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Almaty, Kazakhstan
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1 Introduction

Definition 1.1 [LvdD] Model M of vignature v 1w ordered minimal (o-minitual) if it is
O-definable totally ordered and the realization of each formula of the signature X(M) in
*'ﬁ_ﬂ variable b & dinoint union of finitely many of open intervals, points.

ST

‘a m‘,‘ m. subwet of totally ordered set B Then A is convex if for any
‘l -.‘Jl‘ ‘ " . .
d '\,' \‘ ...'. f VA€ B la<r<f=y€A]

Note 1.1 An Intersection of family of convex subsets of arbitrary totally ordered set is
conves oF amply.

Deflaithon 1. (D)
1) AL model M of signatire Y is weakly ordered minimal (w.o.m.) if the
y “of wiey Tormula of the signature £( M) in one free variable is a disjoint
unbon of Nultely many convex subsets.

(“r k M T W sl to bo wenkly ordered minimal (w.o.n,) if each model of T is

Note 1.2 7 s woun, Wl for any formula ®(r,§) of ignature ¥ there is a natural number
ne < w such that for any model of 7' for any a € M), (M, a) is an union < ng
~®(M, &) separable convex subsets of M. Here, ®(M, a) = {beM: M |=oba)}

Note 1.3 A set of all tealizations of any 1-type over sct of a model of w.oom. theory
in any model of this theory in convex set, because each complete type is determined by
{amily of formulas, the realizations of which are convex (convex formula)
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Everywhere we will hold on the following

Convention 1.1 let a € MO whete ) = L4 =< ay,.. 00> We will write a & M

whenever {ay,. ..o} C M. let 1 Sm< [ then alm =< ay,. .. 4 > | this paper M

is & model of w.o.m. theory 7', M’ iy n sufficiently large saturatod elementary extension

of M, a,béd € M, &30 € M\M For C,DC M we write ¢ < [) whenever

ce, de D, wehavee <d For any convex D C M, 7 = {f € M': < D}, DY =

(BeM:f> D)

If A< Hthon (A B):=(yEM |A< ¥y < B)

WowﬂuAngbcnmaG A we have a € 1.

Wewrite AC Bif AC Hand Jbe Bibg A

We always connider aubset A of M, such that M’ is |Al* saturated

P, € 5i(A) means alwayn pon-algebraic complete 1-types over A, We understand that

isolated Lype in nou-algebraic wolated type. Auta(M') is the group of autormorphisms of
¢ quch that Y[ € Auta(M’) Va € A (fla) = a).

We use following notations = > F(M'.y) < V{F(zy) =+ = < =]

W(M' 1) > FIM',y) » VeVt F(z, @) A Wit 2) 4 2 <]

M) w (7€ M'Vi(e) € p, M= H1)), a Ep e aepM).

By Notes we alwayn understand historical Notes or immediate corollaries of Definitions or

proofs of Leminm or Claims. Sometime we choose more long proof for Lemma in order

to have & possibility of formulating the Notes, Almost always we do not prove the Notes.

Let M* be w model of & weakly o-minimal theory such that |A[*—saturated for A C M’
Let p € 51(A) be & one-type over A Anelement o € M) = {BeEM |BF P} is
solitary, If [Vy(a)] = 1, where Vi(a) o= {7 € p(M") | there exists an (AU o)-definable
formula H{z), there exist 73,1 € p(M') such that 7y < H{M’) < 7 and y € H(M')} 18
the neighbourhood of @ in the type p.

We sny that p € Si(A) s solitary, if there exists (for all) & € p(M’) solitory. We

say that p is quasisolitary, if Vy(a) in (AU o) definable. Obviously, any solitary type is |

quasisolitary,

Since p(M’) is convex, we can define p(M")* = (7€ M’ | M) < 1L M) =y €
M| p(M") > 7). M")* in A-defivable, then p in called quasirationa) to the right, and
if p(M")" in A-definable, then p - quasirational (o the left.

In Section 2 we investigate quasisolitarity of a type (Lemma 2.1) and give prelimi-
nary information (Lemma 2.2) to introduce notions of weakly and almost orthogonality
(Definition 3.2, 3.3).

In Section 3 notions of neighbourhood of u set in one-type, weak and almost orthogo-
nality of one-types are introduced. It is proved that a non-weak {non-almost) orthogonal-
ity is equivalence relation and each J¥-class of the equivalence contains one-types of only
one kind from six basic ones, [t is proved that a formula, which provides non-art hogonality

{weakly and almost) is "monotonic” up to disjoint neighbourhoodn of (Lemma 3.3).

In Section 4 it is proved that all the one types of each £ -class which contains at least
one definable one-type are definable {(Lemma 4.2). Also we give the definition of strictly
definubility of a type, which generaliges the notion of iwolated types.
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2 Essential kinds of l-types over sets of models of
weakly o-minimal theories

Definition 2.1 A partition of A C M’ iato two convex subsets Cand D (C < D, CUD =
A) v said to be (C, D)-¢ot in A. If C has supremum or 1) has infimum in AU [ =, 00],
then (€, D)-cut in sald to be rationsl. Otherwise (', D) cut in irrational. Sometimes, by
(€, D)-cut we understand the following wet of formulas - {¢ < r < d:cE Cd e D}

Thearem 3.1 (B, Kulpeshou (K]) Let M be a lincarly ondered stracture. Then ¥
w.o.m. Al the following conditions hold in M: e aaale

- ?"‘,"'Djf-;;:")’"‘ in M has al most two complete one-types over M which cxtend

(W) U o (C.D)-ent mIM has two complete one-types over M which extend (C1)-cut,
then rach realization of these types iy convez sel in any elementary extension of M

Definition 2.2 [M] Let p € 5,(A). We say that p is rational Lo the ri i
. right (left) if ¢
Wa € A(be A) mich that for any o = p the following is true: ko

Villo < < a = tp(B/A) = p]
nd) (VAb < A < o = tp(B/A) = p]).

Dufinition 2.8 (1) Let p ¢ 5i(A) be nom-isolated. We say that p is quasirational to
‘ m (dfv) if there is & formula U{z,@), @ € A such that for any a |= p the

In truet
Vo < B A M |= U(B,a) = tp(8/A) = pi
" (Yilo > 3 A M" = U(B,a) = tp(8/A) = pl).
() A nonlsolated, non-quasirational type p is irrational,
Note 3.1 Lot p ¢ 5i(A). Then the following is true:
(1) 1 p bn eatlonal then it is quasicational,

(1) If p s quasirational o the right (left) then
UM A) w M) (UM a) = p(M')7),

(M) p bn quasieational to the right and to the left iff p in isolated,
Note 2.2 By Theorem of Kulpeshov we have:

(1) Lot p @ 85,(M). Then p s quasirational to the right (left) iff t )
here fi
U/(x2,4), & € M such that the following set of fommglu A W e e

{2 > e M EEU(e,a), ce M) U {U(x,a)}

({r <c M Ule,a), c€ MYyU{U(z,a)})
hina uniquo completion p from Si(M)



lﬂl) Lot p € S (M), Then p in irrational if p in determinated by terational cut (€, Dy).
Definition 2.4 We sy that formula Flr,y.d) (G, y.@)), @ € A s convex 1o the nght

(Yoly) if
M e YWVel(Flx . d) 2y <= AVs(y< =<z F(z,y,4)

(M’ = YVl (Gle pi0) [z SyAValzs 2=y 2 Gz, v.a)])

Definition 2.6 Let p € §;(A). We say that a formula ®(x,y,a)a © A p stahde f
Yoo b py 370, 1 be p nuch that

v < ®(M' o)<y

Note 2.3 Lot Fi(x,y,a), Fale,y,6).a,b € A be two 2 A formutas, p © Sy(A) Then i
Jor € ptM’) such that Fy(M'.0p6) © (M, 0, b) we have:

VBT p (F(M.B.a) © Fa(M',5,8).
Definition 2.0 Let p € Si(A), F'.(z.y.é).i';(.r.y.ﬁ),a,b € A be two prtable couvex
o A,M (1eft) 2 A formulas. We say that Filz yb) is greater than Fy(r.y.a) if da €
M) (Vo € p(M")), FuM, a,8) C Fy(M" ab)
Note 2.4 Lot p € 5(A). The set of all non-equivalent p-stable convex to the right (left)
% A formuias s totally ardered,

Delinitlon 2.7 Lt p @ Si(A) be anon-algebeaic type. We say that pis semi-quasisolitary
1o the tight (Jeft) If there in the greatent patable convex to the right (left) 2-A formula
Flay,) (Gl p0)), 0.6 A

Note 2.5 Lot p € Si(A) be wand-quasisolitary Lo the right (left). If 3 > a (o >53) and
A = tpla/A) = p, M o <P 00) (M) (B, @, a))
then for any formula ®(x,0,0), 0 € A the following holds:

(M’ = O(3, 0, 8) 6 Vih € F(M',0,8)* (M)

(V5 € GIM',a,0) Np(M )M’ | *(fy,0,0))

Definition 2.8 Lot p € 5i(A). We say that p n quanisolitary if it is sermi-quasisolitary
i the right and to the lefl,

Definition 2.9 let p € S(A). We ray that pstable convex to the nght (left) 2-A-
formula F(z,y, @) in locally p-decreasing (p-increaning) if there are ay, 05 € p(M") such

that
M = Je(F (2, oz ) A Flz.ayna) A Flay,ag @) Ar>m )

(M} e Fir,aga) h 2Fleio,ap A Flry, az,a) Ax < o))
Lemma 2.1 Let p € Si(A) be a non-algebraic type. Then

b

() If Fla,y,a) w the greatest p-stable conver to the right (left) -A- ul '
"(‘- v ‘) w ‘W”‘M""m‘“’ (p-lnr"u"w) (% ’ Iam a3, then

(W) 1f p o wemi-quanisolitary then it is guamsohtary.

e, :m{ Suppose that Pz, y,8) I locally p-decreasing. Then there are o, 3,7 ¢ p(M’)

M soclaynPly,a8)A~F(y,04)

Lot Ky ) o de( Bl 00 0) A Flyn0). h ’ e we
f’(....‘i. e, o (oo 0)).  Because Fz,y, i) ia pstabl have
‘M:. ’;”'.1.0) C P(M' o, 0) and F(M' o, a)\F(M',v,a) # &
1‘7‘;} ;.1:‘.:.?::5. J < 5y AR(y,0,8) A ~Ply,8,8) AVZ(Fz,v,8) = F(r, a.a)
€ Aut(M’) such that f(v) = a. Then f
o 7
A A e
A L] ‘l = al‘l!‘-.( FM'- n-|
(@) < [%0) < 1) RS
This, Yo < w{f*(a) € Py, M".4) and [~'(B) & F(y, M",&)). Tt contradicts to weak

mwhk\.lh; of M'. So, F(e,y,4) is a non-locally p-decreasing,
I.M (#,y,4) from Definition 2.7. "

2?“ Yo, € p(M"),a < 3 the following holds:
Iuc:.““"'.(y.(l) @ M' | Yz(z = § = (F(z,0,a) ¢+ F(z,0,4)))
Ay, a,8) ;= y < a A Fla,y,é) AV, i
Lot Go(M',,) i = p(M") n(;(:p.a,.(:;. BRI (il e Rk
We claim that Go(y.z,a) is the greatest convex to the left p-stable formula. If it is

not the greatest convex to the left p-stable formula then there €), €
i bt sre 1 Dz, y,6), € € A, pstable

1< ®(M' 0,8) < Go(M',a,¢), 73 € (M, 0,¢)

8o, we bave o € FIM',1y,a), a  F(M', 13,a). Noti
2 } y a8, y ¥} ice,
of P:(M'. ¥1,8) => Vay € [F(M’,3,a)* 0 p(M’)], 72 € B(M', a4, ¢}, by Note 2.5,
” f!:: M .en[.(-;?(;\io; E)[F“E:-I'm,i)* Np(M'), 1 ¢ ®(M',a,¢), by Note 2.5
et 1, @)U B(M 7, &)Y (M), | € Auta(M’ oy
Then f(eg) € I(F(M‘-Th‘) u F(M‘,‘h.é))"'pfslp(z]{l){ u A( ) such that !(71) M-
1“'::“(: :W F_;f(-:;‘.m M’ = <y, f(a0),&). Contradiction.
i 5, Goly, 7,4) is the t convex to the left pstable formul d
E(r,y a) .= F(z,y,a) V Galx, y, a) is equivalence relation, A i
So, the type p is quasisolitary. [
Further this equivalence E(z, y, &) we denote by Ey(z,y,6,).

Notcfl.ﬂ (i)' let p € 8, (_A). then for any convex to the right (left) p-stable 2 A
,:;:“gl}: l:(vz.'. yéa’)'(me ;s :hll-"(:, ¥, @) is a convex to the right (left) p-stable formula
» at Va F(M'\ad) C Fi(M a8 a) |
e o WM’ a,i) and Fi(z,y,1) in non locally p-



(i) V. Verboveky constracted an example of w.0.m. theory with 1 type pand Flzy. u)
that is p-stable convex 1o the right, locally p-docrensing formula.

(w) let p € 5y(A) be quasisolitary, A net of all Eyla,y, ¢p) clisses of equivalence in M
in densely ordered, A sel of ropresentatives of B[, y.6y)-clusses in M' iy ordered
9 indiscernible.

{iv) Lel p & Si0A), d:(:.y,b), b & A be patable, é(z,a) 0 & M’ wuch that 3pty e €
) < (M) < bt ‘Them 6y € p(M') such that fo the formua

Hool#,6,8) v By ($ly.0) A vz, u b))

the following s trues
€ Huo(M' 0. b) < 1

Proof. (1) Suppose, F(x,, ) s convex o the right, pstable, locully pdecreasing,

Let o,8,7 € p(M'), @ € ey e F(M' aa), 1€ FIM', a,a)\ F(M'.4,a),

J € Auta(M’) auch thmt flo) = 7 Then 39" € p(M') such that f(8) = A. Se,

o @ F(M', 0, a) and i ¢ £ W,Q.p'. ¢ P, M a). Let Fold, M',a) be & maximal

< &, >-definable convex of M, 4) such that o € Folf, M' 1)

Then, Folf, M',8) C pAM"). Hrom proof of Lemmwa 21(3) follows that ¥qla < ¥ < 3=

F(B,9,a)) o :
wSo. F',l(:,y.a) 2 Au| Mo ) ARl s ) A 2 yl. 1t is clear that Fi(z,y, a) satishes

the condition of Note 2.6 ()

Convention 1.2 Further throughout fn thiv paper we assuine {hat any convex lo the
right (Jeft) patable formuln is nun locally p-decreasing {p-increasing)

Definition 2,10 [B] Let p.€ Si(A) bo guasisolitary. We say that pis solitary if E(z, y.4a)
(z=y) - -

Definition 2.11 ([B] for ominimal) Aoy non algebriic, pon-quasisolitary type p € Si(A)
is social.

Corollary 2.1 Let p € Si(A) be non-algebraic. Then p s quasssolitary off farmly of all
conver lo the right p-stable 2 ~ A-formulan has supremun off fawsly of all convez to the
left p-stable formulas hos supremim.

Note 2.7 (i) HT s o-minimal, hen each quasisolitary type in solitary (uniquely real-
zable [LS]).

(i) There exist the following six exsential kinds of non-algebraic 1-types over set of
models with w.o.m. theory:
1-2) isolated (quasisolitary, social);
3 4) quasirational (quasisolitary, nocial);
5 6) irrational (quasisolitary, socinl),
Lemma 2.2 et p.q € Si(A) be non-algebraic, o € p(M*), Oz, y,a).8 € A auch tha!

®(M’,a,a) C oM’ and 3y € olM’), 1 ¢ (M . d) {ie. p wolates q). Then the
follownng ws true:

10

(1) p 13 wolated iff q wolated
(i) p quasirational {ff q » quusirational
(44i) p tx srrational iff q in irratsonal
(iw) p i quansolitary { q dn quamsolitary.
Note 2.8 (1) VA Jn p, MM’ 1,0) C M)

(i3) 1 q b eemblonad 40 tha Joft (eight), i.o. ~3C(2,¢) uch that
(M0 U (M, e) = g(M")" then for any formula @(z, 4), 4 ¢ M'Af
(M’ 1) & a(M") than Iy € q(M") such that y < S(M’ A) (M) < 1)

Proof of Lemma 2.2 (i) If p in isolated then g in isolated. 1t in true for any types

of nebitrary theory. If i in isolated then q(M") = U(M’,b) where (M, B) in a complete

formnla of g, Lot 5,0 € LM, b) such that 5 ¢ (M a,a),p € (M a,a) let [ €
Aut A(M’) wach that f(v) = . Then 3 ¢ ®(M’, fla)a). So, 0 € ®{3, M, a) " p( M) and
fo) € ~®(f, M aynplMY.

Because 1' is weakly o-inimal there is a formuls H(z, 3, a) such that
H(M' f,0) < ~H(M',j3,a) or ~H(M',3,a) < H(M".f,d), a € H(M', 3,a),
flo) & “H(M' B a). Then the following formula f\'(:.a.s) is complete for p:

K(x,0,b) == Fn, Fus (Cwy, B) A Uy, b) A Hiz,pa,a) A ~H (%, 43,a)]
$0, p in isolated.

(W) (+%) Suppose p is quasirational to the right with a formula Uz, by, b e A from
Dafinition 2.3, Let

Lita.by:= A={t/ (2, b) A Vyl(y > = AU{n, b)) = Vr{®(r,y.a) =t < 7))}
Then for any formula in one free variable D{x,d), d € A the following is true:
(D(M’,d) < a(M') = D(M".d) C Ly(M' a,0)]A

Ma(M') < D(M' d) = (M, d) Ly(M' a,B) =0
Phus, if Ly(t,a,b) € q then ¢is quasirational to the right and

A MY = LM’ a.b)* and if Lt ab) Eq
{hen ¢ iv quasirational to the left and
g(M')™ = L(M' a.b)", glM") C ~Ly(M',a,b).

A4 ¢ in complete type, 50 either Lyt.a,b) € qor -Ly(t,a,b) € q
(4=) Suppose g is quasirational to the right with a formula

Ulr,b),be A UM, b)Y = ag(M')".
We will show an existence of 2 — a-formula @olr, v, a) such that
Wy € q(M"), Paly, M a) C p(M').



By the preceding it meany that pis quasirational,
Connider two cases;
a) There are v, 1 € g(M") such that 5, < P(M', n,d) < na
b) ®(M a,a)t = M.
a) Let f € Auta( M) such that f{1) = 7.
If oy, g € p{M") such that Jlay) = o, fla) = oy, then we have

(M ay,a)<m < P M aa)<m< (M a,6).

Let v € ®(M' o, a) then a € ®(7, M',a) and (a € (ay,03) or
a € (ag,a1)),

Lot ®g(7. M',d) bea maximal convex < 7, & >-subformula of
®(y,y,a) such that a € ®a(7, M',a). Clearly that (7, M’,a) C plM’).
b) By Note 2.8(ii) there is 7 € q{ M) such that ¥ < ®(M',a,a).

Consider the following formula

Oo(v.y,é.b) = Va(®(z,y,0) T 7 <A Ulz,a)) A J:9(z,u.a)).

So, o € ®ply, M',a,b). If ®o(7, M',a,b) ¢ p(M’) then there is D(r.d), d € A
such that O(M',d) N p(M’) = B and DM, d) © ®o(y, M',a,b). Then for a formula
H(z,d,a) = Jy(D(y, d) A ®(2,y,a)) we have v < H(M’,d,a) C q(M’). Coutradiction,
bocause d,a € A and -le a M), Yy € H(M' d,a),tp{v/A) # tplm fA).

Thus, ®4(7, M',4,b) € p(M").

(iii) follows from (i) and (k).

(iv)

Claim 2.1 If p isolates ¢ by @ formula @(r,y,4), @ € A such that o € p(M')3Inn €
(M), < ®(M' a,8) < 7 ®(M",0,8) # O then Io(x,p,8) wuch that V3 € q(M')3py,

pM’)
(0 M 0) ¥ B, < ®(, M) < pa
and p is quasisolitary (ff ¢ is quaisolitary.

Proof of Claim 2.1 Let f € Auta(M") such that fim) = . Let ay := [T(a),aa =
f(a). We have

!-‘(‘") < .(M'vohi) «sn< .(M'Q"'la) << °(M'la'h‘i) < !(TI)

If a < f(a) then [ '(a) < a. We have o < a<ayor o <o<a.

Let § € ®(M’,a,a). Consider the formula #(8,,a). Let ®o(f,u.a) be a convex
subformula of ®(8,y,a) such that o € @o(f, M, &), We have o, < (B, M’,a) < az or
ay < By(A,M',8) <.

Suppose p be quasisolitary. Let Ey(x,y,6) & € Abea formula from the proof of
Lemma 2.1(i1) which defines quasisolitarity of p. Let

E(z,0, b, ) = Fy3e( ol u,8) A Eylz,u,6) A ®(:,1,a)), TE (M n,a)

We claim that for any formula H(z,y,d), d € A the following is true:
If H{z,y,d) is ¢-stable then H(M'.'y,J) C B(M' 7, &y,a)
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10 opposite case we can choose q-utable H(x,y,d) such that
”(N'OTnJ, N ﬁ(“'. T'cw‘) = (.
Consider the folowing formula:

K(z,0,8,d) = Jyde(®(y, a,a) A Hiz,y, ) A @a( =, x,a)).

By Noto 2.6(iv), K(z,p,a,d) i patable because

L [ .(“‘00..) < T

o His,y,d) In gatable,

. Vﬁﬁ '(u"ﬂh&) (8 p(ﬁf'). < Oo(ﬂ, M a) < &3,

Lt 9 € H(M', 7, d) then 75 & E(M’,7,6,a) and ®o{mw, M, a) N E(M'a,6) = 0.
Lt p1 € Oyl M',8) C K(M' o,a.d) then u ¢ E{ M, a,c). Contradiction, Thus q is
quasisolitary. By the same consideration from quasisolitarity of q follows the quasisolitar-
ity of p. So, Claim 2.1 is proved. 0

By Note 2.8 {ii), Lernma 2.2 (i-1it) we must consider the following case:

® p, g st quasirational or isolated.

o There exists ¥{z, y,a),a € A, such that Ya € pM ), @M a,a) C q(M’),
®(M' a0}t = q( M) or ®(M' a.a)” = qM).

o VO(z,y,b), b€ A, Yaep(M)

(M’ 0.B) C q(M") = O(M', 0, B) = ¥(M",a,a)].

W claim that in this case p, g are quasisolitary. Without loss of generality we assume
(M’ a,8) = q(M')* and pis quasirational to the right.
Notice that,

Vi, a € p(M)F > a = (M’ B,4) C &M’ a,a)]

Lot K(e,y,0) =Vi(z<t<y— ®(M’,z,a) C ®(M', a,a)). We claim that K'(z,y,a)
I muximal convex Lo the left p-stable formula. If not there is p-stable G(x,u.¢), ¢ € A,
wiech Ahat

o (M 00) < K(M' 0,a)

o Jue QM 0,8), (M a,6) C &M p,a)
Lot ®(x,0,8,0) 1= (Gly, o, 6) Az, 0, a)) A “®(z,a,a). By Note 2.6 (iv)
O (M’ 0,0,0) C ¢(M"), by coustruction (M, a,8,¢) # ®(M' a,a). Contradiction. So,

p in quasisolitary. The same consideration of ®o(z,y,d,b) from Lemma 2.2(ii), (&)(b)
gives us the quasisolitarity of ¢. 0

Corollary 2.2 Let p,g & Si(A). Thenq isolates p Aoff p wolates q.
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3 Orthogonality of 1-types over sets, neighbourhoods
of sets in 1-types

Definition 3.1 Let p € SiuALH C M’ such that M’ s (B U At -saturated I'hen a
peighbourhood of st B'in the type p i the following set:

VAH) = {v* M| FunE piM'), 3H(x b o) b E B.qf6 A,
ne HIMbe)< v T E H(M'.b.e}}
Lk 0 =< vy, 2y, s O 2 Wien Vi) = Vpllon, 02, .. Jon})
Note 3.1 Let p € SifA).
(i) Let € pM'). Then V3 =1 iff p 18 solitary,

(i1) pix qumimliwyiKEﬁ e pM'), V,(,-’i)is(ﬁuﬁ)—(bﬁnabkrm‘ (In fact, B M .3 c) =
Vel 3)).

Lemma 3.1 Let p € Si(A), 8 M such that M' s |AU B|! -saturated. Then the
following holds:

(1) VylBB) is convez or emply.
(u} Let p be irvational. Then Yo € M\ M YH(zx,a,a), a€ A
(H(M' &,8) # 9, H(M' 6,8) C p(M’) = H{M' a.a) C Vyia)]

(i) V,(B) # 0= In,m € M), 1 < KBy <m
(i) VA€ pM) (VL) 40, 0¢ V(8] =
- g 5 A), V.(ﬂ) n Vq(B) = N

(v) Vo & p(M'): V(B) < a300€ WMV, (B) < aa < Vala)l.

Proof. (i) By Definition 3.1

(i1) By Definition 3.1 and by Note 2.8(i1).

{111) By Definition 3.1 and by Theorem of compactness,

(iv) Suppose that here exists § € Si{A) such that Vy(8) 0 V(B) # 0. Then there
exints @z, 4,0), bE A, H(r. a,¢), 6 € B, cE A such that
4y € ®(M 8,80 H{M' o, &), (M, 0.b) C V,(3), H(M', é) © Wyl B).

By Definition 3.1 31, 12,1 14 € ¢{ M") such that

n"e O(M‘.tl.b) <M W< H(M' a,c) <

Lot iy = mn{m,mh A2 = max{r, nl [ € Auta{M') such that Q) = pre

Lot [y == J(#) Ba:= [oHA) So we have

UM, By by < iy < HIM' @ 8) < pa < ®(M' B, b)

8]

sl (B cfecphorh<fc< )

lt K(ﬂ.ﬁ.b.f) - JS("‘I.!!."‘ A Plr,y, bl Then 1 € KIM b)) and il o
KM’ o,be)

Lat Ky (x, i, b,c) be a convox wubformula of K {r, o, b,¢) such that

A6 KM a,be) Tho

M« KM obo) < Paordy < KM@ boe) <

Than [ ¢ Vold) and f € V,(H). Contradiction.

(v) Connlder two casen:

») MM Dye)p e Bac A UM Boa)t = Vo(B)*

b)),

a) I p b social, then it is tiue by Theorem of compactaess. Let p be quasisolitary,
Conider the following formula ’

K(x o, ty) = UM, Jia)<xh My (UM, B,a) <y <& Eglz,0.6).

If there in not such oy, then K(M' d.a,8) = Fo( M, 6p). S0 Byl M ,8) € ViB)
and @ € Vy(B). Contradiction. ) '
b) It follows from Theorem of compactness. O

Note 8.2 Let pog € 5i(A).

) ::;1’() (M), 3 € q(M") then a € Vo(8) ifl 3 £ Vola) T V(o) = V(i) I Vila) =
V().

() Moy, 0,00 € plM') kuch that oy < Vi{as) < oy V(1) # Bthen Vy{o) < gt
V'(aﬂ) or Vq(“!} < V.(l.'tg’ < V'(u”_ : e “( ' W) <

Proof. (i) is immediate corollary of proof of Lemma 3.1{iv).
(1) By Lemma 3.1{iv) the following 14 true:

 Ng € Si(A), Vi) N Vylay) = s # 7 € 1,23 and Vi) < las) < o).

"tﬂ;//‘ U u,\) = ‘p(llg/." UO:). ‘P((l:/:" U ﬂ]) == ‘P(ﬂg/A U 0.).
Huppose there in ¢ € S1(A) such that Vilar) < Viloa) <V,
olea {0;). Let H{r y,a)ac A
I & formuls such that H(M' ay,a) C V,(ay). Consider the ft';llawing formula:
Wy, 09,0) = y<agh Yz ¥z ((H{z,y,a) A H(z.m,a)) + < 1)

Then o ¢ (M’ ey, @), 05 € G(M',03,8). Then a iction. Consi
ey, ), 05 € 0 Ly, @) .eV(a;<Conlradtct . Uonsid
thom of obher cases i the same. O ) =
For notatlons of our notions we will use the analogous ones from Theory of stabiiity

(18], (1)),

Definition 8,2 Let pg © 5,(A). We say that i
g (A p i weakly orthogooal to L= gq)if fi
any H(x,p0), 86 A forany a e (M) the following holds: L

[H{M" o a0 M) 4 B=qlM)C H(M' o, a)).
If p In not weakly orthogonal to g, we will denate this fact by p t" 4.
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Note 8.3 (i) p St "qg=>q t"p
(i) p 1% q & plryV qly) is complete 2 A type
(ii1) 17 p is algebraic then ¥g € S(A), p L% q.

' al to g (p 1* q), i
finition 3.3 Let p.q € Si(A). We say that p is almost orthogon
?: enp(M') (= Ya € p(M"), Vila) = @ If p i not almost orthogenal to g, then we
denote this fact by p L .

Note 8.4 Let p,q € 5)(A). Then the following propositions are true:
(pl¥qg=>pl*q
(i) There exists T — w.o.m, theory such that p [¥¢q, p L q.
(ii1) Let T be o-minimal. Then (pL%g ¢ p L% q).
Lemma 3.2 Let p,q € Si(A). Then the following propositions are true:
(i) Let p £ q. If p i vocial then g is social and p 1* q.
(i) pLra=qf'p
fiii) 1* is relation of equivalence on Sy(A).
(iv) L* i relation of eywivalence on 5i(A).

Proof. (i) Consider two cases:
a)p i o i
b)p ¥ q pLia e
)plfrl'qlhmbyclﬂle if p In social then g s social,
Consider the case p £* g, p L* ¢. We can construct the 2 — A-formula H(z,y,a),
a € A such that for any a € p(M'), H(M',a,a)  convex, -H({M',0,a) — convex,

H(M'.o.i)u —.H(M‘,a‘a) ot M‘- 38! € ”(M"°~&)n9(m)-
2B, € ~H(M', a,8) N g(M’), H(M',a,8) < ~H(M’,a,3).

Note 3.5 Ya,f € p(M’)

[3y € H(M',a,a) \ H(M',3,a) = H(M',5,a) C H(M'  a,a)|.

Let a € p(M"). Consider f € Auty(M'), such that f(#) = & Then
H(M' a,a) C H(M', fla),a)
Claim 3.1 If (f(a) < a) then for any # < a (8 > a),
/i :;(“M') ”“{’(‘?z':)"g I;(M',n.a) and there exists U(z, e, ¢), E€ A,
UM, 0.6) < a /(M a,¢) > a) such that
Vi < o, B € M) H(M',B.8) C H(M' a,a) = 8 € U(M',a,c)].
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Proof of Clatm 3.1. We wuppose that f(a) > o, a consideration of the case flo) < o
in the same. Lot ag = [~ (a) then

H(IM' ag.a)c HIM a,q)

Suppose there exisls ¢ p(M'), <o, H(M' o.a)C H(M', 8,4)
Connider three < a, 4 > delinable sets-

KM\ 08) = (ve M :y<a H(M aa}=HM 4 a)
KoM 0,0) = {yeM:q<a ll(M aa&)c HM ¥ 4),
KoM, 08) — {7e M :q<aH(M &) c HM, a,a)

@ € Kot M 0,a) Np(M’), 3 € Ky(M' o,a) N p(M"),

Bocause 7" in woum.  K(M'.a,@), 1+ = 1,2,3 is union of convex ~K,(M’,o.a)
woparable subscts, there are 1 € {1,2,3}, K](M' a,a) is the maximal convex < a,i >-
dofinable subset such that

By € KM’ a,a) D p{M') = Yulp{M')" < p <y = p € KM, a, i)

Connider three cases:
+ = 1. We have two possibilities for p.
#) p In irrational to the left, So, 3C(x,¢), €€ A

C(M',&) C KH(M',a,a), C(M',c) < p(M’).
h) p s quasirational to the left, then 3C(x &), c€ A
C{M' &) UC(M' &) =p(M')".
Thus we have M' |= 32(C(M',é) <z < a AVYZ(O(M,é) <z <z

» M i 0) & HIM', z,a))).
Consider the following formula:

Wy, 6,a) == 3z[C(M'y¢) < = AV2(O(M',¢) < 2 < 2 = —1i{y, z,a)).

Then 3; € ®(M’,¢,a) and 8, g ®(M', & a). Contradiction.
1= 2 Then 3K (M’, 0,a) — maximal < a,a > definable subset of Ky(M’, a,a) such
that KM’ a,a) C p(M'),
K)(M', a,a) < KM’ 0, a).
Let Lz, a,a) := 3y (K7 (y,a,8) A ~H(x,y,a) A H{z,a,a)). So,
LM’ a,a) C q(M'). If 3p € g{ M) such that y < L(M’, @, ), then
p< L{M’ o, &) < B, Contradiction with p L* g,
Thus L(M',a,a)" = g(M’)". It is possible by Note 2.8(ii) ol g is quasirational to left
or inolated. Then there is | — A—formula G(z, g),
0 € A wuch that G(M',g)" UGIM", §) = ¢(M')". Ler
Ooa.g) =M, g) <z A H(z,a,a) AVe(G(M', ) <r <z
P KTy, @,0) A ~H(x,y,4))). 1t is clear that M’ = 0,0, d,7),
Nutice that Y& € p(M’) M' |= ©,(4,a, 3).
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Cannider arbitrary 8 € K3(M' o, a)np{ M) then HIM' ,a,a) C H(M' §a) and K3'(M',8,a
Kij(M' a,a).
So, Yy € KM 8,a) H(M" a,a) C H(M' oy, a),
It is contrsdiction with M |= €y(§, a,4)

1 = 3. Then IKPMM',0,a) - maximal < a, & >-definable subset of KoM’ cr,a) such
that KN (M, a,a) C p(M"),
KM a,a) < KP(M',a,8). ' ‘

Let Riz,a,a) = 3y (KJ(p,0.0) A H(z p,0) A ~Hiz,n,a)) So, RIM' a.a) C qlM’)
1f 3 € q(M’) R(M’ o0, &) < b, then
4 < RIM' a,a) < p Contradiction with p L* q. =

Thus R(M',a,d)* = q(M")*. I in ponsible by Note 2.8(i) if g in quasirational 1o the
left or isolated. Then there in 1 - A-formmla Dz, d),
d € A such that DIM!, d)* =q(M)*.

Let Oy(a,a,d) == Va( q,l) A=H(x, o,a) -+

& By(KP o ) A H{x,,0) :

Consider arbitrary & € K§(M*,0,8) N p(M") then M* = 65(3,a.d),
Ky (M',8,8) C K3{(M' a,a) N p(M'), ol ’ !

So, for Jy thero exists ay € K (M8, 4) such that & € H(M’,ay.a). Then by Note 3.5
H(M a,d) C !I(M'.a..d). Contradiction because oy € K3(M’, a,a).

So, P(M’) N Ky(M', 0, 8) = B and KM aa)p(M") > Ka( M’ a,a). .

Thus U(M’, a,&) in the maximal < a0 > definable subset of Ky{M’, a,a). Tt is clear
that U(z,a,a) is the required formula. Y0, Claim 3.1 is proved.0)

Let G(z,0,8) = V(M 08) < r<a Then Gi(x,y,a) is maximal convex to the left
pstable 2 A-formula. 1t means that p in quasisolitary. So, il p is social and p f™ g, then
p £* q and by Claim 2.1 ¢ s wocial,

Note 3.6 Let pq € Si(A), p £* ¢ Then the following hold:
(i) M a € p(M") then [p L* g ¢ Vi(a) = 0).
(i) pL*qaf€ plM’) then
(H(M',a,8) = H(M',8,8) b= Eylar.8.6)]

(Gii) 1 p 1% g, B C M’ such that V,(B) # D then
(Vi(B) = 0 & 30 € fM"), Vy(B) = Ex(M',0,5)]
Proof (ii) follows from Claim 2.1.

{(ii)p L* plorany p € Sy(A) by Definition 3.3. If p L* q then g £* p by Lemma 3.2(ii).
Suppose r £ p, p L 4.

Claim 3.2 Letp € §(A), oy, € M), ®(z, ), 8 € M such that Vy{a) < ?(M‘.ﬂ) <
Vy(arz). Then for any § € Sy(A)(p £* q), for any ¥(z,y,a), & € Asuch ‘b“f"“ Jap,a) C
V,{a) for the formula Keoly,B,) := J2(®(x, ) A ¥{y, 7,&)) the following in true:

Vi) < Kag(M',B,8) < Vylan) or Vi{as) < Koo(M',3,8) < Vafen).
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Proof of Clavm 3.2, By Note 3.2(51) for any oo, o € ®( M3
Vylay) < Vylog) < Vidas) ¢ Vlay) < Vylag) < Vi(oq).
Thon suppose that for any oy © ®(M’ )
Vilon) < WM’ ag,a) < Vy(oq)-

Thus, Vylo) < L)
wal S(M )

WM ag, @) < V(o). Then

Vilar) < Koo M’ 3, a) < Vo).
No, Cladin 3.2 proved.0
Note 8.7 Let p ¢ 5,(A), B M, V,(B) # ¥ such that M is |[AU B[*-saturated.

() If oy < V,(B) < az, aj.ay € p(M') then for g € 5i(A) such that ¢ L% p the
following i Lrue:

V(M £ B and Vi{ey) < Vi(B) < Vylaa) or Vi(ay) < Vi(B) < Vile).
(1)) Ve ¢ V,(1)¥g € Sy(A), g £* p the following in true:

Vylao) C V,(B).

Consider 3 € r(M’), then V,(8) # # because r [* p. By Note 3.7(i) and

Losnma 3,100 Vo (3) # @. So, r L* g

(iv) p /= p for any p € S,(A) by Definition 1.2, If p L' q then g L= p by Note 3.3(1).
Suppose v LY pp LY q,p L ¢. Then p,q are quasisolitary by Lemma 3.2(1). Let
H{e,y, a) be u formula from Claim 3.1. Then from Note 3.6(ii), it follows:
Vv, 0o €M M')“: "E,(('n,(!z,(‘,) =
@ HIM' 0, 0) C I{M'  as,a) or H{M' az,a) C H(M', ay,a)).

Let o € p{ M'). 1T 3a, € p(M') such that ay < a, M'[= ~Eylay,a,5),
H{M' ay,a) C H(M' a,a), then for any a3, a3 € M)

M' "— "',';,lﬂz,ﬂj,c,) A oy Aay » ”(M',az.d) H(M‘.n;,&).

Without loss of generality suppose that H(r,y, a)is increasing on classes of equivalence
Fulz,y,6,) of elements from p{ M").

Consider the following formula:
Kz, cpen) i=Vylz < y < a A Bplz,9,6) A By, a,6) —+

v HIM' e5) C HIM' y,a) € H(M',a,a)].

If p in quasirational to the left then there is Uy(x, b) such that

UM’ by = p(M')",

M’ |=Ye[U (M b) <z < a - K(z,0,6,ad))

If p in non quasirational to the left then 3C(M', &) such that
ML E) C KM a,6,.a), C(M, e) <p(M’). Sa, we haye:

M’ |- Vr|C(M'.6) < x < a -+ K(z.a,6,8))
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The satne consideration of the formula
Kile,o,0p,0) 1= Vylla < y < 2 A Byl é) A Eypo6))

+ H(M',a.a) C H(M' y,d)C H(M za)
gives the formula D{x,d) such that (M’ e) < p(M') < D(M',d}) and
M’ = VaWiO(M &) < x <y < DIM' d) A ~Eylx,1.8,) =

— H(M', x,a) C H{M' y,a)).

Let € (M), then there is the formula ®(x, y, b) such that

S(M",3,b) 1 p(M") £ nnd ~(M’,8,b) N p(M’) # 0. Suppose
v C (M P00 p(M) and 35 € B(M’,3,6) N p(M’) and vy < 4. Lel Hh{x,3h)
be the maximal convex subformula of ®(x,f,b) such that 3, € (M, 3.b). So, v >
Hy (M, 3.b). For 3, € p{M’) there is p € (M) such that p > H[(M' 7&) Then
Yae H(M' B,a)\CIM )t (M’ d)~ we have H(M', a,a) < p,

Consider the formula
Hylz, f,a,€,0) := 3y(H\(y. 8,0 AC(M',¢) <y A H(z,y,«a))

Then ”’(M:.ﬂ,b.d'f,li) n q(M'] # 0, because II(A""'"".')”Q(M') # 0,
~Hy(M’, 0,6,d,&,a) N g(M") # 0, because p > Hy( M’ J.b.d,¢,a). Thus, r [¥ g0

Corollary 3.1 The equivalence relations [ and L= partition the set of non-algebruic
typea from S,(A) into the classes of equivalence as follows:

(i) Every [¥-class containy " -clossen or it comncides with a [* class.
(1) Buery f*-class contains types only one kind from swr basic kinds of Note 2.7
(iii) Bvery [*-class, which containa social types, is [*-class.

Lemma 3.8 Lel A, B,C ¢ M’ such that M' is |AU BUC|* -saturated, p,q € S;(A),
p LV q. Then the following hold:

(i) If p £* ¢, then V,(BYNV,(C) = B iff Vi(B)NV,(C) =0

(i) If p 1* ¢, (B)NY,(C) = B, Vi(B)NV,(C) # 8, then 35 € q(M") such that
VABINV(C) = Vy(8) = E(M",8,&), (Vy(B), (C)) = B or (V,(C), V(B)) = 0.

(i) If p L* q,3a € p(M’) such that Vy( B) < Vy{a) < V,(C), then V(B)NV(C) = 0.
Proof. (i) It follows from Claim 2.2 and Note 2.7 (ii).
(ii) Let H(z,y,b) be a formula from Claim 2.1, which was obtained from fact ¢ [ p.q 1*
p nuch that Ve, oy € q( M) the following hold:
. H(M',a,.b) < ""(M',O..b)
. 3”1!"” € P(M')lﬁl (3 ”(M""hb)-ﬂ? S .'”(M'valnb)
o H{M a1, b) € H(M',03,b) = ~Eqlay, a3.6)

€0

Without los of generality as in prool of Claim 2.1 we suppose:
HIM oy ) ¢ HEM 0,B) 2 oy < oyl Byag, ay,6,)

Bupposs O 4 Vi(B)NV,(C) # EAM'8,c0) V8 € g( M)
Lot & € V,(B)NV,(C). Then there are two formulas ¢(r, 3), ¥z, 7). 8 ¢ BUA 5 ¢
CUA such that § € dlM' NN 0EM5) and dpey, pia, pia, e € (M) such that

py < (M 3) < paypy < (M ) < py

Connlder the formuls ¢l r, 3, 6,) := Ayldly, B& E (2, y,&))-
Nocaums E,(x, y,¢,) is pstable it follows by Note 2.6 (iv) the existence yi), 1 such that
who UM B ey) < py and V8 € @u( M, f,cy) Bo(M',8,6) C o (M, 3,¢,)
Lk Wy, 1, 6) o= Fulwly, 8 E(2,0.¢4)). Then for any
A0 (M 36 )N M 9, 6) we have By (M, 8,6,) C (M, 3.6, )N oM 7.6)
Bo, Joy,0; € i M’) such that a,a; € §(M", 8,6, )N M’ 1,¢) and
Jo syl 0z, 6 ) Suppose o) < oy Let

h"(y',ti,b,f.“) T 3‘:1 3:] (¢l{rhﬂ‘rv) A ¢|(-|'2.8"") A ﬂl‘;(“.f‘j.fv)A

Azy < xa A ~H(y,x),0) A ~H{y, x2,b)).
Then there sre 8y, 3 € plM’) such that

(M) < By < Ko(M',B,b,ey) < B < p(M')*
bovause there are aq, ay © g{ M') such that
a3z < VB) < ag and | -F 0y, 04,6} A ~Ey(az, aa. ).

Ka(M',3,6,6,) # D. because 3o € H(M', 02,6) \ H(M',a,b). Thus,
o © KoM, 3.5 6,).
Conseder :
K“y- 7vb‘ ?1) = ]:l 3:2 (‘l’l(:lt"vcv) A “I(xiyif\ﬁq)/\
A_’":'(-‘l-‘hf‘) A I < :TA _‘”(y\:h.b)A _‘”(yv"ﬁvb”-

I'hen pg & Ko(M’,5,b, ) by the same consideration as for
KoM, 3,5,6,). So, pa € Vy(B) N Ve(C). Contradiction.

Thus, 35 € ¢{M') such that Vi(B) N V(C) = E,(M',§,¢,). For quasisolitary type q,
B M’ 6,¢,) = V,(B). So, (ii) is proved.

(511) By Lemma 3.1(v) we have V,(B) < Vi(a) < Vi(c) such that $(M', J) € V,(B),
M) € (C), oM B) (M, 5 = Ef(M,8,¢,). The existence of these $, v, 8 fol-
lown from proof (1), Let 0(M’,3,), 4 € B wuch that ©(M',f,) C V,(B) and Vy(B) C
H(M’,5,b). Suppose V,(B) C H(M’,&,b). Then V,(B)' = H(M", 8,3} If V,(B)* #
H(M',8,3)*, then there is 0(z, 4), 8 € H, 3 € H(M'.8,5) such that B(M’, ) < p.
Conuder the following formula

Rlr, 3,0,,0) = dy (¢(y.,¢3) A H{x,y,b) Aﬂ(M'.ﬂ,) < z).
So, HIM' 8, 00.6) © V,(B), RIM', B, 3. byt = H{M", 5, b)Y,
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Supposo V() € ~H(M’,8.b) Then V(€)= (M’ 8, by
V() # ~H(M',8,b)", then there is 0,(x, 1 )0 € €. Iy € ~H{M* A, b) such that
B (M. 3) < py. Consider the following formula

Liz, 4,10 b) = dy (8w, ) A ey b)ne<0M %))

"("”v D Tlob) < V’((")- L(A". T 'Ihb’ o "{('Mlv Jv b)

Thus, if Vy{8)' 1 ~H(M’,8,b) # 0, then Vi(C') & ~H(M' & B),
V(€)= ~HIM' S, by, Vo (H) N V(') # O Contradiction So, ¥ n)*
and V,{C)~ = H(M' 8,b). Contradiction with the existence of o. Thus,
Vil B)NV(C) =00
Note 3.8 Let A, B,C ¢ M' such that M'is AU BU 7| * -saturated, p.g € Si(A),
p L q.p L* ¢. Then the following is true:

() o € p(M) [ (B) < Vlo) < Y%(C) or K{C) < Vle) < K(B)] if
30 € gM)V,(B) < Vi) < V(C) or %(€) < V(@) < Vy(B)].

- HiM',8,b)

(ii) let p be quasirational to the right. Then the following 1 true:
Ja € p(M'), [Vi(B) < Vyla) < V(') < U (M) =
w38 € glM') Vol B) < V() < Vil €) < a(M)?
if q is quasirational to the right o
(M) < V() < V(f) < W8

if ¢ in quasirational to the left]]. Hero, U(x) is A-definable formulas such that
U, (M) = p(M")*.

(iii) Let p be quasirational to the right.
30 € p(M), [V, B) < Vylo) < V(€) < Uy(M')'].

Then
VO(M', ) C o(M"), B e BYO(M' ) C a(M'), Y€C

the following is brue;
(@M, B) = q(M')* = @M’ 5) C ®(M' 3))

4 Definability and strictly definability of one-types

Definition 4.1 Let p € S, (A), (%, §).1(2) = n.

(i} Type p is said to be @(2, ) -definable if there is 84(y.¢),¢ € A such that for any
a € A the following in true:

M’ &= 04(a,2) > $lE,a) € p|
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() Typo p in said to be definable if for any @iz, i), p in $(x, y)-definable
Note 4.1 Lat p e 5,(A) Then the following hold:
(1) 1 p v quanirational or isolated then pis definable

() 1A« M, where M i a model, then p s definable T p i quasirational,

Lemmn 4.1 Let p be an wrrational type from Si(A), Then we have (1) = (i)
(1) p wa non-definable

(i) There i0 a G conver formula Gl y) (1e ¥y e M G(M'.y) s conver set), such
that the follounng 1a true.

fn) YDz, d) € pim, v € DIM' d)3q € A9
[G(x,3) € pAw < GIM'.g) < 3]
(h) YO(r, cNS(x,8), £.5€ A
[C(M" c) < p{M') < SIM’,5) =5 Jgi, g2 € AW
C(M"2) < G(M', qy) < M") < G{M', i) < S(M",5)].
Proof. Let ¢(x,y) be a y convex formula such that pis non-¢(x, y)-definable. Suppose

:‘:TT in D{z,d),d € A, D(z,d) ¢ psuch that ¥ € AWy v € DIM', d) the following
! )

i <M. 9)<v= ¢z.9) ¢ pl

Conwider &y (2,4, d) := ~3z(H}M',y) < 2 A Diz,d)) A T '
IIYC(x,e)VS(x,5), €,5€ A =)y Az BY s < R

D(M' d)" < C(M", &) < p{M') < S(M',5) < DIM' d)*
there are by, b, € A wyeh that
o pM') C & (M by, d)(= $ix, by, d) € p)
o ((M'.¢) < @y (M' by, d)
o S(M'5)C & (M by, d)
o piM') < (M’ by, d)

then the formula
G(!-vl-m.d) = d{:v VIIJ) A "d‘(‘hth)

matisfies the conditons a) and b).
Thus, there 10 Cy{2,¢;),¢, € A

DIM' d)” < M ey) < p(M)
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such thal _
vbe ANNCUM' &) < BilM' b.d) = pM' ) < (M, b )]

or (and) there is Si(x,81),81 € A M) < Si(M’ 8) < DI M. d)t] such that
vhe AWS (M, n) C $(M.bd) = p(M') C (M b d)]
The same consideration for the formula
ool x, 9. d) 7= ~Aa(D(z.d)) A 2 < S(M\0) Aglz.y) A DM d) <2

gives the following: 5
There is Calx,e2) 81 € Ay DM’ d) < Cx(M'.63) < M)
such that
Vb e ADICH M, &) C eaM'.5.d) => & M' 5.d) € 7l

or (and) there is Sy(x,52), 42 € A:
pM') < Si(M' 5) < DM’ 4"

such that 2
vhe AW [g(M' &) < Sy( M’ 52) = da(M'.b,d) < p M)

Suppose there are such Cy(z, &), Sl #2), then the formula
Op(7,dy Exy 42) = [B=( (x4 d) 32(Cilz,80) A $z.9))
Adzldalz, ) — x(Salz, 4a) A &l 8))
Adedn(z, . d) V Fxda(x.5,d)
has the following property:
va € ADM = 040a,d,6,6) & Mx.a) € 9l

Then p s #z, y)-definable. Contradiction.

The same consideration of the cases of the existence of (Cy,Ca), (51, Ca)y {51, 57) gives us
the #(z,y) definability of p

Thus, (z, ) satisfies the condition a).

If¥S(r, 3,8 € A pM') < S(M',3), thercis g € A such that

M) < HM'\g) < S(M',3),

then the formula
H(z»”lvh) i=r< «M'tVﬂ A M‘-ﬂl)

i required for Tairness of i)
VO (x.6),¢c & A, C(M,¢) < p(M") there in § € A such that

Cc(M'e) < HM', g} < plM').

then the formula
Hiz, pih) = & = M i) Adlr,n)

2

s yoagheond for (nirness of (i)
It Wt e Cyle, &), Sa(, #a) 00,33 € A

Ca(M' &) < pHM') < Sy(M', 33)
sl Kt
Vo € AlCS(M' cs) < S M',4) < Sa(M' 5y) = &=, 9) € pl
than p In $(x,y) definable. Contradiction, So, the fairness of ii) is praved.

Lo 4.2 Letpig € SiAnp M e
Thon p bn definable iff q s definable.

Proaf By Corollary 2.1 and Note 3.1(ii) we ¢an assume thst p, g arc rrational.
Hugrpsse p o non-definable, ¢ is definable.

M "(’- V-“).Cl(v-ﬁ)- Dl(y| dl,- CQ(’\ é'l)l DI(:vd'))n n,c1, 0 d].d-, & A such that
n) H(z,y,¢) from Claim 2.2.
b) O (M’ &) < p(M') < Dy(M',dy)
;)’Uv("'.ﬁ) < q(M") < D(M’, d3)
Yy € MIGIM &)< <m < Dy(M' dy) =

oM’ &) © H(M' i, 7) € H(M',ma,7) < Dy M’ d3)
(C2( M, @) < H(M',m.0) 2 H(M’,42,7) D Dao(M',da))

without lows of generality we can assume that H{z,y.n) is increasing on
(O (M 8), DM’ dy)). Let

My 512 = G(M'.5)) <y < G(M',3a),

whare ()(y, z) is formula from Lemma 4.1(ii), Then p is non-p{y. 31, 73)-definable.
Conslder the formula

Vir, 2, 2,1, 61, 03,41, d3) = yl Holz.y, 7)) A C(M\a)<y< Dy(M' di)A

Co(M™ ) <z < Dy(M’, dy) Ay 51, F2))
Nore Hole,y,n) is the formula from proof of Claim 3.2,

Clalm 4.1 Vg, ay € A the followng i true:
[ﬂy.a..da) Epe "(‘v dlual-éhoh‘ih“l) € q]

Proof of Claim 4.1. Suppose My, a1, 8) € p-
Lot 3 € M )N @M’ @1, 62), then

Vi € MIICH(M" &) < < q(M') = p € H(M'\ 7, m)]
Pocause ¢ i irrational and (MM &)<y < Dy(M'.dy) we bave ¢(x,a), a1 )e g
Huppose ¥z, dy,03, JEq.
Lot p € g(M)NP(M ey, 85,.-), then there is v € p(M") such that u € H{M’, v, n) and
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1€ oM ayaz)
So. heense proin irrational and C'y M’ ) < poe Dyl M dy) we have dly, ey ay) 0 p
[hus, Clwim 4.0 b proved.
Because g is definable there in 8y(%, 2, 8),F € M such that Vay, az € A the following
s Lrae
M'k— e.iﬂ.,ﬂ,,l"] L4 0[1‘.“[.!‘1). ) Eq.

Thus, |dly,ay,82) € p & M' |= Oglay, ay, )], Contradiction

Definition 4.2 Let p € 5y(A) be irrational. W say that p ix quasimodel if p ix determi-
nated by cut in A Le, V(:'(z.c‘)anx,d),r,rl & A wuch that

GIM',€) < M’} < DIM" .d)
thete are g,d € A such that the following is true:
GIM' &) < g < (M) < d < DIM" . d).

Note 4.2 Let p.q € Si{A), p be quasimodel, p £® ¢. Then g s non-definsble.
Notation 4.1 Let B,C € M". We denote B<Ce B<Cor B<C, {BC)=0
Definition 4.3 (i) Let p € S;(A). We say that p is strictly definable over A if

Y(z, £)3GY (2,5), Gh(x,), bE A, Gy(M'.b) < pM') < G (M)

such that for any @ € A" the following in true:
M’ = 3e(GYy(M' b)) < = < GL(M'.b) AW(2,.a]) -

Vae(GH(M'b) < & < GR(M',b) —+ ¥(z,a)).
or M’ = 3x(GH(M' ) < = < GH(M',B) A W(z,a)) ¢» W(x,a) € p.

(i) Let ¥ € M’ We say that pis strietly definable over AUy
YWz, 5)AGY (2, b, 4), Gy x . b 7), he A,

("O(M,-bv ﬁ)’ n ,‘M') n ('#O(M'-b' :7)- # @
such that for any & € A the following is true:

M’ = Ar(GLM", B, 5) < 2 < GR(M' b,3) A W(x,a))
VelGY (M’ b,7) < x < GR(M",b5) = Wz, a)).
Note 4.3 Let p € 5i(A). Then the following are true:
(i) 1f pis isolated then p is strictly definable,

(i) 1f p is quasirational, non-strictly definable over A then for any ¥ € p(M’), p i8]
strictly definable over AL .
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(W) 18 o i irrational pon-definable then for any 71 # 72 € pCM’). p i stnetly dohaable
aver AU (1.}

fy) WA - M, where M i moodel, then uny nou-algebraic type in aon strictly definable

Lomma 4.3 Let p ¢ Si(A). Then the following 1s true:

(1) Let p bo quasirational Lo the right (Jeft), then p is non trictly definable over A aff
')(.',(:,b,.u).b,. « svich that

VIUM' ) <« piMY), de A, Fap € ADIM' d) < GotM' by, an) < p(M').
(VDM d) > pt M), dE A Tap € Ap(M') < Gy(M' by an) < DM’ d))

(i) Lt p be iteational, Then p is non-strictly definable over A i 3G, (2, b, )y
byy € A such that

YOIM'.d) < p(M"), Jap € AMIDM" d) < Gpa{ M' by 00) < p(M)
or (and) 30, (2, by 2, 82). bya € A such that

VDM’ d) > p(M"), Tap € AU [p(M') < Gyal M' byzap) < M’ d)).

(1) Let p be irrational, non-strictly definable then there is 5 € M\ A which s determ
aated by G2, Gy ot only by G, or only by (s such that p is strictly definable
aver AL 7.

