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Introduction

Algebra and Model theory 3

The Fonrth Smnmer School "Intermediate problems of Model The ry and
{niversal Algebra was held on 25-29 June 2001 in the camping center "Fr-
logol"on Altai mountains. The School was vranized by Algebra and Math
Lugic department of Novasibirsk Srate Technical University (NSTU). It was
supported by Russtan Fund of Basic Researches, Forty six participants of
the conference were investigators, PhD and graduate students from Britain,
Brazil. Czech republic, Estoma, France, Kirghizia. Nethetlands, Russia and
[urkey.

Ihe book is composed from some articles of the participants. Organizing
Committee of the conference thanks director of Institute of Distant Educa-
tion doc. V.Y u Kalpus for financial support of this edition,

Chairmen of Organizing Committee:
prof, A.G. Pinus (NSTU, Navosibirsk, Russia}.

Organizing Committee:
prof V.1). Mazurov {Math, Institute, Novosibirsk, Russia)
prof. EA Palyutin (Math. Institute, Novosibirsk, Russia)
prof. KON Ponomarey (NSTL, Novosibirsk, Russia)
dr. SV Sudoptatoy (NSTU, Novosibirsk, Russia)
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I'PYIIIIA ABTOMOP®U3MOB
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PEIIETKUN

H.B.Baanonsa' H. 8. Mensenen
Maremarmieckufl gy arrer Matemaruaeckuil gaxyasier,
AATURCKNA FOCYARPCTHENH LA Artaficknf rocyaaperrensnig

VHHBEPCHTET, YHHBEPCIHTeT,

Bapraysn, 656099, Pocons Bapirayn, 606099, Poccua
e-mail: bayanova@math dcn-asu ru e-mail; medvedev@math den asu.ru

1  Bseaenwne

Tpaanumorro, 1epea R vur o603ranaeM MEOKCETH0 ACHCTmro bl s -
cent. Bee weonpegengemuie B paiiore NOHATHE TEOPHH Peule1auio Voo ps 1o
HERHDBIX PPYITT, PPYIIL M BEXTOPINX PeeTor MokHo HafTy B xurax |2, |3
u [4] coorserersenno.

Konycom B R™ naimsacres nogmuoscerno A wi R™ | cowpsanee yavi-
110 KOOPAMHAT # HIBAPHARTHOE OTHOUHTCALING YMBOACHHA WA DKW 1O b-
Hbie ACACTBRTCHRREE THEIA. SAMEHYTRIM TONHIPANLIKM KOBYCOM HiSOBEM
NoMHOKeCTRO K n3 R ecan ono aBAseres mo oM m reanimy Sanhi kM
KOREHROro MuoxecTna sekropos ni R®, re, K = RYu; +---+ R, Taxoit
KOHYC HABOBEM CHMILIMUMAILHIIM, 8¢ BCKTOPA 1y, - -, () HeRED HeSisn.
CHMBE MTHEA0 {8 FTOM IYMAC NAIBAKOT PAIMPPHOCTRIO Koty Komiuiex:
COM CHMIUIMUMARENRX xouycon B R” paswpaercs koneanoe muokectno Y
CHMILTMNMAIBHWX Konycor # R™ 1akoe, vro

1) ecnn K € X, 10 quobag rpans A 1maxe nemur 1 i,

2} ecm Ky, Kz € X, 1o Ky Ky suaneres obmeft rpanbio 113 1, n A

Aas (0 < k < novepea Y(A) 0603uaumm suomecrio k-passepiX Konyeon
na 4 Kosnuteke Y nasones vonums, ecmn | J{KIK € 2} = R? (em |3}

Myuruns [ R® v R maamsacres kycornmo-annefinofl ecm [ anis-
€10 HENPEPWMNNOA W CVIIECTRYET KONCUHON o sinnefinas ynsimona
Ao fi fao oo fo R e R w0 onammaft komonexe Y rasoft, vvo Min) -
(Koo oor ol (2)f = (2)f, snw weex & — (1), Zoso0 o) €8, C R"

* Pl nu.-;wpmmn @onpome POOH (1 pauer 9900 000156)
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Pacemorpine  amoaeersn  PW LIn)  neex  aenpepuingmx kyeoiio-
neBnmx Aefernereanio Ay vk, enpeneacniax n"
Ompegeany mia mokeerse PW L) onepagen 4, — DV08, namiras,

1 () 4 g) = ()] + (3}

N (el f V) - mearilz)f, (rlg);

W EWS Ag) - nanl{x)f, ().

W () f) = o) f, pm moboro ¢ € R

Henocpe A teniind DPORepKR  HOKATLIBACT 110 MBOACCTHO MV iin) ¢
SHPEACACHITRIME. OICPAIGHMN SIRCTCS BOKTOPHOL PETICTRON 10 nopo# 1a-
TORL KOOPIMHATHBIMN DPOCKIWIIMA 71y Taos Ty VA0

(Fim = (T4, X2, Takm) = 1y

('r)"': = (!;.J'-‘v\ - --In):'l =21

(r)me = (2479, Y )0y =y

XOPOo gapecTio, 110, ceoHOAHAN BEKTOPHEN PeuIeTKa FVL(n) e n oo
JICHEARICHHME, 1A 71 TPONIBAIEI0E HATYTHLION TTN10, CORNANAET RRTOp-
wolt pemenioft PW Lin) (o |6, 7, 8)

Oynxunw g, vrodpasaomyio R 1a R" waaone I oTulpamennes, coan
CYIECTBYIOT 1wy, wa, - Wy & FV L vk, 410

(£)g — (xy2py----Ta )}y = ((rhury, {Thwge o (2 )0n)-

Tpeaaoense 1.1 Besnoe T-amobipaa crue g apedeniaaian 6 ek

UKL AD - U A d), 20e A aowedinee apeofipioeanue, dedemuanpo
: . . [ LALI 7 N gains

e 1 CMTARTTaREeM Xowgee K, patseprocmin o ul " K - R wpane
mozo Aig 7 A, (t=1,...,m—=1)

JlokazarenberBo. ANAnorntRg JOKATERLCTIY NHOAGKEHHS 1.1 pa-
torm 1] 1]

,'l()K:Lulll'.ln,l'ru() CASAVIONIENO. Y ENCEAAEHIOE TTPONTON HEDOCEICTIeN
Ho.

Hpeaaokenne 1.2 Ecoan gy (.4, . (K mA)) ssawano
5 : | v
orhsaanaoion - omnobpaoeere, 1o pLPane OTHOOPENCEHNE §© HRNCE K-
Anemes L-omobpameenneae i nipedernafiae o ude

q : (':llhl\l-‘1|n-4|l)~ ".l"\.'ll)~.‘" l-"‘y,,x’) @

Voo A, aupefinoe gpeohpatosanue R™, ko, 110 (214, = ar {o
R i soboro v RY, o FovoGpusenis (RY AL ) Gynew oboseanarn g,
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2 llpeacrasienue f~apromopdusmon
cBobo/HoM BekTOpHOI pemerkn 'V [(n)

Caeayomee yrsepsacuse spiseres yrounennes Goaee ofiero yreep-
HAerus, joxatannoro pasee B.Befinonos [9) (npexsonenne 2.1) u npono-
ARTCH HENOCPEsICTBEHHO,

Opepnoxenne 2.1 fMyemn f-asmomopdram ceofioduotll eexmop-
notl pewemnxu FV IL(n), mozda dax awdoze w € FVL(n) (wyp = gow,
2de @ ofipamusoe €-omobpancenue, anpedeasemor £-aamomopdruiaon .
Ofpamswo, daz aohozo ofipamumaso t-omobpancenur @, omobpamcenur s -
FVL(n) v+ FVL(n), enpedeacsowr: no NPAGUAY Y | W b PO W REARCTIER
£-aamomopfusmom caobodwort eexmopron pewemsu F'V Lin), [

Heenoxuo saserntn, wto muomecrso GIM obparumhx f-otobpamkerni
HBIACTCN FPYINOR OTROCHICALIO ORCPALME CYNEPHIOSHITHMN.

Hpeanoxenne 2.2 [ pynna Easmomoppusmos Aut{ FV Lin)) rao-
bodwoll  eexmopnoti  pewemixu FV L(n) axmuzomopfra epynne GIM
obpamusnz £-omotipascenud,

Hoxasareancrso. [lyers o), oy € Aat(FVL(n)) nw  npowspoasimii
wiement FV L(n), no npeanoxenino 2.1 uveer meero pasenetuo (w)y, -
@) ow. Toraa

(E)wler 0 9y = (7) ()1 )ipa = (£} 0 ((w)gy) =

(Z)gao((pi)ow) = (1)@ 0y 0w,
Caenosarensuo, (w)g 0 @y = (b3 0 7y) e w1

CJlWK)lll(‘(‘ YTHEDAICHME, [O-HHARMOMY, XOPOWIO WABECTIHO # JOKASHBA-
CTCH HeNnOCPeNCTBeERNG.

peanoxenwe 2.3 [lyemy A ¢ GLA(R) 4 A ne seasenicn exarspyoti
sampuneil. Tozda muwoncecmoo AR yampuy, conpaowcennmr Aampu-
yed A a epymne GL(R) Geeroreinn,

Teopema 2.4 Hernp 2pynnm ¢ vamasmapbrimon Aut(FV Lin)) caofiog-
wonl nexmopynd perwemrny £ ViL{n) waoseopbes spanmimaunamusnos P
N nnaoxcumeavins dedemoumeamowr wucex R
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Jokasareascrso. o opevioxkewno 2.2, rpynna Aut(FV L{n)) an
i omopdma epynie oparummx  F~orotpaxemht GIM. Tlokaxewm, wo
uerp C{GIM) waomopder R, [Ho npepioxeno 1.2 moboe obparumoe
[-TOBPAACIRe NPEACTABHMO B BIGLC

B = (("-le-“l)v' (I“ms-“m”.

e AL HEBBIPOACHNOC JRIeRnoe n;x:«;Gpawnaum:_. AOHCTBYIOLEE HA CHM-
OHIHAALIOM Kouyee A, pRIMCPHOCTH 71 M U:':,I\.- = R". Marpumum A;
FOOTROTCTBYIGX JHefEuX 1pecipatonaniil obpaTnMhl, NOITOMY A 10~
fora  enpaneanso A, € GLg(R). lyers g € C{GIM) nokaxkem, 410 B
om Ciynae ¢ = (R™ A}, rae A sumelinoe npeobpaiobanue, Marpaua
Korapore ckaapua. lpeanoomusm, 4ro cymecrsyer xors Hu Ofulﬂ WH/LCKC
1 (1 < 1< m), Takofl , 4TO MATPHUA A, HC ABIHCTCH ckaaapHoil. PacemoTpum
yestent i = (R, B) € GIM, npusem marpuua [ smuelinoro npeofipasosa-
e [ de aphsercs CKaadpioli 1 A,B # A, et weex ) = 1, ... Bubop
mKkoro aunefinoro npeobpazosanus B sosmoken 8 cuay npesroxenus 2.3,
lora ¢* = ¢, oanako
¢ = (KB B 'AB)....,.((Kn)B ',B AnB)) #
# (K Ay (K Aud) = 6

Fakuat obpaion, nokasano, 41o ecin g € C{GIM), 10 Ma‘x;puu,u Aniefinsx
npeohpasonanuit A, cxaaapns, B cuay nenpepusrocTit (;m-'nﬁpm«euun q
cacayer, wio A, = <~ — A, Takum obpazom, ecan g € C(GIM), w0 g =
(R", A) s Matpuna eeiinoro npeobpajosanus A nseet Bt

o B e ewe A
0 [ g o B

(. 0 0 o ... 0 = A, 0€R.
[}] o

Orewna § - g ) 4 y

Teneps nokakem, 9o g ¢ C(GIM) npy o < 0. Ouperenis
mohpakene h = (K, Aj), (K, A2), tae Ky = {7 = (11'12.‘. .'.r,.).L-
R| zy 2 0w Ky = {& =(21. ..o Ta) ER| 20 < 0} B cranpaprnof cu-
CIOME KOOIIAT MATPHIW Jrieltinax npeofipagopannit Ay, Az uMeor Bt

I OF L% 0
0 1 [ D 0

.“| ¥ A
0

~
-



b = e HB baamosa, 1o Measeaen

e teER, ¢ >0,

1 b SR AN 0

0] 1 ] (
Ay

N

n N ) I

“yc!'l' z= (Ih'r'h <.-'n: € I\.l rlﬂ"flﬂ

(J:"L.l' “‘[")h Vi - tl'rl)-r"'.‘\--‘vln)/‘1)yn =

. (l.l:. 1 "Iﬂ"L? """ J:H))”u =
5% (1} 3 0
0 0 1] (
() 4 E vy . ik 25) 0 0 o {)
i) U oy ok A1
={ary) bz, Ty, ..., 0 Z,),

Nockwmky o < (1, 10 (nr + ¢ SO g, alr, ) € Wl O pyradi cropon
(Ep e o) ga o b — (0, 0 V) =

(oxy, qry, - wr, )h = (o oy, ... oF,).

Tak wax o < 0, w0 (cery aws. - .axn,) € Ky w bl aeliermr wi Konvee Ay
DARACCYBeHNO, TaKUM Ghpasom norciann, wro ho g, # gqoh. Hoytosy, eon
a < oro go @ CUGIM) Henoepeavisenaan npunepki uum‘num..T, g0
f"m o2 2AEMeNT gy IEPECTARGBOMC L ¢ JNoBMM weveios rpyig (A
Sy, newrp CLETM) ypynua GIM | 0, caeqomareania, uenyp rpvini
Fasiosopdmanon Auf(FV 1 {n)) wiosopden R* L] -

Cnucok smmreparypul
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TERNARY DEDUCTIVE SYSTEMS

Ivan Chajda

Dept. of Algebra and Geometry
Palacky University Olomone
TFomkova 40
77900 Olomone
Czech Republie
e-mail: chajda@nsc upol.cz

The concept of deductive system was antroduced for Hilhert algebras by
ADiego [6]. Tt was shown by W.hudek that deductive systems and ideals
comcide in Hilbert algebras, This particnlar case was gencralized in [2] for
untversal algebras, where the concept of deductive svstein was defined in a
quite general setting and was shown thist 1o any algebra of weakly regular
variety deductive systems and vongruence kernels coincide. The machinery
of deductive systems was generalized in |1 for solving the problen: whether
4 given subset of an algebra A is a class of some congruence on A, However,
the concept used in [1] can be extend in universal alzebra as it wall be shown
below

It is well-known that the most productive inherence rule in the classical
propositienal caleulus is Modus Ponens

fAs"TRUE" and A - B is "I'RUE" then also B3 is "T'RUE",

This paradigma was used (o mtrodice diductive systews in algebiras with
d constant value - A deductive system of an algebra A is a subset 1) such
that le Dand b= whenever ¢ ¢ 1) and dila,b) € D for preseribed term
functions dy, ... d, of A If one maore rule concerning the substitution prop.
vely 18 added and {d,, vy} forms the so ecalled Godel equivalence SVSLeIm
{see [2]) then these deductive sviitems comade with congrience kernels 11
for & € C'on A

However, one can mention that also another inherence tule based on a
termary werm function is valid in # Boolean algebra which 1s an algebraie
counterpart of the classiea) propositional caleulus Namoly, denote by @ the

5o called symmetrical difference, Lo the torm function defined ay follows,

TRy = (e Ay) Ve Ay)

Consider the ternary term funetion Hz g 2) = 2@ yib 2. Now, let B be i

Boolewn algebra and # - [zle for some © ¢ ConB. One can easily check
e following Properties

I

:
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ifae Hand t(ab,z)c H then be I}

ifa € H then t(z,0,:) e H

if t{a, b, z) © H and 0 is a unary pelvsomial of 12 then
{o{a),alb),z) c H .

The aformentioned situation motivated us ta introduce the fullowing two
concepts: )

Let A = (A, F) be an algebra and 7 be a non-void subset of ternary term
futictions of A. .

Definition 1. By a T translation of an algebra A - (A, T7) is meant
every unary function o{x) : A - A sueh that either )

(i) alz) = flay,...,0 5,2 a1,. - tty) Tor some n-ary [ ¢ F oand
Ay,... @y €A, or N

(ii) o(z) = tx,a,b) orafz) = tH{a.2.b) or o(x) = tla,b,z) for some 1 € T
and a, b e A,

Now, we can introduce our crucial concept:

Definition 2. Let 7 be a non-void subset of terary term funetions of An
algebra 4 = (A, F'). A non-void subset H < A s called a termary T - deductive
systern at z 1f 1t satshies the following conditions:

(i) H, )

(i) a € M7 and t(a,b,z) € H foreach t € T then he H:

(iii) a € H implies t(z,a.2) € H for each t & T

(iv) ta,b,z) € H implies t(a(a), (b}, 2} € H for each ! € T and every
T-transtation o,

To every subset T of ternary term function of A - (A F) and every
subset § # H C A with 2 € If we can assign a binary relation:

Definition 3. A hinary relation O on A defined by the setling

(a,b) € Oy if and only if t(b,a.z) ¢ M forench t € T (+)
i called T -tnduced by H.

At first wir show that the z-class of T-induced CONEruence is a ternary
T-deductive system at 2

Theorem 1. Let T be a non-vord subset of ternary term functions of an
wlyehra A= (A F), let : € A O£ HC Aandze H. If the T'-x'ndurr-t by
I velution By 1 u congruence en A and H = |sly, then H is u ternary
T deductive system at :

roof. Suppose Oy, ¢ Con A and 1 - o, - Then clearly I Sﬂ'lﬁﬁl'.“i (1)
of Definition 2. Prove (n): Jet we H and fla,b,2) € H for each t ¢ T Since
i e, we have (a,2) € Oy and, by [#), also (b,u) € Ay, Henee also

() € By proving b€ Izlg, — H
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(tii}is imamediate: if @ & M then (a,z) € Oy and, by («), also tz,a,z2)«c
H foreach t € T

{iv): if t(a, bz)c Hfort e T then, by (], (bn) € By thus also
{(o(b),a(u)) € By for every T-translation o Applying (+) onee more, one
get t(ala), o(b), 2) € H for every L€ T 1)

To prove the converse, we need specify the set 7

Definition 4. A non-void subset 7 o ternary term functions of an al-
gebra A = (A, F) is called a symmetrical difference system whenover (he
following two conditions are satisfivg:

(a) t{a;a,2) = z for cach t & T and all a,z € A;

(b) Uz, ¥, 2) € T yields t{y,z,2) e T,

Let us note that iz, 9,2) =2y 2 as mentioned in the introduction
then 7 = {t} is a symmetrica) difference system for any Boalean algebry

Theorem 2. Let T be o symmetrical difference aystem of an algebra
A=(AF),letze HC A, If H is a ternary T-deductive system at = then
Oy €ECon A and H - [z)e,,-

Proof. The condition (a) of Definition 4 gives mmmediately that the 7-
induced hy H relation Oy 15 reflexive. Moreover. by (b), By is symmet-
ric, Prove transitivity of By Suppose (r, ¥) € Oy and (y,2) € Sy Then
t(y.z,2) € H and t(z,y,2} € H for each t ¢ T For a given t ¢ T
we define the 7-translation mlw) = t(z,w,z) By {iv) of Definition 9 we
have l(f(z,:,z).f(z,t.z),:) = tay)mlz).2) € H and. by (ii), wa infer
tiz.z,2) € H,ie. also {x,2) € Q.

Since Oy is reflexive and transitive, the condition (v} mnplies that (=
is also compatible with respect to cach f € F', Together, we have shown
Oy € Con A.

Suppose a ¢ . By (ili) we have lz.a,2) € H for cach t € T (hus
{a,2) € By, ic. a € [z]oy. Conversely, if o [¢ley then (a,z) € O and.
by (). t(2,a,2) € H for cach ¢ € T. Applying (i) aad (it) we obtain a ¢ /1.
Thus H = [2]g,,, ]

Remark. If 7 is 4 Symmetnical difference svstem of an algebra A4
(A, F) and By € Con A for some 1 € A with 2}, = H, then By is the
Rreatest congrience on A having the class i Namely, let ¢ € Con A and
[z]e = H Suppose (a,b) € &, Then (t(b, a2}, 2) = (t(b,a,2), 0(b, b.z)) e @
for each ¢ € T which vields t(b,u, =) ¢ (zls = H However, (*) implies
{a,b) c By proving & © 6,

Let us recall that an algebra A = (4, 1) is regqular if [aly - faly -+ 0 @

for any 6, ¢ ¢ ConAandae A A variety V is regular if each AV has
this property,

TERNARY DEDUCTIVE SYSTEMS

Recall the following result by B Caaksny |5)

Proposition. Let V be o pariety .

{u) V is reqular of and only of theve exst ternary terms ty, 0 by (n 2 1)
avch that ty(x,y.3) = = tulz,y,2) = z of and only of =

(h) IfV a5 regulor and A= (A 1) € ¥, then

B(a.b) = Ot {a, b, z),z) v - vO(t,(ab ) 2}

for cvery a, b,z € A where ty, ... by are the terms of (a)
? ; It, the set {ty, .t} of ternary
e to the importance of Csdkdany result, ~eln
terms satisfving (a) of the Propesition will be called lht“ (edikiiny spstem of
3 Henve a‘\;u"ivlv Vois regulan if and only i ¥ has a Csakiny systemn,

Theorem 3. Lot T = {t;, .., t,) be u Usakany system of o vareely V,.
It A=(AFYeV.2¢ Qawize I C A Then H waternary T df.'du(’.t“'{.
sustem at 2 lf and ondy if the Tanduced by I relation Oy 15 a congrucnce
o A and zlg, = H N

Proof, Suppose that I 1s a terary 7 -deductive system at :..Sum' )
threoroz) = zor gy = L. ny the Tainduced by H relation Gy i r:!flt'xntf
I'he proul of transitivity of GOy 15 word for worfi ‘t]m same as l}lal.lfl t n: prf')o
ol Theorem 2. Sinee Oy 05 reflexive and l‘ransn‘l\‘v-. tiv) of Definition 2 gives
unmediately that €5 1s compatible with cach € F Hnwfu-r. overy ru;'-_ulnr
variety is n-permutable for some n > 2 and, by [3], Gy isa ('«.mgnu.!x?t.q- I;,"
A€ Y. To prove that [z]g, = H we can ose the seme peasoning as in the
proof of Theorem 2, ;

The converse implicition 1s done by Theorem 1.

Corollary. Let T = ). . t,) be & Csakany system of a varely V. et
A=(AFyeVand H Z A The follpunng ro:ndu.xon.‘; are squrvalent.

(1) H 15 a congruence class of seme € ¢ Clon A -

{£) H s a ternary T-deductive systemn at 2 for some z ¢ }

let us note that a particular case of a variety of se-called peperalized
MV -algebras was already treated by a simdlar achinery in (4] [o this case,
4 3 : : ! h
the nssigned Csikany system consists of exartly four ternary tenns
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CENTRAL ORDERS ON LINEAR
GROUPS

A.M.W. Glass

Department of Pure Mathematics and Mathematical Statistics
Centre for Mathematical Sciences
Wilberforce Rd
Cambridge CB3 0OWB
England
&-mail amwg@dpmms.cam ac.uk

At the Conference at Erlogol in June 2001, | gave two talks. Since these
were based on papers that were submitted elsewhere, T have instead submit-
ted 4 paper to the Proceedings that is a direct consequence of discussions at
the meeting, For the record, here is a very brief summary of my talks.

I Conjugacy and Undecidability in automor-
phism groups

In my first talk | gave examples of how to sumultaneously conjugate one
fiuite set of clements of Aut(R, <) 1o another (under appropriate hypotheses).
| mentioned the importance of this to establish both the existence of finitely
presented algebras with insoluble word problem and the undecidability of the
isotnorphism problem for such algebras. In particular, this technique works
fir the class of groups and the class of lattice-ordered groups (please see 171,
8], |3. Section 8.8} & {4]}. It can also be used (please see |2]) to show that the
antomorphism group of Aut(R, <)/L(R} 1s induced by the automorphisms
of Aut{R, <), where L(R) = {g € Aut(R, <) : (Ja)(fg = Bif f > a)}; hence
there are no outer antomorphisms of Auf(R, <)/L(R)

The following standard notation was introduced: If G is o group and
\ is  subset of G then C[X) denotes the centraliser of X in G that is,
((X) = {g€G:(¥re X)(zg = gr)}- Aund if & is a subgroup of Aut(M)
and g € G, then supp(y) = {o € |IM! . ag # o} where [M] is the set on
whirh the model M is built. Throughout, Th(G) will denote the first order
theory of a group @

| proved
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Lemma 1.1 || Let M be an anfinte sel and ¢+ SymiM). Let g ¢ & be
u ngn-wdentsly element that satisfies

(1) (™) = supplg) for all n € @,

() Clg) s transative on supply); and

(1) for all h € CCly), ff a0 & M wth ah ¢ ir,y), then there s
Jetg) wth fa ' € G \Gos

Then CClg) = (u)

and, by interpreting the addition and multiplication of natura) numbers in
CC(g) = (g) for appropriate ¢ & 0, | deducnd

Thearem A 1] Let M be an snfinite set and ¢ < SymiM). Let g € (\{1}
satisfy (1), (it) & (u1) above, and ‘

(W) g 1s conjugate to all its positie powers.

hen TG 15 undecsdable.

I then showed that this easy approach leads 1o a uniform method
tu shaw that many antomorphisio groups have undecidable theory: F.g.
Sym(N), Aw(R, <), Homeo(Q, <), LEfFIR), Aut(P.<), Aut(l',~) all
bave undecidable theories, where Daf f(R) is the group of all monotonic dil-
fereatiable real-vidued functions with doman R {(under composition), (P, <)
18 the countable universal poset amd (1~ is the random graph. Please see
[1] for the details and other examples .

Finally I pointed out that the following problem remains unsolved,

If T is a first order theory that has infirete mnodels; then s there o model
M of T such that the theary of the aroup Aut{ M) s undecidable ?

2 Centrally ordered groups

Lev G be s group and < be a total order on €5, If, further, f < g (G <)
unphes that «fy < zgy lor all r,y € G then we call (G, <) an ordered growp
{or simply write that (7 is an ordersd Aroup).

IF €' 35 a subset of an ordered group G, then € i said o be conver il

GLgsawithe e Candge Ghnply g e

Let € and D be convex subgronps of an ordered group. Then € C /2
ar L (3, Letma 312 Henee if ¢ 1s an ordered group then fur cach
non-identity element ¢ € G, there s a maximal convex subgroup ') not
cortaining ¢, vie. the winon of all convex subproups not contaimng . The
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mtersection CF of all convex subgroups of €' containing ¢ s such a convex
subgroup. Moreover (5 <€ and is called a conver jump. In group-theoretic
terminology, every ordered group has a series of convex jumps; that is, each
¢ © G belongs to a convex jump (namely, C7\Cy) and the intersection of all
the € (88 g ranges over all non-identity elements of 7} is just {1},

If every convex jump is central (ie., (O3, G| € Cg for all g € G\(1}),
(hen € s said ta b weakly Abeluan or centrally ordered.

Note that if O w contrally ordered. then €, <1 G for all ¢ € G\{1}. Since
overy convex subgroup € is the miersection of all € for which g & O, we
fove that every convex subgroup n a centrally ordered group is normal.

In the talk, 1 outlined a proof of

Theorem B [5] Let (AN be the statement. If every order on a fimtely gen-
crated Abelan-by-nilpotent orderable group G s contral, then & s milpotent.

Then (AM) fimplies: of every order of a finitely generated soluble-by-finite
yroup is central, then the group 13 nupotent.

The proof is motivated {and modelled on) the work of Philip Hall |6}

In the talk | stated that we had proved:

If every arder on a finttely generated metabelian orderable group is cen-
tral, then the group s milpotent. (+) '

Caution: As [ write, there s still some work required 1o complete the
prroot.
Finally, 1 used the Tits Dichotomy to establish.

Theorem C 5| If every order on every twa generator subgroup (of an or-
derable lmear group ) 15 central, then G s locally ntlpotent.

Note: Since my talk, Akbar Rhiemtulla has further extended the ideas to
prove:

Theorem D [5] Suppose that («) holds and that cvery order on a finately
qenerated widpotent- by Abelian ordesable group & 1 central Then G is nilpo-
tent
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CONVEX SUBLATTICE
SUBGROUPS OF FREE ABELIAN
LATTICE-ORDERED GROUPS

A.M.W, Glass
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Wilberforee Rd
Cambrnidge CB33 0OWB
England
e-mail. amwg®@dpmms.cam.ac.uk

At the Conference at Erlogal in June 2001, | was surprised to discover
from V. M. Kopytov & N. Ya, Medvedev that it was unksown if a non-
trvial proper convex sublattice subgroup of u finitely generated free Abelian
lattice-ordered group could ever be i free Abelian lattice-ordered group. 'The
putpsse of this nate §s 1o prove that the answer is “ne’™

Theorem A If A, is the free Abolian lottice-ordered group on n generators
und I £ A, {0} is a conver sublattice subgroup of Ag, then I is not a free
Abelian lattice-ordered group.

T'is answers a question of Bleter |4] (mumber 3.45 of the list. compiled
hv Kopytov & Medvedev [6]). The proof is simple and uses simplicial geom-
etry. [ can only surmise that the question has been ontstanding for so long
hecause those who knew of it were wedded 1o the more algebraic approach of
Weinberg and Conrad, and those who know of the connection with simplicial
peometry (the Baker-Beynon Duality) were unaware of the question.

The Baker-Beynon Duality ean be summarised as follows — for more
details, please see (1], 12] and [3], or |5, Sections 5.1 & 5.2|

The free Abelian lattice-ordered grong A, on n generators (0 finite) is
obtained as follows. Lot (7, be the subgronp of the additive group of all
continuous maps C(R* R) fromn R into R generated by the i projections
i, .1, from K" to R Put the potwise order on C(R® R): [ > ol
fix) > glx) (in R) for all x ¢ R". This s a lattice ordering and f > ¢
unphics that f+ h > g+ & for all k& C(R".R). Then A, is the sublattice

23
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subgroup of C'(R", R) generated by my, . ., %, (please see [1]). Moreover, vach
element of A, is a finite meet of a finite join of elements from 7, 1fw e A,
write [w| for w v —w; 80 |wi(x) = max{uw(x), ~w(x)}. Thus fw|(x) = 0 for
all x € R”; ie, lw| > 0 forall w e A,.

Let € be a sublattice subgroup of A, Then €' s said to be conver if
e, 02 € C and g € A, with ¢; < ¢ < ¢; implies that ¢ © . The convex
sublattice subgroups of A, are precisely the kernels of £-homomorphisms
(homomorphisms that preserve both the group and lattiee operations).

If we G, then Z(tw v () = {x ¢ R* | m(x) < 0}, the zevo st of
w0, is half of & hyperspace; and if w € A, then Z{|w]) is the union of an
intersection of such sets; ve., Z{jw|) is a union of closed convex polyhedral
cones with integer coefficients and vertex the origin ([1})

If we A, with w > 0 and C'(w) s the convex sublattice subgroup of A,
generated by w (C{w) 18 the intersection of all convex sublattice subgronps
of A, that contain w), then the guotient A,/C'(w) 1s f-isomorphic to the
restriction of A, to the closed polvhedral cone, Z{w) Moreover. tf w € A,
and u € A, then A,./C(|u]) is isomorphic to A, /C(|w]) if and only if
there is a piecewise linear homeomorphism (with integer coefficients} between
Z{|ul) and Z{|w|) (|3})- This is the Baker-Beynon Duality,

In the special case that w = 0 and © = 0 it is also shown that A, can
be f-embedded in A, iff there is a piecewise linear homeomorphism with
integer coefficents from R™ into R" But # R™ — R" is a piecewise linear
homeomorphism with integer coefficents iff there are v, .. u, € A, such
that 9{x} = (u,(x), ..., us(x)) for all x € ®™ (please see |2]). Hence

Ay, can be f-embedded in A, iff m < n.

Proof of Thearem: Let H be as in the bypotheses of Theorem A,

If H were a free Abelian lattice-ordered group on nr generators (nmr possi-
bly infinite), then either (i} m < n or (i1) H contains a sublattice subgroup
H* that is a free Abelian lattice-ordered group on n+ 1 generators. We casily
dispose of (ii): in this case, the identity map is an f~einbedding of H* into
Au. By the Baker-Beynon Duality, there s a piccewise linear homeomor
phism of R™' into R® with integer coefficients. This is impossible by the
Beynon embedding result (please see nbove)

It m < n, lot hy,... hy be the free generators of H (as an Abelinn
lattice-ordered group); so H = L where L is the sublattice subgronp of A,
generated by (hy, ... b} I0m = n, then Z({hy| V-V b)) = {0} by
the Baker-Bevoon Duality. Hence 1y, 2, ¢ Ho Comsequently, I A, a
contradiction to the hypothesis

b
o
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Thus m < noand Z([h)V -V |hy|) has dimension n - > 0 in R". So
Z(n,) is incomparable with Z([h | v v [hy,|) for some ¢ {1, ..n} For
nay sueh ) we have 0 < g = log| A ([l v Vi) € B, vet g f Lisines the
cloments of A, are piecewise linear, there are X.y © R such that by, Ay,
e linear on the line sogment joimng x &y, and x -y & Z(|g| v -V hal)
bt gix) —mix) 0 £ gly) Therefore H # L the desired contradiction. Jf
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Let A be a non-empty set, and let @(A) and @ (A4) be the sets of all
and of all n-ary operations on A, respectively. Subsets € © Q(A) are called
clomes (in the sense of P Hall) whenever they contain all prajections and
are closed under compositions of operations,

Every permutation (bijection) o of the set A induces a bijection a of
O™(A) in the following way:

&:j"*y < g(zlv- ,1'"):5(!)(1‘\,...,1")-—O(f(aill_,rl), --U‘lll'n]”

The mapping ¢ can be extended to a bijection of the st O 4) - G o ()
n-1

1 an obvious way (it will he denoted by the same syinbol ). The mapping
@ preserves so-called direct compositions. So, it is an automorphizm of the
Menger algebra of n-ary operations on A and of the n-clone in the sense
of T, Evans. The mapping ¢ (on G(A) into itself) preserves also sc-calied
tensor compositions, and so, it is so-called an inner automorphism of the
tterative or presterative  Post algebras {in the sense of AL Mal'cey), If
9(f) = g. then an operation g is called dual 1o [ with respect Lo o, Suely
operations are often used in many investigations (for example, in the theory
of functional equations). If a(f) = f, then [ s called sel f-dual. A clone C
C O(A) is self-dual if 7(C) -~ € Self-dund functions {operations) and self-
dual elones play important role in multiple-valued logics and in the theory
of clones.

Let A = (A;F) be a general algebra with the set F of fundamental Oper-
ations, and T(A) = < F > and THA) be the sets of all term  operations
and all n-ary term operations, respectively, of the algebra A Then, of course,
T(A) is a clone of operations in the sense of P Hall. Then a MAppINg o 18 said
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(o e weak automorphisms of the algebra A if a(T(A))  T(A) (sce |28]).
I'lug notion s a special case of the weak wsomorphism defined by A. Goetz
(|21]). Equivalently, in another terminology, o is a eryptosutomorphism (as
u special case of the eryptomorphism in the sense of G. Birkhoff). Moreover,
if o is & weak autormorphism, then algebras A = (A F) and A’ — (A,5(F))
wee term equovalent (and rational equivalent in the sense of AL Mal'cev).
One can observe (see |11, [15], [16], and [20]) that the relation
oOC <=+ a(C) = C

hetween o £ 5, and clones an A determines a Galois correspondence {in the
nenst of O, Ore):

G FlG) = {Ce L{A) | (Vo€ G)|leBC]},

Foy G(F)={oe 84| (VCeF) o OC])

Clones from F () are called G-clones.

It 1s obvious that for any algebra A = (A; F) the set of all weak automor-
phist forms a group with respect to the superposition of mappings. It will
be denoted by WAut{). As it was observed independently by J.R. Senft
and 12 Plonka (see |28] and [5]), the group Aut() is a nonnal subgmu.p of
WAut(A). In [4] it was proved that for every group & = () there exist a
unary algebra A on the set G such that Aut(2) = L{®) ~ & and WAnt{2A)

llnl{d]. where Hol{®) is the holomorph of & and L(®) is the group of left
translations of ®. So, if & is a complete group (i.e. & 1s without center and
all antomorphism of & are inner), then there exists a unary algebra % on the
set € such that Aut(2) =~ & and WAut() ~ & = &, Let now WA () be
i suhset of WAut(2) of all @ such that a(f) = f for all f & T"HA). Then

we have
WAL (A) < WAL(RA) < WAuL{2)
and Aut{A) — N WALA ) < WAur(2A).
n-1

1 Sichler proved in |29] that for an arbitrary group & = (G; +) and its
noral subgroup M= (N, 1), there exists 4 unary algebra with

card((7) 1 card(Gw)
ol fundumental operations such that
WAut(A) ~ & and Aut(A) ~ N

Muorenver, for any chaiu
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of normal subgroups, AW, Higgins ronstructed in |22} an algebra with
infiuitely many fundamental operations such that
WAULRA) =~ & = (G, ) and WA,MX) &, = (0, -).

Thervlore,

Aul(2) — 0, WA (A ) =~ ]

One can observe that the factor sroup WAULR) by the nurmal stubgroup
WAL is isomorphic 1o a subgroup of the group of all automorphism of the
Menger algebra (or the n-clone, in anothe: terminology ) on the ser T ()

Examples:

L Let A ={0, 1}, and r v+ 2’ be the complementation in the two-
element Boolean algebra ou A (i e, the complementation is the permutation
7 = {01)) . Then there oxist exactly eight {seven) clones € on A such that
7 is an essential weak automorphism (antomorphism, respectively) of the
algebra (A; €) (see [13] and [15]),

2.1f A 15 a linear space with the caries A, then o Ao A s a weak
automorphism if it is u bijective semi-linear mapping of A This result have
been generalized to so-called quasilinear algebias. endoalgebras, and reduced
algebras (sve [4]. 5], 6], [8]. [14], and |15}).

3 Let R{(e}) = (#;+, -, 0,~.2) be an integral domain with 2. 3. 4 or oo
elements. Then » mapping 0 . K+ R isa weak automorlusm of R ((e)) of
and caly if @ (e], 7 (U) € {¢) (the subring generated by ¢}, (7 (e) — o (1)) ¢
[7{{e)) (the set of units of R), and the following equalities hold:

() olz+y)~a(z)+aly) -o0).

