus 1. Urtak, myctb
A ¢ - cemunpuMaJibHO W, B YaCTHOCTH, KaK OTMeYeHO Bhbime, A - TuCKpu-
MuHaTOpHA. JlomycTrM, OT MPOTUBHOTO, 9TO ¢ - HEKOTOPBI HETPUBHUAIb-
HBIl BHYTpeHHU n3oMopdusm aaredpsl A ¢ obacteio onpesenenus A; u
nyctb @ = (ai, ..., a,) HEKOTOpas CHCTEMa MOPOKJIAIINX aarebpsl Aj, a
(@) = (p(ay),...,p(an)).  —n — cuekrp J anredbps! A onpeeanM mpons-
BOJIbHBIM BBIOOPOM Cz € (€) 4 I /100010 € # (@) U Cy(@) 7 ¢(cz). OueBu-
HO, 9TO HOJOOHBIH ¢ —n — creKTp J He MOXKeT ObITh KO-aMaIbraMIPYeMbIM
B IIPOTHUBOPEYHH C ¢ - CEMUITPUMAILHOCTHIO aredbpsl A. Takum obpazom, ¢ -
CEeMUTTPUMAJIBHBIE aIreOpbl ABJIAIOTCS JUCKPUMUHATOPHBIME HE UMEIOIINMU
HETPUBUAJIBHBIX BHYTPEHHUX n30MOopdu3moB. OOpaTHoe Tak »Ke 0UYeBHJIHO,
T.K. ecn A JquckpuMuHaTopHas anredpa 0e3 HeTPUBHAIBHBIX BHYTPEHHHUX
U30MOPGU3MOB, TO JI00OH ¢ — n — cuekTp anarebpol A sBisierca [so — n
— cnekTpoM it A u B cuty gauckpumuHaroproctu A, a 3nadur u [so -
CEeMUTTPUMAJIBHOCTH A, 3TOT crieKTp OyjieT Ko-aMaJiblraMupyeMbiM, T.e. A —
¢ - ceMUIIPUMAJILHA.

3. JlokazkeM Terepb, Ha OCHOBe cyiejicTBuA 1, pesynbrar P.KBakenOyrma
[8], uTo KoHEUHAsT anrebpa A nemu - cemunpumasibia (Aut - ceMunpuMalibHa
B HaIlleli TEPMUHOJIOTUH) TOTJIa U TOJBKO TOra, Korja A JUCKpUMUHATOD-
H& U BCe ee BHYTPEHHUE M30MOPQU3MBI IIPOJIOJIZKUMBI JI0 aBTOMOP(U3MOB.
Eciu A umeer CBOWCTBO HPOJIOXKUMOCTH BHYTPEHHUX H30MOP(MU3MOB JI0
aBTOMOP(U3MOB, TO COBOKYITHOCTb [S0 — n — cueKTpoB U Aut — n — criek-
TPOB areOpnl A cOBIaIaiOT U ecIu Ipu 5ToM A JIUCKpUMUHATOPHA, TO, KaK
[I0OKa3aHO BbIIIEe B IIyHKTe 1 Bce [s0 — m — CIEKTPHBI, & 3Ha4uT u Aut — n
— CIIEKTPBI 3TOH ayrebpbl, Ko-aMajibraMupyeMbl, To ectb A Aut - cemutipu-
masibHa. Obparnoe, ecim A Aut - cemunpumasibha, To T.K. Aut C Iso, A
Iso - mpuMaJibHa TO €CTb, AUCKpUMUHATOpPHA. IlycTh, OT mpoTUBHOTO, @ -
BHYTpeHHIIT n3oMopdusm anrebpol A ¢ obactbio onpesenenns A; He mpo-
Jo/KuMbIi 710 asromopdusma A. [lyers @ = (ay, ..., a,) HEKOTOpasi cucreMa
nopoxK garonmx g A;. Aut —n — cuekrp J anredbpsl A onpeaenM Ipous-
BOJIBHBIM BBIOOPOM Cg sl JIFOOBIX € # ¢ (@) U Cyp(q) 7 ¢(cz). Torna ogesnmo,
910 110/100HbIH Aut —n — cuekTp J He MOXKeT OBITh KO-aMaIbIraMUPYEeMbIM
B IIpoTUBOpednu co ciaenctsue 1 u Aut - cemunpumaibHOCTBIO A.

4. Yepes Ihm.A o6o3Ha9MM MOTYyTPYIITY BHYTPEHHUX U30MOPMU3MOB aJI-
rebpet A (romomopdusmoB mojasredp aarebpol A Ha ee e TOmaIredpsl).
Tak »xe gepes Thm.A 6ynem 0603HAYATH COBOKYITHOCTD JBYXMECTHBIX OTHO-
menuii - rpadukos orobpazkennit u3 [hm.A. Anamoruaasiv obpasom EndA
OymaeT 0603HAYATH W MOJYTPYIILY SHIOMOPGU3MOB ajrebpbl A 1 COBOKYII-
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HOCTH OTHOIIEHUN - IpadUKOB ITUX IHIOMOPPUIMOB.

Ha vmoxectse A" paccMOTPHM JBa OTINEHHS KBasHIOpPAIKa (< m <!,
g a,e € A"a < e(@ <! €) Torjga m TOABKO TOIJA, KOIjla CYIeCTBY-
er ¢ € IThmA(p € EndA) rakoit, aro ¢(e;) = @;. DKBUBAJIECHTHOCTH IIO-
POXKJIeHHAS KBa3UIOPAIKoM < Ha A" sBJIseTcs OTHOIIEHUEM ~ OIIpeJIesIeH-
HBIM BBIIIE, depe3 ~' 0603HauUM OTHOIIEHHE SKBUBAJICHTHOCTH HOPOZKICH-
Hoe KBasmmopsaakoMm <'. Yepes M u M' coorseTcTBeHHO 0GO3HAMUM CO-
BOKYIIHOCTH TIPEJCTaBUTENCH W3 ~ W ~' - KJIacCOB SABJISIONIAXCA MAKCH-
MaJIbHBIMU B KOHEYHbBIX YACTUIHO YIOPsJOUeHHBIX MHOXKecTBaxX (A™/ ~: <)
u (A"/ ~'. <) Tlyers J npowssoibubiit Thm — n — cuektp (End — n
— cnekTp) anrebper A Torma oudeBwiHO, uTo Habop B, bi,...,b,,c € B u
vz(@ € A™) ko-amasbraMupyer CrekTp J TOrja M TOJBKO TOTJA, KOTJa OH
ko-amasbramupyer dparment J | M(J | M) storo cnekrpa, T.e. Korja
CYIIECTBYIOT FOMOMOPMU3MEI g, ipu @ € M(a € M') anre6psr (b)s Ha ai-
rebpol (@) 4 Takue, 910 @z(b;) = a; u pz(c) = cz. Takum obpasom asrebpa
A Ihm - cemunpumanbhaa (End - ceMunpumasbia) TOMJIa U TOJIBKO TOIJIA,
KOTJIa COOTBETCTBYIOIIIE (bparMeHTs o0bix [hm —n — ciekrpos (End —n
— CIEKTPOB) KO-aMaJIbIaMUPyeMbl.

[Ipeacrapasier unrepec xapakrepusainuu [ hm - cemunpuMaabHbIX U End
- CeMUIIPUMAJILHBIX aarebp B paMKax caMuX 3TUX ajre0p Halogo0ue npuBe-
JIEHHBIX BBIIIE XapaKTePU3aluil ¢ - ceMunpuMaibabix, Aut - ceMunpumaib-
HBIX U [S0 - CEMUNIPUMAJILHBIX aJIredp.

Bamernm Takxke, 94T0 IS0 - KOHCepBaTUBHBbIE QyHKIMH aareopsr A 310
TaK Ha3bIBaeMbl€ YCJIOBHO TepMaJibHbIe (PYHKIUMHU 9TOM aaredbpbr, Ihm - KoH-
CepBATUBHBIE - TIO3UTUBHO YCJIOBHO TepMaJsibHble, Fnd - KoHCepBaTUBHBIE —
3" - ycnoBHO TepMmasibHbBIE. PasIuuHbIM COOTHONIEHUSIM MEXKIY KJIacCaMu
5TUX (DYHKII TOCBAIIEHA, B YacTHOCTH, paboTa aBTopa [9].
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ON SOME QUESTIONS IN THE
THEORY OF ORDERED SETS,
MODEL THEORY AND UNIVERSAL
ALGEBRA

A.G. Pinus*

Novosibirsk State Technical University
e-mail: algebra@nstu.ru

In this work the author attempted to collect and remind his colleagues
of problems published in a number of his works that are still open (as far as
the author knows).

These questions are concerned with theory of ordered sets, lattices, boolean
algebras, model theory of logics with generalized quantifiers, universal algebra.
The author attempted to classify there problems according to the fields
mentioned although some of the problems could be attributed to several
fields at once.

The problems discussed have different importance, but the author thinks
that the answers to these problems will prove to be interesting. The author
does not justify the importance of stated problems. He only gives a brief
commentaries and links to papers where these problems were first formulated.
The author uses standard notation of model theory and universal algebra.

1. Logics with generalized quantifiers.

In [1] the language L(I) with the Hartig quantifier has been introduced.
The set of formulas of L(I) is inductively defined as an extension of the
set of elementary formulas with the following additional rule: if ¢(x,7) and
¥ (x,Z) are formulas of L([) with free variables x, 7 and z, Z respectively then
Ix(p(x,7),¥(x,Z)) is also L(I)-formula with 7, Z occurring as free variables.
For any elements @, b of an algebraic system M we have

M = Tz(o(x,@),9(2,b)) <= [{c € MM = o(c,a)}| =

= [{d € M|M = ¢(d,b)}].

*The paper was supported by the Russian Foundation of Fundamental Researches
(06-01-00159).
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The survey of the basic results connected with the language L(I) is given
in [2]. Some of open questions formulated in [2] are.

Question 1. a) What classes of cardinals are the spectors of L([)-formulas?

b) What are the structural properties of the spectors of L(I)-formulas?

c) Is the statement that the spector of any second order formula is the
spector of some L(I)-formula, consistent with ZF'?

A more particular question has been formulated in [3].

Question 2. Is it true that the Hanf-numbers (Lowenheim-numbers) of
second order logic and the language L(I) are equal?

Note that in [4] this equation for the Hanf-numbers has been proved
assuming V = L.

Among open questions there are some questions from [5] on the decidability
of L(I)-theories.

Question 3. Are the following L(I)-theories decidable

a) of all abelian groups,

b) one unary function f with the following condition:

\V/I_Ell'l, ) anrl(éf.xi # xj&f<x’b> = .CU)
17)

for fixed number n > 27

Note, that in works [6] and [7] the decidability of L(I)-theory of all
abelian p-groups and the undecidability of L(I)-theory of unary function
were proved respectively.

By analogy with the set of L(I)-formulas, substituting the symbol I
with the symbol A, work [7] has defined the set of the formulas L(A) —
the set of the formulas of the language with the automorphism-quantifier.
Here M = Va(p(z,a),(x,b)) <= there exist some automorphism 7 of the
algebraic system M such that

n({c € M|M |= ¢(c,a)}) = {d € MM = (d,b)}.

Some open questions formulated in [7] are

Question 4. a) Is the L(A)-theory of the class of all linear orders decidable?

b) Is the language L(A) projective equivalent to the second order logic?

A special case of question 2 b) was mentioned in [8].

Question 5. Is class of all well orderings a projective class of the language
L(A)?

The paper [9] by A.Mostowsky has introduced languages L(Q,) with the
power-quantifiers (), as an extension of the set of elementary formalas by
the following additional rule: if ¢(x,7) € L(Q,) then Q.zxp(x,7) € L(Q4)
and M | Qurp(z,a) <= [{c € M|M [= ¢(c,a)}| > N,.
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In [10] it was proven that the quantifiers Qg and @)1 can be eliminated
for a class of all symmetric groups and was formulated

Question 6. Which quantifiers Q,(« > 1) can be eliminated for a class
of all symmetric groups?

We have also formulated the following questions:

From [11]

Question 7. Find Hanf-number and Lowenheim-number for the first order
theory of the class of rings of continuous real-valued functions on topological
spaces.

From [18§]

Question 8. Is the universal theory of the operation of lexicographic
addition (of lexicographic product) on the class of all isomorphisms types of
linear orders decidable?

The elementary theories of this operations are undecidable [12].

Universal Algebra.

a) The derived structures of universal algebras.

In the study of epimorphism skeletons of varieties of universal algebras
the important role plays the concept of quasisimple algebra which was introduced
in [13] and which is some generalization of concepts of simple and pseudosimple
algebras. The structure of congruence lattices of pseudosimple algebras is
well known (it is ordinals w® 4 1, see [14]). The question on the structure
of congruence lattices of quasisimple algebras is open. Remember, that the
algebra A defined as quasisimple if for any its not largest congruence 6 there
exists some congruence ¢ such that < 6 and A/0" = A. The lattice L with
1 is defined as up-indecomposable if for any a € L\{1} there exists b € L
such that a <band L= L [> b= {c e L|b < c}.

The work [13] contains

Question 9. Is it true that for any algebraic up-indecomposable algebraic
lattice L there exists some quasisimple algebra A such that ConA = L?

Particular cases with positive answers are considered in [13].

The work [15] introduced the lattice Qord.A — the lattice of all quasiorders
on the universal algebra A (quasiorders that are preserved by signature
operations of the algebra A). In [16] it was proven that any algebraic lattice
is isomorphic to the lattice QordA for some algebra A(QordA = ConA in
this proof). In connection with this result in work [16] formulated

Question 10. a) Describe pairs of algebraic lattices (Lj, L) such that
Ly C L; and there exists some universal algebra 4 such that (Qord A, ConA) =
(Ly, Lo).

b) Describe pairs (L, f) where L is some algebraic lattice and f is some
involution on L such that for some universal algebra A the pairs (Qord.A, )
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and (L, f) are isomorphic.

Here <* is quasiorder dual to the quasiorder <.

Note, that some particular answers to these questions are given in the
work [17].

In [18] a filter FQordA on the lattice QordA for any algebra A has
been defined (the filter of natural quasiorders on 4) which is generated by
some naturalized quasiorder < on the algebra A (the smallest quasiorder
on A that contain the algebraic relation < on the algebra A). In [18] some
properties of the quasiorder <# and the filter EQord.A are given and some
open questions are formulated. The algebra A for which relations <* and
<A coinsides is defined as natural algebra.

Question 11. a) Find the characterization of lattices which are isomorphic
to the lattice EQordA for some algebra A.

b) Is it true, that for any quasiorder (A; <) with the property: for any
a,b € A if there exists ¢ € A such that ¢ < a, b there exists d € A such that
a,b < d, there exists a natural algebra A = (A; o) such that the quasiorder
< is the algebraic relation <4 on A?

c) Is it true that for any algebra A there exists its naturalization?

Here the naturalization of the algebra A = (A;0) is an enrichmend
A" = (A;0')(0 C 0o') of the algebra A such that the algebra A’ is natural

and the relations SA/ and <4 coinside.

By the studying positive-conditional terms (see below) in [19] the question
been formulated.

Question 12. Describe the pairs (S, H) of families of subsets of the set A
and families H of maps of sets from S on to sets from S such that there exists
some universal algebra A = (A; o) satisfying S = SubA and H = IThmA.

Here ThmA is the semigroup of inner homomorphisms of the algebra A,
that is homomorphisms of subalgebras of the algebra A on its subalgebras.

A series of work study the relation of elementary equivalence of derived
structures of free algebras of varieties. The survey of these results is given
in [20]. For any variety M of universal algebras we denote the k-generation
M-free algebra as Fa(k). On the class of all infinite cardinals we consider
the following equivalence relations

k=5, N <= SubFr(k) = SubFr(N\);
k=N N = AutFp(k) = Aut Fp(N);

k=M N <= ConFp(k) = ConFa(N);
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kv for any k and \;

k =5 A <= theories of the cardinals k and A\ coinsides in the second
order logic;

k =, A <= theories of the cardinals £ and A coinsides in the second
order language with quantifiers on permutations.

Note, that the relation & =, A coinsides with the fact that full symmetric
groups on k and on A are elementary equivalent.

A number of open questions about relations =3, =M, =X has been
formulated in [20].

Question 13. Let M be some nontrivial finite based variety of universal
algebras of finite signatures

a) Is it true that =41, =M, =M € {v,=,,=}7

b) Let(=!,=2,=3) be some triple of equivalence relations such that =‘e

y— 9y —
—1 =2
=,=

{V,=p,=2}. Is it true, that there exists some variety M such that (
) Eg) = <Egﬁbv E%t’ Eé/}m)?

Question 14. a) Is it true that equivalence relations =} and =, coinside
for varieties of unars? Describe the relations =}, for such varieties.

b) Is it true that relations =1, =M =, coinside for varieties of all
groups. of all abelian groups?

¢) Is it true that =}! and =, coinside for normal varieties? Describe the
relation =%/, for normal nonunars varieties.

d) Is it true that =} and =, conside for regular varieties? Describe the

relation =%, for such varieties.

e) Describe relations =54 =54 =84 Here BA is the variety of Boolean
algebras.

f) Describe relations =41, and =}!  for various varieties of lattices. For
which varieties M of lattices (except the variety of distributive lattices,
for which see -[21]) relations Con/Fu(k) = Con' Faq(A) and =5 coinside?
Here Con’A is a enrichment of the lattice Con.A by addition of partial
multiplication operation o of congruences (the value of operation o is defined
for permutables congruences).

Note that the answer to the question 14 a) on the relation =4!, for
varieties of unars is dependent on the answer to the following pure group-
theoretical question: is it true that for any finite or countable group G and
any infinite cardinals k£ and A the relation Symk = SumA implies the relation

G1 Symk = Gv SymA. Here Symk is the full symmetric group on the cardinal
k.

The work [22] introduced subgroups SAutA and PSAutA of proper and
pure proper automorphisms of the universal algebra A. The automorphism ¢
of the algebra A is proper (pure proper) if it can be represented as a product
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of automorphisms of the type x — t(z,a)(x — t'(x)) and their inverses,
here t'(z), t(x,7) are terms of the algebra A and @ are elements from A. The
same work [22] has also proved that for any groups G5 < G5 < Gy such that
G3 € GoNZ(Gy) (here Z(Gh) is the center of G1) there exists some universal
algebra A such that (G5, Gy, Cy) = (PSAutA, SAut A, AutA). This work
[22] has formulated the following.

Question 15. Is it true, that for any groups G3 < Gy <4 G7 < G such
that G5 C Gy N Z(G,) there exists some universal algebra A such that
<G3, GQ, Gl, G> = <PSAUtA, SAutA, WAUt.A>7

Here W AutA is the group of weak automorphisms of the algebra A.
Note that in [23] it was proven that for any groups G; < G there exits some
algebra A such that (Gy,G) = (Aut A, W Aut A).

Let FConA be the down-subsemilattice of the lattice Con.4 which consists
of congruences of the algebra A that are defined by some first order formulas
on the algebra A and OFConA be the analogue down-subsemilattice of
congruences that are defined by the quantifierfree first order formulas on A.

The work [24] formulated

Question 16. For which 0-1-down-subsemilattices Ly C L; of the algebraic
lattice L there exists some algebra A such that (Lo, L1, L) = (OFConA,
FConA,Con)?

Answers for some special cases of this problem are given in [24].

For any algebra A = (A : o) its subalgebra B is open formulae definable
(paremetric open formulae definable) if there exists some quantifierfree formula
¢(z) of the signature o (some quantifierfree formula ¢(z, 7) and some elements
¢ from A) such that

B= (e AAREo0)}(B={bc AAE¢b0)}).

Similarly the concept of formulae definable and parametric formulae
definable subalgebras of the algebra A are defined for first order formulas
6(x), 6(2,7).

Let PSubA(PPSubA, ESubA, PESubA) be families of all open formulae
(parametric open formulae, formulae and parametric formulae definable sub-
algebras of he algebra A.

The work [25] has several results on the realization of algebraic lattices
and theirs 0-1-down-subsemilattices as triples (PSubA, PPSubA, SubA) for
some algebras A and has formulated the open

Question 17. Is it that for any algebraic lattice L and its 0-1-down-
subsemilattices Lo, L1, Lo, L3 such that
C L C

bog [, claC L
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there exists some universal algebra A such that (Lg, L1, Lo, L3, L) =
(PSubA, ESubA, PPSubA, PESubA, SubA)?

b) The varieties of universal algebra and some construction on universal
algebras.

For any class K of universal algebras we denote as JK the class of
all isomorphism types of K-algebras. On JK we define the two quasiorder
relations <, < and some operation x : a,b,c € JIK, i.e. are isomorphism
types of some KC-algebras A, B, Z correspondingly, then

a < b <= A is isomorphicaly embeddable in B,

a < b <= A is homomorphic image of B,

a X b = ¢ <= C is isomorphic to the cartesian product of algebras A and
embeddable in B.

Let Kyo = {A € K||A] < R0}. The quasiorder family (JKC; <) ((JKCyo; <))
will be called the embedding skeleton (the countable embedding skeleton) of
the class IC; (JIC; <) ((JKyo; <)) — the (countable) epimorphism skeleton of
IC; the commutative semigroup (JIC; X ) ((J/xo; X)) — the cartesian (countable
cartesian) skeleton of K; (JIC; <, <)((JKxo; <, <)) — the double (countable
double) skeleton of K. Basic results for skeletons of varieties of algebras
are given in the monography [26] and in the survey [27]. In particular the
author has several results on embedding quasiordered sets into skeletons
of congruence-distributive varieties and a classification of such varieties by
structure of their countable skeletons.

The following questions are open.

Question 18. Let M be some nontrivial congruence distributive variety

a) [27] is any quasiordered set isomorphicaly embedded in (JM; <)?

b) [28] has any M-algebra some cover in (JM; <)?

c) [29] is any automorphism of skeletons (JM; <), (JM; <), (JM; x),
(JM; <, <) trivial 7

Jn particular, this question arises for the variety BA of Boolean algebras.

Question 19. Let M be some nontrivial discriminator variety

a) [30] describe the structure of (JMyg; <) for locally finite and not
finitely generated variety M (for other cases the structure of (JMyg; <) is
described in [26], [27]. In particular, is it true that (JMyo; <) is the better
quasiorder if (J(Mg)xo; <) is the better quasiorder?

Here Mg is a family of simple M-algebras.

In [31] by continuum-hypothesis (C'H) it was proven that any finite
set with two quasiorders is isomorphicaly embedded in (JM; < <) for
any nontrivial congruence-distributive variety M with congruence-extension
property. In connection with this result works [31], [27] contain following
open questions
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Question 20. a) Is it possible to prove, that any finite set with two
quasiorders is isomorphicaly embeddable in the double skeleton of any nontrivial
congruence-distributive variety with the congruence-extension property without
continuum-hypothesis?

b) Is the analogous result (under assumption of the C'H or without it)
for any countable sets with two quasiorders?

The work [32] on the basis of D. Ketonen’s result [33]| from (.JBAyg; X)
has proved that for any nontrivial congruence-distributive variety M any
countable commutative semigroup is isomorphicaly embeddable into the
countable cartesian skeleton of M. In connection with this result [27] has
formulated

Question 21. Describe the commutative semigroups which are isomorphi-
caly embeddable in cartesian skeletons of any nontrivial congruence distri-
butive variety.

In connection with previous results on cartesian, embedding and epi-
morphism skeletons of congruence distributive varieties, [34] has formulated
following questions

Question 22. a) Is it true that any countable commutative quasiordered
semigroup is isomorphically embededdable in (JM; x, <) for any nontrivial
congruence distributive variety M?

b) Is it true that any countable commutative quasiordered semigroup
is isomorphically embeddable in (JM; x, <) for any nontrivial congruence
distributive variety M with the congruence-extension property?

Question 23. Is the elementary theory of the skeletons (JM; <) decidable
for any congruence distributive variety M with the congruence-extension
property?

