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Preface

There are two different ways of approaching the investigation of an alge-
braic system. One way lead us to universal algebra. The other one to model
theory. So these fields of math are mutually enriching areas of research.

In Russia an idea for organization a joint conference for mathematicians
in these fields of research belongs to prof.E.A Palutin and prof. A.G.Pinus.
In 1991 they have organized a conference on algebra and model theory in
Saratov, It formed a part of Suslin conference.

Afterwards & camping center "Erlagol” of Novosibirsk State Technical Uni-
versity was chosen as a central place for the following schools of algebra and
model theory, First international school *Intermediate problems of universal
algebra and model theory" was held in 1995. The second conference had
place in 1997,

Organization committee of a conference thanks Russian Fund of Funda-
mental Research for supporting the organization of both conferences. Grant
N 97-01-10037.

Needless to say that mathematicians from different branches of math were
participants of these conferences. But the main topic of all reports was in
the circle of problems of model theory and universal algebra. We'll produce
below lists of organization committees of these conferencies, programs and

powme papers of participants.

A.G.Pinus, K.N.Ponomaryov




‘ Algeben nnd Modal Theory

SCHOOL ON UNIVERSAL ALGEBRA
AND MODEL THEORY.
(23-27 or SepTEMBER 1991, SARATOV)

E.A Palutin (Novosibimk). Stable theories.

0.V Bolegradek (Kemerovo). Stable theories in algebra.

A.G.Plnus (Novosibimk). Skeletons of varieties,

M.V.Wolkov (Ekaterinburg). Lattices of semigroup varieties and of uni-
versal algebros.

AL Omarov (Alma-Aty), P-formulae and algebraic systems with a normal
evaluation.

A Malcov (Novosibirak), Post varieties,

KA Bairamov (Baku), Between clones and lottices of varicties,

N.A Shehuchkin (Volgograd). Finite conditions for nilpotent algebras,

K.K Kaarly (Tartu). On arithmetically affin-complete varieties.

D.A Bredihin (Saratov). On relation algebras.

E.Baisalov (Alma-Aty). Countable models of stable theories.

K Shagirov (Alma-Aty). Stable geometric lattices.
“I;.M.Vemikov (Ekaterinburg). Completion conditions in lattices of vari-
eties.

T.A.Emhova (Ekaterinburg). Lattices of varieties of semigroups with a
completely regular square.

INTERMEDIATE PROBLEMS OF MODEL THEORY
AND UNIVERSAL ALGEBRA
(23 -27 or June 1995, ErLAaGoL)

Organization committee; acad. Yu.L.Ermhov (chairman), prof. E.A.Palutin,
prol. A.G.Pinus, prof. B.Poisat
secrotary: doc. 8.V Sudoplatov
23 of June. Chairman A.G.Pinus.
R.Willard (Waterloo, Canada). Structured discriminatory varieties (an
introduction).
0.V Belegradek (Kemeravo, Russia). Group-like guasiarietses.

Prelace §

I, Wagner (Oxford, England). Nilpotency in M G-groups.
Chairman B.l.Zilber.
B.Poizat (Lyon, France). Les petits caillouz. 1.
R.E| Bashir (Prague, Chech Republic). Slender modules.
A Stepanova (Vladivostok, Russia). On model completeness of regular S-
acts,
24 of June. Chairman 0.V Belegradek.
B.1.Zilber (Kemerovo, Russia), Algebraic and analytic geometry via model
theory. 1.
R.Willard (Waterloo, Canada). Structured discriminator varieties.
B.Poizat (Luon, France), Les petits caillous. 2.
Chairman L.Nevelski.
F Wagner (Oxford, Great Britan). Nilpotency in substable groups.
D, Vasilyoy (Navosibirsk, Rossia), Categoricity problem and n-gedeneracy
of an algebraic closure,
JaLMordvinov, (Nojabrsk, Rossia). On the skeletons of congruence-
modular varieties,
26 of June. Chairman F. Wagner,
A.lvanov (Wroclaw, Poland). Finite covers of w-caiegorical structures.
B.1.2iIber (Kemerovo, Rossia). Algebraic and analytic georemety via model
theory. 2.
B.Seselia (Novi Sad, Yugeslavia). Algebras with UCEP.
Chairman B.Seselia.
I.Nevelski (Wroclaw, Poland). M-rank in small superstable theories.
A.Tepavcevic (Novi Sad, Yugoslavia), On congruence intersection prop-
erty,
| Bescennyi (Omsk, Rossia). On quasi-identities of finite algebras.
A.AVikentiev (Novosibirsk, Rossia), Semantic distance between formulas,
26 of June. Chairman E.Sukhanov.
L.Nevejski (Wroclaw, Poland). M-rank in small superstable theories.
A .G .Pinus (Novosibirsk, Russia). Conditional terms, conditional varietes,
conditional rational equivalence relation,