(o (xy) = (o (2} o (y) - o |0) (o (£) + o)) +aleyo(0) (a(e) —a(0)

for all &,y e K.

f%.”l'hv: above result is not true for other finite integral domains {see |7,
{10]). For instance, let us define new additions and multiplications for some
finite fields £
(iz@y=c+y B2y (r+ y}in GF(5),
(V) 2@y =z +y+ 622y (£ + ") 4 3 e+ y) in GF(T),
z@y=z+y+2% (2 + ") in GF(8),
i)z dBy =x 4yt (24 ¥4 2atyt (x4 ) in GF(9)
Mareover for GF (11) wo put:
(vit) e iy —x + 9+ 32yt (2 4 ),
(Vi) r @y =01+ y+ 2 (" Ty 4 Ty (2 4 )+ 1020y (24 )
and
)by — x4y e 92% N Ty 4 B (2 1 )+ PR STl b G S Tl '
eyt g oy).
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Then the algebras (F; @, -) for suitable fields G F(p"), ?vhem =9
%, 0 and 11, are fields isomorphic w (F; |, «). Moreover, if we define new
uperntions @, o in GF(7) as follows: . ' . .

(x) 7@y = T+y+ 224 800+ 600 2+y)+ Syl 1 y?) 2277 (0 4 v
aned

(xi] xoy =3z g | dxdy+ 3zt 4 ey,

then (F; @, o) = (F; =, )- ) . _

e can observe that the mappings o F — F' defined res‘pc?chwlel:v by
1+ inGF(3), e+ 2 inGF(7), 23— 2z - 1:“. or z :.‘)_m (:I" (8),
cer £ (ot ) in GF(9), and xo b ' res 1 and 2 2% in (.l'_(ll)
ure weak automorphisms of snitable ficlds and define above new np.emtions.
Moreover, the mapping o (r) = =" + 277 is also a weak automorphisms and
determines new operations (x) and (xi) in GF (7) (see [10] anfi |15]).

For more results on weak autormorphisms and related topics, see Refer-
pnees belpw,
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1 Introduction

In the tast hundred vears one can sometimes observe mMAny SUrprising con-
nections between “quite different™ mathematical objects and new approaches
to objects which are quite well known. Lots of “old” structires (thearies) -
ceive quite new interpretations. Perhaps one of the revolutions has occurred
in algebra. For many years it has been seen as a kind of a "number taeory”,
and even Galois's work has not changed this lnage as strong as the last fifty
years of revolution in computer science. Algebra has become i language of
computer science, the methods of this discipline have been imported by ather
branches of science ¢.g. medicine or management Consequently algebra as
a language has started to be used in these areas, This leads Lo quite new
applications of many well-known algebraic notions. For apphcations of Gen-
etal Algebra in Computer Science the monoids of processes and /or words are
very useful tools. In the paper we want to focus on a connection between
two relatively well known objects: Petri nets and semirings. The first ones
have their roots in computer science, more precisely in problems connected
with some questions concerning concurrence {independence) in dynamic sys-
tems. The second ones originate from investigation on the border of algebra
and number theory (see R. Dedekind |39], [47), |38] and H.S. Vandiver |105],
[106]). The nution of semiring can be seen as a common generabization of the
notion of ring and distributive lattice. R. Bombeli in XV century wis prob-

*Thix paper hm\vbm:n suppum:l by Holy Cross Academy Grant No BS/ 116,/ 2000
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ubly the first person who shaped the arithinetics of positive rational nembers
s semiring (see Bochner [18})

The paper consists of two parts. In the first one we recall the notions
of Petri net and semiring. In the second one. some examples of connections
hetween bath notions are deseribed.

In the article the symbols N R, R denote the seis of natural, real, and
positive real pumber respectively, By a multiset of a set A we mean any
function M - 4 — N The class of all wmultisets defined on a set A will be
denoted by AM{A). By B we denote the two element. Boolean algebra.

2 Petri nets and semirings

2.1 Petri nets

Fhere exists a ol of presemtations of Petrr nets. Perhaps the most well
nown defines them as quadruples of the form

N = (P.T.p:80),

where 2,7 are sets and p, 0 C 7' % P are bimary refations. Traditionally the
vlements of the sets P and 71" are called places and fransttions, respectively,
the refations g and # are called pre- and posteondition relation and are de-
nuted by pre and past, respectively. By the tnarking of a net one understands
any function

e =3 A,

where A iy an algebraie system. I mi(p) — o then we also say that the place
s vecupted by the object a. A transition t ¢ T traasforms o marking m
wnte a markimg m', written m| t > ', iff

m' = m — pre(t) + post(t).

A marking ' is reackable from a marking m T there exists a sequence
ty b, oo by, of transitions such that

" !
by =yt s | G > om

fur some markings treg oy, oy,

The strtctures of algebraie systems mentioned above can be very differ-
cot I the simpliest case, A ds simply a 86t or it is the two-element, Boolean
algebirns Tn the last case such nets are called Condion-Ecent systems be-
canse the places can be seen as some conditions which sy e satisfied or



4 —_— _ Waldemar Korczyniski, Kazimierz Glazek

not, An event (i.e. an occurrence of a transition) can change the logical val-
ues of them. Somewhat more complicated are the so called Place- Transition
nets (PT-nets for short), which may be marked by sets of markers (e, indi-
visibie, indistinguishable tokens) Markings of such nets are functions of the
form

miF — N

More complicated nets have markings with the so-called “individual 1o
kens™. In this case, the place of a net may be oceuppicd by a mltiset of
distinguishable things called in this context tndundual tokens. S0, 8l every
“moment” tg in a place, say p, we have a function of the form

ma(p) - A — N,

A marking is in this case a function

m: P — M(A)

Le.m e (NY)P

The Petri net model of a process is a directed acyclic labeled graph. Its
vertices denote process-compouents ie, ocenrrences of places and transitions
of a net. Two such components are dependent if they belong to a common
chain; independent in other cases.

Perti nets have been described in many books and papers (see e [84),
[92], [97), [102)).

2.2 Semirings

The name “semiring” was firstly used by H.S. Vandiver in 1934 but, im-
phicitly semirings had appeared carlier in studies of the theory of ideals of
nngs (starting from R. Dedekind's work {37]) and in studies of axiomatization
of natural numbers and non-negative rational numbers (starting from works
by D. Hilbert |71] and E. V. Huntington |72]). By & seruring (S, +,-) we un-

derstand & general algebra with two binary associative operstions fullfiling
two following distributive laws

r-(yo:)-.r‘y+1~:mui(.r+y}-::r»:oy-:

forall z,y,z € 5.
Usually the term “semiring” is used in a narrow sense: when the wddition
is commutative (see the monographs by U. Hebisch and 11 ). Weinert (69]

and [70]). Moreover, the monographs by J. Berstel and Ch. Rewtenauer [15],
V. V. Chermnykh (23], S Filenberg |40], [41], 1. S. Golan [57]. [59]. [60],

ON SOME CONNECTIONS BEI'WEEN PETRI NEIS AND SEMIRINGS 35

and W Kweh and A, Salomaa [36] contain some additional a.-ssumpt'!mm
concerning semirings, o.g- the existence of neutral elements of the operations
*" andjor " - ) -

By n left wdeal of a semiring i we mean any subsemiring / € R with t ie
additional property that for any 7 € [ and y € R‘ uE < I. A ny'htA wdeal is
defined similarly If & subset J © R is a left and righ ideal then it is called
wdeal (sve |67] and [59], p. 65) o )

I the addition is commutative and has a neutral ¢lement 0 ({.u. if (S, +,0)
W commutative monoid), which is an annihilating (or absorbing) element,
that s 7

r+y-yt+z, r+40=x=0+2zx £+20=0+2=0

for arbitrary o,y € 5, then (5, +, -) 1s said to be hemfring (i£|_lho terminology
used by K. lizuka |73]; see the monographs by J, S. Golan |.'u.| fmd |59]). The
above conditions are incorporated into the definition of semiring by govcl:al
anthors (e P.J, Allen |1)). J.S. Golan [57] and [59] reserves the term “semir-
wigs” for hemirings with unity (ie, with the identity element 1 # 0 SI.lCh that
r-1=x=1-x) I forsome a it holdsa +a=a (a-a=na) lhen‘uvm called
i —idempotent {--ulempotent respectively). A semirmg_ is called 4 -xdemp_o_tenl
(- wdempotent) if all its elements are —-idempotent (-idempotent), _Sem,rmgr;
with wdempotent commutative addition can be treated a5 rrln-smudutt.me' or
yerbier in other terminology (i.e. semilattice with (uss«x'ml!vo) multnph@-
tion; see eg. [17]). Therefore such semirings possess a partial order wl'n('.'h
is, of course, a semilattice order. By an ideal of a partial order (X, <) it is
meant any set / € X satisfving the condition

1Sy&y|71-$f€,

forall z,y€ X . )

Moreover, the well known number semirings with usual opemuf)ns POSSESS
4 naturally defined (linear) order. Similarly one can define a partial order in
any hemring satisfying the condition

14y=0=r=y=10

for all 1,y € 5. All semirings appearing in what follows cati l.:e t‘reatcfvl as
serpirings with a kind of partial order compatible with muluyhgauun. Very
often &+ - idempotent semiring s called 1derpotent or dxmff {in the sense
of 3 Kuntzmann |87); see also M. Gondran and R Minoux |67], ‘B.A. Carré
[23]). Semirings of this kind are very uscfull for the so called idempotent
nnalysis (see VN, Kolokoltsov and V.I*. Maslov |77], J. Cuuanu}lcna (ed.)
[68]) Tmportant examples ol additive ilempotent seminngs or diows are the
following umnber semirnngs:



Wi

0 S
7‘\’ = (lR Ay rx;},:!:uf ) (sometimes called sehedude alyebra)
Mascle semiring (N o) 0 {pocd; max, +), w it

. H{boc ) max, +), with the conye
S } ). with the convention
Tropical sermiving (NU {400} min, +).
Polar semiring (NU { a0} max, 1),
:"uzzy s;-mxnny (N U {+oc}, min, max)
dencral fuzzy senmrng {or K- fuzzy semar 3 i

where k denotes somne subset of R R T,

In all above semirings the addition has the property

u+be{a b}

fO a € 3 " i
] . hl enera 'U(_‘h SR (L > 4 J
)‘ “ o0 ‘) L) | gener s Trn L“‘ e l.a“('(i extr t.l“ul sern 1“93 Jt.' £

For referrences and further ox
__For nees ‘ xamples see, eog (10, [33], [35] ah) -
(57}, 156]. {62}, {94]. (95], [115] - [113] S hs

3 Applications of semirings in the theory of
Petri nets .

'n N S0 1 LAl 4 OOV o some interes 124 'Phl ations
'l"q 5"0[' SUTVEY Wi O mcentrate l] S0O111 1 estil 2 ‘
j! semir ‘ng‘; 1o "he 6. ”"(d hll\h ]('\l-l ' etn nets' . ~M|Uub structures |‘“ ‘h'
Set ‘)l lll&lkl!)gs “’ anet hd‘? h‘"’" d ! - - B B
(i 14 f)‘N‘I e | :b Gl 19 85 )
l! 5 » 1 ‘ l l " [ ll l I I l'
l. l" Many cases ” ere 1S A spe ﬂl d Cslructure o l.ll set (’I tUkl(l.\
er spech Al brm shrue " 11 v i M
[Ol lllhl&n(.('. !h(.‘bl‘ t(’k( By nlay l)" ll!l("'(l N . I ll )'" d lh‘
y ubllﬂ( ‘l'd 11 nu
. ~ ll ! |l
Sl l"C’u‘(H ”hta“h"l mn lhls way ary "b"llll} M-""“ng Structures, lll‘wnlh s h

A strpet i cens 1
& ‘.: ure in t.!n- sot: of tokens one can define in the set of markings the
Lructure of seminng inan obvious way

([ +a)x) = fx) 4 glr) and (f-g)(x) = flz) glz).

In the re e
P fcor val w'urld we alwiys meel many various constraints concerning
“"U pacity or threshold of many “stores" seen as places of Petri nets. These
onst S N i i . 7 o )
s ‘r;ux;:'s R:ﬂ m(;fdv led by same special markings. Let us chose & fixed mark-
= ' 8 = i
Tt ,,m(,kf; b B,,' N or ;:A(A). depending on the concrete situation)
! W om =+ N 1o be admissible iff m < k

i n < koan the sense of
! , be < SCTSEe 0
':“M-,:;‘ order in the considered somiring, The set of all admissible
s an i eal ge.nt‘rnml by ko the partial order (R”, <) The
sidered questions concerning the set 1 are questions
reackabibty. (see, eg., |102), 197]) ‘

markings
most often con
about varions kinds of
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2 The above considerations regard the set of matkings, as & dynamical
part of a net. Seminongs are also used as a part of the stufie structure of a
net

11 wsany types of nets one uses some annotalions of arrows, L. clements
of the relations pre and post. Such an annotation is a function with values
4 -sel. The nature of 1ts elements may be various, e.g., natural numbers
or mltisets (of terms). The interpretations of these elements give names of
sonne types of nets, g “timing, nets”, “stechastic nets”, “datalog nets”, ete.,
[y almost all interesting cases these sets are endowned with seme semiring
stretures.

Let us consider the so called timing nets, Le. nets with anunotation nter-
peeted as a kind of “time”. A typical problem when considering this type of
Aets is the caleulation of the shortest possible time of the realization of a pro-
coss. The problem can by seen as a gencralization of the well know “eritical
path™ problem in PERT'-like nets. One of the most rommon presentations
of projects are the so called “Gantt charts?". Such a chart can be seen, e.g.,

a5 funcetion of the form
yiAxB—C€

or, perhaps better, of the form

y:Ax B -—D

where A, B, and D denote a set of tasks, a time and sets of performers or
resonrces, respectively. The fundamental assnmption of this model is that ev-
iy task at any moment uses only one resource. Consequently Gantt charts
can be pictured by figures like that from Figure 1 {see explanations below).

IPERT is an abreviation for Program Evalustion and Retrieval Techuiques a method
of finding the ghortest possible tme of the realizations of & project. By 8 PERT-project
ane understands a direct acyelic Berge graph with anows labeled by nonnegative numbers
interproted ax a time of realization of activities denoted by these arrows.

*Henry Lawrence Gantt (1861-1918) - american manager, one of pioneers of scientific
methods of production orgamzation
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s
[ Tasks | [ raska ]
| ask2 |
TASK ] _[‘6_3"4 -
Time

Pue. - The typical faem of 4 Gantt chat

Such a chart consists of some rectangles corresponding to tasks, The projec
tion of such a task, say r, on the Time-axis (it is always a closed interval]
represents the time in which this task is performed and uses the resouree
visualized by the projeciion of it on the Resanrce-axis {see Figure 2).

ey () L " ]

| Itgle)  mAupfrgfnhs (] 4 (%)
Pre. 2: A task and it resource and a realisation time
In the above Figure 2 the time when the task is performed is the interval
w7} = [ talr) ti(v))
and the only used resource is
p = talr)

Unfortunately, it is very seldom satisfied in the practice of planning as every
l.lls‘! uses only one resonree, Usually tasks use many different resources. ( oi-
srf'lcmlion of real processes on such a high description level causes the loss
of the possibility of making the whole realization time of a project shorter

Am?mc' that tasks v and 7, use resources gy, gy and gy in the way preturad
i Figure 3 below, '
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w |
o
)

Pue. 3 'Tasks consuming more then one resource

These tasks can be scheduled as follows
.
r

et ) -

Pune. 4: A scheduling of tasks

and realized in the time
'T| ¢ Tg

where Yy 18 the ume in which 7, oceupies the resource py and T, the time in
whicl 73 occupies pz. It is less then the time of totall sequential realization
of both tasks seen as using single resources g = {py. pa} and gy = {p2. i}
See Figure 5 below

=

P 5 Sequential realization of tasks

In the above picture T{ denotes the time in which r ocenpies the resoutee gy
So, the lower the description level, the better the precision of estimating the
shortest possible time of the realization of a project. Generalizations of Gantt
charts by means of the above “refincment” of resources are called “heaps of
picces” (sce |46], [48], [52], |53]). They are used as a kind of semantics for
some special Lype of timed Petri nets. The most important property of snch
a heap of pieces is the fact that ane can compute the shortest possible time
of s realization,

The calrulation exploits the so called R g0z, ) Automata, structires based
an the semining Ripaz oy = (R U {0}, mai, +). Heaps of pieces, although
new, have a relatively well developed theory and seems to be a very effective
wodeling taol for management
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3. Heaps of pieces describe the (shortest possible) realization-time of a
project, In some situations, we are interested not only in the realization time
but also in the maximal encumbrance of the svstem by concrete real-
ization of a project. Such a concrete realization can be Seen s a restriction
of the (maximal} independence of project-components (e its actions and
events). This realization can be written in the form of a palvnomial

= ]I: |>:;':|ﬂ1! = ("II +... 4 alv.)(“il bt a'h,)w-‘.ﬂkl T "lr,}x
were a,, are actions (actinhies) of the project, Note that the algebra

(A4,

where A is the set of activities of the project, is usunlly not a semiring,
because the multiplication is not disteibutiv with respect to addition. The
“surmns”

Bfi=en+... +ay,, =0 ) ...+ Mrpy voon S = Qp1 = o+ By,

correspond o the so called “maximal fronts of activities” Now having a4 gyiven
function (of weight)

w:A— R

one ¢an firstly compute “sums”

wis,) = .‘::', 1"”(00)

and next the maximum
Maz(M) - ':,gatx w(s).

The operations max and | can be treated as the semiring operations
{(in Rimax,¢)): The number Max(M) describes the maximal encumbrance of
the system by the appropriate realization of a project. It can be scen as the
minimal “power” (e.g. electrical power) needed for its realization, minimal fi-
nancing or minimal possibility to utilize the garbage produced by the project.
This aspect of projects has been considered e in |82, [83].

Semirings as the codomain of annotation of nets, usually not explici Ay, are
used in almost all papers devoted to high level Petri nets: One can mention
here, for example, the books: [74], [75], [85), [92], [97), and the papers 1],
[21], [30], [32], [49), [50), [53], (58], [61], [64] - (82}, [110]
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1 Some open problems

Looking at Peter nets from the "semirings point of view™ lends to several
(i onr apimon) interesting guestions. Let us list some of then.

I, A< we have said in Point 1. of Section 3 the admissible markings
ol wsafe net N = (P T, p,0) determine an adeal My in the set of all
markimgs of this net partially ordered hy the natural order in the semir-
iy (AP). max, +). This ideal describes the bohnvior of the net. Now one
can by to charactenze this behavior by means of the properties of this ideal,

2 Analogeusly the lower limitation of the class of admissible niarkings
(e the minimal admissible allocation of tokens at the places) determines a
filter of My So, the second question is now ta characterize this behaviors
by means of ths filter,

4. Possible markings of a net constitute an equivalence cluss of the “for-
nid-backwards” reachability m the net. Markings m.m’ ¢ My are o this
relntiom ff o is reachable from m’ or conversely. I'his relations induces an
vepatvadence on the set My of all warkings of V. Now we have s number of
nuestions connected with the congruences of My, for instance which con-
prnences of My can be characterized by the reachability relation of NV, that
meuns, how to find & Petri net having a given structure of its behaviors
o e more precise here, we ask about nets with a given set of adunssible
markings being of the form

.1[}\' “ Itltul LS JM\ / -

with < My heing a given congruence of My

5 Concluding remarks

In this article we only want to signal that seminings ure a good tool for
deseribing many typical properties and applications of Petri nets, “Semirong
poiut of view" of Petri nets enables as (0 see some new propertics or make
some considerations simpler.
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| Introduction.

1. Presentations of graphs There exist a lot of presentations (theories)
of (hyper)graphs. In this paper only two of them will be considered. The first
one is well known, the second one is the definition of graphs as one-sorted
algebras.

Definition 1.1 By a graph we mean any guadruple § = (V_".F:,‘“,dg,a‘f)
where V9 and ES are sets (of vertices and arrows resp.) and df, df - EY —
VY are functions, called the incidence functions of G. (]

We write simply V' and E instead of V€ and E¥, and dy, d; for ds, d? if
there is no risk of confuston. Graphs in the sense of definition 1.1 are often
called directed multigraphs. Homomorphisms of such graphs are defined in
the standard way. By a homomorphism from a graph G = (V, E, dy, d,) into
a graph G' = (V' E', dy, d}) we mean any pair [ = (fy, fg) of functions fy:
Voo Voand fi o E — B satisfying the conditions di{ fe{e)) — fv{di(e))

Jor 1 — 0, 1) fur each arrow e of the graph G. Another presentation of graphs
defines them as algebras with one carrier set and a finite set of defining
AXINImS

Definition 1.2 By a graph algebra is meant any triple A = (XA, 4, t4) unth
X4 being a set called the underlying set of A and s4,t* : X4 <3 X4 being
unary operations in X4 satisfiing the conditions

s (8 (2)) = A {eM(x)) = s"(z)&s"(!"(}z)b = f."(!"(r)) = t4(x)

Jor eoch 2 € XA ]
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We will write simply X or [A| instead of XA, and s and t for s4, ¢ if
there is no risk of confusion. Homomorphisms of graph alpebras are defined
as homomorphisms of algebras with unary operations.

Phie passage fron this definition to the twao-sorted presentation mentioned
above and i the opposite direction is via the uations

| P {2 € X 5(z) = 2} = fuzponts{s) = furpontsit) - siX) = t{X)
I"": - \'\‘.G, l!ﬁ - 5“.;6,({.; - L[.;C

(from triples A = (X8, t) to quadruples G = (V¥ ES d% . d7)) and
X(G)=VoUL’ s rl,‘f Uadys, t = fi‘{ U aedyg

[backwards)

The elass of homomorphusms of such graphs is richer than the elass of
“classical” howamorphisms of graphs. f one wants to use graph homaomor-
phisms as a model of “aggregation of arrows into vertices” then one has to
choose between the simple two-sorted definition of graphs and complicated
definition of their homomorphisins, or a “non- typical” defimtion of graphs
(i {his case of the above one-sorted presentation) and typieal algebraic defi-
mition of their homomorphisms. In this paper the second passibility has been
chosen. Tt secms that in this case, in contrast o.g. to prograjnming, it is easier
tor work with one-sorted than with two-sorted algebras

The onigius of 1the one-sorted definition of graphs come probably from the
“French school of vategory theory” (cf [6] or [7] where some references can
he found).

3. Hypergraphs Artows in a geaph have s well defined “direction” de-
termined by their unique beginning and end points. However in some cases
one considers systems with clements having not necessarily two “links” to its
environment only, Mathematical models of such systems are called hyper-
graphs. Let us define them formally

Definition 1.3 For any set 1 by a hyperqraph of the type | we mean any
par

HG - (V.A, ()

such that A, V are sets and for ang 1 & £,dy - A = V wa Sunction. The
clonents of the set A are called hyperarvouws and those of V' nodey of HG L]

In other words a hypergraph is anv two sorted nnary algebrn witly
carrier sers A and V' oand operations of the form A > V. If
11,20 0} then we write the rorresponding hypergraph as the sequence

UG — (V. A, do, d,....d,)
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Remark 1.4 I what follows the set T unll be Jized Saypng hypergraph 1
always have o mand hypergraph of the type |

Romark 1.5 Hypergraphs are usually defined s another ways. By a hyper-
graph it 15 meant

a) any par HG = (V, A} wath A C pow(V) (see for erample [1])
b a sequence HG = (V A, s) with A and V as above! and s: A -» V*

It 15 evident that the second point can W seen as a generalization of the
first one. Let us note that the definition 1.3 above is equivalent to the notion
mentioned in the point b) above. In fact it is sufficient to define for any
ne A d¥ = s(a) for a suitable word w € 1* and d — (di)ics?. Conversely
having a triple (V. A, 5) one can define the family (d,) putting for o € A
ank 1 € 1, defa) = oy, providing s(a) = 4y, @4y, ..., &y, . Homomorphisms of
hyperpraphs ave, similar to homomorphisms of graphs, pairs of functions.
Mare precisely by a homomorphism from a hypergraph HG = (V| A, (d,),c;)
it i bypergraph HG' = (V', A" (d])c/) it is meant any pair (fa, fvr) such
that for any £ € / and 0 € A it holds fi (d{a)) = di{ fa(ar)). Analogously as
for gruphs the above definition can be easily transformed into a one sorted
o

Definition 1.6 For any set | by a hypergraph of the type | we mean any

friey

H = (X.(d)ic1)

such that X as a set, for angi€ I §,: X + X is a function and the Samidy
(01, ¢ of functions salisfies the condition

8,04, =4,
Jor anya, 3¢ | H

Pl presentation of hypergraphs will be called X-hypergraphs. Homo-
morpihisms of X-hypergraphs are defined as homomorphisms of algebras with
wnney operutions, The passage from two into one sorted presentation of hy-
porpraphs and back is completely analogons to the correspondding passage
lor yraphs. All constructions on graphs can be applied to hypergraphs. The
detnded deseription of them will be omitted.

"nidly one assurries here that these sots ae disjoint
Lot e pecall, for any sequence a = (@), (that means any function of the form
wo v A and any word w € I° wro1gag, .,y by 0™ wedenote the SOQUENCE @, 4y, -, 0y,
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2 Topologies induced by relations

Let X be aset and H X 5 X be a relation in X satisfymg the
condition R? = Ro R = R ie I is transitive and dense. For any A C X we
define €C(4) = AU f(A)

Fact 2.1 The operation C ! Pou{ X ) — Pow(X) 15 a topelogical closure
operation m the set X

The topology, elosure and interior operations determined in i set X by a
transitive and dense relation /- N~ X will be called induced by £ and
denuted by 75, Cx and g respectively. We will drop the index 72 if it does
not canse any confusion. Let X be aset, 1 - X —+ X be a transitive and
dense relation in X, € be the elosire operation wduced by the relation R,

and Ry, be the set of all fix points of /. Proofs of the following fact consists
of simply calcalation,

Fact 2.2 Forz ¢ X the set (z) is closed iff € Ry
Corollary 2.1 For x ¢ X the sel {x} i3 open iff 7 ¢ R(X\{x})

Proof. Let us consider the set X\{z} We have C{X\{z}} = (X\{z})
RIXNxh) = Y\{z}, ie. X\ {2} is a closed set. So, {z} as the complement
of a closed set is open. w

Fact 2.3 For AC X andz € A if Cl{z}) = {1} # A then C{A\[z}) =
C(A).

The topological space (X, rp) determined hy relations seltom satisfy typ-
ical separation conditions. In the paper we consider spaces located in a sense
"between” spaces being of the types Ty and T,

Definition 2.2 A topological space (X, 1) will be called 112 space ff any
une element set 1s either open or closed [

Topological spaces of the type Ty represent” hypergraphs. To be
more precise hypergraphs are represented by the so called “hypertopologi-
cul spaces” heing pairs of the form (X, 75 ). consisting of a set X and
family (rg, )ics, 1 € 1 of topologies in X. Such a hypertopologieal space is
of the type Ty if any element of the family {(7r,Jicr 18 8 Ty space. One
clement subsets of X are elements of the corresponding hypergraphs. If such
aser, say {r}, is open then it represents an (hyperlarrow, if it is elosed, 4
vertex of the hypergeaph The closure operations determine the Assignments
Qi X X teforanyte fand 7€ X we have d:(z) = Rz} In ceder to
iustrate a problem arising in this cansteuction let 1y consider an example
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Example 2.3 Let us consider a set X - {z.y.2) and relatwns en, cr © X x}
given by equalities

onfr) —vex{z)—{y.2}, enfy)-ex(y) - (w2}, enfz) cxfz) (.2},

Now we have

enfenf(r)) - exfen(T))-en(z)—{u.z}, exfenfy)) _enfen(z)) enfy)—{w.z},
wnfen(z))—exfen(z))—enf) - (), ex(en(z)) -ex(enfz))=ex(z)=1,3),
enfesiy))—exfex(z)) cxiv)- {42}, cafenfz))- cz(cx(.")) ex{zy) {y,,/}

Lo the (rple (X en,ex) 15 a relational generalization of n graph .‘(:‘ftﬂ ad
o ome sorted ulgebra, But tas graph has a very special property. It fies no
vertives. In fuct there erists no element z € X with s(x) = =z, 1.¢. such that

enfr) = (r}

W liave obtained this problem becauss we have dropped in the definition
l graph the assumption that the relations en and ex are functions. However
<iich an assumption is in general too strong limitation

Definition 2.4 A relation R - X —+ X is colled nonextendable wm a .!:xltset
Vo © X iff Ro(R\edy,) = 0. A fanuly (R)r of relations R X=X 18
nonertendable wn Xg iff for any 1,5 € T it holds I, o (Ry\udy,) = 8. 8

Lot us characterize the nonextendability of a relation in terms of its fix-
|l||lll'.SA

Fact 2.4 A relaton R : X — X s nonextendable in the set R(X) iff R{X)
w the sct of all fix pomnts of R.

Proof. =3) Let us assume 18 nonextendable in R{X) and ll'l'I e R(X).
I it was R({z}) # {z), then therc would exist an element y € X, such |.ha1:
u ¢ R({z}) & y# 2 (because DomB = X). On the ot her hand there exists
1y € X such that zoRz (because T € R(X)) Now we would have Tq Rz &
iRy & x# yie za(Re (R\idy))y which contradicts the assumption that

(o wdy) = 0 N

2’: )ult.}ztd;li X) be the set of all fix poins of # So for every r € RIX we
hinve

sy iftr =y
foruny g € X, ie Ro(R\idy) =0 m
Corollary 2.5 Any transitive and dense function i nonertendahle

Proof. Let [ : X X be i transitive and dense function and € Iy .
Sih fly) for an element y € X Immediately from the cl:-f.imuurr of
transitivity and density we obtan f(z) = f(f(y)) = fly) = r de risa
fixpoint of f The converse implication is evident =
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Corollary 2.6 Any hypergraph determes a multttopoloqeal space of the
IWC T| /2

We have shown o passage from hypergraphs 1 topological spaces. Now
let's go back. Similarly to the above considerations we start with "standard”
wpological spaces, .. sets with one topology only.

Definition 2.7 fur any Tyy-space (X, 7) and any pmutsr,y € X we define
hyeyeCiz)) & Cy}) = {y}
(0
Fact 2.5 The relation R, 1s transitrve, dense and nonertendable,

Proof. Let z,y € X. We have
TRy <> xR,z & 2H,y for some z € X [by the def of superposition |
©zeC({z}) & C({z)) = (2} & yec(ls)) & Clu}) ={y) [def. of
R

22€C({z)) & y=2 & C({(z)) = {2} lv e C({z}) &
Cl{zh) ={z} 2y =2

=Y EC({z}) & C({u}) = {y} (v = =]
= 1Ry

S0 we have shown that 4? © R, Now

Ry ey € Clfz}) & Cliy)) = {4} fdef. of K|

2VEC(Hzh & C{y)) = {u} & ye Clvh & CHuh) =} IpAg =
PAGAq]
IRy & yR.y [def of /]
= 4R,z & 2Ry [P(xq) = 1, Piz)]
S I(R, 0 R, )y,
which completes the proof of the first part of proposition.
b) If it was =R, o {R.\id, )y for some T,y € X than
TR, o (R, \id,)y ¢ A, th: & (K \ud,)y
relations]
Let R,z & 24(R, \ed,)y. Now we have
w€C(Hr}) & C({z)) = {za) & pe Cliz)) & y+# 2, [def of R, |
==y & Hnty [Ca}) = {z0) & ye C({za))).
Thus it must be R, o (Re\td;) =) m

Let 1t and ®' be transitive and dense relations in the sets X and X'
respectively and f: X - X' ho g funection transforming R in 'y iy

[def. of superposition of

Fact 2.6 The traple [ (X, 715) = (X', 7 ) 18 4 continuous mapping from
the topological spuce (Ximp) o (X', 1)
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Proof. If (f x [)(R)C K, ie if Ro [C fa{R Uuly.) thay we have
J(C(AY = flAURA) [by del of the closure up. |
f(A) L f(R(A)) [f(AUB) = f(A)u f(B)]
[AYU (R f)(A) [F{R(A)) = (Ko f)(A)]
AU o (R Undx ) A) [Re fC fo(R iy )}
HAYU (S o RYA)U(f oady)(A)=F(A4)u R(f(A)u f(A)
f{A)UR(f(A))
- f(A) [by def. of the closure opecation |
]

Lemma 2.8 For any T, iz space (X, 1) and any points z,y € X 1i holds

() rifyk {rler knve C({J'” = C{{y}) = (v}
hjx#y & yeC(r) = {r}er
felx#y & yeC{r}) = C{y}) = {»)

Proof. (a) Let us assume r # y& {rjer & ye C({z}). >From the
property C({z}) = {x} U Fr{{r}) we infe that ¢ Fr{{z}) that meuns for
any A& 7 owith y € 4 we have A {2} £ @ I the set {¥} would not be
losed then it had (o be openand from the fart that (Y, 1) s of the type
I and 2 £y we obtain g « {y} & v & {u) 1 {s} — O which contradicts
the property y € Fr({r}))

(b Witwasz £y & ye Clr) & {r} & 7 then it would be
Ci{e}) = {x} because T is Ty 4 space. Now it would e ¥ € {z} = C({z}))
&y # r which 1s impossible

(¢) Strasghtforward, m

Fact 2.7 For any Ly spaces T = (X, 7) and T' - (X ') and any contin-
uons mapping f - U =T we have

R,y = JUn)R [l or flr) )
for all 1,y € X.

Proof, Let x,y ¢ X aud ot 28y So we have y © C{{r)) & « ({u}) =
(4t From the continuity of £ we obitain

flwi e SICU) € S & fetiuh) 1}

et s vonsider the set { f{g)). 10 it s closed then ¢ (S} = {f(y)} and
P f () I i open then flx) = fly) by corollary 2.0 sbove. =
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For any Ty, space ¥ = (X, 1) let I(T) = (X, R,) and for any continnous
mapping f: T - Y let I(f) : I'(T) — I'(T') be given by the assignment
I{f{z) = [{z) for any r € X. Then I' "Top,;z +TDNRel is a functor from
the category Top, sy of Ty, spaces into the category TDNRel of. transitive,
dense and nonextendable relations Analogously assigning to any pair R =
(X, R) with X being a set and R a transitive, dense and nonextendable
relation in X' the topological space (X, 7x) and to any triple [ (X, R) —
(X'R') with (X, R) and (X'R') being transitive, dense and nonextendable
relations 1in X and X'and f: X — X' being a function transforming K into
R the trple [ : (X, rg) = (X', 7} one obtains a functor A - TDNRel +
Top, ;, from the category TDNRel into the category Top, .

Corollary 2.9 Categoriecs TDNRel and Top,;; are cquivalent

Proof. It is an immediate consequence of the fact 2.6 and 2.7 above.
In order to formulate the proposition on topological presentation of hy-
pergraphs we need two new notion. m

Definition 2.10 By an hypertopological space of the type | we mean any
pair
T = (X, (7i)ict)-

such that:

1 for anyr € 1,7, C Pow(X) is a topology in the set X,

2. a one element set {z} 15 closed (open) wn the topology 7 off it s closed
{open) i the topology 7, for any 1,5 € 1. n

Definition 2.11 A triple f - Ty + T3 wnth Ty, Ty bewng hypertopological
spaces Ty = (X1, 7} ... 7p), Ta = (Xo, 1{, 7§, 0, 72) and f - Xy - X, being
a function wnll be called an hypercontinuous of type I mapping from 1, into
T off f: Xy - Xy 1a a continuous mapping from (X1, 7)) imto (Xq, 77} for
any 1t € 1. 0

Proposition 2.12 The category of hypergraphs with finite sets of oprrations
15 equwalent to the cateqory of n-topological spaces.

Proof. It is an immediate consequence of the corollary 312 and facts
3.16 and 3.17 above =
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3 Concluding remarks

Ihiere exists s lot of various "transiations” of the language of relations
(functions) into that of (families of) sets. Perhaps the most well known ex-
amples are the principle of abstraction or the relationships between toler-
aner relations and covering families of a set®. There are also known some
connections between relational systems and topology, e.g. topological spaces
penerated by semi- or partial orders. The result presented in the paper is
of the same kind. The only essential difference here is the type of consid-
cred spaces; they are not “similar” to the "classical” topological spaces with
a very "geometrical” origin. On the another side the origin of graphs is of a
geometric character. In this sense the result of the paper can be seen as an
illustration of the fact that various generalization of some geometrical ideas
may leads 10 "non-geometric” notions. It may also be interesting how the
properties of hyperpologies are related to the properties of hypergraphs and
vien versa, e.g. how one can characterize the convergence in the language of
gruphs. The results of this paper can be, of course, applied to the "standard”
graphs with two operations (source and target) as well.

"1 relationship play an important role in vanous theories of concurrency, e.g. in the
thieory of Petri nets. The sets of concurrent (independent) actions are exactly classes of i
el tolerancy relation (the relation of mutunl independenee)
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| Bsepenne

C'o nestkne annefino ynopsaouesssis siuoxectsom (X, < ) GeTeCTBERHO
CHRIHBE IHE TPV 1peofpasoBaEri ITOr0 MAOGKECTBA

o ['pyvina Aut(X) seex arromopdiaMos X, 10 CTh MHOKECTBO BeexX
RIANMHOOAHOSHAMHBIX OToOpakenndt g muoxkectra X wa ceba, coxpa-
PRI oTTometne mopaakae na X My cosamn, Kokl sne-

sert g 1w Aut{X ) obianaer csolcTBoM:
nepasencrso £ < s X saeser §g < 1y

o I'pynna Mon{X) seex monoronnnx orobpaxennfi X, 10 €016 MHO-
JKECTEG BCEX BIANMHOOZNOIHATHEX oTODpakeHnll ¢ MroXKecTsa X Ha
colN, KaARI0E 111 KOTOPIX ODAGART OHHM H3 (NCYIIINX CBORCTS:

— a neex £, w3 X nepasencrso £ < 7 on X uaever £g < g,

s scex €, 1 us X wepasencreo £ < 7 e X wever £g = ng.

Ipyums Aut{r) 8 ee harebpaitieckne CROACTEA B TESCHRE NOCIETHUX CTd
N CIYHANACT AOCTATOTHO INFTCHCHAHO CHAYANA € CHASH ¢ HIVHeHHeM Jin-
NEN I VITOPSAIOMEREEEX TONCR ) IFPY I SATEM TCOPHS Ipynn anroMopdu3IMon
PO VITOPAIOMOIIX MITOZKECTR BRUICIRAACH B OTACILNYIO TEOPHIO, TeC-
WO CEIEUITHY 0 € PeOpHeRt PeITETOMHO VIOPSIOMCHABX (PpYu.