Other results on the decidability of the elementary theories of skeletons
of congruence distributive varieties are in [27], [34].

In [35] by the proposition of negation of Vopenka-principle it was proven
that for any nontrivial congruence distributive variety M with congruence-
extension property and zero-element in the skeleton (JM; <) there exists
a class of pairwise incomparable elements which is not a set. In connection
with this result [35] has formulated

Question 24. a) Is it true that negation of Vopenka-principle is equivalent
(relative to ZFC') to the following statement: for any nontrivial congruence
distributive variety M with congruence-extension property in (JM; <) (in
(JBA; <)) there exists a proper class of pairwise incomparable elements?

b) Is it true that the skeleton (JM; <) (in (JBA; <)) of any congruence
distributive variety M contains a proper class of pairwise incomparable
elements?



ON SOME QUESTIONS IN THE THEORY OF ORDERED SETS 63

Note that for not risidual small discriminator varieties the answer to the
last question is positive.

The work [35] formulated following questions on varieties of lattices.

Question 25. Is the countable epimorphism (countable embedding) skeleton
of any finite generated variety of lattices the best quasiorder? Is the answer
to this question positive for the variety of distributive lattices?

While studying skeletons of varieties the following open question ([37])
naturally arises.

Question 26. Is it true that any nontrivial quasivariety with Fraser-Horn
property contains a nontrivial congruence distributive variety?

Let AP denote the boolean power of universal algebra A with boolean
exponent B and AP(0) (here 6 is a congruence of the algebra A) — the
congruence-boolean power of algebra A, that is subalgebra of algebra A
with basic set {f € AB| for any i, j € B* (f(i), f(j))}. Here B* is the Stone
space of Boolean algebra B. See |26], [27] of these constructions. These works
contain following questions.

Question 27. Given a description of Boolean-separable universal algebras,
i.e. such algebras A that for any Boolean algebras B, By the isomorphism
of AP and A% implies the isomorphism of By and Bs.

b) Given a description of first order formulas which hold when switching
to congruence-boolean powers, i.e. such formulas ¢ that for any algebra
A any Boolean algebra B and any # € ConA from A = ¢ follows that
AB(0) .

c¢) Given a description of all algebras A such that M(A) = {A®|B any
Boolean algebra}. Here M(.A) is the variety generated by A and IK is the
class of all algebras that are isomorphic to some C algebra.

c) Conditional terms and the scales of computability potentials.

The concepts of conditional, positive conolitional, 3"-conditional and
elementary conditional terms was introduced by the author was studied
in a long series of his work. The essential part of results connected to
these concepts can be found in the monography [38] and in survey [39].
For any universal algebra A = (A;0) we denote as T(A) the set of all
termal functions of algebra A, as CT(A)-the set of all conditional termal
functions of algebra A, as PCT(A)-the set all positive conditional termal
functions, as 37 CT'(A)-the set of all I*-conditional termal functions and as
ECT(A)-the set of all elementary conditional termal functions of algebra
A. The considence of sets CT(A;) and CT(Az) for algebras A; = (A;01)
and Ay = (A; 09) with the common basic set (by analogy to the definition
of the rational equivalence of A; and Ay when T'(A;) = T'(Az)) we define
as conditionally rational equivalence of algebras A; and A,. By analogy we
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define relations of positive conditionally rational equivalence, 3" -conditionally
rational equivalence and elementary conditionally rational equivalence relations.
The using bijections between basic sets of universal algebras gives a possibility
of expansion of the concepts of these equivalences to any algebras and classes

of algebras.

In [40] an analog of the Malcev’s theorem [41] (on rational equivalence of
varieties and equivalence of categories of these varieties) was proven for the
relation of the elementary conditionally rational equivalence of elementary
classes of universal algebras and some categories of these classes connected
with some enrichment of categories of elementary embeddings algebras of
these classes. The work [40] has formulated the following open question

Question 28. Is it possible, and if it is, how the concept of elementary
condition in the definition of the elementary conditional terms should be
changed so that after the change the elementary conditionally rational equi-
valence relation on the elementary classes of algebras would correspond to
equivalence of categories of elementary embeddings on this classes?

In [42] has described universal algebras A for that satisfy various equations
between sets PCT(A),CT(A),3"CT(A) and ECT(A) and has formulated

Question 29. Give an algebraic characterization of finite (uniformly locally
finite of finite signature) algebras for which we have the equation PCT(A) =
ITCT(A).

Question 30. Is the equation [A],. = [A]yee possible for some finite
algebra A?

Here [A],e([A]pere, [A]ere) is the class of all algebras which are rational
(positive conditionally rational, conditionally rational) equivalent to the
algebra A.

The work [43] has studied partitions of classes [A] .. on classes of rational
equivalent algebras and has formulated

Question 31. Find a description of all finite algebras A such that [A]...
is a union of infinite set of classes [B],. for some algebras B.

For any universal algebra A the clone of functions C'T'(A) is an extension
of clone T'(A) with a single function d(x,y, z) — the discriminator function.
In [44] it was proved that there exist some infinite algebra A such that clones
PCT(A), ECT(A) are not finite extensions of the clone T'(A). The work [39]
has formulated

Question 32. Is it true that for any finite algebra A clones PCT(A), 3*CT(A),
CT(A) are finite extensions of the clone T'(A)?

The work [45] has

Question 33. a) Is it true that there exist (not locally finite) conditionally
rational equivalent discriminator varieties that are not rational equivalent?



ON SOME QUESTIONS IN THE THEORY OF ORDERED SETS 65

b) Is it true that there exist (not locally finite) conditionally rational
equivalent varieties M; and My such that the algebras Fpy, (R0) and Fpy, (R0)
are not conditionally rational equivalent and inverse?

In [46] there is a question on analogs of Lovash’s-theorem (for any finite
algebras A and B the isomorphism of algebras A? and B? implies the iso-
morphism of algebras A and B for relations of conditionally (elementary
conditionally) rational equivalence.

Question 34. Is it true that for any finite algebras A and B the conditionally
(elementary conditionally) rational equivalence of algebras A2 and B? implies
the conditionally (elementary conditionally) rational equivalence of algebras
A and B?

The invariants of relation of conditionally rational equivalence of finite
algebras are pairs (SubA, IsoA). In some works the author describes (for
example, see [38]) these invariants for semilattices, lattices, Boolean algebras,
fields, unares.

In [47] the following question was formulated

Question 35. Describe pairs (SubA, IsoA) for groups and for rings.

The concept of the scale of computability potentials on n-element algebras
was introduced in [39]. Two algebras A; = (A;01) and Ay = (B;03) have
the same computability potentials (A; ~ Ay) if there exists a bijection g
of set A on set B such that CT(A;) = g 'CT(Az)g. Further we assume
that A = {0,1,...,n — 1} for any n-element set A. On the set CT, =
{A/ ~ |A ={0,1,...,n — 1}} we define order relation <: A;/ ~< Ay/ ~
if there exists some permutation 7 on the set {0,1,...,n — 1} such that
CT(A;) C 7 'CT(Az)w. The partially ordered set (CT,; <) we define as
the scale of computability potentials of n-element algebras. The survey of
the basic results on the scales (CT,,; <) can be found in [48]. Similarly instead
of CT(A) the scale (ECT,; <) is defined based on set ECT(A). The work
[48] list several open questions on these scales that were formulated is earlier
works by the author.

Question 36. a) Find "confidence"intervals for numbers |CT,|, that is,
find recursive sequence a; < ay < az < ... < a, < ... such that a, < |CT,| <
apyq for any n € w.

b) Find a "good"assimptotic exponential estimate of the sequence |CT7|,
|CTs|, ..., |CTyl, ...

Question 37. a) Find the width of the partially ordered set (CT,,; <).

b) Find maximal up — and down-valence of points in (C7T,; <).

Question 38. Is it true that all automorphisms of scales (CT,,; <) and
(ECT,; <) are trivial?

Partial results on these question are in [49], [50].
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There concept of the fattiness of points from (CT,,; <) is connected to a
natural map of the clone lattice on n-element set on the scale (CT,,; <) and
was introduced in [51].

There following question appears in [51]

Question 39. a) Describe all values of fattiness of points from (CT,; <).

b) For any number k which is the value of fattiness of a point from
(CT,; <) find a number of points from (CT),; <) that have fattiness equal to
k.

We denite as Iso* A an enrichment of the semigroup /so with one unary
predicate which defines the idempotents of Iso.A that correspond to oneelement
subalgebras of algebra A. Finite algebras A; and A, for which these enriched
semigroups Iso*A; and [so* A, are isomorphic, we define as similar. Similar
algebras can be constructed in some standard way one from another (see,
for example, [39]).

We consider the relation ~ on the scale (CT,,; <) : A/ ~~ Ay/ ~ iff
algebras A; and Aj are similar.

In [48] there is

Question 40. a) Find the number |C'T,,/ ~ | and possible powers of classes
from CT,,/ ~.

b) Is the relation ~ definable in (C'T,,; <) by some first order formula?

The point A/ ~ from (CT,; <) is defined as original point if there exists
no algebra B similar to A and such that |B| < |A.

In [48] there is

Question 41. Define the ratio of original points of scale (CT,,; <) relative
to the power of set CT,,.

Algebra A is m-ar if aryty of its every signature operations is not bigger
that m. Let CT" = {A/ ~ |A/ ~€ CT, and A is m-ar}. Than CT! =
CT,. Most of the questions stated earlier for scale (C'T,,; <) apply for scales
(CT™; <) with m < n (For particular answers for scales (CT)}; <) see [48]).
Among open questions for (CT!™; <) (2 < m < n, the answer is known for
m = 1,n) is the question on the number of atoms and coatoms of scales
(CTy; <).

The algebra A is defined as superrigid if it has no nontrivial inner
isomorphisms. We denote as a(n) the number of pairwise non conditionally
rational equivalent superrigid unars. [52] has formulated the following question
connected to the number of pairwise different representations of finite dis-
tributive lattices as the families of subsets of the finite sets.

Question 42. Find the assimptotic exponential estimate of the sequence
a(l),a(2),...,a(n), ... .

The minimal number of generators of a finite algebra is invariant to
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conditionally rational equivalence relation. Let G,,(\A/ ~) denote the function
which is defined on the set CT,, and which value is the minimal number of
generators of algebra A. The work [53| has formulated

Question 43. For any natural n find numbers |G, ' (k)| of computability
potentials of k-generated n-element algebras.

3. Partially ordered sets and graphs.

Let JL be the class of isomorphism types of all linear ordered sets.
The work [54] has studied epimorphism (JL£; <) and embedding (JL; <)
skeletons of this class and has formulated

Question 44. a) Is it true that any (any countable) better quasiordered
set is isomorphically embedded in (JL; <) ({JLyo; <))?

b) Which quasiordered sets are embedded in (JL; <) 7

A series of work by the author has studied partially orders with unique
(the biggest, the smallest) linear extensions relative to the isomorphical
embedding relation. Work [55], [56] have formulated

Question 45. a) Describe, for the class of all partially orders of infinite
width which contains no infinite sets of pairwise incomparable elements,
those sets that have a unique (relative to isomorphical embedding relation)
linear extension?

b) When countable almost linear partially orders have the biggest (relative
to isomorphically embedding relation) linear extension?

Note that a partially ordered set is almost linear if it contains finite set
of maximal (for inclusion) chains.

Let « be isomorphism type of some linear ordered set. Any linear extension
(A; <q) of partially ordered set (A; <) which is embedding in « is defined
as a-realization of (A; <). A partially ordered set (A; <) have a-dimension
if the order < is an intersection of some a-realizations of the set (A; <).
The existence of a-realization of the set (A; <) is a necessary condition for
existence of a-dimension for (A;<). The question of description of linear
orders « such that any partially ordered set which has a-realization also has
a-dimension was formulated in [57]. Some special cases of this question were
studied by V. Novak, the author and others. The work [58] has formulated
the following question.

Question 46. Describe linear orders « such that any up-directed partially
orders (any lattice) that have a-realization also hove a-dimension.

In [59] the well known concept of Rudin-Keisler order < on the set of
ultrafilters of Boolean algebra P(A) (algebra of all subsets of the cardinal
A) was generalized to the order relation < on ultrafilters of any complete
Boolean algebra B. We denote as RK (B) partially ordered set of all ultrafilters
of any complete Boolean algebra B with this order <. In [59] following open
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questions were formulated.

Question 47. a) Describe complete Boolean algebras B, C and their ultra-
filters D, E/ for which the relation D < E is equivalent to the existence of
complete homomorphism ¢ of B in C such that (D) C E.

b)Is it true that ZFC implies the following statement: for any complete
Boolean algebra B and for any infinite cardinal k& the partially ordered set
RK(P())) is isomorphicaly embedded in RK (B*) for A < k?

In [59] this statement was proven using the assumption of existence of
k*-complete ultrafilter.

We work [60] has defined concepts of programm movement and programm
equivalence of multigraphs with colored edges on the base of conditionally
termal functions of unars that correspond to this graphs.

This work [60] has formulated.

Question 48. a) Find the number of pairwise programm nonequivalent
multiorgraphs of bounded degree with colored edges and n vertices (for any
natural n).

b) The problem of minimization of the number of edges for multiorgraph
G of bounded degree with the colored edges in the class of multiorgraphs
that are programm equivalent to the graph G.

c¢) The problem of minimization of number of colors with restriction on
the number of edges for multiorgraph G of bounded degree in the class of
the multiorgraphs that are programm equivalent to the graph G.

References

1.K.Hartig. Uber einen Quantifikator mit zwei Wirkungsbereichen. —
Collog. on the foundations of mathemat., mathemat. machines and their
appl., Akadem. Kiado, Budapest, 1962, p. 31-36.

2. H.Herre, M.Krynicki, A.Pinus, J.Vaananen. The Hartig Quantifier: A
survey. — J.Symbol Logic, v. 56, 1991, Ne4, p. 1153-1183.

3. A.T'lluayc. MormmHOoCTh MOe/Ielt Teopuil MCIUC/IeHNsI ¢ KBAHTOPOM
Xaprura. — Cub. marem. Kypraj, T. XIX, 1978, Ne6, c¢. 1349-1356.

4. A I'Ilunyc. Yucso Xanda /10 HCINCTEHNS ¢ KBAHTOPOM XapTura. —
Cub.marem. xxypHay, T. XX, 1979, Ne2, c. 440-441.

5. A.Baudisch. The theory of abelian p-groups with the quantifier I is
decidable. — Fund. Math., v. 108, 1980, Nel, p. 183-197.

6. H.Herre, A.Pinus. Zum Entscheidungsproblem fur Theorien in Logiken
mit monadischen verallegemeinerten Quantoren. — Zeitschr. fur Math. Logik
und Grundlagend. Math., v. 2, 1978, Ne3, p. 375-384.



ON SOME QUESTIONS IN THE THEORY OF ORDERED SETS 69

7. A.l'llunyc. Ucaucnenne ¢ kBantopom aBroMopduoctu. — "Areod-
pamdecKne CUCTEeMbI, ajropurMudeckue Bonpocbl 1 9BM". - Mz-so Upl'V,
Npxyrck, 1985, c. 102-120.

8. A.G.Pinus. Generalized Quantifiers in Algebra. — "Quantifiers: Logic,
Models and Computation. v. II", Kluwer Acad. Publ., Dordrecht-Boston-
London, 1955, p. 215-228.

9. A.Mostowski. On a generalization of quantifiers. — Fund. Math., v.
44, 1957, Nel, p. 12-36.

10. A.I'TIunyc. DmuMUHEPYEMOCTh KBAaHTOPOB Qo 1 ()1 Ha cuMMeTpde-
ckux rpynmnax. — V3Becrus By3oB. Maremaruka, 1979, Ne12, c. 45-47.

11. A.I'.ITunyc. O6 smemMeHTapHOI SKBUBAJIEHTHOCTH TOTIOJIOMTIECKUX TTPO-
crparcTB. — Cub. marem. xKypHas, T. XX, 1979, N2 c. 433-439.

12. A.I'llunyc. DmemMeHTApHBIE TEOPHWH IOJYTPYIIIOBBIX Oleparuii Ha
KJtacce JimHeHHbIX mopsakoB. — Jen. 8 BUHUTH, Ne4161-82, c. 11

13. A.I''ITunyc. O kBasumpocTbix aaredpax. — UcciemoBanue airebpa-
MYeCKUX CUCTEM TI0 CBOWCTBaM ux mojcucrem. - M3-Bo Ypl'V, Cepiisek,
1987, c. 108-118.

14. D. Monk. On psendo-simple universal algebras. — Proc. Amer. Math.
Soc, v. 13, 1962, p. 543-546.

15. A.I'llunyc., M. Xaiiga. O KBasumopsakax Ha YHEBEPCAJbHBIX aJred-
pax. — Aurebpa u jroruka, 1. 32, 1993, Ne3, c. 308-325.

16. A.I'ITunryc. O pererkax KBa3WIOPSIKOB HA YHUBEPCAJIbHBIX aJired-
pax. — Aurebpa u joruka, T. 34, 1995, Ne3, c. 327-328.

17. I.Chajda, G.Czedli. Four notes on quasiorder lattices. — Math Slovaca,
v. 46, 1996, N4, p. 371-378.

18. A.I''ITunyc. O ecrecTBEHHBIX KBA3UIIOPsIKAx Ha ajredpax. — YHU-
BepcaJibHad ajredpa u ee npusoxkenus. 3-so BI'Y, Bosrorpas, 2000, c.
238-249.

19. A .TI'.ITunyc. Bayrpennne romoMOphU3MbI U TO3UTUBHO YCJIOBHBIE TEP-
Mbl. — Asrebpa u joruka, T. 40, 2001, Ne2, ¢. 158-173.

20. FO.M.Baxenun, A.I'.Ilunyc. Dnemenrapaast KiaccuduKaius 1 pas-
PEIIIMOCTh T€OPUil IPOM3BOHBIX CTPYKTYp. — YCIexu MareM. Hayk, T. 60,
2005, Ne3, c. 3-40.

21. A I'.ITunyc. O6 s1eMeHTaPHOI SKBUBAJIEHTHOCTH ITPOU3BOTHBIX CTPYK-
TYp CBOOOJHBIX perteToK. — M3Bectus By3oB. Maremaruka, 2002, Ne5, c.
44-47.

22. A.I''lTuayc. O cobcTBEeHHBIX aBTOMOpP(U3MAaX YHUBEPCAJIBHBIX aJl-
rebp. — Cub. marem. xkypuas, T. 45, 2004, N6, c. 1329-1337.

23. J. Sichler. Weak automorphisms of universal algebra. — Alg. univ.,
v. 3, 1973, Nel, p. 1-7.



70 A.G. Pinus

24. A.T'Tlunyc. O noanosyperieTkax GopMyIbHBIX U OTKPBITO (hOPMYJIb-
HBIX KOHTDYHIIUI PEIeTKN BCeX KOHTPYIHIUI yHUBEPCAJIBHBIX aaredp. —
Cub. marem. xxypHas, T. 47, 2006, Ned, c. 865-872.

25. A.I''Ilunyc. O nmomypenterkax (GOpMyIbHBIX Tojagredp. — Asredbpa
u joruka, T. 44, 2005, Ned, c. 474-482.

26. A.G.Pinus. Boolean constructions in Universal Algebra. — Kluwer
Acad. Publ., Dordrecht-Boston-London, 1993.

27. A I'.Ilunyc. ByneBbl KOHCTPYKITNE B yHHBEPCAIbHOI aarebpe. — Ycrre-
Xy MaTeM. HayK, T. 47, N4, c. 145-180.

28. A.I'.ITunyc. K Bomrpocy o MOKpBITHSX B CKeIeTax SMUMOPGHOCTH MHO-
roobpasnii. — M3pectus By30B. Maremaruka, 1993, Nel, c. 48-55.

29. A.G.Pinus. Elementary expressiveness in skeletons of the variety of
Boolean algebras and Continuum-hypothesis.

30. A.G.Pinus. The countable skeletons of discriminator varieties. Results
and problems. — "Ordered sets and Generalized Algebra", Olomouc, 1995,
p- 100-105.

31. AT TIunyc. O6 oTHOIIEHUSIX BIOXKIUMOCTU U SMUMOPQPHOCTH Ha KOH-
TPY3HII-INCTPUOY TUBHBIX MHOTOOOpas3usx. — Ajredbpa u jornka, 1. 24, 1985,
Neh, ¢. 588-607.

32. A.I'llunyc. O jmekapTOBBIX CKeJleTaX KOHIPYIHII-TUCTPUOYTUBHBIX
Muoroobpazuit. — N3Becrus By3oB. Maremaruka, 1990, N6, c. 47-89.

33. J.Ketonen. The structure of countable boolean algebras. — Ann.
Math., v. 118, 1978, Nel, p. 41-89.

34. A.G.Pinus. Skeletons of congruence distributive varieties of algebras.
— Alg. univ., v. 32, 1994, Ne3, p. 531-544.

35. A.I'.TTunyc. Ilpunnun Bomenku u ckejerbl MHOrOOOpasuii. — l3Be-
ctus By30B. Maremaruka, 1993, Ne3, c. 68-71.

36. A.I'Tlunyc, A.JI. Mopasuros. O ckejerax MHOroOOpa3uii pemneToK. —
Anrebpa u Teopus mogeneit 2, HoBocubupcek, M3-so HI'TY, 1999, ¢. 111-118.

37. A.G.Pinus. Skeletons of quasivarieties with the Fraser-Horn property.
— Alg. univ., v. 46, 2001, Ne1, p. 7-13.

38. A.I'.Ilunyc. YcaoBHBIE TEPMBI U UX ITPUMEHEHHUE B ajredpe U Teopun
Beruncsienunit. — Hosocubupck, N3-so HI'TY, 2002

39. A.I'.Ilunyc. YcaoBHBIE TEPMBI U X TPUMEHEHHUE B ajredpe u Teopun
BbIUHC/ICHU. — Ycnexu mareMm. Hayk, T. 56, 2001, Ne4, c. 35-72.

40. A.I'ITunyc. n-sjaemMeHTapHast BJIOXKUMOCTb U N-YCJIOBHBIE TEPMbI. —
NsBectus By3oB. Maremaruka, 1999, Nel, c. 36-40.

41. A.N.Mambnes. CTpyKTypHasi XapaKTePUCTUKA HEKOTOPBIX KJIACCOB
asrebp. — JIAH CCCP, 1. 120, 1958, Nel, c¢. 29-32.

42. A.T'TTunyc. O auarpamme KJ1acoB yCJIOBHO T€PMAJIbHBIX (DYHKIINN. —



ON SOME QUESTIONS IN THE THEORY OF ORDERED SETS 71

QOyHaMeHTaIbHasA U IPUKJIaHasd MaTemaTuka, T. 8, 2002, N4, c. 1099-1109.

43. A.T'.ITunyc. O pamuoHaIBHO U YCIOBHO PAITMOHAJIBHO SKBUBAJIEHTHBIX
anrebpax. — Anrebpa u jgoruka, T. 41, 2002, Ne3, c. 326-334.

44. A.G.Pinus. The positive and generalized discriminators don’t exist.
— Disscussiones Math. Ceneral Algebra and Applications, v. 20, 2000, p.
121-128.

45. AT Iluryc. O6 yc/i0BHO pallMOHAIBHO SKBUBAJIEHTHBIX JIUCKPUMU-
HaTOPHBIX MHOrooOpasusax. — M3Bectus By30B. Marematuka, 1999, Ne§, c.
54-59.

46. A.I'.TTuryc. O6 yTBepxKaeHusX TUla TeopeMbl JloBamma. — Ajrebpa
u Teopus mopeneit 4, HoBocubupck, 3-so HI'TY, 2003, c. 94-98.

47. AT Iluryc. O6 anrebpax ycjaoBHO PaIMOHAIBHO SKBUBAJIEHTHBIX 110~
sypererkaMm u OysieBbiM asrebpam. — Cub. marem. Kypaad, T. 39, 1998, Nel,
c. 121-128.