Proof. (i),(ii) are true by Delinition 4.3
(W1} bn troe by Theorem of campactness. 0
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LOOAL COHERENCE FOR LOCALLY REGULAR ALGEBRAS
I. Chajda, R. Halag

Department of Algebra and Geometry
Palacky University Dlomouc
Tomkova 40
798 00 Olomour
Czech Republic

Koy words, togularity, local regularity, coherence, local coherence

The concept of coherence was introduced by 1. Geiger [5): an algebra A is coherent
I e overy congruence @ € ConA and each subalgebra B of A, il # contains [b]y for
#ma b ¢ B then B contains [a)y for cach a € B, i.e. B is a union of congruence classes.
D.Gelger gave a Mal'cev type characterization of varieties of coherent algebras which
ylelds immodiately that every such a variety is congruence regular and permutable,

The regularity coneept was weakened in two directions:

an algebra A with 0 is zaid to be

wrakly coherent (soe (2]) if for each 8 € ConA and every subalgebra B of A, if #
tontnins (0] then B containa |afs for cach a € B:

locally coherent if Tor each 6 € ConA and every subalgebra B of A, if # contains
m. for some b € B then [0}, C B.

Henee, A with 0 is coherent if and only if it is both weakly coherent and locally
coherent. It was shown in (2] that each variety of weakly coberent algebras is permutable
witl weakly regular. On the other hand, varieties of locally coherent algebras (i.c. locally
coherent varieties) noed not be permutable (even not permutable at 0).

A vongruence condition (tbe so called CUT, see [1}) was found such that when added
o regularity and permutability, we obtain also coherence of a given variety aud vice versa.
Matvaver, the condititons CUT, regularity and permutability are independent, see |1] and
17] for details.

Anulogously, a weaker condition, the so called 0-CUT, was found in [2] such that
& variety V is weakly coherent if and only if V has 0-CUT, it is weakly regular and
permutable,

On the contrary, a similar result for locally coherent varieties was found in [4] oaly in
the came when V is supposed to be permutable at 0. The aim of the paper is to improve this
disadvantage by using of a different condititon independent on any form of permutability.

Recall that an algebra A with 0 is locally regular {see [4]) if for every 0,4 € Con A, if
ale = fa]y for some a € A then [0}y = [0)s. A variety V with 0 is locally regular if every
A € V has this property.

Let A be an algebra, By an n-ary polynomial over A ix meant a function P A" 4 A
such that d(ey,. . x.) = plzy, ... 20, 04,.. vax) for some (n+ k)-ary term function pof
A and elements ay, ... a4 of A. Denote by w the least congruence on A, For a binary

relation 1 on A, let O(R) be the least congruence on A containing K, 1.e, B(R) is the
tongruence generated by K

*Ihe paper was napported by the Cowncl of Caech Goverment No 214798 15210001 1
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e 1. Consider the siy-clement ortholattice visualized in Fay |

Exumpl
1
b a*
a \/ b
0

namely Lo = {01}, 6 = {0,a,a* 1}, L2 =

Evidently, £ has just four sibalgebras, ces, namely w, ¢ and

{0,b. b4, 1) and the whole £. Mareover, Con £ contains five congruen
those given by the partitions:

& .54 lO).{a,b}.lq‘.b‘},{l}

¢ [U,a,b},{l,n‘.b“]

¥ {O,a“.b‘}.{l.a,h}.

since £y contains [0]y but does not contain |als =
pussibilities to show that

Hence £ s not (weakly) coberent _ :
(u,b}t. Oun the other hand it is an easy exercisg ta check the all
£ is locally coherent.

’Au shown in (3], ortholattices are locally regular.

can be added Lo local regularity to ensure also local coherence.
For this, we introduce the following concept:

A with 0 has polynomially accessible classes if
| &y over

We search for some condititon which

ition. We say that an algebra .
for gt:ynsu.::l‘gabu Bof A, ench # € ComA and every unary polynominls ...

A it holds:

if [bls € B for some be Boand gy(b) =0,8(c) = Do) for

t=1n=1 and ¢ € B then auib) € 1.

A variety ¥ with 0 has polynomially acceamble claases if every A€V has this property.

Theorem 1. If an algebra A with 0 i» locally regular and has polynomiatly accessible

locally cohervnt.
d‘”-"’:o‘?""[; : :tiazy tbe assumptions, let B be a subalgebra of A and ¢ € Con A,

: tvidently, the congruence 0({b) x [ble) (gener
5 further gﬂfm-unebell.l-v-denl 3 » o
a:.lc‘:m “‘: r:‘ln‘i’:l:; {b} x [bly) is the Jeast congruence on A having the class [bly. Since

A in supposed to be locally regular, it yields
[0 = [0ac(erxtoir

Suppose & © [0y Then < 0,r > 0(|b
thete exist €5, ...+ On € [bls with
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} * [bly) and, due to the algebraicity of ConA,

<Oz >€ O[< by >, L bida =)

Ny the Mul'cev lemma (see c.g [6]) there exist unary polynomials @y, ., over A

wich that

0=ty (b), dyley) = salb),-  @ualegq) = @ulb) =«

Hince A has polynomially accessible cliasges, W gives = © B proving [0, © B, Le A s
locally colierent, 0

Remark. Local regularity and polynomial accessibility of classes are indopendent
comditions. An example of locally regular algebra which 1 not locally coherent (and fias
ot polynomially accessible classes) can be found in [4). On the contrary, we are able to
prewent algebras having polynomially accessible ¢lasies but which are not locally regular

Fxample 2. Consider a meet semilattice with 0, Le. § = (S:A,0). where 0 iz
commidered ax & nullary operation. Let ¢, ..., &, be unary polynomials over S, Then, of
conrse, vither ,(z) — ror ¢e(2) = xAd; for 1 = 1,..,,n. Let 8 bea subalgebra of 8 and
0 ¢ ConS, Suppose further [bls € B. 1 b = 0 then b & 8 trivially. Hence let b £ 0. IT
$ilh) — 0 then py(£) £ = thus ¢y{z) = 7 Ady. The condition ¢y (cy) = dalh) gives oy A dy =
hAd,
||nw:~w-r. o Ady <dy
© /\d] Sb/\dl ‘_:b,
thus e Ady < bAdy =0, whence ey Ady = 0.

3 A l‘] S d;

caAdz=bAdys<h

which _\'i(‘lll& oA d‘ '5 b/\d‘ - é’)(b) = 4i|(t|) = A d\ = (), thus nlw (53 A d] =0
After a finite number of steps we obtain

Annlogously,

o=t A"-—l =bA d,, =0

thun gu(b) —bAd, =0 € B.

lel us remark that the case ¢ (z) = r for 1+ > | yields immediately b = 0 which i
extluded by the assumption. Hence S satisfies the polynomial accessibility of cliasses. On
the other hand, if & = {0,a,b) 1 a chain with 0 < a < b then the partition (0, a}, {6}
induces a congruence 8 € ConS for which [bly = [ but [0] # [0k, i.e. S is not locally
topular,

We can ask if the assertion of Theorem | can be converted. For varicties of algebras,
the following result was proved in [4):

Lemma. Euvery locally coherent varety w locally regular.
Unfortunately, the similar statement for a single algebra need not be true in general:
Example 3. Let A = {0,a,1} be a chain, 0 < a < |, and A = (A;V, A D,a,1) be

wn algebra of type (2,2,0,0,0) such that (A;V, A) is a lattice with respect to the given
ordor and 0,a,1 are nullary operations of A, Then, of coumse, A has no proper subalgebra




and hence A is trivially {locally) coherent, On the other hand, the partition 10,0, {1}
induces a congruence 8 € ConA for which (1]e = (1) but [0 # [0),.c. Adxuot {locally)
regular.

Hence, we can state only the following

Theorem 2. For a variely V with 0, the following conditions are equivalent:

(1) V. 1 locally coherent;

(2) V is locally regular and has polynomially accessible classes.

Proof. (2)= (1) by Theorem 1. Let us prove (1) == (2). By the Lemma, we need only
to show that every A € V has polynomially accessible classes. Let B be a subalgebra of
A 0 € ConAand ¢y, ..ot be unary polynomials over A. Supposc [bjs € B for some
be Band

$i(b) = 0, (e) = dias(b) for & € [blayi = 1,....n = |
Then clearly

0 = &y (b} (er) = dalb)0alen) = . = Dt ()08 1(Cn 1) = Palb)
proving that ¢.(b) € [0)s. Since A in locally coherent, we have [0fs € B which vields also
(b)) € B.O

Remark, Locally coherent variotien were characterized in [4] by the following Mal'cev
type condition:
There exist n 2 l.binuywmld......d.wd an n-ary term s such that

a0y =y fori=1,..n

‘(‘i('- V)c ee 0"(’! ")) =X,
The example of & locally coherent variely is the following:

Example 4. Let V be a varioty of type (2,2,0) whose operations are denoted by »,\, 0,
and satisfying the identities

\rey)=y
\z=0
roll=1x

We can take n = 2 and dy(z,y) = v ® z,dy(x,y) = y and a(r,y) = z\y. One can easily
verify that d(0,y) = y o0 = y,ds(0,y) = y and s{dy(z,y), dal2,y)) = y\lyez) = =
Henceforth V is locally coherent variety (of right cancellable groupoids with the righ
unit).
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An algebra of binary relations (or act relation algehra) is an algebra whose
universe consists of binary relations on some set {7, and whose operations are
those of forming the (set-theoretic) union of two relatious, the complement
of a relation, the composition of two relations, and the inverse of a relation.
There is also a distinguished element, the identity relation on U, The study
of these algebras was initiated by De Morgan, and intensively developed by
Peirce and Schroder in the second balf of the 19th century.

In the 1940s, Tarski put the theory on a modern footing. He introduced
the concept of an abstract relation algebra and used algebraic and metamath-
ematical techniques to study them. A relation algebra is any algebra (of the
same similarity type as algebras of binary relations) satisfying & certain fi
nite set of equational postulates equations that are valid in all algebras
of binary relations. Tarski asked whether every abstract relation algebra is
representable as -~ that is, i isomorphic to — a concrete algebra of binary
relations. Lyndon provided a negative answer by constructing a relation al-
gebra that is not representable. However, Jonsson and Tarski showed (even
before Lyndons construction) that the answer to the question may be pos-
itive when additional hypotheses are imposed. For example, every atomic
relation algebea in which the atoms are functional in representable. (A func-
tional element is one that satisfies the equation =5z < 1", where = denotes
the abstract operation of invemion, while ; denotes the abstract operation
of relative composition and 1" denotes the identity clement. In algebras of
binary relations, functional elements are just functions in the usual sense of
the word.) As a carollary they concluded that every relation algebra in which
the Boolean unit is the sum of finitely many functional elements must also
be representable. Finally, they proved that every atomic relation algebra in

B2

which the atoms are pointy is representable. (A pont s an element that
sabinflen Lhe equations = 1,z < 1" and ;150 < 1Y, where | denoten the
Boolean unit. Points bebave like relations that congist of just one ordered
pair.) Generalizing this last theorem, Maddux proved that a relation algebra
in which the identity clement is & sum of points and pairs is atonue and
representable. The work reported in this abstract constitutes a far-reaching
peneralization of the theorems of Jonsson Tarski and Maddux.

A dhagonal elemnent is one that is below the identity element | A diagonal
wor = is said to be measurable if it “square”, 7; 1, x| is the sum of functional
vlements. The name comes from the fact that (in a ropresentable algebra)
the number of functional elements beneath the square £;1; z determines the
“wize” of 2. A relation algebra is diagonally measurable if its identity ¢lement
o the sum of measurable atoms.

I'he study of atomic, diagonally measurable relation algebras has led to a
new and quitn broad construction of relation algebras, one that comprehends
all full set relation algebras and simultaneously yields new and interesting
olamnen of representable and nonrepresentable relation algebras. It ran be
viewed as o generalization of the well-known construction of relation algebras
wn complex algebras of groups. Instead of a single group, the constriction
involves a system of pairwise disjoint groups, a corresponding system of iso-
morphisims between quotients of the groups, and a system of cosets in the
quotients that serve to “shift” relutional composition. The resulting algebra
in called & generalized group relation algebra. When the shifting cosets coln-
cide with the normal subgroups by means of which the quotients are formed
(Lo, they are the identity cosets in the quatient groups), the resulting rela
ton algebra s an algebra of binary relations. [t may happen, however, that
the shiftiug cosets do not coincide with the normal subgroups, and in this
cawe the resilting relation algebra may cease to be representable,

Theorem 1 Every atomie, diagonally meusurable relation algebra 1s cunon
ieally esmbeddable m a generalized group relation algebra.

In fact, the {MacNeille) completion of & diagonally measurable relation alge
bria is again diagonally measurable {with the same atoms below the identity
and the same functional clements as the original algebra), and this com
pletion is isomorphic to (and not just embeddable in) a generalized group
rolation algebra

In case there are only fimitely many functional elements below the square
of each diagonal atom, the assumption of atomicity is superfluous: every
such dingonnlly measurable refation algebra is automatically atomic. When
the functional elements bolow the square on each weasurable, dingonal atom
form a cyclic group, or even the product of two cyclic gronps, the resulting
generalized group relation algebra i actually a set relation algebra (that is,
the shifting cosets are the identity cosets). However, there are examples
which ahow that, 1o general, generalized group relation algebras, even those

buaed on fimite groups (and in fact on groups that are copies of Z; % Zy = 7Z;)
miny not be representable,
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The above theoretn contains the representation theorems of Jénsson
larski and of Maddux as very specinl cases. In fact, even for these special
casen, it goes substantially beyond those theorems by clarifying the untlrtlly
ing, structure of the representing algebris For mxample, the rrpn-u-nlatlfm
theorem for atomic relation algebras with functional atoma in that special
case of the above theorem when all the groups are isomorphic to one an
other, the normal subgroups by meany of which the quotients are formed are
all trivial (i.e., they are the one-eloment subgroup), and the cosets are all l.hz
identity cosets. The representation theorem for relation algo'bru in which
the identity element is a sum of points and pairs is that special case of the
theorem when all the groupa are vither trivial or of order two, and the cosets
are all the identity cosets,
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Muny investigations of general algebras or multivalued logics are devoted to families
ol opetations (on a non-empty set) closed under some kinds of COMPOSILIONS OF YUPETPO-
Mboun af them (see, e.g.. [Ba80], [Ba81], [BaR77], [HeMS84), [Bis2), [Bub7]. [DeHMSI1],
DonSntf, [DenWa9], [Dic1887], {Fis9], (G193, [GlM], [Glu66), [Glu70], [G1YR9), [LN73),
MacRE4|, [Mal67], [Mar79], [Mar80], [MoR6], [MoS0], [Mu59), [Ng92]. (POK79], [Pos20],
Poud 1], (Ro61], [Ros65|, [Ros70!, [Ros77], [Ros&8], 1Sa88], [Schm62), [Schm82), [Schws3),
Behw87|, [Si45], [Shu3dg), [St86), [S286), [Whé4), [Wi20, [YaR9), [YUK66]). Koowledge
ol il operations generated by compesitions of functions from some families of operations
play an important role in some algebraic investigations concerning for example Lhe notions
of Independence and weak sutomorphism in general algebras, of functional completeness
of wlgehras, and primal or preprimal algebray {see, o.g., [Den82), (G179, [Gl94], [IwT4],
[Kn70), [Ka&s5), [Merc6i], [MiT1], [Pos21], [Posd1], [Ros70], [Qu&l)). On the other hand,
wptesentations of functions of several finite valued variables as compuosite functions play
W lmportant role in some applications and in Computer Science (for example, in syn
Whesln of switching circuits, see [Ka63}). Investigations of some special superpositions are
also important for the foundations of Computer Science and are useful in the theory of
Hooloan functions (see, e.g.. [GIYS9), pp. 130-132, 137-139, [Ros88]).

We want to give a short survey of different kinds of algebras of operations.

§i 1. Direct and Tensorial Compositions
Conwider & non cmpty set A. A mapping [: A" > A (for some natural n € N) i called
Wi n-ary operation, and a number n = ar(f) is said to be the artty of the operation f. A
tonalant epcration can be treated in different ways (cf. [HMT71)): either separately from
other operations as a distinguished element a € A (i.c. as a relation {a} € A),oras a
mapping a: A —+ A, or else as a unary operation whose value does not depend on the
cholce of argument, i.e. as & function f{z) = a (for all z € A). The last interpretation

will be the most suitable in this paper. Sometimes we will identify & constant operation
with its value. °

Denote by O™(A) the set of all n-ary operations on a set A, Then the set O(A) of
sl finitary operations is a disjoined sum of sets A

O(A) = | J O{a). (1)
nwolh
s set is called a full set of operations on set A The n-ary frinal operations (called
alio projections):

c!"",h- w‘n):’- (-fl.- -.J’..EA). (2)

Wlay woapecial role among neary operations. OF course, for v = 1 we have r',') 1y,
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On the set O A), one can consider distinet kinds of generalized closure operators

v 2O, )

in the sense of E-H. Moore (i.c. extensive, isotonic and idempotent aperators). Then
one can consider subsets F C ({A), with arc y-complete, ie. if 7(F) = O(A), and
y-eqquivalent subsets, 7 : Fa ie if 4(Fy) = 9(F3)

Some operators 7 can be defined by distinct kinds of “compositions” or “superpo-
sitions” in a recurrent way, Now, we will fix our terminology, because there are some

differences in the literature.

Most frequently two essential types of compesitions of operations are used denoted
here by the symbols @, and W, Namely:

The direct compoxttion

@t O™(A) x (O(A)™ = OKA), (3)
defined by the following equality
(®uunlforre o))y v 2a) = flanlmay o Xadiens m{Eaye oo i 2a)) 1)
(where [ € O™(A), ¢1,...,0n € O(A) and 2,070 € A),
and the tensoral composition
¥, O A) x (O(A)™ — O(A) (5)
defined by the formula:
(W.([,g,,...,y,,.))(z"....,:..,.&n,....:,.,,...‘.t..h“...lr,.,.,) = (6)

= flan(eny - 2w @alEny o Fam )y G (e £ )}

(where [ € O'™(A), o € OWNA) (1= 1,..0,m), Tiryee Emne € A).

The definitions of the compesitions ®,,, and W, can easily be extended to the case of
constant operations.

Such compositions are also named superpositions by some authors. Nevertheless, in
this survey we will nse the term “yuperposition” only for a special case of compositions of
two operations, J. Schiidt ( [Schm62]) called the first of those compositions “compositions
on equal arguments”, and the second *composition on different arguments”, The values
of thuse compositions are sometime denoted shortly by the following symbols:

flars .. 9m) (7)
for the direct composition {cf. [Mar6l], p. 47) and
f(yll"'vy") (8
for the Lensorial composition (cf. [GIMT4]). For a fixed function J € O™} A) the map-
pheigs
(g1, 'ym)"](gi-"".qm)' (9.
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(e @m) = O gm) (10)

A8 b Lreated an meary operations on '™( A) and on O i ’
. ; ‘ (A), respectively. The composs
Hoiw @, and W, can also be regarded as (partial) operations on Lhe set O(A), s

§ 2. Menger Algebras, Menger Systems and Clones

o nuch operations @, we have the following laws of superassocsativity and untlarly

ol Panlf, 0,
=@l f Onnlg by,

Vi) hy,

vy Pip) =

s G b B, Lt

B

Whoe | ¢ OUHA) gy € O™KA), by Ay € OPNA) and kimne N
Ouclel™tmiiicigal =g (i=tiiiim), (12)
e (f e dh= g (13)

ot all gy g, S € ONA)
lin particular, for n = m, setting ® ;= @ .., we obtain the equalities:

L 2K 16 A Oy 0 Y TR

=L O(g b Bl Bk, kL)), ()
e g gl =a (i=1,...,n), (12)
o(fiel™ el = 1. (13)

unlity (11') 1 i " )
'.:)vm;]y {117) 15 called “the law of substitutioms” (see [[363]) or “the cdone law® [see

lu this manner we get the algebras
M(n, 4) = (O™(A); ®), (14)

w)url‘t are important c:-tamples of so-called n-dimensional Mengera algebras (or, in another
uu;nfumlogy. “composition algebras"). The operations c!"’ (1 = 1,....n) play the role
Muon:‘l;uw; mbthcnc nlgcbl"u and form a socalled full system of selectors of algebras
& (;', . Algebras of multiplace functions with such composition were investigated by
. Meogera from the mid-1940s, and then by several of hix co-workers (see i thi-
:“‘:;'r.!.; [Med4], [Med6], [Meb1], [Me64], [Whé4); for more references we refer t'.bf!n:adcr
0 ;1‘ nrimk by H. Lansch and W. Nobauer [LN73] and to the survey article [S¢79]). It is
worth adding that this algebra (or its abstract snalogue) considered with the full sg.m.em

ol selectors (as fundamental constants), i.e. the algebra

M(n, A;E™) = (OWN(A); 0,6, ol " (15)

W callesl an n-clone by ‘. Evans. He defined ; ‘
imeste e sty s, He defined abstract n-clonea, too (see [EvS1)),

MIN,A) = (O(A); (| mn e Nu {0}}) (16)

39




with the partial operations @, on the set O{A) v an example of & Menger system o,
functsems (. [Wh64], [Se79]) and is said to be o full Menger system. ln a specisl case,
wor-called term functions of a (non-indexed) algebra A with a carrier set A. systems defimed
i such a way were considered by C. Ryl Nardzewski (who did aot liowever publish these
considerations) in the mid-1960s. He propose for them the term “algebroids”.

The equalities (11), (12) i (13) also appear in the definition of clone of operations. A
subset A€ OLA) is called a clone of operations, if it contain all trivial operations and is
closed with respect to all direct compositions (in notstion: A = (A}). We denote the full
clone on A by the symbol M(N, A,£). The notion of clone was introduced by P, Hall at
the end of the 1940s and appeared in his unpublished lectures in the years 1947 - 1951,
This notion appeared in the algebraic literature for the first time in 1965 in the book by
P.M. Cohn (¢f, [Co81]). We should add that alse A.lL. Foster (in the 1950s and 1960s)
conyidered families of operations closed under compositions (so-called “clogs™; |FosB8)).
The monographs by A. Szendrei [S786), and also many places in the prepared second
volume of the book “Algebras, Lattices, Varicties™ by R.N. McKenzie, G.F. McNulty
and W F. Taylor, are devoted to clones. The idea of considering so-called closed classes
of functions or clones has emerged from some investigations of multiple valued logics
(cf., e, [Pos20], [Pos2l], [Posdl], [We35], [Wei6], [Yasis], {YGK66], [Ros70]). These
uotions are specially useful for investigations of completeness of some sets of fundamental
operations on finite algebras, which have been made by several anthors. If A€ O(A) is
clone of operations on a set A, then there exists a set [ (with the condition |1} < [A|+®,)
and a relation p ©  A! such that A is the family of all finitary operations preserving
the relation p, i.c. p is a subalgebra of the algebra A" with operations corresponding to
operations from A (defined on the cartesian power A, 1t is a well-known result of LG.
Rosenberg [Ros76].

Clones (or Menger systems, or algebroids - in other terminologies) can be abstractly
treated by giving suitable axioms (sce, e.g., the papers [Hi66}, [Ta73], [EvE1}, [Ev89],
[Sa88]), which define some heterogeneous algebras, or, more generally, considered as spe-
cial categories, .8, dhi-categories (which also give an abstraction of composition of partial
operations and are closely related to so-called symmetric monoidal categories in the sen
of Kilenberg Kelly; see, for example, [Ho72], [Ho81], [Ho8%], [Ho89b], [Schr87), [Vo80],
[Vos2), [Vod1]). It is worth adding that heterogeneous algebras were introduced simult
peously hut independently by several authors using differeat terms {e.g. by A.L Mal'cev
P.J. Higgins i G, Gritzer, for the references see [GIS0]; however the recently used te
is from the paper [BiL70]). Heterogeneous algebras are very important for the found
tions of Computer Science (see papers of the ADJ group, eg. [GoW77]). We take t
oppottunity to mention that the ides of heterogencous systems goes back to the 1
{cf. [Sch3g]).

§ 3. Tensorial Compositions and Semiclones
Using the tensorial compositions Wy, (= 0,1,2,...), one can treat the set O(A) as
general algebra:
O(A) = (O(A); {Wm: m =0,1,2,...}).
I operations g, (+ = 1,,..,m) are nj-ary, then the operation Wo ([, gy, - Gm) 1%
ary, where r = ;:‘ n,. For urbitrary operations hy,... h, € O{A), the following law

10

Wlﬂmlv for the tensorial composition 1= [ultilled:

or{wm(l"’h“ -hr):

- oﬂ([\ om(yhhl' -'vhn.Lwn("hhn.H:-
Vo (Omef mmy) 110 Fip))

‘.qm)uhh
(17)

v"w.bn,)‘-—w

Por the time being, tensorial compositions are used less frequently than direct composi-
but wore already considered, for example, by B. Jonsson, J. Schmidt, W. Sierpitiski,
A , HA. Thurston (onr can observe some differences of terminology 10 papers of
dillsrent authory). In [GIM74] and [GIM77], we call attention to the nsefulness of those
omiblons for myeatigations of weak homomaorphism in the sense of E. Marczewski, In
LY, ). Schimidt defined the notion of semiclone using such compositions in the following
Wiy sublamilies A © O(A) closed with respect to all operations W, and containing the
Wivlal oporatian ¢')(= idy) are said to be semiclones (see [Schm82])
Wy using compositions with trivial operations, one can introduce so called seeming
wiriables. Namely, consider the composition

j-(csnwl.. N ~'3<:“'>~

Tt an aperntion £ € O A); then we obtain a new operation which is formally (i 1)
wty, bt it does not depend on the vanable r, 4. This effect can be reached in another way
” unlng somne new partial operations on Of A}, which are called substitutions, Namely,
taking into account a mapping

Pt 432, i) = {052, om) (18)
W wrbiitrary 1, € N, one can define a substitution
fiam: @A) 5 O™(A) (19)
by the equality
Fram(SHZL s B ) = J(Ziaft)s - =y Fina(n)): {20)

The ot £ of all trivial operations can be defined (ef  [Schm62}) as the smallest et of
operations containing the identity mapping id, (= ) and closed with respect to all
posnible substitutions.

A net A O(A) containing ¢!' i & clone if and only if it is closed with respect Lo all
tennorial compositions ¥, and all substitutions fi,.,. Therefote, a semiclone A C O(A)
In o clone il and only if it is closed under all possible substitutions (see [Schm62])

Amony substitutions it is worth distinguishing (following F.. Marezewskiand J. Schmidt)
three important types:

1* bringing in new sceming variables (if m > noand g 18 an injection);

¥ permuting variables (if = n and ji,, is a hijection); and

¥ identifying variables (for n > m).

The clostog of a set A< O(A) with respect to substitutions of the second kind iy called
symmetrizing of opernlions (cf, [Pa85])
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Operations obtamed from some set F € O(A) of operations by umng substituti
and direct componitions are said to be compound operations (cf. [Bif6]. [Ros76]).
subset F closed with respect to using all possible substitutions and compositions, then
in called a closed elass (in the sense of E. Pont). Such a closed cluss is n clone if it contai
all trivial operations.

WA L e full {or symmetnae) positvonal algebra of multiplace functions, The aet of all

polyndie quanigroup operations on the set A is also a semiclone and can be connidered as

A subalgebra of SN, A) it Lhe positional wlgebra of (fnasigroup operations investigated

Aoy others by V.D. Belousov and F.N, Sokhatskii ([Be72a), [Be72b}, [So87])
Investigations of the sermigroup

§ 4. Distinct Types of Superpositions of Some Binary Algeb

Besides general kinda of compositions of type (1) or (6), one can consider some s S,(A) = (O(A); @) (28)
kinds of them, this leads to definitions some useful binary operations on the set O( e i

or on it subsets (then oue can define some special kinds of general closure operators Lkt S1(A) = (O(A: o)) (30)
subsets of tho set O(A)). Such binary operations on O{A) we will call superpositions. ! O

Let f,g € O™(A); then we can define n new operation F@ig foralli =12 .,
in the following way:

e apecially interesting for the theory of clones and its applications (see, c.g., [La84],
[IV9)). For example, using the operation @, the condition that a mapping x- A — Aisan
sidomnorphism of the general algebra A = (A: F) can be expressed as the commutativity:
KB/« fex (forall f€F) In [5¢79], one can also find information about some other
special algebras of multiplace functions,

§ 6. Other Topics
I some algebraic investigations (¢f, [Marc66]) and in the gencral theory of multivalued
bgghen (e [Ba83], [Mi71), [Ya58]), operations depending on all their variables play very
Sential 1ole for considerations. From this point of view, one can be investigated some
spivalences on the set O(A). Let f e O™(A4), g ¢ O"NA) and n > k. Then ove can
“‘IW

(f @ 9)(‘|'°'-v‘u) . [(:|""l’l-ll!ﬂzll' ’ -r"l)o‘“lw"vln)v (2
and also an operation [ @ g by the equality,
(f@olzr, v 20) = gty @a), oy gl(Fr, -0y 200, (

Let now f € O™ (A),g € O™(A)and | <1< m Then operations [ +; g and [ @
are defined ax follows:
(l .lg,(‘rh“' -1fl+--l) -
J =g, iff flx,...,2,) = glz;,, 24, . X)) (30)
My<in< . < {ij...i} € {Li-..,n},zy,...,2. € A, and

= !(lh----fu~|-!l(-l‘n-~.’-4-4)»1’-“. v '~'-z!l0'|-'|)r

(I‘D’ N Zry ey Tmn) = [;ug, iﬂj(a,,,,.,u,);g(n,',__,.,‘)l ("“)
— I(g('tlv e erl)\ 9(:u0|- " -ziu)v cee -Q(z(m»lhu»l- e v-‘mn))v

The binary operations @, (+ = 1,2, .. ,n) can he regarded as operations on the

O A), However, the operations , (for 1 > 1) are only partial operations on the

O(A), whereas , (denoted further also by ) and @ are defined on whole O(A). The o

ations @, can be used for other investigationa of n-dimensional Menger algebras M(n, A

as so-called (2,n)-semigroups:

S("r A’ o (o‘u,(A);@l- ’i‘lt ces .ml)'

considered, e.g., by T. Yakubov and F.N. Sokhatskii (cf. [Sc79]).
One can also connider the semigroup:,

for arbitrary ay,...,a, € A, where r = max(n, k).

Thin second relation is weaker than the first one. Functions J. 9 € O(A) are effectively
Wentical if | = g. Such functions are often identified (el [Mi71]). Rewmark that both of
thin rolations are compatible with the operation £ defined by the tensorial composition
(fr fixed [ € O(A)). Moreover, if A € O(A) is a clone, then A/, is a semicione.

Taking into account the possibility to adding seeming variables, oue can extend the

dellaition of direct compaosition f{gy,. -, gu) on whole O(A). Namely, if operations ¢,
have the anty n, = ar(g), for 1 = 1,2,...,m, then we can replace g, by & suitable n-
My operation, where n = max(ny, ..., n,,). In order to get considered direct campositions
freo from restrictions by arities of the inner functions Gty G, it seems to be useful
eoimidering infinitary operations (cf. [Ra68), Chapter 14, §6).
Sa(A) = (O™(A); @), (26 Finally, we only mention the A.l. Mal'cev have been proposed in 1986 very important
anil elegant treatment of the set O A) and its subsets as algebras of the type (2,1,1,1,1)
with the operations +, ¢, 7, A, V. He introduced the notions iterative and predterative Post
wyebras (nee [Mal6h), (Mal76}). Such algebras are very important for many investigations
(sow, e g, [POKT79]). Bul now we have not enough place to discuss these topics here. It
In worth to adding that the idea of using one binary and several unary operations for
Ihventigations of clones and varieties of algebras has already appeared in the doctoral
Misertation of F.C. Dale Wiegold in 1956 (see [NeW66]) and this idea goes back to the
(W20 (wer the paper of B Artin [Ar26] on the theory of biraida)

However, using the operations », (together with the identity mapping1d, as a fundamen
constant), one can treat alteratively the semi-clones as so-called positional algebras
multiplace functions investigated by G. Cupona, W.D. Belousov, F.N, Sokhatskii
others (cf [Sc79]; it seems that the operations s, were for the first time used by I,
Thurston in the paper [Th49]). The following algebraic system:

S(N, A} = (OA); (s 1=12,...}) (2

4 R
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1 Introduction.

It is well known that the classical exponential map: exp(z) = Y x'/i! has many diff
applications in the various branches of mathematics, For instance, if k is a locally com
field of characteristic 0 then exp : k& — &* 15 a homomorphism from the additive
of the field & i the multiplicative group. If A is a locally nilpotent linear operator on
vector space V theu (exp(tA)|t € k} is |-parametric group. Here and above k* = &\ {
In this paper we will give some characterizations and geaeralizations of the exponentia
map and their applications for the theory of groups, algebras and loops.

2 Analytic aspect of the exponential map.

Consider the followings eategories G € M € D, where G is the category of local
Groups, M the catagory of local analytic Moufang loops and D the catagory of |
analytic diassociative loops. Recall that a loop is diassociative (Moufang) if every t
elements generate a subgroup (this loop satisfies the identity (zy - 2)r = =(y - 22)),
his work ([21]) Malcev proved that the tangent space for a loop from D has the struct
of a Binary-Lie algebra (BL-algebra) and if this loop is Moufang then the correspondi
Bl-algebra is a Malcev algebra. Recall that an algebra iv o Bl-algebra (Malcev algeb
if it is anticommultative and every two elements genarate a Lie subalgebra (it sati
the identity (zy - z)r 4 (yz-x)x 4+ (22 x)y = 22 yz) Hence for the categories M
D we have an analogy of the classical correspondence: Lie Groups—3 Lie Algebras. |
the same article ({21]) Malcev noted that for every Bl-slgebra B over a real field R
can construct the corresponding local analytic diassociative loop [, because the classi
Campbell-Hausdor! series H(z,y) = =+ y+ [2,9]/2 + ... depends only on two variab
£,y and those two elemens generate Lie subalgebra. In this case we have the classi
(local) exponential map exp: B —+ D exp{x) = = If the algebra B is a Malcev al
(note that every Malcev algebra is a BL-algebra but the converse is not true) then
corresponding loop D is a local analytic Moufang loop. This is an important T
of Kuzmin ({20]), Thercfore the theory of local analytic Moufang (diassociative) loops
equivalent to the theory of finite dimensional Malcev (BL ) algebras. The theory of fini
dimensional Malcev and BlL-algebras was developed in ([22].[18],{19],[4].[5], [6].17).[8]).

Now we construct a global analytic Moufang (diassocintive) loop for a given
analitic loop ). For Lie groups it in the famoun Cartan Theorem. For Moufang
this problem was solved by Kerdman in ({17]). Bul for diassociative loops the situati

"This work was supported by FAPESP, processo 00/02673.9
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18 e diffieutt In ([9]) the author constructed a local analytic diassociative loop such
A srrsaponding global analytic loop does not exist. Let B be a finite dimensional 1.
W ver U Denote by 8(a,b) & Lie subaigebra of # with two generators ¢, b ¢ 8 and
{00, b) the correnpanding sinply connected Lie group. Then we have the exponential
W eep o M{ab) —» Gla,b). We define a binary relation ~ on 1 such that « ~
Auhe 1l exspla) = expth). 1t is clear that if for a local analvtic diassociative loop D
wrspoadiog to the Bl-algebra I a global analytic loop exists then the relation ~ is an

wjilvwlence

Lianjecture 1 For a gioen finste dimensional real BL-algebra the corresponding global
hlgtie dinssociative loop exists off the relation ~ on thw Bil-algebra 13 an equitelence

The first atep in the direction of the proof of this conjecture was done in ([14]):

Whoorer 1 Let B be o finste dimensional real BL-algebra such that the relation ~ on B
% wpwality. Then the correaponding glodal analytic dussocialive loop rrists.

The iden of the proof of this theorew is the following., Let 8 be a Bl-algebra over R
WIN & bnin {by, .. by} and K = Rlzy,z2,..., %, %1....] % the ring of polynoniais, Then
B wn K is u Bl-algebra over K. Denote by # the Lie subalgebra of A @ K with
A generators X = 30 rbG Y = TN, wb,. Suppose that we have o faithful matrix
Wpimentation & of By over K: w2 By — Ty (K) where Ty (K) is the set of triangular
wsbelelos over K. Consider the matrix

7Z = exp™'(exp(r{ X ))exp(x(Y))).

I I cloar that 7 & M, (K). where K = R|fz). ]| ix the ring of pawer series Suppose
that

(
Z= Z}.n(Z.].
=1

whete Z, — p,b; € Bor K,pi, € K and f, € K. If the series Jiv - Ji have an analytic
#atoialon then we can define a multiplication on R* by,

(xlv "-rtl) AWy oy Wa) = {:lv"-':n)n

'm 5 ).:: =1 l]("l"'-\ iy ")Py-(‘h"" Yy ')
Aw all finite dimensional yemisimple Bl-algebras over R are Malcev algebras we can
Mippove (at finit) that the BL-algebra B is solvable. [n ({13],[14]) we proved

Thoorem 2 Let L be a completly solvable [ie algebra over K such that 1 1 frec us
K omudule Then 4 has a faithful trianguiable representation over K.

P the proof of the Conjecture 1 the following is usefull;

Cunjecture 2 If XY € M, (K) are triangular matyicies then there exists a malric
K& Mo(K) such that exp(Z) = cxp(X)exp(Y ), Z = YL, fi 20, 7 € Lac{X, Y}, the Lie
wlpebru over R with generators X.Y. and [, ..., fi have analytic extension.

16 order b entablish Theorem | we proved in ([14]) a weak version of the Conjecture 2,
Niw we illnstrate the above constraction:
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Examaple 1 Let H be Bl-alycbro with o buswe {0, b, ¢} and the multiplication
al = bt =uc - be = Dab=cct = e

Denote as above X = xit + 290 + £ F 220+ 246, Y =yt 4+ mau + b + yac, then [X.Y)
Z = [ e, where [ = (zays — Tays t Xayn — £yya), |4, X] = 2 Z. We have

By= KX®KY B KZ

Define a representation n of By by the following formulas:

a(.\')'( —UII 3).
W());(g yl’)v

v o
r(z)-_(o ;')

It s clear that

P T el et 1107
up(.(x))wp(w(vn—c--p((')’( 0 e )

Hencee

C=m(X)+n(Y)+ l——;‘»rr{Z) = ( —D" ;. )

where v = :’(' _:'.' 1. It is not difficult to prouve that the space B = R* with multipli
f1on

l_
)

is a disssoctative analytic loop which corresponds to the Bl-algebra B.

X-Y=(n+mit+{zatmati(zaty) +(zatnt rf)c

3 Algebraic aspect of the exponential map.

Ins this section we will introduce an algebraic analogy of the expooential map from a
algebra into s Lie group.

Definition 1 Lel k be a field of characteristic 0, G be an algebraic k-group and 1. = L( :

be the correaponding Lic algebra.

An algebraie map (or rational map) E : L — G s called exponential algeb
map or EA-map «f

1.E(kz) is an additive {-parametrie subgroup of G for every £ € N(L) where N(L)
the milradscal of G

2.1(k*t) w a mulliplicative I-parametnic subgroup of G if x € I 15 semumimple.
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The s probilem about EA-maps is the existence of an 4 riap for a grven algebraie

Mg

mnm 3 [11] Let T\ (k) be the group of triangular nondegencrate matricics over k.
Jor every closed algebraie subgroup of the vang one of To(k) there erists un EA-
ey

Wanmple 2 /11 Let G = C{n.m),n,m e Z* be the Jollownng algebrave group:

Il n b Sy N
(l' = 0 =" « h k !
00 s a b, k.

Phen the corresponding Lie algebra has the form.

0 p r
L= 0 nz ¢ | PgT.T ek
0 0 m:

I Whin cune the K A.map may be defined by the formula:

0 b e\ (1l
El0 nz: g |= (() (14 z) n 2
0 0 m: 0 0 (142

where
=) . (t+z)"—()+2)™
] "J{—“(n-""-}—: f
P= r[“_+z_):" -l] +Wl(m n) - "l(l t 2)" + n(_' '_} :)ml'
mz mn(m — n)z?

As In the analytic case, we can apply the EA map for construction of diassociative (in
Wl cann nlgebraic) loops.

Wanmple 3 (Crishkon ([11])) Let B — B(n,m) be a Bl-algebra over k with a basis
{,0,b, ¢} and multiplication:

at = na,bt = nb, et = me,ab = c,ac = be =0, n,m € k.

Umn 4 0mn e Zon # m then the following local algebraic | )
bbb g algebraie loop 1w diassociative and

"‘(","1) — {(xllxl'xlyrﬂ)l‘l # “I.I. € k,l = l,...,"‘
(;rl»“'-:l) f (Un----lh) < ["\”l 7v7"
whire
a=x 4+ txuy,
g =2 oll+x)® — U(zay ~ run)(l +3)°
Vi oLt n) (4 -1 E
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oy ; of(d 4 xy)" - ”({Iylr' i)l + )"

W ol 4 2 )'(] ¢ ;ﬁf 1
=0 ollh b )" - V(raw — ean)() + )
" il + 21 + w)" = 1)(n — m)
of{d + £)™ = U+ 30)"[(n — m)(zeys — 2194) + gy ~ 72|
myyen — m)f{l+ 2 )™ (1 + )" - 1]

Recall some important theorems from the theory of algebraic group.

Theorem A4 [Y/Let I be a fimte dimensional solvable Lie algebra over an algebrarcly clo
field k of charactersatic 0, Then | 1s algebrawe (it means that there is an algebraie
G sueh that Lre{(Z) = L) ff we have:

LL =T N, where U i3 a torws of L and N is the miradical.

2N =¥ e BN, where N, = {x € N|ot = a{t)z, ¥t € T'} and

dimglalN, £ 0) = dimy{a|N, # 0}

Theorem 5 [28/1f (! 15 0 local algebraic group then there exists u global alyebraic gro
Gy such that € == () as local algcbrasc groups.

The following theorems show that the Theorems of C.Chevalley and A.Weyl are not v
for algebraic diassociative loops.

Theorem 6 (Grishkov, ((11]))Let B = Bin.m) the Bl-algebra from Ezample 3, Then
s algebraic iff m / D andn/fm e Q orn=m =1,
Theorem 7 [1i]let B = Bin,m) be the Bl-algebra as above, Then for B there ext

the corresponding global algebraic diassocialive loop Gy = Gy(n,m) iff nfm € Z.
Ifn=ma2<s,nmeN then

Gy = {{zy,..,x) |8y #0, 2, € ki =1, .,,4},

(24,0, 20) - (04y s Wa) = (200, 2207 + 1o, 7ay) + 1y, @),
where

22
a = 2yl 4 ye +uliza — zan) (3 30 2% nls — 1),
FRUEED]

Theorems 6 and 7 confirm the following Conjecture:

Conjecture 3 Let B be a finite dinensional solvable Bl-algebra over an algebra
closed field k of characterstic 0. Then 13w algebraic (local) 3ff we have:

(VB =1 &N, T 15 atorus and N is the mil radical of B.

(N = ¥ .or ®N,, dimg{a|VN, £ 0} = dimy{a|N, #0).

(i5)Ng < Ny.

Moreover, B w an algebraic global iff we have (1)-{in) and

fiv) NaNo € T pezio @V, Vo € 17,

Note that for Moufang loopy this conjecture was proved in [16].

4 Arithmetic aspect of the exponential map.

:.‘::.n::::'::; ZTA:::I":’::;\;(»’JIEcnfnalngum of the classical exponential map for the case
" hevalley showed that the correspondence Lie algebras — Algebraic groups breaks
own completely in characteristic P > 0 Thus it important to wsearch for a wood
Mibwhitute for the Lie algebra of an algebraic group,

I Wiis wection” we will consider i solution o this problem in the following particular

rl the correspondence between CNW(F) and GN,(F) where £ (F) !
e pooubnlgebiras of the Lie algrbra B miF) st ol ol

Nl F) = {“ € M,.(I")lu., =0,1> .f,-
¥ s a field of charucteristic P>2 GNJ(FYis s set of all closed algebraic subgroupy of
Ui F) = {a € M (F)a;; = La, =05 j}.

[0 c'!«u that for G' € GNL(F) the corresponding Lic algebra L) € LNF). I the
Wl ¥ has characteristic 0 then the classical exponential map gives a good covr:-.sm.ndrncc
| T— GNG(F) and LA L(F), In this case overy algebra L € LN (F) can he‘consldrrcd
M & gronp from GN,(F), since Campbell- Hausdorf Serieh CONVerges i every nilpotent Lie

bea. Hut this series has no sense for a field F' of characteristic p and n > p. There
W o hope Lo find a "good” rarrespondence between (3N, | F)and LN (F) ow_auQ (W
M exaiples of non-isomorphic groups Gy, (2 € (N F) such that Li (',‘, )o-L((73). B '
W dan ceformolate the question: ChEIey

blem 1 Find i e ) . = ’ %
:': '(.;,:l N ::"L,“ canonical (in some sense) function F . LN (F) — GN(F) such

Mhin pruhl@ is still open, We say that this problem has a solution in the classical sence

W there exints an exponential map £: L(G) — G, L = L(G) ¢ LN AF),G e GN,(F)

Mk that 7wy a group with the multiplication: a - b - ENE(a)E(B)) is isox.nurphic t:) G

| think that this problem has no solution in the classical sense but there is a hope th l

Mt n cortain subclass of psubalgebras of N(F) the map £ exists. NS
Lot F be & field of characteristic 3 and

JNAF) = {Le LN (F)|Va,b,c€ L - {a,b,c) = abe + cba € L).
Note that in this definition the products abe and cba are the usual products of matrices

Theorem & | 13 In the notations above there rrists a series:
=X
E(z) =1+ Z‘air',
iwi
b that for every 1, € JNAF) we can conwider L ax an algebraic group wnth the

mulliphcation: u b = EVE()E(D)) € L and
ARl (6)) € L and the Lie algebra correspanding to thiy growp
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We will call the series £(x) from Theorern 8§ the 3-exponential map. Note that th
series £ from Theorem 8 is not unique and we can deseribe all such series (3 exponen

m‘ 10 [16] Let L be a Ll-algebra from TN (F) and £ be a 3 ezponential map

wre exvla g neries Hia b) in the sgnature of the operations || and {,. | such that
ash = U E(@)ED)) = H{a,b)

Mt in view of Theorems 8 and 10 the Ll-algebra L ¢ TN F) with operation
o Ml b) o an algebraic group. The series

Hia,b) =a+b—la,b]+ {a,ba}+ |bab}}

B sialogy of the classical Campbell-Hausdorf serie in characieristic 3. Now suppose
W have any nilpotent Ll-algebra L over F', then we can coosider £, as a loop with
tltiplication a % b = H{a,b). From the following Theorem hence that this loop % a

maps)
Theorem 9 [15] Let Zy be the ring of mlegral 3-adic numbers and E{x) = 14372, Ayt
Zy|[x]] be a series such that

E'(2) = A=) E(z),
where E'(x) i the dersvation of F{x) and Alx) = | + 372, \x*. Then the serie E{x)
14 5202, Air* 15 @ S-ezponential map. Here A, A € Zy is the element from the field Z /31
that corresponds to A

I hope that the converse of thin theoremn v valid Loo.

Example 4 L4t Puom L1 [10] Let L be a milpotent LJ-algebra over firld F of characteristic 8. Then
UL

wp with the mitliphcation a b = [f{a,b)

Fiz) = exp{d 2" }3") € Z4|[z]] phi
=0

be the famouse Artin-Hasse exponent for p = 3. Then we have

Niw wo can apply the series H{a, b) for the construction of nilpotent diassociative
m W call an algebra /3 with two operations [,] and {,,} a binary L.t algebra if
#Wry \wo elements of 17 generate a L)-subalgebra of B. It is clear that if L is a hinary
A algobirn then L with the operstion a % b= H(a,b) is an diassociative loop., .

Bufinition 2 Let B be an algebra with two eperations [.] and {,,} over a field of char-

r«; ¥ Then B 1s a MJ-algebra (Malcev-Jordan algebra) if and only sf it satisfies
lentities (1),(2),(4).¢5) and

{#,p.x} ~ {y, 2.2} = ||z, 5}, 2).

I Is tlear that if i is & nilpotent MJ-algebra aver & field of characteristic 3 then we can
zt;:.r‘ M as a diassociative (algebraic) loop. It is possible that all Joops of this type are

E'(z) = (3 &%) Ee), £(0) = 1.
=0

Hence E(z) 15 a S-exponential map,

Example 5 [15] Let
E(z) = x + V1 + 22,

then )
E'(z) = (V1 + 27) ' E{x), E(0) = L.

Hence F(x) 1s a -exponentiol map.

Uanjocture 4 Let B be nilpotent a MJ-algebra over a field of characteristic 9. Then the
Wop (B 8) i1 Moufang where a « b= H(a, b).

This tonjecture is a corollary of the following Conjecture 5.

Wlure 5 Let I3 be a MJ-algebra over a field of characteristic 5, Then there erists
W wlternatior algebra A and a homomorphism x of MJ-algebras v : B —3 A quch thai
bor(n) = 0 and A®) o MJ-algebra with operations: la,b| = ab - ba and {a,b,c} =
(Wh)o 4 (cb)a.

This Conjecture is intresting even if the binary operation |.]3s trivial and an alternative
M'l A s commutative.

Now we will Lry to generalize the above theory to the case of characteristic p > 3. Let ¥
b bl of clinracteristic p = 3. For a definition of the class TN, ( F') we have to define the
Mlogy of the associative polynomial abe + cba, Let A be free associative ring over £ with
W froe generators a, b. It is well known that the element (a-+b)*— o~ b belangs to the Lie
Mbnlgelica Lie(a, )@z F of Ap = A®z F with generators a, b, It means that there exists
& o polynomial p(a,b) € Lie{a,b) C A such that (a + by —a” - ¥ ~ pla,b) = pfla,b),
Jlu,b) € A Note that f(a,b) is unique only modulo Lie(a,b).

Deniote

Note that the proof of the Theorem 8 is based on the fact that the 3-oxponential
E(x) from the last example is algebraic:
E(x) - 2:E(z) -1 =0,
morcover the inverse series (3-logarithmic map) is rational:
l‘"(;) = (r—z"") /2

We can consider the Lie algebras from JN . (F) as algebras with two operation
binary [,| and ternary {,, }. It is casy to prove that these algebras satisfy the fol
identities:

2= [l p} 2]+ v, 2] 2] + lz, 7l 0 = 0
{r,p. 2} = {=z.9, 7},
{zw.2} = {nr2) =[] 2],
ey zhtl = lsthwez) + {2, [pt] 2 d 4 {=ows [ 4]),
{{z.u, 2}t u} = {{z, Lu}p, 2} = {2 {wtouhiu) + {20, {240} ) |
We will call an algebra with two operations || and {,,} & Lie-Jordan algebra (
wlgebra) of it satishies the identities (1-5).

INWF)= L€ LTL(F)Va,be L: f(a,b) € L),
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Conjecture 6 [n the notations above there ensts series over |
<t
i) =1+ Y oz
=1
such that for every L € JN.AF) we can consider | as o group with multiphcati

a-b = ENE(E(D)) € L and the Lie algebra corresponding to this group 15 isomorph
to L

rqtﬂvnlrm'r i the consequence of the following equality m the ring
haoeesyo) (12]

(2y o F )R ot T = Vil bt Ty Pt 2) =
Yavs,  2ar(Eey Hxez — )ik ¥ b xgpyyy P4 2]

whete 8, | iv the group of permutations
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“ODNB PE3YJIbTATHI O HOJYJIMHEAHO YINOPANOYEHHBIX
" 'PYHIAX

B. M. Konuros

Kuctutyr marexarwxn COPAH

Muuue, npenpapuTel]ibHble CBeeHus

Mu»ﬂim- ynopamodennod rpymmod {(7; < | naswsaeres rpynoa (7, na xoTopoil 3
BN UTHOMCHRE GACTHYN0NO NOPRIKA < TAKOE, TT0 UM 00X 3IemesTol o, y, u ny G
Mm o <y paeder Tu < yu , opuydes e mobeX saesMenTos 1Ly, @ € (G u epa-
BTN <y, xS oz cpenyet, 4To MieMenth y r 2 cpasmmag. Hlonstre gonyauueRno
sennoi rpynust Gaio sseacno Ppere s 1903 roay s cBrIM ¢ ocMpcaerNeM poiTs

IO TOPRLXA B APPMETIKE § € BOUPOCAME O MIINIMAILEGH AKCHOMATHKE IOUIR BO-
Anermnax uncedr. Hlepnui npusep noayasneiiino YHopaotenio: 1o Be TPABOYNOPEAG-

1&)(11114 Gt m“n 1987 ramy Anenexe, Ilammeron

Il llommmou A ’;grr
CLILOBA c*rumnp'l HIW 2 W TOPRION i ¢

rpyuur panra 2, OpN KOTOPOM CHCTEMA BRITYXIILX TOATPYTN COMIAIAET © WilKHIM
st paios. CROACTBA NOMYIIMECHNO yIOPRATHEHRMX TPYTI WY SATHCY 33 Bpo-
Witiime necaTs et pasiami astopasi. B 1990 rany C.B.Bapaxcnn, momudmumnponan
wron Anenere-Jlaasmera-TT Heitwania, nokasan, 970 na aesxoit cBoSOMAOR patpenmmon
Ty panra 2 crynesn Gonnmed | MOKHO ONPEICINTL DoAY IMHERTINRA TOPANOK, He MB/IA-
MR opasay mseiEss nopsios. K coxaienno, npeinoseridit MeTon mosoasro
FPYIOeMOK B He ICHE YCA0BRS, TIPH KOTOPLIX O# Lpusesum. Croresy BuNYKnLx Hanpa-
ML HOLEPYLUET NOJYARBERHO ynopaaoseninx rpyun paccmatpurat M. Paxyuex (e

)i B NACTHOCTH MM ZIOKAIARO, STO ACKCHKOPACHINPCRNG NOAYARRERHO Y uopaaoteunof
i © posotitho nonyuReilio ynopsaoyensoi rpymnst G anasercs DOYIIRHERHG
PIPRAOEREOR TPYNTE TOFAA W TONMLKO TOrAA, korna M sanserca npapoynopsaoues-
Wl rpy s, Hollerposa yeranonuaa, 910 Besxas HoTymuneifio yNopamoiennas rpynna,
AeTen npasoynopinounsacsoi. Paa npronaxos toro, 9o scskwil noaymmedungg no-
WA LpYLDe SINIReTCR BpaRM nopaaxom yorasossn H.A Mameren. B.M . Komuron s

AD rony yxasan ofititit METOR HOCTPOSHMA TIONYAMHERIIX HOPALKOB WA HPABOY HOPE 0
WRAREMMX TRy X 3 A8 BeoOXOIUAMIE Y CIIOBHS CYIICCTBOSAINS HOIYAMUCHNOTO NOPLAKA
FPYIne, NP XOTOPOM MMECTCH HETPHBNAILIAS BREIYKIAR MAIPANICHHAR GOAIPYIINA.
nu YERIANK B OBOJILAO GARAKME K HEOOXOMMMHM NOCTATOUNNE YCIOBME CYLIECTHO-
ARHNS 18 PACTLMPERIA TPYIE BOAYARBERIOCO HOPRIKA, HE SDANIOIETOCA [PARKIM (OPRIL-
. Mo 31010 pusHAKA, B TACTHOCTM, [OAYYAIOCS, HTO HA UPAMOM CIUICTERMI W HA
ARARUHOM  TIPORABCACTIN (PAROYTIOPSROMCITHIIX FPY N MORHO BOCCTH METPUBRATLELI
Wiy sneftinit nopaaox. Tes caMiaM GRN0O YXAIAHO HECKONLEO METO/08 TOCTPOCHIE N0~
Ay x nopanxos sa rpyunax. HAnoxense ocHOBHX PeVYTRTATON 0 0Ny aMHed1O
P meninay rpymmax gano s xwure [4]. Bmecre ¢ rem ocrasanucs 66y oTneta sMuo-
PR THIMTITEC DONPOCH DPUMETIITEIRAG X KIACCY HOAYIHEERN0 YIOPRAGSEINIAX [Py,

~ hea Pty n—uwm- ps pananconodt ponsepxke Gonaa PFOOU, rpant 99.01-00156

6l




Kooprsepy. sonpoctt Goles TOMHOTO OIS PACTIRPEIRT BOAYIIBERID VIOPEIOY
HIAX FPYI, CTpsess RN TPy I, sonpoc "[HUKL‘U&"IIHI lm‘lleHIlCﬁll(\l‘) HopRaxka
NPABOL O BOPARE, BOTTPOC O CYec THOBARMIL HPOCTIX TPYHg € e VPHRKASILRLM 1Oy,
HER M IOPIIKROM, TEXOIPORKIX HOAYIMHCARG YIOPRIOUCHIIAX Py . B 21oit crar
HAIATIO PEAYILTATIE, NOAYHEHHBE MHOK) [I0C/I¢ BWXOIA YKAAHION KHIFK. Hanomx
HOCHT HGCHORTOM OO XAPAK TP, AKIIL B HCKOTOPWX Ciyvasx s Dyny mpn
OKASA TELC | B B KaecTRe BA0CT paiii. TTanpolinoe A310KETRe TTPHBCACHIINX Dr3Y,
TR TOR DN Tanicio 3 mly(’umnnwmm.