“bea pabore manainens nps guiaicosof nogepae o POOW, rpast 99-01-00-
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Xoes wecnoaosamte rpynn Mon( X ) useer takme 10B0IbIO AARBIIO
HETOPHIO, OIHAKO €C PAIBHTHE W (vOHIR SHATHTEALHO YCTYIIAeT Teopun
rpyintd Aut(z), HeoanokpaTno Acsuines PAsTHIHES HONWTKS HOCTPONTS
ANCKHATHY IO L C6PANIecky i) XAPAKTePIIAIHIG TRENX rpyin. B uacinocts,
AEHOCPCACTREHHO CHRAARN ( TPVIIAMIE MOHOTORNMX  ppeolpatonasai no-
AYLIHOPOANO yROpsAOuenspe rpynnu spciaenssie Jlopenuesom w |1, 2] o
nayvmmnacen Kandopros [3], Konroposuuen u Kokopuawa [4], Bayao-
BeM i Koropususm [5], apyrasne astopavn. Oauako PRVHHIA Iy HCHNSA T
RIS PV AHAUHTEALIG YOIV T PUARITLIM TeOPHAM JAHHEHK0 VIOPSUIHen-
Ui, PEAIETOTHO VNOPANONCHHBIX W DABDY DOPAJOMEHHLIX TPYON B TPV
ABTOMOPDWIMOB JIMBEARO YIOPHAOMCHINX MUOKECTE. 3HAYNTCALHBI CIRHI
1 MIYUICHRE UPYUI MOHOTOMBLIX npeobpasonanuit apowomen (ocie pabors
Aupone 1 Jhoka [6], 8 koTopoRt G0 2am0 HECKOTLKO OTIHYAOMCECH 110
hOPME, HO RO CYIH TO JKe CAMOE, OHPCACIEREE DOAYYIOPAACEHHON TPy s,
YCTAROBRACHA CHAIL TAKHX PPVIIN C TPYHUAMK MOBOTORNLIN 0PeoDpaionatish
AHUCRBO. VOOPAAOYERINX MEOKCCTB, W JAOCTATONHO NOAPODIO HCCICAOBA-
HEL CHATIANHLE © HWME PREICTOUHO Yopsitodenune cpynned. [peasoxennan
RORUEITIHA 0KATAIACH OCOBPHEO HPOAYKTHBION 3a CHOT PACHIMPEHRS CHI'NA-
YD PEMRTONRO YIOPATOYCHHOMN TPYTIT i BBEICHES HOBOR YHHBEPCAIBHON
AATEHPLL — M-TpY K.

Kaacew pesevomo nosyynopagosennnx rpynn u M-rPYNn B TOMHOCTH
GHHCHBA0T B &t eOPARICCKIX TePMUHAX FPY TN MOHOTONKLX [Peodpuso-
BARRR KN YIOPRIOUEHILIX MIOAPCTR # NAXOJATES B TAKOH Ko CHABH,
Kak PEHICTOYHO Viopdaoienane ypynus o -rpyis. Ouenw ya06u0 okasa-
JANCH HCERGUOUATE TAKKE IDYUNBE B TEPMUIAX TEOPHIE Muoroopaini. (enos-
UEE CHOTICTHA MIOLOODPRIHG 7701 PYII ) MX CBIb © TeopHe MHOroolpasui
Erpyan Guum uecneaosann Kupote v Paxynekom s [7]. Boasmoe sueao
BOLPOCOR BOIHRKJIO O CIPOEHMK M CBORCTRAX TaKuX rpynm. Muorse i umx
OnuTi pelienn, HO SHANHTEABHOE AMEAG HOIPOCOR 3TOR TCOPHE, TAARIIM O0-
PAIOM COTIBUME ¢ CCOBEHIOCTIMI IONGAHITETEHON ONepARUN m-rpyni,
OCTANRCL OTKPLTHIMK. QM B KAOMCBLIX HEPOIEIILX BOIPOCOR THOpIiY
MHOTOCOPXIE 11-IPYIUT Dl ROLPOC O CYPECTBOBANIL | MHOUOODPAIHE BeeX
M-CPY I HAMOOILIETO COCTIENHON TOAMHOTrOOGPaIns. COOTIeTCTEY 1ML
PEOPEMA JLI PEIICTOSID YIOPAJONEHHEX TPYIN GLUIA JOKA3ANA B HaMeii-
roft pabore Xoamanaa [8] o 1976 roay. B npeanaraesof Palore BAnoMIILG -
CILDCHOBHLI ONPEACICHIN  PEIY LR O DEIETOIG HGAY Y HOPH AN BIX
PPEAIX 0 0 PYIIAX B NDHBOAHTCH HOBLE PESyIRTLIn O MUOroabpasunx
THCPYHIL H SACTROCTIC TCOPEMIL, AHILIOLHSHAN YUOMSHYTON HIIIE TeOpese
Xn.uuuum O HOPMANEHOAHA X {1 Pyinnax

Bee menoanayemuie saeen nonsina reopag Lrpynn wotepsiodons o
weHOBIOM conTsrrersyior kumray [9) w [10] B pagess 2 un nagommines
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OUHOBHBC PEAYIBTRTH NO TEOPHI [-UPYIIL 3 TCOPUM -1 PYIN, MCOILIVOM LIS
n ot paliore.

2 Tonyynopsilo9eHHbIe TPY L # 1m-TPY b

Mul IpHBEACM 3AeCh OTPeAETeRRe SACTHINO ANV YIOPSAOUennol rpy -
1 cusseTpietioe onpegeaesno Auponc-Jhokun. Pasvaeeres, see peayinbra-
TN (B APY IR ARTOPOR 110 TOTYYNOPAAGICHEREM TPVITAM % M-rpynnas
OCTENORCE ClIPpABeLIMBIAMH 0L Ilpl‘.}'(,'lﬂ)l{(?““ﬂl‘o Ollpl“,'[(‘Jl!‘.llHﬂ. pﬁHHO KK N
M PEAVABTHTRL O rp_vmmx C HanrmuM [)ll[)(‘,'l".a'l"ll"? OCTANTCH Bl’.[‘llHMll [LERE A B
Ganee pawnero onpenenenns. Ham xamercs Dovee yaobunM renonnionat b
naay mepeno onpegetenns AKupone-oka Tonkko w1 Tex coohipameuni,
W10 [0 BATeMY MR yA06Hee ncaTy Wax onepatopa, ACCIBYIOMerT Ha
MIOASCTHE, CHPaBa,

Iyers G HacTnyHO ACBOYNOPHAOHCHIAR TPVIIIY € HOPHAKOM < W HyI0-
wwreanins kouycom P C arun sactuanny nopsakom na G crssano na
noamnokecrea v G

Gt=[reGNa,be G (a<b) = ar<br)

Gl={reGNMa.be G (a<b)=>axr> bx)

I'pynna G RASKBAETCA %acmuvHo noayynapadonexnot zpynnod, e ua
nell tasan wacTHMEEA Jerufl nopsigok < takoft, nto G = G T JG L e
ONACAACH HEAOPay Mend, GVICM HASNRATD TACTH THO TOXY Y HOPH AL 1M
FPYHIAME TOALKO T8 03 BBeACHHNX rpyi, Ass koropux (G L#£ @ Acko, vt
1oveom cayuae muoskectso G apnsercs noarpynnol mogerca 2 a G, G 1
HIIACTCR HBCTHYHO yropsaodernofl rpynmoft, saements (1 w & ] norepro
HECPARNKMBL, & YACTHYRO Yuopsodennne mimkeerra (1 w (L raomopdun
W anrnusoMopumn.

Feoaun qactuunsit nopagok wa rpynne (1 pemerosnnil, 10 rpynna G na-
WO peemosno noagynopsdoyennoil. Kax sokaszano a |6], neaxas pe-
ICTOMT0 AQTYVIOPAJOYEHEAS MPYINA CONCPHT HETPHEHANLHIA WIEMeHT i
WIOPOIO HOPRJIKA, CONPAMKOURE KOTOPRM HIAVURPYST HA PRHeTOuHO Yho-
paoienrofl nogrpynne ¢ 1 unsonoTasaal dsromopdhuam rpynnu G 1,
sstioumies awrpastosopdsanmon pemerox G r G Tam we yemnos-
NENDHTO BEHKAsS Arieldro noayynopaaosennas rpynna abeaena. Horomy
YOI PEINETOMHO AGAYYIOPHAONCHHEX PPYITT SKBHAAIE0T0 WY TOHII0
PEHIETOTHO YOORPSAOMERHEX TPy (71, B0 KOTOPBIK AOMOTINITRILIG S0
GTODPNUKEHIE o, RBAROIPECH ARTOMOPGHIMOM TopAaka aea rpyanse (71 n
it rnrroMopdmmom penerkir 1



Konwron BM., Paxynex 1.

Wrak, o0 ws ocnosnux nowsrad pacemorpennoft 2K upoje-Jhiokoit kou-
JCHLLMH — NONATHE -UPYIALL 11 -2Pynniel nastisaeM aareOpanieck yio cuero
My G enrnarypu m = {-e,7', V. A, o} Takyio, wro (G- e, v A).mmmm‘u
Lrpynmnofi, a onnomecTias onepauns . angseTcs ANTOMOPDIIMOM tPY I
(G;e, ") nopsaka 2 o anTrakToMoppuIMom perterkn (G v, A), 10 ecth X
HETAETCH BIAMMHOOIHOIMANHBIM 0roDpakensem G na cefis, npuaes manon-
HEHBL COOTHOIEHNRA

(@) =zupes (z)o=2, (EVYh=z.Ap, (zAY). =2 vy,

Tax xe kak knace £ neex Lrpynn sasaserca MHOroOGpaIHess CmaTyp
I, 17aKk u xsace M Beex T-UPYNI ABASCTCH MIOrooDpaIneM cm'um'ypu' m.
Cpean Beex Muoroobpaauit M-TPYIN MOAKIO BLWACAHTE MHOODDPAINA, 1474-
BAEMBIE TOMACCTBAMM TOILKO AHUIL CHERATY L 1. Pasymeeren, rakumu wirg-
FOOBPATHAMIT HE HCHEPIMBAIOTCS Bee MHOroabpasus m-rpymn Hanpusep,
unorooGpasue T m-rpynn, nopoxacmioe Geckonetnof u.m;.rm-wcxon Fpyn-
NOA Z, ¢ CCTeCTBeHHBIM DUHOHH LM HOPAJAKOM W onepausneft , -y, — 5!
ABIHETCH BABMEHLIINM COBCTREHREIM MHOTOOGPAIIeM M-IPYNn /N CoRRa-
Aaer © MHoroobpadieM Beex aboicupix m-rpynn. Tesm me menee, ouonn Munrme
MUOTOOGPAINS TR-rpy I, HFPAIOUIHE KIIOUEHVIO POSNL B TEOpHT MHOMOOO P
MEFPYHN 38AAI0TCH HMEHHO ¢ MOMOILLIO TOAUIECTE ) Harypw L B
CTH, BAAKHYIO POiIb B TEODHH 1-IPYIN HIpae) anozoobpasue N,
 cybropMosvsa craukests. o MHOrOOGpaIHEe 3aaeTes B K
T-CPYIIT TOACIECTHOM

HAacCTI-
« i-2pynin
JACce neex

(xve) Yyve) Heve)(yve)llre=e

curnarypu | n cocronr u3 raxix TH-IPYNN, KOTOpHE AIHITCY (-rpynnaMu ¢
fy6uopua.nbuuuu CKAMKAMI, HIH, HHAYE, HOPMANhHOIHAYHRIMM I-rf)vnnmu.
10 TAKHE l-FPYINLG, ¥ KOTOPMX BOP CKAMKMN CHCTCM M BLINYRIH I-nénrpyuu
CYOIOPMATLIN W, CREAOBATEALIO, DAKTOPLL 41HX CRAYKOB $AISIOTCH apxn-
MELOBRIMR IHHCTHO YNOPSUGCHIME PPy InaMy, MuoraoGpasme nopmam.-
Hosuaannx Lrpynn obosmasaeres N, Owno SAMEHATENBUO CAEAYIOUIM CBO-
HM CBOHCTBOM, YCTRHORTCH IR M Xanaauwom (em. HalpuMep [9] Teopesa 8.2.2
wan [10] reopena 12,2,2). .
Teopema Xoananna Mwozoobpasue Ni we cosnadarm ¢ MROZOOOPII EM
acer L-zpynn u codepocum aesanoe cobemaennoe snozoolipasue -2pymn.
Hasnee vepes NU(G) obosnavaem HOPMANLUOSHAY NN pajtnKL] n'c-mvuuu
wan Lrpymi ) 10 ecrn, BEUYKIYI L-00arpynny (¢ nopoxesny o xkt-un
BunyXawMg Lnoarpynnasn G, uprnagiesansg N Kax mem;rt Wi pe-
ayavratos Xouaanmu, NG} vo vesison l-rpynne ssanercs luncanom G u

cam nprnasaexnt N B [7) orvedeno, wio so seakol mierpynne G ec nop-
miviLoanannd pagnkan Ni(G) ABAsSeTcs nimaeagson, 10 6CTh BHIYKA0R
HOPMATLHOR -0 Arpy nnof.

OEHOBIWM PESYALTETOM NPEAIAMOMON PatoTd SIRETCE BOATBEPAULE-
e roro akts, aro moroobpasuae Ny, apaserca nanboibmky coborsenstm
MUOTOODPAIMEM Ti-1 Py,

HOKBIATENLUTBO NPOBOAMTCA, WIUYSH B OCHOBHOM CXEME MCIIOIBIYEMO
NAULEIOM, XOTH JUIH H-UPYNT BMERTCH SHAYHTOTHHBIE (VI HE, CHR3UH-
ne 0o ernensgEKko Jonaanereanyol onepaumi. QMMM 83 0CHOBHBIX 110~
ICTHA, HCIOUIB3YEMB X B JOKS3ATEALCTBE, SBJIACTCH NOHATHE TPEICTABICHNS
[ipyuns AsTOMOPQIEIMAMKE JIMHEARO YIOPRJIOMEHRONO MHOKECTBA B Npe-
(TSRS W-CPY IR MOROTORITBIMIE BPeoHpatoBa sy INNeiHO YIopaio-
Wnoro Maoxecrsa. OCTasoBIMCH DOAPODHE: HA ITHX NOHATHAX W 3aDuK-
cpyeM oboanavenus, Koropse Gyacem He3 orosopox BCnwibiosath B 3100
paahore,

Hyers (X5 <) auseitno ynopsnouennos Muoxectso. Kax ormeMeno sui-
[, MMM CBASRER qse rpyiusrpyima Aut( X ) scex agroMopdiamos X n
rpvana Mon( . X) seex MoBOTOHBX 0vOGpaxennit N

Onessno v1o Aut| X ) © Mon{ X ), npryen Aut(X) 7 Mon{X ) Toraa
) IOURKO TORAR, KOTAA CYHICCTRYET XOoTd Ol aaun ayrkastomopdiam i muo-
AwcTA X, TO CCTH TAKOE BIAHMHOOZHOIIAMHOC 0TobBpuKenie MuokeeTna X
no eelis, MTO HePpABEHCTBO T < ¥ Baeder Ti = yi. B arom cayuae X ofiaajaer
NBOOTHBRBIM anTRasTOMOpdmEMom 1, 1 = 6.

AOPOWIO UIBECTHO, Y10 AT BUAKOID JHHERAHO YOOPSAOYEHHOTO MK
crsa X rpynna Aut(N ) swaserca l-rpyunoll orHOCHTEARNO GCTECTBEHTRIX
onepanuf: £{z V y) = max{fx. &y}, Uz Ay) = min{lz.fy} ana z,y wa
Aut{X), £ ws X Kak ormedeno s [6], rpyona Mon(X) ssnsercs nony-
YoopAAosen ol Srpyunoll 0THOCHTeAbBI0 eCPeCTBEHITEX onepanu V, A H,
oen 3adEKCHPOBATL KaxoB-a1u00 MO THELIR BHTHARTOMODGUIM | MHO-
seerea X, 1o [-noarpyma Aut( X)) noayynopsaosensod Lpyonn Mon( X )
HCBPAITACTCR B 17-1 PYIIY, A9 KUTOPOR ONepais , 3aJ4e1cd PABEICTROM:
Eiyo = Eigi npn £ & X, Mut Oyaes o00aHBMETh 31V MYV IOPAGHPREY D
frpyvimy Mon(.X ) ¢ srapesicunam nasomornnis arrwantomopdiavon i

wepes (Mon (X}, i),

Kax  obwvno, npedemasaeruese -epymmw (0 waswssem  sesagudl (-
jostovopdma @ Lrpynma G s Lrpyuny Aut{ X)), D10 omavaer, 4to @
miteres rosomopdiravon rpynig (U n rpynny Aut{X) # maxmm, wro copa-
Wb paseneran (rV yle = e Ve, (£ Ayl = op Ay Kak goxasano
NI IOM, BCRKRS [-FPY T BMeET TOMHOE TPEACTRBIEHRE AETOMOpdmvi-
S NOXOZRIET O IO YRUPAIONCHION) MIGHKeCTBE,

Clenyst [6], npedemasacunene vi-spynnn G un iBaes KHROE TPEACTAB-
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acune ¢ Lrpynns G v Lnogrpynny Aut(X) rpynus (Mon( X ),i) ans
HEKOTOPOYO JIHHEANO YIOPAAOYEHHON0 MHOACCTBA X ¢ RMACACHHBIM HIBO-
MOTHBHLIM AHTHABTOMOPDUIMOM |, TPHYICM Jiid BCAKOIO STeMenTA g w3 @
BRIIGANEHO cooTHOmenne . = i-gy-i. BMecre ¢ noarpynnof Gy o Mon(.Y)
ME HROrAA Gyaem paceMarpusath nogrpymy Gy - (i), ABTSHONYIONH, oMe-
BRIHO, NOAYNPAMBIM OPOHIABEACHHCM IPYITILE Gy o HKINYeCKOR TPy
(i) sroporo nopsaka. B [6] rokasano, 4o seskas M-TPY I RMOET TOMHON
npeacraBnenne s rpynne (Mon(X ), i) nas noaxoasnwero anuetino YIOP&A0-
HEHHOPO MHOXECTBA X H HEKOTOPOIG HHBOMIOTHBHOIO ANTHRETOMOPGHIMA i

Muosecroo R(G : V) NPABLIX CMEKHBIX Kaaccos G no sunviiol (-
noarpyme V simnsercs pemerkoli 0THOCHTENBHO nopsaka: Vr < l."y TOrAA
W TOABKO TOTAA, KOrAA Halkaercs asement v w3 V', s koroporo énpauemm-
B0 nepasencTso vx < y. Ko sror nopanok ua R(G V) simnsieres auneft-
HBIM NOPHAKOM, TO V' RasuBaercs enpasamowedi 1-noarpymmoft, MEoKecTB0
() seex cupamasonmx - aoupynn Lrpynnbl HBARCICS KOPKCHOR cHeTe-
moit B pemerke L(G) seex prnykasx -norpynn G, 10 ocvh ans mo6oi
noarpynmu # ua U'(G) muoxecrso seex nojrpym F uz (G), conepmamnx
H, nunetino ynopaaoveno no skaoveno u, ecm H ¢ (@), F € L(G),
H C F,10 F € I'(G). lnn moboro neeauminonn AeMeHTR a 13 (G Bhi-
6epem BuIyKIyH0 {-noarpymny V,, ne COACPAAMYIO @ H MAKCHMAILHVIO
UM cpoficTsom. Torna Vu € [(G) n V, nasweaeres axasennea -nnca.;em
a 8 I(G). Mroxectno seex masennft weeamnmanmx anementos w3 (G obo-
ananacres I'o((F). [lna xan o noarpynnn V w3 I'y{G) cymecrsver emn-
cTBennas sunyknas noarpynua Vonagsessmas CpeJM Tex maﬁvmux [-
NOArpYNI, KOTOPHE CTporo cogepkar V. OcHoBOnOIAraonmm ;1.1;| PeapIN
HOPMAALHOIUAMMMX [-IPYIN HRINETCS CHCAVIONEs YTBePRIACHHE, ABIFIOME-
ecst nepedhopmynposkoft pesyastata C Bassemureftna {cv. nanpiep [9)
Teopema 8.2.1 nan [10] reopema 9.2.1),

Teopema Boandemmrettna Pewemaovno ynapadoxerinan epynng G mo-
20a u moavxo ozda Keasemer {-zpynnoti ¢ ryﬁun]ma.annmu‘ CRAYRAIMTL
uozd:l GeARaR ewnyraas I-nodepynnu V ur 1'y(G) nopuasvna 6 V. ,

Eenn V € (@), 1o PACCMOTPUM ANHERID YROPAAOUEHHOE MHOKCCTBO
R(G : V) n orobpaxenue R rpynna G Aut(R(G - V), ranasaemoo npa-
siaom Vi - R{g) = Vag npn Vir ¢ R(G : V), g & G, Orobpamenne K
ABARCTCH TPAHIHTHBELIM NPEACTABACHUEM [-rpyii (G, tpw karopom KH(g)
ARIRETCSH HeeAnnuinnm aementom B Aut(R(G - V), ecm g ¢ V Besi-
KOE TPARIUTABNOC NPEACTABACKNC (-TPYIITN NOAVIACTON TAKHM CHOCOBOM ©
HOMOIBIO NOAXOARMER CHpUMASIONCR noATpY I,

Pewerosno ynopsaovennasn rpynna G anromopgmanos amuchno yuops-
AOMEHHOIO MHoKecTnas X HAILBACTeS o-2-mpanaumuenor, e pns J:uu(»ux
aenenton £, 2,£ n' ua X 1aknx, yro £ <9, £ < 7, nafigeres aeMent g ui
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(7, s soroporo swnoweno £g = £\ ng = 1" Pemeroqio yuopsaoiennas
ipynna G nasusaercs o-npusmtinuaiol, ecin 1a X AeT HeTPUBHAILHONR Bhi-
UYKAO KOHUPYeHIME, 10 eCTh TAKOTO OTHOMEHHs 3KsBatenTiocm 8, 4ro
KABCCL IKBHBANCHITHOCTH WA X ABTAIOTCH BLINY KAWMMI HECAMHITHBIMI COO-
CruensnMe nuamuomectsavn X 1 ordomedne 8y saeder £g0ng i pseex
Lopni X, gni G

JOKAIETEABCTHO GCHOBHOIO PEAYALTATA 2T0f paboThl HCOWIBAYET CaAeLy-
e s hak i,

Bo-nepuux, 3to Kaaccuduxkaunonsas Teopema Makxkaupu {cwm.,
e, (9] reopena 4.5.2 wan [10] teopema 4.5.2), onucmsanmyio crpo-
CHME TPANSHTHBRBX C-MPEMETHBHBIX 1Y NN ANTOMOPDUIMOE THHEANO yno-
PHAOMCIHEY MHOMKE TS,

Bo-sropuax, 9710 cieayionmit pesyapiar, nokazandsit s pabore [7].

Teopema 2Knpone-Paxyneka [lyems ¢ - npedemasaenue m-2pynnw G
o apynne Mon( X ) Bes nodzpynna Gig- (i) epymnw (Mon(X'), i) searemes
2ompuscrumuanoti 2pynnoil omobpancenut! muoncectnea X, mo m-zpynna G
nopomecdaem snozoobpasue M ecex m-zpynn.

3 OcuoBHBIE pe3yJibTaThl

Ocnonnast reopema. Beaxas m-zpynna G, we aexcausar ¢ Noy, nopo-
aecdaein mnozeofipasne M eeex m-epynn,

[Tpemae, eM pIamTs CXeMy JIOKAIRTeIhCTan, UPHBEIeM HEKOTOPbe
onpeaencens Byaem rosopurs, 410 m-noacpyana Vom-rpynne Gosnasi-
cion necrmalavyot, ecan Vo MakcuManbHas Bunykaas -nogrpynna n
(0w Vose nopmannna v (7. Beskyso merpynny, obgagaonyio wecrabuin-
nofl monoarpyninod sasusaes anomaansod, BEcan m-rpynna G cuisaTypu
m o {6, N VAL | sanercs DPAMLIM TPOHIBCASHKEM CBORX [-noArpynn
A B, upnues A, = B, 1o uaswsaem G pazaoxcusonl m-rpynool, Jdokasa-
FUABCTRG OCHOBBONO PEAyILTATR 3100 Palorsl CoCIoNT B TOM, 110 B MHOrO-
olpa i Xy, HopuscaentonM merpymiol G, we aeaamed s A, M Haxoams
WHOMIL ALY 1= Py iy, AR00 PRIIOACHMY K -1 PV IY, 1€ TPHHALTCAAILY IO
Ny 4 1ATEM VOTAHABAHBACM, HTO BCHKAH 1N-IPYINA TAKGrO THIA IOPOXK AT
MUOEOGOPATHE BOCX 1I-VPY L.

A0V Io HACPYIKY 8 JIOKATATEALCTHC OCHOBIOR TCODEMBL HCCYT CeYI0-
(HE TPH Y THEPACACTINA, TOSHOAHIONIME CHCCTH PACCMOTPeNRe Muoroohpasus,
HOPOAUEHIOND HE HOPMATLUOIHAMHON 7T PYIIOR, K YAKC MCCIeI0BaHHBIM
LN TR,

JIEMMA 1. Myemo Vo cnpasastowoes {-nodepynng m-zpynnw G ne
s engases ni-nodepynnotl. Toedu 6 G usmeenmca aunyxaax [-nodzpynna H,
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RUATIOUORCK P 3a034 UMl - zpymnetd.

{lpumaox, eeau N{C) = E, mo u Ni(H)- E.

Mycrh venepn € - m-rpynua w V- ee crapsscsioni -nonrpynma. Pac-
evorpum npeacrasienne B Lrpyuna G asromopdmasamn aunefino yuops-
Aoverroro muoxkecrss R(G - V): VrR(g) — Vg Mas yiofiersa sseges
AHUERNO YROPHAOUCIN0E MEOKeCTE0 X | ROPSAKORO HIOMOPPHOP MHOKECTHY
RI(G = V) n 1adukenpyes nekoropnit nopsuakoniai HAOMODMUIM T MIOHE-
ctea R{G V) ua X u obomaum aepree ) obpas Vonoa gefiersnem 7. Tora
MOZHO PACOMOTDETE npeactsBaekke p -rpynow G s Aut{ X) nosoxus

L-gp=§(r'Rig)r upm £€X, geG.

JIEMMA 2. [lyemn V -~ enprsasmomos m-nodepynna m-zpynnw G
Towda omobpascenue i = (7 1)o7 meAKzmER ANNURTTIOMODPUI MO MO
cmaa X = R{G : V)7 u omobpaonesue p = 7 "Rr fsaxemex nupedemasic
teues mi-epynnnc G 6 Mou(X) ¢ audeaennmas unsoaromueim aumuasmo
Maphuasmos i

JIEMMA 3. Besxxas poisvincusok ut-gpyune G, we acocawaa 6 N
nopomcdaecm mivzoviipaaue M acex ni-spynn,

-
m

..'l(”(&!a'ﬂ‘ilb('l'liu YERX JGEMM MKW SeCh e NPUBOJIAM, A JIaeM TOALKO M-
AOKCHRE 1TYTH, KOTOPBE A YOTHHAWI M BAST 0CHOBHOR PEIVIIL IS,
Cxema QoKa3aTeNbCTBA OCHOBHON TEOPCMBL.

Hyers G nerpyuna G ¢ A; He OrpasinaBad ODIMBUCTH MOKRCM 'R

Tarth, 9170 M(G) = F, vo ecrs B G yer BUnyKanix Lnoparpyitn us A Tak kax
(7 He HOPMATEHOIHAUIA, TO TI0 TEOPEME Bompenurrefina u ¢ uafinercs -
nyEras cupssvagiomas oonrpynna Vons I'y(G) 1axan, wro Voue HOPMAAbIA
6 Hakpuisalower V saayaoh uoarpyine V.

Ecan V, # V., 10 1o sexme | m-rpynna G CONCPIRKT PALIOKKMYIO Bl
syrayio m-noarpynny H = Ax A, Tux kax 8 G #er ssunykuax oy pyin
i Ny, 10 H 2 N, Tlo aesme 3 Mnoroobpasne m-rpyan, nopordietnoe H
cosntaer ¢ Muorcobpames M seex merpynn @, caeaonareanno HOp0-
maaer M,

Myers V, = V. Toras ans nakpunaomet BRMYKAOR -noarpyinm V-
naaweno V, = V oy ecrn Vo asasercs m-rpyanofi. Myern - R(V . V) 4 X

NOPFAKOBBIN oMM Aieiine yoopsaoiennorn Muoxec i RV .
V), Vr = 2. o aemae 2 npeaciasienne oo £ gp = £r 7 'gr rpynuw V
ASTOMOPDUIMAMK AHNCRNO VOOPRAOKEHNON MEOAeCTHA X ABISETeN npos
crasnemien m-rpynim V on merpyime (Mon(X),i), e i: &= (67 ')+

RHBOUOTHIILD animastomopdiam muosectsa X. loraa Vp ssaseres
crabumeatopor touku @ s Vo, Tak kax V - MakcHMatbiuan By saas |
noarpynna s V., 10 no imectuomy peayanmry Xoaaamaa (o | anpHvep,
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[9] reopesa 4.5, 1 wan |10} reopema 4.5.1) Vp asasercs o—npuumnm{t; nu::
rpynnoft 1 Aut(X), o xaaccudmrangonnof Teopeme Mamu%;apu poH
aseres aubo o-Z-rpanzwruanoft noarpymmoft v Aut(X), :rluﬁo {1 REARCTCA
Lrpy HuoR epHOANTecKExX amnm)p(bn‘umm suonectsa X, np‘;mm c‘m6:::(;
wrop Sty (o) Kaxaof ToUKH o w3 X ,'leﬂc'rvuyorr TOMHO W O-2-TPAR3NT
Wi KAION 113 CBOMX HeeqMimneX 0pbut PaceMorpenne Kaxcof 43 ITHX
GAMOANOCTER M 3ABEPIINT AUKAIATEALCTBO.
. ‘l“;l'.:\li“ Vo (rQ-TpaTulu'l'uan wa X, o Vp - (i) awinerca 2-TpAHINTHRBION
cpvimof mpeoipasosannit mupoxeersa X, Tax kax Vp w;u1'unnaﬂ ng,u-
tpyiutn B Mon(X |, 10 40CTATONHO J0KAIATE, ‘11(3 cmﬁgnn.}ail‘?p r?‘u;lli’ B
Ve (i) rpamsurnuen ua muoxectse X\ {@). Ho Sty () = Vp (i). Ilycrs
wideX, atdis Eeanod < dnanaf >0, 10 cymecTropanne
cieMomia g 5 Voaakoro, 9to o gp — 3 cneayer m3 :)—2-frpmmmm;t,locm
Gip. Ecm ke o < 8 < 3 10 a,81 < ¢ a nagercs mc.\_a;:m g &) ;ul;«
KOTOPONO Bhinouneno a = Si- gp. me.‘ # ITOM c.;ly-sm- Vp- (1) yfmae‘x;c
2o pananTaoll CPYINO# u, (10 Teopeme A upone-Paxyneka, m-rpymma Vg,
0 otora wom-rpvoma G noposiaer Muurwﬁpa:m’e a'\'f

Eems Vp swseres m-noacpynmoft s (Mon(X), i) » Lrpyunof le!)};sloz}nx:
qeekux antoMopduaMon MioxecTsa X € NepHOAOM t.t >eun3 ,Aut{ ), l.m.
\lesexkumaono nonoaHende mHoxkecrsa X, To l-x’pymm v p AeficTyer
Lonso B o-2-Tpansrrisno na Muoxecrne X' = (€ X|d < £ ’< dt}.'

PacevoTpiy orpanetente ¢ MpeiciaBIenns p f-rp;{mnu V na X' Ilyers
W posnuft npoobpas v V' crabrwauwzaropa W' s ‘_p‘ u’rxampoﬂ TO‘C;:H
o = deapws X' orae 2 nekoropuift AEMeNT ul;l‘t',.H = {w’& Vi 2-
wp = @ owp = #) Osengmo, a0 W = Via Vi, Tak kax l';{ . o-i;
rpancrisna ga X', r0 W aBaserci Maxcnmathiol annykioh l-noarpynno
pierpynne Vo Wole REnsercs RopManibuoi noarpyniof s V.

Fean W, # W, 10 no nessse 1V coaepant pasiomuMyio BRILYKYIO
venoupynny B Tax xak N(G) = E,a BB suuysaan I-noarpynna Gé'm
NiB) = E w B ¢ N NpuMenus gesmy 3 nosytaes, 1ro m-rpymia b, a
voraa n G, noposaaer Muorooipasue M

Foag W, = W, 10 V spawercs asomaanuofl m-rpyuioft u g upea-
craenne Crpyonm Vo Aut(X). Kax xopomo wisecTno :’q' llp()Bepafrx-
O3 MIOCPEACTIONNG, JHHCARO YHOPSIOMEHHOE MUOKECTHO X r?(»pgng«:,no
wionopdno Muoxectny R(V 0 W) ¢ kanonuieckus wiomopdhuamon T .
W O xp i weaxkoro o V. [Tpuiom (‘.ll],)aBCJUIHlu') coomomcu‘u;.
o= &7 ! an seaknx aementon £ ua XU vona Vo o aemme
owbpasenne i - & = (E771)r!, seasieres AHTHABTOMOPGHIMOM ';TU'
porn nopsaka Muoxectsa X' it g0 3agaer npeacranieiie morpyons Vo
IMon{XN'). 1) rakoe, w0 £-v g = £ up - '

Beosumus, w10 menogpyann Vel w (Mon{X'). 1) snanercs o-2-
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Tpasatrnesofl Lopynnof. Torua, kak orMedeno nuie, mKan m-rpyinma sin-
Aferes Zrpansurisnoll rpyninol npeobpasonannll muoxkecrsa X' w, no teo-
pese Anpose-Paxyuera, Vo' noposjaer mroroobpasue A4 seex M-IPy T
lax xax V' ssanercs m-romomopdumn 00pasOM BRIDYKIOR 11-00ArPy 1T
HEXOUHON M- rpynnne €/, T0 B B 9T0M cirysae M-rpynna G 0opoMXKaaes Muo-
rOOOpasHe M BOEX TLTPYIN, TIO K SABCPNIART AOKAIATEALETEO TEOPEMAL .

CIIEACTBWE. Muozootpaaue N, scex wopmaannoznasns: m-zpynsn
HOUAKETICR HUUDOABUIM. COOCTIALIHBN TIOOMHOZ006PAIUCA 5§ PEUEMKE GCET
171 - MHOZ0OOpeIutl.
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let I be a countable first-order language. Everywhere in this paper we
consider L-structures and assume that L contans a binary relation symhbol

that is mterpreted as a linear ordering in these structures. For arbitrary
mibsets A B of a structure M we write 4 < B if o < b whenever n € A
mnd b C BIFAC Mandze M then we write A < 2if A < {x} For an
wrhitrary complete type p we denote by PIM) the set of realizations of *he
type pin M,

Definition 1 Let A € M, where M is & Iinearly ordered structure. The sot

Vi said to be conver if for any a, b€ A and ¢ € M such that a < ¢ < b we
have ¢ € A,

Definition 2 [1| A lincarly ordered structure M is said to be o-mununal if

any definable (with parameters) subset of M is a finite union of intervals in
M

Definition 3 [2] A linearly ordered structure M is said to be weakly o-ma-
mimal if any definable (with parameters) subset of M is a finite union of
convex sets in M

I [3] we have introduced the following notion. rank of convexity of 4 formmnla
with vne free variable.

Definition 4 [3] Let T be a weakly o-minimal theory, M be a sufficiently
snturatad model of 7 and Jot iz, a).a ¢« M be an arbitrary formula with
ane tree vartable

e et a)) s defined as follows:

71



72 ~__B.Sh. Kulpeshoy

1) RC(¢(z,a)) = —1 if M |=~3eolz,a)

2) RC(¢(z,a)) >0 f M |- zd{x,a).

3) RC(¢(z,a)) > 1 if |§(M,a)| > w.

1) RC(¢(z,a}) > o + 1 1f there 18 4 parametncally definable equivalence
relation £(z, ) such that there are by, 1 € w which satisly the following.

o For every 1, ] € w, whenever ¢ # 7 then M |- —E(hy. by)
o Forevery 1 € w RC(¢(x,a)&E(x, b)) > o
e Forevery i € w  FE(M.b,) is a convex subset of (M, a)

5) RC(¢(z,a)) = & if RC{${x,a)) > « for all o < § (& is limit)
If RC(p(z,a)) = a for some a we say that RCO(¢(r, a)) is defined
Otherwise ( ie. if RC($(x.a)) = a, for all @) we put RC{¢(x.a)) = oc.

Fact & Let T be an o-minimal theory. Then RO(x = 1) = 1

Definition 6 [4] Let M be |A|) B|* saturated, By a netghbourhood of B in
the type p we shall call the following set:

Vo(B) = {y € M | there is a formula H(r b a).bc B.ac A,
so that v € H(M,b,a) and there are v, v © p(M) such that
w< H(M. b.a) < v}

Definition 7 [4] Let M be [A|* saturated. We will say p is almost ortho-
gonal to g (p L* q) if there is o € p(M) such that V,(a) = 0.

Definition 8 [1] Let M be |A|" saturated. We will say pis weakly ortho-
gonalto g (p L™ q) if for any A definable formuala H{z, y) for any a & p(M)
the following holds:

| H(Ma)[\giM) £B = ¢(M) S H(M, )]
Definition 9 [4] We will say a weakly o minimal theory T is almost o-mi-
mimal if for any M = T forany A C M for any non-algebraic Lypes
g € 5;(A) the following holds:
pliqg e pl¥y

Fact 10 Any o manimal theory s almost o-miramal
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A Pillay and Che Steinhorn [5] have deseribed all Ry categonical o-minimal
thoories. Their description implies binarity of these theories. [n [6] the author
foneralizes their result on Ro-categorical almost o-minimal theories of con-
vexity rank 1. Observe that there are By categorical binary weakly c-minimal
theories of convexity rank 1 which are not almost o-minimal. Here we present,
{or each patural n > 3 an example of Ny categorical weakly o-minimal theory
ol convexaty rank | which is n-ary non n 1-ary

Fxample 11 Let M = (M, <, = U} U} ... U} R") in which the underly-
ing, order is dense. The universe M v g disjoint union of U, U, . . A, s0
that whenever @y € Uy, as€ Uy, 0, © Upwelavea, <ay < ... < ., and
cach predicate Uy, 1 < 3 < n, hasn’t endpoints in M, The n-ary predicate
Rixy 29, 7, satisfies the following properties:

(1) M |= Vo,V Vea(Rizy, 2, 2,) Ur{zy) A Us(zg) A ..