48. A .T'ITunyc, C.B.ZKypkos. IlIkajbr moTeHINAIOB BEITHCIUMOCTH KO-
HEYHBIX ajIreOp: pe3ysibTaThl n 1podseMbl. — DyHIaMEHTAIbHAS U TPUKJIA/I-
nag maremaruka, T. 9, 2003, Ne3, c. 145-164.

49. C.B.ZKypxkos, A.I'lluayc. O6 aBromMopdmsmax MIKa/a MOTEHINAIOB
BBIYHC/IMMOCTH N-3JIEMEHTHBIX aarebp. — Cub. marem. xxypHas, T. 44, 2003,
Ne3, c. 606-621.

50. A.I'.ITunryc. ABroMopdu3MbI, (hOPMYJIbHBIE OTHOMICHHS U TOKPBITHS
9JIEMEHTOB IIKAJIbI IIOTEHITUAJIOB BHIYUCJIMMOCTU BCEX KOHEYHBIX aJIredp. —
B II€YATH.

51. A.I'Ilunyc. Crnabbre aBTOMOP(MU3MBI U KUPHOCTH TOYEK IIMKAJ I10-
TEHINAJIOB BBIYUCJIUMOCTUA. — MaremaTudyeckre BOIPOCHI KHOEPHETUKH, T.
11, 2002, c. 15-26.

52. A.T'Ilunyc. Ilpegcrapiienust JUCTPUOYTUBHBIX PEIIETOK OIMHOYKE-
CTBAMU U OIEHKA YUCJIa TOTEHITUAJIOB BBIYUCIUMOCTHU N-3JIEMEHTHBIX CBEPX-
JKECTKHX yHApoB. — Borauciurenbubie cucremsl, T. 173, 2004, c. 32-39.

53. A.I'Tlunyc. ITopoxKaeHHOCTh KOHEYHBIX ajrebp, 6a3MpyeMoCThb UX
YCJIOBHO SKBUIMOHAJBLHBIX TEOPUN W IIKAJIa MOTEHIIMAJIOB BBIYUCIUMOCTU
n-3J1eMeHTHBIX ajrebp. — Auirebpa u teopust mozeseii 4, M3-so HI'TY, Ho-
Bocubupck, 2003, c. 89-93.

54. .I'Ilunyc. O6 orHOmennsx "Broxkumoctn"'u "smmmopdrOCTH "Ha JTH-
HEHHBIX MOPs/IKaX. — Y IIOPsI0YeHHbIe MHOXKECTBA U pelreTku. - HekoTopbre
ayirebpanvecKue npuiozkenusi reopun pemetok, z-so CI'Y, Caparos, 1982,
c. 81-90.

55. A.I''Ilunyc. O eMHCTBEHHOCTH JTUHEHHBIX TTPOIOJIZKEHUN TaCTUIHBIX
nopsiikoB. — Cub. marem. xypHas, T. 24, 1983, Ne4, c. 131-137.

56. A.I'ITunyc. O HambONBIIUX JTUHEHHBIX MPOIOIKECHUAX YACTUIHBIX



72 A.G. Pinus

MIOPSIJIKOB. — YTOpsiJI0OUeHHbIe MHOYXKecTBa 1 perterku, 13-so CI'Y, Caparos,
1986, c. 61-70.

57. H. Komm. On the dimension of partially ordered sets. — Amer. J.
Math, v. 70, 1948, N4, p. 507-520.

58. A.I'ITunyc. O HEKOTOPBIX KOMOMHATOPHBIX CBOWCTBAX JIMHEHHBIX 110~
paakoB. — lenonmposanno 8 BUHUTU, Ne1223-81, c. 20.

59. P.Jipsen, A.Pinus, H.Rose. Rudin-Keisler Posets of Complete Boolean
Algebras. — Math. Log. Quat., v. 47, 2001, Ned, p. 447-454.

60. A.I'.ITunyc. I[IporpamMublie mepemMertienns Ha rpadax u mporpaMHast
skBuBasieHTHOCTh Tociaeaunx. — JIAH BIII Poccun, 2004, Nel(2), c. 28-
37.



JKECTKUE I'PYIIIIOBBIE KOJIBITA

K.H. Ilonomapés*

HoBocubupckuii rocy1apcTBEHHbBI TEXHUYECKUN YHUBEPCUTET,
Poccus, 630092, Hopocubupck, mp. K.Mapxkca 20
e-mail: algebra@nstu.ru

B BoicTymienun wa koudepentun dpsaoros-2007 npodeccop C.K.Pocomek
[PEJIIOZKUT HOBYIO KPHUIITOCUCTEMY, OCHOBAHHYIO HA HMCIIOJIb30BAHUU TPYII-
MOBBIX KoJterl. KiTio1ueBoil Tpu UCIOIb30BAHIE TON CUCTEMBI OKa3a/1aCh CJIe-
JIyrotas mpooJieMa.

Paccmorpum KoHEUHOE KOMMYTATUBHOE KOJIBIO K, KoHeuHyto rpyminy G

u rpymmnoBoe Koubllo KG = {z = ) a,9 | a, € K}. Hazosém aBromopdusm
geG
¢ : KG — KG cmandapmmtvim eCi OH OTIPeIeIsIeTCsl HEKOTOPBIM aBTOMOD-

dusmom kosblia « @ K — K u aBromopduzmom rpyiibl 0 : G — G Taxk,
J— J— o O
9TO TIpH JIO0OM T = ) | a,g umeem ¥ = ) agg°.
ge@ geG
IIpob6iema Pocomieka: npu Kakmx KOHEYHBIX KOMMYTATUBHBIX KOJIb-
nax K un koHeuHbIX rpynmax G rpymmooe Kobio K G nMeer TOJBKO CTaH-
JlapTHBIE ABTOMOPGMU3MBbI?

B ayxe obmeit konnemnun xkécrkoctu (eM. [1]) ecrecrBenno rpymnmosbie
kosibiia K G, 00J1a/1a1o111ue ToJIbKO CTaHIaPTHBIMEA aBTOMOP(U3MaMU, HA3bI-
BaTb A8MOMOPPHO HCECmMKUMU U TIPOOJIEMa COCTOUT B OIIPEJICJIEHUN aBTO-
MOPGHO KECTKUX TPYIIIOBLIX KOJIETI.

Mbr permaeM 3Ty mpobJIeMy Jijisi TPYIIIOBBIX KOJIET a0eIeBbIX TPYIIIT HAT
KOHEUYHBIMU TIOJISIMUA U JIOKA3bIBAEM CJIEJIYIOIIee YTBEPKICHHE.

Teopema 1. [Tycmv K — xoneunoe noae xapaxmepucmuru p, a G — Koney-
Has abesesa 2pynna.

Tozda 2pynnosoe koavuyo KG asaiemca asmomopdro stcécmrum moeada
U MoAvKO mozda, K020a

aubo epynna G asasemcs mpusuarvrot, G = 1;

aubo noae K npocmoe noae xapaxmepucmuku p, G yukiuveckas 2pyn-
na NPocmozo Nopadka ¢, NPu IMOM NPOCMBLE YUCAL P U § PA3AUNHBLE U D
CAYIAHCUN, MEPEOOOPAZHHLM KOPHEM 1O MODYAI0 (.

*Pabora BoinosHeHa npu nogjepxkke POOU rpant N06-01-00159-a.
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1 I'pymma aBroMmopdu3MoB

Crporoe pertenne pobJieMbl TPeOYET OpeIe/IEHHOro (hopMaIm3Ma B I0-
usatusx. Oboznaunm Aut KG, Aut K, AutG — rpymmbsl aBToMOpGU3MOB TPYII-
oBoro KoJibila K G, KoMMyTaTuBHOTO KOJiblla K u rpymibsr G.

OmpesiesiuM ecTecTBEHHBIE BJIOXKeHUs rpyin aBroMopduzmoB Aut K —
Aut KG, AutG — Aut KG. Oun 0TBeYalOT BJIOXKEHUAM KOJIbIa, K U IPYIIIIbI
G B rpymmoBoe koblio K G. g mponsBonbubix o € AutK, o € AutG n
f =>"a,g nonaraem

=) "asg [T = ay°.

Bysem ucrnosibzoBarh 91U BiIOXKeHUA U canTaTh rpymmnsl AutK n AutG
O/INPYIIIAME TPYIIIEI aBTOMOPMU3MOB rpyImoBoro koJbiia Aut KG.

3ameuanwne 1. [lockorvky epynnosoe xosvuo KG nopoocdaemesa nodkons-
yom K = K - 1 u nodepynnoti epynnu edunuy, G = 1 - G, mo ykazannovie
nodzpynnovl onpedesiromes MmaKuMU YCA0BUAMU:

AutK = {p € AutKG| o(K) = K, ¢|¢ =idg},

AutG = {p € AutKG)| ¢|x = idg, ¢p(G) = G}.

Ommemum, 4mo INEMENMbL IMUT NOJPYNN. 6 NOAHOT 2PYNNE A6MOMOP-
Pusmos nepecmarosounvie, [Aut K, AutG] = 1.

[Ipomseenenne Aut K-AutG B rpymne Aut K G obpasyer HOAIPYIIILY Cmat-
dapmmnvix asmomoppuszmos. Takum obpa3oM, KarxKIblil CTaHIAPTHBINA aBTO-
Mophu3M @ omnpejensgerca mapoit aBToMmopdusMoB « € AutK, o € AutG.
st mpousBosibHOro f =) a,g oH oupeessercs hopMyIIoil

f(a, o) _ Zagga.

®opmaJsibHO 1mpobitema Pocorreka cocTonT B ompejie/IeHUN TaKUX KOJIel]
K u rpynn G st koropbix Aut KG = Aut K - AutG. OcHOBHOE TEXHUIECKOE
CPeJICTBO pelleHus Ipob/IeMbl JOCTaBJISIeT CJIeLyIOINee YTBEPK ICHUE.

JlemMma 1. [lodzpynna cmandapmmviz asmomopgpudmos Aut K - AutG epyn-
106020 korvua KG 6 noanot epynne e2o asmomoppudmos Aut KG evidens-
eMmcsA MAKUMY YCAOBUAMU:

AutK - AutG = {p € AutKG| o(K) = K, ¢(G) = G}.
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B camom gene, Bkitouenue C ciegayer u3 3amMedaHusd 1. YcTraHOBUM 00-
parnoe Bkiodenne AutK - AutG 2 {¢p € AutKG| p(K) = K, ¢(G) = G}.

Paccmorpum nipousBosibHBI aBTOMOpdu3M ¢ € Aut KG ¢ ycioBusmm
Y(K) = K, ¥(G) = G. Oupenerum o = Y| € AutK, o = ¢|¢ € AutG.
[Mockobky K u G mopoxkjaior rpyimioBoe KoJibilo KG, To 3ra mapa as-
TOMOPGhU3MOB OIPEJIE/IsIeT TAKON CTaHJIAPTHBI aBTOMOPMU3M ¢, KOTOPBIi
coBnaaeT ¢ apromopdusmom 1. Takum oOpaszoM 1) — cTaHJIAPTHBIN aBTO-
MOPGU3M IPYIIIOBOrO KoJjblia. JleMMa joka3aHa.

2 HeobxogumocTts (p,m) =1

Bysiem mokaszbBaTh HEOOXOIMMOCTD BCEX YCJIOBHUIT Teopembl. Pacemorpum
KoHeuHoe 1ojie K u KoHeuHyto abeseBy rpyiiy G 1y KOTOPBIX IPYIIIOBOE
kosibllo K G sBisieTcs kecTkuM. Byzem mpejmnosiaratb, 9TO it TPOCTOTO
qrcsia p U HaTypasbHOro s mMeeM | K| = p®, takxke |G| = m.

B srom pazgene jokaxkeMm OT IPOTUBHOTO, YTO BBIMOJIHICTCSA YCJIOBUE
(p,m) = 1. lIpeanosnoxum (p,m) # 1 u nokazxKem, 4TO IPYIIIOBOE KOJIBIIO
K G umeer HectaniapTHbIE aBTOMOP(MU3MBL.

N3 crpykTypbl abeeBbIX TPYIIT CIeIyeT, YTO B 9TOM cjaydae rpymma G
UMeeT IUKJIMIEeCKUe MPIMbIe ClaraeMble MePHoa CTEIeHN TPOCTOTO YHCIa
p. Ilycrb ckaxkem G = G’ X C' u nukiandeckas rpymnmna C' umeer mnepuog p.
Tora rpymnmnoBoe Kobiio n3oMopdHo rpymnmnosomy kosbity KG = (KG')C.
O6osnaunm R = KG', torna KG = RC, upu 310oM KoJibllo R nmeer xapak-
TepucTuKky KoJsba K, chR = chK = p.

JlemMma 2. ITycmo R — xoavuo xapaxmepucmury p, C' — yukaiuveckas epyn-
na nepuoda P, a ¢ — obpasyrowuti 2mot epynnb.

Tozda epynnosoe xosvuyo RC umeem nenyaesoe dupgepernyuposarue 0 :
RC — RC 0das xomopozo 1 = 6(c) € R.

Pacemorpum kosibiio MHOTOUIeHOB R[X] 11 ero crangaprHoe nuddepen-
muposanue ' : R[X] — R[X] npu xotopom X' = 1. I'pynmoBoe xombiio RC
uzoMopdHO dakTopy Kosbiia Muorodtenos RC = R[X]/(X?P" —1).

B kosbie muorowienos umeem (XP* — 1) = p"X’ = 0. Samerum, 4To
unean I = (XP" — 1) unpapuanTen oTHoCHTeNbHO juddepeHupoBanus,
I' C I, mockoubKy tpu Jirobom s € R[X] mmeeM 10K j1€CTBO

[s(XP" = 1)) =8 (X" —1) +5-0=5(X" —1).

[Tosromy orobpazkenue ' onpeessier Tpebyemoe auddeperiupoBanme
dakrop-kosbna R[X|/I u rpynmnosoro kosbiia RC. Jlemma jokazana.
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Bamerun, 41O deMent € = 1 +c+ 2 + ... + "' € RC uubio-
TeHTHEIi, BeIoTHAeTCA €2 = (. HecIo:KHO TPOBEpUTH, YTO OTOOpasKEHMe
Y RC — RC, onpenenénnoe dopmyroit & — z + 0(x)e, ciayKuT aBroMop-
duszmom kosbiia KG = RC. 9tor aBroMopdusM B CHIIY JIEMMbI | He sBJIs-
eTcsl CTaHJIAPTHBIM MTOCKOJIBKY BBIIIOJIHEHO HepaBeHCTBO 1(c) = c+¢ & G.
[Monyunim nporuBopeune. Heobxommmocts yeosust (p, m) = 1 gokazana.

W3 sToro paznesna cieyer, 9TO B CHITy TeopeMbl Marllrke YKeCTKOe I'PYIIIIO-
BOe KOJIbI0 K (G ABJIsIeTCS MOTyIIPOCTBIM, OHO PA3JIaraeTcs B IMPAMYIO CyMMY
nosteit (em. [2]). Bymem stuMm nosib3oBaThes Jagee.

3 HeobxoammMocTb MUKJIMIHOCTU TPYyIIbI G

Bradgaje orMeTuM BapuaHT XOPOIIO U3BECTHOMN st 00JIacTeil rIaBHBIX
ujreasioB "Kuraiickoit TeopeMbl 06 ocraTkax".

[Iycrs R mpou3BOJIbHOE KOMMYTATHBHOE KOJIBIO (HE 00A3aTeIHHO 00-
JaCTh IeJocTHOCTH), a f,g € R. DTu ssieMeHThI Oy/IeM Ha3bIBATH 63GUMHO
npocmuimu n 06o3uadarh (f,g) = 1 ecm fR 4+ gR = R. 910 paBHOCHIbHO
coBMecTHOCTH JnodanToBa ypaBHenus fz + gy = 1 B kosbile R. OueBniHO,
YTO CBOWCTBO B3aMMHOIl IIPOCTOTHI 9JIEMEHTOB KOJIbIIA, COXPAHSIETCsI IIPU €ro
romoMopdu3Max Ha Jpyrue KOMMYTaTUBHBIE KOJIbIIA.

JIemma 3. Paccmompum kKommymamuehoe xoavuo R u 63auMHo-npocmuie
anemermul, amozo koavua f,g € R, (f, g) = 1. Toeda gaxmop-rxorvyo R/(fg)
usomopgmo npamoti cymme xorey R/(fg) = R/(f) + R/(9g).

JeficTBUTEILHO, B YCIOBUAX JIEMMBI PACCMOTPHUM €CTECTBEHHBIE ITPOEK-
un, suumopdusmel m i R/(fg) — R/(f) m o : R/(fg) — R/(9g).

CyMMa IpoeKIwmii onpeesser roMoMopdu3M Ha, IIPSMOe IIPOU3BEICHUE
— Ha psimyto cymmy 7 X o : R/(fg) — R/(f) + R/(g). Slapo storo ro-
mMomopdm3ama coBnajiaer ¢ nepecederuneM (f) N (g). Jdokazxkem, uro B cuiry
B3auMHOI poctoThl f u g umeeM (f) N (g) = (fg).

B camowm sieste, Briouenue (f)N(g) 2 (fg) oueBugno. [Iposepum obpar-
Hoe Bruouenue (f) N (g) C (fg). Vcnonb3yem B3auMHYIO TIPOCTOTY U OIIpe-
JIeJINM Takue 1, s € R, KOTOpbIe yJIOBJIETBOPSIOT ypaBHeHWIO f1 + gs = 1.

Paccmorpum mponsBosibHbIN ssteMenT z € (f) N (g) u mpeacTaBuM ero
B BUJIe NPOM3BEJIEHUN 2 = fr = gy JJIs HEKOTOPBIX I,y U3 Kojbla R. 13
YPaBHEHHUS BBIIIE BBIBOIUM paBeHcTBo fxr+ grs = x. OTcoga gyr +grs—+.
Bakiogaem, ato x € (g) u z € (fg). Takum 06pazoM BBIIOJIEHEHO 0OpATHOE
BKJIIo4enue u B camoM Jere (f) N (g) = (fg).
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Bak/ogaeM, UTO PO TOMOMOPGU3Ma 7 X 0 HyJIeBOe, a ero obpas co-
JIEPZKUT KOMIIOHEHTBI MPsMOl CyMMBI. Takum oOpa3oM 3TOT TOMOMOP(MU3M
siBJIsieTcss m3oMopdusmoM. Jlemma jokazaHa.

[To wHAYKIUN yTBEPKIEHHE JIEMMBI 3 JIEFKO 0000IaeTcs Ha Caydail JIo-
Ooro Umc/a MOMapHO B3aWMHO IIPOCTBIX 3JIEMEHTOB. ByleM HCIoIb30BaTh
YTBEPKICHUEC 3TOH JIEMMBI B TAKOM pPacCIIuPEHHOM CMBICJIE U IIDUMEHATDH €0
K KoJibily mosimaoMoB R[X] or nmepemennoit X ¢ kosddurmenramu u3 mpo-
MU3BOJILHOTO KOMMYTATUBHOrO KoJiblia K. CdhopmysmpyeM 9TO CjieJCTBUE B
SIBHOM BHJIE.

JIlemma 4. Paccmompum npoudsosvHoe KOMMYMAMUEHOE Koavto R u yHu-
MAPHBLE NONAPHO B3AUMHO NPOCBIE NONUHOMYL [1,. .., fn U3 KOABUA NO-
aunomos R X]. Tozda daxmop-woavuyo R[X|/(f1 ... fn) usomopdro npsamoii
cymme daxmop-xoney R[IX]/(f1) + ...+ R[X]/(fn)-

Jasee GyieM paccMaTpuBaTh KOJIbIA ToJMHOMOB R[X | Hajt 1oy npocThi-
ME KOMMYTaTUBHBIME KOJIbIIaMU [ — KOHEYHBIMU IIPSIMBIMU CyMMAaMH HOJIei
R=F, + ...+ F,. Takue kojblia He 06pa3yioT 06JACTH HEIOCTHOCTH, OJ-
HAKO 9TO — KOHEYHBIE MPsIMBIE CYMMBI OOJIACTEH TVIABHBIX HJIEAJIOB, KOJIEI]
nosmaoMoB F[X| mayx momamu F;. O603HAYHM IPOEKIMN Ha KOMIIOHEHTHI
m: R— Fj.

BrirosinsieTcst aropuTM JeeHust ¢ OCTATKOM Ha yHUTapHbIE OJIHHOMBI,
[IO3TOMY CIIPaBEJJINBO yTBepKIeHue TeopeMbl bedy. Takum obpasom, cre-
nenb nosmuaoMa f(X) € R[X| He IpeBoCXOAUT Unc/ia ero KopHeit ay, . . ., Gy,
Pa3IMYIAOIXCH B KaXK/JI0i KOMIIOHeHTe, T.e. m;(a;) # mi(ay) i =1, ..., n.

Jlemma 5. Paccmompum noaynpocmoe xommymamushoe koavuo R, npo-
CNOE YUCAO P B3AUMHO NPOCMOE € TAPAKMEPUCTNUKOT KOADUA U HATMYPANL-
noe wucao n. Ipednososicum, wmo xascdas xomnonenma R codeporcum nep-
6006pas3nbtl Koperns u3 edunuyb, cmenenu p'.

Toz0a armop-xoavuo R[X]/(XP" —1) pasrazaemes 6 Koneunyo npamyro
cymmy Koney, usomopdroir xoavuy R: R[X]/(XP" —1) = R + ... + R
¢ wucaom caazaemuir p. Ilpu amom camo woavuo R enodicerno 6 npamyio
CYMMYy OUAZOHANLHBM 06PA3OM.

VTBepKIeHne caeyeT u3 JIeMMbl 4 U 3aMeYaHUl BBIIIIE.

[Ipemnonoxkum, aro rpyimoBoe Kojblio K G aBisercsa kKeécTkuMm. Jloka-
JKeM, 9To abejeBa rpymmna G MUKITIECKasd.

PaccmoTpuM paziiozKenne rpymiibl B MMPsiMO€ TTPOU3BEJIEHIE TTPUMapPHbBIX
KoMIoHeHT: G = G, X ... X G, B KOTOPOM IIPOCTBIE YHCJIa P; PA3/INIHbIE
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u Kaxkjas rpyuna (G, HMeeT HOPsJOK PaBHbL CTELEeHH IIPOCTOrO YHUCIIA
pi. docraTouno nokazaTs, 9T0 Kazkjas rpyuma G, ABJISETCS NUKITIECKON.
Tora nukandeckoit Oyjaer u cama rpymmna G.

Bynem paccyxmarh OT NPOTHBHOIO W IPEJIIOJJIOXKIM, 9TO HEKOTOpas
[pUMapHasi KOMIIOHEHTa pa3JjiaraeTcsd B IPOU3BeJIeHNe IUKINIeCKUX TPYIIIT
Gp, = Hy x ... x Hy, k > 1. ObosHauuMm dYepes3 r; HOPAIOK IUKJIAIeE-
ckoit rpynmsl H;. Bynem cuurars dncio 1, HamMenbmmM. Obosnaunm H =
Hy x...x Hg_y,torna Gy, = HX H,u G=G x Hy, tie G' = Gp, x ... X
Gp o, X HxGp . x...xGp,.

