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Preface

There are two different ways of approaching the investigation of an alge-
braic system. One way lead us to universal algebra. The other one to model
theory. So these fields of math are mutually enriching areas of research.

In Russia an idea for organization a joint conference for mathematicians
in these fields of research belongs to prof.E.A Palutin and prof. A.G.Pinus.
In 1991 they have organized a conference on algebra and model theory in
Saratov, It formed a part of Suslin conference.

Afterwards & camping center "Erlagol” of Novosibirsk State Technical Uni-
versity was chosen as a central place for the following schools of algebra and
model theory, First international school *Intermediate problems of universal
algebra and model theory" was held in 1995. The second conference had
place in 1997,

Organization committee of a conference thanks Russian Fund of Funda-
mental Research for supporting the organization of both conferences. Grant
N 97-01-10037.

Needless to say that mathematicians from different branches of math were
participants of these conferences. But the main topic of all reports was in
the circle of problems of model theory and universal algebra. We'll produce
below lists of organization committees of these conferencies, programs and

powme papers of participants.

A.G.Pinus, K.N.Ponomaryov




‘ Algeben nnd Modal Theory

SCHOOL ON UNIVERSAL ALGEBRA
AND MODEL THEORY.
(23-27 or SepTEMBER 1991, SARATOV)

E.A Palutin (Novosibimk). Stable theories.

0.V Bolegradek (Kemerovo). Stable theories in algebra.

A.G.Plnus (Novosibimk). Skeletons of varieties,

M.V.Wolkov (Ekaterinburg). Lattices of semigroup varieties and of uni-
versal algebros.

AL Omarov (Alma-Aty), P-formulae and algebraic systems with a normal
evaluation.

A Malcov (Novosibirak), Post varieties,

KA Bairamov (Baku), Between clones and lottices of varicties,

N.A Shehuchkin (Volgograd). Finite conditions for nilpotent algebras,

K.K Kaarly (Tartu). On arithmetically affin-complete varieties.

D.A Bredihin (Saratov). On relation algebras.

E.Baisalov (Alma-Aty). Countable models of stable theories.

K Shagirov (Alma-Aty). Stable geometric lattices.
“I;.M.Vemikov (Ekaterinburg). Completion conditions in lattices of vari-
eties.

T.A.Emhova (Ekaterinburg). Lattices of varieties of semigroups with a
completely regular square.

INTERMEDIATE PROBLEMS OF MODEL THEORY
AND UNIVERSAL ALGEBRA
(23 -27 or June 1995, ErLAaGoL)

Organization committee; acad. Yu.L.Ermhov (chairman), prof. E.A.Palutin,
prol. A.G.Pinus, prof. B.Poisat
secrotary: doc. 8.V Sudoplatov
23 of June. Chairman A.G.Pinus.
R.Willard (Waterloo, Canada). Structured discriminatory varieties (an
introduction).
0.V Belegradek (Kemeravo, Russia). Group-like guasiarietses.

Prelace §

I, Wagner (Oxford, England). Nilpotency in M G-groups.
Chairman B.l.Zilber.
B.Poizat (Lyon, France). Les petits caillouz. 1.
R.E| Bashir (Prague, Chech Republic). Slender modules.
A Stepanova (Vladivostok, Russia). On model completeness of regular S-
acts,
24 of June. Chairman 0.V Belegradek.
B.1.Zilber (Kemerovo, Russia), Algebraic and analytic geometry via model
theory. 1.
R.Willard (Waterloo, Canada). Structured discriminator varieties.
B.Poizat (Luon, France), Les petits caillous. 2.
Chairman L.Nevelski.
F Wagner (Oxford, Great Britan). Nilpotency in substable groups.
D, Vasilyoy (Navosibirsk, Rossia), Categoricity problem and n-gedeneracy
of an algebraic closure,
JaLMordvinov, (Nojabrsk, Rossia). On the skeletons of congruence-
modular varieties,
26 of June. Chairman F. Wagner,
A.lvanov (Wroclaw, Poland). Finite covers of w-caiegorical structures.
B.1.2iIber (Kemerovo, Rossia). Algebraic and analytic georemety via model
theory. 2.
B.Seselia (Novi Sad, Yugeslavia). Algebras with UCEP.
Chairman B.Seselia.
I.Nevelski (Wroclaw, Poland). M-rank in small superstable theories.
A.Tepavcevic (Novi Sad, Yugoslavia), On congruence intersection prop-
erty,
| Bescennyi (Omsk, Rossia). On quasi-identities of finite algebras.
A.AVikentiev (Novosibirsk, Rossia), Semantic distance between formulas,
26 of June. Chairman E.Sukhanov.
L.Nevejski (Wroclaw, Poland). M-rank in small superstable theories.
A .G .Pinus (Novosibirsk, Russia). Conditional terms, conditional varietes,
conditional rational equivalence relation,




(] Algebra and Model Theory
K.N.Ponomaryov (Novosibirsk, Russia). Covers of algebraic varieties and
elementary theory of local fields.
Chairman V.Roman'kov.

E.Sukhanov (Ekaterinburg, Russia), Equational languages.

B Seselin (Novi 8ad, Yugoalavia). Lattice clasification of finite lattices by
meet irrducibles,

8.Sudoplatov (Novosibirk, Russia). Partial algebras associated with trigonome-
tries of groups.

Alvanoy (Wroclaw, Poland). Finite covers of w-categoricol structures.

27 of June, Chalrman B.Polzat,

K.N.Ponomaryov (Novosibirak, Russia).Covers of algebraic varieties and
elementary theory of local fields,

A.G.Pinus (Novosibink, Rusla).Conditional terms, conditional varietes,
conditional rational equivalence relation.

V.Homan'kov (Omsk, Russia), Universal theories and equations in solvable
groups; up to date situation and possible development.

Chairman K.N.Ponomaryov.,

S.Lenjuk (Barnaul, Russia).On the lattice of quasivarieties of metabelian
groups.

A.Zenkov (Barnaul, Russia).On groups with infinite set of right orders.

E.Ovchinnikova (Novosibirsk, Russia).On regular s-acts.

INTERMEDIATE PROBLEMS OF MODEL THEORY
AND UNIVERSAL ALGEBRA
(17 <21 or Jung 1997, ERLAGOL)

Organization committee: prof. A.G.Pinus (chairman), acad. Yu.L.Ershov,
prof. V.D.Mazurov, prof. E.A.Palutin
secretary: doc. K.N.Ponomaryov
17 of June. Chairman A.G.Pinus.
H.Rose (Capetown, Suide-Afrika). On aziomatizability of some amalga-
mation classes of laltices.
G.A.Noskov (Omsk, Russia). Automatic groups.

Prelace 7

0.V.Belegradek (Kemerovo, Russia). Quasi o-minimal theories.

18 of June. Chairman H.Rose.

V.D.Mazurov (Novosibirsk, Russia). On definability of finite groups by sels
of orders of their elements.

B.S.Baizhanov (Alma-Aty, Kazahstan). Enrichments of models of weak
o-minimal theories,

C.Wolf (Darmshtadt, Germany). From many-sorted to one-sorted struc-
lures.

Chairman O.V.Belegradek

D.B.Palchunov (Novosibirsk, Russia). Countable homogeneous I-algebruas.

8.1 Mardaev (Novosibirsk, Russia). Stable points in Kripke models.

A.V Kravchenko (Novosibirsk, Russia). Color families of graphs.

10 of June, Chairman V.D.Mazurov.

K.N.Ponomaryov (Novosibirsk, Russia). Semialgebraic sets.

V.M.Kopytov (Novosibirsk, Russia). Semilinear ordered groups.

8.V Sudoplatov (Novoaibirsk, Russia). On classification of group poligonome-
fries,

Chairman B.S.Baizhanov.

8 K. Mynbaova (Alma-Aty, Kazakhstan). Some questions of weakly o-minimal
binary theoties,

M 85 Sheremet (Novosibirsk, Russia). Difficulty of lattices of quasivarieties.

S.V.Lenuk (Barnaul, Russia). Filters in laltices of group quasivarieties.

A .M.Popova (Novosibirsk, Russia). Multiplicative structure of finitely gen-
erated rings.

21 of June. Chairman V.M .Kopytov.

V.N.Glazkov (Novosibirsk, Russia). Convergence structures, questions of
continuation of homomorphisms of ordered groups and boolean algebras.

A.G.Pinus (Novosibirsk, Russia). Conditional terms and conditional vari-
elies,

1.5h.Kulpeshov (Alma-Aty, Kazakhstan), Weakly o-minimality of linear
orders,
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0 CBOACTBE MOHOTOHHOCTH CITABO O-MHHUMAJIBHBIX
MOJIENER!

PJl. Apedbes

Nowronwh anpect 400100, Kasaxcraw, Amard, yn. [lymoma, 1265,

Nnorwryr wpolinew wnfopunrmen w ynpannesmx MH-AH PK.
oomal)l  lnefipic academ alma-ata.su

Cityionnie onpeamienis 1-3 AMINIOTCR NepedopMyIHpOBRAMN onpenene-
s, snnax J1 Maxgapeonon, J1. Mapxepow, Y. Credtixoprom 8 [1].

Onponononne 1 lycrs M < auiohio ynopamoueniss Maieis CHIHATY i
o, @i8, ) = Qopmynn enrnarypi o ¢ I(2) = n. Onpeseanm oTHowenke
SRRSO THOOTH A M

o~ b (3z0) (V2 > zo)p(8,2) ¢ (b 2).

(M MoxeM ompesenuTs 1aoGioe OTHOWENHE SXBHBAIEHTHOCTH 110 " HIX-
well rpasnite” GOpMyH  BMecTo " Bepxrel”KaK Bhie.)

Mycts X — MHOKeCTBO KJBCCOB SKBHBACHTHOCTH mo ~. Onpesemim
smuediunt nopuwox wa M U X, Ilyers 8/ € X, ¢ € M, nonaraen 8/ < ¢
B TOM ¥ TOABKO B TOM cayuae, korma M = (Viy)e(a,y) = vy < c. Ouesnmwio,
w10 & # b maever 6/ < ¢ < b/w wan b/ < ¢ < @/, nax wexoroporo
¢ € M. Hasonem 9710 mioxectso X copmox s M, rae uepes M obosnauaercs
ofbeuuelHe BCEX COPTOB,

Onpenenenue 2 [Tycts [ — QyHKIMS HS YNIOPAOUEHHOTO MHOMECTBA I8
ynopanouennoe Muoxectso K. Mit rosopum, uro:

(i) J aoxsavwo soapacmaem wa I, ecan pas awboro a € I cymecrsyer
Gecxonenmnih wurephan J C I Takod, wro a € J u f|J — pospacTaniuas
(DyHKUKS,

(i) f 4oxaaswo ybeaem wa [, ecan s sooro @ € [ cymectayer Gec-
xonewnwdl wirepsan J C [ rtaxod, wro a € J u [|J — yOupaoums
QYMKINK.

' Aprop npesworo Sanrouapes Buxtopy PepBoncroaey Ia LENIIS SAMESRNRR TIpW UOCYSREINN PE3YILTH
yom palatid

PA. Apedien ]

(i) J woxaswwo nocmomna wa [, ecam is moboro a € I cymectayer Gec-
koweunsih wirepsan J C | raxoft, wro ¢ € J u f|J — xomcranTHat

Gynxums.

(iv) [ umeem Aoxcabwvitl Munusys 6 xaxcdod mouxe [, ecan s Awboro
a € | cymecrnyer Gecxonewnht murepsan J C | Taxo#, 4TO 8 — TOYKA
sunwmyms f|J.

DYRKINA, HMEIOLIHE NOKAIBHER MAKCHMYM B xaxnol Touke HEKOTOpOro
MHOXECTBA, ONpeeANIOTCE aHaATOrNyHO mynTy (iv) ompenenexns 2.

Oupencncuwe 3 o [lycTs [ — UBCTHUHAS PYHKUMS W3 YROPAAO'EHHOMD
MiomocTss | » ynopazoensoe muoxectso K. Byres rosopuTs, 40
QyNKUNE [ WMeeT C80UCmG0 MONOMONNOCIY, €CIM CYIIECTBYET Pas-
Owenne dom(f) wa wmmoxecrsa X, ly,...,Jo-y TaKOS, TO X xoneuno,
I4.t<nuecmnumwuyum.lmnmoi<n/|l;ymmn-
paer amiomy ws nynxron (1)-(1li) onpenenenns 2.

o llycrs M — munedino ynopasovennas moneits, Gysiew roBopuTs, yro M
Jseer CHOACTHO MONOTONIOCTH, ecaN Mlofad ompeneanmas 8 M qacTwy-
ml-mgyumn(mlmyms.mumupmw)
HMooT CHOACTHO MONOTORNOCT M,

Teopema Jobas caabo o-sunumuaabnas H00eAd uMeem cOOBCTIB0 MONOMON-
nocmu.,

[leppiie mAIK WAIIErO NOKAIATE/LCTBA, BKANNAL yroepaienne 1, ans-
JOTHYNL AOKAIATENBCTRY TEOPEMM O CBOACTBE MONOTOHHOCTH JUIN monenel
1860 o-MMHKMANLHEIX Teopi B [1], HO /1% ROMHOTH W YNOGCTEA TEHNS MK
HPHAGIM HexoTopiie yThepizienis K3 (1] Ges NOKASATENLCTBA.

Mycrh M — ciabo O-MMHMMAJILHAL MOKENh, h: M = A — onpenenn-
MAY YACTHYNAS (YHKIDIS B RexoTOPHA onpeeaWMii copT A. Onpenernm

cayoume GopMyIIs:

wiz): (32> 2)(Vy € (2,2)h(y) < hiz),
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ei(®): (B2 > 2)(Vy € (2,2:))h(y) = h(z),
ea(e): (32, > 2)(Vy € (2,2:))h(y) > Ma),
volz):  (3m0 < 2)(Vy € (2,2:))h(y) < h(z),
Wilz): (330 < 2)(Vy € (2,2/))h(y) = M=),
 ala): (s < 3)(Wy € (z,20)hly) > Az),
T ag(e) T wile) & wla).
Jamewanne 1 (1] Beau 3 € Int(dom(h)), mo svinoansemcs 0;j(z) das we-
womopuia i, j € {0,1,3).

Yrnepaaenwe 1 1] lyems | — wexomopsid Secxonennvid uwmepsas. To-
200 wu odna va Popaya By, 10,013, Oy Ne MoNCET BUNOANIICE KO BCEM I.

Taxuu 06pasoM, CymecTseniiie CAY' AN, KOTOpLIE 1eolXQ/MMO PACCMOTDH-
BATH — 5T0 NMIOARNMOCTS Ha GECKOHENMMX MHTepBaaX (opMys 023, 03

Oueswino, YTO B CAYNAE JINCKPETHONO YNIOPANOYEHNS JeMMu 1, 2 sephul.
MooTouy Aanee Mil GyieM PACCMATPMBATE TOILKO NIOTHO YUODOHEHHNE
CTPYKTYPH.

Tlennn 1 J-Mecmuas NOCTINHGE FYNNULS, LNEOUAE SORAL NI SUKUNYM
o Kaoxcdoll MOKE BECKONEUNORO BUNYKAOZ0 ANOXCECIEA, HE H6AREMCE ONpE-:
deausoll 6 CAa00 0-MUNLNGALKOT CIAPYRMYPE,

JIOKASATEAMCTDO, CACAYIOLLIOE MIKE OXBATWBACT Kak CYHaR GYHKUNN 3
M » M, Tax w caysak QyNKuMmM b COpT.

Jloxasameadcmeo GyAeT NPOBNINTCS 0T NPOTHBHOIO:

Tycrs M — catnBo O-MKHNMAILHAS MOREHb CHIHATYPM {<,),..}yroe |
— 1-MOCTHAS NACTH'NAS QYHKILNE, ONpeieenNas Ha GeCKONeNOM BLIITYKNIOM
MHCIKECTSE W WMOIOMAS b XX TOYKE STONO MIOKECTBA NOKANBHWN MM~
wmys. [Ipupenes concox coORCTE MOZEIN (M, <, f), #s xotopux 6ynet
CAGJIOBATH TTPOTHBOPEUNE.

Ha npOTAXENNN BCETO AOKAIATEALCTBA BCE PACCMATPMBACMIIE HAMMN e
MeNTH W oTHomenus aexat » dom(f).

Fameunnne 2 MOKNo C0 aTh, W10 [ WHLCKTHRNA.

P Apodren 1"

Jloxaaameavemao, Onpeienns OTHOMEHRNE JKBNBAJICH THOCTN
E(z,y) & f(2) = /).

Vmeepacdenue, Kasuuh k1ace IXBMBANEHTHOCTH 10 E woueven,

Jloxasameascmeo, Ot nporusworo. [lycrs A — Gecxoneynnil KAACL,
[OFAA, BELY O-MNHWMAAbHOCTH M, A conepXMT Geckoneynbi OTKPHTHI
jutepsan /. [lns mponssomuioro nementa 6 € I, TX. [ WweeT nOKank-
ufl soniMyM » xaxziol Touxe, naRnercs b € J Taxofl, ¥ro J(6) > S(a).

)| porupopesne.

Orcionn Muoxectso 2 -] {2 : (Vy)E(2,y) = = < y} Gecxoneuno. Tloaro-
My MOXNO cunTaTh, wTo dom(f) = Z. = 8
OB nnvenns

o U, 4 (2> a:(Vy € (a,8)/() > J@) Uz <a:(VyEle,a))/(v) >
f(a)} U {a}.

va<b &b U, o0,
vaobdhambva<bvb<a
Samonanme § (1) U, — sunyxnoe MHOKecTso.
() o o bwes U, # Up
Cuolerno 1 Beau U, N Uy # 8, mo aubo U, C Uy, aubo Uy C U,.

Jloxasameascmso. Nycrs UsNUs # 8w a < b. Paccuorpau cyuaft, xorna
f(a) < J(b). Ecan b€ Uy, o Uy C U,. Ecam 310 He Tax, TO CymecTsyer
d Taxoh, wro U, < d < bn f(d) < fla). Ho torna f(d) < f(b) md ¢
Uy, Nporusopeune ¢ Tem, w10 Uy \ Uy swimryxno v Uy canepaat
saoment 1 Us. o
Crolicrno 2 < — cmpoeuil vacmuunmd nopgdox.

Cuofcrno 3 Jlag s0608 yenu oy < 8y < ... < Gy CYUECMOYEM Gnyy > Gn.

Jloxasamesbemso, B xavecTne G,41 MOKKO BIATDH moboh snement ¥3 Uy,
xorophiit # Gy, a

;—
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Caoiictno 4 /Tyems b < a,c < a, moeda boc.

Jloxasameascmeo, Tx. b <aunc <a, 10U, CUuU, CU, crenosa
reaso U,NUy # 9, u no caoficray 1 ambo U, C Uj, Te. ¢ > b, ambo Uy C U,
Te b>e a

Cookictso B Jlax anbozo o, anoxecmeo Cy ¥ (22 < a) wonewwo.

= Jlowasamesvcmso, Tpemnonomus, 1o Cy — 6eCKoHe 1O MHOKECTBO, T0-
£/, BBKAY canaBol o-MuiMansHOCTH Maniesin M, C, canepxut Geckoneunuil
orxpurud wwrepsan /. llycrs d — npowssonsiit saement w3 /. Boskuen
my,my € 1 NUy taxne, wro my < d < my. Tx. my < a, m; <a, T0M0
caoictsy 4 my o my. Npeanosoxus, wro my < my. Torna Un, C Un,, T80
My € U, ¥ 1. Up, sunywio, 10 d € U, , crenosareisio, [(d) > [(my), a
9710 HWpoTHROPENT My € Uy, -
Caofictno 8 < — duckpemunid nopgdox.
Jloxasameacmeo SSeTCS MPAMEM CHGICTEMEM CRORCTRA 5. o

Croltcrso T Jas aobuz a,c maxus, ymo ¢ < a Haddemes b co ceodcmeos
c<bl~(aod)

Jloxasameavcmso. Bossmen » xavecTse b mpoussonbibik snement s U,
TaxoR, YTO ¢ NEXNT MeXNY @ ¥ b, o

OGosnavenns
o K — MBOXECTBO BCEX MNHMMAJIBHEX B CMBICHE < SEMEHTOR.
vi¥ (sra<al~(Fla<y<s)

Caoltcrno 8 Mwoxecmea &, no acex a € dom(f), ofpasyom paanosepno
onpedeausoe pasbuenue dom(f) \ K.

Jlokasameasemeo. [lo onpeneneuusu &, K, ecau d € K, 1o d ¢ b, nra
moboro b, .
Jlnn a # b, @ ne nepecexaercs ¢ b no caoiicTay 4, o

Caoiicrao 9 K xoxewno. -

P Apeduen 13

Jloxasameavemso. Tlycts K Gecxoweuno, | — Gecxomemuit orxpuiid
witepsan, conepxaupiics » K. Bossuem b€ /, c € Uyn 1. Torna ¢ » b.

[IpoTunopeyune. a
Cuoitcrso 10 Jas awboeo a, & C U,.

Caoficrno 11 Jax anbozo 6, & Koneuno.

Jloxasameancmao. ANANOTHYNO AOKAIATENLCTBY CBORCTSA §. 0

Mo pasBmenmio w3 caoficTea 8 MOXNO 3AZATH ONpefelNMOe OTHOINeHNE
sxnntentiocTy €. Cooftcrsa B, 11 03navaloT, 4T0 € — OTHOIIEHNE KRN~
MIEHTHOCTH ¢ GecKoNe I ILIM THCIIOM KOHEUHKX KIIACCOB,

PacemoTprm Beckonensioe onpeaenimoe MioxecTpo X , COCTONIIIEE WS MM-
UMMM B CMMCAe < DIEMEHTOB KIACCOR SKBMBAJEHTHOCTH Mo € (T.e.
X w2 (Vp)e(z,y) =2 < y))

I} yenonuax npEION0KEHHS O cAabol O-MUNNMAILIOCTH MAEIN M un
Momen PRsliTi X A KOHOUNOE MHCAO BRINYKIIMX MIOKECTS ¥ RUGpATE Cper
X kpadine npasoe Mnomecro U (r.0. Uﬁ’{-ex WWeEX)z<y—
[(Va)e <5 <y~ 2 € X))

Bossmom nponsnansusll snement a € U, a wix nero nadinem b > a Takod,
wiob ¢ X wb> o, Taxoll smemont b cymiecrsyer saway cooiics 7, 3. [ance,
BonkMOM TipowssonsiuA ¢ € Uy ¢ > b, no ceoiictay 3 & # @, crenosaTensio,
canopmnt snement d € X, a no cuolicrey 10 > b. Torna wmeem

a<b<dbade XLDEX.

IIpoTusopesne ¢ sbopom a € U joxasusaer nemmy 1. 0

OWenHIHO, YTO COBEPITIERHO TAKKE NOKAILBALTCH HECYIIIECTBOBANKE ONpe-
JMUNMOR YNMKIHK € JOKANLHLIM MAKCHMYMOM B KAXOH TOUKe.

Tenops noxames, 9o ecan Gopuyna fg; BENODNEETCE Ha OTKPWTOM HH-
repoane [, 10 h — KycouNo AOKANBHO BOSPACTAIONIAS (QYHKIMA Ha I.

JNlomma 2 B caabo o-sunumaserod xodesu M we seasemes onpedesusod
fynxyus g, ydosaemeopouas CAEIYOUIUM YCAOBUTM 8 xaxcdod mouxe =
Newomopazo becxonenozo swnyrsozo aoxcecmea U C dom(g):

(i) (32, 22) (Y, v3) 2y < 0y < 2 < vy < 7 -+ g(wy) < gl2) < g(va),
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(W) (V2) (B0, e < 0 < vy < 3 & glvr) 2 g(va).

Jlowasamesrcmoo. [lycTs cymecThyeT Taxas QyNKins g. Mycrs pns a €

U,
Vo ¥ (s <a:(Vy€[z,0)gly) <@}V
Ufe > a: (Vy € (a,2)gy) > 9(a)} U{a},
f(0) ¥ mt(va).

Damerun, ¥10 V, nsercs Geckonesnam (sauny (i) x sunywism, & =
WROTHOIM QYIKINN W M n woxoTopuR ompeneninsn copt.

CALyKrin Y TROPRIINING HPOTHROPONNT Nesme 1.

Yenopmaouno 3 [(x) onpodeacna u wneem 4oxcavnnd sunusys o xo-
mdod mowne U,

Jlowasamesscmeo. PaccuoTpum caeyiounie Gopuyast

po(z,0): = <ak [(z) < f(a), (1)
wiz,a): =>a& f(z) < fla), (2)
miz,0): z<ak[(z)> fla), (3)
wiza): z>ak[f(z)> flo). (4)

Beuay cnabolt 0-MHHEMBJILHOCTH M, nax mooro snemenTa a € U cyme-
craywoT uitepsain [ < 6 < J, s KOTOPLIX @ SBIACTCS rpauwtnoR ToIKOR
¥ KOTOpHE MO/IHOCTLIO COAEPAATC B MHOKECTBE peannsaiil KAKKX-TO CO-
orsercraylommx o mya w3 (1)-(4).

Ymeepacdenue. | we conepxutea 8 po(M, a).

Jloxasamesscmeo. Tycrs mwrepsan [, umesonmi a rpanwasofl Touxof,
NONHOCTBIO HEXKT B fio(M, a). Ho Torna, paccMaTpuBas TpONIBOILRYIO 0%
xy b us VaN1, s K0TOPOMl, KaX M3BECTHO, BRINONRSETCS NYRKT (1) nemmu 2,
M HARZIeM aneMenTH ¢, d Taxue, 110

b<e<d<akgld) < gle).
(3mbnrpmponsz.a—z.c—-m.d—v«,us(ii).)

PJL. Apoies 1

MNoaromy f(d) > ¢ > b,a b€V, T.e. Ml nonywis, wro e wold, @), a 510
npoTusopeuuT Buibopy d € [. 0

Ymaepadenue. J ne conepxurca 8 (M, a).

Jloxasamesbemoo. AHANOTHYHO NOKASATEALCTDY WPEIRAYIENO yTBep-
aneuus, aas b € V, N J wakayrcs ¢, d Taxme, 410

a<c<d<bl f(d)>c>a.

Caeposarensio, d € w(M,a), a 510 mpoTusopeunt subopy J. o
Taxuu o6pasoM NeMMa 2, & SHAYHT ¥ TEOPEMa JOKASANH NOAHOCTHIO.

Cnoncrane B 40600 c4a60 0-Munusasdiol Kodeu onpedesusas NacmuN-
war oy [0 M — M useem moAbRO KONEYNOE WUCAO MONER PAIPHISA.

Jiwreparypa

(1) D. Macpherson, D. Marker, Ch. Steinhorn. Weakly o-minimal structures
and real closed fields, npenpunt, 1993,




10 Two theorems on o-minimal theories

TWO THEOREMS ON O-MINIMAL THEORIES
Bektur Sembiuly Baizhanov

Institate of Informatics and Comtrol Probless
Fational Acedemy of Science
480021, ul. Pushkina 126,
Almaty Kazakhetan

e-mail: lne®ipic, academ. alma-ata.su

1 O-minimal expansions'

Definition 1.1 [VdD] Model M of signature X is ordered minimal (o-
minimal) if it is 8-definable totally ordered and the realization of each formula
of the signature (M) in one free variable is a disjoint union of finitely many
of open intervals, points.

Throughout the section we consider only dense o-minimal structures.

Definition 1.2 Let A be a subset of totally ordered set B. Then A is convex
if for any a, 8 € A the following bolds:

VyeB [a<y<f=r€EA]

Note 1.1 An intersection of family of convex subsets of arbitrary totally
ordered set is convex,

Definition 1.3 (i) Let M = (M, L), where £ is a signature of M, ¥* D L.
Then M* = (M, E*) is said to de ezpansion of M.

(ii) Ezpansion M* of model M is said to be essential if there ezists P" €
L+\E such that for any ®(#,8), 8 € M, I(2) = n it holds that P(M*)" #
o(M",a).

' Rapenrch has been financed by FC Grant INTAS-93-3547. Results wwa mnounced In wn Intermediate
report, March 1695,
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Definition 1.4 [P] Let us soy that theory T of signature L odmits elim-
ination of imaginaries if for all M € Mod(T), for all formula §{(2,§) of
signature I, for all & € M'0) there ezists b = (by,...,b,) € M" such that
YM'» M, Y] € Aut(M'):

Ve € M'6(z,8)  $(/(6),2)] = f:‘. 1) = b

Definition 1.5 (D)

(1) A totally ordered model M of signature L is weakly ordered minimal
(w.0.m.) if the realization of each formula of the signature L(M) in one
froo variable is a digjoint union of finitely many convex subeets.

() A theory T is said to be weakly ordered minimal (w.o.m.) if each model
of T'Is wom.

Note 1.2 T is wo.m. iff for any formula ®(z, §) of signature I there is a
natural number ng < w such that for any model of T for any & € M'®),
®(M,a) is an union < ny ~®(M,&)-separable convex subsets of M. Here,
O(M,a) = {beM: M ®(ba)}

Note 1.3 A set of all realizations of any 1-type over set of a model of w.o.m.
theory in any model of this theory is convex set, because each complete type
is determined by family of formulas, the realizations of which are convex
(convex formula).

Theorem 1.1 Let T' be an o-minimal theory admitting elimination of imag-
inaires, M € Mod(T), M* is an o-minimal ezpansion of M. Then M* s
ensential ezpansion of M. iff there ezists elementary eztension D* of M* such
that the class of all D*-definable partial unary functions does not coincide
with the class of all D-definable partial unary functions.

Proof. Sufficiency is evident.

Necessity.
Lemma 1.1 Let D* be an w-saturated elementary estension M*. If each
unary D*-definable function is definable in D, then each D* -definable set is
definable in D.
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Proof of lemma 1.1. By induction on n we shall show, that
(1)s Each definable set in (D*)" is definable in D.
(2), Bach partial D*-definable function / : (D*)" =+ D is definable in D.
For n = 1, (2); is hypothesis, (1); follows from (2); and o-minimality of
D*.
(1)as1 Let R C (D*)**" is definable. Let S be projection of i on (D*)".
§ = {a€(D*): D" = 3y(R(ay))}
Se = {a€8:D* = 3%y(R(=a,p))}
8w = {8 € (DY) : D* j= 3"y(R(a,¥))}
8. | definable in D* because in (weakly) o-minimal theory DIF (Defin-
able Infinitary of Formula [B6)) property holds, i.e. V¢(z,§) 3ny such that

VPIRMad(s,p) = 3%24(2,9).
By induction assumption (1), 5,5, Se are definable in D¥

Rim = {(8,b) € R:8€Sn,1 <i<m,bisi-th element
belongingR(a, D))
Ri is the graph of definable in D* function, by induction assumption
(2), it is definable in D.

We consider R’ = So x M — R. R' is definable in D*.
Let

P = {‘ € (m). s D - 3""v(ﬂ'(*¢'v)))
P = {a€(D*)": D* | 3%y(R(a,v))}
Pim = {(a,b):3€ Py,) <i<m,bisi-th element
belonging (3, D*)}
Py, is the graph of partial D*-definable function, by inductiun assumption
(2), it is definable in D.

Then it is evident, that Sy, = PURU. .. UPyUPy.
Consider P, We define formula ¢(2, y) as follows: for any a,b € D*

. [ 9(3,b) @ Pula),
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and b is a boundary point of set R(a, D*).

Fact, that the number of boundary points for any @ is restricted by number
k, follows from the DIF property for o-minimal theories (PS), [KPS].
Consider functions ¢, ¥, 0<i<k-1
$:(a) =b & bE Pgand b is the beginning of i-th interval or
i-th point in R'(, D*)
¥i(3) =b & bE Pyand b is the end i-th interval in
R'(a,D*)

It Is evident, that ¢, ¥ are definable in D*, and hence in D.
We denote

0i(2,)) = Puol2) Adi(2) <y < $il2) A
AlR(2,8:(2) — #i(2) <y < Hi(2)] A
A[R(2,¥:(2)) - ¥i(2) <y < Wi(2)] A
A[R(2,4(2)) A R(2, ¥i(2) == ¢(2) <y < Hil#)]

Then
Rgw= U Roalzy)u Ub(znu U  Qim
1<mgl1<inSm i<k 1EmEN, 1 Sin Smt ]
where

Qim(2,¥) = Pnl(2) A Pirm(2) < ¥ < Pim(2).

In our case Pyn(2) = —00, Prmstm(2) = 00.

80, set R is represented as a finite union of digjoint D-definable sets, hence
R |s D-definable set.

(2)asr [ : (D) = D* is & partial definable function in D*. Let
H(x) = 313y(/(3,2) = y). H is D-definable. For any a € H(D*) the next
function ;

L (D+)' -+ DY, lo(’) - ,(!00)
s D-definable by induction assumption with the help of function Gofe,2), t€
DY, G(g,*) is without parameters.
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Claim 1.1 There exists a finite number of functions
Gi(2,5),...,Gm(2, Pm) such that Va € H(D*) there ezists
i€{1,...,m}, 38 € D'™), that
Ve([Gi(8,&) = f(2,6)| A [Gi(#,&) is not definable ¢
& [(2,a) is not definable]).

Proof of claim 1.1 We assume contrary, i.e. there exists an infinite number
of functions {G;(2,5) : + € J}, that Va € H(D*) there exists Gj(2,&,),
that Gi(2,8,) = f(2,a)= and Vj € J there exista suitable a; such that
Vi # J, 51 € J the following is true

b V§{Gj (2,9) # J(2,8))].

Then the following set is locally consistent with reference

to Th(D*,d), where d € D* is a tuple of elements taking part in definition
f(2,3)

{(Vw;(Gj(2,5,) # J(2,2) : j € )} U {H(z)}.

Element a € D, that satisfies this set of formulas, exists because D* is
w-saturated, that contradicts induction assumption.

Without loss of generality one may consider, that there exists the only func-
tion G(g,2) (without parameters) of language of D such that Ya € H(D*)
there exists ¢, € DY, that G(2,5,) = [(2,a).

We define 2 ~ &, 2,¢ € D* & V2(G(2,2) = G(1,?)).

Existence of D-definable function A : D* —+ D7 such that V&, & € D

[h(&) = h(¥) ¢ G'(2,2) = G(2,¥)
follows from the condition of thearem 1.1 on elimination of imaginaries.
Let hy(§),...,h;(§) be functions such that Y2 € D* M{e) =<
hi(§), ..., Aj(§) >. Define graphs of unary D*-definable functions as follows:
Ki(a,n) = H(z) A 39(Ve(G(2,9) = /(2,2) AB(§) = 7)), i € {1,...,j}.

Ki(2,3) are D-definable by assumption of lemma. Let di(z) = z
:(‘(l,l). Then the following formula defines graph of D-definable (n+1)-ary
‘unction:

H(z) A 3g(h(gy =< di(2),...,di(z) > AGIz,§) = z).
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One may check easily that it is graph of function. Lemma 1.1 is proved.

Note. Analogous lemma for strongly minimal theories was proved by
E. Hrushovsky [H], but only his condition is that D is expansion of alge-
bracally closed field instead of condition on elimination of imaginaries. Our
proof is based on the scheme of proof of Hrushoveky, only for another class of
theories. One may note, that hia proof also holds for strongly minimal the-
ories admitting elimination of imaginaries. Taking in consideration results
of B. Poizat [P}, A. Pillay (AP1], V. Verbovsky V], Tsuboi [T}, one may
formulate the following:
Hypothesis. Any strongly minimal theory admittes elimination of imagi-
narkes ifT it is expansion of theory of algebraically closed fields.

% Number of formula copies in pairs of models

I [MMS] paper the Problem A (Cherlin) was formulated: will expansion of
o minimal structure by convex predicate be weakly o-minimal. For submodel
(M4, <,000y) < (R, +,,<,...,) they proved, that this expansion has
woakly o-minimal theory. Dense submodel of R (i.e. M is contained in
N densely) was considered. The main moment of induction step was the
following:

Problem B For any formuls ¢(z, §, @), « € R\ M to find formula K(§, &)
such that Ya € M'® the following bolds:

(M,R) |z 3z € M ¢(z,8,a) &= R = K4(ia).

In (B1] attempt to solve Problem A for o-minimal theories was under-
taken. The following evident fact was applied for construction of the formula
K‘(’to’ C).

Pack 2.1 Let M < M', &, € M'\ M, tp(a/M) = tp(B/M). For any
Jormula ¢(z,08,&), 8 € M the following holds:

M' =32 € M §(2,8,0) => M' |= 3z[¢(z,8,a8) A §(2,3, B)].
The main difficulties in [B1] were the proofs, that:
(1) It s sufficient to consider finite number of copies of a over M.



n Two theorems on o-minimal theories

(ii) Addition of new copies does not generate any irrationality.

In [BP] these difficulties were got over by application of Marker-Steinhorn's
theorem on definability of types({MS]) in Pillay's formulation ([AP2)),

In [BP] an elegant proof based on the scheme of proof from [B1] was offered,
bowever the number of copies of formula ¢(z, 8, &) was valued 2",

B. Poizat asked the anthor about possible decrease of the number of copies
of formula ¢(z,a,a).

Convention. M' is sufficiently saturated of o-minimal theory.
Definition 2.1 Let p € S,(A), B C M" such that M" is | B U A[*-saturated.
Then a neighbourhood of set B in the type p is the following set:

Vo(B) := {y € M'|3m, 7 € p(M'), 3H(2,b,2),b € B, 2 € A,
n< H(M'\=be)<n, v€ H(M',b,3)
. Lot @ =< ay,a,...,a; > then Vy (&) := Vj({ay, 3,...,4}).
Definition 2.2 (i) Let p,q € S;(A). We say that p is orthogonal to g (p L
q), if 3a € p(M'") (= Ya € p(M")), V,(a) = 0. If p is not orthogonal to
¢, then we denote this fact by p [ g.
(ii) Let B C M', p € Si(a). We say B orthogonal to p (B L p) if V;(B) = 8.
Note 2.1 (i) The relation [ is equivalence relation on I-types.
(i) If p L q then there is an A-definable bijection f : p(M') =+ ¢(M") such
that [ preserves < or turn it over.
Definition 2.3 Let p € Si(A). We say that p is irrational type, if p(M") has
no limit points in del(A).
Note 2.2 [LM], [B1],(M] Let p,q € Si(A),p £ g. Then p is irrational iff g is
irrational,
Definition 24 Let p,q € S(A),B C M' such thatp L ¢, B L p,B L

ga€p(M)pe Q(MO’ - "(G/AUB)- ¢ o 'M/AUB)- Then p(M') =
P(M'), g(M') = ¢(M"). We say that p is B-orthogonal to g (p(L, B)q), if
¥ 1 ¢. In opposite case, we say p is not B-orthogonal to g. We denote this

foct by p(L, B)g.
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Note 2.3 Let B C M',A C M',0(B,S,(A)) := {p € Si(A) : B L p}. Then
([, B) is equivalence relation on O(B, 8,(A)). This equivalence relation is
stable under irrationality,

Note 24 Letp,q € 5i(A), BCCy, BCCy, B1®p, B 1° g, p(L* Bl
Then the following is true:

FV(C) <7< V(Ca) or Vo(Ca) < ¥ < V(Cy))

)
IVLC) <n < V(Cy) or Vi(Cy) < n < V(C))).

Proof follows from Note 2.1 (ii).

Theorem 2.1 Let M be an o-minimal model, M' be an elementary ezten-
slon of M such that M' is |M|*-saturated. Then for any @ € M'\M such
thot tp(a/M U {ay,...,0n-1}) is irrational there is § =< By, ..., Bs) >,
Ip(Aa/M) = tp(a/M), 1 < m < Ka) and for any §(z,9,a), for any
8 € M'W) the following holds:

I(a)
(3beM: M | §(ba,a) <= M' = 32( /\l (2,8, ).

Proof. It contains two stages;
(i) Choice of j.
(1i) Conclusion.
(1) Choice of f.
ol a=<ay,... ¢y > . Let pp = tp(am/M UGm — 1),m € {1,2,...,n).
Consider the sequence of one-types over Sy(M), which is determinated by
the following considerations:
Fy = pl.
lot Opyyy :={r€ SI(M)IGI'?' +1 f%rajm L¥r),
I Opss 5 0, then rnyy = rp, ﬂmn =
i1 Opyr # B, then rpyy is arbitrary type from Opyy.
Notice that, ¥r € Opyy, r( LY, &)m)rmsy and rpyy is irrational,



M Two theotems on o-minimal thoories

Lt fipy1s Bt € Pmar (M) such that
“}lwl < V'-«(d) < "’Dﬂ'

Consider fm+ 1€ Aﬁ‘m("’) such that f,.“(p,"“) =}4:“,|.

Let fng =< frnp1(@1), fns1(@3), .., a1 (@n) > . Then tp(Bsi|M) =
‘P(GIM)'
Brnsr|m = &|m.

Let < ry,ri,,...,7i, > be a sequence of all different types from £ :=<
TPy ey 2, then ﬁ =< ﬂhp‘u-"vﬁil >.

(ii) Conclusion.

Vé(z,9,a),Va € MO the following holds:

[Bbe M, M' = ¢(b,a,a) & M' |=3z(d(z,8,6) A A

; #(=,a, ﬁ)’»]
J€{lday s}

Proof of Conclusion.

(=) It is clear because tp(f;/M) = tp(a/M).

(¢) Let M’ F 31(«&,5,6) AA Aiﬂlh.---.") ‘(8,6, B}))

Suppose $(M',8,8)NM = 8,¢(M',a,&) = Ui, (M’ a,a), where
{#ilk < ny} is maximal ~¢(M’, &, &)-separable convex family of subformulas
of ¢(z,8,&) (Note 1.2).

Let ¢«(M', 8, &) be arbitrary subformula. Because ¢4(M', &,a) is convex,
then there is r € S;(M’) such that ¢4(M',&,a) C r(M').

Let j € {1,43,..,3,} such that r € O;.
By Fact 2.1 and because r(L¥,alj — 1)r; and r; is irrational, r is irrational.

By choice of f§; and by Note 24 V,(a)nV,(B;) = 6. Then
¢E(M’vnv a)nvf(ﬁj) =0 So, “M'vand)nA,‘((lhr..,‘.I“Moal ﬁj) = 0.
Contradiction. Thus, ¢(M’,a,a)N M # 0. 0
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1. Introduction

By & semiring we mean an algebra with two associative binary operations
(denoted aa addition and multiplication) such that the addition is commuta-
tlve and the multiplication is distributive over the addition. The aim of the
jesont ahort note is to find all minimal varieties (alias equationally complete
tlaasen, minimal primitive classes, etc.) of semirings. To that purpose, we
shall make use of the following well known and easy observation:

1.1 Proposition. Let V be a non-trivial variety of semirings. Then either
V contains a (non-trivial) congruence-simple commulative semiring or every
samiring from V is idempotent (i. e., both the addition and the multiplication
e 00).

3. Some two-clement semirings

. > plor <]o +lo1 -|o
de I'lnstitut Girard Desargues, UPRES-A 5028, 1996, N18, pp.1-9. 4: 000 _OJO—T s,: oloo o0

110 0 2j0:0 % 1{100 101 ;

+lor -lo +(01 .j{01

S: 0f(0o0 0|00 Se: 0(00 011

1lo1 1fo 0 1{or 111

+(01 |01 +/01 |01

S: 0(00 0]01 S,: 0|00 o0f00

101 1|11 1lor 1o

'Whils working o this paper, the suthors were supported by the Grant Agency of Charles University,
gt # GAUK 3061-10/718
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+/01 o1 +]0 1 -|01

S: 0|00 0j01 010 0 00
1jo1 1|01 ; 101 1]

For 1 < i <8, let §; denote the variety of semirings satisfying the following
(semiring) equations:

S v X+y=uv,;

S . Xty=utv, Xy=yx, x=xx
0y v X=X+X, Xy =uv, Xy =Xy +3;
S vionns X=X+X, Xy=uy, 2=Xy+42
B wonnns X=X+X, X=XX, X=Xy +X;
8 v X=X+X, Xy=x+Yy;
o X=X+X, y=Xxy,;

& e X=X+X, X=Xy.

2.1 Proposition. (i) Every non-trivial semiring from S is a subdirect
product of copies of S;.

(i) 8, is a minimal variety.

Proof. (i) If S € S, is subdirectly irreducible, then every congruence of
S(+) is also a congruence of S(-) and consequently S(+) is a subdirectly
irreducible semilattice, S(+) = S,(+) and S = §,.

(ii) This is an immediate consequence of (i).

2.2 Proposition. (i) Every non-trivial semiring from S; is o subdirect
product of copies of S,.
() S; is @ minimal variety.

Proof. (i) If § € 8, is subdirectly irreducible, then every congruence
of §(-) is also a congruence of S(+) and we have S(-) = S,(). Now, if

o0=2z+y, 2,y €85, then 30 = z(z + 3) = 2 + z = 0. Consequently, o is the
absorbing element of S(-) and S & §,.

2.3 Proposition. (i) Every non-trivial semiring from Sy is a subdirect

product of copies of Sy.
(i) Sy 1 a minimal variety.
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Proof. (i) If S € Sy is subdirectly irreducible, then every congruence of
5(+) I a congruence of S(-), and hence S(+) & Sy(+). Now,ifo = zy, 2,y €
. then 0 = 0+ z for every 2 € §, and 80 o Is the absorbing element of S(+)
and § & 8,

2.4 Proposition. (i) Every non-trivial semiring from S, is a subdirect
product of copies of S,.

(i) 84 b & minimal variety.

Proof, Similar to that of 2.3 (use the fact that the absorbing element of
S(+) I & neutral element of S(+)).

3.8 Proposition. (i) Every non-trivial semiring from Sy is a subdirect
prodduct of copies of Sy.

(W) 8 is 6 minimal variety.

Proof. In fact, S; is the variety of distributive lattices.

1.0 Proposition. (i) Every non-irivial semiring from S is o subdirect
product of copies of Sq.

() Sy i a minimal variety.

Proof. S, is equivalent to the variety of semilattices.

2.7 Proposition. (i) Every non-trivial semiring from Sy (or Sy) s @
subdirect product of copies of Sy (or Ss).

(W) Both Sy and Sy are minimal varieties.

Proof. Easy.

3. Zero multiplication rings

For & prime p € P (the set of all prime numbers), let Z,, denote the sero-
multiplication ring on the group Zy(+) of integers mod p. Further, let 2,
I the variety of semirings satisfying the equations px = py, x = (p + 1)x,
pX = ys.

3.1 Proposition. (i) Bvery non-trivial semiring from 2, is a subdirect
product of copies of Z,4.

(W) Z,-s a minimal variety.

Proof. Obvious.
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4. Fields

For p € P, let Z,; denote the field of integers mod p. Further, let ¥, be the
variety of semirings satisfying the equations px = py, x = (p + 1)x, x = x*,
Xy = yx.

4.1 Proposition. (i) Every non-trivial semiring from F, is a subdirect
product of copies of Z,;.

(i5) ¥, is a minimal variety.

Proof. (i) let S€ %,, S #0. Sinced® =aforeverya € S, Sisa

semiprime ring and S is a subdirect product of prime rings from F,. Now, if

S is prime, then o’ = a implies that S isa field and 5= 2,,.
5. Congruence-simple commutative semirings

Let G (= G(+)) be a (multiplicatively denoted) abelian group. We shall
define a semiring V(G) in the following way:

(a) The underlying set of V(G) is G U {0}, where o ¢ G;

(b) G is multiplicative subgroup of V(G);

(c) o is an absorbing element of V(G);

(d) a+b=o0lorallabe V(G), a#b

(e) a + a = a for every a € V(G).

Let A be a subsemigroup of the additive group R(+) of real numbers. We
shall define a semiring W (A) in the following way:

(a) The underlying set of W(A) is A;

(b) The addition @ of W(A) is given by a @ b = min(a, b);

(c) The multiplication + of W(A) is given by a + b= 6 + b (the addition of

The following classification of congruence-simple commutative semirings
can be found in (1):

6.1 Proposition. Let S be a congruence-simple commutative semiring
(i e., S possesses ezactly two congruences). Then at least one of the following
six cases takes place;

(’)S gSll slu s!v Sh s‘-

(2) S = V(G) for an abelian group G,

Nobert Bl Bashir, Toméd Kepkn s

(8) 5 % W(A) for a subsemigroup A of R(+).

(4) § s isomorphic to a subsemiring of the semiring R* of posi-
tive real num-  bers,

(5) S is @ zero-multiplication ring of finite prime order.

(6) 8 i a field.

0, Minlmal varieties of semirings

." M'em' The (P“‘"WC} an‘ varieties slv S’: slp 8‘; s'o 8.'
& &, 2,, 7,, p € P, are just oll minimal varieties of semirings.

Proof. All the mentioned varieties are minimal according to 2.1, ..., 2.7,
0.1, 4.1, Now, conversely, let V be a minimal variety of semirings. In view of
1.1 and 5.1, we have to distinguish the following cases:

(1) & €V for some 1 <i <5.
Then V = §;.
(Il) V(G) € V for an abelian group G.

Then V = Sy, since Sy is isomorphic to & subsemiring of V(G).
(Ill) W(A) € V for a non-trivial subsemigroup A of R(+).

Now, take a € A such that @ > 0 (or @ < 0) and put B = {na;n =
149,...),C = (na;n =2,34,...} and r = (C x C)Uidg. Then B is
& subwemiring of W(A), B € V, r is a congruence of B and B/r & S, (or
By ™ 8,). Thus V = S (or V = S3), which is & contradiction.

(lv) R € V, where R is a subsemiring of R*.
Now, take a € R, a > 1, and denote by A the subsemiring of R* generated
by o Then A € Vand r = (B x B) Uidy is a congruence of A, where B =
b0 Ajb > a). Since A/r 2 S;, we have V = §;, a contradiction.
YVhaEV, pEP
Then V= 2,.
(¥)) F €V, F beiog a field.

Thon thero ls p € P such that Z,, € V and we bave V = F,.
(i) Bvery semiring from V is idempotent.

Now, let § € V be generated by two elements, say o and b. Then every
sloment from S is a sum of the following elements: a, b, ab, ba, aba, bab.
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I ¢ = ab  abs = 4, then the subsemiring generated by c,d belongs o O NOAAJITEBPAX HTEPALIMOHHBIX AJI'EBP

i camonghently ¥ = 85, Seharky I b Sk thes Vo G PEKYPCHBHBIX ®YHKLHA
fe=ab=qbaptba=bab=¢ then ce=c ec=cand V = 5. C.A. Bepesnn
Finally, if ab = ba, then § is commutative and V = ;, S;. R
6.2 Corollary. Every minimal variety of semirings is finitely based. 630092 RowocaGxpex, WITY
Kapexpa mrefpu x marTexarweecxod mormxs
Reference e-mail: algebradnsts.sek. s
(1) R. El Bashir, J. Hurt and T. Kepka, Simple commutative
(preprint). MIrepec x cueTiiIM KIACCAM TEOPETNKO-NC/IOBKIX QYNKINR, SAMKHYTHX

PIRCNTOALIO onepaui CYNEpPIIOSHINN # R pasHoBManocTeR OnepalMN NTe-
PAUMN CRRIAN, TIpEXNe BCETO, C MIYMEHWEM OCHOBHMX KAACCOB BRIMMCAN-
MMA Pynxund, AnreGpsi TPRMATHBHO-PEKYPCHBNLX M OBINe-pexypCHBHBIX
bmeoriux Gymxund yxasannoro Tena wsyvanscs » [1,2]. Hsmectso, wro
GHOPAINN pNMKTHERON X OBmeR PexypPCHN (YACTWYHAR ONepAIME) CHASANM
£ OCHORNMMN ONEpATOpaMK E3WKOB mporpaMmuposauns Tena "for - do* u
“while < do" » no cHx NOp AMIFOTCE MPEAMETOM NPHCTATLHOIO NSYHEHNS,
185 0 [0] paccuaTpHBANNCE CAEYIONINE ONIEPAINN HAZL BHYNCANMEIME QyNX-
(CTTTH

8) pumnTsnas pexypens (f|g)(z) = ¢/ (z);
) wnrosas pexypens (f | g)(z) = um{f(g"™(z) = 0};
») ofiuax pexypens (f/g)(z) = gV#)=)(z),

Jadmuxcupyes HeEOTOPWR cueTHIR, SAMKHYTHA OTHOCHTALAO * Kaace N
|MOCTHIIX BCIORY ONTPESCACHHIX TEOPETHKO-UNCIOBKNY QYHKIMA, N BCE 3a-
MENYTMe KIAcCH, onpeneliseMuie nanee, GyneM pacCMATPHBATH B KAYECTHe
manccon xknacca N, lepuait, Tpammumonnsth cnocol GUMCARNS SAMKHY-
VM KIIBCCOB — SAJIANME KX B BHAC WOCANOD NOAYTPYMIW mpeobpasopanmil.

Yenepxnense 1, Chenyoupe SaMKRYTHE KAaCCH INISOTCE RIACANAMN
monyrpynnu N
o) In={/llpf| <M}, m=12,...

0% =uT, } — JBYCTOPONHKE WIeA,
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8) Ry = {/f|p] becxoneuno)} |

) Ra= (f[p] #9) } o AN
) £y = {f|(3a,b)a # bk f(a) = (b))
¢) Ly = {/|(Va € pf) /' (a) Gecxoneuno

JIOKASATENLCTBO: oYesHiNO ClejlyeT HS onpeJiefieH s KI1accos.

— ADCHEE Wheaiu,

3ameTum, 4T0 snemenTaMn T, SBAROTCE BCE (YNKUMH-KOHCTAHTH, e
MeHTaMM I, — Bce orpaniycHime QyHKI, MemenTaMk £; — Bee QyH-
1n, He saamonmecs 1-1-Gysxunamy, snementamu £y — see Gynxipnn 6oib-
0N PasMaxa ¥ TJL.

[lycts § — mexoTopas CHeTHAY pemIETKA NAAMHOXECTS HATYPATLHOIO Pi-
Aa. 3aMNyTHe nomiacch Kiaccs N MOXHO ONPENeNSTE TOrAa MyTeM OT-
HeCeHMs X HexoTopoMy uueany (GuasTpy) peiuerk S Tex wiM MHLX "Xapax-
TepucTHYeckux “ MnokecTs. B kavecTse Takux mnoxects Gepyres pf, nf =
{21/(z) = 2}, /' (a), » Taxxe unoxecTsa af = {a|/~(a) Gecxonewno),
Baf = {zlm - J(z) > 2}, 5f = {z|(Vy < 2) J(y) # [(2)}, 0] = Y onl,
e onf = 0, ecn f(m) <muwonf = {mm+1,...[(m)- l)

J(m) > m.

Yroepxneune 2. [lycrs J(F) — nexoropus wnean (Qunsrp) pemerss
§, Torsic caenyionDie MEOXeCTEa QYHKIUNR SAAS0TCE IAMKNY THMH NOAKIAC-
caMn Knacea N;

8) Iy ={flpf € T}
6) Iy = {f|p] woseuna);
:,f;. {/I(¥m > 0) B, ] wosewno};
“ ‘!lsl € J)'
= {/laf xonewno};
e) 7 = {/|(Va)f~(a) xoneuno};
.) J‘Mﬂlej}.
) N5 ={flvf € F}.

JOKASATERLCTRO. ) (2 g) C pf = p(f4g) € T

A Baperun »

0) p(/ » g) xowesno » cuny xomeunocs pf u pg;

#) monevnocts fia(f + g) crenyer w3 xoneunocTh finf;

D) 8(feg)CSg=S(f09) €T,

A) eanatyer ws 1oro, wro a(f + g) C af U f{ag);

0) Muomectro (f ¢+ g)~'(a) xonewno xax xoMewHOe OfBEINHEHNE KOHENNLIX
MIOWOCTH,

W) oen o(fvg) =B, 10 fog €NY. Tyers 2 € o(f 0 g), Te. (3k <
#) Jlglh)) > k wnycrs 2 € o4(f # g). Ecam 2 < g(k), 10 2 € 049, a upn
# 2 (k) # € 0,4/, wnave rosops, scerna o(f + g} C o Uog;

Nulfep) 2vinvg=>u(feg) €F.

OrMeTHM, HTO & TONOAOrKYECKOR Tepuunonorun kaacc Ay ecTh pocTox
Qywninn /(z) = z ornocurensro ¢uastpa F. Ouesnnno, 4T0 saMuxanwe
(1) scxs {1}, ree. {1} — wunumansnui nonxnace N [las scsxoro m € N
MAMMKRIE QYHKIMH-KONCTAHTH Cpy, = M TOXE 6CTH MNHRMANBHIA NOAXNAcC
N JUIX Horo WueeT MecTo ananorwdkuit gaxt (cu. [1)).