Alln(zq))

{2) M ’ V.r;VI; A V.-'.'n |(((.";(J|j/\v2(12] AL ./\ll‘,, 1(.!‘,, |)’ —»

VA ARy 2 B ge ) AR(Ty Tai - - Tn-1122) A Un(22)])

(3) M= VX[VJ') e VIn ;VZ]VII((}?.(.T“I;... .,1’,,_],2.)/\
A H(.(’] o~ SIS, |,:'3] A L’"(Zz)) P < iq)

(A} M V.. Nz, V2, ...¥r, V(U () A AUy, A
AU (A AU, (20 ) AUL(2Y -5 D RUx,, GRS R T D) ES
1<n—1

(0} For any @, = (ag,. . 4,1, Gy, vBy) € U e x Uy
oo ox U function falr,) .= sup Rla,, . ., a, (s BEL =) Gn-yy M)
b steictly monotanically increasing an (1), | <t<En—1

(6) For any (a),02,...,80 ) € U; 3 Uy, ., x Voo Rlag,ay, . oya, M)
hasn't endpomnts in M

[ obvious that Th( M) admits elimination of quantifies. It can prove that
I'I{ M) is an Ry- categorical weakly o-minimal theory of convexity rank 1. It
In ensily to see that Th(M) is n-ary non n- l-ary.

Definition 12 Let A B,,, . B, C M, whiere M is a lincarly ordered struc.
e

I We will say that |B,, .., B,) is weakly orthogonal over A if every
wotuple {ay,. .. a,) € B x x B, satisfies the same type over A

" Wewillsay that {8, .., H,} is orthegonal over A if for OVOrY Soquence

(.o, ) € w! vach properly ordered {rey + tn, ) -tuple
(a},ay, N SORET . 0 L aty e (B x *x (B)™

sithisfies the same type over A
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Lemma 13 Let T be an ¥y categorical weakly o-mamimal theory of conver

yrank I, M T, ACM, M be |Al* saturated, pip2... . pa € Si(A)

be mnon-algebrawe, Suppose that {p,(M),. ., p.(M)} w weakly orthogonal
over A. Then it is orthogonal over A

Proof of Lemma 13 is analogous with the proof of Lemma 6.6 |5].

Fact 14 Let T be an Ry categorical binary weakly o-minimal theory  of

converity rank I, M =T, ACM, p,,ps,.. ., ps € Si{A) be non-ulgebraie
pairwise weakly orthogonal types. Then {p(M), (M), .. .. p( M)} s or
thagonal over A.

The following theorem completely characterizes Ry-categorical weakly o-
minimal theories of convexity rank 1 that are binary.

Theorem 15 Let T' be an Ry-categorical binary weakly o-mniimal theory of
convenity rank I, M =T, |M| = Ry, Then there cxist

(1) a finite C = {co.....ca} © M (MU {-oc,+c}, if M does naot have
a first or last element), consisting of all of the O -definable clements m M

{with the possible exceptions of —oo,+20], such that M = ¢, < ¢; for all
t <7 <nand for each 7 € {1,...,n} either M |- ~(3x)e, y < x < ¢,
orly={reM:MI=¢., <z <e¢}isadense inear order without
endpoints and there 13 k, € w such that I, is partitioned on ky compleie over
¥ infinite sets;

(i) equivalence relations By, By C ({s:1< s < k})?, where {U, |s< k <
w) 18 an arbitrary enumeration of all complete over O infmite sets, such that

e for each (1,)) € E; there s a umique O -definable monatonic byection
fl.) . L'(l TR UJ s that fl,l =3 'd!}. and f).lojn.) = .rrl.k ]nr all ('.)) U* ‘) €
Ey;

o for each (1,)) € E, there i3 a untgue §-definable formula R, ;(x, y) such
that

— for any a € U; R,;(M.a) s conver and open, K, ;(M,a} C
Uy, R,y (M,a)” = U]

= guyly) == supR, (M, y) 15 strictly monotonic on U,

— 1f gy W increasing then R, (x,y) = VH{R, (y.t) = = < 1| Al (z),
otherunse Ry (x,y) = R {y, )

so that for any (1,7}, (3. k) € Ly we have:
8f gya wanercasing then By (r,y) = 2[R, (2, y) A R, x(x. 2)|, other-
wnse Ryl ) o= Y[R, (2, 0) -+ Ryulr, 2)) and g, = wdy,

-1

|en
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o for each (1, 7) € Ey we have (1, 7) € Ey and R, ,(z,y) =1 < f,,'y)

sa thot T admats ebinunation of quentifiers doun to the lunguage {=, <}
Ule, ¢ < npUL = s < KYULL,, ¢ ) € EVULR,, © (,9) € Bx\ Bi),
where the ¢, are interpreted sn M by ¢, U, by U, LJ by f.; for (i,j) € E,,
R, by B, (M, M) for (1.)) € Ex\ B\

Moreouer o any ordering with distinguished elements as m (1) and any
sutahle equvalence relatons E\, E; as in (i), there corresponds an ¥y
categurical hinary weakly o-mimimal theory of convenity rank 1 as above.

Proof of Theorem 15 by use of Lemma 13 and Fact 14 is analogous to the
proof of Theorem 6.1 [5].

In conclusion the author thanks B.S. Baizhanov for useful discussion and
viduable remarks.
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B cuatie Weentnyt1on OnpeIHMOCTD HONOLUHAREX TOMUR B TIPEILY HO-
PRAOMEHHNX Monesnx Kpiirke. Hanvenuime nenommaHuie rousn nomern-
HEIX OUEPATOROB MOIY T GhITh HE ONPRUCIANMB IAAE B TACTHIHO VIOPAIOCH
HEX MOACARX. llO'ﬂuM,\“ HITCPECHD VEALHTL HOARIACe MOenei, B KOTOpm X
onpeaeauMocth ectn. B [5] Guut yrasan nekoroprit KAAce 9act o VITOPSLI-
HEHHBLX MOACICA, B KOTOPMX HAMMCHBIIHG 11PNOTHHA e TOUKY 1LOSHL HBANX
QHEPAYOPOK ONPEAETUME, NPK FTOM unpeseastmas GopMyna nosysaeres
Wrepanuca mexouofl Gopmyinid. 3aech 30T pevibIaT 060DIAETeS. Y RASAT
KIACC PEAVHOPSLIOEHHLX MOACHCH, PACIHPIIOMKA Kaace 13 |5]. Pacwun-
PEHIlE UAET B IBYX HANPABASHRAX: OT SACTRIHO YUOPHAOHCHILIX NEPEXUITIHM
K IPCAYOOPAZOTEHHEIM 0 IDH VOM AGHYCKAEM KOHEMHOE Y310 HEPEMEH 1L
THHUOCTH. UKa3BaeTCH, WI0 Ui JOKABATAILCTRA AOCTATONNO TOXHIKH Wi
15], uymuo ToubKo BECCIH HEKUTOPLIe MOARDUKATHN.

Modaavnue nponosugonastione PUPMYAL. COCTABANKAICH W3 PO s
WHOHANBHOR KOBCTANTIC L (10KB) i1 OPOHOSHIONATLHLIX (CPEMETTHEIX
PrdTs oo CNOMOIILIO OUSEPITNX CBH30K A B V 1 YHAPUWX cossoK o L,

lIxaaa Kpunwe (W, R) cocronr na HEnyeToro Muoxeciua Won Guiap-
MR orHomenus R wa W. Modean Kpunxe (W, R, 1) COCTONT MY MK
Kpunxe (W, ) w osnaunsanns v. Oananusanue v 910 Qyusums, Koro-
PAR KAKJOR NCPEMENIOR § CTABMT B COOTRETCTBHC OAMNOKECTHO u(g) Mo
AeCTia W. 3o noamuoxectso V(@) HAIWBARTCA INaNENLeM nepeMentiofn g,
Jaancnne nepementof g, Gyaest 060 s, COOTBCTCTRYIOMEH jppornciof
Gyxsolt Q,. LyuKumus ¢ ecTecTeHam 0bpazam n[xmmm:;m'rn a1 popayn:
Koneraure | seer COOTBLICTUYOT RYCTOC MHOMECTHO, CHSITKAM . A v Cl
POOTHESCIBYIOT JIOIOIHERRE, 10PECCUeRIe, 0DLEANIeHIC MIOKECTR ey~
As onepanus wa suomecrsax; (1A = {r |Yylalty » y C Al}, Taxkusm of-

-, . 3
Palors paenonueny g humanconoR nuaepikke PocenBexom Fyaan TAPIGIY Y-
0010 ho, npoesr N ON-03- (0108 ;
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P3OM, SHAMCHRE OPMYIN BCCEAA HBAACTCH NOAMBOAKCCTBOM MuozkecTea W
e dopayii alg, .. . qu) Byaes obosanars epes alQ, .. Q)

Hyers gana dopmyaa @(p, gy, - - 1 a) OT TEPEMCRIBIX P, gy, - - -, @n. Pac-
e pim soaens Kpiike (W, R v}, 8 xoropolt saaams suasenns Q... Q,
NEPEMEHHIX 1, o g, & 3HARCHAC pepeMennol p e 3agano. Popmyna
A ) onpeaeset wa moacan Kpunse (W, I w) onepatop F(P) =
AP Q. .. 2,), KOTOPHIT KARIOMY MIOKCCTRY P CONOCTABARCT MHOXKE-
o 2 P2Q4, ..., @y ). Tov. nepestenuon p npuaaercs suavenne P 1 pacema-
| prpastcs mavcime Gopymyin © upy 3tom oinavnsanni, Takie oneparopn
WATUBEM (FOPMYABHAMIL,

Myery, juna mrana (W, ). Pacemorpum onepatop F, ne obssarensuo
hopMy LI, KOTOpsA Raactomy noamiokecrsy A maoxecrsa W conoera-
wAseT nekeropoe aoamioxkectno F{A) maoxecrna W. Muoxecrso P nasw-
navees wenodeusienatl mowrod oneparopa I, ecan suoamserca Po= F(P),
Inwuse 06pRZOM. HENOABHANRAR TOMKA (BOPMYALIOO Onepatops I, ¥BIReTes
peaenses ypasueis P = o( P,y . .., Qy ). Henoanwxnas touka P naspi-
HACTUA MauMenbued HenoaBIokHOR Toukol onepatopa F, ecan s noboft
1pvroR nenoapskuoft roakn [ 31010 oneparopa sunoansercs PC P

Fean nenonakuas 104982 7 cOBNaaeT B MOJEAN CO 3HAMCHHEM LCKOTO-
poi dopsyant Wiy, . ,gn), 10 312 hopMyia w onpedearem HENOABHAHY IO
wmky P oo asusoft mogean. Hazusaem a1y dhopmyily onpedeasioued,

Ertn xamaoe sXoxaeaRe nepemednof p o hopmyny @(p.qr, ..., gy) H038-
THENGE, TO Has0BeM 31y GopMyay nojumueaxoti (10 p, & onepatop F, Hazopem
ROJUTIUBHBM.

Paceyvorpust oueparap F ot 10GIEA0BATEABHOCTL MHOKECTE B LIKANe
(W, R), &k sarypaaunoe,

P'= @,
o

Onpeieans HoceaopareILnocTs Gopmy:t

590(01.-“.4)") - J_,
G M- ) = @0 @) e Gn)-

Sieno, wro aas seex k muokecrso P¥ awusercs anagenwesm dopmyan p*. Ec-
1 NOIHTHBHA 10 P W LT HeKoToporo & punonmserca P* = PAYY (nanpu-
Viep, 1aK Beeraa Ompaet s konesnof mogean), 1o P4 sasteres wanvensmed
enoarikialt roukoft aneparopa F, i anpeacasercs Gopmyaoi &*

Kax obruno, orromenue K paswnactcs npednopadros. ecin i peduex-
cowaw worparcssTreno. Batos cayuae pvecto 7 oBREIo nimes <, A mxiry
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(W, <) nasusaem npedynopadoicoii. Anmncnsmerpaiiil npeanopiiox
HATMBACTUR RCTHUNHNM NOPRIKOM.

TIpUMEPL NOKASWBAKYT, (10 EAMMEHLITHE HCHOABHANLC TOUKH HOSNTHR-
HEX ONCPATOPOR MOTYT GLITE HE OIPEACARMBL B SACTHMIO VIIOPAOUCHILEX
MOMCAAX.

Hpumep 1 Poccmompun hopamyay ¢ = Ulip v g) vV E{pV ) u coomeaem
cinoyregntl eff nosumuanadl onepamap. Modean cocmourn u3 deyr Jxarm-
maspod N u N' {eam puc,) spomcecmsa Ramypoatsnss wuces ¢ aunetinn
nipsom

05125~ g0

Snaenuesm Q nepemenntl § XEARCIR MIOHCECTIEN HEeT SETRMKL KUCEA €O
wmpuzrasu U bed. Hempydio yledumves, wmo

pl - {01}‘
PE= {150

Hausmenowed nenodeuncnotd moxsoit omepamopa F, asasemes N'. Fma
movKa we unpedestaa nuxexol dopamyaoti om nepemennstt g. Jocmamowno
Samomum, ano das moboti axed gopmyan natldemes i € N' maxoe, wmo
WA UCET JACMERILE MOOCAS, ACHCOURPLT WENCE 1, anasenue fopmyan Gydem
coenadamy o sxexenues ¢, g, L aufo T. Moxeno maxsce sazmu fop-
spay @ = (g v Li(p V ~q)). Hausenvwas nenodeuncras mosxa tydem ma
e

Apyeas modeats coctnoum ws nusp (1, 1), ¢de 1t < j, i 4 ) HOMypoavHue,
HYaemusnut! nopados sodoemmcs coomuowenusmn: {1,1) < {J,J) npui < J,
(x,n) < () mpu j < 0 Muwwwceemso @Q cocmoum us Gees nap {1,5) ¢
settinan . Hempyduo yhedumves, wma ssonceemon P cocmoum ui 6cex
nap (1, 3) npu 1 < j. Hpowe 2oeopa, wado ombpocumn c¢meoa depess. Muo-
seecnao P seaxemes nausmervuietdl wenodeusenotl mouwofl. Ova we onpe-
deauma vusarotl fopayaod om g, e, abax maxes Popmyra ofiaedaen
caediporgus CAOtiSIEoM. cyuectaeyen fmaxoe, me wa acexr napar (i, ),
Y ONOMOPNE T 2 1U ) 2 0, anasenne Gopayate codnadacm oo ase nies
G, b uan T o wxead REARCTCR NOCTHUNID YROPRJOMCHNMM depeaos,

A

Pacemorpim mogean (W, I v) u awavenne gopyyaw o b neit. [lycrn
Iy, Tpy o oyl KOHEMNAS 1e0L, T.0. 2, 8r ) as seex 1 Cocuuracy Weno
FAKKX 3, 10 MCTHIIOCTE (PUPMY.ILL € 3 RTEMEHTAX T, 0 Ly4 PRI, 1.0
OF R METIEA, A Wit 2y g oAt e naoGopor MakeMys TaKuex auces

HENOABIAHBE 109K B IPETYIIOPO WEHIRX MOJEISIX KP . 79

13
O
¥ L4 %%
| N

Puc. 6

(oM MOMKET DLTE paBer BECKOHEWIGTH) 110 RCEM KOHETHHAM HOLHM RIORCN
wuraoM nepesmen ucmuxxocmu dopuyan oo Hanpumep, ccam 3usuende o
MEHSICTCH BHVTPH CIYCTKA, TO 3T0 MHCIO papHo Geekonednorrn. Makenmyn
URCET TIEPEMEH HOTHHHBOCTH 110 BLOM NEPEMEHHEIM HATOBRCN “HUCATM HEPOAEN
wrmunpocran 6 sedean. B obenx moaeaax wx npusepa 1 meno nepeven
NCTMHEOCTH NepeMeREoft ¢ pasHo SeCKOHeTOCTH, & SHANHT I *INCI0 MepeMen
HCTHHHOCTH B MOAENSX PaBHo GecKOHeMHOCTH,

Teopema 1 Jlas aoloeo nosumuarnozo onepamaopa F, u Hamypankozo wuc-
Al CYWECTRBYETI YUCAD T maKoe, o hopayat @™ OPedeIRCIn HItMeHD-
I HEROJAUINCHIPO THOSKY Fmiozo onepamops 6 moboil npedynopadew el
sodeay Kpunxe, SMucao nepesen Gomunnocnie o senapoil we apeaoczodumm

l

B [5] kaace cocTosa M3 MACTHUHO YHOPSIOTEHRWYX MOAICH, B KOTOPHIX
HOVICHIS TEPEMEHNBIX @), ., Gy ABTHIHCE BEPXHIMI KOHYCAMM [nO/MI0M% -
o K C W onaamsaercs seponus xonyeom, ecan Vo, y{(rRy A r e K =
iy )L Sleno, ST0 8 TAKIG MOACASX UHCAO NEPEMCH HCTHINOCTH HEPeMer-
LGy e npesoexozr et [lodromy kanee moaeaeht, pacesie-
piaeMuil B reopese 1 pacingpast kaace ua |3,

([ K7 TOR
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J1oKA3ATENBCTBO TCOPeMbl | NPOBOIRTUA ANEAOIHINO AOKASITEALCTHY 1¢-
opemut 1 1 [3). Jlononmireanto nyxna

Lemma 16 Cywecmayem «ucao [ o2pmisusmomes coepry Sucad nepesei
UCTIUNNACTIN 6CET BOPAYA, NPUNUCAHHBLT JACMEHITIAM METAHUIMOG

Hokazarenncrso B jgasnofi mogean uneao nepesen uermoctn moboit
opmysI OrpaENNERO, ITO JLIKO JOKaKeM no wiaykinn, Konceranwra L ne
MEHACT MCTHHHOCTH, YHCAO NCPEMEH MCTHIBOCTH NEPeMEHNNX OIPRHIEHU
uneaom b, Ecan 1acno nepemen rerannocti hopuya o 1 5 orpannieno qic-
JIOM T, TO SHGIO HEPeMEeH HCTHHHOCTH (DOPMYJIB —(r OrPaHKICHO HEIOM 171,
dopmya a A F, a Vv 7 orpansdeno sncaom 2m. Qopmyaw o v Qo mensior
ACTHHHOCTL ne Gonee ouoro pasa. [Tpuuncamimx dopmys Koeynoe quc-
a0. [loaromy cymectsyer 1o f, OUpaBEAHBAIOLICE CHCPXY "MHEA0 BEPCMEN
HCTHIDIOCTH BCEX TPHIHCANITRX Bopry.. Fa)

CoxpansiloTcs Bee ONPEAeAcHng U3 J0KAZATEAbETEA Teopemnl | B |5): nan
HOTO JepeBa, YCEUeHHOPO ACPERa, OO0 MeXaHK3MA, YOEHEHROIO MeXAHW -
Mma, mopdriama, koudurypanui.

neno seex paznuunnx npunncanswy hopymva oGo3nadum ¢ [Tyers nanm
HACTHHHO YNOPSA0MeHHOE MAOKECTRO ¥ 010 AneMent 4 < v, Humepoaaoa
HATLIBACTC MHOKECTBO {2 | € T € v}, PaceMoTprM mrtepaasing 8 10/Hbx
JICPEBLAX TAKUE, 4T0 HUAHMA KOHEI MHTEPBAJIA COBIAAART ¢ BAMMEHLIINM
PEMCHTOM JIEPEBA, & BEPXHAN KON SBARCTCH OTBCTHIASIOIHNM 1EMCHTOM,
KonngecTso pazsanuunix takux sarepsanos oboanatum ro Hogosmnm d =
(fe+r+1um=d{l+1).

Creayiomast AemMa SBAACTCH aHAA0TOM JemMbl 4 u3 [5], Ona toxasnisa-
£TCA TAK e KAK # AenmMa 4 |5], 1y KIo ToNsKO BHECTH HEKOTOPhe M3MEeHeHNS,

Lemma 17 Jax darrewr m u d swnoaraemes Pd) C 2™(Q5, ..., Qu)-

Hoxazareancrso [pa afizana pokasaresancrsa wa €174 [5) iy aomo wiio-
AMNTL TAK.

LLHAT. Paccmorpiy iekortopoe nonnoe nepeso nucorst d. B e pacemo-
TPUM OTBETBARIOIBHR Aneseny, ne aexkaumh s /. Pacemorpny vt o1 s1oro
WIEMENTA BUHL 10 CAMONO MICKHETO ATOMENTR CTpYKTYpit. O 1poxo T ye-
pes d aepesbes. PAcCMOTPIM HEKOTOPOR NOANOE JACPeno, Hepes KUTopos Tpo-
XOJMT ITOT AyTh. OTPEIOK DY TH, ACAGIBE 1§ FTOM ACPEBL, AINETCH HHTEp-
panion. Ha aroM nymn serpemrds we Mence fe 4 2 HeKOTOPUX OUTHAKORBIX
urreppaion. Bubepem w3 wux camuidt wwanuft unrepsan n fo 4 1 nirep-
BAIOR, AeAKAuMe shime. JTOKAKOM, YT0 BA AIEMENTE MOARTIL, AN OIIMCS

HESOABHKHBE TOSKH B HPEAYTOPSLIOENHBX MOAEIUX K. .81

DOPAIOM MEZKITENO KOIIUA SeKOTOPOrD s wrny [ O 1 st eppaion, Ao voe
GOPMYABL, OPUORCAKINGE WICMENTAM ITOT0 WITTCPBANL.

Hoasmem oain wi pacesarprsacsux uemepsiios. Jlomyerum, wro fa ol
LI MHAKIETO KOBUA ST010 BIFTOPRAJIA HCTINA tekoropas hopmya, nprig-
CRItHaA aaementy arora wirepsaan. Ha obpase COOTRRTCTEVIONEN) 3nemenm
Morepsaa o popMyas aoana. Hpowonum wnenenne neramocm o
Jroprayan, Kasaan wy hopymyi MOAST WIMPHRTH CROIG BUTHENOCTH Ke Honee
[ opac opMyn, IPHITCAITWX DIEMOI TEA W PRANA, MMCCTe e Danee
HoamoMy TAKIX WIMennimi nons mym e smoket Gurre Goaee fo a miviepna-
ao veeren fe-+ 1 Bnaunn, nafiaerca nutepuas, e o0pate HISKHEIG KOla
KOTUPODG 0NN BCC (DOPMVIR, TIPHIMCAHBRE S0CMERTAM ATOT0 RHFePBAnA,

13 OCTRALHOM JOKARATEILCTRO @NAIOPRYHOE: Fa\

JHOKABATEABCTHO TEOPEMBL TRKKE B OCTATLHOM 2HANOTHHKOS, &

Isectuo [4, 1, 3], 710 joreka S4 Xapak repuayeres KIACCOM Beex npe-
G aogenEnx kA, Hosromy noayqacs
Corollary 18 Jax awéiorl dopaggars plp, Mg <o Cipl), noomuenond no p,
CPETIRYIT Wead T naKos, 4o aoeuka S4 codepocamn dopagyay

i
@™ Uy -+ Oaga) <2 @™ (Ulgy - ),

U nOMOILE. HCPEBOAA IPOTGININOILIENEX  PORMYT 11 MOLLIbINe
NCTPIVARD DOVUASTCSE CROACTERC JLTA WHTYRUPOTRCTCKOR NPOuOIn QMo b-
WA HOPRKK,

Corollary 19 JTax swodotl noaumuanofi no puponogutguonoatiend opasyan
DOy ooy CHEeTagem wean 1L aNee, oo aceuxa Int codepacum
foparyay

*{’"‘ 1 “ ',.m‘

i wieacTRIN wsnacetend takae 8 [5) Cacaerane 19 sprexaer 1akke ws
wiyonero pesyantara B PywrenGypia (2] /L dopayaet o(p gr.. 0 4n)
OUPEAIACTOR TOCHE0BRTEALIOCTH OpMY.I

Pty ) = P,
V- TR0 TR W (S (720 07 MO ) I PR 1) B

O UIEPEACACTINE OTNMACTCH 0F HAIReNo onpeacseuns & (g, .. gu)

leopesma 2 [2] Jax siofotl nponiostguondarmndl Gopaagats o(p gy, - - i)
Ui HTROYEE NUCAO T THONOE, o Jlostisd Int code P Jwymy.&y

.'-"m.x(ll,l“. .‘Iu, <« 1""““']" "l")
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B nacrosimel pabore npoaKaeTet HOIEA0BAHRE NOAHKX KJIACCOL pe-
YL oaRronos, sasatoe B |1, 2,

13 SaMKHVTOCTH KAACCa PeryAspibly VIHPOROR OTHOCHTEIbHO JHIb-
MIHETHBEX OFbeAHHEHNR CIeAYeT, Yo A8 1060ro MOHOKIA MOAETLHAR 10~
(017 KAACCA POEYAXPHBX TOINFOHOB Baesel ero nosanory, Maeecrao, 110 s
Y URAX, KOUAa MOHOWL KoMMytaTused [3] win coaepant Koweunoe 9ucio
WARMROTeRTOB [1], noanoia KAACCA PeryASPHLIX NOIHIOHOB IKBHBRICHTHA
mosenniof nuanote. B pabore [2] npusesen upumep auirelino yoopsiaoten-
woro soHoiaa 1ayounst 3, noraamBaonmd, aro 8 obuem ciysae noanora
WIACCA PErYAMPHBIX NOARIONOB HE CORIAZAET ¢ 00 MOAEILHOR MONHOTOR,

1} Aanuof Crarhe CYPORTCH (PUMeP He JHHeHHO YOOPSI0HCHHOI0 MOHUK-
A ayDuin 2, HAJL KOTOPHIM KAACE BCEX PEry/sipHRX DOJHIOHOB O0Ion, HO
0 MOACIHLHO NOJON.

Beiany, ecaun He 0roBopeto nporuetoe, 4epes S Oyaenm ofoinataTs MOHoO-
L epea 1 eunniy sMosonia. S-noavzonoar nasusacres anrebpanyeckan
rucrema A = (A {5 ] 8 € S)) € OHOMCCTHRIMIS OUEPALHAMK, B KOTOPOR VIR
aohwx a € A, 5,8, € S nenonusicres 1a = a n s (sqa) = (8;5)a. Beaw ann
vesenion a € ¢ A u b € B cymecruyer maomopdnanm ¢ - ¢Sa —» ¢Sb raxoft,
wia gle) = b, 1o aror daxr Gyaem oboapavares veped gSa —+ ¢8b.

Soponaron ¢ A Hadupacics peayarprsa |4], ecan aan neboro a € A
cvieerayer waemnorent e € S rakoft, wro sSa —v sSe. ‘lepes T Gyaem

*Pabeomm sratioanens opu hrsanconoll noepae Pocenfioxoro onia thy nanMen -
W Heea oAl (ko npoexta 99-01-00671).
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ubosHariate nasbO LN PCOYPULR HoALEEON Iemrona 385, sepes o
KIAACO KORX. PEFYASPHEX noonronon waa S

Daxr 1 |3]. Kaace sR peeyanpiis 5-noauzomon akcuosmamaupyem nio
2da u muavxo mozda, xoezda

1) Motiond S ydosActnaopaen peAGst MU LMAADIOC T AN O ipaancr
udensos rS maxur, wmo r £ 7' urS = ¢S das sexomopozo udesmnaomen
mar € 8,

2) dax moborn > 1, 8, L€ S (1 <0< n) muameeonso

S

. !

T I'I/\a,.z =
[}

TCIMG WAL Konerolo nopoxcdens kan npadwil udeaa noayepyniw T

Qakr 2 [3]. Hycmy vaver gK axcussamuaupyesm. Kagee ¢R modeapno
A mozda u mosnse moeda, Kozda dax ool udesmnomenmoo ©.oq & 1
HURDAIIOICR Caedipowue yeaoeus;

1} wHoorcectuso {Sa | Su € 52} aunetine ynopadoseno 1o axanrening,

2) ecau Sa . SeedufaS|1<t<m}, 2deaaeS, 1 <1<m mo
natidymex uwdeanomeninw ey C 1 (J € w) maxue, wno ey F:opy Sa = 5ey,
6y CeS\WHaS |1 <1 <} dan awlinr j ke w, | £k

3) leSy| > w

Hanyrpynne 5 naswsoeves auneding ynapadovennail |5], ecnn win mobo-
1o b € 5 unoxecrso {Sa | Sa © Sh) nuefino yuopaaoueno no nKaoHCIN0.
OrMeTim, 110 B TepMuHax AuHeRBOA ynopaiosenaocTr yenonke 1 dhax-

T2 MOKHO He[wPOPMYARPOBATE CACTYIOURM UOPRI0M: noayrpymms T(S)

AIHeTCH THReRHO YIopaLodcriol
Eeau {sA, | 1€ 1) comeficBo nonapno senepecekaonsxest S-noanro-

HoK, 1o upepes || A, Oyges obosmanaTe AMTHONKTHOe oObeHrenne S-
wr

teanronos A, Baveru, 1o kaace R samMKIYT OTHOCHTCIRRO ANTLIONKT
HOA ODBEAMIONKRA 1 HEPEXOIS K HOMCHCTeMAM.

Caeayioume onpeictenis e s [5] Toa pasacowenurs noagzpynnm
5 nouasaetcn pasbuenie vé B ofLeauienne BenepeceEmoxes 1oay rpy

Sa (0 € Q) MHonyrpyuna S waiksaeTes npasoyeoarnnoti cexssad pyni,

e S =Sy 11 € 1) € J) - pasiosense noayrpymns S wa vpyning Siy
HOph yom S, - Sy C 5,

Obomaum epes F(S) Muokectso seex warMiuenron Ay pyast S,
Caybunoid sononns S daansacies nanGoiniimnst U LT BN TeBIEX

HACRNON

J’L"” AOKAIATEILC T BOOHOTIE KASCCOR NOTHTOI0N MLl ().\,ll‘\( TR0
BUTBCH CACAYIOIIMAL VIRCPA e

HE JHENHO YHOPHAOYEHIBI MOHOILL, HAJLKOTOPHIM KJACC. .. 85

@axt 3 [6]. Hyemu A u B aazelpanyeesiue Cucinemu cuanamyps X,
Cucmesn A u B oacseymaepuo sksustaesnineg mozda u moanko mozda, xo-
pda s wafiozo 1 © wou a0boll xonesned cuznarmyps X2 C N cymeemeyrom
wenyemue muonceernan Fy(Ey, n), o P (X, 1) xonewna vacmunnns: udo-
smopfiamos Aly, o Bly, co caedipougum caoflcmaom:

vean f € F(X,n). 1 <1< n, modag aobwra € A, b € B cyuecmeypom
Ui © 13, n), dax xomopwx a € dom gy, b€ rang g2, f © gy N 4.

Teopema. Cyuecimayem e auvedno ynopadosennutd sonoud 2aybure
U 3l KOTROPBM KAGCE 6CET PEZYANPHNE NOALZONOG NOAOH U RE MOJeALHO

T

Aokasareawerso. g abenenolt rpynnm G = (G, 4), Heuyerux Miuo-
woctn 10w dyuxigne @ 0 1 x J - G pasonem (G, 1, J, p)-caraxot nomy-
rpyiny (G x I x J 4} s KoTopoit oncpansst « OpeAeIseres 0o caeayiomemy
npasnny:

{a,i,7) « (b k1) = (n+ b+ @{k, 1), 1,1)-

ACCOUMATHRHOCT OUePAIN * CASAVeT B KOMMYTATHBHOCTH OHepaiMy

((a,5,5) * (b K, ) = ey mp) = (a4 b+ p(k,g),i.0) « {em,p) =

(@ +b+4olk 1) +e+elmit),p) = {a+b+c+plml) + ok, j)1.p) =
= fay1, 3y 2 (b4 e 4wl D),k p) = (o, g+ (b k1) « {e,m, p)).

JLs npousBuabkmX aaementos | € [ u ) © J oboanadum vepes S;; MHOKe-
oo {{ay 1, J) | o € G} Toran anrebpa 8, = (S;,, %) apasercs 10arpynuod
(G, 1.J, p)-cenakn ¢ ngemnorenroM (—p{i, 7)1, 7) B KaYCCTHE €MHUYHOND
vienenta, Tak kak S, » Sy € Sy, 10 (G, [, J, p) anasercs npamoyraisuol
CKOR epyim, KoTopyio Gyaem obosnavars wepes RB(G, 1. J, ).

[an uponssonnnol vpyi (7 ¢ eauunucit ¢  opausaga a aepes G
GOHAN M apAMipe cmenens rpyinms (3, 1o MuoxecTpo Boex hynxumi f
0 (G raknx, w0 Muokeerso {x | f{r) # ¢} konenmo

Pacemotprm epynny 23, vae Zy — ({0,1}, 1}, Duemenr rpynms 25 Oy-
en oho3RAUATE *tepes @, b, . . ., nonatas, 410 @ = (ag,ap,. ), b= (bo, by, .. .),
nonn rpymia 25 sepes 0. Jla uporasoangoro saeventa a € 23 waejsem
e Ay loume obosnatenux

) sse (0), ecan a =10,
RS (g, An1), oty = 1 nay =0 z1x seex k>n,

i) == ), eccama-— 0.
(a) = i, ecan ffid) = (g, -ty 1),
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1A}

rla) = Za, 2t
v

Feaw a = (a,1,J) € 5, 10 noaares i{a) = Na), rla) = r(4).
OnenANBM HIEHETCH (WIe1Y IILee

Dameuanne | Auast anbor u b € 45 sbneansemes coomuouenue o+
by < max{({a),{(B)}. Boace maosn,

wean He) > b}, mo i@ + by - la),

ecaw (@) = 1th), re i+ b} < ().

9 Eeau i) > (), mo rig) > rib).

3. PUHEYUR T AGARCTICR Guesiqred uz 25 wo w.

Onpeacnum by kg ¥ ud w i Z5 no CAeAYIGIEMY TTPATIIY-
wlny = ([}

(apeck 2] VIHAYART UENYIO HACTYL ACHCTBATEABHOI0 YRGIE L)
FAagEM DUCPEHES YMEOZKEHI 21CMEHTOB TRYILIN 27 wa 0 u 1 caeny
WOHIEM ODPEOM:
a-0 =1,
a-1+—um

Mouowus G == Zy, 1 —=w, J = {0, 1}, ¢(u 1) = vii) -3
Onpeaeinm MONoILL S PRBEHCT M

S = (RB(G, I, L) U Zs. o).

rae ACACTBIE ONEPAEUME ¢ MOALY MEMEHTAME QHOR BPRPOABLE ONPEAEASETCA
SOTESTHCHHBM OBPRIOM, & MEKY WIUMCHTAMH 13 RB(G, [, J,¢) u Z5 uo
npansay:
{(By0,3) s b =be{a g} = (a+b1,))

13 CHly TIEPRCTRHOBOMHOCTY WICMEHTON 13 Z4 ¢ OCTIILMKIME HIeMelTa-
e 3 S, OMPRKIHO, HRIVACTCH JAKOH ACCOUMATHBHOCTH HA S. Easnnoeft
vonouaa S asaseres aeseny 0.

Tax sak see aemernss nd 2%\ {0} uveior Bropoit MOPSIOK, TO A7TH KCEX
v 1, g pnoainsto @it ) - PlE 7). WoBCE NAEMOOTERTH MONOAA S
ORNAIVIOT MHOAKRCTHO

E(S) = {{els, )00} e Ly € JJut0)

Motowd S asaAetes oG LeaMHeEnem pyni wiomoppuuix Z5, caeaosas
Teanto, CRpaBeLARBo patencino 17— 8

HE AMHERIO YIOPSAOMEUHLA MOTONA, 1AL KOTOPRM KAACC. 87

Jlemma 1. Kaare $R oxcussarmuiupyeas,

0% AOKBAATEILOTEA IEMMBE BOCTULAyeMen Gaktoat 1 DaMeTHm cni
VAT, WTO A CARBHBIX TIPABBIX WICAIOHB, BOPKZKZCHIIX WACMITCHTAMA,
FLITLIMIOTCA (€AY IOTTHE COUTHONICIMAS

(0,5,0)¢ 5 = (0,1,1) ¢« ST NHe S nmi€ L ()
(0,1,008 M (0,7,0)S =W anr 1,3 € [i £

lax Kak HaubOJIBINAS AAHHE eUH MAuLX HACUIOR PAHIA JIBYM, TU BHITON-
nwnercst yeosue 1 dawma 1

Ioxaxem Teseps, wto gus mobux 8,1 € 5 vnokecrro Xy = {r | s+x =
f+ 0} NYCTo MAR KOHETHO TOPOX/IPHO KaK NPABHLHA WIeAT.

Jlonyerum enasana, 910 s =a, t = b, n roraa Xy = {r|aez = be £}

Eean z = & € 72§, 10 papeRCTBO d » T - I & £ IKAUBANCHTHY PARCHCTRY
(4T = b4 X, N YPABHEHRE G % T — D+ T HMCCT Pemiense 70R1a M TOAbKO
TOTA, KOTIA @ — b,

Eem 7 = (#,3,1) € RB(G, I, J,¢). o papexcrno a« {F,3,7) = hs (.1, ])
AKBHBATCHTIO pasenctry (@ + T,1,7) = (ho 3,8, 7). B, CleOBATEILNO, W

vpasheme @ = (7,1,7) — b (2,7, 7) HMECT PEICHHE TOIA B TONLKO TOT)A,
Rors a = b,

Fnaunr, ecm 5 = a, b — B, 1o muomecTo Xy HENYCTO TOUAR WO TOILKO
roina, koras ¢ — b Taxum obpasom, ecan 5 = 6, © — b, 1o Xy — @ npu
AL XNy = S =008 npis = 1, .0 HCHYCTOR MAOAECTR0 Xy SnISeTes
KOHPEHMHO HOPOZAIEITHM TPABIWM WACLIOM,

Jonyerum seneps, Wi § = a, = (b1, j) Hogamen, o X, 025 = 0
lefierswreasto, e 2 € X NZ5 100 =174y

ST =q¢sT=0a4 ICZ‘:.
(18]
fok=(bag)es= (b+a.1,4) € RB(G, 1. ),

GO MPOTHBOPCUIT yoronusM s+ 5 — e n ZY RB(G, 1 0 ) — 9.

Myern r - aaement w3 X,p, 1.0, 10 AOKAKIIIOMY T uMeet wiy (1,0, o).
lorna

sor=ae{r,nm = (a4 x,nm),
tex = (b1,)e (T nm) = (bt x+ypin ) em),

I PARERCTRO 8 0 T — f* 2 SKBWBATCIHT O RIS RO }'('.ll()liun

G ¥ =b4x4glnjyun=y
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T.€,
a—=b+pn j)nn=1
Taxusm 06pazoM, CCTN MROKCCTIO X, nenyero, o A5 & U L BEOGAeTes
yeaomne @ = b+ @(n, i) n

Xa={{z,a,m) | Z5,mc JY = {0,1,0) « S,

e Xy — KONPYHO TOPOAIERILI NPABLE HAea).