I'pynna H, a Bmecre ¢ Heit u rpymnmna G COIEp:KUT 3JIEMEHT ¢ MOPI-
ka p't. O6osnaunm R = KG', Torma umeeM u30MOpGU3MBI I'PYIIIOBBIX KO-
neny KG = (KG')H, = RHj. Toaynpocroe Koablio R B KayKI0i KOMITO-
HEHTe COJEP:KHUT ¢ — IePBOOOpasHbIil KOpeHb n3 ejauHuipl crermenn pF. Io
JeMMe 5 FMeeM Pas3sIoyKeHie IPYNIOBOTO KOJIbIa B IpaMyio cymmy pP cia-
raemprx: RH, = R[X]/(X?" —1) = R + ... + R. 3nauur, umeercs p!
ABTOMOP(MU3MOB ITOIO KOJIbIIA, MEPECTABJISIIONINX ITH CJIaraeMble U Hero-
JIBUZKHBIX Ha JHaroHajm, Ha Kojble R. Opaako rpymnmna Hj uMeeT TOJIbKO
d(p*) = pFL(p — 1) < p*! aBromopdusMoB. B cumy memmbr 1 rpymnmosoe
KoJibI0 K G mMeeT HecTaHIapTHBIE aBTOMOP(U3MBI, OHO HE ABJISIETCS YKECT-
kuM. IIporuBopeune.

HeobxomumocTs mukmmaHocTr Ipymibl G T0OKa3aHa.

4 HeobxoauMocTh mepBooOpa3HoCTI p° IO MO-
AYJII0 M

Hawm citesryer nmpoBepuTh, 4TO ecim KoHedHoe 1ojie K umeer p® sjieMen-
TOB, a TPYHIOBOe KOJIbIO K (G »KECTKOE, TO YNCIO p° SIBJISETCS IIEpBOOOPa3-
HBIM KOPHEM 110 MOJLYJII0 TopsKa rpymisl m = |G|. Byaem npeanonarars
xkécrkoerh Kosiblia KG. Ham yxke ussectHo, uro (p,m) = 1, a rpynmna G
[IUKTTIEeCKAs.

I'pynmosoe kosbiio K G nuzomopdHO (HhakTOP-KOJbILY KOJIbIA TOJTUHOMOB
KG = K[X]/(X™ —1). Apromopdusmbl rpyiibl G ONpeIesIsoTes o JAeii-
creuto X — X', B koropom ¢t € N, (t,m) = 1. Takum 06pasomM, IucI0 aBTO-
MOPGU3MOB I'PYIIILL Onpeiessiercs o Gyuknuu Ditnepa, |aut(G)| = ¢(m).

Hanomuum (eM. [3]), uro mosmaoMm X™ — 1 HaJI KOJIBIIOM IEJIbIX YUCel
pasJiaraeTcs B IPOU3BEJICHUE KPYTOBBIX ITOJTMHOMOB:

X" —1=3(X)... &pn(X) =[] 2a(X).

dlm
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BCG KPYTOBbBI€ IIOJIMHOMBI HEIIPUBO/JAMUMDBI Ha/l IIOJIEM PallOHaJIbHBIX YHCEJI.
[TepBooOpasHbIe KOPHE CTEIIEHH 1M HA/L IT0JIEM PAIlHOHAJIBLHBIX THCET — KOPHU
kpyrosoro nosuaoma P, (X). Hax apyrumu nossimi KpyroBble HOJMHOMBI
MOTYT pasjiaraTbCsl Ha MHOXKHUTEJIU, TOT/a IePBOOOPA3HbIE KOPHU CJIYKAT
KOPHSIMU COMHOXKUTEJIEHl KPYTOBBIX ITOJIUHOMOB.

VTBepKIeHNE ClIeLyIoNeil JeMMbl XOPOIIO U3BecTHO. Jlokazare/ibcTBO
IIPUBO/JUM TOJIBKO IJIgd ITOJTHOTBI U3JIO2KEHUA.

Jlemma 6. Ilycmov K nose 6 xomopom p° snemenmos, a (, nepeoodbpas-
Hould Kopens cmenenu m nad nosem K. Toeda cmenenv pacwupenus no-
aet K((n)/ K pasna noxkasamenro wucaa p* no modyaro m, |K((y) @ K| =
P,.(p%).

B wacmmuocmu, makas cmenens makcumasvnai |K(Gn) @ K| = ¢(m)
mo20a U Moavko mozda, ko2da p° — nepeoobpasHbvlll KOPEHD MO MOOYAIO M.

JeiicTBUTEIBHO, PACCMOTPUM paciiupenue 1moJs L/ K, oHO sBJisieTcs KO-
HEYHBIM TI0JIEM XapaKTepuCTHKH p. 3uadut, |L| = p'. TlockonbKy 310 — pac-
mmpenue noJist K. to t gemures va s u |[L: K| =t/s.

MyIbTUIIMKATUBHAA IPyIa Hojs L mukandeckas nopsiaka pt — 1. ITo-
9TOMY OHA BKJIOYAET MepBOOOpa3HbBI KOPEHb CTENEHU 1M TOJBKO U TOJIHKO
ecim p' — 1 genmres na m. Orciona crenyer, uro L = K((,,) TOr1a 1 TOJIBKO
Toryia, korga t = P, (p®). 3ak/ounTesibHOe YTBEPKIEHUE JIEMMbI OU€BUJIHO.
Jlemma nokaszana.

OTrmeTnM, 9TO 3aK/TFOUYEHIE JIEMMBI 00pa3yeT KpUTepuii HeITPUBOTMMOCTH
kpyrosoro nosmHoMa P, (X) max xoneunsim nosteM Fp.. O cocrour B TOM,
aro P,,(X) HempuBOAMM TOT/Ia U TOJBKO TOIJIA, KOT/a p° — mepBOOOpa3HBbIil
KOPEHb 110 MO/JLYJIIO0 YHUCJIA M.

[Tose K((,;,) NpUHATO HA3BIBATH KPY206blM NOAEM CTETIEHN 1M HAJT TI0JIEM
K.

JokazkeM, 9To p°® 1epBooOpasHbIii KOpeHb OT IPOTHBHOTO. IIpemosio-
JKUM, 9TO 9TO HE TaK U IPUIEM K IPOTHBOPEUHIO C KECTKOCTHIO I'PYIIIIOBOIO
koublia K G. Vcnonb3yeM u3BeCTHOE CTPOEHHE KPYTOBBIX II0JIefl U3 MOHO-
rpacdun [4] (Teopema 2.47).

[To 3aKIIOYUTENILHOMY YTBEPK/ICHUIO JIeMMbI 3aKaodaeM, 910 | K ((y,) :
K| < ¢(m). Bnaunt, kpyrosoii nosuaom ®,,(X) cremenn ¢(m) Haz nosem
K pazmaraerca na muoxurenn: ®,,(X) = G1(X) ... Gp(X), n > 2. O6o3na~
auM L = K((,,) KpyroBoe moJjie, OHO sIBJISIETCsI TIOJIEM DA3JIOKEHMUsI JII0O0r0
muorowiena G;(X) wanx nomem K. Ilo memme 4 u3 pasiokeHusi KPyroBoro
HOJIMHOMA BBIBOJIMM PA3JI02KEHUE TPYIIOBOro Koublia K G B IPIMYIO CyMMy
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KG=K[X]/(X™~1) = K[X]/®(X) + ... + K[X]/®n(X) =K + ...+
L + ...+ L. B nocrenuenm ciaaraemom R = L + ... + L kpyrosoe mose L
[IPUCYTCTBYET N Pas.
Kpyrosoe nosie L umeer ¢(m)/n aBroMopdu3MoB HENOBUKHBIX Ha, MO~
b(m)

e K. Tlosromy kommbiio R mmeer He Menee (= )"n! aproMopdusmoB, Hero-

JBUKHBIX Ha 11ojie K. Tak kak n > 1, TO BBINIOJTHIETCS HEPABEHCTBO

m
Myt > () — 1)1
n
Buauase paccmorpum ciydait n > 2, torga ¢(m)(n — 1)1 > ¢(m) u
BBITIOJIHEHO CTPOrOe HEPABEHCTBO

@yt > ()

[TockoIbKY YHCIIO CTAHIAPTHBIX ABTOMOP(MU3MOB HETIOIBUKHBIX Ha 1ojie K
COBIIQJIAET C YUCJIOM ¢ (M) aBTOMOPMU3MOB IUKJINIECKON rpyIibl G 3aKJII0-
JaeM, 9To cpeau aBroMopdusmoB KG ecth HecTaH APTHBIE. DTO IPOTUBO-
peunTt )kéctrocTu Kosbia KG.
[Ipeamonoxum Ternepb, aro n = 2. Torma ecau ¢p(m) > 2, T0 Takxe
BBITIOJTHSETCSI
¢(m)

Eynt > p(m)(n — 1) = d(m).

Jlokaz3aTesbcTBO 3aBEPIIAeTCs AHATIOTUIHBIM PACCY ZKICHUCM.

Ocrajioch paceMorpersb cirydail Korjga n = ¢(m) = 2. Takoe BO3ZMOXKHO
TOJIbKO Jiyist wmces m = 3, 4 wmm m = 6. B sT0M cirygae KpyroBoii moJiu-
HoM @, (X)) umeer crenenn ¢(m) = 2. 3HaUnT, OH pa3/IaraeTcs Ha JUHEHbIE
MHOKUTE . [J09TOMY, B IPSIMOM pas3jioXkKeHn: IPYIIIoBoro kKojbia K G yka-
3aHHOM BBIIIE TPHUYKJIBI IPHCYTCTBYeT ocHoBHOe Tojie: KG = K + K + K +
.... losromy rpymmoBoe KoJbIO uMeeT He MeHee 3! = 6 > 2 = ¢(m) as-
TOMOP(U3MOB, EPECTABIAIONINX ITH TPHU CJArAEMBIX U HEIOJBUKHBIX HA
nosie K. Takke umeeMm HeCTaHIAPTHBIE ABTOMOPMU3MBL U MOJIYIaeM IPOTHU-
Bopeune kéctkoctu KoJibiia KG.

5 HeobxoammMocTh ITPOCTOTHI MoJids K m rpymn-
bl (G

Pacemorpum koneunoe mojie K ¢ guciiom ssiemenToB p°. Pacemorpuwm
muKJInaeckyo rpymmny G nopsiika m, npuaém (m,p) = 1. [Ipeanomoxmm,
91O p° — 1MEpBOOOPA3HBII KOpeHb 10 Moty 0 m. [Ipesmnonaraem KECTKOCTD
rpytmoBoro Kosbia KG.
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Jlemma 7. Ilycmo uenoe wucao g npedcmasanem nepeooopasHvili KoOpeHs no
MOOYAI0 HAMYParbHo20 wucaa m. Tozda daa aobozo deaumens d, dm wucao
q 6ydem mep8oobpasHvLLM KOpHEM U N0 MOOJYM0 d.

31ech HYKHO pa3o0paThCsa ¢ OmpeeeHneM IepBooOpa3HOrO KOPHSI B
ajredpamyeckux repmunax. [lo ornpesesienuio mepBooOpa3Hblii KOPEHb — I10-
POXK A0 3JIEMEHT MPYTIITLI OOPATUMBIX 9JIEMEHTOB KOJIbI[A BEIUeTOB Z /M.
Takue 3/1eMeHThI IMEIOTCA B TOM M TOJIBKO TOM CJIy4ae, KOrja I'PyIia odpa-
TUMBIX 9JIEMEHTOB IMKJIMIECKAs.

[To ycoBuio jieMMBbI TpyIIa 06pATUMBIX 971€MeHTOB (Z/mZ)* nukinde-
CKag U YUCJIO q OLpeJiesideT HOPOXKIAIOINNA JIEMEHT ITONH I'PYIIILI.

Pacemorpum ecrectBerHblil srtmMopdusM Koster Bbraeros Z/m7Z — 7./ d7Z
SIJIPO KOTOPOT'O 00PA30BAHO KJIACCAMU BBIUETOB dZ/mZ. DTOT SnuMOpdu3M
orpe/iesisier 3uMophU3M TPy 0OpaTUMbIX 3JIEMEHTOB KoJierl (Z/mZ)* —
(Z/dZ)*. llosromy rpymnua (Z/dZ)* nukandecKas u MOpoxKIaeTcs 00pa3oM
nopoz atorero rpymnst (Z/mZ)*. Ilostomy To e camoe UucJIo ¢ ope/ie-
JsAeT mopozk patormuit u rpymist (Z/dZ)*. Jlemma rokaszana.

V3 91011 JIeMMBI CJIeJIyeT, 9To ecjid p° IepBOOOPa3HbIl KOPEHB 110 MO,LYJIIO
m, to nag nojseMm K = F,. Bce kpyrossle nosuuoMsl Oq(X), d|m, aBisior-
csl HEIPUBOAMMBIME. [103TOMY I'PYIIIOBOE KOJIBIO PA3JIAraeTcss B IPAMYIO
CYMMY KPYTI'OBBIX MOJIEH

KG=KX]/(X"-1)=K, + ...+ Kg+ ... + K,,,

B KOTOPOH [ncjia d mpoberaioT JeuTenn ducia m, a mnojie K, obosnadaer
KpPYyToBoe TI0Jie, oJie pasioxenus: Kpyrosoro mnojuaoMa Py(X). OcroBHOE
nosie /X BIIOZKEHO B 3Ty CYMMY JHArOHAJIBHBIM 00Pa30M.

Bamerum, uro K = K| u KpyroBble MO/ B YKA3aHHOM PAa3JIOKEHUN 00-
pasyoT PemeéTKy BCeX MPOMEXKYTOUHBIX 1oJiell paciumpenus K, /K.

[To slemme 1 B cuity KECTKOCTU aBTOMOPMDU3MBI TPYIIIOBOTO KoJibila RG
IePEBOJIAT 37eMeHThI o1 [ B ajeMentsl nosig K. [losTomy, eciim BeIOpaTh
HabOP MPOU3BOJILHBIX aBTOMOPMU3IMOB II0JIei

a Ky — Ky, Kg— Ky, oo o, ky — Ky,

TO COCTaBHOI aBTOMOP(U3M I'PYIIIOBOIO KOJbIA (f X ... X 4y, JOJIXKEH IIe-
PEBOJIUTDH JIMAroHaJIbHBIE SJIEMEHTHI U3 10JIsd K B JiMaroHajbHbIe 3/IEMEHTHI
9TOro 1oJist. IHbIMu cjioBaMu, orpaHuvenne aeficTBus JIFOObIX aBToOMOPhu3-
MOB ToJieit Ky— pacmmpenuii mojisi K— Ha mnoJsie K onpejessier OJuH U TOT
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ke aBroMopdusm nojst K. Eeim m # 1, to K,,, # K u Bce aBTOMOpPdU3MBI
ot K, OKa3bIBAIOTCI HEMOABMKHBIME Ha moje K.

Buaunt, mbo m = 1, rpynna TpuBnaiabia G = 1 u epBoe yTBepKICHIe
TEOPEMBbI BBITIOJIHAETCs, OO0 11oJie K sBjisieTcs mpocThiM. B mepBom cirydae
JI0Ka3aTe/IbCTBO TeopeMbl 3aBepiiaercs. [loaromy masee Oymem mpemoia-
raTh, 910 nojie K mpocroe K = I, u nokazkem, 4ro rpymmna GG mpocrasd, T.e.
€€ TIOpsIJIOK M = ¢ — IIPOCTOE YUCJIO.

N3 cTpyKTyphl rpyImnoBoro KoJibiia K G BbITEKaeT CTPOEHUE IPYIIIbI €0
oOpaTUMBIX 3JieMeHTOB. ViMeeM pasyiokeHune B IPsSMOe IIPOU3BEICHIE

(KG)*=K] x...x Kj x...x K,
B KOTOPOM KazKJad rpymnmna K nukiamdeckad. TakzKe T rpyInbsl o0pa3yoT
PEIIETKY BCEX MYJIbTHILIMKATUBHBLIX I'PYIIIT MIPOMEXKYTOUHBIX TOJIeil pacIiu-
penns K, /K.

[To mocTpoennto nukmaeckast rpyina G BKIIBIBAETCS B 3TO IIPOU3BE/IE-
Hue cyeaytonmM obpasoM. [lycts g — obpasytormas rpymnmnsl G. Torma obpas
(mpoeKIns BIIOXKEHMUsI) 9TOrO 3jieMeHTa B Kpyrosoe moje Ky, d|lm, obpasy-
eT 1epBoOOpa3Hblil KOpeHb (y creneHu d. [Ipon3BobLHBIN 3/1IeMEHT TPYIIIBI
h € G npejacrasisercs crenenbio h = ¢" u ero npoekiueit B moje Ky ciy-
»KUT 37eMeHT (. Takum obpa3oM, IpoeKIny sj1eMenTa rpynisl G B J1000M
KpyroBoM mojie Ky, d|m, BIOJIHE OIpeiesisieTcst 1Mo ero 3HAYeHUI0 B MaKCH-
MaJIbHOM KPYTOBOM ToJte f<,,.

[Tockonpky rpynmnosoe kojbno KG = IF,G xéctkoe, TO 110 JeMme 1 aB-
TOMOPMU3MBI 9TOTO KOJIbIIA JIOJI2KHBI IIEPEBOJIUTD JIeMEeHThI Tpyiibl G B
9JIEMEHTHI 9TOf Ke rpynmbl. [lokakem, 9TO 9TO BBIOTHSIETCS TOJBKO €C/IN
YUCIIO M SIBJISETCST TIPOCTHIM.

Bynem paccykaaThb OT TPOTUBHOTO W TPEIIOJO0XKHAM, UTO YUCIO 1M CO-
crauoe. Ilycts dlm, d # 1, d # m. Torma kpyrosoe nosie K, He siBiseTcst
[IPOCTBIM, OHO UMEeT HeTPUBUAJbHBIE aBTOMOPhu3MbI. OIHAKO, 10 3aMeva-
HUIO BBIIIE BCe aBTOMOPMU3MBI 110151 Ky TOJIZKHBI OCTaBJISATh HA MECTEe HEKO-
TOPBIIT IepBOOOPa3HbIil 31eMeHT (g € Ky, 3HAYUT UMeeTCsl TOJTBbKO TPUBUAJIb-
HBII aBTOMOpdU3M 3T0ro mojsd. [IporuBopeune. Takum obpaszom m = q —
IIPOCTOE YHCJIO.

JlokazaTesbCcTBO HEOOXOMMOCTH BCEX YCJIOBUIl 3aBEPIIEHO.

6 JlocTaTO4YHOCTH yCJIOBUIA

[IpeiriotoykuM, ITO BBIIOJIHAIOTCH BCE yCJIOBUsI TeopeMbl. Kcu rpyrimna
G tpuBnasibhasg, G = 1, To moka3biBaTh Hedero, KG = K u Bce aBTOMOp-
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GpuU3MBI I'PYIIIOBOIO KOJIbIIA €CTh aBTOMOP(U3MBI 110Jis1 K, TpUBUAJIbHBIM
00pa3oM OHU SIBJISIIOTCSI CTAHJIAPTHBIMU. ByjeMm jajiee mpesno/aratb, 9To
noie K asngerca mpoctbiM, K = [F,, rpynna G aBidercd IMUKINIECKOIT
IPYIIION ITPOCTOrO MOPSIKA ¢, IIPU ITOM YUCJIO P ABJISIETCS TIePBOOOPA3HBIM
KOPHEM 10 MOJLYJIIO (.

B npenpiaymem pa3zjesie ObLIO MOKA3aHO, YTO IPU 3TUX YCJIOBUSX UMeE-
eTcst pa3JIozKeHue TPYIIOBOro KoJiblia B ipamyto cymmy KG = F,G =T, +
K,. I'pynna G pescTaBisgeTcs TPyNIOil IepBOOOPA3HBIX KOPHEH KPYTOBOrO
noJg K,

B cuty ofHO3HAYHOCTH TaKOro pa3jioyKeHUsl IPOU3BOJIbHBIN aBTOMOD-
dbu3m Takoro kosbiia o € aut(KG) cocToUT B IEfCTBAN HA BTOPOM CJla-
raeMoM HEKOTOpOro asromopdusma a, kpyrosoro moisa K, = F,[(,], o =
tdg X og. Taxue aBTOMOPPU3MBI IIEPECTABIIAIOT IPYIITY HEPBOOOPA3HBIX KO-
Heit — 3s1eMenThl Tpynbl G. OHK ABISIOTCS cTaHAapTHBIME. JloKa3aTebeTBO
JIOCTATOYHOCTHU 3aBePIIEHO.
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PacemarpuBaercst Tpyiina aBTOMOPMU3MOB TIEJI0OUUCIEHHOTO TPYIIIIOBOTO
KOJIBI[A CUMMETPHUYECKON TDYIIIBI S3, JOKA3bIBAETCHA, ITO OHA COBIAJIAET C
IPYIIION BHYTPEHHNX aBTOMOP(MU3MOB 9TOr0 KOJbla. B pabore HCIO/Ib3y-
ercs MarpudHoe npejcrapienne rpyunsl D(S3) (em. [1]). U3 sToro npes-
CTaBJIEHUSI JIETKO IHIOJIydaeM KJIETOYHO - JUArOHAJIbHOE IPEICTABICHNE JIst

ZSgi

1 0
1 —2
ZSg = ZD(S3) = e = 1 O ,a = 0 O s
01 -1 1
0 0

0 0

“a= —1 1|7 0 -3

-1 1 0 0
0 0
0 0
€162 = 0 3 , €2€1 = 3 _3
0 3 0 0/),

[MousiTHo, uTO JTEOGOI aBTOMOpdU3M ¢ € AutZS3 Ha TEPBBIX JBYX OJ-
HOMEDHBIX KJIETKaX sIBJISIETCA TOXKJIECTBEHHBIM, [MOITOMY BHAJAJE WU3YIHM
neiicTBre aBToMOpU3Ma ¥ Ha JIBYMEPHBIX KJIETKAX 9JIEMEHTOB MATPUIHOIO
KoJibla Z D(S3), T.e. HA MOJKOJIbIIE.

K = {e1,e9,€e1€9, €21 } 7.

Jlemma 1. Ilycrs X, Y € K yaoBIeTBOPAIOT YCJIOBHUSIM

X?*=Y?=0,XY +YX =3E (1)

84
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Torna orobpaxkenue p(e;) = X, p(es) = Y, p(e1es) = XY, p(eze1) =
Y X, p(are1+ases+azeieatagese;) = oy X+aY +a3 XY+, Y X sBisierca
aBTOMOPQU3IMOM ITOAKOJIbIIA K .

Jist s00bIX 91eMeHTOB U, v € K paBencTBo p(u-v) = p(u)p(v) 1oKa3bl-
BAETCs IPOCTHIM BBIYHUCICHHEM. UTOOBI I0KA3aTh, YTO (0 — aBTOMOPQU3M,
JIOCTATOYHO 3aMeTUTh Juneiinyio nezasucuMoctb X, Y, XY Y X. Ilycrp, na-
IIPOTHB,

OélX + OéQY + OégXY + OZ4YX =0 (2)

U3 (1) nerko momyvaem, aro XY X = 3X, Y XY =3Y, XY XY = 3XY,
Y XY X =3YX. Teneps omuoxas (2) cieBa va X a cipasa Ha Y, moJIyda-
eM 34 XY = 0, orkyna oy = 0. Anamornano, ag = 0, T.e. oy X + axY =0,
OTKY/Ia JJOMHOXKeHueM Ha X mojydaeM ap = 0, u, anajgorndno, a; = 0. Tem
caMbIM JIeMMa JIOKa3aHa.

[IycTh Tenepn

X = a1e1 + ages + azeres + ayeseq

Y = Bier + Baeg + Bzeren + B+ degey

U3 yenoswmit (1) memmbr 1 mostydaem

as+ays=0,083+08,=0
10 + 3a?1 =0 (3)
B152 + 352 =0

a1 + agf + 6y =1
Bo3HHMKAIOT TOJIBLKO TPH BO3MOXKHBIX CJIydast
1) as=0,00#0= ay =0,a10, = 1,0, = £33}
2)as # 0,0, =0= f4 = 0,001 = 1,y = 30}
3) ay # 0,0, # 0.