Fte onmn Tpansumonnsifl criocol SANAHNA JAMKHYTHX KJBCCOB CRA3AH C
nosnrwes wigapuanta. [lycts R — NpOH3IBONLAOE KOHEUHO- WM CUETHO-
MocTioe otnomenwe ra N. Cosopat, yro ¢ynxims f € N coxpauser oTso-
wenwe R, ecau [(R) C R. B srom cayyae R HASWBAETCE KNBADNARTHM JULE
/ wan unsapuantom f. R wasssaercs wwapwantom noaxnacca Ny C N,
ocin R wusapuant f anx scxxol [ € Ny,

PacesoTpis ponpoc 06 OITKCAHKM OTHOIMEHNH, HHBADNAHTHEIX AR QyHK-
I K3 TPOMSBOMIBHONO SaMKiyTOro naaknacca Ao C N, aHANOTHYHO TOMY,
AKX 970 clienano s Gynxinit k-snaunof aorwxx (4. Jlas atoro onpenennu
NokoTOpYIO anreGpy OTHOMEHKA CO CAGAYIOIIMMY OTIEPALRIMM,

\) llepeunenosanue woopdunam. Beaxoe orwomenwe R ects, soofine ro-
BOPA, CHETHOE MEOEECTBO TOYEK, KANUIAS K3 KOTODHIX BfeTCH, Boofine ro-
Bops, cveTnoll mocneposaTedsHocThI0 saementon N. Kawayw Taxyo mo-
CaoBaTeIbROCTS M Gynen maswbaTh cronGiiow oThomenns R, a nocaeno-
PATEILHOCTH §-X KOOPJLKHAT, COOTBETCTREHRO, I-R CTpoxoR oTnomenns R x
obosnanm 1-10 crpoxy vepes ;. [lycrs p — npowsponbHas NepecTAROBEA
N, TOI71a nepexMeHoBARNE KOOPNHAT, MPRMERENHOe X oTHOmenN0 R, naer
iosoe oTomenne pR, xotopoe onpeneaserca moctpouno: (pR); = Ry



- LY Trrra——— T T T VA, Beperan s
u-n.,mumjuwnl(ﬂa;hl(ﬂu)wmmi.

JHONANOM TONEPL,MTO BCAKNA NHBADMANT noaxaacca Ny NOIyNaeTcs M3
WOROTOPOTD (UKCHPOBAHHOTO KHBADNAHTS C NOMOIITLI0 PHE/ICHHEX BSIINe one-
paiw. JLue wroro onpeseuM RoRRTHE rpA(NKA NOIKIACCH, ARAIOrH'\(HOE N0~
HATHIO 1erpaduca w3 [4] ¥ o6oBiiaKInee B HEKOTOPOM CMMCAE NORITNE -1~
atnnepa ws 6. 1Tyers Jo =1, i, [, .. — QYNKIMM, BXQIAIINE B HAIKIACC
Ny, Toran rpagwx Ty, nojnacca Ny €CTh CHETHAZ MATPHIA, NPHYIEM j-h
pronlion Marpuita ['y, ecTh IOCIROBATENLHOCTS WHCEI 15(0), £5(1), £;(2), . .
(MANNAND, IPADUK BCIKOTO TIQAKNIACCE SAIAETCS € TONHOCTRIO NI MOPAIKA
Cronbiuon.

2) A-npoexyus weu A-wusundpudusayus. [lycts A — mpou3soiIkHoe T
unomectso N u a(n) — upsmok nepecer A. Torna A-npoexuns R, oTHo-
mexus R onpenengercs noCTpoHO: (Ra)i = Ryy.

3) Jybauposanue. [lycTs A — MPOKIBAILHOE NOIMHOKCCTEO NuRj—
:rmsmsuu CTPOKA OTHOMEHNE R, TOTJa BCE CTPOKN HOBOTD OTHOMEHMA

) R ¢ xoopiunaTaun ¥s A cosnanapr ¢ Rj, Te. (#4R)s = Rj, 0 € A,
CTPOKN C KOOD/MHATAMN ¥3 A PaBII COOTRETCTRYIONIMM CTPOKAM R:

(R) =Ry, bEA.

4) Obuedunenue u 5) llepecevenue. Ecix Ro, Ry, ... — nochenosatelh-
HOCTH OTHOMENNR,TO AAs Moboro A € N oburHM 06pasoM opesienmoTcs
U Ry, N Re
s€A a€A

BaeieRNEIMN MMEMEHTAMM B aneGpe OTHOMEHHA ABILIOTCH JIHATONAAN:
aycTs E — HeXoTopoe OTHOIeHNE IKRMBAACHTHOCTH Ha N, conocTanuM ey
ornomenxe DE na N taxoe, 4ro mEn = (DE)m; = (DE)aj ans wcex )
(3necs ¥ anee Ry obosnavaet j-A anemenT i-R CTPOKM OTHOWIEHHA R).

¥ rsopsaenue 4. Besirll wupapuant naixaacca N noaysaercs ¥ [y,
A 1) - 5).

JlokAsATEALCTRO. Tlyers R C N™(m 2 1) — nponspankiti m-apusl
Wisapwant aag Ny, torms R = \EJB(I‘,(,)(,}. Ecau we R € NV — cuerno-
r

APHMA RIBAPHART N\, T0 cHavasa onepaiMaMn A-TPOEKIVI, nyGamposany
§ NOpONMEHORAINS CTPOK Hoay MM W3 Ty, upou3BOI b cronben ry € R,
A sarem crosa umees R — l‘J.(I‘M)(,,, rae [y, — pesyAsTaT yKasaiuoro

ipeolpasovanus rpaduka [y,

JAMETHM, YTO eCiIM NHTEPECOBATHCS BAKHEIM CAYHAEM PeKYPCHBHO-IEpE-
WMCANMIX GHHADHLIX OTHOWEHNA, TO KaK MOKA3AHO B (7], mpn mexoTopoM
serecTsennoM Brbope onepaiii aarefpa yKasaHHLIX oTHOMEHARA SBAFETCA
RONOMHO-NOpoXR e HHOR,

I ennsy ¢ cooTneTcTRAMM ['aIya eCTECTBEHHO BOSHHKAET BONPOC o anu-
CANMN SHAOMOPDHIMOB NaHHOR anreGpu ornomenwdt, T.e, Gynxuuil, 1ax xo-
JOPMX OTHOMEHNY N3 Jaunod anrephi SBANIOTCA MHBADKANTAMN (cu. [4)).
Jlin caryvis pekypeHBiiX GYHKIDIR, KOTOPHE 3A6Ch NpeXe BCETO PACCMa-
PURAKTCS, OBPaTHOE COOTRETCTBMHE Pasiya He MMEET MECTa, HOCKOJIBKY He-
FPYINO YKA3AT NPHMED anreGpLl OTHOIICHNA, He BCE SHOMOPPHIME KOTO-
POl pexyPCHANEL

OrmMeriy TaKKe CACIYIoHE ouesniHLl (GaxT,

Yraepxaenne 3. CoBOKYNHOCTE HHBAPHAHTOR BCAKOTO SAMKHYTONO Al
xaacca Ny C N ecre napanrefpa anreGpu oTHomenkA.

JIOKASATEALCTBO. 1) TlycTs R — npoHIBOALNLE WHBADKAHT Ny, 1o
{218 6CAN T - NPOKIBOJLHAS TouKa (cTonben) K, [ — nexoTopas QYHKUNS W3
Ny, 1o umt umees: [f(p(r)) = (f » p)(r), oTXyns caenyeT WHBAPHAHTHOCTE
orwomenys pi.

2) Ecau r € Ry, 1o [(r) € Ry no onpeneseiuio A-NpoeKitiM ¥ b Culy Toro,
w10 R — wnsapuant aas J.

3) OueRiNO X3 ONpEAAEHUS OnEPAINK 2y GiHPOBANUS.

4) Mycrs r € UR; w sce Ry — WxBapHanTH pis nponseoaskon f € Ay,
Torns, ovemumio f(r) UpuHamIeXHT Ri: /I8 HEKOTOPOIO i, CRLOBATENLHO,
UR; Taxxe unpapuant s [.

§) Ecam r € NR;, 10 f(r) € Ri s Boex 1, sHainT, NR; — KHBAPHAHT A4
/.

6) JIwaromans ¥BNSETCA MHBADHAHTOM W akoit diynxink [, NOCKOILKY HY
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Yraepmaeune §. llycrs T — BpoNseoiiuiioe TPANSTHINOD ON # PERMUTABILITY OF VARIETES HAVING p-DETERMINED

wa N, vorna Ny = {f|T'y C T} ecs samxuyriak nonxnacc N. CONGRUENCES
B wactHocT, B [1] paccMOTpeNM BAXNHe YACTHRE CAYuaN

SKBMBATEHTHOCTN M YACTN'HOTO NOPALKA JUIN 1-MECTHHIX HPHMHTHBHO- 1. Chajda,J. Zeduik
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i introduced by J. Slomin-
TOM YACTRHHOCTH onepainen /). The concept of p-determined congruences was 1o by

()

Definitlon. Let A = (A,F) be an algebra of type 7 and p(:,y). be .
torm of type 7. A congruence Oc ConA is called p-determined if
sxlats an element d € A such that

(a,b) €O if and only if {p(a,b),p(d.d)) €O.

A p- determined congruences if each O€ ConA is p-determined. A variety
¥ i pdotermined congruences if each A €V has this property.

Algobraa having p-determined congruences were treated in [5], (6) and Mal™
(v condition characterizing varieties having p-determined congruences can
b found In [1).

Pollowing [4), an algebra A s n-permulableif Bo®oBo... = ®0B0do...
Wolds for every 8,8 € ConA, where we have n factors in each side of this
muality. A i permutable if it is 2-permutable. A variety V is n-permutable
o parmutable if every A €V has this property.
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permnudable for some » 2 2.

Proof. Let ¥ be a variety of type 7, let p(2,y) be a binary term of type
¢ il supposo that ¥ has p-determined congruences. Denote I?y A the free
alaebin By (2 ) of ¥ generated by two free generators 2,V Since the least

L
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W wndd only I ¥ ln permutable. Hence, every variety of groupe, rings, modules
¢ \he varloly of Boolean algebras are examples of tolerance trivial varieties.

Dunote by TolA the set of all tolerances on an algebra A. It was shown
(w0 0, [)) that T'olA in an algebraic lattice with respect to set inclusion;
I8 loset sloment ls wy and the greatest oe is A x A. Moreover, for any
b of A thore exiats the least tolerance of A containing the pair (s, b); it
Will be denoted by T'(o,b). As it was shown (see eg. Lemma 1.7 in [3]),
{6#) & (s, 4) if and only if there exists a binary polynomial ¥ over A such
et 0 ¢ (0,0) wnd d =y (b, a).

"I fllowing concept was introduced in [2] :

I# A = (A, F) be an algebra of type r and p(z,y) be a binary term of
W 1, A Wlerance T' € Tol A is p-determined if there exists d € A such that

(a,b) € T if and only if (p(a,b),p(d,d)) € T.

A b p-determined tolerances if every T of Tol A is p-determined. A variety
¥ haw p-determined tolerances if each A €V has this property.

Examplo. Consider a groupoid A = ({a,3,c} ,) whose operation is given
by the table

congruence wy € ConA (Le. the identity relation on A) is p-determined,
have (’('v.) I’('I')) € Wy, Le,

p(z,3)=pyy). (1

By the definition, we have (2,y) € © (p(2,1) p (2, 2)), where 8 (a,}), d
notes the least congruence of ConA containing the pair (a, b). In account
Mal'cev lemma, there exist binaty polynomials ¢y, ..., ¢, over A such that
F=9 (’('l')l’(.l'))'

vi(p(2,2),p(2,¥) = 0is1 (o (2,9) ,p(2,2)) fori=1,22..,n-1 (2

v=vnlp(z,2),p(z,y).
However, A is the free algebra with two free generatom z,y, i.e. there exi

4-ary terms ¢, ..., 1, with
wi(z,v)=t;(z,v,2,y) for i=1,2,..n. (3
We can set g (2,p,2) = 2, gos1 (2,1, 2) = 7 and
'i(zlvl')=“(’("’)|'(’")l‘!')'
It is an easy exercise to verify that (1), (2),(3) yield z = g (z,y,2),

a(2,2,2) =g (2,2,2), i=0,.,n-1
84 T = {(a,a),(b,b),(c,c),(a,b) ,(b,a),(b,c) ,{c,5)} . It is & routine way
W0 verify that ' € TolA. Put p(2,y) = -y and take d = a. Then T is
pdetermined since (z,y) € T if and only if (z-y,a-a) € T.

Thoorem 2 A variety V has p-determined tolerances if and only if V is per-
mulable and has p-determined congruences.

Proof. Il v is permutable and has p-determined congruences, then V is
tolerance trivial (see [3]) thus every tolerance on A € ¥ is a congruence on
A, Le. ¥ has (trivially) also p-determined tolerances.

Conversely, let ¥ bas p-determined tolerances. Since every congruence on
A € Vis a tolerance on A, ¥ has also p-determined congruences. Moreover,

F= ﬁ('v”s')

which is the well-known Mal'cev condition characterizing (n + 1)-permu
varieties (n > 1) derived by J. Hagemann and A. Mitschke. §

By a tolerance on an algebra A = (A, F) is meant a reflexive and &
ric binary relation on A having the substitution property with respect to
(i.e. it is a subalgebra of the direct square A x A). Thus every congr
on A is a tolerance on A (but not vice versa in a general case)., If also co
versely every tolerance on A is a congruence on A, A is called tolerance trivi
olgebra. A variety V is tolerance trivial if every A of V has this property. I
was shown by the first author (see e.g. [3]) that a variety V is tolerance trivi
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wa € Tol A, thus we can easily derive p(z,2) = p(y,y), the identity of V.
Consider again A = Fy(s,y) , the free algebra of V with two free generators
z, . By the definition of p-determined tolerances and the foregoing identity, it

holds (z,y) € T (p(2,),p (2,2)) in A. Applying Lemma 1.7 in (3], there is.

& binary polynomial ¢ over A such that z = ¢ (p(z,y),p(2,7)) and y=
(»(2,%),p(z,¥)). Since A = Fy(z,y), there is a 4-ary term ¢ such that
¥(2,9) =q(s,v,2,).

Set m (2,y,2) = q(p(z,¥),7(y,3),2,2). In account of the foregoing
equalities, we obtain

m(z,2,9) =q(p(z,2),p(2,0) 3.0) =V

m(zy,¥) =900y, 2.0) =), p(22),50) =2
thus m(z,y, 2) is a Mal'cev term which yields permutability of V. §
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{ Introduction

Alldntltyt~t’hcdledahypaidm&yinnmiddedepbm
|f whenever the operation symbols occurring in ¢ and ' are replaced by any
\erms of the appropriate arity, the identity which results holds in V. As de-
soribed in detail in [Den-L-P-8; 91, (Den-1-P-8; 93], and [Den-Rel; 94] for an
umdcﬁnltbndthhmaptnaeedtfnnaimo,alhdhmmm
which maps operation symbols to terms of the same arity. In [Den-Rei; 96]
o Abe basis of hypersubstitutions Denecke and Reichel defined two operators
x* wnd x*, the first one by

X"t s €] := (o[t] = 6[t]| & is the extension of & hypersubstitution}
anl
lEl= Yy i)

for & pot ¥ of equations,

If #(f))* in the term operstion of the algebra A = (A; (f)ier) induced by
the torm o(f) then ofA) = (A;(o(fi}4)ies) Is an algebra of the same type
# A Now we define our second operator by

YAl :={0o(A)|oisa hypersubstitution}
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Illd .l N‘l\\lﬂl&l!.
w ((t,0) € A x B| {{t}} x n({s}) € R}.
XK1= U x*) selation R, defines a Galois-connection by
“ Py (0 € B[ VEE A((t,s) € R,))} and
for a class K of algebras of the same type. e {lEAVsE B((t,s) € R,)}.

A-.nluwmd'yuethecluureopemouddudinhemmby
the relation R.
I.ﬁcmdthcdosureopemoux‘udx’mnuim&udd.{thedu
Alg(r) of all algebras of type 7 and instead of B the set W (X) x W, (X) of
all squations of thge same type 7. Then let

R={(Asmt)| AFani}

¢ (ho relation defined by “the identity s & ¢ is satisfied in A € Alg(r)".
Iacatne of

[¢ is easy to see ({Den-Rei; 95]) that x* and x* are closure operators defined
on classes of algebras of the same type and on sets of equations, respectively.
Because of their definitions as unions Denecke and Reichel called them addi-
tive in [Den-Rei; 95]. The closure operators x* and x® are connected by the
condition

tast € 1dy*[4) & X[t » ) C 1A (1)

Here JdA is the set of all identities valid in A.
Any pair of additive closure operators with this property is called conjugate.
If & variety V is closed with respect to the operator X* (A[V]=V) then it
is called solid variety. A variety is solid iff every of its identities is a hyperi-
dentity ([Den-Rei; 95}, [Den-L-P-S; 91]).

For the benefit of readers not familiar with the paper [Den-Rei; 85] we gi
u brief review of the main results of this paper.

Al Esmte AR xFsni]

tho palr (x*, x*) is a conjugate pair of additive closure operators with respect
W I, Clearly, the corresponding relation R, is defined by

Ry = {(4,0s1) € Alg(r) x (We(X) x W, (X))l X*(A] = s m 1}
= {(4,8 1) € Alg(r) x (W(X) x W, (X)) A = xB[s 1]}

Wurther, for & class K C Alg(r) of algebras of type 7 and for aset L C
W,(X) x W,(X) of equations of this type we define

uy(K) = {uateW,(X)xW,(X)IVAEK(x‘{A]}:nnl}md
W(B) = {A€Alglr)|VantE B(xMA] = o m 8}
Note that p and « are the operators assiguing to every class K C Alg(r) the

st JdK of all identities valid in K and to every set £ of equations the class
ModY of all algebras satisfying the identities from E.

1.1 Definition. Let v, and 7 be closuse operators defined on sets A and B
respectively. Then 7, and 7, are called conjugate to each other with res
to & relation R C A x B if the following is satisfied:

Ve € AV € Bin({1)) x {#) € R {1} x n({s}) € R).
H1(T) = .U‘T'n((ﬂ)) and W(8) = .y"h({*}) then 7 = (11, ) is called

conjugate pair of additive closure operators (with respect o R).

If v := (7,,7) 18 & conjugate pair of additive closure operators with res;
to the relation R C A x B we define a second relation R, by
R, = {(t.9) € A x B| m({t)) x {s} C R}

1.2 Main Theorem ([Deo-Rei; 95)): Leb y = (11,m) be a conjugate pair of
additive closure operators with respect to o relation R C A x B. Let (4,4)
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4 Solld Varleties of Partial

Ahls paper we turn to partial algebras. Our aim is to give a definition of a
denote the Galois-connection induced by R. Then for all T C A with ¢(T) parhdentity for partial algebras which us allows to apply the Main Theorem
T and all S C B with pi(S) the following propositiona (i) (iv) and (i) (iv'}il § and Theorem 1.3,

respectively, are equivalent.

(i) T = () () 8 = pyky(S)
@ =« =T i) m(S) =8

()  w(T) = w(T) (i) «S) = (S)
(iv) mu(T) = p(T) (iv) meS) = «S)

Torms and term operations of a partial algebra

W dllne torms for partial algebras A = (A; (ff)ier) of type T = ()ier
J W n n-ary partial operation defined an A in the usual way, then
ol of Wl partial operations induced by terms over A is in general different
the st of all partial operations which can be produced by superposition
with the fundamental operations of 4 and the projections ([B3r; 96],
| M)). S0, we need a new term definition.

Moreover, we need the following results:

1.3 Theorem ([Den-Rei; 95]):Let v = (v1, ) be a conjugate pair of addit
closure operators with respect to a relation R C A x B. Let (p,1) de
the Galois-connection induced by R. Then for sl TC Aand allSC B
Jollowing is true.

(1) N Cw(l) = w(l)=m(T)
() n(S)Cm(S) <= m(S)=puu(S)

#0 X be an alphabet and let {fi| i € I} be a set of operation symbols
X0l 4 €1)=0)of type 7 = {nifi € I} where every J; is n;-ary. Furtber
soed additional symbols &} ¢ X for every k € N'(:= N\ {0}) and every
with 1 € j <k

# X, = (21,...,2,) be an n-element alphabet. The set of n-ary term of
¢ aver X, is defined inductively as follows (see[Bdr; 96]):

(1) wvery #; € X,, in an n-ary term of type 7,

(W) U by, , bty are n-ary terms then €§(ty,...,t4) is an n-ary term of type 1
' fralll <j<kandal ke N,

() I 4,...,t, wre n-ary terms and if f; is an n;-ary operation symbol, then
filly, ... ta) is an n-ary term of type 1.

ot WIX,) be the set of all n-ary terms of type r. Then W(X) :=
\" W!(X,) denote the set of all terms of this type.

It is a well-known fact that for a Galois-connection (u, ¢) between sets A
B pe and «p are closure operators and that the sets of all closures H,,
H,,, are lattices with respect to inclusion. But we have even

1.4 Proposition:Let ¥ = (1,7) be a conjugate pair of additive
operators with respect to o relation R C A x B, Let (p,1) denote the G
connection induced by R and let (1, 1,) be the Galois-connection defined
the relation R,. Then W, is a complete sublattice of M, and ¥, , s

‘ ¢(X,) i -ary te ation 14 of any par-
complete sublattice of H,,. Wty woary term ¢ € WE(X,) induces an n-ary term oper y par

Ul wigebra A = (A; (J/A)ier) of type 7. For ay, ..., 8, the value t4(ay,. .. an)
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is defined in the following inductive way ((Br; 96]): Our deflultlon means that an equality ¢ = ' will be regarded as bolding in
iwmnvmonedtbeumopaaiomilduwdbyl.t‘h
defiusd w0 Ia b other, and, when both are defined, then they have the same
walie, I Uhle case wo write A =, t & £’ Let 1d,A be the class of all strong
ibitien of A and let PAlg(r) be the class of all partial algebras of type 7.
10X W & sl of PAlg(r) and if t = ' i » strong identity in every algebra
o I W wille K o, t st Let 1d,K be the class of all strong identities of
K. P ok 226 WE(X) x WE(X) we define

w-“lAG PAlg(r)mdAF.!nﬂ'formryequubltnt’ell,
ie. Al B}

T tlww Mod,Y Is called strong equational class or strong variely defined
iy 3, Oloarly, p, defines u relation between PAlg(r) and WE(X) x WEX).
Nota \hat F. Bérner in [Bar; 96] gave a Birkhoff-type-characterization of
shiong squational classes of partial algebras as classes closed under subalge-
b, olosed homomorphic images and filtered products. Moreover, he proved
Mt V € PAlg(r) is a strong variety of partial algebras iff V = Mod,Id,V.

(i)are =:.-tbent‘=tf=e?",wbme?" is the n-ary total projec
on the i-th component. So in this case t4{ay,...,a,) is defined for
B)y.00,0n € A,

(i) 16 ¢ = e}(ty, .. ,#4) and assume that th ... tf are the term operat
induced by the terms f,,..., s and that t&(ay,...,a),1 S ¥ < K, &
ddlned.tbm@‘(a.,....c.)bdeﬁnednndt‘(a......o..),,=t,4(a,,...,

(iii) Now assume that ¢ = filty,...,ta) Where f; is an ni-ary o
tion symbol and assume also that 4 ...,t4 are the term operat )
induced by the terms t1,...,bn, 80d that tHay,...,00)1 < j
n;, are defined with values t(ay,...,00) = by t4(61,..100)
b If fA(Dy,...,by) is defined, then t4{ay,...,0n) 8 defined
“(.ll"’l.l)-,ﬁ‘ﬂcll'"l‘l)""l‘#‘(al""l“ﬂ))‘

Note that t4 can be the nowhere defined operation.

4 'Term clone and clone of term operations of a partial algebra
3 Strong identities of partial algebras
Asiing that £y, ...ty are n-ary terms and that ¢ is m-ary. Then we define
s oary torm S5 (4,8, .., bm) inductively by the following steps:

() Por tm sy, 1<j<m (m-ary variable), we define 37 (2j,t1,...,tm) =
by

() Por ¢ = €}(sy,...,00) we set '
'v:“-‘h---v‘m) - ‘;(S':(.h‘h”-|‘m)|--'ls:.(‘ﬁh‘h-"v‘ﬂ))v where
o.,....n.mwuy,fordlkeﬂ'nd1$j5k.

(1) Por t = fi(8q,...,89,) we set
’:(‘,(],...Jm) = [;G:(..,th.,..t.,.),...,3':(:.,‘,,...,!...)), where

B, . By ATC BEAID M-Ary.

There are several possibilities to define identities in partial algebras e
[Bur; 86], [Craig; 89), [Wojd; 75]). We prefer the strong validity of equat
also called Kleene equalit (soe .. [Rob; 89}, (Sta-Sta; 89], [De; 90}, (Bar;
since strong identities of partial algebras are closely connected with
partial operations.

3.1 Definition: Let t,¢' be terms of type  (¢,t' € W(X)). Then ¢
is called strong identity of the partial algebra A = (A; (fA)ier) of type
1A = 4 for the induced term operations (Kleene identity).
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This defines an operation
Sy Wi (Xm) X (Wi(Xa))™ = WEX,) |

which describes the superposition of terms.
The term clone of type 7 is the heterogeneous algebra

glone 1 = ((W:(xl))“”; (S':)WN' (C})“N‘ 195‘) with C: =1z; €
X Sj < k.

Superposition can also be defined for partial operations J : A" —o— A. Let
P{")(A) be the set of all n-ary partial operations and let P(™(A) be the set
of all m-ary partial operations. Then we define operations S7 : P(™(4) x
(P™(A))* = P™)(4) by

s:.(l‘vﬁ‘o"'!’:)(‘h”-l‘m) o= I‘M(ah"'t.ﬂl)v"'I':(all"'|cm))

for all (ay,...,8) for which gf',..., g2 are defined and for which the values
b =gl (a1, Om)y... by = g2(81,...,0,) form an n-tuple (by,...,b,) be-
longing to the domain of f4.

Further, let e?”‘ be the n-ary projection on the i-th component,

Every subalgebra of the heterogeneous algebra

((PUA) v+ (Sdyme N+ (€)1 cicn)

is called partial clone. This concept was used by A.I, Mal'cev ([Mal; 74]) (see
also [Hoe; 77]).

All partial clones are in a variety K, which was equationally described in [Bar;
96}, and every element of this variety is isomorphic to a subdirect product of
partial clones. The term clone is also contained in this variety, but it is an
element of a proper subvariety K; of K. An axiom system for K; is given
in several papers, see e.g. [Tay; 7).

Let T(A)™ be the set of all n-ary term operations of a partial algebra 4 =
(4 F)iet)- Then T(4) = (T(A™)  prs (Spdmael's () se W 1 cica)
is also a partial clone (clone of term operations of A), namely the partial
clone ((F™(4)),  p) with FO(4) = (fA | i € 1) ([Bor; 93], i.e. the

K Danarha, . Welke 8
pattial clone generated by the fundamental operations of the algebra 4 =

(AP

Ihore e & close interconnection between clope 1 and T(4).

4.1 Theorem, Letclone r = ((w:(xn)),.ﬂ' ' m)mu!N ' (‘,)“N.ggsg)
be WA form clone of type t, let A = (A; (f)ier) be an algebra of type  and let
) = ((1A), ' (Shpel (€)1 5igo) be the clome of term

z‘“ oA

there o a fomily ¢ = (¢™)__ pr of mappings, ™) : Wi (X,) -+ T(4™

Whieh Nl the following properties

() ¢ (o) = e, 1<i<n nEN,

(W) Jor ¢ € Wi(X,) we define p!™(t) = tA where t4 is the term operation
induced by t which is also n-ary. Then
V(.'(y:('oth ye ey ‘m))lv = S:‘(V(m)(')owm(‘l)r oo -V)m“m)) |D' ne ”v
where D is the intersection of the domains of all t&, 1 < i < m, where s
I meary, and ty, ... Ly ore n-ory.

Proof, By definition, (™ is a function for every n € N'. Then we have

(1) 1 ¢™(e}) = e} for every n € N and 1 < i <.

(I) 1 Por the proof of the second proposition we use induction with respect
L the complexity of the definition of 8. If 8 = 2; € X, then

Ve, bl = 4], = SR 00, 0

Ifa= z;(n;,...,n) and assume that for 8, ..., 8 € W(X,,) the condi-
tlon (ii) is satisfied then

T (ko) byt |
- W‘”,(‘}G:(‘h"h-'-l'm)c"'vs?.)('h‘h"'v"l)»ln
- s:(e:"'v(n](sr('h‘h'""M))lnv"'¢(n)(§:(‘h‘h“'v‘ﬂ))
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(1) Solid Varieties of Partial

sxtanalon & of a b betitution ¢ preserves arities, ten-
o yﬁ(e?".r.(‘f“f"""t) 'D""'F:(‘f"l‘l""‘é) |D) ‘“m . Muy ; ;;”p;':’ bu:a (q?.) : w'l(x.) _‘ w;(v.’m):x‘”.
£ .s*;(‘,‘.(.,,...,..)t.a.‘.....sg)ln v

S el o1y ) 0 0), - 0, -

Finally, assume that & = f;(#,...,84).

Then @EN(8,4,. .o bm)) = SP(E™(8),0"(11), .., 0" (tm))
(4, ..., 14 are defined and for all (a,, .. ,8,) € D the m-tuple (by,..., b,
with t8(a1,...,8s) = bi,...,tA(ay,...,6s) = b is in the domain
oA 114, 14 are defined and there is an (ay,...,8,) € D for which
(By,..., bm) is Dot in the domain of #4 then both sides are not defi
That means, in any case we have

PG (0,1 r b)) | = SPA™(0), 601, ¢ )| 20 th
finishes the proof.

Theorem. The extension & of a hypersubstitution o of type 7 defines an
(™), o v of clone 1 .

ol Al Bk wo prove that (™)) e preserves the constaat operations
o, (o)) = 0 (z) = o2, = 3; = ¢},

o a0 golng to prove the compatibility with the operations 3 by
o the complexity of the term definition of 3 € W;(Xn) in
S LU TR W{(Xa). If 8 an m-ary variable 2;, 1<j<m,
we have

w(rﬂ('h“‘ veytm)) = 6[‘,‘] = g:(&[‘j]:a{‘l]» pe -5[%])
e 3?(9‘”(')‘): ’)(“)(‘I)| veny '(')(‘ﬂ)) 3

g% t}(8y,. ., 04) and assume that for sy, ..., 8 € W7(Xn) the permutabil-
|tlon |s satisfied then

5 Hypersubstitutions of type r

Our new definition of terms in the partial case means that we also have
modify slightly our definition of a hypersubstitution.

5.1 Definition. Let {f; | i € /) be a set of operation symbols of type 1
let W(X) be the set of all terms of this type.

A mapping 0 : {fi | i € I} - W(X) which preserves the arity is cal
hypersubstitution of type 7.

Any hypersubstitution of type r can be extended to a map defined on
terms in the following inductive way. Here & : Wi (X) —+ W(X) is
extension of the hypersubstitution a.

(i) o2]) = =; for every 3; € Xy,

(i) el (a1, ) = Sh(Eeh@io.. i), Bl idlssl), o0
We(Xa),

(i) 1 fi(tr, . ) = S (o), 0] Blta])y iyt € WE(XG),

m“,(‘h'"v‘l)n‘h--'n‘m»’am“;('h-'-;'b)v‘h---.‘n)]
o U 0t b, B0ty )]
- ':(l’(l‘. o 2) O (81, o b))y OFSg (O s Bm)])
O T OO T T R (8

B o), 0™ (), 0™ )
N T T LT O R WY L4

B2 0™ (o), 0™ ), 0 ),

Ff.(-..sl"(n‘""(-u). 0™ ), - 0™ (), -

0™ (00), 0 (81), . 0™ ()
w A )0, AP ) Sa 0™ o) 0V 0), 1))
o 0™ ), ™ ) 1™ ), 0™ E)).
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Now assume that 8 = Ji(#1,...,8,) and further we assume that *0") and o[4] = (1) since f(z1,n(z2))4 = e}4(e}4,n4) is nowhere

81,... 8 € Wi(Xy) the permutability condition is satisfied. Then ol l('h‘('l))‘ o e}"(e}".n‘) is also nowhere defined.
w have olf(zn(z)] = Sie()aun(z) = = ad
OB (0t oy b)) = AOET (filryo o 80 b1y s ) Aln))) = i), za.ﬂ(’n)) =13, Tl,lis!ho"l : ;’ alf ('1-"3:))1 =
= i (o1t o )y 1 S by o )] Wln))) wince |A] > 1. '

- 3:‘(0(].'),0(5':(1‘,!;,...,t,..)],...,0(5:{:,.,.&....,t...)])

= ™ (e, ... 20 ), S (0™ (o), 7 (81), ... A (b)),
(1™ (s, 1™ (11), - 0™ )

= T filory o, ) A0, 0 (0)

= T (8), 1™ (01), 1" tm))-

#h Wbt the proper reason for the non-satisfaction of condition (C)
wob of varlables occuring in 6/ (21,23)) is different from {2y, 23).
W oonabder so-called regular hypersubstitutions,

P | Hagular hypersubstitutions

_ 1,/ 2n)]) we denote the set of all variables occuring in
'tmh“-

. A hypersubstitution o : {fi | § € I} = WF(X) is called
fon if Var(é[j,(s,,. ‘e -‘m)]) e {310--- l.l\'}'

Hypersubstitutions can be applied to strong identities of partial algebra
and we are asking whether the resulting equations 3{t] & o[t") are again stre
identities of A. Hypersubstitutions can also be applied to partial algeb:
type r and we obtain partial algebras o[A) := (A; (0(fi)4)ies). Based on |
definitions one defines two closure operators x~ and

the introduction In the total case th‘l?: . eoq]x‘:uz p:: of additive cle lap I 1o show that the set H ypi(r) of all R-hypersubstitutions of

operators what has f Elcon In the partial case this i8 & monold. To check this we need the following lemma:

longer true since in general the following condition is not satisfied AL , Por any two R-hypersubstitutions gy, 03 of type T we have
Al ool ¢ old] | ¢t (©) (myoay) =00,

8 14 Ihe wowal composition of functions.

J _”". 1A operation symbols of type 7 to terms of this type by

as the following example shows:

let A= (A;"v“‘)' [A] > 1, be & partial algebra of type r = (2,1) w
!‘huuhltmybhuyapemionmdwbmn‘htbeuuyoputﬂol
empty domain.

Clearly,

(fi | € 1) 2 WE(X) 22 WE(X).

10 prwarved, the product 6300, is & hypersubstitution of type
o we are going to show the equality (#300) 1] = (22 ody)t]
] \

\ “ Ahak # & X lo n variable then (4; o) [z] = 2i = (020 o))z =
M I oy, ), 1 €Sk, then

AF J(21,0(23))  f(z2,n(31)). (1)

Consider the hypersubstitution o defined by o(/) = =i, aln) = n(zy).
Then applying @ to the Algebra 4 we have old] = (A;0(NA, o(n)
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The identity hypersubstitution oig is obviously regular. The product
o el hypersubstitutions 01,02 of type 7 is also regular. To prove
e show at first by induction on the complexity of term definition that
Ay Weary torm ¢ and any regular hypersubstitution 0 the sets Var(t) and

(b)) aro equal.
{# & I a variable then this is clear.

the term ¢ = €}ty ba) and sssume that for the regu-
hypersubstitution @ there holds Var(t) = Var(olt]), 1 €1 2

Theo Vor(e(t,... ) = ‘l:J‘Vcr(t;) and Var(let,. ) =
nm("(n.u..::.).élh].-...élts])) = Var{(oft),....o0l)) =
Varll;) because of our presumption.

Bally ¢ = [ty tn) and if we assume that
Wil = Var(alty]), 1 <3< ™ then Var(fi(ti,--»t)) = ;ll Var(t)

(830 01) e} oy )= Bh(ed(er, 3 (020 oy ). -r (@20 01) [o
= (@i (e, (000 T, (Bro0r) (), - Bz (Br000) 8], (O
a;)'inl))
= B, a0 t1)ln). - (20 (8, Ten0r08)ml- 102
a)\a)))

= (@0 o) - (820 81){ss])

by induction hypothesis. On the other hand we have &

(B30 &r)fe} (o, 880 = aofonle} (- o))
= a,(s‘,,(e}(s,....,..),a,[..},...,a,[..m
= 0:[65(9'.'.&1.0'(-:1.-“.b‘l-ul).--.'B:(n.&:[-d.u-.éxlnl))l
= ole}@ils)y - KAL)
= B, ool sl o))
= e;((a,oa,)(u,].....(o,oag)lu]). u(m.(c....,t.,.)]) = Var('s’:(a(].-).a{t,],...,a{t.,])) - }‘_j‘v"(o[a,]) -
Varlty).

for the product oy © 03 of two regular hypersubstitutions 01,03
have Var((o; o ay) il 2)) = Var(asllfilz1,. .- ) =
"“‘U(('h“-ozm)l) = Var(filzy,. - \2)) = {z1,.. r B}

fullowing calculation shows the associativity of our product o4
.i’..‘).lol ra (b‘lool)"lasf' 030(61001) = (01063)00] = (a|°d,)'oal =
A {9y 04 03)- .

A= (A (/A)ier) 18 8 partial algebra of type 7 = (ni)ies, then for aay
§ Nyph(r) we consider the algebra o{4] = (4} (0(fiYA)ier) where o(fild s
A lorin operation induced by the term a (/i) on the algebra A.

Pt rogular hypersubstitutions we prove:

So, we get (220 01) 1] = (030 0)lt):

ft= !{(.h aas l‘&)l then (01 ° al).‘!l(.l' e |'I.)] - F:((O’ o al)(!\')v(
ay)lm)y- ooy (020 8)[8x,]) by induction h and

(01 ° Ol)lf((‘n e "m)] - oi[alui(.h e v'\'m
EREM CATARACIEE 01[n)]

= T (@alor ) sty - ,olon[n])
= 3':.'((%°01)Ut)»(0:°01)(“]- o2y (03081){3n])- Here we used Theorem

Now we define 8 product of hypm\lbutitutiou by 0y o 01 = da0 0
obtain:

6.8 Theorem. (H ypR(7); oni 0:4) with oia(fi) = flzyyee (Iy) am

B
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(A (0(JiY8)ier). For @ term ¢ € Wi(X) by "4

Solld Varletles of Pastial A

regular hypersubstitulion

B Dennhe, D, Welke w
if wo conslder an n-tupel for which one of the operations ot} is not
dafined then E(a([.),b[l;],...,&{t.,])‘ is not defined since because of
the regularity of o for any §€ (1000 mi) the term 8]t;] occurs in aft).

of type 7 and let old)
respectvely by i’l“‘u

et the ferm operations of the algebra o{4), respect Iy of the algeb i i

induced by the term t ‘i‘::“u:‘! ﬂ:ﬂ and bvazﬁ tcmv:n”f'![‘l‘ri:z{w :eoogfdm The squality &t} =4‘Ai'w for every ) € {1,...,m) shows that then

Then for every term ¢ € WE(X) we el m @ (fil6y, 0 )18 also not defined. Therefore, we get o{t}4 -.
ajijd =14

Proof. We are proving this equation using complexity of the definition of
€ X,) then d[z}4 = 2=
,,ty) and that it

tennt.lft-:.-huvuhbk(z;
Assume now that ¢ = ehlh,.
for every i € {l.

@ (31 3 ot .. o)A =t
if both sides are defined and otherwise both sides

if finally t = ity
JE {l....‘m}, then we consider the

Lolfy=3%;€ p, i
Then a{t) =57 (zj.0lt1], .-

Calculating 14 we (it < b)) =
we have a{ty}4 = 11 and thus pldl = a{s)d.
There s no j € {1,.-

Then
oA

., mi) with olfiy =%; €
"y:(’(!-‘).’l‘xl.--

j < n, by Theorem 4.1
Using the hypothesis one gets

0[‘]‘ = S:(a(li)‘n ‘1w| e -tan.w) = (filby,

for all n-tuples belonging 1o the intersection D

J<m

.,k}. Then &m‘ =

() and assume again that alt)4 = t‘;w
following two cases:

., 0lta]) = 0{t;} and therefore a{t]4 = olt;
Since o is a regular hypersubstitution we have Var(fi(21,--

If follows that n; = j = 1 aud therefore a{t}4 = a(t:}4.

. ".’1‘&1)"' Selal/:
every n-tuple belonging to the intersection D of all domal

¥ The closure operators i and xk

(i

-

I M S (Hypi(r) o o:4) be a submonoid of the monoid of all R-
hypormabetitutions of type 7. In the same manner as in |Den-fel; 95] Denecke
Nulchel lntroduced two operators Xy Xt bY

i w b= (alt] moft) | 018 the extension of &

6‘85(‘1,. s ,‘i)]A
o lg))"w by Theorem

are not defined. hypersubetitution from

for ev
pale (1% ') € Wi(X) x Wi(X) and

)} 1= . H.r"f‘[‘ st foraset £C We(X) x W(X).
A (A (fier) 2 partial slgebra of type T = (ni)ict, then for any

s Ba)) = (A; (o (fi)4)icr) 88 defined in section

hypersubstitutions preserve arities.

# & M wo consider the algebra o{4] =
§, Oliwily, 0[A) bas also the type 7 since
Purther wo define xild] = {old] | o8 n hypersubstitution from M) and
U YAA) for any class K of partial algebras of type T. The

pmeapt of w strong M-hyperidentity of 2 partial algebra A = (A;(!f).-“) of
\gpe ¢ |n defined by

(74 By our presum

Xn,:

1, o(ti}4, .. dlta}4)

. partial algebra of type 7 and let
ins of oft 14, ¥

1.0 Definition. let 4 = (A;(fA)ier) be 8
ME Hyplr) be a submonoid of the monoid of all R-hypemnbotimﬁona of
pype 1, Then a stiong identity ¢t of Al called a strong M -hyperidentity

ul A M for every hypersubstitution o € M the equations alt) = 4{t] are also

shiong Mdontities of Alftmtiss strong M-hyperidentity of A we will
Hypylr) we will speak of & atrong

.,l,d)’w::t'w /
Wik A - ! In the case M =

wl‘dr"lllvuf A

of all domaine of ‘lJAl. 1
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The following Lemma is belpful to calculate strong hyperidentities. syl G
7.2 Lemma. Let V C PAlg(r) be a strong variety of partial algebras and 0 0|not defined
01,03 € Hypi(r) be R-hypersubatitutions of type 7 with 01 0
o\(fi) s os(fi) € 14,V forall i€ 10 0
Then for every term ¢ € WE(X) we get 1,5 1

alt] & daft] € 1,V. I\ Is easy to check that the partial operation J is commutative and

Proof. We are proving this identity using complexity of the definition of sive, i.e. the commutative and the associative law are strong identities

term £.
If ¢ = 3; is a variable (2; € X,) then
61[2.'] =N 6;[:.’].
Assume now that ¢ = €}{ty,...,4s) and that ay[t;] = aaft;) for every i
1,...,k}. Then
il = aufed(tn,- .., 0] = Saledler, .. 2 aulta). .., Bulta)

~ ?u(‘;(‘h ver ,8&). 03{‘]], ses ,ﬁz[l.]) = 63[6;(‘;, iee ,‘.)] = 61[‘].
If finally t = [fi(t),...,0a) and assume again that &,(t;] ~ a3t for
j€{1,...,n;} then

aiff] =8yt b)) = Sy (@lfi)dufts],..., a1ltn))
~ S’:(O)(L’).&glh]. S5 ,6;[‘,..]).

/0

PN, /(2.2) & f(2, 1 (2,) s a strong identity of .

will check whether the associative law F(z, F(y,2)) = F(F(z,y),2) is
Miong hyperidentity of 2;. For F' we have to substitute any binary term
hing both variables,

My Lamma 7.2 we need only to substitute any binary term from the quotient
W;(X)/1d,2;. Because of our strong identities

b ow (Jew) =~ Jwa) JU(zvhs) = f(3f(na) flz,2) =
Jlo (n2) € 142y

W oan substitute any represent from W7(X)/E 2 WP(X)/1d)2;, ie.

)= J(z,y), talz,y) = [(f(z,2),0), tas(z,¥) = J(z, [, 0)), talz,p) =
JU)(#n,2),/(y,v)). Then we get the following equations:
J(/(z,¥),2) =~ [(z,](y )
I 2),0), S (22),0)),2) = [(/(=,2), [/, ¥),2)
S, Sww) (2,2) = [z, f(J{y, 1(2,2)), Sy, [ (2, 9))).

W), 10 ) S 2), S ), 13, 3)

& (UG 2) ) S ([(202), S w,w)), S (3,5))

Uslng the strong identities from £ we see that each of these equations is a
Miong identity, so the associative law is a strang hyperidentity in 4.

Mecnuse of A Lé [z, [y, ) =~ J(y,f(z,2)) the commutative law is no

and
alf) = aaf filts, . 8a)] = Sy (@) aafti], .., Gaftn])
R ?: (alUI'))d,[‘l]) ves .b;[‘.J)
since 0y(f;) ® o5(fi) and Var(oy(fi)) = Var(os(/)).
This g‘vu us ‘lm L] 6:{‘].

Consider the following example:

Let 2; = ({0,1}; /) be a two-elemeut partial algebra of type 7 = (2) w
/ is defined by the table
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strong hyperidentity in 4. hatitution 0 € M, namely 0 = 0 04 0 such that v = (03 0y o) [t

W w (7304 0y) [t] and thus u % v € x§[E]. This shows the idempotency
For a class K of partial algebras of type r and for a set £ C WEX) x We(
we define

Huld,K - set of all strong M-hyperidentities satisfied by every
algebra from K

HuMod, £ - class of all partial algebras of type r for which every eq
from ¥ is satisfied as a strong M-byperidentity.

Hu Mod, £ is called strong M-hyperequational class defined by 5.
The operators x4, x§ have the following property:

7.3 Theorem. For every submonoid M C Hypi(r) the operators x2,
Jorm a conjugate pair of additive closure operators with respect to the i
e

Proof. By its definition as unions the operators x4, x& are additive. We a
going to prove that they are closure operators. If t & ¢ € ¥ then with
hypersubstitution oy € M we get

dult) =t st = bt € X2,
80 £ C xK[E], i.e. xf} is extensive.

‘'

My two classes K, Ky of algebras of type r we have K, C x&(K
Ki & Ka = xiulKi] € xalKa]. Then xih[Ki] C xh[xilKi]] is also
and we have only to show that x§{x&[K]] € x&[K]. Assume that
# xhlxd[K)). Then there is an algebra A € K and hypersubstitutions
iy 6 M with B = 0,[o3[A]] = (4; (01 (fi)"W)ies).

lsmma 6.4 we can substitute (o(f;))"*4! by (d3{01(/;)))4 and with the
of oy we have a[a(£;)])4 = ({01 on 03) ()4,

#0503 € M the algebra B = (A; ((0) 0n03)(/;)4)ies) belongs to x4 [K].
wo have the idempotency.

g I Definition 1.1 % = xf, 7 = Xh, A = PAlg(r), B := W¢{(X)x
X)and R = | for the conjugacy we have to prove:

A8 PAIg(r) Ve s 1 € WEX)xWEX) (xlA) ot fed E Xkt = )

# bo & bypersubstitution from M and assume that o[4] ,T t ', By

Jblon 3.1 this means, (°l4 = U4 for the term operations induced by the
fand ' on the algebra a[A). Since o is a regular hypersubstitution we
Apply Lemma 6.4 and obtain the equation d{t]4 = &{t'})4 and therefore
I #[1) w o[t'] In the same manner we oblain the other direction. .

From the additivity we obtain the monotony of x§;, i.e.
E; g 23 = xﬁ[E,] Q xﬂ[l),]

The extensivity of x§; implies xklE) € xk (2] Musolid varieties of partial algebras

{xk. xk) for every submonoid M C Hypi(r) is a conjugate pair of
¥ closire operators we may apply Theorem 1.2, Theorem 1.3, and
tou 1.4, At first we define

Assume now that u & v € yg{xK[L]]. Then there are hypersubstituti
91,03 € M and an equation ¢ & t' € £ with u = &)[[t]) and v = 3(ds
i.e.u = (d00,)[t) and v = (&,00,)[t']. By Lemma 6.2 we have u = (3y009)
and v = (3, 0. 2;)"[t'] and by definition of the operation oy, u = (03 05 0;)"

and v = (03 0 0,)'[t']. Since M is a submonoid of Hyps,(r) we now ha A Dallnition. Let V C PAlg(r) be a strong variety of partial algebras (i.e.

o w el 3 C WE(X) x WEX) with V = Mod, E).
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) xhIX] C Mod,JdK = Mod,ldK = HyMod,HyldK and
) k2] € /4 ModE = 1d,ModE = Hyld,HyMod,E

(Mod,, /d,) is a Galois-connection between PAlg(r) and W;(X) x
) tho class of all strong varieties of partial algebras of type r forms a
£40(r). Applyling Proposition 1.4 we get

A A Proposition. The class Sy per(r) of all M-solid varieties of partial alge-
bt of type 1 forma a complete sublattice of the lattice Loe, (7). For any two
\ m M, CM,C ””en(') we have Sy.,.,(f) 2 Sl,w(r)'

, The first part is a consequence of Proposition 1.4. If V € Suyper(r)
':m[V] =V, ie. for every 0 € My, o[V] = V. But then we have also
V) € V for all o € M, and thus x [V] C V and V € Suiper(r) s

Then V' is said to be M-solid if x[V] = V.
Clearly, we have to set 7' = V C PAlg(r), § = £ C W{X)
WHX), u(T) = 14V, «(S) = Mod,s, (T) = Hy 14V, 1,(S)

HuMod L, w = x4, m = xfi. All presumptions of Theorem 1.2
satisfied and we obtain the following characterization of M-solid varieties

partial algebras:

8.2 Theorem. Let V C PAlg(r) be a strong variely of partial algebras
let £ C W(X) x Wi(X) be a strong equational theory. Then the follo
propositions (i) - (iv) and (j) - (jv) are equivalent:

(i) V is a strong M-hyperequational class, i.e. V = Hy Mod, Hyld,V,
(ii) V is M-solid, ie. xf[V]=V.
(iii) I,V = HyldV, iec. every strong identily of V is a strong

hyperidentity

(iv) xgl1d,V] = 14,V

# Mypersubstitutions of type r

Patse of our new ierm definition we have to define hypersubstitutions in a
Mlightly different way as in the total case,

and
8 Definition. Let {f; | i € I} be a set of operation symbols of type r and
0) £ = Hueldu e Mo, Ik W(X) be the set of all terms of this type.

Agpersubstitution of type r.

Ay hypersubstitution of type r can be extended to terms in the following
luctive way. Here & : WE(X) —+ WZ(X) is the extension of the hypersub-

Mitwtlon o
() 8fn,) = z; for every z; € X,,

(H)Mc’[n.,...,a.)] = 3:(:}(:1,...,:.), ols),....00m), &,....8 €
w:(Yn)u

) ofilts, .. 1)) = B (@) ofta)y . Oltn])y ooyt € WE(Xi).

(ili) Mod,% = Hy Mod, ¥,
(iv) xi[Mod,Z) = Mod,X.

Note that the equivalence of (i) and (ii) is a Birkhoff-type-characterization
M-olid varieties of partial algebras. The equivalence of (j) and (jj) char
terizes strong M-hyperequational theories, that is, strong equational theori
closed under the operator yf.

From Theorem 1.3 we obtain,

8.3 Theorem. For all K C PAlg(r) and for all & C WE(X) x W¥(X)
holds:



!”’.-"h LY

Since the extension & of a hypersubstitution o preserves arities, very ex e that o = fifoy,...\0n) 22d F w et hor
o defines a family of mappings & := (n*) : W¥(X,) = W(Xa))  py-

prove

5.2 Theorem. The estension & of a hypersubstitution o of type v defines
endomorphism (n(™))__ pe of the term clone clone 1 .

Proof. At first we prove that (¢™) e preserves the constant opera
¢f. Indeed, n*)(e}) = ¥ (z) = &) = 2; = ¢}.
anmpingbpm&cmpwbmtywititheo;enuomg:
induction on the complexity of the term definition of s € W;(X,)

(0,41, .. tm), biye . tm € WE(X,). I 8 a0 m-ary variable 25, 1 < § <
then we have

M@ (2t b)) = 0ft] =3 (0lz3), 861),..., otm))
= (0™ eg), 1™ (), ..., 1" (tm) -

If s = €}(sy,..., 84) and assume that for ,,...., 8 € W;(Xn) the permu
ity condition is satisfied then

W 0ty b)) = A S (im0 )i b1y )
- m“r:('lo‘h-'-n“u)v"'vg:"mv‘h'“v‘ll))]
L ':("Ua)'@m('uh.--.-‘m)]--'--5(3:('-“‘1.--..‘-\)])
o B il 0 2a), S (1™ 040 (00, 1 b))
1200 (), 1 01), - 1 )
o B ilorye ey 800) 0 (0, 0 (0m)
w B0 ), 0™ (6), . 1™ (tm)-

Iwiitutions can be applied to strong identities of partial algebras A
w9 A0 mking whether the resulting equations d{t] & 4(t] are again strong

of A, Hypersubstitutions can also be applied to partial algebras of
¢ and we obtain partial algebras of4] := (4; (o(/i}4)ier). Based on this
ane defines two clasure operators x* and x*. As meationed in
Inboduction in the total case this is a conjugate pair of additive closure
what has farreaching consequences. In the partial case this is not
{rue slnce in general the following condition is not satisfied

A F oft) xalt] « old] [t ¥ (©)

G (Ed (o1, 88), b1y o)) = BB (6 (01, 8) s )]
= ole}(By (01,01, )y -+ S (80 1,y )]
= Bhehen, o 2, A5 (00 by b)) OB ot )
= Ba(el(ene. o2, S 90, 1 )
(™ (ss), 1™ (1), ... 1™ ()
= (@, ST 1), .. 1),
S ™ (o), 7™ (1), ... 2™ (t)),
Balzn Sr ™ (), 0™ (), . 0 (t), o
5™ (o), 0™ (1), ... 0™ ()
= e} (S (™ (o) 0™ 0), .. 0™ ), Sy ™ s, n ™ (1),
= S7(e}n™ (m),. .., 0™ (), 0 (1), ™ (1),

W following example shows:

A= (A /4 n4), |A] > ), be a partial algebra of type 7 = (2,1) where
s wit wbitrary binary operation and where nd is the unary operation with
Mply domain,

Dlaily,
AFE f(z:,n(23)) % f(za,n(2,)) (1)

Uumshdor the hy persubstitution o defined by a(f) = 2y, o(n) = n(z)
Phow applying o to the Algebra A we have of4] = (A;a())4, o(n)d) =
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(Aie4,n4) and ofd] = (1) since J(z1,n(z2)}4 = € (e}, n4) ia nowh

defined and f(2q,n(2,))4 = €{*(e3* ,n*) is also nowhere defined.

Further we have o{f(z;,n(z3))) = Bj(o(f),2i,n(m)) = =
8(f(22,n(2:))) = 53(0(), 22, n(21)) = 22. This shows 4 ¥ 3[/(z1,n(z2)

o{f(z3,n(2)))] since |A| > 1.
It turns out that the proper reason for the non-satisfaction of condition |
is that the set of variables occuring in a{f(z, z;)] is different from {z,,
8o, we have to consider so-called regular hypersubstitutions.
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0 Preliminaries

All our definitions are the same as thase in [4, 5]

Definition 0.1 A structure M is a cover of a structure W if there is o
jection x : M — W such that the automorphism group of the

(W, M, x) induces Aut(M) on M and Aut(W) on W. In particular,
corresponding hemomorphism Aut(M) — Aut(W) is surjective. A set of
Jorm x~'(a),a € W, (denoted by M(a)) is called a fibre of x. If all fibres

finite then M is a finite cover of W.

becomes the natural projection W x F - W. In this case we identify
with the pair of structures (W, W x F). Also, if W is transitive th _

group induced on M(a),a € W, by Aut(M) does not depend on a,

consider it as a permutation group on # and call it the fibre group of

We denote by Aut(4/B), A, B C M, the set of all permutations on 4 w

extend to automorphisms of M fixing B pointwise. Then the fibre grou

Aut(M a)/0).

The kernel Ker(M) of a cover M —+ W is the kernel of the correspa
map Aut(M) - Aut(W). It is clear that Ker(M) = Aut(M/W). The
is linked if

Aut(M(a)/U{M(d) :a' £a,0' e W)) = |
for all a € W. The cover is superlinked if Ker(M) is finite.