W menoEAYIo et B OCHORHOM OBOIRATCARE 1 TCPMIIONOIKIO MY KUNIK |4, o
qeM UE YobeTea SrTateds DYy HCTONLIOsAT L PR COBUIKAX HY MEPAUMIO U1 VELYAN
paboT i

Kag ofutmo, sepes P — P(G) obosnadaes Dok mmeihiinil KOIye Yactaimo mp
YIOPSANeRROR TPyttt (7, 10 CoTl. MEOKRECTRO

P=P(C)={z€Clx>c}

HOAOK W TERIMX AIeMerT0s 310 rpyies. Upn pacosotpcuns toayanneiio ynops
X Cpyill GLBAET 1oaRno paccMaTpuBaTe Mioxectho PE = P U Pl - conokymw
ACCX JACMCHTON TPY NI, CPARKMMbBIX © CIMIINCeR,

B repmuax Maoaects P u P noayausciino yiopkaodeminge rpynmid onuce
coeayonmm yrsepaoenmem (ou. (4}, Teopema 8.1.1); epynna G mozda ¥ mossxo m
soagemen noayaunelno ynopsdonenxod apynnod ¢ nodvxumesnns Konycon P, xoe
BUTIOANENRN CACdYOUE YOADOUN!

01 P-PCP,
0.2, POP = (e},
04 G=P'-P,
03, P:PC P

1  Hopmammsarop nopsaka

B ximre [4) n nonyampeding yuopsacucinoR (pynne GuaM BRICHCHE DOy,
HO CRIOAHHEE € TIOJOMRTEARINM i OTPHUATEALMLM koMycaMn 1ol Tpyunu. T
ecin (7 0OAYIMNeRI0 YIOPEUIOHORHLR CPYINA € MOJOKNTETHHKM KOHYCOM P, 104

(7, wepey of (V) - aanBOILITAE RLITYKIAS DPANOYBOPDIZIOICHTIAS DOATPY A G, uepey "(.
- MHOKECTBO BCeX TRXWX diemenTon £ ma (| uTo z w 7! cpapmMMI €O BeAKIN
mestrom 1 PE . B [4], Guno noxasano (reopesa 8.8.3) | uro r{GG) wensercs nun
npanoynoperodennofl noarpynnoi » O nputies

n(Q) € r((7) © of(5).

Fneck ML YOTRHODUM Q0 Nonoe csoicTso noarpy i £{(G) - Yeranomun takae ¢ g
MOILLIO TIPRMEPON, TTO HEPABEHCTRA N IPRBCAEIHON DL CHCTEME RKTONeRui,
ronopi, crporne, OTMeri saech, 1o naarpyuna r{(7) oxasaiack nyanoi upw
TPEHMN CAMBX PAVILIX ACHEKTOR TEOPIN HOAYIMBEANO YNOPROOIEHILIX Ipy .

TEOPEMA 1.1. Ho acyxod noayauneino ynopsdovennoi spynne (& nodep,
r((7)connadaem ¢ xopaaavsamopos o (7 mnowecmoa P'E
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HMoxasarenanscrso, Jdoxamem, wro Ne (1™ ) Cr(G) Jhax sroro yerioswa cnitinia
W o pyna Nl P ) upasoytopsiaouena, 10 ectn nobol ssesent £ wy Na(F1) cpan
WM 0 et tpymima G Hiyers o € Nt P4 ) wa < a b raea, b e P 'lsnoe npen:
SIRRACIIE eMenTA £ Roamom o, tak xak O = PP Hookoany r € Ng(P*), a '€

L 1o aionaes, wro ¢ la e £ P o ecrea 'a te — (a'h) va ! (e Th) =
e a”

La'b=b"a'h=b" 2 M
e b te e o b 22! warak kax b ' < ¢, saxawmaen ' < 0 ovkyas
Myer T e, x e PE

Ve we b 'z <o, voe ' 20" Hoe=b " wnrroro, wio & noaymneang yno

POMIOR EPYIIIe BORKHE JIRA WACMOHTA, WMOIOITE OITYI0 IURIN0IO TRATL CPARITWAMIL

z:y coboit, WNONAEM, TTO VICMONTH 71 0 CPARITHMIZ, TO fCTH W IV YTOM (I die
e

Wyak, vonrpynma N (1) aungercs npanoynopsixsesuon torrpyanoi s (7
© Menepr noxames, wro nan moboro wenmenrta ¢ wn Ng(P4) noana moboro suementa
A Pt osaesmenti oz ! omoa cpapamaa - Tlockomky M yKe ZORASUIN BLLE, 4T0
Nl 1Y) papoynopscmena, T0 AleMenTi T n 17" CpAaRRUMK Mesay colol 1 cpanitimes
¥ He oppunansan ofitmoeTn, cantaes, 910 7' < ¢ < r . Heno, wro pocratonno

MOTPETh TONLKO cayvall a < ¢ | | DOKASATSL B yroM caydar, 410 =1 cpannuM ¢ o

kak r ' € Ng(PY) ,roxr'a'ze P, Benmwz a2z > ¢, to 270 > 1!

WALA N3 HEDARCHCTBR ¢ £ CHEYET, 10 VIOMCHT T g™! CPAasHuM € ¢ 0 TO Jid
Wmerrr ' epammm ¢ a . Fem ke 2 ta 'y < e ror e ' <zt <€enzrt<a
Bewn soxanasto, wro Na( %) € o{G)

Jloxamen obparusoe sronouense N £2) D o(G), ycisz € r{(7) , z = e. Onesnamo,
o o ‘ez = f{G) , #7'ax € P onax awboto anesesta @ o r(G) N PE L [lyvern
0 P\R(G) . Tax xax 77 € 1) , 1o 2aement 270 cpanmnsm ¢ JDOOLIM eMen oM
P ow o sacriocrn, € ot L Hockoanky r(G) ssmyxna w o ' € v(G), 1o sosmokio
Wi wepasesctso a ' <! Tornae < x'a, r<rlar A TexKaK e <1, 1O
#4 0 lar . Taxna obpasos, ans moboro wemeiata o wy PY munoaseno « 'ax ¢ Pt

g cacayer = PR e © PE L Diro skinodense sMecTe © ONCBIUTHIM  AKIDOMENBEM

' C PE opaer x € Ne(PE) |, Teopesma nokasaua.

Pacerorpus pacnonoxerne orRocHTenLso F(() HeKOTOPEX TUATPYIN TONYIMHeR O
Ppuaorsennoit tpyund G Hyers, kax ofauso, ((G) = §(G) - newrp rpyon G ; ecan

Mkt oprd opnid 10 C,(G) - waen sepxiero ucwrpaasnoro pran (7 ¢ oMepos o |

Wy Z, ODOSHEMMM BRITYKAYIO HOLEPYIIY GOJYTTHHENHO YIOPRIouenon rpynm (7 |
Wiy nogrpynnon (,(G) .
 Hpusmenense reopesia 1.1, nossonier yRas. Honke CROACTIA BQUIPYIN B BOAYIN-
B0 YUOPRIOSEREWX TPYITAX W HORLE KAACCH PPYIN, BEAKNR 001y /imueiiilil nops/IoK
m‘nﬂdl NININCTCR [TPARKIM NTOPLIKOM,

TEOPEMA 1.2. /las scaxoca opdunasa a anyxaoe soxexaxue Z,((3) nodepynnm
Llld) noagaunciine ynapsdovexsod spynnw (0 codepacumcy o nodepynne r((5)

C B Mapakcmt n [2] nokasas, 410 neskuil nONyARNCRINGR HOPIAOK Ha HAALBOTEHTHOR
e snisercs upaned popaakor. C posouso reopes L1 w 1.2 sror pesymurar
FENARRACTON B CACTTY RO ABYX AN anIennsx,

TEOPEMA 1.3, flycmn G - noayauscino ynopsdoNennas spynng ¢ noaoscune.s-
Wb wouyeos 1 Eead ned vaen 1.(() ce wumneao wenmpaanxozo pada weasemcs
Wpunoynopxdovesnott apynnod, mo (. maxace goascmcy npanoynopydovexsot spynnoi.
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TEOPEMA 1.4. llycoe H wopmuaasnay npasoynopsdonennax nodepynng noay
nedtno ynoprdouesxodl epynnw (v, A - nodepynna G w H C A, npuvexn A/H codepcun
ca o wexomopos waene G (G I} seprueco wexmpassnozo prda daxmop-zpymne () H
Toeda A npasoynopadosennas nodzpynna apynnm H .

EcTecrnencs Bonpoc 0 1oM, snIsiones i aKmouenys B otMenenmoft nepen
Teopemoft 1.1 muithe nenovxe nepanescTa

n(6) © r{G) C o()

CTPOrMME. Paice yKalnBamich Upnmepul, HOKAUSBAIOUINE, 4T0 CYINIECTRYIOT OdTy 21 e
S0 YUOPAROUCHTIE FPYUIN, A% KOTOPLIX RHNOINERO cTporoe wximosenue E = n(()
r{(7) = o((7) # (. M ormenaenm aeck, 970 CYIECTRYIOT Bonyannefine ynopancues
e rpyno () 8 XOTOPMX NONUPYIa € HeTPRARAITEION nonrpynnoit o (7), ornmmod 0
nonrpymimd K{((7) = E. Ilan noctpocans Taxoro nogymuneinoo nopsnxa P na
HOW Tpyuine F; paira ma MOANO NCHOMKIORATSL COORPATEANNLIR APOIece ConpR e
MICMEHTON, ABCAEHTRE B pabore (5] JUTR APYTHX neselt, b HacTHOGTH, JUIS DOCTPOCHN
[MHERNO YIOPSADSEHEOR IPYNUK © HEKOTOPBIMM cnenndmaeckamn caoicrsamn. o
IATEALCTBO TOMO, 10 GOCTPOCHALN HOAYTABERINLA Hopanok oOhanacT HY K MAIMI
CTBAME CYINCCTRENHO HCHOALIYeT Teopemy 1.1

OrMeTum Taxme, 416 B H0AYAMHEREO YNOPLIOYesnOR rpynoe (£, P) useerca ng
FPYTUNA, XARISIONIANCS O-TPOCTOR [HOJYAMHETHO YIOPRAOSEHRHON rpynnoit (10 ecrn Be
ol COUCTINELIX BUNYKIMX RAIPABICHIX TOAIDY I )W He SNISIONRAICE Hpaso
DOYENNONR Py TN,

2 PacmmpeRus NonSyIMHERHO yIOPSAOTe HHLIX rp

Fnech M IanaM ommeanmne PRCITHDENNR oMY TREEHNO YHOPRAOTEHBLIX rpynn, Kak s g
mefl TOCTAROBKE, TAK M B TAXOR POPME, KOTOPAS NOCTATOTHO yiaoGua nas npuvesn
Hpn pacemoTpemnin yroro ponpoca Mu wenombIyen CTAHIAPTALIC CHENETNR O Wpafep
BLIX PACHINDELMAX IPYNT, # OPRCHOCOGHM ITH CHEACHIS K TACTNYHO MPAROYNOPLS
M CPYTINAM, B OcoleHROCTH KDoAy wHeno yuopeaouennis rpymmam. Kax obs
ccam (7 rpymmm, N oo nopmamuas vonrpyms x G = G/N - $axToprpynna G no _
tommpn.mrpyuqumpumnpmcnrpmuNcmprpynuu ’
TTpennonaraen s mansseftmes rpynuy G npasoynopsnovmsaesolt, B vrom caysae rpyu
(7 mokeT GhITI, OUMCANA SATANNEM dryHX TN nl2,5) mayx nepesmemmnx m G x G w rp
N, m orobpakenns rpynma (7 u rpymmy anTomopgmasmon rpyun N | ynonaersops
yeaonmHam -

nlab, f)(')(d,b)u((‘) = nla, L")-
(zafa))a(b) = n{a,b)™" - za(ab)) - n(a,b),
n(e,e) = n(d, &) = n(é,a) = e,

nfa,a™') = ¢, (zafa))afa™) = rafe) = x.

Daementis n{x, ) MBIMMKAOTCE B YTOM CAyvar WpaRePORCKKMH Paxropamu.
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Honyckas nexoropyso soaniocrs, ne HPMBOARIIYIY K HETOPATYMEIWAM, Mid 1 dpay
ex (2) m oo nossseRnmx nodaraem 8 Mapamenunx a,  g(x.u),  ala) napaserpis a, e,y
Hpnasie o rpyate G nsemio, eci a © (G To a oamasaet anesens o N harrop-

Mk €/, anrosopduss o(a)  antomopdicm rpynime N, sanamisi sneseiros a rpyn
[ 0, ylr.y) - sgemenr N pasimi snementy gz, y . Sanaune orofipaxesni 1y 1 o
SN0 OAHOIBATIO. Cosano © MaGopos Tpasichepcany T rpyunw o N encroma
N tamnreaei 7{a) enmeainax kaaccon Na rpynnw (7 no N, OPHYEM TAKHX ITPH DAty
Wpnnoiomennax, wro t(a ') = r(a)™!,

Hpn cowsramnax npennososeniex scaxoe pacumpesme (7 rpymma N c oostouisio gax Top-
Hynma G peactapiser coboll MHOXCCTRO Nap mnna (a, 1) vifwae G, e N ¢
MR e

(4@, 2)(b,y) = (ab,n{a,b)  zafb) - y),

Wiwnes abparsmil wesenrt as (@, r) BavRCIReTer o opmyne

(a,2)' =(a .2 'alu™")).

Hyern G NV sacTrvune IPABOYNOPRNOTCHAME PPYOTR ¢ HacTHWHLIME TPASLIMI e
pikasn P P(N) cootseretoenno. Mu pacemarpusacy pacumpenne ( rpyuoa N ¢
oo Tpynme (7 ¢ nopankasw Fl,  {a € A}, upn KOTOpRIX

N sumyxaa, P, ON = P(N), » P, wiayanpyer va G = G/N nopunox . (2)
Cymraes npu yrom PurcEposanmnMN Habop upaieposcinx PaxTOPOR M ARTOMOPDH IMOR,
WIPWIPAOLINX PPYINOBYIO CTPYRTYDPY PACINPEeni.

s nporssoasore yacTRROrO upasoro nopinxa £ rpynnm G | obragaxnuero ¢sod-

Fiom (2), cooTBeTeTRYIOmMe OTHOMmCIGI nopaka obostagaes cumsonoM < . [lonox i
Lia)={rec N| =<r{a)),

Mimo, 1o nas seakoro snevenra a w3 (2 HCPABCHCTIO @ = € NJNOAHPHO TOCAA W TOIEKO

W, xoraa a = rla)r = (a,z) ,rnea € P, x € L{a)™?

NPEIVIOXKEHME 2.1. Jlas moeo, wmobu sadams xa Wpadeponcnos pactiupe-
Wi O wacmusno npasoynopsdovennol epynnn (N, PIN)) ¢ nosmowsx wacmuuno npa-
semopadosennod epynnew ((7, P) vacmusnmi npaswi nopsdox P, ydossemuoparoyui
Panauen (2), ueotirodumo u docmamovno radams omobpaxcenue, cmassuer xaxcdosy
Memenmy a us P ouengernoe nodunowecmeo L(a) epynnse N maxoe, wmo amnoanenm

Waoaux
PN)™ - L(a) = P(N) - £(a) = L(a), L(F)= P(N) !, (3)
£(b) - (L(@)a(b)) C L{ab) - n{a,b), (1)
nla,b) " ¢ L{ab). (5)

T s gactisno npanoynopaotesy rpynn N oa (7 miomecTno mactiiio
NPy nopaoienusy  paciupeiini 3, YAORAETROPUIOLLIX  YEROBRYM TIpentomeiny 2.1
Wity e Bosee Toro, v1o MioxecTno ofaanaet eETeCTReRNOR XopouieR cTpyx Ty poit
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HPEJUIOKEHME 2.2. Myoweeman
LIP(N), P) ={F)] o¢ A)

TEOPEMA 2.5. [yems spyring (0 gaaxemey HOAYTIP R MNA POTI6EDENUCM RUCTINN-
M Wpunoyhopsdosexnot apyrmm (N, PIN)) ¢ donoanumesnuoin snonciumesen I, #nas-

MWty nosyaunedne ynopsdosexwoll epymnod ¢ nopsdxos PH ), npuves osnoaneun
ACCT NPABHLT RACTUNNNE noprdnos pacwupenus (7 vacmuano npusoynopsdoneunol 2 Waoaus
ne (N, P(N)} ¢ nosowmo sacmuswo npasoymoprdovennod spymnwe 7, obaadaxon (W) nodepimna C epynnw N, nopowdennas noayepynnod P{N), soaxemes noay-

covtdemnom (2), woasemen noanod pevtemxof no sx4x0%e N0,

Hynes Fy petierrsn L{P(N), P) sanserce naanoayrpynoa rpyoma (7, noposaesn
BCCNI DaeMel Tavn maza (4, ) | o wbo a = be b e Pob FEFE,x=nlb,
ambo o = €, r & P(N) . Enmumnenn Py sroi POIMETEN ARINCTCR JTEKCUKONpadiy
pactunpenwe rpynma (N, P(N)) ¢ nosousio rpynns @, P, npe xoropos (a, x) > (&,
TOT/IA W TOJALKO TOIJA, KOrAa @t > ¢ (r WK i = e, x>euN,

Pacemorpis reneps pacimpeius wacTnano HPAROYHOPRNOYERANLIX PPYINI 1
TONLIEC MEAULY MEMMMMOLEbIM paciiupennes o w nexcuxorpagmiccxsn P, . Hac 6
MUTEPCCOBATE TAKHC PACTTHPETNE, KOTOPWE FapanTHpyoT TONYNUHEABOCTY, DacIpe
TOTIA, KOIJIa 510 BOIMOXKHO. PasyMeeTcH, TaKRC PACUIRPERNN MOAMONHLI He IS O
MSBOTBHBIX (8CTHYEO NPARoy Hopamoteniux rpynn. Havumacwm sactimo [PABOYTIOP
HeiHoe. PACIIMpenite (7 TacTINNO DPABOYNOPSJ0SCHBOR TPy il (N, P(N)) ¢
URCTHIIO TpAsOYBOpRONenHoR rpymi (G, ) noayaexcuxocpeduvecnun, conm ¢
Mbl 8 (7 MOGKE A2 DOSOKHTEALRLE YMIEMEETA a,bwy G, Takue, wro @ >b>én
HAewo, w10 nexcuxorpadmrieckor PACIITRPENME AAIRETCR DOMYIEKCHKOrPAgTeckuM 1
MHOKOCTBO BECX HOTYACKCHKON PAUPHRCCK X PACILNPENNR SRASETCR pemeTKol 1o 8E MO
HIIO.

wnrdnn ynopadoneswod, mo comn (= P(N) . P(N)! C PINYE;
h N U =='Cz;
cEH -
V) daw swbiozo sacuenma o > ¢ us H swnosweso aCa=' ¢ r{(7),
i i cpymne G soxeno 3adams noagauncinsi nopsdosx ydosaemsopouyuil yeaoou-

(7).

! Hobnie npumepi

Toopomia 2.4 u 2.5 nossoasior HEOOABIOBATH WIBECTHIIE TCOPCTHED UPYNTIORIE (1pHeM1d
SRR OTRETR HA TRATHIMOHEE BONPOCkE TEOPHM FRYIN M TCOPIH Y IOPRADIENIIIX LpyTn
MPHMOII CTLHO K TIONYARBCHIO YDOPRAOTEHH LM rpynuam, Towvee, copaneniun cxemy-

BN TeopesMit,

TEOPEMA 3.1. Cyweemsysom NOAYAUNCUNO yropadoennne zpynnm, nopsdox xo-
Mupis we npodoaxacnes do npasozo nopsdwa.

TEOPEMA 3.2, Hesxas NPRUOYNOPLICNUBALKAS PYNNA sraadnarmer o npo-
W pynny, obaadawuine noayauneduss nopydron, ne HOLUOWUNMCS Npasum nopsd-
o

TEOPEMA 3.3. Cywecmoyom wexondoon cpynn ¢ nioayaunetisi nopsdxon, ue
WA uscr npassis noprdion.

NMPEIUTOXKEHWE 2.8, /lex moco, wmobn pacuupenue (3 wacmuvno npasoyn
doveywotl epynn (N, P(N)) ¢ nosowpo wacmusno npasoynopsdovenxod apynnm (0,
a0 neaysescuxorpafuiecrun, neobroduso u docmamouno, xmobu cuemens nodx
aweemn [L(a)la € P} ydosaemsopria yeaosurx (3) - (1) a maxwee yerosuw

L(b)™" - Lla) C (L(ab™") n(a,b"))alb) npu a>b> e JAHTEPATYPA

L5 A Adeleke, M.A.E.Dummett and PM. Neumann, On & question of Frege's about
m«mlrrr‘d groups, Bull. London Math. Soc., 19, Ne6,(1987), 513-521.

4.0 A Bapaxcin, Hosymeitiumie nopsuxy wa PRIPEUIRMLIX ® HWILIO TR TURX (Py(-

i Anrvlipa w noruxa, 29, N6, (1990), 631-63

N J Rachunek, Convex directed subgroups of right-ordered tree groups, Czech, Math.
Ao AL N1 (1991), 95103,

A UM Komwros w H.H. Mensenen, [pasoynopanoyennae rpynma, Hayunax wnura
MUK MHOO, Hosocmbmpe,(1996).

b BM. Kouwros, leabeneno MUOIOOGPAINE DU TONNO  YIOPRIONEMI X rpyusn, s
Mpon mcxkax padpenimsan I-rpynna abesena, Maren. 6., 126, N 2, (1985), 247-266,

Mue sewssectio, canncrsenen an TOTYAMICIIER NOPANOK FA PACIINPEHNN, ¥
TBOPIIOUIEN yCaonK) (2], B T0M cayyae KoM of cyniect syet. Ocposnas Teopema,
CLIBRIONIAS TOMYIINRCRREC DOPIAXM Ha PACIIMPERNEX, HMeeT CACAYIOLUME SR

TEOPEMA 2.4. Jlar moco, wmobu pacunpexue (G, F') wacmunno npasoynops
vexnofl zpynna (N, P(N)) ¢ nosowsw vacmuwso npasoynopsd il epynnw (0,
mdannoe cucmesosl wpatieposexuzr thaxmopos n asmomopPusmon, pdosacmaop
yeaoouwm (2),(2), soanaocs nosyauncixo ynopsdovennoti zpynnod, weobroduse u
CMAmMaNNRo, \mobu Ghian sRnoskens caedyrouiue yesoowus:

(a) zpynna (G, P) nosyauneino ynopadovena;
(b)  nedepynna ' zpynnw N, nopoxdennas noayepynnon P| N), noasemey noay-
Aunedno ynopsdonennod, mo ecms = P(N) . P(N) ' C P(N);
() N= | Cola)
w“wa

i maxace cucmesa nodusoncecmn {L{a)la € P} ydosacmpopria yexonurm (3) - (6),

YXasamuas TeopeMa npu needt ee o6LWoCTH Ne AaeT PENENTON /UIN HOCTPOeHRE
cresa (L(a)}, novromy ynouee nomssoraruex CHCITYIOUIMM ADCTATOYIIIM HPRAIAK
UONYAMMCTNON ¥ HOPXBOTHBAEMOCTE PACTL I Pewil.
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HENMONBMKHBLIE TOYKK BPEMEHHBLIX ONEPATOPOB

§O ) DIPEACHRET BEIOABRKIY 10 TOMKY I W naBoi Momrin, § HAR RBeM Ty hop-
U e O i,

C.H. Mapanen B Aninneitines n bopmyanponkax Teoper of GHPCACIRMOCTH HONUIRRANIX  TOMeK
W F, Gysem nospasysmesats, 4io NepeMeniiie Popmyna p conepanIel Cpei
”,.A tliny & TOPEMENHILE OHPRACATIOUIX (POPMYA CUCPKBTTE CPOUN Gy, . .., Gn.
W lepemeinas p sXannT 8 popmyay olp, ¢, ., gy ) Toauko HOIMTHBAO, 1.0 Ka-
B NAOASCE HAXQMICTCS. TION ACRC TAREM SETHOTO CHeia OTPRUANME, TO HAIOBEM 3Ty
hyny HOMTHAEOR 110 p, @ Onepatop F, Nasones 103K THEN LM OUEPATOPOM.
Wpeseonoi 1-dopmyioit sasusaes POPMYITY, COCTABICHIY IO ¢ OMOLLTMIO CARWOK A, V.,
“.(l. w popmyar, me conepwammx Uk, Cle, G0 0 Op. Fean popayna @{p, g, Ge)
s res 1 dopMyaon, ro oneparop P, nalosem wpeascriin | l-onepatopos.
Hanee crono ~npenensod™Gymes onyexars.

630080 Homockbupex=~90
np. Konrera, 4
ARCTRTYT MatemaTuxm CO PAH
e-mail: mardaev@math nsc.ry

Mecaenyeren onpeneniMoct i, nameniimny Hemoasmamx 10uex BPEMCHERIX 110D
unx H-onepaiopon

Bpesenune gopmyin coctasaisiores wy xoucraur |, T u HPOIGIHIHOMLTRE R T
MEITILX P, 7o - - € nomotmio coxsor A w V i ynaprux enssox <. [, Clg, &1, % O,

Bpeservax mxana < W, R > coctonr 3 menycrom muokecrsa Won Giuapuoro
tomenns K ma W. Bpemenuas wonem. < W, B,v > coctont By mixamm < W, R >
HANMBAKHA 1, KOTOPOE KAKNOR NCPEMEHHOR § CTARNT B COOTBOTCTRME 08 TTATENNE

Movwan uishinaes muueino YUOPEROUEHHOM, LN OUB HACTMYHO YHOPUAACHA W .IH-

s

M’Ml 1 Max awbozo nosumusnozo Il-anepamopa F, cywecmoyem -gopuyan w,
M dean oty wausennuy0o nenodauaenyo mouxy amoso onepamopa 6 0601 KoNewnol
Mneduo yropsdovexnold sodeay < W <. v>.

nonMuokecTso v{g) muoxecrsa W Inavenne q Gynem oboIRAYATI COOTBETCTRYIO
nponuenoll Gyxaol (). Pyukming v ecTecTBenIiM OOpasom NPaNoIKACTCN Ha opuy.
L coormeveruyer §, T coorsercraver W, camykam 7 ALV CoorseTOTBYIOT nottour

e, nepecetedie, obbemesie muoxectn. Casakas [, [lg, O u TR COOTBETCTH hﬂlTNlthno ORarans et & PopuyIol  cremyiomme npeus ue. Hpose-

BN BOr O PRITAEIE X IePeMeRRLIM T KOHCTanTaN, CoxpaTHM LsoRHNe oTpananus. Hocre
BN nepesensas pie Gynet maxomiurson o neicr e orpri@nne. amcaum Ha L nee
BRINE P, fle BAXOLAIICCS BOK BERCTENeM monaibaocTi. Hetpymuo nokassrs, wro
B0 0 MOMCHHT HABMONBLILNX HENOABMKHEX (050K, Pacemorpim nomysennym Popay-
A Ona cocranneita © novotnmio cagsok A, V, O, u Clp us nepestenuoi P n dopumyn, ue
s anmx po PaceMorpum sxoxneswe A, YHACTBYIOMEE B HTOM COCTRAIENMR naunof
MY Y P u opMya, Be conepmanx P. Bunecewm ero wepes Cl, Clg w v sapyxy.
MA@ IPEACTARARETCR B huae /.\0'. roe Kaxnas popmyta 6 xnuseres u ofinen cayune
Aok ameR hopsyae, we conepRaieit p, u GOPMYI € CIARILIMN CAEIKAATI L, w Clg.
huuuum BOEX JISBLIONKTHAIEX ClaraemiX Gopmya 8, pe COCPRALIX p, O0usHA-
WM ¥ Fenn taxnx per, 10 nax CAMNGOEPAIRN paccy muennit noGauas L, Toraa 8}
T i i Y Yﬂ,,@: V VUef?. Sunssesnus wunexca ¢ y (ko w Clpd? pasawoin.
Hamcnpyess ucxorop;'n dopmyay 8], Bynes ssomnrs, oboanngenus ee noadpmyat i
FTPON 10 KO TOPOS KOHPIOC Yac THHO YUOPROOHERNON MUOKEC TR, MIEMEHTAM KOTOPOrO
Honcai popuyma. 1o MuoxecTso Gynem Ravsaty nomnaM HPPeBOM JULR GOPMy NI

"

Hoerpoene 2 Boumes aeMen’t, koropui Gymaem oboswauaty, 9{ M UpHIMILeM ey Y.
”t Miprsaes ornomende Tciepa uanpano”, T.e. ecJm r <y, To CnTAEM, NTO ¢
R enee uem . Jlepee snemesta 0: BOILMEM dnestentid 6 g soex dopmyn [1,07,

CICAY IOUHE ONEPAITNA HS MUORCTTRAX;

LA = {z|Vy(yRe = y € 4)},
(oA = (x| Va(z Ry =5 y € A)),
CrA = {z|dy(yhz Ay e A)},
OnA = {x|3ylzhy Ay € A)).

Buency coxputtenns @ — 3 = o VBia=3=(a »8)A(f—+a), o =ChaA
Fnavenne popmyans alqy, ..., q,) Gyaes oboIHaTATY sepey ol @y, ..., Q).
Hycry nana gopmysa o(p,qi, . . (Gn) OT HOPEMEHHIX Py Gy, .. | Gu. Pacemorpusm
MERHY manenl < W R, e >, 8 xoTopoit sananm anavenws @y Qu nepesen
Tiereeiay @ JTCUBC REpEMEmiol p He wadano.  Popmyna wlpan, ... qa) oupe
ua moneim < W Roe > aneparop F, 1 P s o P,Q,,. W @4), Roropuit conoer
sitoecTry P suoxecrso (P, Q... ., Q.). Taxue GUEPATOL W HAIONEM POPM Y ILELIMMK,
Muomectno P nasusaercs venomnuanon Touxof onepatopa Fl, ecan sunong
P = F,(P), e, P= WPy, .. Q,). Henunsmanas Touxa F sanasactes HBNMEN
WCR HONOIBUKMOR TONKOR onepayopa F,, ecaw nna moboi APY IO HEDOUARKHOR T
P 3vovo onepatopa nanonnsercs PCY e nenaInaEAY Touka P connraser »
ACAW €O IHAUenHeM NexoTopoit hopmyan wg, Jla)y TO rOBOPMM, MTO TR hopmym

q’l'n;;; ll:mmm-n npm ;:urp:m- Poveniioxorn ®osna Gy manseirraanmax Wecarnonanmi, v
N 09.01-00600, u Cubipenoro Oraewnns Poccwhcxoh Axasesmn Hayx, 0O PAN N 473, rpar N 3,
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e moaaraem 08 < 8 Memny voboit von waesentil 80 wecpaniv. Tlpanes siemen: Onponcpraxunsl cTpykTypoRt HASORCH NGO TPEAYROPAIOYCHNOC MBOKETTEA, KOTO
0 ) ja ) RO ' CJ LM oDpRIoM.
7 woneaest saemercen 87 e neex popaya . e tonaraem < 82, Daesentil | st wodkde oo ins o

FAMANE DIECABIIMI MUK LY Colion § ‘
'0('1 poenme 3 Crpykryvpy cTpous iy onposepraxoinsx nepesses. Canracs, wro eoan

”'IW"II MOLe epeBo ang rekotopoi hopmyit §) nocTpocko no nepromy nyRkTY anpe-
ORI E GHPOBEPIAIONICTO AEPEBA, T.C. COCTONT MY QUKD WIEMEH A, T0 Y HAC ecTh M-

Jlng adex saemenros # aponenaes crenviouwe. lpunenes gopsyay 08 k nnay anas
eusnosy many 0F. Enwnersennoe paxvanamne cocront noroM, 1m0 &7 MOKET ConepRaTL p

KATCC T JICRIOHK TREHOTO €A1 AeMOro. JLHaonkinn soex Ashionk rmihx casraesid 3 4
10 OeMIAEpos 2Toro aepesa. Feaw me onposeprasomee aepeso ane @ nocrpoena no

e comepaRImx p, obosnasem ¢ o coaraemidx, ie conepiRaimx p, 16T, 10 anhan
PR M YR TAM, TO MMECTEE TONLKO (IIH SRWMILIRD ¥10tU CpeBa.

L. Buesenty 0] npuimiuest dopmyay vl Mevaonkassse caaraomie gopayas 8 SER Bl IR N it e e
AN ponepis Tapo b i woae

W pavaM.  Bravazie crpyxtypa (HemOCTpoCHias) cOCTOMT B3 OHONO HRYANLHOIG
Wiponcpriviouero epena s 0y
) ) Ecam onponeptasowee nepeno 1% 8] ofinosaesmeR ioe, 10 CTpys typa cocorort ws o
W0 srore pepesa. Daement 9; HATORCM WAMAILIREIM WICMERTOM ONPOBCPralmed crpyx-
Ty _

B ocrasimux corytaix oGasnM ROBIA eMenT 0, KOTOPNI Ralonesm Hedaiism
Memon ros onposepraiomedt crpystypud, Hpunwmes anementy 0; Gopmyary .

2) Feaw ouponeprawinee nepeno ais # sesoe, o porasim f npasee suementa a5
10 pubaniM CoaTHOWCE 5:L < 5{

raswaol enwskoi [y Gyaess obowadarn aepor L 82, yaeanans snavenne snmnero s
CaTEE, WIOGM O OTANNAICK 01 y#e Mmeoutsxes dascunit. To e camoe ans [
Hesee 8! BoxuMem stesertil 8] Juin neex amssonk onnamx craracsix L8, sxomsm
n 07, TIpi >7T0M MOBARMAL N TAC LSTIOGR DOPANOK cooTwoltesny 9 < é,‘ B uacreoct
AIEMEH TR 0] BECPARHIML MERITY CODUT T IIPCPABNIMEL €0 DCEMR Y IKE TOCTPOCHIIMMN ¢
MERTAME T, TRKMMIE 110 T < 0 AET0riemo, npases (7 moseses Iesert 07 nan
assssonk TuaRL caacaesiax U@l wxansume o 87 Flpw viom snemenid 6 uecpasum
Mea Ty cobofl 1 HECPARITINMEL (0 ACOMIT LTeMenTasn 0 < »

[Ipumessenm 11y tponenypy ko seem 87 w11 noka ve Bcdeptiacy nondopmynsr. :
KOIWHE 3TOT HPOTETC, BOJY THM KONETIe HacTHYHO YHOPAIOUEINOe MUOKECTO ¢ 1p
CaNBLME QUPMYIBMN. KOTOpoe Ml 6YAeM HAZKBATL NodHLM mepesom aiag 8. [locr
UHE 1AKONYeE0.

4) Fesiw ono ppasoe, 70 BCTARAM 5; JIeBea INEMERTA 5;,,. 7.2, JOOARKM COOTHOWICH N
LRy _ 2 o

1) Vienm ono naycroponnice, To perasum 8] mexny wiementann 07, w 04, 1o aobannm
A noLEei e 6{, <® < é:a-

Jis K&K AOTO OTBETRISIONETO SNEMENTA 1) RAYATLEOINO ACPeni ITPANCIIACM CACAY IOy
Nponenypy.

Pacomorpam onporepruomes aepeno Juis wexoTopoit 0] (anech moset Gurk t = 3) 1
MTANRN B RETO MIEMERT 7). D70 O3UA%AeT CICHYVIONee,

1) Ecnw onponeprajotice nepeno wis 0] oIHosiemeirmioe, 7o BosyhMem SEICMILIED YoM
Joprna # oromaecTsnse sneMesTi i W 0}, Tlpunnmenm moayvesnomy snesenty dopatyny,
Upwuncanuymo 7, u dopsmyay v

¥) Fxam ono nenoe, TO BCTARMM 7} UPAREE ANOMERTA 0{,4. T N0bANMM COOTHOMERIC
q,‘ O Daesenty §j AONOIUIMTEILRO TPRITHIICM 01 (opMyary ),

1) B 0RO npanoe, To BOTARNM 1) J1ERee JICMeETA 0'; Ry T.e. NOGANMM COOTHOLICHHE
L EY "m DACMENTY 1] NONOAUNTEARHO NPRIHIeN hopMyny Vi,

1) Pl ono nsycroponsee, 10 BCTABKEM 7} MEKLY WICMEHTAMN 0‘, wn 5‘, s Tt obanem
WMo R 511. <p< 5’,,,. DneMenTy 1) IOTOINNTEALNO UPKITKImes POPMY:TY V).

Venn 1 £ 5, 10 pobamim B cTpyXTYpY 910 Olipaseprasouee wepeso s 9,

JureM noe OTBETRANIONTEC MEMENTR pepena it 0] (ecan ¢ # s) BoTasneem n pexo
AOPME GEPORCPTMOIITNE AePORES K A0GARIROM TR aepeBss B crpyxTypy. |l pononsaes
BRI TR TTAIOULIE JCMEH TH W A00ARIETL NOpenty b erpykrypy, Ko y seex

Ecau 0! copep st p 8 gadect 8o QHShIONK THBHOTO CIAPAEMOT0, TO FJOMERT 5,‘ noJi
AEPERA TRIGHENM OTRETRION M.

Hlanss oupencienie ouposepl AUICTO irpeni Juis Gopuyin 8],

1) Ecam 0] wmcer san ) (10rma nmoamoe Repeso coCTORT WY QIIOTO iemesnTa),
onposepraloiice fepeso ans ) cosnamaer © nonnrm pepesos anx 8. Taxoe onposep
IOLLIOE JHepeso HASORCM GIBUNICMOH THEIM.

2) Fenm 0} uscer san @f V VELO!, 1.6 uer enaraemx saaa [g8?, 1o
s azement 07, 06omATIM m‘ﬂ,,. H ocTanusoM Grposepranimee nepeso cos
NOHKM. Takoe OpoBEpraiee NEpesy HANORM JICRLIM.

3) Eeau 0 wmeer sun f V V[lgf),’, T WCT CHArAeMIIX hMa C](,F,‘, o nepecbo
M anemenT 07, oBomaTIM rm.b.’:n. B ocTaTiios onpoBepraomee epeno ConaL
tosmitds, Taxoe oHposepraimre NEpens HAIOBEM TPARKIM.

1) Myers 0 waver wan ©F v Y IL02 v VR0 Basemiss snement 87 ma nwa soe
9:,, " 07;,, W IPRIRIes uawmy. "y Hnx \;r: Oruouweise coxpanmst, nobaxun 07, <
Taxoe wﬁoncprmum REPERO HAWROM TIRYCTOPOITINM,

Onpeneneiite oNponeprapoie o nepens SAKOHSERO,

Samerus, €0 mas xaxaol Gopmying 0 usee ey posio oHIO OTPOREPrAKIIFs

i 7




JWPERLEN 3L CTPYRTYPI OTBE TR0 SIEMEITIE BYY T W TARIOITIL B ACPCRLS 13 ¢ TP

Pacosorpa onposeprasomee aepeao 1 8] W ero orobpamenne, Pacovatprst ofipas
TYPW, Mpekpia rest nponecc. Tpaeswunno samxues nonyvennoe orsomense. 1loc Iy

".) wrnerwinomero aaesenti 7o Tax xax no noct poeioio h*'(q) |4 p, vo W' () wn
hyy cvinecraver ! takoe, uto A7) £ 8], Snect moker 6 £ = g, Ovobpanense
mepraknnero epena i 85 M yaxe nocrpoan,
= ametioe, o b)) B Wl
Fenn onposepramines gepeno a1 0 OIBOIEMEITHON, T0 BOILMEM IXICMILIED Jepent
. # W oroxmecTIMm neMmenthi i i 85
lmu onposepraomee nepeso nns 0 nesoe, o suanoansetes A0, ) < k(i) Bera

JRKOUIC K

Mopuimon otiposepraoiiel crpykTyph Basonem COX PN IOULEE TIVPRAOK OT00
ame h Aol CrpykTypa B mopens < W, < g >, YAOBACT ROPRIOUICE YONORIIO: JUIK J1
WICMCITR I} YTOR CTPYK LY P Ha aeMente h(r)) onposepramores pee popMyin, npunm ;
HbLIE DICMOHTY 7).

Quponepraonen Konguy pamsest iasonem OMPORCPT OGLULY IO CTPYK TYPY B 06 MO

OBpay HAYAIRHONO wleMmeHTA CTPYKIYPLL BANOBEM AYATLIIAM HTICMOHTOM FTOH KO
DRCY pannit

MIMEIT §) Tpanee daesenta B8
Rm- UIpOREPraICTee Jiepeho Utk 0 npasoe, To snodnsercr h*(5) < h'(0 a) Bora
Jemma 4 liyema P — wenodsuaesas mousa onepamopa F, 8 xoneunoll auxeixo WABMEILT 7] JieRoe JNCMERTR 0
Henw 1] PUBe PEaIoLIeE Jepeno 18 0’ naycTopoinee, To manoamsercs A8, ) < h(7) <
w“) Beranm anesment 1 mexiy saesenTamn 1, w 8 g,
Nofiamum onposcprawies nepeso max 0 x MuomecTny aepesies. [Ipononsas uponece,

MY I U PORETTAOULY KD CTPYETYPY B €6 MOpdiim

padovennai Modeau < W, <. v >, Fean z ¢ P, mo cywiecmayem onposeprav ey
PUzYPANUT ¢ NANEALNIM JACHENMOM T,

NMoxasaTeanerno B xaverrse snavenns nepeseniod p vossmen P, Crasana cne:
creaywowee, Jlnn kaanoi dopmynst 8], koTopas onposepraeTes xora Hid 1A OAHON
MEHTE MOIRIH W He MMeeT i Y, nocTpoms otobpaxenne A’ otposepraomero aepe
A% 8] n MOAenL CASNYIOULIN 0BPAIOM.

Ficnw onposepraomee aepeno ning & nesoe. 1o anesenT 5?1, OTOGPRIM B CAMIITR JTeR
MIeMEHT T, 5a KOTOpoM onposcpraeTcs 87,

Pean onposepraoses nepeso nag @ npasce, 1o snesent 6;,, orolipamm B ca
NPARWR JICMERT Y, B4 KOTOpOM oupoRepracrcs . ‘

Femw otuposepraimes aepeso nax 8 NAYCTOPOHACES, TO MICMEHT éh orolpasig
CAMRIR JCBWA WIEMERT I°, 1Tk KOTOpOM onipoBepracTes 9, & uiement 5}“ orobpay
CAMLIT NPARIIL WIEMeHT ', 12 XOTOPOM ONpOMpraeTcs 0.

Hasee aeMeRTLL oHPOREPI AIILICTO Aepena 0} otobpamalores Tax.

s weex Cl8? wnonuserca =* B Lh#. Bubepem z; < z* raxoe, uto z ¥ 0}
MONOR HM h'(ﬂ‘] pannim 2, Jlax seex f_L.O' munomsercys y* B e Brabepes 2, >
raxoe, wTo x 08 w nonoxum h*(07) panuss z,. [Tpanoaxas BOCTPOEHME, 1O
nexomoe orofipaxenne. Oryverus, 410 1A ofpasax wemenTon ONPOREPIAIOIIEIO 7
OMPAREDTNICTCR TPHITHCATTINE WM POPMYITIL.

Tenepn Gynest crponti ctpyrrypy u ee mopdiom, Tax xax T P p,1o 2 B @, m e
MY CYWIECTBYET & Taxoe, NT0 2 | 8], B KBYecTne HaMATRROTO BoakMeM onpoBep
nepeso juis 0],

Exam onponepramoumce nepeno i 0f omposnesenteoe, 1o otobpaxaest eso n r,
TYPA COCTORT WY QAHOIO 3TOIO fepesi

Hesmn 5 [yems tadana auncine ynopadoxennas modear < W, < v > u onposepraso-
M sonduzypanus ¢ mopgfrussmos h u navasusy onpoaepzavigus depesos das dop-
M 07 Tozda sacuenmu hid:,), h(é{R) u darsmenmn hif) dax acez omaemeouns
MNENITO 1) 020 JEPEOG NBANOMEE NANGALNNME IACHTHIAMY NEROIMOPUT ONPOBED-

M voxdueypayud,

hmrmnbcm Pacemorpim orsersasionmi waement 17, lyers o petanses » ge-
Po ain @), Bubpocust my cTPYKTYphl sasastsii snement 0. B ato nepeso wis o
Mnnn HOBWE RATAIMUMA deMerT #. lonommm @) = h(f)- Pacemorpus non-
PIpyRTypy tamiofi COpYXTYPI, NOPOKACHIYIO rpeaom 1S ). 316 oamavaer, 910 Mul
Whaminenm K aepesy wix 0f Boe epertd, KyAa BCTABICNL OTBETRILIOUME JICMERTI Je-
on U 0}, 3aTeM OGANIREA IEPERES, B KOTOPME BCTAMICHNE OTBRETRIFIONME JAeMeH T
MORMICILEX DCPERLER B TL., UOKA TPONECT He YaBepiiwTcs. Orobpamenne sroit non-
Hpywypra coctanneno wy orobpaxenuit nepensen. Daesenr h(f) sausercs HaYALLERM
W8 ol Koudieypanug.

Tonepn. paccmorpus saemerra h(65,) u hiflg). Orobpasns snement # n yrn 2ae-

W Crpyxtypy Gepest Ty me camyo, Jlosma noxasana,

see epes P Gynes ofo magaTE MHOKECTHO MIEMEITUS MONEAR, T FAINIOUIXCE
BRALIIME IR A28 KAKOR OTIPOSEPTAIOIICR KORGATYPAINH. D10 MAGKECTHO BOILMEM 1
RO TR VHAMENRE TEpeMeRioR p.

B ocramwmax cayasix, T.e. xoram nepeso nas ) e amuoIEMENTHOC, BOSEMEM |
erpootioe otobpasennc ororo nepesn.  JoGannm HatAILMILR SsaesenT 0; " 010
e1o n 1. -

hun 6 llyems sadana aunedno ymoprdovesnar sodean < W, < v > u onpaaepran-

WO wougucypanur ¢ Mopdurnon h u wavaana onposepeawiyux depesos dag dopay-
WO Tosda wa wavassnom saemenme xonduzypayun onpoacpraemes 0.

72 7




Noxasarenscrno Miuiysiiell o7 Bepiin Bepena SoKaaeM, 110 s moboro e CEPBBLIA AJIOPRTM. Crpysrypa npesctanises obolt npeny oplioienton o

0,‘ HANAITRHOTO OITPORSHEAIIIETO ICPCeRa NI TCN h(é:) y 0: mr HPRIHCAHBRIMME (POPAY M Chienars © Hel cacyioulee. Pacimpsn Giniapuoe

: s ; TRYKTVEN TAK, 11000 NOAYNRIIACK Gttt CrYCTKOB, SaroM Ch:euM Masm
BAJNC, Myvern @ = pyvdl. Tan sax 87 ornerwsnonunit, 1o no mesme 5 manosmn MRO. CVPYRTYE y

R(67) B p. 1o onpesencnino olponepraionit KopUry patnn Ba emMen e h(é,’)
BCPraTCE GOPM VL, NPRITHCAIIIE AVIEMOHTY é:. Taxum obpasom, h(é{) ¥ U",'-
h(8?) ¥ 0.

AL Hycr 8 = pVay v Y[ 1.8, v Yﬂnﬂ, cayanit @ = 7V \./Ll,_o; v Y

WAMMIIC HICMORTH, T.€. CTANAAPTHIMM COPAIOM IPEBPRTHM PELY BOPRIOTCHHC
THO 0 ACTHMNO ynopsaodenice. BB Ramen caysae nonyuwict Koueipoc NWHEeR
'mumrmmoc suokecrso. Hpaunciasanne gopayd coxpamme B otom mBomcctne
AN IEMEHTAM IPHIHCAHO HECKOILXG GOpMyn

Y VTny SHHERLO YUOPEACHEUHOMD MIOKCCTBA LOC T PONM COOTRETCTBYIOILYI0 €My
wuw‘v [last HYRHO BLPAMITE T0, WIO CHPABA ¥ CJIEBA 0T HAMAILHOIO MieMeH1a
BRAAR T8 1 SAIHOM TIOPAIKE JICMEH T1, I3 KOTOPLIX OUPOREPTRIOTCR ZIAMNIE HOPMYITHL

pacemarprsaeres ananorniio Tak kax 07 orseTRIOUHE, 10 10 NeAMe § BLTOIR
h(8?) ¥ p. o onpeneneinio onponepr ailiei kondury patn h(8?) [ ¥ Tlo winyxu
nomy npeanoncomenmo k(8 ) £ 0. Tak xax MopdwnM coxpasger Hopaaok, To e
h(é;) AeAAT B Momeaw aeace wn npanee wemerTa h(87) cooTreTeTrerio carike D(,
k. Moarosey h(82) = [h8t u h(67) ¥ (a6} coormercrenno. Wrax, h(6?) j 07

Haxonewt, nonysaess, wro #a siementax h(#, ), h(fl,) w savamoom sesmenre h
anponepracrea #].

'unmupvm CAMII TPaBLIR WIOMENT FTOM0 IHECARO YTOPRLCHCTIOID MAOKECTBA.
‘“nm MY N COOTBCTOTING IMYLIOHKITNG (POPMYIL, IPUITHCARILIX FTOMY WCMOHTY.
.., e MO | P BTOpOi clipada siemenT. Bosbmes QopMyity, coorBeTCTRYIONYI0 CaMo-
MY HPAnosY ICMERTY, W HARCCHM HA Hee [l Noctanms sroposy cupasa esMenty 8
PR TCTINHE TBIOHKTLRIO YTOR Goparyiinl M POPMYIT, TPHITHCALILIX YTOMY WCMENTY.
e 06patoM OIIEM 10 HAMANLHOTO MIEMEHTA. SATeM, TAKUM Ke 0Dpasost LsKAEM-
Jlomma T I awbod auncine ynopsdoscunoll sedeas < W, < 1 > smnodnsemes Y CAMOED SCRORG ATENEITA 0 HAANLHOO VICMCNTS, HARCIINBAS Ok, Hensasmonsy
W PQi, ., Q)CH, MM Ty cooTaescrByeT crenyomak popayia. Bostsen GopMyny, COOTRETCTBYOULYIO
BRINesty CIpasa SIEMERTY, It HABCCHM Ha Hee [Cr. Boseaes GopMyay. cooTmeTeTayo-
W coceiey CIERA HNEMCETY, # NANSCHM HA Ree [}, Bosnme AMyLIOMKIMIO DOTYEH-

w;puyu W POPMYN NPHUKCANBIX HAYANLHOMY MIEMCHTY. JaMCTHM, UTO 008y THIN

JloxkasaTeancrro llyern = € P/ Pacosorpusm onposeprsotiy o xondut: ypaumio ¢
“HATLHBN 2emcETOM 7. [lycrs ganainbihiv IepesoM B CTPYKTYpe HyneT onposep
nepeso e @, 110 nesme 6 wa x onposepracres 8] u nosromy onposepractes . T

mm"' T ¢ V’“"'Qhu--Qu)'

yiy
Inssem KOHBIOTKIHIO GOPMYIL, COOTHETCTRYINTINM BCEM OMRCANTILIM SLIDC DACIIN-
M GTIUEHIE TRFHOR CTPYKTYPW. FTa XORLIOUKINK ONPOBCPTaeTCs HA HaeMelTe
'.=l oI NA | TOMRKO TOMMA, KOFIA CYIHECTRYCT OUPOBCHTAIOILAS KORGUTYPALIRE € HTHM
RN SCMEITOM W AAKROR CTPYRTYPOR.
WIOPOR AJITOPHTM. Bojesenm crpyktypy. Cxieum siauMuoiocTianMue sie-
!.t\u Feam HOCe ITOTO TOAYSHTCE YACTHNRO yNopRaotcuyoe Mitoxectso ~Ger un-
- "

Jlemma 8 B awbot nonewxod auncino ymoprdovenod modeaw < W, < v > unoxwce
P' anaxemes vavsenswed wenodeumsenoti mouwod.

IoxasarenncTno Herpyuno Nokasati, 470 HaRMeNLIIAY HCDOARIAHAS TONKA SR
fepecedentes noex MuoAecTs P AN XoToprix BhinoaRseTcs

L0 CTPOMM OPMYITY, RBRIANCE OF BEPUINN & Havaabiomy siementy. Foaw "nn-

po cpr " ocTannce, 1O JOYNOPRNCTRBACM BCEME BOIMOAHEIMI CoCOGAMM 10 MACTINEG YO
SR L S PARHONIOT) MRORCCT B "Gey mikaoa” it N KaKOorO NOYNOPRAGICHRE CTPo#s Popmy-
A Doraen KOILIONXIMO GOPMYT, COOTRETCTRYIOIINY BCEM HOYHOPRIOHEHNEM JNannO#

"". Fypd

Maior 103 xoHeaHOE SHERO OnpoBepraoimy cTpykTyp. B xasecrne w(qy,. .. qu) pac-

My nesimis 7 cnenyeT, 910 nanMenbiiag fenoanuxiag Touxs conepantes 8 . [lo
4 muomecrvo [ conepaires » moboll nenonnEAROR TOUKE, R TOM THCIIE B B HAHMEN
"1“. ’, HAMMCHLIIAR HeTHIBMK HAR TOKA.

Saxonaum mOKAORTEALCTEO Teopemid. [ kAol onposepraoned cYpyxTYps |
crpons H-popmyity, KOTopas ONpOBEPIacTCs HE WIOMEHTE T ARKCARO YNOPRAoY eHHOR
nemn < W< v > Toram W TONLKO TOTIA, KOUMA CYIIECTRYET OIpoBeprioliag X
IR ¢ Yol ONPORCRIAKIed CLPYKTYPOfl B Hastauis saesentom . Bosmosi
MICOPHTMN I0CTPOCHNE GopMmy i,

P KL IONK MO (OPMY.T, COTBETCTBYIONMX 3THM CTPYKTYpaM. A KONWONKIS
I Wreron 11 GopMyRoR W oUpoBEpIAETeE HA WICMERTe T AR YNOPSHOME AR MOIETR
S W0 o roras v TOARKO TOCMR, KOU IR CYINECTBYET OIPOREPIRMIONIAR KOUgMIYpatns ¢
Paiiam siestenronst x, 1o nestste B 8 moboft Konetnol IneAno ynopracsenion sose-
Mo W o 1A KOHROHKNNE DY AeT OOzt bl HANMEHLINY IO HEOaMRny o ToNKY,

7 75



Veipema poxasnin

Abaao WO JoRaapsacTon

Teopema 9 [lax oboz0 nommusxeco (1 anepamopa F, cyweemoyem [1-Gopuyaa
ONPEdEANIOAE NUUAENLILYO NeradauaR YK TONKY amoeo onepamope o Anboi xoxe
cmpoco aunreino ynopsdovennod xodeaw < W, < _p >

Momno [10¢ Tpon TS, IPIMED OUCPATOPR, KOTOPIIR e HMEST e oupegessomed
POPMYTI ANR KOUCUREIX CTPONO ANHORNO Y IOPXASHOTHILX MOIEACR 7 KONOSILIX 113t
YNOPRAOUCHII X MONECR.

Mxana © Z,<> coctont wy WX uncen ¢ ecTecTseim NUHERAMM (10D
Z A, <>

C ECTECTBENREIM CTPOT MM JIMaeRinam nopsukom, < N, <> - a3 HATYpaL
HHCCI € COTCCTROAIOMM Jneiimm nopaakom, < N, <> ¢ odparuns amiefimm
praxos ... < 2 < 1 €, « N, <> - ¢ (CTeCTBENHIM CTPOrs el nop.

< N' <> - ¢ ofipatinsg eTpOram nuseiihiv nopanxoMm . < X < "<

Teopema 10 Jay awbozo nosumuasozo -onepamapu F, cywyecmayem xonewsoe
wmeemso [l-dopuys maxoe, wmo das aw0boil sodew < Z. .U KAuMeNLILAS Nenode

nag mowwe onpededsemen Popuyaod us smozo sxoMecmna,

Momno 5ocTpodTE npuMep, HOKBILBAIOUIMA, 41O BOODUL TOBOPS, HEJILIN
amnoi [l popatynon,

Teopemia, suaaoruiniie reopere 10, BOPHEL VN MOAeIeR <
<NV Zu>, < N,<,u>, <N < u>.

Z.<,v> < N, <&,

YDOMBIACMLIE A0eCh BPEMENDLLe JIOTTKH MOKNO Hadtn b [1}.
Hloruxa LinTGrz xapakiepuiyerca KAaceom BeX Kosesunx e YHOPLROTe
trxa |1, Tlovromy s3 meopemss | nonyuaes

Caencramne 11 Hax awboi 11-Gopuyan PAPoaiy -1 44), nosumuaxed no p, cywe
em [1-gopayaa w(qi,. .. q.) muxas, wmo caedywougue fopuyses codepaames o Lanl

w= w0 gn),

p = w(p. sy qu)) = Lhw 2 p).