(] Algebra and Model Theory
K.N.Ponomaryov (Novosibirsk, Russia). Covers of algebraic varieties and
elementary theory of local fields.
Chairman V.Roman'kov.

E.Sukhanov (Ekaterinburg, Russia), Equational languages.

B Seselin (Novi 8ad, Yugoalavia). Lattice clasification of finite lattices by
meet irrducibles,

8.Sudoplatov (Novosibirk, Russia). Partial algebras associated with trigonome-
tries of groups.

Alvanoy (Wroclaw, Poland). Finite covers of w-categoricol structures.

27 of June, Chalrman B.Polzat,

K.N.Ponomaryov (Novosibirak, Russia).Covers of algebraic varieties and
elementary theory of local fields,

A.G.Pinus (Novosibink, Rusla).Conditional terms, conditional varietes,
conditional rational equivalence relation.

V.Homan'kov (Omsk, Russia), Universal theories and equations in solvable
groups; up to date situation and possible development.

Chairman K.N.Ponomaryov.,

S.Lenjuk (Barnaul, Russia).On the lattice of quasivarieties of metabelian
groups.

A.Zenkov (Barnaul, Russia).On groups with infinite set of right orders.

E.Ovchinnikova (Novosibirsk, Russia).On regular s-acts.

INTERMEDIATE PROBLEMS OF MODEL THEORY
AND UNIVERSAL ALGEBRA
(17 <21 or Jung 1997, ERLAGOL)

Organization committee: prof. A.G.Pinus (chairman), acad. Yu.L.Ershov,
prof. V.D.Mazurov, prof. E.A.Palutin
secretary: doc. K.N.Ponomaryov
17 of June. Chairman A.G.Pinus.
H.Rose (Capetown, Suide-Afrika). On aziomatizability of some amalga-
mation classes of laltices.
G.A.Noskov (Omsk, Russia). Automatic groups.

Prelace 7

0.V.Belegradek (Kemerovo, Russia). Quasi o-minimal theories.

18 of June. Chairman H.Rose.

V.D.Mazurov (Novosibirsk, Russia). On definability of finite groups by sels
of orders of their elements.

B.S.Baizhanov (Alma-Aty, Kazahstan). Enrichments of models of weak
o-minimal theories,

C.Wolf (Darmshtadt, Germany). From many-sorted to one-sorted struc-
lures.

Chairman O.V.Belegradek

D.B.Palchunov (Novosibirsk, Russia). Countable homogeneous I-algebruas.

8.1 Mardaev (Novosibirsk, Russia). Stable points in Kripke models.

A.V Kravchenko (Novosibirsk, Russia). Color families of graphs.

10 of June, Chairman V.D.Mazurov.

K.N.Ponomaryov (Novosibirsk, Russia). Semialgebraic sets.

V.M.Kopytov (Novosibirsk, Russia). Semilinear ordered groups.

8.V Sudoplatov (Novoaibirsk, Russia). On classification of group poligonome-
fries,

Chairman B.S.Baizhanov.

8 K. Mynbaova (Alma-Aty, Kazakhstan). Some questions of weakly o-minimal
binary theoties,

M 85 Sheremet (Novosibirsk, Russia). Difficulty of lattices of quasivarieties.

S.V.Lenuk (Barnaul, Russia). Filters in laltices of group quasivarieties.

A .M.Popova (Novosibirsk, Russia). Multiplicative structure of finitely gen-
erated rings.

21 of June. Chairman V.M .Kopytov.

V.N.Glazkov (Novosibirsk, Russia). Convergence structures, questions of
continuation of homomorphisms of ordered groups and boolean algebras.