A by n

I well-known that if N is a countably categorical structure then the
relations of N are recovered by the action of Aut(N) on N. We
womslder Aut(N) as a closed subgronp of Sym(N) under the topology
by cosets of poinwise stabilisers of finite sets (in this topology any
sibgroup is the automorphism group of some structure on N). If
| M 4 W is a finite cover then the induced homomorphism 7 : Aut(M) —+
(W) maps closed (open) subgroups of Aut(M) to closed (open) subgroups
Aul(W) (see (4], Lemma 1.4.2). Also Ker(M) is closed and compact.

A tover M = (W, W x F) splits if it has a covering expansion with trivial
. M s strongly split if it has a covering expansion with trivial fibre
. It Is convenient to reformulate this definition as follows. A transversal
w (W,W x F) is a subset of W x F having one-element intersection
sch fibre.

'he cover M is strongly split if and only if there is a partition {Py :
J & F) of M by transversals such that the expansion (M, Py)ser
sl covers W,

Indeed, If M is an expansion of M with trivial fibre group then {P; : f €
#) I Just the set of all 1-orbits under Aut(M’).

Mot the group-theoretical viewpoint split and strongly split covers do not
atall. In both cases Aut(M) is just a split extension of Ker(M). Some
arises if we regard covers as permutation groups. The following
s given in [5] but the idea, in fact, appears in (2, 3] (concerning
Wilwlsted covers). We give the proof here because it will be applied later.

Lomima 0.2 ([5]) A transitive structure W has a split superfinked cover
whieh s not strongly split if and only if Aut(W/w) has a proper closed sub-
#up of finite indes.

Pywof. To show the necessity, notice that if a transitive structure W has
& #plit but not strongly split finite cover then there is a finite cover M'. of
W which is not strongly split and has trivial kernel. This induces an action
o Aut(W) on M". Let w € W and @ be an enumeration of M'(w). Then
AWI(W/a) is & closed subgroup of Aut(W/w) of finite index. Since the fibre
goup of M’ is not trivial, Aut(W/a) # Aut(W/w).
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Poames "
Flulte structures

) be & finite 0-definable equivalence relation (on C)of a ﬁn.ite cover
(&« W, The group of automorphisms of C fixing the D-classes is normal
W filte Index in G = Aut(C). ts image in H = Aut(W) under the
Wap 1 : Aut(C) —+ Aut(W) also is closed, pormal and of finite index
M, Ths It is defined as a group of automormisms fixing the classes of
dafliable finite equivalence relation [ on some W', It is easily seen that
giop (denoted by H/ D) of the antomorphisms of the induced (finite)
un W'/ D is a homomorphic image of the corresponding group G/D
[D. Lot hep : G/D = HY D be the corresponding surjection (naturally
by Aut(C)).
# bo & linking equivalence relation of 7. We may assume that E is the
definuble finite equivalence relation on C. Let E be the equivalence
defined us above on the corresponding W*.

To show the sufficiency assume that H < Aut{W/w) is closed and of
index. Take the coset space C* of Aut(W)on H. We consider C* under
structure induced by the action of Aut(W). It is easy to show that the
p:C* = W given by p(gH) = g(w) is a finite cover with trivial kernel.
fibre group is non-trivial, g

To some extent the results of the paper concern the situation when |
structure W has a proper transitive expansion Wy such that Aut(W;) is
finite index in Aut(W). Clearly this situation guarantees that Aut(W,
has a proper closed subgroup of finite index. Indeed, by the transitivity
Wy, Aut(W/w) € Aut(W;). Then the group H = Aut(W) N Aut(W/w
of finite index in Aut(W/w).

In general, let W be a transitive w-categorical structure, w € W,G
Aut(W) and Gy be a closed normal subgroup of G of finite index such
Aut(W/w) € Go. Let C* be the coset space of G on H = Gy N Aut(W/
and p: C* = W be the cover defined in the proof of Lemma 0.2. It is
that the fibre group of this cover is not trivial. Let E be the equvales
relation on C* consisting of the left cosets of Gy. It is easy to see that
a definable finite equivalence relation. Observe that the intersection of

fibre of p with any E-class has at most one element. We have arrived at
following definition.

lon 1.1 Any automorphism of W fizing the E-classes on W* has
satension to an automorphism of C fizing the E-classes.
I bernel of C ia naturally isomorphic to the kernel of hes.

Pl Note that for @ € Ker(C) the definition of a linking equivalence
lmplies that a = id if « fixes the E-classes. This guarantees that
shlomorphism of W fixing the F-classes on W has a unique extension
a4 sulomorphism of C fixing the E-classes. .
Definition 0.8 Let x : M -+ W be a finite cover of a transitive countabllf I W saally seen that if a € Ker{(C) then the corresponding ag € G/E is
S Ker(hos). As we noticed in the previous paragraph the homomorphism
4 g In Injective for the elements of Ker(C). It remains to show that this
phistn is surjective on Ker(C).
Wy € Ker(heg) is defined by 1, € Aut(C) then r() equals () for
m € Aul(C) with trivial action on C/E. Then 7 %7 € Ker(C) and
#lnen'e o N

§ siwe P'roposition 1.1 shows that the homomorphism hc p determines
. Wh now characterise splitting in the introduced terms. T.he case of a?.rungly
\ (overs s completely transparent and will be described in Propasition 1.3.

over . We say that £ is linking if the intersection of any E-class with
fibre has most one element.

It is easily that a cover having a linking equivalence relation is
perlinked. The equivalence relation from Theorem 5.1.4 of [4] is linking.
the rest of the paper we show that finite covers with a linking equi
relation are completely determined by finite structures which naturally
in this situation.
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i valence relation on
that the set x(E) C W? is the finest definable equi
zﬁo natural map C/E = W/x(E) isa cover of finite structures where
e sloe of  fibre Is he same as that for . Thus if £ s an equivalence relation
W hen £ i exactly x(E), and the corresponding map C/E —+ W/E is s
of finlte structures.

fon 1.3 The cover C is strongly split if and only if all automor-
Ww pveuruingthn(E)MpmmlheE-dmumdllnmr

N W/n(E) is strongly split.

| If C is strongly split then take a covering expansion M with trivial
Mpup, Note that each § € Aut(W) preserving the n(E)-classes ex-
W an automorphism of M preserving the E-classes (any transversal
Matilned by M is a copy of W). Boﬁpmemnhek-dlfs. The cover
M/ -+ W/x(E) defines an expansion of C/E — W/x(E) with trivial fibre

e

Proposition 1.2 The cover C splita if and only if there is a definable
equivalence relation D on some W' such that the automorphisms of W f
the D-clauuﬂs the E-classes and there is an embedding j : H/b -+ |
such that for any iy € H/D there is 7 € G that induces f; and j(f)

Prooj. Let C split and M be the corresponding trivial expansion ¢
Then E is the finest definable in M finite equivalence relation because.
finer equivalence relation induces a finer equivalence relation on W than
induced by E (in fact the set 7(E) C W?), Let G, = Aut(M). A
the case of C we find a definable finite equivalence relation D) on som:
and a surjection hy g : G,/E —+ H/D. Repeating the proof of Proposi
1.1 we have that Ker(hy ) is trivial (Ker(M) is trivial). This defines.
embedding j. It is clear that any v € G, induces i(1p) € G/E for
corresponding 7, € H/D.,

. By Proposition 1.1 any automorphism of W fixing the D-classes fixes’
E-classes (apply that Aut(M) < Aut(C)).

For the converse let Gy be the group of all automorphism of C fixing
E-classes and the classes of D on W', By Propesition 1.1 any of ther
uniquely determined by §u restriction on W. It is clear that G; is cla
Now for every v € H/D choose some 7 € Aut(C) inducing j(v;) € G,
and Th

Notice that each automorphism of W has an extension in -Gy for some
these 7's. Indeed let # € Aut(W) induce f; € H/D. Take the 7 € Aut
chosen for §; as above. Then ™' -y preserves the D-classes on W', h
it preserves the E-classes on W* and extends to some a € Gy. So f extes
to'y-a" €Ey-Gy

If 7,7 and ¥ are the chosen automorphisms for v, v and 7p With 4
7‘0 = 7p then (7-7)™" «v' preserves the E-classes and the D-classes. T
shaws that the union of the chosen cosets is a group G, ( the case of ="
similar). It is straightforward that G, is closed (apply that G, is closed
Hence G, induces a cover of W. This cover is trivial because the kernel

G is & subgroup of G, 0

converse take a family {P : i < |v~'(w)|} of transversals of C/E
- “.In; a covering expansion of C/E — W/x(E) with trivial fibre group.
W s P the union of the E-classes from P, is a transversal P! of C. Bince
s xpassion by the transversals P is a cover of W/r(E), the wwmrph:
{ preworving all £ induce all anwmorphh.m of W/x(E). To show w
.pulonobeythetrmvembﬂ‘utwdeltmﬁeu
{hat any automorphism of W preserving the (E)-classes extends to
silomorphism of C preserving the E-classes. This follows from the fact
W4l any automorphism preserving the #(£)-classes preserves the E-classes.

¥ Bxample

: le of a
section we illustratd Proposition 1.2. So we give an examp
wllh a linking equivafence relation such that the cover is split but not

Siwnply split. ,
I (Q, <) be the or(‘aring of the rationals and Q, be a dense and co-dense
Mot of Q: Considet the equivalence relation Fy with the classes Q; and
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Q\ Qs. Let W be the structure (Q, Es, B) where B is a ternary betweenn
relation defined by: B(z,y,2) & (y <z <z)V(2 <z <y). It is well-kna
that Aut(Q, B) = Aut(Q, <) Ud - Aut(Q, <), where the automorphism |
defined by 8(q) = —q (see [1]). We assume that Q, is closed under the act
of 4.

Let M = Wx{0,1,2,3} and E be the equivalence relation on M consist
of the Eq-classes of the transversals F; = {(w,i) : w € W} (thus £ cons
of B classes). Let E' be the equivalence relation consisting of the trans
sals. Then we consider M under E, E' and the betweenness relations on
transversals P, that are induced by B on Q. Finally we add a predica
that is the union of the Q-classes of F; and A and (Q \ Qq)-classes of
and A,

Lemma 2.1 The structure M is a cover of W under the natural projecti
The relation E is a linking equivalence relation. The kernel of M is isom
phic to Zy x Z;. The cover w : M — W is not strongly split.

Proof. 1t is clear that any automorphism of W preserving the Ey-clag
extends to M by the corresponding action on the trausversals. If a € Aut(
does not preserves the Ey-classes then we cau extend it to M by taking
onto A, P, onto £ and P; onto Ay

The kernel of M is generated by the inversions Fy —+ P, and P, — B,

Any covering expaasion of M with trivial fibre group must have un
relatious for the transversals (£ forces this). In this case we can not exte
an automorphism not preserving the Ey-classes. g

We now define a binary relation < on every £ which is the order of
rationals on £ and P, (under the projection). On P and P we define <
be the reverse order. The resulting expansion M; also is a cover of W.
see this extend any a € Aut(Q, Ep, <) as in the proof of Lemma 2.1. T
automorphism & can be extended by taking P, onto P and P, onto A. |
easlly seen that the kernel of M; is trivial. So we have: '
Lemma 3.2 The coverx : M — W is sphit.

To illustrate the material of Section 2 note that the relation £ def
there, ia By = n(E). On the other hand the corresponding cover M/B

Tomnne il

W I I not strongly split. The equivalence relation D obtained by M i

on W? as follows:

{{wy, n), (wy,10q)) € D if and only if w; and wy (wy snd wy re-
apectively) are of the same By-class and w; < wy ¢ wy < wy (and
W > Wy owy > wy).
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1.4 [3] A formula F(z,y) is said to be convez to the right (left)

M = YyVz[(F(2,y) -+ (y S 2 AVz(y < 2 < 2 Fs,y)))]
(M |=Vy¥e[(F(z,y) + (z SyAVz(z < 2 Sy = Fl3,9))

lon 1.5 [3] An A-definable formula F{z,y) is said to be p-stable if
M0 Ato o, 7,73 € p(M) such that 1 < F(M,a) < 1.

Itlon 1.6 [3] Let Fi(2,y), Fi(z,y) be p-stable convex to the right (left)
. We will say Fy(z,y) is greater than Fi(z,y) if there is a € p(M)
that (M, a) C F5(M,a).

L7 [3] Let M be a weakly o-minimal structure, A C M, p € S,(A) be
raic. Then

| Por any A-definable formulas Fi(z,y), Fi(s,y) i thereis a € p(M) such

A ot Fi(M,a) C F3(M, a) then for any § € p(M) F\(M,B) C Fy(M,B).

subsets A, B of a structure M we write A < B if a < b whenever a € A e set of all p-stable conves to the right (left) formulas is linearly or-

andbeB.IfAcMud:EMumnwrmA<zifA<{a}.ﬂr dored.

v i W M) Yo o o il r ton 1.8 [3] We will say p is semiquasisolitary to the right (left) if

typepin M. In the greatest p-stable convex to the right (left) formula,

Definition 1.1 Let A C M, where M is a linearly ordered struct ¢ 3 . sooar ekt g moae

set A is said to be mm&' lﬂo‘r'lny e 5: ; and clyeoM such that :r:.c mltlon 1.9 [3] We will say p is quasisolitary if p is semiquasisolitary both
' e right and to the left.

we have ¢ € A.
; - Mlon 1.10 [3] Let F(z,y) be a p-stable convex to the right (left) for-
Definition 1.3 [1] A linearly ordered structure M is said to be o- W il et e locslly s-decrossing fo-d ing) If there are

any definable (with parameters) subset of M is a finite union of inte 80N € (M) nuch that

M.
Definition 1.3 (2] A linearly ordered structure M is said to be weakly M = 33(F(2,a) A ~F(z,01) A Fli, 1) Ay < 2)
(M = 32(F(z, a3) A ~F(z, ;) A Flay, a2) Aay > 2))

nimal if any definable (with parameters) subset of M is a finite union
a 1.11 (3] Let M be a weakly o-minimal structure, A C M, M be

convex sets in M,

In this paper we use Baizhanov's technique which he has elaborated for Y saturated, p € Sy(A) be non-alggbm’c, and let If‘(:,y) be a p—ltd&

sification of one-types in weakly o-minimal theories (3], [4]. In the foll to the right (left) formula. Suppose that F(z,y) i lfx:ally p-decreasing
wm-‘mg), Then there is a p-stable convez lo the right (left) formula

definitions M is a weakly o-minimal structure, A CM peSA)is _ ‘ :
algebraic. In greater than F(z, y) and it is not locally p- decreasing (p - increasing).
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1) Glz,y) := Fly, z) is o p-stable convez to the left formula which is also

fwolly p -constant,
B B(z,y) = F(z,y) v Fly,z) is an equivalence relation which partitions

MM) on convez classes.

Definition 1.16 Let F(z,y) be a p-stable convex to the right (left) formula.
We will say F(z,p) is trivial if the following bolds:

for any a € p(M) M [ Vz[F(z,a) =+ z=al.
(Mherwise, such a formula is said to be non-trivial

Definition 1.17 [3] A quasisolitary type p s said to be solitary if the greatest
§ #lable convex to the right (left) formula is trivial.

Dfinition 1.18 (3] A non-isolated type p € Si(A) is said to be quasirational
I Ihe right (left) if there is an A-definable formula U(z) so that for any
8 p(M), B € U(M) such that @ < B (a > f) we have fi € p(M).
Dherwise, it is said to be irrational to the right (left).
Pefinition 1.19 Let M be a linearly ordered structure, A, BC M, n € w.
|, We will say A is n-indiscernible over B in M if for any properly ordered
n-tuples a, b € A” tp(a/B) = tp(b/B).
), We will say A is indiscernible over B in M if for any n € w A is n-
Indiscernible over B in M.

bmma 1.20 Let M be a weakly o-minimal structure, ACM, p€ Si(A) be
W algebrate. Suppose that p is solitary. Then p(M) is £ indiscernible over

A
Poool of Lemma 1.20.

Pt we prove the following:
for any @y, oy, @y € p(M) such that a; <, @) <0y

tplay, az/A) = tp(ay, a/A) (+)

M » contradiction, suppose that there are ay, @, @3 € p(M) such that a; <
W, 0 < oy and tplay, as/A) # tplay, as/A). Then there is an A definable

Proof of Lemma 1.11,

Without loss of generality suppose that F(z,p) is convex to the right.
F(z,y) Is locally p-decreasing there are a, 3,7 € p(M) such that

a<fi<y, feF(Ma)ye€F(Ma)\FM,A.

Let Fy(f,z) be a maximal convex subformula of F(8,z) such th
s L
Fo(f, M). Consider the following formula: Vi) o

Filz,y) = 3Ry, 2) AF(z,2) Az > y)
It is obvious Fi(z,y) is the required formula, ’

Deﬁn'lthn 1.12 Let F(z,y) be a p-stable convex to the right (left) formuls
We will say F(z,y) is locally p-constant if for any a,f € p(M) such th
M = F(f, ) the following holds:

M =Vzlz > f - [F(z,0) & F(z, 8))}
MEVsz<f— [F(2,a) & F(z,8)]))

Le::nma 1.13 (3] Let M be a weakly o-minimal structure, A C M, M
|Al*-saturated, p € S,(A) be non-algebraic. Then

Flz,y) is lomu"_w:,,& conves Lo the right (left) formula ¢

2. Any semiquasisolitary one-type is quasisolitary.
The following two lemmas are consequences of the proof of Lemma 1.13.
Lel:unn 1.14 Let M be a weakly o-minimal structure, A C M, M
[A| :mmm!ad, P € S;(A) be non-algebraic, F(z,y) be a p-stable convez
the right (left) formula. Then the following formula

F'(2,y) = 32(F(2,y) A F(z,2))
also is p-stable convez to the right (left),
Lemma 1.15 Let M be o weakly o-minimal structure, A C M, p € S, (A

be non-algebraic, M be |A|*-saturated. Suppose that F (z,y) is a p-st
convez fo the right formula so that F(z,y) is locally p-constant. Then
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lamma 1.21 Let T be a weakly o-minimal theory, M = T, A C M,M
M |A|* -saturated, p € S;(A) be non-algebraic. Suppose that E(z,y) is an
A definable equivalence relation which partitions p(M) on conver classes.
Ihen E partitions p(M) on infinitely many such classes, so that the induced
andering on classes is either a dense order without endpoints or a discrete
snder without endpoints.
Pwoofl of Lemma 1.21.
Fimt show that there is uo the leftmost £-class containing in p(M). If p
I lirational to the left that by |A[*-saturation for any § € p(M) there is
§ p(M) such that y < E(M, §). Let p be quasirational to the left or isolated.
there is an A-definable formula U(z) such that for any a € p(M), 7€
U(M) so that @ > 7 we have ¥ € p(M). For a contradiction, suppose that
Ware is 3 € p(M) such that for any a € p(M) we have a € E(M,f) or
MM, f) < a. Then consider the following formula:

B(z) :=U(z) A JyE(z,y) AV[(U(t) At < z) -+ E(z,t)]

I s clear that ©(M) = E(M, ), i.e. E(M,f) is A-definable. This contra-

\o 1-indiscernibility of p(M) over A. We can also show that there is no

tightmost E~class. Thus, E partitions p(M) on infinitely many classes,
Mow, consider the following formula:

Mp) = 3yE(z,y) A32[~E(z,2) Az < 2 AVH(z < t < 2 = E(z,1) V E(3,1))]

‘.(l) £ p then E-classes are discretely ordered. If not, then E-classes are
Wewely ordered. q

;' Goneral properties

Mok 2.1 Let M be a weakly o-minimal structure, Suppose that Th(M) is
‘pategorical. Then Th(M) is weakly o-minimal,

et 2.2 Let T be an Ry-categorical weakly o-minimal theory, M = T. Then
et of all elements from M which have either an immediate successor or
W mnmediate predecessor is finite and it is contained m dcl(9).

formula ¢(z, y) such that M = #lay, az) A~¢{a;, ay). By weak o-minimali
of M ¢lay, M) is & finite union of convex sets, Then, let ¢y(ay, M) be
maximal convex subset of #lay, M) such that a; € Pulay, M),
If a; < ay then consider the following formula:

Flz,a1) i= oy < 2 A Vyju(ay, ) = 2 <y
It is clear that M = F(as, @) A ~F(ay, ay). It can understand that F(z,
is a p-stable convex to the right formula. This contradicts to a solitarity
P
Il a3 < ay then consider the following formula:

Flz,a) = a; < 2 A Vy[o(ay,y) = 2 < vl

!t is clear that M = Flay, a;) A ~F(as, ay). It can understand that Fz,
18 a p-stable convex to the right formula. This contradicts to a solitarity

P
Thus, (s) holds.
It can show by analogy that:

for any ay, a3, a3 € p(M) such that ;m<ay, ;<a

‘P(al-‘h//‘) - "(G],O;/A) (“)

Otherwise, we have a p-stable convex to the left formula. This contradi

"to a solitarity of p.

Now, coasider two arbitrary 2- tuples of increasing elements from p(M): |

(:;;o,).(ﬁ.,ﬂ,) (@) < a3, By < B) and show that their types over A col
c

Case 1. ay < B,
':bm according to properties (#), (++) for any A definable formula ¢(z, y)
ave
M= dlay,a3) & M = $ay, B) & M = U, ).
Case 2, a; 2 ﬂ).

t3‘11(!11 according to properties (), (#2) for any A definable formula ¢z, y) we
ave

M ¢lay,a0) & M (6, 01) &5 M = ¢, ).
Thus, p(M) is 2- indiscernible over A.




M
A, Kulpeshoy
:'wu- ' inimal theory, M =
ition 2.8 Let T be an Ro-categorical menum ‘
1, AC M, A be finite, p € 5;(A) be non-algebraic. Then any p stable convez
I the right (left) formula ss locally p-constant.

L1} Some propecties of No-cutegorical weakly o-minimal ¢

Lemma 2.3 Let T be an N, -categorical weakly o-minimal theory, M |=
_ Then there is a finite set C = {q,...,c.) C M (MU {~00,+00}, if
does not have a first or last element), consisting of all §-definable eleme
inM(Mlbcponibkuupﬁmol-oo,-&-oo),mchthachq(c,[
olli < j < n and for each j € {1,...\n) either M |= ~(3z)e;_, < 2 <
orli={z€M: M|, <z<c)isa dense linear order with

Proof of Proposition 2.8. . e s
A T is ¥y-categorical then there is only finitely many p-8 o

t‘l formulas: Fi(z,y), Fa(2,¥),-- - Fa(2,¥), so that for any a € p

b F(M,a) C F(M,a)C...C Fy(M,a)

Prove that for any i € {1,...,n} Fi(z,y) is locally p-constant.

flep 1. Fulz,y) is locally p-constaat.

I follows from Lemma 1.13. ' . )
i, Suppose that for any j € {i+1,. ..,n} Fj(z,y) is locally p-constan

e that Fy(z,y) also is locally p—oonstafxt.
s contradiction, suppose that Fi(z,y) is not locally p-constant.

|. There are a,f,7 € p(M) such that
M [ Fi(8,0) A E(v.8) A -Fi(v,a)

Proof of Lemma 2.3.

[t C={c€ M :cis® definable in M }- By Ry—categoricity T' C must
finite. Let C (U{ —o00,+00 }, if M does not have a first or last element)
enumerated as { o,..., ¢, }.

Next, suppose that I; = {z € M : M |= ¢;_, <z <e¢})#D Then b
Fact 22 /; must be dense without endpoints, completing the proof of the
lemma.

Fact 24 Let T be an Ny-categorical weakly o-minimal theory, M
T, AC MM be [A|*-saturated, p € S,(A) be non-algebraic. Suppose tha
E(z2,y) is an A-definable equivalence relation which partitions p(M) on con
vez classes. Then the induced order on E-classes is a dense order witho
endpoints.

Fact 2.5 Let T be an Ry-categorical weakly o-minimal theory, M =
T, AC MM be |Al*-saturated, p ¢ Si(A) be non-algebraic. Suppose th
Ei(2,y), Ex(2,y) are A-definable equivalence relations which partition p(M)
on convez classes so that there is a € p(M) such that E\(M,a) C Ex(M, a).
Then By partitions each Ey -class on mfinitely many E, -classes,

Fact 2.8 Let T be an Ny -categorical weakly o-minimal theory, M |= T, A C
M, A be finite, p € 5,(A). Then there is only [finitely many p-stable convez
to the right (left) formulas.

Corollary 2.7 Let T be an N, -cadegorical weakly o minimal theory, M E
T, ACM, A be finite. Then any non-algebrate one-type over A is quasisoli-
lary.

Lonsider the following formula:
F(z,y) = (A, v) A Fla,1)]
Mom Lemma 1,14 F'(z,y) is p-stable convex to the right. It is clear that
F(M,a) 2 Fi(M,q). If there is j € {i,...,n - 1} such that
Fi(M,a) C F'(M,a) C Fin(M,a),
Jhen it contradicts to the hypothesis that Fj.i(z,y) isan immediate succes-

i tly,
¥ all p-stable convex to the right formulas. Comeqnen .
\m:: :s,;ze'v{)sa-:n:ns ,n'},- F'(M,a) = F;{M,q). Then the following holds:

M k= Vz(F(z,0) = (B(z,a) V 3{F(t,0) ARG HD) (1)

Qowider an arbitrary element 7 € Fy(M,a)\F.(M,a). By (1) there is

f ¢ KM, ) such that m € Fi(M, §).

" Then, by considering of an automorphism [ € Auty(M) such that fim) =«
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y 2.9 Let T be an Wo-categorical weakly o-minimal theory. Then

Wy M |= T for any finite A C M for any non-algebraic type p € 5i(A)

p(M) is 2-indiscernible over A or there is finitely many A-definable

nee relations E\(z,y), ..., Em(2,y) such that

I B, partitions p(M) on infinitely many En,-classes, each B, -class is con-
we and open, so that the induced order on classes is a dense linear order
Without endpoints.

B bor everyi € {1,...,m =1} E; partitions each E;y;-class on infinitely
many E,-classes, each E;-class is convez and open, 3o that E;-subclosses
of each E;,-class are densely ordered without endpoints.

A Porany a € p(M) E\(M,a) is 2-indiscernible over A.

of Corollary 2.9.

Aypo p s solitary then by Lemma 1.20 p(M) is 2-indiscernible over A. Now,
that p is ot solitary. Then there is anly finitely many non-trivial
lo convex to the right formulas.

(Fi(2,9), .-, Fa(2,¥)} be a list of all non-trivial p-stable convex to the

Fi(M.B) C F(M,p) C Fi1(M, B), prens ﬁ: (a:{y:)i;ﬂul Fn(M,a)
| 1 e m ] ”

+ [ mmim succ:
’ l( ') 'Iopusilion 2.9 a" O‘ them are m.“y ,’m'p. Then hy L‘mm. l.l5

we obtain that Fi(y,, M) is a union of infinitel
¢ ' Y man
dicting to weak o-minimality of M, -
Case 1 is considered completely.
Case 2. There are a, 4,7 € p(M) such that

M = F(B,0) A B(y,a) A-E(v,f) Aer < f < 7,

i.e. Fi(z,y) is locally p-decreasing.

ﬁC::inus,lidtxr Fi(8,M). By weak o-minimality of M F;(8, M) is a union
y many convex sets. Let F? ‘

5 e ol i (B,z) is a convex aubforg,nnlc of £(B,

ltmundeuhndtbuﬁ"(ﬂ.M)Qp(M)mdlbcre' M

F < FYB, M), ie. F‘,‘(z,‘y) is p-stable. i

Consider the following formula:

Fi(z,y) = 3:{F(y,5) A Fi(z,2) Ay < ]

By Lemma 1.11  F{(z,y) is p-stable convex to the right
; . non-locall
:i:::eumgmd Fi(z,y) Is less than F}(z, y). If there is j € {i,...,n- 1) :

m-“ € {i+1,...,n} such that F}(M, 8) = F;(M, ). Then the fol] for any i € {1,...,8} Ei(z,y) := E(z,y) V Fi,2)

' M squivalence relation which partitions p(M) on convex classes. By Fact
B, partitions p(M) on infinitely many classes, so that the induced order
Sl is & dense order without endpoints. Item 2 follows from Fact 2.5,

W tomained w prove item 3,
show the following holds:

for any @y, a3, az € E](M.Q) such that a; < a3, a; < ag
tp({a, as)/A) = tp({ar, as)/A) (%)

W & conjradiction, suppose that there are ay, aq, @y € Ey(M, a) such that
W ¢ oy, oy < g and there is an A-definable formula @{zy, z9) such that

M E ¢lay, ) A ~dlay, og)

M = Ve(Fjlz,B) = (F(=2,0) v H[F?(8,1) A Fi(z,1))) (2)

Consider an arbitrary element v, € Fi(M, )\ F\(M, 9).
By (2) there is 7% € F2(8, M) such that M E Fi(n,m). So we have
"I:Iheh Filn,m).

n, by considering of an automorphism f € Aut4(M) such that J (1) =
we obtain that Fi(y, M) is a union of infini bl
g .?;,)y ) nitely many convex sets contrad
Case 2 is considered completely.

Step i is proved,
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By weak o-minimality of M  ¢(a;, M) is a union of finitely many conw
sets. Let ¢y(ay,z) be a maximal convex subformula of dlay, ) such
M ’= éﬂ(alva’)‘

If a3 < ay then consider the following formula:

Flz,a) = a) < 2 A Vylgo(ay,y) = z <yl

It is clear that M = F(ag, a;) A ~F(as, ay). It can understand that F(z,
is & noo-trivial p-stable convex to the right formula so that F(M,a,)
Fy(M,a;). This contradicts to the hypothesis that Fi(z,y) is minimal
trivial. Thus, (+) is proved. %
Similarly, it can show that
for any ay, @3, ay € Ei(M, a) such that o, > a3, & > a3
tp({lay, @)/A) = tp((ay, as)/A) (e%)

Proof of () is analogous to the proof of (#).
Now consider arbitrary tuples (a;, ay), (B1,4) of increasing elements f)
Ei(M,a) and we prove their types over A coincide.
Case 1, o < fiy,
Then according to (+), (++) we have that for any A-definable formula #lz,

M F “Gg,a’) oM "_"(alvﬂ?) oM #: aﬁhﬂ’)
Case 2. a) = f3,.
Then according to (+), (++) we have that for any A-definable formula ?(z,

M Fﬂaha’) 2 M "¢(ﬁhal) < M F"(ﬁhﬁz)

: i M be a sufficiently
nition 3.1 [5] Let 7" be a weakly o-minimal theory,
sted model of T, and let ¢(z,3),8 € M be an arbitrary formula with
free variable.
NC(#(z,a)) is defined as follows:
) RC(9(z,8)) = -1 if M |=~3z(z,a).
RC(d(z,8)) >0 if M E3z¢(z,8).

RC($(z,2)) 21 if |$(M,a)| > w.
1) R(J(d»(:, a)) > a+ 1 if there is a parametrically definable equivalence

Wilon £(z, y) such that there are by, i € w which satisfy the following:
% Jor every i, j € w, whenever i # j then M = ~E(b;,b;)
s Poreveryi €w RC(é(z,8)LE(2,b)) 2 a
% For every i €w  E(M,b;) is a convex subset of $(M, )
i a < 6 (8 is limit)
:') 'I:(c:m:::;; 286 ::’:g(:(();: )L?': f:nryd:.hnt- RC(,'(é(z,l)) is defined,
Dlherwise ( ie. if RC(¢(z,8)) > a, for all a) we put RC(¢{(z,a)) = co.

Mot 3.2 Let T be a weakly o-minimal theory.o] co_nmﬂy rank I, M E
1. AC M. Then any quasisolitary type over A 1s solitary.
Lanmn 3.3 Let T be an No-categorical weakly o-minimal theory, ME
1 AC M, p€ Si(A), M be |Al*-saturated. Then Jor any y-mb"c convez
: the right (left) formula F(z,y) there is a p stable convez to the right (left)
hlla F\(z,y) such that

)) For any a € p(M) F(M,a) C Fy(M, a).

p) Fi(z,y) is locally p-constant.
Corollary 2.10 Let T be an Ro-categorical o-minimal theory. Then for
M [=T Jor any finite A C M for any non-algebraic type p € S,(A) p(M)
indiscernible over A.

of lemma 3.3. | ‘
M p s quasisolitary then it is nothing to prove. Suppose that p is not qua-

“Wlitary, and let F(z,y,a),a € A bea non:tr.ivil.l p?uble conve; to the

flght formula. 1f it is locally p-constant then it is nothing to prove. up}:r

It it is not locally p-constant. Then only the following cases are posible:
{'we | There are a, f € p(M) such that

M 3z F(f,a,8) A Pz, f,8) A ~F(z,a,a)]

3 Indiscernibility of the set of realizations of an one-type

In [5] we have introduced the following notion: rank of convexity of a formu
with one free variable.
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W(r,y,3,), where &, € A. By Lemma 3.3 there is a p-stable convex to the
{ formula Fj(z,y,d,) such that
1) For any a € p(M) Fi(M,a,a;) C F{(M,a,8).

Y(z,y,8) is locally p-constant. .
ﬂ’l)nll;:/rl,in:t’xz:sl.lb there is an A-definable equivalence relation Ey(z,y)

which partitions p(M) on convex classes. By Fact 2.4 these classes are densely

i RC(z=12)22
red without endpoints. Consequently, : '
b 2. As p is not quasisolitary then there is a p-stable convex to the right

‘muln Fylz,y, ), 82 € A which is greater than Fi(z,y,8). By !!;emma 33
is a p-stable convex to the right formula F3(z,y, 85) such that
" For any a € P(M) Fj(M,G.ﬂg) c H(M,d,ag)'

1z, y,dy) is locally p-constant. . .
h’t)nl‘l:\(rzl',zm:aul.ls there is an A-definable equivalence relation Es(z,y)

. itions p(M) on convex classes, By Fact 2.4 theu classes are densely
| ,:do‘?nga:ithoutz(nd;oints. and by Fa::lt 2;;'(;E('¢ ;iu:)m)o: each Fy-class on
| n“lrll{o!:m:zsii;t:;?tl;encow;mnw:ony{inm this progedur? infinitely many
, but ?n w steps we have that RC(z = z) > w. This contradicts ul:
Mypothesis of the lemma. |

ﬁmllmy 3.5 Let T be an Ro-categorical weakly o-minimal m ﬁ
‘ y rank 1. Then for any M =T for any A C M every non

B8 5((A) is solitary. |
nma 3.8 Let T be an Ny categorical weakly o-minimal thoor:‘ of ;:'n.:e‘aty
| {, Then for any M |= T for any A C M Jor any non-alge ype
B0 5i(A) pIM) is indiscernible over A.

[} Same properties of Ny cutegarical wenkly o-minimal theo |

Case 2. There are a, § € p(M) such that
M |=32(F(§, a,a) A F(z,a,8) A ~F(z,8, 8)Az> f
Case 1. Consider the following formula:
F'(z,y,a) := 3[F(t,y,a) A F(z,t,a)]

[t is clear that for any o € P(M) F(M,a,a) C (M, a, a). By Lemma 1.
we have this formula is p-stable convex to the right. If F(z,y,a) is lo

p-constant then we are done. If not then we return either to case | or to
3

Case 2. In this case there is % € p(M) such that
M F(y,a,8) A~F(v,8,8) Ay > §

Let Fy(f, M, a) be a maximal convex a, -definable subset of F(8, M, a) suc
that a € Fy(8, M, 3).
Consider the following formula:

Fil2,y,8) = 3:[Fi(y,2,8) A F(z,2,8) A 2 > )

It is clear that for any a € p(M) F(M,a,8) C F(M, a,a). By Lemma 1.1
we have this formula is p-stable convex to the right and it is not locally
decreasing. If Fi(z,p,4) is locally p-constant then we are done. If not the
we return to case 1. ‘
This process must be finished iy finitely many steps, otherwise we will b v
infinitely many non-equivalent a-definable formulas with two quantifier-f ;
variables, contradicting to Ny categoricity of 7.

Lemma 8.4 Let T be an N, ~categorical weakly o-minsmal theory of fing

. Mool of [emma 3.6. _ = e ible
convezity rank. Then for any M ET foranyAC M every non-algebra et A ’L M. p € Si(A) be non-algebraic, Show that p(M) is indiscerni
type p € 5,(A) is quasisolitary. .” =
Proof of Lemma 3.4, Mep | p(M) is 1-indiscernible over A.

I\ s olwious by the definition of p(M).
Wep 2 p(M) is 2 indiscernible over A
{hiin foltows from Lemma .20,

For a contradiction, suppose that there exist A C M and a non-
type p € S,(A) which is not quasisolitary,
Step 1. Consider an arbitrasy non-trivial p stable convex to the right formul
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Step n+1. Suppose that p(M) is n-indiscernible over A, Prove that p
n+1-indiscernible over A.
First show the following holds:

for any @ = (ay,@y,...,a,), 7,1 € p(M) such that

0] <az<---<a~'an<7hu'|<’h

tp(a,m/A) = tp(a,m/A) (1),
For a contradiction, suppose that:

there exist @ = (a, a3,...,a,), 11,1 € p(M) such that

<<, . <, @<y, @ <7 and

tpla, 1i/A) # tp(a, 1 /A).
Then there is an A-definable formula #(z1,23,...,2,,y) such that

M '= é{a' 71) A ~‘¢(al“h)'

As p(M) is n-indiscernible over A then PMINfaeM|a>a,,}is
indiscernible over AU{a\ {a,}}. Consequently, there is a typep' € S (AU{

{a,}}) such that
P(M)=pM){aeM|a> 1)
By Corollary 3.5 the type y' is solitary.

By weak o-minimality of M there is a convex subformula ¢y(a, z) of ¢la,

such that y € gy(a, M),
If % <9, then consider the following formula:

Fiz, a0\ {a,}) := a, < 2 A Vy|oa\ {aa} an,y) 4 2 <y

It is clear that M = F(m,an,a\ {a,}) A Fly,an,a )\ {aa}). It can u
derstand that F(z,y,a\ {a,}) is a non-trivial ¢ -stable convex to the right

formula. This contradicts to a solitarity of p',
If % > 7 then consider the following formula:

Fiz,an,a\ {a,}) == a, < zAVyldula\ {an}, . y) + 1 < vl

Kulposhov

hat M | F(va,a &\ {an}) A “F(n,an,a\ {as)). It can un-
. dmu:arl"(x,: a {7{’0‘:‘)‘) is & non-trivial f-stable convex to the right

Ja. This contradicts to a solitarity of p'.

, (1)4 is proved. .
ly it can show that the following holds:

: for any & = {a,as,...,as), 1, 72 € p(M) such that
MmD>a>...> 0y @ >N, QG 2N
tp(a, 1 /A) = tp(@, m/A) (1)-
hlbaw that for any i € {1,...,n — 1} the following holds:
for any & = (ay,..., @), ", 72 € p(M) such that
a) < ... <@g, & <N < Qiggy & <7 <Ay
tp(a,m/A) = tpla, m/A) (1);

A (M) is n-indiscernible over A then for i 2 2 the following set
';n ){a € M | &y < 6 < @iy} Is 1-indiscernible over AU{a \ {ai}}.

uently, there is a type p' € S (AU{a\ {a;}}) such that
p(M)=p(M)() {a € M|ai-y <a<aip)

= M)N {a € M | a; < a < ay} is |-indiscernible over
l:\ {J,}}.pé'ozseqt(::ntly. lhere‘is a type p' € S{Au{a) {aa}}) such

p'(M) = p(M)() {a € M | & <a<as}

I

\ | i trivial -stable or a non-
asume (1); does not hold then either & non-trivi ; 3 10

'.ll p" stable convex to the right formula arises contradicting to a solitarity

yorp'

show that
for any = (“l\“h--wﬂn-l)nﬂhﬁll'yh'n € p(M) such that
é <y <. <Oy Oy < ph < Mo <n<n

tplax, fr, A/ A) = tpla, m, n/A)  (2)4
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Case 1. fy <.
Then by (1)4,(1)a-1 for any A-definable formula BE1, o Tnet U 2) WE have

M"—'“&;ﬂhﬂi)a M P “6|ﬂh'h) oM k‘(av"ﬂ!‘h)'

Case 2. B 2 .
Then by (1)4, (1)a-1 for any A-definable formula ¢(zy, ... Zn-1. ¥ z) we have

M= 6(a,m,m) © M 6(@m,f) & M= 66,1, ).
Similarly, it can show that

-2

for any &= (a1, @3, .., an-1) B Bs M € p(M) such that

@ >a> ... > -y 1> > a1 >m>n

tp(@, By, B/ A) = tpl@m.m/A) (2)-
Now show that for any i € {1,...,n—2}
for any &= (a1, @3, .-, @a-1),fr. By 11 M € p(M)
such that a; < a3 < ... < a1y a < B < B < aigy
o <N <N <an

tp(a, B, o/ A) = tp(@,m,nfA) ()

Case |. f<m.
Then by (1)i41, (1)i for any A-definable formula ¢(z;, ..., Za-1, ¥, 2) WE have

M = 6(a, B, fh) & M | ¢(a fim) @ M = #la,m,m).

Case 2. i 2 M-
Then by (1)is1, (1); for any A-definable formula ¢z, ... Za-1, ¥, 1) we have

M| (a,7,m) @ M | ¢(am,f) & M = #la o)

Thus, for any i € {1,...,R =2} (2); is proved,
Now suppose that for any j € {1,...,k}, where 2 < k < n, the following
properties hold:

fOI any = <"l' --'oﬂ+l-’)ll’\v""ﬂ]"1|v oWy E "‘A“

B.86. Kulpeshoy

such that @) < ... < anyy-j, f < o < B
N <o <Yy Cngi-j < By ngr1-j <
tp(a, B/A) = tpla,/A)  (j)+
for any & = (ay,... Q041 ), Bi-c B 100 % € P(M)
such that a, > o> ang-g o> Lo By
N> 2%, Q=i > fri@np-j > m
tp(a, B/A) = tp(a, 3/A) (j)-
For every i € {1,...,n - j}
for any & = (@, ..., ane1-5), 8 = (By,.... ),
¥= (M%) €p(M), such that @; < ... < apyy,
< B <...<fi <, ai <y < oo € %< Oy

tpla, A/A) = tpla,5/A)  (3);
Show that the following holds:

for any a = (all---'an-j)nﬁ= (ﬂh---‘ﬂ;ﬂ).
= {n..., 1) € p(M), such that oy < ... < Gajy
A< <y m <o <Yy O < By Qnej <y

tpla, i{A) = tp(ar, 7/A) (4 1),
Case 1, A < T

Then by (§)4, (1) -
o (7) 4, (1)n-; for any A-definable formula d(m...,z,.-,,m,..,y,,.) we

MF ¢(ﬁ-ﬂl.ﬁh-v--ﬁju) oM F’(alﬂhhl'”l"jﬁl)l

M F ¢(0-ﬁn’n.m.‘ﬁ+1) oM }‘: ﬁ&‘h-‘h.---ﬂjﬂl
Case 2, fi; > .

Then by (- 1),,(2).- Py
il V41 (2)n-; for any A-definable formula $(2y, .., Zaj, Y1, -, Y1)

M F QM.(D,'”‘ T |"J'l) oM F: ¢’(n| Tlt?‘hﬁ.’v'v-vﬁnl)u
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by (n),,(1)- for any A-definable formula ®(x1,21,...,2a41) We have

M '= ¢(ahah---van+l) @ M }"-' ﬂahﬁh-u.ﬁul).
M ': ¢(“l|ﬁh'--oﬂn«ﬂ) « M F: ‘(ﬁhﬁh'“vﬂnﬂ)-

Bl o 2
by (n — 1)4,(2)- for any A-definable formula ¢(z;,23,...,2a41) We

M F “alwohlﬂil"'lﬁiﬂ) Aol M ’= ‘(dvﬂllﬁhﬁ!v--.,ﬁj“).
Similarly we can show that

for any & = (ay,...,an_j), B=(B,...,041),
¥ = (N1-.0) Y1) € p(M), such that ay > ... > @pj,
Bi> o> Buny M > oo > Yiaty O > By, an >
tp(@, B/A) = tp(a,7/A) (j+1)-

Now sh j
ow show that for any i € {1,...,n - j - 1} » M = $(61, 53, By Bast) € M = $(B1,Bry s, @)y

M k ¢(6Itﬁ?y03~- --‘aul) oM P ¢(0h01.03....,a.+|).
quently, p(M) is n+1-indiscernible aver A. o
y 3.7 Let T be an Ro-categorical o-minimal theory. Then for any
e T' Jor any A © M Jor any non-olgebraic type p € S;(A) p(M) is
ible over A.
ry 3.8 Let T be an No-categorical weakly o-minimal theory. Then
lowing conditions are equivalent:

M= @B, py,....041) & M k= ¢(a, b, m fl) RC(z =z)=1.

perey Bmy e Y), 4 : . ’
M = 80, B, ..., va1) & A bl ), Por any M =T for any A C M every non-algebraie type p € Sy(A) is
Case 2. ) > m.

Then by (§ = 1)i44, (2); fi
et Ji41, (2); for any A-definable formula ¢(z,, v B Pty o Ving

for any & = (ah'-"aﬂ-j)t B= (phuﬂﬂjﬂ)-
¥= <1l|-"|7]+l) EP(M)' such that s (B SRR Qs

@ <P <. < i <aigy, @<y <l < Y < gy
tp(a, B/A) = tp(a, 5/A) (j +1);
Case 1. ﬂ] <M.

Then b '.' yUki
- ¥ ()is1, ()); for any A-definable formula é(z1,.., 2,-;, 41, ... yye1)

W) Por any M = T for any A C© M Jor any non-algebraic type p €
A) p(M) is indiscernible over A.

of Corollary 3.8,

' (2) follows from Corollary 3.5.

) # (3) follows from Lemma 3.6.

W » (1), For a contradiction, suppose that RC(z = z) > 1. Then there
M M |= T, an equivalence relation E(z,y,8),@8 € M which partitions
M i lnfinitely many infinite convex classes. As T is Ry-categorical then
i s only finitely many one-lypes over {a} and all of them are principal.
there is at least one non-algebraic type p € Si({a}) such that p(M) is
Satlilaned on infinitely many infinite convex classes. 1t is obvious that p(M)
r:n 4 Indiscernible over {a}. This contradicts to the hypothesis. o

ME¢@mmm....%m) & MEHEY, 75, ...00),

M F ‘(athvwvﬁit--wﬁiﬂ) oM ” ‘(aoﬁhﬂhpﬂv'wﬂjﬂ)'

Thus, for every i € {1,...,n=j =1} (j+1);i
Now show that N e,

for any & = (ay,a3,...,anp1), B = (B, Bs,..., Bus1) € p(M)
suchthat y <y <... <apey, ficfh<,.. < Bust
tpla/A) = tp(B/A)
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MOJIAJIBHBIE [T-CXEMBI
Definition 3.9 [3] A complete theory T is said to be quasibinary if for y
model M of T for any 4, B C M ’ S Mapa
(B in 2-indiscernible over A = B is indiscernible over 4] s
N Mncraeryr Maremarmxn COPAR

Corollary 3.10 Any N, -categorical weakly o-minimal theory of conve
rank [ is quasibinary.
M ol craree weyvaloTcs Mmonanbiite mponolkumoranknie [l-cxemu.
)| Bano noxasano, 4to nas awbok noswrwakod [l-cxemw cymecrayer
VAR, ONPENEARIONIAY HAHMEHLITICE peIDeHHe 3TOR cXeMu B mobol
No-yropsiodennon Monean Kpunke ¢ oGphisoM BoIpacTalommx uened.
Ml npesicTasum Gonee mMpokMil Knace mosenefl, Ha KOTOpHX ompe-
NAMMeRbIIHe pemnenns nosuTHRHLX [1-cxeM. DToT Knacc BEAKYS-
) 00l AHneiHbBE MONEAN, OCHOBAHNLIE Ha HATYDATBHBIX NIM LEABX YH-
Onnako, onpeaeanMocTh afech HeMuoro Apyrad. Ecam B wacTmymo-
IMONHBEX MOZIeAIAX © 06pPLIBOM BO3PACTAIOUINX LeTicH NocTaToMHO Ghuto
M [1-gopmyan, To 3neck noTpebyerca Korewsoe Muomectno [1-popmya.
KACACTCA  HppedUIeXCHBHOTO CHIY'iak, TO HAMMEHLIINE pemleHRS
pimx  [l-cxem onpenemumu [I-popmynodl B crTporo  HacTHYHO-
JONIEIX MoensX ¢ ofphiBoM BospacTaInmMX nenell, JTOT pesynbTaT
BMBOCTH W3 TeopeMH o NenoiskkHol Touke (3], AuGo MOMYUNTE IPK-
oncTpyxumn w3 [2]. B manensx s paccMaTpHBaeMoro B aNHOR
MINCCA MOTYT RAPYINATHCA KaK AMNCTBEHHOCTH, TAK M CYIIECTROBA-
JlMl MOTATRIOBAMHBIX CXEM, T-C. MR HHX He NEPEHOCHTCR TeOpeMa o
ol touke, [TosToMy B foKasaTenseTe IPHMEHAEM XKOHCTPYKUNIO

In conclusion the author thanks his research adviser B.S. Baizhanov for u
discussion and valuable remarks.
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PAYALTATH WMEIOT CACNCTRAN 1R JIOTHE,
W Le NPONoIMIHOHANBREE HOPMYJIhl COCTARIRIOTCR RI KORCTAHT L
r WPONOIRIHORATILHBIX NEPEMEHHKIX P, ¢, Ty, .. C NOMOIILI0 CBA30K A, V,
.

o Kpmiee < W R > coctont #3 wenycroro muoxectsa W u Gunap-
Wivonens 7 wa W, Manes Kpunke < W, R, v > cocToT H3 IIKANH
Bbe < W, 17 > wosHaumpanus v, OsHauwsanke v - 310 dynkuns, goropad

1 oy ST T — FyMmImIAgIng Nyt powow, rpat N §7-03.04089



100 Moanarume (l-a N Mepanen "
KAX[0N TIEPeMENHOR ¢ CTABMT B COOTBETCTBHE NOAMHOKCCTBO U(g) MU0
crea W. D70 nanmHoxecTso v(g) HasoseM 3HaYENHEM nepeMenHol g u 6
oBosHAYATH COOTBETCTBYIOIICH nponucHok Gyksol Q. Pynkuns v ectec
HMM OOPasoM NPOOJIKAETCH Ha GOPMY/LI: KOHCTANTE L BCErla CoO
CTBYET NYCTO® MHOKECTBO, KONCTaHTe T - Muoxectno W, coaskam A ,
<, A , T COOTBETCTBYIOT IONOAHENKE, Nepecetielne, ofbe/Mnerne MIoKE
H crefylolliHe onepain Ha Muokecrsax: A A = {z|Vy(zly = y € A
tA={z|3y(zRyAy € A)}. Taxum obpasom, snasenme Gopmyin B
gpageTcs noaMnoxecTsoM Muoxectsa W. Juavenne popmyan alg, ...
Byzem oBosnauath wepes alQy,..., Q).

WMIIMKRLNI0 ¥ JKBRBAJIEHTHOCT b Gynem 060inayaTh = 1 =, Eiue spe
covpalens ra=aAsanya=aVia

Feau aeMent MonelH £ NPHHAINCKNT SHadenwo dopmyu a, 10 6Y
370 0BOSHAYATH I W TOBOPHTH, MTO & MCTHHHA Wa 3neMente 7. B
Z - #8 MPUHALNEKHT, TO 0DOSHAYAEM Z1x W FOBODHM, YTO @ JOKHA
ONpoBEPracTCy Ha I.

Pacemorpum Monens Kpunxe < W, R, v > & xotopoii 3anansl sna
Qi,...,Qn NEpEMEHHWX §y,...,(y , & IHAMEHWE TIEDEMEHHOR P We 4l
Mycrs nana Gopmyna @(p, ¢y, ..., gs) OT HEPEMCUHLIX P, G1,. .., ¢, Mol
Hol ITPONOSHUMOHAALHON cXeMol Haszopew ypasnenne I = p(F,Q), ...
Pemenues cxemid asosem loamuomectso P muomectsa W, npw
poM BlToNHAeTcA paserctso muoxects P u (P Qy,...,Q,). Jlpyr
CHIOBAMMN, Mbl MIIEM 3HANCHHE NEPEMEHHOR P, NIPH KOTOPOM JHaYEHHA
@(p, 31, ., gn) COBIARAIOT, 3AMETHM, HTO PElICHHE - ITO HENONRMANAN
Ka oniepaTopa, conocTasaniouiero wnoxectsy I mnoxecrso (P, Qy, ...,
Pemenwe P nasoneM HAMMEHBIIMM PEIIeHAeM, ecii Ui noboro apyrond
meuns P sunoansercs P C P'. Ecan pemenwe P cosnanaer 8 moze
SHAYeHHeM HekoTOpol Popmyinl w(qy, .. ., ¢), TO TOBOPHM, Y110 3Ta (O
onpeneaser pemeine P B AaHKOR MOJIN. |

BoeneM HekoTOpHE KJAACCK CXeM. [FCiM nepeMenHas p BXQIMT &
uyay @(p,qi,...,qs) TOALKO NOSMTHAHO, T.€. KaM/O BXOKICHHC
JIKTCE 10 ACHCTBHEM METHOIO “MCIa OTPHIAIND, 10 Hajiibiem o
P=@(P,Q,. .. Q) novraskon.

Mananoi [1-popayiol i1asosem (popuyay, COCTABIEHHYIO C NOMOLILIO

MK A, V, A H3 (opuyn, He conepranmix Monanknocted, Ecau gopuyna
A, Gn) #nasercs TI-popMysiod, TO CxeMy HasLIBaeM [T-cxemoi.

Wecxomxo ynpoiaet feno caeyiouth o6unl pesyibTaT, NOKaILIBaK-
| NTO MLI MOKEM OFPANHTATLCE POPMYJaMM, B KOTOPHIX BCE BXOAIEHHN
JNOR P MOAATMIOBANN, T.€. NAXOAATCH Noi AeACTBHEM MOIAJILHOCTH.
emorpum nosurusiyio cxemy P=@(P.Q1,...,Qu). B dopuyne
B 01, 2 Gs) SaMCINM MR L BCE BXOKUICHNA P, He HaXQUAILDIECH NOA neik-
w wonaskkocts.  [loaywennyo dopmyay obosnaunm Cp, g1 Gn)
0, 110 cxema P=((P,Q:,...,Qn) - NO3NTHBHES.

PRIVIOKEHME 1. Hausensume peweins cxem P = (P, Qy,...,Qn)
[ ((P,Qy,- .-, Qu) cosnanawT Ha nwboi monenn Kpunke < W, R, v >.
JOKASATEIILCTBO. fcuo, 410
PGy, ... Qa) C @(P,Gh,...,Qu)- TycTh P - HawMensinee pe-

o cxemut P = (P,Qy,...,Qy). Torna ((P,Q1,..-,Qa) C P. Mostomy
Mol nce peutenne cxemst P = ((P,Q,..., Q) conepxurcs 8 P, Tycrs
o 1 - sanveusiee pemenne cxemtl P =((P,Qy,...,Qs). Tipn obpar-
samene L sa P snavenie GOpMYn MOKeT YBeAMUMTCH TOALKO BHYTPM
b T xax C(P',Q1,..., Q) connanaer ¢ P, To SHaveme He HIMEHHT-

Navromy P' = @(P,Q1,..., Q). Coenoparentno, P’ - pemenne cxemhl
9(P,Q1,. ... Qn) W HaHMenbIee pemmenne 3TOll CXeMBl CORePKHTCA B o
, P = P llpeanoxeive noxasano.
woweetso A means < W, B > naswipaes KonduHaJIbHEIM, eCild 118
wo ¢ £ W nainercs y € A Taxo, 4o zRy.
WM iace ' JACTHYHO- YIOPSTIOHEHNEIX HIKAJ CANYIOUMM olipene-

“nnn < W, <> nemut b kiacce C' | acan mobag Geckone'nad poIpacTa-
Wiy £ € 23 < ... SBAKETCH KOHQUHAILHEIM MHOKECTBOM B < W, <>,
WACTHOCTH, TIK&AA B XOTOPOR HeT GecKONeMHRIX BOSPACTAIOHMX uened
W

 Wiwana vy xnacca C Gyniew eile HasSLBaTh TUKANAMM C YCIIOBHEM KON(H
MHOCT W BECKOHE WX BO3PAC TRIONTAX Uenel.