Jlonyerus nakoret, wro § = {a,1,7), ( = {b, k,l). Ecan cymecsyer ae-
MenT T = F € Z§ N X, 10 (G+ 2,1, ) = (b+ T, K, {) u, cregosareasio, a = b,
i=k j=irtes=tuXy=5=0+85 EcmZyNXy= B, 1o mwbo#
anement T € X, nmeer sua £ = (¥, n,m). Torna

svz = (.1, 1) » {Z, ;z,m) = (a4 1+ gln, j).1.m),
taz={bkl)s{x,nm = (5+ Z+@(n ) kom),

W, CAG0BATENNN0, PABEHCTRO & % T — [ % T IKBABAICHTHO YCAOBUHM
t=knatp(ng)=>b4 pinlt).

Orcoia noayyaes
@a+b=jg u(n)+1uin)

Ecm j =, 10 @ 4 b = 0 u, creioparensho, a = b, Yuntrsan ycaonne
i =k, 3axanodaes, wro s =t Xy = S =05

Eem 3 # L 10 a +b = win). Henomays onpegeacnse gynkuns o,
nanyaaem ria +b) = |/n]. Toraa

(r(o v b])z <n< (r(a + 6] | 1)7 -1
W, (ICAOBATEIbHO,

(raasBya1)*
Xu={lenmy|ze2 |Val =r@+h)} = |J @n0).s

neriadd)

Taxum obpasom, ecan s = {a,1, 1), £ = (b k. {) n Xy 7 B, 70 1000 5 =,
wrota Xy =8 = 08, an60 5 = (@n,7), t = (bl 3 £ 10X =
(f(“b)'l), i

UJ (0,7,0) «8, t.e vuoaecTso Xy KONENIG NOPOAACHG Kitk 1pashifl
nor(add)
WALCILL.
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I3K KaK BEPHO PABLHCTEO

{‘J‘CT’ '_AS'.I !,01} h.\"‘[‘,
-1 vl

Wt nobnx s, 0 e 1T oo, momectng X, ¢ KOUCUHO NOPOA TPH)
Kk TPABBA WICAIL, TO, YURTRBAS COOTHOIEHRE (), JAKU0MAeM, 10 BIIOJI-
soneres yenosue 2 gaxm 1 knace ¢ akcnovaiuanpyes. O

Jlemma 2. Kaacr <R se smodeanyo noaon.

Noxasarenwerno. o aemae 1 kaace oR axcroMamesipyeM, 1 noatoMy K
pemy npsyennm haxt 20 Tak kax 1 Mouosae S sRIOITHAKOTOS COUTHOTI IS

S« (0,0,0) C S0, Se{0.0.1) S0,

S {0,0.0) 18+ (0.0, 1)9,

iy vnoaeeTso {Se@ | S2a € S 0] we anasieren anmeling yuopsaoscHEnm,
(epoaTeabHO, HapywacTes yeaome | dagra 2, 1 kiasee ¢ e Moo
nvion. [

CLis apowanoanior 1 E w\ 10} onpeacame wneao L, oo muomectsa Sy,
S0 0 SE no npasnaas

|
I,, = max {f(u) i ae 2y, rla) < 4 = } :

S {(ll,l,)) ; Ha) <! (r ! Ilv‘tl) <Ay 1 E {“.l}}L-‘
L{allla) <L),
59 = 8, nSs(0,0,0), 5 —8.085{0.0.1)

Jemma 3. 1. Aazedpa (S, ) BEAACURER ROEUWM TOIMOROUTON A0
oy §

2. Jas mobfozo xonenavzo nodaonsuda S C N cpeccmsgem sueao €

N {0} maxoe, o 8'C S,

3. Feaun <m, moS, €8S,

4. '\ §;=8.

newh (0)

NMokaasreherpo. Nepepastenue | enocpeacTaenno cCoeayer u2 aMeva-
Hsl T ] 9 ONPEICNIS OHEPATIHIR ¢ HA ICMERTAX MOHOIA S

7 Fea mogsonoun 8 koneaen, 1o, maGpar nomxus obpatom, wro £, =
[ (s) | € 8, noayuaes 8" C 5,
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3. Ecan n < m, 1o, onesnano, L, < L, # W3 ONPeIeeuis MuokeeTsa S,
ACPKO 10y SaeTes pranosenue S, © S5,

4. Bxmousenwe  |J Sy € S osenmwnio. Tax Kax s nposasoabionn

newh {0
anementa a € S ucpun‘n) € Synpuwn > 2 r(a) + 1, 170 nepno 1 oGpaThoe
ronotesie, L

Jlemma 4. Ecau I (r~! l\ﬂ]) > 1y, mo das mwobwr o € Zy u j € {0 1}
gunoansemcs s, Spla, 1,7) = ¢, 5.0

Jokazatennetso.  3admkeupyeMm  aneMentst 1, 5,4 ¢ YCAOBHAMK
L{r" [vA]) 2 l, j € {01}, a € Z§. Pacemorpum orobpaxenie y - S.0 —
Sala, 1, 7), neficrnyomee no npasuay x{s0) = s{a,1,3), s € S, Tak kax
anement O npunagienur Sy, 10 x{0) = {a,1, 1), Ouesrano, orobpaxenue y
SBJIACTCH TOMOMOPHHIMOM.

Tak kax ana mobwix s, ¢ € S 1akux, 110 5 # ¢, Bunoasercs s0 £ (), ro
JUIA MOKASATENTLCTBA TOFO, HTO Y SiAHCrcs GHeKIMeR, JOCTATOMHO TOKASATD,
uto s{a,t,7) # t{a,1,7) a1 mobux 8.t € S, 5 # 1.

Ipenonomkum, 410 4 HEKOTOPEIX § # {, HAIPOTHE,

s(d‘l‘j>.—t(ﬁ7,11)' (.)
Ecan s = 5t = 1, 10 pasenctso (+) 3KuMBAACHIHO paBencTsy
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A.T. IMunyc’

Honoenbupesuht Tocyaapersennmit Texunveckui Y uusepenrer,
Poccus
e-mail algebra@nstu ru

B pabore anropa |1] Guam soeaen nossTua yerosroro TepMa, yeaos-
HOLO TOAARCTRA, Yerosroro Muoroobpasns. O63op peayiaton ¢esanasx
€ ATHMH NORATAAMM MOXKNO Haftth B paGotax (2], [3]. B paGore [d] sreseno
NORATHE NOIMTHBHO Venosnoro repya. Hactosman pabora nocssuena 6osee
ACTAILHOMY PACCMOTIHHKID HEKOTOPLIX ACIEKTOB, CBR3ANHBIX ¢ ITHM NOHH-
Tiem. HanomuuM ocnosnwe onpeaeacnns.

on noswrmemam yerosuem P(T) curnatypr o Gyem noMHMaTs Komed-
HYI0 COROKYINHROCTE PABCHE Y MEXLY TEPMAMI 3TON CHIHATY PN

ti{z) = (%)
ta(T) = L3 (%)

MomsTie HOIMTHBHO YE10BHOIO 1epME {ny.1.) ans smobora dukcrposay-
HOTO KAaced K yuMBepraibibix aarefip CHIMATYPHE 0 ONIPeAEASIOTes ALY~
olel Wy Knuei,

) mobue pepeMeine, JI06Me KOUUTANTh CHIMATYPH 0 SIRISIOTCSH ILY,T.
i K,

G) ecamn flzy, - zm) € @ u 44(E),--  bu(Z) - y1 s K,
0 f(0(Z), -+ tm(T)) - nyr gaa K,

B) ecan £(Z), - tm(Z) - my T ans K, Pi(z), -+, Pp(x) - noamrasusie
MUlORKMH CHIHATYPW O W

X f: VI(P]{T') VieeV 7’m(i‘))|

Lis nobux 1 <1, <m

K = YE(P(Z)&PAT) - 1.(2) = 1,(3)),

“Pator numoaiena wpw mnancosoR nogaepase Pocenitckoro thouna Ppymnanenrans-
i meeanaonasdt ko npoexta 99-01-00571).
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(T
p](-f] : h(I)
l(],); RSO
pm{x) - tm(f)
raxoke .yt ans K.

Jlobosy oyt HE) wm K wa mobolt K-aurebpe A cepeetienipn ohpi-
JOM COOTRETCTEBYET TOSHTMBHO VEIOBHO TepMaiLiiia py ks, oboanaac:
Mas 1akae Kak 7). Onpeneacnne ¥100 QryMKIInE SCTECTHEINIM ohpaEIoM
COOTBEICTRYET MHAYKTHLIOMY GHPRACACHIID TLY- T t(7), npy arom 8 CayHace
8) jaa mobux a,b € A A |5 H{a) - b TUrda M OTOILKO TOIMa, ROUGR JUIH
pexoroporo 1 < 1 A = Pifa) n A = (@) = b,

1Tt BOARTHBHO YEAOBHEM TOKACCTROM BYACM NONKMATE PABEHCTHO JyX
NOTETHBHO yerosnbx epson £ (Z) = taT). Jlan moboit anvebps A nosy-
AHBHO yeaoBHOE TOXAECTBO {E) = ty(F) nerunno gas A TOrAa ¥ TOTHKO
Toria, Koraa £, (T) u (T} MoINTHBEO YCIOBKHE TEPMLL 1% A B as awbx
de A, A= 4(a) = ta(@). Knace K anrebp cHrHATYPE 0 HAIOBEM NOINTHBHO
FEAORHEIM MHOPOOOPAINeM, e juid HEKOTOPOR COBOKYIHOCTH 3 HOFHIHENO
VEAOBHBX TURLECTH WMECT MUCTO PABEHCTBO K - {AlA = 3}

Jlas moboro kiacca anrebp K nyerb Mp(K} - nanmensimee nosHrHoio
YeAGBIOE MBUTOOGPAINC, BRAKYAmE: B cebn Kaace K (nossiusig yeiobs-
woe mMuoroobpaane, nopokienios K. Tyers Q(K) - NAHMEHBIDC: KAA3HM-
porooGpazue, snovaoes s cobn K, a Up(K) - HAHMCHUIIHA DO3WTHBIO-
YHUBEPCAIBLH LA Kiace, sronosatonmi v eebst K {srammennmudl, nEmo4amKi
b cebs K, K1ace AKCROMETHINPYEMISH HO3HTURITEIMY Y-hopmyranu ). Hano-
MM, UTO, KAK Xopomo wnectn, Q(A) = ISPPAK)., Up(K) = HSPK),
rae oneparopu 1, S, P, H, Py, (), onpeacaennt ina Kiaccax anebp crapiapi-
wwy obpazom: [(K) = {AjdB € K. A= B).S(K) = {Aj3B € K.AC
B),H(K) = {AldB e K, A rosomopehinift 06pad anrebphl B}, P(K}- xaace
peex apamux, b Fy(K) - neex yanrpanponssesennl X - anrep, K, - xaace,
motoaaomit B ceba pee K-anreGpsl B OIHOMEMENTIY IO arrehpy cooTser-
CTBVIONER CHUHATY P

TEOPEMA 1. [Lan awboro kaacea aavefip K wmeet Mecro PABEHCTBO
M, (K) = QIK) N Up(K).

Jlokasareancrno, Tlycry wa kaacee K RCHOIMO NOIHTRBIOE YCAGRROE TO-
wacetso L (F) = t(F). B paiore (4] aokasano, 410 MOKNO CHRTTY LY T
() 0 L2(T) WMEIOIEMK 1AK HASH BACMY IO HOPMIILINIO Gapmy, T

tl7) = e R
Pa(x) -+ 13(7)

HOZUTHBHO YCAOBHBIE MHOIOOLPAIHA 101

Pi(z) - (%)

PL(E) = £1.(%)
, e 'P; - MOSHTHEHLIC YCIOBKRA, & 1] - TEPMB CHINATYPI K1aoca K.

aronm nbpazom, s noboit anrefpu A, na A BCTHINO NOBTHEIO YEIon-
woe TomcecTo (7)) = (7)) Toa K ransKo TOE, KOra

A V2V Pl s U P
1= i=
VE(&y, pen P ()P (7)) — £ (2) = L (2))e

vr(&,.J,gm*\wn&r.i(f)) £ (z) = £ (3)k
W(&Kn.lgm‘p) (.’f))&"P. (f)) — ‘}(i’) - ‘E(E)&

Tem campam, 1 aoboft anebpu B € QK) NUp(K) umeeT secto R0
nenne B e M, (K}

Myern renepn B = M (K) w va K sermino xsasuroxaecrso P(T) —
a{T) = ¢2(7). Tlycrn

we={ 78200 o =a.

(9CBHIHO, o ty(T) ty(2) ARNAIOTCE NOIATHBHO YCAOBHBIMH TEPMaMH JLs
Kaacea K onua A, asnaunt, ¥ na B HCTHHHO NUSKTHBIO YCI0BHOE TOKAECTBO
t(1) = ty{x). Tlocaemee Ke paBHOCHALMO WCTHHHOCTH A B KBasuromie-
cria PE) — q1(T) = q2fT). Tem camum, Mp(K) C Q(X)-

l'l‘ycrb Temeph HA A HCTHHIA (I03MIHBHO-YHHBepCAILHAR  opMysa

Vil \ PE)), tie Py(F) - komnonkups paseders mexay repmama. [lycrs

=

R B -
t(#) _{ P:(?) Ly W @)=z,
rae F HeKOTOPAS W3 nepeMeHHbiX woprexa . Torna 6,(Z) u (2} - ny.n
e Kow K | 14{F) = ty(z). Tem cammm, aaa awbod aarebpu B u3
MK}, B = 04 (7) = ta(7) 0 B = VIV Pi(T)). To ecvs M (K) € 1p(K),
N R =1

Panerctso M (K) = Q(K) NUE(K), a BMeCTe © TeM 8 YTHEPXKCHAC TEOPEe-
M, JHOKASAILL

CHEACTBME 1. Jhoboe xsazumuoroobpasse w000 103KTHBIO-
VIMBOPCATLHEH KAACC ANreOp SRAAITCH HOOMTHBIO YCTOBHLIMI MEODOOG-
[HETHAMM,

HTOAM THBIO VEAOBHO TEPMANLILE (hy HKIHK OMOBIINKM ODPA3OM KOMMY-
Spvior ¢ romomopdmmayy wieGp, e ecar @-rosomopdmsm aarehpu
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A v aneOpy Ay 1(T) apameres 1Ly ot Ay u Ay, 10 mokin s
i € Ay, witla)) = t{y(@)). B enay 31010, OCIn Ty, - Fg) - WYT JUs
wameca K u K CoaepanT N-eBOOGAIG TTOPOARIENHYIO K-anvefipy A, 1o nail-
neres vepm tlEp - Lx,) Takof, o £ =y = vz R THRTEABHO.
PN

Pu(z) - tal7)

UE) = { wornmmrrne

4pm‘.j) ’ tm(f)

pmaninoil gopse 1

- PeCTARICUNE HOBITHBRO VCNOBHOFO TEPMA t{z) B 1o
s HekoTOpora 1 < nl

Uy~ o iy - CBOBOINRIE MOPOWAATOLNE worehpht A, 10 43
pueer mecto A = Pi(@) w, 3nacuT, A | t(a) = tle). C apyrofl cTOponsb, T.K
A ool B E K u 06X by, - -+ by, cymecTByer roMoMopdIIM @ aarebpit
A & anrebpy B Taxoft, wro @la;) = by, T B = Pu(b) u B |- t(#) = t,(1). Tem
cammy repy L{T) u asaserca aekomun Tepyosm £(T).
(F1101a B HACTHOCTH (JICAYET
VTBEPX/JIEHUE L T awboro KBAIRMHOrOOBpaiKs Q NUINTURHO
YCAORHO TEPMAABIHE LA (2 hymRINOE CYTh TEPMATLHBIC,
1 pafiore ||, 6] naiaenw auaiornm veopenst A.H Manniena o paImMonailL:
110 SKBHBATCHTHBIX MHOMOODPAAMAX L1 VEAOBITEX 1 2AEMEG TApHO YCIOBHLIX
MuOroohpaIRi; yEIonnNe MHOFOOBPAINS YEAOBHO PAIMOHATLHU IKBHBAICHT-
Ul TOCAA # TOABKD TORAA, KOLUA HATY PALEO SKBRBLICHTHY (m3omMopPub €
LHOMONEBH) WIOMOPKHIME, KOMMY THPYIOIUETO €O CTHPAIOMIMR dynxTopasn)
JCMOHTAPHO YCA0BHLLE MHOPOODDAAIS STeMeH~
HKBHBANICHTHB TOTAA W TOJBKO 10rAA, KorAR
HATYPAIBIO IKBHBAACHTHB HEKOTOpHE WX JBORAKC KATErOpHi, CRFAANNBIE
¢ IOHATHEM MIEMOHTAPHAN BACKRMOCTD. Llph 270M BAOAKEHHA U eMeHTAD
ABE BAMKOIHA CYTH TC vopdIMnl € KOTOPLIMH KOMMYTHPYIOT WII0BHO R
AMPMENTAPHO YEIONHO TePMAIBHHIE HYHKIHA COOTHETCTBERIO. [orsirue 00=
ITHRHO YCIoBHON PATMOHATLHOR IKBHBAICHTHOCTH ABYX Kdacces anrebp
O ACHIETER AMATOIHHTHO TOHATUHM PAUHOHAULHOR, VEIOBHO PAIHOHA b
HON IKBHBAACHTHOCTER 1A (KHOBE HOHATHA BOIHTHBHO YCAOBHOrO Tepmi {eMy
(4]). Tak Kax no3RINBHO VCAOBHO TEPMILTLIBLC KK KOMMYTHPYDYT € o
Branist roMOMOPNIMAME MEKLY asrrefAMI HA KOTOPBIX OBpeacAeH AAHHW
HOAMTHARG YEAOBHUA TEPM, TO LCTECTHEUNE Grasio BB OAMAATH COOTRTCTHY
OITEN0 PEAYJINTATR! HOORTHING VEO I muoroobpazus Ky 1 Kz 1030TH
FEOBID PAIHOHRILHO SKUMBAIIGHTIR TOI/A U TOILKO TOTR, KOFJIA it
PANEHO IKAMBARCITIN wwreropun K n Ky (OfrbexTil KATETOPIY Kic
K -narehphe, & mopdieimn - FoMOMOPKDIMEL MEALY K, -anrebpas).
HAKO 910 WE TAK, 410 MOKHO BRASTDH 1 CAAYIONIEM HPRMEPE; HYETh K
ek rophi erernpit (€ TOTHOETRIO 19 n'umupdm:ma) wace we Doee

AX KATETOPHIt BAOAHMOCTI
TAPHO YCNOBRO PAUKOHAILED
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ARYANCMEHTHIEX Anrefip o
A HIHATYPLE @, CORCPAATT
" 3 , ronge e crueTHoe 9 7
MesTILX bynkmronatmax cumeanon. B cuny meopenna 1 r‘"—"" ‘;é!"“-'b"‘--
i \ ] sace K oawaa-
..,.,,Mmem,. m(okzvcnoumm mnoroobpaswes, [Tyern opmomecTuas rbyummux
.,,.,6,;,‘ A i :‘m A -z.u;(eﬁpax € TOTHOCTHIO 10 HIOMOPIIMA, T £ TAK, T ;uu‘:
L7 ‘ o )
s .m’,tm. ,Kor oramenns < A4;; g>n< Ag.g > wzoMophib TOCIA 1
s m; 2 na waomopdan A, v Ay Ouerrano, wro, ¢ 1wmuoc'rb;n o
: vmmw;r 2 63(Cu.vcrnye'r KOSTHIHYM 1H02008bIX yrxunit g, B romke spemy
A ver ne Hosee ; :
bt Bl (‘l: K:m; CHETHOR HIHCA0 DOAITHBHO YCAOBIO TEPMATKHNX -
ot i lcm CAMIM, CYVUCCTHYET (DYEKIHA ¢, ONPeacIeHHas
bt lomuio JI0 H3OMOPHHIMA H NE HHAHOIARCH HOSHTHRRO
5 pyanniolt ma K. Ylepez XK' oboanauum g-oGoramenn K
e : ' ¢ Kaacea A
= S POCTOTH KAKIGH H3 HeonpoateMonTnux X-anrebp, kaTeropan i’ "
YPATHED IKHHBANCHTHBE . ‘ :
, IO, B CaY sbopa
e bt ; )VHREHHR g, 1 I
u.c;x; HHHO VEIOBHO DAIHOHTEHO IKBABAICH T MH R
TOXE Bpe K e
" mmn“"lo-l\d‘)f.ym nokatano g patore [4], ane xonevusie amefipu A
; ;, = VEAGRID DALHORAILHO SKBHBATCHTHL TOUSA W mm;-x iy
QIR COMPANKENTI WYY s
1 Il 1X BAYTPOHHUX 1O ‘
% 3 momopdmon. B gacr
HOCTH, 8CTH KATOTO ] Ao
T L mmym;):’:‘)\i:(AJ H .MN{A,S HATYPATLHO SKBHRUICHTHY , TO
ONPANEHN I, 3HAYAT, anreh ; ;
LE S, ! : ; canrehp A, 0 A, noanty
i PALROHAILHO AKBUBANCHTHLL. D107 PEIVALTAT MOKET OpTe OF S
A cnyqal KOHESHOTO YHEIA KOHETHIIX a.'uvﬁp- AR
Hoawrunuo ye 5 ol
W ".; YCAOBROE MHOPOOHpA3He K RATORCM KONEHITBIN, CIl, ¢ TOY
R zo;;bn IMA, OHO COCTORT W1 KOHEYHOIt M8 m:vﬁ;; B o
. VTOCT OTHOCHTEALHO YALTDA - 4
) ¥ NPORIRCACHNA
e B K ofigaa - LA
S HEL OLvs koneanbimi. B eway e Teopemu 1 mm;\wuarr
‘ [~
i ;Mﬂ':? wiomopdiama, corokynnoers K = {4, Al KO"I“ilﬂ'ﬂ
B | -
S A uu: nmm;gn VOIOBABIM MHOTOOGPAIHeN, oot “mm mumwx
TEALHO NOAAMNeHP 0 roMOM : 4
pehinax ofipas :
T T : p pazon wiomopdhn -
n:qwnwml'l'z::nm Jl;:'uuxu anrehpa we A lvers g(ry, T }pd)d))ux:lws:
: % & L Dk Bl P Sk 3
- " fa K-anrefpax W KOMMYTHDYIOmAR ¢ MOpHIMAMH K'ﬂ("}:nj
XIWW”."(.";."c romomopdirimanin mexxay K-anrefipami. TTokazenm rn.

- I : : :
sl THRHO YCROBRO Tepmantiof ymkamed ma K.-a.mv-fxr;ax "9 ’“’"
o Sl @y > | and nexkotopoil A £ A a a, € A} '("n s

‘ ( S ; - Y N J -'
2 ;m(mwnm' < chenvionmM obpasom; < a, a, ><< b putl;nuu
UL CYNICCTRYET 10 X It E e N
A {}" : .MOMO])d"HM ¢ nogancetpn X-anreGpn nommxeu';{on
P I A} wn nopaarelipy K- anefip NOPOKACHIYIO
.. d
aepnes Pl o B} TaKol, o @(a) = b Jlaw & =< a, t, \t"‘:
v ) : RS N
“““'mv:o m:‘ 'n K.. T ) OOOTHNIUM HOTHTHIYIO JUHAFPAMAY nnpwm‘n @ eoor
b L WA 2 . ‘ X
stk :.mr:r('up{- A, re conoxymnoes yeex panenctn (7} — 1,(7)
Ay Tepmami anrebpu A saknx, dro A b fa) = S{d) Osernano ?‘c
2 ' L M0
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s mobux @,b € S ortomenie b < @ MMEET MECTO TOTAA W TOALKO TOLLL,
xoraa B | Py(b), rae B - mobas K-anarebpm, coqepaainas Koprex b, B enay
KOMEMHOCTH S, A mob0ro @ € S CYUiecTBYCT KOUCHHAR acTh Palx} nosw-
tunnoft gauarpamsvnt Pyg(Z) maxas, 4910 A% moboro b € S, B = Ps(b) roraa
) ToubKo toraa, koraa B k= Py(b) ans awbon B € K taxoht, wio b € B, Tax
xak Kaace K ZAMKNYT OTHOCKTEALHO nojanrebp s g KOMMyTHpYeT ¢ Wio-
aerusv K-anreGp apyr 8 Apyra, To jas moboro a € S cynecrsyer TepM
t;(z) Taxofi, wro ja1# moboft K-anrefpm A, sxawvaomeft cebr @ mneer
wecto panesicrso A | tg(@) = 9(@). B cray 1oro, 1o TepMaabiLC Jryuk-
upy i GYHKIMA § KOMMYTRDYIOT € romoMopduamasi mexy K-anceGpaso,
s awboro b € S w moboft K-axreGpul B, sxmouaomedl b, ecan b < a, 1o
B |= ts(B) = t;(b) = g(b). B nactnoctn, i aobux Ay, Az Ay € K, mobnx
a, € Ali = 1,2,3), ecin Az |- Py, (@) &Pg, (a3), 10 Ay f= tg,(83) = ta,(@a).
MNyers @y, . - -, @ - COBOKYTIHOCTH BCEX MAKCHMATHHLIX MCMCHTOR MACTHYRO
YHOPHAOHEHHOIO MIOKECTBA < 5) <> B cuay oTMeHenioro Bhuie, OMesi-
HO. WTO NO3MTUBHO YCHORIH LA Kiaacca K TepM

P; (@) = ts, (%)
t(f] o 0 A ke AT
P (F) — 15, (7)

onpeneasier na K-anrebpax dyrxumio g. AHANOIHAIEE PACCYIKACHAA Cpa~
REUTHBRL A1 100010 JOKAILHO KOHETHOID ( 4T0 B CHAY YILTPAZAMKH Y TOUTH
K paBHOCHIILHO PABHOMEPHOH JIOKAJILHOM KOHEYHOCTH ) NO3HTHBHO YCAOBHOIO
wHoroobpasus xoreoll curvarypui. Taxum 06pasom MMeeT MECTO.

TEOPEMA 2. Jlas mo6oro JOKaJIbHO KOHEHHUrO KOHEUHON CHIHATYPH
(s MoBOro KOHEUNOro) NOAMTHBHO yCAOBHOIO muoroobpasns K dyuxums
g, onpeaenennas na K-anrebpax SRAACTCH NOIHTHBHO YIOBHO TepMastbnol
s K TOrza w TOJILKO TOTAR, KOT/IA OHA KOMMYTHPYET © roMoMopbEEMAMY
sy K-anrebpamu,

CJEACTBHE 2. [lpa A0KAIHHO KOHCHNNX KOHEYHHOR CHIATYPH (1na
KOHEUHEIX) NOIRTHRHO YCAOBHKX Muoroobpans Ky s Ky 003HTHENG yeIOB-
HO PAUMOHANLHO IKBHBAJCHTH TOTAL W TOALKO TOLAR, KOIE HATYPAILHO
aksusatenTin xareropan Ky K.

ZAMOTHM, MTO B CHAY NPHBEIEHHONO BWINC IPAMCPH, YCAORHE KORETHO-
CTH CHPHATYDBL, JL18 PABNOMEPHO JOKAILHO KOHEHILIX MOIITHBHO YCIORHKX
MIROrooBpasuil B yTHRIKACHHAX YeopeMEl 2 1 ICACTBMAZ, CYIMECTBEHHO.

CTon e CYNeCTBENHO YEAOBHE A0KAILHON KoHeyHocTH. [lefcTantens
1O, paceMoTpRM Kaace F Bcex noaet B CHINRTYpe < +, -, -, 10,1 > cuntas,
wro 0 ' = 0. Toraa akcuoms cymecTBosanis 0bpaTHONO AIEMCHTA 3anNCLBA-
eTCH KAK yuBepcaahio osntHsnas Qopayaa Vz(r = 0&0'=0vr-r'=

HO3HTHBHO YCAOBHWE MUOTOOBI'A THIA 105

1) OQuesnano, wio kaace F awisercs TOarresind yeronsM Muoroobp«asm-
em. Bee neojuioaneMenaune FeaareOpul sismorcs npoctimi. 1eM camim,
rpfﬁonauuﬂ k hymxim g, onpeneacinon wa F-anrehpax, KOMMYTHPOBITL
¢ Fvopduamam cyTs TpeDOBANMA 0 KOMMYTUPOBRIKH ¢ Baomenvwamn F-
anrefip apyr s apyra. Tlyers Fy - conokyumneers noel xapaktepueraks p (p
npoctoe o, anbo p = 0). Toraa F - U .‘}I,, e P cosokynuocth
pe PL{0}
seex npoctuX trcet. TakuM ODpAIOM, CYIMCCTBYT KAX MUHHMYM KOHTHHY-
VM PALTHYHBIX OAnOMecTHRX Dyukmnil ¢, onpeaenennpx wa F-anrefipax u
KOMMY THpY 01X ¢ romoMopdiramamu Meaxny F-aarehp. B Toxe npems, wite-
A0 PASTICTIBX NOINTHRKO YCAOMHO TepMaanimx s F dvnknuft ue Homgee
e eqerno, Tes camam, JCACTRRTENLI0, YEIOHe TOKLIOR KONCSIOCTH B
BOPMYIHPOBKE TOOPEMIE 2 CYeCcTsenno.



_ AL Hunye

6. S
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5 Ah[x;l}.nyc.a(??og;;‘mpuuc W ANTOPHTMIYECKHE CBONCTBA BBIMHCTHMO
::'u" p;:;inmuwnhuuc cucrens, T-106, 1096, «.H9-78.

i cations.- in "Algebra. Proc. of
g ditional terms and its applications.- in il f
3 ?hg l::tl.:: sPf:"()onf of the Occasion of the 90th Birthday of A Kurosh

Walter de Grayter Publ., Berlin-New York, 2000, p.201-300.
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(3] AT.Tusye. Veaosenie TepMbl W “xsﬁ, Ned, 2001, ¢.35-72.

RuducacHui - Yenexu Mat. MayK, T

4| AT huuyc Bryrpenune FOMOMOP(RIAMBL i NOTHTHEHO YCAOBHALIE TEPMBL-
l AnteGpa 1 AoruKa, £40, 2001, M2, ¢. 168-173.

CROBHBIX TOXACTTH H YCJI0BHO pmu(oumtbnan

Bl R noruka, T.37, N4, 1998, 432-459,
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(6] A.ITlunyc N-aleMeHTHAR BAOKHMOCTD D-YCAOBHHE TEPMBL. N3

pysos. MaremaTnKa, No1, 1999, 36-40.

HEKOTOPBIE BAMEYAHUA O
IHIKAJIAX [IOTEHILIMAJIOB
BbIMNCJIMMOCTU
N-2DJIEMEHTHBIX AJITEBP

A.I'lTunye, C.B.2Kypkos*

Hopocrbrpekuil rocy Aaperseinufl Texnuycckiit yuunepener
e-mail: algebra@nstu.ru

[Tousrie NOTEHUMATE BHMHCINMOCTH yiusepeansioll anrefpu A =<
410 > onpegeneno 8 pafiore |1 na ocnore nosTs venossoro repuma. [lo
OV IO, VCIOBHLIA TEPM CHIMATYPR ¢ ABASIONCH UPOrPaMMoit sryreae-
vis HekoTopoll hysKium 1A MEOMKECTBe A, coctaBieHHON H3 npocTefmmx
ROAUPOrPANM, BbITHCISIOMMEX CHPHATYPHBIC (DYHKUKM C HOMOLILIO Onepa-
TOPA CYNePHO3IMUMA M VeIoBHOrO oneparopa. [Tpu atosm, 8 3asucHMoctd or
TPRKTOBKH NOHATHA YCAOBHA: BeckBanTopHas (OPMYIa CHIBATY P ¢, NO3H-
tuBkan DeCKBAHTOPHASR DOPMYIA, NOZNTHEHAR J-DOPMYIa H WeMEHTaApHAs
hOpMyna CHIHATYPH @, MBI DOIYMAEM COOTRETCTBENHO COMOKYNHOCTL COO-
cTReRno yenorkwx tepmos CT(a), noswmueuo yenosruix repsor PCT (o),
I"-yenosrex repyon 3°CT(a) n snementapuo yeaosnwmx tepmos ECT (o)
CHUBATYDB 0 TH HETHPE GAYYas OUPEACHHIOT HeTHPe KNACCA TPOrPAMMHEO
BLURCTHMBIX Dy uKumil va yrupepcansaof aarebpe A: yeaoBRO Tepaasibabe
dbverman - CT(A), nosumisno yenonno tepmansine - PCT(A), 3* -ycaosno
repsadbine - 41 CT(A) 1 anementapro yenosno repmansusie - ECT(A),
ROTOPIE i PACCMATPHBAKOTCT K&K NOTEHIHAIB BRURCTHMOCTH anrebpn A
030D PesybraTon, CoiaunbIX ¢ 3T nossiTisMi, o, B 2], [3]. [pu 91om
cauraes, w10 warebpu A =< Ao > u B =< B0y > uMeor onuHakoBL
PEIMTHCANTCALERE HOTCHIRA, eI CYINeCTBYET OHEKIMA ¢ MHOKeCTsa A
wit Muoxectoo B, conpsraoman conokynnoct pyuxunft CT'(A) w CT(B)
Liubo apyrue napu: PCT(A) w PCT(B), 3'CT{A) n 3'CT(B), ECT(A)
it FCT(B) npn mHON TPAKTORKE BUAHCTHNTEALIOND MoTeHnmata). B paborax
[1]. 5] vanaens aHBAPHARTI BB THETHTEALILIX TOTORIMAION KOMOHHBIX YHH-
pepeasmax aebp. [Tyers Sub(A) - cosokyunocts nopanrebp anrefipu A,
Lol A) - conokyumorn myrpennux wioMopdiiMon (wosmopdiason Mexay

TP mranonnesa npe qoeiatcosol soueproe rpanta Mimobpasonasnn NYEOD-1.0-

it
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nodascehpama ) asrcipes A; 1 hm(A) - COBOKYTNOCTE HITYTPAIIEX FOMOMOP
FImon {FUMOPGHUIMON MORRY o copast) anrebpr A, End(A) - coso-
KYNHOCTL AAOMOPDHIMOL, & Aut{ A} - COBOKYIHOCTL auq:mnpdm’xm:m anre:
Gpur A. Toras CT(A) w CT(8) (PCT(A) w PCT(B), ICT(A) n 3TCT(B).
ECT(A) u ECT(B)) conpstmennt nerorpoh Fuekumett muomectsa A i B
[OUAR I TOMBKO TOLAA, KON CyIeCTsyeT Guexums @ smomectua A i B
rakag, 110 @(Sub(A)) = SublB) u @ conparaer Iso(A) » Iso(B) (Thm(A)
w Thm(B), End(A) w End(B), Aut(A) w Aut(B) cooTaercTeenio). Mongrs
KA MOTEHIGTARON BREMHETIMOCTH N-ANCMENTHBIX anrehp OUPeseenn B pa-
Gore (6], Myers CT, = {CT{A}A - npoUIBOABHAR YHWHEPCAUILHAR anrelpa
¢ oeroubM Mioectson v — (0,1, 0. n- 1}}. Ha CT;, speies OTHOMICHIE
skpusanertdocry ~ aan Fy Fy € ( T, nyere By ~ Fy, ecam CYHECTnyeT
MEPOCTAHOBKA 71 14 1t, CONPRTAIIIESA COBOKYITHOCTD (bym'u‘um I} ¢ copory -
noerwia iy Fio Tyern CT(n) = CTa/ ~ Ha CT{n) ONpPSCHRETUA
SINOMAIME TACTHIHCIO TOPRAKE < [~ Fyf ey ecan and pekoiupodt
HEPECTAMOBKN 7 HA 1 MMEET MECTO pratonenme 7 Fw € Fa, | Ixaao# o=
FEHIMATOR HTHCTAMOCTH I A MeNTHUWX anre0p HASWBARTCH KOHEHNOE Ha-
CFHUI0 YHOPHAOHEHHOE MHOKCCTHO < CT(n); <>. Auanuru-m'bm m;-m:tom
ONPEEIRAOTCR WKANLL < PCrin): <>, < 47CT(n) >,< ECT(n)<> B
paborax (6], [7] nosy'tens BEKUTOPHIC OUEHRN SMCIR AEMENTOR FIHX UIKAL,
NOGUIANI FHCTA WX ATOMOB, KOATOMOR, UOCHHTAHA JAnHa FIUX HACTHIHO
VIOPHAGTIEHIBIX MHOKECTH, AOKAZAHO, 4T0 ITH ACTHTE TOPHKH HE AR
T 1T HRKHIMW, I BEPXHHMR TIO/AYPEIETRAMM (upu vt > 3), a, ¢ apyroft
CTOpOnb, N0DAR KOHeYRad PeureTka WOMOPBING BAKHMA KUK pelierxa 8
ACKOTOPRH MHTEPBAT FTHX THRAN (spamemmics peuierkoll) npu JOCTATOTHO
Baaputos 1. Llean nacrosuedt 3amerkn - chopMyTHpoBiTh OTECTHL HA HEKOTO-
P ECTECTBEHIHIE BOIPOCHL () CTPOLHIIT ITKAN HOTENHANOR B 9ACTHMOCTH
S ANOMEHTHELX ATrehp, HE JATPORYTLIE B YKAIAHHLIX paborax,
1. TIpesie BCEro, OTMETHM, HT0 RMEPT MECTO

Yruepwaenne 1 Jas awofur m < n vikdia < CT(m), s> mwu'mca: pes
mpaxmos wnaan < CT(n), <>. boaer mMozo, CLULCROOTI BHTILEPLOA la.bl
ks < CT(n); <> u mmusmopfuas p wKan < C1'(n); <> un unmeps
@, b] maxte, ¥mo @ MONCIECTRBEREH Ha la, bl, u unmepoa [, b} usosmoph
wxaae < C1'(m), <>.