A.G.Pinus (Novosibirsk, Russia). Conditional terms and conditional vari-
elies,

1.5h.Kulpeshov (Alma-Aty, Kazakhstan), Weakly o-minimality of linear
orders,
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0 CBOACTBE MOHOTOHHOCTH CITABO O-MHHUMAJIBHBIX
MOJIENER!

PJl. Apedbes

Nowronwh anpect 400100, Kasaxcraw, Amard, yn. [lymoma, 1265,

Nnorwryr wpolinew wnfopunrmen w ynpannesmx MH-AH PK.
oomal)l  lnefipic academ alma-ata.su

Cityionnie onpeamienis 1-3 AMINIOTCR NepedopMyIHpOBRAMN onpenene-
s, snnax J1 Maxgapeonon, J1. Mapxepow, Y. Credtixoprom 8 [1].

Onponononne 1 lycrs M < auiohio ynopamoueniss Maieis CHIHATY i
o, @i8, ) = Qopmynn enrnarypi o ¢ I(2) = n. Onpeseanm oTHowenke
SRRSO THOOTH A M

o~ b (3z0) (V2 > zo)p(8,2) ¢ (b 2).

(M MoxeM ompesenuTs 1aoGioe OTHOWENHE SXBHBAIEHTHOCTH 110 " HIX-
well rpasnite” GOpMyH  BMecTo " Bepxrel”KaK Bhie.)

Mycts X — MHOKeCTBO KJBCCOB SKBHBACHTHOCTH mo ~. Onpesemim
smuediunt nopuwox wa M U X, Ilyers 8/ € X, ¢ € M, nonaraen 8/ < ¢
B TOM ¥ TOABKO B TOM cayuae, korma M = (Viy)e(a,y) = vy < c. Ouesnmwio,
w10 & # b maever 6/ < ¢ < b/w wan b/ < ¢ < @/, nax wexoroporo
¢ € M. Hasonem 9710 mioxectso X copmox s M, rae uepes M obosnauaercs
ofbeuuelHe BCEX COPTOB,

Onpenenenue 2 [Tycts [ — QyHKIMS HS YNIOPAOUEHHOTO MHOMECTBA I8
ynopanouennoe Muoxectso K. Mit rosopum, uro:

(i) J aoxsavwo soapacmaem wa I, ecan pas awboro a € I cymecrsyer
Gecxonenmnih wurephan J C I Takod, wro a € J u f|J — pospacTaniuas
(DyHKUKS,

(i) f 4oxaaswo ybeaem wa [, ecan s sooro @ € [ cymectayer Gec-
xonewnwdl wirepsan J C [ rtaxod, wro a € J u [|J — yOupaoums
QYMKINK.

' Aprop npesworo Sanrouapes Buxtopy PepBoncroaey Ia LENIIS SAMESRNRR TIpW UOCYSREINN PE3YILTH
yom palatid

PA. Apedien ]

(i) J woxaswwo nocmomna wa [, ecam is moboro a € I cymectayer Gec-
koweunsih wirepsan J C | raxoft, wro ¢ € J u f|J — xomcranTHat

Gynxums.

(iv) [ umeem Aoxcabwvitl Munusys 6 xaxcdod mouxe [, ecan s Awboro
a € | cymecrnyer Gecxonewnht murepsan J C | Taxo#, 4TO 8 — TOYKA
sunwmyms f|J.

DYRKINA, HMEIOLIHE NOKAIBHER MAKCHMYM B xaxnol Touke HEKOTOpOro
MHOXECTBA, ONpeeANIOTCE aHaATOrNyHO mynTy (iv) ompenenexns 2.

Oupencncuwe 3 o [lycTs [ — UBCTHUHAS PYHKUMS W3 YROPAAO'EHHOMD
MiomocTss | » ynopazoensoe muoxectso K. Byres rosopuTs, 40
QyNKUNE [ WMeeT C80UCmG0 MONOMONNOCIY, €CIM CYIIECTBYET Pas-
Owenne dom(f) wa wmmoxecrsa X, ly,...,Jo-y TaKOS, TO X xoneuno,
I4.t<nuecmnumwuyum.lmnmoi<n/|l;ymmn-
paer amiomy ws nynxron (1)-(1li) onpenenenns 2.