W M sonenedt Kpinke coctont w3 sopenich < W, < v > rakux, 110

.
T
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mxana < W, <> nexur 8 C.
Hatypaisisie n ueabie YHCAA C ECTECTREHHWM NOPALEOM ANIXIOTCE MK
JIAMH C YCIOBHOM KOHQHNANBHOCTH BECKOHEYRKIX BOIPACTAIONINX Heneit,
3AMEYAHHUE 1. Herpynwo nouats, wro s mxane < W, <> w3 xna
s moboro wemycToro noamnoxectsa ACW sunoanserca xors 6u ko
yTBepiienui:
1) nns moboro aviementa x € A cymecrsyer y € A taxof, yro z < y u
MAKCHMAZCH B A,
2) A - xondmnansnoe p < W, <>.
Jln% HEXOTOPHX NOAMHOKECTB A MOTYT BLIOMNSTLCE 008 yTREpAEH
HANpHMeD, Koria A canepAuT HanGoasmuit anement muoxectsa < W, <3
TEOPEMA 1. Jins nwboik nosurusnol [1-cxemm P = p(P,Q,,...,
cymecTsyer xoneunoe Mmuoxectno [1-popmyn Taxoe, uro 8 mwobolt Mones
Kpunxe 3 xnacca CM naumensmee pemesiwe onpenengetca gopmynol
ITOND MHOKECTBA, '
JIOKABATEJIbCTBO. ®uxcupyeM 4YacTWumO-YNOPAJOUEHHYID MOAe
Kpunke < W, <,v > ws xnacca CM. B cuay npennomenns | Moxem cuntat
qT0 BCE BXOMACHNA p B @ Mogaymsopanun., Cheanem ¢ ¢ 10 Xe npeofipa

P - naumensiuee pemenne cxemu P = @(P,Qy,...,Qa), 0 P - pe-
wo cxemd P =v(P,Qy,...,Qn), TK. 3Ha4CHHR QOPMYA NPH 3aMeHE He
ke, [lostomy, ecaw vepes P oBosHaNMTL HaMMeNLmee peilienwe
o P = 9(P',Qy,...,Qn), 10 P' C P. Ecan dopuyaa A 8f Guaa noxna
W Mool Mazien M O3HANWBRIMM P MioxecTso P, TO OHA OCTAHETCS JIOK-
B0 BeeR MOEIH NP O3HAMMBANNH P MHOKECTROM P'. Oro cienyer ns
L P« toro, 4To p BXoANT B A 8] TOJILKO NOSHTHRKO. [loaToumy, B pabes-
P = o1, Qy, ..., @) MoXHO npoBecTH 0BPATHBIE SAMEHE H HOXYUNTD
P p(P.Q,...,Qn). Nonyuaew, wro P C P'. Jlemma noxasana.
JEMMA 2. Cyugecrsyer [1-dopMyia onpeneisiolias HauMesbiniee peme-
exemut P =v(P,Qy,...,Qn) 8 vanenn < W, <0 >,
~ JIOKABATEJILCTBO. Nourn nosropser Jokasarenicrao Teopesu 1[1].
KK/0# 7)) RWTIONHIETCS QLK M3 JIBYX CHYHaes.
1) Bee nondopmyin a 8! dopuyin 0] samenenn ua L. Torna gopuyaa n
nHA Y.
§) 1§ qopmyae 1} ocradace XoT4 Gu anmwa nongopmyna A nf. Paccuorpum
pcrio A' anementos, wa xotopwix noxwua nf. [omycrum, 4ro A® He-
. Jlokakem, wro A* ue kongunanwnoe. [lonycTus, 410 Aag moboro
a2 € W cymectayer y vakol, wto z < y w ym{. Torna yaan u,
oy, 224 1! . TaK Kak IpK JaMene snadesus GopMyll He WIMENHAHCD, TO
A . i, opmyna a 0] Beiojly N0XRA B N0AKHE Grana Guirh SAMeHena,
uopene. lloaromy aan A Buinoaneno nepeoe yTeepaicine sameda-
|, 10 s aoboio sdeMenta Za)f cywectsyer yanf Takol, 4to 2 <y
B MK IMIEH CPR/M IEMERTOR, Ha KOTOPBIX JIOKHA U
* Wyax, conu ans opmyi nf BumoiigeTcs sTopoil ciyyai, To Brite K060-
I MIMCH T4, HA KOTOPOM 1)} OPOBEPIacTCE MOXHO BRIGPATSH MAKCHMANLHEIR
1ex, na kotopeiX soxua nf . [looToMy IS 7 NPOXQUNT JOKASATEN
peopestd 1[1). EAMHCYBENNOE OTAKYME COCTOMT B TOM, “T0 (opMya
PP AKT KONLIOHKTHRNEE clraraeMble Buaa ¥f . Miuoxecrso siemenTos,
ROTOpPLIX JIOKHA ] | MOKeT W He uMeTh Makcumaabiuix, Tew ne menee,
Llpvmlun ws Teopemit 1[1] paboraer w spech. [Tpw miokenun onposepra
IO e JUIA ] HeE Y RHO HCKATL MAKCHMANLHEIR DJICMCH T, Hi KOTOPOM
Wponep arses p! Makewsmaniiocrs Brta Ny Kk 101vko s toio, o

A8}, re 8] mmeet Bu wvyu:. [Ip# 310M hopmyna Y| He COnepAHT
xaxnas popuyna 8] mmeer sun ananornunnil ey Gopmyan 87, 3a ek
HHEeM TOrD, 4710 8 MOXET conepiXATh p B BH/IR IAILIOHKTHBHOID CAArAE

Mycre 3nauewwem p Gymer nauMennlice pemenne P
P=p(P,Q,...,Qx) na ¢uxcuposannon monesn < W, < v >, Jlng X
nondpopMynl A 6 censem caenymonee: ecan A 8! oxna Tpn IToM o3naN
BAHMH Ha BCEX HMEMEHTAX MOMEJN, T0 samennm nobopmyiay A 8 dopm
i na L. OGosnauuM noayuesnyio M3 ¢ nocie Beex yaMen (Gopumysy Hepes !
Yepes nf obosnavuum Gopmyay, noayuennyo sramn samenamn w ], Tax
ofpasoM 7 HMeeT BUI /’\n;.

JEMMA 1. Haumensmme pemenus cxem P =(P,Q,,...,Qs)
I'=vP,0Q:,...,Qn) 8 monean < W, <, v > conanasor,

TOKABATENLCTBO.
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#a o0pasax oTBETRANDIUINX AEMENTOR ONPOREPrasIoch APYTOe KORBIOHK Bpee JAMeHE Ha L, TO HAM HYkHO Ouno Gu paccMOTpeTh BAPHAHTH
Hoe ciaraemoe. B aannoM ciyvae oTBeTBARIOUX JNEMCHTOR HET. { (pv-g) w A (pVq)V L. ANTOPRTM NOCTPOCHAR onpenensiolmx Gopmya

C yueToM 3THX WIMENEHHAl MOXHO MOBTOPHTE NOKAIATENALCTBO Teopel O am B oTHX Cayuasx GOPMYLl IKBHBANCHTHER A =G W A G, Te. uu
1[1]. Jemma pokasasa. w6t wromecso {1, T, ~g,Aq).

Jlng 3apepmienns [OKAIATEALCTBA TEOPCME [OCTATOYHO 3BMETHTS, gywectayer [l-gopmyan, kotopas Ha nepsoil MOAEN TTPHHKMAET 3HA-
paccMaTpusas bee poaMoxmie monenn < W, < v > w3 xaacca €, il Z, a wa sropoit - swavenne( [lng NOKAATEALCTBA ITOTO MOKHO
AYMHM IDG KOHeuHoe MuoxecTBo dopmyn . [loatomy, onpenensiout BOPHTL 110 RHIYKUMR, 4TO Ans HioGoi [1-popMyast a 0T nepeMennod g
dopmyn wmeetcs xoneunoe wncio. Teopema nokasana, yer n € 7 TaKoe, 4T0 B neppofl Mofenn nadexne GOpMYIL & Ha

JloKasaTensCTBO AACT AATOPHTM NOCTPOCHHR ITOND KOHEYHOTO MHOKECT | £ n cosnanaeT co IHAYEHAEM ¢, ¢, L wak T, W NPK 3TOM eCIK @
onpenensionmx dopmyi. [1s 31oro HyxHo nepefpats. Bee BOIMOKIHE WA § B TICpBOA MOIE/IM, TO OHa MCTHHHA Ha | W B0 BTOPOR MOEJIN.
PHANTH samen hopuyn uaa A 8 Ha L W 114 KAKIOTO BAPHAHTA NOCTPO M He orpatnukBath cebs [1-popMyaamy, T B KaUeCTse onpeseasomel
onpeneAsioiLyio GopMyny no anropuT™y Teopems 1[1]. ' YAM MOAHO RISTH MOTANKHYIO GOpMYNY 2 (A gV A ~q). Kax Gyner no-

KpoMe 100, SAMETHM, YTO 3Ta TeopeMa We sRngercs oGobiiennes § AsnbReimux paborax B Teopemax 1 W 7 BMECTO KOHEYHOro MMCna
wi 4[], T.x. 8 Teopeme [1] socTatouno onnok Gopuyms. A MOKNG B3ATH QY Monaibhyr dopmyay. [Ipumep sakonuen.

Creyrotntl IpHMEp WATIOCTPHPYeT KOHCTPYKIUHIO H TOKaSHBALT, 410 | TPRM HppedaeKcHBiA CiyYa.
ofitne ropops nesin3s oboiTuck oanolt [1-Gopuyno. wenie R HAI0BOM CTPOTWM MACTHYNBIM MODRAKOM, €CAM OHO Hppe-
[IPUMEP 1. Paccmorpum cxemy P = A (PV Q) VA (P V -Q), o W TpaninTBHO. Ha nwGoM cTporo MACTH'HO-Y IOPRACHEHHOM
¢ =Aa(pVq VA(pY-q). Bosumem nve wonesnn c s kzacca CM. 180 MOKEO BBECTH HACTHUHWR NOPANOK N0 Mpasuiy: Z < y Toraa
AIAd M3 HNX COCTONT W3 MHOKeCTBa Z IeJLIX YMCe] C ECTECTBEHNBIM b TOrN3, KOTAR 2 < Y WK T = .
paaxoM. 3nauenneM nepemennol ¢ B nepsofi MOEIH ABARETCA MHC ec WM Kaace SC CTPOro HacTHURO-YHOPSR0YEHHBIX MIKa CHeyIonnIM
Q = {n € Z|n — wetnoe wan n > 0}, 8o wropodt - @ = {n € Z|n — vers e,
Herpy/no npopepyTh, YT0 HANMENBIINM peienven B neppot Mosenm 6 ) g < W, <> nexnt » knacce SC | ecii COOTBETCTBYIOMIAA EMY
BCE MHOXeCTBO Z, B0 8TOpolt - IYCTOE MHOKECTBO, ' ynopaaouenias mana < W, <> scKHT B Xnacce C.
Ipumeniy wamm axropurs. PacomoTpum sropyso moneds. B xavecrse w SCM wanenelt Kpunke cocront us Monenedt < W, < v > TaKmux,
venns p Gepem 1, Gopmyant 4 (pV q) u A (pV ~q) ua Monesn peroay 2 " < W, <> aexnr 8 SC.
noaToMy Mil samenseM ux ma L, B srom caywae y = LV L. Ha WK TPAMED TIOKAIKIBAET HApYIIeHHe RIHRCTBEHHOCTH W CYTIE-
mee pemenwe onpeneasercs Gopmynioft L. PaccMoTpum mepsym Manedh WA penieitii MOZAJTHIOBANNEIX CXEM B MOAE/AX H3 SCM.
xauectse suauenns p Gepem Z. Ha nepsodl monean dopumynu A (pV ¢ MEP 2. Paccmotpus [l-cxemst P = A P, P = A <P # Monens, Co-
AfpV —q) He ABAKIOTCH BCIONY TIOMHEIMM, TIO3TOMY 3aMEH HeT. Jnav ¥ MY HATYPAIBITKX THCEN N ¢ ecTecTBeHNBIM CTPOrMM NOPAIKOM

atom cayvae vy = ¢, Onperensiomas GopMyna CTPORTCR N0 ANropH | « 1< ... Dra Momeds HeKHT B SCM. lleppas cxema uMeer apa
[1] w oxmusanentia T. 4 nyetoe mnokectso W N, Bropas cxema e nmeeT pentexmi.

JOMY U1E JORATATEARCTRA CRIYIONIER TCOpeMbLI PWMENSEM KOHCTPY K-
"l

MOKHO NOKAIATH, YTO HANMEHhILEE PEIIERNE BO BCEX MONEARX W3
(‘M onpeneaserca dopmynamu #3 muomecrsa { L, T Eeaw 60 bt m
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wnopeume. JleMMa oKasana.

; Tanm 06paton Mbi TIOAYIHM KOle'THOE MiioxecTso GopMyIt 7y B Onpejean-

% opmyn. Teopema nokasaka.

A JIPUMEP 3. Hppedaexcuniidit ananor npamepa 1. Mycrs o =A(pVa),

cxema P = A(PV Q). PaccmoTpas fise ManeiM, COCTORIIAX W3

tad 7 UeNBIX WHCE) € CTECTBEHHBIM CTPOrAM ARHERHBIM NOPAL-

JjaqcHneM TepeMennol q B TCpROA MOAeAM FBANCTCA MROXKECTRO

§ » (n € Z|n > 0}, no sropol Q =¢b Haumensmmm petiienses b nepeoi

Wi Gy/icT BCC MHOXCCTBO Z, B0 pTopofl - mycToe MRoXecTso, Paccuo-

M nepayio Moenib, B auecThe JHAUCHAR P Gopem 2. opmyaa A (pV q)

M ANAACTCA BCIONY JIOKNOR, TIOITOMY €€ HE SAMCHACM. [To nemme 5 HanMeHb-

pontelne onpeneaReTes dopMynoR T. PaccMoTpHM BTOPYIO MQICAL. B
190 navcnus p Gepemcd Popuyna A (pV g) BCIOAY HOXNA, IAMENAEM €€
|, Monywaes y = L. Haumenuiiice petierne onpesensetca dopmyoft L.
' 'K KAK HMCIOTCA TONBKO JIBE BOIMOAKHOCTH: dopuyna ¢ = A (pV q) Jame-
A W e JaMeRgerca, To B AioGok Monen Kpwike W3 kaacca SCM nan-
00 perieHKe onpeeseTcs POPMYJIOR K3 MHOKECTBA {L.T}. Moxso
T4, 470 He CYLICCTBYET LAMHON onpenensioiied [1-popuyanl. Ecan ne
wanpath ceba [1-popmynamn, TO B KauecTse onpezensiomel GopMyan
o winth opMyay B A g. [Ipumep 3akonten.

Wrax, nps 06phine BOIPACTAIOLINX Lered AOCTATOUHO aoit [1-popmynn,
YEAOBMN KOHGUNBALHOCTH focKOHEHEX BO3PACTAIONDIX lemedl HyXHO
o MHOKEeCTBO. PaccMOTPHM CXeMy W 1o Teopemad | W 2 NOCTPOHM
Woe STH MHOKECTDBA B PequICKCHBHOM K UppedIIeKCHRHOM CI1y JadX. Acwo,
§0 O0MC/IMITRE STH MHOXECTBA HOJYUNM MHOXECTRO, npHroaHoe 1L 0GoNX
Wuhen. A MOXHO JIM B cay4ae ofphiBa. BOIPACTAIOUIAX nenelt NOCTPOUTH
[1-gpopsyay, NpHromRYIo B pedrIeKCHBROM B HppedyieKCHBHOM carynianx?
ek foxatipaeT caeayonmi npuMep, e/IMHOTO ANTOPHTMA He CYLLIECTBYET.

‘ HPUMED 4. Cxema P = a P. Jloxaxew, 470 He cymwcrayer [1-popuyas
B fepemeiiibx, KOTOPAS OnipeefiseT HanMeHbinee pemesye 3710l [1-cxeMu
B diioKCHBHOM W HppedUeKCHIHOM CyHasX oitnoBpesenno. PaccMoTpiM
A M, COCTORTITRX WY MHOXKECTHA N= HenoJOKATEALHBIX HEABX HHCed
§ wrecineiinas mopankom, Ha nepaoi sajtan cTporuit nuueRHsd MOpRIK

TEOPEMA 2. llnz awboit noswrusnoi Il-cxemn P = p(PQ, ... Q)
CYIUECTBYET KoHe'Hoe MNOkecTBo P-Qopuyn Takoe, 4T B Ni06ok el
Kpuiike w3 knacca SCM naumentiilee perenne onpeensercs Gpopuynoh
ITONO MHOKECTBA.

JIOKASATEJNBCTBO. Crenyem naany nokasareancrsa Teopems 1. &
CHpYeM CTPOTO “MacTWio-ynopanoyennyo Matein Kpunke < W, < v >
knacca SCM. Cuutacu, 4TO BCe BXOMUCHHA p 0 @ Monanwsonanut, [1f
obpasyem ¥ K BaLy l.\lf

Jlng nonyvenns Gopuytt 7 nenaeM Ty xe sameny. [lycru susvennes
Byner naumenbinee peiuenne cxemsl. [Lid kaxnoh nondopmyaw A 8 cren
caenyouiee: ecam A B! J0XHA NP ITOM O3HAMMBAHMA HA BCEX HICMEHT!
MO/, TO SaMenum nofdpopmyay A 8! popmynnt p na L. Paccmorpum cxed
P=%(P,Qy,...,Qx). AHANOrHYHO JOKAILIBAIOTCH CNEIYIOLIHE JeMMBL.

JIEMMA 3.  Haumennmwe pemenus cxew P=o(P,Qy,...,Qn)
P=4(P,Q,...,Qs) » monesn < W,<,v > cornanaior.

JTEMMA 4, Cymecrayer [1-opuyna onpeseisionias HaumenLinee petl
nue cxemud P = v(P,Q,...,@Q,) v wonean < W, < v >,

B aoxasaTeascThe neMmbl 4 HCNOaB3yem KoHCTpykuMio ua [2]. Kpome Tor
HYMeH aHanor nemmn 2(2).

JTIEMMA 5. Ecan xaxnas GopMyia 1] CONCPENT p, T0 Haumenbilee f
LLIeHHe OnpenelseTcs popuynok T. '

JIOKASATEIILCTBO. Yepes A’ Gynem obosnataTh MHOKECTRO DileMe
To8, Ha KoTophiX Joxna 7] . Ecan kamnas gopmyna 1 colepaur p, 10 ¥
OSHANAET, 4TO B 1)} ocTanack X014 Gu qiia noadopmyna A 1. Orciona Tak
KAK B JemMe 2 caetyer, 410 i 11060ro z € A cyluecTayer MaKcHMalh
B A’ snemenT £ < .

flycrs swasuenwen p Gyner naumensmee pemense P, Lonycuu, yro P §
conepxuT Hexorophilt snement 2. Torna wa z onpobepraeTca ¥ W, sHauM
nexotopas (opmyaa 7 . BosumeM bneMeHT y > 2 MAKCAMANLHLIA Cped
/leMeNTOB, Ha KoTopix onposepraercd ff. Tax xax nf couepHur p 8 A
, TO HARJETCH HAeMeNT 2 TakoR, 4T z > y w 22p. Tak Kax 2@yl | 10 HE
OnpoBEpraeTcs HexoTopas Apyras gopmyna i, !t # 5. Hocrynaem ¢ z Tak o
KaK M € 3neMenToM 2. Yepes Koeunoe Hneao iwaron Gopmyan i 1aKontiaTe

‘__—
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voe € =2 < =1 <0, ua wropo - AuneRHLR NOpIOK ... < 2 € ~] € r ‘.Y(r(wgi Pl g @A (P = (P @y ) = (Wi = p)))
Obe sunsioTcs MogensMy ¢ o6PWBOM BO3PACTAIOLINX Lened. ‘

Hammensvimum pemennem s nepsoit Monean Gyner sce mnoxectso N~ |
BTOPOR - NycToe MuokecTso. [okakem, wro we cywectayet |I-popmynu
NepeMeNNLIX, KOTOPAR HA NCPBOR MOAEANW NpHHMMacT sHavenwe N |
aTopoh - anavcnnedh,

Slcno, wro mobax [l-popumyna npMIAMAET Ha BIOPOR MOICHH IHAYEH
wm N-.

Mnnyxuned poxames, 410 s moboi |1-gopmyant a bes nepemennbix
twecTsyer n € N™ Taxoe, 4o GopuMyaa @ B lepuol Moseau 460 NOKE
Beex 1 < 1, AHGO HCTHMMA, M TIPK ITOM OCIM (x NCTHUNA Wa § B HepBoi
TO OHA HCTHHHA Ha § W BO BTOPOR MOUCIN.

BA3HC. Ecau a ke conepaut ManansHocTel, 10 Ha ofenx Mojieiax o
BPEMEHHO OHA TIPHHMMAET THAUCHHS ? wau N~

LIAT. Caysan A w V Tpussansiis,

Caywail a = ff. llycru, nanpusep, s nepsol muiean jJ i0kna np i §
Torna  f nomua wa seex 1 < n— 1, Yrsepancuue sunonnsercs. Eci
HEpBOR Maziean f7 MCTHHNA Ha Beex § < 1, TO WY HHAYKIMOKNOIO 1 PeLig
HKEHWA CNAYeT, YTO Hik BTOPOR MOIEIM OHA BCKJLY HOTMHHE M (0DTOM
BTopolt Mazenn A 1 nciony erunka. Ha neproi ae wonean A [ an6o oM
na Beex & < n, anbo weruuna. [lpumep sakonien.

Teopemnt | w 2 wmeior caescrans puy Jorux. Yepes L, 000 SHaYaCM |
JATLHY K NPOTOIMIMOHANLHYI0 JOTHKY, XapaklepHIyesMy BeeMn 1Kk
Kpunke uy knacca C' | a wepes Ly - Joruky, xapas FEPHIYEMY IO BCEMM LK
MM H3 kacca SC (0 HOHNTHH XEPAKTEPHSAILIN MOKHO IPOYKTATE NP ‘
» [4]).

CHEACTBHE 1. [lag mooh noswrusnon |l-cxem P = p(P,Q,. "
CYWECTRYET Koneynoe Muomectso [1-qopmyn wi(gy, ..., ¢.) Taxoe, vuro
HOJHRETCA

Fay VO @i = @l gy ) A (8 (2= 000,411 6a)) = (5= )]
CIENCTBHE 2. [lag aw060i noswrwsmoi 1-cxemmi I' = (P, Q... ¢

cywecreyer xonetnoe muokectso [Ldopmyn wiq, . ¢,) raxoe, yro
IHOJRETCR

0. M Mapiiaes, Hanmensinne enanpwmnsie Touku b aoruxe ['meropiuka

NUMOUMCTCKOR TIPONIOIHIMONANIBHOR NorHke, Asrebpa W noruka, 1.32,

{1093), ¢.519-536.

U N Mapuaes, Haumensiuwe wencamanme Todukn B Jornke ['eneis

Anrebpa u noruka, 1.32, N6(1983), c.683-689,

3.0 Smoryiiski, Self-Reference and modal logic, Springer-Verlag, 1985.
A.Chagrov M.Zakharyaschev, Modal Logic, Clarendon Press,
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O NPOCTHIX CKEJIETAX KOHI'PY3HII-MOIAYJISPHBIX

b o114 ¥ ToALKO TOrAa, Kora a < b w b < a). Hepes (4] =< <)
MHOI'OOBPA3UA'

ooy HAMATE PE3yILTAT (AKTOPHIAIMN KBASKNOPAAKA (A;<) o Z¢, H
FIOpS0UCHHOE MIOKECTHO (A; <) nasonem drax‘rop-nuneiio yropano-
M, eciu mioxecTso (A/ E¢; <) aKneRio yiopaaoseno.
n ConA (CongA) Gynes 0603Hadath peuicTry KOHTPY3HIuLHE Mmoiu'
W0 YHOPALOMCHII0E MHOKCCTHO [IABILIX KONTpY3rIH anrebpul )i
' ) rnaBiax KORPpYsuuAa na anrebpe A, nopoxzentas mspog;lcJl ee
Moiron (a,b); M(A) — snorooGpasie, NOpOXACHHOE anrebpoil A. : _"
* [iponssaiLioe MHorooBpasue, R — HEKOTOPLLA lapnn'nm, 10 Fmu(R)
e N-nopoxiennas anre6pa MuorooGpasia M; M’ — COBOKYITHOCTh
piemen X M-anre6p. 3
‘ nobait anreput A u Gyncoi anrebpil B uepes A" obosnauum Gysieny
\ wirebpis A 110 Gynesoit anreGpe B (onpesesenne M., HANP., B (1),
B'  croysosckoe npocTpanctro Gyaeod Ull‘eﬁpiji B. Ecm A —
WiwOpa nexaprosoR crenienn A' anreGpit A, 1o 1 i € I cusonom ¥;
Whew i-e npoexTRpobaine Ay, T. €. romomopdmam A; 8 A Takoil, ¥T0
86 A n(a) = afi). Mycrs ker 1, — wnpo roMoMopduIMa ;. F:::
8 A, 10 [la = B=(i € 1bG) = a(i)}, ([o # bi}=/\[la = b]]. B nam
[ICCMATPUBAIOTCH JIHLIT anre6pi He Boriee HeM CHETHOR CHPHATYPH,
<Wl‘x{1pamn I PEANOARIBHOTCH KOHTPYIHI-MOLYTAPHBIMA.
JriM CACHYIOHINE NPOCTHe PAKTM, CBA3ANHBIC CO CHETHRIMM CKEAC:
MHMOPPHOCTH TIPONIBOABLNBIX MHoroo6pasui. Kmuynopmwuuoe
o (IMy,; €) conepaut HauMenbiiil JeMenT (TR HIaMOPdIMS-
pemeli THOR asireGput), XoTa OBl QKN SAEMERT, NOKPHBAIOIME 3TOT
LR (THi w3oMopdmaMa npocTol M-airebpu, cymecreyoiel no
Marapn [4]). Ha camom nede THIH H3oMopdusMa Boex ITpocThiX M-
Wiy cy 11 NOKPRIBAIONIHE HAMMERBIIWA NIEMEHT B (IM;<). SameTum
| T KAACCH = ¢-DKBHBAACHTHOCTH, CONPPAAIIC ITH NOKPLIBAIOLLINE,
goweirin, Kpome Toro, (IMy,; <) careprwt HaMBOABILIMA SIeMEHT
waonopduana wirebipsr F (o). ' |
MO UM KOHT PYIHIE-MAILY NS PHOE MHorooBpaIne M',‘cqcnmu CRee
i T KoTOporo. dakTop- eino ynopaacien, Takoe unnu-d'npa}—
PRI T R TOMROCTI QUUEY TTROCTY IO anrebpy (e Gonee wem cueTHYI),

S1.J1. Mopasunon

Poccux

630092 Hunocmbwpex, HITY
Kadenpa anrefpu m maremarmuectodt normem
e-mail: algebra@nstu.nak.eu

B cepun pabor A.I', Munyca, skmovasowed ofisopiyio CTaThi0 (1] u
Horpaduio (2], Guian BBENENN W JICTAALHO WIYHEHK A CY'UAS KOHTPY:
MHCTPHEY THBREIX MECro0GpasHil NONSTHA ckeeTos MiorooGpaswi: cxe
SMAMOPYHOCTH M cKezieTa BiokuMocTH. B pafiote [3] antopa vacts pes)
TaToR 0606IALTCE Ha KORTPYIHI-MANYAAPHEIE MHOTOOGPAINA, CoflepKa
TIONNPAMO HEPAsIoXUMYI0 anrebpy c neabenesnim MonoawroM. B nacTos
paboTe MAJAralnTce HOBKE GaxTH HONYMeHHEE aBTOPOM B JAHHOM Hanpa
HWK, & TAKXKe HEKOTOPHIe WHTEPECHHE PesyAbTaThl OTHOCKTENbHO af
KOHTDYDHU-MOIYARPHLIX MHOTOOGpAIHIL.

Hanomnum ocosuie onpenenenus u obosnavenns. Fean R — nekoro
knacc anrebp, 10 yepes IR obosnauum COBOKYNHOCTH THMIOB HIOMOPG
R-anrebp. Ecam a,b € IR, 10 6 < b (a < b) wmeer MecTo Torna ¥ TO
Torfa, Korjia anreGpa ¢ THIIOM wioMopdMiIMa @ kRAseTcH noaairepoil
moMopdHLM ofipasom) are6psi ¢ THNOM H3omopdmama b, Oriomenns <
na OR spngiores oTROMenHsMu Kpasmnopsska. [las kapumana N uepes

oGossavumm cosokymmocts R-anre6p moumocty He Gosmed yem N, Ox
TOM BAOXHMOCTH MHorooGipasus M (cxenetom armmopdmocti M) nasne
ca ksasuynopaaoyenisil knace (IM; <) ((IM; €)); N-orpanmyentnim ¢
aeToM BaoXKMOCTH (3muMopdmocT) naskmaercs (IMy; <) ((IMy; €
CueTibiM cxeneToM 3NMMOp PHOCTH (BAOXNMOCTH) MyorooGpasus M
BEM KBAIKYTIOpRADYENHOE MEOKCCTHO (I My, <€) ((IMy,: <)).

Jlas kpaswynopsnovennoro mioxectsa (A; <) wepes =¢ oboanatum
PANCHTHOCTH HA A, ECTECTBEHHNIM 06PAIOM CRITANHYIO € KHAIMHOPIIKOM

"Pabara mancimesa npw donnnconal noniepae Pocoufiexors Gosan GymansenTamHidx ¥
‘wen mporka PEOLDIETE)
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KoTopyio Mui oGosnatkm depes A, CHAuARA pacCMOTPRM cayvalt, Korsy
Heabesieha.

TREOPEMA 1. Ecin M — KORFpysHii-MojlyAsprioe MHoroofpaske i : -
ueabenena npoctat M-anrefpa, To 1A M06ux Gynesux anre6p B, B, By

B B
a) nas [ g, h k€ A” ([,9) € A (h, k) Torna w ToALKO TOFA
(1A= K]} € [[f = dll,

6) Cony(AB) 2B,

8) ana auoboh 0 € C’on(AB ) cymecrsyer ¥ € ConB Taxas,
AB g ABI, °

r) OTHOUIEHKS AB' & AB' # By € B; 5KBHBASICHTHHEL, .

f1) eCAM MHO We M MMeeT NPOIONIKMMbE KORTPYSHIMH, TO 0
IHeHRT AB' < A% m By <B; 3kBHBAMEHTHH AR moGeX Beony
senTiuix By n By

Yreepacienns a) n 6) Nanncl TeOpeMbl AMMIOTCA HACTILIM CYqae!
opemn, nioxasannoil B pabote [3] asropa. ¥ TaepAueHHA B), r) ® A)
JOTCA AHAJOTAMMN COOTBETCTBYIOIIHX YTBREpXICHWA Ans anrefp KoHTpYs
nucTpHGy THBNELX MHorooSpasuil, KoTopue PACCMATPHBAINCE B CTATHE '.
yueroM 3TOr0 MX MONpoOHOe AOKASATENILCTBO He MPEICTABAAT TPYAA.
Takxe pabory (3] arropa.)

B cuny onpenesenus Gyiesol cTenens, ecin Gynesa aarebpa B we %
eTca KOWeuHOnopoxzenHof, To anrebpa AB 7axxe we Moxer Gath Koe
nopoxnenso. [lycrs By — Gynesa anrefpa KOHEHBIX W KO-KOHEHBIX
MHOXECTB cueTsoro MuomecTsd. [lag auwboro KOREUHOTO 1t B CHITY G '
AMHeRHOR YNOPANOYEHHOCTH CHETHOIO CKeJeTa anmmopuocTi M
Fuln) € A7, anbo ABr « Fuin). Ho Br, a snauuT, # ABr e u
JOTCH KoHeyROopoXeHHbMN. B cuny 9TOr0 WmeeT MeCTo Fuln) €
n ABr & Fuln). Anrefpa Fp(n) nomsna wmets BAA AB, re B
xorophii romomopdmtit obpas Be. Bee newsomopdinie Bp ee roMoMopd
ofpassl CyTh Koneunsie Gyaessl anre6prt. Takum ofpasow, ang aoGoro 1
Fuln) € M(A) n cymectnyer m € w Takoe, 4T0 Fu(d) = A" B
rpysuinn anrebpu A™ o6pasylor MCTPHEYTHBRYIO peLIETKY; O T
Monccona wmporoofipasne M KOHYpyIHI-AHCTPUGY THRHO. A xonrpys

WGy THRHNE MHOIDOBPAIHE C TIPOCTHMM CHETHBIMM CKEJETAMM M-
TH yke onucannt B ctathe (6] Chopmynmpyem nonyuennud pe-

BOPEMA 2. Cueriiit ckeneT 3nHMOpGHOCTH Heabenenoro KOHFpysNil-
Maproro MuorooGpasus GakTop-iHieRio YNOPANOUEH TOTA3 W TONLKG
, KOTJIA 3TO MHOrooOpasHe NMOpoXIaeTCA kpasunpuManskolt anreGpokt
Lol Teennnx nopanrebp. W3 daxTop-auiedHOR yNOPAIOHEHHOCTH CHeT-
| Cxencta IMHMOPPHOCTH HeabeeBoro KOHTPYINL-MOIYNISPHOIO MHOTO-
MiE M caenyeT coBraeiMe CHETHRIX CKeeTOR JNHMOPPHOCTH ¥ BIO-
™ M.

yori Tencps anreGpa A aenesa. PaccMoTpum Gynesy creneiik AB'.
Ji0 NBANETCE KOHeMNOUOpOXAeHHol anrcGpol, 1. e. .AB * & Fpuln) nas
pn € w. Wy yerosns hakTop-JIMHeHNoR YNOPRAOYEHHOCTH (IMy,; )
M 118 BCAKOTO 1 € W KMeeT Mecto F u(n) € AT, Kak xopoimo n3-
[0, 970 BileveT colianenue M M(A), mioroobpasse M nopoxnaercs
poft A  apaserca abeneshiM.

yeopeme pia-Maxxenn (7] muorooGipase M NOIHHOMMANLHO IKBH-
10 MHorooGpasHio yHuTapueix R-monyied Hajl HEKOTOPHIM KOJhLOM
pinied. TTpeanonoxmn, uro are6pa A conepxHT cobCTBEHHYIO Ne-
wrnyio nopaireGpy A;. Bosbmes NPONIBOLHBIR JEMENT G € Al
wape (A, a) noctponm f-wanyak M 4. 310T Moayas, € QIHOR CTOPOHKL,
RO GhTh TIPOCTHWM, & C NPYTOR, OR NOMKEH COMePKATH cobcTBeRRLIH
g neMCHTHH TTOAMOAYIML, cooTBeTCTRyloum anrebpe A,. [omyuen-
WHODENME TIOKAILIBALT, TO adrelpa A He CauepKHT COGCTBERHLX
ooz eMeH THRIX ronanredip.
piomcs K paccMoTpeinio anrebpu ABr. JadurcHpyeM [ba NIPOHIBOAL-
Mieweita a,b € A, no fokasaHHoMmy oM NOpoXAaIOT anreGpy A. Ha
AB" Gynem sanasate crpykrypy monyas. [lycrs a’,t" — Taxme
1 asreGpu ABr w10 a"(i) = a, §°() = b ans neex i € w. Tl
M0 € L ONPeIeaHM JIeMenT dE AB' rak, wro ¢(i) = a upwi # j u
|} » b, [1o nape (AB’,a") ctpowm R-wonyns M, Kaknas napa (a®, &),
o mapa (a®,b°), nopoxaator B anrebpe AB' nopanreGpit, wWioMoopd-




L) 2 () DPOCTIE CHBAIT AR KOKEPYINI-MORYARPIIX MIKIIOOER Mopaunion 1s
nuie anrebpe A, OTuM nofairebpam COOTBETCTBYIOT NPOCTHE NUMOY
M; u N b monyne M, (kaxuaii w3 KOTOPLIX H30MOPQEH Mony:1o0 My).
TATEASM NPEIOCTABASETCS NPOBEPHTE, 4TO Madyns M, Apisercd Tpsl
CYMMOR YKA3aNHLIX DGAMOIY/CR, T, €. O BioaNe Npuuoium. Y10 cue f
nam yenorme F py(n) € AB".' Tlo sanarnomy M-romomopihuamy MLl BCE
MOXEM TIOCTPOKTS COOTBETCTBYIOUMA romMomopdmsm f-manyiiei, THAUHT,
®20R ceobaon anrefipe Faq(n) coornetcTayer wekoTopiii akrop-
MOIYAR M, @ OHW HaM WIBECTHBI, 910 KONEUNbIE IPAMMIE CYMMbI 1POC]
R-wonyned Tuna M 4. Wrax, xaxaas ceobomias aniebpa Fan) xonewt
PAHTa AB/ASETCH KOHEHHOR NPEMOR CTENeHkia anrefpul A
~ Jlanee Mul fokakeM, 4To Kaxiof M-anrebpe cooTseTCTRYET BiloNe I
oM R-wonyas. Ilycrs A' € M w ¢, d € A'. Paccmorpum nojas
Ag < A, nopoxsiennyio snementasn ¢,d. B KauecTne nopoxaaionmx |
wentos anrebpu F u(2) wosumen u n v. Ilo napam (A', c), (A, ¢), (Fum(2
crpoum cootsercryloume R-mony:iw M(A'c), M(Aqc), M(Fm(2)
Monyi M(Aq,c) anasercs romomoppnum obpasow monyas M(F u( fonaire6p, TO OHW MEPEBO/IMMBL APYT B NPYTa ARTOMOPQHIMAMMN an-
M, CIIOBATEIIRHO, PAVIATaCTCA B CyMMY NpocThX R-monysek. B cuay: A, Bee ckeneTst SnuMopdoCTH Muoroobpaks M dakTop-nunedHo
usponsiocTH snementa d € A monyan M(A', c) Takxe saxercs cymmolt it
npswoil) npoctrix R-manyied. Tlo cooTheTCTBYOIUEA TEOPEME TEOPHM
moayas M(A',c) mnoime npusoitum. B paccMarpusacMom naMn MHOIOO
3un R-monyned Bce HPOCTLIE MOAYIM HIOMOPQIINL, NI0ITOMY THIT HIOMOE
Ma ONPEICARCTCS MHCAOM CaraeMiix 8 npamoi cymme. B wrore, annel
OKASWBALTCA HE TOJILKO CHeTHLil ckeneT anumopduocti (S My,; <),
cxeneTis anuMopdrocT Muoncobpasus M. .
JIEMMA. Tlycts A — npocras abencsa anrebpa 6e3 NeoiHOSEMEY
coberpentinix nonaarebp, [lycts {a,}, {aa} — nonanrebpu anrebpul
cueTibi ckeneT JUHMOpGHOCTR MHoroapasia M = M(A) dakrop-7nme
ynopuiouen. Torpa cywecrsyer asroMopdusy ¢ anrebpm A Taxoll,
wlas) = a;.
Jlokasarenncrno. Bubepem nomanicfpu A;, Ay anebpu AB' 1
Aj=(] € AB' — cymiecTayer n € w Takol, yro sk seex 1 < n f(i) .
Cusponamu 6", ;" 06osuasaem Takue JeMenTH arebpul ABr , uro g
aj s seex § € w, B cwny thaxtop-nnneiiiol ynopaaouennoctn (IMyg

Mo curath, 410 A) € Ay wnyers ¢ — omumopdusm A; na A;. Paxrop
Wipi A; no noBolt raasHoll KONTpYIHINK WioMopden camol Aj. Toatomy
n raxoro, wto ans i < n ¥la")(i) = a;, 1o, Ppaxropusys A; no
! ¥la,")), nonysaem numopdmam v anrebpit A wa anrefpy A, Taxod,
¥(ay") = a,°. Mycrs b — raxol anement airelphl Aj, uto b{0) # ax »
w 4y ana ncex i > 0. Ecam Ay - - nonasrefipa anre6phi Aj, nopoxienHas
Bt ramn b w a5, To Ay = A, [ycrs i Takoso, wro y (b)(i) # a;. Toraa,
wak vy (As) 2 A npocra, To 7y — wiomopdwin anreGpu Ay wa anreGpy
W np atom 1y (a,”) = @ A TaK Kax (A3, a7") ¥ (A, 6y), T0 nonysaem
Wit antomopdmim anrefipu A, nepesansumit az b aj. Jlemma noxasana.
MOph ML MOKEM CHOPMYAKPORATH MIOAYHEHHLIR PeSYIbTAT.
WEMA 3. Tlycrh cuetwmit cxener anumopduocTs abenesoro
YOI MOIYASPHOIO  MHorooGpasna M dakTOp-IHKERNO  YTIOPANOUEH.
A MitorooGpasue M nopoaactcs npoctol anre6po A Bes neannoane-
MM cobeTennbix Tonaarebp, ecin A WMEET HECKONBKO OTHOMIEMENT-

Mep PEKTOPHBIX NPOCTPAHCTB HAN NOAEM DAUHOHATLHBIX ‘HCEJ T0-

T, W10 NOpOMAAKIIAL TpocTas aireGpa moxeT GuTH GeckonedHod,

IARTCH OTKPLITHIM

Bonroc, Cymectayer aM Geckonennas anreGpa XomeuHod CHrHATY-

NOPOATAIONIAR KOHT PYIHU-MOIYIApHOe miorooGpasue anrefp ¢ pakTop-
NWM CHETHEIM CKEIeTOM 3NHMOPGHOCTH,

“ AL Hlwiye, By ess KoRCTPYKIMM B YHABBepCaahHoR anre6pe. Ycmexn
- Matom. nayk, 47, Ne 4 (1992), 145-180.

A G Vinns. Boolean Constructions in Universal Algebra. - Dordrecht-
Wowton- 1London: Kluver Acad. Publishers, 1993
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KOTOPBIE BOIPOCKE CIABO O-MUHUMAJILHBIX BHHAPHEI
TEOPUA

[1I. Muisbaesa

480100, Kasaxcran, AmmaTd,
yn. [Dymcoa, 125,
HucrwTyT npobnen MMQOPMATHIR M yHpaBRENHL MH-AH PK,
e-mail: InaQipic academ alma-ata. su

(3] A.J1.Mopasknos, OB 0THOWIEHHAX BAOKHMOCTH ¥ SNMMOPRIIOCTH HA

paspemMMbIX JIOKaJibHO KONCUHBIX MHoroobpasusx. - Aarefpa u jior
35, Ne 1 (1996), 79-87.

(4] R. Magari. Una dimonstraziona del fatto che ogni varieta am
algebra semplici. - Ann. Univ. Ferrara., 1969, Sez. 7, v. 14, p. 14

(5] Al. Tuwyc. O6 OTHOMCHWAX BAOKHMOCTH M IITHMOPGHOCTH
KOHTPYIHU-AKCT puOy THBHIIX MHOTooGpaskax.  AareGpa u A0FHKa,

Ne 5 (1085), 588-607. 1) 970k CTATHE MId HCCACYeM HEKOTOPHIE CHOACTBA C11abO O-MUHKMANLHLIX

(6] A.T". [Tnyc. O WPOCTRIX CHETHLIX CKEJIETAX DINMOPHICTH KOUTD APILIX TEOPHH, O-MHHHMAJLIELL BAPHANT KOTOPBIX paccmaTprsancs i (1],

aucTpuby THBNKX Myoroobpasuit. - HasecTus Bysos. MaTemaTuxa,

(1981), 67-70 peacacane 1 Tyems A NOGMHONECTIBO AUNEUNO YROPEONENNOZO MHO-
1 T .

emoa B. Tozda A stinysa0, ecau dag sobuz a,fl € A caedywujee 6b-
(7] R. Freese, R. McKenzie. The commutator theory for congruence m emes;

varieties. - Cambridge New York, Cambridge Univ. Press, 1987, Vi€B [a<y<f=>7€A]

peacacame 2 5. Junedno ynopidouennas modeas M cuznomypbl )
caubo 0-MUNUMGALNG, ECAU penAudayug mobod Popayab CuHGMYpPH

$1(M) om 00woii nepesennot - 06T EOUNENUE KOKEUNOR0 HUCAT NETEPE-
 CENOMUUZCE BUNYRALE MHONCECTNS.

M, Teopus T wasmsaenicy c4u60 0-MURUMGALNOY, Ecau s0baE Modeb amol
Meopuu cAG00 0-RUNLMAALNHA.

peacacuue 3 [1] Teopus T vasweaemes n-aphotl, ecau A06as Popsy4s
Mot mecoput Goee Nes N REPEMCHNLLE (63 NGPAMEMPOs IKGuBBAEHTING By-

oil soxbunauu Fopaya om 1 Co0600NUE NEPEKENNNL. 2-apwai meopus
Jnioaciics Gunapwon.

pescacune 4 [2] Hyemo p € Si(4), B C M, maxoe wmo M |B U Al*
Wewujcnnian, Oxpecmuocmyn noxeecnas B 6 mune p NOSHEaemcs cae
Ujee MHOMCECTTIAO!

V,(B) = (7 € M{3n,m € (M), 3H(z,b,2),b € B, € A,
m< H(M,b,&) < m,y € H(M,b,0)}



\ Muubnenn 1
LA Hexorophie RONpPock canbo O-MUNNMILNX GunapiMx Ted

/ k k
Onpencnenne § (B.C.Bakxanos) Muowecmso B C M nassieae Torns °(M'B'a)=9«i]¢imvﬂi)nO%W'“J)-
n-neagsucumsik wad A, ecau YC C B,|C|] = n, VYa € €. Pa
!p(ﬂ|A)' 37!.71 € Pu(M) a€ (7h71)t V'Y € (7h7’3)uvh(a) ‘p(7iAUC\a
tpla]AUC\ a).

Muoxcecmao B Ho30606MET NEFAGUCUMDLYE wad A, ecau OO N-NE36A
wad A das 00020 KOHENKO20 .

futepem » aTom obbeMieH KM MHOKECTBO, OlipeleNiiolee IPasy o [PuHuiLy
(M, 3,4a). MycTs 310

(165(M, 8) N9/ (M,a)
) i

wexotoporo (ukcuposanoro k. Tax kak T ciabo o-MHHWMaJbHE M
§ O(M,B,a)(= Vi, j,k a & N;04(M, B;) N i ¥} (M, 0;)), moxen puiGpats
ayxnue noanaxectsa ¢)(M,5) C ¢§(M,5,), Wi(M,a;) C ¥}(M,a;),
MKiC TO KRKNOE 3 HUX CONIEPRNT MpaByio rpakiuily mHoxecTsa, (= Vm €
M, 1,8) 0 pa(M) 3y 1 < 7 < ~®(M, B,8) ¥ € $}(M, §;) N ¥'(M,a)), w
J o ¢ #(M, ;) n ¥°(M,a). Cacnosatensno, ¥y3y 1 <7 < a tplalf; U
) # tpi716; U A), 1.e. B 2-3asmcumo wan A. Tlporusopesne.

Fameuanne 1 [JTyemy T o-MunuMaabuag meopus, mozda ecau B
Mod(T) weaaaucuso wad A, mo B aazebpausecky neaosucyuo nad A.

Nloxasatenscrso. lomycrum ofipatoe, B anrebpaniecks JABHCHMO N
re Ja€Ba€ad{AUB\a)=

— (43¢(z,B,0), B € B\ a M | 3'z¢(z,B,0)46(4,5,8)}.

YT NpOTRBOPEUHT OnpedesielHio HE3ABHCHMOCTH B. CnenosarelisHo,
pa(M) \ @ tp(y|AU B\ a) # tp(alAU B\ a).

Onpenenenne 8 Bydes zosopums, Ymo meopus T geagemcs mpusud
wotl, ecat dag anbod M =T u mobozo B C M ecaxull pas, k0200 MNO:
cmao B feagemes £-neagoucusbim Kod A, 0NO HEIAEUCUMO nad A |

acraue 1 Ha npedaoxcenud cacdyem Neobzodumoe ycAosue Kpumepud
JUNAPHOCTIN O- MUNUMEALHbIZ MEOPUI U3 CIRGMbY Mekler, Rubin, Steinhorn
) T GunapHaS 0-NUNUKGSLKAT MEOPIT MO20G U TROALNO mozda, xo2da dag
wioil modeau M meopuu T dag soboeo n dag swboeo {a1,...,0s} C M
0¢, NMO ECAY ONO GAZEOPGUNECKU TONAPHO HEIBBUCUNO wad A, mo ono

IMpennoxenne 1 [ycms T' caabo o-KUNUMGALHAT MEOPUR. Ecau T bui posucuso nad A.

Ka, mo 1" mpueuasbNa. Jupenenerue 7 (B.C.Baitxanos) Teopus T woasubunapua, eciu das

boii sodesu M meopuu T, dag awbozo B C M xax moasvxo B ynops-
WO 2-HEPAIANNUKMO HaG A, 0 B ynopadowenno n-nepasauiuKo nad A
AOBI020 NGIMYPUALHOLO Th.

[okasatenscrpo. [lonycrum oGparuoe. CywecTsyioT Monedh M 0]
T w muomectso B C M 2-He3aBHCHMOE, HO N-3aBHCHMOE. [Toaromy u |
xax T cnabo o-MHHHMAIbHA, CYmecTByer a € [, cymecTayer &(z,f,2),1
B € B\a,ac A, rakne uto Y1, m € pa(M), @ € (11, 7)

V,. (@) (m, 1) N ®(M, B,0) # 8,
Vo (a)(myma) N (M. A,8) # 9,
O(M,§,2) < ~0(M,3,0), a € ~0(M.f,8)

‘Tax xax T Gunapua, 10

®(z,9.2) = V(A (2w A (2, 2,) &8 (5, 2)).

Hpennoxenne 2 flyems T meopus < M, <,... >, ade < - aunednbill no-
Wdox wa M. Ecau T 6unapwa, moeda T xeasubunapra.

wasateascreo. [ycrs cymecrsyer M = T, B C M, Takue wro n B
HOPAIOYCHIO N-PasinyuMa Han A, T.e.

3fz,a8), (&) =n, a€A 3o <...<ty <..<d, €D

M = ¢lc,a)k¢(d, a).




(P Hexoropise sonp canbo o- Wiax O -

Jloxasarenscreo, i) Tax kak T' Gunapua, 1o

Flew, ) = Y e AV 2 At
J

Tak kax T' Gunapuas, 10

#l.9) = V(A otz 2,)& A ¥ (2, 9)k0" (5)).

i<
ME \‘/(4\j csf,(c.,c,)&/'\wf(a.am'(a»
M AV ¢} (di,d;) v\/wf(d:.n) v =#*(a))

ki<

Va = p F(M,a,0) = U(¢"(M,a) N 19 (M,a;)),
)

kak p(M) C ¥f(M,a;), a F(M,a,a) C p(M), 10 F(M,a,8) =
V' (M, a).
JloxasatenscTso ii) anasiornyso.

I'e. cymectaymor i, j,k Takne, 410
M k= ¢ (ci, ¢ )~ (di, d;) !

Orciona cenyet, wro B ynopsaoyenno 2-pasauynmo wan A. Ilporuso omerue 4 flyeme T Gunopnas casbo o-sunusasoras meopus, M
ab I'. Tozda dag awboil odwomecmnod A-onpedesumol Pynsyuu y =
).d € A 3k < w Ii(z,d),dalz,d),....phis(z,d), maxve wmo ano-
mua, Komopuie oxu onpedeainom svinyxabie u Vi 1 < i < k Jgi(z) wau

Ve € ¢(M,d) [(z,d) = (z) wau f(z,d) =c.

Jloxavaremcrso. Tax kak T' 6usapua, To

My = f(z,d) & V(¥ (2, 0)48 (z, )’ (y,d))
J

Onpenencane 8 [2] 2— A-fopauyan F(z,y,a) (G(z,y,a)), 8 € A x
EMMCE ANRYKAOL BIPA6O (8Ae60), ecau

M = VzVy(F(z,y,8) =+ (y <z AVz(y < 2 <2 - Flz,,8))]
(M = VaVy[G(z,y,8) = (x S yAVz(z <z <y = G(z,p,8)))).

Onpenenenne 9 [2] Myems p € Si(A). 2 — A-fopuyaa ®(z,y,a), 2 €
nasvisaemed p-yemotivuaol, ecau

VakpInmEpn<oMai) <y Kk fIpeanoKeime

Onpenenerne 10 [2] lTyems p, g € S5,(A), p noumu opmozonasno g
q), ecau

M [ Vz 3'yly = f(z.d)),

Ja € p(M) (= VYa € p(M)) V,(a) =0.

[Ipeanoxeawe 3 lyemn T c4ab0o o-Kunumaasnas Gunapuas meopud,
MET, ACM, pq€ Si(A).

i Jlag awboil swnyxaod 6npaso wsu saeso p-emabusenod £-A-dop.
F(z,y,a) cyuecmayem 2—B-onpedeaunas dopayaa ®(z,y), maxas w
Yakp F(M' a,a) = ®(M, a).

. p L*q. Tozda Ya = p, dag awboi ®(z,a,a), D(M,a,a) C Vi(a)
rmoyem 2 = B-onpedeansay fopayaa V(r,y), maxag wmo

WM’ a) = (M, a,a).

Mk VY (W (2, )&t (2,d)kr (y, d))].
J

T Ui Jieboro § xors Bul ona W QopMyn ¥ (z,y) u 7 (y,d) sxen-
i B-onpenciuMBIM WIN KOHCTAHTHLIM QYNKIMAM COOTBETCTBEHHO U
wuasiom (M, d) y = [(z,d) sxEwsancTHa KoNEHOMY HCY KOHCTANT-
¥ 0 Bonpesenumuix dyukiod, notomy wro T cnabo o-MumRMaNLHA W 1S
A% ] MEOXKECTBA

| 3'yly = flz, d)kt (2, bard)key = [(z,d) & ¢(z,1))},
(z|3'yly = flz,d)et’ (z, bard)hy = f(z,d) & 7'(y,d)}



= ", Nunye 18
Hexoropiie sonpocks CAnBo o-MENKMANLIME Gunapuiix

opMyILHAL M PasCHBAIOTES HA KOHENHOE YHCAO BRNYKIEX MHOKECTS, OB AJIFEBPAX YCIOBHO TEPMAGHBIX ®YHKLMA'

noBaTeALH0, 0BAACTL onpeseneins Qynkumn y = [(z, d) cocTont #3 Kouen . A.T. Nunyc
10 YKCHIA BLINYKABIX A-OUPEAeIMMEIX MHOKCCTE, Ha KRKIOM W3 KOTOPRIX
wecTyer B-onpeneanMas WK KOHCTAHTHAS PYHKUAK, SKBUBAJICH THaN gy ,mog:;::lw,

e y = [(z,d).

xapenpa anrefipu u NaTaNATHNECKOR NOTNEN
e-mail: algabransto nek.su

Jlureparypa

[lowsTHe YCAOBHOTO TEPMA CHIHATYPLI O BBEICHO B pafiore astopa (1]. B
pue narknesinmx pabor [2-(7] fosoinio eTANLHO HOCICIORAINCE CcHOHCTBA
JEAORNO TEPMANBHEIX QyHKiui X GLIIA NOAYUCHB! Pe3yibTaTH, NNeMOHCTPH-
JOUDIC BAKHOCTE WIYHeHHs ITHX QYHKUMA JNA HCCARTOBAHNA CTPOCHA
BepCANLHBIX KAACCOR YHHBCPCAThITEIX anrelp, B TOM WHCAE, AAR HCCHe
I8 CTPOCHHS KOHEUHBLIX YHWBEPCAILHIX anre6p. Ponw ycnosno Tep-
MHX QYHKIAA TIPH HIYUCHHM YHHBCPCLTLREIX kaaccos (xax pynxwd
QOXpansemMidx B KATErOpHA BAOKHMOCTH YHHBEPCATLHONO KJ1acca) ananory-
pOH TEPMATLHEIX GYHKIWA PR M3YHCHNR sniorooipasu (bynxund co-
AACMBIX B TONHOR KaTETOpHH mioroobpasud). B cBAIN € ITHM BOIHNKaET
ecTpeHnEil BoNpoc, B Kakoh mepe anrefipa ycioBHo TepMasbiBX yH¥-
A st yumpepcansiol anreGpoi A Wrpaet, B OTROIICHKH YHHBEPCANLHOMO
Mbcca TIopoXIenIioro anrefipoit pob asirelphl TepMaIbHLX Hall A dynxumi
{# #acriocTy, anreGpy nopoxalolieit To &e Muoroofipasne, 410 # anveipa
A). Dromy, a TaK Ke pAay GARIENX BOTIPOCOB OTHOCH TELHO anrefp ycaopHo
POPMAIBHEIX DYHKIHR, TIOCBAILICHA 1aRNAs paboTa.