Kpome roro maneerno (1), wro
1) noruxa LinW xapaktepusycron Knaccom heex xonedigx CTPOrG JINHEANO ynop,
HBIX KA,
2) noruxa LanT Dum xapaxtepuayetcn wxaion < Z, s>,
3) sovuxa LinZ 1) xapaxrepwsyercs nixaiok < Z, <>,

V) noruxa Linl' Dumn M, xipanrepusycren wxanof < N, <

7o

B) dornki Lon? Dum M, xapaktepnoyeres wkwion < N', <>,
0) noruwn LanZ Dy Fy xapax repusyercs wxanon < N, <>,
1) novnwa LinZ Dy B\ xapaxtepusyetcs mxanof < N', <>
"\ rinx xa;m'lrpummm HOAYHACM aHAJNOI MY HKE CHERCTRRY JUIR JOEMK,

Jlureparypa

m K. Segerberg, Modal logies with linear alternative relations, Theoria, 36(1970), N3,
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M/\K(‘MMAJlebIl-l MOPSIIKK HA TPYINAX JINABA
Mennenen H.5.

{ wo npeaeiolo yrcaa g o < v Hyern # OPORIBILIAS LOAE PYITTL MVILTH
wn MOHOMN TPYTTONG OJOMM TR0 X AeBe T onreaniax unces. Hepes Dy (1) (D, ) ofo
MM MIOACT THO BOOX MOBOTORRO BOIpac TAmIX Gywkumit {2)/ wy rpyumd nopuaxe
wntosopdmason 1 (R) | rakux, uro aix [ eyinecTayer nocaenopareasocti Y
WG] < s S vaxan, uro (§)f =& nnancex § £ (6,6 0, 6 <T(~m<
L ool f o ampeinas dynxiun na kasaost orpesse (£, €], mpraes mavenns
it pesisannod (z) /™ dyuxmen [ » Tourex £
B pafore npumesems ouMchine MakcoManbEMX A TiIranigx NOPAIIKOB 0 MM maren n pogrpyune [ Yucan £, wasnisacn mosxasn sasoma pynxims [ . rn
HLEX oM pananitic qacruann vopakon cpynn fnaba (1) Dy(1) |, Dya(l) | Dol w.:;:-mucum rpynn G oupencaent pasiee JlnaGos w [1].
Dn(1) eawwravoro wuvepsana | = (0,1 w Dy . Dy, PACUTHPEIION MeRcTRITE 1L Mogrpynna Dy (E) ( Dy ) wrpynne Dg(l) ( Dy ) onpeacasiores caemy wnme o6pasonm:
npamodc R | rae 1 HOArpy s panrs | MyssTHIIHKAT MO CPYIITIL osoxnTen uwriai esent f opwiagesar Dy (1)
ACRCTRMTE X THeest. JloKarareanc i sa ieko roprix YTBEPAACUMA, HBHLY WX IPOM ) vorna i roawxo Toraa, ka0 < G < <l (—w< b <E < boo )
KOC I M, Oy 1Ie b Honepyuia Dyo() ( Dygo ) uepynne Dy (1) ( Dy ) oupescinores CACIY LM OOpAIOM:
Orviers, (o panee 4. Xonaanaon [2] 614010 1031y 9680 OMNCAINE MEHRMATLILLX it Wi nement [ npamamiesnt Dyl (1) (Dy.) torna » Tomxo Torm, xorms 0 <
CHMATLHLIX HACTIIX topsiaken cpyni A(R) scex nopsakosmx astomopditamon b <l{o<bhH <G SH00) -
HOWHO YTIOPRIOICHEON0 MHOKCC TBA SeBCTHN eahtmx TRees R . 4 Hanrpynma D.y(1) ( Doy ) wrpymme Dy (1) ( Dy ) oupesennores caemysonmm obpisos:
it semert [ npunaiasexnt Dy (1) (D.y) Torna n rounke Torma, korga {l <
K Wl <1 (~w<fH < <+00)
~ Oweswino, 4o nogrpynna Dy(1) , Do() DY) ( Dy . Doy, Dy, ) swisiores
e TR oMLY oot pyimame s vpymme Dy (1) ( Dy ).
HnGom (1] noxasano, wro wan mobok tonrpynnm H parra 1 My/Is A Tsnol
Y ook e TeasREX aoRcTRrTenLaEX Yrcen rpynna Dy{l) sonycxaer asa pasimr-
‘ mnneineix nopsska, Jlas rpymne Dy araiorwasoe yTRepanenne nokasaso B.M. Ko-
WMo (4, 131 e aea nopsnka oupelennorcs crenyiommM obpasos. Llax npo-
‘Muwm sementa f € Dy nonaraenm [ > ¢ (f >' ¢) upn nopsnxe Py (B ) ccan u
» CCIIN sHANesHe TPaBoR tnporasaol (€)™ b nepsoil Touke wuioma & © £ bom
'& (menine) 1 upn smpeitson nopsaxe rpynme /f . B padore |7] asTopon commectio
& A B Senkontam nokasano, aro aus awoboit tonrpymid H panra | MynsTeuaukaTesHod
.”uuu ROJOKH TCITLERX MeRCTRRTENLAIX Ynoent rpymnss Dy (1) w Dy, meor n Tomuo.
FEN 0 PN IMBCRIRX DOpAIKA, onpencnsenix (xax n ® rpymax Dy(l) , Dy )
 ANReHReM TPABOR NPONIMYINOR B HeppoRl Touke wwioMa. TR nopsaxs obomaawm I,
WL coorsercrsenno. B aroi xe pabote noxasmio, wro rpymma (1) w Dy{l) sment
]‘,&vupc PAVIHEHEX THRCHHAIX DOPRIKS, A MOUHOCTS MAOKEC TR PAVINUSEIX JWHER 11X
: Tmm rpyun Dy u Do wecaerns.
et wrepsa (b, e) C I(R) sasunaeres onopusa unrepsanos gyt (z)f .
o (B)f = b, (e)f =ecm(x)f #x nax moboro z € (b,e) . YUncma b n ¢ coorneTeTReNIO
‘ &u HATIBATE JCALIM M [PABWM KORIOM ONopHOTO Witeppana (b, ) . Ouennnio, wro
Boex Totek T onoproro nurepsana (b, ) nunoaukercs (2)f > 2 wn (2)f < ¢
THEHINGO YIOPRAOUCHBOC MHOKCCTHO KOHLOS OIIOPHLIX MATEPRANon dynuxiusn () [ obo-
W iepes Ay B namieiines Touky nepsoro wanosa (et kaiet neppore otopiorn
Wyepmaaa) Gy (2)f Gynes obosuavats tepes by, :
lycon 0 onsa ws cpymn Dap(1) |, Dyol) , Dadl) , Dy(1), Dy. , Dy - Bynes
Ao, aro saesentia [ n g my G umeor annsaxonte Gasucme zapaxmepucmury,
W yiiecTayer saesenT b wy rpynma G raxoi, wro (Ag)h = A, | (b,)f™ = ({(ba )™ |
I b, Genait xonen onoproro wwrepsana (b, c,) € A; dymwaum (z)f . B (1} w [4)
Winsano, o saeMen T [ w g rpymn (7 conpamensd TOrMa # TOnLKo TONE, XOrHa ol
BT nrakone Grancunie XaPAK TEPHCTILN,

Moamsenss Huxonall Sxomneswy
656010, Bapwayn,
yn  Topwo-Anrafickas 21, xs. 100
now, vea. (3852) 77-70-21

I OUPENETEHRA U BCHOMOTATEAbHBIE FEIVIALTATH

Ppyuiia G nasumaetes 9acTiuso ynopsnouenion, e (14 1k onpeaeneso oTRom
TACTMUHONO MOPAIEA < YCTORTHINE OTHOCKTEALHC YMHOKEHAS CNERA M CTIPABR Ha
MOATW Upyll (7, 70 ecTL R mofiax 7.y, s € (G ecau x < Y,Mwzr<rynr: <ys
Xopomo wanecTHo, 410 u060R SaC THIHER TOPRIOK tpyiut (7 eMECTBeRELM obpa:
ONPEAEINETCR TOTY DY IN0E BOJGAK N TEILRIAX JACMEHTOR i 410 Jiobar YHCTaN WIBAPH
uag noayrpyiua F rpynmu (7 oapenseaset ARKCTBeREM 0OPRIOM AT Dop
ua rpynne (7 npn xotopos P oawasercs NOAYTPYINOR DOTORRTEALAIIX EeMEHTOR
(c. 16). Hoyromy s nainsefiines Mur ONPesetsen HacT#aute JopLiks Ha rpynne a
WALAKAR OTHOMENNE <, 1nbo ONpenting TncTyIo WIBAPSHTHYIO TOXYTPYIIIlY

Bee neobxanumuie GaxTh 1o yuopsaacuenibM [pyunas MoKRo TARTH & 13 15},
Teopun rpynn 8 (G,

Bewoay n pabore R ofiosiasact ectecmnenso anmeftno YIOPUIOSeRIOe MIOKCCTRO nel
crmwrentmax aween, b= [0, 1] — samxny run emsrasosii wrepsaa R, R = —s0 UR
FoO eCTECTIMCINO JTREATIO Y HOPHACHEHHOC PACILIPEHAOE MBOKOCTRO MCRCTRITEThLI
ancen, N - MBOKOCTIO HATYPAILAIX (HCE,

Cimsoit Sg(M) oGmmavier unsapnii Ty uoayrpymy rpytus G, nopoxaens
nonmiomecrsom M . [l ioboro noamiromecTaa X ’
PPy (7 nosom s

I{X)={g€ G| g" € X non vesoropory n e N

Hepes S o601maunm Mnomect 0 Brex MOROTONHO BOIPACTANNTI (ne Boser, wesm ©
NKX) nocacaobaTeALocTeR Y |

L=l i< rae T - opmunanu, § € I(R))

BEEX DOIMOKHIIX THUON T BIONTRC YHOPRMCHIX TOCICAOBATELEOCTER, 06nma.
HANBOAIDNM deMeHTOM W LAk, w10 ) < £,(-co < &) £ = sup{{ | < a)

‘PK;- tsuppaans PODH (rpant N 9901 00156) u « prarmmias wesrrpose HI'Y  Munobpas
Y (rpanr N 1)

™ 7%



XOpowio HIBECTHO, HTO MHOKCCT M HOEX TACT HYIaX NOPRAKON W moboll ¥pynie 2. Teynne JAABA MHTEPBAZA [0, 1)
MEHYTO OTHOCHTCALHO TTROWSROALIIAX [ICHECONEUR W, CAOMTeNLIO, 06pAIYeT HoTH
HIAIIOW0 NOTYPLIBETRY 0THOCWTeILN0 nepecedenna. Ha nese lopna caenyer, wio
GOl 4ACTIIHER DOPRIOK CONCPANTCR I HEKOTOPOM MAKCHMUTLIOM SAETHANOM NOP TG
Te ®e camue y Inepmacing nvIoAHRIOTeS W s WIMMIMDOBARNI X S&CTHYNLX 0PSOl
rpyunn, Tpuswanusum ssctuiminin nopasox P o= {e} wmiseren nanmennomn gacru
HBIM (IOPRUKOM B TIO6ON Ipynne v 10T Ke TPIRRADLANR Yac T NOPROK WRUIK
HEMMERLIIMM RIONHPORATITINM HACTHINIM (OPLAKOM B 0060 YHOPRACTRIMEMOI rpyn
B ofiwes coyswar Mtnamadib i x {H3ANPOBANNKIX ) HETPRIHAILHRIX YRETHHHIAX NOP RSN
MOKET W He BT Kak, RANPHMEp, B CIYHae ALLNTHEBHOR TPYMGR EIWX SHOeI, HO ec
OHIL €CTh, TO MOIHOCTE MBOWECTRA BEEX MUBHMANWHIX (HIONHPOBARINIX ) NETPUH
HIX HBCTHUHRX TOPRIKOR AnGa MeTHOE HATYDANLHOE THENO, 1160 Beckoneana. O
TAKAKE, 4T0 m0bas HRILIOTERTAAN TpYLiita Be3 KPYNenns 11e #MeeT MIMRMATIIX HeTD
BHAIILIRX 9aCTHYHRX DOPRAKOD.

Caenywomes yThepaiente nokaamsact, 910 § rpymnax [lnaba nmer werpwanastus
MUHMMATRHIIX TACTHYHLX OPILAKOR.

I s tom pasaeae wpisee M camtiaes, dro Hosmisercs noarpynmol paira 1 smyanem
AR A THRHOR PPYNTR BOTOANTCAREMY ACACTRWTCALHMX YHced,

Hycivll<b<e<tnr € H, r> |, HNonomus (x)g, pasnol nporssoakuoit dy s

rpyin Dy (E) | ynonaersopuiomed caenywoiunm yeaannaw: 1) supplqy) = (boe) |

b)g," = r,r € H r>1 O6osmaunm wepes Qy = lap,mm) wonwposanmai
e rionoan nopxsox rpynn By (1) | nopoxaeniit mobnim snesmenton gy

Hemma 2.1, Hsosuposawswd vacmuwnsi nopydax Q) epynnw Dy(1) | nopoxdexnead
WANENTIOM ) SBATETNCH MUNUMISHNOLM HCTTLPUOMAAL MMM UIOAUPOOANUILE 4O CTIUNLM
Wprdnos o 2pynnaz Doy(l), Dy.(l), Dy(l), D"(l] ‘
BGepes ancaa boe,d wy wirepsaia I = [0,1] taxme, 10 0 < b < c < d < | u
N eI LELIY AERCTURTOIbLELe Yucan ry,ry € H | rakke, wrory > |, 73 < 1. o
Waminn (1gy pasioR npowssoaLiof Gymxwns us rpynma Dy (1) ymme:mpnouzﬁ che-
rlmw yenonwam: 1) supplga) = (b,c) Ufc,d) , 2) (b)gy" =1y, (c)gy™ = ra, rima €
hn>lra<l.
M 2.2, Huoapuanmnas noayzpynna Sp.ni¢:) epynnw Dy (1), noposcdexway sac-
mos (T)gy codepmeum oce axeuenmnt g apyrmw Dy (1) ydosacmeopswugue caedyno-
yeaonuss:l) supp(g) -
L J[f»g,(',) , 2de by, éy. by, 6y - npouIcossnne wucas w3 unmepsasa [ =10, 1] | moxue,
Oech<cé=biciact B =riu(b)g" =h hell, hel.

i Dborsianum gepes @y = sp,n(qe) wsomposanmuit vac RNkl popaaox epyima Dy (1),

Npeanomenne 1.1. Tar awboi nodepynnw H AYABMUBAURAM RS KON 2PYTITI: HOAO N
meabKer delcmeumeasnds wucea aobax nodepynna apynn Du(), Dye ne umeem we
TMPUOUALENBT MUNUMALLNNT CGCTRUNIS NOPIINOS.

Caenctrue 1.1, (Csoboduas cpynna F, xonewnnzo uau enemnoco paxzan epynna Toy
neona Gy = (a,d | [6,6%a7'07"] = [a,6%'$*] = ¢ ) we umerom NETPUBKAALNAT MUK
MAABKBLY NACTATNNLLE NOPRDXD
v ’ WA I00LM 30eMeRToN ) |

HNoxasareaserso 1.1. Aeicmoumeaswo, o [1] u [9] nowazano, wmo amu 2pynnn ud

sopdine saoxcums 6 2pymny Dy w, awawum, Ne umeom NEMPUBUAABNRT MUNUMALS
HACTIUNNNT nopadKes.

mi 2.3, Hsoauposarnsiil cacmusnd noprdon [ HOALCMCT MuNUMEASHbLYK empu-
HIH BI0AUPOSANNILY MacmuNHM nopadros o epynnazr Dy (1) Doy(1), Dy (1), Dy(1) .

et < b<lur& H r>) lNonomww (z)gy pantoit upowssonsroit Gyuxmmn
B ipyinu Dyo(1) | ynoraernopaiowed crenyionma yenosmar: 1) supp(qs) = (b,1) ,
ey = r.r € H, r>1. Obossatun wepes Gy = Isp, (@) moanposannmi
i nopasox rpyanst Dy, (1), nopoxnenmaft mobninv aneMentom gs .

n 2.4, Haosuposanwwil wacmusnsill nopsdor @y soagemes MUNUMAALNLLM NEMpPU-
UM UI0AUPOSGNKMM Kacmuuna nopadxos o apynnar Dp.(1) . Dy(l) .

Kax ormeyanocs paree rpynnm Jlaba easnmanors mnvepsana I = [0,1] » pacu
peHEON JledcTsM TCabioR npamon R gnisiorex YOOPANOSEBASMLMI TPYTINAME, 0O
TPHRHATLHEI SaCTHYHER Topuwk P = (e} ShimeTcH b 1nx NARMERBIIM HIOIRDOR
HBIM S4CTHUILM TOPIIKOM,

[lay upowsnoabsoro snesenta g rpymm (; wepes l5c(g) obosnammm nepeceseme
MUBAPHARTHIX MIOAWPORAMMIAX DONYIPYNN TPYNIN (7, CONPPXALTIX ‘IEMENT § W
WEHIR emest ¢ rpynnm G . Hpyrume caosams I5G(g) ananeTcs nepecesesnen
HIOIMPOBAANIAX HACTHYILX NOPRAKOD, CONCPRMIRX 35emenT ¢ . B nagunehmes 6
navsark [56(g) waosuposannmm wacmuvnoe NopaJRomM, TOPONICUNLN I4EMENTTION

Tenepr anx NPORIRONLUGID AieMen T g rpynn € paccMotpas cienyonme
AOCTHA

Mulopess qucan boe wy wirepsata 1 = [0,1] Taxme, wro 0 < b < ¢ < 1 . Toso

(#)qq pasno@t npomisonnuoi dynsimn wy rpynma Dy (1) | YAORDETROPHIOINER Cire-
iw yenopras: 1) supp(qe) = (bc)U (e, 1), 2) (BY" = ry, ()" =73 .1y, 12 €
w1y < 1. OBoswamas wepes Q = lap, my(gq) wsonmponarnait wacTwansi
w rpyrnw Dy (1) | nopoxaennul moum amementom ¢ .

n 2.5. Hacauposasnmi wacmuviwd nopadox (Jq sosxemes MUNTUMAALHEEM NET DU
MM IOAUPOOANNMM Nacmuvsua nopgdxoms apynnaz Dy (1) , Dy(I) .

mh<c<lbreH r>1. Honoxum (x)gs pasnoit nponysonsuot dymxmnn wy
M Doy(1) | raxoit, wro supp(gs) = (0,6) U (e, 1) m (0)gh™ = r
P stk uncen beraxux, irol <b<c<lurprme H,ry>1, rp < qepes (x)gs
e pynxiono wy rpynnw Do () | vaxywo, avo: 1) supp(ge) = (0,b) U (b,¢) ,
D" -y, (B =1y
[peanomenne 1.2. flyemu i - ymopydowuscesas apynna v g — npoussossnnd wee i vepey Qg 1 Qg saonnposaniiae sacraumie nopaxs pyimas Dy.(1) | no-
nunell sacucum epynnm (- Tosda Q{y) = Isul(g) LI e e TAMM (s M (g COOTBETCTREHIO,

= 8l

Jy 1(9-")‘-’: = Suih) oiviy ofian = Su“h-l). J:n+t = I(JI-)(" € N)
Osennnno, a1o
MCHC - ChChaC.

Henoxum Qlg) = ‘PN N




Jlepama 2.6, Hrosupasnnwnme vacmususie nopsdru (g w (Jy #6450Ms MUNUMEANN

Toopesmn 2.2, P'pynna Dy (1) useem b mounocmu § pasiauunme Nacmuunss wopsdng,
NETIPUARAALHLMI BAOLGPOBANNLM Nacmuunnesy nopgdxamu o epynmaz Dop(l) | Dyl

PR TULCE RARCUMOALNMMN U mlmuponunnuu.
Tenepts s npoRBeALIONo Mnca r € H pacemor pum Gy nkimo ¢; Takyw, W supplq
(0.1) w (03" = r - YHopey @ odorisss WIONUPOBARIT TacTHRIIE TOPRADK T
i nn”] | DOPOAR IR WICMONTOM gy
Yepes Qp oBorinanm WOARPOBANIRE sacTudimi nopunox rpynmad Dp(1) | nop
AennaR uesenToM gy, taknm, dro: 1) supplga) = (0,6) U (1) (0 < b < 1
2) (0)gy” = 1. (" = ralry s H,omp >0, <)

Jlemma 2.7. Hioauposmoade vacmuwnne nopuadse Qr u Qa yoamomes sunusnany
NEMPUBHAANNMY KIOAUPOBANKHM Nacmidunsiuu nopsdxasu o epynne Dy(l) .

"'upnuu 2.3, Fpynna Dy (1) wucem o mowsocmy 10 prranwwsie wacmuinns nopadua,
ARANN T ULER MERCUMAAL MMM 1§ UIOSHPOBERNMMY.

Noxmsnrenserno 2.3, flyems M npovasocennd saxcumadsiodd w uioiuponsanneil
Wemwnd nopedox. Kax omaeudaocs paner, noamowiod [6 paiiuNmus caynacs.
Mo Q. Q3 Qi B omos cayvar M = P. . Makcusaannocms u
Weaupanauxocms auxrduoco nopadxa Po ovenudna
Moo, Q7' Q3 @' . B omox cayvae M = PV Maxcussannoems u

Weanpooarkocmy auneduozo noprdua P.' oueaudua,

WMo QF, QY Q)" Onpedeaus vacmuswsmd nopsdox M wa epynne Dy.(1) no

Wedyoriray npasuay: g € M ecan g € Dy(I) ug € Py wang € Dy {D\Dyll)uge R .

wepedemaennas nposepxa noxeiwaaem wno M ZeASFMeE MAXCUMOILNNM | UIGAU-
WMprs sacmussia nopgdxom wa apynne [y (1)
(M Q! @, Q' Q. B amos cayvae M cosnadaem ¢ nopydnox, ebpamuos
B Nopaitny, onpedesennosy o cayxae ).
M 2 QY Q7Y QY Onpedeaus wacmusat noprdox M wa zpynne Dy (1) ne
Mehponicauy npacuay: g & M rcav g € Dy(T)uge B uavge Dy (W\Dy(l) ug € K.
Nocprdemdexnas nponrpra noxeisesacm 1o M EOASCMOY MUNCUMBAL KM U GSOAU-
PIann vacmusnbs nopsdxos wa epynne Dyl (1) |
)M 2O, Q7Y QY. QY Bomon cayxae M cosnadacm ¢ nopsdxon, o6paninox
B Wopxcdxy, onpedeacnnomy o caynae 5).

MM DR, Q7Y QY Q' Hecaowmeno samcmums, xmo maxozo nopsdxa Gams
'.. Mo e
WM Qv @Y, Q3 @7 . Hecaowno sasemums, \mo maxozo nopsdea e
W Mowcem
WM Q! @Y, Q. QY Hecaoxmeno zamemumn, wmo maxozo nopsdxa frams
.

({07 ) ,“, ;', Q;', ;' . Taxozo nopadra wem.
1M oQ, QF, @3, Q7' . Hecaowuo samemums, ymo maxozo nopsdxa Geams

Mo wrerm
a0t Q7Y Q. Q' . Tawozo nopsdra xem.

M 2 QE, Q7Y QY Q' . Hosoxmum M = HY 1) Dy(1) . Henocpedemoennas
Wsepsa noxasesarm wmno M So45emes MARCUMAALANMN U TICAUPOOANNMM NACTIYNNDLM
ok wa epynne Dy (1) .

M Q" QY. Q. Q' - B omos eaynae M = R0 Dy (1) .

)M 2 QY Qi Q' . Onpedeanm wacmuswnd noperdox M na epyn-
D1} 1o cacdyowcny npaouay: g € M ecau g € Dy(l) ug € R win g
D\ Dy(T) ug € R . Henocpedemoennan nposepxa noxassaem wmo M goagemes
AANNNM & HIDAUPOBENNLM HacTuNuM nopadiom va zpynne Dy.(1)

M QM @y, Q' Q' . B omox caywae M coonadaem ¢ nopxdxos, obpam-
N nopsdny, onpedeacnnony o cayvae 15),

Teopema 2.1, 1) /ot sunusadoraad wempuanaannsl wioauposansui vacmuym
nopydox epymnre Dy (1) cosnadacm ¢ odwum wy nopadwos Q7' QFF

2) Jhobod suxusaannald wempuansssind usosuposannst sacmusnei nopgdox oy
e D1} cosnadaem ¢ odwuw wr nopsonens QF', QF, @F', @F .

3) Jhobon sunnsaasnsil wempuouoasnsid wroauponanint sacrauyssd nopadox ap
ne Dayil) casnadacm ¢ odwus wa nopsinos QF, Q3', QF', QF . ‘

4) Jhoboi munusmaasubitli nempusnaannnl uyoauposanunll wacmuvneid nopgdox 2p|
nee Dy (1) cosnadaem ¢ odwus we noprdxon Q' Q. @Y, QY | QF, Q¥
Q' -

Jlemma 2.8. lyemn G - odwa wr wpynn Mawba Dy(1) , Doy(h), Dyd(1), Dy(X), M
NPORIEOALNWT MaKCUKGAN NG vacmunxatd nopsdox 2pynnw G w M usosupesax o G
Toeda das 406020 MUNUMBABNO0 KIDABPOSANHOL0 NacTHUNKOZ0 nopadxa I’ epymnu G 4
noangemey awbo sxasovexue PO M | aubo PTC M .

Jlokasatenncrso 2.1, fHocnoansy M - wioauposan u P ¢ M , mo M (1 P mao
HOATCMCE UIOAUPOBANNIM Saciinnin noprdxos. Tax xax MNP C P, P#MN
ma asudy Muxukassnoemu I swnosxzemes MNP = {¢} . Tozda M - P~ zeaxen
vacmwown nopsdros. locxoansy M saxcusoaen, mo M =~ M. PV u M D P4,

Jlemma 2.9. [lyems G - odwa wr epynn [anba Dyil) , Dag(1), Dy.(1), Du(l), v My
- Maxcwsasbnote vacmuunte nopudsu epynne G, npuvex My, M; naoauposans o
Fleatt MxoMecinen MunNisadbnss UI0AUDOSANNIT VACMUNNE NopsdRos, codeprcauyt
o M, u M; cosnadarom, mo M, = M, .

Jokararenserso 2.2, Hycme (7 = Dy(l) , My # My ug e M\ M, . Toxda
dy Maxcusmaasnocmu nopsdra My awnomwgemcs ¢ € Spoay(g,Ma) . Hosmomy
Spumlg™') dax wewomoporo sacmexma m € My . Mosmomy dax wexomopoza
MAANNOZO UADAUPORANNOZO NACTHUANGCO NOpRdxa P 6unomunomes ox ouenty

P C Ispamim) € lap,mle 'Y EM,!
Tuwum obpasos "' C My u no naweuny npednosomenwo, ' C M, . Ho amo

sodmomno, nockoawsy ' C lap (m) © M, . COnpasedannacmn ymup:l:denu;
OCTIGANNMY SPYNN PACCMAMPUAGIOMEN ANTAOZUUNO.

Taxin obpasos » epyiunx Dy (1), Do (1), Dyo(1), Dy(1), moker Guri coormere
1o e Gosee 4, 16, 16 1 256 paossoin i TacT i DOpIAKoN, SRIROUDINCE O
MBNCHMIVILIHIIME ot Hml"ml"lllh‘l‘. u
B rpyune Dy (1) onpenenns sacrwamsii nopsnox B = {g € Dy (1) | 3o € (0, 1)({ar)y
anwViE(0,1),8>a, (H)g =) .

pesn 2.4. Ppynna Doy (1) wacem o moswocmu 10 pazewonns xacmuunns nopedra,
MIAD S MORCUMAARKIANY 1 WIDARPOBANNBLIY,

ninrennerno 2.4, Hyemn M npowasosswed maxcusdanntl 4 wIosuposannsd

Wit nopadon. Kak omMesaaocs pance, nosmonwnn i parauunns coynacs.
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DM QY. QF, QY Qi' B oomox cayvar M connadaerm ¢ suncdnnis nops
oupedesncana noayepynnot nosoxcumednnnr dacauenmon P, cocmorued wa dae
mos, JRavenue npaood npowieodol KOMOpMI 6 nepaod IONKE Wit0M Hosvwie 4
paswa 1. Maxcudadbiocmy & wioauposannocrin auxcdnozo nopxdsa P oneoudwa.

A M 2Q" Qi Q' Q' B omom cayvae M — (P7' . Mancusaaswocmu
uroAuponaxxocms suneinoao nopudra 7' odesudna,

SIM2QN, @ Q' Q' . Tawosn nopadxa nem.

OM2Q", Q' @' Q. Taxeso nopsdxa wem,

SIM o, Q. Q) @Y . Taxezo nopadwa wem.
6) M 3Q;", Q7. Q1 Q' Taxoro nopsdwa nem.
M OQY, Q" QY. Q' Unpedeus narmuwwi nopsdox M wa epynne Day(

npasuay: g € M ecau (0)g° > | wau g € Dy(l) ug € R . Henocpedemaenwas npoo
noxasoaem mo M SoATCmICE MARCUMTABNGLN U BIOAUPOBANNGIM NACTIUNIIM NOPI.
wa epynnie Loyll)

MO QM Q5. Qi Boamoax cayvae M cosnaduem ¢ nopednos, ofpam

® nopadxy, onpedeaennosy o cayvoe 7).
M 2Q", QY Qi QY . Onpedeaun wacmuwnwi nopzdox M wa zpynne Dy
npasway: g € M ecau (0)¢ >l wen g€ Dy(l)uge A . Henocpedemaeyvas npos
noxarsisaem Ymo M E6ANEMCE MUXCUMAALKEM N UIOAUPORANNNM NACTIUNKLMY NOP .
wa zpynne (1) .

M2, Q7' @', W' Bamou cayvac M cosnadaem ¢ nopatroM,
nos K nopadry, onpedesenxony s cayvae 9).

M 2QF. QL Q5 Q' Onpedeans suncinud nopadox M xa zpynne Don
npasuay: g € M eeau (0)¢ < 1 wau g € Dy(I) u g € Fy . Maxcusassnocms u
sanxocmy aunefinoso nopgdra M = M ovesudna.

12) M 207, Q5 QF, QF . B amox cayvee M cosnadaem ¢ nopadrox,
KoM % nopxdxy, onpedesennosy & caywae 1)

1M 2@, Q7' Q. Qi' . B omox cayvar nosoxus M = R* 0 Doy
Henocpedemornxan nponeprs noxasioaem umo M goagemens MuxcuMaanhsx u
posannsu vacmnwxnex nopsixos na epynne Dop(l)

)M DQ, Q' Q:', QF' . B omon cayvae M cosnadaem ¢ nopsowos,
nok % nopydwy, onpedeaexsoxy o cayvae 13).

15) M 2 Q;', Q1% Q)
1) M2Q Q37

s Qf . Taxoco nopsdxa nem.
o' Q. Taxozo nopsdxa xem.

Teopema 2.5. ['‘pynna Dyr(1) umeern o mosnocmu {0 paisuunsis Sacmuunns nop,
SOASOUULICH MAKCUMAALHLLMY 4 UIOAUPOOANNLEMY,

Hoxasarennerso 2.5. Mlycms M npoudsossnml Marcusmossnd o uioauposax
sacmusnsil nopgdox epynns Dy(l) . Kax omsewasocn pance, aossowns 256
Aty caynaes. JION@IAMEACTO0 COCMOUM 6 JEMAALNOM PACCHOMPENUY BCEE 3
cayvacs u nposodumea anadozuuno doxaramesscmay meopes £.2.- 2.4, Owpa
CF Autish MEN, WIMO NPUSCIEM CNUCOK ACES MAKCUMAALNGT NACMIUNNBT UIOAUPOO ¢
nopsdxoo zpynnte Dy{1) . Dmom enucox Paxmusecxu coanadaem co erimexost
KaanNur xacmusksz nopsdxoa spynns A(R), npuecdennod s padome Xosaanda
coomaememoyorgefl odufunayun. HBozden caedyorujue nboanavenus;

L* = {g € Du(1) | ()¢ =1},

temglt = {g € Dy(D)\ Du. (D} N LY,

bL = Dy.(1), b= Dy(l),

I = {g € Dull) | Jo(o € {01){o)g > o a VI £ (0,1}, 4 =0, (39 =3},

lomgltt = (g€ Dy(D)\ Dag(l}} 0 BY

blt = Dafl) b= = (L)', R~ =(R")" .

1 mabauge uenoaaypomes cacdymyue 060INANCNLE" CACOR CTHOXM INAKY, TP KOTHG-
prr Musumasnneil nIoAUposansi nopadox Q1 = 1 2 B) codepacumis 6 MaKcuModl-
WOM LI0AUPOBANKOM NactiunKom nopsdxe M | @ cnpasu - ONUCANUE JMOLO MARCUNBAL:
WOro HI0AUPOBANNGZO MACTIUNNOZE noprdNa

1 TTIT a6 7] 8 Maxcusaasume vecmunuie nopsdnu
- | - | longl™ U (bL nTt;nyR')U(bﬂgl-_
(] =1=]+1= - | longL u@Lt‘l(zng—l?‘)u(faﬁ.li)~
-] - || Tongl= UL N longRYJU (BN L)
+ + = Tongl~ U(BLNiongRY U (b1 5
. +| - longL~ U (bl Olongl )U (B R ;
+|+ +] - " Temgl- U (BL MlangR- ) U (BN L¥)
BREEE 30 longl~ U(BLT L)
IE {ongl- U (bL NiongR* ) U (b R™)
FIFF TongL- U(BL N longRY) U (b1 L¥)
1+1=-1=+ + | Tonglt U (BRN longL YU (BN R ) |
+|+[-]+ “[+ 1 Tongh™ U (6RO longL™)U (BN LT
-1+ 4 + + R
-1+ |+ -+ Tonglt U{bR{ longL*)U{(BN ")
+ 1+ |+ | # |-+ ]| Tongh U (BRTongL¥) U (51 Z’F;’“
¥ | [ [=| %] fonglt U (bR (i longL-) U (b1 L")
s -1-1+] - — |+ | longht™ U Milongl, YU (b RY)
-] -]+ +| lmgR- U (bR RY
BHE Sl 4141 |+ | lmgh” UBR N TongL¥)u (b0 L")
+ |+ + +| longR U (RN longL¥)U (b0 RY)

Kpoxe amuz deadyamu vacmuunss nopsdsoa wydeno dobasums ewr dsaduame no-
Mdxon, sasmouwurcs obpaTANLLMY X npusedexusu 6 mabauye (wywno scade o mabauye
# Masruums na -).

Naseranue. B rabimue MakcuMamiangx aciuiudx nopsiaxos rpyun A(R) upune-

wiod n pabore (2] (crp. 207) mockMas cTpoxa ceepxy upusescis wesepno.  Hue-
o long Lt U (BN LY) noaxuo Gars lomg LY U (BL N LY) (wnate sacTusnmd nopsnok,
WIMCRIaiE B cTpose T CTPOTO COUEpRNT NOpLaok iy cTpoxn ),

3. Ueyinnul JNABA MMCHOBOR NPSIMOR

Tiw cpyun Dy, Dy, paccysnetms ananornind nponcaenuum. Paccmorpns g7, 4 €
. TAKME, 970

1) {)g; = () mnm meex = € In (x)g] = x gaw weex = € R\ T,

W) ()¢5 = (z)qr = nuw eex r € I (2)g =z pnx neex x € R\ 1.

Ofmasus vepey Q7 » Q3 wiomuposannise topaaxu rpynun Dy |, nopoxzenitiie e
Wi (2)gi, (z)g3 coorsercrsenno. Hecaomno samersts, wro Q7 m QF sxamorcs
PR PORATOAME TOPIKAME Tax e u vpynnn Dy,

Pt pe ompeneams dy s (2)g3 w (2)qf
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Hyern b < b < fou e Hov s L onomusm (T)g) panmor npowssesm

WY oy ey Dyyy | ysome RopRscieen Eoeay onms yeaonsse: 1) Age = (b, +00)

(0" v e Mmoo Oianainm uepes @ - g, d05) wwmnposaniog

TACTIINR GOPRNOK FPYINW ). | NOpOKACHILIT T0HM MEMEHTOM ¢ 4 ¢ . I

Bubepem nefcrsmreasiie aucaa boo . rakue, w10 0 < b < ¢ < 400 11 )
ENTIN (1)q; PARIOR TIPOMMOABUON ik s Wy Epyoe Dyl VAORICTBOPRIOILCH ©10e
loruesy veaoanem: 1) Ay, = (o) Lfe 4oc)  2) (D" = v, (0)" = r5' | roe ryurg 1
Hory = Ly < 10 OBonaium qepes (o #300nposaiinl Yactrinmi NOPUAOK TPy \
sl Dy (1) | MOpOKISaTR 06K AeMeI oM gf i e .

Quamerusm, wro o xware [4) (erp 130) nns spyim Dy goxaauma enpisennsnoe "
YVHOPACHIN, BUSAOEIINOTD (Tpestaomonmo 8.5 wy paboria (1], Jlas rpynow Dy, m ]
HHMOCT L aliadtori tipemioaesns 3.3 paborw ||| nposepsercs nenocpencrsecmuo. )
Teopema 8.1, 1) JhoGo wunusasennd sempusunasnsl wrosuposannst wacmun il
nopxdox spynns Dy coonadaem ¢ oduus ua noprdwos QF, QF . 1)

1) Hwotoi munusmaasnut wempuskainsul wI0auposeunsd vacmuenmd nopgdox ep. 1

nn [y cosnadacm e odwws wi noprdnos QF, Q3
Qi QF

Teopema 3.2. 1) I'pynna [y useem o mounoemu § pratuunsr Yacmuinss nops
FOANINNICH MARCUMGALNK MY 1@ !‘J"-‘"pobﬂ"u“u.

21 Ppynne Dy, waeem 6 mounoemu 10 prasusniis xaemussms nopydxa, 6490
MANCUMUIENEMY 1 UTOAUPOOANHILM Y.

o9

Mokasareaserso 3.1, Anasosuuno doxazamessemsy Teopew 2.2, 2.9,

Ormeriog wto & [7] nokasano, w10 rpynnu raba pacimnpeiniol 1xcnosof npsaoit
W Dg MMEOT HECHETHOE MBOASCTBO PANIITINX ARUCANLY 110DIAKON. HNoaromy
TAT, ananoradnLd reopese 2.8 L UMy pesepen.

Tenepn voxamem, 510 TPeBORANNE WIOANPOBAEHOCTI B YCHBIAX reopes 2.2, 2.3 w
Hir CAMOM Je0e HaInLIe,

Teapema 3.3. Mas awdol nodepyrinet H panea | myanmuniuxamusnod apynns n
acutnessuoir dedensumeannnir yucea pohod Maxcusmassnwd nopsdox na spynnox
Du(X) ) D), Dogll), Dg(l), Dy, Dy xsasemes wioaupooaxnei.

Jloxarareanerno 3.2, /1o xpumepuw Xowsucmepa [8] o epynne (7 Ges xpyvenus
MaARCuMaNl wacmunnd NopEdox KANCTICE WIOAUPOSINNMM, CCAU & TOALRO
dag awboco weedunnsnozo saruenma g € (| 406020 NAMYPEALNOLO NUFAG N Y4 4
sacuenm | € Sclg) sunoangemen Sqlg™) 0 Sq(t) #0  Haassetuce doxazam
MEOPLMM COCMOUN 0 NeNOCPedeTATuNoll NPOACPRE ANMOANLKOCTNE IMOSD XPUMEP
epynn [lagha

M3 reopemia 3.3 wenocpenornenio enenyer

Teopenma 3.4. 1) Fpynnae Dy u Dy (1) wwesom s mosnocmy § POIAUNNLIZ Ma
NBLE NACTAUNMBLE BOpaNa 1 { POIAUNNBLE MUNMGADNIAE WIOAUPOBANKLLE %aEmN
pedna

2) Ppynns Dype, Dypof1) & Dogg(1) waewm o mowxocmu 10 passusunz xaxc
MACTAUNNEE TOPAINOO U 8 PEIAUNNME MUNUMIASMOLT WIOAUPOSANNILT KT UANLE 10,
woo.

) Ppynna Dy (1) vsremn o mownocmu §l) pazauimms SoxcaM@ibnbs Kaemusnme
PRIKOS W 16 PAIABCNNE MUNRMEANNILT WIOAUPOOANNLET (dCTTINANME nopadxes. :

o
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Holland €W, Partial orders of the group of automorphasms of the venl e
Mathomation, 137, (part 1) (1992), 197 207
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O0arnann sepes T7 (L) MHOACCTIO BEEX TEPMON CHENRTYpia Y, Sanne i
W nepemennix, sepes Filo)  enobomnyio ancefipy smoroolipaoms A o
B RO T DODOA AL N

®oaxa 11, ¢ 169 Feaw K wwocoobpuiue cuzwamppne 3, 14,15
Wapand ur TN, mo awnoaniso

KEYr, . oraiti{eyioxg) =talmi . i0))

Mpeda v moaske moeda, Koada stnosannso

O NOPOXKIAEHUAX KIACCA BCEX NOJUTIOHOB

* F(n) b= Lifny, . a0) = tylay, ... a,),

E. B. Osununuxona
‘lh enotodnur noposedanngur oy, ..., a, sacebpu Fie(n)

Poccus
630092 Homocwbmpck-92 » Jie upoirmannions kracea aarebp K obosmauuM depes
HITY N(A ) Kanace meex aureBp, nomopdmnix nonairebpam u K,

W(R)  waace noex aarehp, wsosmopdumax romoMopdittis ofipaiam aisebp

N,

PN WACC Beex Anrebp, WOMOPQIIIX NCKAPTOBRIM (PO 31 5T
i i

Mopes Td(K) oforBasany coBOKYIHOCTE BCOX TOXIPCTS, HCTHHEMX B K

incremi romnecti [d obossaum uepes K(/d) kaace acex anrebp, ma

WX WCTHHER Ree ToafccTra n [d.

wnecTHas meopesa bupxeofia yTeepxaer, wro xance amredp K unisercs

Aipaies TOTIE W T0ALKO TOTHA, KOPAR O SAMKEYT OTROCHTEALHO

W POMOMOPAIIX OOpason, MOAATTeED It ILKAPTONLX TPOWIRencni, .o

N = HSP(K),

Kadpenpa Anrebpu m Mar. norxka
e-mail: algebra@nstu.ruv

Hanomuust, 4o neayepynnold #asnisacTcs aarebpa ¢ OLHOR JRYXMEC THOM
accolmaTubioit onepanneit. [lomyrpynna ¢ enuAnLeR HasnacTes Koxnoudos.

Ilyeri S — monown, 1 — exwnmns » S.

Heanm S-noaveonom uaswmactca anrebpa sA = (A {f, | s € §}) ¢
QUHOMCCTHRIME OIEpalMaMit, 8 XoTopoft mne scex s.f € S5 munoansorTes
CACAYIOUME TOKACCTRA:

Vr (!](.f) = 1)'

Ve (filfi{)) = Julz)).

B gannaeiimen non sosnronamm GYZem NOHIMAT b JBWE DOMIONE , CHMBOTE
fo GYJLYT HACTO OTOMISCTRISTECK © CHMBOIME 5, 3T (18 YTOM BMECTO Ya0nnen
Jfulx) Gyner menonmsoBaThes sanmuce ST

Yepes S-Act Gynem obosnasats xiace acex S-nonmcoHos.

Hyere {sAihie) — cemeicrno S-nommronon, yA, = (A, {fi | s € §}) n
AiNA =Qanev #5157 €l Torna wa muokecTne A = LEJ,A. MOMHO

s teopemic Bupkroda caenyer, 4o IR nponsHOTLEOH anrehbpur A cnipapesnnmo
LY COOTHONICNHe:

K(Id(A)) = HSP(A). (1)

Penn muoroobpasne K cornanaet ¢ HSP(A) nan nexoropoit wnrebpu A,

i, o K nopoacdaermes aseetpod A, Ma dakva 1.2.1 caenyer, Tiv
Muorochpasie HOPORIBETC CHOER CBOBOIION CHETHO HOPOAICHHON

"

Tak kian wace seex S-noamronon S-Act sanaeres TORACCTRAMN, TO 0N

€8 MEOPOCOpRINeM,

wFia) bynem obosnavati, caobommit nosmron knacea S-Act ¢ o
W iopoxaasanmmn. Herpyano nouers, wro enobommai o nopoxnes s
WAOMODGER TRYRIOHETHIOMY  OFLCARNCHNIO @ WoMOPPIIX  Komwd

"o

CACAY UM OOPAIOM ONPENeINTE CTPYKTYPY S-nosiMrona:
na xnkporo a € A poraraem

Jila) = [i(a),

ecm a € A, 3 € 5 HNommron A = (A {f, | « € 5}) nasapaercs

durnonrmunis o6 nedunenues noauronon A, u obosranaeTen qepes U‘sA.-
o€

5”‘(0] £ U .\'An

wa

Hanosmum, wio kiace K anrelp cnruatypu & dadusaercs anozoofipasues,
ccan K coctomt wy scex aarelp, YAOBICTROPSIONINY HEKOTOPON CHCTEME

TOMALCTN,

"‘0 Xy S
AN an BpONTROALHOTO Kaacea onironar K nepen
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DR ) karace seex nonmronon, WaomMopiiex msmions 1 HM e Henm
nonrtonon s K| nonyaaem, uio

S-Act = HD(55).

JameTim, 1o ecam enrnatypa ¥ cor1on 1 OIoMecTIIX DY K LSRR X
CHMBOIOB, TO MHOKECT N BCOX TEPMOR CRENNTY P 5 COBITAIMT © MEGKECTROM
TYE). Horromy nxboe 10x0PCT B0, WeTimnoe b Kitacce § MO EGHON, COBEP® T
He Gosee iy x nepemennwx. Torga wy daxra | caenyer

Mpennoxenne 2 flay anobozo xaovouda S cnpasedaveo caedyougee coomuome

S-Aet = HSP{5F(2))

B caenywomes yraepsocuun anercx XAPAK TEPHIALMN MOUONIIOR, JUIR KOTOPR X
HONWION, NOPOKASICIIMR K1ACC ACEX NOUHIOHON, WwmeeT nasbosioe TPOCTOe

CTpOCHite.
Teopema 3 Bunoanuso coomuotuenne
S-Act = HSP(5S)
moeda u moAsko moeda, Kozda moxoud § we codepacum Aenor0 Nyas,

Hokmarenscrno. Tpeanoaomum, 11 S-Act = HSP{<5), w 0 — senwit

noik sotonna 5. Toran
s |= Yz, (02 = 0y)
wa cuay (1),
S-Act | Vz,y (02 = Oy).

Pacesorpnn noanrons sA u g1 wy xaneen S-Aet, nas xoropux ANAH =
#. Torna <AUsH € 5-Act u, CIIIORA TELIN0,

sAU 5B =Y,y (0x = Dy).
Homywnesm, wro nis nponssomnaiax sesenton a € A w b € B cnpaseuuno
sAU B = 0a = 0b,

a, anaunt, Oa € AN B n, caenomarening, AN B # §, — nporunopenne.
[Ipeanonomum Teneps, wro S we conepant neporo wyns. Jhoboe Tompecrno
CHENATYPRE S-NOSMIGHA HMeeT Bl

Y (s(s . aa(z)..)) = ital. . ta(x)..)])
wan
V:,y (.h(.\)l” .A‘(I]- . )) - ‘1(‘1(.‘5("))”

(2}

40

.. TR ECTR, ARTRIOLIA X ROJIMPOR, CJIOYOT, "ITO 00 8 MONOM e S nrnoaivo

“u, S, =5, TO

S Act |=Vzx (s)(ag(...a0(x)...)) = sle))

WO eAORRTEALNO, TORICCTR () SN NIDANEE TN TORACC TRAM
Vr (sz = tz),

Y,y (ax = ty)

PR et oo, Tae =Ly -ty fy b soonse 5.

Bemn
sS EVr (ax = tr),

S kEasl=1,

PO MIMOAEO TOIRKO TP = = |, ARanoresuo noay4aeMm, 1To ecnn

55 EVr,y (sz = ty),

 Takis ofipasom, coai s NOANIUHE §5 KPOMe TOARECTB, NCTOILIyeMIaX
VHPeaEICR R DORATUS TOAWTOHA, BRIOOITNIOTC R C1INE KAKME-TO TORASCTBA,

BN Mo T nug
Yz (81 = sr)

Yy {sx = sy).

W)X TPHARAILIG, A BLOPOE BLNOANYCTCS HA x5 TOTA W TOILKO
KOEJA & — BRI NOJTL MORORAA S
B onan 1o "PGIUIMOAGHIHO n S HOT 0BOMN nyns, o

§S5 P Vr y (ar = ay)
awboro x £ 8. Taxum obpasom, Td(sS) = Fd(5-Act) n, cnenosarennio,
S Act = HSP{55). 0

A M ¢ GOMOUTRIG NOHATHE CBEHOCTH 1Y [2] ama coermaniix THoa
WHTTTH LR BOAMOORAX M BOKAKEM, 1TO HOCPAICTIOM TAKMX KOHK Py it
HOTY T 0OYI0 KORT pYSHILRK HOAMIGHA
Mot 5y € A nhaunaTes cosaannsun (oBonaasercs ¥~ y),
YU L RYIOT B E W, @gy. .. e & A, 31,..., 8, € 5 THKRE, w10 2 = ag,
Moo ® i — 30, WIH @,y = 8,0, Hpr orom Gyaes rosopwrs, wio = u y
W o pedemesos xopmesced (A, .. 0q) € A 0 (8y,... 40 € S™.
LLALL LIS 1 HIAAACTCR CoZaRXWM, CCIUl WIOMENT £ Chasall © VieMenr oM

.. welax roy E A,
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Sameuanme 4. 1. Omnowr e - VOLNCINCS KONCPYasybel Mo Hosusone | Gimterr 6 Universal algebrn. Springer- Vorlag New Yoek Inc 1979
wA xemopay wainacmes Kowepyonunnd cavinoemu noavsonn A ¥ Myomadun T O craimnumocrnod seopsm goamrowon // v|~,qz.n| Moneeil " oe
L Max amboeo saesenmia & v oA\ waace I/~ obparyem podnoaucon s e e Hosocutupes: Haykn. Call orn e, 1048 {Tp AH COCP
noaneonan 5 A i orp e Mt maresovcuxm, [ 8), ¢ 92-107
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W will be shown in this paper, the term is uniform |y definable by some X-formula in any
Wereditarily finite set (moreaver, it is A definable). The constructivization of the terms
#an be ilentified with Y-function on HF(w), mapping n to 4(n) such that sp{d(n)) is a
poper mitial segment of naturals. We will denote number of elements of apleln)) as ny,
o M i not difficult to verify that the function x +4 n, 15 recursive. Moreover, HF(wW) has
the ullowing property:

bommn 3 7 € (HF(w))" is S-predicate on HF(w) & ¢ (P) ¢
{{ur,. . .a,) € Nl{e(as},....2(8a)) € P) is re. In addition, A, & {m ¢ Nlz(m) P
#(n)) 1 strongly computable.

ON COMPUTABILITY OVER MODELS
OFr DECIDEBLE THEORIES

V.G Puzarenko

RUSSIA,
Novomibirsk,
ac Koptug street, 4,
Inatitute of mathematics
e-mail:  vagrig@math nsc.ru

i ! g lu this paper we will need the followin
Recursion theory on horeditarily finite sets uver single-sorted models can be conside i s

#s o untural generalization of computability on N

In §2 criterium of Y-definability of subsets on hereditarily finite sets over models
finite signatures. The statement is that any Y-predicate on HF(M) is definable by sor
computable sequence containing goedel numbers of 3-formulas of language of M.

k3 is devoted to a characterization of a sinplest theory (in sense Ershov's definiti
[1]} in terms of hereditarily finite sots over madels of the theory.

55 contains algebraic description of semilattice of md- and TY-degrees
on hiereditarily finite sets over models of simplest theories,

All the basic notions used in this paper is introduced in §1. Terminology of the paj
i made conxistent with terminology of [1).

bemma 4 Let A = HF(M,), B = HF(M,) be hereditanly finite sels over My =
rﬁ,,no}. M, = (My,a,) respectively and let Xo © Mo, X; C M, be arbitrary equIvg-
nt nets. Then any isomorphism f between Xy and X, has an unigque extension fo an
Womorphism f¥ between hereditarly finite sets HF(Xo)(€ A)) and HF(X,)(C B)).
Furthermore, f B C A and f is ¥4-function, then [* s,

The first part of this lemma is proved by induction on rank and the secoud part by
Y recursion method.

Let C be KPU-model and FUN(C') be & st of all the (' finite functions. We will
tlonote the composition operation of f,g € FIN((7) as comp(f, g} # go f. The operation
o~ b ¥ defiuable (moreover, it is Ag-definable).

§1. BASIC NO
lemma 5 Let Ag = HF(A) be an arbitrary hereditarily finite set. Then there exists
‘-cry A-predicate Un on Ay such that

: HF(A) |= (20 = tu(2y,. .., 2a)) 104
(a8, 90,0 ) € Un ¢ { HF(w) |- (_,:= 1,(.:,',.. .,r:))h:,;];

Lemma 1 Let A be KPU-model and let P be @ transitive Y-subsel such that AP
KPU-model. Then any ¥ predicate on A|P 1 E-predicate on A

Definition 1 Let A be KPll-model. B € A is called a pure subset, if B € {=
Alsp(x) = B}). If A is a bereditarily finite set, then we will denote a pure part of su
KPU.-model as H Fy. Where g = g0 U {{0,a)), of =@ U {{0,x))} and gy, g are womarphisms belween proper

fal ; at Nt tively.
Lemma 2 Lect HF{A) be a hereditarily finite set over an arbitrary model A. Then Bitial scqments of naturele and ap(z), ¢ (sp(e(x))) respectively

Yon-predicate on naturals is ¥, -predicate on HF[A) with the natural wdentification of n

PROVE. » .
wrals and ordinals of HF{A), OUF. Define 5 formula ®(zg, xy, r3, 7,) as follows

W(xy) A Nz ) A (2 = {{(1,zo)H) A (23 = {{}, 2, IV (CU(zo) A "Nz ) A N(z ) A
(Jun([)A(S < {TC z0), €80) 5 (TC(e(x1)), €MFN) A (o flza) = e(z2)) Azs : ((mes 4
D\ (0}) — ap(z0)) A (23 : ((na, + 1)\ {B)) —> e 'sp(e(2)))) A (21 is bijection) A
{# s bujection) A (comp(zs, €] pry) = comp(zs, f)))),
where N and V' are sets consisting of ordinals and "odd”™ ordinaly respectively. It isn't
Aifficalt to verify that & is equivalent to some ¥- and 11-formulas, so OAoxy, 2y, 1y, 74] in

Proor. It follows immediately from Theorem 2.1.1{1] and Lemma 1
Consider hereditarily finite set D = HF(w) over the standart model of arithmeti
Detfine a constructivization = of D ju follows:

k(€ w), of n=2k41;

B f n=o Moprodicate,

£(n) ¥ . ok . 7 3
felk) |n=2(2% 4 ... +2%), kg<...<k,)}, We will prove by induction on construction of £, that the predicate satisfies lemma'y
otherunse, wndditions,

) If e(x) € HFy, then ((a,x,0,0) € Un ¢ ((a = ¢(6)) A (o5 = @) A (g = #))).
Wonlly, if (a,&,g0,1) € Un, then by induction on rank of e(x) it can be shown that
M= rlx) g0 = g1 = @ follows from an existension of & bijection between spla) and

alein))

¢ is Xp-function by Y-recursion theorem. The function induces an one-to-one constry
tivigation § of 7' = {t, | x € w}. Definition of a term {, can be found in [1]. However,

TPabiorra WO np:nrnmpun DU "Mirrerpoans” npoexr 274
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b) Il e(x) € w, then ({a,x a2} € Un e ((a = L(a}) Alefn) = tfefm))) A (g0 =
((adh) Adley = 1(1.K)l)))-l -
Let = {e(n’}} wnd c{n') € w . -
if (:)u‘g.,c;:)’r_ l-{’n, then {a',#' . go, o) € Un and a = {a'}. Then by definition of ¢, and
hy h;d\‘xcliw- hypothesis, a = tolgol1), o golnyg)) and e(x) = telq(1)), ,,.,L(g.(n._)).
Inverse, If a = t{gu{1), .. golna))) and ={r) = Lalelgd 1)) elam(ng))), then by in-
AL b .] ',_l'dl. “._(Ia‘ ) ‘ .
;:“; '-:‘;‘,".Vl"l:l )l'::: rw?il follows from definition of [/n that there exists Ao-finite iso-
ulmrphinn Jo between (TC{a'), €) and {T'C(e(x)), €) such that co g = Jo o_o,,. Then
F(= fuU {(@',&)}) 18 & lunction from definition of [/n such that {a,x, g9 ) € Un.
d) A case e(s) = {e(&’)} C w is considered as well as b),
‘onsider a when e(x) = ¢(ro) U s(s). » !
Fir:l) :a?:;;ia: ;3"‘-‘ If {a,%, %,@) € Un, then there exists Ag-finite momorp!nsm I
between (TC(a), ¢) and {TC(e(x)), €) such that cog = foo g Let a = fo'(z{x0)
and @y = fi'((x)). 1t follows from definition of TC' that TC(a) = TClao) U T'C(ay
and (a;, 5, 0, 01) € Un, where g = go 0, and ; is Ag-finite i::omorphl_srp between so
initial segment of naturals without 0 and go " (sp(a)); g} «* eto Joogh i =0,1. { 7
definition of Un can be defined as fofTC(a,). Then by definition of ¢, and by inductiv
hypothesis, @ = tulgB(1). -+ #§(a)) Ut a8(1).. () = tel(L). ol
[nverse, if & = la{ty,... ta,), then o = gy U ay and a, = I‘,(u,,....gu“;‘, i = o,
’ - 'y » . (3 ‘- -
inductive hypothesis, (a;,5,,95,4}) € Un for appropriate function= g, 4}, i )
Il‘s\frt‘;:e::w:: fzp:nd fi from dcﬁnili'on of I'n can be choosed so that foU fy is ?Il)
function. Let ho + o0 o(g8)"" and hy #* s 0g] o (gg)™" Then hg : sp(a‘.)' 5 splelxo
and k, : splay) 5 sp{e(x)). It follows from definition of 1, t.h:-at h h...u hy is one-t
correspondence between sp(a) and sp(e(x)). Then there exists an umq'ne isomorphiss
h* between HF(sp(a)) and H Fisple{x))), extending h. Then fo +* A*[TC(ao), N
W [1C(ay) and a function f & foU fi from definition of Un such that {(a, &, g, %) €
for appropriate functions gu, .