JOCTATOMHO AOKASATE 10 YTBEPACHME A 1 = m+ 1. Myers ib:ll‘(‘h]):l A
w A" maxona, wro Sub(A' — {{0.1,.. ) 0L, m L} SublA")
{{o. 1, ym}}u P{m), eae Pm) - coBoKynnocts BEEX HOAMIOKECTE MHOS
wecrpam = (0,1, om- Tha [sa{ AT} CorTonT 1l B TOHAcCTBed
arobpaskennfl na celin sMiomectn, pxomx 1 Sub(A’). laof A"Y w3

HEKOTOPHIE 3AMEMAHHA O WIKAJTAX NOTEHUHAJIOB BEHCTH .. 109

ACCTRONNONO 0TODpAKCHNA HA CeBA MHOKCCTBA M + 1 ¥ BCCROIMOKIN-
Ouexunit Moy noamuoxecrsamn w3 P(m). B pabore [4] onucan pure-
puil, koraa uapa < P,Q > NOAMHOKECTH HCKOTOPONO MHOXECTBA M COBO-
KYNHOCTH BHEKIA MEALY FIHMI HOAMHOKECTBAMN HBIAIOTCH NAPOR Bu-
as < Sub{A), [so(A) > mas pexoropoft anrebpu A, T.e. ABAMOTCH HH-
RAPHAITOM HOTCHIMATA BHIMMCARMOCTH HEKOTOPOR anreOpu, B cuay aro-
10 kpurepusi ouenmano, wto mkana < CT(m); <> ni3oMopcpua HHTEpBA-
ay [CT(A")} ~CT(A)] ~| mxan < CT(m + 1); <>. Ha cosoxynuo-
cTi AArelp © OCHOBHKM MHOXecCTBOM ™ + 1 onpescans oTobpamenue ¢
e A =< m + 1o >, 10 p(A) - Hexoropas anrefpa ¢ OCHOBHBIM MHO-
aoersom m + 1 takas, wro Sub(p(A)) = (Sub(A) N P(m)} U {m + 1,m}
u Iso(p(A)) = (IsolA) N Bi(m)) U {tdwms 1, tdp }, rae Bi(m) - cosoxyn-
HOCTH BCeHOAMOMKIKX Ouexunit Mexkay NOJIMHOKECTBAMI MHOXKECTRA 171, ida
Tomectpesoe otubpasenne un miokecrse A, Cymecrsosanne anrefiph
2(A) oueBnano ¥ CHAY KPATEPHA w3 paboThl |4). Owesnago, uro jutst M-
Bex anrebp A, Ap, Ap - CT(p(A))/ ~€ [CT(A")} ~,CT(A)/ ~| ecm
CT(A)] ~e [CT(A")] ~,CT(A)/ ~], 1o CT{p(A))/ ~= CT(A)/ ~i
ccm CT{A;) ~< CT{A3)/ ~, 10 CT(p(A))/ ~< CT(p(A))/ ~ Tem
camum, geficrepreasao myana CT'(m); <> asagercd peTPAKTOM NIKAML
< OT(n); <> ups m < n. ARATOTRYNLIC YTREPHKACKHA OTCBAHLIM obpa3om
pepHe: ¥ s mkan suaa < PCT(n) <>, < IHOT(n); <>, < ECT(n); <>.
2. ForecTuenibiM BONPOCOM SIBISETCH BOAPOC O PAIPCUINMOCTH HIeMEeH-
FAPHOR TCOPHH KAACCA Sk WIKAJ NOTCHIHATOR B YHCIRMOCTH KOHEYHBIX a1
rebp - {< CT(n);<> |n € w}, JleflcTeiressno, B cayvae paspeurtMocTH
10ft reopun. B cray Kowesnoetd mran < CT(n); <>, nes undopmanus o
CIPOCHHI ITHX TIKAT BRITEKANA Obl K3 AMTOPUTMA, PAIPEINAIOIErD WIEMER-

(APHYIO TeOpPHID KIACCa Beex wxan. Ho, sk #t GIegoBanio OXHAATE, HMeeT
MeCo

Vrpepaiense 2 Jaesenmapnax meopus xascea Sk = {< CT(n), <>
T W nepaapeusiaa.

Jlefernirento, B pabore |6 aokasano, wro Ui 10GORO HATYPAALHOLO 1
pemerka pasbuennfi Part(n) n-ageMenTHOrO MIOXKECTHA sioMopd Hexo-
roposy uureppaty mxanw < CT(m); £> nps JOCTATONHO Gammonm m. Tesm
COMBM, KJACC KOHCMAMX Pemerok pasOucudi oTHOCHTEALHO HEMEHTAPIO
onpeaeasym y Kaseee Sk, DneMenmpias ke TEOpHi KIACcH KOHEHHRIX peme-
fOK pAabHennit, Kak XOpOIMo W3BCCTHO, HACAEACTRCHHO HEPAIPHIINMA - B Hed
CERANEM 0BPAIOM HHTEPAPCTHPYETCH NACACACTREHHO HEPAIPENTHMAN {em.
(8]} eMenTApHAS TPOPUS KOHE'THIAX MHOXKECTH ¢ ANYMA OTHOLICHHHME 3K~
pupateTocTy. LeM caMus, ZelCTIRTENEN0, VIEMENTAPHAS TPOPUA Kaacca
Sk Hepaspenimsi
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onpejenennne Ha mpomecrse 4 = {0, 1,23} mrosme, qro ux BIYTPOH-
HIE MIOMOPPHIMBL CYTE TOAUCCTBERIME (E00DEKRIHIA WX nosaarehp, v npy

FEOM
Sub(Ay) = {{0,1,2,3),{0}},
Sub{Ay) = {{0,1,2,3},{0,1}},
Sub{Az) = {{0,1,2,3},{0,1,2}],
Sub{A,) = {{0,1,2,3}, {0}, (0,1}, {0, 1. 2}},
Sub(As) = {{0,1,2.3). {0}, {1.2}.{1,2.3}).

Sub({Ag) = {{0.1.2.3},{0,1},{1.2,3}.{1)}.

Bes mpyaa samMedacros, MTO NOTORIMAIN BRIHCTHMOUTH CT(Ay)/ -

- CT(Ag)/ ~ obpazyior w mrane < CT(4); <> noarpad, crarksacmd
 rpacy Ky 3.

AHATOPHHBIM OBPAIOM SAMCUACTCA CHPARELINBICTY YTREPAKACHHS 5 Juin
KA suaa < PCT(4), <>, < 3HCT(1); <> n < ECT(4); <>. Henocpea-
crnenno wa pacemorpenna wxkan < CT(3); <>, < ECT(3); <, nphsegen-
nmx s pabore [6], jamenraercs, wro aarefpu Avzy Apy Ais, Ay, Az, A vix
KA obpasyror noarpady, crarusaemait k rpady Kia. To we sepno juim
thxan < 3 CT(3); <> n < PCT(3): <>.

4. B paborix [5][10] pacemarpusancs vompac o konenmol HOPOAK e -
HocTh Kaonok pyiximit PCT(A), 3' CT(A), ECT(A) nan xaonom 7'(A)
1PPMATBHBX DYHKIHA a11e6ph A, CCTeCTBENnG ROAMBKAOWIHA B KOITEX-
ere 1000, w10 Kion CTA) krasercst woerga ONHOHOPOXACHHKM | AHCKPH-
yHATOPHOR dynKkiert) nag kaonom T(A). B chsmn ¢ arHM. 8 Tikoke
I UBHIR ¢ BONPOCOM O NOAMHOACCTBAN, BHACIACMBIX B IHKATAX ROTeH-
HHEIOD. BLMCGIMMOCTH OUPAHUYCHHAMI 1A CHIBATYPY aurebp, ecTecTses-
1O HOIHHKACT BOLPOC O MEHEMAALNON NOPOKIEHHOCTI KJIACCOD hyrsumit

('T(A), ECT(A), PCT(A), 'CT(A) ne kak kKHGHOB, A KAK Karccon Grynx-
LU, SAMKHYTHX 1 OTHOCHTCIRRO CYROPIOIMIMK, K UTHOCHTCLLIT0 VCAORAKIX
DUEPATOPOR, T.€. KAKOBO MEHUMANBLHOC et (dyikunll Moxer OuTs B oni-

narype anchpn A" rakol, wro CT(A') = C7(4) zug obon anrefipn A’ n
A

Vrnepaaenue 4 Jar awoboti xowesount arselpm A CIPUECTRAYIM. anselp

A" A" cuewamype, cocmosmedt wa oot dinoeun, marue, «mo CT{A) =
(A, u ECT(A) = BECT(A").

Hoxaken i, cymectnonane aredpm A’ eyutecrsonaune anrebp A"
(UKATWHACTCR auanornine. B cany yrasamnwx suiwe musapuantoe cosok v
uoet byakunl CT(A) s Konennix anrehp A =< Aio >, aocrrorso
vocrporin aaeipy A < Aia’ > curnarypa o KOTOPOR COCTOMT 14 OA-
noft ynkimn, Ky, o Sub{A) - SublA') w 1sol A) Tso(A'). Tlyer
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< BLB >,...,< BP Bt >, < Bl >, < BY b > - conoxyn-
HOCThL BCEX Tap, 11e B{ =< bf‘_. . BT > npoberaer Bee KOPTEXHM NOMAPHO
PASIHYHBIX BAEMCRTOB 13 A, bl - anement w3 nogaarebpi aarefipu A, nopo-
wenuoi muosecteon {5, . .bf"}. 3P ATOM s MoiuX < T pg < k,
cymeernyer ¢ € Iso{A) Taxoft, wro (B) = Bl =bl,anmi#j<r
nonobimx @ € Iso(.A) ne cymecrsyer. Onpeaesinm Ba A (4 1) «r-mectiiyro
Bynkumio: F(Zh, . Thir i Th- o Taari- - Tie o Eppa)y 1AE T = | A}, ene-
AYI0MEEM 0DPAIOM:
ans aobux 1 < 1,7 <k

A

~—

!(bf]'---rb:s‘lb:‘v-'-rb:lb'-'vbani "lbl:s' b:l\""bz 'bnn' "b:‘) o b{

N e ~

~
n+l nil

# BO BCEX JIPYTHX CyHasX
flz,g) =z

Myers A =< A;f >. lenocpeactsento 3aMeyacTes, 410 Sub(A) =
Sub(A') u Iso(A) = Iso(A').
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: e the
In the middle of former century Herstein and Jacobson introduced

i 11} The paper
nation of centroid in the theory of rings (see boqks |2‘|1 anfitlnlt)h‘. pe
is devoted to extension of centroid notion from ring theory 3
is devote

ke 1 1 1 e on
093;:‘0':: the beginning the notion of centroid was a meaning u.) u;::o::g =
bitrary ring the additional structure of algeb.ra over f;umtfbcan;e ot
'alr ves us a method to simplify a problem by introducing of so
it giv
» on Lthe ring. ) ' ‘ -
Suua::ovcr centroid I'(R) of anng R includes any scalar ring of R by so
‘ _ 8o it is a maximal scalar ring. "y
na‘:/;alrew:y'd ring structure gives us more clear structure of the er n;{ro;:'..':;
Mo g : ' he ce
treme ca:; when the ring R is a simple ning centroid of t'b« ring : ((‘ bl,,s s
?ﬁ::ld '.These remarks give us Herstein's theorem for associative aige
's theorem for Lie algebras. - .
JM(()Jb:o::rse this notion seems 10 be maost useful for description of ab:,t:;c:
i or:)hism;s of algebras. Indeed, it defines on a nng some structure
isom g
ing (see paper [3]). ‘ ' . '
SC“]" ?:iﬁ (pape'r fl:; the class of near-rings we introduce notions :fn:\(:a:;
odl:lle near-algebra and centroid. As general reference book we use
m il

graph of G.Pilz |4).

1 Definitions.

Remember near-ring N is the set with two binary ()pl'rﬂll;)nﬁ + andbeuF‘otm
o - this i -+ e 10N A
addition operation this set forms a group < N, + > (may

" *The ork was supported l;y NATO PC-B Advenced Fellowstup Programine and Sep
° wWOrk wi 3 ! :
entific and Technical Research Counal of Turkey
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group). For multipheation operation it forms a semigroup < N - > ie for

any u, v, w € N we have equality (uv)w = u(ww). And right distributive law
15 satisfied: (u + v)w = uw + vw. See (4], (1.1).

Let NV be a near-ring and < G, + > be a group. G is called N-group if
there is an action N x G — G of N on G with the following two properties
for any ny,ny € N, g € Glsee loc.cit., 1.17):

allrg +nz)g = rog + my;

b){nina)g = ny(nag)

As an example of N-group we can consider any near-ning with adjoint ac-
tion on himself by left multiplications. The following definition see in (loc.cit.,
1.118).

Near-algebra aver a field F' is a vector space A over F' with additional
peration of multiplication -. And for two these operations the set A forms
uear-ring and for f € F and a,b € A we have property:

“)(fa)t = f{ab)

Here we have to remark that near-notions are extensions of notions from
associative ring theory. So any (associative) ring is a near-ring and any al-
sebra over a4 field is near-algebra 10o.

As we wish o consider algebras over associative rings we have to extend
the definitions above. And we shall have in mind that new notions have to
e 1n coincidence with ring theory notions,

We shall introduce the following definition of near-module. Let the group
(7 10 be N-group and action of N on @ is faithful. Then G is called Near-
meadule over Nl for any permutable g, h € G,g+h=h+gforany nec N
wiee have:

c)nlg + h) = ng + nh;
torany g, h € G,n e N we have

din(-g+h+g)=—g+nh+g.

Let us rewark any module G over a ring N is near-module as G is abelian
pronp, For abelian group G the axiom (d) is fulfilled by trivial way —g+ h+

4 = h. And the axiom (¢) are satisfied for any pare g, € G by definition of
naddule.

Near-algebra over ring R is a near-ring A and a faithful action of R on
LI A+ A with the following properiics,
iy ros € Hoa e A we have

[} e+ s)a = ra + sa;
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2) (re)a = r{sa),
and for any a, b€ A, r € I we have
$)ifa v b=Db+athen rig+b) =rat+rh
i) ri—a+b-+a) @+ rhou
9) (ra)h = rab). _
In uther words, it s near-module and we have one additional axiom sim-
ilar to axiom of near-slgebra (*) over & field.

We vasy see any algebra over associalive ving is near-algebra as it is
mexdile andd near-module (1-4) and axiom (5} is axiom of algebra

The purpose of the paper — for & given near-ring A define a&m‘ciam:'f-
ring I'(A) and structure of near-algebra over I'(A) on A which is maximal in
proper sense.

2 Factor-morphisms and  quasi-endomor-
phisms.

In the section we tepeat definition and theorems from papers |5) and 6]
But we present them in the propes form,

Let GG be some additive group with addition operation + (it is pot nec-
sssarily abelian group). Remnember endomorphwm of G isamap v - G —+ G
that for any r,s € G we have p(r + s) = w{r) + ¢(s). We shall follow to
definition from |f).

Quass-endomorphism of G i5a map ¢ : G — ¢ that
for any permutable r,s € G,r +5 = s + 7, we have:
Dglr + 8) = plr) + @(s),
and for any v, 5 € (7 we have:
Np(—r +s+71)=-—1+pls)irn S
We casy see if ¢ 1s abelian group then quasi-endomorphisms are in coinci-
dence with endomorphisims. For non abelhan group ¢ this notion are different
froun endomorphism notion.

Lemma 1 For any @, ¢ ® and permulable elements v, s € Ror+8 = s+,

elements p(r), ) are permutable too, p(r) + vis) = P(r) + @fs). o

in particular, g(r) + wls) = o(r) + @l8) and @(r) + wlr) = &{r) 1 efr).

Indeod, for any r,s € It we have -r+ s+ 71 - &, :
By axiom (2) for any ¢ < 0 we have equality: @(s) =gl r4s471) =

rotog(e) 4+ roand elements r, i) are persatable. So —p(2) =7+ @ls) = v
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Now let 4 € . From the above we conclude ¢(r) = Y{—pl(s)+r+p(s)) =
= @ls) +lr) + @(s). So pr) +(s) = ¥(s) + w(r) and first assertion of the
lemma is proved.

The last statement of lemma casy follows from the first. Firstly, we take
¢ = ¢, and we get r = g secondly,

The following statement was proved in the papers above,

Proposition 2 Let € be any additive group.

Then the set of quasi-endomorphisms ®(G) unth operations of pomtwise
addition and multiplication as composition forms associative ring unth the
unty (identity map).

Moreover, if @ is any associative ring and G has a structure of near-
module over ® then there is a notural embedding of & into ®(G) which 1s
compatible with the action of & and ®(G) on G.

Let us prove proposition and let us define operations on $(G) by formulas:

) (v + ¢)(g) = wlg) + vlg),

) (- ¥)g) = wltlg)).

We sec gy = g+ 0 and p(g) = wlg) + ¢(0), so (0) = 0. Morcover,
0 =g+ (-g) and 0 = »{0) = ¢(g) + ¢(~g). We conclude @(-g) = —p(g).
It follows < G, + > forms a group with unit — zero map 0{g) = 0 and with
converse for ¢ defined by formula —p(g) = ¢(—g).

By lemma p{g) and v{g) are commutative elements so the set @ with
addition operation + forms an abelian group,

As multiplicative operation is defined by composition we see the set @
with multiplication operation forms a semi-group. So we have to prove only
distributive laws.

But right distributive law (e + 7)o@ = ap+ ¢ casy follows from definition
of addition operation. Let us prove left distributive law ele+ f) = pa+ pf.

We use lemma and see that for any r € R elements a(r), fi(r) are per-
mutable. So p(a(r) + A(r)) = ga(r) + ¢A(r).

liet us prove the last statement. Lot we have on G the structure of near-
wedule over @ We define embedding of @ into @(G) by natural way. For any
7 & & we consider the action of  on . From the definition of near-module
wit see the image present some element from $(G).

Proposition 1s proved,

3 Centroid for near-rings.

Let B be some nearning and @ = ®(R') be the ring of quasi-
cidomarphisms of additive geoup Y We defive centroid of R as a subset
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in @ defined by property of elements:
T(R) = {p € P|(Vr,s & Ryelrs) = plr)s}.

Proposition 3 Let R be somne near-ring.
'}'Iscn centroid T'(R) forms subrug m the ning of quaan-andomomhtsnfs
G(R'). The actron of I'(}) on R defines on R a structure of near algebra

ver [{R). ‘
6 Mo{re«)mcf. if T s any sssociative ring and i 1s near-algebra over I th;?n
there s natural embedding of 1" into I'(R) compatible with the action on I

indeed, from the definition of centroid we see () is closed for addition

A L BR*).
and multiplication. So it is subring of ' .
L From the definition of centroid we see near-ning it is near-moclule and

aear-algebra over T'(R). . o
The last statement of proposition 3 can be proved as in proposition =.

Proposition 1s proved.
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In this paper we present a description of the generating multiplicative
sroups of the integral group rings of finite groups in terms of gencrators
and construct an algorithm for determining these generators. Much research
has been devoted wo various particular cases of this problem. For example,
Goodaire, Jespers, and Parmenter ([1]) describe the umts in the ring 26
for & finite group G, assuming that G/Z(G) = Cy x G, and the exponents
of the groups G/G" and Z(G) are 2,34, or 6. Ritter and Sehgal (]2]) find
penerators of the subgroups of finite index of the nmltiplicative groups of
integral group rings for a broad class of finite groups. Allev and Hobby, and
ltughers and Pearson consider units in the rings ZS; and ZA, [3],[4],5).
Aleev ([6]) describes central units. Even this short list of papers shaws the
importance of the problem under consideration.

The structure of the paper is following. In first section the algorith
and the main idea under it are presenied. The second section discusses the
problems of computer implementation of the algorithm deseribed.

I Algorithm: the main idea and description

The main idea of this paper is based on the first author’s results about
multiplicative groups of finitely generated matrix rings [7],[8],19),110]. 1t is
well known that for every finite group there exists a faithful matrix wepre-
sentation.

Let G = {1,¢2,-..gn} be a finite group and let R(G) denote the rugu
lar representation of (3, ¢ is the expouent of G. The following algorithm is
|c|||pusml:

*Hosearch |;um;md by RFFR grant N 99-01-H-571,
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STEP 1. Find the classes of conjugate elements of the group G: H, = 1,
Ha, ..., H, Denote [H,| as by

grep 2. Designate the orders of the irreducible non-equivalent represen-
tations of G by 2y, ..., z,. It is well known (J11]). that

1)z |G ¢ 2(G)):

2) the number of units in 2, ..., Z¢, i.e. the number of one-dimensional non-
equivalent representations of the group G over Q(¥/1) i3 equal 1o |G - a'l,

N2+ +..+zn=N

It is clear that there is only a finite number ofsets 2,1 < 5 <G - Z1G),
satisfying these conditions. Determine all these sets.

STEP 3. Let Xy, ..., X« be the characters of the irreducible non-equivalent
representations of the group (3. Their values on the classes Hy, .. H, are
sums of qth roots of unity. Let us show that these values can be found
by a finite exhaustion procedure, Each set zy, .., % corresponds to w finite
sumber of sets of values X, ..., Xs. Which satisfy a system of equations, This
system is described as follows. Let € = Y- g; be the class sums, then

g, H,
,
CC = 3 eiCh, ep € QUVT) (11}, i are determined uniquely, since

Ciisa b:m:: of the center of the algebra QG Actually, ¢ € N (11} Let
Z(G)1 = 1,..,5 be the irreducible non-equivalent representauions of G,
and x! be the value x; on the class Z,(H,). It is casy w show [11] that
Z;(Cy) = w{.")E,,, where ., is the unit matrix of order z;, wf") € Q(\'/i) and
w? = ’1"”-‘:‘ i=1,..,8 §=1,..=8 Inthis case wf" is an eigenvalue of the
matrix V; = (cu), 1 <1< 5,1 <k<satanyr(l <r < g). Now it 18’
clear that for any set x7 we can obtain the set wi” and check whether or not
these values are eigenvalues of the matrices V;. '

STEP 4. Knowing xj and 2, it is possible ([12]) to find subspaces of
Q" invariant with respect to R(G) as subspaces of the eigenvectors of the
matrices A; with the eigenvalue A = 1, where '

A= 3 2 xR
g

S1EP 5. Every irreducible representation is contained in a regular
with a multiplicity which is equal 1o its degree [12]. Since Schur’s index |1
divides the degree of an irreducible representation, the summands in
regular representation either are irreducible over . or can be decom
by the matrices A; in sums with sumimands irredueible over @,

STEP 6. Sinee G is a finite group, R(G) is completely reducible,
owing to steps 1 5, the finding of the direct summands of the representat
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R(G) which are irreducible over Q is eff ]
it ‘ ffective. Let T{G), T{G) € @Q,, be
;:’ ;;;;{:z?;n)l?)uoulof G lr;'ednnblc over Q. Let us describe the gmu;; o?unit.s
4 y using results 9]. For QT((7) the i
i Q](G; o Q"g; ults of |7] - |9]. For QT'((7) there are three alternatives:
2) QT(G) = Fy, F is a field;
::';hQ’gsG): T, T 15 a non-commutative field.

e first alternative is realized of 7'(() 5 absolutelv i T
second and third al ‘ 7 / i "“‘d'““'hk’- s
gty (,: ‘::'nahves are realized when T(G) i irreducible over Q.

STEP 7. Let T{(}) be absolutely i i
8 et T y irreducible, We can assome that 76
/,.,, since s ﬁmtn‘llll. Denote ZT((7) = O for brevity. Let m e N l[w:)ll‘;e
minimum non-zero integer such that mey, € 0, 1,3 = 1,...,n. Here ¢ ! nn:
iwatrix units, and 7 = {m) 2 7 is the ideal generated by m. We xlcnow:J '

t;(A) = Eu 4 Aey, d(A) — diag(1,,..,1,A);
Im:id— Zf =%
Vm : Lo — Zy;
@m i CLA(Z) ~ GLa(Z):
GLAZ,I) = kergm:
SLa(Z,1) = GLo(Z, 1)\ SL,(Z);
EZ 1) = grityfN) A e 14,5 =1, .. n)
Uy =UO)NGCLZ,T)
It is easy to see (|13]) that Uy ~ gr(t;(m)li,7 = 1,..,1) As shown in

j;l \\'c{'. can effectively find ¢y,..., ¢ Q such that O = {g, ..., g} 2. Denote
B ?x.(.j-(.g;)?lihwherc 9 = Yumlg), HO) = UO) Uy, Tt is obvious that
|,,£., beo_ . The elements of U{0) are easily devermined. An algorithm

'n constructed to select the elements of U(0)) from these elements |7]-

Let g, ti, be representatives -
N : of oy e
TR R the cosets of the factor group U{0). Then

U(ZT(G)) = grity(m), d(—1) sy, ... v i, j = 1, .., n),

' ‘\‘T:;rl‘ 8'.\ Lm.. T{G) be irveducible aver Q@ and QT((7) ~ Fy, where F
‘.I L l{.( . And in Zhls case we can effectively find gy, .., 4 € O such rthat
! ”I”m.'l;'.] 'rlh};- [8] ‘l).(-pm.e ‘l‘ = Homo{Q". Q") It follows from Schur's
! n ‘m :‘1 division ring. If [ Q] — [, then I' ¥ [' ¢ @, und

Homp(Q', Q') 1t has been proved {see |8]) that ' is rummul‘nlivo

' | > | - | o
(Iand only if T* is a solvable - by - finite group. Reeall that, according
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to Tits' alternative, I either is a solvable by-finite group, or conlaims i
free group of rank 2. It is well known that there exists such an element
{ € F that F = {E,, f, o f g and S { By, f, o [ )2 38 the maximum
order. Moreover, we can find this element effectively. For details see |14].
The elements of O have a cellular structure at which a matrix of order n
consists of &2 cells of order L. Let ¢,; denote a matrix from @, such that the
cell with number i7 (3,7 = 1, ...,nt) is the unit matrix E; from @y, and all the
remaining cells are zero. Let m € N be the least nonzero integer such that
Wi,3 = 1,..., k(me;; € 0). | = (mE;) 4 3. Denote:

Tt IS =T
Vl’m i st = ',rj:'
o+ GIp(S) — CLi(I):
Uﬂ = U(O) n ka
U(0) = U(0) Vs

Let vy, be the group homomorphism induced by Ym 00 [/(3). To find ¢
generators of keryy,, form the complete module M — {Eymf, I 1Y e 7
Since M is an order, we can effectively find the generators of the group
units U7(M). Now we select the generators of kerqy, from the generat
of U(M) by comparing them with E; modulo m. Assume that keryn,
gr(my 7o) S is a Dedekind-ring. Then (see |13])

ker{SLi(3) — SL(3)) = grlt,(mf))
Hence, in a similar way as above,
Up = gr(tiy(mf)d(- E),d(ny),od{m) i 7 = 1, k).

And in this case there also exists an algorithm to find the geucratonif
U(0) [8). Let uy, .., i, be representatives of the cosets of the factor
U(0)/Ug. Then

U(ZT(G)) = grlty(m ) dl-Ex), AT )yt oy hrli = Vo kv = Lot

STEP 9. Let T(G) be irreducible over Q and Q1'(G) = Ty, where T i8
son-commutative field. Then [7': Q] = d” and there exist two subfields
T, F={1/f.. """ )qand H = {1, h,....h® ' }q, such that

1}

|

W= {3 =0,..d
2)3¢ € T|f = £ 'hé).
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In a mn?ilgr way as above, by virtue of irreducibility, there exists the
non-zero minimum m € N such that m7} € Q. Denote Ty = {f*hiji.) =
l),...,d - 1“7 g

Let us generate the wdeal | = (mFEgp) n the ring T%. Denote

Yoo s Tz —+ T2 fl = T;-

Ym = Tz}, — (T2}
1 GLi(Tz) —> GLa(T2);
Uy = U(O) N kerpm
U(0) = U(0)/Us
Let 45, be the group homomorphism induced by ¥, on U(Tz). An al-

gorithm to find the generators of kery;, = gri{m,...,7), Us and ll(U) is

described in (9] Let u,, ., &, be representatives of the cosets of the factor
aroup U(Q). Then

I"'{Zr((")} = gr('ij(mf)t ti;{ﬂd‘)rd(—ﬁ‘d’))d(fﬂ)ruh *=tt u‘rl

0 = e A 53 (|

StEp 100 Now return 1o the regular representation R(G). Similarly to
[10], since we can find the generators of the groups of units for every cell
treducible over Q, we can also find the generators of U(ZR(G)). Since G is
fiuite and A((7) 15 a faithful representation, we have

ker(ZG — ZR(G)) = {0},
that is, U(ZG) > U/(ZR(G)).

2 Implementation: problems and solutions

I'he practical background of this work i8 the implementation of the algo-
tithin deseribed a5 a computer program. Having such an instrument one uiuy
i 1t for finding the generators of group of units of the integer group ring
fur iy particular group given. As u side-product one can obtain the table of
clineters of the group.

Now let's diseuss the possibility of an implementation of the algorithm.
Suppose that the group G given is somehow represented. The algorithm is
b nterms of group’s regular representation, so the first {or let's say
e zern) step is the caleulation of that representation. After we'll have to
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operate with matrices, rational numbers amd‘ qth mot.s' of 'umty. s;) u.e::):.x‘l:
Le convenient Lo use any programn Io; symbolic calmfllatlt;:::l:;’ 1:::‘1:1\“ 1_ o
o're 1o use the MAPLE system for Lhe eme .
dw{il:::lu“l:w': :::.\‘:lgpmblemﬁ of the lmplfmentali'on: deﬁn:n-p,. t.he nrdc:n;
of the irreducible non-equivaleat representations of (_-' 4d|'not.;(“ .1.:’ :1[ '[;,;,Il’,: 1;
(sTEP 2) and finding the table of characters (STEP 3). As ’u o‘d. v
description of STEP 3 these problems are connected: =y, ... 2, ar x.i, R \.m.l
are the values neoded iff wf” = = 1 ey J = Liiiyscare tt'\e r-:gcx;
aez of the matrix V), — (o) L 1 <8 1< k< satanyr “;: T l:"‘:x\.,
the have to look through all the possible sets of values of :. {.t it u[quEb 3
such sets is hounded due o conditions 1)-3) from the (lt‘s&:nptmn‘?‘ r.nr il
and all the possible values of the characters (they are also not :u' )ld'li(-,.;s ¥
x* is some rool of kind Y1 and the well known onuggnulny t,;m 1‘“‘ )
them should be held [11]). Thus the process of determinatng e necess
t i ite although may take time. ' .
whz‘)‘?l:s ﬁﬁr::‘:un (5 :f’ build a program which uses sinplified ‘vorflous o;
algorithim for the symmetric groups wit.h kuowln rables of ;:harm:e;.ﬁ.;y (
a simplification makes the implementation of bTEP_?} muc.: tno;‘.‘ “ mc
don't have to caleulate the table of characters). Also "-\. the (.?sc of svin
geoup all the character’s values are integer (see- {16, Chap. 5]). -
Let us note that even this cutted version of the progr:;n.xh'l ."m_
o8t symmetric groups are representative enough :md tables of charac c
plenty sumber of such groups can be found in |15}

N
hixg i
1 4
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o p - HY PIN) — w B C HY P(N) srpuo A < B, cenw p{A) <, ol ’;j
MU e ((‘M.l(l') Toras HEKOTOPOS BLIMHETIMOP NPOEKTHPYIONING nroﬁ;m-'
yOoo urrhes, o A ,u gn” ABCwumeen A<y B &= A<y B Jerxn
' A < g B pannocnanio yeosine A © HY P(N, p(.b",

Jlemma 1 VA, BC HYP(N) A BeS\Aa HYP(N) s A=y B

Joxasareancreo  Fem 3
G A BeX\AuwHYP( :
nosromy p{A) =y p(B) 1o reopeme ('m-x'mpu PUERECREE L \Alijl

Hesmaa 2 Eean BB — A
d Oy MUOHCEET HY P :
woiing A C 1Y P(N) aepno A '\4;,"1(; '<'$ .‘: i ‘N[); Mo das o600 nodio-
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JlokazareascTso  MMILIMKAIMA CUPABO HAJICRO 0MCBHIN0 BEPHA A JIKO-
6ux A w B, lycrn A <y B, 470 10 ONPEACACHHIO O3HASACT, wro p(A) €
At"“”. BestescTore ¥1oro, 1aK Kak p — A-hyHKuus HY P(N), cyizecTByor
S-dopmyan @ u ¥ B cnruarype, PACHTIPERHON OIHOMOCTHIM NPCARKATOM
P, raxne, wro ass moboro o € HY P(N)

¢ A < (HYP(N),B) F O(z), T A &> (HY P(N),B) = W{z).
Tak kax B spasercs A, -N0AMHOKCCTBOM B HY P{M), 10
sed e 3x CBW CBHYPN) ol (@)

¢ A <= In CBIn'CBHYP(N) |- P ()

s moGoro = € HY P(N), To ecrh A<, B D
JlokasaTeanCTBo |ToxasarenancTso reopemul] OT OpoTHEHOTO, JTOMY-
crum, wro cymeernyer C — O, -MOAMNOKECTSO B HY P(N), raxoe, 470
¢ € £\ A. lNoxaxem, aro roraa X C A, Jefersrrensuo, v e X
mieew B <y C, a smamt w B <u C, orxyaa, B oboinanenuax 17,
{B,B} <5 {C,C). Momomy w3 E-pery1spuoct napy {C, T} caenyer T-
peryapuocts napu { B, B}, 10 ecry B € A..

Mo nemme 1, VA, B € £\ A A =y B, noaromy, 0o jemme 2, #3 VCIOBRAR
$ C A, chenyer, yro VA, B € B\A A=, B [ocneanes npc{muopcun
pesyantary Cakca o CYUeCTBOBANIN !\ Al-suoxecrs 4,8 © w mxng :
mﬁtlquﬁ;ea £(AM), A(M) x A, (M) oboMAUNTE KAALCH orHomcHul HE
M, ARAAOUMEXCH COOTHETCTBENHO e A= BN -MIOKECTHAMI B AONYCTHMOM
snokecrse HY P(M), 1o w3 npuaunna A-BujeieHis (em |1]) memocpes-
crsenno caenyer, wro L(9) N AL(ON) = A(M). [Toaromy, » ofintem CayHae,
s HY P(9N) nanexo ne BCAKOE L-0THOWEHME WA O GyaeT A, MHOKECTHOM:
OHAKO CYHIECTBYET KJRCC MOjieaeR, AR KOTOPBIX HY P(IR) yerpoen 1o
max e "npocro”, xak w HF(M).

Tlemma 8 Ecau Th(IM) w-xamezopusna, mo (M) = A(9R).

Jlokazarenncrro  [lefcTerrentno, eciu Th{9M) w-Kareroputis, 10
PEKYPCHBHO HACWICHA (TAK KAK, 1O TEOPEMC Prin- Hapaiesckoro, .
GOCKONEHHAR KOHLIOHKIMSE (DOPMYJ CHPHATYpPH O IKBUHAICHTHA 1 Th(
sexoropolt Xoneanoft croeft wacti). Nasectio (ene [7]), wro s perypes
RACKIRENHOR ceTerit T WIEMEITAMM JIONYCTHMOTO MIOKRCTHA HY P(®
SHNSIOTCS AIEMOHTH HACACACTBERIO KOReHON raget poftku HE(D(IM)),
D(IM) — MHOKECTBO BEEX ONPEACLINMIIX ornomennft na N Tloaromy neskol
ornomense ga M, ssasomeccs Y-muomectsom i [ Y P(9), onpepensercs

& AONYCTHMBIE CEMEACTBA B CTPYKTYPAX BILIA HYP(R) 120

M (wuncaumon) Geckoneunofl L ~dopmyaod cnritarypat o (nokasatenn-
CTRO 3100 (hAKTA ARAIOIHTI0 JOKATATILCTHY COOTBETCTHYIONICIG YTROp-
waenn ana HE(OR), equncrsennoft 0cobennocTio 3100 RBARIOTCR O1fa-
HUMCHHLIC KBAHTOPLE wuia 32 € Du Ve € D orae D C M"  onpegennmos
arioreine). Tlo reopeme Pran- Hapurzenexoro, ang w-rareroprygnoft reopun
MOHRE BECKOMEYHLIE KOWBIOHKIMK I /UEELIOMKIRK (DOPMYJ CHIHATY DI 0 9K-
SHBAICHTHEL KOREUHEIM (POPMYIaM. HOFTOMY ¥ MOACAH N BRprinteibiwe
siomnocTi sastkon Ly o w Ly, cospanawr, Takum obpazom, 8 HY P(9N)
seakne Y-ornomenae wa 9N onpeAennma hopmy oA CHIHATYER O, HOITOMY
DYENHARO ABIHETOH A-OTHOLICHREM, 8

Teopema 4 FEcau Th{M) w xemezopuwna, mo das donyemumozo muomce-
cmea A = HY P(IM) usmeem mecmo coomuouesne L(A) C A, (A),

Hoxkasavenserso  [lycrs Th(IM) w-kareropn-ma, w nyere P C HY P(90)
A-smoxecrso. [Tockanbky P — Y-Mu0KECTB0, 310 IKBHEAIEHTHO TOMY,
wro v (HY PR}, ) senoasserca sMouimxains

(Vz € a)(3m € P)oT{z) = (37 C P)(¥x € a)dF(x)

At mobolt Q-noswrusnol Y-dopmynn § 4 awboro € HY P{OR). Tax
kik o € HF(D)), 10 wyucno aneMenion B o Beckolnedno Awnis B iv-
nae, Koraa @ = D 8 nekoroporo oupeacsnMoro nogmiosectoa 2 C A"
Hivers D onpegeaneres w M bopuyaolt ¢ napamerpamn (7,¢). Verosne
Wi € Dy(dw € P)aQ(z) wmay [-onpegemmoern miomectoa P aKou-
HANEHTHO NEROTOPOI Lo, ~DaopMyiae CHIHATYDR 0, NOITOMY, B CHIY Te(-
pesne Pruibe-Hapmsenckoro, ero sunoauusocts w HY P(IR) sxsnsanenia
aunaaausoern 1 M jekoropofl dopmymn YE((E.6) » @fF, €)) cnria-
rypu o ¢ napaverpasi ws MM Boneaerone wekareroprauoctn opmysa
Uiz, e) sxpmsatentua 8 M mrvonkuny §(7, 6,6} V ...V 0(T, 6, €) raan-
X hopmya. Hostomy, ecm nabopht #,... 5 © M" maxoan, wro M =
(8, 6 e) A A (G, ¢ €), o M = Va(w(z,e) » 9z, ¢)) Tora 1k monsko
woraa, koraa M = @&, €) A A p(a, e). Taxuw obpaaoa, HY P(OM) =
iWr € D)3r C PYBF(£) toraa u TOMLKO TOIMA, KDt CYIecyeyworn
0 C P m € P, nan xoropux HY P(9R) 1= @3 (3,) A A @2 (5).
deaenerone Q-rosnrusroct opmya Do wvwementa T = U Uomg

aveem HY P(M) = (Vi € D)99(%). 0

Cnucok nureparypul

[T 0O Epuss, Onpeaeanmocts n saascansoct s, Hosoosbupex, Haytimas
Kiura, 996G
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CLOSED SETS OF SIDE-ANGLE
MATRIXES AND CORRESPONDENT
GEOMETRICAL STRUCTURES

S.V. Sudoplatov*

Novosibirsk State Technical University,
RUSSIA
e-mail: algebra@nstu ru

As shown in [1-3] the class of group polygonometries includes classical
trigonometrics and allowes to model the main structural properties of stable
theories having a finite number of countable models.