PaCCMOTpI/IM MaTpPHUIIbL aBTOMOp(bI/ISMa @ JId BCEX TPEX CJIydaeB

o £367 3aufs —3oufy

Del=| o 200§
0 (4 0 1
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+3a2 [ —3aufi 3auf

a 0 0 0
W= Zai 0 0 1
O 0 1 0
ar B Boafs—3auf 3oufi — 35
3)[y] = Qo Ba  —3aafy + 3aufy 3y — 3B

—ay —f1 a1y + 3asfy a1 + 3aufy
ay P asf +3oufs B+ 3oy

U3 caygas 2) npu ap = B = 1, ay = 0 mosrygaem MaTpuiry

0100
1 000
5= 0 001
0010

[ToHsiTHO, YTO MPOU3BOJIbHASI MATPUIA U3 2) MOJIyYAETCs] YMHOKEHUEM
maTpurpl 3 1) #a Marpuiy S crnpasa. [losToMy paccMOTpHUM MATDHIIHL,
KOTOPBIE MOJIy9aIOTCs B Caydasx 1) u 3).

1) Oy = O,ﬁg 7& 0,044 = 0,0zlﬁg = 17ﬁ1 = :l:?)ﬁz

Ecm ay = B = 1,8, = —33%, To nostygaem MaTpuILy

1 =384 364 —364

0 1 0 0

0 —0, 1 0 ’
0 B8 0 1

KoTopas npu B4 = 1 JaeT euHuIHYO.
Ecm ap = B = —1,8; = 3%, To nostygaem MaTpUILy

-1 337 —30: 306

N 0 -1 0 0
0o -8 1 o0 |’
0 B 0 1

kotopas npu 34 = 0 jgaer MaTpuiry

a =

S
I

(e}

|

—
o= O O
_ o O O

[MousiTHO, 9TO @ = A1 - @
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Bsejiem B paccMoTpenne MaTpPUITHI

1 -3 3 -3 0 -1 A B
=0 2) (0 )= (1) w-(2 2)

Hecmoxxuo moKa3aTh MHIAYKIWEH 0 (B4, 9TO a = ag“ npu (B, > 1. Ecm
B4 < 0, To oueBuHO 0~ = ajaa;. omyumiu, 4To MATPHUILL [p] U3 cydaes
1) u 2) mosrydaroTcs Kak cJIoBa OT MATPHIL a1, dg, S.

;L 1 0 , (0 0 , 1 0
3)HyCTbTeHepbA—(_3 1 ,B' = 3 3 , O = 10 )

Torma u3 ciuyvas 3) npu oy = l,ag = =3,a4 = 1,61 =0,0,=1,08, =0
A B
HoJIy4aeM MaTPHILY a3 =
y puny as ' B
U3 cucrembl pasencts (3) caemyer, 910 (aq, g, ay) = 1, IpUYIEM TOJIBKO
OJIHO M3 YUCEJI (v] I (vp JCJIATCS Ha, 3.
. 12 12
Ecin 133, 1o oy = 30y , a0 = Fay, ay = ).
: o 2 . 12 . /BN
Ecmm ag:3, 10 a1 = £ay,00 = £30,, 04 = jas. AHAJIOTUYIHO IS
01, B2, B4. Eciin amu paBeHCTBA MOJICTABUTH B HOC/IEHEE PABEHCTBO U3 (3),
TO HOJIYyYIM

(0105 + 3ah61)* = 1 mbo (303 4+ ahf])* =1

Otcioma ciemyert, 4to oo 335 < 0, T.e. ayfy < 0, mosromy mpm ay =

—a}ady ¢ meobxomuMocThio 3y = — 3135 1 Bce CBOANTCS K CONMPSI?KEHUIO MaT-
puIleil ai, T.e. paCCMATPUBATh Cydail oy = —ajal He HyxKHO. [locse sTux
3aMeYaHuil MOHSATHO, UTO 3) pacmajacTcsa Ha 4 ciydast:
- 12 - 2 - / /
a) a; = ay Qg = —30422, ay = o,
o ! o / o / /.
ﬁl - _351 762 - 62 aﬁﬁl - ﬁlﬂ%
_ 12 _ 12 o / /
6) a; = —ay, 0y = 30422, ay = ajab,
— J— — ! Q.
ﬁl - 3&1 752 - _52 7ﬁ4 - ﬁlﬁ%
o 2 . 2 o /N
B) a1 = 30412, Ay = —Qy , Qg = 1,
_ 7’ _ / _ / /.
ﬁl - 3/61 762 - _ﬁQ 764 - ﬁ1/627
2 2 /BN
r) a; = =30, = ay, a4 = ajad,

/2 /2
B =Py, 02= =30, ,0s= 8155
Pacemorpum maTpursl [¢| u3 ciaydas 3) Ipu pa3ndHbIX BApHAHTAX &) — T).
a) npu ycsosun o) 35 + 3ah 37 = 1 noygaem mMaTpuiry
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ay =387 348 34
] = —3ay, By 3048 —3a4B
—ajaly =P8y alBy  3ahp

! ! / / ! / ! /
Q1 BBy 3ay8; by
Takass MaTpuIla MOJIyvIaeTcs KaK CJIOBO OT MaTPHIL Gy W d3. JTO IIPOBE-
psIeTCsT KOMITBIOTEPHBIMU BBITHCICHUSIMI.
! / ! !/
Ecmun o 5 + 3a48] = —1, 1o noyaaem [¢] - a;.
6)
12 12 / / / /
—04% 3ﬁ12 =3a18; 3ayf
! / ! !l
3y — B, —3ayfy 3asf,

—oloy gy ot sags | O
ey BBy 3apfi anf
Ecmm o) 8 + 34,8 = —1, 10 mosrygaem a;[¢|(—ay).
B)
3a  —A 301 —3a1f;
2 /2
—Qy 30y 3apBy =343, = a1]¢]S

~hoh G Boiy  abd;
ooy B o4 3oy
Eciu 3a) 5 + o8] = —1, moayqaem a;[p]S(—ay).
r)
=3y B =348 3aif
12 12
—diah ~Ai% Bai% oyl
chah, B o4 Baydk
Ecmm 3¢/, 5 + o8y = —1, moy4aaem [p] - S(—ay).
Takum 00pa3oM, HAMH JOKa3aHa.
Jlemma 2. AutK = rp(tay,aq,ag, S) :
0 6
6 0
O O y €6 =
00

KOHEYHO TIOPOXKIEHHBII uieast kojbia ZD(S3)

ObozHauNM €5 = I PACCMOTPUM

o O
o O

I = (elv €2, €162, €2€1, €5, 66)

OueBnano, uTo I — XapaKTEePUCTUYIECKUIl UIeas, TaK KakK JJIs JII000ro
aBToMOpdusMa ¢ Kobia ZD(S3) u oboro snementa x € I, p(x) € 1.
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ZD(S3)/1 = {ae+ Pala=0,...,5,6=0,1,2}

31ech e,a — MarTpuibl u3 upejacrtaBienns 4Ss. Ilycte ¢ = r + b €
ZD(S3), tne r = ae + fa,b € I. Torga misa jiob6oro apromopdusMa @
kousia Z D(S3) nmeem p(x) = o(r +b) = ¢o(r) + ¢(b),o(r) & I,o(b) € 1.
[Toaromy

@(a) = a+ vy1e1 + Y262 + Y3€1€2 + Tae2€1 + Y565 (4)

W3 mpeapiiymux paccyKAeHni TOHATHO, YTO BCe aBTOMOPMU3MBI KOJIhb-
na K npogosrkaloTes J10 aBToOMOPMU3MOB ujeasa I, eciu moJoKUTh UX Jeii-
CTBUE TOYKJIECTBEHHBIM Ha OJJHOMEPHBIX KjeTKax. OCTajoch MOHIThH, KAKIe
13 aBTOMOP(MU3MOB Heasia [ MOXKHO IIPOJIOJIZKUATD JI0 aBTOMOP(MU3MOB KOJIhb-
na ZD(S3). st 957010 Hy?KHO TIPOBEPUTH, CYIIECTBYIOT JI TAKUE 71, ..., V5
u3 paBeHcTBa (4), /711 KOTOPBIX BBITOJIHAINCH Obl PABEHCTBA

L. p(aer) = p(a)p(er)

2. p(era) = ¢(e1)p(a)

3. p(aez) = p(a)p(e2)

4. p(esa) = p(e2)p(a)

5. p(aeiez) = p(a)p(erea)

6. p(ere2a) = p(ere2)p(a)

7. p(aezer) = p(a)p(eer)

8. p(ezera) = p(ezer)p(a)

9. p(a’®) = (p(a))?

O6o3HAYNM @4, , Pa,-.. — aBTOMOPGU3MBI KoJsiblia K, 3a/1aBaeMble MaT-

PULIAMU a1, ds... .
HenocpeIcTBEHHBIM BBIYUCIEHUEM HAXOUM TPOJOJIZKEHUS g, (a) = a —
2e1, pay (@) = a — €1, p45(a) = a — 2e5 + €163 — €261, P _ay, Ps, P—ays HE TPO-
JIOJIZKAIOTCs 110 aBToMopdu3MoB Kouibia Z D(S3). Hamu mosyvenna
Jlemma 3. AutZD(S3) = tp(Pays Pass Pas)
Pacemorpus rpyminy BHyTpeHHUX aBroMopdusMos Kosbia Z D(S3). Tlo-
HSITHO, YTO OHA M30MOpdHA Ipytine HopMain3oBaHHbix exuauil V (ZD(S3)).
U3 npexcrasienus 1] jlerko mostyduTs, 9To

V(zsg)%rp(r:(_ll _01)’8:(_11 _01>’b:((1) i)))

Ob6o3HAIUM (©,., Vs, P, ABTOMOPMU3MBI, 3aaBacMble Ha KOJIbIE ZS3 COIPsi-
JKEeHUSIMU MaTPUIIAMHI, COOTBeTCTBeHHO, I = diag(l, —1,7),s = diag(1,1,s),b =
diag(1,1,b). [TpocThiM BbIYUCIEHIEM HAXOIUM MATPHUIBI STUX aBTOMOPMI3-
MOB B Gasnce Kosbla Z.S;. O603HAIMM UX, COOTBETCTBEHHO, [, [¢s], [¢b)-
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[Tockonbky

[Pay] = [ws]lor][n];

[©as] = [@s]ler] s [r] @)
[Qoas] = [cpb]ila CIIpaBEIJINBA.

Teopema 1. Bee aBromopdusmbr KoJiblia £S5 ABJISETCA BHYTPEHHUMH.

JImreparypa

[1] ITooBa A.M., Iloporrerko E.H. I'pymmbl euHuil rpynmoBbix KoJrerr
koneunbix rpymi. Algebra and Model Theory 4. Hosocubupck, 2003, 99-
106.



CBOVICTBA OBOBIIIEHHO
CTABUMNJIbBHBIX TEOPUU

M.A. PycaneeB*

NucruryT maremaruku uMm. Coboiesa,
IIPOCIIEKT akKajiemMuka Kormriora, 4
630090, HoBocubupck, Poccust
e-mail: rusma@ngs.ru

1 BsBenenue

Crabumibabie Teopun Obn BBesieHbl C.I11lemaxom [1] mist mocTpoerust Teo-
pun KJjaccuUKaIy U SIBJISIOTCS 0DOOIIEHNeM MMOHATHSA TOTAJIbHO TPaHC-
el IeHTHO! Teopu, BBeaenuoro M. Mopuu [2]. C. Hlemax mokaszasn (em.[3]),
YTO CTAOUIBLHOCTH TEOPUU PABHOCUJILHA OIPEJIEJIMMOCTU JIFOOOTO TIOJHOTO
THIIA. DTO CBOMCTBO MrpaeT (yHIAMEHTAJIBHYIO POJIb B MCCJIEJIOBAHUN CTa-
6mwibabIx Teopuit. B crarse [4] E.A Ilamorun BBen nonstue E*-crabuisnocrn
1 JI0OKa3aJl ONpPEJIeIMMOCTh THIIOB it F*-crabunbnbix Teopuit. CregacTBu-
€M 3TOT'0 Pe3yJibTaTa KpOMe OIPeeTMMOCTH THIIOB JIJIs CTAOMILHBIX TEOPUI,
nokazannoit [1leaxom, siBjisieTcs TakKe ONMPEJIETUMOCTD TUIIOB HaJT JTIOOBIMU
P-muO)KecTBaMu B P-cTaOMIBHBIX TEOPUAX, KOTOpas Oblla paHee yCTaHOB-
nena T.Hypmaramberosbim u B.Ilyaza [5] st Tunos mag P-mopessivm. [To-
HATHe [*-cTabMIBHOCTH IIpeJICTAaBIgeT cOO0i HOBYIO MIKATy CTaOMIBHOCTH,
OCHOBHBIM TTapaMeTPOM KOTODPOU SABJIAETCH HEKOTOPOe OTOOParKeHWe TUIIOB
[IOJTHON T€OPUU B THIIBI JIPYTONl TEOPUN.

B |6] Pycaneesbim 6611 nccienoBan ciay4dait (P, 1)-crabuibHOCTH, OIHO-
IO U3 MPOCTEHINX JaCTHBIX caydaeB F*-crabuabroctu. s kmracca (P, 1)-
cTabUIbHBIN Teopuii ObLIa JIaHa IOJIHAA XapaKTepusallns, KaK KJacca Teo-
puii, KaxKasd U3 KOTOPBIX OIPeIeIMMO HHTEPIIPETUPYETCS B HEKOTOPOIT Teo-
pUn fA3bIKa, COCTOSIIEr0 TOJBKO M3 OJHOMECTHBIX IMpeJnKaToB. B aToil pa-
6ore uccyeryeTcst Apyroit YacTHblil ciaydail — (P, A)-cTabuibHOCTD, U jiejia-
eTcst MOMBITKA JOKA3aTh HEKWil aHasor pesyiabrara s (P, 1)-crabuibHbix
Teopuil.

*Pabora BbImosHEeHA TpH (PUHAHCOBON mommepxkke Poccuiickoro dorma dyHIaMeH-
TaJbHBIX HcciaefoBannii, npoekT Ne05-01-00411
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2 Omnpeaenenust

g mammx meseit 6osee ya00HO 3apaHee He OrPaHUYIMBATLCA MOIIHO-
CTBIO MHOKECTBa, (IIPEJIMETHBIX) NEepeMeHHbIX. Byjem caurarsh, uto B (op-
MyJIaX BCE CBsI3aHHbBIE IIepPEMEHHbIe OepyTcs 13 (PUKCUPOBAHHOTO CUETHOTO
vuoxecrsa U = {u;|i € w}, cBOOOIHBIE IepeMEHHbIe He IPUHAIEKAT ITO-
MY MHO2KECTBY U, KOI'la HE I'OBOPUTCiA IIPOTHUBHOE, 6y,ZLeM CIuTaThb, 9TO IIe-
peMeHHbIe He BXOAAT B MHOXkKecTBO U. BBIBOINMOCTH paccMaTpuBaercs B
UCUYKCJIEHUH TIPEJINKATOB C YKA3AHHBIMU YCJIOBUAME DA3/IC/ICHUs CBA3AHHBIX
1 CBOOOJIHBIX TI€PEMEHHDIX.

BadukcnpyemM HEKOTOPOe CYeTHOe MHOXKECTBO TepeMeHHbIX V = {v;|i €

w}. Yepes S, (T) obosnagaercss muoxkectBo Sy (1), rme v = (vg, ..., Vn_1).
[ycre S, (T) = U{Sv(T)|v € V}. MuoxkectBo dopmyn sa3bika L or mepe-
MEHHBIX U3 Koprexka v = (v, ..., U, 1) obozuaunm F,,(L).

Onpenenenune. [lycmv danvr asvwku L, L* u noanas meopus T asvika L.
Omobpasicenue E = S,(T) — SS(L*) nasvieaemcs npejcTaBIeHHEM THIIOB
treopun T’ B 3bIKe L*, ecau 6uinoanenv, caedyrouue ycioeus:

(1) aBCTPaKTHOCTL (€CAU W - NEPECTNANOEKA MHONHCECTNGA NEPEMEHHDIT
V, mo E(w(t)) = w(E(t)) daa mobozo t € S,(T));

(2) coxpanenue pasencrsa (ecaut € S,(T), x,y € V ux =y €t, mo
r=y€ E{))

(3) xoncepsarusnocts (ecau t € S,(T) ut Ct' € S,(T), mo E(t) =
(B(F) 0 (L),

(4) wenpepsbiBHOCTE (ecau t € S,(T) u ¢ € E(t), mo cywecmeyem
popmyaa ® € t maxas, wmo ¢ € E(t') daa awobozo t' € S,(T) ¢ ycrosuem
det)

B nasbueiimem npejicrasienne TunoB Teopun 1’ B ga3bike L* Oynem 00o-
3HavYaTh ™.

Onpepenenne. Pacwupum omobpasrcerue E* na munve om 2100020 MHO-
IHCECNBA NEPEMEHHDIT CACOYIOULUM 00PA3OM.

(a) Ecau x - npoussosvnwili kopmeotc nepemennor daunv n ut € Sy(T),
mo noaazaem E*(t) = (E*((£)X)Y, ede v = (vg, ..., Up_1).

(b) Ecau X — npouseoavnoe mnooicecmeo nepemennor ut € Sx(T), mo
noaazaem E*(t) = | J{E*(t | x)|x € X}

KoppekTHOCTb HOC/IEHETO OlIpe/IesieHnst (T.€. 9TO 9TO OTOOPAYKEHME Y10
BJIETBOPsICT abCTPAKTHOCTU, KOHCEPBATUBHOCTH, HEIPEPBIBHOCTH, COXPAHI-
eT paBeHCTBO, a obpa3 Tuma t € Sx(7') mpu TakoM O0TOOPaXKEHUN SBJISIETCSI

Crr=*
tunom u3 S5 (L*)) mokazana B [4].
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Onpenenenune. [lycmo E* — npedcmasaerue munos noanot meopuu T'.
Teopus T nasvieaemcs E*-cTabUIBHON B MOITHOCTH A , €CAU OAA KAHCO020
mroocecmea nepementoir X ¢ yeaosuem | X| < A u xaocdozo t € Sx(T)
mun E*(t) umeem ne Goaee N\ nonoanenuti us mmoorcecmea Sx(L*). Teo-
pusa T naswveaemcesa E*-cmabusvnot, ecau ona E*-cmabusvha 6 Hexomopoti
OeCcKoOHeUHoT MOULHOCTNU .

Onpegenenne. [lyemv L — nexomopoill asvik, X — MHOMCECTEO NeEpe-
MEHHBIT, T € S)%(L). Iycmo X, Y — nexomopvie muootcecmea kopmesicedl
nepemernux u3 X daunot n. Bydem 2osopums, wmo napa (X, Y) ormennma
6 mune t nad X, ecau cywecmeyem gopmyaa ®(z;x°) asvxa L maxas, wmo
l(z) =n, x° € X u muooicecmeo gpopmya

{d(x;xY)x € X} U{"®(x;x")[x € Y}

coemecmmo ¢ munom t. Ilpu smom gopmyaa ®(z;x°) ornenser X om Y 6

t(X).
Mb1 6yjieM HCIOIB30BaTh CIIEYIONLYIO TeopeMy U3 cTaThu [4].

Teopema 2.1. IIycms T — noanas meopus aszvika L, u E* — npedcmasae-
Hue munos meopuu 1T’ 6 azvike L*. Tozda caedyroujue ycaosus sKeusanenm-
HObL:

(1) meopus T asasemcsa E*-cmaburonots;

(2) das ao0bvix mroorcecmea nepemernur X u noanozo munat € Sx(T),
kaorcdas napa (X, Y) muoorcecms kopmesiced nepemernuix ud X 00unaxosot
daunn, omdeaumasn 6 mune E*(t) nad X, asasemes omodesumoti 6 t nad X .

IIyctp 3asan a3k L. Torma pacmmpenne sd3bKa L ¢ TTOMOIIBIO OJTHO-
MecTHOro npejiukata Gyjem obosnauars LY = LU {P(x)}.

st mostHoM Teopun T ga3bika L 3aj1a/IUM TIpEJICTABJICHUE TUIIOB B sI3bl-
ke LV, EPA)(t(X)) — 3aMbIKaHue OTHOCHTEILHO BLIBOIMMOCTH MHOYKECTBA,
dbopmyrn t U{P(z)|x € X} ¢ MHOKeCTBOM (DOPMYJI, HE 3aBUCSIIUX OT BBIOO-
pa Tura t, BBIpazKalolnX, 4To s joboil Momean A aseika LT MHOXKecTBO
P () aBiistercs asrebpanviecK 3aMKHYTHIM OJIMHOYKECTBOM.

Onpenenenne. Teopus T nasveaemcs (P, A)-cmabuavnoti, ecau ona B -
CMadUNDHE.

g moJtHoit Teopun T') ecyiv He OTOBapPUBAETCS UHOTO, MBI OY/IEeM TIPEJIITO-
JlaraTh, 9TO BCE PACCYKJIEHUsI TPOU3BOJISATCA B MOHCTP-Mojie/n I, KoTopas
JIOCTATOYHO HACBHIIIEHA U BCE pacCMaTPUBaeMble MOJIEN TeOPUH 1 sABJISAIOT-
csl €6 mJIeMeHTapHbIME 1o MojiessiMu. Bmecto 9 = Oyzem mmcarb mpocTo

=
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3 Ilpuznak me (P, A) crabusibHOCTH

Teopema 3.1. [Tycmo X = {x%|la € I}, x* = (x§,...,2%_ ), X = {af|a €
I,i < k} — coomeemcmeeno MHoHcecmeo Kopmestcet, nepemMentvie u MHo-
orcecmeo nepemennuix. IIpuvem, X cocmoum us mex sce nepemenmvlT, ¥mo
xopmeoicu u3 X.

ITyemwv cywecmeyem gopmyaa @(z,X) maxas, 4mo co8Mecmuo caedyrouiee
MHONHCECTNBO POPMYA:

Ro(X) = T U{X sasasemea nepazsusumots nocaedosamesbrocmuioU
m

U{32(C((p(2,x%) = @(2,%7)) AV Vau( N “(p(2 X7 < p(z,x7))) —
i=1

(3S"200(20, 21, - -, 2m, Y)) — 0(2, 21, dots, z,,,¥)))) | @, B,%i,n,m € w, i €

{1,...,m}, x*,x% x% € X, y — xopmeotc nepemennviz us X, 0— popmy.aa

meopuu T'}. Toeda T ne (P, A)-cmabusvna.

HokazareabcTBo. Paccmorpum mouctp-mozess 9 reopuu T'. [o yeso-
Buio Ry(X) cosmectno ¢ 7', 3naunt naiigéres A C I, takoe, 410 = Ro(A).

ciaydait 1 Cymecrsyer d € 9 rakoii, uro |p(d,A)| = |"p(d,A)| =
w. B arom ciyuae obosnaunm B KadectBe A’ = Tp(d,A), a B KauecTBe
At = ¢(d, A). Tlocrpoum mozens MY myTém o6aBIeHsA OTHOMECTHOTO
npejukara P K sI3bIKY, & Peau3aIuio 9Toro npeukara BbibepeM Tak, 9To
P(MP) = acl(A U {b] = ¢(b,a), mna nekroporo a € A'}).

fcno, aro s Begxoro a € A’ Bomosaeno = Vze(z,a) — P(z).

Bamernm, 94To B cuity Toro, uto = Ry(A), onpe/iesieHns: HHTEPIPeTAIn
P B 9 u Toro, uro = "p(d,a) qist Besikoro a € A/ osryuaem, 9to d He MO-
JKeT Tonajarh B anrebpandeckoe 3ambikanne AU{b| = ¢(b,a), misa nekoro-
poro a € A’}. A suauur ;s Beskoro a € A” semosaeno = T P(d) Ap(d, a).

ITo Teopeme 2.1 reopus T e (P, A)-crabuibna.

cay4ait 2 g xaxgoro d € 9 oxuo u3 muokecTB ¢(d, A) u "p(d, A)
KOHEYHO.