o llycrs M — munedino ynopasovennas moneits, Gysiew roBopuTs, yro M
Jseer CHOACTHO MONOTONIOCTH, ecaN Mlofad ompeneanmas 8 M qacTwy-
ml-mgyumn(mlmyms.mumupmw)
HMooT CHOACTHO MONOTORNOCT M,

Teopema Jobas caabo o-sunumuaabnas H00eAd uMeem cOOBCTIB0 MONOMON-
nocmu.,

[leppiie mAIK WAIIErO NOKAIATE/LCTBA, BKANNAL yroepaienne 1, ans-
JOTHYNL AOKAIATENBCTRY TEOPEMM O CBOACTBE MONOTOHHOCTH JUIN monenel
1860 o-MMHKMANLHEIX Teopi B [1], HO /1% ROMHOTH W YNOGCTEA TEHNS MK
HPHAGIM HexoTopiie yThepizienis K3 (1] Ges NOKASATENLCTBA.

Mycrh M — ciabo O-MMHMMAJILHAL MOKENh, h: M = A — onpenenn-
MAY YACTHYNAS (YHKIDIS B RexoTOPHA onpeeaWMii copT A. Onpenernm

cayoume GopMyIIs:

wiz): (32> 2)(Vy € (2,2)h(y) < hiz),
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ei(®): (B2 > 2)(Vy € (2,2:))h(y) = h(z),
ea(e): (32, > 2)(Vy € (2,2:))h(y) > Ma),
volz):  (3m0 < 2)(Vy € (2,2:))h(y) < h(z),
Wilz): (330 < 2)(Vy € (2,2/))h(y) = M=),
 ala): (s < 3)(Wy € (z,20)hly) > Az),
T ag(e) T wile) & wla).
Jamewanne 1 (1] Beau 3 € Int(dom(h)), mo svinoansemcs 0;j(z) das we-
womopuia i, j € {0,1,3).

Yrnepaaenwe 1 1] lyems | — wexomopsid Secxonennvid uwmepsas. To-
200 wu odna va Popaya By, 10,013, Oy Ne MoNCET BUNOANIICE KO BCEM I.

Taxuu 06pasoM, CymecTseniiie CAY' AN, KOTOpLIE 1eolXQ/MMO PACCMOTDH-
BATH — 5T0 NMIOARNMOCTS Ha GECKOHENMMX MHTepBaaX (opMys 023, 03

Oueswino, YTO B CAYNAE JINCKPETHONO YNIOPANOYEHNS JeMMu 1, 2 sephul.
MooTouy Aanee Mil GyieM PACCMATPMBATE TOILKO NIOTHO YUODOHEHHNE
CTPYKTYPH.

Tlennn 1 J-Mecmuas NOCTINHGE FYNNULS, LNEOUAE SORAL NI SUKUNYM
o Kaoxcdoll MOKE BECKONEUNORO BUNYKAOZ0 ANOXCECIEA, HE H6AREMCE ONpE-:
deausoll 6 CAa00 0-MUNLNGALKOT CIAPYRMYPE,

JIOKASATEAMCTDO, CACAYIOLLIOE MIKE OXBATWBACT Kak CYHaR GYHKUNN 3
M » M, Tax w caysak QyNKuMmM b COpT.

Jloxasameadcmeo GyAeT NPOBNINTCS 0T NPOTHBHOIO:

Tycrs M — catnBo O-MKHNMAILHAS MOREHb CHIHATYPM {<,),..}yroe |
— 1-MOCTHAS NACTH'NAS QYHKILNE, ONpeieenNas Ha GeCKONeNOM BLIITYKNIOM
MHCIKECTSE W WMOIOMAS b XX TOYKE STONO MIOKECTBA NOKANBHWN MM~
wmys. [Ipupenes concox coORCTE MOZEIN (M, <, f), #s xotopux 6ynet
CAGJIOBATH TTPOTHBOPEUNE.

Ha npOTAXENNN BCETO AOKAIATEALCTBA BCE PACCMATPMBACMIIE HAMMN e
MeNTH W oTHomenus aexat » dom(f).

Fameunnne 2 MOKNo C0 aTh, W10 [ WHLCKTHRNA.

P Apodren 1"

Jloxaaameavemao, Onpeienns OTHOMEHRNE JKBNBAJICH THOCTN
E(z,y) & f(2) = /).