Iu this paper we present a generalization of the notion of group poly-
ponometry, show that any closed set of side-angle tatrices can be realized
in some generalized group polygonometry and define the class K of graphs
such that

1) any graph from K contains a generalized group polygonometry:

2) K contains graphs playing the fundamental role for the constructions
of complete theories having a finite number of countable maodels.

We shall use the terminology of [1].

Let Gy and G be some groups. By side-angle matnz or SA -matriz {over
@, a; ... Qy
(2 SERl /YOO, A4
G U o}, a; € Gy U foo), ¥ =1,....n.n > 8 The set 8 of some SA-
matrices is said to be closed, if the following conditions are satisfied:

1) Ac(G1,Ga) C S (see [1));

2} if some element of first row of a matrix from S is equal to oo, they S
countais ( NP, | B ) T

e e ¢ t € e

3} if some element of second row of & matnx from S is equal 10 oo, then S
& e e £ ¢ e .
). h € Gy
0C. 90 eo 00 Gy
1) for any S € S the set S containes cyclic permutations and turns of
7oand it s closed under joinings of matrices where values of o - x and

the pair (G),G3)) we mean any matrix . where 1, €

and all matrices of form v € G

Contams ) and all matrices of form (

"I'I;Ls work :M u;mrun-l by the Russian Foundation for Basic Researches (the code
ol project 99-01-00571)
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are saqual to oo, 0o ' o= oo and values of o6 - oo can be arbiteary from

OO - ix BFC B :

(1) Gy {oa) -
1 By"i‘ yiner}atizred polygonometry gpm(Gy, Gy, P) of group :mr 1((:)'.‘,,;-);

on a system P = (P, L, €} rontaining the set of points P and the sel ¢ g

I, (where any line is a subset of /) we mean an algebraic system

M = (PAGY | g1 € i) (R |92 € G2l

= Galit satisfyi
containing nonempty relations (g, g1 € Gy, and Ry,, 9, € G2, and satistying
N ing conditions: :
: e:()’lxvtg\'x Ry(x,z.7) and (M k= Rea,b,c) clements a, b nnd ¢ are
mmmf“); (@, b}, then clements a and b belong to a common line;
::)), ::ﬁ t ?f:(:! b ‘c) then there is a line 1y, containing elements a and
i s by, combaii ats b and ¢
b, and there is 4 line &, contaming elements Y ‘
a:;) M E (Rela,b,c) A Qy,la, b} AQy (b)) — (Qq.:y,(a, e} A Q;,, {b,a})
e) M = (Ry(a,b,¢) A Ry (c,b,d)) = (R la, byd) A R,_;:(L. .«l:)). el
f) if py and pp are points belonging Lo jines {y and l; ar.cordmglyz, L fn‘ ;
exists an automorphism [ € AutM such llxal- fm)=m an(l' I .l] = .:.)m
- Obviously, homogeneous models of theories of group pair polygo =
tries [1] are generalized polygonometries, Group pair polygunomeltnos !
symmetrical conditions |4] also can be considered as generalized polygonome
maf:cl S = (p.p2...-+Pa) be a polygon of gencralizgd pol_vtovonuml(i::.l )
gpm = gpm(G,. G2 P, e, & sequence of points. for which there are g
Upa Prss) 2 PoPussnd =1, =1, and l{pa, 1) 3 Po. P Define mn(n'me
of s‘id:; P Pivy and pe py of polygon & as clements a, of side grm{? ;. \
thist = Qu, (BiyBega), 8 = 1, ooon = 1, and |= Qo (pa,P1 ). Here if the

wn't bel ¢ s relation Q , we sel gy &=
(gn, v 1y) (o1 (P 1)) doesn't belong to the relatio 9.90. 0

(6 += ). Accordingly we define parameters of u.nglu l(p.‘.,, p‘)'.l({:l,. Pi+

L 2ot 1, (1, P} (P, 1) a0 (o, 1) i) .6 s oo

‘ Gy such that | Ry (P, P Pesi)y 1 = e ‘

z' gun’g): 5:"‘;‘“?”] )’nnd = Ra (p,,,p,,p;}. Here if a sequential 3-1 Aple'
1y P - ; : :

painu: dlomu'l belong to the relation | Iy, then according element oy

il ! : SA-matrio
equal to oo, Thus the paraneters of polygon S are defined by SA-iatr

ay ay .., Gy
of form o B e l
Dennte by S(gpm) the set of all SA-matrices cortespondent. to polygo
from gpm.

It's easy to see that any set S{gpm) is closed, On the other hand we
the following theorem,
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Theorem 1, For any closed set of SA-matrices S over group pair

(G, G2) there exists a generalized pelygonometry gpm = gpm(Gy, G, P)
such that S{gpm) = 8.

Proof. Let S be a closed set of side-angle matrices over (G, G3). Denote

by St,(S) the set
{oea| (5% ¢)es)

It's easy to check that Sty(S) is a normal subgroup of G,. Analogously the

st
St.(S)::{y,EG,I (ﬁ ; :)es}

ts a normal subgroup of 5. By the definition of S we can consider the
groups Ste{S) and Sy(S) accordingly as stabilizers of points on a line and as
stabilizers of lines containing a point.

Denoting ¢, /St,(S) by G and G/St(S) by G} and replacing in matrices
from S side parameters g, by a; -5t,(S) and angle parameters a, by o; -54,(S)
we get the set of side-angle matrices §' — S/(St,(S), St,(S)) over the pair
(G Gy).

It's casy to see that any matrix i A
@ ay .. Qy
defined by any its (2n - 2) defining parameters from G UGy Moreover the
set 8" consisting of all matrices from S' having only parameters from G, UG,
15 a polvgonometrical set.,

Now for any S & §'\ §” consider a free group pair (F§, F2) with free
generators gf, i € {1,2}, ) € {1,..., &}, bijective to infinite entries to S:
Fs = (g1, ., g), F§ = (9%,....0},)- Denote by § matrices obtained from
S by substitutions of elements g} instead of according infinite parameters.
Denote by G, the group G, + +sF% i = 1,2 Let Sbe a polygonometrical set

GN(8"u{5|SeS'\8"}uA(G,Ty),

pr = 1_)_11!(_5,‘6'-1,(1’. L)) be ac
S\ 8YG,, Gy).

Now let g, be an arbitrary element of G, Denote by Qg the set

€ §' is uniquely

onnected polygonometry with S{pm) =

{pp) € PP |9 = p-(0:5t,(S)) on some line}.

Analogously if gy € Gy we denote by Ry, the set of all 3-tuples (p, " ) € P
such that p and p" belong to a line I, p* and ¢’ belong to a line I and
"= 1 (g256(8)) on the set of lines contaming ¢/,
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One can see that the set S{gpn) (where gpm = (P, Q,‘.H,,)mw,,,,g,;,)

ne : )

[ 1 w 8. [

is equal to the given sct | - o
fSenote by K the class of all graphs I' = (P,Q) satisfving the following

itions: g " such
""“‘:‘)“;‘““‘ y {a,b), (a',¥) € Q there is an antomorphism [ € Autl
or any {a,b),(a’, 0} €

' — o, JIb) =1,
le;_)fz“;_ V;. y]((é)(m. y) = 1z (Qz,7) A Q2 W)))-

idered as o
i 1 K can be consider
We are going to show that any graph fron

‘L X : of pair (£, 7Z) e
!““‘:f':hl“j‘i:el:’:’:*ﬁ‘;:";:z: il:- «-‘1):'»5 K. Wi shall say that [ is the set of potnts
“ L A B A

, G v R,
of 1), L = {Qlal) | s € P} is the set of lines (of T'). Thus we define
.n\' [ S il 2

relation R of collinearity as the set

{(a b,e) € P T3 (Qr,a) AQ(z,b) AQ(z, e}
Dencte by @) the set idp, by @) the relation Q, by Q,, (n=> 1) the set
{(ab) € PP T |=3r (@ (a,x) A Q(£.0) A Ro(a, b))},

o v Q Q l 1
3, 1 [ - Z) 'nh ‘e& L
bV : n Ci 'h" l'(_latwn ( “) . b\ AT c " SLore ation
- 'Jo'n ( ) : )( v
on ‘u““‘g Qn a"ll satl ". “lg h con l!nﬂl. 'i' l “Dtl h} ‘t“ (" 3 z, "h!‘ "B"

{{u.be) € P T B Qibu) AQ(.€) AQula.c)}-

i meralized polygonometrics are
see that all axioms of genera ! ,
thuT::;“xlc (P, Qu, ) 7 Thus we have the following I.heorcm'
:[:h rem 2. Any graph I' = (P.Q) from the class K contains o g
co ;
olized polygonometry (", Qu, Re}ueZ

-y
he countable graph of densc
> . Any complete graph and t /

df’roundw"')mfdy end l;wmts contain structures of generalized polygonome
arde

of group pair (Z.7).

true for

- fying the gio
Using an acyclic stable graph from the class K un: s::\&:f'\; :::lgpl.-m ([);:‘
oentivity prl;pm ty (see |9]) the autbor solved th;w ‘ lm“,amc i
: i.l‘(:uc«- of stuble theary huving a finite number of cou
CxIEEencye -

Z stable th
Theorem 3 |6]. For any natural number n > 3 Mrrc;.z‘n stable
1" having exactly 1 parunse nomsomorphic countuble models.

; stries with symmet

jos and group polygonometn
Grou lygonometries and g ; : e
;'tlo:s ::nybt. eastly charactenzed up to usomurphmx;l ( -,_el,i;“mn ,
.'su;‘]‘ :\nd [4, theorem 2.2|). The problem of analogous charsc ]

) ifficult enough,
peneralized polygonometties i open and soems to be di
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NON-UNIFORMLY WEAKLY
O-MINIMAL GROUP

Viktor V. Verbovskiy®

Institute of Problems of Informatics and Control
Ministry of Education and Science
UL Pushkina 125
Almaty 480100
Kazakhstan
e-mail: vwver@mail.ru

Definition 1 {Dickmann [1]) A weakly o-mintmal structure is a totally or-
dered structure M = (M, <,...) such that any definable subset of M is a
finite union of convex disjoint sets under the ordering <.

A theory is weakly o-minimal if all its models are.

A weakly o-minimal struclure is non-uniformly weakly o-manimal, if its
elementary theory is not weakly o-minimal.

Fact 2 [2] A weakly o-mmnimal ordered group abelian and divsible.

We will construct our counterexample by the following way. First we
take an abelian ordered divisible group whose archimedian classes densely
ordered without end points. We consider the elementary theory of this strue-
ture in the language {<,+,—, B0}, where E is an cquivalence relation
with archimedian classes as F-classes, and prove that this theory admits
quantifier elimination and weakly o-minimal. Let G be a countable model of
this theory. Then we take an arbitrary conntable weakly o-minimal strue-
ture, say (M, £), with dense order without end points. As orders of M and
G*/E are isomorphic, we may define all relations of M in G*/E such that
(M. L) = (G*/E,L). Consider (G*,L,E), where G* = P(zy,.-.Zn) il
GY/E = P(|z:]g,-- - \xa]g) for any P € £\ {=,<, E}. Clearly, this struc-
ture is weakly o-minimal. We may assume that the elementary theory of this
structure admits quantifier elimination. Then we prove that the elenentary
theory of M* = (G, L, E, +,-,0) admits quantifier elimination and weakly
o-minimal. If (M, £) is non-uniformly weakly o-minimal, then so 1s Mt

*The rescarch described in this publication was made possible in part by Award No.

KM2-2246 of the U.S. Civilian Research & Development Foundation for the 1ndependent
States of the Former Soviet Unjon (CRDF)
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a0 ”l d l f * h ) mn fa hon ||"|”“l")l\' wi akl\ 0‘1“".“‘"-‘1]
ul " 1 . U o } [ & I & 0 1
~ im the i ‘
fll[("l"l' W}l 1} h Was annound (’(’ p""”lll‘ VErsIon o [ )" mn 199‘. n i

i . 4 | . < °
WAas '“(DV odmn ”l(.' [evision version ()f ”llu )n'"" m l QQR SO ONRe CHr ne
CXanmg l ! '.’I l 0, al y O an h 1 ’

Proposition 3 Let 7 b
L g be a theory o the é = £ 4
unth the follonang set of arioms: S it

1 » for :
the arwoms for a lmearly ordered obelion divisible yroug
2. E 15 an equivalence relot :
€ relation with conver closses;
3. arder induced on B-classes is dense wthout end pomnts;

{4-z <y <nr— Elxy), for any n < w;

& E(r,0) =1z —0.

Then Tx admits quantifier elirnination.

Pr Y Wi ) )
mt)'.khrsl. c‘,leum that any term in variables Lyy.. oy 1S equal to kyry +
. He . Y ‘ 3 ‘ 3
nTn, Where &, € Z. Second we consider how we can reduct £t ;2}

h(‘l’t‘ ,] ‘) are erms, Lo a nr L (1} . - «
. . more sim
w p' f n L(“- I h' ay UmMe. a.“d u, 1

E(z 4 u.r) & b'_(.r. u) V [=E{x, u) A |u| < |z| A - E{x, —uj|v
‘ [E{z, —u) A u] < |2| A B{x + u, —u)):
(T 4w, —x) 6 |u| > lz| A B(x. —u) A Efr + u, u);
E(z + uv) & [B(r+u,u) A E(u, )]V IE(x 4 u,0) A E(z. )V
[E(® 4 w,u) A ~F(z+ w,12) 4 E(s, ~u)A E(z +u,v));

Denote
Py (o, 1) Elr,—u) A E(r + u,u):
Pa(z,u) = Efz, —u)AE(c+u, -u);
Vilr.wow) 1= E(z,—u}A-E(x +uu)A sd(|o] Jul) A Bl 4 ou, ).

Clonside 0 § ]
lernow E'(r+u,r4v), We twice apply the last identity from above
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to obtain the following.

E(z+u,r+v) ¢ |E(x+uu)AE(x +v,v) A Elu,v)|v
|E(z + u,u) A B(z + v,x) & E{u, )]V
[E(z + uyu) A ~E(x +v,u) A —~E{zx 1 1.2) A E(u,x + )V
|B(z + u,z) A B(x + v, 7)]V
[=B(z + u,z) A~E{x+ uu) A E(x+ voo) A Blz + wv)v
[=E(x +w,x) A —E(z + u,n) A E(xr 4+ v,2)A E(z + u, 2)]V
[~E(z 4 u,2) A ~E(z + u,u) A ~E(r + v, 9) A “E(x +v.2)

ANE(z+ur+

Denote the last disjunct by ©{z, u,»). Claim that 3-d, 5-1h and 6-th disjuc-
nts are inconsisntent. Consider 3-d disjunct. We have that E{r, —v) an.cl
then Wt{E(|z],t) — |ul < t). Consequently E(z + u,xz) A ~E(r + wul,
this is inconsist with E(r + u,u). Disjuncts 5-th and 6-th are considered
analogiously. Now we reduct 6. To simplify notation dex_mte Ey(ry) =
E(z,y) A ~E(|z}, !y — r]). Clearly it is an equivalence relation.

Oz, u,v) A0 <u<ver Bz, —u)A Eylu,m)A
(—z<unAfv—u<u+tz<uVE@- u, T+ u) )V

(v<-rAfr—u<-v-z<uVE{Y-u -z- il

Indeed, # + r and v+ z must be of the same sign, 50 —z cannot belong to
[, v]. Let —z < u, We have that r u <z tv = (r+ u) 4 {v- u)and t‘hcn
F{z+u,x 4 u+t{v—u)), so we obtain E(z +u,v— ujorv-u<ua tu. Case
v < —rig similar. Also cases 0 < v <u,u<v<0,v< u < 0 are similar.

Case E(z + u, —x + v) is very similar. When we reduct the Jast conjunct
@ in this situation, the cases will be following: 0 < —u < ¥, 0 < v < —4,
D —v<uand0<u<—u ‘ _

Thus we can express F(z 4 u, £1 + v) by a disjunction of conjunctions
of formulas of the form z < u, v < x. E{x,u), ¢, 2, V).

Consider now ~E{x,y).

B+ uyz) e [jul > |2) A~E(Jz], lah) V Bz, —u) Alul > |z
[E(x, —u) A lu| < |z| A =E{x +u, —u);
SE(r 4 u,—1) ¢ B, —1) V |E(x, —u) A lu| < |zf}v
(E(z, —u) Alu| > |z| A ~E(z + w,u)l;
~E(z + w,v) ¢ [E(r + u,z) A E(z,v)]V
|E(x + u,u) A=E(u, v)jv
=B tuz) A B+ uu) A E(x, —u) A ~E(z { u,v)).
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Denote
$i(z,u) = Elx,—u)A-E(x+u, —u)A-FE{r+ u, u);
Volr, uv) = Qs u) A ~L(Ju], o) A =E(x + u,v).

Again similar to E(z 4w,z + v) we can reduct ~E(x + u, r + v), the
situation is similar, and we write down only the last disjunct, which we can
reduct similar to ©

Oz, u,v) = Elx+ u,z) A -E(z+ u,u) A E(z + v.z)A
~E{z + v, v) A E(z, —u) A E{u,v) A -E(z + u.z + v),
O(ru ) Al <u<oe Bz, —u)AEB(uu)Alud -z <oy
(—z<uAz+u<v—ud Er+uv—u))v
(v<—cTAT+t>u—vA-E(z+rv,u-—1)).

Case Efz +u, —x | v} is very similar. When we reduct the last conjunct
6 in this sitnation, the cases will be following: 0 < —u < v, 0 < v < —u,
0<-v<y, and 0 < u< —v.

Thus we can express —F(z + w, tx+ v) hy a disjunction of conjunctions
of formulas of the form r < u, u < x, E(2, u), ~E(z, u), &3, ¥,

So, to prove the lemma it is enough to consider a formula 3z A, ¢i(x, 7),
where every ¢, is one of the following forms:

1. me =u,
2, ME < Uy 0r MIT > u,
3. E(mz,u),
4. ~F{mz, u),
o Wy (mz,u,v),
6, Wylmr, u,v),
7. Wylme u) i= E(~mz, u) A [E{mz + u,u) V E(mz + u, —u)).
Note, Wy{z, u) ¢+ E(—z,u) A ~E(—zx,u) and
Ele,u) v Wi (—x,,0) V¥ (—x,5,0) v ¥s3(—z,y).

It follows from the above that @, 1s one of these form or @,, for 1 <1 < 3.
Hut we can express &, as:

Pifru) o || < |ulA Py, u);



140 Viktor V. Verbovskiy

dyr,u) + lu) < (2] A Wsle,n);
Py(ruv) o Wloow ) V(T 60

As wee have £(c,y) ff E(—x, - ). and W(z,u,v) 1] \l',g z, l;t. ']-l'L} ‘:“h
way suppose that 2 ocenes i esch conjunct with the same sign. A qln(’. i lu'll)
remiuns after multplying left and right pats by n for 1.-4. mu.l‘ v, :., u, 4
MU s oy, o) 80 WE TIAY  ASSIm that m ocvuri.ng m the v.;r:ou&: ﬁ]"l;.
alwavs the same. As we wurk with divisible group without lost o .;,c n:r l,Jl
we can suppose that m — 1 Moreover, we may assume tha‘v. that :\I : ;n-.r‘.)t
one of the @, is of the form 1-3., 5 (where < and > count separate '\ +fo
instance, T < u Az < v is equivalent to [z < wAu < u|Vir < vAv<u)
Case= 1. and 3. is similar. Aud we show it for &

Wz g, v ) AV 2 ug v2) AD < 3 < A =B, ) &
E (g — g, vg) A Wolz, uy, o)

. 4 r < s = g 1wyt
Indeed, for any 0 < 1 < y we have Fi{z +y,y)- Then as x + uy =4 + -hu

d B . > s - <
fuy - ), 50 Bz + uy uy — ) and E{x + ua, vy). Cases 0 £ =0 ‘i‘
0« u < -vy, 0 < —py < -1y are similar. So we obtatn a disjunction ol
conjunciions and cach copjunct contains at most one ceeurence of ¥,.

W (x, g, ) A g, ta) A B vy, wa) AU < 4y < tip 6 \
V(s - wal )V iy — g < () A([0 = v Az = —uy Auy = uzV
[pesOAr< —u A ¥o(r g, v VDS vAr > —uy AW (L, iy, va)])-

It is also follows from the fact that 0 < z <y — I'I‘(_y,x + ). )
My (sa‘y) is 7 = u, then 3z A, ¢u(x, §) is T-cquivalent to Ao @iln, 8). |
If a formula contains E(r,u) A —E(r,v), Lh.eu we may replace i, '3‘
E(z,u) A Flu,v) Soil ¢y (say) is Lz, u) or (2, u), then other ¢, are of
the forms 2. . .
Consider ( Jrlu < z < v A Fla. ), It is T-equivalent to w < v A (u <
1 Blu b)) At < vy E(ut)). R ‘.
Cfmsi:lor (Mr)u < < via A\ Elzt). It s T equivalent 1o v < vA
A E{u ) v B (v, L) '
! Thus we may assume that no ¢, is of the form 3. or 4.,
Let @, be of the forms 2. and 5, "T'hen

(da)t < 7 <wAWylz,u o) A0 < <ult

tewnlten-vvEm-taNalu-v<wy blu- wu)Al<e<u
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Indeed, the right parts suys that interseetion of the interval (t,w) with {g €
G ¢ E{u - g,v)} is non-empty. Cases 0 < v <y, 0 < v < —u, and
0 < — v < —u are similar.

Let ¢ be.of the forms 2. and 6. Then

(Irit <z < wl\/\%(.r..u,,u.)/\o <V < Uy
t
t < w/\/\(ﬂE(u. L)V B, —w ) A0 <y, < ;).

We have to express that the interval (¢,w) is not contained in each set
{9 € G: E(u, — g,v,}. As G/E is dense, it is sufficient. Cases 0 < —y < u
and other are similar,

Consider (3z)t < z < wA¥, (1, u, v) AA, Wa(z, 14, 1) AD < u < vAA, 0 <

¥ < 1 Itis T-equivalent to the conjunction of the right parts of two previous
cases.

Let #; be of the farms 2. and 7. Then

(Br)t<zr<uwn /\\P;.(r, u) ¢

(Fe)t < > < wA E{z, ug) A /\ By (2, ug) A /\E(u.;.u,) e
i [N}
t<wA(t<uVE(t ug) Aug < wV E(w, o) ) A

A AE(tw) A Ei(tw)) A A Elu,uy).
' 1
In other cases (2., 5., 6., 7. or without 5. or 6.) dr A, ¢ will be equivalent
to the conjunction of right parts of cases (2., 5.), (2., 6.}, (2, 7.): )

Corollary 4 Ty s weakly o-minimal.

Proof. By the previous proposition it is sufficient to consider formulas of
the forms 1.-7. Formulas of the forms 1. 3., 5. are abviously convex, and
“E(x,u). Wa(2, u,v), ¥s(r, u) are a union of two convex sets, 0

Now we construct (non-uniformly) weakly o-minimal expansion of a
wronp. Lot ¢ be a countable model of Tk and M = (M, <, L) countable
densely ordered structure wiltout endpoints. Let f be an arbitrary somor-
phism between (G*/E, <) and (M, <), and £* = Lu{<,+,— E,0}. Define
((r, £7) by the following; for any P € £ put

O = P2y, 2,) TG | /\“ <z and M |= P(f{[x)g),. .., fllza)s)).
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We may assume Lhat the elementary theary of the pestriction Gy of G -
(G L") W the language £, — L) {<, 12,0} admits quantifier clinnnition.
Obyiously €, is (non-uniformly) weakly o-mminimsl iff A s (non-umformly |
weakly o-ntinimal, We show that ‘1 b{G ") admits quantifier elimination and
as corollary we abtaia that G7 iy weakly o-minimal, maybe pon-uniformly if
8005 g; Tar Ty = lh((jL)

Proposition 5 Theory 17 - TWG"') admits quantsfier elmanation.

Proof Let o(z) be an arbitrary formulaof £yt terms in Lg. Then a furmuia
of £* has the form @(fy, .., ta). Let d be quanifier-free, We have to show that
rdlkyr by, . Kzt t,), where ky, € & is T*-equivalent to a quantifier-free
formula.

By defimtion we have d(zy, - Ta) 15 T+ -equivadent 10 9Lz, .- Iata)
for any {, > 0. S0 we may assume that all k; # 0, are the same up W
sign As we work with divisible group without lost of generality we may
assume that k; € {—1.0; 1}. 'Ta simplify notation we shal) omit terns without
occuring 2 and wrie dir + f, T te =% 4 bagry =2 + bm) instead of
F1P 2 S PO & 5 PO o Y e beosi B £ s rosien BRE

We often shall nse the following fact. Let wilx,u), for e < n,isa partition
of € Then Jeglz, g) ff V, Jalpls, #) A dulz 9]

War each term we have the following possibilites: E(z+t.1,), E{x+t,2)A
ALz =t and ~E(r 4 4 46) A RSt T We denote a conjunction of
one of three these formulas for each L <2 <1 by #{x,t). We shall consider
all possible ¢

Case 0. First consider the most simple case

(:l:r)/\E[.r+t.,t.]A/\E(—I +tut) AT A by 2t b)) <=2
. ‘

(ERTACS! bt A\ Bz 4 b)) A bl .
‘ 1

Corngunct () A, Ea + 66) AN, E(- £+ t,1,) is a formula of Lgi 50 b}
Proposition 3 it is Tg-equivalent Lo a quantifier-free formula. Since Ty C v
it is ' -equivalent to this quantifier-free formula.

We shall use the following fact in our further reasoning,

Fact 6 Let ¢lz,u) be a formula such that x does not occur i any Lermm .
Then

leple, i) <= ﬁ-lﬁi]:rﬁ(r,ﬁ)]/\/\y, — Uy S :iyu"(y)/\Ay, U, +=>
t '
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where Fxp(z, y) 1 an Ly, -farmula and Ty, -rquivelent to a quanisfier-free for-
minda W(g), )

As we defined the extra structure on positive elements, we may assuine
that all x4 1, for + < k. and —x + 4, for & < ¢ < m, arc positive,

Case 1. # does not contain —F(x + 4, A E{x + . ¢) for any 1.

Let @ contains ~F(x + L, ) A E{x + . z)Az 1, >0 [Uis Ti-equivalent
to the disjunction of formulas 0 < | < & A < E{ti,z) A ~E{=t,, 7} and
0< -ty <xrnB(-t,r)AE(x+t,—4)

Note that 2{r + 4. t,) is Tr-equivalent to the disjunction of formulas
0<|z| <ty AE(~t,x)and 0 < —z < t, A L1, =) A E(2 4 L ).

If we consider a comjunction of first disjuncts for —E{r 4+ 4,.0,) A
Elz+ t;,z)Ax+ t, > 0 and E{x + t..1,) we obtain a formula @(x, ¢} A
Szl ) (up o order of z and t,) which has a 7"'-cquivalent
quantifier-free formuln by Fact 6.

. Suppose that a second disjunct occurs in a frmula. Then we can replace =
ino{r, . &, by b)) by =4 as we have E{r. —t,), and we obtain situation
sunilar to Casa ().

Lot 0 contains ~E( -z + 1, 4;) A L(—x + 1, —z) A~z + t; = (). This case
15 sunilar to the previous one.

Case 2. 0 contains ~E(x | t,.z) A ~E{x + t,,4;) for only 1, say, 1 = 1.
Ien we obtam E(x. 1) :

4[4’( ty > (. Then = < (. We can reswrite L5z + 1, 1,) as ~t; < A
£, (t,. 1) Also we can re-write K-z + t, t,) as by < £, V E(t ). as it
does not contain r we omit ik, Jf we have occurence of A{x + &, r), then ¢ 1
mconsistence, because it defines on only positive clements, At last consider
E{=a 4 tg, —x) A E(-2 + 1, ty). It is Te-rquivalent to the disjuncrign of
[tal < i AE(tyty) A —E{—ty &) and E(—t, ) A Fy( !,.!.)A We may
exclude this case, as it does not contain 7. .
As a result we obtain

e Aty <2 <OA B 6) A B (e, - L) ABlz 4 4.0,
341

) ALy >0,

which is equavalent to
15“‘;1(-’: tl)A¢(x"lh"h -vlm]"\'! >')A/\f‘, >I|A"E|(t,,f|)-
171

11 15 enongh to consider part in squure brackets, Clearty. it 1w 77 -equivadent
i formda

Wl by, bm) Ay < A By 1)
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which is 7" -equivalent to a quantifier-free formula by Fact 6.

When ¢, = 0 it is trivial, and when ¢, < 0 it is similar to the t >0,

Case ¢ contains ~E{—z 4 t, L) A-E( r + t;,1,) is similar

Case 3. 0 contains ~E(x + t, x) A ~E(r + f. ;) for two different 1, say,
1= 1,2. Then we obtain E(x, —4,)AE\(t,,t;). Ift; = t,, then it is cepnvalent
to the Case 2. Consider case {; < 1, the opposite is similar.

Let 0 < &) <ty Since z 4 t, > 0, we have —7 < t;. Then z + ¢, =
(I+tl)" (3; —t;). Ifr+t, 2t— 4 VE(I+t|.l';-t|), then E(I'&h.l'}'lq)
and we may replace occurences of x + £, in ¢ by (x4 t;). And again it is
similar to Case 2.

Consider case when t; — t; < z A “E(r + t),t; —1,). Then we have
E(z +t3,t; — t;) and we may replave in @ occurences of 7+ 1ty by £, — £,
reducing this case to Case 2.

Case 3'. 0 contains ~E(k;z + t,, k,z) A —E(kir +1t,,1;) for two different
Lsay, =12 and k) = 1, ky = —1.

Let t; > 0. Since = 4 ¢; > 0, we have = <1 <t <0 Also we have
E(z, ~t,) A Ey(~t,, t2). If ¢y = ty, then it is equivalent to the Case 2.

Note that (x+ ;) + (=2 + 1) = t; + £5. As all items are positive, so one
item or both is F-equivalent to #; + {5 and we obtain 3 possibilities for -

1, E(J‘-‘ + ‘]_.t] + fg) A _‘E(“I + 1.ty + f-}):
2. Elz+ by, 4 + L) NE(—z 4 ty,t; + ta);
3. "E(I + it + ta) A E(”l‘ 4ty b + ‘2)1

Similar to Case 3 we can reduce this case to Case 2,
Case n + 1. 8 contains —~F(k,z + ti ki) A B (ki + t,,1,) for n different
1. Similar to Cases 3 and 3' we can reduce our situation to Case n. a

Theorem 7 G' is weakly c-minimal,

Proof. Since T admits quantifier elimination it is sufficient to consider for-
mulas of the form ¢(k,z4 u,,.. cknzbug), where k€ {101}, u, 15 term,
for 1 <4< n, and ¢ is a quantifier-free formula of L,.

As in Proposition 5 consider . All possible #(x, it} form a finite partition
of G- So, it is enough to show that #(z, i) Ag(z, ) is & finite union of convex
sets, Further we shall refer to Cases 0, 1 ete in Proposition 5.

Case 0. We obtain a formula of Lg. By Corollasy 4 it is a finite union
of convex sets.

Case 1. We obtain a boolean combination of formulas of languages Ly

and £y, each of these formulas is a finite union of CONVEX sets, so 18 their

boolean combination,
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Case 2. Here |t sullices to consider formula of the form &z 4
Uty ). Obviously,

A+ uy, ug, citg)® = {fgc Judla, us, “aUR) AT~y )

Since the first conjunct of MG ag, ... a,) A A, a,
18 a finite union of convex sets, '

Case n. It can he recuced 10 Case 2. As
combination of Ly and £, formulas,

~ oty is an Lp-formula, it

i result we obtain a boolean
and we are done as m Case 1. Ly
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Iyeri A — wenycroe muokectso, G rpynna, a @ — roMoMopghHIM 13 G
B rpynmny ecex nepecranosox Muomectsa A. las eskoro g € G onpeneans
ynaprywo onepamuio ¢* na A npasuiom g*(a) = ((g))(a) ana sesikoroa € A.
Yuapuas anrefipa ¢ HOCHTEREM A 1t MHOKCCTROM onepaniit {¢* | g € G} na-
sueaercy Geamomcecmeos. Mayrenie konrpyamufi wa C-MuoKecsax npea-
CTABIACT OUPEACACHHIA CAMOCTOATENBHMN nTepec. OTMeTHM B 9TOR CHSI-
A, MTO SCAH PLINETKH KOHTPYAMUMA ynapos, T, . yusprRIMX anredp o oanof
YUAPHON OnepaIMEsl, H3YYANUCH PANee BECHMA AKTHBHO, TO O POHICTKAN KO-
FPYINIMA yHAPULIX 816D © TPORIBOILHLM MHCAOM ONEPAIRA 10 HeaRIe-
10 BpeMeRr Dhijlo HanecTio concen nemworo. Ho paw HHTEPEC K POIieTkans
KOHIPYSHIMA G-MIOKOCTS MMECT APYIoe IPOMCXOAKIeHne. B paGorax [1}-[3}
BBLIO NOKAIANO, 47O ITH PEHIETKH CCTECTRENIIO BOBMIKAIOT 1 HIPAKT BaXK-
HYI0 PQuit. P OITHCARMM CTPOCHIS PENIETOR TOAMNOIO06PAINA B NeKOTOPLIX
OOUTHPHBX 1 BAXKMBIX KABCCAX MUOTOOOPAIMH uoayrpymr JLia npasencnns
ITHX CTPYKTYPHLX PE3YANTATON OPH POUICHIH KORKPETHRIX 3a/a% 0 nany-
FPYUTIOBLIX MHOTOOOPAIHAX HCGOXOAMMA HHDOPMAIIRS 0 PEIIETKAX KOHIPY-
IHIHA G-MHOKCCTH Kak THKOBRIX. Pt Prsyiniaton Koo poga 1oy e
wamu B (4] [6]. Do nowormro wan noaywwces ubumpnyo udopsamo o
peerkax smuoroobpami nouyrpynn (enm., w wacrnocrs, [6] [13]). B xamoft
paGoTe npoaaKaeTCR KayNenHe penteTox KONUpysauud G-anomects,

Hanosusn, wro aaemens z pemersy (L; VL A) naswisaercs duciapuby-

*Pabora ;uunnumm npat nww}i»«m POOY (rpane M 01-01-00258) u MEK Iy Sonexoft
nay mofl nporpavsia “Vasoepeweetsa Poceim dymnserramne wocaeaonan’ Mu-
nucreperaa ohpasonamm Pocoufickoi Deaeparu | npoexy K617,
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TIUGHANM, CClt
Vieel: zV(yaz) = [V y)A(rV2);
cmandapmuna, eciu
Yozel: (rvy)az= (rAz)V(yAz)
Hedmpaasnm, ecin
Vy.z € L+ {z/\y)v(y/\z)v(z/\;r)-{rVy)A (yvz)A(zvz).

Koduempubymuauwe o KOCTNGHOGPTINNE ANEMEHTHE ONPEACARIOTES apoiter-
BEHTO K JHCTPHOY THEHLIM | CIAtAapTHLM coorsercTnenno. O6umpyio uu-
opmanmie ob wiementax Beex YKAZAHHBIX THIOB, NOKASMBAIONYIO eCTe-
CTHEHHOCTL W BAMMOCTE MX HIYYENMN, MOXHO HafTy, Hanpumep, s §111.2
monorpadiss [14]. Kparko ronops, AHCTpHGYTHEHEIC ¥ KoaucTpHGY THAKbE
MEMEHTIE "OTBESANT 33 rOMOMOPDHIMI pemterky Ha caon HITepBaiIN, &
HERTPANLILE 34 ee paznomenue n NMOAUPIMOE IPOHIBOACHHE CHOHX HH-
ICPBATIOR.

B pabiore [6] onwcani JHMCTPHOY THREWE, KOAMCTPHEY THBNLIC, CTALAAPT-
HBE, KOCTARAADTHRE W HENTPATIBILE 3TCMOHTH PILETOX KONTpysuuuit G-
MHOKECTH B caydae, Kora rpynna G npowinoanna, o camo G-MuoKecTsO
YIOBJAETHOPHET HCKOTOPOMY BECHMA CHUILHOMY AOTITHWTENBHOMY OrPaH#Ie-
o, B aamiol pafiore onncanu wviement nsmi YKAIANHBIX THIOR 415 1po-
IBONLHEIX (-MHOXKCCTB, HO npu Yeaosum, wro rpynna (G abenesa,

Iprresem neobxammmpie onpegenenns n obosnavenus. G-MaokecTno A
HASWBAETCH MPANRIUIRUGHIM, CCAN JUIR H0GOA Napu aneMentos a, b € A
cyutectuyer g € G rakoft, yio ¢*(a) = b Tpawsmrnsuoe G-nogmuoxecrno
G-muoxecrsa A nasunaeres opbumoti v A. Xopomo HIBECTHO, T0 pemer-
Rl KOHIPYAHIME NPORIBONLHOTO TPARIHTHERON (- MHOKECTHA wiomopdra
HEKOTOPOMY MUTEPBATY PEIICTRN TOArPYIT (pynu (7 (em., sanpunep, [15),
Aesma 4.20). Pemerkn noarpyun wayuens aocrarormo xopamo (esm., dampu-
sep, [16]). osromy peurersn KourpysHnuit G-mnosmecrs (i, u HACTHOCTH, HX
CICHHANLHBIE SNEMEHTH ) eCTECTBEHHO W3YHATH “10 Moy opour”, Muoxe-
Cine Beex opfiur Gmnomkectsa A Gyaem oboanavars qepes Orb(A), Hyers
B — pavmunte opbura G-muokeersa A, & @ oTHOWeHKE IKBMBA-
Avwrnoctn na A, Bynes toopwrs, wro:

O wiosupyen B, ecan w3 1oro, vto r € B w Ty BRITEKACT, 410 y € 14:

t canamanem B w O, ecim zay pan HEKOTOpPLIX 3aemenTon 2 € Byy ¢ (-

0w paddessem How ) ecan e CymecTsyer suementos ¥ € By y e ©
KENX, 1o oy
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o cxaeueaen B w C| ccan coy ans mobrx 3aeMenios ., ye Buc.
Konrpyammo o wa G-vnomecrse A Oyacm uasnsary weadwo, ecas omn
CRACHBACT A00ME Je opisTM, KOTOpe OHA CBAZMBACT. MUOKECTHO BCex
ARIQEX KORTPY il C-muomerrsa A oboumaiim epes GCon(A). [Lin ses
KO KOUPPYSHIKK 0 RA A OUpeacium ormomense o i Orb{A) npanwsom:
ecn B,C € Orh(A), 1o Bo'C TOCAR K TUALKO TOIAE, Korga aubo 2 = ()
Ao o conatsact B n € Ouemnano, 410 0°  0rHOmCHIRe. SKRHBICHT
uocrd ma Orb(A), Kok 0B, PEIIETKY SKBHHANENTHOCTEN HR MIOKOCT B

X Oyies obowanary weper Fgi X'}, Ham NOHATGONTCH CACAYIOWIAR TTeMMA,
AOKzIaNas o [4],

Jlemma 1 fMyemn A - G-assoocecman u Orb(A) = {A/]i € 1}, Mo
mecmeo GOon{A) seanemcs nodpewemxofi pewemsn Con(A). Perwrmra
GCon(A) 1w ME ROONPAMOMY TPOUIBEIEN UG PELETN Eg(Orb{A)) u
Cou(A,), 2de 1 npobezaem I, Omstpancenue [ us GCon(A) o Pewemnsy

Fa(Orb(A)) x | | Con(4,),

e/

radusarsse npantuios [ (o) = (0% . _.ay...), 2d¢ a, comy UZPANUNETE

xonepyamyun a wa opbumy A, (1 € 1), seasemes USOMOTAPHUM BAONCCHULM,
"

W 9100 nesmvig aerko sumexam

Jlemma 2 FEeau v swcadvan NoMepuanuua G-muomccinea A, R04301(05-
& duempubiymusnna | soducmpuliymuasws, cmandapmns, racnadapm-
WM, METMPIAYHIM) IREMENMOM peutemEn Con(A), mo

a) @' - aubo ynusepeassnoe tmuowenur, aubo omuowenue perexcmen
na mnoncecmae Orb(A),

6) ozparunenur o wa npowcoavnye opbumy G-muoscecmen A, ruinem-
R Quctprubym o KOG, CTaNIapmusT, Kocmasn-

dapmmu, HEDIMPLABKMA) JACMEHTIOM PETRETRY Konepyonuufl smodl
oplamn.