§2. L-DEFINABLE CRITERIUM.

HF-language is definable part of Ly, .. In this section there is ::1 answer to the questi
"What formulas of infinite language correspond to Y-formmlas?". '

For simplicity of presentation we will differ two sorts of variables. That are
ables for urelernents and common variables. We will denote them as wo,uy, .. .ty
20, Xy ee ey Tmee- . TESPECtively, y p

i l.‘cl M(= (M, a)), HF(M) = (HF(M),c") be an ubl}my model of some finite
nature and & hereditarily finite set over the model m;.;u:hvdy. .

Let’s consider an arbitrary RQ-formula ®(zq) of signature a* with one free

(possibly with parameters from M), Then there exist formulas ®., x € H F(w), such

P2

HF(M) | ®(zo)™ [1] ¢ HF(M) = ®,(uo, -, taa 1 )]

(] CPPUE P |

for any denoting 7 : {ua, ., ., ta.—1} ~—+ M. Furthermore, ®, can be found effectively

@ and &,

o6

(It 10 not difficult to verify the operation T is Y-definable).

Lemmin 6 Jhere exsts reeursive function (G RQFor!, « i Mw) =

RQFore. (HQFor' 1s a collection consisting of HQ-formudas unth one Jree vartable ) such
that

HE(M) = (6G{®, x)(uo, - .
Jor uny denoting 5.

v M, " L "n(“"' <1 Mp,. l])l_’l

Proor. Let ¢ be Y function mapping a number n of ®(ro) to a number of Tz, ((x, -
#o) A O(zg)22 ). Clearly, ®(xg) = Fro((x, = 1) A d(ry);2). Note that a procedure

Jza((zn = o) A Sz} ) o Frdzngy Arwy2{Un{zn, K, Loy 1y Tasa)
A A (g =100 (1) A S(xo)R

1€eCma

W recursive. Denote it ax s{m, x), where m is a number of Ara((xe = za) A O ()32
Theu s{g(®), 5) satisfies lemma’s conditions.

&)
Let nt(n) «* 2n + 1, n € N, Then define 1., as follows:

{{a.b.c)|Un{a,e"'5(b).c. (nt[(jsp(5(0) )\ {01)) L {{)sp(d(6))], 1)} ).
Note that T,, is A-predicate such that
(a,87 ') g) € T, e (0 = £9" Mg, 4.)).

Definition 2 Let f and g are finite function defined on initial segments of naturals, We
will define a concatenation operation concat( f, g} as follows:

f(n), ifngédf;
coneat(f, g)(n) = a(k), fn=4f+kkedg
undefined, otherwise,

Vning Y-recursion method it will be established the operation is Y-definable. From now
0 we use the following notations:

Af 80, 50,...,3m_1 € M, then & & {(,5)h < m};

if ¢ is a finite function with a domain 59 © N\ {0}, then vig) = {(i- 1, 0(i))|i € 64}

Theorem 1 (X-definable criterium )l HF(M) s a hereditarily finite set over
mode! M = (M a). Then A C HF(M) is definable by some 5-formula ®{xq,
With paramelers s, .,
Jor 3-formulay of signature ¢ such that

Ugy oo YUy )
y3m-y ff there exata a computable sequence A? of goedel numbers

A= {a3n3g(T(a,n,9) A Jp((¢ € AZ) A (M = olreonmtrinal))-

Morvaver, there exists an effective procedure thet allows us to pass from L-formula { the
wmpitable sequence) to some computable sequence (X-formula),

Proor.
'L' definable, A is Y-predicate, Inverse, by lemma 6 there exists a recursive function &
Wapping numbers of L-formulas with one lree general variable to numbers of Y-formulas
with free variables for urelements having specific properties. By Y-reflection principle

First we establish (<), Since predicate Try of satisfaction of X-formulas is
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{aee propoition 2.3.1[1]) from the number of ¥ formula & we can effectively obtain
number of some ¥\ formula £(®) wieh that Zxrv ((®). Thus 7' & CG(®, e '8
in recursive function It follows from construction [1){§3.4) that there exists recu
function #(® k) with domamn Dom(H) = {(® k}k € N.® 15 %, -formnla with varia
for neeelements } and with range Hange(l1) C For,. and

&= \/ H(®,k)
bt

Mooy The implication (I = 2) and the equivalence (1 ++ 3) are obvious.  First
w0 oatinblish (2 5 ). Decidability of T follows from computability of collection of all
M types of T (clowed formulas helonging W o form 7') and completeness of this the
Wy (it 1w complete and enumerably axiomatizable thes 7' is decidable). Thw iuplies
YAT 1 (palea, .- enaq)]}) in decidable completo w-categorical for any complete formula
.'Miu. L)

Lot Wlieo, £1, 22, .-, Zasy) be Yformula with parametess sy, ., 8,y from M defining
the predicate

'3 v
To complele this proof we hiave to pote that a computable sequence A2 # (m e w|Ak(m {{n,a)la € M* realizes p, (2o, ..., 744},

G (%, n),k)} satisfies theorem's conditions. My Ityl! Nardzevsky's Theorem there exists a complete formula wof o,

Loy dno ) such that M = oy(x, ..o 20—y )[7,], where g = {(s,8) < n}. By Theorem 1
Mhere exsists a proper computable sequence B, of goedel numbers of 3-formulas of . Con-
Mider w voraputable sequence O, v B\ {z|M k= "¢}, where B @ (3zp, . 3rg 01 (p A
)it et e € B,). It follows from Ryll-Nardzevaky's Theorem elements of €, are

VerEagmed

Mumbess of complete 3-formulas. This implies that

C e {pl3po((T F (pa & @) Ao € |J C1}

new

§3. ON CHARACTERIZATION OF SIMPLEST THEORIES.

Hereditarily finite sets aren't only ob jects for research of computable properties of my
but they allow sometimes to describe model-theoretical properties

Definition 3 A theory 7 is called regular, if it is decidable and model complete.

Definition 4 A theory 7' is called simplest if T is regular complete w-categorical and

2 inints of complete formulaa. Tt is obvious the set is enumerable, but enumerability of
a decidable set of complete formulas

plete formulas of T set is equivalent to decidability if TV is decidable. The latter
plies n set of all the goedel sumbers of complete formulas of 7" is decidable. A model
Mnpletencss follows from definition of Cy and Ryll-Nardzevsky's Theorem(any consistent
With 1" formula is equivalent to a finite disjunction of complete formulas of 7%).

We will show that (4 = 1). Decidability of T follows from decidability of 7", Let
j T and let {py|n € w} be a computable collection of all the types of T Define an
Hlary X-formula W(zg, z,) as follows:

The next theorem js an origival characterization of simplest theories in terms of he
tarily finite sets aver models of such theories.

Theorem 2 Let T be a complete w-categorical theory. Then the Jollownng conditiona
cquivalent;
1)T s decidable and o predicate
U - ’ v ~ o ’ ’ =

S i R o e ({9 € pe) A (@' € ComParg) A (T + (v ¢ &) A Trol', concat(z,, 3)),
o (o For, is a set of all the F-formulas of o', that are equivalent to some complete
‘nmlm« of T (it is decidable since the complete formulas of 7 set i) and &+ ({1, 5,)h <
#). Then Y-fornmla {20, 2y) defines a predicate (3) , where

W', (9(0),... g(dg — 1)) ¢ W(n,g),

8 Yppa)-definable for any model M = T and any computable collection of all the t
{paln € w) of the theory T
2) a predicate

{{n,a)|e € M* realizes a type PalTo, -0y Zaey)}
. . U
s Yypiaq-definable for some model M f= 1" and some computable collection of all '
types {pajn € w} of the theory T';

3) T 15 decidable and a predicate

Note 1 ludoed a predicate y from Theorem 2(3) defines an encoding of all the types
Walized o1 HF(M) by elements of some binary A-predicate on N (see Proposition 3.4.5(1]
il Theorem 3.4.1{1]). Moreover, using the following relation

\

{(n,m,z)[3a € M*((z = t.(a)) A (M , wh = e 14
«(a) A (M = pu(a))), where & = ¢~ 6(m)} : (nym,a) €74 Vg € (na + 1) x sp{a)“To(a, m, g}V
W Lupiaq)-definable for any computable sequence of all the types {paln € w) of theo
and any model M |- T';
{) there exist an expansion o of the mgnature o by u finite number of const
ooy y and a complete formula Yol Zo, oo oy ) such that T'(w Th(TU{pules, .. .,
s a simplest theory.

l(T{a,m, g) AVx € S0 € Peden € ComFor, (T F (o 45 "))
AM' = ¢5’7,u)]))) (where & = e"J(m),
M} 1" 18 the expansion of M) we conclude i in A-predicate,
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Lemma 7 Let M be a model of o decrdable categorical in some infinite power theo
Then the next conditions hold:

) any pure Appagy-subset v A-subset on HE(W);

b) any pure 5, -subset on HF(M) 5 X -subset on HF(0), n > 1.

Proor. If M i wsaturated, then hy Proposition 4.4.5[1] and Theorem 3.4.2{1] f
HF(M’) < HF(M) for any decidable saturated model M’ If A € HFy is dehioed
formula ®(xo, 7y, ... 14_y) with parameters sy, ..., 3e—y from M and (ny, ..., ney)
(S0y--- 5kt ), where n, & M’ 1 < &, then by Theorem 3.4.1]1]

HF(M) |= ®(x0. %), .+ X1 ) Toomenstg 4] ¢
HF(M') |= ®(x0, X1, .« Xa-1 ) [ Yeanrari,8)]s

where g = (0 a), a € HFy.
It remains to apply E-reflection principle and the following

Note 2 Any Ag-formula on HF(M') of a decidable model M’ is equivalent to some
and [T-formula on HF(#).

§4. ON ALGEBRAIC PROPERTIES OF DEGREES.

Notions of m¥- and T'S-degrees generalize corresponding notions on classical recursi
theory. It will be shown that there exist isomorphisms between upper semilattices
definable degrees on N and HF(M), where a theory of model M is simplest. First
mtmduce notions concerning a common theory of mE- and T'E-degrees on an arbit
KPU-madel A.

Definition 5 Let B,(7 € A, Let's say that B is mE-reductble to € (B <,u C), il th
exists L-predicate R € A? such that R = A and ((ay € B) @ (a; € C)) for any
‘ao,lh) e .

Note 8 Instead of predicate R from definition we will often consider B C A? such t
AR s A-predicate containing # and ((an € B) ¢ (e, € ') for any pair (ag,a,) € i

Definition 6 Let 8,0 C A, Let's say that H T'Y-redueible to (' (B <pp C). if the
exist binary Y-operators Fy, £y such that {C,A\C) € 8.F, 1 =0,1, B = R(C, A\ C
A\ B = F(C,A\C).

Definition 7 Let B, € A B is called X% -predicate (B € Y5 A)), if there exist bin
L-uperator F such that (O, A\ C) € §,F, B = F{C,A\ C).

Define the following notions: TE-(m¥-Jequivalence, T'Y-(mY-)degrees
and order < on T'E (mY Ydegrees induced with pre-order <pp (<py)-

Definition 8 Let B,C € A, let's say that /2 s mY-equivalent to ' (B =,y ('),
B<,x Cand C <.z B.

Definition 9 Let § # B C A mE.degree of B is called
b = doy(B) »* {B' C AB' =,.x B).

100

Definition 10 Let @ # B,C < A. Then dy,((') < dag{ 1) H (C <ay B).

Definition 11 Let 8,C C A H is TY-equuwalent to (B = C), if B <¢p (' and
<y 8, -

Definition 12 Let B C A, T8 -degree of f is called
b =drg(B) = (B C Al =y B}
Definition 13 Let B,C C A Then dry(C) < drg(#) 8 (C <5 B).

Proposition 1 A collection of mY.-degrees (L, (A), <) form a disiribut , -
lattice for any KPU-model A. . lidess PR R

PRoOF, It is shawn in [1)(see Proposition 2.8.1) that Ly(A) ix an upper semilattice and
dur(B) V'd"‘n((")=d-::(36)(,'). pper semilattice an
We will show L, (A) is distributive. Let @ # B, Gy, €, C A such that B oy Co® Oy

S

Then there exist a binary ¥ 4-predicate R and E-formula ®(z0,z;) defining £. Without
lots of ambiguity, we can assume that

A | VoV ((D(20,21) = 3xa((z, = {22,0)) V (zy = (z3.1)))).
Really, fix a € 4\ Cy. Then T formula

(Bxa((xs = (22, 0)) V (24 = (25, 1)) A ®(xo, 1, ))V
Fz4VEs € TO(2a)(23 # (22,0)) A (23 # {2,1)) A ®(z0,25) A () = {a,0)))
has this property.
By E-reflection principle there exists Ag-formula such that

'.UU-II) =xry 3% (20, 2;, 27) . Wo will show B, @ By =px Band B, <,.v 1 =0,1
or o L} o dy

B, & {(a,b,c)|®'(a, b, {c,1)) for some ¢ € C}},i = 0,1,
Fix ' & B, ¢, ¢ Co, ¢, & C1. Then B is mE-reducible to By ® B, via

1
F s {(a,b)| Y.. A ¥ (u, a, (e, 1)) A (b= {(u,a,¢),1)))}.

[1is alsa not difficult to verify that B, Smz O, and 8 <.y B, where § = 0,1, via

Re v {(a,b)Fude((a = (u,c,8)) A $(u, c, (b, i)V
Jd((a = {u,e,d)) A “¥'(u,c,(d,1)) A (b= ))v
Vu € TC(a)¥e € TC(a)Vd € TC(a)((a # (u,c,d)) A (b = &)},

Qi +* {(a,b)|FuIc{(a = (u,b,c)) A ¥ (u,b, (e, v
Id{(a = (u,d,c)) A ~"'(u, d, (e, 1)) A (b= b))V
Yu € TC{a)Ve € TC(aVd € TC(a)((a # (u,e,d)) A (b= W)}
n-nln'rti\!!'.ly.

Further, wo will denote Lu(HF(M)) as L (M)

101



Theorem 3 Let M be a model of a yimplest theory, Then the next condstiony hold

) the natural embedding of naturals mto HF(M) mduces an isomorphism between
sennilnttaces Lo (L) of roe. m(1' Jdegrees and L (M) (L M) of enumerable md-(T'Y
Jdeyrees of HE(M);

] the natural embedding of naturals to HF(M | induces an wsomorphiam belween
setiilathices 1) (1%) of arithmetical m-(T'-)degrees and 1) (M)
(1(M)) of definable mE-(TY-)degreea of HF(M);

! the natural embedding of naturals into HF{M) mduces an wsomorphism of L, (Lr)
of e (T-)degrees onto the deal 'Hf;'}'; F) of mY-(TX-)degrees of HF{M).

Lemma 8 Let y° be Y-drfinable onr-lo-one '<nma?ondrn¢r betweenn HF(#)
and N and let A, BE H F(M). Then the next conditions hold:

a) ((A Sap B) e (1°(1) =m (N

BI(A <5y B) & (17(A) <1 1 EN

el (A) Sy A

T and let Q be any definable subset on
9 Let M be o model of & simplest theory T and fel
‘l'lel'l’l(‘;a';. 'I’h:u Q =my Qu for some subset Qo  1Fy(C HF(M)} from the same class o,

arithmetical hierarchy as Q.

Let ®( 4v_1) be a formula with parameters [rom M such that @ I'ROOF follows immediately from the proposition 2 and the lemmas 7, 2, 9, 8. "
Proor. e To. 0, k-l

MM Consider an expansion M’ = (M, coyeeen c.k‘_l) of M. Ily' 4\ hwr;::l 2 an
Note 1, 77, i duwg - predicate It follows from definition of A-predicate that n,
) S !

Apruy-definable. Then Q <py Qo Vi n;‘,. where
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10. Itogers C. Theory of recursive function and effective computability. M., Mir, 1972,
Il Rudney V.A., On existension of inseparable pair in recursion theory on admissible
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Qo + {{n,m) € N¥in,m.x,} €1, for some x¢€Q} 4
mY-equivalence @ and Qo follows from Notes 3, |

ud let A, B C HF(M) such th
10 Let M be a model of o simplest theory af d 2 (A
T??:}:'TEIF'(M)),JB C HF{®). Then there exists Ag € HF(Q) such that Ap =z A.

Prook. Fix A € SY(HF(M)), HC HF(®). By l)cﬁni‘tion, tﬂhen: exists L—oh;;crn;or i"l:u
that A = FB,HF(M)\B). Letac A. Then thercexist b © %b‘ C HF( )l} sucC !
{lbo. tn), @) € I'% and I} is Y- peedicate. Let ®(xy, 71, 71) be u-fom'm—la 'val paramr,
S0 -+ Sy from M such that I'y = 0""“'{1".:.,.}';]. and le‘t M= |§0 ,:-:;;... o
be an expansion of M For proviog this assumplion it ie sufficient to show

ac A M) = P ') 0" € A.

Really, then A <ap Ao Via Naq, Where
Ay # {00 EN|Za € Allao, @) € 1)}

< v A follows from note | : : _
AO —\-VchiIl :bow {5) holds. Tt follows from w-hun'mgencnty of M' and Theorem 3.4.1
that there exinta & € HFE(M)\ B sich that tHFM )(b.,a) =
PO a), Then (by, b}, a) € I's and our theorem holds.

’ theory and let
ition 2 (Ideal theorem.) Let M be a model of @ simplest .
E(’H".;'g'?)l l:co: u!(a[ :ll the Th-(m¥-)degrees, contarmng subsets of I Fy(C HF(M)).
H}':’r (HF3") is an ideal of a semilattice of TE-(mE-)degrees on HF(M).

iy evi . b € HF} (r € {mE,TE}).
PRrOOF. It iy evident that aVv b € WFy for any =, , .
The second condition from definition of an ideal follows from previous lemma.

it P )| La(A)  Let's say that b is en
Definition 14 Let A be KPU-model and b € Ly .
n;;t(dcﬁnnblcl mY degree, if there exinbn Y 4-subset (a definable subset) B € b,
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OB OUPEJEJIUMOCTHA PEHIETOK PEIIETKOR
CBOUX MNOOPENETOK
A.I' Mlunye

Poccns
630092 r.Honocxbupex
np. Mapxca, 20,
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xapenpa Airobpud ¥ MATeMATRYOCKOR NOTHKR
e~mail: algebra@nstu.ru

Hamarn Ane Waanosuya Kokopuia

. B mosorpagau I'.Tperaepa [1] wr nosepon 1.4 copmymporana opo-
GaesMa: onRcaTs pemerTkn L ofaananume CIeyInnimM CooRCTOM: JUIS T
Goil pemerkn M wosopmim SkbL = SubM mnever wiomopdrin peme-
tox L w M. 3neck Subl - pemerxa noapemerox pemerkw L. Tax xax
Subl, = SubL®, rue L™ - pemerxa awoiicraennas pemerke I, To bonee ecre-
crpemmss & ofium obpasom npobiema .l peTnepa sonkna 6L chopmy-
AMPOBANA KAK: OUMCATL PemeTkst L ofNanaoume caeayonim CRORCTBOM:
ana awdoi pemetxie M wosopduss Subl = SubM maener omm wy wo-
sopdiamos L = M, awbo L= M™. Pamerkn ofaa@aonme 3TM cooicrsom
HaloseM peuemrosu onpedesuunau peremkol ceous nodpewemox, B na-
CroRueR pabere noHNKEe pemeTKs oneanid UK pRIa KARCCon KOReirx
POTITOK.

JaMETHM, 9T0 OHUCAHRE AP RCEX PEIlETON ¢ OMOPPRIAMNI PEIETKAMR
nonpemeTok Guao mana n palore [2], Bo 310 LOBOILAO THKEIOE OUMCANNE
MAIO PHIOANG K pemmenino yKinsamnok upobaemut 1.Upernepa. C apyrod
CTOPOHM PRI SOCTATCINRX YCAOBAR (PAVIOKUMOCT I N HETPUBRANLHOC TIP3 -
MOC [IPOMIBENCHNE, NPOCTOTE, HANWIME CIAORIX ZONOIHCIIA, MORYANPIOC TS
1WHOC KBATMECPAMIOKIMOCTE WIR (0IYMOLY/AXPHOCTE WK CTOTRS ATOM-
HOCTL NOC KBAIMHCPANIOARMOCTY B TJL) JUTH OTPCACTHMOCTH PeeTRR
pemerxoll chonx nonpeierok Kaines u paborax (3] 7). Hadaeunnie n aau-
ot pUBOTE JIDCTATOTUNE YCTIONAN HACTHHUO TIEPEKPRBRIOTCR € BEXOTOPIAMN
yenounaMs w3 pabor [3] -[7), MacTHio HCTARKCHMI 0T HUX.

‘—"lhrrl @mmm; npi penanconol nuwpxe Pocewiicanso gostan Py AT AT
miax mecaemanuh (rpant NOO-01-00571)

1M

B ewiry waesmnorentnocty POLETOX. OUCPATIHE 0G0 »aeMenT pe
WETKN L COpasYeT QAHOMIEMEITIY IO TP TRy (O Y MMM AT L1 X
HIEMENTON pemeTkn SubL). Taxum oGpasom, uas Hobux pewerox Low M
nsomopduiam pemerok Subl i SubM nossonser cumrars pemerkn Low :V
OOHARAUIMI OGUIMM OCHORNIIM MIOKCCTHOM € CORMATAIOLTME peineTKa
Mi cBoNX noapemierox: Subl, — SubM.

Ormernm Teneps paa nous T wi BRPAIHMLEX B TepMURAX pemerkn Subl,
W, TEM CAMWIM, CoXpansiommxcs upi saomopdusse Subl, = SubM. lobas
Hellh PECTRR L XeTos e nonpeure s kol i XBPEKTEPRCTHICCKOE CRONCTBO
tenell cpeam poex uanpeteTox pemetin Locy T, CYTPEMYM 00X auyx -
'mnncmrnux HOAPCHIETON TOHN ANCTCR MY XMTeMeS THOR NoApeme TRO)
Faicuse 06pasost n Tepmntax Subl BRIPRIMMO NOHATHE: NAHHAS mmpruwua.
veweTkn L xmigercs MakcaMainoi nennio L. Hoa wonycox a 1} cpas-
wuMnz € a € L asesenmos pererss L TonnmMary MHORCCTHO {re Ll:p<
wan @ < x}. Tox nuwnusx xonycox a L - mmoxectso {z € Lir < a} =0
sepanux a T - mpoxectso {z € Lla <z}, lpr v1om S

ati=aluat waliat= {a}.

Ouennnno, WTo Korye a T} seasercs obsemnenne
ll.fﬁ pewetxn [ conepxuutinx anesment a. Tem ca:nu:c:;'x "m
Subl. wa SubM u Y Whoymwposannas © Guexuns L ua M, to nas mobo
#e L pladt) = pla) it ' “
on zpaxuyetl Grl pewemnu L Gynes poummats eMenne -
r»fM&Jlbuux nencs pemerkn L, ve. Grl = {x ¢ M:pf;) = L}.'tl?'l:::\
HOCTH, ecim L obaanaser wynem 0 u exwimned 1, ro {0.1} C G'rl, w econ
Grl, = {0,1}, 10 na moboro a € L\GrL cymecrnyer b e L‘mcpmlnnm
¢ a (blla), Daemenru, TPRITAICAMIME FPARNTE HAOBEM UIAQMY PETIeTK N
L. B enay toro, wro nonsrie FPafBlbl ONPENCILSCTON 4CPes TOHR'THE MAKCH-
MAILROR e, ecin @ - wsoMopdmam Subl, ua SubM, 10 p(GrlL) = GrM.
: Ilax moGux anyx pemerox Ly n Ly o wx opdunaaswoll cymmott L, @ L
YIEM DOHUMATE PEINETKY, OCHONHOR MAOXCCTBO KOTOpO# cyTh lllﬂ-llll‘!:
HOe OBLEITTHERNE OCTONITIX MEOXECTR pemeror Ly w Ly, xaxcogh snesesnr
:wMun-ru Ly mennme moboro wiesments pemersn Ly w, upn arom, L, u Ly
IIIO‘II.I nanpemeTkaum pemerkn Ly Ly, Ilas mobok noapemern L pe-
0!1!;;:! =L, m'l,-, uMeeT mecto panenctio L' = L) @ Ly, rae L) = L' N L,
- .;:o, ecnm L) YT hospemeTku pesierok Li, 1o Ly & L, unisercy nonpe-
rroit pemerxn L. Taxuse obpasom, Subl(L; &4 I3) = Subliy x Subly n
oM camuam, Sub(Ly @ L) = Sub(Ly & L, ). C npyrod croponm, ecu :un’
'f"""“"’“ pemeTin L umeer mecto Subl, = My x My, o rpluu;u(uc pac-
T‘ynf.m-un (T.%. non aneserrom < O, a3 >€ My x My, rae a; - arosa » M;
.wo'\-u pontio geTipe aementa: < 0,0 > < a;, 0 >, < B0, >, < ay, ay > *r'o
qu MENT < 11,83 > COOTMICTBYET NBYXINEMCHTRON HOApeeTKe pcun;-u
W, wiannr, mobas capa anementon b, € N, rac M, = SubN; CpABIIMA
W opemerwe Lowor.a.) opusorsr Tomy, wro L 2 N, & N, ;m neKoTo-
"X pettierox Ny, N; ragnx, w10 anbo SubNy = My, SubNy = M. G0
SubNy = My, SubN, = My, Taxnm obpasom wmeer Ml.'*l.‘*ro 1 <

105



NEMMA | fln awfoi peniersn L perpesiansnon pmm'mrum- Subl. =
My % My uyeet MOCTO 101t W TOTILKO roras, korma M, = SubN, jun nexo-
TOphX peieTox Ny Ny o onpu erom 2 Ny b Ny L= N vy

Prulrll(y 1 masonem moaduncpa rroMc Mol O oMa IR?“['J((TMNNJI "
WA OPIIASTRION CYMMBL KAKIY o PeIIETOR, T4 eCmm Subl ppamo ne
AR MO

Sl moboro aneMenT 4 peiueTkn L CoRoxyniocT Manykiiax um\'n’
IH'N‘UNAHMNX ﬂuﬂ[lf‘llll"l’(* [’l'm"'l'l'“ l (‘(WP‘N“"X IMCMCHT l‘lr I'\JIIZN”
JALPANICEHON RRCPX 00 BRIOTCHIND, Noficrmtrensuo, ecam @ © Ly, G L
L, KBAAIOPALIOKHMI B BENYKITW, TO UYeTh Ly ndMeninan m-myk,l:l
HOIPELHETR POTICTRN I axmowasouar 8 ce6r Ly Ly Monyeras, to Ly
PAATOMMMA B OPARHAARHYK) CYMMY: Ly = Ly Ly w nycth n'e Ly, so TOE A
L, = (LOLB{L,NLy) w, Tes caMiinm, LLs =W annt = 1,2, 910 n;xvrumLJ
peant mibopy [ %aK GasMedLmed ALY X0 TOUPeeTRH nxmonaouen Ly
w Ly TToRAsannan RATPARIEHHOCTH RIEHET CYUIECTROBSIAC nanbosnmet BL-
Ty R0 K BATHREPAVIOKHMOT TOAPeINeTRH PeTIETRN 1, conepRaeR HaCMeNn T
a juis moboro a € L ee eHCTBEHNOCT b, OBosHATHM YTy TOAPEIICTRY Kak
L W HASORCH €€ KOGIUNCPIIMOWUNNM CATLACMIN pemerki L. Hpw orom
g axboro b £ L, #weet Mecto Ly = L,. Tax xe 6e3 TpyUs JaMedacTos,
yro uan ab € L, ecom Ly # Ly, t0 2 W b cpasnumil B L W npa 2TOM a4
s ¢ € Ly, d € Ly cpasnenne o < b uamesT MECTO TOTIA K TONILKO TOTAS,
Korna ¢ < d.

Jlna mobiax pewerok Lis € 1) n 0boro THEEAND YIOPANOICHHOTO MFO-
sectna |, aHANOTHYNO OPARHATLHON CYMME JIBYX PEuIeToK, onpencinMa op-
ameaenas cymMa @00 L. Taxny obpalom, ecian A={opel} CL-
COROKYTIBUCTE (IPCIICTaniTesnen wY pasouenns | Lgla € L} pemerin L, To
L = Gacale SRIRETCH PRISOKCHRENM PCUHICTEHR L 8 OpAMNATIEHYIO CYMMY
KARIMHEPAMIOAWMEIX PeIUETOR L.a € A) n nanobuoe upencranienne pe
meven L emsicrsenno, bes Tpyna, ananorwino LOKAIATCALCTRY deMMb |
JOKBILIBACTCR CIIe/Lyotes ec ololuenie.

JIEMMA 2, Fen L = Bier Ly npenctanaenne peineTin 1 opastiaLnoR
CyMMOl KBATMBEPALIVAWMLLY PeeTOK Li, 1o SubL = 1l SublL; » OGPG'T-
o, mobne apencTanense Subl, = ;e p M BaedeT DPEIcTRBIMOC TS PETeTin
L = @erls, tae M; = Subli;, nas awboro AAReRIore YIopUOSCHROIO MAO-
wecrsa [,

Tem camiam, T.XK. 8 cayvae BeexoneanocTi [, CYURCTBYIOT PRI
HEHBOMOPDULIE ON PEACIENINC WA | mwueitiue NOPAIKM, ECAN peUlemNG L
onpedeauna peuemxoi SubL, mo [, ParAoacuMa 6 KONENNYO CYRMY KOOIH:
WEPOIAOMOUMILE PEUICTIONR. [ipts oM, KOGTUNEPAIAOHKCUMME CABRALMNE PO
wwemcn L doaxewns Gumn nonapxo wsomopdn dpye dpyey u, 8 cayuae, m:zdo
I, caxa We SoACMICE KOGIUNCPAIA0WUMOT, casodsocmornne (Li 2 L]).

Ilag pemerox Ly ¢ et | 0 Ly ¢ uynem 0 nost wx opdunaasnol
exaeilwoit Ly W Ly Gynes DOHMATL peTierxy NOCTPOCHITYIO u'mnoru';nm pe-
werke Ly @ Ly 1py otoxmecTrnenr 0 u 1. Basernm, 1o Grily & Ly) =
CrLy UGrLy. Pemerky L nasonen NEPATZOMUNOT, CCN ORA KRRIMIERAVIO
ANMA WO DU FARMMA N R 0‘)’[“"“10"0“ CRIACHRN HeOANOAEMEH THRX
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pemeror Tannst obpasost, B HacTiocrn, Konesnan pewremxa [ wepaiaom-
ma movdt w mogexo mopda, xoeda |L| > 2 u |(ir ]| =2
NyeT renepe [ xomwstiae xeamiepaiiosiman pemerxa, (el =
(0.0 @y, ag) wonpw stom ay < ap < - < ay Hyers Ly = 0,0}, L =
la, aipi] npn | < i <n, Ly = luy, 1) Toraa L= Ly @ Ly @ - @ L,
0ok, Loxsaomnepasiosmman, to vpannta LoHe conepAnT nap wieMmen ron
noxkpuasaionmyx Apyr apyra 8 L, tie. e 0 <0 < n L) > 2, annes =
Om |4y (UL = | Bee yxasanue ocobengocts crpoenus petetkn [
BRIPASIMEL M 9LINE POIDeTEN Subl. W, TEM CAMEIM, HMOCT MCCTO G100y aomes
VIBEADRIPINE,
JIEMMA 3. Ecaw [ xonewnas pemerka, L= Lo® L@ @ Lo, L] >
2 jGrLil = 2 n nax vexoropoli pemeTkn L' wmeer mecto wxoMopdaM
Subl. = Subl', vo cyiwernywn nonpemersn L. pemerxu I takue, wro
L= Ly Ly - @ L) wSubl, > Subl, anx 0 < i < n.
Jloxmsarenncrso. B cniy saseucuyoro puiine waiiayTes nonpemer s L,
pemersn L rarse, a0 Ly ULy U - UL L', |GrL]] = 2 nas prex
0 <1 <n, l.: n I.', # 0 Torna w roankn Torna, xorza ;= 1 -+ 1, upn
wrom aaeventid a € L, b e l.; {pn & # 7) ncerna cpanmona, LN L, =
GrlinGrlly, w|linL,,! = 1 nua 0 < i < n. Bee >tu cooitersa L
W AnexyT npencrannesue L' o wane Ly B L) @ --- & L, Tak 410 npu oM
Subl, = SubL’ upse 0 < i< n. Jlesma porasana.
Wy yraepauesns STof Jearsid BLITERAET CeNyIonee YTBEpKaeIHe.
ITEMMA 4. Ecnn xsawHepasioanMmas KoueuHas pemerka L anisescy
OPAMIUILAOR CRASTKOR HOPRVIOKMMIAX PEIIETOX ONPCALTITMIY PETIeTKAMN
CHOMX TOApeneToR, To cama L onpesesnsia peinerkoir Subl.
Hegcranrennno, nycre L = Lo & L&' @' L, L, nepasioxmad n
olpepsMi peiteTkamin Subl,. Pacemorpum cayual koraa n > 0 8 nycth
win Hesotopoll pemerin L smeer secto momopdias Subl’ = Subl. B
CUIY UPELMEr TRYIOUIeR AeMME HaIy TCH HEPAVIOKUMESE pemeTky L, Takue,
wro L= Ly @ L, & - @ L, n Subl, = Subl,. B cany oupesennsmocti
pewertok L, pemerkamin Subl,, o moboro 0 < 1 < 1 useetr mecro ambo
L2 L, anbo L7 = L) Tax kak npn 570M HY/IEBLE JICMEHTE PEILIETOK
[ ow Ly contasamt u smisiores TeM eAMIcTseRusiM wemertom ny Grilg,
KOTOpPHi HE BXOART W Luﬂ‘l;‘}o L,, 10 uysenuwe siementu pemerox Ly w L

TAK e IMKHE COBNATATE, T.¢. Lo = Lj 1, ST, npn yToM wsoMopdinme
canumn peruetks Ly tepexonnt w ey pemerxn Ly Hponookas vra
paccyxnenns voayuses, wto L, = L; nax moboro 0 <1 < n ow, Tesm camum,
L= L Jlemma poxasan.

JTobag xonesuas peieTsa £ 1pescTanima B siie XoheuHoil op i azbuodf
CYMMBL KERNTHEPALIOAMMMY PEIICTOK, KAKIAN WY KOTOPLIX [Peic TangMi,
N EBON OHEPEdL, B DIAC OPIMHAILION CRACRKN BEPAVIOMUMMEX PEneToK,
HASOBOM DOCHENITIE OPIUNGALNBMY COCTRasADOU UMY peinerikn L.

Hasones Hepaanoyin peine Ty moscmodl, ecam 11718 NofIx ee pavimn-
iax aesmeson a, b ormeonax ot 0w L kowyea (a J1) w (b 1)) necpanimmn
o skmodenino. K npusepy, moGan Gy ena petnersa snawe re e Toac ol i
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ot peterin My(n > 2) - roacran T4 B ocsnan ¢ armm samerim (e,
n npusepy [B]), uro mobas Gydesn webpa 8 dopmyanso onpeacinma i
peierke Subll cnorx nonsireGp, Y Kamenm eiile ARy XApak TepIIaALinK Ton
CTHX PeaeTox

JIEMMA 5, Hepawiomwmax petiet ks [ auiercn toicmoil ToCIs 8 1oib-
KO Torza, Koras aax awbux ab ¢ L\ {0, 1) taxux, 710 @ < b cymecrayer
e,d € L co cnolternami c < b, c|lana<d, b d

Noxmsarenscrno, llycin L roncras pewerxa w a b € L\{0,1}, a < b,
Kouyca (a 11), (& 1)) vecpasiusin 1o saomennio s, Wiauny, Cyiectnyer
d € (a tL)\b 1) Tornad € (a L)\(b 1)), T.e. a < dud| b Ananorwuoio
IAMOYARTCH CYLIPCTBOBARAC € TAXOMO, uTo c < buc || a.

[lycrs Teneph peimerxa [ obaanaes yRKasamiumy b $opMyINponKe Jes-
Mt cpoiicrrami, Hoxamens, wro L - voncran. lycrwa,be L\{0, 1} na < b,
aycTi ¢,d Taxonu, vTo ¢ < b, ¢ || @, a < d, b|| d Torna c€ (bL1)\(a it
) d € (a JT)\b L1), re. xomyca (o L1), (b L1) mecpasummis u 8 rom
cayqae, Jdenmsma noxazana.

JTEMMA 6, Jhobis xoneunas ToacTas RepavioaiMat PemeTka onpene-
JHMA PeLIe TKOR CBONX IOOpeme 1ok,

Hokesarcavcrno,  lyere L xomewnas roacras BepasioxnMas peuet-
k&, B cuy mepawomumocti L, Grl = {0,1}. Buuue yxe orsmesanocs
aro rpanwia [ onpegensercy n repmuuax pewerkn Subl. Duxcupyem
onwr w3 anesenton Grl.  llyerw aro Gyser 0 (8 caysae dmrcamnn 1w
Oynest wMetn Ao ¢ pemerxolt nsokcraennolt k L), Jaserum, wto na-
pa < Subl,0 > ommosmauno oupeneiser popaaox < ua L. [eficranrens-
wo, nyerk o € L\{0,1}. Toras, v.x. L 1oacras w sepayviosumax, 10
Gri(a I1) = {0,1,e}, Gr(a 1) = {a,1}, Gr(a }) = {0.a}. llas mwoboro
MeMeRTE b € L MMeeT Mec1o chefy ouas Lenouxa K SMBATeH THOCTER (1.K.
MOGAR KONCURAN PELIETRA UMEET HOTYCTYN Fpasuy ):
b<aerbe (al) e cymecrnywr Oy, Ly € Subl raxue, wro
(d lT) —= (v‘| UC:. (’[ n Cz = {C). lGTC|| = IGrC,l =2
u s Hexotoporo 1€ (1,2} wmerrr mecto sxmotenus 0 € C;, b€ O (ecan
Cin(al)#0nC.n(at) #8 ro|GrCy] <3).

Tem caruam peerss [ onpenennsa penerkon Subl. Jlemma mokasana.

Mpowssonuiyw pewerxy L nwasosem moacmod, KOraa TOACTHME WRIN-
WOTCR BOE o OPIMHATLILE cocTantsontte. B cuny yraepsnennit nesonos 4,
AOMMEE B W IEMEUCHNONO BCe) 38 AeMMOft 2 BMOCT MECTO CACY UIee Y TBOP-
AWIHNC.

TEOPEMA 1. Koweunas toncras pewerxa [ otipesesinma pewerkoi
CHOMX DOIPEMETOX TOIIA B TOALKO TOI/LE, KOTUN BOE 08 OPAMMMILILIE CHALS-
CMBE HOBAPHO MIOMOPPEEL JAPYT JAPYTY W CAMOUNGICTBEMIE B CIIYNME, KOT AR
HX MICHO HPeBLIUAET CIMINILY, T.e. KOran L e snagercn KBasniepasionn-
MOM.

Hisoses Tenepi #epaviosisyio peiieTsy Keaaumoscmotl, eciim ik 1o
Grax ce snementon a, b umect secro an6o (a L) = (b 1), anbo (a 41) || (5 )1
)

Ha upoitponsmoi pewcike L sbegem oTaomense jxsnuCHTHOOTH ~:
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R

a ~ b rorna w Toakka Torma, koraa (a 1) = (b 1), Ouemwmo, wro ecay
a b, o un b epasimsia w L
JIEMMA 7. Jlag moBo@ pemerxn Locean ay ~ ag, a, <b<ayude
L\(ay |1), 10 bAd € (a, 1), OVd € (ay 1) u, 1em camuist, bAd = a,Ad, byd =
iy A4 l{. :
Hm@~mmm. Hokames imuts epsoe niovenme, Tax xak bAd < ay,
o bAdE [a;}1) = {ay 11). Ecom npn »tom bA d & (ay 1), TobAL > ;. ",
Tesm camnim, d € (a; (1) n HPOTHROpeaMs © siGopom d. Jlesma Mm—wa
flesma B. Ilna moboh pemerxn L, echn ay ~ ay, b -
, e ~ Gy, ~byay < by < ag,
by < byub; £ 6y, 10 ay ~ by, ' P
Hoxasaremerso. Tax xax () It) = (a3 I1)
‘ = (4 way < b < ay o (b |t
) € (ar §1). Tax xax (b, =0 {1 m by <ay< b, (necparsumnivn by u
a7 BHITHL e MOIY'T, TAK KakK Torma NECPARTNMMEL D BEIONEHIN0 W KORY Cil
(B2 41), (a3 I1)), 70 (ay §1) = (a2 1) < (& A1) = (b1 41). Tem cammm
(ay 41) = (& I1), Toe. @y ~ by. Mesmma noxasaus. '
JIEMMA 9. Ecnu sepasiommas pemersa I xsaswroscran, 10 kanccw
IKRHBANCHTHOCTH N0 ~ RLINYKTIL.
Neficranrentno nyeru ay < b < ay u (a ¢
: 1 41) = (a2 I1). Torma (b |
)'L‘)Z( (da”l)), ((b TiT.C). (laa 1) u, suaunt (b §1) € (az U (ay 1) (ay 1
a, = (ay }1). Tak xax L KBAMNTONCTAL, TO HMEET MOCTO Das
(b 41) = (a) I1) n scrsen mmkasasa il
ECJ‘[! L xonevas knasuroncras AEPANIOANMAT PEmeTXa, TO B CHAY yTHED-
ASICHIE TPEX TOCICAUNX MM KIACCN IKSHBAMCRTHOCTH NIp ~ NPEACTAR S
0T cobOll XoBeqNIe BLIBY KLie nenm, a mobas cHCTeMA NpeacTABNTENER 1y
ITHX Knaccos obpasyeT ToncTyio nanpeser xy L' pemersu L u see nomobe
noapemeTxy pemersn L HOMOPPRN 1pyr apyry. B ewny gesad 6 HOPSNOK
Ith ToacTol nanpemerke L' oupeneaum pemerxoit Subl. (c rowmoctnio so
smclicrremmono). ‘Tear camum, cpofcrag pemerxu L (onpencasomme nops-
nox aa L): wa L cymeernyer PasBHeHRE Ha DOIPEmeTKN FRNMOIIACY KOHEY-
LM nensaMu, aubop Mmoot cucremid npeacTasTenci 3 0TOTO pasbuenus
tzﬁpmyer BOAPEETKY pemerxkn L, 31a nonpetiersa Toactay 1 ONPeacTTNM Wi
2TOR noapemeT Ko NOPANIOR. AMIKETCR HOPSAKOM Mes Ty nenam, ofpasyx-
tmmn pasbrenne L (ne sanucur or BROGOPA KOMKPETILX NpencTankTeteh o
ITHX IEAKX) - ITH CBORCTBA COXPAHRIOTCE npu wsomopdmame Subl, & SubAf
l'ene camuam, wnees secro CHCHY KU YT % e e, -
JIEMMA 10. JhoBas xsasmroncras KOWeU Ay
)
ONPEARMS perieTKoll enoux HOAPEIeTOR . TSR
Hpomasonsuyio PEIIETKY HAYOREM KAGIUMOLcmol TOrNA N TOINKO TOrsN,
ROVIA KBSINTONCTRME XBIROTCH fe OPITRIAILH LI COCTARINIUME.
Yroepanenne nemmu 10  savevennoe B e
» J1 YA A : -
witwe ofobiuenne Teopens |, AR ¥
' TEOPEMA 2, Koneusnas KRassTOoncTaN pemerxa L onpeneanua petueT-
uoicmux IOAPEUIETOR TOFM B TONLKD TONA, XOIUs e pe OPAMAAALRLIE
(HIFACMWE NOTAPHO. KIOMOpDNIL 1pyT APYTY N CAMONBORCTACNNL, B cayae

CCAN NX e nmlu enn Iy, -
.8, Korna ‘ He ReTC BAAN e
o ; (] aeT HM y T.e L An N K pas
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() CKEJIETAX MHOTOOBPA3URA PEINIETOK
AL Hauye, 801 Mopasanos

Poccms
630092 Hosocubmpex, HITY
Kadenpa anrebpu x maTemarwtecxod norwxm
o-mairl: algebra®nstu.ru

Wimmatasa myniemns Tanos osopdioma AITeOPAKIECKMX CHUTEM © PAINIIMK
PITCCTBCHHNMN OTHOMCHBAMIL M OHCPAILMAMME HA JTAX THNAX ROCXOIHT K A. Tapcromy,
I3 paborax neproro astopa Guan sseneing NORATHS CREACTON SNMMOPDIGCTH 3T BIOK M-
T PAVIRIHEX KIACCOR YUNBCPCATLINX a1re6p it DOTYNeN P PeIyRTATOR 0 CTPOCHMN
YTRX CHRNCTOR VIR KOHTPYIMU-OICTPROY THNTIIX X, B OCOOCHROCT ], JHHCK PAMMBEATOPHLIX
MuorooGpami. O63op oclosuwx petyanTaTos ou., K upumepy, (1], [2]. B wacrmocta, n
paborax nepsoro [3], [4] u wroporo |5] untopon omicanss HHCK PUMBHATOPIEIE MIIOIO06pa
WA, CUCTHRIE CRENETH KOTOPMX NBIARIOTCR MO PelieTs A (nanommmm, w10 8 pabore
[3] noxasane, wro nosnme cxenerTn MOBLIX HOTPHRMATLHLIX KORTPYOUI-TCT puby 1B
MHOTCOBPRIKR Ty perueTkams Be ancmoTcs). B paGorax {6) - [8] nonyuenss sactuize
PEAYALTATH CBASAHHRE ¢ NPOBNeMOi DOXPI IS B CXETCTAX MMOPPHOCTH KORTPYIFT-
AT prby THRILIX MBOrooBpatnil. B nacrosmei pabore upobaeMa HOXPIITHE 1 pobienma,
ROFTIA CHETRII CKONET MHOTOOSPAINg RBARCTCR HOMYPEIETROR, PACCMOT PEHL 4 TaKOTO
KAACCHYECROTO IPUMEPA KOHIPYSAI1- I#eT POy THBEIIX MEDroobpasRi Kax MHOTOGOpaINe
PeineToK.

Hanosmam meoGxommuie onpenaenng. [Uis moboro Kiascca R ynuscpeassmmax -
1ehp, wepes ¥R obosHanmm copoky MIGCTL TROOS momopduoasi R-anrebp, a vepe Ry, —
CONOKYITHOCTS Reex He Bonee sem cuerinx R-ance6p, Ha IR miesen WA OTHOUHAN Kha
Wiopika: a € b (a < b) roras a roaukoe torms, Koraa aareGpa © TanoM KoMopguiMa
§ EIHHCTCR SNHMOpdELNM obpason (moMmopdiso Aok Ma B) arebpid € TimoM HOMOpay-
Ma b Keaswynopsaowennwis Kince (IR: <) (IR, <)) masoses cxenerom NMMOpIocTH
(mroasmiocTa) knacea R, Tepexon o1 IR & TRy, DPHBOTHT X NOHETHAM CHETTIX CxeTe-
ron. Tlyern =¢ (=<) — ecrecrnennas IKBHBATCHTUOCTL DOPORIEHTTAY KBAINHOPSIKOM
« (<). Byaes ronopuri, 410 cxener (IR ) ((IN; <)) wmanercs MOy peiierxoi, ecin
finonofl swisercs gaxtop (AR/ Zai€) ((IR/ =<;<)). Dnement b € IR SWIACTCR
Woxplaines anementa a € IR » ckenere (IR, <), ccma < b, b # a s moboro
e ‘Jﬂmanncma(c(hmwxyrwumm IEPERENCT € <€ o WK b < e,

Mocxamxy werpasuanige MUOTOOBDIIIN PEILIETOR e KBANKOTCH AHCKPUMPIA TOD HId-
MM, TO IPABEACHIBIC BTG PABO T, B KOTOPLIX OIKCANI JHCKPIMHHATOPHNE MBOTOOGPS-
VW € NOSY PEINCTOTHIAMME CROTIETAME, OCT AR OTKPNITLM BOUPOC 0 MBOIOOBRAIHNX pe
WIETOK, CHETHLE CXeNCTH XOTOPLX Cy T nonypemeTkn. OrseT ia HETO JUAN B chey o el
Tropene 1w coencrann 2.

TEOPEMA 1. Jlax awboro HETPRANAILIONO Muoroobpasas pemerox M caersi
IR mToRIMOCTH Muoroolipaans M ne antiercs TTY petie TR Of,

Hokasareancrno. B pabiore [3] Grano smoneno nonsrue Aupht 8 xsasunopuke (K <)
Wevnepxa anemenron a,,a, by, b, € K obparyer n (K, <) mapy, ccan a; < by, b £

“UWeTa nuposmena ppm u-m'mm;me Poconiexoro gomas grynassenvaasisa WOCARONG-
Weh (e npoex1a W-01.00671)




ay, ay S by, by Lag, ay <by, by £ ay, ay < by, by  aq, napus ay,ay » by, by cocrosT uy
HECPAREWMMX JCMOH TON, B 1E CYNICTBYCT eMenta ¢ € K taxoro, w10 a S oay S
€ ¢ < by, ¢ < by, Ouemuno, wro econ » (K<) eymecrnyer muapa, 1o (K. <) we
soxet Gy noaypemersoi.  Takum obpaoM MM Aok ASRTEILCTEA TOIG, MTO CKener
{3 My, <) ne snercs noaypemersoft, ADCTATONNG yrasarn hoem apy. Boaee 1oro,
To W KRKADE HeTDHRRAILNOS MROTOOBpaIne POlleTok AKMO%acT 8 ceby MUOTOCODRINE
JMCTPROY THIINIX PEIETOK, TO ADCTATOMHO YKASATL JIPY B creneTe (Dygi <), vne D —
sMuoroofipane TCTPROY TRAIMX PeneTok,

[lycrn Fy — petnerxa oex Xopeqanux noAMHOXCCTS MuOKECT Ba w, a By — prmer-
Kil BCCX KOHOWHBIX N KO-KONETUMX HOAMBOKCCTS Muoxectsa w, [lyers By — peleTka,
noayNeniad W Fy noMernenses nonm xamIns oo ATOMOM @ X F, pemerxn Fy
Tax, wro ans o # b aromos Fy F, 0 F, = (8). lycr B' asasornaias :
rosyuaeTc us pemersn By, 1. e nos xamakis aTomom a pemetin By nometiae 3k
maxp Fy pemerxi Fo rax, avo nax a # b — atomon By F, 0 F, = {B). Pemerxy B?
noayHacs w1 pemeTin Fiy noMetueumnes noi KakikM ee STOMOM axsemmuapa B, pe-
werku By, ovomnecrnins mnGoasumit anesmeRt pemerxn H, ¢ aTomom 4, # Tak, 4o
anx a £ b — atosmon Fy B, n B, = {B). Baomenns, coormercrayonue mepanescrns
B, < B', B < B?, B, < B By < B oiesummna. Tak xax a pewerke By cymecrayer
Lellh WIEMCHTOR HOPSAKOBROLO TR w*, & B [¥; nonobruwx nenei HET, HO, B CBOIO 09ePe
8 By cymecThyer qens POpRIKOROTD THIE W §w, B TO BpeMs Kak B pemerie 5, :
ucnelt uer, 1o pewersu By n By npyr » npyra e mhomumdn. MNanobuim xe obpaso
JAMEUBCTCH HEBIOKMMOCTS JPYT 8 Apyra i pemerox B' u B, (Hano paccmorpers nemy
NOPAIKOBKX THIOB w + w* B w* + w.)

Hycrs Teneps B — nexoropas pemerxa miosxumas pewerkn B' n B? u » xoropyro,
B CBOIO O9EPC/lh BAOKHMM petetkn By n By, llyers ¢ — IT0 BIOKeERe petlersn B; B
B, a ¥i — wiomenne B » B'. Paccuntpusas mioxenus ¥;é; n ¥udy pemetox By m B
n pemerky B?, 6ex Tpyna samenasTck cymecTropanme uoappemersi B pewerxu y,( B)
TaxoR, wro B'= By w ane mobrx a € By wbe B, Vagn(a) A thagy(b) = @. Tewm cam
WA BIOXKCHAR (y M ¢y MOKHO NOHONINTETRIG UPennonoXNTh, 110 As mobux a € H,
b€ By $i(a)Ada(b) = 0. Tlycrn 1y, — nawbosmanmin MieMenT pemerss By (» 9acTroc
[OXL HAM €CTL leus nopaikosoro Tana W), B aumy yxasammoro suime npeanosoxenns
O BIOXCHHAX ) n ¢y B pemerke B cyuwcrsyer dement (#1(1p,)) pon koTopum ecrs
tem. THIA W* u Takoi, wro 8 B cymecrayer cuerwad uabop neae L, (i € w) HOPRAKD
BOFO THUA W TAXUX, NTO Uk M06MX | # ] € w, m0bux a; € Li, b € Ly a;Ab; =@
aiAdi(ly) = 0. B cury saoxmmoctn B » pewerxy B', nonobue saesent Yi(di(lm,)
n uenn ¢y (L) (i € w) nonmnw Gl 6l cynecTposaTs 1 b pemetxe ', Yro, xax nerxe
yoermTucs, nesoamonno. Tem camuaM, cyiecrsopame pewerks £ ¢ yxasamuasme sy
COORCTHAMMN BCACT X UPOTHBOPETIN, T. €. weTmepka pemerox B, B, B', B? neicrom
TENLRO 0OPAIYET MMpY B CUETHOM CKeeTe MHOTOOOpaImy AucTprOy THERLX
Teopema noxasana.

Hanosumwm, aro anrebpa A mannsaeres peTpax THnHOf, eci Jy1a J106oto duRmopd
Ma ¢ aarelipit A ua anrebpy B cytmerayer sioxenne ¥ asrefipis B » aarefpy A raxos,
wro orobipaxenie ¢y roxaecisemio na B, g = idg.

JIEMMA 1. JhoGax pemerxa, miosnsmas b PETPAXTURIY™ Gyaeny anrcOpy amisercs
PETPAKTMRANOHN,

Hoxasatenncrno. Orommcrsum pemerxy £, ¢ noipeweTol exoTopolt perpakT
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non Gynemoft anvebpu B, llyers ¢ - wekoropiait AMopgIoM pemerkn L owa penerky
Fyo Tonoxam Jy = {a A -blb < a, a,b € £ u a) = olb)} € B Nyern J Haead|
fiyicsolt anrebpiy B, nopoxzeninuit Muoxecrnom Jy. Sanerum, 1o um moGix abe L
paneHeTRo afJ = blJ wmeer MECTO TOFAA W TONMKD TOTIGL, XOIita Pla) = @{b). [ocra-
founo pacemotperh caywal, korna b < a. llyern afJ = bfJ, Torna HBRAAYTCR 1 € W W
(AP €1, €], ..y Cay 6 € L Taxuwe, wro d < ¢, ¢(c) = ) ma\b < Vi (c\el) Hotorma
o= (aAVL ) Vhn, rem cavman, da) = HlaAv] c)Vh) = (éla) AV, d{c)) Vb)) =
(Ma) AV SNV (b) = dla A V), &) vélb). HoaAVE,c = bA Vi i€ B, TeM caMpiM,
dla) = &b A VI cl) V é(b) = (4(b) A VIL,bex)) V $(b) == B{(BA VE 63} V b) = g(b).

To ecrw, neicrawrensno, a/J = bfJ rorna w ronuxo Tor/m, xorma $la) = ¢b). B

fIY YTOTO CYINECTRYET roMoMopdusm @ Bynenol amebpn B ua Gynesy anrebpy 8, 2

o By = BJJ, npononkmoumit oyobpaxeane ¢, B cuay Ae perpaxtusiocta Gynesoi

wirefipu B sainercs wiokerue o7, Gyaesoi wireGp 3y n Gynesy anrebpy B raxoe, yto
oy = 1dg,. Tlo noxaramsomy Bame MomuO CUNTATL, WTO ¥ = ¥y, Gyner Raomenmen
pewersn Ly n pemerxy L n, Tem casaam, g = dy, . Jlemma noxasana.