Byiayr HenoabInBATLCA CTAHNAPTHIAC oboIMAYENNE W VIOHATHA YHHBED-
SANWoR anreBpEl, PR 3TOM CHIHATYPBI PACCMATPHBAIOTCA THCTO Iy HKIIH-
NAILHLIMA W, IR IPOCTOTH, NE Gonee nem caerupdn,  [lonsTus yeao-
WA, VOIOBNORO TEPMA CHINATYPR @, COOTTRETC FRYIONIER YCIOBHO TePMalh-
Wl kI Ha aarefpe CHERATYPW 0, HopMAILHOR GopMbl YCIORROTO TEP
Wa sosoi waiiw n paborax [1] (6] Tlycr X = {F1yoresBnyen} CHOT-
WAN COIORYTIIOCTE TIOPEMERET. Yopes Tala) (CTofo)) ofioymaunM COBO

(1] AMekler, M.Rubin and Ch Steinhorn, "Dedekind completeness and

algebraic complexity of o-minimal structures”, Can.J.Math. Vol.44
1992, pp.543-855.

[2] B.8.Baizhanov, "Classification of one-types in weakly o-minimal th
and its corollaries” (to appear).

Ry AL BCOX TOpMON (VENORILIY TEPMOR) CHERRTYDR @ 0 NEPEMERRLIX

(3 N I R UL UG R i L [y W LI & CGU TR S AR ety ek

O AT



" 06 anrefipax yenonuwo TepMraniux gy \ Nunye 2%
wxcc 180, [lax aobok anrebphi A, moboro T(¥) € T, uepes CTry(A) obo-
#M COBOKYNHOCTE YCAORNO TepManbibix GYHKIHA R AT raxux, yro
Wiias cHoTema ycionnR 18 wopManwitx dops (em. (1)) ornx dynxush
pia 7(). Jlan T3(Z) < T5(%) cyurectnyer ecTecTBEHHOE MIOKEHNE aare-
Ty, 5(A) 0 aarebpy CTryz(A) (mobas dynKuns w3 CTr,m(A) ecre-
wiiam obpatom pacematpunactca kax dymxins 3 CTr(A)). Taxuu
you, wireGpa AT npencianuma kax npauoit npenen anrefip CTrm(A)
JCH TEBHO Halpaniennoro MioxecTsa < To) <>
A('T- i T(:)P(q}.;ﬁ CT}M(A) (l) .

Mopey A", AT w 1.1, ofoymaunm aszefps mepuasbioiz Pynxyud No
pipe A (C 3aMenol B COOTRCTCTRYIOUIX ONPECHCHHAX YCAORHO Tep-
Wik dynkumi wa TepManbinie).  Taxum ofpasom A ¥ F MAy
& fM(A «, Tie M(A) — muorooGpasne nopoxiestoe anrefpoit A,
M Ay }' M Ay — ChobaIHKE N- H CHETHO TIOPOX/eHNHE anre6pu
prootipasus M(A).

flycrs o(¥) = (), ..., 2a) HexoTopoe ycnoswe curiatyphi 0. Jlag mps-
crenens A4 aepes 1, oBiosnauum npoekTHpoBanne anreGpl A
wioxecrsy {8 € A"|A = o(@)}. [an noakolt cucremst yenosuit
= (p1(%),...,¢m(¥)} € Ty 0uennano paneHcThO

CTpy(A) = T (AT) x -0 x 1y (A", 2)

w anrebp A; u Aj nepes Ay Sy A; 0603HauNM COBNAIERNE YHNBEPCATL-
¥ reopuii (T.e. V-akpupanentrocts) anredp A; n A;. Hueet mecto:
PEOPEMA 1. las mobux V-2xsunazentuntx anre6p Ay u Ay anrebpu
n AT wsomopdid.

KATATEALCTBO. [leRcTanrensio, nycts A Sy .4,. Torsa aas moboro
& A, n106oi nonodt cxctemsd yeaonit T(X) = {@1(2),... . om(Z)} € Taw
x tepmon 1(Z), t2(F) cHrRATYPLE 0 NMECT MECTO

€ A, = VE(i(E) = 0(E) = t(T)) & Ay = VE(pi(E) = 1a(F) = 1a(T))).
T obpasos, naik aioboro 1 < n
T (AT") & 1, (AT).

{z1,...,2,}. Nyers T(o) = nLGJg'I‘,.(a) w CT(o) =“lEJuCT,.(o). Huetor mecs
pkmouerns Tn(o) € CTalo), T(o) € CT(o). Kaxnomy yciophoMmy Tep
t(z;,,...,2,) € CT(o) na mobolt ywnsepcansnoil anrebpe A =< A;o §
COOTBETCTRYET YCAoBHO TepManbiad Gynxuma (4 : A® —+ A, Eoam ¢ —
Kenwe MROKecTsa {z;,,..., 2y, ) B KoneHoe noamnoxectso S C X 10 veg
% ofosmaunm cootsercrayouyio pynkino w3 A » A HESRICHIITY 0 €
s LY 0

xoopamnar S\ p({Z;,..., 2, }). Nycrs ® — cosoxynuocTh BCCXMOKEN]
NOBRX KOHEIHHIX TOAMHOKECTB MHOAecTBa X B MPOMIBOABHLIC KOHC
nonmuokectra Muoxectsa X U I (X) — coBoKynHOCTh KOHEUHBIX HOIM
xectn mroxectsa X. [lax S € P,(X), uepes A°™ obosnauum conoxymioct
BCEX YCIIOBHO TPMANLHBIX Py nKiil 0T nepemennsix S na arebpe A pa
TPMBACMYI0 eCTECTBEHHRIM 06pa‘oM, Xak anreGpy carnatyput o. Baoxen
@ € ®,p: S — S; NOIBONRET OTOKICCTRAATH QYHKIAK Lo W L, Tric !
Tepm ot nepemennnix Sy. [lon auzebpod AT ycaoano mepmassnbiz fynwyl
a42ebphl A GyieM NOHHMATE YHNBEPCATLHYI0 aJreOpy CHIHATYPh 0 J1eMe
TAMA KOTOPORl NBASIOTCA YCINOBHO TEPManbHbie GYHKIMH OT nepeMeniibix.
C y4eTOM OTOXZIECTBICHNS COOTBETCTBYIOIMX (YHKUMA, CBRIAINNOIO C OTY
Gipakennsmu @ € ®. [lpu atom anrebput AT =< {thlt € A% )0 >, up
S € Pu(X), p € ® ofpasyior noKabHOe HOKphTHE areGph AT, Nyes
ATy = ACTwnb, Tax nns moboro p € O, p : {z;.c.zn) =+ X &
reGpu AT g A"’T.‘...-.) H3OMOPQHK, TO, C YHETOM 3AMENEHHOIO BhIIIE
oKATEHOM TIOKPHTHK anrebpst ACT | JULA OKA3ATEALCTBA HIOMOPGH3IMA ad
refip AT w AST, nocrarouno noxasatenscrsa wiomopduaMa anreGp Ay
" A';T" a8 moboro 1 € w. 3AMETHM HAKOHEl, MTO celjeKToplkie QYKL
S(2i - Ti) = iy 100§ € (i), im}, KaK Qynxien suna (zi)s, rae
- pnoxenue {zi) » {z,,...,2,,} Takoe, wro p(z{) = z;, Bxausr 8 anredp
A%,
lycrs T, COBOKYNHOCTHL BCEX NONNLIX CHCTEM YCIONMA CHIHATYPH O €
nepemeiiix ¥ = {z,,...,z,}. Ha T, onpesennm nopsnox < clienyiom
obpasoM: |
ccm Ti(2) = {plB), . @), TolE) = (o)., ph(2)} smewen
7., 1o nonowmnm Ty (F) < T3(F) Torna » Tonbko Torna, Koria Vi<id) <1
TAKOE, 410 F-V!(w;(r) -+ 21(7)). Oueswano, wro < Ty,; <> nampanncing




b 06 aarcbpax yeaonno Tepsniniiax @

B cuny dopmysint (2), CTﬂ"(Al) = CTTm(Aj).

Nlpasna 8 pane CllyYaeh MOXKHO YTBEPRATD, 4TO Miobas V-PopMyna We-
A B ey dopmym (1),

wnas na anrebpe AST Gyaer wermina ua anrebpe A.

= Anretipy A nasosem yemouvusot, eciin K60 OHA MIEMIIOTEHTHE, Jinbo

it 1syer Teps {(z) Takoi, wto A = Yz, y(t(z) = t(y)) u {¢(a)} aBaserca

(ebpon anredput A s snoboro a € A,

YCIORMHBLIMK, B YACTHOCTH XBARIOTCE TPYTILL, KOALIA, PELICTKH,

TEOPEMA 2. Jlas nwbo ycrokmson anrebpu A, miobok 3-gopmyan

i A = g, 10 AT E e

Jokasarenserpo. Nycrs @ = 3TY(T) = Izy;,..., 2. 9(21,-.., 2a), 1hE
Geckpautopnas gopmyna. MokHo CumTatrh, wro Y(F) — yciose. e

) o' () oBoynaumm cenektophi ns i < n (s'(2y,...,2,) = 2;). Torna ans

Wloro 1epua g(F) curraTyphi 0, 4% moG6X T € A MMEET MECTO PaBeNCTBO

4(a) = qls",...,8")(@).

[CMOTPHM YCJIOBHBIE TEPMBI s;(!) TaKHe, 4T0

vE) -+ &3
(E) = t(s'(2),

i) repM M3 onpedeieins yeroruusoct anrepu A B cayvae ed
OMITOTEN THOCTH HIIW

Af™ o AT,

Kak jaMeyeno BLILIE, 3TOMO IOCTATOMHO /IS NOKA3ATEALCTRA H3IOMOPQ
cT CcT

ACT o AT,

W3 ykasasnnoi puiiie BHAJIOTHA: yHHBEPCAILHLE KNACCH anrefip —
ofipasnsg, anrefpa YCIOBHO TepMAIbRBIX GyRKUMA — aareGpa Tepmad
dynkimit (1.e. crobomnas anrefipa Myoroolpasna), Moxio Gru0 Gul OAM ‘
cnpaBeIMBoCTH 0GPATHOMD K Teopeme 1. yTBepXIIeHHs. Onnaxo crenyw
NPOCTOR NPHMED ONpoBepraeT 7o,

TPUMERP 1. [lycTs CHIHATYPa 0 COCTORT W3 QIIHOR OIIOMECTHOT )
uun f. Anrefpa A; SBASETCE IMIBLIOHKTHEIM oGLeaNHENHEM IHKIOB
curensio f) st 3 m 2, a anre6pa Ay — wwka i 6. Taxwm obpag
A #v Ay. C npyroit croponnt, 1.K. AR € Af"'.' n A | Ve(ff(z) =2
aarefpst AT (mpw n € w) npencramigor coloR MILOHKTHEE 6L
nua [-umkaos amew 6, 3, 2. Ovesnasio, uto f-umnknop monne 3, 2 8§
npencTanienny GHTH He MOKET, T.K. TAKNX IAKIOB HeT B anreGpe A, 8
060 YC08H0 Tepmadthiol GyHKID g(2y, ..., Z,) nan wirebpoit Ay,
ay,...,0, BXOAST B uWka wwns 2 (3), 10 u glay, ..., ,) BXOANT B 3701
JHKJI M, IHBYUAT, caMa dyHKuna g(zy,. .. I,) € AT wxomnt B ks 2
6. Taxnm ofipasom, cueriine anreGpn AfT JMONYCKAIOT JOKAILHOE HOKP
AMSHIOHKTHRME O6LeMuennamn f-UWKRon b B W, SRAYNT, AT

C npyrofl CTOPOIG ITOT NPUMEP NOKASKBAET, MTO B OTIHUHK OT All
FopManax DYHKIR | Trie wiomopdmam A] AT (F A e = Fon

9yl¥) =

piz) —+ &)

=1 S > o),

wiebpa A wiesmnorenna.

Henoc pesic tsennio nposepserca, 410 A = J29(E) = AT (s}, ..., 8]),
AT = TEp(E),

I vac tioc i, ecan @ nexoropas V-gopmyna w A yoroiusas airedpa, 1o

ATEp= ARy

Hpnmep 1 aeMoncTpupyet Tak e 10, 4T0 I8 UPONIBOALNLIX adlrebp
MR ITHE TeopeMmid 2 ie Bepio;

Ta ac 4T o~ N
neer cynecTaonanue wiomopdmamon A = Ay (F g, g = 'TMlA
s anrefip yeaonno Tepyasiimx gynkumi vro e rax, B pacomorpe
HpHMepre A"T o .A;'T. 13 10 e BPeMA HENOCPEICTRCHTIRE B THCTCHIES

: o1 1 Clar -l

avanaiar, uro AT 2= ST o Ay no [ATT] = 00, (A3 = 80
‘1 A 7 .‘,n 1

Py o 1orn A HPHMEE § HACTROCTI CARIYET, 10, BOODIT TONOPI,

' 7 ey ] G
| ! (O O praRenrTen \'“J“ = ~\”"i 1k -Al F jll,,:‘l.ﬂ) = | I). A(Il #: 3:‘.’3(1) = 3).
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Yameruu, 410, T.X, AS™ sunsercs nonanreGpon anrebpu A4 1 an
n3oMopuste anrebpam AT obpasyior soxanunoe nokprtwe aireGpu A
T0 Aas 2106010 KBAIHTOXRNECTBA

A2 AT Ry

Yepey Q(A) obosnauum kBassMHoroobpasie nopoksientoe aireGpoi A
CHIIY TCOPEMLI 2 W JAMCHENNHOTO BCAel 3a ef I0KaIATCABCTBOM, HMeeT

CJIEACTBME 1. [lux mobok ycrosunsoh aniefipu A clipaneinno.
pencrso Q(A) = Q(A°T).

Caencreme 1 W TeopeMa 1 BACKYT €CTECTBCHHLIR BONPOC: HCALIA JIH
JINTH YTBEPAACHAE TeopeMid | clieayiolmm ofpasom

QA1) = QAr) = AT = AST?

OrpruaTenshiifl OTBET Ha ITOT BOIPOC Bl TEKBCT U3 CICAYIOLETO )
pa.

[TIPUMEP 2. [lycts A, AsyxajieMenThas, a Ay — TpexacMentias
werxn. Takum ofpasom, NeCTBNTEALHO HMeeT MecTo pasciicro Q(A
Q(As). Toxamem, uto AT # AT, Yepes A? oBosnauum oborange
NnpoMsBoabHOll aurepl A BECICHHCM B CHIHATYPY HOBOID TpEXMEC |
dynxunonanLioro cumsona d(z,y,z) WHTCPIPCIHPYCMOIO KAK [MCK
watop Ha A. B pabore (1] oTMeneno, 410 yUIGBHO TepMadLiLIC
win aarebps A cyTh TepMadibibie GyHKIMN arrebpu A%, Takum obpa
AT & (AT = (F MA ,M)'. rae ' omavaer obencHne yKasann
repi 10 MCXOIUHOR CHIHATYPH (Y/AJiCHHeM W3 CHINATY LI dynximwn d)
WSBECTHRIX ONMCANME CBOBOMHBIX aAre6p KONE'TNO NOPOKALHILIX INCK]
HATOPILIX MHOrooGpasni (cu., k npumepy [8]), F MAL ! }' Ao !
cTasuMit GyJesbIMH TIPOHSBENCHUAMM ITPOCTLIX anrelp Mioroobpasii
W M(Ay), T.e. anrebp Af u onnosnementiol anreBpur b Tiepsam ciiysae
rebp Af. A3, onnosniemenTiol — vo wropoum. Hanwune comnomurens w
A, » npencrasienww sareGps (F M Aa}(_’)' OMANEET CYINOCTRONANAD |
rpysnunn © na stoit anrebpe q>am'ﬂp o kotopoR ypexaaementen, 1o
wiomopgmam AT 2 Afr..r.c. (F M Af)l-')‘ ¥ UM[A',':'-')" HORICHET

AL Tunye it
fliec 1 wosanme Ha anredpe (F l A,')I-')" Gy 1eBOM TIPONIBEIICHMN JIBY XMIEMENT-
HLX PEIICTOK, TAKOW KONEPYONIHK, GakTop 110 KoTopoil Tpexadementen, B
BAJLY KOWT PY U= IHC TPREY THBHOC IW POUICTOK, 4 NAYKT, CHOMMOCTH KOH-
1Py it na Gysesom npowssenennn (F MAl )’ X a7pam mpoaKTHpORAHW
(r:'c.'. K np(uu;wpy, [8]), 910 HeBoIMOKHO, A, 3HAUNT, HEBOIMOKEH W HIMOPPHIM
N 2 A

O rMeTM Tax e cielyoumi qoctatoiio otemuibii paxt, Onpenenensne
Ppas Menta Lyyp J0rukn Ly, o oK., K ipumepy, (9],

TEOPEMA 3. Jlns 20600t GopMy:an @ ¥IKOIO RCIRCICHRA TTPEIHKATOB
tymec reyet dopmyna @' € Lyyp Takas, wro ana moboit anrebpu A nmeer
MOCTT IKBHBAIEH THOCTh

ATEpe ARy,

JIOKASATENBLCTBO. Orpanuuumcs, A8 NpHMEpa, NOCTPOCHHEM GOpMy-
AM WMY"H = az‘l ey -zl(&‘ftltl! (’) = ,.2(!)&&;n-lq}(,) # q}(z))v
Bie 1), q] — TePMBL paCCMATPHBALMOR CHIHATYPH,

IV nannom civyae nonaraem

% V V
MW (i (0). W BINET <ef5), €T

V&l (v (g) =

1
=1

=

v
<ri{f) ot} (F)> €Ty

L ti (s 9oy @) = 30, T (W)

3, (0 (5,08 () (8,0, < o @) # @ (B,), s (B))))-

Yrnepaaenue AT o e A | ¢ ovenuano,

JuMeTHM, 110 Ra caMoM fieste [y p-hopmysia ¥ ABASETCH JaMBIKANAEM

pomoxyinocrn V- i 3-popmya otnocurennio beckonednmx (HY P-) xonwiox-
WA W EILIOBKIMA,

RV

ﬂnn-lmrypn

(1] Tinye AL O6 yeaosnmx TepMax # TORICCTBAX Ha YHRRCPCAILHRX aJl-
fipax. — TCTPYKTYPIIIE ANTOPRIMKNCCKHE CBORCTRA BIIYHCANMOCTH”
mennrennmiae caeresia, 1, 156, ¢ 59-75,
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BHYTPEHHUE H30MOPOU3IMbI H YCJIOBHO PALIHOHAJIbHASA

(2] Muuye AL, XapaxTepuaanns yCIOBNO TepManbibiX dynguni, C OKBUBANEHTHOCTD YHAPAM W nonAM!

cxni maT. wypHan, 1.38, Nel, 1997, c.161-165. Al Manye

(3] Munyc A.L. Yenonnue TepMbi # IPOFpaMmLl BRITMCIICHMA WA adr
Becrimk HI'TY, 1996, N2, c.

Pocemx
630092 Homocwbmpex, HITY
Knpenps anrebpu B waTemsTWVECKOR ROTEEX

(4] Munye AT, Heuncaenne yCIopniax TOMCCTE K YCIOBHO pallkonii : e-mail’  algebratasts nek su

SKBMBANCHTHOCTD.-ATeBpa W JOrHKa, B lICaTH.

(5] Thunyc A.I', Ycnosusie TepMu # CKOICMOBCKKE (Y NKLUH - B NIEwa1u. Iy paotax (1], [2] apTopa Ghinw whedextd MOHATHA yCJOBHOTO TepMa M

JOAOBIO PANHOHATLHOR IKAMBANCHTIOCTH yHHBEpCANRHLIX anre6p, No3so-
ANBILIHE TOTYYHTH HEKOTOPYIO HORYIO KABCCHGUKAIWIO YHHACPCAAbHEIX -
ebp 10 WX BEMMCANTEALHWM BOIMOMHOCTNM. Wunapuantamn 3T0R KNACCH-
PHKAIMH BIICTYRAIOT MHBEPCHEIC NOAYEPYINH BHYTPEHHNX WIOMOPHHIMOB
YHANRCPCASTBHLIX anre6p. HamoMnum, 470 BIYTPEHHAM n3oMopdMIMoM anre-
(8] Pinus A.G. Boolean Constructions in Universal Algebra, — Ki fipu A Ha3jLIBaLTCH MIOMOPHHIM MERILY nonanreGpamu arebpu A, Coso-

Academic Publ., Dordrecht-Boston-London, 1993, 350 p. RYIHOCTH BCEX BHYTPEHINX WIOMOPHIMOR anrebpu A (sxmouas u mycroe
prolipaxenue) oBpalyeT, OTHOCHTEALHO CTAHIAPTHAIM 00pajoM onpenenes-
Jol KOMNO3HIIMM, WHBEPCHYIO TONYIPYNNy 0603HAUCHAYIO Nlajiee Kak lso A
WieMnoTERTE 9TOR TIOAYTPYTITHE LCTECTBEHNEIM ofipa’loM accounMpyIOTCH ¢
ot efpasu asrebpia A. B pabote (2], » 4acTHOCTK, LI [IOKAIAHK Cle-
Ayotwe _VTIWP)‘UI(‘H“I.

TEOPEMA A. [lse kouieunnie ynusepcanbie amrebps A=< Aoy >
§ L =< B,09 > YCIORRO PaltHONAILHO IKBHBANCHTHE (o6nanany pasHEIMK
WIS HCTHTEALHBIMA BOIMOKIOCTAMM) TOTIIA M TOALKO TOTA3, KOTAA CYIie-
CHIYET BARMIO DRIOINAYHOR oTOGpAXEeNNe ¥ MHOKECTE3 A Ha MROXECTBO
B vaxoe, 4T

(6] Munyc A.I. YcaosHas TONGIOTHA W OHPEACRMEC BYHKIMH Ha YHH '
cansuux anrebpax.-s NEHATH.

(7] Muiye A.l. OG onpeneiiMMOCTH  KOHGHHLIX anrebp  NPOWIBOIN
CTPYKTYPaMM.- B NEYATH.

8] Makxau M. [lonycTumuie wioaecTsa n GeckoneHas A0rHKa. — Crpi
jias KHNCS N0 MaTeMaTH'eckoR noruxe, yacty 1. Teopus maiese, 1 ‘
Hayxa, M., c. 235-289.

1 lsolx = Is0A.

TEOPEMA B, J1ag f1106biX KOHEUHBIX Y HHBEPCANBHEIX anrebp A n £ un-
popciisie noayrpynim < lsod Uy > n < lsoL,Ug > (oboramennste mpeiKa-
rastyt 1/, ARLICASIOUINMN HACMTIOTENTh COOTRETCTRY I0ILNE Q/INOIEMERTHEIM

1 'ater i WO TEPH Gmpmusconodl odzepese Pocoufioxat s Gosrn PynaRMENT Wbl Accaenonwl
vt T #A1.01675)
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YIGPRAGICUNAR COBOKYLINOCTL NOAMHOKECTS MHOKCCTBS | JUIR KOTOpOR
I GHEPAlR A W PaeT TeopeTHKO-MHOXECT bediloe nepecevienue, a bhillle
SIACHEITIEE HPHIIHNLL TAKOBRL

W) PRIIHI 0GPATUMOCTH JUIN ¢ € S otobpakenue g-' Tak ke BXOIMT B

nananrefpam) WIOMOP@ILE TOTIA W TOJLKO TOFld, KO CYINECTHY T N
padiuhoe 1, o6paTHMEIR HACMIOTEN THEIR TCPM 1)(Z) CHIHATYPL adiebput
TAKME YTo adrebph A"’]( ) ML YCAOBHO PRIKOIGLIG DXIRBICH T,

Ineck A warpwinan creneat. atrebpu A n A"“(u) 1} PEAYKT ail
Bphi Al CooTnercTiyiouute onpeaeens MoKno wall th, k 1IpuMepy, b
Anrelipu A n £ cousatinnic Meay coBoR Tak Kak 510 OUNCANO 1 TEOPEME
HASRIBAIOTCH CXOMMMM, Lakim 0Gpasom, 1oAY Fpyine 180 A (WX Koukpe
NPCACTABACHNE) BRICTYHAIOT KAK WIRAPHANTI OTHOIICHIK YCAORIO pall
HaJIBHOH JKBMBAICHTHOCTH W KOWC'HILX anefpax, 4 1Hint WioMopdu
nap < lso A, Uy > RLCTYNA0T AHBARKAITAMA OTHOWICHHA CXOKCCTH M
KOHCHUHKIMH anrebpamu.

B paborax (1], (5] asTopa na ocioBe THX WHHAPHANTOR GIINCAIL YCAON
1A Toro, 410 O kanct sy anrehpa A Oulia YCIonno panoianiio HKu
AEHTHA HEKOTOPOR Noay peliet ke, peluet ke, Oyicnol aaredpe, 3 nacrosil
paboTe IvioBiLIe YeIoBNE HaRzeiL A3 Turo 410 G wirepa A G yeK
10 PANMOHANILIG DKBHEAICNTHE (CXOKa ¢} HEXOTOpPOMY YHapy, MOnoyi
koneiomy noalo. Kax sceria HOA ynapaMu (MoNHoyHapasmu) taiua
YHUBCPCATIBHAR aiileOpa CHINATYPA KOTOPOR COCTONT NI W3 (auliloR)
HOMECTHEIX DYHKIUMA.

B pabote (2] QUMCAHN YCIOBHA JUIN TIPEIICTABICHHA IBCPCHOR HOAYTPY
DK (U138 MHBCPCHOR HONYF PYHIES € BRUCACHHEM MIOKCCTHOM WACMIKOTCH
HACTHUABIXY OMeKiR na miomecTae A b niie 150 A Ui kianui A0 waireh
A=< A0 > (8 Bwie napu waomopdrion nape < lso A, Uy > ais nekorof
anrefpu A). A WMCHHO JOK3aN Aba CICAYIOUAX ¥ THCPAICHNA.,

TEOPEMA C. Jias napwt < H,S >, tie H — nekoropas cobok
HOCTh NOAMHOXKECTE MHOXCCTHA A W S COBOKYNHOCTL OMCKIMA MeX
NOAMHOXECTBAMM U3 H, cytuectayer yumnepcaninas anrepa A =< A,0
c yenonmamk H = SubA, S = lso A Toria u toiuko rorna, xorna H - i
refpanyeckas pemierxa nonMHoxects sraovaontas A w ¢ w napa < I, S
YAORNCTBOPACT TPHINIHNAM OBPATHMOC TH, KOMIOIHIINN, HOHOINHAKNBLIX °
OFPANYUCHNS, COTIACORANNOCTH, PAOOASINIAINN W QHHOINCMENTHIIN |
rebp.

ek nan PEIETKON IGIMHOKCCTH MIOROCTIG A oo ren peane

B) npinnn kostnosuumnn: win g, h € S ecamry =d,, 10 goh € S (d) —
AC T onpeeneis by ry - obaacT swavenws A);

D) IPHILAN HENOABRANRKIX TOMEK: LI @ € S MHOXKecTBO

g=1{a€ Algla) =a} sxonnur » H;

1) npunumn orpanmienus; aas g € S w C € I ecn C C dy, 10 glc € S
¢ - orpanucne g jo C);

) i coracosannocs: 1w C € H ide € S (ide — TomnecTsennoe
ofipiamenne wa C), i g€ S dy,ry € H;

0) upninsn riobaausaunn: aus mwoboro C € H w moboro oTobpakenus
L) = S rakoro, o

M) wan D€ F(C) dygp) = H(D)

4) i nobux Dy, D € F(C)

DO i, nmipy = F(D2)|nio,jnno,)

nwcrsyer h € 8 vaxoe, 4o dy = C w ik abore D € P,(C)
o = F(D). Bnecw P{C) — conokyocTh Beex KOHEMBRIX NQIMHOKECTB
okec i Ca (D) nanmerrinee nagmnokectso k3 H conepxaiee [;
LA HPINWN oapeoneMen TiRX  nananrebp: s aobux a,b € A ecin
{g}, (0] € 1, 10 cymecinyer b € 8 rakoe, wio dy = {a}, ry = {b).
TEOPEMA D. llyctn Consepenas nonyrpyma u U sexotopoe naiMuo-
Rociuo ec waemiotentos. Torfa cyiuectsosanne yuubepcanbiol anrebpu
J Tanai, wto < LU SZC [so0 A, Uy > aKBMBAICHTHO CIQLYIONINM YC/IOBR-
AN COBOKYIHOCTE WIEMNOTEHTOR 10iY ) pynne £ ofipasyer airefpanieckyio
emerky ¢ dynem 0w eamimnedt 1, U saMkinyToe NOAMHOKECTBO CTPoro
MM LI RAEMIOTERTOR TIoMYIPYInib £ W BLIGoIHenst Yeaonna a')-#').
DB NCHYICHOR ACMIOTERT € NOAYTPYINGE £ RaILBACTCA CTPOIO MKHA-
MM, BN E MHTRMBICH OTHOCHTEN IO CTANMAPTHONO TIOpRAKA Ha He-
HY I BeMNoTeITax wois moboro g € £ wy pasencrpa gy~ ' = q 'g =¢
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L Munye 13b
putekaerT pasenctso g = e. [lonmnoxectso [/ wieMnoTenTon Hasbisae
AAMKHYTEIM, e ans mobbix e € U, g € £ mbo g 'eg=0,mbo g 'eq €

Yesionwe a'): ana moboro g € U\ 0 cymecTsyer wieMnoTent e Takol,
panericrao hg'g = bg~! pammocwasio pasenctay bg~' = be.

Venonse 6'): s moGoro wnesnotenta € K noboro oTobpaxenun
('(e) = {€'le' — nnemnoreny u ¢ < e} —+ L Taxoro, 410

1) nas h € Cle) h= F(h)~ Fih);

2) nan Iy, hy € C‘(‘) F“")'Ilhg = F(hg)ﬁlhz _
wadnercs [ € € vakoi, wro ['f = e n F(h)h = [h nax awboro h € Cf

Venonwe #'): 108 ey, €2 € U cymecrayer g € £ Taxoi, soglg=e
g = e

B paasneimem napet < [{, S > ylonIeTROPRIOHIC YCAOBHAM TeopeMid
mapn < £,U/ > ynomieThopaioune yCIoBUAM TeOpCMil D nasoseM CoOTH
CIRENHO KOHKPETHO anreGpantccky IONYCTHMBIMH H abcTpakTho aare
YECKH RONYCTHMLIMM.

[lepeliziem Teneph K ONKCAHWIO KRBAPHARTOR OTHOLICHUA YCIOBHO P All
HAJILNOR SKBMBAICHTHOCTH W CXOKECTH VIR YHAPOR H MOHOYHAPOH,

TEOPEMA 1. Jlns xonkperno anreGpantieckn JORYCTHMOR Naphi
< H,5 > na muokecrse A nainerca yuap A =< Ao > Tako#, 8
fl = SubA, § = Iso.A 8 TOM X TOJLKO TOM CAYHae KOIZA PeiieTkd
McTpuGy THBKA, 18 awboro ¢ € A saement H{{a}) V-nepasromum B
werke H w S obnanaer CRORCTROM AMAJNLIAMHPORARNS: 11K g) 1 € 5, &
G1ldy, iy = a4, ndy, TO CYMIECTRYET h € S rakoe, w0 hlg, =g ¥ hla, =
Hepiio w ofpatioe: s mobore ynapa A napa < H{A),5(A) > obinag
COMM YKASANHWIMK 3ech caoRcTRaMM napi < f1,S >.

JIOKASATENBCTBO. JlOKAMATENANCTBO OCHOBAHO M KONCTPYKILAN
nameR K ﬂonccony W HCHONBIOBANNON B AoKavaTenscTsax teopeMm C10
[6], Bpemxuna [7) » Teopema €.

[lia moboro a € A w mobora o' € H{{a}) erencm B paccmorpenne o
WECTHYIO DY KNI fo () Ha A cactyionmm obpasom:

Jipesie BCEIO OTMETHM KOPPEKTHOCTH ONIPENENCH A GyuKinm fo 0 Ha MHO
1oe A. llyers gi, ¢ € S Takoswl, wro b= gi(a) = mla). Tlokaxewm, 110
wl0') = gila'). Tlo mpunusny orpanuienns HakayTca hi, hy € S r1akne,
b = Gilagqayy- 1pw s1om hy(H({a})) = ha(H({a})) 2 {b} u, cacnona-
wo, Iy i Hi{a))) sl ({a})) 2 H{{b}). Tlo npuniwias OF paMHEHHE W
I usocTH naitaerca f € S rakoe, wro [ = hf’ln((m- {lo npHHUATY KOM
w1y, = H{{a}) n fhala) = a. (1o NPHRUMAY HENOUBMAHLIX TOYER
s /b, = H({a}) w, waunr, fho(a’) = @', . [7'(@) = hofa). o no-
sutice onnauaer, wro hy(a') = hy(a’) u, Tem cambi, g {a') = mla"). Taxum
pniom, by NKIUKH BHAa [0 ONpeesientd Ha A KOppexTHo,

lyern A=< A; fowltnea € And € H({a}) >. Ovuesmjno, 4ro conor
wocts (= {11 ({a})|e € A} cosnanacr ¢ COBOKYUHOCTLIO Sub; A — an-
Joposienliax nonantedp wiredpsl A. llokaxem, uro H = SubA. Jlocra-
wo nokasaty cosnanenne Hy = {H{{ay, ... Jag))[n Ewnay,... 6, € A}
B eonokyuiocth SubyA seex KOHEUHO NOPOKICHELIX noantedp aaredpu A.
4 1010, B CHOIO ONCPEALh, TOKAKEM, 4T0 LN JIOBLIX dyy ... Oy € A nog-
JaGpa < Q),... 0y > @leOpE A NOPOXTEHHA ulwxec:'ruoun{a......a,.}
wanaer ¢ H{{ay,...,0a}), Broovenne < @y,... .0, >= U < e >=

W 1({a}) C Hif{ay,... 0s}) 0MeBRIHO. [lokaaem o0Bparnce BEAKYE-

e lycrn ¢ € H({ay,...,as}). Torna H{{c)) € H({ai,....as}). Ho
L)) = .91 H{{a:}) (rne V — pemerounii, B pemeTse H, cy-
gomys). Tax kak H nMcTpubyTHBHas pemerka, Hi{c}) = Hi{e)) A
.Hl{a.})) = 'gl(ll({(')) n H({a.'})) w, wwaawr, Tax kak H{c}) V-
WP KM, HARIETCR ] S N TaKoe, T H({c)) = H{{c}) N H({a;}), re.

B0 H{a)) =< @, >C< ey, 2 Wirax, paencrso [l = Sub A noxasa:

JokameM TENeps, 110 COBOKYIHOCTL HIOMOPHUIMOB MEKILY nonagarebpa-
Wi wiiehip A connanaer ¢ 8. Hyers B,C € Hwh — wioMopduim Mex-
iy nosiagefpamn £ w Y oaarcopu A ¢ ocnosnmmy suoxectasn B n €
oo e rersenio,  Orobpaxenne F 2 Pi(B) = S onpencanm CACHYIOIHM
W e D€ ELB) nyery (D) = hlpepy. e J0KasaTeaLCTsa

gla'), ccan cymecroyer g € S
[owib) = raxoe, 4vo gla) = b,
b B IDOTHHRIOM CHY e,
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0! = hee~! maiperes r € £ yIORneTROPSIONING panencTy tgg~' =rec”,
el 79" ABSCTCH V-HEPAIIOKNMEIM B pereTke HACMIOTEHTOR N0y
Wy £
CTEOPEMA 2. Hycrs £ wunepcnas nonyrpynna, U nexoTopas JaMkHy-
CONOKYTIHOCTL €8 CTPONO MHIWMAILHKIX WIEMTIOTEHTOR, Torna crenyio-
| ¢ YCJIORHA AKBHBANCHTHLE
1} nas nekotoporo yiapa A mapsi < £,1/ > w < Is0 A, Us > WIOMOPDHE,
2) napa < L,U > ymosnernopser yeaosMaM a')-n') u aareGpanyecxas
JeTKA WAEMTIOTeNToR ToAYrpyniml £ amcTphby THBKa, obnajiaer HyfeM H
R
JOKAIATEALCTRO, Mmnankauns 1)—2) ovesnana. [loxaxem, 4TO W3
enenyer 1), B paborte 2] B nokasateabCTo TeopeMbl Barnepa-[lpecrona
0 ToM, 410 A0DaR KIRCPCHAR BOAYTPYTINa NPEACTABRME noayrpynnoi Guex-
fi Moy TIOAMHOKECTBAMH HEKOTOPOID MHOKCCTER A, BHecCHE KOppek-
pORKH, TOIRONINIONINE CUNTATE, WTO B ITOM MPEACTABICHHN HIEMTIOTEH-
PWXOIANIHM B COBOXYNHOCTS [/ W TONKKO WM COOTBCTCTBYIOT oliHoaNe-
W inde o6AACTH ONPCAENERNS PACCMATPRRACMEIX Guexamit. Myers § —
LOROKYIHOC TH BHEKIMA COOTBETCTBYIONIX JCMCHTAM NONYTPYTIH LwhH
 wnomecTro obnacted onpecienns >rax Guekuwd. Ycnosus a')-v') nan
pi < £.0 > w anrcOpantiHocTh pelieTki WACMIOTEHTOR Ty PYITITHI
:Mnanamum HyneM W eIMIHIeR (Kak IaMetieno B [2]) snexyT BumORNK-
Moct), s napi < H, S > yciaonnit Teopemil A. W3 nokasaTenscTsa Teope-
M 1t nepa-TTpecTona BpUeKAeT, 410 B Ka4eCThe siokecTRa A (GHeXIHAMN
MY [10IMHOKEC THAMN KOTOPOTO WHTEPIPETHPYI0TCR QIEMEN T IONYTPYTI-
Wi L) spcrymaer MuomecTno L w aaement g € L wirepnpeTHpyercs npu
Jiom ¢ Tofpaxenies , ¢ OBNACTRIO onpenesenns Lgg- | neficTRYWUM Ha
L9 caonyionmm ofpasom: s @ € Lgg~' wyla) = ag. Onemmuno, 4o
Jorms venone 1) cooreeTcThyeT TpeboBANNI0 V-HEPAIIOXNMOCTH B pemer-
g Il viesenton suna H({a}), e a € A. Ycionwe xe r') cootReTcTRYET
AN pyeMocTs ang Gwerunit s S, Koppexuns 70ro NpeJICTAB/ICHHA
oy Dy £ npeipRitatas & 2] caxsana Juwink o CTporo MUHHMAIL RBIME
WAMUOTCHTAMN TIJYTPYII £ W HE NPHBQNT X RAPYUICRNIO rpebosannit
Vi U MO TH IEMETITOR BUE I1{{a)) w nsaanramupyeMocTy Guexnmil

pEa0Mennd h € 5 NOCTATONHO B CHAY NIPHHIANA TAOGAIHYAINK NOK:
ata nas moboro 1 € P, (B) orobpaxenne hp = h|yp) npunanseskn

flycrn D = {ay,...,8,}. B cnay noxasannoro swme (D) = U Hif
1=l

W, TEM CAMGIM, 1[I0 CRONCTRY AMANLTAMWPYEMOCTH JUIA S, I0CTATONIO
sernty, 410 b = hlyiay € S ans moboro i < no flyern i = 1. K
[H({a})| # !, To mycts a' # a n a' € H{{a1}). Torna [, .far)
W, aunt, fo o(hi(a)) = Wla) w hifay) # hi{a'). Tem camum, no
CcTpoenuio PYRKINK [, v, Nailiercs g € S akoe, uro glay) = hy(a '
gla’) = hy(a'). Tlo npwnunny orpanusenns, gy, ) = i, 14 by € 5. 1%
we |H{{ay})| = 1, To hy € S n cay npHrIANG OMIONICMERTHEIX TIOME
refp. Takum ofpasom, moBGok wiomopduIM Mmexiy nouanreGpamu adre
A npunazsexur S. O6patoe, T.c. TO WT0 0TOGpANKENNA H) 5 ANNAK
WIOMOpgHIMAMH Mexay nonanreGpasyn anreGpul A 0deBIHO B CHILY O ‘
nenenus GynKiom fo . Tak xe ovepniio, wto s aioboro ynapa A m
< H(A),S{A) > obnanaeT BCCMH CBORCTBAMN YKAIAHHLIMH B GOPMY /WOl
reopemnt fuis naput < H,S >. Teopema noxasana. '

CJIEJICTBUE 1. Koneunas airefipa A yoiosno paiMonanbo K
JIEHTHA HEXOTOPOMY YHADY TOT/IA W TONKKO TOTAR, KOrna pewerxa Sub A
rpufiyTHRIS, annonopoxaeniie nonanreGpul anrebpht A V-tiepasion Y
8 pemerke Sub A n nonyrpynna lso A ofanjtaet CHOACTHOM aMALIAMUP
MOCTH.

Paccmorpum Teneps aficTpakTiyio xapakTepusannio nap < £,U >
Mop@uux napam < Iso A, Ug > uax ynapos A. Hapauny ¢ npusencis
pesien 3a dopMyanpopxol Teopemrt [ ycaosud a'),6') ') chopmyanpyen
caienyoume yeiaomn na napy < £,U > rne U nexoropoe samknytoe
MHOKECTAO CTPONO MEHMMAJILHLIX WAEMNIOTEHTOR HHBEPCHOR N0AYT Py Ik
COBOKYIIHOCTL RNEMNIOTEHTOB KOTOPOR ofpasyeT peuieTky:

1'): [l nioBwx gy, g7 € £ TaXMX, YTO I8 NPOMIBOILHLX hy, Jiy € 3
papencria hyggr' = hagrgs' murtexaer pasencso higy = hygs, nainerel
TAKOR, 10 e moboro hy € £ wmeor Mecto panencrsa higigr ' h = hig
hithgs b= hgp.

n'): Jne aoBoro g € £ yAorIeTROPAIOILICIO YCIOBMI0:

(*) cymeernver h € £ rakoit, wro ang mobux e bt € £ vaknx,
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) napa < H,S > 1axosa, 4T pelieTka H nnctpuby THBHA, JuA 1106010
& A wnement H{{a}) V-nepasioxum B pemicTke H, nas S WmMeeT MecTo
OARE AMAILTAMMPYCMOCTH R BLINOANCIHLL YCAOBKR a)-y).
JIOKADATEALCTRO. WMnankanns a)—+6) ovennina. Jlokasem obpaTHYKO
mnwkaumo 6)—a). Tlycts napa < H,S > yronicTaopaeT ycaonumo 6), Ha
pkoc e A onpeneans GYHKUNIO [ CACAYIOUBM ofipasom:
goin 11({a)) He spaseTCE ATOMOM PCIICTKA H, 10  cuay yenosuit a) u )
wica eqmncTaennidi dement b € A Takok, 4TO H({b}) = H({aP)\ {a},
§ ) 2TOM Cayiae, Mo/NoKUM fla) = b,
o H{{a}) arom pewerku [, T, TK. WO yCIOBMI fi), MnoKkecTBO
I{{0}) xomeuno, mycre Hi{a)) = {aiy-.-\00). llag i < » mosoXAM
) = gla;), e g HeKOTOPI PHKCHPORAHNLIA HOPOKNAIOUHA LKAN-
poro 1pynnm {g € S|dg =15 = H{{s}).
Taxum obpazom GyHKImA [ onpejiesicia Ha BeeM mnokectne A. [Tonoxum
we A f >. B onany ameGpantHocTR peilieTki noamsoxects H ank pa-
snctna [ = Sub A noctarowno nokasath, 4To LA MoBLX ay,...,00 € A
I{(a),...,8:}) =< @100y On >, TRE < 8y,...,8n > NopANTeGpa MOHOYHa-
A NOPOAJICHHAN INCMCHTAMM Gy, ..., On, B cumy nmCTpuBy THBHOCTH H
V- HepAsIORHMOCTH B peiieTRe H nonswoxects suna H({a}), raea € A,
W B IOKAYATCABCTRE TCOpCMb }, 3BMCHAeTCR, HTO Hi{a),... 0n}) =

u3 S B OTKOPPCKTHPOBAINOM NPEJCTABACHNN. T'em camiast LUt OTROpPeR
popanuoR naphl < H,S > OKajLIBAIOTCH BLINOJHEHULIMA YCHORHA TEOR
1 W, INAUNT, HaRneTCE YHap A raxon, wro napu < LU > w < Iso A, Uj
wsomopdunt. Teopema jiokasana.

'fax xax ug moboro ynapa A, 1060ro narypaikioio 1 MaTputinad
peits A™ ocractca ynapou W ynapom e Byact 1) peaynt Ay anvel
AP 1o nioBomy oB6paTHMOMY MACMIOTENTHOMY TCDMY niz) curnatypu
TO W3 TeopeMil 2 BRITCKACT

CJIEJICTBUE 2. Koueunax airedpa A yeiosio paluolatbiio KR
AeHTIIa HCKOTOPOMY YHapy TOI/a W TOALKO TOAa, Kot napa < lso A, UJ
YAOBJACTBOPRET YCIOHHAM a') o) W peeTRA WICMHOTENTOR HOAYID i
[so A aucTpuby ruBia.

JameTUM, 4TO yoiopus @) a'), B OTAWIMM OF yesonui caenctany |
XOHKPETHR, @ abCT pakTHUL.

PACCMOTPHM TENEPD @IA0I NN IIE BUIPOCKT U1 sonoynapos, 1ycrh
< H,8 > — uapa, COCTORIIAN M3 aureBpaKeckoit pemciki 1 noamioKe
MUOKCCTBA A W COBOKYNNOCTH S OHCKUMA MCAY JTHMA NOAM IO T Bl
PaccMOTPHM AOIOIUNTCUBIO CHICAY OUKC YCACHRA:

a) nas nwboro a € A anbo cymecruyer b € A 1akon, w0 {{bj
Hi{a))\ {a}, aw6o /1{{a}) - arom n peicike I,

f) s moboro @ € A conokymmoeti {H € B € Hifa))) anm
yNOpS/teHa 10 BIKYEHIIO W JAu60 KoHeua, 6o WMeeT NopRAKaEL
w". Bcam H({a) atom s I, 10 [H{AD] < x

y) ecan |H({a})} = (H({6))[  H({a}) wrom v II, 70 G, = |9 € Sid
ry = H{{a})} wesamueckas rpyuma, |G| = [H({a})] w cymecrpyer
raxoi, wro h{a) = b. :

Ecaw [H({a))l = |H({8})], H({a}) ve swiueics aToMoM | i |{
H|IBCH{ap)l ={BEH|BC H({b})|, 10 cymecrayer g € 5 W )
yro gla) = b.

TEOPEMA 3. JLis KOHKpeTHO aivepan' iccku JONYCTHMOR HApil
< H,8 > na wnokectse A CHIYIONME YOIORRS AKHUMBAJICHTHLE

d) JUIR HUKOTOPOLO MOIDY Hapa A=< A f>uapu <S>0
< Sub A, lso A > connanaoT,

: H({a;}) w, TeM CAMBIM, ZLIR paselicTBa i = Sub A H0CTATOUHO IAMCTHTS,

p 1 ({a}) =< a > s awboro a € A. Tlocnemnee Xe HENoCpeICTBEHRO
waer w nocrpoesns pynkiwn f. (Ipurunn rA0BAIHIANMA W YCIORME
ML AMHPYEMOCTH TI% GHEKUNE 3 S CcRONWT MOKAIATENLCTHO PANEHCTBA
wsomopdmm ¥ na L} = (g € Sld, =V,r; = L}, rae £ n V nonan-
it adrefpsl A, K AOKA3ATELCTRY PABERCTS {J1] — nsomopdmam

0> na <b>)={g€Sld=<a>r=< b >} nas mobsix a,b € A.
Wlocieiee Ke ErKO BHTEKRET W3 NPHITIANG NenaUBRRRAX TOUER H YCJIOBHA
), Msimkauns 6)—+a), @ aMecte ¢ He# W TeopeMa 3, I0KA3ANbI.
CJIEJICTBME 3. Kowetnas auebpa A YCAOBHO PAUMOHATLHO IKBH-
ATl HEKOTOPOMY MONOYRApY TOINA W TOJLKO TOFA3, Korja pemier-
Ch Suh A amerpuby taia, 018 aoboro a € A noganrebpa < a > V-
WA VIOKAMA B PEIICTRE Sub A, nonyrpynna |0 A ofinanacs CHORCTROM
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amankraMupyeMocTi ¥ < Sub A, lso A > ylosierpopser yeaosuam a) -y),

Yxamem Tencpl yclosus npH KoTopiax aberpaktio atreGpandecku Jomy ) 7).
crumas napa < £, U > wsomoppna nape < oA, Uy > nax nexoropd CIIENCTBHUE 5. JLux aioboit xonieunon anrebpu A caieyioime yciosus
MOHOYHapa. PaccMOTpUM CHeILYIONIME YEJIOBME HA KIRC)CIYIO HOAYFpY I KB BASICH TIR
W 3aMKHYTOC NOAMHOXCCTRO U/ ee CTPOIO MHIHMAALILIX WIEMIOTENTOR:

o) g moboio g € L, yuonsetsopaioniero yeionmio (*) wy yeionns 4 '
Haisiercs u € £ ynowieTopsioninit yesonmk (*) tukol, wro Cun™' = Lgg
{hgg™'}, rae h — aaement wy ycaonus (*);

) nns awboro g € £ yaowicrsopsionicio yeaosuio (*) cosoxynio
WACMIIOTCHTOB NOAYI YL £ He hpealitiaonnx waemnotent gy~ auncil
YIOPASoYEHa W GO KONC'HA, AHDO WMeeT Hopaikosuii T w'. Ecau e a
B PAIICTKE WACMROTENTOB 1onyrpynnt £, 1o |Le| < yq;

) ecan WACMIOTCHT € € £ SBINCTCH $10MOM B peilier ke WMo Tel
noayrpymis £, 10 G, = {g € Lleg = ge = g} — umkanveckas rpy
|Ge| = |Le| w nus moboro aToMa € B pelieTKe WAEMIOTEHTOR HOAYIPyni
L rakoro, uro [Le)| = |Le| cymecrsyer b € £ rakod, wro eh = €.
91,92 € £ n yowieraopiior yeionnio (%), uiemenin by, hy € £ wipaior po
anementa h us yorowns (*) s gy w g coorwercraenno, [Lgig7'| = |Caa07")
VHCHE HACMIIOTEHTOB MENLIINX NCM gy " N ' CoBNaNAoT, TO CYNIeCTBY
g € L Taxoh, wro hig,gi'g = hagugy "

Ouenwno, wro ychosus a) +') nas napu < £,/ > coorneictayior yoi
BuaM a)—y) B npencrasacnnn Baniepa-llpeciona. Kpome 1010, s ey @
senctia |G, = |Le| im aTOMOB € perierku BAeMno ren 1on Boayrpy ik |
BXQAAILENO B ycioane 7 ), U BYHET COCTORT L B TOAHOC TH W1 BCCX CTPOIO M
MAIBHRIX WACMIOTeR TR HoAY Pyt £, TeMm camiim, KoppexTHponka np
cranaenns Barnepa-llpecrona u gannom cayvae we norpebyercs. B ol
nsomopdmsma mapu < LU/ > wnapu < {Lgg97' \ {0}|g € L), {w,lg € L}
110 Teopeme J NoNyHAeM CICAYIOILEC YTBEPRACHAC.

TEOPEMA 4. /las noGok anreGpantieckn nonycrnmon naps < £, U
CACAYIOMNE YCROBMA SKBUBANCHTIIBL:

) uan nexoroporo mokoynapa A napu < LU > w < lsa AUy >
MoppiLI,

6) napa < L£,U/ > Takoan, WTo WACMIOTCITI WIRCPCHOR BOJYEPY TR

0bpasyior ancTprby THBRYI0 peuteTky ¥ L yionneTsopier ycaonmam 1), 1),

i) adiebpa A CX0Ka C HCKOTOPLIM MOKOY HEPOM;

0 napa < Iso A, Uy > ynosaersopier yciosnio 6) reopemst 4.

I ikmouenne onmiies anieBpul yCI0BIO PALHORANLHO SKBHBAJICHTHEE
RONCHHLIM TOHAM paccMarpuBacMiuiM b curnarype < +,+,0,1 >, Mauwumocrs
Wobora Kouewnoro nonw P pasia p" IR HEKOTOPOIO MPOCTOID YHCIE P M
Marypansoro n. Kak xopoino wssectio, cM. X npumepy, [8], nopaire6pa-
MU KOMEAIX TIOJCH SANIOTCR BOANOAS W AK00R H30MOPGNIM MEXAY Toa-
Boassu nons I nponoamnm oo astosmopduiMa nosie F, mpu s1oM npocroe
Dwioae 1oax J° o Cyrh HeNONBYIKHBE TOMKH BCEX BHTOMOPGHIMOB TIOiS
F. Upymia astosopuimon Aut F' nons l'anya £ = GF(p") — uukanie
IR OPANKE N W CYLIECTBYET B3auMI0 OUNIO3NAYHOe COOTHETCTEHE (CooT-
worcinme Canya) mexay nourpynnasn rpynma Aut F w uonnoassu noas
F (coothercrryolee noanoe RBJISETCR COBOKYIIHOCTLIO HEIOABMKHLIX TO-
N coo rreTeTuysomed nonrpynnst). [lpw srom, ecam H noarpynuna rpynnu
Aut 1w [k = m, 10 uKcio venoaswxikx Tovex ans H panno pw, Taxuu
Wipaion, ccam A =< A;0 > yuupepcainias anrebpa MomiocTH pt uia e
MOTOPOIO POCTOIG P W H&TYPAIILHORO 1, 1'PYIIG aBTOMOPDMHIMOB airebput A
IR ICCKAR HOPRIKE B, A% AOBOTO 1h (HEAWTENS 1) HENONBMKHEE TOYKM
WTosopdismon axrebput A nopsaka m obpasylor napairelpy anrebpu A
MOULIOC TR P 1 ApYrRX BodanreBp anreGp A Het, Kpome Toro ioboll a-
Sumopdm o nasairebipu wirebpu A npotoakum 10 artoMopdmama camol A,
W0, OUCHIAND, CYICCTBYET BIAMMHO OQI0YHAYHOE 0TODpakeHHe ¥ OCHOBHOID
Mioaecraa A anedpu A ua ociossoe mioxecTso nois G F(p") raxoe, ¥ro
W[ Sub A) = SubGF(p") w n coupsraer orobpanenus u3 lso A ¢ otobpaie-
Wi w150 GF(p"). Tem camuam wmeer mecto

TEOPEMA 5. Jlas xkonkperno anreSpantieckn QonyctTuMmon naphi
CLS S na miokec e A CACIYIONINE YCIOBHA IKBHBAICH THOCTH

i) g wekoroporo noas F =< A+, 001 > napu < 11,8 >
Sl o B> conmanaton
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6) |[A| = p" nns wexoTOporv NMPOCTOrO p W HATYpaALHOrG N, moboe ¢
Gpasene Wy S NPADNIKAMO [0 NEPECTAHOBKN MHOXecTEA A bxons
S, nepectanonkn A sxonmue 8 S obpasyotr uwkmHteckyo rpymny G
PANKA 71, DOAMBOKECTRR BXOmALIE B H CYTh NOAMHOKCCTRA HENOLRW
TOUK A8 noarpynn rpynnst G W npw atom ecmn (7 — nonrpynna rp;
(7 COCTOTIIAN WY AEMCNTOB MOPA/KA m (M — [ennTesb n), 10 M
MHOKECTBA HeTOMBMKHIX Touek i Gy, pasia p=.

CNENCTBUE 8, Koneuras ynmsepcanshas anrefpa A cxoxa c
GF(p") torna m Toakko Toraa, korna < lso A Uy >=< C*O > rne L}
ROPCHAR MOJYTPYINA RBASIONIASCA CRAIKOR GaKTOP-rpynn rpynisl Zn
CHTEARHO PemeTKH KaeMnoTenTon ARoficTeentol Kk pemerke seautened
1A 1, e o0pasYIoUTIMA TOMOMOPGHIMAMN MEKILY ITHMN HakTOp-rpy
FRINIOTCS KRHOHUYECKHE TOMOMOPIMAMEL.