Badukcupyem nexkoropoe d € 9. Be3 orpanutenusi OOIIHOCTH MOYKHO
canrarh, uTo |o(d, A)| = ko < w. O6o3nauum ¢(x) = tp(d, A).

Pazobbém A na aBe Oeckoneunble Yactu A’ u A’ npoussosibHBIM 00pa-
30M, ¢ TeM ycaoBueM, 9to p(d, A) C A”.

Pazobném A" ma muozkectsa Af, Takme, uto |AJ| = ko, Aj N A7 = &,
i,j € w. Bospmém Takue peasmsaiuu d; tuna q(z), aro p(d;, A) = Al (1o
MOXKHO CJIeJIaTh BBUJLY HEPA3JMUUMOCTHU HOC/Ie10BaTeibHocTn A).

ITocTponnm Mozesnb MY, myTéM nobaBiieHIs OJHOMECTHOIO IpeinKaTa P
K sI3BIKY, a peaju3alliio 9TOro IpejuKaTa BeibepeMm Tak, uro P(9MF) =
acl(A U {b| = ¢(b,a), ma wekroporo a € A'}).

fcuo, uro st Begroro a € A’ BoimosHeno = Vzo(z,a) — P(z).
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3amernm, 9TO B CHILy TOro, 9To = Ro(A), orpe/iesieHus: HHTEPIPETAIIN
P B 9 u BeiOOpa d;, morydaeM, 4To d; HE MOTYT IONAJIATh B ajrebpande-
ckoe 3ampikanne A U {b| = (b, a), g mekroporo a € A’}. A snaunt Jyis
Beskoro a € A” soimosneno = 327 P(d) A ¢(z, a).

ITo reopeme 2.1 Teopus T' ue (P, A)-crabmibHa. O
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1 Bseaenne

B dopmasbHOil Jtoruke MupoKo IpuMeHsieTcst MeTo 1, mHTepiipeTannii. Ox
[IOBOJISIET YCTAHABINBATH OTHOCUTEIbHYIO HEITPOTUBOPEUYNBOCTH AKCUOMATH-
YeCKUX TEOPWii, permarh BOIPOC O HE3aBUCUMOCTH akcuoM. lIpm mcmoss3o-
BAHUK 9TOI'O METO/A MEePEMEHHDBIM, OTHOIIIEHUSM U OIl€PaIlusiM, TPUCYTCTBY-
omuM B bopMmysiax, MPUHAJIEKAINX TEOPUH HEKOTOPOr'o KJIACCa CUCTEM,
IPUJIACTCS HOBas MHTEPIIPETAIns, U caMu (bOPMYJIbl (CBONCTBA CHCTEM) WH-
TEPIPETUPYIOTCSI TIO-HOBOMY.

[Toaxom, ocHOBaHHBIN Ha BO3MOXKHOCTH JIPYTOil mHTepIpeTarun (hopMy.I,
MOKET OBITH MCIOJIB30BaH U JIJIs PEIeHnsT HEKOTOPBIX KOHCTPYKTUBHBIX 3a-
a4 B 00J1aCTSIX, He CBA3aHHBIX ¢ (hopMaJibHOII jtorukoii. B namHoit pabore ox
IpUMeHsIeTCs B ciieytorneM Bujie. Ilycth nmeercs kirace V' 00beKTOB HEKOTO-
POt IPUPOJILI U KaXK bl 00bEKT 13 V' JI01ycKaeT npeJicTaBieHue (hopMyoit
HEKOTOPOro Bujia (BoobIIe roBopsi, HeeIMHCTBEHHOE). By/ieM roBopuTh, 9410
MHOKeCcTBO opMmys1 F' onmcbiBaeT Kjacc V, ecan Juid Kaxjgoro v € V B F
eCTh XOTs OBbI OJHa IpeJICTaBIAIONasd ero (gopmysia f, n Bedkas dopmysia
f € F coorBercrByeT 00bekTy U3 V. [lycTh 3aaH0 ¢BOMCTBO (v OO'HEKTOB 13
V' u tpebyercs ykazaTh Kakoe-aub0 MHOXKecTBO hopmynt [, C F', onmchiBa-
IOIUX MHOXKeCcTBO V,, Bcex o0ObeKTOB u3 V', 00/1a/1af0IUX STUM CBOWCTBOM.
Torna, ecau ymacrest mo100paTh JAPYTYIO HHTEPIPETAIINIO MHOXKECTBa (DOop-
My F') T. e. ipyroit Kinacc o0bekToB W, J1Is Tipe/icTaB/IeHIs KOTOPBIX MOYKHO
HCITOJIb30BaTh opMyJIbl U3 F, u ykasaTh cBoiicTBO 3 00bekToB u3 W takoe,

*Pabora BeinosiaeHa mpu moiepxkke OTaesiennst HHGOPMAIMOHHBIX TEXHOJIOTUN U BbI-
qucaureabubix cucreM PAH (upoekr 1-1 nporpammbl "@yHpaMeHTa bHbIE TPOOIEMbI UH-
dopmanuonubx Texnosoruit u cucrem”’) u Poccuiickoro donia GyHIaMeHTAIBHBIX UC-
caenosanuit (npoexrsr 06-01-00577 u 06-07-89293).
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gro ecyim v U w (v € V, w € W) npejcraBuMbl OfHON 1 TOM ke (POpMYJIOit
f, To w obaajaer cBOWCTBOM (3 TOIJa W TOJIBKO TOTJIA, KOrjaa v objajiaer
CBOWCTBOM (v, TO OIHcaHne 00bEKTOB Kjacca V' co CBOHCTBOM (v MOXKET ObITh
3aMeHeHO ornrcanneM o0beKToB n3 W co coiictBom (. Ecim o0bekThr m3 W
u cBoiicTBo 3 uMmeroT 60jiee IPOCTYI0 CTPYKTYPY, 9TO MOXKET CyIIEeCTBEHHO
YIIPOCTUTD 3a/1ady.

B nannoi#t paboTe Takoii ITOJIXOJI UCIOJIb3YETCs JIJIsi HAXOXKIEHUS SIBHO-
ro BUJa OIepaToOpPOB TPYIIIOBOTO BHIOOPa C 3aIaHHBIMU CBOMCTBaMU. 3aja-
YJa OIMCAHWA TAKUX OIEpATOPOB MHUIIMHPOBAHA M3BECTHONW TEOPEMOl HEBO3-
mozkaoctu K. Dppoy (em., manpumep, [1]), u sra npobiemarnka 3anumaer
OJIHO W3 IEHTPAJbHBIX MECT B T€OPUU I'PYIIIOBOro Bbibopa. [laxuast pabo-
Ta, U3JIAaraeT HEKOTOpble pe3ysbraThl u3 (2, 3, 4, 5| u mouTn He BKJIOYAET
JIOKa3aTesIbCTB. Bostee opobHblit 0030p 9THX pe3yabraToB nmeercs B [6].

2 Omnepatopbl IpyIIIOBOIO BHIOOPA

[TycTb 3a1aH0 HEKOTOPOE MHOXKECTBO A, 3JIEMEHTHI KOTOPOI'O HA3BIBAIOT-
cd B8APUAHMAMU, T YKA3aHO IIPABUIO BbIOOpA, OIpEJIE/AIoNiee JIjid BCIKO-
ro X C A nmoavmuoxkectBo BapuaHToB Y C X, ewbupaemvir u3 X. Bymem
paccMaTpuBaTh CIydail, Korja IpaBujio BbIOOpa UCIOIb3yeT HEKOTOpoe Ou-
HapHoe orHomenue r C A% xapakTepusyiomee “IpealouTUTEILHOCTL Ba-
puaHTOB (1Y TpakTyeTcs Kak x Jjydrie y). Bu camoro npasmiia BeI6opa 1o
OTHOIIEHUIO JIJII TAHHON PabOThI HE CYIIECTBEH U €r0 YTOUHATH He OyIeM.

B 3ajaue rpymnioBoro (KOJJIEKTHBHOIO BbIOOPA) € ydacTHeM 7. JIUI BO3-
HUKaeT HeOOXOIUMOCTh BbIOOpa MO HAOOPY OTHOIIECHUN (71, ..., T, ), CBA3AH-
HBIX C Y9aCTHUKAMU. JacTo ee PerraioT IyTeM OCTPOCHUS arPerupoBAHHOIO
orHomenus r = F(ry,...,r,) u Beibopa 1o Hemy. OTHOIIEHUS 71, . . ., T, Ha-
3BIBAIOT UHOUBUJYAALHDIMU, OTHOIIIEHUE I — 2PYNNOEHIM.

3adava curmesa onepamopos 2pynnoco2o 6vib0pa COCTOUT B TOM, ITOOBI
HallTH SIBHBII BHUJ OIIEePaTOPOB F', yIOBJIETBOPSIONINX 3aJJaHHBIM TapaKme-
PUCTNUMECKUM YCAOBUAM U CIPYKMYPHuLM 02paruvenusm |7]. Xapakrepu-
CTUYECKUE YCJIOBUS MPEJICTABIAIOT COOOH aKCMOMATUYIECKH 3aJ[aHHbIE Tpe-
boBanus K omeparopam. CTPYKTypHBIE OIPDAHWYEHUST BBOJSATCS yKa3aHUEM
KjiaccoB oTHoIeHuit Ry u Ry (06brar0 Ry C Ro) u TpeboBaHmeM, 4TOObI
[IPY KCIIOJIb30BAHUK WHIUBUIYAJIbHBIX OTHOIIEHUH U3 R IPYIIIOBOE IIPHU-
HaJJ1esKaI0 Kjaccy Rs. ByaeMm roBopuTb, 9T0 COOTBETCTBYIONINN OIIEPATOP
nmeer tunt RY — Ry. Eciu nonamodurcs yka3aTb MHOXKECTBO A, Ha KOTO-
POM 3aJIaHbI OTHOIIEHNUST Kyacca R, OyieM ucroib3oBaTh 0bo3Hatdenne R(A).
Jlabire MHOXKECTBO A OyIeM Impe/noaraTb KOHETHBIM.

[IpuBeem xapakTepuCTUIECKHE YCJIOBUS U CTPYKTYPHBIE OIrpaHUICHUSI,
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UCIIOJIb3yeMble B JJaHHOI padoTe. B cojepkaliemMcesd HIKe OIMMCAaHUN XapaKTe-
PUCTUYECKUX YCJOBUM MO X, Y, &',y TOHUMAIOTCSI ITPOU3BOJIbHBIE BADUAHTHI

u3z A, wox (ry,...,7m,) u (r],...,r.) — OPOU3BOJIbHBIE HAGOPHI MHIUBULY b
HBIX OTHOIIEHWIA, 10,1 1 u 1’ — 3uadenus F(ry, ... ,r,) u F(ry,... 7). Bynem
pacemarpusaTh onepatopbl F(rq,...,7,), YIOBIETBOPSIONIHE CJIELYIOIEMY

pacIpocTpaHeHHOMY HabOPY XapaKTePUCTHIECKUX ycsoBuii |7]:

(zriy < zriy) A (yrix & yriz), 1 <i <n, = ary < ar'y —,
VaVy3(re, ..., m)3(ry, o) (@ry Ayr'e) o —
(xryy < 2riy) A (yriz < y'ria), 1 <i<n,— zry < 2'ry

Herpyaao Bujers, 9To Takue omnepaTopbl (M TOJHKO OHU) MPEICTABUMBI
B BUJIE

F(ry,...,rn) =@y, ...,r0, 0t Y,

rae ¢ — HerpuBHabHas (He JAIONAs TOXKJIECTBEHHO MYCTOIO WJIM TOJIHO-
IO MHOYKECTBA) TEOPETHKO-MHOXKECTBeHHas onepaliusd. Bumecrto r; L yrno6mo

UMETh JIeJI0 ¢ OTHOIICHuAME 1) = (7 1), KoTophle HazBIBAIOTCH 060TicMEeH-
HOLMU K T;. S3AMEHUB 7'; ! ha T 1 MOAUMUIINTPOBAB COOTBETCTBYIOIINM 00pa-
3oMm onepaTop P, Oyjem paccMaTpuUBaTH MIPEJICTABICHUS

F(ri,...,rn) =®(ry, .o rn, 1y, ooy 1), (1)

n

Byﬂ‘eM HCIIOJIB30BAaTh TaK>Ke€ 9KBUBAJICHTHYIO 3alliCh

xF(ry, ... ,r0)y = o(aryy, ..., xrpy, xriy, ..., xriy), (2)

rjae x,y € A npousBOJIbHBL, ¢ — Oy/eBa (QYHKINSA, COOTBETCTBYIOIIAS Olle-
pamuu .

YT06bl yKa3aTh CTPYKTYPHBIE OIPAHUYEHUS, OIUIIEM OCHOBHbBIE KJIACCHI
OTHOIIEHUHi, UCHONb3YeMbIX B MOJEIAX BbiOopa. OTHOIIEHHE r HA3LIBAET-
cst (a) pedaercusnoim, (6) uppepaekcusnoim, (B) acummempuurovim, (1) am-
mucummempuynvim, (1) noanvim, () ceaznvim, (3K) mpanzumushvim, (1)
He2ampar3umuehoim, (K) GUUKAUYHBLM, €CTT OHO YJIOBJIETBOPSET YCIOBHIO
(a) zrz, (6) arx, (B) xry = yrx, (v) (x # y Azry) = yrz, (n) zry V yre, e)
x #y= (xryVyrze), (k) (xry Ayrz) = arz, (n) (zry A yrz) = a7z, (K)
T1rxo A Torxz A ... N Tp_1rxp = xprey, k=1,2,...

TpanszutuBHOE UppedIEKCUBHOE OTHOIIEHNE HA3BIBAETC YaACMUYHbILM 1.0~
pAadkom (CTPOrUM), CBA3HBIA YACTHYHBIH HOPSIOK — AUHETHbIM NOPAIKOM,
a HeraTPaH3UTUBHOE AllUKJINIHOE OTHOIIEHUE — CAGObM nopadkom. TacTud-
HBII TIOPSIJIOK 7 €O CBOICTBOM (1Y A zrv) = (x1rvV 2ry) HA3BIBAETCA UHMED-
BANBHBIM NOPAJKOM, & THTEPBAJBHBIN TTOPSAIOK CO CBOHCTBOM (x1y Ayrz) =
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(xrvVorz) — noaynopadkom. YKazaHHBIE TUIIBI OPSIIKOB HAKOOIEE PACIIPO-
CTpaHEeHbI B 3ajia9axX BHIOOpA. DTO CBI3AHO C T€M, YTO JIMHEHHBIE TOPSJIKN
[IPEJICTABUMBI CTPOIMM KPUTEPHUEM, CJIa0ble MOPSIKNA — HECTPOIMM KPUTEPH-
€M, UHTePBAJIbHBIE TIOPSJIKH — KPUTEPHUEM C MOIPEITHOCTHIO, MOJIYTIOPSIIKN
— KpPUTEPHEM C HOCTOSAHHON MOIPENTHOCTHIO, YaCTHYHbIE MOPSJKUA — COBO-
KYIHOCTBIO KpuTepues [8].

O6oznaunm coorBercTBerHo Yepe3 P, L, W, T, S, T u A kiaaccbl OTHO-
[IEHU T YaCTUIHOTO, JTUHEHHOTO, CJIab0r0, MHTEPBAIBHOTO TTOPSIIKA, TOJTYTIO-
PSAJIKA, AIUKJIMIHBIX U TPAH3UTUBHBIX oTHOMIEHU. ClipaBejinBbl CTPOrue
BKJIIOYEHUST

LCWCSCICPC(T,A).

Knaccer 7 u A He cpaBHUMBI 110 BKJIFOUYEHUIO 1 00a cojepxkar P.

B kauectBe KiaccoB Ri, Ra, 3a1al0MKX CTPYKTYPHBIE OrpaHnYeHnd Oy-
JIeM UCIIOJIb30BATh MPOM3BOJIbHBIE Hapbl KiaaccoB u3z {L, W, S, T, P, T, A},
yI0BJIeTBOpstonre BKtodeHnio R C Ry. Beero mmeerca 27 TumoB Takmx
ortepaTopoB R} — Ro. Jlanuas paboTa COAEPKUT UX SBHBIE IPEICTABICHU.
OHM TOJIy9€eHBI ¢ TIOMOIIBIO METO/1a HHTEPIPETAIIA, ITOCPEICTBOM KOTOPOIO
3a/Ja4da OIIMCaHUA OIIEepaTOpPOB HaJl OTHOIIECHUAMM, UMEIOIINX Hy}KHbIﬁ THII,
CBeJIeHa K 3ajiave ONMCcaHusi DoJiee IMPOCTHIX OOBEKTOB — TaK HA3BIBAEMBIX
MTOPSIIKOBBIX OTHOIIEHUH, IPUHAIEXKAIIIX COOTBETCTBYIONIEMY KJIACCY.

3 llopsiakoBble OTHOIIIEHUS

Bynem paccmarpuBaTrh n-MepHOe IeHCTBATENIBHOE HPOCTPaHCTBO R™ 1
non x = (z1,...,2,), Yy = (Y1, -+, Yn) U T. j1. OyJieM HOHUMATH TOYKH U3 R™.
Bunapnoe ornomenune p na R™ HasbiBaercs nopadkosviM, €CJIM It JTOObIX
x,y,u,veR"

(sgn (z; —y;) = sgn(u; —v;), 1 <i < n) = xpy < upv,

rie sgn (z) pasen —1, 0 u 1 coorBercrBenro mpu z < 0, 2 = 0 u z > 0.
[TpuMepoM IOPSIKOBOIO OTHOMICHUS MOMKET CJIYXKUTh AKCUK02PAPUA

XAy <= 11>y V(1 =1 Axe >yo) V.. V(T1 =11 A. . . ATp_1 =Yp_1A\Tf > Yg)

npu HekoropoMm k, k < n. B ciydae kK = n jexkcukorpadus Ha3bIBaeTCH
noanot. TlopsaKoBbIe OTHOIIEHUS YaCcTO HCIOJIB3YIOTCS B 3ajad9aX MHOIO-
KPUTEPUAJIBLHOTO BBIOOPA, IJie TOYKH MpocTpaHcTBa R” HHTEPIPETHPYIOTCH
Kak HabOpbI OIEHOK BapUAHTOB IO 1 3aJAHHBIM KPUTEPHUSIM.

[TopsiakoBbIE OTHOIIEHUS OIpEIe/IeHbI Ha OECKOHEYHOM MHOXKecTBe R™,
n JJjid peleHusd CBA3aHHBIX C HUMH KOHCTPYKTUBHBIX 3aJda4 HeO6XO,[LI/IMO
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YCJIOBUTHCS O KOHEUHOM CIIocobe nX 3ajianus. BBejiem OMHAapHbIE OTHOIIEHUS
pi mp, (1 < i < n)na R" nonoxus Xp;y < ; > y;, Xpiy < x; > y;.
Coornomenus x;0y;, D€ {>, <, =}, BbIpa3uMbl 4e€pe3 3TU OTHOIICHUSI:

T >y S Xpy, T <Y S XPy, x; =y < x(p;A\p)y.

[TockompKy TOPSIIKOBOE OTHOIIEHHE p OJTHO3ZHAYHO OIPEIEIAeTCs] COOTHOIIIE-
HusiMU (6OJTBIIIE, MEHBIIe, PABHO) OJTHOMMEHHBIX KOMIIOHEHT x; U ¥, 1 <i<n,
OHO MOYKeT OBITH IIPEJICTABIEHO B BUJIE

p = gp(pla ce 7pn7p/17 ce 7p;1) - gp<P7 P/)a

rae g, — OyneBa QyHKINA, Ha3bIBaeMas npedcmasasowets gyrnkyueti OTHO-
IeHnsT p. TO PABEHCTBO O3HAYAET

Xpy < g,(Xp1y, - Xpny, XPLY, - - -, XPLY).

AprymenTs! GyHKIUA g, YAOBIETBOPSIOT HEPABEHCTBY p; < P, HOCKOIb-
Ky xp;y = xp,y. Habop (X,%) = (01,...,04,0,...,0.) 3Hadenuii apry-
MEHTOB Ha30BEM Npasu.avhuim, ecim o; < o, 1 < i < n. Byzmem canrars Oyste-
Bl yukiwu g (P, P') u go( P, P') paBHBIME U 3aIUCBIBATE ¢ = (3, €CJIH COB-
[a/Ial0T UX 3HAYEHUS Ha IPABUIBHBIX Habopax (X, Y). Bamuck g; > go Oymer
o3HAYATh, 9TO g1 (X, X') > ¢o(X, ¥') mys npaBuibhbix HAGopos (X, Y). Ana-
JIOTUYHO, 9KBUBasieHTHOCTH (bopmyat Fy (P, P') u Fy(P, P') u 3anuce F| = F;
MOHUMAIOTCsI KaK COBIIaJIeHNe 3HaYeHn (hOPMYJI Ha MPABUIbHBIX HabOpax.

C yderoM SKBHBAJEHTHLIX COOTHOIIEHUI p; A pi, = p; u p, A p; = D
nobast Koubionkiust K Z 0 or nepemenusix (P, P') moxer ObITh TpuBe-
JeHa K By K = qiqs ... q, (3HAYKN A\ KOHBIOHKIUHU OIIYIIEHBI), TJe ¢; €
{pi, 0%, Di> D, PiDis 1} (¢; = 1 03HAYAET OTCYTCTBHE COOTBETCTBYIOIIETO COMHO-
xkuresist). Takie KOHbIOHKIMU OYJIeM HA3bIBATD IAEMEHMAPHOLMU KOHBIOHK-
YUAMU, & COMHOXKHUTEIU (; — IACMEHMAPHUMU COMHOHCUMEAAMU. JTn3b-
IOHKIIAIO 9JIEMEHTAPHBIX KOHBIOHKIUI Ha30BeM OJU3BIOHKMUESHOT HOPMAND-
noti gopmoti (JHD). Beskas byuknusa g #Z 0 upegcrasuma B Buje JTHD,
a JIH® dyukmuu g = 0 cuntaem pasuoit 0. Herpyano Bujers, aro JJTHD
[IpeJICTaB/IsTIoNIel (DYHKITUE OTHOIIEHUsI JIEKCUKOTpahUu UMeeT BU/T

gy =p1 V Pip2 V piphps V ...V Pl D1 Pk (3)

4 HHTepupeTraliusgd ONepaTOpOB MOPsSAJKOBBIMU

OTHOIII€EHUAMN
Bynem paccmarpusars onepatopsl Buga F = $(ry, ... 1,15, ..., 7)), a
OTHOIIEHUS 11, . . . , T, K KOTOPBIM IPUMEHSIOTCS OTIEPATOPDI, OYJIEM IIPEJIIIO-

JIAraTh aCUMMETPUIHBIMHU (PEe3yIbTaTOM JIEfCTBHUs OlepaTopa MOXKeT ObITh
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HEaCHMMETPUYHOE OTHOIEHUE). 3aMEeTHM, YTO U3 BCEX BBEJEHHBIX BBIIIE
KJIACCOB HEACMMMETPUIHBIE OTHOIIIEHUsT UMerOTCst Jutith B 7 . CBOWCTBO acuM-
METpPUH OTHOITEHNA 7; MOET OBITh 3ammcano B Buje r; N r; ' = (), aro
SKBUBaJIEHTHO BKJtoueHuto 7; C 7. [losToMy npm BeIMmcIeHNn onepaTopa
TeOpeTHKO-MHOKecTBeHHast oneparusa P( Xy, ..., X, X1, ..., X)) upumens-
eTcst JINITh K HabopaM MHOXKECTB, yIOBJIeTBOpsionuM ycaopusm X; C X/,
1 <1 < n. Takue HaOOPBI MHOXKECTB OyJ/IeM Ha3bIBATH NPAGUNLHBLMAU.