Vmeepacdenue, Kasuuh k1ace IXBMBANEHTHOCTH 10 E woueven,

Jloxasameascmeo, Ot nporusworo. [lycrs A — Gecxoneynnil KAACL,
[OFAA, BELY O-MNHWMAAbHOCTH M, A conepXMT Geckoneynbi OTKPHTHI
jutepsan /. [lns mponssomuioro nementa 6 € I, TX. [ WweeT nOKank-
ufl soniMyM » xaxziol Touxe, naRnercs b € J Taxofl, ¥ro J(6) > S(a).

)| porupopesne.

Orcionn Muoxectso 2 -] {2 : (Vy)E(2,y) = = < y} Gecxoneuno. Tloaro-
My MOXNO cunTaTh, wTo dom(f) = Z. = 8
OB nnvenns

o U, 4 (2> a:(Vy € (a,8)/() > J@) Uz <a:(VyEle,a))/(v) >
f(a)} U {a}.

va<b &b U, o0,
vaobdhambva<bvb<a
Samonanme § (1) U, — sunyxnoe MHOKecTso.
() o o bwes U, # Up
Cuolerno 1 Beau U, N Uy # 8, mo aubo U, C Uy, aubo Uy C U,.

Jloxasameascmso. Nycrs UsNUs # 8w a < b. Paccuorpau cyuaft, xorna
f(a) < J(b). Ecan b€ Uy, o Uy C U,. Ecam 310 He Tax, TO CymecTsyer
d Taxoh, wro U, < d < bn f(d) < fla). Ho torna f(d) < f(b) md ¢
Uy, Nporusopeune ¢ Tem, w10 Uy \ Uy swimryxno v Uy canepaat
saoment 1 Us. o
Crolicrno 2 < — cmpoeuil vacmuunmd nopgdox.

Cuofcrno 3 Jlag s0608 yenu oy < 8y < ... < Gy CYUECMOYEM Gnyy > Gn.

Jloxasamesbemso, B xavecTne G,41 MOKKO BIATDH moboh snement ¥3 Uy,
xorophiit # Gy, a

;—
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Caoiictno 4 /Tyems b < a,c < a, moeda boc.

Jloxasameascmeo, Tx. b <aunc <a, 10U, CUuU, CU, crenosa
reaso U,NUy # 9, u no caoficray 1 ambo U, C Uj, Te. ¢ > b, ambo Uy C U,
Te b>e a

Cookictso B Jlax anbozo o, anoxecmeo Cy ¥ (22 < a) wonewwo.

= Jlowasamesvcmso, Tpemnonomus, 1o Cy — 6eCKoHe 1O MHOKECTBO, T0-
£/, BBKAY canaBol o-MuiMansHOCTH Maniesin M, C, canepxut Geckoneunuil
orxpurud wwrepsan /. llycrs d — npowssonsiit saement w3 /. Boskuen
my,my € 1 NUy taxne, wro my < d < my. Tx. my < a, m; <a, T0M0
caoictsy 4 my o my. Npeanosoxus, wro my < my. Torna Un, C Un,, T80
My € U, ¥ 1. Up, sunywio, 10 d € U, , crenosareisio, [(d) > [(my), a
9710 HWpoTHROPENT My € Uy, -
Caofictno 8 < — duckpemunid nopgdox.
Jloxasameacmeo SSeTCS MPAMEM CHGICTEMEM CRORCTRA 5. o

Croltcrso T Jas aobuz a,c maxus, ymo ¢ < a Haddemes b co ceodcmeos
c<bl~(aod)

Jloxasameavcmso. Bossmen » xavecTse b mpoussonbibik snement s U,
TaxoR, YTO ¢ NEXNT MeXNY @ ¥ b, o

OGosnavenns
o K — MBOXECTBO BCEX MNHMMAJIBHEX B CMBICHE < SEMEHTOR.
vi¥ (sra<al~(Fla<y<s)

Caoltcrno 8 Mwoxecmea &, no acex a € dom(f), ofpasyom paanosepno
onpedeausoe pasbuenue dom(f) \ K.

Jlokasameasemeo. [lo onpeneneuusu &, K, ecau d € K, 1o d ¢ b, nra
moboro b, .
Jlnn a # b, @ ne nepecexaercs ¢ b no caoiicTay 4, o

Caoiicrao 9 K xoxewno. -

P Apeduen 13

Jloxasameavemso. Tlycts K Gecxoweuno, | — Gecxomemuit orxpuiid
witepsan, conepxaupiics » K. Bossuem b€ /, c € Uyn 1. Torna ¢ » b.