COVERS OF ALGEBHAIC VARIETIES'

K.N. Ponomaryov

Rusaia
630002 Novosibirek, NSTU
Department of Algebra and Mathematical Logic
e-mail: algebratnetu.nak.su

1 Covers of algebraic varieties.

Y'he investigation of covers of algebraic varieties has a long history. I'll give
you a short sketch of it

let us remember some terminology. Let K be a field of characteristic p.
lot V be an algebraic K-variety (i.e. V is cedefined in some projective or
ah uffine space by polynomials with coefficients in the field K). By a cover
ol V is called a dominant regular K-rational finite map f of some K-variety
Ui V, [ U = V. lere K-rational and regular means that [ can be
tefined by K-polynomials and dominant means that image of U in V is dense
I Zarisky topology and finite means that preimage of any point of V is a
Mnlte set of points of U.

Lot K(V)and K{(U) be the fields of K-rational functions of these varieties.
"I'he cover J corresponds o the embedding of the fields f* : K(V) =+ K{U)
(Lo, to some extension of the field K(V). The degree of this extension is
talled degree of . I this extension is a scparable one then the cover f is
valled & separable cover. From now on we shall consider only separable covers.
Degree of the cover [ let us denote by n.

Now let a field L be a normal closure of the extension f*. ‘I'his is & minimal
Gulois extension of K(V) which contains K (U/). Let G be a galois group of
the extension L/ K . In some sense this group Is a measure of complexity of the
wver f. The cover f is called unsoluable, soluble, abelhian or cyclic cocver if
Whe group G is an unsoluble, soluble, abelian or cyclic group correspondingly.
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144 Covers of algebraic

: . . nvariants of branched covers.
[t us assume that variety V is a normal variety (it means that for

point of V a local ring is an integrally closed ring). In this case almost ,‘
point of V has exactly n preimages. In other points of V the numbe
preimages is less then n. These points are called branched points of [,

set of branched points is called branch loci of .

From general ramification theory (see [1]) it follows that branch loci
proper subvariety of V. If variety V i a regular variety and U a normal ve
then well-known theorem of Zarisky-Nagata abont the purity of branch &
asserts that the branch loci of J is a finite union of subvaricties of codimens|
one (loc.cit.). So usually one impose just this condition on U and V.

From now on ')l consider V to be a regular variety and U be a 1
variety. General problem in the investigation of cover [ is to find a connec

between & character of singular points of a branch loci of J and a galois g
of the cover.

interest to the problem i concerned with the case of a nonzero charac-
itic of the field of definition F. Denote by the prime p & characteristic
soonent of the field F (p = 1 if characteristic of I is equal to zero). Let us
fine some characteristics of covers. From now on let I/ and V be projective
Wechiraic varieties, V be a projective and U be & pormal variety. Let us de-

ste by K = F(V) and by I, = F{U) the fields of rational functions of these
wrietics. As before a cover [:U =+ V defines an inclusion K C L. So one
an extension L/K. .
Projective variety is a complete variety. So irreducible subvarieties of codi-
<ion one corresponds to discrete valuations of the field of rational func-
fons (see [3]). From ramification theory it follows that irreducible compo-
ponts of the branch loci correspond to those valuations, of the field K that
Nave ramified extensions on the field L.

S0 we come to the notion of ramification index. Let w be some discrete
wluation of the field K. If the extension L/K is a galois extension then
sll continuation of this valuation to the field L are conjugated by automor-
phisms from galois group. From new on let us assume that L/K is a galois
xtension and the cover [ is a galois cover. This reetriction s necessary in
the statements of the author to.

It W be a subvariety of V of codimension one. Let it corresponds to the
waluation w of K. Let W' be a preimage of W in U and let W" be some
{ireducible component of W'. Let v be a valuation of L which corresponds
{o W”. This valuation is an extension of the valuation w. So the value group
w(K ) is a subgroup of v(L), it has a finite index. This index is called reduced
sanfication indez of the cover [ on the variety W, e (/).

lesidue fields of the valuations v and w correspond to the fields of rational
functions of the varieties W and W" correspondingly. et us denote it by k
wid [ Then one can consider k 1o be a subfield of 1. This inclusion c‘om.!-
wpands to the restriction of the cover [ on the variety W", This restriction i8
w cover but it need not be a separable one. Let us denote by d¥(f) a degtee
ot the extension 1k, and by ¥ (f) unseparable degree. The pumber d}} is

Lot us give some example. In this example | restrict ourself to al
varieties only.

Example. Let K be a field. Let p does not equal to 5. Let U be a sul
in an affine 3-dimensional space defined by the equation: z° — 2z — y
Let V be an affine plane of coordinates X and ¥ and f be a projection @
into V. From galois theory it follows that galois group of f is the alternal
group on five symbols. This group is unsoluble. Morcover it is known.
in the origin the local Galois group of this cover is unsoluble (this statel
belongs to A Hovansky (2]). In this example the branch loci C is a ol
curve. In the origin this curve has a singularity - a pinch singularity (i.e,
the origin two tange.t lines to this curve coincide).

An other kind of singularity of a plane curve is a node singularity, i
the singular point two tangent lines to this curve are distinct lines.

Lot now K be a field of complex numbers, let V and € be as in the
example. Suppose that C has only nodal singnlar points, This time i
known that if f : U —+ V is a cover and the branch laci of [ are cont '
in the curve C then the cover [ is an abelian cover, This follows
investigation of Zarisky problem by S.Abhyankar, W.Fullon e.Lc.. In
<ec tion 3 11 wive some remarks abont this problem. .
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o1 us remember that by a quasi-projective variety is called a supplement
with a proper subvariety of a projective variety. For instance, an afline space
ly a quast-projective variety. Let us note that if a cover [ is branched only
wlong some proper subvariety W then one can consider [ as an unbranched
gover of a quasi-projective variety U = ['\W.

A Family of all unbranched covers of a given quasi-projective va{iet.y forms
an algehraic fndamental group of this variety. This notion was introduced
by .S Abhyankar in [5]. Let us give a precise definition.

Lot M' be a quasi-projective variety defined over F. let K=F (M.'} be a
fiekd of rational functions of M'. Let € be an algebraic closure of this ﬁc!d.
Covirs of M by normal varieties are in one-to-one correspondence to finite
exteusions of the field 17 in €.

['or any finite extension L/K there exist a normalization of Lhe. variety M'
In 1.. This is & cover fy : N = M', where F(N) = 1. and N is & normal
variety. ‘This cover is a unique in A proper sense,

.01 us denote by §2,, a family of such finite galois extensions LK in {1 that
Ji s an unbranched cover of M’ (i.e, fi, branched only along bom.ldary W
of M'1. This family forms a direct system of subficlds of 1. So galois gro.up.s.
of these fields over K form an inverse system of finite groups. loverse hml.t.
of this family determines a profinite group. This group is called algebraic
fundumental group, it is denoted by @ M) or 1(M'). '

| his gronp was investigated in connection with Zarisky problem. This
problews is the following, Let [ be the field of complex uumt.xcrs, let V bea
et lar quasi-prajective variety over £ of dimension two and its boundary C
I & curve with nodal singularitics only. One can congider V' as an axllalyl{c
minifold over the field of real mimbers of the dimension 4. This ma.mfold i
connected and one can define a topological fundamental group of this man't-
fold 77(V ). Problem of Zarisky asks; does it teue that the group 7°7(V) is
wi ahelian group 7

I'he connection between the group 2*7(V) and the gronp 7%9(V) is defined
by Ceneralized Rieman Pxistence Thearem of Granert and Remmert (6],
Vi this theorem follaws that the gronp 72 is a profinite completion zf the
promp 7 S0 the gronp 217(V) ix an abelian gronp iff Lhe gronp ™ "V

some degree of p,

DEFINITION 1. By ramification indez of the cover [ an the varety
is called a natural ew (/) defined by formula ey(f) = cf’(/)df“'(]). (s
[4)). 1t is easy 1o see that W is an irreducible component of the branch lo
iff ew(f) # 1. If ew(S) = 1 then f is called by unbranched cover on ¥
This case the extension [/k is a separable and valuation w of the field
unramified in the field L,

DEFINITION 2. The cover f is called unbranched coverif it is unbranch
cover for any proper subvaricty of cadimension one

A grater class of covers consists of tamely branclied covers.

DEFINITION 3. The cover [ is called tamely branched cover if for
proper subvariety W ol codiension one the ramification index f on W'
relatively prime W p, (p,ew(f)) = 1. ,

If the field F has zero chiracteristic then any cover is a tamely branc
cover by definition, In nonzero characteristic p there are many non lame
ramified covers, The definition 3 means that for any subvariety W ool ¢
mension one the extension of residuce fiekds 1/k is & separable one and redug
ramification index is relatively prime ta p,

More greater class of covers consists of separably branched vovers.

DEFINITION 4. The cover f is called separably branched rover if for
proper subvariety W ol codimension one the extonsion of residie ficlds 1/k
a separable extension,

The author has proved the wsertion .
THEOREM 1. Let V be a projective plane defined over a field #. |
be a characteristic exponent of K. Let €' be some curve in V which has on
nodal singularity. Then if f : I/ —+ V is a palois cover which is separa

branched along the curve € then this cover [ 15 a saluble one.

3 Fundamental groups, tame fundsmental gronps, Counterexa
ples.

[ this section | point ont a place of Vet aentioned thevre | i i
of algebraic covers | shall sse the natation of the 1 heoren
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is an abelian. It follows from the example 1 that the conditions on sing
curve is a necessary condition for the problem.

Nistorically first algebruic approach to the problem was concerned
algebraic fundamental group (5. Now there are many wpological solut
of this problem for the case of the complex numbers of conrse.

let us consider a case of a fickd ' of a nonzero characteristic p.
case the construction of the group ™(V) is rather difficult. S.Abh
pointed out the examples of nusolvable galois covers of the projective g
which branched only along one line [7). So this case one restrict ourse
investigation of tame fundamental group 7.

Let us give a precise definition. Denote by (1 & subsystemn of tlyr
contains only tamely branched covers. This is a direct system and one h
inverse system of profinite groups, Inverse limit of this system is called 8
fundamental group. By construction this group is a factor of the group
If Fis a field of zero characteristic then 7%= . But if p # 0 the grd
is a nontrivial factor of the group .

In full generality Zarisky problem was solved by W.Fulton iu 1950 (8
bas proved: "
THEOREM. et M be a projective plane and C' a plane curve in M
singularities are only nodes. Then the group m(M \ €') is an abelian @

The equivaleut fori of this statement is the following;:

COROLLARY. In the conditions of the theorent let N be a normal
and [ : N =+ M a tamely branched cover of M branched only along €

this cover is an abelian cover.
So the above mentioned Theorem | of the author is a generalizal
this statement in the case when [ is only separably branched galois co
point out that in the statement of this theoren the condition "o be &
cover” is necessary. lndeed one can deduce corresponding example (re
example no.5 (7). Besides, it follows that separably branched covers €
form direct system of fields, So one cai’t construct "separable fundaf
group”. The nuthor gives more general theorem about covers of a pro '
n-space.

THFEOREM 2. Let M be a projective n-space over the fiek! of ¥

ncleristic PP # 0. Let C be a subvariety of M of codimension one (it

'be 4 rcdutflbk' variety). Let an intersection of C by a generic surface of :ln'y
A curve with nodal singularities only. Then if J:N = Mis a galoi :
ranched separably along C only then J is a soluble cover, S

Fields with discrete valuations.

Ponc words about the proof of the theorem 1, In section 2 | pointed out

M linportance of discrete valuations. Key point in the work of § Ahhtm kil:

| is the assertion known as Abhyankar’s lemma. o

ABHYANKAR LEMMA. Le i i i i

Mhis field has all roots from lhclu’rfite RN eonl i -

let L/K be a galois extension and lot w be tamely ramified in L. Then i

e greater field there exist a cyclic galois extension K of the ﬁeid K e:;l -

e extension LK'/K' is unramified for any continuation of w into LK’ .

l{ the valuation wr is not tamely ramified in L then it is impossible to l

ulf;r xc.sull. It follows from a rather horrible structure of unbranched o

'ufhm.r line {sce [9]). But the author has proved the following assertion ?Fl‘;)m

:j I:\{-.O:lldM. let l;{ K be a finite separable extension of a discrete valu&

ol & nonzero characteristic p, is fi i

' let residue ficld is a I'unclioninlp liell':f e e Ry o
Ihen in l.hc separable algebraic closure of the field K there js a solvabl
ite extension K "of K that the extension L - K /K" is tame unrun?:e\: fi ;
continuation of the valuation of K on the field I, . K', !

The possibility to use this theoren |
. s ' m instead of Abh '
n Fulton’s theorem about connecteduess (8). yankar's lemma follows

- Semialgebraic sets in local fields.

It well known that a list of local fields of characteristic zero COMpPrises

lolloWving: the field of complex numbers C, the field of real numbers

y Whe tiekd of p-adic numbers Qu, where p is any prime, and also all finite
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extensions of these fields. Let K be a local field of characteristic zero.
subset of the direct pawer K™ is called a semialgebraic set if it is a Boo
combination of subsets of the form {2 € K"| Gy € Ky = [(#)}
different polynomials /(%) in n variables with coefficients from K, J € K§
and for natural m € N (see [4]). For the case i = C, this definition coincié
with that of a constructible set. [

The importance of this notion to the model theory of local fields is:
plained by the following. 1f we enrich the signature of the theory of fields
unary predicates which connote the sets of mth powers: I = (+,, ton |
N), then semialgebraic sets in K" are exactly those which are defined
quantifier-free formulas in the signature .

In the paper [11] the author had used this notion and had gotten & )
proof of T arsky-Seidenberg-Macintyre theorem on elimination of quan ifi
The author gave a new scheme for investigation of definable sets in local f ¢!
Initial point of this research is a semistable reduction theorem from algeb
geometry {see [12]). Some pure version of this theorem was formulated in
nst section of the paper. Now the assertion of semistable reduction theg
is known for the case of zero characteristic only.

The above mentioned theorem is a crutial step in the proof of semis
reduction theorem for fields of nonzero characteristic.

6. H.Gravert, K Remmen, Komplex Ha .
18(1958). gt ume, Math.Ann.,136, 245-

7. SS.Abbyankar, On the ramificai i

. cation of algebri A
wer J Math., 77, No.3, 575-501(1955). R
% W.Fulton, Ou the fundamental
| R group of the complement of
turve, Ann.Math, 111, No.2, 407-409 (1980). P L
§. S.5.Abhyankar, Galois theor i

| - y on the line in n

WPy onzero charactenistic,
10.K N.Ponomaryov, Solvable eliminatio ificati

4 n of i
e of ramification, To appear in
“.' K.N.Ponomar.yov, Scmnialgebraic sets and some versions of the ‘Tarski
Beidenberg  Macintyre theorem, Algebra i logik, 34 No.3.

1 ' 1 il
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ONMWCAHHUE TPY I EANIIALL
HENPHBOMMBIX MATPHYHBIX KOJIBIT!

YKTYPY TTPONIBOALHOIO KOHEHO HOPOXICHHOIO MATPHYAOTO KOJIBIR HAT
M PAIMOHAILHKIX HHCed,

AM. llonosa
Crpocane senpusonemMsix #an Q xonen

Poccmn
630092 Hosocmbupcx, HITY
Kapenpa anrefpu = wavemaTwyecxod normen
e-majl: algebradnstu.nek av

yers O = rg(zy, ..., ) C Qn - Henpusoumo nan Q, npn 31ou [Qlg & Hy,
e /1 © Q- Tena pasmeprocth | = § (em[6])

Anasiornumo (7] soxasuisaerca
TEOPEMA 1. Ecan konewno nopoxnesnoe xoasio O C @, abcomorso
[HBOANMO WM HEITPHBOILHMO Han () , 10 HDPCKTHBRO HAXQNATCA TaKWe
MEITHE Gy, oy @ € O W TAKOC MHOKECT RO NPOCTHIX YACEN T =< Py, .y Py >,

[Ipobacma ONKCAHNS MYJLTHIINKATHBHOR CTPYKTYPW padiNiHLX
copmympopana JLOYKCOM B HIBECTHRIX MOHOTpadiAX ((1,2]). B np
raeMoll paBoTe PACCMATPHBAETCH MACTHHHA Cayuail, A MMENHO XO :
pONICHILe MATPHUNKE KOALIA, NEMPHAGIMMEIE NAR MOJEM PallHOHANE
umcest. Bubop WMEHHO HEPHBOIWMEIX KoJiell INKTYETCH NPOCTHIM
Kenned, V3pecTro, W10 MPOM3IBONRHOE MATPH'UHOE KOJBUO WAl :
UMOHAZILHEX UMCeNl NPHBOIMTCE K KACTOMHO-TPEyro/bHOMY Bnay, B M
POM AaronaibiLie KIeTKN AW60 a6CoMIOTHO HeNPHBA/HME, 6o Hemp
anmi wan Q. Tocxkonsky » pabore asTopa (3] nokasmisaeTcs HpdrKkTHEN
KJCTO'HO-TPEYTOALHONO NPEACTARIEHNR, TO WMeET CMBICH pemenne
AleHHOR 3anayN npexte Boero aas otaenshoR kxerkn. [lycre 0; -
Kierka. OBosnaunm vepes [O;lg amneitiyio obonouxy kobua O; nan i
paimonansiLX Kcen. MoryT npeiacTaBATECE TPH CAYYaR:

1) [Oi]Q =GQni

2) [Oi]q = Fy, F - none;

3) [Oi]q & Tk, T - rexnc.

ITepantit coryuaih OTHOCHTCR K A6COMIOTHO HENPHROANMEIM KOJILIAM,
W TpeTHA - K KoanuaM, nenpueomuMi nan Q. Jlas nepruix anyx
sanadn onucanns rpynnst eaunnun U(0;) xomwua (; na 3bike 10pa
anemen 1o Gita pemena antopos 8 [4] 1 [5]. Taxwm ofipasom, pemcnne s
¥ JLI% TPETLETD CAYHAS JHACT BOIMOKHEIM ONMCANHE MY/ILTHIIHES !
§ PYRIN IPORIBOARMIX KOHENHO HOPOANICHABX MATPHUHIIX KoJell, HeTTR
MDY HAA ), HTO, B CROIO CHMEPEh, NOIBOANT OIACATH MYJILTHILIHKAT) '

0={g,..a)z,

7o = 2.
A b .
Hafiop anementos B =< g, ....q > nasosem GasoR xoabua O | 8 Konblo

Koniom Koapdmimentor koasua O
O6osnaumm M1, = H N Zy. Bynes cuwrars, dro [Olg = Hy. M3 Tl
01 KO CIBAYET, HTO HARIETCR HONYJIRROE NATYPAIbHOC YHCIO T , TAKOe, Y4T0
M, p - p,) = | M AN KOTOPOIO CTIDAREILINBO BRAKVEHHE:

mily CO

I} xoane H, nopopum wiean [ = (me), rae € - eMIAHAS MATPALA 13
. Cupeneanm roMoMoppHIMeL

Yen “v = Hv/’ "_'n:
Vs Hp — Hp
Om : GLalHy) — GL(TT)

UalO) = U{O) N keripm

"I Ta menoniess Tp Damiep e poccBonse Gomim (Y WARMSIT LI weranpovasimlly

NSEAT 016TY NOR.OLDLATH, w rpnace N2 Pookosnysn P0 [opornaromme ({0)) MoANO HAXOMATYL B 1BA ITANE:
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kerr!,. Sleno MTO 3TH TOPOKIANOMINE RRARIOTCE HACTRIO MHOKCCTRA 110~
ooy keryh. ‘Takme nonsTHo, 4TO HMH MHOKCCTRO TNOPOKAAINEX
ps HE HCHCPIIIRACTCH, T.K. MOKeT Oulth , 10 (e; + a) € U(F,) \ keray,
g+ h) € U(15) \ kerry, w npn a1om (e + a)(e; + b) € kery,,. Haxanwrs
AKHE ICMERTIE MOXHO KOHEYNHIM NepeGOpoM, CCIH JAMCTRTE CHelty1ontee.
K, o (UG, kowewna, T0 RCRKHR JCMENT 75,614 @) wmeeT xoneHbiR no-
Mok, 1.e, CynecTRyer 1axoe k, 410 h,‘,,(c;+a))‘ = ¢ WK 7,‘,,((c|+a)‘) =g,
o, (0 +a)t € kerh,. Tlootomy AN HAXOAUICHHS HOPORIAKUIAX keryy, no-
BIATOUHO TICPEGPATH KOREUHOE YHCHO CIIOR OT IOPOXIATIIKY U(H,). Taknm
M OM rnpam‘mmna

NEMMA 1. Tpynna kery,, Konetno nopokicna, 8 NOPOANAIUING HAXO-
‘A e THRNO.

OBosmaunm kerry), = 2p(ri . Tgh.

1) NOpOAAHONIINE TPYIL l_lﬂg);

2) nopoKIAIOILNE | PYIIE U(0) = U(0){Ul0).

Crpociue 1 pynnmu kergm OIMCANO B [10] s JeneKHRAOBLIN KOG,
pooBLIE TOBOPR, HE YAOWICTROPRC yromy yeaomnw. OCTANOBMMCH Wi
noapobnec. B cuny HENPHBOANMOCTH () 110 ACMME Hypal' = HomolQ",
apnwerca Tenom, Torfa no ailiepuatuie ‘Purca rpymia I* = 1"{0}
HOMTH PRIpeiinma Ao coneprnr 1y - CRoBOIIYI0 FpYTY paira 2.

MoHo noxaiath, 410 eCin [ - nOMTR paspeinmma, 1o H - noxe w
JefeKHIA0BO KOJILLO. 0. 970 B TONNOCTH a1y ik 2), paccmoTpeniLi |

2 Tlopomaaxuuwe U(l1)

Wrak, nycr Teicph Il - we sommyraTneno. Hosecrho (cm.[8]), wro B
caynae [H : Q] = £ w o 1] cynecrayior ua Honoax F= {10
wT= (l,!,...,t""}u Takhe, W10

1) H = {ft))=0,d- 1}a

)X eH|f=C"t

O1CIOMa CHULYET, 410 A moboto h € H s npauw;fuluw HpencTanici
abraea € FibE T, MeACTERTCALNO, ByCTh h= 5 a,f't. Yoo

=i

Yeausne cTaGMABHOCTR PanTa

yern A - TPOHIBOAKHOC KOALUO ¢ 1, p - Asycroponnnit wican A, Diement
w (7,0 85) € A" HAIWBACTCH YHHMORYIADHKIM B A", ecau cyiecTsyer
sopdiom [ 1 A" — A, 1axoit. WTo fla) = 1. Oro, 04eBHAHO, IKBHBA-
1o tomy, 1o T Aaj = A. Ficim, KpoMe oo, @ = (1,0,..,0) (mod p),
(OROPAT, Y10 MICMERT @ -y HIMOLYASPen. OB0sHAUNM MHOKECTBO YHH-
Y aemen o | "malA), @ MIOKECTHO -y HEMOYTAPRBIX ANEMEHTOB
MalA, ).

Onpenencume. Ycionne SR.(A, p) (cTafunpnocTn panra).

Fen m > now ecm @ = (@, ..., 8m) € A™ ecTh -y HnMOIy 2SpHRI ane-
1, 10 CYIIPCTAYIOT MICMeHTH 0] = ai+bits, e b € pll <1 < m) TaKRe,
eMONT (@) ey @) €A™ yimmaynspen. (B [11] nokasauwo, 410
{1010 TOTPeGOBATH BIATIOANCHME YCAOBNA TTPH TR =11, TOIA OHO 6yner
jontienno u npw m > n), Beam p = A, 1o yciosue obosmaunm SHL(A),
Jaw wamero cayas A= Hy p= 1.

a= ‘i:f‘ Giffwb= d}—::' 'y,l" HOCTATOMNO YaMCTHTL, W10 ab= l‘}j:" ﬁ,'y,['lf'
mm:(‘uuu nuuomm,u-.ca PABLIC] B ey, = 00 = 0, ., d= 1. Howsvi
A8 RaRMEX @y € Q peerha MomNo Waitin dopxansime o . Cadl
reneno, Hy = BTy llockonuky B 1 - amebpanieckue pachimpeiua
JUL MBKCHMAJILNBIX TIOPA/IKOB B ITHX CYNICCTBYCT TCOPHN ANKIGPOD (
C TIOMOILLIO KOTOPOR MOKHO NakTH ROPCK 0N e FRYIIE U(F) n U
M CAMEIM, NOPOALAIONINE IPY Ik UL = U(EU(T).

3 Tlopomnawime kerym NEMMA 2. Yeaonne SRy(H,. 1) nunoansercs, [Ipeasie BCETO JaMETHM,

yo S LAY => SHa(A,p) nas seex p em.[13]).FloaTomMy HOCTATONHO 10KR~

OBOINAMAM CYRENRE T, Ha Uik w UET) covrnerermeine nn R ———— IR

[6] noxaspwacie PRI T HAXOAIEI HOPOARLAIOITIS JUTN

,__——
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Veeph MEPEXOINM K JIOKRIATCILCTBY YCIOBRA SRy(Hy, 1), Tlycrs

[lan 97010 PaCCMOTPHM poipoGiee ANHCRHOE CTPOCINE Hy.
(a),a2,a3) € Umy(Hy). D70 o3navaer, 410 Hyay + Heaz + Hyas = Hy.

1) Tk, Hy - obnacth HeNOCTHOCTH [ TO MI00as MATPHUE W3 I, on
agetcs auiod cTpoxol (wau cTon6UOoM), HanpuMep, nepsoi. HlooToMy
WeM CHNTATh, 4TO0 amurunnbil 6asuc [y couTonT Wi DNEPBLIX CTPOK M 1
{ea.].....]‘l",..., fé-114-1). Tepepabotaem 37T Basue TAK, 4TO BO BOEX |
TPHILAX, KpoMe nepsok, ieMeNT, crosnuit na mecre (1), pasuaerci Hy!
[lycrs

: [

Fom |a)] = k0 = 1,2,3) n o = agkiey + zia;hj. T0, NOHATHO, 4TO
)-

(o ky, cugky, k) = 1. Eicam (asky, asks) = di, (aaky, asks) = dy, TO B 1pO-

ppeccnax ok +tagks u yky+qasky no TeopeMe Jlupusie coepRuTCa Decko-

Je o MO MKCeN BRAA pydi W pyda, 11 Py, Pa - WPOCTHC. Crano GuTh, Cy-

fljec TRYIOT ‘Taxwe U, v € Z, 470 (a,k.+ua,k;.a,k,+va,k;) = 1. A TOrAa 3ie-

I, = {q.hh.,.‘h._‘}z” Wit (@ +uay, a3 +vay) € Uma(Hy), T.X. 0y+uag = (mh-ﬂmlh)e;-i- i:‘ Bihi,
=3

0 I=1
b+ UGy = (agks +vank)e+ B yilts w Hyloy + uas) + Heloa + vas) = Hx.
Vem caMbiM AEMMa JIOKAS8NNA.

rae y
0 Ay o By

§ Topoxaaoume rpynns U (0)

JNIEMMA 3. Hopoxnaoiiye rpyni GLy{ s, ) = kerpm HaxaasTcs ppex-
U0,

(L4 OKAIATCALCTRS ICMMLE CONLIEMCH Ha CHEICTBRE (4.5)(cw.[13]), ko
JOpoc YTRCPKIACT, WO eChM A - xomeusomepnas [fl-anrebpa, rae R -
KOMMY LA TMEIOE KOJIBIO TAKoe, “WTo maz(H) - Hereposo MPOCTPANCTRO,
CINIONIeeCE OTLEINHEHHEM KOHEYHOYD YHCIE NORITPOCTPANCTE PAIMEPHOCTH
Kpyiin € d, T0 YTBCPAACHHE TEOPEMEL (4.1) cpape/vINBEl AUIE KOALUA A
wpw o= d +2. '

[loekaubKy Hy - KONeYHOMEpHAR 7, -wmvebpa | 3 dim(Z) =0, 10 yraep-
ao e TeopeMit (4.1) cnpaseianBo TIpH T = 2. Torfa ¢ yIeToM JeMMbl
i k2 noiysacs

OBosuarum Ay, onpeaeawres, COCTRRACNILI ) IEPBLIX CTPOK 3
ron Basuca. Nycrs Ay, = k. (/lna wpoc roTH paccyszenmi 6es orpain
OBUTHOCTH MOKHO CHATATL MIIOKHICIN W 7. panitumn 1).

2) Beaxwit waeas w3 H, onpesensercs onpeieinteiacs, cocTanenn
flepBliX CTPOK JEHERTOB €IV aunTHnioro Gasuca. [lowwtiio, 410
unean obnanaer Gasmcom ¢ MHIHMAABIEIM ONPCICTRTENCHM TPAtIeM LIRS
Goro colCTRENHOIO ieana JTuT ONPEACTNTCAL PaBen K'k, rne K > L

3) Myciw @ € I, \ UHls) w owyers jof = K # Lk Torna
Heaa = {a,h,a,....lq-;a}z,. [onsimo, 410 D = lalk = Kk. Wa
wyn Kpamepa TOPAR CheAyeT, w10 kK'ep € Hen, npaties k- mmimm
HEHYNIeBOe HATYPabioe HHCIO ¢ TakHM cBORCTHOM. PacCMOTPRM W
DAIHCOM:

’ - {k‘c[,hlp-.'hl-[}v. ("I‘H(HI’II’ = Ek(HI|l)(;L1(“lv’) (2,

) . R Ty ' -] - . 2 ,
Ik Ap =Kk, 10 1 = Hy. Orcia caenyer, i (e ranock yamerwts, wro GLi(Hy 1) = ker+y:, u 1o nemme 2 €@ nopokia-
e naxad res aguhexTiano. Tes CaMuM AcMMa MOKATARNA
- -
btk YL OTMEHALOCH NI | JUIS HAXOATICHHA oBpasy KILIHX U0} nyxno

-1
- k' " . »
8= R e ;""" b EELO AR ODPRY KL UelO) = U{0) N kergp.
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ManecTno (cm [6]), wro mobas maTpuia g € GLi(H) moxer Gt npest
crapsiena B e g = sd(p), roe d(p) = diag(1,.., 1, p), 8 € Sla(H). H
TPY/NO JAMETHTH, YT0 W Hal [, CRpapefs IMso ApeRCTABieNue § = sd(pt)
rne 8 € SLy(H,), p € He. '

Fean g = sd(p) € Us(0) =U (O) N ke, T0, BHAZIOTHYHO s},

s € SLH,) NO, dip) € U©O), u € ker+,. Teneph momaTiO |
18 HaxoxzeHud ofpasyiolix Uy(0) nykno yweTs HaxainTh ofpasyionl
SLi(H,) N kerpm. Nocaennce nerko clenyeT W3 JeMMbl 2.

O6osmarnm O = {dh, - G} g, te & = Vml9i), Ze = Zo/gn). Tockon
m_('ﬁ C U(D), a nocnennas xoxedna u ed ajleMenTH HAXONATCR SpheRTHEN
10 {10610 HAXGINTE TIOPOXARIOIIHE T770), nepetupas sementi U (0). Siet
a10 € U[0) &= ¥ (W) nU(0) £ 8.

IEMMA 4. Tyers G € U(D), g € ¥,'(8), 9= sd(p), Torma
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From the lattice-theoretic point of view, each notion and property of Cud
troduced by codistributivity of the diagonal relation, has its dual if A has
C1P (recall that A has the CIP iff A is a distributive element in CwA).
Namely, there is a congruence relation on Cud induced by the map ny : p -+
v A, which is dual to my. Blocks of that congruence are the dual analogon
congruence lattices of subalgebras of A. It turns out that in algebraic
foris, these blocks can be considered as lattices of subalgebras associated to
ngriences of A. This situation is investigated in the sequel.

Hecall that in the weak-congruence lattice, subalgebras are represented
diagonal relations. Hence, the lattice of subalgebras of A is, up to the
pomorphism, the principal ideal A} in CuA, generated by the diagonal of
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1 Introduction

The weak congruence lattice was introduced in (7]. Necessary notions
corresponding properties listed in this Introduction are taken from [4,5,7

An algebra A = (A, F) is said to have the Congruence lnter
Property (CIP) if

| Results

(pn8) ne A = (A, F) be an algebra and for # € ConA let
P A= PATIEA,

for each p € ConB, 8 € ConC, where B and C aré arbitrary subalgebra
A, and py =Nlo € ConA|pC o).

It is obvious that A has the CIP if and only if the diagonal relation {
Ais a distributive element in the lattice CuA of weak congruences of A
iff

Cyi={p€ CwA|py=0}. (3)

oposition 1 If an algebra A has the CIP then Con A is a retract in Cud

tp+pV A, and for every 8 € ConA, (Cy, C) is a laltice, a sublattice
‘:./A

AvipAf)=(AVp)A(AVE), d

for any p € ConB, f € ConC, where B and C are arbitrary subalgebras §

It is casy to see that the dual of (1) holds for every A. Indeed,

AA(pVO)--a(A/\p)V(AAG),

for any p € ConB, 8 € ConC. In other words, A is always a codistribu
element in CwA. The function my : g+ pA A which maps each congri
on a subalgebra of A to its diagonal reiation is a lattice homomorphism
Cud 1o SubA. Blocks of the corresponding congrience relation on the I8
(wA are conemence lattices of subaleebras of A,

o/ Obvious, since in the presence of the CIP, the map p - pV A is an
worphism on CwA. g

Thus, the CIP is characterized by the lattices Cy, 6 € ConA. However, for
converse, i.e., for an algebra A W bave the CIP, it is not enough that the
(¢ # £ ConA are lattices, A simple example is a four-element groupoid
given by its table in Fig, | a). For each of its congruences (G?, 6, A),
corresponding block is a, a sublattice of CwA (a two-element chain, or
i element boolean lattice, see Fig. 1b) ). However, G fails on the CIP
welv on the weak congraences py = {a,b)? and p, = (c,d}?).
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It was proved in [4] that A has the «CIP iff for every 8 € ConA, the set
gt has the least element. This proves the second part.

Getting back to the congruence induced on CuA by ny if A has the CIP, we

B show that its blocks Cy, # € ConA are closely (namely, by a homomorphism)
g= 8, : c,d} | wlated to the subalgebra lattice of A.
= {a,
C= c.d} G/8 = {{a, b}, {c},{ Proposition 3 If A has the CIP, then for each § € ConA, the map ¢ : p
a) Figure 1 JAA (in CwA) is a homomorphism from Cy to Sub A.

f. The map ¢ is a restriction to Cy of the endomorphism my : p++ pAA
which maps CwA into its ideal AJ. Since Cy is a sublattice of CwA, ¢ is &
smomorphism. o

In order to give necessary and sufficient conditions for an algebra..A o
the CIP (in terms of particular sublattices of CwA), we have to intro

‘the following enlargement of the blocks Cy. For 8 € ConA, let
| Recall that an algebra A has the CEP if and only if A s a cancellable
C‘T ={p€CuA|pa2 ) ment in Ciod i.e., iffrom py AA=p,AA and p, VA = p VA, it follows

at py = pa ([4]). ’

position 4 If A has the CIP and the CEP, then for every 8 € Cond,
e lattice Cy i3 embeddable info SubA.

Theorem 1 An algebra A has the CIP if and only if Jor every congru
on A, the sel C" is a lattice under inclusion, a sublattice of CwA,

Proof. Suppose that A has the CIP, and let p,pg € CaT, # € Cond. 1
p VA > 08and p; VA 2 0, and hence (plyA)A(th) > 0. By the!

" oof. Il ; A has the CIP, then by the foregoing proposition ¢:p— pA A is
(v Aps) V A > 8, which proves that Cgy is closed under meets. Obvig

homomorphism from Cy to Al, i.e., to SubA. Further, ¢ is an injection by
it is closed under joins, hence this st is a sublattice of CwA. CEP. Indeed, if py, ps € Cy, then py VA = p3VA. Now,if p AA = pyAA,

Conversely, suppose that Cgy is a sublattice of CwA. Now, let (A V§ n by the CEP, p; = py. Hence, ¢ is an embedding. g

(AVps) =8 Then, AVp > 8and AVp > 0. Since Cyy is a lab We can reformulate the previous proposition in the following way.
we have AV (p; A pa) 2 8. The opposite inequalily always holds,
AV(nAp) = (AvVa)A (A V py), and the CIP holds, g

More detailed description of the sets Cpy is the following.

rollary 1 If A has the CIP and the CEP, then every congruence 6 on A
termines a lottice Cy of subalgebms of A: if B is a subalgebra of A, then
B € Cy if and only if there is p € ConB such that pV A =48.
Proposition 3 If A has the CIP, then for cvery 8 € ConA, the set Cgs This lattice has a minimal element if and only if A has the «CIP.

i : thi ‘ . d only if A has the ¥ ‘
Biter in the lattice CwA; thia fiter s principal i and only f Proof. Straightforward, by the previous proposition and by the definition of
the +CIP,

I'he foregoing result establishes a particular algebraic duality with the well
known fact that to every subalgebra B of an algebra A, one can associate its

Proof. If p € Cgs and for a € Cond, p < o, then obviously o € Cy,
definition of the latter. Further, if pi, pz € Cpgy, then, since .A: has the
pApE COT by the previous theorem. Hence, Cﬁ i a filter in Cuds
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congruence lattice ConB. Similarly, if A has the CIP, then to every con ‘
ence 8 on A, one can associale WS subalgebra lattice $(Cy) (i.e., the lati
of diagonal relations of weak congruences belonging ta Cy). I, in addi
A hias the CEP, then ¢ is an embedding, and the above subalgebra lad
associated W 0 is Cy.

A characterization of particular algebras satisfying the CIP aud «CIP
be given in terms of homomorphic images of A,

Theorem 2 Let ¥ be a Homiltonian 0-variely and A o weakly coherent
algebra from V. Then, A has the xCIP if and only if for every 8 € ConA,
‘(.\uA/a 18 isomorphic with C” under p — p/8.

.‘M]. Suppose that A has the +CIP. Then, by Theorem 1, #1 is a sublattice
of (wA. Recall the above mentioned fact that the congruence lattice of the
hctor algebra is isomorphic with a particular filter in ConA. Further, the
Iweak congruence lattice of an algebra is the union of all congruences on all
s subalgebras. Hence, the congruence lattice of any subalgebra of A/@ is,
Wp to the abave isomorphism, the interval [B* A 8, BY] in CwA, where B is
s subalgebra of A satislying B[#] = B. Hence, we have lo prove that the
Iattice #1 consists precisely of these intervals i.e, that

ot = (B A 8] | B[] = B,B € SubA). (s)

A variety V is said to be a 0j-variety, if it has a nullary operation §
its similarity type, and if every algebra of V has a one-clement subalgel
({3]). Recall that an algebra A is Hamiltonian if every subalgebra of A:
block of some congruence of A, A variety consisting of [lamiltonian alget
is Hamiltonian. An algebra with a uullary operation 0 is weakly col 1
(1,2), if for every subalgebra B of A and each 8 € Cond, if [0l C B, 8
[2]s € B, for each z € B (where for 2 € A, [z)iis a block of the congrue
# to which z belongs).

An algebra A is said to have the Strong Congruence Extension ¥

erty (SCEP) ([1]) if for every congruence p on & subalgebra B of A,
a congruence § on A such vhat b}, = (] for every b€ B.

If € [B* A8, B for some B € SubA such that B(6] = B, then obviously
p €0t since p> B'AD € 61,

| Conversely, lev p € 8f, p € SubB for some subalgebra B of A. Then,
' vA > pvA > 6 Since V is Hamiltonian, by Lemma 1, it has the SCEP,
tus B|#] = B. We prove that p > B* A8, By the CIP,

Lemma 1 ([1]) A variety V hos the SCEP if and only if it i Homiltos

0
Recall that for B € SubA, 6 € ConA,
H|6] = {z € A | z6b for some be B

(B*ApAB)VA=(pAB)VA=(pVA)AE=8.
win by the CIP,
(A vA=(B*VA)Al=1

wr, p A8 aud B? A 6 both belong to Cy, and as congruences on the
o subalgebra B of A, they are equal by the CEP (which holds in any
lmiltonian variety):

Lemma 2 An algebra A has the SCEP if and only if B{#] = B for &
# € ConA such that there s p € ConB satisfying pV A =#.

pAE=B'AS.
hyiously, p > B A8, which proves that p € [B? A8, B”]. Thus, (3) holds.

Buppose now that for every 6 € ConA, CuwA/8 is isomorphic with Cgqy.
Then ('gy i & lattice and A has the CIP by Theorem 1. Since obviously th
fiee s the smallest element, A has also the xCIP, by Proposition 2. g

Proof. Straightforward, by the definition of the SCEP, o

"The following theorem is an improvemcnt of some resnlts from (5], b€
a part of the prool is taken from there. The present theorem also gene
the following well known fact: For any algebra A and 8 € ConA, the lad
ConAfB is womorphic with the principal filter 87 in ConA,
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Conversely, let Cy be isomorphic with SubA under p — p A &, for every
§ & ConA. To prove the UCEP, suppase that there are twa congruences #,
and B, such that for B € Cond, B* Al = B*Ad; = p. Obviously, p € ConB.
Without loss of generality, assuine that ; < #, and let p; € ConB, such that
ﬁ|VA=’|. p;exish,bythmmthuct,ﬂw Now, p; < B?
wnd py < 8, hence p; < B* A @, Thereby, ) =p; VA < pV A <. Thus,
§; < By, which proves #; = &, i.e, the UCEP halds.

l.emma 4 and Theorem 3 show that the duality introduced by the CIP in
(he class of UCEP algebras has the following form.

Corollary 3 An algebra A satisfies the UCEP iff
the congruence lattice of each subalgebra of A is womorphic to ConA iff

the labtice of subalgebras associated to each congruence 8 of A (by the class
(.-"} (L} SUM. o

Remark. If M/'hm*kvdﬁc",&uobﬂodyﬁha
morphic with ConA/#, and Cy with SubA/0.

An algebra A satisfies the Unigque Comgruence Extension Propet :

(the UCEP) ([1]) f for every congrience p of & subaigebra of A there ‘
unique congruence on A collapsing p.

Lemma 3 ([3)) An algebra A has the UCEP §f and only if for every co
ence p on a subalgebra B of A,
Bab=pifandonlyif0=pva. *
o
Lemma 4 ([3)) The following are equivalent for an algebra A with
nonempty least subalgebra:
(1) A satisfies the UCEP;
(8) A has CEP, CIP, and for every B € SubA, B'vA=A"inCedA;
[3) CuA % SubA x ConA, under p-+ (pAB,pVA). o

Following the result from [6], as an example we have that every algebra
with a boalean lattice of weak congruence is a UCEP algebra, hence it satisfies
the above listed dual properties.

Algebraic aspects of the duality between subalgebea and congruence 18
ticaappwalmmmdudmmlhm.hmm
cbuxudmthmllgehﬁhwdc_GJECmA

Theorem 3 An algebrs A with @ nonempty least subalgebra has the UCE
V“WVMM"EW,Cohfllmctodcrdwm '
isomorphic with SubA tnder p v+ pAA.

Proof. IMAboullgahlllvhthUCEP.Then.bylxmmal(ﬂ
has the CEP and the CIP. Hence, by Proposition 4, / : p ~+ pA A B
embedding from Cy into SubA, for every § € ConA. This function (f) ¥
surjection. To show this, we prove that for every B € SubA, f(B*AD) 2
'l‘b'neqnlity'lobvbm(noﬂhtthelentsuhlgebnhnotempty). owe!
we bave to prove that B? A € Cy. Indeed, by the CEP and by (2) fre
Lemma 4, (BPAO)VA = (AVB)AS = AAD = 0. Hence, [
isomorphism.

3 Appendix

For the most of the stalements presented above there are lattice theoretic
suslogons, Since these results bave thelr own meaning and importance in
Iattice theory, we give them in the sequel. Proofs can be obtained mostly by
relormulation of the proofs for the corresponding algebraic propasitions,

1/f ais a distributive element of the lattice L, then the mapping p, :
£ -+ xVa is an endomorphism of L into the ideal al. Consequently, the
relation ~, on L, defined withs ~,y +—+ ¥Va=yVa is a congruence
relation on L, and L/ips is isomorphic with the principal filler at under

11 If a i distributive in L, then blocks of the congruence ~, have mazimal
lements. The set of mazimal elements is the filter at.
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Distributivity of a € L does not guarantee the existence of minimy
clements in blocks of the congruence ~,.

I11 If a is an infinitely distributive element of the lattice L, then blocks
the congruence ~, have minimal elements,
Remark. Since a congruence splits a lattice into sublattices, it is obviom
that minimal (if any) as well as maximal elements in blocks of ~, af
unique.

IV Let a be a distributive element of L, and L, o sublattice of [, which is.
block of ~o. Then, the map ¢ : = — £ A a is a homomorphism of L,
the sublattice-ideal al.
If a is @ neutrol element of L, then the above map ¢ is an embedding.

TPHIOHOMETPHH C $YHKIIUSAMH SIN H COS'

C.B. Cynonnatos

Poccmx
630092 Hopocwbmpex, HITY
Kajexpa wirebpu m watesaravecxodl normes
e-msail: algebralustu nek s

[} wacToRmeR paboTe PACCMATPHBALTCA AKCHOMATHKA TPHTOHOMETPXA nap
[PYTITI, TOSBAISIONIAS ONPEUENATh AHANOTH OCHOBHLIX TPHIOHOMETDHYECKHX
Gynxuni,

bes onpesenenus ByayT MCROABIOBATLCR MOWATHA W OGOIHAMEHWR WS -
[1,2).

I'puronomerpus trm mapw rpymn ((Gy,+),(G3,+)) na naockocTH, rie
R = (G),+,1) — xonsno c eamwnued 1, HasubaeTcs mpuzonosempted,
obandaroued Pywxyugau Sin u Cos, wim SC-mpuzonosempued, ecian
CyuiecThyeT 3deMenT ay € Ga, uuesotiuil nopanox 2 u Taxoll, wro

1) ecan frslay, @, l) =y W [ra(ay, @, l)=ay, 100 = az;

2) nnn moboro a € Gy \ {e} Tor1a ¥ TOALKO TOrNA CYMECTBYET MEMERT
8, 198 KoTOporo fra(a,a,1) = ay, Korna a # ay.

Onpeneans dynxuun Cos : Gy = Gy u Sin : Gy = G » SC-Tparosomer-
PN {rim N0 CACAYIONIAM NPaBKIaM:

a) Cose=1Sine=0Cosay=0Sima; =1,

6) ecom a € {e,a.} u fislo,@,1) = a;, 0 Csa =40 Sina= Jmala,a,1).

Ormernm, 4ro Gynkumn Cos w Sin aBAKIOTCE HHHEKILKAMA,

lyacw rosopwts, wro SC-rpuronomerpiis trm ofaanaer ceolcmsos
nodofiug, ccam R — komMyTaTaBHo® Kouelio ® a8 awboro ¢ € Gy \ {0}
" ( : :i :l ) € Sy(trm) eaenyer ( :c ; :i ) € Sy(trm),

HenocpencTaenno npopepgiorcs cheyoume csofcraa SC-TpHronoMer-
puit, obanaionmx ChORCTBOM TONOGHS.
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n Tpuronomorpus © fysamusn S (R, Cygonnawron
a bec Jloxasatenpcrno.  [lycrs [rm — TPHTOHOMCTPNS W& TIOCKOCTH TApH
b e (a gy € Syltrm), a,y € {e,aL}, 7o cyuwecrs (R,(2), vne B woamto ¢ e, OBownatum yepes A MOUIHOCTE

max({|R],|Ca) w).  Paccuorpum ceobomioe )\-niopoxzenioe xoasuo Ry

eaMICTRENHBIE deMenTsl a;,a; € G|, ), Gy TakME, 410 @ = @ - :
181 € Gy, B, fh € Gy Tax 04=40 & ¢ cunmueR R CO CROGONMMA TIOPOXIAIOUUIMK Ty, § € A, @ TaKme

ﬁ - ﬁl 'ﬁ’! (G‘ : Im(aha.b) ) € Sa(‘rm) ] ( ; :" fml(jl}]?'a’) )

a B ay cpobiomnvio A-opoxeniyio rpynny Fy co choBoilukMK TIOPOXARIOUIMMN g,
8s(trm). i € A [lokakem, 'TO TPHIOHOMETPHA {rm BAOKHMA B HEKOTOPYIO 8C-
abec o ad bd cd ) rpuronomerpmio trm’ napu (', G3) = (R x Ry, Gy * Fy * Zy), rne ay —

i (a g 7) € Syirm), 4'€ G\ {0), ( a f v ) HEAMI LR 2AeMenT Tpynnit Z;.
Ss(trm). 11 panpreiem aas npocToTst Gynem npeanosarats, HTo A =w. [lycrs

3. Ecan (‘l agel ) € Syltrm), 10 6 = ¢ Cosa, b = ¢ Sina,
a ﬂ (478
fulag,a,a) - Sina, a = [,(4,bay) Sin (§7'). B vacrnocru, Cosa
Sin(g™'), Sina = Cos(f™").

Tpurosomerpuveckas anrebpa, coorsercrayiouias SC-1puroHomer
naspipaercs SC-mpuzonosempuseckol aazebpod.

Oueswano, 4ro ycaowus, onpeseasioinnte SC-TpHrOHOMETPUM, & T
cBORCTBO NOAODNA, AKCHOMATHIHPYIOTCA QOPMYy/iaMH NEPRONO Nopiaka
%3LKe TpWroHomeTpuucckux aarchp, Takum ofpasom, kiacc acex
TPHIGHOMETPRYCCKHX aarebp (o CHORCTBOM NOMOOME) aKCHOMATH3HPY

Tpurosomerpus trm((G) Gy, (P, L, €)) "nasusaercs npassavuod,
cucrema (P, L, €) ynosaernopser caenyionen gopumyie:

vow— X, e X = (R {0)) % (G \ {e}) x (R\ (D) U (Ga\ {e.au}) —
siymenanng mioxectra X. [locTponm cemeRcTso TPHITHOMETPHR 1717, N €
wu {=1). OBomaunm wepes trm., crAINYI0 TPHIOHOMETPUIO, 3aJIABAEMYI0
COCOTHOIIEHHCM:

S(irm._;) = GN(S(trm) U A (R, Gy)) \ §'(]t, Gy).
[rnm  TpHronoMeTpus  Irmy, YK NoCTPOeHA, vin + ) =
la,a,h), W . k- € Saltrm,), 10 TONOKHM tring, =
a .o

trm,. Bom vin +1) = (a,a,b) u fia(a,a,b) we ompeneneno, TO
PACCMOTPHM HAUMENBIINE TIOPOMIIOIAE T, Gy G411 KOTOpHie He YHacTBylT
) PALIOKEHNAX TTAPAMETPOR HETPHBHAILHBIX TPeyroNLHMKOR W3 (rm, B8
fopoxaioume. OnpeseIuM CBAIMYI0 TPRIroHOMETpHIo trimy 4| COCILYIOUDIM
p',mv-mTBOM:

S{trin,) = GN ( S(trm,)U { ( ¢ b x ) }) \S(R',Gy).

a g; gis
funw vin + 1) = an fola,@1) = @i 18 HeKoTOPOrO G,
10 trmy, ¥ trmg, Eeaw me fiala,a,b) He  OnpeIeAeno, TO
PACCMGTPHM HAUMEITRITING TOPOKAIONTAC Ty Figt G5 KOTOpHIE He YHAcTBYKT
f PAMIOKENHRX NApaMeTPoB HETPHBHAJILNLIX TPeyronbIMKoR K3 {rm, Ha
poposaaonme. Onpeienm CHR3HYI0 TPHIOHOMETPRIO [Py COEAYIOUTAM

i
Vpi,pa, Py, 4 € P(L\‘m#p, 3 € P\ pu# pid
)

sl
MV {ms € H(pirpy) N 1wy ) | {3,30mm} = {1, 2,3,4}}) ) .
s [2, §3] caenyer
TEOPEMA 1. Teopus maacce 6cezx mpuzoNoXempuyersuz a4e
COOMAEMCMEYOWUE npastsbiblh SC-mpuzonosempuin (co cood
nodofug), nodobua KONESNO URCUOKGIIUIUPYEMOTI TIEOPUY,
Tpuronomerpus trm((G,,+),(Gs,),P), e R = (G}, +,") —
HASWBAETCA MPUZONOKEMpPUEE Napsl (KoabYo, 2pynna).
TEOPEMA 2. /lw6ax mpuzowomenipuy nops (Kosvyo ¢ counum
apwma) NG NAOCKOCIAN BA0HCUMA 6 NEKOTIAPYN SO “MPULOAROMCTIPUN.

COOTHOHIERWEM

S{trmyi) = GN ( S(trm,)U { (r.' I Tin ) ]) \S“ (R, GY).

a g ajf
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Wckomas ceasuas Tpuronomerpus irm' saiaercs Cienyloimm panescr
S(trm') = UneuS(trm,). Teopema noxasana.

OtMeTu, 4TO HpHBenENIoe HOKAIATENBCTAO MOIBGARET HOCTPONTE SE
TPHIOHOMETPHIO OTHOCHTEALHO M0BOI0 CeMeACTRA SACMCHTOR BIAA O 1.
B saxnovenne copmynupyen '
Bonpoc. Cywectsyer an TPHIGHOMETPHR Naphl (KOMMY TATHBROE KO
¢ eaumneR, rpynna), obianaonias crocTROM NOAOORE M Ne BIOKUMAL NN
Kakyio SC-TpuroHoMeTpRIo Co CBORCTBOM N0noGHs 7 '

Jlurepatypa

- 1. Cydonaamos C. B. lousronomerpuu nap rpymn // Cu6. war. 1. Introduction

1997. T. 38, N 4. C. 926-931.
weak congruence relation p on an algebra A = (4, F) is a symmetric and
isitive relation on A compatible with all the operations from F, including
Hary ones (if ¢ is a nullary operation, then cpe). The set of all the weak
gruences is an algebraic lattice under inclusion (usually denoted by CwA).
!, B?, the diaganal relations A and Ap = {(2,2) | z € B}, for B subalgebra
M A, are weak congruences for every algebra 4. Furthermore, in a weak
gruence lattice CwA, the filier 1A is the congruence lattice (ConA) and
ideal A is isomorphic with the subuniverse lattice (SubA) of the algebra
If B is a subalgebra of A, then the interval [Ag, B?] is the congruence
lice ConB. Therefore, the weak congruence Jattice is the union of all the
ngruences on all the subalgebras, plus @ if there are no nullary operations in
- In papers [8-12] by weak congruence lattice is considered the union of all
congruences on all the subalgebras of an algebra, where @ is added if and
ly if that algebra does ot have the least subalgebra (in order to complete
fanily of all the congruences on all the subalgebras to be a lattice).

let g be a relation on an slgebra A. p is weakly reflexive if for every
NAS A

2, Cydonaamos  C.B.  Yactwuuwe  anrebpu, ACCOLMM PO

C moaKroloMeTpuIMH nap rpynn // Aarebpa u sormka. 1997 T.
N 4. C. 454-476. p

pla,y) = plz,2) A p(y,y).

b & tolerance relation if it is a reflexive, symmetric and compatible
whion on A. A weak tolerance relation is weakly reflexive, symmetric

compalible,
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Denote by TolA, TwA, RefA, RwA classes of all tolerance relations, & 2. Preliminaries
weak tolerance relations, all reflexive compatible relations and all weakl

reflexive compatible relations on an algebra A, respectively.

Al of the mentioned sets of relations are algebraic lattices under inclusiol
All of them include A (the diagonal relation) and A”. TwA and flwA ak
include B? and Ap, for all the subalgebras B of A.

Recall that an element a € L is codistributive if it satisfies a A (z V y)’
(aAz)V(aAy), forall z,y € L. An element satisfying the dual identity
called distributive. I L is algebraic lattice, then a codistribhitive element
is infinite codistributive as well, and classes of the congruence correspondil
to the homomorphism na : 2 ++ 2 A A always have top elements, We dene
by b* the top element of the class to which an element b belongs.

An element a € I is cancellable if from zAe =yAaand zVa=y¥
it follows that £ =y, for all 2,y € L. An element a € L is neutral il it
distributive, codistributive and cancellable. The center of & lattice is the:
of all the neutral elements having complements.

The diagonal relation A is always a codistributive element in lattices C 7
TwA and RwA. In all these latticés the top elements of the classes of &
congruences determined by na are all squares of all the subalgebras of A

Recall that an algebra A satisfies the Congruence Extension Propef
(CEP) if every congruence on & subalgebra has a congruence which is-an ¢
tension of that congruence. Algebra A satisfies the CEP if and only if
diagonal relation A is a cancellable element in the lattice CwA. An algebra
satisfies the Unique Congruence Extension Property (UCEP) if ew
congruence p on a subalgebra of A has a unique congrience on A extending
An algebra satisfies the UCEP if and only if CwA & SubA x ConA, provie
that A contains & minimal subalgebra [8], if and only if A is in the
of CwA. An algebra A satisfics the Congruence Intersection Proper
(CIP) if A is a distributive element in CwA. Similarly, an algebra sal
fies the Tolerance Extension Property (TEP) if the diagonal relaf
is a cancellable element in the weak tolerance lattice, and the Tolera )
Intersection Property (TIP) if A i« a distributive clement in TwA.