CIIENCTBHE 1. Jlobas we Gonee gem cuernas NHCTPROY THREAR pemeTka peTpax-
THARR,

VIBepmaenwe CICOCTRHE € NOMOMILIO ICMME JeIKO BUBUTHTCS M3 CHCAYIONIEX ak-
TOB HODAR CHETHAT ARCTPAGY THERAS POINeT K8 BIOKHMA B cHeTnyo Gynesy anrebpy, noe
CHeTHLe BYyAeRIE AMrebpa WITEPRATLEL, & NOCACARNE, Kak X0powo it3eecTHO (9], peTpax-
TUNHEL

CHENCTBHUE 2. Ceernit cxener SUEMOPPHOCTE MOBOID HETPRBRATLEOIO MHOIO-
ODPAINE PEMIETOE He SRITETCH nonypeieTxoi.

Neficranreauso, n noxasaTensnerse Teopemii | nocTpocuia aeriape nncTpuby rinne
PrIIETRE, 06PAIYNIIDIE IUPY B CYETHOM CKOIOTE BIOKRMOCT MOBON0 HETPRBMAILHOID
Mioroobpang pemerox. B cnay yrsepanenne creactans | srm pemerkn Gyny T obpaso-
NBATE JINPY B CHOTHOM CKeaeTe HMUMOPSHOCTH 1oboro HETPHBHAILIOND MUONCOGpaYHY
PELLETOK, &, IHAURT, ITOT CKENET HE MOXET GbiTEH DOMYPEIETXON,

Samernm, 970 yrsepaaenne crencrais | aax UPOHIBONLILIX, NAKEe XOUCTHRIX pere-
Tox mepepuo. Jlefcramrenino, pacomorpis cnenywouyn pemerxy L.

Otrobpamennc ¢ Takoo, uro 1) = dle) = Hd) = ¢f) = 1, Ha) = a, §(b) =
b, Hc) = e, H0) = 0 xmasercy amnvopdutaor L sa My, B 1o e spems, xax nerxo
mineth, L se conepaur nanpeterox, momopdiux pemerke My,

[Ipunenen Taxxe KOUTPOPEMED Ba CHCNCTERE | LR HeCReTIX IMCTPROY THBRILX pe-
werok. Hanossa, wio cemeftcrno § C F(w)) nonmBoxecTn Muoxectsa w RaNNaeTCR
DOTTH YBIONKTRMM, ecan e mobx A, H € S uameer Mecto IA] = Ro u |41 B| < R,
Nupanio wasec1ao [9] cymecrsomame xon MEYAILHIX TOTTH ARYIONKTHMX coMeficrn 5
asonects w. [lyern B — Gynena nosanveGpa bynenol anvebpia Plw) neex sonaono-

113



et 5 5 BOOMM KORETILIME HO/M BOKEC TBAMY
s M“l"‘“l""".h:- nosrl::x::::“mﬁ:‘:m‘?u W) — KaMOUNTECKNR mopdmam B
g l“"l’t ‘::.H;?' nwunpq;ua Hysonol airehpe poex KORenax # xunum-.m«‘ux ‘:- &
:t:wlz‘t’:u ::u:unyulwnm wnomec T, 1o B F we snosuma s B (ke Kok pelicTRE
Test CaMMM, IMCTPREYTROUAL peicTra [ ne petpalluua: T
Hepehnes Tenepb K NpofueMe CYHICCTBOBAIRT noupu.r s R
wit pemetox, B pabore (8] ormeueno, 110 mtm penm- m n
e AMOPQIIOCT ) MHOLOODPAZIN BCCX PELIETOR. Touno Tax Ke & : v\
"pmc“mm" L eneTe ;.muu()pq:mrn MHOTOOOPAINE MOAYIRPHLIX PeNeioK HMeCT 1ok "
. l; ; I:&;‘ rae Mx NPOCTAN MOAYANPHAS PCIICTKS, COCTOXILAS KA u;‘-ﬁouun‘
oI une‘ . m:.-wma 3 N aroson, & N KRpARNAT, CAeY IO sa‘ LI u::nb ;
i;""t::lwn- 'lll'“:pe(‘ UPENCTARAZET BOLPOE O TOKPHTHAX PEmiCToN B HpONy !
mcc;m{pa.)ulx. omrpunu'mgy »TH pem::::;
ety [ Gyaem Has 3
wnli.(:zxsmu‘;xxﬁpupe MPOACCTBA BCEX ACHYICBRX JIEMEHTOR TPR
¢ HyJeM.
Pﬂl:“"’“’ lL 8: lt.’:‘(li‘;:z OBOIUATATE NEKCHKOLPADRHIECKY IO cysmy mobLIx AByX ::n ‘ ‘
::teﬂ:sux spoxects Ly 1 Ly. CoorsercTpenno, ecin K — m:.fmm pe his:
7 (0 4+ K ofGorymausercn prineTka, oayHenial npoGasnesuem X nmumsK -
¢ \!cp‘:-'; ¢ 0, nobag peaerxa [ C Wyzem IPEACTARKMA B BIGC 0, + K, rne
(;:‘-::m uﬂ::.nm; anesertos pewersn [, a 0 — Wy/T. pcmt;,‘"l L. o M‘pe.
s TEOPEMA 2. Jlas mi060ro geTPREHANRHOID smuoroobpains M, nax i -
: et B ckenere HnwsmopdaocTi M CyuIecTRyeT HOXpHTR penieT :
aro L wseer uyns Oy Baunase 8 L emsunind
f = . Hycrs a —— Haned
- FRACTCE BORCTRERHIM 00pRIOM. Wrax, L 5 0,,{-}\.;,—
r“:::u raxot, wro L° = 0, +a" + Ki £ L. Inech o noLp:mua, zu;oi)
mmumy a. Noxaxem, wro L* ARIseTCH HOKPRITHEM pcmch.u‘ » umwe. v
nocTi Muoroopasus M. Tipcase Beero JaMcTiM, 910 T.Ln.ue o m“.-mmw ”
merxn L x 2@ rpe 2 psyxonemenTHas pemieTka, To cHammercre ()
l'” Taxws 0bpazoM, OCTACTCN HOKAIATS, HTO JUIN Jwobod pemenL. N i
*:f;l;‘w‘; L* mwbo Ly < L, mbo L* & Ly. Nlyetn o sommopdune L* na Ly,
! y cayqan: a=1,2)a> 1.
& !;.). *’;:lm':“:;’;qulﬁbf 0:: + 0y 3— Ky, EBenn (01.) = qﬁ(OL)‘. O or’pmwe!( me :
noapeneTki L peaeysn L* ymaseTos anumopdunvom I,l wa Ly, 1 ”:.m,."lmw; .
obpasom, fydeMm CUNTATL, 410 w(0ps) # d~('0,,). D,;u .,;::erwm ,mcrw .
Ly = Op, + Ky, n 9(L) = Ky, Econ é(l\'},,) = ,,, toT .‘ o)
Li. Tem camuM, CUSTREM JAnee, 910 oK) # L. Torn & Svie 1
:u'u wexotoporo koupeana K. Wrepanus mposenermiax puq,.:ﬁ.o it
or saementa G(@(0)) nmeero O, upusoaRT X m::)y. HTO CCAR 8 W
Ly < L, L* € Ly ne uMeet MecTa, 70 L=u+K‘ s W muwm.”“ 3
toras L* = L, 410 TpOTHROPCURT HOPABERCTAY L* # L. :wm“ cmuu".um :
arom cayiae LY ecTh noKpuTie pRInCTRN L » cxenere 00 e
2) Myctn e > 1. Toras HETPYIUIO JAMETHTY HEPAAIION W g
mobx oprnason By, Gy 1 pasescTaa a = B+ 1k nuw;xu: ;;u;:m dichs .
g, € Y{a®), To K W W ey 1) trosynesm uepamc-rn:":. g .;pm“”w one.
wro fly, ¢ ¥(a®) Ecam Wit} < a®, mo n enay onpenene

pononuene X moboMy Wieany pemeTsi
nobon uMMopg RSy

C HyheM LNV

Joxasatenscrso, lpeanoaoxism,
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e oenmie akis oDPpaoM, CURTIeM e, Yo Uy ¢ w(6°) ® nopwmoniie il
Vlo®) wo® comaanrt. Tes camiim Ly = 0y + o® § K' i nexoroporo xomwseana A’
Pzt npw stom o K7') = L, an6o $(A') = K, to ncpanesicino L* < Ly oesmno, Mk,
crarraenm aaaee, wro ¢R) crpoto copeprnTos n Aipy- Tea castne, Ky = +* 4 HK') nna
HeROTOpOrO opaiaaa 7 < o, B ociyyae, woism 7 < a, CHLly pasenctma o” - o 97
oy taesm wepanencreo LW = . do® 9 4 ol K') < Up, +a" + K" = Ly, Taxum oBpatom,
OLTAETCR PACCMOTPETD Mtttk caysail, xoras 3 = a, Ho toraa niepanus npomesenunix
PRCCY ALEEEN, B UPCLUOAGKETHN, Y10 HH OO K uepancaors L0 < Ly, Ly < L we nacer
Mecta, saeaer pasiokerne Ky = (0f) e w + K" i sexotopors opamin K™ (anech
(0" ) »w — aekenxor padimueckon Opompesenne nopenkoa o n w). Ho rorna HIOMOpDIEIM
Low LT nporwsopenns suabopy o (vaxoro, wio L° # L). 'Tem camum, w n cayvae 2) L*
IMINCTCR TOKPIITHEM peueTin L s ckesete siuMopdiocTh MEoroobpais M Feopesa
JTwaconsakta,

CAENCTBHE 3. Ecnn M upomapomioe serpranaisnce MHEOTOOBPAIME peImeTon ©
HYAeM [© i), 10 aobag M pemerka smeer HOKpLTRe B oxedere sunsMopdHoct i
sMuoroohpains M,

B cagun ¢ yrsepxaernes teopesis 2 cerectaenen MHTEPOC K MHHAMATLINM, B pas-
ST CMICIAX, TOKPLETHEM PelleTor B CKeJeTax stumopduocty. 3 YACTHOUT BN, K
"YUIRCTBOBAIGNO QUEONICMERTHIMX PACAIMPCHR pemeThi [, usIsiolnxes 1okp LTI Mg
Low cxesierax sunmopdnoc i, [Ipssepit cooBonshix Geckouedio nopoxennux M-agre6p
UOKWILIBAKYT, 10 BONOOHBIC TOKPUTRY MOFYT it HE CYIICCTHODATL. YKAKEM, TEM e Me-
M, 1A HeROTUPLE YEROBUR, TAPAH I HPY WIIKE CYUIECT BOBARME 1108001X HOKprTHiE. [Tam
HOLPPOYETCH CARNVIOUICE v 1ACPIK I,

JIEMMA 2. Bom ¢ samsopdicas peiierkn © iyaem L uwa pewersy L n A =
¢ (KL ), 1o cymecTyer snuMopgian U pemerku L = 0+ K ua pemerky Ly, cormaua
UL © o i A

Hoxmarenncrso, M3 saxmouenwn aenvu, OTO0paEeRIe | OUPENEseio Ha petneTKe
0+ A oamosuaugo ®, TeM caMmuM, OCTaoMN0 NPOBEPHTH, 110 3§ roMoMupee. B
CHAY DNPEIESICHNE §) JUIK STOT0 JMCC TATONHO NOKRIaTh, 4To ¥(a Ab) = Wa) A w(b) anw
Wb ¢ K vaxux, wro a AbC ¢7'(0y,). Mefcranremno, T k. a Ab € d70g,), o
AL = Oy » pemerke L' Toran ¢a) A (b) = dla) A b)) = da Ab) =0y = y(aAb).
HNessa poxavama.

Pemethy © nynest [, wasoses pecxnmaesoi NDepx, ecan ans moboro ec xongenna
K/ LwuwK # K weer wecro L & 04 K. Jlsoiersenmas OGPAIOM OHpeeaEeTCN
NOC & UMASMOCT B BLRY,

TEOPEMA 3. Ilne moboro werpunnaainorn Muoroofpan permmerok M, moboit e
Canntiesolt anmy (asepx) pemerkn L ¢ synes (¢ CAMHMUCH ) CYIECT N &1 OIHOINeMen Tioe
padinipenne L7 pemerkn L, esnooueecs rosprrnes L n cxenere snnmopduoctn M.

HNowasareancrse. Bynes cnurars L pemwerson o nynest. [lyers L* gonyanercs ma
L mobanaenwes syewnero nyas, r.oo. L° = Ope + 0y + Kp. Ouewwamo, wro [, @ I
Qamcrim, wro L* & L. Heicronrensuo, » HPOTHANOM Caysae, 0 ¢ SmiMopdum
bova L) 1o ¢ YKy nowient pemersn L, oranaialt or Kz, oo CHAY AeMMiL 2
L 0L+ Ky =00+ '(K)n FPOTHIOPEUNN € HECKIMACMOCTLIG pettieTkn [ svepx
Wy iokasarenversa reopesm 2 surexact, aro L' wnawercy HoKpTHeM L ow cxesere
MTMOPEHOCTIC MEOTOOOpaYEa M.,

B pabore (7] Gano moxasano CYMecTRORMRNE B B0GOM  HET PHRMILILHOM AONrpy ann-
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ameTprby rusuom smoroobipsin M napu aicebp A, o A, A, # Ay maxnx, wro A,
HMEET TOKPRTIN, JeRACrD 8 witepaie [Ay, A;] oxenera smmmopdmocti Muoroobpam ~_,
M (0 1Thrux noxprTusx Bynes TOROPUTE Kak O nokprsTusx aarebpit A, ornocnrennie
arebpid A;). B pabore [8] Guam yxawing dexotopie nocrarosinde YEAORME TOMO,
anrebpa A; UMENA (OKPLIITHE OTHOCK e anrefipu A, B UACTHOCTE B cayTae, KO
Ay ecru oanorsementias aarebpa |y (HEHMONLIINA AACMERT CKETeTA MIMMOPEHIOC TH
Ogemumo, 1o ecan M MOAYHPOCTON MUOTOOGPAIRE (BEC MUATIPAMO HEPAWION WML
M-anrelpii npoctir), 10 1y HMOET NOKPLITHE OTHOCHTENLHO MOBOR PEVLHOAIEMOR THO
M-azrelipu. Taxim obpasom, 8 suoroohpasmm JRCTPIGY T MBHEX PELIeTOR, h MHOTOOH
MAX MOUYAIPHIX peteTok M, (1 € w), muMeHkmes semMonyaspros MEOTOOGPAY M
peuteTok N onuosmeMen A pemerka useeT DOKPLITHE OTHOCHTEALNO 1060l pemern
paceaaTpiBasMoro Maoroolpans,  Hanomusw, wro muoroofpaswe M, ITO MiOIG
obpasue, topomnennoe pewersol M, a N MIOrOOlpaINe, NOPOXNCHHOE DERT
N. Ilag sorooBipasus L ncex pemerox cumyaums mias.

TEOPEMA 4. B mnorocbpasitit neex pemerox CYIMECTRYET KONTHIYYM CHOTHX Pe
HWETOR, OTHOCHTRIRRO KOTOPRX QiROVIEMEH THAS PEIIETKA HE MMOeT NOKPRITRE B CKenen
AMHMOPIOC T ITOTD MAOroobpae.

Nokasarencrno, Tlyers a = (o, aa, ... 4, ...} NPORIBOMHEAY MOCAEAOBATETLIO
HATYPWIBHLIX MHCEN e vMessomx des 3, Atomu pemerxn M, oboynauwsm kax e, ...,
Hepea M, ., obosnaansm pemeriy, nosytaenyo 4y pettorxe M, 1ONCTanORKOR BMEe
ATOMA €, HATEPRANR, COBIAIMIOMETO ¢ permeTkoit M, . Pemerxa M., ..., tonyuacres
pemieTs M, NGATTAHONKOR BMECTO ATOMA €, HUTCPBANA, COBIANAMIEIO € PelreyKo
Mo, Mrepmpys oo nocrpoemie moayiaes pemerse M, .. .. g moboro n € w
Haxouel, nonaracm M, = g‘ Moar

el

M

Bes Tpyna nposepserca (s cyny npocToTht pemerrn M..), 9o naw mobod 8§ © Con
ecam @ # G, TO CYmecTRYET £ W TaKoe, YO M. [0 = M i, roe ol monyuaerca
NOCACAOBATEALIOCTH @ Ny Tem oTGpaciananink nepsux n wienos. Taxust oBpasos, 1
O UEPROINMECKAR BOCHCIOBATENLHOCT], T0 M, — TAX HAILBAMAY KBATRIIPOCTAS p
werkn (ese. [10]), # oHa cama RIKETCR HOKPRTHEM QO IEMERTHOf pemerkn. B cayg
MC, XOrGa o wenepwamwicckas, wirrepnan 1), M.} » ckenere snumopdiocTs amoroobps
it Lowmest nopraxosiai tin 14 w® n, Test CAMIIM, QUHONTEMEH TIIAR PEIIETXA HE WM
BOXpRTIY oTnockTeauno pemercn M, Teopesa noxasana. y

B saxaionenue ocTAROBHMCR Clte A GNHOM RONPOCE, CAXIANHOM €O CTPOCINEM CKE
10 (CHeTinux exeseron) mioroolipasuit pewerox. B paBiorax (1], [12], [13] noxasano, ¥
CHETHME CRCACTI BIOAMMOCTH N ONMMOPPHOCTR KaRcea NneRnnx NOPANKGR, KOHeY
NOPORAEHMMX JINEKPHMIBATOPIINX MBOTOOOPAIM NBARIOTCE HARTYSUINME XBaY

343,
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———

xmn'('r. Coo B MACTHOCTH, B YTUX CXeslerax DTEYTCTRY 10T Beckoneannie youamou e

W AHOBOE. MHOMCCTRO Hee pamsmm i x Koneuno). Ilns moboro MIOrooGpasny mrl:nxw.f\?
CLBEPARILETY. BECKONETNOe Yiteno NPOCTIX PEMICTOR © uynem u munum—ip{x npume v'
Muotoobpaun M_, nopomncsior peierkamn M, (n € w)) cuerIf crener 'nnm::l
MOCTH unnmoﬁ;man_l M conepmni UHTepaL, wyoMopdinh HACTH IO ynopuﬁaruuou

MHomecThy ((w): C) - MHOKCCTHY BOEX DOIMHGKECTYS MiloAer 1aa W yuupmo-cmlmy
TEOPETUKO- MIORECTROH I M Brmovendem. [lonobuiay obpasoM ynopu;oqeu oucaﬁnuy
ofipasom, wITepRAn [lM;‘{: La] » cyernon CRENETE IUMMOPGHOCT 1 unom:lﬁpa')m /\:

Yeen L p i
')G_‘; N PemeTka, monyyasuas OTORTIECTRACHRCM Ny g pemerxn L,y ¢ cnman-

ut'ilnpl‘mc.l‘lu Ly, vae Ly, (n e w) — npocTe Hotapiio. seasosoppiuie pemerkn uy M
e ATON CRYIN UPeNcTan IS T HITeped caieny wiime sonpoc: .
o ONPOC 1. Byner 1w CHETHUR CRedeT SumMopduiocTy (B0 uMocTH) m0boro xoseq
1OHOPOXACHION. MHOTOGEPAIKN pettieTox HaRAYY ‘ =
MM K ?
ey y BAANTIOPWIKOM ]

ROITPOC 2. Bynet au cuering CREIET LIMOPDHOCT | (RnosumocTy) MHOrO0Gpasy
ANCTPROY THBRLX penterox HARIY UM K8asutopazkom? o

JlnTeparypa

“] l\-G. ' inus Sk?.lclom 0' congl uence dlslllbuhvv varieties ﬂ! IJK'")]M /\] - umv,
)
£ '

I—‘f A.l ‘ llu‘!)‘( by.le'al-l KOH(¢ Tpyx " A )“'."')Caﬂm N"Pﬁpﬂ &Cl"'x” MatTem,
) AL

(3] AT lunyc, O MHOIDOODAI X, ¢x
; 1 CKENeTHE Ko
i e KOTOPLIX MBAKIOTCS pemerkammy.

[4] AT Dumye, O CBoRCTBe 6LTh IORY pemeT Kol AR CICTHIIX CRENETOR RIOKUMOCTH

ARCKPAMMEATOPIMX Muo . = Y
gy g “mull Benpocia anrebpt w noruk, 7 pyasr UM CO

(3] LI Mopanmuon O Muoroobpazunx ¢ pemeToy;
v oy pe T
KUMOCTH. — Anrebpa n foruxa, 31, Nu 3 (14993), 28&30; SEL

| ' Al . ".Hy - 0 notpu nRx Cﬁp e
' Thxx CEeReTAX »
i l % K mmop@nocln Mllulwp&!.. M . Aﬂ

7] AL lunye, O6 HETCDRILAX u sMopdy
' Uenkx » cxeserax g HOCTH K
AT PRGY T BN X MHOIOOGPaIRi . Amepa n Jlornka, 29, Ne 2 (1990) wo;:;%)mb

(8] AL Mwnye, K o MOpd
- Pocy o noKpLITIAX B cxeneTax an roolpa:
Hanecrig nyson, Maresatuxa, M | (1993), 48-55, - L S

9 S. Koppelberg, General theory of boolean algebras, in Handbook of boolean

v- 1, North-Holland Publ, Comp., Atostordam New York - Oxford ooy

Tokyo, 1989,
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[10] AL Hauye, O ssonnpoctiax soefpax. o " Hecreaosamns arefpamaccsnx cncrest
no comitcrian wx noaercres”, Hyso Ypl'¥, Csepaosex, 1987, 108118,

[t1] R Laver, On Fraisse's order type conjecture,  Ann. Math., v. 93, No | (1971), p.

"O-111.

[12] €. Landraitis. A combinstorial property of the homomorphism relation between
conntuble order types.  J. Symb. Logic, v 44, N 3 (1979), p. 103411

[13] AT Harye, O cuemnax exeneTax Komedio nopokaeiiiLixX AHCKPRMIHATOPIX MH0-
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HEKOTOPLIE OBOBIEHUASA JIEMMbl ABLAHKAPA
K.H.Monomapen

630082 Homocubupcex-932,
up. Mapxca 20, HITY,
Kajeapa anrebpu ® marematmuecxod normxu
e-mail: algebra@nstu.ru

PaBora npono/imaet BCcaemoBaIng aRTOpA, KO pabote |1, Ciarayem soom
MPENCSCHIAM ITOR PabOLTI W NPEANCAATACM THAKOMCTBO ¢ Bl TTATeNs. OCHoRoR oo
PEIYALTAT - TeopeMa 2 - obOMIaeTCH TR €AY it 1POR3BOALI0TO (me ofinareanno kouere
HOTO, HE ODRIATEALHO CERAPABENLIONG) PACHINpeHN N ARCXPETHO HOPMMPOBRIIGIO 1TO/1R
HEHYICBOR XEPAK TEPHCTURN . Hoazomy ana hopmyArponxi pesvisraTan neobxomnme
PACUIMPRTE HOHATHE CRIALBO PASPENTIMOTO PACULIPERIS (10/1e@ 13 3TOl coaTLm, Brmoumm
8 OTOT KIARCC HCTO HOCRTAPaleaLne Ko iLe PACILMDCHNS (CM. TAKKE SaMeTanne ga
Crpe 248 kuwrn [61). A wmenno, konewnoe paciuipenne noged FIR nassaem cuan-
HO PAIPEMINAMM 8 IIMPOXOM CMEICIL, €0 OHO CCTH CRAKIO PASPEIINMOS cenapabentuoe
PACUINDENHE HEKOTOPOID KOHETHOTO THCTO HECETAPABETINONO PACHIMPeIHS.

Cpasy oTMeTIM, YTO 13 OTMOHERHOCTH KAACCA CHABHO PRIPCIINMEIX, KIRCCA MHCTO
leCeuapalbelihlLX i KIFACCA KOHENHIIX PACTIRPATTNI CICAVET 0T MESCHROCTS 1 ARENEIHOre
Kiracea pacimpenkii (cv. Tam xe),

Cranio paspermnoe pactnrpenue K3/ K\ npeacrannaercs 6ammeil sscomm n weas.
wuxsuncexur pacirmpennit Ky = L, /.../Ly, = K, 10 ecTl. Taxux pacumpenwit Lig, /L,
NOTOpEE CayRaT toneM pavtoxenus noamnoma f(X) —a.a € L. 3necs nepey [ oboan-
ren 6o ommounen X™, (m.p) = 1, nubo secenapabemiund omousen X7, anbo nonmion
Aprann - Mlpadepa pf X)),

Corstuenwe /lix npocmomm dopayanposox scer pesyanmamos o mevenue cma-
mbu npednosazaca, wmo ace noas codepwam sce KOPUU %3 cOUNUNIA U UMEWIT Weny-
areyw rapasmepuenuxy p. Kposme moeo, nongmue puaipetninoro pacupenus 6ydes
GrOmpebadiin MosbX0 6 npusedinNom sl WUPOROM CHECAE XONCUNOZO CUADNG Pat-
PEALRMOZO PACIUPENTS.

Hanomumm, 1o nepes * obosuavaes wpo cosopienctaa {* = NIF°, & uepes * an
refpasneckoe samwxanne noas [ lone |° cosepinelitoe ¥ moboe ero anreGpanyeckoe
PACLINPCHRE COBCPIIERNO, TaK 9TO ATCOPAMMOCKOC SAMINAHNC Afpa COBEPINEHTBA
COBEPILCITHOE IMENanne, [ = [+

Kmouenoe mecto u pafiore samumact raxoe MaxcumanLioe obobuenne Teopemi 1 iy

().

Teopema 1 flyeme L/K pacuupenue noacd. fyeme Ly maxoe nposewymownoe de-
Kpemmoe Nopauposansoc noac dax xomopoco pacwnpenue LfLy xonenno, a Lo/ K caabo
NEPAIBEMALEND,

flyems lo/k pacwupexue noas ssvemon, omaevnawuee LafK. Hpednosoxwun, wmo
" © k. Toada o wazcbpausecxom ommananun noas K waddémes maxoe paspeuiumor
Anodane patoemasacnnoe pacuupenue K'/K dax womopoco pacuwnpenue LK'[K' caabo

*Pabora aonwpxunnanc, r}u‘mnu newrpose HIY rpawt N2, & raxwe Canxr-Herepbyprexim
FPRETORMM amrrpos tpanTt G7-00. 111
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WEPAIBEMOACNO OMKOCUMEANNO K0G080 NPodosw cHng xopuupocanus noas Ly wa noae

LK'

Monpobiunft ananmy 1OKasATEALETEA teopemu | [1] nokasssaet, wro n aroi CTAT e
YOTRHOMICHA CHPABCIVIRROCT L CBOPMY ARPOBAHRONO YTRepAACRS B Cayvae Kora pac-
wnpenne L/ Lo Saasercn xopeusam u anxnm pacumpennem Nanya.  Jloxasarenicrano
TeopeMi | cocTonT N enesenun ofero CIYURE K FTOMY YaACTHOMY.

ABTOP WMedl B Bany Iaisaefinne IPHIOKCHIE D17T0TO PEAYNLTATA AAE KOHESHIIX B4
xpurufi wirebpanvecknx MHOTOOOPAIHA W yCTanonrA Taxoe obofuenme TeopesMal 2 ny

1

Chnencrame 1 [Tyeme L sonewnoe pacuiuperue duckpemno xopauposannoze nos K,
a noae ewvemos K fiymwyuoncasxoe. Tozda o aazefpaunecxon saxmuxanuy noas K
naddemncs maxoe snosue paseemodényor puspeurumoe pacwupenue K'{ K das womapozo
pacuupenue LK'[K' canbo weparsemaseno omwocumessno 406020 npodosmenns nop-
Muposanus noas K wa nose LK’

B maxcrmannuoin oBUBocTH Sesma Abrunxapa POPMYIIRPYOTCH AN IPORIBOILILIX
(He obmvaTeauo KOREURLIX ) PACIMpennil ek peTho HOPMMPOBAHNLIX NOJICH, ONS COCTONT
B UPHUCACHRE TAKOIO DACIIMPCHNS K IMKOMY PACIIHPEHING (cM. npentomenwe 2), Hy
TeopeMi | clleayeT 1Takoe yTouMcHRe Y100 paxra.

Teopema 2 [lycme L/ K pacwupexuc ducxpemyo wopauposanxmr noaed.
llyerns [k pacuupensie noas swuemaos, omocvawwee LK. [pednosomcus, wmo

[** C k. Toeda o aacebpaunecron damvixaxuu nosx K waidémcs manoe PAIPEWUMOE

BroaNe pasaemsacnnoe pacwupenne K'/K dag xomopozo pacuwmpenwe LK'[K' caafio
NEPAIBETHOACND OMNOCUIMEABND ANG0C0 NPOFOANCENLY KopMuposanus noax . wa noase

LK".

Bakongennait mua yta TeOpEMI IpROBPETACT B ciyTae PACIINpenss noJs BlYeTON
I/k xoxewnozo muna , 10 ecTi, Koneo HOpOXNCHBOrO pactnpenux nons k. Haenso »
TAKOM BRAE BOIMOKHO €10 NCHOALIORARNE B anrelpanieckod TEOMETPHN JUIS R3yveHusd
MPOHABOIRHNX (He 06R3aTenLio KOBETHLX ) HaKkpu Tl areGpanvecxix MUOTOOOpR YK,

Cnencrane 2 fyems L/ K npoussossnoe pacuupenue ducxpemno xopauuposanner no-
aefl, @ noar awvemos noas K mxguonaannoe. Hpednosomcux, wmo pacwupente noas
fAMNETIO8 OMOENGIEE IMOMY PACUPERUIO ECTNL PACHIUPENLE KOKEXNO20 muna. Toeda
8 dacchpauscexos Jusmxanun noar K waddémex maxoe PRIPEWUMDE BNOANE PaFsem-
sacunce pacuupenue K'/K dus womopoza pacuupenue LK'[K' caabo weparocmonens
QMNOCUMEAL O 206020 ipodoswenny nopauposaxus noux |, wa nose LK.

Caenyioumit peayanrat nokassancs s crare X Jnoa [9]. Buna noxasana weod-
XOMUMOCTE yCAOMUE Ra PACTTRPEHNE NOAN BaYeTon, K comanemmo NPUBCIACHHOE 0K -
WATEARETRO B0 YaKOWUEnIIIM TOALKD 1R ANCKPeTHO HOPMEPOBANIILIX TONCH synencil
xapakrepnernke.  Jlig sroro cayuas yror pesyartar neaanno obobuwn W, K ywonnim
[10). B caywne xe AREKPETHO NOPMHPORAIIEIX NONCH Henyenod XAPAKTEPHC THER B 710~

KasateaLcree umenics apoben. A umenno, ounGouno DONAIRIOCK, 9T0 M0boe citabo yie-

PRABETRACHION PACITNPERNE DOANTZX ANCKPETHO HOPMHPOSAHHMX 08ef COCTONT B GHCTo

120

necenapalen uios PRCIMMPERUR HOXOTOPOIO N peactaswrenct. Omiaxo ofittem cory-
‘tae llo.'lll')l"/lICI]n"tm) HOPMUDORAHIOE DOOE MOKET VT MEOTO conapaleasiax cnafio
HEPAIBET BACHIIX pACINpenit {om, aemmy i 1)

Jmecn aro1 PEAYARTAT NOKMIMBACTCE W nng JMCKPETHO ROPMRPORAHEKEX 1O HORY e
MOR Xapaxtepucrukn p. Taknm OOPAIOM B NOUHON OGEIHOET It maepimeno muan-m-a;rno
TAKOR Teopemid,

Teopema 3 (X-Dan) Hyems LiK pacwupenue duckpemno Nopsuposasnms noaedl, a
Ik coomeememaymgee Pacuuprnue nosr ovemos, lipednososcun, wmo see 2acMenmng
noas I* cenapabeannm nad nosex k, I* C & Tosda o UAZEOPAUNCCKOM Fdmraxany noas
K waidémes maxoe xonewnor pactuupenae KN'/K dax Nemopozo pacuinpenne LK' (K

-;mdolj‘?uomucu OMNKOCUMEANRO X306070 npodoaxcenuy nopMuposanuy noax |, na
noae .

I Ymero necemapaGennanie pacimuupenus.

Bysem caenosars, serany pabornt (1] (esm. §3) w omumen TRIT 4MCTO Hecenapabent,-
X PACHIMPERNE 10CK peTHO HOPMUpOBAITHOMD 1101k B rescune scero passens MRS Y-
"ML 9TO ocin K wopMuposansior nose, 10 ero HOPMNPOBAUME QUINOINAYHO (1pozios K aeTcy
i r}tﬂ6oe HHCTO Meceuapabennnoe paciumpenne [, (es[3]). Bynem obosnanats, uepes
I K) xoasno HOPMBpOBARKL, “epey k pone BEMICTOB, 3~ : R(K') - k oboswauaens ecTe
craewnnnl smopgmss. Npyna CINEWIL KOMLOA BOPMEpPORAHHY Obosmanaercs U(K), a
T~ BexoTopas vimpopmnsyiomas nosx K

. J!mxﬁm THETO Hecenapabeni.iioe pacumpenne npeacrannsercs Gammed paciRpes
{PUCTOR cTemeHN, TAK YTO MOCTATONHO pacemor . :
i . p PETE 4MCTO Recenapabe) ne PACILMpe-
Hucro necenapabenioe PACHIDERNE NPOCTOR CTemeny LIK cayxur nones pavio-
#crns nomasoMa X7 — a nnyg flexoToporo a € K\K”, Ilpyrwe AVEMOHTH, OlpeReIsinme
10 K€ pacuimpenne, MoxHo anbpats wy MuouecTa aK? 4 K* < (g + K7)K?. lovromy
IIEMERT @ Xoropuil oupenenser pacampenye L/ K syowxso BLODATH MY Kosthna HOPMIPO-
nane RK), raxwe snesentia HBILBACM npedemanasonumy ANEMERTAMB PACIINDemAY,

iz noacl npecmoi cmenenu, To2da aubo Mo pacwupenne nenocpedemsennoe Aubio
durde. Bo AIROpos cayvac nodmomnm dna sapuaxma; ‘

1. Haddemes maxod npedemasaswount saenenm o € R(K) dax Kotnopozo ord(a) =
L M amom cayvae Pocuiupenue snoane passemsiinnor.

£ Halidémes manoi npedemasapoumil sscuenm o € U(K) das xomopozo i ¢ k*. B
MMOM CAyNae pacuupenue caabo Nepasarmoatnnoe.

viesesTanm i noas K7 A Bynes [PEUIOARTATH, YTO pACIUWpenne ne RNIRETCR Heno-
' HEACTBEMRIM, TO ec1h none [, e conepanTes » nonoasennn K, tax wro agd K"nKk
o koumy pacinupense xoweuno, To xommoaur K1 "BageTex nonodtsesimem noax L, B
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CHAY CTPYNTYPM Hepassernaciing pactimpensit (oM. Hpeanomenne 7.1 voama 1 [2))
pacwpenne nosed L= L- K /K npocroll coenend assercs amxis,

Brafiepes nexotopoe none upencranirenci min noss K, Gyaem oToRCCTAINTL €10 €
TOACM RIYCTOR K NOCPERCTBOM 60 TOCTHEHNOND HIMOPIIMa.

[ peacTasum smeMenT 6 B NomioM noae A B I CTONENNON PRI & = 0o 4 @)1 +
oty € ko B cnary koctn pacwmpenns o € Koa @ K™, noorosy maiuercs Taxon nniexc
n s XoToporo anbo a, # 0w (n,p) = 1, 160 a, ¢ k7. BuGepesm uamsMennines raxoe i,
I} cunry naornocta K s none K safnetes Taxoit b € K nas xotoporo a = W falrt 4 =
7 4 ¢ € HeKOTOPRIMI KOWMOXNO HonLMN koodmimen tava. darck ¢ = al 7" + .. Biawen
HPCACTABMTCAN @ BOSLMEM SWIEMesT .

Cayuaain 12 (n,p) = Lllycrs s,m € Z w ns+ pm = 1. Hokames, uro B kauecTne
TPeACTARMINIOUITO deMenTa MOKHO BubpaTi wement ™ nopanxa exuwnua. Jleis
CTERTCALHO, BYCTh T Kopers Mporodaena XP — ¢, 1ak 910 L = K(zr), Torna =™ = o,
a3aemMenT ¥y = '™ SRIseToR KopHeM HenpRBOAMMOTO nodtEioMa Y — '™, Osenan-
no wkmovenne Kly) © K(r), #3 cpannenns crenesn paonmmpenni coenyer PABCHCTHO
K{z) = K(y). D70 1axanmmacT pacesmMoTpenne 3Toro ciyvas. t

Cayuait 2: pjn, no a, ¢ & llycten = pm. Torna » xauecTe 1npencTanixomnero.
MO0 RBpATH b= e ™ = o (7). On npmaznexnt U(R) n b = a, 7 k*.

JIoK B Y8 TEARCTBO IEMMIE OKONIYENE.

Unero Gynes wenomaosats gemmy 7 wy paform (1)

Jlemma 2 [lyemn LK caabo wepasscmsacunoe pacuwupenue, a Ky /K snoaxe pazee
ALEHNDE POCUIUPENUE KOMMOPNE COTCPICAINES 6 0OeM FUCKPETING NOPMUPOLANUNOM N0
Tozda LK,/ K, caabo xepaisemeaewnoe pacuwupenue, a pacwupenue LK, /L onoaxe pa
GETHAZEND

Ipepnoxenne 1 Hyemn L /1y wucmeo secenapabeanwoe pacusupesue cmenenu p° c1abg
WEPAIAEMEAENNOZ0 pacuupenus ducxpemnno nopauposansws noded Lo/ K. Hyemy K'[K
BNOANE PAFSEMOACRNOE NUCTIO Kecenapabeasnoe pacwupenue cmenexu p™. Tozda e
m = n, mo pacwupenve LK’ caabo wepossemeseno nad nosem K' omxocumesnno
Goao npodosxcenus wopauuposanus nosx K wa smo noae.

Hoxasareavcrpo. Byaem npennonarats nose Ly MAKCHMAIRHRM CIa060 HepayBeTH
HEIM PACIIN] o pacumpenns L/K. Fom Ly = L, 1o camo pacumpenne ciab
HEPAIBETRICHO 0 ocTaeTes npuMeints desiy 2. [loorowmy Gynem npeanonarars L #

B uncro wecenapabentnom pacnmpemn K’/ K waeercs nonpacmwpenwe K, /K
nenn p" B cway nesmia 2 pocTaToqno poxasath nemsy ans pacmmpenns K, /K w
K'[K. Lyjes 970 UpaumogaraTs § ¢CHMTATE, 910 1 = m.

Hpencranns pacispenis Ganiugsy paciupesind upocroit crenenup: L= L[/ Ly %
KnK'= K./ /Ko = K. Hoxames, 410 qang i = 0,...,n pacumpenne L, K; cnabo w
paswermaeno nan K. Jlas o = 0 noxasusath #enero m 910 caymnT GasoR MHAYK W I
L}

Hycri yme poxasana caabas mepasserTsnennocts pacompenns L, K, /K, .
wupenne LK /L, K .y ancro pecenapabeniiioe pacmupenne npocTol Crencnm,
Lici Kooy /K-y caoabo nepasseraneno. Pacumpenme K /K. snoime praserniennos qm
c1o necenapabemunoe npocToi crenenn. Taxuu oGpasost B criry Nesmid 2 noKasaTenne
cronmTen & caysaio b xotopos [K': K= |L @ Lo| = p,n = m = 1, 910 Gyner npen
IATHCN.
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B cny maxcumanniocrw soax Ly CPENN CAADO BEPAIBCTIVIEHHIIX PACTINpHINR Pacinm-
penne LiLy e cnabo pasmetnaono, ono sosiie paaneriaeno. Hononuenne paciuupenns
HOPMMPORANINAX 1ONCR COXPIINET MHACKEM BETRICHNN, TOYTOMY MO0 HEPERTR K 00
HGIICHRAA DGR B CUNTATL WX LMK, hro w Gynem npennonarar. Bubepem n
none K nose apencrasureieit, DyieM oTORACCTAIRTL 610 € NOeM B TOn LOCPEICTBOM
KON NECKOro 2nuMopdmn ~

Nenomayesm nesmy | w npeacrasim pacuupeime K'/ K kax noae passoxenus nosmmmo-
s X" < s nekoropoi yuwopMiy e x, a pacumpesne L/ Ly kax none PAVTOKEHUN
uoansoma Y7 — we nan uexotoporo ¢ € /(K ). Torna pacmmpense LK’ /1Ly K' cocrour »
HpscocITHRCuM xopux noamnoMa 2" — ¢, LoK'/ K’ caabo mepasweraneto no aemue 2.

Pasnomum ¢ no cremcnss &: ¢ = tor+ . o€k llycrnr e K'wtr = r,
T yuudopmrsyiomas poas K’ Torna w none LK’ saement ¢ umeer PAMIOKEHNE ¢ =
a4 € kL

E(E)ll BCe JMCMeATH o € k7, 10 ¢ € K" 0 LK’ = Lok, Jloxaatenscrso Wasepiie-
no, Ecan we nexoropoe a, ¢ &, 1o paciipenne LR/ LoK' citabo mepasseraseno, oo
COCTOMT B THCTO HEeCenaApabeanioM pacIHpent Doy auveton k TOCPELCTBOM KOPHE M3
FAKOIO 30CMEHTA HARMCHLIICTO HiLNkCh,

Joxkasateinerso oxomseno,

2 Jlemma A6bankapa.

Caenywitee yToepaenne (o> (8], Exp.10, Lemme 3.6, P279) yeranonaeno & cepe-
ue 50-x rosios B cepuu craved HI-ABuankapa o anretpandeckoi dymtaMen TakaoR rpyme
rareGpanyeckux mioroobpasiit. Cuot saIrsie omo toayno s poxinase AC-11.Ceppa o
irux paborax wa cesunape H Bypbsxu

Jlemma 3 (aemma AGusuxapa) Hycme LIK u K'/K xoxexnwe pacwupenur aaga
duckpemno nopmuposannozo noax K s ero cenapaficaenos sumunanuy. fpednosonuu
IO JMU PGEWUPENUS CABGD Passemoentt u ur undexcn aemescxis PaeNs 1 um dos
omeememoenno. losda ccan n deaum m, mo pacwupenue LK'/K' wepassemoxeno om-
NUCUTBEABNO 406020 npodoaxccuuy nopMuposavus noas K wa noae LK’

Mokasarennerno e (8],
B maxcamamaoi obumiocu 1o YTBCPRICURE (PUBOANT & TAKOMY Y1 BEDALHINO,

Hpensnoxenne 2 Mycms L'/ Ly xoxexnoe cenapabessnoe pacwuupenne caabo NEpassem-
BAENNORO pacuiupenus duckpemno woMuposanur noaed Lo/ K. Torda nalldémes maxoe
n = n{L[/Lo) € N ssausno npacmoe ¢ p das xomopoeo ccau pacuiupenue K’/ K snoane u
ciabo puocmue’uo; RONCUXGE cenapabesnnor pacuiupenue noaed npuves nle.(K'/K)
mo pacwupene LK'/LoK' duxoe, Hpu smox “(LK'[LoK") deaum e (L} K ; ‘
4 p-Nacmbo amozo undexcn ! SRR ey

HNokasaremcrno, Fean scnonssonars, APMMY 2, TO MONIO CBECTH JOKAYATEALCTSO
W caryniio n kotopom Ly = K. Jlesicrsnteanno, aoboe nomme w caabo. passeTanenos
pacimpenne K'/K no sroi seme TTPHRGANT X Bnonne M caabo PAIRETIICIIOMY pac-
wupenmo K'Ly/La. Hpw stom ny MYDLTIILTHK A THRTOCT I WH WK Con ann- uuccn‘c
roruoenne e (K’ K) = ¢,(K'Lo/Lo), Byuem canrary, K = Ly,
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- ATHRROCT I PEY PO~
« UIKOIO PRCTIIMPENIE [THKOE B CRITY MY /TR TRIINK
200::':‘::":: :vrmnnl [HoyToMY AOKASRTEILETRO CROINTCR K CAIYHAK pacnivpennt
Bay : ) 3
] LK. Do Gyes npennoiaraTs., |
: Ml’i,:m{w PAIRETIIENNDE PACHIMPEINE NOMYCKACT CANUCTREINION np(:um:m::ul:p
posanng. llorrosy nopmwponanse 0ons K npannxu'ml’m none K um:n s
LPOACTKCIIN TOPMIPOBAING xR ia pactimpenie LK oa'pen'enlmu np::;
10 nopsposanua fons K wa 1o vose, Ho pacumpenwe LK'/K nnu-;r- pm:.‘hm .
em ['anya o BCe STH HPOIOIKEHNS CONPIACHE ABTOMOPMIIMAMMN Panva. ) uc:mﬂ' ,
WPOBAHMI MILACKCHI BOTHICHNA (VIMHAKORM, HOITOMY ma.mm?'m« e
::“ommm HpAsIKeRRS SopMrponaius noax K xomuoaur LK'. Dru
% y ¢ B YWHO
“Illlvc‘rb Ky unone nernnenms pacimwpenng anya L/K. -_')m-uuc:um' - P;:
lmp;clunpenur. ono swnsercs pacmupenues 'anya w (e (Ky [K),p) = m ncmll -
K /Ky wucro amkoe p-pactigpeine [Manya, TAKOE PACITHPEHHE PRIPEHTHMO, lomar
n=e(Kv/K) > : s
PAcCMOTPHM 1POHIBOREHDE BHOHE W Citabo puuennem'io;( mo:wn:' cmaAp::“ ‘
aciperie K'/ K crenem, KoTtopono neswrcs wa n, nle{ K'/K). ! ;)(. kuue' g
:ar,mnpcmm Ky K'/K' cnabo sepajseTROCHO, & PRCITHpeRHe LK'f 2v [llj)mx
TMEIERIOCTI PASPEIIMMIX JITKRX paciipennit (oM, opesnowenne 2 8 (1), -
" I];u SOKASATEILCTBA INKTOTRTEALHOTO YTBCPANLHRS Z0CTATOTHO BEMHCINTE i
rranenrs. Jlpenaoxense noxasaso. . "
cH ;;eume. Brosse # crabo paspersienioe pacilRpenne n;(.:xa m m-zy: i
: (L A8 DPOMIBOALIOR YENDOPMEY 10N
none pasmoxenis nosusoma X T s ; yioueR s
:(n([ﬂm.! §8, npessoxemne 8,1). Tax w70 TaKuX paciMpenitit 0CTATONHO MUOMO v
PACHINPEHRS ~ (HXWIECKRE, Ol PAIPCIIMMIL B CIUILHOM CMICRC.

3 IlokasaTenscTBo Teopemsl 1.

OGPATHMCS K NOKRIATENHCTBY Teopenit |, Byem npennossraTh uan::e:l;:l '
of YCIORNE. SaMeTRM REAYAIE, 970 PACTHHpCHEE L Lo smoxno mpesamost s
k. Ecam 970 #e 14X, TO JOCTATONNO NOKAYATE TEOPEMY AUIX nopumsmm s
L* pacumpenns /Lo, Orcona cienyer of saxaoyenme ank nponmb:: s y
FOMROTO NO/A, B FACTHOCTE W A pacumpesws L/ K. Bynes npenmonara

BHEM. »

L/lﬁpﬁ::“- nopsanioe pactnpenne L/ Lo Gammed L) Lu/le n wmpol“ iy
wne L./ Loy sucto necenapabenuno, & L Ly, cenapabeiisioe paciispen Lok
Miposafie noas Ly QUUOIHAMHO NPONONAMAETCH HA HMCTO mpaﬁuul e e
wie Ly, /Lo, K pacmspeswio Ly, /K opuseinm npeasosesne s
passeTanennoe MMCTO Beccnapabenioe paciipenne K /K mns mvpom“ .
Lo K1/ K, caabo sepaspernactio npn M060M IPOROIRCH RN aopuupo:n f Lecis
Lo K1/ Lo tacro necenapabenntio, TAK 410 MA CAMOM feie TAXOO HpaIoNT
CT*';::M.. B xawecTe TAKOIO PACIIMPERNS MOXUO NANTE no:l_e.pummu 0
posa X — & nan nposssonsicll ynwopsusysomed x, Ky = K[(I’ ).K foe

Pacumpenne LK/ Ly, Ky aniisercs xoBeauidM pacuipeimes nt?"“&mmmn. ‘
BPUMEHIM TIpeLIOKRITRe 2 0 HAleM TaX0oe ATOINE W bo PpasseTRA
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pacutnpeswe lanya K,/ Ky o xoroporo pacumpenne LR/ L Ky oo gukoe paciigpe-
nue astyn i moBoro mpassosaenny HopMuponanns nonx Ly wa none LK. Pacuspesoe
L K2/ Ky cnalo nepasmernienc no nesee 2.

Samewanwe. Pacwupenwe momno BROPLTE TPHMETHRNLM PACTINpENSeM nocpen
CTROM HEXGTOPOrD Kopia iy miohol yundopursywwet nonx K, Ky = Ky(rt"),

B cuny anoxame passermiéunocta pacompenns Ky /K no semme 2 pactmpene Kalg/Ly
LOXEe BINNTHe PRIBETIVICHNOC | VIR BRMETON B rI'ux pacinmupenuex ne Yyoeamunsa R,
Tax wio x Gawne LKy /Ly, K,/ K moxno NPUMENN TS AOKRIATCALCTIO Teopesid | 1) [1]
U HARTH TAKOS BNOAHE PAIRCTRICHIOE HKOe paypemmmoe paciiupenue K’/ K, nng ko
toporo paciiupene LK'/K' chabo wepaasernieno oriocntentno moboro NPAIONTKCHNS
Hopmuponauns noss KL, na none K,L. B Gy OMHOMBYHOCTH TPOAOT KEHUE HOP-
Miposasits noas Lo ua none K, L., noayvaes CHAGY I HepaBe TRICHHOCTL PRCILIMpeTTG
LK'/K' nns moboro npasoimenny nopMuposaiing nous Lo ua vone LK'. 910 sanepmaer
JOKAIATEINCT IO TOGPEMML,

Chnenctase | remensenno Caciyer us Teopemir | Hyswo nosoxury Ly = K & ne-

Homaonare savedauns m §4 (1. Wy npeasoxenns 3 yroi paborh cienyer sxmovense
eck

4 JlokasaTenbcTBO TeopeMbl 2.

O6patumcs AOKIIATEALCTHY Teopemut 2. Brawane npunenem ero min tosmmx asc-
KPETHO NOPMEpOBARNMX noseR, a 3aTeM B ofilen cayvae.
lyeru L/K pacumpenne pommax AMCKPETHO HOPMUPOBAHAKY TONCE € PACIHPeRREM
toax swveton [k, o 1eopese Koona [5] B none £ sriGepen HEKOTOPOE Lo NMPencTany-
venedt " Tlyers x ymupopmusyionas nons K
O6osuausm k} = I' N K - nomnone a Koinne nopsmwposasns nons K. B none K
PACCMOTPHM [O/INOE NOAUONE, COCTORINCE B JAMIMKAMME DOJIN YACTIILIX 1 PHME THBEOTO
pacupenus ki(x), F' = ki((x)). D10  nome AMCKPETHO HOPMNPORAIHEOE DOJE ¢ YIR-
hopasyomelt 3 nosesm spencranwrenei k. Tax aro pacmupenne K/F caabo uepas
BCTRIENO. 3aMeTHM, Y10 nig pacumpenss L/ F sunomsercs YCNORNE HA PACIIMpCHRe

HOAR suteron, Gonee Toro, ono semOANzeTCR yme paw noncli upencTanurened: [ o ki
Fro cacnyer uy HBYX JeMM.

Memma 4 lyems Lk pacwsupeswe nosed. Tosda ontovexue I C k paoxocnssno yeao-

nusae
1) 1* =k,
) k™ C k.

loxasaremwcrso, HeofixomumoeTs,. My nvonesnn
exoauky 1 C k, vo Tem Boaee I € k. Tax wro
I = (IP" <C " wieC ke Raxmounewm 14

locrarounocTs ovemuma Tax kix my ¥
K C k. Hoxasatensctso oxomueno,

k C I enenyer, wro k* € 1*) o
M moboro HATYPATLIOIO 71 HMeoM
= k", Hooromy 14 = ke y k== C &,

X MY X yenoswil cenyor skmoucsuy: ("~

Hlesmma 8 Jlyems L noanoe duckpemno wopuuposannoe nose, al evo noae nprdemasu-
meacd. Tozda usees LF = [* gy ™1y 4, G-,
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FLeR e T TeIHO, ORIV TOMARCTBO 0T KO CILYET WY CTPYKTY P TOOpeMl 18 1o/l
WX JTRCKPETHY HOPMUPORUTITIX Doaeit. Bropoo sKacHeiie — Ky MAKCHMAIRHOCTI OIS
npeacTanirenei [ cpew soex poinonell Kokl TOPMIPORANRR Toas L.

Hefierpurenio, oy cosepmenpoctie noas {* pactupenne /1 cenapabeanno.
Hosromy cenapabenuio o pacinwpense komaosra (191 L) « (/1 8 voae L. Ho raxoe
PACTIMPENRE, TIPMBMTAT & YBEJIHIEHNI0 D00 TPEACTABTeAeR, {10 HOROOMUA HO.

Ha 300X SEMeniNi CICIyeT, TT0 B [TPRBEACHILX M yerommex wumeesm [ = L7 D
K* = k%, B enay yesonn 17 C k teopests 2 mutw nosx shideron waeest pasencrso I = k7,
B wactuoctn I = k7, lovromy I = K C K € K € L. Ovexoa (" = (™1 L C I
Fawmouaes (" C K 00" = k. Taxum obpasom pacumpenne [/ F ynonaersopser noes
VIBepALcHINM Teopemil 2.

FAMETHM, WO OCTRTONHEO JOKASATL Y TREp I wine Teopemut 2 1wtn pacumpenny L/ F,
Hederswremmun, mofioe AOIHE PATRCTRISTROS B paspetaumoe pacumpenne F'/F onpene-
JIET Do AOMME 2 W D0 OTMATERROCTI KAACCA PAIPCMIMMAIX PACUIHPENIE RIOAHE PRIRCTS
Racmmoe i paspeinusoe pacumpenue FK (K. Feaw me paciumpenne LE'/ F' ciabo nepas-
BETAACHHOE, TO (16O SEpATBeTRIHO 1 ero noapacipenne [P = LK F' (K F'. Tax yro
K'= K1 Tpefiyemoe paciunpense. lanee Gynem upennoaarars, wro K = F = k{(r)).

B noae I paccmotpis samutkatse Ly 1038 TACTARX NPRMUTRRSONO pacumpenis (7).
Ouwites D0 crpysryproi Teopese Ly = (7)) » none suaeron Ly conganaer © ootem ¢
B paciuspenwn L/ Ly se opomcxomnt pacimepenns nons sutieton, novromy e.(LfLg) =
|L - Lol n pacmupenne L] Ly suoae paspersaenioe w xoreanos pacuinpenne. Ocracres
npusernts & Bamwe L/Lg] K teopesy 1 # noaywwrs tpebyemoe pacumpenne K'/K.
P10 WBEPHIALT NOKAIATEARCTEO Teopesit 2wk nonuux noneir, OBparumcs x ofienmy)
caytaxy,

Mycre L/K pactumpenne mwekperio sopsuposanmx potell.  Nonomsense nons L
QUPENCHRET Pad i PelNe IOTHIIX THCKPETHO HOPMUPOBAHHALIX NOTeH E/K. Npusesng
NOKATAMHYIO BLUIC YaCTL TEOPEMM X YTOMY PACHINPEHRIO M HafAOM TakKoe BI/HC |
HOTBICHHOC PAIPOITHMOE DACTITNpPENe K'/K anx KOTOPOLo paciiMpenne /R’ can .' 0
gepamsetiieno. Mid BOCIONLIYeMcE INKAIATCALCTEOM TeopeMid | | no 31oMy paciunp
100 TOCTPOKM 1§ hoae K Taxoe anome passeTBACHNOs paspeiminoe paciupense K/ K
e koroporo K = K'- K. Toraa pacumpenne LK'/K' copepauren n Gamue carafic
sopasseriaesnax pacmnpenui LK /K /K w camo ssikeres coafio tiepaiper e
Tak 410 3710 PACHIMPERRC YIORIETROPRET YTHOPRICHIIO Teopesld 2 JUTH el pepLiay
SPGIOAACHIN v HopMuponanng noas L us vone LK,

JleRCTRHTERHO, M3 JOKAIATEILCTBA TOpeMEd | ciesiyer, W0 pactuMpenne K'/K ug
crannsercs Gauned K = Ko/ K3 /Ky K. B yroi 6ammie pacupenne Ky /K ~ none
nomernng pomwroms X' — 1 e nposssonsioil yingopuusyoluel € K. B uncrio
TAXYI0 YHHOOPMIIYIOULY IO MO0 sRbpaTL w3 nons K. D710 nossoiser nony urh
KOC BUOIAC pasBeTRACHE0C paspennimoe pacinnpenne Ky /K nas xoroporo KK =K
Pacumpense Ky /K, nepassersacno n noae Ky nnorso n none Ky,

Pactumpenne Ky/ K, noae pavoxenns tommoss X® — 7 Ui Tponasoiissoit yidop
MUY IOLLER T £ K. Onure a1y ynudopminyontyio Moo anbpats w noas i, O
nonywaes none Ky nan xoroporo KK = Ky w pacumpesne K3/ Ky nepaswrrasieno
JUAAKC FETIOC PO TRETIHOE.