C oneparopom F' = ®(ry,...,r,,rf,...,7%) cBkeM QYHKIWO gp =
O(P1y- -y Py Py -5 Dh), Tl @ — OysieBa QYHKIUS, COOTBETCTBYIOIIAST T€O-
PeTUKO-MHOKeCTBeHHO# orneparuun P, u oboznauum depe3 pp MOPHAIKOBOE
OTHOIIIEHHUE ¢ IpeJicTaB/dAonielt dynkiueit g,, = gr. Oaun u TOT XKe ole-
patop F' MoxKeT OBbITH IPEJICTaB/IEH PA3HBIMU TEOPETUKO-MHOYKECTBEHHBIMI
oneparmsivu (X1, ..., X, X],..., X)), 3HaueHNsT KOTOPBIX HA TIPABUJIbHBIX
Habopax MHOXKeCTB coBmaaaioT. CooTBeTCTBYIONNE UM OYIeBbl (DYHKITUH
TaKKe COBIAJAI0T Ha MPaBIWIbHBIX Habopax (P, P’), a moroMmy mpecraBiis-
0T OJIHO U TO K€ IOPSIKOBOE OTHOIIEHHE. JTO O3HAYAET, UTO OTHOIICHUE
pF HE 3aBUCUT OT TOTO, KAKOE IPEJICTaB/IeHne orepaTopa F' UCIo/Ib30BaHO
JUTsT yCTAHOBJIEHUST COOTBETCTBUS. JIerKO BUIETH, ITO COOTBETCTBHE MEZKLY
omepaTopaMu [’ 1 OPSIKOBBIMEA OTHOIIEHUSMU pp B3AaUMHO OJIHO3ZHATHO.

Bunapmnoe otHoienue r MOXKHO pPacCMaTpPUBATL KaK JIBYMECTHDIH Ipe-
jqukar r(z,y) = xry. CBoicTBa OTHOIIEHWI 1" ¥ KJIACCHI OTHOIIEHUH OOBITHO
3aJIAI0TCS CUCTEMaMU aKCUOM, KOTOPBIE 9aCTO UMEIOT BU]

V... Vo Pay, ..., xs), (4)

rjae P — GeckBanTopHast Gopmyiia, cojepkaiias (HapsLy ¢ IpeJIMeTHBIME
HEePEMEHHBIME Z; U JIOTHYECKUME OTI€PAIUSAMI) JIUITh JBYMECTHBIN P~
kar r. Takue cBoiicTBa 1 KJIacchl OTHOIIEHU Oy/IeM Ha3bIBATD YHUBEPCANDHO
arxcuomamusupyemoimu. OTMeTM (M 3TO CYNIECTBEHHO), UTO TPEJINKAT Pa-
BEHCTBA He JIOIYCKAeTCs U, TaKUM o0pa3oMm, P sBisgercs (hopMysioi 4ucToro
UCUHCIICHNST IPEIUKATOB |9]. YHUBEPCATHHO AKCHOMATU3NPYEMBIMHE SBJISIOT-
cs1 BCe BBEJIEHHBIE BBIIE CBOWCTBA OTHOIIEHUN, NCK/IOYaT aHTUCHAMMETPHUIO
U CBSI3HOCTb, B OIPE/IeJIeHIN KOTOPBIX YIacTBYIOT HEPABEHCTBA (OTPUIAHMUST
PaBEHCTB), U BCE KJIACCHI OTHOMIEHUH Kpome L.

Crenyromas Teopema [2] cBsizbiBaeT orepaTopbl Tutia W" — R u nopsiji-
KOBBIE OTHOIIIEHUSI.

Teopema 1. Fcau R — yHuUBepcasvHo aKcuoOMamusupyemsili Kaacc omHo-
wenutd, mo onepamop F euda (1) umeem mun W" — R mozda u mosvko
moezda, Ko2da coOMBeMCMEYWEE emy NoPAJKosoe OMHOUWEHUE Pr NPUHAO-
aedtcum Kaaccy R.
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DTa TeopeMa Ur'paeT KIUIeBYIO POJIb B IIPeJIaraeMoM II0/IX0/Ie, ITIOITOMY
IpuBeJIeM ee JoKas3are bcTBO. OHO OCHOBAHO Ha CJIEIYIONIEN JIeMMe.

Jlemma 1. Ecau F' — onepamop euda (1), mo

(a) (Vs)(Vxy...Vx, € R")(3A)(Try ... 3r, € W(A)) (T2 ... Jzs € A)
i F(ry, .. m)r & xprx;,  1<14,j <s,

(b) (Vs)(VA)(Vry ... Vr, € W(A))(Vay ... Vas € A)(Ix; ... Ix, € R™)
i F(ry, ... )z © Xppx;, 1<1i,j <s.

JJOKABATENLCTBO. (a) Ilycts x; = (xgi),...,x%)), 1 < i < s. Cono-
CTaBUM KazKJIOMy X; HEKOTODBIii 9j1eMeHT x; (Hampumep, Iejoe 9Yucjio) U
BosbMeM A = {x1,...,2s}. Beemem ornomenus 1y, 1 <t < n, na A, noJo-
KUB ;14T & xti) > a:,gj ), 1 <i,j < s. I3 cBoiicTB ciabbix MOpsiIKoB 8]
caenyet, ato 1, € W(A). st 1106bIX 7, j BBITOJHEHO

LT <= l’gl) > ZL'IEJ) < X;pX;,
TiT{Tj & T & xgi) > xgj) & X)X

C yderoMm 5TOro u cooTHOIIeHNs (2) mosyIaem

* *
TiF (11, o )T S QXX o T T, T Ty o BT L)
/ /
QD(XiplXj, co ey XiPn T, X1 X, . ,Xz‘pnxj) <~ XiprX;.

(b) Uz r, € W(A) cieayer, 94T0 KOHEIHOE MHOXKECTBO A MOXKeT OBITH
pa3buTo Ha MHOXKeCTBa (YPOBHH) TaK, UTO LTy TOTJIA U TOJIBKO TOTJA, KOTa

i
YDPOBEHb 3jIeMeHTa T Bbile, deM y sjementa y [8]. O6oznaunm uepes xi)

i i
HOMED YPOBHS 3JIEMEHTA T; B OTHOIIEHUN T3 U TOJIOKUM X; = (xg ), e ,:Jc,(l)).

Torna z;rz; < xgt) > xgj), T.e. T; U T; CBA3AHDI C X; 1 X; TEM 2Ke CII0coboM,
q10 1 B (). DTO JlaeT BO3MOXKHOCTH 3aBEPIIUTH JOKA3aTEIbCTBO Kak B (a)
U 1oyt T, F(ry, ..., )% © XppX,, 1 <i,j < s. Jlemma nokazana.
JIOKABATEJIbCTBO TEOPEMBI. Ilycts F' — omneparop Tuma W" — R,
e R — yHUBepcaIbHO aKCHOMaTU3UPYEMbIH Kjacc. PaccMoTpuM HEKOTO-
pyio akcuomy (4), ucrosib3yemyo Jyisi 3ajanus kiaacca R. Ilyers Xq, ..., X,
— npou3sBoJibHbie TouKK 3 R”. BosbMeM rapantupyemMble yHKTOM (&) J1eM-
Mbl MHOXKeCTBO A, orHomenus rq,...,7, € W(A) u sjeMenTs 21, ..., T;
u3 A. Ornommenne r = F(ry,...,r,) yaosiaersopser dopmyne P(zy, ..., x;)
B (4). CormacHo (a) mMeeT MeCTO X;ppX; < Z;r%j, a HoTOMy (opMyIa
P(x1,...,X,) ucrunna i pr. IIoCKOIBKY 911 paccyKIeHus TPUMEHUMBI K
JIIO0OI aKCHOMe, YJaCTBYIOIIEH B onpe/iesieHnn Kiacca R, mojaydaeM pp € R.
O6parHo, mokaxkem 4ro u3 pp € R ciaeayer r = F(ry,...,m,) € R
JUIst JTOOBIX T, ...,7, € W. Paccmorpum akcmomy (4) u mpousBOJIbHBIE
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x1,...,xs € A. BozbMeMm TOUKH Xi,...,Xs € R", rapantupyembie ITyHK-
toMm (b) nemmsbl. [lockombKy pr yaosiaersopsier dopmyne P(xy,...,Xs), TO
P(xy,...,xs) ncruana ;s r. Ocraerces yIecTb, 9T0 aKCHOMa (4) 1 9J1eMeHTbI
x1,...,%s € A nponssosbHbl. Teopema joKazaHa.

Takum obpazom, dhopMyIIbl, 3aatomue oneparopel Ry — Ry npu Ry =
W Moryr ObIThb MHTEPIPETHPOBAHbI (C TOYHOCTHIO JI0 OOO3HAYEHUIT) KAk
[IpeJICTABJISIONE (DYHKIMH TTOPSIKOBBIX OTHOIIEHN 13 Ro. DTO MO3BOJISA-
eT BMEeCTO JIOCTATOYHO CJIOKHBIX 00BEKTOB (0IIepaTopoB Ha i OTHOIIEHUSM)
UCHOJIB30BATh 60J1ee IPOCThie (HOPSIKOBbIE OTHOIIEHNs ), YTO 3HAYUTETHHO
obJrerdaer ucciegoBanue. BaxkKHo 1 TO, YTO CBOMCTBA MOPSIKOBBIX OTHOIIIE-
HUI U3 YHUBEPCAJBHO aKCHOMATU3MPYEMbBIX KJIACCOB 3aJIaHbl SIBHO (AKCHO-
MaM#), B TO BpeMs Kak JIjIsi OlepATOPOB JIUIL YKA3aHO, KAK OHU JIOJIZKHBI
BO3/IEHICTBOBATH HAa OTHOIIEHUA. [[pn HAXO0XKIEHUH ABHOTO BU/1a TIOPSIIKOBBIX
OTHOIIIEHUHT U3 3aJIAHHBIX KJIACCOB (CM. CIEYIONMil pa3/iesn) OyIyT UCIo/Ib-
30BaTbCsl HEKOTOPBIE ollepaluu Ha | oTHoIeHuAMU. OHU HE UMEIOT COJIepKa-
TEeJIbHON MHTEPIIPETAIMT B TEPMUHAX OIIEPATOPOB, U PACCYZKJICHUS, CBI3aH-
HblE C ONHUCAHUEM TOPsJIKOBBIX OTHOIIEHUN, HAIPAMYIO He IepPeHOCATCd Ha
oneparopbl. Moandnudukaimm JaHHOIO TOAX0/a ITO3BOJIAIT HANTU ABHBII
BU/ orteparopoB R — Ro u upu Ry # W.

5 Texnuka uccjiegoBaHUs MNOPSJIKOBBIX OTHO-
IIIeHnin

Cy1iecTBeHHYIO POJIb TIPU UCCJIEJIOBAHII CBOUCTB TOPSIKOBBIX OTHOIIIE-
HUI UCPAeT BO3MOXKHOCTD OIUCAHUSI OCHOBHBIX OTIepaInil HaJi OTHOIIEHUSIMU
B TepMUHAX IIpeobpasoBaHus HpejcTaBisomux dyukiwii [2, 5|. [Ipusemem
HEKOTOPBIE U3 HUX.

1°. Ecau p = F(p1,...,px), 2de F — meopemuro-mHootcecmeennas one-
payuA, mo

gp(P’ P,) = @F(gpl(P’ P,)v'-'agpk(P7P/))a

ede o — byaesa pynkyua, coomsememseyrowas onepayuy F.
CkazkeM, 910 p TOJyIEHO U3 P UHBEPMUPOSAHUEM 0CU 1, ecin

(@1, 2, 2n) 0 (Y1 Y2, -5 Yn) = (Y1, T2, ) (21, Y2, - - Yn)-

AHAJIOTTYIHO OmIpesie/isgeTcs: pe3y/IbraT WHBePTUpOBanusa ocu . OTHOIIEHne
0, TIOJIyIeHHOEe U3 p WHBEPTUPOBAHUEM HEKOTOPBIX OCEi, HA3BIBAETCS 00HO-
MUNHBM C p.
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Tabsmma 1:

pi P Di Di pibi
pi|pi pi 11 py
vilp o pi 11 p
pi |1 1 pi D P
|l 1 PP b
pibi | Pi P Di Dy Dibi
171 1 1 1 1

UGy ARG G G WH G W) W

2°. Ecau p' 00pa3osaro usd p uneepmuposanuem ocu i, mo npeicmacisi-
ouas GYHKYUA G,y MOHCEm ObMb NOAYUEHAE U3 ¢, 3amenot p; u D) coom-
eemcmeento 1a p;, u p;, m.e. npu i = 1 umeem eud

gp’(pla s 7pn7p/17 s Jp;],) = gp(ﬁ/lap% s 7]%7]517]9/27 s 7p;1)

B ciyvae oHOTHITHBIX OTHOIEHWH YKA3aHHYIO 3aMeHy HY2KHO IIPOU3Be-
CTH /|1 BCeX UHBEPTUPOBAHHBIX OCEil.

3°. IIpedcmasaaowas Gynruua omuowenus p~t, obpammozo x p, Mo-
orcem 6vmb 3aNUCAHA 68 8Ude

gp*1<p7 Pl) = gp(plap)a
2de P = (p1,....pn), P'=(p),....70).
4°. Ilpedcmasasmowan dynkyus omuowenus p*, dsoticmeennozo x p,
umeem 6ud
gp*(P7 P,) = g;(P,,P),
ede g5 — byaesa dynkyua, deoticmeennan x g,. (Hanomuum, uro ecom f —

6ynesa dyakmus, 10 f*(xy,...,T,) = f(T1,...,Tn).)

Beenem omeparuio kommosuiwn g o § byaxmuit g(P, P') u g(P, P') [2],
KOTOPas MO3BOJIUT HANTHU ITPEICTABJISIONLYIO (DYHKIIUIO TPOU3BE/IEHUA OTHO-
mennii. Omepanuio o onpeje/iuM BHAYAJE JJId SJIEMEHTAPHBIX COMHOXKUTE-
JIeil, 3aTeM JIJIsi 9JIEMEHTAPHBIX KOHBLIOHKIINN U, HAKOHEIl, — JJisd (PYyHKIIUI,
3aqanubix nocpegactsom JIHO.

Kommniozunus ¢; o ¢; 31eMeHTapHbIX COMHOXKUTEIENH HAXOIUTCA COTJIACHO
tabsuiie 1, cojepakalieil B nepecedeHnu CTPOKU ¢; U CToJIOa ¢; 3HaYeHue
¢; © ;. Kommosunueit sjemeHTapHbIX KOHBIOHKIMN K = ¢...q, u K =
q1 - - - §p HA30BEM 3JIEMEHTAPHYIO0 KOHBIOHKINIO /X o K= (G1oG1) .- (gnodn).
Kommosunuio dbyuknuit g, § # 0, 3aganabix nocpegacrsom JTHD g = K V



3AJTIAYA CUHTE3A OIIEPATOPOB I'PYIIIIOBOI'O BBIEOPA 105

...VK,ug= Kl V...V Kt, OIpesIe/IMM PaBEHCTBOM

gog= \/ K.oK,

1<u<s, 1<v<lt
Posb olepaluy KOMIIO3UIIUKU IIPOACHLIET CJaedyroniee YyTBepxKaeHue [2]

Teopema 2. I[Ipedcmasaarowan Gynryus npoudsederus ppy HATOOUMCA
KK KOMNOZUYUUA §p, O Gp, MPEICTNABAAOUUT PYHKUUT 048 p1 U P2.

Ecim onpesents cmenens gF dynrxyuu g, nonoxus gt = g, g* = g8 log,
k > 2, To mocseoBaTeIbHOCTD CcTeneHeil ne yobmaer, T.e ¢ < g2 < ... <
g* < ..., n orpannyena [2|. PesyibTar ee crabumusaimu o6o3HadnM [g].

IIpousBeieHre HOPSIKOBBIX OTHOIIEHHIT 06J1a/JaeT PsijioM CBOICTB, He
MMEIOIIUX MeCTa I MPOM3BOJILHLIX OTHOIICHUIT. B UX unciie KoMMyTaTuB-
HOCTB p1p2 = pop1 (BBITEKAIOIIAS U3 KOMMYTATUBHOCTH OLEPAIUNA KOMIIO3H-
1) ¥ CBONCTBO HeyObIBaHUs crerneHeit p C PP C...CpFC ... e pt =p,
pf = pFlp, k > 2. Pesynbrar crabnimsanym 3TOi HeyOLIBalomeil orpa-
HUYIEHHON MOC/Ie0BATEILHOCTH, KOTOPBIi 0603HAYNM [p], ABIAETCS TpaH-
SUTHBHBIM 3aMbIKAHHEM OTHOIIEHUsI p. JIErKO BHIETH, 9TO OHO SBJISIETCS
IIOP$I/IKOBBIM OTHOIIIECHHEM U (DYHKIUA ([, COBIAJAET C [g,].

Crenytomas TeopeMa |2, 5| cBA3bIBAET CBOIICTBA MOPSIIKOBBIX OTHOIIEHI
co cBoiicTBaMM TpejicTaBadomux ¢ynkmnuit. [Iycrsb 0 = 0,...,0) u 1 =
(1,...,1) — mabopsl Jymuet n, Dy =p1 V...V p, VP, V... V.

Teopema 3. [lopadkosoe ommuowerue p a) pedpaexcusho, 6) uppedaerxcusro,
8) ACUMMEMPUYHO, 2) AHMUCUMMEMPUYHO, 0) NOAHO, €) CEAZHO, HC)MPAH3U-
MUBHO, U) HE2AMPAH3UMUEHO, K) GUUKAUYHO M020a U TOAbKO Mo2da, Ko2da

@) g,(0,1) =1, 6) g,(0,1) = 0, 6) go(P, P') < g;(P', P), 2) Dog,(P, P') <
Dog,(P', P), 9) g,(P,P") = g;(P', P), ¢) Dog,(P,P') = Dogy(P', P), orc)
gu(P, P') 0 9,(P.P') < g,(P,P'), u) g;(P',P) o g(P'",P) < g;(P'. P), )
[901(0,1) = 0.

C moMoIIpio 3Toit TeopeMbl HAXOUTCS SIBHBIM BHJI TOPSIKOBBIX OTHOIIIE-
HUIl U3 omnpejeeHHbIX Bbie kiaaccoB L, W, S, 7, P, T, A. OrHomienus,
OJIHOTHUIIHBIE C JIEKCUKOIPAMPUAMI M MOJHBIME JIEKCUKOIpaUAMH, T. €. TO-
JIy9eHHbIe U3 HUX MHBEPTUPOBAHNEM HEKOTOPBIX OCeil, Oy1eM Ha3bIBATH 0000-
WEHHDLMU NEKCUKO0ZDAPUAMU T 0000UWEHHBLMU NOAHVMU LEKCUKO2PAPUAMU.
Jlnst jtekcukorpaduil 1 MOJHBIX JIEKCUKOTrpaduit Oy/1eM UCIOIb30BATh 000-
snadgennd A 1 \’, a JyIg OJHOTHIIHBEIX ¢ HUMH OTHOINCHHUI — O0OO3HAMEHUS
A u A% OrHomenue A, JIBOMICTBEHHOE JieKCHKOorpaduu, OyjaemM Ha3bIBaTh
Hecmpozotl aexcuroepagueti, TTOCKOJIbKY OHO PedJIeKCHBHO (B OTJIMYHE OT
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nekcukorpaduu, Koropasi uppediiekcusna). Mcnonb3ys 4°, vHerpyiauo ybe-
JIUTHCS, 9TO €r0 MPEJICTABJISIONIAsT (DYHKITIST MOXKET ObITh ITOJTy IeHa, 3aMEeHOM
B (3) KOHBIOHKIN P ... P} _;Pr KOHBIOHKIWEH D . .. pj_1pk. OaHoTHIHOE €
HUM OTHOIIIEHHE OyIeM Ha3bIBAThH 0000uieHHotl Hecmpoz0t sekcukozpagpuer
U 0603HAYATD \*. Crenytomas Teopema |2, 5| ykasbiBaeT saBHbBII BUJL TODSI-
KOBBIX OTHOINICHUI U3 BCEX PACCMATPUBAEMBIX KJIACCOB.

Teopewma 4. [opadkosoe omnowenue AGAACMCA a) AUHETHDIM NOPAIKOM; 6)
CAQOBLM NOPATKOM, NOAYNOPAIKOM, UHMEPEAALHOIM NOPAIKOM,; 6) “acCmu-
HOLM NOPAOKOM; 2) MPAHZUMUGHBM OMHOWENUEM; 0) GUUKAUYHDIM OTMHO-
wenuem mozda u moavko mozda, Kozda ono npedcmasasem cobot a) 0606-
WEHHYIO NOARYIO AeKcuKo2paduto; 6) 06obwernyto sekcukozpaduro; 6 )nepecee-
Hue 0600ueHNHLT AeKkcuKkoepadull; 2) nepecenerue 0000UEHHDIT AEKCUKO2PA-
Putl uau nepeceuenue 0600UEHNHLT HECMPORUT AeKcuKkozpaduil; d) mooicem
bvims donoareno do 0606uLeHHOTl AekcuKo2papul.

VIx npeicrapsstionue GyHKIM UMEIOT B &) g0, 0) g5, B) g3, A+ - A G5, »
r) g5, A---Ags, wim Gas N Nass 1) g5 A\, Te 1) — npousBoibHasd OyseBa
dbyukIws or Habopa nepemeHHbx (P, P').

3 TeopeMbl BUIHO, YTO /It TIOPSAIKOBBIX OTHOMIEHni Kiaaceol W, S u 7
cOBITAIOT. B 0011ieM cirydae OTHOMIEHWI UMEIOT MECTO CTPOTIUe BKJIIOYEHUA

WcSczlg.

6 4BHBII Bua onepaTopoB I'PYNIIOBOTO BEIOOPA

Bsejiem HekoTOpBIE ClieraIbHbIE TUIILI OIIEPATOPOB.
[TepBbiit U3 HUX XOPOINO U3BECTEH. DTO onepamop aekcurozpaguu (cp. ¢

A(re, .. ) = U(rjmﬂr;), ke{l,... nb.

Onepamop mpanzumuehoti aekcuxoepaguu BriepBbie BBeJeH B (3] u sB-
JIIETCs OTIEPATOPOM OJIHOTO U3 JBYX TUIIOB. [lepBbIit nMeeT BUT

j—1

T(rl,...,rn):LkJ(r;ﬂﬂri), ke {l,... n),

1 i=1

<.
Il

BTOPO# moJIy4YaeTcd U3 HEeTro 3aMeHON 4jieHa 1. . .M 7Trg_1 ﬂr;; Ha M. ..N7Tg.
it BTOoporo omneparopa TakzKe OyJieM HCII0JIb30BaTh obo3HavdeHune 1 .
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Yro0bI onucaTh CJILYIONUI TUIT ONIEPATOPOB, JAJIMM PsiJi OIIPeIeICHUA.
Bynesa dyukrms f(xy,...,x,) Ha3bIBAETCS NOPO2060U, €CIU CYIIECTBYIOT
TaK#ue YUCsIa Wy, . .., w, (6eca) u t (nopoz), aro

flzy,. .. xn) =1 wz + ... +w, > 1.

Habop (wy, ..., w,,t) HazbiBaeTcsa peasusavyuet Gyukmun f. ObosHauynM de-
7 9 J

pe3 T'hy/p Knacc moporosuIx (byHKIHMIA, JIsl KOTOPBIX CyIECTBYeT peain3a-

musi cwy > 0,... ,w, >0, wy+... 4w, =1,¢t=1/2. Oynkuuu u3s Thy /s mo-

noronnsl. IIpencrasum gynkmuio f € Thy/y B Buse f = v{h,...,z‘s} Tiy oo Ty,

[Jle OTCYTCTBYIOT IOIJIOIIEHWs] KOHBIOHKIMA (Jjisi MOHOTOHHBIX (hyHKITHI

TAKOe MPEJICTABJIEHNE eIMHCTBEHHO), W COIOCTABUM €il OllepaTop

O(ry..., ) = U ﬂ r; ﬂ i

{21771/5} 16{21777/5} ]¢{117725}

Oneparop O Buepsble BBejieH B pabore [2].