Giridzer-Schmidi theorem on representation of lattices by congruences is well
known In (3] Chajda amd Ceédli proved that any algebraic lattice is isomor-
phic to T'ol A for an algebra A such that every compatible binary relation on
A ¢ a wlerance on A. This shows that for every algebraic lattices L there is
au algebra A such that L% TolA and I = Re[A.

-~ In [12] Vojvodic and Sedelja note that for every algebraic lattice there is
b algebra A such that CwA is isomorphic with that lattice. Namely, for a
lattice I we lake algebra B = (A, F) such that ConB is isomorphic with [,
‘which exists by Gritzer-Schmidy theorem, and construct the required algebra
A by adding to F all the elements from A as nullary operations. By the
liilar arguments from the meationed theorem by Chajda-Cuzédli one can
educe that for every algebraic latuice there i an algebra such that TwA
il HwA are isomorphic with that lattice.

I'here is still an open problem of representation of |attices by weak con-
grucnces (weak tolerances and weak reflexive compatible relations), with a
fxed element of a lattice representing the diagonal relation.

In order 1o solve this problem for weak congruences, Vojvodic and Seselja
In 1] introduce the notion of a A-suitable element, Let L be an algebraic
fattice. Element a is A -suitable if it satisfies the following conditions:

(1) a s codistributive element in L;

(2) Forallz,y € L,ifzAy#0then (zVy)' =2V,

() borallz,y € L,ifx#0and 2* <y, then (yAa) #yAg

() Iz #0and 2 =Ay|y€L\{0}), then z # 2°, for every z € [;

(51 If z €}a and z < a, then

Vigetalyva' <l)#1.

I'liey proved that if / is a lattice isomorphism from CwA to a lattice L,
Mhen f(A) is a A-suiiable element,

M Ploséica generalized the condition (5) in the following way: '

(5') If 2,y €la, and z <y, then it exisis z € [y, y'], such that

"Prvire merespondence
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Theorem 1. Let £ be an slgebraic lattice and a € L an element from the
center of the lattice, such that ta has exactly one coatom, Then, there is an
algchra A, such that the weak congruence lattice CwA is isomorphic with £
wnder a mapping [, and [(A) = a.

(1) for all t € [z, 2"), the set
{c€ Ext*(t) | c < 3}
is either empty or possesses the top element;

(i) for all t € [z, 2"), the set Proof. Let 1 be the top element of the lattice £ = (L, A, V). Let B = (B,G)

be an algebra such that Ja = SubB. Further, lot ¢ = (C, H) be an algebra,

{ce E2t'(t) | c £ £} for which ta\ {1} = ConC and BN C = 0. Such algebras exist by Birkhoff-

: ; Frink and Gratzer-Schmidt theorems, respectively. Required algebra A such
:h‘;‘“m““ vty eyl Wbt A s isomorphic with L is

A=(AF), where A= BuC,and F =G UH"U{c, | 2 € C}u{s}, the
perations being as follows. For every g € G, the corresponding operation in -
0 is:

Ezt*(t) = {w € [y,y'] | wnz’* =t}

Since a A-suitable element is codistributive, it is infinite codistribuf
as well and classes of the congruence determined by the homomorphisn
always have top elements, .

In [7] M. Plod¢ica gave a solution of the concrete representation problem
weak congruence lattices, i.e., he answered the question: when a subfat
of the lattice of weak equivalences on A is the set of all the weak congruen
on an algebra A = (A, F). Namely, a family F C Ew(A) is the set of
the weak congruences of some algebira if and only is ¥ is closed under al
graphical compositions and up-directed unions (for details, see [7]).

9(11- ---vzn)l iy dn € B;

9’21y 20) = { z;, otherwise,

Similarly, for every h € H, the corresponding operation in H* is:

B(z1) 1 Za), Z1yen3n €C;

h (‘l- ey xﬂ) =~ { zi, otherwise.

For every z € C, ¢ is the corresponding nullary operation of A.
Finally, s i the following operation of arity 4:

7z, forz=yand z€ B;
t, forz#yand z € B;
z, forzeC.

N(I, v, 3") =

3. Results

In this section the problem of representation of lattices by weak congruer
weak tolerances and weak reflexive compatible relations with a fixed eles
of a lattice representing the diagonal relation is solved for a class of latti
the diagonal relation being the image of an element from the center of
lattice we are trying to represent. Since the diagonal relation belongs to
center of the lattice, the obtaining algebra whose lattice of weak congruem
is isomorphic with that lattice satisfics the CEP and the CIP. Mareover it
isfies the UCEP as well. Similatly, the obtaining algebras for lattices of wi
tolerances and weakly reflexive compatible relations satisfy the correspond
extension and intersection properties,

Now, we are going to prove that:
» SubB = SubA;
o Cont’ = ConD\ {D?}, for every subalgebra D of A.

Il the elements from C must be in all the subuniverses of A (nullary oper-
lons), and all the subuniverses of A are exactly of the form C U X, where
X Is a subuniverse of B. Namely, if X is a subuniverse of B, then CU X is
vionsly closed under all the operations from G*, H* and 5 as well. Con-
ly, if A, is a subuniverse of A, then Ay = CUX, for X C B. Since A,
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i8 closed under all the operations from F', especially under all the uper
from G*, the set X is also closed under all the operations from (/. and il
a subuniverse of B. ’

All the congruences on A, except A%, ure exactly of the form pUA Y, wh
p i8 a congruence on C. Indeed, if P is a congruence on C, thei p U A
compatible with all the aperations from ¥, the proof of which follows, d

Let g* € G* be an n-ary operation (n21), and 2;,.., 20, 11, .... Yyu €
such that z,(p U Ag)y;, for 1 <i < n. Then, for every 1,

ConA\{A}, and ConA =44 in CwA. For all b €}a, [b,6']\ {b'} = ConC.
Finally, ConD \ {D*} = (“onC, for every D € SubA.

Thetefore, CwA= . 4

Obvionsly, we have that in a weak tolerance lattice the filter 1A is the
Wlerance lattice (Tol A), Similarly in a lattice of all weakly reflexive compal-
ible relations the filter 1A i the lattice RefA. The ideal JA is isomorphic
with the subuniverse lattice (SubA) of algebra A in both, TwA and RwA.
IF B is a subalgebra of A, then the interval [Ag, B in T'w.A is the tolerance '
lattice TolB {In RwA the mentioned interval is RefB) [4]. Using the cited
results by Chajda and Czédli on representation of lattices by tolerances and
by lattices of reflexive compatible relations as well as the construction similar
lo the one in Theorem 1, we get the following results,

Tipyiand z,y, € Cor z; =y, and z,,y, € B,

if all elements z; and y, belong to B, we lave that g'(z;,...,2,),

g.('lt sy vﬂ)u i'c'u 9.(31 Ve ’u)(P u 58)9'(31 (R yll)‘

I there is an element z, not belonging to B, then y; does not belong to
as well, and

g (zh'"l‘n) = l](ﬂUAﬂ)m =9 (.'I:»---.Vn)- Theorem 2. Let £ be an algebm“‘ lattice and a € L an element ﬁvm the

center of the lattice, such that ta has czactly one costom. Then, there is an

Similarly we prove that p U Ay is compatible with an uperation h* €
algrtira A, such that TwA = C under o mapping [, and f(A) =a.

We will prove the same for the operation 5. Let z;(p U Ap)y;, for §
L2334 If 2 € C, then y, € C as well, and (71, 2,23, 24) = z1py
s(vi va s, ). U1 2, € B3, and Ty =2y, then yy =1, yy = y; = z; and w
B, and hence 8(z2,, 2;,3, 2y) = z4(pUA g)yy = Sty s s pa). M2, € B st
21 # 33, theu yy # yy, and o(2), 23, 23, 20) = 24(p U Ap)y = (¥, 12, b,

On the other hand, if @ is a congruence on A, then 11C i a congru
on C. If 6 # A* we will prove that 8 is exactly of the form @ncyua
Suppase that there are elements 0,bsuch that a # b, a € B and afb. 1
if 2,y are arbitrary elements from A, ,

Theorem 3. Let £ be an algebraic lattice and a € I, an element from the
center of the lattice, such that ta has exactly one coatom. Then, there is an
alychra A, such that RwA = £ under a mapping [, and f(A) = a. B

e following example illustrates the theorem for weak congruences.

= 5(a,a,z,y)0s(a,b,z,y) = y,

which means that § = 4%, Fxample 1.

Similarly, if D is a subalgebra of A, then all the congruences of D, ex
D?, are exactly of the form pUAp, where p is a congruence on ¢,

Since a belongs 1o the center of L, L =tax |a. Wirther on, |a & Sul
SubB ® SubA and SubA %A in C'wA. Similarly, fa\ {1} = Con(’, (' on€

Lot Loand a € £ be as in the lattice in Fig. 1. Element a satisfies the condi-
fws Trom Theorem |, and we can represent lattice I by a weak congriuence
luthier
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Figure 1

We have to construct an algebra B such tbat SubB is isomorphic
}a (pentagon lattice), and an algebra C such thal ConC is isomorphic wil
ta\ {1} (two-element chain). Such algebras are: two element group €8
(C, o), where C = {b, ¢} and a groupoid B = (B, ¢), whete B = {d,e, [},
& binary operation « is defined by the following table:
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The required algebra is A = (A;s,0,4,b,¢), where s is the operation of i
4, o and % are binary operations on A dufined as in Theorem 1, using §
operations o and + on C and B, respectively. Finally, b and ¢ are nulls

operations. By Theorem |, ('wA = £, under the isomorphism f, whe
J(a)=a. g

The similar problem of representation of lattices by weak quasi-ord
(weakly reflexive and transitive relations) is not considered here. ‘I'he re;
is that the problem of representation of lattices by quasi-orders is still ope
[6]. 1f it happens to be true that for every algebraic lattice there is a Ialtic;
quasi-orders on an algebra isomorphic with this lattice, then the constructie
similar to the one in Theorem 1 would give representation considered I
for weak quasi-orders, as well,
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n-GROUPS, n > 2, AS VARIETIES OF TYPE (n,n - 1,n - 2) % Introduction

Janez Ugan

Ingtitute of Mathematics,
University of Movi Sed
Trg D. Obradoviéa 4, 21000 Novi Sad,
Tugoslavia

21 UOn s-gronups

2.1.1, Definitions: Let n > 2 and let (Q, A) be an n groupoid. Then: (a)
we say that (Q, A) is an n-semigroup iff for everyi, j € {1,...,n}, 1 <, the
Jollowmg law holds

A(:‘lﬂb"(z:}u_l)l‘:?:;l) =t A(‘{- vA(‘,M-l)tzj.pnl)

[ (1, 3)-ussociative law); (b) we say that (Q, A) is an n-quasigroup iff for
reryi € (1,...,n) and for every a] € Q there is exactly one z; € Q such
that the following equality holds

A(n‘ll \Zi,a0 ") = a,; ond

(¢} we say that (Q, A) s a Dérnte n-group [briefly: n-group] iff (Q, A) is an
n-soagroup and on n-quasigroup as well.

A notion of an n-gronp was introduced by W. Dérnte in [1) as a general-
leation of the notion of a group.
2.1.2. Remark: n-groups, a8 varietics , have been investigated, with some
cxceptons, only for n > 3 ({14), p. 660; [4 — 8]). In [14] (p. 660) three
articles are cited in which n-groups are considered as varieties for n > 2
[iT — 9] from [14); Rusakov S. A. (1979), Dudek W. A, (1980), Usan J.
(1994)].

lu [6] (p. 52), one can find the following view on n-groups: "The theory of
wgroups for n > 3 is essentially diffierent from the theory of groups (i.e. 2-
groups), since for n > 3 there is no notion which could be an analogue
to the neutral element”.

1. Preliminaries

Let p € N, g € NU {0} and let a be a mapping of the set {i| i € N A
pAi< g} into the set §; @ ¢ S. Then:

By ... 00 p<q

ay stands for { a;; P=q

empty sequence (=0); p>q.

For example:
Alai™, A(a]*""),a53)), 5 €{1,....n}, n € N\{1,2}, for j = n stands]
A(ﬂ[, v“n—hA(am '03,. l))

Besides, in some situations instead of af we write (a;)]
For example:

=p

(briefly: (a.»)f’

(Vz; € Q)
for g > 1 stands for
V2, €Q...V2, €Q
[usually, we write: (Vz; € Q) ... (Vz; € Q)],

for g =1 it stands for 22 On the (5,)}-neutrsl operation in an n-groupoid

2.2.1. Definitions [10]: Letn > 2 and let (Q, A) be an n-groupoid. Further
on Let oy, ey and e be mappings of the set Q" into the set Q. Let also
{i,) € 11,...,n| and i < j. Then: a) ey, is aleft {i,j}-neutral operation
of the n-groupoid (Q, A) iff the following formula s satisfied

(a] (Va; € Q)7 *(Vz € Q)A(al™ er(al?), 0], 2,a30) = 2

Yz, €Q
[nsually, we write: (Vz, € Q)]
and for ¢ = 0 it stands for an empty sequence (= @).
In some cases, instead of af only, we write: sequence af (sequence a] o
a sel §). For example: ... for every sequence a

;ovcrascLS... |
p < g, we usually write: af € 5.
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b) e is a right {i, j}-neutral operation of the n-groupoid (Q, A) iff the
lowing formula holds

(8) (Yo € Q)y7(vz € Q)A(a}™ 2,0{ " en(a} "), a1 7F) = 2: and

b) e is an {§, j}-neutral operation of the n-groupoid (Q, A) iff the fol
Jormula holds

() (Vo€ Q) "(ve € Q)(A(al™ efa} )0, 2,0}, = 2

AA(‘rl"l‘{_,' 0(“7")-6,"'11’) =z), »

2.2.2. Remark: Forn =2, e1(a]”?) [= en(B); 1] en(a}™?) and e(a}
are respectively o left neutral element, a right neutral element and a new
element of the groupoid (Q, A).
2.2.3. Proposition [10]: Letn > 2, {i,5} C {1,...,n} andi < j. T}
if ey is a left {3, j}-neutral operation of the n-groupoid (Q, A) and eg &
right {i, j}-neutral operation of (Q, A), then e; = ey and e = e, = ep
an {i'j}'"ew W‘W OI (Q! A)

The sketch of the part of the proof: If (a) and (b) from 2.2.1 hold,
for every sequence a} ~? over @ (:1) the following equalities hold

Alaf™ eclaf™"),af ™", en(a}?), a77) = exfa]?) and
A(G{-‘.OL(C?-'). all-’l eﬂ(“?—hu “?:lt) = eL(a?-z)' "

2.2.4. Proposition [10]: Letn > 2, {i,j} € {1,...,n} andi < j. Then
every n-groupoid there is at most one {i, j} neutral operation,
The sketch of the part of the proof: In the assumption that e; and ey

{i, j}-neutral operations of the n-groupoid (Q, A), we take into account
for instance, the fact that e; is a left and ¢, a right (i, j}-neutral oper
and after that we conclude as in the proof of Proposition 2.2.3.

s a (2n — 1)-group [:2.1.1). Every m-group, m > 2, has an {1, m}-neutral
operation [:[10]; 3.4). Denote by e the {1,n}-neutral operation of the n-group

(@, A), and by E the {1, 2n—1}-neutral operation of the (2n—1)-group (Q, 'z)-
In addition, let

[/

(a}~?.a) 'dgE(n','",a, a)™?)!

[:313.4]. In this way, an algebra (Q, {A,”' ,e}) of the type {n,n—1,n -2)is
nsociated Lo every n-group (@, A). Among laws which hold in this algebra,
we point out the following ones:

(1) A(A(]),227) = Alzy, Al23) 2353

(ta) Az} A2, 200m) = Al2] AlE))
(21) Ale(a??),a¥ % z)=1¢

(2) Afz,077 efa] ) =2

() Al(a}™ )" 672 0) = e(al ™)

(3x) Ala,a]? (a}"2 a)"") = e(a]™)

() Al(a?,0)" a2 Als,a}"22) =2

(1r) A(A(z,0] 7 a),a7 7" (o] @) ") =2

[3.4]  Further on, among the above laws, we choose six [for n = 2 four
' | systems of three laws, as described in Tables 1-6 [the laws which are
represented by marked fields in Tables 1-6]. Now we can formulate basic
parts of the main results of the present paper [:Theorems 4.1 and 4.2} in the
following way:

Lt n> 2 and let (Q, A) be an n-groupoid. Then: (Q, A) is an n-group iff
thete are mappings ~' and e respectively of the sels Q"' and Q" into the
wi ) such thal in the algebra (@, {A,™" ,e}) of the type (n,n—1,n - 2) the
laws from the marked fields from Table i, i € {1,...6), are satisfied.

2.3  On main results of the article

If (Q, A) is an n-group, n > 2, then (G, ), where

Forn =2, 0= = E{af ™' Id the inverse elrment of the elerrsent a with respect Lo the neutral element

vt ol the group (G, A)
Mrn=2)=(In)

AV AAGD), 227),
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that ~!r ==
MR R e e 3.2. Proposition: Let n > 2 and ket (3, A) be an n-growpoid in which
. l . 1]e 1|e 1 . the (1,n)-assocrative law holds (:2.1.1). Further on, let (Q, A) has an {1,n}-
: - v} i Aje neutral operafione (:2.2.1, 2.2.2, 2.2.4). Then, there is at most one (n—1)-
3 : & 3 . ary operation ~' in Q@ such that for every z,a € Q and for every sequence
fl‘lbl 1 ?hbl 3 "hbl ; 4’I‘abl : o]~ over Q the following equalities hold
| I : R L. R . A((a]"? )" .a]"? a) = e(a}?) and
1 : . 1o Ala,a} 7 (a] % a)"!) = efa)?)
2
g : 3 : (131) and (3g) from 2.3]
1 i B Proof. Suppose thal there are mappings ="' and ~'7 of the set Q"' into
'm:| 5  Tabl. 6 the set Q such that the laws (3;) and (3g) from 2.3 hold in the algebras

(Q,{A, " ,e}) and (Q,{A, " ,e}). Then for every s € Q and for every
sequence af~? over Q (zn > 2; 1) the following equalities hold

AM(ai~?,a)™", a7, 0) = e(a] ") and

'“" 1 “?-,q (ﬂ?-’, "-l” L e(.l.-,)q

3. Auxiliary propositions

3.1, Proposition: Let n > 2 and let (Q, A) be an n-groupoid i which &
(1,n)-associative law holds (:2.1.1). Then, there is at most one (n— 1)
operation ~' in Q such that for every z,a € Q and for every sequence
over Q the following equalities hold '

Al(a?,a)" 0}~ Afa,a! ™ 2)) = 2 and

AlA(z,0]"",a),a} " (0] " a) ) =2

[41) and (4g) from £.3].

Proof. Suppase that there are mappings ~" and ' of the set @)

the set @ such that the laws (4,) and (4x) from 2.3 hold in the algeby

(@.{A, ")) and (Q,{A,”")). Then for every z,y,a € Q and for @

sequence a} * over @ (in > 2; 1) the lollowing equalities hold
Al(a}" a)™" o] %, Afa,a] 2, 2)) = 7 and

AlA(y, a7 a), 077 (o] *,a) ") = y

whence, by the monotony of the operation Aby the assumption that the
(1, n)-associative law holds in (Q,A) and by the assumption that e is an
(1,n}-neutral operation of the n-groupoid (Q, A) [ 2.2.1, 2.2.2, 2.24], we
conclude that the following equalities hold

AA(GE?,a)1 1, a) a7, (a1, a)1) = (a2, 0) and

AlA((a}=2,a)" al % a),077% (a1, 0) ") = (a7, 0) ",

i. e, that ~ =",

3.3. Proposition: Let n > 2 and let (Q, A) be an n-groupoid. Further
on, let the (1, n)-associative law holds m (Q, A) [:2.1.1] and let for every
0! € Q@ there is at least one z € Q and at least one y € Q such that
the followng cqualitics Afa}™", z) = a, and Aly,a}) = a, hold. Then, the
Jollowing statement hold

: " e ttirre o -3 A\l — {a"?
whence, introducing the substitutions z = (af™* a) " und y = (4 a) (1) (Q, A) has an {1, n}-neutral operation & (:2.2.1, 2.8.4);

by the assumption that in (Q, A) the (1 n) associative laow holds, we concli
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2) The proof of (11):

2 1
(1) The (2n —1)-groupoid (Q, A), where A(zi" )< A(A(x}), z357"),
1 Fli el 3 T'he (1,2n ~ 1)-associative law holds in (Q,A), where

an {1, 2n ~ 1)-neutral operation E; and

el A agae, )

and for every a¥*~' € Q there is at least one z € Q and at least one y € Q
such that the following equalities hold j(a, ~,2) = a3 and l(y.a{"") =

3
aun-1. By (1), whence we conclude that the (2n ~ 1)-groupoid (Q, A) has an
(1,2 — 1}-neutral aperation [let it be denoted by] E.
3) The proof of the statement (I11):

Since E is an {1,2n - 1)-neutral operation of the {2n - 1)-groupoid (Q, j),

by the definitions of the operations A and ~!, aad by the assumption that
the (1, n)-associative law holds in (Q, A), we conclude that for every ¢,z € @
and for every sequence a?~* over @ [ n 2 2; 1] the following equalities hold

A((a?"’a)-'.a?"z' Al“l“?”")) =12 md

AlA(z,a} a), 077", (0} 0) ") = 2,

(@}, 0)" (e}, a1,

then the lows (2;)-(4,) and (2g)-(45) from 2.3 hold wn the algebra (Q, {A,™
e}) [of the type (n,n - 1,n ~ 2))
Proof. 1) The proof of statement (1):

Let a be an arbitrary (fixed) element of the set Q. 'Then for every sequ
a} " over Q [: n > 2; 1] there is at least one egfa}™) € Q [ y = eyla]”
such that the followiug equality holds

(a) Aler(a} )0 a) =a.

On the other hand, for every b € Q and for every sequence k{ ™ over Q
is at least one k € Q [: z = k| such that the following equality holds

(b) b= Ala, k> k).

Further o, by (a), (b) and the assumption that the (1,n)-associate law h
in (Q, A), we conclude that the following series equalities hold:

Aler(a)"?),a!2,b) = Aferlal™?), 0] Ala k" k) =
A(A(ec(a?™), a7, a), k12 k) = Ala, k7, k) = b,

whence, by the substitution z = e(a}™), where e is an {1,n}-neutral opera-
fion of the n-groupoid (@, A) [:(1)], we conclude that the following equalities -
hold
Al(a}"? 6)™",a?"?,a) = e(a}~?) and
A0}, (a7, 0)™") = efa]~?).
whence we conclude that for every b € ( and for every sequence a}~* over
[: n > 2; 1] the following equality holds

Aferfal?),a b) = b,

0

By the definition of the n-group [:2.1.1] and by propasition 3.3, we conclude
that the following propesition holds:
34. Proposition: Let n > 2 and let (Q, A) be an n-group. Then, the
Jollowunng statements hold:

(1) (Q, A) has an {1,n)-neutral operation €'

(11) (@, A), where A2 A(A(z}), 5257") has an (1,20 ~ 1}-neutral
operation E; and

(10} Theee e mgrouge withont (6,3} # (1,n] ({155 1n 113] n-groupe with {3, j}-netenl opernsions
G hiy gL o {1n} wee deseribed.

i. e., that (Q, A) has [at least one] left {1, n}-neutral operation e Simil
it is possible 10 prove that there is a right {1,n}-neutral operation eq |
(@, A). Finally, by Proposition 2.2.3, we conclude that there is an {1,n}
neutral operation e [= e, = eg).

TPoc nm 2(Q, A) ls n group, e{a]*) [m ef#); 1] Is ita neutral eletnent and E(a) is the invere
a with respect to e{f). For n 2 2 there are algebina (@, (A, €] ) m which Juws (3¢)-(42), (2n)-{4u) b
and algebrn (@, A) I an (1, n)-amocintive n-groupold bt (Q, A) b not an ngroup
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(1) If
hat for every aX*~! b2~ € Q the following series of implications hold

Afal, Alal™Y),a2i7") = Ala}, Alali?) ofiah) =

Alby, Alal™, Ala™"),af53"), 87" =

Albi, Ala}, Alal}?), altndy). 67) =

A(A(by, o} Ala*™ ), alfn ") 0an-1, 71 =

A(A(b, 6}, Alalh), afiadi), a2, 8371 =

Alby,ab", Alat*™), a2 %) = A(by,af, Alal}]), lfaii): 02a-2)

whence we conclude that then, in (@, A) the (i +1,i+ 2)-associate law also
Lolds. Thus, (@, A) is an n-semigroup.
Similarly it is possible to prove that the statement (11) also holds.

(a2, a) " YE(a) 2, 0,0} 7Y,

then in algebra (Q, {A,™" ,€}) of the type (n,n—1,n-2) the laws (15) - (4z
and (1g) - (4g) from 2.3 hold. *

In the present paper we use the following proposition:

3.5. Proposition: Letn > 3 and let (Q, A) be an n-groupoid. Then
Jollowing statements hold:

(1) 1f
(a) the (1,2)-associative low holds in (Q, A), and
(b) for every z,y,a} " € Q the following implication holds

Alz,al™") = Aly, o} ') >z=y, 4. Main results
4.1, Theorem: Let n > 2 and let (Q,A) be an n-groupoid. Then, the
Jotlowing statements hold:

() (Q,A) 18 an n-group iff there are mappings =\ and e, respectively, of
the sets Q" and Q" into the set Q such that the laws (1g), (2) and (31)
from 2.8 [Tabl. 1] hold 1w algebra (Q, {A,”" .e}) of the type (n,n—1,n~ 2),

(b} There is at most one pair of mappings -1 and e, respectively of the
sets Q7' and Q7 into the set Q such that the laws (1g), (21) ond (31)
frow 2.3 [Tubl. 1] hold in algebra (Q, (A" e}) of the type {(n,n—1,n—2);
andd

(ey) The laws (1g), {20) ond (3g) from £.3 [Tabl. 1] are mdependent.
Praof. 1) Proof of the statement {ay):

k) =i

Let (@, A) be an wgroup. Then, by Proposition 3.4, there are an algebra
(). {4, e}) of the type (n,n —1;n - 2) in which the laws (15), (2¢) and
(4, from 2.3 [Tabl. 1] bold.

I) =i

Let (@, {A, 7", e}) be a variety of the type (n,n— 1,n—2) in which the
Liws (1g), (20) and (3} from 2.3 [ Tabl. 1} hold. We prove respectively that

then (Q, A) is an n-semigroup; and
(i 1y
(d) the (n — 1, n)-associative law holds in (Q, A), and
(b) for every 2,y,a}"" € Q the following implication holds

A(ﬂr‘,t) o A(‘r|v') =Zz=y

then (Q, A) is an n-semigroup.

Proof. Intbcpmddthepmpoﬁthnmtbemﬁhodd&!..

from (9] [from the proof of Theorem 1 in {9]].
leuz:hldletthe(l.2)—mduivelubokhinthewgmnpoid(q. _

In addition, suppose that the (i, i + 1)-associative law, i € {1,....n-2

hoks in the n-groupoid (@, A). Then, by (a) and (b) {from (1)}, we

'hlll]l&»mn2!.’lhrid-uwkty(o.u."})d\kl’p(-,.-u A
et o that variety we gives in section § fof the prent peper]
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in that case the following statements hold: The proof of the: statement 2°:

1°(Va; € Q)1 (Vz € Q)(Yy € Q)(Ala]™",2) = A(a] " y) = 2 = );

2°(Q, A) is an n-semigroup;

3'(Va; € Q)7 7(Vz € Q)A(z, 0] "e(a] ) = 2;

1°(Va; € Q) *(Va € Q)A(a, 0], (o}, 0)”") = e(a]');

5°(Vai € Q)7 (Vz € Q)(Vy € Q)(A(z,a]™") = Aly,a]™") = z = y);

6°(Q, A) is an n-quasigroup. g
By 2° and 6°, by the definition of a n-group [:2.1.1), we conclude that (@,
is an n-group. '

The proof of the statement 1°:

The case n = 2: since by the assumption the laws (15)*, (2¢) and (3
hold in (Q, {4, ,e}), we have that for every a,z,y € Q [a}? =8 1]
following series of implications hold: Y

A(‘- z) = Ala,y) = A(G'l, A(d,l» = A(‘-I» Ala,y)) =
A(A(a™",a),2) = A(Ala™",a),¥) = Ale(9),z) = Ale(®)),y) =
z=y[: 223,23 i
The case n > 2: since by the assumption the laws (1) and (2;) hold
(Q,{A,” ,e}), we have that for every a,z,y € Q, for every sequence
over Q and for every sequence ¢} over @ [:n > 3; 1] the following series,
implications holds:
Afa}?,a,2) = Ala} % 0,y) =
A(e(dl'-a' a), dl‘-ave(all-’)' A(“?-z' d.t)) -
Ale(d=2,a), &7, efa] "), Ala}~?,a,p)) =
Ale(c]™ a),G~*, Ale(a} ).} 0),2) =
Ale(e a), & Ale(a]™"),af ", a),p) =
Ale(d ™ a), 7, a,2) = Ale(c] ™, a), ¢} a,p) =

r=y.

For n = 2 the statement 2° is an immediate consequence of the definition
of a semigroup (2-semigroup) and of the assumption that the law (1g) holds
Wt 4 Ferm s 2 the statement 2° holds by the assumption that the law
(1q) holds in (@, A, by statement 1° and by Proposition 3.5.

I'roof of the statement 3%

Since the (1,n)-associative law holds in (@, A) [:2°], by the assumption
that the laws (3,) and (2;) as well as 1° hold in (Q, {A,™" ,e}), we conclude *
that for every a,b € @ and for every sequence af ™" over Q [:n > 2; 1] the
following sequence of implications holds:

Afa,a} " elaf ) = b=

Al(a]",a)"" a} %, Ala, 0}, e(a] ™)) =
Al(a]"% ) \af 72 h) =

A(A((a??,a) a] 2 a),a] 2 efa} 7)) =
Alla} 2 a) a2 h) =

Alefa??), a2, efa} %) = Al{al 7 a)~" a}™b) =
efa] %) = Allal ?,a) " a} % b) =
Al(a®20)" a7 a) = Al(a} ™ 0)" 0] 2 b) =

a=h

I'ie proofl of the statement 4%

Since the (1, n)-associative law [:2°] holds in (Q, A), by the assumption that
law (35) and (21,) as well as the statements 3° and 1° hold in (Q, (A" e}),
we conclude that for every a b € Q and for every sequence a}? over Q

M) ALA(=f)xs) = ALz, Al))
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{in > 2; 1) the following sequence of implications holds:
Afs,0} (a} 7 0)") =b=
A} 0 0} Afe, 0}, (a7 0) ) =
Al(a??,0) 0} b) =
AlA((a},0)™" 0t 0), 017 (a7, 0)) =
A((a}? ) \ai™ b)) =
Afe(a?™?), a1, (a172,0)) = All} ™ 0) a7 B) =
A}, 0), b2 e(a] ™) = Al(a} ! a) a7 B) 2
e(a} ) =b
The proof of the statement 5°:
Since the (1,n)-associative law [:2°] as well as the statements 4°

hold in (@, A), we conclude that for every z,y,6 € Q and for every seq e

a}? over Q [in > 2; 1] the following series of implications holds:

Afz,a} " a) = Ay, 0}, 0) =

AlA(z, 0} 0), 037, (6}, 0)7") = A(A(y,a},a), 077, (0} ")) 2

’“‘l“l-llA(“l n'l‘_zl (":"-ﬂ)")) - A(Vn d?".A(d,a?"l, “?—'-0)4»

Alz, a3~ efal™) = Aly, a7 efaf™") =
z=y.

The proof of the statement 6%

By 5° and 1° and the corresponding monolanes we conclude that
lowing formulas hold:

() (Ve €Q)r-(Va € Q)(Vz € Q)(Vy € Q)(Alz,0],0) =

n~4

Aly,a} " a) ¢ z=y); and

(r) (Yo, €Q)}*(VaeQ){Vz EQ)(Vy E Q)(Ala,a}? x) =
Ala,af ™ y) & 2=1y).

62: For arhitrary a,b € o and an arbitrary sequence al ! aver Q [

Junies Ubnn 196

1| the equation

Alr.a " a)=b
over the unknown z has exactly one solution which can be expressed in the
following way
Ath,a}?, (@} a) 7).

Indecd, by (1), 2°,4° and 3%, we conclude that for every z,a,b € Q and for
vvery sequence a  over @ the following series of equivalences holds

Alz,a} 7,0) =h e
A(A(z,0}? a),a] %, ol % a)") = Alb,a? (] a) ") &
A(t,a’l‘"’,A(a.a',‘",(o?”,a)“)) = Ath,a% (0] % 0)) &
Alz,a"? ela] ") = Alb,a] (a7 a) ")
7= A(b,a."’.(o',‘",a)").’ _

Similarly, by (r), (2°) and by the assumption that the laws (31) and (21)

hold in (@, {A.”" e), we conchide that the following proposition holds:

63: For arhitrary a,h € € and for an arbitrary sequence a}~? over Q
[ >2; 1] the equation

Ala,a? 2 2)=b

aver the unknown z has exactly one solution which can be expressed in the
following way

'4((0.".0)"&'.'"1.0)-’
6 lebn > 3 € {)...on- 2}, let a7~ be a sequence over Qln> 31|
and let a,b,c € Q. Then, the equation

A(a.a‘,".z,c?". h)=c

aver the nnknown z has at most onc solution in @
Indeed, by 2°, 6] and 63, we conclude that for every a,bz,y € Q, for
cvery sequence a7 aver @ [in 2 3;1] and for every sequence &~ over @ the

e e
Tor 1 =12 the following holde. Afz,u] = bez=Aba")
Mpor = 2 the [ollowing hoid: Afa, 2] = b z=Ala”'b)
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following series of implications holds:
Ala,ai™ 2,0 0) = Ala,a} ' y,al ' b) =
Al Ale,ai 2,017 b),¢) = AW, Alayay 'y, b)) =
A(A(y] 0,01, 2), 0l b,64) = A(AL, | asa) ' y)af " b ) =
Al o,ai2) = Ay a0l ) =
=y

63: Letnm >3, i€ {l,....n—2} letal " beasequence over Q [ > 3
and let a,b,¢ € Q. Then, the equation

A(u,a',",:,a:"’, by = ¢

over the unknown £ las at least one solution in Q.

Indeed, by the proof of statement 65 and by the statement 27, we conclu
that for every sequence o}~ over Q [in > 3,1] and for every sequence
over @ the following equivalence holds;

Ala,a z,a" " b) = ¢ &

A(ALL! 0,0 2),a" 2 b)) = A e, 4),

i+l
whence, by 6] and 85, we conclude 65 holds.
2) Proof of the statement (b, ):

Let o > 2 and let (Q, A) be an n-groupoid. In addition, assume that t ;‘
are mappings

Q' a Qand e Q" ke {1,2),

such that the laws (15), (2;) and (3;) hold in the algebras (Q {A, 7" &
and (Q,{A,7",e}). Then: (i) by 3° from the proof of the statement (ay
by 2.2.1 and 2.2.4, we conclude that ¢, = ¢y; and (i) since ¢; = g [:{i})],
4° rom the proof of the statement (a,) and by Propasition 3.2, we conclug
that ~h =N,
) I'roof of the statement (¢y):
31) 'The laws (Lg) and (25) hold wn the algebra (@, {A, " e}) of the ty
(n,n=1n-2) wheren >,2,1Q| > 1, .'l(r',‘)dgr._. “Lan arhitraey (n = 1)-

Janes Uiun wi

peration in @ and e(a,“)‘é!c - constant, However, the law (3;) does not
hold.
;) The laws (1) and (31) bold in the algebra (Q,{A, " e}) of the type

(o= 1,u-2), wheren 2 2, |Q| > 1, A(z'l‘)‘-i!zh e(a',’")ﬂc - constant and

(@ a) L e(adY). Nowever, the law (2;) does not hold.

35) The case n > 2 Let (@, ) be a group, “!its inversing operation, and
et {Q, B) be an (n - 2)-groupoid which is not an (n — 2)-quasigroup [for
n=3 B¢gQ! Then (Q,A) satisfies conditions of Proposition 3.3, where

Alz, a2 y) L 2 Bla? ) .

s, there is au algebra (Q,{A4,”",e}) of the type {n,n = 1,7 — 2), in
whiich the laws (2¢) and (3;) hold. However, the law (1) fails to hold in
(2,44, ,e}). Indeed, il the law (1) holds in (Q, {A,”' ,e}), then by the
satement (@) [:1)4=] (@, A) is an n-group, which contradict the assumption
that (Q, B) is not an (n — 2}-quasigroup.

The case n = 2: Let (@, A) be a Moufang loop which is not a group, let
¢ = e(#) be its neutral clement and ™' its inversing operation [:{2-3]). Then
(he laws (21) and (3;) bold in the algebra (Q, (A e}) of the type (2,1,0).
However, the law (15) [=(11)] does not hold.

¥

All results of this part [including Theorem 4.1] can be described by means
al Tables 1-6 in the following way:

1.2, Theorem: Letn > 2 and let (Q, A) be an n-groupoid. Then the
Jullowing statements hold:

(w,) {Q, A) is an n-group off there are mappings ! and e, respectively, of
the sets Q' and Q™% into the set Q such that in the algebra (Q, (A" e})
of the type (n, 1~ Ln = 2) the laws from the marked fields from the Table i*
hold;

() there is ol most one pair of mappings ~* and e, respectively, of the sets
O il Q'Y ito the set Q such that in the algebra (Q, (A, e}) of the

'-n’(l: (]
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type (n,n — 1,n —2) the laws from the marked fields from the Table i
and

(;) the laws from the marked fields of the Table i are mutually ¢
Proof, The proof of the statement (a;) [i € {2,...,8}"" ]:

1) =:

Let (Q,A) be an n-gronp. Then (a;) [for every i € (1,...,8}] in the
direction = halds by Proposition 3.4.

1) &

i =2 Lot the laws (15), (2g) and (35) from 2.3 {Tab. 2] hold in the algek
(Q,{A,"" ,e)) of the type (n,n — I,n — 2). Then the folldWing stateme
hald: :

'l (Va, € Q)7 (V2 € Q)(Vy € Q)(A(z,a] ™) = Aly,a] ™) > 2 =)
*2(Q, A) is an n-semigroup | in (Q, A) holds the law (1z) from 2.3];
*3 (Va; € Q) ~(Vz € Q)(Ale(a} "), a1 % 2) = z; and

o1 (Va; € Q)F-'(Ve € Q)(A((a},a)! 03, a) = efa] ).

The statements *1-°4 conld be proved imitating the proofs of statemen
1°-4° [:proof of the Theorem 4.1]. Since from °2-*4 it follows that the law
(1r), (2;) and (35) from 2.3 [Tab. 1] hold in the algebra (Q, (A o)
we conclude by the corresponding part of Theorem 4.1, that (Q,A) is
n-group. »

i =3 Let the laws (12), (2¢) and (45) from 2.3 [Tab. 3] hold in the algeby
(Q.{A,~" ,e}). Since the law (4g) holds in (@,(A" ,e}), we conclude tha
for every z,y,6 € Q and for every sequence a"over Q[n > 2 1] th
following implication holds

A(z,a} %, 0) = Afy,a}",a) = 2 =y.

In addition, if we take into account that the law (1,) holds in (Q, (A7 o)
then by Proposition 3.5, we conclude that for n > 3 the (1, n)-associatiy
law holds in (Q, A). For n =2 (1g) = (1g) is the (1, n)-associative law, €

the other hand, if in (45) we put z = e{a}~?), and take into consideratios
(2,), we conclude that akio the law (3z) holds in (Q,{A,”' e}). F

Ye 1 Therrem 4.1,
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since the laws (4g), A(A(z?),2237') = Az}, A(#""")) and (35) hold in
(@,{A," &}), we conclude that the law (24) holds in (@, {A,™",e}). By
(a;) for i = 2 [«=], (Q, A) is thus an n-group.

i =4 let the laws (1g), (2¢) and (4g) from 2.3 [Tab. 4] hold in the algebra
(Q,{A,”" ,e}) of the type (n,n—1,n~2). Forn=2 the case "i = 4" coincides
with the case "i = 3". Let n > 3. Then, by (1x) and (2.), and also by
Proposition 3.5, as in the proof of the Theorem 4.1 ;proofs of the statements
1° and 2°), we conclude that also the law (1) holds in (Q, {a,”" ,e}). In that
way, the case "i = 4" is transferred to the case "i = 3", and therefore (Q, A)
is an n-group [also for n > 3],

The case "i = 3" is traunsferred to the case "i = 2". Similarly, the case
" = 5" could be trapsferred to the case "i = 1" [Theorem 4.1]. The case
" = 4" was transferred o the case "i = 3". Similarly, the case "i = 6" can
be transferred to the case i = 5". [The case "i = 2" was transferred to the
case i =1")

%) ‘'he proof of the statement (b) [1 € {2,...,6}]

Let n > 2 and let be an n-groupoid. In addition, suppose that there are

mappings

Qv s Qand ey QU+ Q, k€ {1,2)
such that the laws from the marked fields of the Table i [i € {2,...,6}; 23]
hold in the algebras (@, {A,™" ,e;}) and (Q,{A,7" e3}).

For every i € {2,...,6} in the algebras (@ {A ™" e)) and (@,{A ",
¢}) either the law (2;) or the law (2&) [from 2.9] holds. It means that e; and
¢, are either left {1,n)-neutral operations of the n-groupoid (Q, A) or right
[1,n}-veutral operations of (Q, A). In addition, by {a,) [, (@, A) is an n-
group for every i € {2,...,6}, whence, by Propasition 3.4, we conclude that
((, A) has an {1, n}-neutral operation since e is a left {1, n}-neutral operation
of the n-groupoid (@, A) and since e is a right {1,n}-neutral operation of the
n groupoid (Q, A), by Proposition 2.2.3, we conclude that e, = e ande;=e
it Lhat e = ey,

For i =, since ¢, = ey, for every a € Q, and for every sequence al”
() the following equality holds

A‘a‘a'll-?'la!; .‘10) h) 2 ~‘“ﬂ|a?-:'l“? 3-“)_i‘)|

’ over
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whence, since (@, A) is an n-group [-(a;), <], we conclnde that ~" =
211, In the cases i € {3,4), for every a,z € () and for every seqnent
o) over @ the following equality holds

(a;) (Q.A) is an n-group iff there is o mapping ~' of the set Q™" into
the set Q such that n the algebra (Q, {A,”' 1) of the type (n,n— 1) the laws
Jrom the marked fields of the Table i fi € 7.8) ] hold; '

(b:) There is at most one (n — 1)-ary operation ' in the set Q such that in
the algebra (Q, {A,™" }) of the type (n,n~ 1) the laws from the marked fields
of the Table i fi € {7,8)/ hold; and

(i) The laws from the marked ficlds of the Table i fi € {7,8)] are mutually
independent.

Proof. The proof is hased on the part of the from Part 3 of Theorem 4.1,
1) The proof of the statement (a;) [i € 7,8}):

1) =:

Let (Q, A) be an n-group, n > 2. Then, by Proposition 3.4, the statement
(5;) in the direction "=" holds for i = 7 as well as for i = 8.

I) &=

In the variety (@, {A,™"}) described by Tab. 7 as well as in the variety
(Q.{A.7"}) describe by the Table 8 [i € {7,8}] the laws (4;) and 4z) hold.
Therefore, we conclude tha for i = 7 as well as for i = 8 the following formula
hold

» (Va, € Q) "(Va € Q)(¥z € Q)(Vy € Q)
(A(a, 017, 2) = Ala,],9) > £ = y) and

AlAz,a} % a),a} " (67 a)™") = AlA(z.a] 7 a).07 7 (a7 Pa) 1)

and is the cases i € {5,6) holds the equality

Alfa} 2 .a)™" al % Ala,a] 2, 2)) = A(a] " a) 2,07, Ala,a] ),

whence, since (72, A) is an n-group, we conclude Lhat for every 1 € {3,4, 5,6},
o
3) The proof of the statement (¢;) [ € {2,...,6}]:

By means of operations A, ~' and e in the set @ [|Q] > 1] which
defined in the proof of the statement (¢;) [:proof of Theorem 4.1] for e
i €{2,...,6} one could define algebras of the type (n,n— 1,n —2) such th
exsctly two of the laws in the marked fields of the Table 1+ hold and that {
third law does not hold. (In Moufang's lorps /Q, A), also the following laws
hold: Afa~!, Ata, 2)) = 2 and AfA(a.2)07") = 2 [2-3]].)

5. On n-groups, n > 2, a8 varieties of type (n,n - 1)

Useful role in the deseription of main results of the present article [:4.1, 4.
play Tables 1-6 [:2.3]. 1u this part using similarly Tables 7 and 8 we dese
two varieties of the type (n,n — 1) which represent characterizations of 1
groups for n > 2. Besides, the main part of the annonnced result is alrea
known: Remark SFL

(k) (Va; € Q) (Va € Q)(Vr € Q)(Vy € Q)

(Alz,a]70) = Aly,a)?a) > 2 =y),

whence, by the corresponding monotonies, we conclude that also the following
formulas hold '

R LiR
1 . 1]e (k) (Ya, € Q) *(Va € Q)(Vz € Q)Vy e Q)
7 i O (Afa,a}™",z) = Ala,a} ™ y) & z = y) and
3 3
o TR (k) (Va; € Q)7 *(Va € Q)(Vz € Q)(Vy € Q)
Tabl. 7 Tahl, 8 (A(z,a}7,a) = A(y,a]~a) & 2 =y).

5.1, Theorem: Let n > 2 and let (Q, A} be an n-groupmd. Then
Jollowing statements hold:

Since for i =7 as well as for i = & the formulas (k,) and (k) hold, by the
lws (11) and (45), we conclude that for every a,b.x,y € Q and for every
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w02 negruupe, i 2 & ue wmpiotics of type (nn= I in=
Ihat there is an (n - 1)-ary operation ~' in @ such that the laws (4;) and
() hold in the algebra (@, {4, }), and that (Q, A) isa (1, n)-associative n-
aroupoid. Finally, by Proposition 3.1, we conclude that ="' =" and ~h=t
Lo, thiat ~h="h,
3) The proof of the statement (c;) [i € {7,8}]:

Sce the proof of the statement (c;) for i € {2,3,...,8) [:proof of Theorem
12].
5.2. Remark: In (1], the author proved, among others, the following
proposition: Let n > 2 and let (€2, A) be an n-semigroup. Then, (Q,A) is
art n-group iff there is o mapping ~' of the set Q"' into the set Q such that
tie lows (4;) and (4g) from 2.3 hold in the algebro (Q.{A)). [Forn=2.
i1 is a well known characterization of the gronp.] In [14] W. Dudek showed
that for n > 3 the condition "...(Q, A) is an n-semigroup..” can be weakened
{o the condition "..{Q, A) is an (1,2)-associative n-groupoid..." or to the
condition *...(Q, A) is an (n — I,n)-associative n-groupoid..”. [In [11] the
anthor used the notation f(a?’,a) instead of (a}*,a)”" and named / the
inversing operation in the n-group (@, A). The author use the same notation
for example in the paper [12], Tn [14] W. Dudek uses [ instead of A, and
hia?~2,a) instead of (a~,a)"" |

sequence a?~? over Q the following two series of cquivalences hold
Alg,a} z)=b%
Al(ad~,a)" i Ala, 0} 2)) = Alfa} L a) i) @

2= Al(a}",0)"" 0}, b) and

Aly,atta)=b&
AlA(y,a} 2, a),07 7 (a] " a) 1) = AL Lt a) ) e
© y=Alb,a}7 (e} 0) ),
whence, we conclude that the following o formulas hold

(Va; € Q)}*(Va € Q)(Vb € Q)(Vx EQ)
(er) (Ala,a} z)=ber= A(a"?,a)" a} b)) and

(Va, € Q)i (Ve € Q)(VL E Q)(V< €Q)
te) (Alyoai 0) = b e y = Albai™ (at™0)™)).

leti=7 Forn=2(lg) = le)is the (1, n)-assaciative law. For n >
by (15) and (k.), by Proposition 3.5, we conclude that (1,n)-associative N
holds in (Q, A) [actually, that (Q, A) is an w-semigroup. ence, for
n > 2 the (1,n)-associative law holds in (@A) Thercfore, and by'
formulas (¢.) and (e, by Proposition 3.4, we conclhude that there is an algel
(Q.{A, ™" ,e)) in which the laws (2;) and (3;) hokd. Hencesince in (Q‘A ,
the assumption (:Tabl. 7)] the (n - 1, w)- wssociative law holds, by Theon
4.1, we conclude that (Q, A) is an n-gronp. N
Similarly one could prove that {Q, A) is an n-group (n 2 2) also i
case i = 8 [{Tab. 8],
2) The proof of the statement (b) i € {7,8)}:
Tet n > 2 and let (Q, A) be an ngroupoid. In addition, assume that th
are mappings ~ and ~' of the set Q"' into the set Q such that in
algebras (Q,{A,”" }) and (@, (A7) the laws from the marked fiekd
the Table i [i € {7,8)] hold. Whence, by the statement. (a;) i € {7,8) v
we canclude that (@, A) is an n-group for 1 =T as well s for 3 = 8, whel
by Proposition 1.4 and by the definition of the wogronp [221.11, we coné

6. On two varieties of type (n,n - 2) characterizing n-groups for
n>3

In part 4 we describe six varieties of the type (n,n = 1,n — 2) [each with
three independent laws] by means of which we characterize n-groups for every
u > 2. For n = 2 these are four [:(1z) = (1)} known characterizations of a
sroup. In addition, the operations ~* and e represent, respectively, inversing
and nullary [fixing a neutral element] operation in a group. In the description
of n-gronps, n > 2, as varieties of the type (n,n — 1) [section 5] the {\,n}
nentral operation [explicitly] does not exist. In the description of each of
cight varieties characterizing n-groups for every n > 2, important role play
Iables 18, In tiis section, by means of Tables 9 and 10 [in the fields of
which are the same laws as in the fields of the Tables 1-8: laws (1 1) - (41)
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By the assumption that the laws (1g) and (2z) bold in (@, {A e}), we
conclude that the following formula holds

(k) (Va,; € Q)1 *(Va € Q)(vz € Q)(VW EQ)

(A(ll?-’.d,:) - A(“?"’-“.V) == ')'

and (1g) - (4g) from 2.3) similarly we describe two varictics of the Lype
(n,n — 2) giving characterizations of n-groups for every n > 3 but not fof
n = 2. Besides, the basic part of the announced result is already knowi
Remaik 6.2,

LR LK
1 sl 1ls Whence, by the corresponding monotany, we conclude that also the following
alelel 2[e]e formula holds
3 3 (k) (Va; € Q)i *(Va € Q)(Vz € Q)(WW €Q)
1 [ | (A(a},8,2) = Aa}™,a,y) & 2=y).
Tabl. 9 Tabl. 10

By (k) and by the assumption that the law (14) bolds in (@, A), using
I’roposition 3.5, we canclude that (@, A) is an n-semigroup, whence it follows
that the following statements hold

I The law(1z) holds in (Q, A); and
3 The (1,n)-associative law holds in (Q, A).

Ry the assumption that the law (25) holds in (@, {A,e}), and since the law
(11) [:1] also holds in (Q, A}, we conclude that the following formula holds

(Va; € Q);(Va € Q)(Vz € Q)(VY EQ)

(A(z,0,a}7%) = A{y,a,a] ) = z=1).

6.1. Theorem: Let n > 3 and let (Q,A) be an n-grouposd.  Then,
following statements hold: 4

(a;) (@, A) is an n-group iff thereis a imapping e of the sct Q"7 indo
set Q such that the laws from the marked fields of the Table 1 fi € {9,104
hold in the algebra (Q, {A,e}) of the type (n,n ~ 2);

(b) There is at wost one (n ~ 2) ary operation ¢ i the sct @ such
the laws from the marked fields of the Tuble 3 fi € {9,10}] hold wm the alg :
(Q,{A,€}) of the type {n,n — 2); and ]

(c:) The laws from the marked ficlds of the Tubles [i € (9,10} ] are mutugh
independent. '

Proof. The proof is based on the part of the proof from section 3
Theorem 4.1.
1) The prool of the statement {a;) [1 € {9, 10}]:

1) =:

Let (Q, A) be an n-group, n > 3. Then, by Proposition 3.4, the statem
(a;) in the direction "=>" holds for 1 = a well as for i = 10, [Besides, §
statement (a;), 1 € {9,10}, in the direction " =" halds also for n= 2]

1) &

If n =2, then for i =9 as well as for 1 = 10, {Q, A} is a scmigroup
the nentral element e(9) [:2.2.2]. :

letn >3

i =9; Thus, let the laws (15), (21) sad (2¢) from 2.3 [Tabl, 9] hold '-i.
algebra (Q, { A, e} of the fype {nn - 2)

(ki)

Whence, by the corresponding 1oonotony, we conclude that the following
formula holds

(Va, € Q)1 *(Va € Q)(Vz € Q)(Vy €Q)
(Alz,8,a""%) = A(y, 0,6} ") @ 2=y).

Since (he Yaws (1g), (2), (2x) and {1g) [Tabl. 9, statement 1| and the
Aatements (k) and (k) hold in (Q,{A,e}), we conclude that for every
u b,z € Q, for every sequence a}~* over @, and for every sequence c',‘"

uver @ [in > 3; 1] the followiug two equivalences hold
Mol az)=bo s = Ale(cr a), & e(a}™),b) and
Mea,dl)=bez= Alb,e(al™?), ¢, ela, e 7Y),

k § FS - .
whence, by the statement 2, using Proposition 3.3, we conclude thast there
s mappings ' and e, espectively, of the sets @7 and Q" into the

(ki)
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set Q snch that the laws (2;) and (3;) hold in the algebra (@ (A, o)),
Whence since the law (1g) [:Tabl. 9] holds in (Q, A), by Thearem 4.1,
conclude that (Q, A) is an n-group.
1 =10 Thus, let the laws (1;), (2;) and (24) from 2.3 [Tabl. 10] hold
the algebra (Q, {A, e}) of the type (n,n - 2).
By the assumption that the laws (1;) and (24), hold in the algeby
(@,{A,e)}), we conclude that the following formula holds

(Ya, € Q)(Va € Q)(Vz € Q)(Vy € Q)

(Alz,a,0]") = Ay, 0,6} ") 2z =y) =
[:(k)]. Whence, since the law (1) holds in (@, A), by Praposition 3.5, we
conclude thal also the law (1) holds in (Q, A). Thus: If the laws from th
marked fields of the Table 10 hold in algebra (Q, {A,e}), then also the law
from the marked fields of the Table 9 hold in (@.{A,e}). In that way, the
case "i = 10" is transferred to the case i = 9", whence we conclude thal
(@, A) is an n-group.

2) The proof of the statement (b,) [i € {9, 10}); -

Using Tables § and 10, we conclude that e is a {1, n)-neutral operation of
the n-groupoid (Q, A) [:2.2.1] for i = 9 as well asfor i = 10. Whence, by
P'roposition 2.2.4, we conclude that statement. (b;) [:i € {9, 10)] holds.

3) The proof of the statement (c;) [i € {9, 10}]:

See the proof of the statement (c;) [:proof of Theorem 4.1].

6.2. Remark: In the paper [10] {where the notion of {i, j}-neutral operatia
of the n-groupoid is introduced: 2.2.1] also the following proposition wa
proved:

8.2.1. Proposition: Letn > 3 and let (Q, A) be an n-semigroup.
(Q, A) is an n-group iff (Q, A) has a {1,n}-neutral operation.

In Proposition 6.2.1, the condition ...(Q, A) is an n-semigroup...” can be
weakened Lo the condition " ._in an n-groupoid (Q, A) the law {1r) from 2.3
holds..." or to the condition *._.in an n-gronpoid ((J, A) the law (1) from 2.9
holds..." [:Theorem 6.1 - (a,), i € {9, 10}].