Mokararennerso. | lockonnky, B cnay aessm 1, (iCon(A) HOJpe-
twerka 8 Con{A), ns xwpocra KORFPYIRUMK € BLITERACT, TO OHD HIIRET
CH ARCTPUOY Tty (KOABCTPRGY tH NI, CTANMRPIIGIM, KOCTANADYT M,
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nefrpanbibim) anemenrom pemerky GCon(A), Oreiona u w3 gemmnt | Heno-
CPCACTRONNO BEITeKACT yTBepxacnue 6) u 1or daxrt, 4o a® — JHerpH-
Gy rnsuniit (kosucTpubyTusuufl, cranaaprnuiit, Kocraujapramt, nefirpa,-
naft) anement pemerkn Eq(Orb(A)). Ocmeres yiects 10T Xopomo wisect-
awi GakT, Wro pemerka IKBUBANCHIHOCTEH HA HPOM3BOIBHOM MHOKCCTHE
HE COACPHACHT WIEMEHTON HH OANOTO W3 AT YKASAHHBIX THIIOB, OTIHMILIX OT
VHHBCPCANLHOTO OTHOIICHIS W OTHOMEHHA PABCHCTEA, .

B paannethmes yam nosanobures creayioman npoctas

Jlemma 3 Ecau xonepymus o wa G-smuomcecmee A cerawesem dee ezo
pesauvnie ppfumw B u O, o dan scaxozo b € B eyweemayem ¢ € C
maxoti, wmo boc,

Hokaszareanerno. o yeiounio cymectayior viementn 2 € Bu y € C
Takue, w10 ray. Hyers renepn b € B. B cuny rpamsurusnoetn B cymeernyer
aneMment ¢ € G 1akolt, rro b — g°(z). Monomum ¢ = g*(y). Toraa ¢ € C u
lnxe. L]

Ecm A — G-muoxecrso, € Con(A), a X — opbura 8 A, 10 4epes ju,
st oGoanauaem orpanuvenne g na X. Creayonas semma aokazana s [4].

Jlemma 4 flyemn A G-anoncecmoo, B u € pazauswme opbumm ¢ A,
A jt - KOHAPYIHULUR HA A, CORANBRIOUAHN, NO ne craetsawuer B u C. Tozoa
Bl =Clp,. Myemn X € Blp,, r€ X, saemexm us C mawxod, wmo
zpr' (aaemenm 1' cywecmeyem 6 cuay aesmun 3), a X' — j.-xaace, codep-
acauguil ', Omobpamcenue ¢, . ua B/p, o Clu,, onpedeasemce npaarrom
@, AX) = X', seanemea usosmopramom. -

A yaoberna coniaok cOpMYIHPYEM CICAYIONLY K XOPOIIO HIBECTIYI0
aemmy (e, wanpumep, {14, aemma 111.2.5).

Jlemma 5 (Ko)cmandapmmudl saemenm npoussossnotl pewsemun (xo)dvuerm-
pubymnuaey; aaemenm npoussostnotl peusemxu wedmpasen mozda u moavKo
mozda, xozda ox cmandapmen u xocmandapmen onoGpesento. L]

Basnyi poib 1 Aaibieillinx PACCMOTPEHIGX WIPACT CICIYIONAT KOf-
crpykimst. flyers g konrpysnumsn G-miomecrsa A, KOTOPAS CHBIBIBAET,
IO HE CKACHBACY e e1o pudanianwe opbure B w (7 Torga orpaninenne
poua B e stnaneres yunmnepeantimn orromesem. Caeiosarennno, cyme-
CTBYIT MeMenrTn 0w ¢ B mxue, 1o (v, w) € B, B eray Tpamakrumiocts
B eywecrsyer anement g € (7 takof, 910 w = ga(v). Oboanaunm wepes Moo
BUHAPHOC OTHOICIHE 1a A, ONPEACTREMOE CACAYI0TIIM OBPRIOM:

(rou) & pow = anbo x,y € X Uy, (95(X)) ats sexoroporo
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i, — xnacea X, mie gi(X) = {g(s) |z € X},
auboar =y

(em pHC. T, 110 TOPMIOHTAILHME AR pasbunaror opon B € HA {t,, "
Jt, -KIACTH COTRETCTEEIG ), OTMETHM, 10 1 CHITY JeMMbLL 4 PuctdalN)) =
i :

93l 0 (X))

P 96(X))

) PactX)

Pue. 70 0THOMIEHAE Jby

JTemMa 8 Omuatuente b, , REAXRCMER OMBEUIEHLEMN IRAUGEACHTIICCTRL.

JoxkazarenncTe. Ouruiiso, 170 OTHOWEHE fy v pe«baoxcumu_)‘ W CAM=
merpuano, [Tposepust, 170 OHO TPATIHTHBRO. Iyers © fty e Y u,.‘.‘. z u;]y:(.}’
KOS 0 KPARHCR MEPe DARH K1 AIOMOITOR 2,1, 2 1E npuum‘ummuru m‘.
gaenwact. Bet orpatniiciind AOULIOCTH MOAKHO CHBTATL, 410 I c B, B-
y & B amyz € €, TO Bee 04CBRIHO. Ilycrn wenepn y € [RT] :”e s
"l'on(a ¥ € Vuel95(X)). e rosops, cyliecryiot anesentu 5 ,:. ; ‘
raxne, 410 Fpy, 2uz u 2 = gy(z"). C apyrod croposus, ¥ € np,,;(.(?o( Dy
Vav 2~ Jhy-KARCE, CoACpARIImA 2. COeAOBATEABRY, CYIECTRYIOT ATEME
2 2 e B maxme, wro 2'py, 2pE o = git2"). Vmeen

o x” = (gg ) (") (e ') (w) 1 oo e = (o) (@) ="

Vunraeas, 4o o, £ € B, noayiacs, 4o (2.2) © jt,, W IOTOMY L jty3-
B roteay OmeR S0MME YKATARE 10 CBORCTER OTHOMIEHIA fo ey MR
Mt ByzIem OHEPATLCH B JEtnieRues.

Jlemma 7 FEean spynna (0 abeagga, mo gexasor orAROIETE UOE Py w
3 .
eoien wonepyangued, paadeasrneth aplutin Boull

O CHEIMAIBHBEIX 3JEMENTAX PENETOR KORIPYSUUAG-.

—
ien
—

|
i

Jokazareancrso.  Tlpopepus cnaunna, a0 fhe o konrpyshuxs. B
cuity sesmrd 0.6 ja, , — OTHOMEHRE IKARBATEHTHOCTH, OeTanocs yOeaurhes
1 ero erabnasoct. Myers 7,y € A, (2,9) € 0 1 g € G W3 onpeaenennd
OTHOIMEHRN fhyy B0, 410 0o oy € B U, anbo r,y © BUC Fean
oy § BUC, 10 x = y, waee ouenrans. [lyer, teneps o,y € B0 O, Fean
2.0 € Bowmwmor,y € C, 10 2y, 0 OCTACTER YHOOTH, 110 f8 KOHCPY3IHE.
Hosromy sMokuo cawram, wro anfo r € B, a y € €, ambo = € ¢, mbio
Yy € I3 39T aBa cayaas CHMMETPHYER, B 110T0MY JOCTATORHO PACCMOT peTt
meperdt w1 uux. ek, nyvers ¢ € Boa y € C. Torpa cymecrsyer tagof

anement ' € 7, qa rpe’ wy = gif{r'). C yueron abencsocta rpynin &
HMeeM

9"} = 9°(gal)) = (990} (2) = (09)" () =
= 9509°(2')) € 95{5 0 (97 (X))) = vy (5 (g™ (X)))-

Cacaonarcannn, (g*(x), 9*(¥)) € iy

Yeaumes Teneph b TOM, 9TO ariomwenie gy, payeaser B w C Tlo
GUPLACACHWKG OTHOMEHHR Jly o CYTIPCTBYCT TAKOA WeMenT gy € G, 10 w =
gotv) m (v, w) ¢ p. [posepus, wro ecm x € B, vo (z,95(x)) ¢ . Tlyer,
nanporus, £ pgp(). B enay rpanswrasuoct B cvinecrsyer anement g, € G
rakoll, wro v — gi(r). C vuerom abeaenocry rpynnsl G umeesm

v=gi(z) p g1 (g500)) = (3:80)"(2) = (Goq )" (z) = gil97(x)) = aolv) = w,

UTO BpOTHBOPET hbopy aaemenron v n w, Hyers teneps (1,y) € pA e,
npniem 2 € Boay € O B enny ckasanioro swine, g, -Kiscest, COOTBCTCTRY-
wire anemenaM £ 0 gy(r), pasaiam, OGosHaHM HepBLA W UK Hepes
X. B euay aesovn 0.4, i -kaacent g (X)) 1, (98(X)) maKoKe pasnnani.
Hyers 2 € w, (X). Toraa zpa’. W4 1oro, w10 (1, ) € pyw, PRTERAET, 4TO
(', ) ¢ . Ho ypex pa'. Mporapopetue .
Ecom B w C' - pasemime opburw 8 A, g — Kowrpy3nuns na 3, a v
KOHTpY3uina ua C', 10 weped (@ v v Gyaem oboInayats KONrpysmimio na
A, OUPEIEAREMYIO TTHABKIOM:

(ry) e p®y = mboz =y, anbo r,ye B wruy, mbox,yc Cn oy

Hepea A Gyaem obonuatats yuuBepeaibbioe orpomenne va A
Ocrosumm pesyibratom paboTi asanercs

Teopema. [yemn G - afeacan epynna, a A (- snoocecmio. Kowe
pyaHunK o wa A goasemea ducmpubymuarns (Koducmpufimuersat, cman-
dapmrns, xocmandapmyws, wedmpeanro) saeamenmom peusemst Con(A)
Tmozda W MoANKe mozda, kozda aubo (r  PUNGEPCAANKOE OTREOWEHNE, AU
HBTLOANERNM CACOYIOUE 1CAOHILRT
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(1) oepaxusenue o Ra NPOUIGOALHIN opbumy G-suoxcecnoa A asanem
e duempubymuernas { KooucmpulymuanssM, CMONDAPINHINM, KOCTIAH-
dapmusia, HETMPIALHUM) GAEMENTIOM PEULETTIRNU xonzpyonuutl smod
opbume;

(ii) @ usosupyem wascdypo opfiumy G-mnoorcecmea A;

(iii) ecau xonzpyomyux & na A cosswucaem opbumy B G-muoncecnea A ¢
nexomopotl dpyzoti 20 opbumor, mo a, C By

Joxaszarenscteo. HeobxoaumocTsb. [lverh @ kowrpyauumus na A,
OTAMNHAS OT YHHBOPCANLAUIO OTHOMIEHHA. B cuay Jemmbl 0.5 Ml MoxKem
HC PACCMATPHBATL COCIHAILAO CAvHai, Xorjpa o — HEATPANLHLIR AneMenT
pemerxys Con(A). Jdansneitimuae paces HHA PCTECTRENNO PACTANRKITCA HA
TpH CAyuas.

Caywait 1: @ — ducmpubymuennil JACMERT POLemxy Con(A). Tlpewsae
BCOrO POBEPHM, HTO (x — JKAAHAA KORTPY MM, [Tpeanoionum, HanpoTHs,
410 cymecTsy 0T pazantinne opontel B u C 8 A, KOTOpHE CHAIMBAIOTC, HO
ne cxrennaoTea Kourpyanumed a. Maommm f = a, @A, w1y = A, Gac.
TMyers z,y € B w (z,y) ¢ o (Takne WEMEHTH CYWECTBYIOT, HOCKAILKY (0 HE
cxaensaer B u C). fcno, wro (r,y) € 7 € aV 1. B cuay nemmu 0.3 cyme-
crayior anementi 7',y € C raxue, wro rax' w yay' Toraa zarByoay n
noromy (z,y) € oV A, Caeaosaresnno, (r,y) € (Vv B)A (o V7). Tlpea-
nooKNN Teneps, 4to (1,y) € a V (8 A7) Toraa cymecrsyer nocaejsosa-
TenbnocTs (#) AeMenron M3 A TAKAN, YTO Ig = I, Tn = Y # LA BCIKOCO
i=0.1,...,n-1mbo T;ax, .y, 160 (T, £151) € BA7. Hyers (¢) - xparial-
AR NOCIEAOBATEALHOCTS ¢ Takum cofcTrom. [Ipeananoxum, w10 x; § BUC
a3 nekoroporo 1, [lyerh § -~ HaRMENLUTHA HRJCKC ¢ TAKEM CBOACTROM. He-
wo, wro 0 < i < n. W3 onpejenenus xonrpysuunit § w7 suTeKaeT, Wwro
T,_1 0 1 2y Ho 310 nporusopesut oMy, 970 (+) - Kpariafmas nocse-
JOBATILHOCTE € YKASANNKM Brie CBORCTBOM. Wrax, 2a, 7y, .. .. T4 € BUC,
INpeancuioaum Teneps, 110 z; € O A1 HEKOTOPOro 1, NPHIEM 1 — HANMEHb-
il HIACKe ¢ TaKuM coficreom. Slcno, wro nions 0 <1 < n, B vacTHocTH,
£,y € B. Tockonsky xmaas w3 KOHFPYsnunh (1 1 y pasaeaner opbutie B n
C, nanyaaeM, wro 1, oz, Bean 1y, € B, 10, 00 TON Ke NpHIune, Iy,
Ecan xe I,aq € O, 10 BHOBL 7,02, |1, Nockoabky (FA 7). = a,.. Wk, 8 mo-

GOM IYHAE Ty T, Ty, WTO, KAK YIKE OTMCYANIOCH BRILLE, TIEBOIMOANO,

Taxun 06pasom, Ty, Ty, . ., 7y € B. Yuwrasasn, wro (A7), = a,, nony4a-
oM, 410 I = Zp@Zy — Y, W10 nporHBopednt vubopy aementon Wy Mut
noxazanm, wto aV (A Y) # (@ V 3) A (a V), wro nporusopeius upes:
NONOKEINIO 0 TOM, 410 & — aucrpubyrnnnuf snement pemersn Con(A).
CACAOBATEALNO, @ — KBRS KOHIPYIHINA,
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W3 aeMai 1.2 BRITTEKAET, UTO BBITIGUIHEN IVAILIR HAM BAPHAKRT VI0RUS
(i) # wro @® — anbo OTHOMEHRE PaBeNcTia, TR0 YHHECPCAILIOE OTAOMEHHE
na Orb(A), Ho o ne momer GRTL VIHDEPCATHHBIM OTTI0IEHKEM, TAK KaK
B IPOTMRHOM CAYMAC W3 KAAUOCTH (f BRTEKAN0 OB, 9TO @ YHMBEPCATL-
woe ornontenne na A, Mmax, o* - orsomenne pasencrsa na Orb(A). Bro
GAHAMAET, W10 BRINAneno yetosre (ii) Teopemu.

Ocmmaucs nposepuTs sunoancnue yeropns (i), [yern 8 — kourpysiis
pa A, KOTOpAS ChstitaBaer nekoTopyio opbuty B G-muoxectsa A ¢ nekoro-
poft apyrof ero opburoft €, Tpeanonoaum, a1o a, ¢ £, Torua cymecrny-
101 SeMent 7,y C B makme, wro zoy, wo (z,y) ¢ A. B enay semmu 0.3
cymecrayer snement y' € C maxoft, wio yfy'. Toaokam y = fr,- B caay
nemmu 0.7 § A 4y snasercs Xonrpysuumedt, passeasomest opbur B w €.
[IOCKOALKY @ HIQIRPYET KOKIYK opbuty, Konrpysuuus a V (8 A 7] maxoke
pasieaser opbur B n C. B wactuocmw, (. y) ¢ aV (B A 7). B 10 xe Bpe-
ma, (z,¥') € oV 3. DocKwInKy rayfy, a w3 nocTpoCERs KOHTPYIHIAW ¥
prrexaet, wro 2y’ Caeposaremuno, (1,y') € (v A) Ay € (avB)AlaVy).
Taxum obpason, @V (FA 7) # (aV 0) A (aV 7) BONPEXH NPEANOIO.KCRRIO
0 Tow, 410 @ — arcrpubyesnmft snement pewers Con(A). Toanyiuesunoe
nporHBope e 3asepuiaet pazbop cayyan 1.

Caysaah 2: o woduempubymuennii aacmenn pewemsu Con(A). Kax
R NPH PACCMOTPEIHHE [EPBOTO C1Y9AR, TPOBEPHM CHAYAIA, MT0 (v — XKATHAA
xonrpysnist. [Tpeancaokum, HANPOTHE, 410 CYNIECTRY T PALIHYHEE Oph#-
Tht B u € 1 A, KOTOPHE CHABRBAIOTCS, HO HE CKICHBAIOTCA KORTPYSHIMER
Honomus 3 = a, @A [yern 2,y € B u (z,y) § o (rakne aneMent cyme-
cray1oT, nockonbKy o ne ckaennaer [ u (7) B enay aemum (1.3 cymeernyor
anementw .y € (7 takwe, wro rar’ w yoy'. Honokem v = oy, Torna
ryy' 87, orkyaa (z,7') € BV . Nockoasky, Kpome Toro, o', naayuaem,
aro (z,2') € a A (V7). C ppyroft cropons, w3 nemmut .7 W onpencaenns
konrpysiumit 4 u 7y BuTexacy, 9o Kaxcaas w3 Konrpysnunh a A u a Ay
pazeaser opbur B w C. Vurrmnas, 910 £ € B, a ¥’ € C, nonyyaem, wro
(r,7) ¢ (a A B)V {aA 7). Crenonarensno, a A (BYv) £ (aAfi)Vi(aAy)
BONPOKK NPEANGAOAKEHRIO 0 TOM, WTO @ — KOAUCTPHOYTRBAER saement pe-
merkn Con(A). Caeposarentiio, a — MKAmas KONIpyIHIRA. Kak w B cayvae
I, OTCIOA PHITEKACT, YTO BRINOIHEHB HYMRIINA HAM BAPHANT YCAONWS (1) u
vesonue (11) TeopeMnl.

Oeranocs nposeputy sunonnenue yeronag (ni). Hyern § - konrpyaunnst
Hit A, KOTOPAR CHIMBACT NEKOTOPY 0 OpORTY 13 Gestogecrea A © uekoTopoft
apyrot ero opbrroft C') [peananoxkum, 1ro a, ¢ £, Torna cymectuyor
wement 7,y € B rakue, wto zay, no (7, y) ¢ 1. Onpejenns Kourpyamime
o ua A OpaBHAOM; TYY TOUAR H OTOULKO TOUAR, Kovw anbo I = y, nnbo
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Loy € C, B oy gemmut 3 eyuecrsyir wemente 7'y £ O rakue, 1to
zhc" w yby'. Toran z S’ 5y 1y, w noromy (z,y) € V7. [ockonuxy Texy,
oy saesm, gta (£, y) € a A (AV4) Hpomosoxns, sro (r,y) € (a A F)V
{cx Ay). Torpa CymecTnyer nomegosareibnocts (o) snemenron w1 A Takas,
GG Ty < I, Ipo= Y 0 A seakoro 1= 00, .0~ | oo (2,1, €
A3, amGo (r,, 0, ,) € o Ay B enay yenosns (i) Kaaaas% 0 KORTPY s
o ua Ay wommpyer B, [ockonnky 1y = 2 € B, 070048 BUTCKAST, 110
Iy, 2, € B VURTLIRan, 90 OrpaHnuenne Kourpyams o Ay nia B oeer
OTHOIICHHE PABRHCTBA, Moay4aem, w10 (2.y) € a A G Ho 910 nporusopeuirr
oMy, yro (roy) € 8 Wmx, (z.4) € (e A B)V (o A ). Caeaosateanio,
aA(BYV ) £ (aAB)V (aA7) BOupekn BPEANOIOKRCINIO O TOM, 4T0 O —
ronerpudyraeanft anemanr peuerin Con(A), TMoaysenuoe npoTrpopeise
sagepuaer pazbop cayaas 2

Cayuaatt 3: 0 — cmandeproaa] wat Kocmandaprinnil JAEMERM peien-
wu Con(A), W3 semyul 5 ¥ A0KAZAHHONO BHIIE BLETCKAET, 4T0 ARNOANCH
yeaonde (iii) TeopeMul w410 0 KAAUNAR KONTPYSHUMSA. A M3 0OCICIHEN0
ODCTONTRIILCTHA TAKAKE, KAK 1 BLIUIe, BRIBOIMTCH, Y10 BHIOTHEHb VCIOBHO
(31) » nyxAu# yaM papuanr yeioses (1),

Hocraroquocts. 34¢0n 1am 1013 106ATCR CIELY OIAR

Jemma 8 [lycin o xonzpyanuus sa G-anomcecmee A, ydosaetitoprio- ,
wanr yeaoswm (i) u (iii) meopemn, a I — npoussoavHas KOHepyYMBUR HA
A. ITyemn, dosce, .,y & A, a B — opbuma G-smuoscecmaa A, codepacauas
z. Eeau (z,y) € aV 2, mo aubo (r,y) € a, V f,, aubo 2fy.

JlokasarensCTBO. B ciy yeaoBi# CyUeCTBYEY [OCIeI0BaTe/bHOCTY
(*) anemenror w3 A Taxas, 1m0 Iy = T, T = Yy R A seakoro 1 = 0.1, .00y
1= 1 au60 Ly y, 60 Byficisy. Eeam xy,. .., 1y € B,10 (x,y) € a, V By,
TMpeanosoxuy reneps, 910 r; § B, upusem s — pamensumil FEACKC ¢ TaKIM
ceoficrnom. Acko, wro t > 0. Obosmasunm opbiuty G-MHOKECTBR A, CONCHMI
iy 10 i, q4epex O Hockonuky u ey yerorua (i1) o m3onupyer B, nony4aes,
wro z,-)Jx,. Taxum obpadon, F ceasusaer opburut B u C. B cuay yerosus
i) oy © Ay, 8 notomy zfiz, g, Caeaosarennno, iz lpemnososuam me
nepb, w10 z; € O gas wekoroporo j > 1. [yers 3 - nanmenuiusil angese ¢
KM CBOfcToM, Paccy st TakoKe, KAK W BHIIe, TonyMaem, 910 1, Sz, i
noromy 21, [lpoganzkan 9TH paccyaaenus, Mbl 3 KORILE KOHLOB HOLY MM,
410 Y.

yers 1eneps a - KOHPpyaiuuMs na A, OTIganast 01 YHHBeDCAIBEOND
nomwenns. lpemonosns, 4o a yaomnersopaer yeaonuss (i) w (iii). B
HIOPOIO VIHEPAIOHUS JeMMID 5 MId MOKOM HE PACCMATPHDATL CH
1O CAYMAS, KOITA OUPAHKYCHUE 0 16 HPORIOIsHY10 ophuty G-mMuoK
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A SBARCTCR HERTPATLUNM JAEMOHTOM POUIETKH KOHIPYIHImit 3ol opouTH.
Hasurefnine pACCMOTPENNHA ECTECTRORNO PACTATAKTCH HA HeTLIPE (YA,

Cayuait 1: oepanunenue a na npouseoavuyx opbumy - ducmpubiymue-
uwil aaemenm peuemsu xowzpyonyutl smoti opbumnw. Tpebyeres 10Ka3aTS,
aTo o — auerprbyrranni siement pemerks Con(A). [Tyers 8,5 & Con(A),
Aoemarouno yeranosiry, wro (aV4)A(avy) € aVv(AAY) (1ak kax obparnoe
wnosenne ovenwio). fyery (o, y) € (v A) A (aVy). Obosuaunm yepea B
opbury, copepraityo . B ey aemmut 0.8 BOGMOKNE CACAYIONIKE “eTHPE
BAPHAHTE,

1) zfy w zyy. B yrom cayyae (z,9) € BAYCav(BAq).

2) 28y u (x,y) € ay V7,. N3 1oporo coorvomenns sutekaet, 110 y € B,
Caeaoparentno, (z,y) € B,. Ho roraa (x,y) € (a, V8,) A (a, v V), # MB
MOMKOM COCTATLES HA Yeaonie (i).

3) (x,y) € a, Vi, wryy. Dror cryuall pasbupaercs BIOTHE AHAJOIHYHO
NPeAabULY ey,

1) (z,y) € @, VB, n(x,y) € a, vv,. B 31oM ciydae sce cpasy sHTeKaer
u2 yesonus (i).

Caywalt 2: oepanuvesue o wa npous6oatnyn opbumy — xoducmpuby-
muekull Jacmenm peuuemsu xouepysvuutl smofl opbumum. Tpebyercs ao-
KAdarh, 410 & — woamcTpubyTusunft anement pewerks Con(A). ycrs
B,7 € Con(A). Jlocrarouno yeranosuts, 4ro a A (8Vy) C (a ABYV(aAy)
(Tax Kkak obpaTnOe BKMOYeHne oueswnio). [yern, {z.y) € aA(fV7). B qacr-
goct, ray. Obosnavum vepes B opbuty, conepxamyw r. B CHAY YCNOBMH
(i} y € B. Jdance, (r,y) € AV 1. CACIOBATENLIO, CYMECTRYET NOMLICAOBS-
TEALHOCTD (%) VIEMEHTOB ®3 A TAKAN, W10 Zg = T, T, = Y W JAS BCAKOLD
v =0,1,...,n — 1 au6o z;8ziy,, b0 z,yziy,. Ecau z,,,..,2, € B, 10
bee sriTekaeT U3 yerosus (i) Ipeanonoxum noatomy, wro o, ¢ B, npuaen
1 ManMeHLITRE HHaeke © Takum cpoficrsom. Hewo, wro 1 > 0. O6ozna-
v opbTy, comepAyIo @, tepes . Fea orpanuvenns obuiocts Mox-
no eaumare, 416 1, Bz Torpa 8 cenamsacr B uw C. B cuay yeaosus (1ii)
a, C fi,, Yaurspan, vio z,y € B 1 ray, noaykaem, 1to rfy, u noromy
(zy)eaAfCland)Vviany).

Caynait 3: ozpanuvenue o wa npouseoavwyo opbumy — cmandapmuni
Jaemenm pewemnu Nowepyonuuil amod opbumw. Tpebyercs J0Ka3aTs, 410
& — crangaprnufl asement pewerky Con(A). Iyers 8,y € Con(A). Jdocra-
TOMHO YeranosnTL, 410 (Vv 81 A1 € (a Ay) V (J A7) (Tak kax obparnoe
sxmoverne ovesuano). Iyers (2, y) € (o v §) A . OBoanaamm sepes B op-
Outy, conepranyo 7. B ewny nemmut 0.8 smbo (z,y) € a, V8, , anbo xfiy. B
nepnost cayuae y € £, orkyaa (2, y) € (a, V8,) Av, 1 Mbl MOKEM COCTATLES
i yeaosue (i} Bo sropom cayuae (z,y) € AAYC (aAy)V (BA7).
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Cayualt 4: 0zpanuNente 0 He NPOUIGOIDHYN oplumy  Kocmaiwapm
ytl saeaenm peukemsy xonepyongul omoil opbumne. TpeGyercs JOKA3ATE,
w10 (¢ — Kocrannapruni aement pemerki Con(A). Hycre 8,7 & Con(A).
JTocTaTouno yeranosnt, 9o (aVy) A (Bv7) € (@A 3) V7 (max kax obpat-
woe sxmouesue ovesuano). IMyers (z,y) € (aV ) A (FV 7). Oboznaunm
wepea B opbury, cogepaamyo . Acno, 410 (r,¥) € a V7. B cray demmn
0.8 mbo (z,y) € @, V v,, 6c zyy. Bo pTOpOM caytae CpA3Y 0OAYHA-
em, wro (1,y) € (a A B) Vv llyers Teneps (2,y) € ay V7, ITockaLKY
(z,u) € BV 7, CYMECTBYCT NOCHCAOBATEALNOCT ()} anemeuron w3 A Taxas,
4T0 Tq = £, Tn = Y n ans seskoro @ = 0,4, . n— | aubo r;3Ti01, anbo
Zi¥Eip - B zy,. . Za € B, 70 BCC BWTEKAET U3 YCIOBHA (i). Mpeanonoxnm
noaroMy, uTo I, ¢ B, npHteM 1 — HARMEHLUIA WHAEKC ¢ TAKHM crOfCTBOM
Ecaw z,_14z,, T0 @, T B, B cany yeIoBis (i), Cnenoparesnno, B 3T0M
cayuae (Z,¥) € oy V 7p = (a5 V75) A (8, V 7a); W MU MOKEM COCIATHCH 1Ak
yesosne (i), Tyers, nakonen, 1, (77, Teneps u3 yenonus (ili) BorTexacT, w10
a, C 7, Hororma a, V7, =7, © {aA B) Vv, orxyna (z, y) €E(aABYV Y.

Teopema aoxazana. ™

ApTopy HeH3BECTeH OTBET Ha CAELYIOURA LCICCTBERHD BOANMKAIONIHA

Boupoc. Cupanse/ 1480 Ji YTBEPXKJICHRE TEOPEMEL B CIYHAE, KOFa o
HPOHIBOABLHAR FPynna’

Anrop Gaaronapur npageccopa M. B. Barxosa 3a ponesusie obeym ae-
HHA.
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Abstracts

N.V. Bayanova, N.Ya. Medvedev. The group of automorphsms of free
vector lattsce.
In this work it is proved that the centre of the group of automorphisms
Aut(FLV (n)) of a free vector lattice FLV (n} with any finite number n of free
generators is isomorphic to the multiplicative group of positive real numbers.

Ivan Chajda. Ternary deductive systems.

A concept of ternary deductive system, i.c. of a subset of a given algebra
closed under inherence rules using ternary term functions is introduced. It is
specified 8 connection between ternary deductive systems and congruence classes
for a given algebra A. If A is of a regular variety and the considered ternary
functions are just the terms involved by B.Csdkdny, ternary deductive systems
coincide with congruence classes.

A.M.W. Glass. Central orders on linear groups.

In the first talk 1 discussad conjugation in automorphism groups of linearly
ordered sets, and gave an easy lemma which helps determine whether an automor-
phism group has decidable first order theory. This gives & uniform method that
yields many past results and many new ones; c.g, both the automorphism group
of the countable universal poset and that of the random graph are undecidable.
(Joint work with M. Girandet & J K. Truss.)

In the second talk, T discussed the question: if a soluble orderable group has
every (lincar) order central (weakly Abelian), is the group locally nilpotent? 1
showed that this is true if it is true for nilpotent-by-Abelian groups. The work ap-
plics equally to finitely genersted linear groups. (Jont work with AN Rhewmtulla.)

A.M.W. Glass. Conver sublattice subgroups of free Abehan lattice-ordered
groups.

In 1973 Bleier asked if & non-trivial proper convex sublattice subgroup of a
finitely generated free Abelian lattice-ordered group could ever be a free Abelian
lattice-ordered group. The purpose of this note is to prove that the answer is “no”.

Theorem. If A, 1 the free Abelian lathee-ordered group on n generators
and H# A, {0} 15 a conves sublattice subgroup of Ay, then H is not a free Abelion
lattsce-ordered group.

The proof uses simplicial geometry.

Kazimierz Glazek. Weak automorphisms i general algebras — a short sur-
vey.

Every bijection of non-empty set A (a cartier of an algebra) induces a bijection
of the set of all finitary operations on A. If this induced mapping preserves the set

1H8
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of all term operations of a general algebra theo the considered bijection s called a
weak automorphism This notion is a special case of notions of weak isomorphisms
(introduced hy A Gorete) or weak homomorphisms (introduced by E. Marczewski)
of general algebras. The notion of weak automorphisms was investigated by several
authors, We give a short survey of general results about weak automorphisms
and a description of weak automorphisms of some concrete algebras (e.g., infinite
mtegral domans) We mostly concentrate on weak automorphisms of finite fields,
In this case, weak automorphisms are represented by polynomial permutations.

K. Glazek, W. Korezynski. On some connections between Petry nels and
RETIITINgS.
We recall the notions of Petri net and semiring, and give some examples
between both notians. The article contain also many imformations about literature
on these topies.

Waldemar Korczyriski. On a topoloqical presentation of hypergraphs.
[n the paper a multitopoiogical presentation of hypergraphs has been described.

V.M. Kopytov, J.Rachunek., About vaneties of monotonous transforma-

f1ons groups
We give short review of results about lattice semi-ordered groups and about
ronnections with m-groups.

The concept of m-group was introduced by M.Giraudet aud F.Lucas, Let's
remind that m-group is an algebraic system G of signature m = {- e, ', V,A,,}
such, that ( Gl e. ', v, A) 18 I group. and the operation , s mvolute automorphism
of the group { G|, e, ~') and antiautomorphism of the lattice { G|V, A).

The class of m-groups is m the same connection with the class of groups
monatonous transformarions of linearly orderced sets as the class of [-groups and
the class of groups ordered sutomorphisms of linearly ordered sets. The class of all
T-groups is a vanety of signature .

In this article we present theorem that variety of me-groups, which are normal
vaiued [-groups, 15 a maximal proper subvariety of yn-groups variety

B.Sh. Kulpeshov., On ¥y categorteal weakly o-minimal theories of conventy
rank |
A Pillav and Ch Steinhorn have described all Ny categoncal o-minimal
theones. Their description implies binanty of these theones. Here we present for
esch natural n > 3 an exaople of Ry categorical weakly o-minimal theory of
convexity rank 1 which is n-ary son n - 1 ary, And also we give a description of
Ry categoneal binary weakly o-minioal theories of convexity rank 1 generalizing
therr result
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S.I. Mardaev. Ficed points in guasiordered Kripke models.
A condition to be imposed on a preordered model is proposed that is s fficent
for the least fixed point of @ modal positive operator to be definable.

E.V. Ovchinnikova. Non linear ordered monowd over which the class of reg
ular polygons composes complete but not model complete class.

It is proved that there exists a non-linearly ordered monoid of depth 2 and

the class of all regular polygons over it is a complete but not model complete class

A.G. Pinus. Posstive conditionally varieties
We give some concept of positive conditionally varieties and study the
structurc of these classes of algebras and the classes of functions which commutes
with the homomorphisms between algebras from the class

A.G. Pinus, C.V. Gurkav. Somc remarks on the scales of calculation po-
tentials of n element alyebras.

In this paper we study the problems concerned with the concept of calculation
potentials of n-element algebras, the problems of decidability of clementary theory
of the clasves and other questions.

S.Yenigul, K.N.Ponomarev. On near-modules, near-algebras and on the
noton of centrmd for near-rings..
In the class of near-rings we introduce the notions of near-module and near-
algebra over associative rings.
We extend the concept of centroid from the class of rings to the class of
DEAr-TIngs.

Asya M. Popova, llya Dm. Tehernykh. Unats i Integral Group Rings of
Finite Groups

Let G be an arbitrary finite group, and lt U(ZG) be the group of units of
the integral group ring ZG. A description of U(Z@) in terms of gencrators and
an algoritlun for determuning these generators are presented The algerithm is
completely prepared to be unplemented on the computer.

A.L Stukachev. Y-admissible famihes on structures of kind HYP{M ).
E-admissible families in structures of kind HYP(M ).
Far arbitrary admissible structure the notion of A.-set is defined 1t is showh that
Y(A) € A.(A) in case when A = HY P(M) and Th(M) is w-categorical In case
when A = HY P(N) it is shown that £{A) N AL(A) = A(A),

S.V. Sudoplatov. Closed sets of sxde-angle matrires and correspondent geo
metrical structures
The author presents a generalization of the notion of group polygonometry,

Abstracts oxs et 161

It a5 shown that any closed set of sele-angle matrices can be rendized in some
generadized group polygonometry. We define o class K of graphs such that any
graph from K can be considered as 4 gencralized group polygouometry The class
K contmns graphs playing the fundamental role for the constructions of complete
theories having i Onite number of conntable models,

Viktor V. Verbovskiy. Non-uniformly weakly o-minsmal group.

Ordered steucture is said 1o be weakly o-minsmal, if any definablc subset is a
fimite umon of convex subsets. One of the first question may he the following: if a
structure is elementarnly equivalent to a weakly o-manmal one, must it be weakly
o-minimal, too, Io general, no, it must not. Marker, Macpberson and Steinhoru
asked m their paper if it is true for weakly o-minimal ordered groups. Hese we
construct a counterexample.

B.M. Vernikov. Concerning specwl clesnents of congruences’ lattices of (2
sels.

We determine all distribitive, codistributive, standard, costandared or neutral
elements i the congruence Iattices of G-rets under the hypothesis that the group
@ is abelian
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