Odnomunnvim ¢ onepamopom F(ry, ... r,) Oy/eM Ha3bIBATh BCAKHIT OTe-
paTop, KOTOPHIi oTydaeTcsd u3 F' 3aMeH0i HEKOTOPBIX OTHOIIEHUH ; Ha T, L
[Ipu sTOM B IpejicTaBICHUN OllepaTopa HEOOXOIUMO 3aMEHUTH OTHOIIECHHE
r; Ha r_;‘ u r; — Ha 7;. i oneparopa, ogHoTHIIHOTO ¢ F', Oy1eM HCIO/Ib-
s0BaTh 0603HaveHne F. B JaCTHOCTH, A osHauaer orepaTop, OJHOTUITHBIHA ¢
JIeKcuKorpadumeit, a 7; IpeacTaBiIsgeT coboil oTHOMeEHUE 7; OO T; L

Jlsoticmeentvim onepamopy F naspiBaeTcs oneparop £, mojrydatonuiics
3aMEeHOI B IIpeJicTaBIeHnu F' TeopeTnKo-MHOKeCTBeHHO oneparun P 1Boii-
crennoit onepanmeit ®* (Y1, ..., Y, Z1,...,Z,) = (Y1, ..., Y0, Z1,..., Zy)
(uepra O3HAYAET JIOMOTHEHIE MHOYKECTBA ), & OTHOIIECHUIA T; — JTBONCTBEHHBI-
MU OTHOIIEHUSIMU 7} (IIPH 9TOM 7} 3aMEHSTIOTCs Ha 7). 110/106HO TOpsi TKOBBIM
OTHOIIEHUSIM A U \*, J1BOiicTBeHHBIH orepaTop A* ornmuaercs w3 A surib
TeM, YTO BMeCTO WiIeHa ry M...MN7r;_; N7y B HeM IPUCYTCTBYeT 77 M ... N7},

Crenyromas Teopema |2, 3, 4, 6] ykasbiBaeT sIBHBIN BHJI BCEX OIIEPATOPOB
turia Ry — Ra, e R1, Re € {L,W,S,Z,P,T,A}, Ri1 CRos.

Teopema 5. Onepamop euda (1) umeem mun R} — R, 2de R1,Rs €
{LW,S,T,P, T, A}, Ri1 C Ry, mozda u moavko mozda, k02da on MoxHcem
6vims npedcmasaen 6 eude, ykasannom 6 mabauue 2.

CTpoku TabJIUIBl COOTBETCTBYIOT KJIaccaM R, CTOJIOIBI — KaaccaM Ro.
B kierkax Tabmmrpl qyst map (R, Ra), Takux aro Ry € Rs, npocTaBieH
npouepk. [Tog G moHMMaeTCst MPOU3BOJIbHBIN oriepaTop (ocTajbHble 0003HA~
YeHUsl BBEJIEHDI Bbillie). JacTh BKIIOYEHHBIX B TEOPEMY Pe3yJIbTaTOB, OTHO-
camasics K oneparopam W" — Ra, Re € {W, P, T, A}, nosyuena apyrumu
meromamu B [8, 10, 11, 12, 13| (6ostee moapobHO cM. B [6]).
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Tabsmma 2:
L W s I P T A — Rs

L |r o T ﬂlf'z ﬂl.fiﬂﬂj A;? NG
wi- A A A NA NANNA ANG
S - - 722 f’z nzfz mzﬁb éﬂG
|- - - 7 ﬂlf’l ﬂlﬂ NG
PI- - - - ﬂlfz ﬂlﬂ NG
N o
Al- - - - - - NG
T

R4

[IpuBeiennbIil B TeopeMe H gBHBIN BUT oniepaTopos Tuiia YW" — R BbITe-
KaeT U3 TeopeMbl 4 0 SBHOM BHJIe TOPSIKOBBIX OTHOIIIEHU B CHJIY TEOPEMBI
1, cBosAIEll CHHTE3 TAKUX ONEPATOPOB K OMUCAHUIO IMOPSIKOBBIX OTHOIIE-
Huit Kitacca R .

dApubiit By oneparopoB tuia L" — R MOXKeT ObITh MOJIYYEH IIyTEeM
CJIEJTYIOIEro CBeJIeHNsI K TeopeMe 1, peJiiozkeHHoro B [4]. YuuTeiBasi, 9To
JUIst OTHOMIeHUst r; € £ U & # Y BHIIOJHEHO Xy = or ly u aryy = o1}y,
MOXKHO TIyT€M SKBUBAJEHTHBIX MpPeoOpa30oBaHuii mpuBecTu omneparop F =
D(r1y... oy, .., 1h) K omHOMY U3 BUgioB F o= U(ry, ... 1y, ri,...,75) 1
F=9(rt,....r5, . . r0t), toe U — MOHOTOHHAS TEOPETHKO-MHOYKECT-
BeHHas oneparud. [lepsasg dpopma oneparopa BOSHUKAET, €CJIU OH MTOPOK1a-
eT uppedIeKCUBHBIE OTHOIIIEHUS, BTOpas — ecjiu pediekcuBHbie. Takue orre-
paTopbl OyjieM Ha3bIBAThb 00HOPOOHLIMU, & TIpeobpa30BaHMe, KOTOPbIM OHHU
nostyuenbl, — pedykyuet. Creyromas reopeMa JoKazana B [4].

Teopema 6. Fcau R — yHusepcasvho aKCUOMAGMUUPYEMBLT KAACC OM-
HOWEHUT, U MHONMCECTNGO F  0onepamopos pewaem npobaemy CuHmesa o
W™ — R, mo MmHnoocecmeo 6cex 00HopodHbix onepamopos F', nosyueHHblL
pedykyueti onepamopos F € F, pewaem npobaemy cunmesa oaa L — R.

Otcrosia ¢ yueToM Jierko nposepsieMoro hakTa, uTo peLyKiius 0000IeH-
HOH JIeKcuKorpadun JaeT ouneparop 7; Jmbo 7, 1, HOJIyYEH ABHBIA BUJ OIle-
patopoB L™ — R, yKa3aHHBIIl B Teopeme 5.

g npyrux KjaccoB OTHOIIEHHH Ry He yIaoch copMyImpoBaTh 00-
IIUX PE3Y/IbTATOB O BHJIE OnepaTopoB RY — Ry, MOJIO0OHBIX TeopeMaM JIs
W n L. Onnako caMm MOJX0J K OIMICAHUIO OIlepaTopoB R} — R Ha ocHOBe
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IPeJCTABIIAIMNX (DYHKIUIA ¢, OTHOLIEHNI p € Ry, IPUMEHNM (B HEKOTOPOM
MOUUIIMPOBAHHOM BUJIE) U I IPYTHUX KJIACCOB OTHOIIEHH (2, 3|. DTum
c1IocoOOM YCTAHOBJICH SBHBIN BUJI BCEX OnepaTopoB B Teopeme H. Hanbosib-
ge TPYJHOCTH BbI3BaIH oneparopsl tuioB 8™ — A 2| u 7" — T [3|. B
YaCTHOCTH, [TOCKOJIbKY TPAH3UTUBHBIE OTHOIIEHUS 7; HE BCETJIa ACCUMETPUY-
HBI (T. €. yIoBIETBOPAIOT yeaosuio 1; C 7)), omeparopet 7" — 7 TpebyioT
6oJIee CIIOYKHBIX JIOTHYIECKUX IIpe/ICTaBiIeHnii [3].
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SMALL STABLE TRIGONOMETRIES
WITH INFINITE WEIGHT

S.V. Sudoplatov*

Sobolev Institute of Mathematics,
4, Acad. Koptyug avenue,
Novosibirsk, 630090, Russia
e-mail: sudoplat@math.nsc.ru, sudoplat@ngs.ru

In the paper we continue, started in [1]|, an investigation of the class of
group trigonometries on projective planes having stable theories. Modifying
the construction from [1] and applying Hrushovski — Herwig constructions
[3] updated in [2]|, we prove an existence of small stable trigonometries on
projective planes induced by acyclic digraphs. As a corollary we establish
an existence of trigonometrical powerful digraphs [4] having small stable
theories with infinite weights.

Remind [5], that the type p(Z) has an infinite own weight, if there is
a realization a of p(Z) and an infinite independent sequence (a,)ne, Of
realizations of type p(z) such, that tuples a and a, are dependent for any
necw.

It is known [6], that in the assumption of simplicity, and, in particular,
of stability of the theory its Ehrenfeuchtness (i.e. finite, but more than one
number of pairwise non-isomorphic countable models) implies the presence
of a type having an infinite weight.

The considered construction, alongside with known examples of small
stable theories with unique 1-type, having infinite weight [2|, [3], produces
examples of such theories with an additional condition of presence of geo-
metrical structures of projective planes induced by powerful digraphs.

We use without specifications standard notions and notations from [5],
[7], [8] as well as the terminology from [1], [2], [4], [9]-[11].

Let T'(pm) be the theory of a polygonometry pm = pm(G, P, go), where
P = (P,L,€), n be an integer number. We denote by z € y 1" a formula,
“saying” that for a graph with the signature symbol @, there exists a (y, z)-
sequence of length n if n > 0, and there exists a (x,y)-sequence of length
—n, if n < 0.

*Supported by RFBR grant No. 05-01-00411, and by the Council for Grants (under RF
President) and State Aid of Fundamental Science Schools via project NSh-4787.2006.1.
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The theory T'(pm) is called go-acyclic, if T(pm) F =3z (z € x ") for all
new)\{0}.

It is obvious, that the theory T'(pm) is go-acyclic iff there are no cycles
in the graph (P, Q).

Observe that if the theory T'(pm) is gg-acyclic then the group G is infinite.

As shown in [10], [12], the class of go-acyclic polygonometrical theories
without nontrivial polygons as well as the class of gg-acyclic theories of
trigonometries on projective planes are nonempty.

Simplest examples of gp-acyclic theories present theories of polygonometries
pm = pm(G * F},P,go) of free products of groups G with the free two-
generated group F| = (go, g1), defined by the following equality: S(pm) =

zGN(Ae(G*Fl)U{<g°_1 go O‘:ll)

a g1 g

Q€ GxR})\S(E R,

Specified polygonometries will be called free.
Remind, that the mnotion of free projective closure FPC(pm)
polygonometry pm is defined in [1].

Proposition 1. The theory T(FPC(pm)) is go-acyclic iff the theory
T(pm) is go-acyclic.

Proof. 1t is obvious that the theory T'(pm) is go-acyclic if T'(FPC(pm))
is go-acyclic. Assuming that the theory T'(pm) is gg-acyclic, we get that
T(FPC(pm)) is go-acyclic similarly [12] by the induction on steps of construction
of trigonometry FPC(pm) from the polygonometry pm. O

Let A be a set in a model M of theory T'(pm), a; and as be some elements
of A. A (ay, az)-sequence S is called a (a1, az)-go-sequence, if S is a (aq, az)-
sequence in the graph M [ @Q,, received by restriction of model M to the
language {Q,, }. The (a1, az)-go-sequence S is external (over A), if S doesn’t
contain elements from A\ {aq,as}.

Proposition 2. Let A and B be nonempty sets of a model M of go-
acyclic theory T'(trm) of trigonometry trm on a projective plane such that
there exists an isomorphism f : pcl(A) = pcl(B), satisfying the following
conditions:

1) f(A) = B;

2) if elements ay,ay € pcl(A) are connected by an external (a1, az)-go-
sequence over pcl(A) then there are no external (f(as), f(a1))-go-sequences
over pcl(B).

Then the theory T(trma=p) is go-acyclic.

Proof . By [1, theorem 2.2] the trigonometry trm4— g exists. By proposition
1 it is enough to show that prime models M, of T'(trm¢_p) over elements
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¢ € M\ pcl(A) don’t contain gp-cycles. An absence of go-cycles in M,
follows from the condition of absence of gy-cycles in the model M and from
the reason that by the construction and by item 2 go-cycles do not arise

via extensions of the isomorphism f to isomorphisms f. : pcl(A U {c}) =
pcl(BU{d}). O

Using proposition 2 and an existence of trigonometries trm—,, identifying
types for any family of sets A = {4; | i € w} of model M = T'(trm) such
that systems pcl(A4;), i € w, are pairwise isomorphic, we get the following

Proposition 3. Let A = {A; | i € w} be a family of nonempty sets of
model M of go-acyclic theory T(trm) of trigonometry trm = trm(G, P, go)
on a projective plane P such that there exist isomorphisms fi; : pcl(4;) =
pcl(4,), i,5 € w, satisfying the following conditions:

1) fij(Ai) = Aj, 1,] € w; o

2) if elements a',ay € pcl(A;) are connected by external (a},ak)-go-
sequence over pcl(A;) then there are no external (fi;(ab), fi;(a%))-go-sequences
over pcl(4;5), i,j € w.

Then the theory T (trm=y) is go-acyclic.

AGREEMENT. Further all considered polygonometrical theories T'(pm)
will be countable, gp-acyclic and without h.p.-polygons. We will denote by
@ the relation Qg .

Let A be a finite set in a model M of theory T'(pm). As T'(pm) is go-
acyclic the structure M induces on A a c-graph A [13] with a binary relation
@, i.e. the graph (A, Q) with a record W about existence of only external
(over A) shortest sequences connecting elements of A. Here the empty set
with the empty record W is also considered as a c-graph.

Remind [2|, that for a c-graph A we denote by Ay the set of furcations
of A, i.e. of vertices of A, for each of which some ()-sequences of nonzero
lengths, connecting this vertex with some other vertices from A, comes to
and comes from, and moreover for each vertex a € Ay one can get arcs or only
external shortest sequences with the origin a not less than to two vertices of
A, or it is possible to get arcs or only external shortest sequences with the
end a not less than from two vertices belonging A. The set of vertices from
A, not being furcations, is denoted by A,.

Similarly [2], [11] we define positive coeflicients oy, < %, where a1 < g,
k € w\ {0}. The coefficient o is the weight of Q-arcs, and coefficients
k > 2, are the weights of pairs of vertices connected only by external shortest
@-sequences of length k.

Similarly [2], on the basis of coefficients «y, we define external compulsory
furcations a of c-graph, such that an addition of them to the c-graph gives
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more than one total value of weights for pairs of vertices (a, b) for all vertices
b being nearest followers of a, or for pairs of vertices (¢, a) for all vertices ¢
being nearest predecessors of a. A finite information on presence of compulsory
furcations as well as their positions concerning the others vertices in the c-
graph is added in the record W of c-graph and, thus an expanded c-graph is
defined.

Further we shall mean that c-graphs are expanded as well as an information
about all possible (probably empty) predicates (), of all elements g of considered
group is included in records W. The family of these considered predicates in
the c-graph A will be denoted by @ 4.

Remind [13], that a c-graph A = (A, Q4, W) is a c-subgraph of c¢-graph
B = (B,Qp,Wg) and it is denoted by A C. B, if AC B, Q4 = Qp | A% and
the record W4 coincides with the restriction of record Wy on the set A.

A c-graph A = (A,Q4, W4) is a c-subgraph of model M, if A C M,
Qa = Qur | A% and the record W4 is coordinated with the type tp,,(A).
We write A C. M if the c-graph A is a c-subgraph of model M.

An injective map f : A — Bis a c-embedding of c-graph A = (A, Q 4, W)
in c-graph B = (B,Qg,Wg) (it is denoted by f : A —. B), if f is an
embedding of the graph A = (A,Q4) in the graph B = (B,Qpg) such,
that the restriction of the record Wy to the set f(A) coincides with the
substitution in the record W4 of elements from f(A) instead of corresponding
elements of A.

c-Graphs A and B are c-isomorphic, if there exists a c-embedding f :
A —. B such that f(A) = B. Here the map f is called a c-isomorphism
between A and B, and the c-graphs A and B are called to be c-isomorphic
copies.

For given c-graph A we denote by cfc(A) a c-graph as the result of
addition to A of all its compulsory furcations. The c-graph cfc(.A) is the cf-
closure of the c-graph A . If A doesn’t have external compulsory furcations,
then A is cf-closed.

Similarly [2] we define a prerank function y(-), that for every c-graph A
puts in correspondence some real number by the following rule:

y(A) :2'\Af\+\z4nf!—zoék'€k(«4)» (1)

k=1

where e;(A) is the number of arcs in A, ex(A), k > 2, is the number of pairs
(a,a’) € A?, connected only by external shortest (a,a’)-sequences of length
k and such, that any (a, a’)-sequence of length &k does not contain A-external
A-compulsory furcations.
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A p-approzimation of the prerank function y(-) is a function y,(-), that
for every c-graph A puts in correspondence a number by the rule

p
Yp(A) = 2+ [Af + | Au| =D - ex(A).

k=1

The definition of sequences of numbers b, and k,, corresponding to the
sequence of coefficients oy, is given in [11].

For c-graph A we write A € K if y;(A’) > bl for any nonempty c-graph
A" C. cfc(A), where n = 2 - |A}[ + |AL].

For a c-graph A we write A € K, if A € K, and y,(A") > b for any
c-graph A’ C. cfc(A), where n = 2 - |A%| + |A|, kp <n < kpia.

Now we put Ky = () K, and denote by K the class of all models of
p=1

polygonometrical theories T'(pm), for which every c-subgraph belongs to the
class K.

Let A be a c-subgraph of a model (of cf-closed c-subgraph) M ( of a
model) belonging to the class K. We say that A is a self-sufficient c-subgraph
of M and write A <. M, if

y(A) + |Ant| < y(B) + | B N A

for any c-graph B, where A C. B C. M. If A <, M and M is a c-graph,
then A is called a strong c-subgraph of M.

Clearly, the self-sufficiency of c-graph implies its cf-closeness.

Using proposition 1 the direct analysis of c-graphs, included in models
of polygonometrical theories, shows that models of countable theories of
free polygonometries belong to the class K, and a belonging to the class
K is preserved at transition from models of theory 7'(pm) to models of
theory T(FPC(pm)). Repeating the proof of amalgamation lemma (lemma
3.6 of [2]) and using proposition 3 we establish, that a belonging to the class
K is preserved by transitions from models of theory T'(trm) to models of
theory T'(trm=, ), where A is a countable family of the sets being universes of
pairwise c-isomorphic self-sufficient c-graphs. Repeating the proof of theorem
7.1 of [1] we check a smallness of theories T'(trmye, ), received from countable
theories of free polygonometries by countable number of alternations of
transitions to free projective closures and to results of type identifications of
self-sufficient sets. Similarly to the proof of theorem 4.8 of [2] we show the
stability of generic theories T'(trmgey ).

As any gp-acyclic trigonometry trmg., on a projective plane generates a
powerful digraph with the relation @, , repeating the proof of proposition 3
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of [4] for the stable theory T'(trmge,), we get the presence of an infinite own
weight for (unique) type p € S'(2).
Thus we get the following

Theorem. Any countable free polygonometry pm, having an go-acyclic
theory, is embeddable in some generic trigonometry trmge, on a projective
plane, possessing a go-acyclic small stable theory having a (unique) type p €
SY@) with an infinite own weight.

As shown in [14, lemma 5.3|, the structure of projective plane is contained
in the definable closure of any line and pair of points, not laying on this
line. Thus, the structure of projective plane is defined by structures of its
lines. As known, the structures of lines in models of trigonometrical theories
are polygons over groups with additional predicate structures, connecting
various components of polygons. It is shown in [14, theorem 5.5, that structures
of lines of projective planes, constructed in [14], are strongly minimal. Using
aforesaid remarks in conclusion we present the comparative table of properties
of structures of projective planes Pg, P, and Pj,, constructed in [14], [1]
and in the present paper accordingly.

Graph, defining Prerank Structure
Structure projective Theory function of line
plane
Ps undirected graph | almost strongly | y =2 -u—v strongly
minimal minimal
polygon
P digraph w-stable y=2-u—v | with additional
structure
acyclic small stable polygon
Piw digraph with infinite (1) with additional
weight structure
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Abstracts

A.V. Chekhonadskih, A.A. Voevoda. Codes and adjustment in digraphs

of root simplexes of real polynomials.

This article continues the series of author’s papers on coordinatiation
root sets of polynomials with real coefficients in complex space. Segments of
space R¥ which represent single-type sets of roots are considered as vertices of
digraph, arcs represent relations of areas and borders of segments of different
dimentions. We offer the encoding and some methods of processing of codes
for vertices of such digraphs which can be applied to polynomials of arbitrary
degree.

V.A. Churkin. The probability with that a matriz may be diagonalized
wmn finite fields.

Let M, (q) be an algebra of all (n x n)-matrices with coefficients in the
field of order ¢ and D, (q) be a subset of matrices that may be diagonalized

in M,(q). We proved that lim, . \|J\[/)IZ((Z))|| =1

I.B. Gorshkov. On groups with composition quotient group isomorphic
to 57.
A sufficient condition for group’s composition quotient group to be
isomorphic to S7 if described.

E.V. Grachev. Construction units group of integral ring of cycle group
of prime order.

We are going on the description of the groups of units of integeral group
rings of cycle groups. We investigate the structure of the group V(ZCp) in
this article. A description of subgroup of finite index in terms of generators
and an algorithm for determing are presented. The algorithm is completely
prepared to be implemented on the computer.

S.I. Mardaev. Fized Points of modal DS-formulas.
Least fixed points of modal DS-formulas are definable by iteration of
the main formula. DS-formulas generalize Sigma-formulas.

E.V. Ovchinnikova. On eztensions of partial isomorphisms of finite
polygons on linearly ordered monoids.

It is shown that any finite polygon over linearly ordered monoid is
embeddable in a finite polygon such that any its partial isomorphism is
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extensible till an automorphism.

A.G. Pinus. On algebras with termal R-conservative functions.
Some general approach to description of algebras for which all R-conservative
functions are termal is described. R stands for any set of relations on algebra.

A.G. Pinus. On some questions in the theory of ordered sets, model
theory and universal algebra.

In this work the author attempted to collect and remind his colleagues
of problems published in a number of his works that are still open (as far as
the author knows).

K.N. Ponomarev. Rigid group rings.

We define the class of authomorphic rigid group rings over abelian groups
and finite fields.

A.M. Popova. Group of automorphisms of the ring ZSs.
We show, that AutZS; = InnZSs.

M.A. Rusaleev. Properties of generalized stable theories.

The work is devoted to investigation of properties of E*-stable theories,
in particular the properties of (P, A)-stable theories. The theorem proved
gives a condition for a theory to be non-(P, A)-stable.

L.A. Sholomov. The technique of interpretations in the group choice
operators design.

The paper deals with operators F' : R} — R, which transform any
n-tuple (rq,...,r,) of relations of the given class R; into a relation r of of
the given class Ro. We consider as R; and Ry the classes of linear orders,
weak orders, semiorders, interval orders, partial orders, transitive relations,
acyclic relations. For all pairs ( Ry, R2) of the classes such that Ry C Ro,
we bring the explicit form of operators R} — Rs. The results are obtained
on the basis of the approach which interprets the logical form of operator
F' as the logical representation of a ordinal binary relation pr on R". We
prove that if the class W of weak orders is used as Ry, and R, is any
universally axiomatizable class of relations, then F' maps W" into R if
and only if pr € Rs. So the description of operators W" — R, amounts
to a description of the ordinal relations of R,. The approach can be adapted
to classes Ry other than W. The article is first that presents in Russian
the approach as a whole.
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S.V. Sudoplatov. Small stable trigonometries with infinite weight.

Grounding on Herwig’s generic construction that modifies Hrushovski’s
construction, we prove that for any countable group G and free countably
generated group F,, there exists a small stable trigonometry of group G * F,
on a projective plane induced by an acyclic digraph. As a corollary we show
an existence of powerful digraph generating a projective plane and having a
small stable theory with an infinite weight.
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