Hakonen A3/ K3 cenapabenytoe snonue puosersaennoe paspemumoe pacinpenne,
peioxeitino | pabord (1] mailacics Taxoe BIonEe paIBeTBACIIOe PAIPEITNMOC PACTH
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pesmne Ky/Ky nan xotoporo KK = K, = K
Faxuae obpasom naw niwimoro. npamon ey MOPMUBORSIIA 0 KRUECTM 1 pobY EMOIo

pPacmpenss coenyet nosoxwti K = Ay J1
. = Aa Sl 0Boro aponesiseHER #op
CACIYET WY TRKOID SUMEAKEN HIPMIPOBANKA 3TO

Jemma 8 lyems LK pac wtpexue UCKpEmne xopauposanms nocci. o K'/K wxowen-
noe pacuwupenue. Torda pedyyuposanwmt wndexe semodenny pacwupenns o (LK'/K')
£ ARUCUI om aMbopa npodoswcesir wopuuposanuy noss L wu noae LK’ o

OGouaamm L nononnenne nous Ly 101 i saMpikanne moitnomns K & 21om nose o
. . ) : e PN no-
L rnn nononncnme A nony A, HRaySReM paciuspenne noamwx noicit LjK. "
5 BGCpes HekOTOpOe 11pazos Kele BopMBposaie ponk L s voae LK’ [lockosns Ky
OITHCHHC B¢ MCUACT FPyUuy HopMmn ' i
KM, TO " d
paciumpenun LK'/K' ornocn resnmorn T:gupam;om Euwmmm"““ s
; : TREHNUR CoORTJiaeT © WISk
! TR COM
mwrmr ;'lnynumrru PacumMpenit 8 nonoasesan rroro noas LAY 5o nas HOMY  FODMU PO
o, Ho tonosenne ' erh o) !
. TR FESHOC PACITHPCHMe HONEOTO | L
o K wias L. Xopomo
: y TO HOPMUPONAIIE HOMHOND NOPMUPOBAHAOIO 1O QBCAHAHO HPOFIOILK
% ua wonewnoe pacimpense. Tax w10 vononnenwe K7 (n A7) ne sannenr o » : 2
nponoasenss iopanposasis. Otejona CACNYET VIBepRIenne . R

e g & = - Yy - pe-
¢ Ji1e el 'n e Olll ) IO BCNWILI0BAT § !
( Hencrane 2 peose, CHIO cael ye 3 TeupesMbal b u
X n

5 Ilokasarenberno TEeOpeMhl 3.

O6patimcs x : y
pa K Teopesme ma. (TBenem aoKasa reaberao viod TEOPeMLL K Teopeme 2

i’l(:::y:: I::;;::.a:ur::::pnnua nopaupofnuuor oA £ noses swnernoo ko Hyemn 1k
g pacuupenue. Tozda waidemes munoe NEPAIBEINOAENNOE (r-

€ pacuiupenue noas K do ducxpemyo KOBMUPOGANKO20 noAx |,
pacuupesue noax eswemos cosnadaem ¢ pacwupenues k. Kpose mo’
e noss K wa amo noac npodoasarmes eduxeme exscaia aﬂpa.:).u. ’

npu Komapos
9, NOPMUPOHG-

HNX lz:cmlpcui. 9710 Byser npenmonararies,

g AL TOMIBX Bostel YTREpAIEIIe XOPOmo wanecTio (ex. 2] eal §7 veopena 7 1)

: m{ CRYNAC PACCMOTPHM TONOINCHKE — QOTH0e AMCKPETING nopnlpt.)naunoe noae -R"

mf:n s+ u::nmmeunoe CENApABEILRON PACTINPene ¢ Tpehyeatam PACTIRPEHEM nonl.
CTOR. Henoanayem crpocune Taxux pacumpeswit (em. (2] a1 §7 upeomenwe 7 1)

npensoxexne 7.1 (loc. eit.,),

»
" :, ;u::::ug E/'R HPHMHTUREO, OHO TONRYHA0TER TOCHEAcT oM DPRCOCIMNCHNE oo
Al ﬁ;'umm R OJE MISETOR F - IPMMITRAHIR Diemen T pacImpe-
ke vstomisil “. .yr*n. 9(X) € K[X] mumusmannnni MHOUOSTIEN TANOTO JNeMeRTA
a0 ; KOuihaa n_upuupumn. Henoarayom xanoumnyeexwit POMOMOPGI 1M
oTom, uycTh g X'} € k|X| coorscrcrayionmi AENPRBOIMMIT i cetiapabem.-

A Muoreanes xemaa k] X Hpescranus g( X) = o, + aX 4 X" a € K. Baasen
e Gy
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AeMeNTE £ Moo nbpLT L MoBoR xopein. Takoro noasumoma f(X) =k o4 X7 8 ko
ropor by € K word(a;—b) > 0. B euny nnorwoctn K » K vaxue xosddmmmentia Momno
nbpate yae s none K. lycre f(X) € K[X] coormercrayiouui nomunos, a r 1o ko-
pesn. Toraa none L = K(x) naoruo n L, L/K  sepaibetnaenioe paciimpeimse croneiss
KOTOPOLU CORIAJIALT €O CTENEHRIO PACHINPENUS 108 maveros, n = [L: K| = |11 k|

B ey cooTROMCHMS M WIZEKC BOTRICHME H CTEHOHN PACIUMPENHE BOJA BLMETOR
MAKMOTAEM, €10 RopMuposaie tonn K na nose [ npanosikaeTen eanictacinem obpa-
som Jlemma noxasann

flycri Bunoaness ycaosus Teopesid 3. PaccMoTpnm paciuimpenne noas suieton:
[ k/k nons K. Do pacimpenye cenapabemano no yenomwo. Bocnoamsyencs sesaoit i
NOCTPORM TRKOe Hepasseranonnoe cenapabenoe pacnmpenne K, /K pacumpense noas
awreton koToporo k, [k cocrorr & cenapabensrom pactmpenin ™ - kfk.

BuGepenm nexotopoe tponoixenue nopMupananus nons L wa gone K, L. Pacmupe-
mwue K,L/K, yxe ynonretsopret yoaosusm teopesu 2. Bocnomwayemcs a1ol Teopenod
¥ HARZEM TAXOC paspemMmoe nuoine passerwiennoe pacmmpemne K'/K, nan xoropo-
ro pactmpenne K'L/K' enabo sepaspersnctio Uin moGoio NPomoiKenns BOpMMpORAKIE
vonx K,L na nose K'L. BufcpeM 050 Takoe TPOMUTECHTEC.

Jlemma 8 fTyemn LJF/K 6awns pacuupenud nosed s xomopod pacwupenue FfK ce-
napabeasno, o pacuupenue L F cussno paspewiuno. Toada o nose L watidémes maxoe
xoxewnoe pacuupense L' | K dag xomopozo L = F-L', a F||L' nad o6wei wacmwwo F1L"
. B vacmwocmu pacwupenue L'/L' (1 F eusswo paspewuso.

Kpose amozo, ecau noze L duckpemno wopauposanwoe, pacwupenue L/F osnoaxe
padsemoaeno, a F\|K wepusscmoscwnoe, mo snoane pasaemeseno u pacuupene L'f 'n
F.

Tokames nessy wuayxnuelt 1o BIcotTe n GRUIHN CHILHO PAIPENIRMOTO PACTINPEHRR
L{F. B caysae n = 0 umeent L = F 3 noxasunati nevero. 91o naet fasy muayxwmm.

[pentosokum Tenepn yTaepanemne okasanas Uin pacinpenus L/F ¢ sucoto
Gammm wmennme i, Mokaxesm ero wis n. [peacranem 310 pacmmpense 8 swne Gam
LI,/ F » xovopoit pacumpenne L/ Ly xpssmmncmseckoe, a pacumpense Ly /K sennmed
BHCOTH.

K Gamne Ly/F/K npwsesnsy npomonoaenne mayKian u Aalaes Takoe ¥
pacupesne L}/ K pas xoroporo Ly F' = Ly, Ly||F wan nones LyNF. Pacopenue L/ Ly
KBANMIMKARYECKOe, IT0 DOl PAMIOAEHNS BexoToporo nomunoma f(X) —a,a € L. T,
wepes [ obosnanen nubo ommowaen X", (m, p) = 1, mbo secenapabemsiail omnosren X7,
6o noanuom Apruia - Hlpafiepa p. Taxoe pactuspenne Doy SseTct HpncoeanHenne
x nomo Ly moboro xoprs b aroro nomsosin.  Hockwtsky Ly - F = Ly, to saesent
MOKHO UPEACTABMTL B WRne a = Daba, € Ly, b € F. lonaraew L' = Lj(by, ..
Henocpencrenso uposepaerca, wro FL = [, Jluneimas pasneneswocts L'||F wan
L'N F cacayer wy .5 §2 npensoxenus 7 xuwrn (1],

Cunpnag paspenmocts pacunpenns L'/L' N F aerxo ycrauanawsaercs muayx
N0 BrcoTe GAUIN KBASHIM K SecknX paciunpenwil b pacumpenun L/ F.

BAKIOUNTEAREOS YTBOPALEHAC CIIYET HY HOPMEPORAHNOR OF MESCHHOCT I HEPAY
naeinex paciperinit (aexma 1 (1)) » Myswomamxarssiocrit peayusposanioro i
neTaaeitnd, Jlemma noxasana.

v
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Ilponoamam poxmsavesmerno teopesie 3, Tipnmenus esamy x Bamie K'/K,/K.
Hycrn K3/ Ky /K coorsercmmywmas konevuas Gunux pacumpeniil o nose K’, saecn,
Ky = Kan Ko Bewmay K A K, & nepamersaennocrn pacimpenns K, /K pacinm-
perne K'/ Ky wepaswersseno, ovromy pacionpenne LE'/K; canbio nepamernieime,
Taxono we w noapacigpenne LAy /K. Tax w0 nis Aansoro npojon menns mopMupons
nug nons Lona nose LKy pacmupenne LKy /Ky ciabo vepapernaeno, B caay desmmn 6
TO KE WMEET MECTO It M 1060ro nposos el nopsupsoamns. Taxus ofipasom yrsep
AWCHNE TEOPEMEL BLDONRICTCR VI Kosednoro pactnpenns K3 /K, Teopesa 3 noxasana
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DOOEKTUBHOCTL NPENCTABIEHKUA KOHEYHO
NOPOXIEHHBLIX HUWILIHOTEHTHLIX U'PYIIIT MATPHUILAMU

A.M.Tlonopn

Poccus
630082 Homocxbaupcx-92, ap. Mapxca, 20
Homocubupcxwit [ocynapcrnemod Texunaocxud Yuunepcurer
Kapenpa Anrebpu m Maremarmsecxod Jlormuxu
e-mail: algebraCnstu.ru

I3 pabore Cyona |1] 10Kasanriencs, 1o KOHEHNO HOPOACHIAS HHALIOTENTHAS FPVIDA
6e3 KPYSeHnE UMEST TOMHOE TIPEACTRVICHRE B TPYTINe TENOIRCIeRIRX YRRTPEYTOTLHIMX
wmatTpin. Henoneays meton Cyonn, soxasumae s shhextyniocTh TaKoro npencranieis

[lyer (7 = 2p(xy, ..., 7,) - XOHEUHO BOPOANCIMAN UMILIOTERTHAL pYynis Ges kpyve-
unx. Cramnaprimas obpason (om.[2]) naxomus » G nopmaannni pan ¢ GeckoBeHHRMN
mukanyeckmmMi daxTopaam 0 O Gy D ... D (G, O 1 n nposaaus MRAYEINO HO JUIN-
ne puaa lyern p 0 Gy —— UT,(Z) - rounoc npencrannesme (5y yHWTPCYTONLELME
sarpuiemi,  Torna p wanyumpyer xoskgesoin romomopduan @ @ Z0Gy —+ Z,. Obo-
swaaitm K = kerp. B xoomue Zlp(()] naxonum munmsmansuyo Gasy eg, ey, ..., €, 008
e = Eop = diew,] €1 < m < ndi € Z. Dro nenaem tax, xax onucaso s (3.
Hycrs b, = ¢ '(e,). Torna saemestr by, by, ..., b obpasyior apanTesswi Gaswe dastop-
konsta ZG /K. Hycre by, .k, - mansoenckas G6asa (5;.08a Toke maxomurcs whex-
runso {em.[2]). TlepeGupaen ciona o1 Ay, ..., b, nowaw 1,2, Eeaw sce chosa psunt |
TR0 REPAKMOTCR Tepes (aoRa MeHbineR uannk | mo monyise K), To cnpaseissa

JNEMMA | Bawe K ofpasyior snementa:

' 1
fn=w;“2"‘.-‘5n1= Lyvngou -‘=bih'_z:‘ri,lb"
=0 =0

rhe wy, .. wy - chosa aaman L+ ), o4, v, € Z

Hycrt a - snemesit, nopoxamonmd & (mod G).

JIEMMA 2, Odupextunso saxonsres raxolt wiean [ w ZG, » amursmai
ZGy 1, wro 1* = 1,

Fuax Game K, mokem numncars Gase K, Hyeraby, b, b & K b, . b, € K"
Aubepen 1y nocaeumx Gaswe K*\ K N K/ K, sosesesm npoolpass aroro Gavaca » K,
nyers yvo bynyr b b - Dnesenria by, b YL b obipasyior Gae 26y / KNKS,
Tenepn VOKHO RARTH MATPH T npmc‘rmmmc(?. B IPYHNE IMECRERX Npeodpasona
20, /K N K. Fenx aTo 0penc TARNEWRe HE YIRTPCYTONLHOC, TO 0T HETD MOKEO |
X YHRTPeyIDaLHoMy Tax, kak 910 penaeres w [2] 1locse yroro noaropusm ncio opo
T.K. PAIMEPROCTL WAPANE HA KRAJOM (ANE YMCHBITACTCR, TO RA KORETHOM 1re
so wneasin [ Taxoro, wro [* = [ Jlesmn noxasama.

HongTro, w10 | - Maxcumaanani uuean ¢ rakum choRcrsom. OBosnavnm g,
woeTHW Raean s xoawue 707, nopoxnemnngit seemn pasioctamn h — 1 rne A ¢ Gy
Howxrno, wro K € T, I5Y © K Hyens L/TEY - nepwomnacexas waern 26, [ I5HS
T I w1 wwmaprantios omocaremmo ofz) = a 'za, vo I3 1 © 1 Tenepn wi
wmoxem npaaoasuth neftcrane O wa ZG [T no peicrses (0, nonaras, wro 4 neRcTs
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Kiaw or, Hnnmcu, BOLMEM TIPRMY IO LYMMY DOJLY HeHNOIO PACT AMCNNR 0 TP T an) e

Aoy e
w00 = 'U‘I;M). O M OBET TOUNGE (pencTase e CRYIL Gy peyTonLinhivMm
saTpruamin. Tem camun nonysena
) | hOPhMA._Cwmrrnyrr WITOPWTM TR HAXOMZE MK TOUHOIO DPENcTanicins ko -
0 HOPOKACHUOR HEILBOICHTUOR TPYII ey KpyHe: ' :
) - HHN VI TPy LOITL MMM 2

1M MAT PRUAMT. o R

_l\ax cacnyer wy (4], cpynna eamimn nenodncaenioro FpYNuosoro. kom.n Heckones
HOM HMARNOTEITHOR PPYNIW T1e snasercs Tpuspainioi B i3] e Tinuo naxarkren
uo;mauxmxmr“ PPYHIN. CHRNRNIL UEAOMRCACHRON JINHORIOR 0BosoKs HPOKIBOTHION Ko
::-.-um NOPOXTEHROR MATPIUROI TPYTIIL, Hoaromy posyuemni PEIYALTAT MOKET OtiTh
! xlmm.umn JUERE SMPEK THBHONO HAXOA/CHNE SIUnesi IIIOSTHESEHRKIX Y ITORLIX Koner
MEKOUEHHMX KOREUHO HOPOKICHHEEX HRABIOT e THRX rpyin Bey kpyseHns
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O KOHEYHO ONPEJEJEHHBIX PEHIETKAX
M. B. Cemenona

Poccas
630090 Homocubupcx-90
np. Konrera, 4
HucTuryr matemaTuxn COPAH

lyetn [, — upanssonbaas peerxa, o,y € L. llonaraem ¢ € y, ecm
A1 TOBOFO HAT PABIIEHROND BhepX DonMuokectsa [ C L, ameomero rounyo
sepxiion rpain V D, ws y < VD cieayer ¢ < d ans sexoroporo d € D,
Pemerka L mrwasaerca wenpepwonod no Cxommy, ccam a = Viz e L:
T < a) w awboro a € L. Dnement & € L xosmnaxmen, ecna r < 1.
Pewerka [ navnaercs ascebpaunecrod, e a = \fz € L'z € 1 < a)
Mtk woboro a € L. M onpenciiesing cienyer, sro Juobas anmeGpanyeckas
PCLICTEA SRAKCTCR Henpepunsion no Ckorry,

Muoecrso U C L ovkpuaro 8 monososun (xomma, ecan

l)z<yuwscl meneryell

2} VD E U maeser DNU # @ i moboro Ranpaiieniomn ssepx non-
muoxecTsa 1) C [,

Pewerka L wasianaercs ozpanuvensos cnuay (om. (5]), ecan nax nio-
Goro rosomopdaama b 1 FL{n) — L w moboro o ¢ L muoxecrso H, =
{2 € FL{n}: h{z) > a} anbo nycro, mibo companT HARMERLITUI 21jesenT,
Bnecn FL(n) — chobomian pemerka o1 n topoxgaotmx.  Qepanuvennsie
COEPIY PEETRE ONPEAeaNIoTes ANCRCTReHIM obpasos. Penerxa navusa-
CTCH o2panuvennotl, oM ORA OF PRHEMENA COEPXY B CHInY,

Honxrue wenpepramuol (nonol) pemersn Guso sweneno Crorrom [6]
w Epwosas (4. (B pabore [1] nonsruam aurebpastieckoll n umenpepiis-
#oil 10 CxoT1y peterka CouTRETCTNYIOT TEPMIIEY @ IPOCTPALCTSA N -
UPOCTPARCTRA CooTReTCIBeni. ) Airebpaniccxse n nenpepuniide no Cxor-
Ty noauue pemerxn wsysamecs o (1] Jlns opowssomanax pewerox coot-
BETCTRY e onpejeenns Guam nam Anapudenos n lopGywontim » palo-
re (2], Tam ke oun soxasaan, 110 0GR CHOBONHAN PEMIOTKS € KOWERHLIM

“Pafiors munommens wpn poanepake Pocxoswrera PP no muctoesy ofparosnnnn
(rpawr 1998r ) w I "Warrerpas® (npoext 274)
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'IMCIIOM DOPOATAIOUINX ¥RaxeTex aarelipanveckoii. B cayvae xonenso o
DCIETUTLIX POLIETOR 3T0 VT iep o ieume vwenepio, B pabore dpisa 3] Grace l':
;r:e- TPUMED permet ki ¢ HETHPLMA TOPOANMOILIME W XOHE LM HHCaOM
MEAAIOUMX COTTHOMPUNIT, W KoTopoll yeaosme a < b ue gaoer MECTA 1M
N Kaxmx nemerron a, b ¢ /. Takum obpasos, sra PCIIeTRS He unaseroy
irebpamgeckoi, HOCKOALKY Jn0bas anreGpanaeckas peleTka caabo nn;d
(em. [2]). Tem ne MEHEE, BEPIA. chestyimas Teopeaa. ;

Oope - pedeacunod Cwemsn [, (“CMII‘UC CA0-
l Ma | .ﬂ-" KOKENNO on df P U [ Vi

Y 1 aasebpauneexay prutmna;
2) L~ caabo amosnay peuemen;

3} ‘”60' JALRENT U2 I- nPCd('MG“ o ﬂud(' CHMMN BRoaNe L1 PSS
M 3 L MENTRON :

4) L soasemecs Fy- ¥
by G-NPOCTIPANCTIAOM 6 camcar Epwona s monososuy Cxom-

5) L deo:tuupyemr: cso
d UMY KONCUMMMY TOMOMOPPN
npu ozpanyvexnnr COMOMOpHusnar. Ma o6pasaun

o pokasatenmnersa HaM notpebyercs coenysas
mﬂem 2. J/hotoi oepannvexnmd coepry 2oxoMopfurmn Noasemcy noa-
V-20moxopdusmon.

HOKAZATENLCTRO. Mlyers f:L 5 K -
sMopprwe.  flocrarouno toKasaTL, 410 f ¢
::.: :-Zp: omsokecTeam. flycrs [) HAIPARICHHEOE BREPX TIOIMMOKE
ding 10 !mgv}(\\jg Ecnn VD) # V (D), 10 undinercs b € L,
ot < it ) {znn ?id € D. llycrn afb) — Hambonnmmi
g npoofpa ‘enui -(:el.:j(x)sb}. Mo yenonno

= Ty noaroMy VD < n(b), 10 ecr, JIVD) < b, wro OPOTRBOpeY T

(5]

Hokasarensoreo TEOPEMK |, Wam,

AR UPONBOMLINX  PemeTox w Gua m;:::u:.]'zl]). T)flnanea) Sy
1) # 4) raxxe CUpaneusa e mobisx PEMICTOR; ¢ NOKASATeTRG i
CPEACTDCINO M TexaeT wy o penenenit (em. [4]). Mockomxy » nen;::lix

BREPX pemet ke moGoit npose HepaaIo e
MK A 3) = 1), UMAR AneMenT Koumax e, To sepira

Hoxamen, wro 2) - 3.1
& 3). ymaéLuA:{:ECJ(I.::< Ee.
: :" HIVIRCTCR CYNPEMYMOM MoK ecT R A, 10 naineres lepu)uu :p:i;ua‘:
ecTRA A, Taxas wro 0, < a. ﬂncmm.ty L cnabo ATOMRA, Ameem g, \.
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HOATOMY MEOKCCTRO V' anemenTon penerkn L, 8CTpeNaouxey Xors G
WOOMHOM HeY TOHHASMOM PAVIOMCHIN wIeMeHTa v, kowedno. Tax xan u <
v eyiwcryer vy €V, takoi wro v £ ow Tlyern oy soumsannnmi
saement m Vo takem cooiicrsom. Tlokamenm, w10 vy snonne mepavioxum.
Waees o) A< vy Beam oy An< r < vy nas gexosoporo r € L, o 2V
u = 1, Coraacno yenopmo sunusansnoctn Ppuaa — Hewmmua, cyuperayer
HEY TOHTREMOC pavokenue v = V.. VL, Takoe wio {,..., t.} < {r, u}.
Hockoanky u < v, max wekoroporo 1 < n umeesm § £ w Taxum obpeom,
fp S 0 < Wy, MTO UPOTHBOPDEHNT MMNMMANBHOCTE dacsmeita vy, Hoxtomy
A < v Hockoubxy SaeMesT vy IPHEALICKIT Hey TOHSACMOMY (10K PI 1100
. ot nepaviosus. OTongin i BOCICIEETO HEPABCHCTRA 1AKIONACM, HTO
vy Buoaue wepamnoxum, Haeem vy < v < a, 10 coth ¥ € A 1 novroMmy
Uy S 0y S U, 910 NpoTHRopei T Bubopy t). Takam obpaom, o = V.4,
Hokamesm, aro 3) ¢+ 5). Hycrwa £ b s L. Toras wadnercs snoise
HCPAIIOHUMLLE nesent £ € L, Takoil wro r < an r £ b Toraa coriacuo
teopese 14 w0 [3] peserxa L{x) orpannaena, i crannaprusi romosmopdisoam
/L o L{z) pasncaser snesmentn o v b Obparuo, nycrs pemersa L
ANNPORCAMRPYCTCR CEROMMEU roMOMOpQHLIME OOpailaMi OpH OrPadnIeHENX
rososopdusmax, fMosoxum A = {r € CJ(L) : r < o), rne a0 € L. Ecam
@ HC SAIRCTCR CYOPEMyMOM MHOKECTRA A, TO HANGETCH BEPXHAS ©panmili
a, muoxecrsa A, raxas uto g < a. Coraacso npenonoKerEo CymecTay-
o1 orpamuuentsi rosomopdian f 0 L — K, rae K — koneusas pemerka,
raxoit w10 f{ay) < fla). Hoaromy = < fla) w ¢ £ f(ay) nas wexoropo-
ro pepaomimoro saesenta r € K. lpeanoanoxam, wro #{z) = V X| rae
H(r)  HauMeHBIMMA SNEMENT B NPOOOPANE JNEMEHTA X (PN TOMOMOpPHORIME
Sia X C L Torna x = f{f#(z)) =V J(X) cornacho semme 2. Hockonrxy
MICMOBT T sepasiosum. 8 mEokectso f{X) xoseano, uweem = f(r,) anu
aexoroporo 1y € X. Takum obparos, r, > f(x) > z; & F(x) snonke pe-
pazioxint. Hueem G(r) < 3(f(z)) < a, ro 3(z) £ 4y, 410 npoTHBOpPEYRT
Bubopy a;. Caenonarennio, o = Y A Teopema nonmoctsio gokasana. (4]

3aMeTHs, 9T0 pansociibaocTh yososwit 1), 2) w 3) nax nopymctpuby-
THBHLX BREPX KOREYHO olpedrieHERX pemetok Guna mokasana » [2] (om,
vakae [5]). Onpesenense Fj npocrpancrsa est. » [4].

Hewswsecruo, cymecrayer an neapepusas 00 Cxorry neanreGpandeckas
KOHGUHO OUpeneneniads pemerki, Tesm He Mesee, #Meel MecTo caenyomes
YTBCpADoHRE,

Teopema 8. Jodas xonexno nopoxdennis ozpanuvewnar peucmsa Ne-
npepaena ne (Mcommy.

HOKASATENLCTRO. [lycis powerxa [ Koneuso HOPomACHA | HIMMOp-
v
J i FL(n) -+ L orpanwaen. [ycrs taxke a € L n J(a) — wanmen.
wiui sement B npoobpae muomecrna F, = [xr € FL(n) : f(z) = a}.
Hockoanxy FL(n) - anreGpansecenn, Ja) = V{b: b < b < B(a)}). Tax
xax mmokeerno (b o b < b < fi(a)) manpanneno nnepx, corancuo nesmse 2
umeen a = V{f(B) : b« b < J(a)). MHokamesm, uwro f(b) < a win neex
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b« b < (J(Va). Hyerv a < VD any HEXOTOPOTD. NALPARIAHROID  Buepx
wnomecrsa £ Toroa Hd) < MY D) nas swboro d ¢ 1), a mHomecTso
Dy = !}!(d) d & D} wanpanaeno nsepx. Feamn VDY #V Dy, 1o naineres
€ FL(n), raxair wro J(d) < - - ANV D) nnw weex d € D Ho torns
d < f(z) s woex d € D, to oo, VD < f(:) Nowtomy = > StV 1), ure
npoTHsoper mabopy 2. Taknm ofipaom, b < b < Mla) < gy D) = \'/!)

Orecionn no yesomu noayraen b < B(d) ang nexory 4 G

poro d € ), (
renno, f(b) < d, wro u vpeGosanocy,, poro 4 € Aenons

(&)
JImreparypa
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PETPAKTHBIE PA3JIOXKEHUS KOMIAKTHbLIX CHCTEM
M. C. lllepemer

Poccua
630090 Homocubepcx-90
pp. Komrera, 4
HucTuryr mavemaTaxn COPAH

Cucrema A nasupasrcs pempaxmon cretesmid B, ecau cyuwscrayior Rjokenne ¢
A —» B w romomopdeas r = B 4 A rakue, qtore: A 5 A roxpecTeesinuil roMomap-
datam, Cemeitcrno cucrenm (A -1 € ) maswsacres npedemasgenuen cuctesmu B, econ
Kt A ARAECTCN PETPEETOM MPAMOTO TPORIREIENNE ﬂ,-g, A Cocresa B uavunactos
nepadeowumotl, ecim ik moboro ee upeacranienns (A : 1 € I) B annweres perpaktom
nexoropolt cucremin A, D1u nousTus Guan snenenn 1 Hlyddycos m A, Paiincnos n [3]
JULY HBCTHYHO YIOPDAIONCHHRX MHOKCCTH, UDELCTARICHNY TPOIRKATHNX CHETEM NCCTe-
nomanwes /. Janopw & [5].

Minyxnwedt 0o 9ucsy sNeMERTOR HETPYARO GOKAIATY, Chenyiouee yroepsaecme (. [3,
Teopesma 3.1{):

ocaxas Konexnad npedunamuary cucmesa A umcem xoxennoe npedemasaenue
(Ay,. . ., As), 8 xomopos ece A; neparavxcumm.

n kel Donee XORCTPYNTHBIN cTocob J0KasaTe/LCTna 3TOr0 yTBCpAICHRN,
:?;lf}nzwu:(mi Goanme wudgopmanui o crpoennn cucrem A, Tem we menee, ofia no-
KAJATEILCTRR CYUIECTREHRO RCHOIBIYIOT KOUSYHOCTL Hexoauoft cucremu A. B nanno@t
pabore HAXONATCE BEXOTOPME NOCTATONILIC YCIOBNS, KOTOPHIE FAPAHTHPYIOT CYINeCTBO-
HARNC TPCACTANICHRE SOPe) BePAVIOKIMEE 0 /LIS DeCKOReTHRIX CRCTEM. 7

Bynes npancpxnsathes TepMunonorsn w obosnavenwdt, upmigTux (2], Hycrs L —
TPOMIBOALHAS JANAHHEAN CHIHATYPA, Lp — MHOKECTBO NPEMHKATILX clmboson ¥ L
n(P) — apnocty, cwmpona . Konepyoxwued na L-cucreme A nanapacrcs cemeiicTno
0 =(0(P): Pe{m=]ULp), ynosnernopiouiee cenyonmm ycionuat:

Cl) 0(=) — orwomenne SKBUBATCHTHOCTE TA A;

C2) 0(m) ramxnyro orsocnTentno ochosrmx oneparnit A, 1. e. [(do,. . . Gm_1) = O,

S(boy- .. but) = by, m (a,b) € 0(=), £ < m, nnever (ap,by) € O(=);
C3) PCOP)C AN, Pe Lp.

C4) 8(P) samxuyro ornocureno 8(=), 1. e (ag,...,6,-1) € O(P) u (a, b)) € 0(=),
i < n, naever (by,. .. ba_y) € O{=).

Muomecrno Reex KoMrpysHIMA Ha cucTesme A JaMXUyTO OTHOCHTEALIO oOLeienil 1o f
HEniM 1 TPORIROALHEX ePeceicanil, CAUOBATEILAO, 0OpRIYET NOIHYYO peiteTky, obo-
wnanaesyno Con A Hyacaar xosepyonyus Ox = (Pa 0 P € Lp) wnnsercs sanmesm.oms

saemeirrom Con A

* Pafiora u.m:w-m- opw toanepaxe locxomurers PP po mucimesy obpaosann (cpasr 19980 ) w
WU "Hirrerpanns” (npoexy 274)
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Myers 0 € Con A, aff obosmanact oaem it xaace sioeventa @ € A o sknnnaneir
wocth O(=) m A0 = {6/ a & A). Ha muomecine A/# onpenearercy anmop-cucmena
A/ vo upannaam

FAMaof0, .., du.1]0) = F{an.-..,0m-1)/0,
cenn o cunmon memectioi ollepatti, 1
I)Al,'_““olav -“u—l/a"“ﬂv Sy € 0(P)}|

ecin P cuMnon n-MecTHOr oTRomenns, Mpw >1om orolipasenne [ ars afl (a ¢ A)
cThnosnres roMoMopdrIMom uy A wa A/0, [ navavactes eemecmeennnsn 20M0MOpEuL-
wox, [Lix nwenernoro Taxum oBpasoM HORNTHS KOUTPYMIIMH CTPABSUIWAL TEOPeM O
FOMOMOPGHIMAX It TEnpeMid of waomopduase |2, npenaoxenns 1.4.1, 1.4.3, 1.4.4],

Hanee nocnenosa renssocT sna Ay, 41y, .. Bynes obo3EaNATE KPATKO .

llyers K — xnace L-cuctem, Toria axesecmoo K-vonzpyanyuil 9o Cong A = {8
Con A: Af0 € K). Cacrema A nasmpacrcs nodnpauo wepazsoxcumoi o K, ecan 0, #
M€ € Cong A - 0 # 04}, 7. e. ecam nanyres P € Lp na e AP Taxwe, wro i € 8 P)
nax seex @ € Cong A\ {04} B yrom caywae cucrema A saxasaercs Pa) xepassoscunod
s K.

Mpeanoxenne 1 [2]. 1) Feau 4 - M 0., 20 0.0, € Con A, mo AJ0 asomcuxn s
[lies Aj0,.

2) Feau 8 = |y 0, 2de 8.0, © Con A u (#%:1€ 1) uenb, mo A0 - npgwod
npedex cucmen A0, i € 1. B vaemnocmu, ceau K FEMERYIN OMHOCKDIEADHO NPIMML
npedeaos, mo Cong A FAMNNYIO omuocumessne obtedukenutl no wenss,

Hyern A8 - L-cworesmss 1 A < B. Torna B navusaercs wucmais PACUUPENUEN
cHeTeMsl A, ecan aax MoGhiX &ToMumux hopamyn A(X.¥), i < n, u aementon & w1 A
sunomnsercs A = Ig&,., A(a,y) ¢ B | &, A3, y).

Cuetesa A nasumaetcs amosno RoMNaRmuotl, CCIM W TTPORIBOIBHONO MHOKECT B
L aromiiix opuys curmatypi L, oboramennoi xoncragrasmm uy A, mioxectro L nis-
HOAHUMO B A DU YCIORMH, 410 KAAAY €10 KOHEURAR TacTs BRITOTIEMA 8 A

Hpennoxenne 2 [4]. Curmena A saasemes amosno xoxnaxmuxod mozda u moaswo
mozda, xorda A soasemen PEMPAKINOR AWVGOCO CO0E20 NUCTHOZO PacuIupenns.

Crnerema A masusacrey ROGIUKOMNARTINOG, CCIIU JUIN NPORIBOIRHOTO MBOXECTHSE Y1)
[A} aTommux popay:t curmat ypu Lo muoxectno U {TA) mumoamiso » A NpN yenonm,
0 NAMNAR erO KOHCTRAR dacTh sunomEnMa n A, [lonsTae KBAAVHKOMIAK 1RO Kiacca
cnerem Guno mnencno B, AL opbysontim » [1). M3 ocnonnoit Teopemnl ot paboria u
caenctnus 2.3.4 (2] nonysaem caenyiomee yrmepxnenwe.

Mpepsoxenne 3. Curmena A soagemicy Kegauxomnaxmnott mozda u moasxe mo-
«da, woeda xaace SP(A) samnnym omuocumesnno npaan npedesos,

tnecn S u P ofowauaior CUEPATOPI BIXTHE DOACKCTOM W IPEMIX (PONIBENCNME COOT-
ROTOTRETHNRO.

llycrn @ — mnoxecrno popayn s & caAi(%,Y), roeace A, - aTomume opsyns
cwenarypi Lo Jlan xamaoi popmyat Fixg, . S Xe1) € @ mnenem noneti k-sectmaii
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apenmxaTini cumnon Fy wonyern L= LU{M :Fe @) Onpeneinm xiace L7-oncrem
K coemysnttmm Tpesiioseimmsism:

v Fr(x) e F(x)), F(R) € ®.

Herpynno auaery, 5To s Joboit L cucresd A cymecTayer enmicTpennas LT cncrema
A*, 1-obemenne xotopoit connanact ¢ A, 0 K = (A" : A L-encrema). Kpose Toro,
anx aolnax ceren A° < B ny K B anineres MncTiM paciiperiem A

Teopema. [lyems cucmema A ydooscmsopaem CACDYOUGUM YCADOUNM:
1) A amosne KoMnaxming,
2) A" xeaauxoMnaRmKE.
Tozda A usmeem npedemasaenuc (A, 01 € 1) o xomopox sce Al NEPasLoxcUMBL.

[HOKASATENLOTHO. Ofonamam A = SP(A%). Torna s cuny KnaamxoMnaxTiocrs
A* n npetomenuit 3 u 1 noayvaess, 4T0 MAOKECTIO ConpA® MMKEYTO OTHOCHTETLAD
cbvermnenuit no nenam. Ilycr P — openmxatusi cusnon vy L° o A* E "P(@), rae
de A, Torm muomectno {0 € ConpaA® 1 5 ¢ 6(P)} ynosnersopscr yenosusu CMMBL
lopua. MNycTs § — HEKOTOPLIE MAKCHMAILHLR WIEMENT B YTOM MRORECTBE, B=A/0wn
b—a/f. Torma b #{P) nna mobok wesymenod kont pyanumm & wi ConaB. Mycre M —
wiace peex cucrem C € A, € < B, xoTopuie asasorct P(b) nepazvsoxumpine. Herpyme
(poBEpRTH, ¥TO M 3AMKHYT OTHOCHTENLAO UPAMMX NPCACION NO AIOKCHIIM. C npyro
cropontt, Tax kax A = SP(A°), noayvaen M C S(A*), B HACTHOCTH, MOLWOCTH CH
a3 M orpamaenn. [1o nexose Tlopia, CymecTyeT MAKCHMAILIAS N0 RIOKERWIO CF
CeM

lponepun, wto C — abeoawmwni pempaxm 6 A, T. €. 1% moGoro pacminpes! Ty
D> De A C snmercn perpaxros D. JNecrswrenno, Tax xax D = P
w0 ssomectne {0 € ConaD : b ¢ 0(P)) nafnercs maxcumannumii snement @ [yors
C=Dfe, f:P=C _ ecrecraenmait rosomopgmast 1 b = f(B). 1o nocrpoenmo €
aaxercs P(B ) WMot cucrenolt, 8 gacrioct, C' = "P(F). Ho fle : C = &
orobpanser ba b, a C ecri P(b) uepasiomuman cicrenma » A. Cnenosatensno, [le =
wiokenne. B oty saxcumanesocts O 8 M noiayases, wto fle — waosopduam w €
perpaxt D.

Nockamwy C nimoxia B A° nosxywsesm, 1To ¢ — perpaxt A”. Herpymwo
sneTs, 470 kaace K saMkuyT oTsocHTeNLHO peTpaxTon, Nosromy C€ K, 1. 6. C =R
aan nexoropoit L-cucresmu R, upruem R — perpaxr A

Taxum obpasos, e A* |= "P(d), 1o nadayrcx Opx € Con A” u Rpz — perp
A taxne, wto A°/0 < Rpz u 0p5(P) # @ Coraacwo npeanoxeno 1 nomyyacs,
A < [I{Rpz: A |= "P(a)}, 7. e. A < [[Rpz — uucTOe RIOKERUC. B cuny atos

xosmaxtioctit A xnasercs perpaxrom [ Rpa.

Mo nocTpoemio neakas cuctesa R nina R}z anasercs P(F) — HepaIoRUvoR B
s nexoroparo F € RV, Tlponcpust, wro cucrema R Snisercs HEpayioxuson. Ilyer
(Ri: i€ 1) — nexoropoe npescrannenne ana R, toras nce Ry € A w R* € SP(R{). ¥
qacTHoCTH, Haknered rosomopdwam [ R® — R} Taxod, 1o R; | "P(F). B enay P(F)
pepavioxnmoctit R B A nosydaes, wto f — siomeune. A Tax xax R* — abeomor
perpaxt n A, 10 R* — perpaxr Rj, 1. e, R — perpaxt R;.
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GROUP POLYGONOMETRIES WITH SYMMETRICAL
CONDITIONS

S .V. Sudoplatov

Departmont of Algebra, NSTU
pr. Marksa, 20
Novosibirsk
630092 Russia
e-mail. algebralnstu.ru

la this paper we define and inmvestigate classes of group polygouometries having sym-
metrical conditions, On the one hand these classes give natural interpretations of classical
and some nonstandard trigonometries, On the other hand the majority of collected in [1]
results on group polygonometries can be carried to the symmetrical case,

We shall use notions and notations from [1-3]. By the symbol O we shall mark ends
of proofs.

1. Definition and preliminaries. A system P = (P, L, 1), where P is a sct of
points, L is a set of lines, 1 C P x L, is said to be a precise (A, Ay)-psendoplane (A, Ay
are some cardinals), if it satisfies the followng conditions:

Vpe I M e L Hpl), Ylel FHpeP [pl),

Ym £me P I e L (’(Ph”A I(PJJ))'
vi, 7‘ el 'ISlPE P (’(P\‘l),\ ’(P\ll))-

(Here 3°* meaas "there are exactly A", 75" means "there is not more than one”.)

Let P = (P, L,€) be a (Ay, As) psendoplane. If py, p; are points of the paeudoy
P, then the least number n, such that there are lines ly, .. ., ls, for which py € [, p2 € {,
0Ly £ 0,8 =1,...,n— 1, is called the distance d(p,,py) between the points py
pa, if such a sequence of lines exists, and d(p;, p2) = oo, if such sequence doesn't exist. :

Let P = (P, I’,€) be a (A, Ay)-pseudoplane such that P/ € P, I/ C L, and P, I!
are maximal subsets of £, L, such that distances between any two points are finite. Thes
P 15 said to be the connected component of P. The number of connected components
P will be denoted by ¢ P). A pseudoplane P s called connected, if {P) = 1.

A precise (Ag, A3)-pseudoplane P is said to be a plane (accordingly a projective
Ll a)Vpy £ pp € P FUE L (K d) A H(pa 1)) (accordingly a and b) VI, # Iy
L 3*'pe P (Ip,h) Al{p)).

By {(py,ps) we denote the line passing through two given points py and py, oy #
by p(ly,13) the point of intersection of two given lines [y and [y, () # 1.

Let (75 be a linearly ordered group, Pos((7)) be the positive cone of 0y, (3 be
group. If gy is an element of &y we denote by |gi] the element g} € Pos{G) U {
such that (g{)*' = gi. Let P = (P, L €) be & precise (JG1|, |a])-psendoplane, Now
(G55, G, P) be the system salisfying the following conditions:

1) for any line ! € L there is an action of the sot Pos(G)U e} on the set of all s
of 1 such that
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(a) X C 1, then Xgy = Uirlo lp € X} gy € Pos(ts
! ! S | {r};
(b) {ple = {p), [{pdan| = 2. p £ 1, ) € Pou((3,): i
() (phan )i = {pHargi) U (pHmtal) |, p € L. v, 4, € Pos(C,):
'(d) i p.p’. € 1, then there is c:.mcl.ly one element g € Pos{(/, JU{e} such that pf ¢ {rlas;
; 2} there as‘au element w € Gy \ {e} such that for any point p £ P there is an arliuu'
of the group (73 on the set J{{ € /. | P € 1} satisfying the following conditions:
(u) pga = p for any g € Gy ‘
(b) il p" = S ¥ i y d
. “,Z,, ‘(,:,/')f'm @ € Gz \ {e} and ¢/ € {plg, on the line lp,p') then p” ¢ {plgy on
(c)if p€lthenlg, € L and In = |
(d) il p" = p/gy und p* = P'q; then g5 =
0 g1 = g}
:!elow we shall denote {phgy by pg,. ’
[ points p' and p" belang to a line {, the pair 570" is sai
& pair p'"p" is said to be a se 0 If
for the set { t!)cn the element g, is the length | p"] hetween given poznnt:" g
myl?'fl :.::‘ u:;oms 1 one can define a ternary relation on the sel P "to lice between™, For
collinear points p, o/, e shal i p
u,‘p;!'.lb{'p"]' P P we shall suy that 17 lies between pond p, if [p| =
ines I" and " have & common point p, a poi
: I . a point p’ belongs to ' , & point
'l::ong.q L;: lrl(\l g'}:} ;’nd ];}ﬁl = llp Pl then any 3-tuple (pp.p') is m}l g}bc u;’z]:n,’;:
ween I and 1", Now i = l'gy and p" = for the set
eler;mnt 2 is Lthe angle value L0 p,p") of gnv;g:n;;: RISkl Eed ety
n fact the angle value (g, p #") can be defined b ;
i { LAl v 3-tuples {3/, p. p) for an e
:r‘:{eﬁ,ug;hc ‘l;ol;o’mgﬁ conditions: p” # 3 and cither g Lies between pf :nd " zrr:’"" ik‘ﬂ
1 ¢ an ol i ;
i we shall also right (p', p, 5") for angles and /(p, p, p") for angle
A sequence of points (73,4 Pe) 15 said to b
. VP ygon (accord:
e i to be an open polyg mgly a
pe P # Piary Po # pi and there are lines I(p, piyy ), 1 = Looyn — 1, (and
?;Jprpose moreover that (7, (75, P} satisfies the following condition:
3} i (P pu) and (ph,pl,..., ) are open polygons (or polygons), |p_,"pi| =

P ®l 1 <6 <, Lp,. N = ;
l‘ij«:tiol‘lj: PP Imf:-l;;nﬂ»l) ’-(V.-x-lf.vﬂf“)' L <4< n—1 then there is a

(:;I(A’)=p’.0$i$n;
(b) f{I) belongs o L e
pOi“'.p‘:( ’)]; g4 o L for any line ! € L, and I petly =11 fip) € {) for any
¢} for any line | i $ (YA XN d
& ;(I). y line L and its subsets X’ and X7 if X" = ¥ g on l, then f{X") = (X",
(d) for any point p and p', o ¢ Ulle L | [
A pel}ifp’ =
'hﬂf;“{(lf') = {g’l')m on the sel U{I | f(p) € 1}. il
us we shall say that the system (G, G, P) forms the pol,
. ha ,Gla, ygonamet th a sym-
‘n;.:tnml‘ condition, or the a~po!;f.gonomelry spm((7y, Gy, P) of the !;ou;:";u:yr ,(”(' i :'.' "V::'
precise pseudoplane P A bijection f satislying the conditions 3 (a) (d) is sai'd :u he
an n,tnmorplmm of a polygonometry spm(Gy, Gy, P). ) 4
Now we cansider wome corollarics of AXIOms

PROPOSITION 1.1, 1. (The symmetry) If p" € p'o, on yome line [, then p' € pg,

on |
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2. (The commutativity of Gy [he group (3) v commutateee

A (The ocder ideal of x) 7' = @ ' ;

1. {The centrality of ) The element = commutes with cvery clement of Gy

Proof. 1. Suppose that p" € pg and ¢  p"gi. Then we hnvt"!h fepm = {’;;"‘.)p"')d.
P o = (P = {(#laun ) U (Pl ') (P, P} U () {:»)r unnrN;f". r [mbc
e oy i Tt T - 5]

- h that = ¢, J(") = ¢'. Then WH = N ]

‘}'(. {:,(u"ll";.','“;;p:“(‘;:“';‘_l;l")},aSu](p",']: p(fl( or pf = p™, but then p' € p"g; that contradicts
whist has heen assmmed . 1

D At first we shall show that gig) = i@ for any ., © Poul((3,), Consider wm:
point p £ P, alined € L comprising ¢ and points ¢/, p" € [ such that ¢/ € pg un%
P € ploal) N p'a;- By the assertion | we have p € pa nﬂ‘(g.gf,) and p' rifp"g{, u;m
p € P(agl) 0 (7'g)m- 1 p € p"(ghg)) then g1gh = gl by thr_.mom l-((i)- Dot oo
by 1,{c) we have p € "lgigr | and by 1,(d) either y,g’,_:- digy or ol = (Rar') n;
ailgl)". In the first case we get ;g1 = 9] that contradicts to g} < aigigr- In the seco
cu;clg’ = (g})"" that is at variance with ¢ < ¢ Thus g g} =-g’,__q. and Pos(‘G',.)U (c) isa
cumm:lulivn monoid. Now as it's well known the commutativity of Pos(€y) implies the
comnmutativity of Gy,

The proof of 3 is obvious, . 5

4. u‘q, b: an element of (7. Consider some point p € P, a line { comprising p, and
the line {' = Ig; by the action on U{l | p € I}. Then

Hgar) = (ign)w = ' = I' = gz = (Ix)aa = l{xga).

Now if gan # mg; then gom = wgam, gz = Ty and ® = € that contradicts to = € G2\ {e} :
Hence g7 = gy for any g2 € Gy, O
By the proposition 1.1 the length function

|| (P, #") | #sp" € L for some [ € L) — Pos(Gy) U (e}

is symmetrical and we shall consider Gy as & commutative linearly ordered group with
group operation + and e = 0,

2. Polygons and s-polygonometrical sets. Let 5 = (pr,P1y---2Ps) bE A polg;go :
For the sides o pisy and pa py of § we define their gcramdcn as the elements g ol
side group (7, such that piyy € pa, on l(p;im.), l) ‘:E I,.._.)np.- I) a::d—p.z € p.:.- "
Hpn.1). Accordingly for the angles (pooy, d(pio1s Pidi (P Pisr)sPubids 85 0o _
((P:‘—Io‘(P--hPI)'“thpl)o Pt) wd (PM‘(P--PI)OI("- h)! P)) °f 8 we d"ﬁm 9‘;" P":.g,.
ters as elements a, of the angle group (7 such that LPi-1aPirPisa) = Qi 8= 250004

UPn-syPar P1) = Oaey a0 L(Pa, Pripa) = @a So the parameters of S are defined by v
matrix
ay ay .
(n. Q5 ~en a.)
Any matsix § = ( :" :: :: Ly sy 0n € Pos{G) U0} agyeeey a0 €

is said Lo be a (G, ()" n-gon or simply a (G, Gy)-polygon. 'The elements 4y, ..y
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(aceordingly ay, ..., ay ) together with their accurence W S are the sides (she angles) of
oy
We shall desote the set of all (7, G5)" npons corresponding to n-gons of a s
polygonometry spm = spm(Gy, Gy, P) by S.(spm) or by S (G, G5, P, S(spm) ¢
S(G G P+ U Sulapm)
n>d

- ay @y ... )
IfS= ( u: :; :" 2 1 (G Gy)negan, g, > 0,0= |, 0, then any 2n — 3

parameters of S, among which there are not sorme GROWML L), OF CQUL €4y, OF Gyl dp OF
anayay, are called defining. 1t easy Lo see that if the correspondent defining parameters
of (G, Gy)*-polygous Sy, 5; € So(spm) are equal, then §, = 5. In particular, (G, (73)*
triangles of Sy(xpm) with nonzero parameters fron 7y are uniquely defined by any side
and adjacent angles or by any two sides and an angle between them.

. 9, Gy ... Gg G -.. A, s § .
Any matrix ( el R = £ said Lo be a cyelic permutation
of the matrx S=| " T B 4 matin i s e o K
moay .. (R Y - R EPRR
said to be o turn of 5.
Y el Al o W SRALES . B Y
¥ (s (AT 5 U T AR
e o dn - Gy @ '_‘n-uz S R vy s
2 ek e Y Bk B g o be (G, G1)*-polygons. We shall
call the (). () -polygon
S = ( ay Ay bm~.0-2 Vee h‘_| b,.
M Ok Beeksy Bz e Bay Pacam )

where ¢ >3, 9=k - | +(n—(m k+2)+1)=n-m+2k—2, the joining of the
(Gy, G3)-polygons S, and S, over the border { (TS0 FOURRN 5 §
If 8 is a sot of ((7;,Gq)* polygons, by GN(S) we denote the closure of S under cyclic

permutations, turns and joinings. By A,{(),G;)* we denote the closure under cyelie
permutations of the set of the matrixes

(shsf,gntg;)(g. 9:0)(00 0
re ¢ '\enma'] \rnd (des)
where gy, g} € Pos(Gy) U {0}, @, 4} € Gy

Denote by 8%(G, (3) the set of (Gy, Gy )*-palywons having a side 0,

A s»[tolygonomctfy spm = apm(Gy G5, P) is said to be n s-trigonometry of a
group pair (G, L), if S(spm) = GN(Sy(spm) U AL(GL,Gy)') \ 8YG,,Gy). Such a s
polygonometry spm will be denoted by strn(G), Gy, P).

A set S of (Gy, Gy)*polygons is said to be a s-polygonometrical, if it satisfies the
following conditions:

1} il A is a (G, G3)*triangle and some of ity clements is equal toDor e, then A€ S
ifA € AG,Gy),

2) any (G),Gh)-polygon 5 © 8§ with nongers sides i uniquely defined by any its
defining parameters;

3) GN(S) = §.
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THEOREM 2.1. Let'S be a set of (G54, (53)" polygons. The following conditions are
equivalent;

(1) S & a s polygonometrical set;

(2) on some precase (|Gh],|(53])-pacudoplane T there 15 a s-polygonometry spm =
spmi iy, 06y, P) such that 8 = GN(S(spm) U A G, G2)*).

Sketch of proof uses the proof of [6, theorem 1] .

(1) = (2). Denote by I, the set of all elements of ). Define the action of () on ly by
the following way: for any p € lyand g, € Pos((,)U{0} suppose that P = (gﬂh.r El )
I G7 is finite (accordingly infinite) consider |(75| 1 (|(73]) copies of {; with copics of actions
and identify the element 0 and all its copics. Now copies of I form the set of lines Ly for
which we define an arbitrary action satisfying the axioms 2.

If the set of lines L, and the correspondent system of actions is a.lmsdy rums'.rurutd we
expand the set L, to the set Layy by |Gal—1 (or by |G| for th? infinite gtoupp,) copnfno(
Iy for any point p € UL \UL,_; by identifications of p and copies of 0 and by :smnorp!nsmn
of the system Lg to the system of lines comprising points p € UL, \UL, ;. For any step n

4 By ay ay .. 4y
if an open polygon (pr,. .., ppsi) corresponds Lo a matrix S = B €8
then we identify the points p; and p.y, and we define l(p.-..p.,mf) ‘-—‘ . l'b:hm
= s U Fny €) and the correspondent system of actions one
pscudoplane P (U'!' L -"eJu )

the axioms of s-polygonometries and for this s-polygonometry spm = spm((,, 3, P) one
get S = GN(S(spm) U AL(Gy, G3)').
The implication {2) = (1) is obvious. 0

If pm 1= a s-trigonometry, S is a spolygonometrical set and S = (N (Sizpm)U
A7y, G2)"), then 8 is said to be a s-trigonometrical sef.

Let ((y, G) and ((7, (%) be group pairs, ; be an embedding map of (2, to .G:,l =12,
1 presecve the order of G (i.e. Pos(Gy) € Pos((7))), w(ﬂ‘) = =, spm (accordingly spm’)
be a s-polygonometry of (Gy,Gy) (of (G}, ) on a precise pseudoplane P = (P L. €)
(P'= (P 1L €)).

A map f o P = 1”7 is said to be an embedding of the polygonometry spm to the
polygonometry spm' (desote by [ pm = spm’), if

L) f s injective; ;

2) for any line | € L there is s unique line I' € L' (denoted by {7, f(1))) such that
fihcy ‘

3) if p € prgy on lpy,pa) m spm, then f(ps) € f(p) @rlg) on W f(p), fipa)) im
spm’; ‘

4) if I3 = Lga on the set {1 | o1y, 13) € [} in spm, then {P*, [(13)) = (P, j(l,))-m(a)'
on the set {'| p{I(P", J(1)), {7, f(12))) € I'} in spm,

If (7) is a subgroup of G, and G; ix a subgroup of (), we shall suppose that , = idg,
md " idn.‘.

A s-polygonometry spm is said to be (identically) embeddable o u J-po;lygonomeuy
spr’, if there is an embedding f : apm * 4 spm’ (being an identical function). If a &
polygonometry spm of a pair ((,(73) is identically embeddable to a a-polygonomet!
spr of a pair (G, (%), Gy < G, Gy < (7, then the 5-polygonometry spm is called &
(€, G )-s-subpoalygonometry of spm’.
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S-polygonometries spin = spmi( (. Gy, P) and spm’ = spm( Sy, G, ') are called 150
morphic (denoted by spin = spm’), if there is » bijection f : # —5  bewng an embedding
of spm to spm’.

For & s-polygonometry spm = spm{(sy, G2, P) the number ofP) will be denotesd by
o{spm), A »-polyganometry spm is said Lo be connected, \f efspm) = 1. Any connected
ssubpolygonometry of the s-polygonometry spm and of the same group pair i said to he
a connected compenent of spm.