The part of Theorem 1.4 from the puper [5] is the following proposition;
6.2.2.  Proposition: Let n > 3 and let (Q, A) be an n-sennigre
Then: (QA) 1= an n-group off for cvery a] 2 € Q there 1 rzacily om
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(@1, 8n3)"" € Q such that for every z € Q the Jollowing equalities hold
A‘zva?-zv (ah bas Uaﬂ-i)—') =3I and

A((alu e |an-1)" 'all—zaz) o= "“

In Proposition 6.2.1 as well as in PProposition 6.2.2, the n-semigroup (Q, A),
2 3, is follawed by au (n - 2)-ary operation in Q. In addition, if the fact
that the meutioned (n— 2)-ary operation in Proposition 6.2.1 generalizes the
notion of a neatral element of a groupoid (:2.2.2) is omitted and in Proposition
fi.2.2 its denotation [:(...)™'] is ignored, then we can say that they represent
the same proposition. [The author expresses his thanks to K. Glazek for the
information about the paper [5] ]
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1 Finite depth and strong monotonicity

Definition 1.1 (Dickmann)

* A weakly o-minimal structure (w.o.m. stricture for short) is a totally
ordered structure M = (M, <,...) such that any definable subset of M
is & finite union of convex disjoint sets under the ordering <.

® A theory is weakly o-minimal if all of its models are w.0.m.

Let M be a weakly o-minimal structure and let ®(z,y) be a M-definable
[ormula.

2
Then we write O(M, yy) > O(M, ), if M = Vao3x,[ A ®(zi, 1) = 23 < 2]
=)
Then = for &(M,y) is (<) A (2), and < is (<) A (#).

We say that ®(M, y) is strictly increasing on a set /i Vy¥zly,z € [ Ay <
o OIM,y) < B(M,2)].

I By, 2) is an equivalence relation on a set [, then ®(M,y) is strictly
increasing on a set [/p, if Vy¥zly,z € 1 A ~E(y,z) Ay < z + ®(M,y) <
‘” ﬁ!. :)] Y

Strictly decreasing and constancy are defined like strictly increasing.

Let us assnme that dom(®(M, y)) = {y € M|M = (3z)®(z,y)}

Definition 1.2 [MMS] T M is a totally ordered structures, ®(z,y) is a M-
(lelinable fornula, I C dom(®(M, y)), then we say that & is tidy on /, if one
ol the following halds:
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1.Vz € I there is an infinite interval J C ! such, that z € J and ® s
strictly increasing on J (we say, that @ is locally increasing on /).

5.¥z € | there is an infinite interval J C | such, that z € J and @ is
strictly decreasing on J (we say, that & is locally decreasing ou [).

3.Vz € [ there is an infiuite interval J C [ such, that £ € J aud ¢ is
constant on J (we say, that @ is locally constant on 1.

and, if for some z € I the sct {y € 1 | ®(M,1) is strictly monotonic
(2,¥)U(y,z)} has maximum or minimum, then @(M, ) is strictly mono

on .

Definition 1.3 'If & and / likein definition 1.2, then we say that & is n-
on I, if the following holds:

o V2VVE [B(M,2) = @(My) Az <t <y~ ®(M,z) = O(M,1)]
s 3 is tidy on I/E,-,, where ")z, ) = Fz[Baaaly 20 A ®(z,2))
o (Vy € 1) Eo(l,y)/En- bas o minirmm and maximum.
o |1/Ey| 2 w.
Where E, is an equivalence relation on | such that
En(z.V) « Eu-—l(‘v”) v
V ([z < yA~Enailzy) = &z, y)/ Ea-y i strictly wiono
A [y < 2 A~Eni(z,y) - "My, 2}/ En-y s strictly mon

Here O-tidy is tidy, @) = @, Eulz,p) @ 2 =¥

Definition 1.4 If ® aud | like in definition 1.2, then we say that @ is
tidy on /1 if there exists n € N such that ®is (n - 1)-tidy on I and
strictly monotonic on [/F, ;. So we say that the depth of formula @
equals n.

Definition 1.5 Let M a be wo.m. structure, We say that M has s
monotonicity (manotonicity [MMS]), if the following holds: whenever |

Uihe e of thie notion wan ariging dusing of ducusion with B Inshanew, whear the sithe
. -

V.V. Vurbovaky au

®(z,y,a), a € M, there is m € N and a partition of dom(®(M, y,a)) into
definable sets X, 1,,...,/m such that X is finite, each I; is convex and on
cach [, formula ®(z,y, &) is strongly tidy (tidy).

Definition 1.8 Let M be a w.o.m. structure, Then we say that M has finite
depth, if the following holds: whenever formula ®(z, y, 2), there exists n € N
such that for any a € M and for any convex set | C dom(®(M,y,a)), on .
which ®(M, y,a) is strongly tidy, depth of ®(M,y, @) on / is less than n.

Theoremn 1.7 [MMS] If ail models of Th(M) are w.o.m., then M has mono-
Lonicity. '

Theorem 1.8 If all models of Th(M) are w.o.m., then M has strong mono-'
tonicity and finite depth.

Proof. Consider a formula ®{M. y, ).

I, Assume that M has no finite depth, then for each n € N there exists
a € M and a definable convex set I, such that ®(M,y,a) is n-tidy on /.

Consider the formula F(y,b,a) := ®(M,y,a) > ®(M,b,8). Clearly, that
for any b € I, F(M,b,a) is a union at least {n — 1) ~F(M,b,&)-separable
convex sets. Thus there exists a N > M, there are @, € N such that
1'(M, f,a) is a infinite union of disjoint convex sets, So, Th(M) is not
weakly o-minimal.

2. Prove that M has strong monotonicity. Firstly, show that there exists a
partition of dom(®(M, y,a)) into a finite union of definable convex sets such
that on each set the following holds:

V2Vt [O(M, 2,8) = B(M,y,a) A (z <t < y) —+ [$(M,2,8) = B(M, z,3)]
(1)

nnsider the following formmulas:

Onlz) = 3’:‘;\ (yi<zn (M, y,a) = o(anﬁa) A .‘E(Viol)) A
=)
A /#\"‘E‘yuy})] rae
i
B(z,y) = (z,y€dom(®)) A ®(M, za)=D(M,y,a)A
Az <t <yvy <t <=M La) =®(M, z,4))]
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Since Th(M) is weakly o-minimal, there is n € N such that 6,4, (M) = #.
Then (M), 0,(M), ..., B.(M) is the partition of dom(®(M., y,a)), and for
each 1 < non 6,(M) the property 1 holds. "

Since O;(M) is a finite union of convex sels, we can suppose, that it
convex. So we may assume that dom($(M,y,a)) is convex and suwﬁqj
property 1.

By theorem 1.7 there is a m < w aid i pattition of dom{®{M, y,a)) inka
definable sets X, 1y,..., ln, where X is finite, each [ is convex and on each
I; formula ®(M, y,a) is tidy. So, we can suppose that #{M, y,a) is tidy on
dom(®(M,y,a))

Let Ey(z,y) be an equivalence refation defined on dom(®(M, y,a}) a8
“definition 1.3. If jdom{®{M, y,a))/ 1| < w then the theoren holds.

Assume that it is not true. [t is possible to see, that the number of such
clements z € dom(®(M, y,a)), that Ei (M, 2) has maximum or minim i
finite, consequently we can suppase hal the condition 3. of the definitic
1.3 for 1-tidy formula holds. Note, that the structure 3

(dom(®(M, y,a))/Ey, =, <, " (M, y,a))

where FU)(z,y,a) := 8 (M, y,a) > @'V(M, z,a) and 1M, y,a) is def
a8 iu the definition 1.3, has weakly o-miniinal theory, then we may ass "
that 1) ia tidy on dom(®)/F),.

Since M has a finite depth there is n € N such that ar most $™1(M, gy
is strictly monotouic on dom{®(M, y, a))/Ex. So, it is clear that the theaR
holds. '

2 Examples of w.o.m. structures

We illustrate in this part introduced notion of depth by twa example i
w.oum. structures without wom. theory. Depth of any formula of
structure is zero. Second structure has no finite depth but it has monotoni

iy,

First example. g M= Nx o= =< IF)

V.V, Verbovaky k]

Order s lexicographical, relation R is defined as folows:
RIMM) = |J K,,

ndw
where Ky = {((k,q),(k,p)) | k> m, p=2"qor = 2"p)
Clearly, that Th(M) is not w.o.m.

We say that (C\D) isacutof MifCUD =M, CND =@ and Ve &
CVAde D (c<d), -

Theorem 2.1 [K] Let M be u totally ordered structure. Then M is weakly
o-mimimad off the following holds on M:

1. Any cut (C, D) in M has at most two complete 1-types over M eztending
(c, D).

2 Mfacut (C D) in M has two complete 1-types over M extending (C, D),
then the set of realizations of each of these types is convez in any ele-
mentary extension of M.

Theorem 2.2 M is weakly o-minimal.
P'roof. Deline fiestly the following formulae:
Lglz) Ay [Kiz,p)| ...
ln() 3',“‘“’ [(R(z,y)] ...
pe)=y = M Riz,y)Alz <y)AV:(z < 2) AR(z,2) + (2> y)]

lo prove T'heorein 2.2 we apply Theorem 2.1. Let (C, D) be a cut in M,
A be a finite subset of M.

Vase |. " # M and C # Uicy Li(M) for each n < w.

Il {a € del(A) | @ < b) = {a € dcl(A) | @ < ¢} then there exists / €
AutiM/A) such that f(b) = ¢, so the cut (C, D) in M has only one complete
| types over M extending (€, 1)). So, Theorem for this case obviously holds.

Case 2, ("= Uiy Li(M) for some p < w.

[t (;-d'd(»\) = A ndcfA) = {2 € M | Iy € (n~ 1)dcd{A) : M |=
ey}

W
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It is clear, that for any AC M if AN Ly (M) =@ then for any b,c € Ly(M)
tp(c/A) = tp(b/A). So, we can suppose that A C Ly(M).

For m < w agame GalA, B) played by two players, duplicator and spoiler,
consists of m turns. On move k, Spoiler chooses an clement from A or B
(denote by ax or by respectively). Duplicator then chooses an clcmcnt.l' om:
the other structures (denote by be or ai respectively). Duplicator wins if e
sequences (a; ;i < m) and (b : i < m) are partially isomorphic. So, we say
that A ~,, B if duplicator has a winning strategy for the fgnily of games:
Gml(A,B).

Lemma 2.3 Let bc € Ly(M), let A C Ly(M) be finite and for all a |
(2%*1)-dcl(A) we have that b > a and ¢ > @, then (Ly(M),c,0)sea 4
(L,(J\ﬂ, b, a)aEA .

Proof of Lemma. Let C = (Lg(M),c,8)sea and B = (Ly(M),b,a)
Co={c}uA, Bo={B}UA Cipx= {Gu}UCi, Bin= {bis1} U B;.

Suppose that C; = B, by partial isomorphism g;. We can assume that
the move i ¥k, j < |Ci| [k < j = (ee <cjAbe < b}

Without loss of generality we can assume that Spoiler chooses iz '
and ¢j < G4y < 51 for some 0 < i < |0 (bere ¢ is —00, Oy 18 +OONE

Define a function flciyy) = k if there are 2,y € k-dcl(c) for some ¢ €1
such that z < ¢4y < y and for any ¢ € Cj, for any £,z € (k - 1)-del )
s not hold that t < ey < z We say that hlcip) = ¢ il ¢ is such elen
Obvionsly, that this ¢ may be ¢; or cj41. We can suppose that. ¢ = ¢; and
) <an & ¢*'(c;) and ™ eja1) < i ¢ ™Mejn) then { < mi

Define also functions: let z,y are as above and for any 2 € k-del( A
have z € (z,y), 8o we say that v)(c) =z and vofc) = y, where c= fl(cm_ ,

Let Duplicator take by which must satisfy the following conditions:

1. 6541 € k-del(hciar)) and k € 27 = by = h=* {gs(h(cisn)));
2, flein) €27 = vi(gilh(cin))) <bis < va(gi(hleis1)))s

3. fleer) > 201 = 30 such that £ < ¥ < z for any t € 2"+
and for any z € 2""*'-del(gi(cya1)). And so, we take some such
As h” |

V.V. Vurboveky 2

Clearly that biyy > by and if Ciyy | Ricigr,c0) then Biyy = Ribiyy ).
Show that b,y < bj,;. Suppose that k = f(¢q1)-

Ik <2 = by € k-del(by) \ (k — 1)-del(b;). So, it is easy to see, that
biv1 < bjpi

2 k> 2 = by @ 22 dcl(b;). Thus, it is clear that by < bj4.
= C|+l = BI-H' f

We have that {c < z <d|c€ C, d€ DJU{L,(z)} has only one complete
I-types over M extending it. {c <z < d|c€C, d € D}U {~Ly(z)} has
only oue complete 1-types over M extendiug it wo (the proof is analogous).
The set of realizations of each of these types is convex in any elementary
extension of M. So, Theorem for this case holds.

Case 3. C =M.

It follaws from the cases | aud 2 that VA C M, if 32Va € A[La(2)Aa < 2],
then for any b,c such that M = Vz(Lu(z) = 2 < c A z < b) the following
holds: tp(b/A) = tp(c/A) += tp(b/®) = tp(c/®).

'To prove Theorem for this case it is sufficient to show the following lemma.

Lemmn 2.4 Lel be € M, M | Va[lpn(z) =+ 2 < bAz < ¢, then
(M, ) =, (M, b).

Proof. For simplification, we partition this game into two parts, and then
i is casy to prove the lemma by combining of them.

Remurk 2.5 Let bc € N and ¢,b > 2" Then (N, <,¢) =4 (N, <, b).

Proof let € = (N, <,c) and B = (N, <,b), Co = {c}, Bo= {b}, Cisa =
{a U C By = (i) U B

We can assume that after the move i Yk, j < ik < j = ¢ < ¢j A by < by].
Diefine  function hib, ) = j, where =1 < j < i 1f |by = by| < |biy) =
b, =1 < k<, where by = b, b_y = 0 and j is minimal. Define h{cy1) like
h{h,,.‘).

Suppose that € = B, Without loss of generality we can assumae that
Spotler cfoses ¢4y € €, morcover we may assunie What ¢y < o, where
B y) (other cases are proved analoginosly).
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L€y = le < -l by = bj + Cigt — €5

2, leisr — ¢l > 2% = iy € (bjoy +2""'.b,' - 2"Y), and we take some
such elemen! as by,

Clearly that biyy < b;. Show that by, o b

L Jeipy = < 2 ! .
(I) C; — Cjy < il bj - bj-) =G -0 = bj-[ < Digts
(b) €j=Cj1 > gr-itl o 5_.- - b,’-) 2 gt = bj..g < 5;4.1;

2 oisy - gl > 2 5 b= by > 2 B b <h,

= Ciyy ¥ B,

Remark 2.6 Let C = (Li(M),<,R), B
2*t! Then C ~, B.

Proof. Move 1. Suppose that Spoiler takes some element ; € C,
Duplicator takes atbitrary by € B. Clearly that B, & (), where 6’1 ,
{e1}, By ={by}).

Move (i+1). Suppose that C; 2 B; by some partial isomorphism g;.
may assnice that Yk § < ilk < j = b < bj A < ¢j]. Withont lu :
senerality we can assqme that Spoiler chooses ¢y € ¢ and Duplicator -
th :

D)ofine the following functions f(z,b) = p and h(z,b) = s, whure p and
are such that

= (Lm(M), <, R), where m,l >

M A Rz ) A (2 < <bVb < i < 2)]
=]

M '=3L'[£\'R(x,p.-)l\(z<b<y.'Vy; <b< 1))

Assume that ciyy € (cj,¢j41), and if #(e;) < oy < #(ey)
¢ ¥ eja1) € ciar < ¢7¥(ej0) then k < K (the contrary case i8
walomnosly) -ﬂ

Let " = max{z | z € N-dellcs)}, ¢ N = min{z | 2 € N)-ddies)l

So, I)nphramr mnst take by > by which satisfies the following conditie

V.V. Verboveky nr

I iy € delleg) = bigy € del(by);

L1 €iy1 € Ldel(e;) = by, € -del(hy);

LLL !(C)‘,Cl”’ < 2"-.“ = !(CJ,C‘”) = !(bj-bwl);

112, hey,eiar) €227 = hles, ciay) = by, bisy )

L1 fleje4) > 2" and hic;, ciq0) > 24 o f(by byy) > 271+ and
hibj,bisr) > 21 If for any g < n =i + 1 and for any €4 € g-del(C;) we
have that C k= R(c)*, ciyy) where « € { +, -] then

LI3LL fe2 cint) <2277 then [(B7,bia) = [(c), 61 );

11.3.2, h(cl.n"vct-}l) <! S=p! then h(bu ' I-H) = h(c:;"'qH)

LLAD (e, 1) > 2750 and k(e ca0) > 2277 = by Bist) > -
=0+ and h(b;, biyy) > 209

1.1.34. Iffor any ¢ < n—i+ 1 and for any ¢}¥ € ¢-dcl(C;) we have that -
(' R, 2) Az < 6y < dz) where # € {4, —} then we find z' € B using
1030, 1132, 1133 and think that ' < b, < @(2').

ILN. ¢j41 € N-dd((,) \ (N = D-delley) = b.,,; € N-del(b )\N(N 1)-del(h;);
L.N.L f(C L) < 2t .f(f‘ Gs) = f(" vbigr);

N2 H(E- '.Cm) LoTERL h(c‘ 2 '.qm = (™™ b );

I.N.3. ](c .C.+|| 5 Jgmareied and h( ,r.“) S =N
F6PN Bigy) > 227N and R(HY Biyy) > 2742 And if for any
g<n—1i—-N+2and for any ¢ E ¢ dcl((‘) we have that C |= R(c}?, ¢iq1)
where € {+, =} then

INL f(e egy) € 2 N912 then f(b4 biyy) = flepdicinn)i

EN32 A cer) € 277N then A(B)Y, Bist) = RS}, Giga)

IN33 fledtaa) > 27 and bl i) > gaieNagay: =5
[ bigy) > 2" =4-N42 qnd h[b by} > PN,

INSA Hforanyg<n—- N + 2 and for any r"'Eq—dcl(C) we liave
that ' f= Rict®, 2) A 2 < ¢4y < Blz) where + € {4, ~} then we find 2’ € B
weing TNL3L, EN3Z, LN33. and think that 2’ < By < é(2').

bk oz wesuch that ¢8(e)) < eipy < ¢ '{e,) then we consider ¢"(c,~) a8 Gyl
wed we find some b for ¢%(c,) using 1.. So b < b4y < @), And if for ¢, € Cj,
oo e i), where o <= i 4 1 Wien to define mare precisely biy, we

epeat Toonseng e 48 ¢,



e U formda dopth of wenkly o-namimul structures

let Ci‘“ - {q'ﬂj u ('u = {bl-n) u B
Prove that Cyy; & Biyy. We need to prove that by, < by, and Cy

Rlcy, 1) il Biyy f= R(b, ci4) for cach w < i, ,.

First, show that by < by Let ey € [2,¢12)| where 2 € ki-delic;) |
(ks = 1)-del(c;) and ¢4y € [y, @ly)] where y € kydel{e, )\ (kg = 1)-del(c,4)
consequently ¢y € [2,¢(z)) wheee 2 € (K + ky — Dddeliog) \ (k) 4 Ay =
2)-del(e;). We have by our steateny tiat by € 12/ o0e')| with 2" € ky-deliby)
(ky = 1)-dcl(b;) and b;,, € [ ¢(2')] with 2 € (k) + ks — 1)-del(b,) \ (K ‘
ky = 2)-del(b;). It means that by < by, :

Shaw, that Ciyy | Ry, e041) = By | 1B, by (e reverse staten
is proved analoginosly),

let Ciyy | 2 € gy < ofz), where £ = ¢%(¢;). 'To simplily the proof
can suppose that z = ¢,4).

& ¢ < ¢;, then Cyyy = Rie,¢));

al. !(C',C,') S i !(bqnb.v) = Jleg ).

all, f(ej,Gu) € 2%, Then f(bbiyi) = Jlcg ). This Bigy
by b )
812, hlej,eiqg) € 270 Then h(by, b yi) = Sib, b)) + hiby, bigr) 4 )
l(‘-’pcj)"' h(cjicign) + 1 = hiey, Ger) So Bigy | RUb,bici)i

a.1.3. It follows fram a.1.1. and a.1.2.

a2, hcg, ;) € 2% = h(b,, b)) = h{cy, ). Then hicy, e,y ) > 220
20— 2835 9% because i > 3 (s from Lhe condivions of this renark
a2l fle;,eq) € 2 Then fib, by 1) = fleg,6iq1) and h(b‘,b;,o
h(bhbj) - j(bj.b.'q-l) -1= "("v:")’ Y I(Cpcwlj -1 = h((wciﬂ)- SO‘ B; '
R(b,,b,,.);

a.2.2. It is impossible,

a.2.3. It follows from a.1.1. and a,).2.

8.3 g, &) > 212 fle, ¢) > 27 1L easy follows from a.l. wnd
b > > 20> by >0 WM E Reje)) = M= M(b,—.b.),'
M = Rib, by,). So, assume contrary, then ¢, € 2del(c,), conseq
b, € 2-delfe,) . i
bl fletian) &2 1 dhen [((‘:“,17’ < flejiGigity thus f(bj' g

—; —

V.V, Verbovaky N0

b bisy). So M = Riby, by, ).

b.2. hlej,641) €27 then [{c,.c.“) > hicy, ei4).

b.2.1. I(C' clH) < 2q-'+l then f“- ,(‘.4) - [("ﬂcﬂ‘, A [(cj ,C‘“)

gl 85, !(f'+ by = e ,r,) Thus it is clear that Biyy = R(bisy,by);

b.22.  hegycy) < 2% SN o R(by,byr) then k(b b7") <
T Bigy) = hibybiys) + 1 = hicj,eip) + 1, that is h(by,b}') < on-i1

consequently (b, b') = hice. ¢!} < hics,cip1), thus Ciyy f= ~Rcg, Gia1)-

It is a cotradiction.

h.2.3. it follows from h.2.1, and h.2.2..

b3, Mej,6ar) > 277 and [flc;,ca1) > 227, 11 follows from 1.1.3.1. or
1132, or 1.1.33. 5

Describe the winning strategy for the proof of Lemma 2.4, Lel Spoiler -
take some element ¢y, € (M,c), in particulary oy, € LnlM), n < w.
If Ly(M) N C; = ® then Duplicator takes arbitrary b, € [4(M), where
k is defined by Remark 2.5. 11 some ¢ € L,(M) then Duplicator takes
bisy € Ll M), where k i such that g(c) € Le{M) and b,y, must satisly the
demands described in Remark 2.6. o

So, when = M we have that the cut (', D) in M has only one complete
I types over M extending (€', 7). So, 'I'heorem for this case holds. Thus
Theorem is proved,

Lemma 2.7 There 1s no M -defaneble rquivalence relation on M with infinite
number of infinite classes.

Froaf. Assume contrary. et F'(z, y) be a M-definable equivalence relation
on " M with infinite number of infinite classes.

Ivt, Blz,y) <= E(zy)aViz<t<yvy<t<z Bz1));

e e I'| B(M,z) £ {:}}

S0, any class of F(z,y) is convex and infinite and number of classes is
mhnite. Since M is w.o.m. it i< obviously that the number of classes such
it they have bound in Af is finite, Thus we may suppose that any class of
{1, y) has no bound in M,

Asinme that for some n < w there nml.n o € L.(M) NI such thll.
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M E ~Flab). Let C = (2€ M |3ye FiMa)z < v, D =M\C.
Sofc<czcd|ceCde Dju(kiza)and {c<cz<d|ceCdE
D} U {~E(z,a)} are consistent, but from thearem 2.2 case 1. it follows.
that (C, D) has the only complewe 1-types over M extending (C, D). ¢
is a cotradiction. Consequently fur each n < w for cach o € Lu[M) we
have L, (M) C E(M,a) It is easy 1o see by Lemma 2.4 and lemma 2.3
that there exists n < w such that L,(M) N 1 # 0 and for any a € L, (M)
(a,+00) C E(a, M). Hence £(z,y) has ouly linite number of classes, but it
is & contradiction,

Corollary 2.8 Depth of any M-definable formula ®(z,y) equals 0.

Second example. Here we adduce the example of w.o0.m structure withou
w.o.m. theory which bas no finite depth but it has monotouicity.

let M={-11}x Y {m+1}x Q™' a= (=< /')

fncw

Order is lexicographical, unary function [ is delined as follows:

,(’12”+ l'lhm.‘--.‘h) =(-5,20 + 1, Gans1s "hmu-u‘hn_‘h:m)

1t i clear, that M has monotonicity, hecanse f v iy on M, We prove il
M is wom., but Th(M) is not wom.. 'To study M better we define
following formulac; ‘

Ew(z,y) = Bu-la,y)vVaValz < 5 <z <yV
V oy <2< a) Az, z) = [z) > [l
Ennlz,y) = Ealz,y) VVaVal(z < 2 < <yV
V g<n<n<ahAb (e ) fin) < fla)]
re Efe,y) # 2=y
b(z) = Jlz)>2
Ly(x) Vyly < z - I {2.9))
Linsi(z) = YyVs|laueil2) *2<EA< yl o+
—+ (< x = Fyl)]

il
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Rolz) = [(z)<z
Ry(z) = Wyly<z A lly) = E(z,y)]
Rasi(z) = VulVz[Rai(2) 2 2<2A2 <y
=+ (¥ <s = Ennlz.y)]

Lemma 2.9 M has no fimte depth.

Proof. I is casy to see, that on the sets fJ Ly, 0 R; function [ is
. o . =M+l i=2ndl
i 4+ 1)-tidy, his implies lemma.

Corollary 2.10 ‘I'h(M) 15 not weakly o-minimal,
Theorem 2.11 M s weakly o-minimal.

Froaf. “la prove 'I'heorem 2.11 we apply Theorem 2.1.
Let (€, D) be a cut in M.

Case 1. €' # Li(M), C# M. First, prove the following lemma.
Lemma 2.12 Let AC M. Letb,c € M\ dch{A) are such that

I {aedcl{A) | a<b)={a€dcl(A)|ac<c)

£ (30> 0) M [ [Lale) A Lulb)] V [Ralc) A Ru(B));
2 (3k € N)(Va € A) M = ~Ey_i(a,b) A ~Ee-y(a,c) und M |= Ei(b,¢)
then tp(bfA) = Iple/A).

I'roof. Clearly, that AU {c} and AU {b} are partially isomorphic and this
partial isomerphism is extended W automorphism of M. 0

Let X be a couvex set. Then X* = {ye M |Vz € X(z < y)}.

So, if €t # L(M)*t, C* # Ru(M)* for any n <w then the cul (C, D) in
M has anly ane complew 1-types aver M extending (C, D). Il C" = Ly(M)*
ar CF = fy(M)* for somen > 0, then (¢ <z <d|c€C, d € D}U{Ld(z)}
wd e<g<d|c€C, de DYu{-La(z)} have only one complete 1-lypes

aver Mextending Whem, and Wie sev of realizations of each of these Lypes is
Comves i any elementary extension of M. So, Theorem lor this case holds,
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It follows from the lemma that YA C M, if 3zVa € A[L.(z) Aa < z], then
for any b,c: M |= Lo(h)A Lo(c) and Vz(Ln(z) = £ < eAz < b) the following
holds: tp(b/A) = tp(c/A) ¢ tp(b/@) = tp(c/®). If we substitute R instead of
L, then we take the same.

Case 2. C = Io(M)or C=M. ‘

To prove Theorem for this case it is sufficient to show the following lemma.

Lemma 2.13 Let b,c € Lo(M), M |z ¥z[Lpnslz) 2 2 <bAz < d].
Then (M, ¢) =, (M,b).

Proof. For simplification, we partition this game into two part.s, and then
it is easy to prove the lemma by combining of them. First part is a remark
2.5, second one is the following remark.

Remark 2.14 Let C = (Li{M) U Ri(M), <, [), B = (Lm(M) U Rn(M), <
Jf), where m 1 > 2%, Then C ~, B.

Proof. Move 1. Suppose that Spoiler takes some element ¢; € C,
Duplicator takes by € B such that M | Lufcy) & Lin(by). Clearly
By = €y, where €y = {e, f(1)}, Br = {br, [(bi)}-

Move (i41). Suppose that C; 2 B; by some partial isomor?bism %
may assume that Vk,j < %ifk < j = b < bjA e < ¢]. Wltl\ou.t lm
generality we can assame that Spoiler chooses ¢34 € (' and Duplicator
bm;)ldine the following functions h(byy) = j and K'{bys) = k, where k I
j is such that M [ E{byzi,b;) and (Yb € B) M |= Biew (byisr, b) wan
there is no b € B; lying between b; and by, hlesy) = j and W' (cign) =
are defined analogiuosly.

If Cains € (Coy Caar), then bagy € (b, by41) a0d hlbyiss) = hlczs).

LA (egigg) € 27, then A'(byigr) = h'(e3001)
2. 10 N (egie) 21 - 200 then m — A'(byyy) = 1 - W' (czi1)

A2 < Weya) < 8= 2" then 207 < Wb} < m-
and Wiea o) 4 h'thyoy) is divisable on 2,
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Let Ciy1 = CiU{esipr, f(eainn)} and Bigy = B;U {byigy, [ (bais1)). Clearly,
that €y = By )

Describe the winning strategy for proof of Lemma 2.13. Let Spoiler take
same clement ¢4 € (M, c), in particalary ¢4y € Ly(M), n > 0. If L (M) N
Ci = 0 then Duplicator takes arbitrary by € Lg(M), where k is defined by
Remark 2.6. If some ¢ € L,(M) then Duplicator takes b, inli(M), where
¢(¢) € LxIM) and b, must satisfy the demands described in Hemark 2.14.
0

O = Lo(M) then {c < 2 < d|c€C, d€ D)u{Lz)} and {c <
t<d|c€C, d€Dju{-Lyz)) have only one complete 1-types over M
extending them, and the set of realizations of each of these Lypes is convex
in any elementary extension of M. If C = M then the cut (C, D) in M has
only one complete I-types over M extending (C, D).

So, Thearem for this case holds. Thus Thearem is proved.
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Introduction .
Nilpatency properties in groups with the chain condition on centralizers (M,
have been studied by a number of people, generalizing corresponding results
for lincar groups. While Bryant and Hartley dealt with the periodic case and
proved that periodic locally nilpotent M-groups are nilpotent-hy-finite (2]
and periodic locally saluble M.-groups are nilpotent-hy-abelian-by-finite
non-periodic groups were first dealt with in an intermediate case, the class ¢
substable groups, which lies in between the linear and the M. -groups. 0cal
nilpotency properties of substable groups are well nuderstood ([6,7,8, 4], 50
also [9]):

1. Uniformly locally nilpotent substable groups are nilpotent.

2, Locally nilpotent substable groups are hypercentral.

3. The hounded left Engel elements of a substable group generate the Fi
subgroup.

1. The unbounded left Engel elements of a substable group gencrate
Hirsch-Plotkin radical,

The question was asked o whal extent substability can L replaced by
in the above results. Derakhshan conld show that the Fitting suhgrovwp ¢
any M, gronp is nilpatent; this quickly led fo a generalization of 1. Yoty
M. case [1]. Recently, Bludov in a short, clegant paper [1], dealt with
M.-utialowne of 2: e also fonud an independent proof of Derakhshan’s resulk
I this paper we shall generalize 3.

Fennk O, Wugner bl
1 Notation and Preliminaries

Our commutators are lefl-normalized, defined inductively via [g,h] =
g_l"-‘gh and [glhgh ver vgn-fll = [[900’1- i |9u]| gn#l]; “’P"“’d commuta-
tors are given by [g.h] = g and (g1 B] = [[g.mh]\h]. The descending
central series is defined by G = G and G™' =[G, G"); the ascending central
series is given by Zo(G) = (1} and Zqs)(G) = (g € G :[9,G] < Zn(G)}. A
group (5 is nilpatent of class n if (= {1} or, equivalently, G = Z,(G); it is
locally nilpatent if avy finitcly generated subgroup is nilpotent, and uniformly
locally nilpotent if any finitely generated subgroup is nilpotent and the nilpo- -
tency class depends only on the number of generators. The series of iterated
centralizers of some subset A of (7 is defined indnctively via CG(A) = {1}
and CF'(A) = {g € Mea NalC(A)) : [g,A] € CE(A)). We shall need the
following facts, which can be found in [9):

Fct 1.1 (2] Suppose K < < G, and Ca(K) = Colt) for all§ < j.
Then CLIK) = C&(H).

Fact 1.2 (T. Yen) A locally nilpotent M.-group is soluble. .

Fact 1.3 [5, §] The bounded left I agel clements in a soluble M.-group form
the Fitling subgroup, which s nilpotent.

Lemma 1.4 Let ¢ be a group, X a (F-invariant subset, H a subgroup of G
such that no proper subgroup of 11 15 sclf normalizing in H. Suppose K 18
o subgroup of G wdersectng 1w 1 such that 10X € K. Then there is
he NgaxlINX) - 'y

Proof: 1f the whole of 17 0 X normalizes [ 1 X, we are done. Otherwise
Nyt1 01 XY is a proper suberonp of H, so Ny(Ny (10 X1 > Ny(InX) and
there is g € /i which moves ] 11 X, bt fixes Ny{/ 0.X). As g must also
sabilize Nyax(! N X) by G-invariance of X, we get Nynx{/ N X) 2 10X. g

Lemma 1.5 Let G be a group with nilpotent subgroups S and T of nilpotency
cluss mand w, respectively. [f CH(3) = Co() for wll i < m, then (S,T) ia
uilpotent of class al most m+n + 1.
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Proof: Consider a seqquence | = (24,2, .--) of elements in S UT. and put
e = g, and ;43 = e, 2] I the first n+ 1 clements in / are from 1,
then cuey = 1. Otherwise, since § < CH(S) and both S and 7' normalize
Cul8) = CLIT) for all i < u, we oblain ¢ppy € CS). But now clealy
Cmintt € Cg(S) = CH(1) = {1}, a5 the uppes index poes down by at least
one every time we take a commutator by an element i S orin [° Bt every
comnmutator of length m+n 4 | in (S, 1) is & product of commutators of the

ahove form, of length ab fewl o+ ¢ 1, and s trivial.

Definition 1.1 The n th Engel sdennty is the conditaon |z, y) = 1.
An clewment g € G 1 right Engel il g, 2} = | for all £ in G, where i may
depend on . I 0 can be diusen indegendently of £, tien g is called right
n-tuged, or bownded rght Fugel .
An element g € (i is left Engelif [r,. 9] = | for all £ in (/) where again n
may depend on . If n can be chosen indepeudently of x, then g 15 called left
n-Engel, or bounded L ft Enygel,

An element is Enged if it s eft or eight Fogel. 10 bownded Euged il i
bounded left or hounded right Engel.

Nate that if g~ " is right a-Fugel and o b in G, then (4000 9] = |9 7900 y) =
lg".,. y]' =1, and a0 g s lelt e + 1) Buget,

2  The Main Theorem

Theorem 2.1 Let G be un M. group youcratid by bounded Eviged elome
Then G s nilpotent,

Proof: Suppose not, and let G be a counter example, 1f we denote the set of
bounded left Bngel elemeits by £, then £ 3 invariant under conjugation by
clements in (7; since the inverse of a bounded right element is hounded lef
Engel, E generates (0. By Vact 12 evory boeally nitpatent subgronp of €' j§
soluble, and by Fact 1.3 cvery soluble subgroup af € generated by elemon
in I is nilpotent. 1t follows Ut maxiial pilpotent sulwmmps venerated |
wunbmsarts of B exist aned are masinally sobilde e by <albses o T
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particnlar, il S s such a gronp. then Ng(S) € S, Let n be the nilpotency
tlass of S,

As I generates (7, which is not nilpotent, it follows that there must be
another maximal nilpotent subgroup T # S of G gencrated by clements of
[l Put = (ST 0 E). By the chain condition on centralizers, we may
choose 1' such that (1) i minimal possible for all ¢ = 0,1,2,...,n (in
that ardet), subject to 1" # S,

Consider any s € Nopg(l) - | (whicl exists by Lemma 14, since / < §
and S0 E gencrates $). For a similar reason, there is L € Npnp(l) = 1,
and i1, 4,%,...,5) = 1 by the Engel condition. Hence there is a maximal 2
commutator u = [£,8,...,8] such that u ¢ S, but [u,s] € 5. It follows that_
" € 8. Now cither w =1 € F, or u=v""s for some conjugate v € E-§
of s; since Np(S) C 8, either case implies § £ S and we may replace T' by
Iy =S Note that w normalizes |, so (/,8) < S0 Tj. It follows that for
any finite tuple & of elements in Nsqgt!) we may replace I' by some Tp # §
with (1.8 < SNT. If S =S 1,0 E, then clearly (J) > {1,8); the chain
condition on contralizers and mimmality of Ce( 1) for all § < n now imply
1Y) = Cal (Nsrpt D)) for all 1 < .

Nate that the above argiment also shows that we may asume that T
i a conjugate of S, say T = §'. Coujugating by ¢!, we can exchange
the rales of S and T in particilar we sce that (19 35 also minimal for
b= 0,1,2 .. when we fix /' and vary S, and 7" has nilpotency class at
moet . Burthermore, b svmmetry we obtain C(1') = Cal(Nrag(l))') for
alls<n,

Now let X be a subset of S00L such that Cal{X)) = Call) for alli < n.
Ve N C S jbeenerates a nilpotent group of class at most n; by Fact L1,
Ot Ngnpt 1))

L alli <o, Then (X, Npnpd 1) s nilpotent by Lemimna 1.5, and is contained
v a il nilpotent suberangs T < G which i genetated by elements of
I Sinee Neapll) £ 8, clearly 10 # 85 Now J = (SN T, N E) contains [,
O i minined posible as well for all § < n. and we see as above that
oY) = Gl = CoA{Nsaet )Y for all @ < o T follows [rom Lenma
11 that iF we define o= 1000 = (Neaptf)) and =11 [, for limit

““:l{\"l’ = “;“"
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ordinal A, we shell eventually exhaust S 2 and obtain § = (SN E) = I,

for & big enongh. But a transhnite induction on @ (using the chain condition

on centralizers for the limit step) yields C;(1%) = Ce(1') for all i < n and all

a < &; in particular C(I°) = C(1}) = ClS") for all i < n. By symmctry
Ja(I') = Ca(T') for all § < n; Lemma 11 then yiekls,

C;:(S) = C:.'(“ o C:;('”

for all i < n, and (S,7) is nilpotent by Lemma 1.5, Since 5 & T, this
contradicts the maximality of 5. g

Corollary 2.2 The sel of bounded left Engel elements in an M.-group cquals
‘the Fitting subgroup.

Proof: Apply Theorem 2.1 to the group (i generated by the bounded
Engel elements (which are also left Engel in G, and form a G-invariaut set),
o]

Problem 2.1 In an M.-group, is the set of left Engel elements equal w
Hirsch-Plotkin radical?

Problem 2.2 A commutator candifzon (in two vaniables) is i non-trivial §
erated commutator [£,y,21,..., 2| with 2 € {r,y} for all i = 1,... 0, I
an M,-group satisfies wiz,y) = 1, i it nilpotent? What if the group s
substable?

Problem 2.3 Characterize the sets of right and of bounded right Engel
ments in an M, group, or in a substable group.
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1 Introduction

In [Wol96], we characterized many sorted Abeliag algebras in congruence
modular varieties with help of a many-sorted vorsion of the Day Kiss- Ring
(cf. [DK87)). In this paper we are giving a characterization in the same way
C. Herrmann [Her79) did for the onc sorted case.

We start with a short introduction 1o the basics of many-sorted wniversal
algebra (cf., for example, [MT92}). A signatnre of many-sorted algebras is.
a triple (S,F,0), where § is a set (of sorts), F an & sorted set {i.e., an
S-indexed family (F, | s € S) of sets) of operation symbols and 0 F 38* x §
an arily function. We write £ 5' x ... x 4™ <y if ulf) = ((.c‘,s’.....s'"),s).‘
IFm =0, then [ is called ronstant operation symhol. Given a signature
IS, F,a), a many sorted algebra (or, more exactly, & sorted algebra)
A of this signature is a pair (A; F) consisting of an S sorted sel A, called the
universe of A, and of an § sorted sel [ = (2 feF)iceof hmdamenu_l
aperations which are realizations of the operation symhals in ¥, In this paper
Wwe assume that every set A, is nonempty. Algrbras of same signature are
called similar,

A many-sorted variety (or S sorted variety) of signature (S, F, a)
ie A clase of alechras of (his sipnatiee close] undor the: Tormation of direet
products, subalgebras, and homomorphic images. V(L) 15 the varicty gen-
crated by X, e, the least variety comtaining K. \ many sorted variety
Vois called congruenee wodwlar if Lthe conmrience lattice of every almvhu““.
AEV i modular Lantiee

Christoph Walr boY

Two many sorked algebins A and B with same universes are polynomial
equivalent if they have the same palynomial functions,

Many ather basic definitions of ane- sorted algebras, like subalgebras, con-
gruence relations, and homomorphisims, can be transferred (o many-sorted
algebras, Au example for many sorted algebras we will use later are the
many sorted counterpans of 1ings and modnles,

Example 1.0 Let 5 bewsor A ringoid is an § x § sorted algebra

R o= ((Rue| s, €S) ((+,-,0,6,1),, | s € S)u
((#, = 0his | 3,0 € 8,8 # t)u
(G| 8, m €S s#ort #u))

whue
"a,a = [l[l.l;t "c "lonul l)lﬁ)
s a uilary vy,
Ryoi= (6 (4, .0,

i att Abelian gronp, and Ot My x R =+ R, i bilinear, for all s, hu€ s,
Uhe latter s

P Yin (‘I Lyt =Apu,,., ‘J) Vo bp st l') aud
g+ ! r) Yo =y CIRD 11 S (o, ph

Ay sorted module over 3 givan S x § sorbed ringoid R is an §-
s bl alvedi i

M = 1M s e 8004, “lh fs € SIU{R, |5t ES))

where, for all 5,0 € S, (My; (4, 0)a &,,) 15 a one sorted unitary module
wtt Ry and Ryjois a sroup ol homoniorphisis from ( M (+,-,0)) to
EMG = g, such Ut the 0 of R, behives as zera marplism,

tingoids, as natural extensions of rings 1o the many sorted case, were
tibiaduced by 1. Mitchell iy (MitT2] as small additive categories. Siwilarily,
CVOry un;w sl podule can be defined as an addivive fanctor from a
(i e vt ciddewory of A b rronps, cf [Rowi]
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2  Restrictions

In [Wol98] we introduced the restriction of an S-sorted algebra A to a sort

g € S and showed the results needed here. The universe is the set A, while

the fundamental operations are special term functions of the algebra A over
the S-sorted variable set X with X, = {z},23,...} and X; =0, # &

Definition 2.1 Let A be an algebra of signature (S, F,0). Then for each

8 € S, the one-sorted algebra

rA. = (A (w* €ET(A) [ueT(X)u:sx...x a—nm

is called the restriction of the algebra A to the sort s, If K is a class
algebras of signature (S, F,0), we define

K,:={A, | A€K).

Note that the restrictions of two similar many sorted algebras to the
sort. have the same one sorted type. Therefore, the restriction of a class
similar many sorted algebras gives a class of similar one sorted algebras.
Example 2.2 Let M be a many-sorted module over the ringoid R. The
the restriction M, to the sort 5 is term equivalent to the one sorted mody
(M,; (4,00, Rl.!)'

A strong connection between the variety generated by a class of si
algebras and the variety generated by the restriction to a sort can be ob

Theorem 2.3 Let A be an S-sorted algebra. Then for all s € 5 we have
V(K), = VIK,).

v

In addition, we have:
Theorem 2.4 Let V be an S sorted variety. Then the following are eq
lent: -

a) V is congruence modular.
b) For every many sorted algebra A € V and every <ort s € S, VIA .
cangrucnce modular,

Cheistoph Wolf
m
3 Abelinn Algeliras

In this section we characterize wany sorted Abelian aleebras which belong
to a congruence modular variety. “

Definition 3.1 A many sorted Abelian nlgebra is an algebra A with
the property that {(a,a) [a € A,)) isa class of 4, for all s € S,
where & is Uhe congruence

A= Cg™*A({((a,a). th b)) | a,h € A}).

IrA ir;au» Abelian algebra in & congruence modular variety, then the con-
grience & is a complement of the kernels y! and »? jcti

: s 1n* of the projec 3
p* in the congruence lattice of A x A S

! l'? basis of this section is provided by the result of C, Herrmanu [Her79]
that in & one sorted congruence modalar variely every Abelian algebra
A‘ 1< polynomially equivalent 10 & module over a sujtable ring (see also
¥ r{ﬂ?] or [Gum¥3]). With an arbitrary element 0 € A, an Abelian group
AF= (/.1;+. =,0) is constructed, where + and - are polynomial functions
of A which are derivedd fiom the unique difference term of the congruence
modular variety. For the algebra A, we have d{a.b,c) = a - b+ ¢. Another

LU} fa,yi Iny) fa=bery)
"
'l g ] ’
| & i B n'
'
o .
(6,x) la,x) (6x) {a=b4er)

Fumire | Whntion fa — b4 »

v?y to construct @ - b f ¢ with help of the congruences 8, 5' and n? is shown in
Migure 1, wh.c-m  isan arhitrary elesient of A. Then ali polynomial functions
are ffﬁm‘ with respect o A and A s polviomially eqnivajenI to the module
,»A. . (Ai+,=,0,) over P = ({p(x) € P(A) | p(0) = 0};+,~,0,0,idy)
which is a unitary ring of endomorphisms of A*, R
Now, il an S sorled algebia A is Abelian and belougs to a congruence
modular variety, then Theorem 2.4 and the fact that eyery congrnence of A
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consist of a family of CONRTUEnd s of A, ewsure the same propertics for the
restriction A, for each s € 5. Thus we can constinet Abelian gronps A for
every sort and we bave:

Lemma 3.2 Let A be an S -sorted algebra, let VIA ) be congrnence madular,
let s € S, and let 0, be an element of A. 'I'hen

l‘,A: = (-‘0; tas ~0 05 L%)
is & unitary module vver the ring
Pl = ({P(‘, € !’lAl) | "tul) = “l}; +, _l('lialid‘.’l
and A is polynomially equivalent to (A, +,, -, 0,, F,).
~ This is not cnough o characterize a many sorted A belian algebra A in
a congruence modular variely in the sawe Wiy as we can characterize one-
sorted algebras, becanse there might exist unary polynomial Tanetions
A with domain and range A, mapping 0, to U,, which are not polynonia
functions of A,. Let us proceed by showing that all polynomial operation
are alfine. _
Definition 3.3 An operation f @ A" % ... x A" A s culled affine wit
 respect Lo the Abelian groups (A", 1, 00, oo (A 1 < 00 (A, 4, -, 0)
foralla' b€ A, ... a”" " "€ 4",

Jla' =0+ 0™ = 8" 4 ")

= ](ﬁ‘,...,um) = Jtb e WY 4 e 8™
holds.
Lemma 3.4 Let A be an S sorbed Abelian aleebia iu a congruence modukse
variety. Then every palynomial function of A s alhie
Proof: Figure 1 illustrates the operation a =, b+, ¢ in A* il we replace 3,
u?, and & with p!, p}, and &, Since every polynomial fanciion p respecis
this diagram, we obtain the same diagrani for pla',.. "), p(b',... ")
plc',...,c™) and p(a' - b' 4 c',...,a™ - & & &™), implyiug .
pla' =0 +¢' o @™ )~ pla, .. 0™ yl'b'....,l:"')-rﬂ(c".....(.”’.r

Hence p s alhine, v

Chrintuph Wall %

Using this, we can characterize many-sorted Abelian algebras in congru-
ence modular varieties.
Theorem 3.5 Let A be an S-sorted Abelian algebra such that V(A) is
congruence modular.  Then A s polynomially equivalent to an S-sorted
module over a ringorl.
Proof: We clioose elements 0, € A, for all s € S. Now it is more advanta-
geons ta examine A 4 (i.e., the algebra derived from A by adding all elements
of A as constaul operations) instead of A, Notice thal A, is also an Abelian
algebra in a congrucnce modular varicty and polynomially equivalent to A.
Thus, like in Lemma 3.2, (A ), is polynomially equivalent o a module over
the ring

\ R, = ({riz) € P((A4).) | r(0,) = 0,}; +4, =4, 0,,0,1dy,)
for every s € S, Since
{r(z) € P((AL).) | 7i0,) = 0,) = {r(z) € P(A) | r: A—=A,,1(0,) = 0,},

the set of all unary polynomial functions of A with domain and range A,,
wspping 0, W 0,, furm a ring. Moreover, for all 5,1 € S, we can define an
Abelian gronp stenctare on the polynomial functions

Rog={r e PIA) | r: A=A, r(0) =0,)
hy
(r' 4, r)a) = rMa) +, r(a),
(=, erha) = r(—,a) and
0, =0,
where a € A, and , and , are the group operations of AY. The compos-

iion 0,5, Ry % Ry 1y, 08 bilinear siuce the polynomial functions are
alline:

|

pUlg +iu rila))

= plgta) = 0y +; r(a))

plgla)) —, plby) +, plr(a))
P o) o (posgur)ia)

W9 07+ T))a)

Ul
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This proves that

R = ((Rig|8t€S) ((+,-,0,0,1) |2 € S)U
((4‘:”'0)'.4 | sLES s#IU
(0agu |8t u€ES, s #lort#u))

is a ringoid and, as all polynomial functions in A, are group homomorphising
from A to A}, that

JAt = (A2 S)l(H,~-,0), |8 € S)U(R,, | s,L € S))
i« a many sorted module over R. Now, every polynomial fiinction
prAp x ... x Am—A,
of A is of the form
ple!y .y 2™ = 900, Op) 47 () 4+ 0 (2")
with
Pz) = p(0,, .o 0pet 2, 0psty oo Ogn) — P04ty Om) € Ry
because p is affine. This shows that A and pA* are polynomially equi
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the following problem: when the expansion of o-minimial model by convex:
predicate is weakly o-minimal

R. El Bashir, T. Kepka. Lyuationally Complete Classes of Senurings,

Al eguationally coimplete classes of semirings are Tound.

S.A. Berezin,  On subulyebras of sterabional ulyebras of vecursive fuy
fions. _

Some subalgebras in algebras of primitive and recursive unary lunclions’
with operations of cotupusition wud recursion aie cousidered. '

L. Chajda, J. Zeduik. On u-permutability of vavietwes havang p-de lermim
COngruences.

A councction between 1 property of o variety La have p determined u-"
gruences (p-determined tolerances) and s u-pannutshility is conside rods

K. Denecke, DD. Welke. Sohd varictses of partiad wdygelbvius.

Partial algebras belong to the basie wathematical stenctures i compitel
science. We transfer the concept of a hyperndentity lrom total W partial wl
gebras. This concept is based on strong identitics. Wee develap a hy pereguie
tional theory for partial algebras and the correspanding (rwment of second
order logic

A.A. Ivanov. Finite covers with huking equivale nee relations,

A criteria of the splitess strong splilsess of e cover of some structurm
i given,

B.Sh. Kulpeshay. Some propertics of N categorseal weakly o-my
theories,

The structare of the seb of veabizations of o 1ty in N-categorionl
Fochisearnibility of te set of o

On a propeety of monetomousness of weakly o-mimal

o-inininal thearies ane vestzated.

Almtractu -

ol any pon-aleebraic vpe i sich a theory is proved. 1t is shown What in
Ny-categarical weakly o-minimal thearies of convexity rank | the
2Zindiscernibility implies the indiscernibility.

S.I. Mardacy. Modal 1T schomes.

A wide class of Kripke < models with definable least solutions of modal
positive H-schemes i< <hown,

Ya.L. Mordvinuv, On simple skelctons of congruence-modular varieties.

A deseription of congruence-modular varieties with linear countable skele-
tans of eptmarphicms is given

Sh. Mynbucva. Some questions of weakly o-mintmal binary theories,

Several propecties of weakly o-minimal binary theories, connected with
ndependance and indescernibility of subsets of models and description of
definable fnctions, are proved

A.G. Pinus. On algcbras of conditionally termal functions,

We investigate a connection betwern properties of a winiversal algebra and
an algebra of conditionally termal functions of this algebra,

A.G. Pinus. Inncr somorphisnis and conditionally rationally equivalence
to wars and Lo fields.

On the langnage of inner isomorphisms the anthor gives a characterization
of nmiver.ul algebras that are conditionally rationally equivalent to unars and
ta ficalds.

K.N. Ponommaryov. ¢ overs of alyebrase variclies

‘The anthar gives a sketeh of his approach to branched covers of algebraic
varieties,

AM. Popova. The description of unit groups of wrredusible matriz rings.

In thie recearchy the prablem af description of unit gronp of irredusible
matrix ring over the fiekd of rational uumbers is solves, ‘I'he case, when linear
shell of the ring over the field of rational numbers is somorphic o complete
iy aleebra aver e division ring, is completely researched,

In accordance with other anthor's reslts it gives us ability to deseribe the
nnit growps of any finitely generated matrix rivgs over the field of rational
tnihers amd salvee pantial case of the ToFwchs” problem in the cliass of such

1ins,
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Branimir Seselin. On the congruence mivrsection property
Congrucnce lntersection Property (Cil?) wind iks variations establish cou-
nections between conpraences on arhitisy (dilferent) subalgebras of wn alge
bra. When formulated i lattice theorenc werms, CIP introduces particular
duality between subalgebras and conpractices in the latice of weak cangro-
ences of an algebra, The aim of this paper is 1 present sonie algebraic aspects
of the mentioned duality. Such propertivs of e CHY i out w be uselul in
characterizations of some classes of aleelias and varieties Varions conditions
under which an algebra and some virieties or classes ol algebras satislios the
CIP, are also givea.

S.V. Sudoplatov, Do towes waih funeisoms Siw and (s,

The axiomatization of tngonometries allowing 1o define the main trigono-
metrical lunctions is considercd.

Aundreja Tepavéevié. On representation of luttsees by weak congrences
and weak inlerances,

The problem of represeutition of lattices by weak congruences with a fixed
element. representing the diagonal relation is solved here fur a wide class
lattices. 0 turns ot that the represemation can he prven i« similar wiy
by weak tolerances and hy weakly retlexive compatible relations,

J, Usau. n-groups, w > 2, as wuricbics of lype < non

by 2373,

In this arvicle n-gronps ({1} 200) forany n > 2 are deseribed as algeby
of the type (n,n— 1 —2) in which the (1 2) ary operation is described as &
generalization of a wulliey operation  ising the ueatial clement of w groupoid
GI0f; 2.2.1), aud the (u = |-y operation wpisens & eonralization of
the inversing operation in a yroup ({11} 4144 Amonp the resuls of
the paper is the following propesition  Let 1> 2 and 1ot (¢2, A) be an n
groupoid. Then: (6, A) is an w wranp (1) 200000 there are mappiugs ="
and e respectively of the sets Q"' and Q" futa the st Q such that the
following laws hald in the algehra (1, {A, L)) [of the type (nom= 1, n- 2)]:
(1) A=}, AR, 2 = A A ) ) Alefa™ ), b2, 2) = #
and (iii) Af(e}™*,a)~" @}, a) = eta? ™), Lo awddition; I the law (i) holdy n
the n-groupoid (Q, A), w = 2, then there s at must one o and b niosk o

Daneh thit the Faws (i ek i also hobd ko =t ) [= u-lﬂ);"

bl
Alsliucts

is 4 leit neutra) element of the groupoid (Q, A), (@ a)' [=a)isalelt
inverse clement of the element a with respect to e(8), fmd the law (i) reduces
1o the law AlA(5?), 23) = Alz, A(z3)). For n = 2,. it i:s, hence, one of \Le
weedl known characterizations of & group, with & minnnahQ property.|
V.V. Verhavsky. (n formula depth of weakly o-minimal stmctn@. .
In the paper of D.Macpherson, D). Matker, C.Sle'fnhom. (1993) satrie hasa:
properties of weakly o winimal structures had been mvmugaux.i.. In“th;'s wor
| we dnbtodice new potions "finite depth” and "strong monowulcu-‘y. wnl'lx the
'iu-,lp of which we deline new necessary conditions of weak o-muflmallty of
“plenientary theory of a weakly o-minimal strucwre.' We addnce in th.e 'sec-
“ondl part exaples of weakly o winimal structures without weakly o minimal
theuries,
F, Wagner.

renitralizers, o
A group with the chain condition on centralizers which is generated by

Fngrl elewents in groups with the minimal condition on

Fugel elements is nilpotent. . o
Ch. Wolf, Muny sorted abelian alyebros m congruent modular. varielies.
I givon'u criteria of abelinness for many-sorted algebras, like 2 Her

Jiahn’s criteri of abelianuess of oue-sorted algebras,
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