The following theorem is analogous to |6, theoremn 3]

THEOREM 2.2. The followmg conditions are equivalent:

(1) spm ~ spm;

(2) S{spm) = S(spm') and clspm) = ofspm’),

Sketch of proof. The implication (1) = (2) is obvious,

(2) = (1), It’s enough to show that any connected components K of spm and K
of spm' are isomorphic. We construet an isomarphism f : K =5 K* by the following way.
Pick any points py, p; € K and Py 15 € K’ such that there are lines Uprops), Hph, ) and
I pal = P, Pyl Let p be an arbitrary point of K, § = (Pri--- . pw) be an open polygon
of K such that p, = p; let {P},---.ph) be an open polygon of A such that the matrix of

its parameters coincldes with the matrix of parwmeters of 8. Then f(p) = pl and one
chock that f is an isomorphism. [

Thus for the definition of a s-polygonometry it's enough to define its s of (G, Gy -
polygons and its number of connected components.

3. Examples. 1. lLet ) be a commutative linearly ordered group, ) be a group
with an element m such that v = ¢ and * commutes with any element of (7, It'
casy to sce that § = GN(A, (), (,)") isa s-polygonometrical xet defining a connected
s-polygonometry spm, which doesn't have negons, n > 3, with pairwise different ver
texes lving on pairwise different lines. Any s-polygonometry spm, is called a tres 5
polygonometry,

2, Let ([0,2x), +) be a factor-group of (R, +) by the congruence relation {{x, z+2nk) |
* € R,k € Z}. Consider the following set of ({R, +, <), {[0,27), +))-polygons:

b
S =GN ({ (: 3 f’) |a,b,c>0.0<a.ﬁ.-y<r,o+8+7 = =g =
dny [ UBO((R, +).([0,2r), +))* ) It's casy to see that 8 is a s-trigonometrical set
corresponding to the trigonometry on the Euclidean plane.

This example has natural generalizations both to s-trigonometries on the Euclidean
spaces R*, n > 3, of group paim ((R, +, <), ([0,2%) x [0,7)*2, +)) and to a-trigonometry
on the plane (*R)? of hyper-real numbers *R of group pair ({(*R, +, <), ([0, 2x), 4)).

3. Consider un interpretation of the spherical trigonometry (7] on a sphere S of
radius v, in which diametrically opposite points are identified and diametrical circles
with identified diametrically opposite points form the set of lines. Let Gy be the group
(R, +,<), (3 be the group ([0,2x),4). Denote by S the set GN ({ ( : ; : I
0<abe<ar0<a,fy<n, ab.cand a, 8,5 are side lengthes and angle values of

some triangle on § ¢ UAo(G),G3)* ). Obviously S is a strigonometrical set, and if in ity
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connected s-trgonomelry we factonze the group (R, | ,) by the group ({kxr | k€ Z}, 4 ),
dentify correspondent peints on lmes, we get the spherical trigonometry on 5.

4. Embeddings. [n this section we consider the mimn results concerning embeddings
of s polygonometries and to s-polygonometries.
The following theorem s anwlogous to [6, theorem 6],

THEOREM 4.1, Let spin = spi(Gy, G2, P) and spm’ = spm((, (7%, P’) are s-
polygonometries, (7, < () as ordered groups, (73 < (. The following conditions are
equavalent:

(1} the s-polygonometey spin e embeddable to the s-polygonometry spm’;

(2) the sct S(spm) 1s equal to the set of ((3),G3)*-polygons of S(spm’), and the
s-polygoncmetry spom((7 (X, P') has at least e{spm) of pairunse disjoint (G, Ga)-s-
subpelygonomelries.

Sketch of proof. (1) = (2). By the embedding [ : spm « epit any (G, ()"
polygon of S(spm) belongs to S{spm’). Conversely let be a (G, ;)" polygon § €
S{apm’) \ S(spm) correspondent to some polygon (g, ph,...,p,) of spiw’. Consider a
polygon (py, p2,-. ., pa) of spm such that |ppiy| = [P pii|, £ = 1,...,n = 1, and
Lpiatapi-Pisy) = Ll PP )it = 2,000 ,n = L. Obviously there are no embeddings
transformiug p, to @, 1 = 1.... n, that contradicts to the existence of the embedding f.

As the embedding transforms connected components of spm to pairwise disjoint
(G, (72 )-s-subpolygonometries of spin’, the number of such disjoint s-polygonometries
must be at least o{spm).

{(2) » (1), Using given conditions we can define an embedding f : xpm — spnt’ like
the definition of isomorphism from the proof of theorem 2.2. O

From the theorem 2.2 and 4.1 one has the following corollaries.

COROLLARY 4.2. Any (wo mulually embeddable s-polygonometries are wsomor-
phie,

COROLLARY 4.3. [f G, is an ordered subgroup of (3, G; s a subgroup of
() auwch that = € Gy and spm’ ix a s-polygonometry of the group pair (G, (7)), then
there is a (G, Gy)-s-subpolygoniometry spm of spm’ of the set of ((7;,075)"-polygons of
GN(S{spm’) U A{G], GY)*) s s-polygonometrical.

At the same time it's possible to extend spolygonometries from pairs {(y, Gy)
to pairs (7, ). :

THEOREM 4.4, If Gy 15 an ondered subgroup of a linearly ordervd group (3}, Gy L
a subgroup of (7, and spm is a s-polygonometry of the group pair (G, Gs3), then there is
a s-polygonometry spu’ of the group pair (G, () such that spm is a s-subpolygenometry
of spm’, X

Sketch of proof. One have to show that the set GN(S(spm) U A, (G, (7)) is &
s polygonometrical and it corresponds to a s-polygonometry spm’ satisfying the assertion
of theorem. ()

¢
In the s-polygonometry apm((ly, (7y, P} by polygons hindering to passing of hud.
through points or h,-polygons we call polygons (py,ps,, . Pm), 1 2 2, pu F Pro cO
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responding to (€, Gy ) polygoms following

(%

Aoy # e, as well as their cyelic permutations, By pelygons hindering to intersecting

of lines or hy-polygons we call palygons ( :
. 99 PisPrce- Pl 1 > 2, Upyapya) # Up,,
corresponding to ({7, (%) polygons as following ROTmLT i)}

b ay .,
oy a; ..,

a3 well as their cyelic permutations.

Gyor Ouoy dy, iy,

oy < 3 Ay
anz maaa B oop), oty ... ait ¥ )

.1 Ay ¢ a, e 0y
o} & =
(. TR, PO Sap . o S YR B

ATHEOREM 45 L. A s-polygonometry spm is embeddable to a s-polygonometry in
whtch any !wg points have a common tine faccordingly any lwo lines have a nonem ty
mtersection) (ff spm doesn't have by -polygona (hy-polygons), !

2. A s-polygonometry spm s embeddable to a s-ri

! -irgonomelry on a ]
spm doean't have hy,-polygons and hy-polygons, - e i

i Sk'et.ch of proof uses the praof of [6, theorem 8], Obviously if spm hag hy-polygons
rpolygons), lh'eu mn:cspondcnt polygons have points (lines) such that they can not
bav;-‘ a common line (point) in any expanded 4 polygonometry,
ow suppose that spm = spm((7,, (7, P) doesn’t have hy-pol i
B ; i €ry, Cray -polygons and w.log. it
has a countable set of points. Cousider the group (9 = (3 a'nd copies (" of lhcuggmu'p
Z.v € w\ {0}. Let 1, be the unity of G, i > 1, Gy be the direct sum Y G* with the
=

lexicographical order, 7y be the Eroup
(G2 dgn | n € wh || RGL), frge = gur [n € w}),

where R((3;) is the set of definienses of 7. For the convenience we shall right 2': " for
=

every (?.«mbgroup of all functions f such that sup|
plf) C {1,
for every subgroup of & generated by (75 and g, . e
Now let » be an enumeration of the set

o} and (Gy, a9, .. gm)

(Pas(Ciy U {0}) x G5; x (PosGy) U {0}).

By' md:g:.mn we shall construct a chain of s-polygonometrical setu Sy, k € w, of group
pairs M.G".(G,.m... .,y,,.m)) by the following conditions:

1) 8o = _GN(S(!P"\) VA6, Gy));

2) i Sy is already constructed and v(k) = (a,a,b), then

i) if S, comprises some matrix k « we define Sy @ S,;

i1} if S, doesn't comprise any matrix ( : 3 ). we consider the leasts I > I(k) and
I
2 mik) such that a,b ¢ )‘;(:" and a € (G oy, gm). Then we define k4 1) e/
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m(k ¢ 1) = m and

Hawt) A
Sip &S =06GN (slUAr( )_: GG, g0, - --!Jn.lnl))) ) '

=l

b : ) belougs o §. Otherwise we defive {k+ 1) & [41, m(k+1) =

b
(o000 200

k1) g
UA, ( )_‘ (;'.((;g.m.,..,g.‘“")) ) .

ol

’ u
if some matnx ( i

m+ 2 andd

Now one can check that ‘U Sy is a s polygonometrical set defining a s-polygonometry
Ew
comprising spm and such that sny two points bave a common line,

If spn doesn’t have Ap-polygons, using the dual construction we embeds spm to a
s polygonometry in which any two lines have a commen point.

Now combiming given and dual constructions we get that any s-polygonometry without
hy- and hp-polygons is embeddable to a s-polygonometry ou & projective plane. 0

Analogous to [8, theorem 4.7| the following theorem asserts that any two s
polygonometrics are compatible,

THEOREM 4.8. For any fwo s-polygonometries spm and spm' there is a s-
polygonometry spm™ such tha! spm and spm’ are embeddable to xpm”.

Sketch of proof. [et spm be spm(6y, G5, P), spm’ be spm((7}, G5, P'). One can
check that for the lexicographically ordered group Gy = Gy & G and for the group
Gy = Gy #peyy G the set GN(S(spm) U S{spm’) U A.(G},G;)") is s-polygonometrical
and spw and spm’ are embeddable to a correspondent s-polygonometry spm” having
o{spm) + «{spm’) connected components. 0 Y

An undirected eoloured graph I' = (M, (R, | i € 1)) is said to be embeddable to
a-polygonometry spm(((, Gy, (F, L.€)), if there are injections [ M 4 P 1 5 Gy,
such that for any a,b € M the following condition holds:

(a,b) € R, & f(b) = f(a)p(1) on some line.

Analogously to [9, theorem 3.1] the following theorem witnesses that the classifica
problem for s-polygonometries is difficult enough.

THEOREM 4.7, Let I' = (M, (#; | 1 € 1)) be an edge-coloured undirected
without loops. The follownng conditions are equivalent:

1) I' 1 embeddable to some s-polygonometry;

2) ' is embeddable to some s-trigonometry of the group pair (G, Gy), where G, ds o
lexicographically ordered direct sum of A = |I'| + w copies of the group Z, (G5 1a the divee
product of the yroup Zy and of o free A-genernted group Fy;

3) any edge |a, b] from I' has exactly one colour.

Sketch of proof. The implications (2) =» (1) and (1) =5 (3) are obvious.
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(3) = (2). W.log. we shall suppose that I' is countable graph with the set of edges
{ug | n € u). uch that for any n € w graphs I, consisting of edges wg, ..., u, are
mn«trd': Blnng ':heBmpy G* of linearly ordered group Z in correspondence with any
"Age Uy of colour k. By induction on n we shall construct a s-
that I' is embeddable 1o spIm. i e

Let iqo, be the rolout.nf ug. We define spmy, o spmy (GY, Zy Pg). Mark a pair of pointa
Py and p§ such that [pd pd| = lgs and bring it in correspondence with ug, Now suppose
that a s-polygonometry spm, _, of group pair (GY677') on a pseudoplane Pn.y is
already constructed, and there is an embedding p._, of the graph Iy to spm,_, If
Ua corresponds to a pair of points py and pa from U,y and the u, colonr (:‘- ini
a ¢ ir ¢ } : 1y, group (* iy in
oy we dcﬁm_d‘:'f G, udd to G2 ! new free generators ¢ and ¢ and add w:hcnct
S(spm,_, ) a (G, G3)*-polygon comprising the image of u, with new side length 15 and
;}ow a:ile values g and ¢ Thus we get a #polygonometry lpl‘l?‘l)f group pair (G7, (7).

Uy a new colour k, we repeat this process adding (7 ¢ L g
an embedding of I, to spm,,. g SIS

If uy = {z,y} bas only oue point z in I’ 1, we add the el
) A group G* to the group 2!
(ll.u. has a new colour k) and add a new free generator 9t G o gel.s?lepgm:np
pair .(‘l..’:';‘_, C,). Then we define & s polygonometry spm, adding to S{spm 1) the set

n\r M R
A,(GY,G3) ..Uy the image of u, we take any sct {@a_i{z), p} with a new point p such
th"'ow-—l(‘) Pl = lgn, and @, o Pa-t U {(x,p)}.

ne can check that I' s embeddable to & s ! i
St = Q'S(,pm')_ s S-poiygonometry spin with

co . Y
‘Hgo"o:g::.ARY 4.8. Any undirected graph without loops is embeddable to some s-

5. Homomorphisms and factor-s-poly i
. gonometries. Lot spm - (&

G2, P), spm’ = spm(GY, G, P) be some s-polygonometries, P = (7 :, 6)..PP' = (SI':".nl(/ l&‘
) it Gi = G} be gronp homomorphisms, i = 1,2, ¢y(Pos(G,)) C Pos((), walme J'=
:re;‘.b:\ ﬁm:tion J: P> P ‘m said to be a homomorphism of Lhe s-polygonometry '-pm
e v X . <
o m‘.:-ﬁ;:;‘ yeouometry spm’ {denoted by [ : spm — spm’), if the following conditions

l; for any line | € L, there is a line I' € L', such that f(1) < 1

2) if p; € pyg; on the line ! in the s-polygonamet G

: : ry spm, thex : '

on the line I concluding Lhe set S(I) in the s-polygonometry tpm"' Lol il

3) i pa = prgy on the set of points of lines comprisi Initursect i

Prising some intersection point p in the

&polygonometry spm, then f(p,) — i i isi
e bk e s J(m) = [(pi)ealas) on the set of points of lines comprising

If @1, ¢4 are group isomorphisms and [ iy a bijecti i i ¥ai

1 | jection, the homomorph

be an ésomorphism ‘.)f the s-polygonometries and will bc’ denoted by f ?-:::{S n:::::"d "

;\‘uy homomorphism / :spm ~4 spm’ induces a s-polygonometry of the pair (g (@),
a{(2)) o0 a set f(P). This s-polygonometry is said to be the homomaorphic image of
the :-Mygc:nonwl.ry spm by the homomorphism J and it will be denoted by [(spm).

An‘ equfvnlmcr relation ¢ on the wot P of the s-polygonometry wpm =
spm((y, Gy (P L, €)) is waid to be a congruence, if there s u convex
normal subgroup  Hye(ly, a normal subgroup Hye(ly and a s-polygonometry
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apinf0 = spml Gy 1y, Gaf Hy AP1O0 | 1 € LY E)), such that if a (G, Gy)*-
polygon ( :'I ::; :" ) belongs 1o Sapm), then the (G fHy, Gy Hy) -polygon
(""‘Z: ::',‘;" " :7’" ) helongs ta GN{S(spm/0) U AL(Gy/H, Gaj ).

Notice that a s-polygonometry spm/6 can be not unique.  For exapmle, if a s
polygonometry spm doesn't comprise a line I(p, py), then the line I(pc/0, p3/0) in spm [0
can exist. Also by the f-identification of points py, py, which don't have a line l{p;, p,)
iand are the ends of open polygon (py,pa, - ., pa), the angle value &(p.1/0,p1 /0, p:/8))
need not be unique,

Any 5 polygonometry rkpm/@ is said to be a factor-s-polygonometry of tho s-
polygonometry spm by the copgruence . A homomorphism [ : spm -+ spm /¢, map-
ping any point of the s-polygonometry spm Lo the f-class comprixing it, is said to
he & natursl homomeorphwsm. I [ ¢ spm -+ spm’ is & bomomorphism, the relation
Ker( f) « {{pom) | Jim) = f(p)} is & congruence of the s-polygonometry spm and
it is said to be the kernel of the homomorphism f.

By the theorem on homomorphisms for ordered groups we get

THEOREM 5.1. (T'he theoremn on homomorphisms) If f : apm -+ spm’ is & ho-
momorphism, then there is an somaorphism [ of the s-polygonometry f(spm) onto same
x-polygonometry spm/Ker( [}, such that ff' 15 a natural homomorphism.

Let o be an element of the angle group 3, K = (py, p2. ..., pw) be an open polygon
in the s polygonometry spm = spm{ Gy, G, P),

§=GN ( S(pm) U A(G), Ga)'L

if {( I sl el oo [Pe-aPacal  IPaerpal )})
LUpipaps) Lpapipa) oo HPaaiPa-ipa) @

be & spolygonometrical set. Denote by VI, x(spm) the connected s-polygonometry of

the group pair (G, (74) correspondent tu 8. The operation VI, x is said to be the a-

identification of points py, py by the open polygon K.

Let AK = {{o,, K.) | 1€ A} be o family of pairs for which there are s-polygonometries
Vi, x.(8pm) 1 € A, and GN(Uses S(V Lo, x.(3pm)) U AL(G}, G3)") 15 & 5-polygonometrical
set. Denote by Viax(spm) a counected s-polygenometry correspondent to this set.

PROPOSITON 5.2. Any connected s-polygonometry spm of a group pair ((y, Ga)
is wyomorphic to a s-polygonometry Vg (spim,), where spm, = spm, (G, (72, P)) 15 a tree
s-polygonometry. .

Proof is analogous to the proof of [9, propesition 1.3]. Consider the set AK of all
possible pairs (o, K), K = (p1, 1.+ -, pu), of spm, such that some (G, Giy)*-polygon

( Ippal 179 ISR VP DY B | Sy )
Upipnpy) Upnpsp) oo UPaeaPaeripn) 0 -
n

belongs to S(spm) Obviously, spm =~ Vx (spm,). O
Denote by Con(spm) the set of all cougruences of & connected s-polygonometry spm -
spini(Gy, G, P), by Conyy(spin) the set of all congruences of spm, whose factor doesn't
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change the group pair of the s-polygonometry, by Cong(mpm) the st of all minimal
vongruences # « Con(spin) among congrucnces defining actor a-polygonomet riey pim ;0
of fixed group pairs (€5, /#,. (73/H3). Notice that if 0 belongs to (k'm.,.-(n;un) then r; r
factor-s polygonometry spm /0 is uniquely defined by the s polygonometrical -u’-‘ s

N mtly .. a.M T,
S ( {( ol . n,.”: ) | ( :: 4.:.. ) 5 S(pm)}ll
AL (G Hy, Gy Hy)* )

Denote this s-polygonometey by spn /(1 1)

PROPOSITION 5.3. For any congruence 0 ¢ Con{spm) and for any factor.s.
pofygonov:mlry spm/@ there are unique congruences 8¢ € Conp(spm) and .
f‘ £ Convyy(spm/fp) such that the Jactor-s-polygonometry spmj0 s wotmorphie
o a factor-s-polygonometry (spm/(Hy, H)) /6", where spm/(Hy, Hy) 15 the factors-
polygenometry of s-polygonametry apm by the congruence G

; COI‘IOLLARY 5.4. Any connected s-polygonometry having X points is tsomerphic

ﬁoua fz ?r-s-polygonamclry of a tree s-polygonometry spmy( A, Zy x F,P), where A is a
fian hinearly ordered group with max( ), w) free generators, F is o free group with

max(A,w) free generators. 4

6. Partial algebras associated with i
n group s-polygonometries. et =
spm( (), Gz, P} be some s-polygonometry. From the fact that in Sa(spm) parnm:::: of
any (G, Gy)"-tnangle & SoK i .
. o 8o are uniquely defined by any three defining parameters
the following conditions produce 3-ary partinl fupctions /2
; e v Xea ¥ G40 22
;os(gl), SR 2w f},, 55 X, o Pos(G)), S s X =+ G, 3 :‘:\’,,.f': Pfs?;i )’
rar Komas Xie € Pos(Gy) % € x Pon(Gr), Xouy Xoons Xy © G % Pes(lh) o e+ 1

,;..llo,a'b).—-g‘ f,".,(a.a.b):c. F ’ 16 -
!r’v(a‘ b, ﬂ) =G -,-?n(a‘ b, g) = T f:’:((:.;:.ﬂ; = Z:

Notice that if P is a projective plane, then the domai
, the adnm of th
Gy x Pos{Gy) and Gy x Pos{(y) x Gy accordingly. i
: Ixm.y .v-'pco.lygonomclry (G, Gy ) triangles with zero or unit parameters form the
Ze,ﬁn;,:;("%:;),;ns: any 4-l.upl:e of sequential parameters of such (G, G3)" triangles is
; ny i )
gl e g parmneters are defined by 4-ary partial functions SPO A% il

]r‘n(.qlvcvglv'ﬁ) =0, I".(g|'c'g'O Th) = o :
A "450.9:") = o, fil(a, wy:.O.)y:";h- v
”¢(0|93 Vo,e) =g, If.(ﬂ'ﬂi'-ynt) = ngs,
l':-(”-y-o'm'ol =0y fule, g mes ) = g,
f,“lg;.o'g,'l.gg) =€ m('ﬁlcrgﬂ—'»m) =,
L‘u‘.‘h’lvglt'vgl) =g, I]‘.(Q{HQI.".Q) = d,
f;:.(“.l!h.o.yg) =0, fi(0, T 0,4) = () "0; !
r e 0.9,0) = ()05, [4(7:,0,45,0) = 0.
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Supplement these functions using the following conditions:

Ma.b, fila,a0,b)) = [, (a.0,b),

fhacob, £ (a o, b)) = fi(a,a,b),
. o b 8, flab,3) = f3,(a.b 4),

filah, 3, (e, b0,8)) = fi(a,b.B).

Analogously for any ni > 3 define (2n -~ $)-ary partial functions fZr-3 f2n-=3  pia=3
JEA, g i which for (€, 05)"-n-gons

s tJma Jls
ay ay .. dy.y Gy = ‘ ot X
(m o B ) of S,(spm) satisfy the following conditions:

,3:_3("‘..(’].. ey B 3,00 3,08y ,) = Op-1,
f'.;':"(dl-m- o"-—‘)-an-lc"u—l) =y,
[ ~.J(alw"h . -al-'h“--lu“-—l) = Oy
f8 e g, Qe ey ) = g,
S o yaz, . @03, 001, @n1) = @,
fh _,["h“l'- . -oau-lo"-—haa-l) = gy

Define (2n — 2)-ary partial functions f20-2, fin-3, fan-2 %7 (4 > 3), which for
(G, Ga)* n gous :‘. :: s :"‘l : ) of GN(S(spm)U A (G, G2)") satisfy the
following conditions:

2 an,ar,. o Bae1i Gay) = Gay S M (ag, 00,000 Gy, 00y) = 04,
f?:-"al'aj' crealnayiliy) = Qn,y I,z:‘“'(ﬂhdg, sie ,n,._,,a.,) = ay.
Denote by ¥ the language consisting of the group operation symbols +,, —y, 2, ()7 ",

the constant symbols 0 and ¢ and the predicate symbols f2r=3, fan=3 gdn-3 fin-3  fan-3

i3, a3 i1 paed il sy The partial algebra A = (Pos(Gy)U {0) UG, X)
constructed above is said Lo be the s-polygonometrical algebra over the group pair (7, Gy).
The s-polygonometnical algebra A correspondent to the s-polygonometry spm will be
denoted by Afspm).

By the theorema 2.1 and 2.2 analogously to [10, theorem 2.3] we get the following:

THEOREM 6.1. The follownng conditions are equivalent:

(1) spm(Gy, Ga, P) = spm(Gy, G, P);

(2) Alspm(Cy,Ga, P)) = Alspm(Gy, G2, P')) and o P) = o P').

Two theories Ty and Ty of languages Yy and ¥, accordingly are said to he like, if
for any model M; |= 7., i+ = 0,1, there are formulas of the theory 7, defining in M
predicates, functions and constants of the language ¥,_,, such that the correspondent
algebraic system of the language ¥,_; is a model of 7' _,.

THEOREM 6.2. |. The class of all 3-polygonometrical algebras is ariomatizable.

2. The class of all 5-polygoniometrical algebras over projective planes s axiomatizable
and its theory in like to a finitely axiomatizable theory.

Proof is analogous to the proofs of [10, theorem 3.7] and of the assertion in |10, section
.o
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Let A be a s-polygonometrical algebra with the numverse Pos(G)) U0 3
’ ol U Gy,
ut'n'b?]grhn A of Ais waid to be cloned, if A' i defined on a set f’m(()":;:l {0‘) l.)l 0%, :hﬂ:
(3] is some Iu:muly ordered subgroup of Gy with the order induced by G, (75 in sore
subgroup of ('; comprising the element x snd dom( f¢ ") = dum(f{"'"),.ﬂ((l‘m((-",)u
10‘!) x (:': X ooo X (Pos(Gy) U {0}). € € {ra,ma,la}, dom(f2"") 0 = dom{f*),
(6 = (j os{() U {0}) x ... x (&), § € {rs,ma,is}, dum(/%""},u dom( )4 1
((Pos(G1) U {0}) x G} x ... x (Post@33) U{D)) x (33), 1 € Yrsla), dom{fP-*)q =
dom( ") 1 (G5 x (Pos(() U{0}) x .... x G} x (Pon(G3y) U {01)), 1 € {ralo). If A
::, n dfwed aubalgobdrn of an algebra A{ppm) of a connected a-polygonometry spm, then
" : g - y - .
i ;n?)n: cznu.k s-subpalyganometry spm’ of the s-polygonometry spm, such that
Let ) be a lincarly ordered factor group of the linerly ordered gr N
! A *riN oup () b
subgroup M, W.l‘b the order induced by Gy, G be a factor group if t}f:: éouiu(}c::\;‘:
nubgmu.p I{; with = ¢ Hy, A s a s-polygonometrical algebra with the universe Pos((7;) U
{0} U GGz, Suppose that the following conditions are satisfied:
NIL2 a0, .. 8k ) = al_, al-a? € H,,a! (od)!
x v . (31 -l L GII,.“,G'-—:_ e”
and' ,ﬁw.eq:nllty Lr¥adal,....a2 ;) = ol is deﬁm:d. then :1: 4 (.o"l ,;" lr- Il,l
fo ahat o) = fr(ahad, o) € [ alodye el g
U adad,. . on ) Ve .
2)if [ Nal,ad--- a6l ) =a! a) -(af) ' € Haal —a?
e, ’ * "t e €”v--'| 2 (a2)?
u;:l ;helequahly L’:"{af.ﬁ. iead )= al is drﬁm:d.'lh:u’ a) '.,: € ‘;;. i
Yahal,... ab_,)- el ol a3 e i, e
h-J(al al i 3= In-3 2 > ll x
'ﬁm “p:'n.'.n.l':-"l.' .Ah (afyai,...,a} ;) € H,.
n any partial algebra " with the universe Pos{G})U {0} (% and corres
o 4 pondent -
;:io:m [(. “; ’ulndﬂf:)‘ ;on :he cosets is said to be a !sctor-alycbv: of the algebra A bm
p pair (fh /). Any factor-algebra A’ corresponds 1 ; -5
S s el St 0 some factor-g polygonometry
Let spm = pm(G,,G,.P) and spm' = A
: Gy, pm’ = spm{CY},G%,P") be connocted
polygonometries. By u free product of the a-polygonometries :pm and spm’ we cnll:
:::nnected a-po{y;nnomﬁry of the group pair (G @1, 6 g, G%) (where GG
e lexicographically ordered groop, 2, = {e,m}) generated by the polygonometrical set
GN(S(spm) U S(spm’) U A.(G, @ G, Gy g, ()

PROPOSITION 0.3. |. The class of all poly 7
: ‘ gonomelrical algebras algebra
A contains any ils closed subalgebra and its factor-algebra. - e

2, The class of all polygonometrical algebras is closed und ;
products and i not closed under Cartesian prod:c.t: ST erepctione; wndsr fres

L

Proof is immediate. We have only to note that the
2 uare of an
algebra with |G] > 1 iy not a a-polygonometrical algtb::l. o Slal

Denote by Kiim (accordingly K2) the ho i i
> _ e momarphixm category with all connected
gup .s—pol)-'gouomd.nn (with all s-polygonometrical algebras) as its objects, and with
; n;:):;n;zh:[u;: .:‘., (:;' Aa-‘phonl)'gono;,nclry (+ polygonometrical algebra) to another as its
. : map that compares to each ¢ ted s-polygonametry
its s-polygonometrical algebra A(spm}. i e
As |10, proposition 5.1] we get the following:
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THEOREM 6.4. | The map A v a functor from the category Ki' to the category
K“:‘n‘ ' ¥
. ‘3 If spm and spm’ are connented A-polyganamdrlu. @ Alspm) —‘9 Alspm’) 1 0
homomorphaon, then ¢ = A(g) for some homomorphism ¥ upm — spm’. s
3. 0f p o spm — spm’, §r spm — wpm’ are homomorphisms of the calegory Ki¥™

Alp) = Aly), then ¥ = x - p for some aulomorphism x @ spm’ 3spm’,

< ies.  The following theorems

7. Automorphism groups of s-polygonometries ' ;

analogously to 9, theorem 5.1 and 6.1] describe automorphism groups of given &
polygonometries and the class of automorphism groups of s-polygonometries,

” NS e definmg o s-polygonometry
THEOREM 7.1, If GN(S) w a s-polygonometrical set '
spm = spin((), G2, P) by some set S of ((y, (V)" -polygons, then llll: automorphism groz:
Aut(spm) of the s-polygonometry spm is isomorphic to a Cartesian wreath product of |

g ... a4
group Gy =< Pos(Gh ) U {0}, Gs || K, (o:ﬂ,{a.a....o,n,.“ (m a‘)e

SUAG,.G)" }) with a symmetrical group S yom) of a c(spm)-element set, where iy
i the set of definienses of Gy, f e(spm) = 1, then the subgroup

Gy = {e.x} U Pos(Gy) U #Pos(Gy) U Pos{ Gy )x U wPos(Gy )%

(accordingly (33 ) ts 1semorphic to any line (point) stabilizer,

Sketch of proof. In consecutive order we show the following,

1 W.le.g efspm) = 1 and it is enough to prove that Aat(spin) 'z‘Go. .

2. Any automorphism f € Aut(spm) is uniquely defined by arbitrary pa._m (ps,pa)
and (p|.p)) such that there are lines I{pg, p3), l(pf,,.;{,). and f(m) = p, j.(p,.) - P 4

3, The group Gy is isomorphic to line sul)_|hzcrs and thc' group {;; is Tx;wrph )
to point stabilizers, Here for given pair of points (p.,?,) mth. ':he line [ —l (P02
the isomorphism ) > St; can be defined by the following conditions. The o c;ncu: h:
correspondy to the automorphism f € Sy such that f(py) = m, flp:) # m (T e !
w-turn fixing the point py ); the element g, € Pos{(G)) wrmm& to the nul;fnul:zhmn
€ Sty wuch that f(pi) = g, f(pa) = Py [P 'Pi| = 91, and points p, ugddi ::ml:;:
m and g, or p| liubetwc;:nm}:ndp.u;?, h::eb;tm\::;;)ﬂ and pl ([ is

the segment py'p) plus the r-turn fixing Al

""”;S Any’;gwduct,:.a,, P o, (where a; € Gy, € Gy 1 = 1,... ,n) corresponds to an

the automorphism along an according open polygon, and this product corresponds to the
i n ) € SUA (G, Gy)*, where a] = a, for a, # 7
, ‘

= " a
identical automorphism, if a:

and o - 0 for a; = m,

5. The identity of words of polygon parameters imply the identity of words of according

eyclic permutations, turns and joinings, i.e. GN(S U A,((,,G)") induces the same 'ﬁ
of defimienses as the set of definienses for SU AL (G, G5)%. 0

THEOREM 7.2. A group (0 is womorphic to an automorphism g(r:mp :[ :‘:
, o (7 15 isomorphie to a group (Go @ Sy
gonometry of a group parr (€1, G5), off G mor ‘ h
::2: element w € G\ e} and some cardinality X satisfying the following conditions:
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1) €3y 1 4 commutative lnearty orderod group and
(= {rom) U Poa(tl) 1) wPos{C2y) U Pos(€ly ) 1) wPos((¥y )

5 a subgroup of iy, (y < (Jy, €}, Ny = (e,n);

2) the group Gy 1 generated by the aet G 1) Gy:

3 f m.q € Pos(Ch), then gl = (g — gi)n for 9 < momd = =4,
NG NG =€ forg=q), wxgl =gyt g, 5= e

4) m 9 a central element of (lar

5)of Broy . By 2030y 10,y ncr, = ¢ and BB 30,0, alol, = ¢,
u, € Pos(Ghy), o ¢ Gy \ {eb 1 Si<n n>3, then Gy =0y, 0y =a, a, = al;

6) 'Jal“l eyl 20y gy Ol = ¢ and Q@) gy o, a"_lu:‘a:. =g,
s € Pos{(h), o, € G\ (e}, 1 <4 < nn23 thenay,=al_,, a,= ol ay =}
7) f ayeqaz00a5ay = ¢, uy & Gy, then oy € Gy or ay an £ Gy
8) if ay0ytz050505 = e, oy € 3y, then ag, 0y € (’.'. oras € (.

~m)r for

Proof. The necessity of the conditions | 8 appears from the theorem 7,1 and the
definition of s polygonometrical set.

’ ’
For the sufficiency we shall show that the set § :{ ( :' :‘ ) I @y 0y €

3 c=v ~
Por(G1) U {0}, 0y,....00, € Ghoa; = aj for af > 0,a, = xfor o} = Qoo a0, =
en 23 0 is s-polygonometeical.

Obviously the set S is closed under cyclic permutations, and by the conditions g =e
for any g, € Pos{(%;) it is closed under turns and joinings, i.c GN(S)=8S.
The conditions & and 6 imply that any (G, G3)*n-gon S € S with noazero sides is
uniquely defined by any its 2n - 3 defining parameters,
It is obvious that A[G1,6G3)" € S. and now we shall show that if A
ay o) af €8 and o jii e )
P and some element a is equal to 0 (wlog 1=3)or ;8 equal to e
(wlog. j=1) then A € A(G,, G)n.
1. Suppose that af = 0, By the definition of S we hiave dtraaamay = e. Then by
the condition 7, a; — € oray =r,ora =ag;=x.
oy = e, then Gyeazagwey = {by the condition 1} = magwonay = ¢, 50 may = ¢
or azay = x. The case ayoy = ¢ is impoasible for ay, 0y © Pos{Gy) U {x). For the case

ti
@iy = ¥ we huve ayay = e e a = a3. Hence ag = 'le and A = ﬂf. ':'!-I l:) ) c
2 3 2
A(G, )
Wy = &, then ayragagmy, - {by the conditions 3, 4 and (ar + az) = a} 4 ) =
(ay + 01)'0203 =e. Then 4y = gy = x and oos = ¢, Thus A = 0 0 (:' )
T oy ay
Ar(thﬁ)..

Ifa) =ay = x, then T
A=[C ® 0

x oy oy :(u,o;)"

2. Suppose now that m
fe,m}oray=x

= MMy =€, Moy = ¥, oy = w(ayay)~! and
€A, Gy)"

= . Then ayazazay0n = ¢ and by the condition 8, 05,04 €

155




¢, and s0 ayayaz = ¢ (that is impossible) or ayagay = 0y =

' ’ ' ’

ay @y hay 0y € AlC G

e ¢ * X .

If oy = =, then apamasey = €, and =0 ayagmay = ay = x (that is n'npou:mble)

ay +ay a6y e
¢ " e

If g = v, then ayezayay =

7 Thus 4z = wymay = ay + ay and A=

OF dyuTay y - Thuos ay — agmay = Gy + @y and A= (

A, ) o
If':h .:1 #. then ajazaaway = ¢ that imply A €€ A, (53)" ns shown nbwe‘ !
Consequently by the theoroms 2.1 and 7.1 we get § = GN{S{spm)u AL(G.G) 3
for some s-polygovometry sprm = spm( G- (73, P) with c{spm) = A, and Aut{spm) =
((ai8y). O
For the s polygonometry spm = spm(Gy, Ga, (P L, €)) by M{spm) we denote the
system (,' (Q‘p’:’ |9| € POl((h) 4 {0}).(”‘:‘) |3 € Gl))' where Qll : {(p['#’ | f,‘(e %
on some line £ € L}, ¢ € Pos(G)U (0}, Ry, = {(#.p,P") | there are hn.es (;';:!;2; b:'gh.
and (g, p.p”") = ;) @1 € Ga. The theary T'(spm) = Th(M(spm)) is sai
theory of a-polygonometry spm
¢014’~I" spm be a s-polygonometry on & (1634], |Gal)-plane, p = (p,,....p.‘.) l;le a tt;
pto of some pairwise different elements of M{spm), n 2 2. Denote by {pl the tup
(g, 03,02, - . .+ Oaiytn-1 ) Of the sequentinl side and angle paramelers of the open poly-
gon p. Let p(xy,--. oa) bea formula of the theory T(spm), n > 2. Denote by [¢] the set
{p | Mispm) - ¢(p)}. ,
Analogously to [9, proposition 8.3] we get the following:
) 2, be formulas of a
PROPOSITION 7.3. [let @{Tyy - Ta)s WlE0 JTa)y N2 2, !
theory T{spm) of a s-polygonemelry on a plane, and these fom@ are auut_riable f'".
tuples hawmng pairwise different elements only. The following conditions are equivalent:
(1) T(spm) b w(z) & ¥(2);
(2) [l = [¥)- .
This assertion admits » natural grncnﬁution. to an arbitrary cnnn':lted
polygonometry. Thus the properties of 5-polygonoretrical theories can be descri
sutomorphism groups Aut(spm).

%. The number of models of everywhere finitely deﬁnc_:d n-polygol.w
A s-polygonometry spm(G, G2, P) 18 said to be everywhere finitely deﬁn_c:. if for any.
there is only finite oumber of ((7y, G3)*-n-gons correspondent 1o n-gons without

vertexes and sides. ) ) g
By I(T, A) we denote the number of pairwise nanisomorphic models of a theory T

of finality A,
"l‘cl:: proof of the following theorem is analogous to the proofs of [11, theorem 4
corollary 7).
THEOREM 8.1. PRy dhucns G Reiontvey
ygonometry spm = spm(Gy, Gy, P), waere O 18 b-pere fLe.
::intd group, w < max{|Gh],](7l) € wa. Then the theory T 13 totally
Marley rank w and {1, w,) = (max(|Gy ], |Gl el

Let T be the theory of an everywhere finitely defined .
wnfinite) |
transcendental

9. S-trigonometries with functions sin and cos. We consider a general
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of the basic trigonometrical funeclions to s trigonometnes of pairs (a linearly ordered ring
with & unity, & group).

A s trigonometry stem of a group paie (G, +, <), ((F, ) on u plane, where R =
((7), 4, <) is a linearly ordered ring with a unity 1, is said to be a s-tragonometry with
Junctiona sin and cos, or s¢ 8 trigonometry, if there is a central element o of Gy such
that

(1) o] =n;

(2) (3 has a lincar order < such that

a) ¢ is the least element and ¢ < o, < 1 < may;

b)ife<a <o), thenay <an, <x, 7 <ar < mo, Ta; < axvay;

c)ifay<a<a, then ¥ <oy < oy, ®ay <anx, e <avay < ay;

d)ifr<ca<ra;,thenro, <oay,c<axs <oy, o <aray <z,

e)if ray <a,thenc<aa; <ay,a; <an < %, 7 <asay < ¥vay;

() iWe <o <ay, fila,al)=cay and fi{ag, e, 1) =ay, then a; = ay

(4) for any « € Gy there is an element a such that fi(a,0,1) =a; ffe<a <oy

Define functions cos @ (73 — (fy and sin < (73 = Gy in the se-s-trigonometry strm by
the following equalities:

l) cose = 1, sine = 0, cosa; = 0, sine; =1, cosx = 1, sinw = 0, cos{wary ) = 0,
sin{ra, )= ~1;

2)ife<co<a;and flla,a,l) = ay, then

cosa = a, sine = [ (a,0,1),

cos(aay ) = —a, sinfaa, ) =sino,

cos(ax) = —a, sin(ar) = - sina,

cos{omay) = a, sin(ara, ) = - sino.

THEOREM 9.1. Any s-trigonomelry of a pair (a lincarly ordered ring with a umty,
a group) on a planc is embeddable to some sc-s-trigonometry.

Proof uses the proof of [12, theorem 2. Let strm be a a-trigonometry on a plane
of a pair (R, G;), where R is a linearly ordered ring with a unity. Denote by A the
cardinality max{|#], |(7;|,w}. Consider a linearly ordered free A-generated ring Ry with
a unity and free generators r, > 0,5 € A Let Fy, be & A generated group with free
generators g, 1 € A, Denote by R the lexicographically linearly ordered ring R x R\ and
by G & group (3 % B, (o} || R(Ga x Fy), {0 = (x,e)], {ar9 = ga, | 9 € Gs x i),
where R(G'y x Fy) is the set of definienses of (73 x Fy. We shall identify elements v ¢ R
(accordingly g € Gy) and (r,0) € ' ((g.e) € (3 < F)).

Now we split the set (G5 x £} {, 7} into two classes X, and Xy such that X; = X,
Consider an arbitrary linear order < on the set X, and expand it to the linear order on
the set (% by the following way:

a)if ry, 2] € Xy, 2y < xf and ag € {0, 7, 7ay ), then 2,00 < 2|00,

b)ifry e X, thene< sy <ay, 0, <xya, <7, x <17 < way and ¥a, < zyra;.

Thus the group (73 satinfics the conditions (1) and (2), and we shall show that the
s-trigonometry strm is embeddable Lo some sc-s-trigonometry stem’ of the par (R, GY).

Further w.l.0.g. we shall suppose that A = w. Let v :w -+ X is an enumeration of the
vet Y = (Poun(R') = (G )\ {¢]) = Pos(R)) U X;. Construct a family of - trigonometrios
strma, 1 € w U { =1} Denote by stem  some connected s-trigonometry satisfying the
following: S{strm_;) = GN(S(strm) U A (K, G4)7)\ UK, 04).
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If a 5-trigonometry strm, is already constructed v(n 4 1) = (a,a, b) and ( : ' ) €

Sylstrmy, ), then we define string,y +* strm,.

owin + 1) = {a,ob) and fulo o) doesn't exist, consider the least generators
Fay iy 0yt that don't take part in decomponitions of parameters of von-trivial triangles
from strn, Lo generators, Now we define o connected s-trigonometry strmgyy by the

following:

Sislrmgyy) = GN (S(slrm.}u { ( 4 b ) }) \S" K, G).

a 4 hn

Wun4 1) =aand fi (a0 1) =0y for some a, then stemy, g = strng, If fia,a, 1)
i not defined, we consider the least generators ry, v, 45 that don't take part in decony
positions of parametess of non-teivial triangles from strm, to generators. Then we define
a connected 3 trigonometry stri by the following:

Sistrmy, ) = OGN (S(smn,,lu { ( 1 on ) }) \S(K,G)).

a g oL

The final s trigonometry strm' i defined by the following condition: S(strm’) =
1) S{strmg). 0

BEwW

10. Coneclusion. We considered & natural genesalization of classical trigonometrics
1o the symmetrical case for pairs (a linearly ordered group, a group). Below we define the
class of dual & polygonometries for which our results can be obviously transformed. Let
apm = spm(Gy, G, {, P, L, €)) be a s-polyganometry. The system (G3,Gy, (L, P,3))) s
said to be the dual s-polygonometry to the s-polygonometry spm (it is denoted by spmt),
if the group actions on the subsets of lines and on the sets of points in spm are transformed
10 the correspondent actions on the sets of points and the subsets of lines in spm*, and

@y .. Uy 2 ay ... Gy 4+
S € S{sptn) |ﬁ'( G v € S(spm*).

On the other hand we can factorise groups ) of s-polygonometries to get ool nec-
essary linearly ordered groups, It leads o the considerations as polygonometries with
symmetrical conditions of finite systems (in particular, of systems over finite fields) na
well as of generic projective planes over graphs [13].
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Introduction

ln this paper, we shall use the Probenius endomorphism x +— x” {and its powers) to study
fields of characteristic p > 0,

Definition 1 A field of characteristic p > 0 ia perfoct if every element has a (unique)

p-th root Ea 4 )
If K isany field, an element = & K is ahsolutely algebraic if z is the root of a non-trivial

polynomial over the prime field of K.
It is easy to see that the collection of absolutely algebraic nambers forms a subfield K,
of K in non-zero characteristic K is locally finite.
Proposition 1 Let K be a perfect field of characterstic p # 0; if K has nwﬁo.nd
structure, assume that some power o of the Frobenius endomorphism is an automorphm.n
of K. Then the model-theoretic algebraic closure of 0 is equal to the field-theoretic algebraic
closure of

D (which s K.).
Froof: Clearly K, is contained in the model-theoretic algebraic closure of : )

. Suppose now that r € K ~ K,. Since K is perfect (or by ammpt'aon), o is an
automorphism of K such that z has infinitely many §-definable set, and z is not model-
theoretically algebraic over §. 0

1 Minimal Fields

Definition 2 An infinite structure M is minimal if every definable subset (using param-
eters in M) is finite or cofinite.

Minimal groups have been classified long ago by Reineke [4): they are cither
divisible with only finitely many clements of any given order, or elemeul‘.ary abelian

prime exponent p for some prime p. However, a corresponding clu-iﬁwmfn of minimal
fields has not yet heen obtained; Podewski conjectured them to be ;lgnbmul!y dod.
(It is casy to see that every algebraically closed field is minimal, since it dlmv_u elmmuﬂﬂ_‘
of quantifiers ) Schmicker [5] has shown that a minimal field has no extension of degron
five. We shall prave Podewski's conjecture in non-zero characteristic.
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Definition 8 Let K be a field of characteristic p. A radical extension of K in an extension
of the form K(a), where o* € K for somen > 0 or o —~a € K (inease p o 0), K in
radically closed if it has no radical extensions.

The following lemma is well known:
Lemma 2 A mmimal field K 15 radically closed.

Proof: Note first that both K+ and K arc minimal groups, As the images of the definable
endomorphisms x ++ z* of K* (for n < W) and = v+ 17 — 2 of Kt (for char(K) = p)
are infinite, they must be cofinite. But a co-finite infinite subgroup must be the whole
group, so these endomorphisms are surjective. In particular, K i perfect. and has no
proper extension K(a) with o - a € K,

If K is not radically closed, lot L be a radical extension of minimal degree, say of degree
n (and necessarily n # p). As the n-th roots of unity are adjoined by a sequence of radical
extensions of degree less than n, they must already be contained in K by minimality of
n. But every r € K has an

n-th root in K, so all n-th roots of all elements in K are already contained in A, a
contradiction. []

The next lemma is also standasd.

Lemma 3 Jf M 15 a mmnimal structure and X 15 an algebraically closed {in the model-
theoretic sense) infinite subset of M, then X 1= an elementary submodel of M,

Proof: Consider a sentence Jxp(z.m) with parameters t € X. If it is true in M, then
either @(x,m) defines a finite set which must be contained in X, sinee X is algebraically
closed. Or it defines a co-finite set; since X is infinite we can find zq € X with M E
@(x0,m). In cither case there is = ¢ X with M |= (z, ). Hence X < M. 0

Theorem 4 A minimal field K of non-zemo characteristic is algebracally closed,

Proof: Since K has no radical extension, neither does K,. But K, is a

locally finite field, and every algebraic extension of a locally finite field is radical,
So K, is algebraically closed; in particular it is infinite. As K, is equal to the model-
theoretic algebraic closure of § by Proposition 1, which is an elementary substructure of
K by Lemma 3, it follows that K itself in algebraically closed. o
We call a field K almost algebraically closed if every non-constant

polynomial function over K has co-finite image. As in the proof of Lemma 2, one sees
that an almost algebraically closed field is radically closed.

Conjecture 1 An ahnost algebraically closed field is algebrarcally closed,

Our methods do not quite miffice to treat the conjecture. However, while minimality
requires all definable subsets 10 be finite or co-finite, and almost minimality ouly pro-
vides for certain existentially defined sets to be finite or co-finite, we can deal with an
intermediate case (again in non-zero characteristic),

Proposition & Supppose K ia a field such thal every IV-definable set o finate ar co.finte.
Then K is algebrascally closed
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Proof: If again K, denotes the wubliekd of algebraic numbers in K, then K, is locally
fimite radically closed, and hence algebraically closed. Suppose now K is not algelraically
closed and consider a polynowial f(r) = 37, a,2' which has no zera in K. Let {a, c0 € 1)
e the coelficients of f which are in K, and {a, ;¢ € J} those coetficients of f which are
in K - K. Wechoose fsuch that |J| is minimal; as K, is algebraically closed, J # 0.

Pick o € /. As K is perfect, we may agam consider the Frobenins automorphiem o
of K. There ix a power o™ of o which fixes the set {a, : ¢ € ) pointwise, ax it is a finite
wet contained m KA. Put

Y={yeK:3(y:jed~{phVzlys" + Faur'+ 3y 0]}
Y s€d—lm)

then Y contains all the images of a,, under the powers of o™, These images are distinct
(since ay, ¢ K,), 50 Y is infinite and intersects K, Pick o € K,NY. Then there arc
a} € K for ; € J — {jo} such that 37, a;x* + Tjes 52’ = 0 has no solution in K, and
this has fewer coefficients in K — K. a contradiction. 0

2 Bad Fields

Definition 4 A bad field is a field K of finite Morley rank with a distinguished predicate
T for a proper infinite multiplicative subgroup,

Proposition 6 Let (K, T') be a bad field. Then the absolutely alycbraic numbers form an
elementary substructure of (K, T).

Proof: As a field of finite Morley rank is algebraically closed, and hence perfect, the
Frobenins endomorphism o is an antomorphism of K. Furthermore,

a{T) < T; since an injective endomorphism must preserve Morley rank

and degree, o(T) = T and o = an antomorphism of (K, T).

Now let X be a K,-definable non-empty subset of K (in the full bad field structure);
we have to show that XN K, # 0. Clearly, we may assume that every K,-definable subset
of X bas the same Morley rank und degree as X, If X is finite, then X C acl(K,) =
aril®) = K., by Proposition | and we are done. So assume that X is infinite; we shall
derive a contradiction.

By the appropriate version of the Zil’ber Indecomposability Theorem for the

famnily {xX ¢ = € K,}, there are n < w, olements #y,. ...z, € K,, and a definable
subgronp H © ;X 4 - o 2, X, such that (2X + H)/H is finite for all x € K, (this
takes care of the fact that X need not be additively indecompaosable). Replaciog H by
Meens #H (which is a finite subintersection), we may assume that H is invariant under
multiplication by elements in K*. So the definable subring {x € K : zH < H} of K
15 ifinite, But a fleld of finite Morley rank has no proper infinite definable subrings, so
zH < H lor all

z € K. Since H cannot be trivial, K = # = £, X 4 -+ 4+ 1, X.

Let v be minimal such that there are elements xy,. .., 5, € K, with RM(2; X 4+ 4
X )= RM(K). By minimality of HM(X), for any y € K, the set

Xip)={z€ X S ...vn € X 21+ 2342 + o< 4 Zuhn = v}
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has the same Motiey rank and degree as X, that is X and A(y) contuin the same typos
of maximal Motley rank, say py, ., pe. Thus

Ll
F Aduz 7 € X(y)
(B}

for all y € Ky (where dy i the defining schetne for py). However, any property generically
true for K, tnust be generically true for the snallest definable superfield of K, by [6], which
equals A by finiteness of rank. 17y in generic for K over K, then RM{X{y)) = R'M(X)
and lh«:'nr is £ € X(y') independent of v, So o' — ry2 is also generic for K, and

N b4 r. X has maximal Morley rank, contradicting our minimal choice of n, n
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ABSTRACTS

B.S. Baizhanov. Orthgonality of one-types m weakly o-mmimal theories,
In this paper properties of one-types over sets in a weakly o minimal theory are studied,
In Section 2 six basic kinds of one-types over sets are distinguished, In Section 3 notions
of neighbourhood of & set in one-type, weak and almost orthogonality of one-types are in-
troduced. It ix proved that & non-weak (pon-almost ) orthogonality is equivalence relation
and each LY class of the equivalence containe one-types of only one kind from six basic
ones. In Section 1 it s proved that all the one-types of each f* - class which contains at
least one definable one-type are definable. Some lemmas of the paper have analogies in

o-minimal theories,

I. Chajda, R. Halas. Local coherence for locally regular algebras.
The concept of a locally coherent algebra was introduced by the first author recently, Here
we study connections between locally regular and locally coherent algebras, Especially
the condition is find when added to local regularity gives Jocal coherency. For varicties of
algebras this condition is also necessary.

S. Givant, M. Aundréka. Relation algebras and groups.
The following thearem is formulated: every atomic diagonally ineasurable refation algebra

is canonically embeddable 10 o generslized group relation algebra.

K. Glazek. Algebras of operations.
A short survey of different kinds of algebras of operations is given.

A. Grishkov. Three nspects of the exponential map.
Let G be a Lie group, L its Lie algebra and let Ezp: L — (' be the exponencial map. In

this paper we generalize this map in the case of a solvable algebraic gronp in characteristic
0 or in the case of milpotent group in charactenstic p > 0.

V.M. Kopitov. New results on the semihinear ordered groups.
A partially right-ordered group 7 is called a semlinearly ordered group if it is & di-
revted up group and every its two elements with s common lower bound are comparable.
S.A Adeleke, M.A E.Dummet and P.M.Neumann have written in (1] that the notion of
n semilinearly ordered group was presented in 1903 by G.Frege. This notation was in-
troduced in connection with the question on minimality and independence of an axiom
system of the field of real numbers. A statement of the semilinearly ordered groups theory
there is in the book [4]. In the presented work a survey of some new results are proposed.

It is proved that the normalizer of the union of positive cone and negative cone of
semilinearly ordered group (7 is & convex right ordered subgroup. The new descriptions
of extensions for semilinearly ordered groups are presented. It is reported that there exist
a group ' with the semilinear order P, such that # is not extended to the right order of
(7. Every right ordered group is embedded into any simple group which is a semilinear
ordered group. There are the non-hopfian groups with the nontrivial semilinear order,

S.1. Mardaev. Fized points of the time operators,
We study the definability of least fixed points of propositional bimodal -formulas in
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temporal models. Natursl temporal Kripke models consldered MW\*
least fixed points of temporal positive N-formulas l:c't:anbh o e

Ay

N.Ja. Medvedev. M
Tu this work the darnphu:no;'nl::.xm:a:'i:lhrx z::' l:l‘ g imal llnhl«l l‘
inin T
of Glab groups Dy(1), Dy(1), Dau(1), Dy(1) of the unit interval 1 w !0";‘,"::'“
'

Dy, of the extended real line R h A
group of positive real numbers has m"‘i{e :' a subgruop of rank | of the multiplicative

" wftv Ov;:hnnikon. On the generation of the class of all polygons
Ypes ol congruences on acts are defined, [t in shown that Any congruence can be

constructed by such congruences. It is
: ; proved that varjet - i
free oue-generated act iff the monoid S doesn't have left zir:: Pl g o

Tbc\;i-(;;fl’u:iaurenko. On mn-lpul‘abulily over models of decidable theories

besyinen xilll;mytiy. fmh:t;dua:ltyh hni;e sets over algebraic systemy is aludic;i A criterium
an ¢ characterizatj i les al

ba;;: of ;Isat“ criterium, A partly a!goh:i: ";':::ﬂ 0( o thm"'“ .

ml- and TY-degrees of hereditarily finite sets aver models of simple theories is given

A.G. Pinus. On definability of lattices by ity lattice of sublattices,

g s ¢ e
ome sufficient conditions for definability of lattice by its lattices of sublattices are give
iven.

A.G. Pi i
Pinus, Ja.L, Mordvinov. Uni skeletons of varieties of lattices,

It &
s proved that the countable skeletons of any nontrivia variety of lattices are pot sern)

lattices. The question of ex;
R existance of i > )
of lattices is investigated, oF covers in the skeletons of epimorphisis of varieties

11,:(.',,’:; ol:onvl:t’nlryov Snmz' y{ncmli:a!iona of Abhyankar lemma.
; Bives some generelizations of .Abltymbr lemma about elimination of ramifi-
valued fields. The author Bives a new proof of Epp

A.M. Popova, Effectiveness
Froups.
The effectivenesy of r i
epresentation of finitely generated njl
method the author Proves the effectiveness of such Npru::l:’:::::: e

of presentation of finitely generated npotent matris

Using Swan's

M.V. Semenova. On S
eno ite definable lattices.
Some characterisations of finite definable algebraic lattices wre given
i M.S. Sheremet, Retractive decon,
Sun‘n.t connections between atom ¢
position of this system are glven.

iposttions of compaet systems.
ompactness of algebraic systems and retractive decorm-



¢ strical condiions.
5.V, Sudoplatov. (iroup polygonometrics anth symme :
The notwon ol group polygonometry with the sytumetrical condition is fleﬁnr.d. It's shown
that classical trigonometries can bt interpreted as such polygonomnlrneu. and a lot of re
sulty for group polygonometries can be transformed to the symmetnical case.

F. Wagner. Minimal ficlds abd bad fields m non-zero characteristic,

A minimal field of non-zero characteristic is algebrascally closed. The algebraic numbers
of u bad field of non-zero characteristic form an elementary substructure,
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