[IpoTunopeyune. a
Cuoitcrso 10 Jas awboeo a, & C U,.

Caoficrno 11 Jax anbozo 6, & Koneuno.

Jloxasameancmao. ANANOTHYNO AOKAIATENLCTBY CBORCTSA §. 0

Mo pasBmenmio w3 caoficTea 8 MOXNO 3AZATH ONpefelNMOe OTHOINeHNE
sxnntentiocTy €. Cooftcrsa B, 11 03navaloT, 4T0 € — OTHOIIEHNE KRN~
MIEHTHOCTH ¢ GecKoNe I ILIM THCIIOM KOHEUHKX KIIACCOB,

PacemoTprm Beckonensioe onpeaenimoe MioxecTpo X , COCTONIIIEE WS MM-
UMMM B CMMCAe < DIEMEHTOB KIACCOR SKBMBAJEHTHOCTH Mo € (T.e.
X w2 (Vp)e(z,y) =2 < y))

I} yenonuax npEION0KEHHS O cAabol O-MUNNMAILIOCTH MAEIN M un
Momen PRsliTi X A KOHOUNOE MHCAO BRINYKIIMX MIOKECTS ¥ RUGpATE Cper
X kpadine npasoe Mnomecro U (r.0. Uﬁ’{-ex WWeEX)z<y—
[(Va)e <5 <y~ 2 € X))

Bossmom nponsnansusll snement a € U, a wix nero nadinem b > a Takod,
wiob ¢ X wb> o, Taxoll smemont b cymiecrsyer saway cooiics 7, 3. [ance,
BonkMOM TipowssonsiuA ¢ € Uy ¢ > b, no ceoiictay 3 & # @, crenosaTensio,
canopmnt snement d € X, a no cuolicrey 10 > b. Torna wmeem

a<b<dbade XLDEX.

IIpoTusopesne ¢ sbopom a € U joxasusaer nemmy 1. 0

OWenHIHO, YTO COBEPITIERHO TAKKE NOKAILBALTCH HECYIIIECTBOBANKE ONpe-
JMUNMOR YNMKIHK € JOKANLHLIM MAKCHMYMOM B KAXOH TOUKe.

Tenops noxames, 9o ecan Gopuyna fg; BENODNEETCE Ha OTKPWTOM HH-
repoane [, 10 h — KycouNo AOKANBHO BOSPACTAIONIAS (QYHKIMA Ha I.

JNlomma 2 B caabo o-sunumaserod xodesu M we seasemes onpedesusod
fynxyus g, ydosaemeopouas CAEIYOUIUM YCAOBUTM 8 xaxcdod mouxe =
Newomopazo becxonenozo swnyrsozo aoxcecmea U C dom(g):

(i) (32, 22) (Y, v3) 2y < 0y < 2 < vy < 7 -+ g(wy) < gl2) < g(va),
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(W) (V2) (B0, e < 0 < vy < 3 & glvr) 2 g(va).

Jlowasamesrcmoo. [lycTs cymecThyeT Taxas QyNKins g. Mycrs pns a €

U,
Vo ¥ (s <a:(Vy€[z,0)gly) <@}V
Ufe > a: (Vy € (a,2)gy) > 9(a)} U{a},
f(0) ¥ mt(va).

Damerun, ¥10 V, nsercs Geckonesnam (sauny (i) x sunywism, & =
WROTHOIM QYIKINN W M n woxoTopuR ompeneninsn copt.

CALyKrin Y TROPRIINING HPOTHROPONNT Nesme 1.

Yenopmaouno 3 [(x) onpodeacna u wneem 4oxcavnnd sunusys o xo-
mdod mowne U,

Jlowasamesscmeo. PaccuoTpum caeyiounie Gopuyast

po(z,0): = <ak [(z) < f(a), (1)
wiz,a): =>a& f(z) < fla), (2)
miz,0): z<ak[(z)> fla), (3)
wiza): z>ak[f(z)> flo). (4)

Beuay cnabolt 0-MHHEMBJILHOCTH M, nax mooro snemenTa a € U cyme-
craywoT uitepsain [ < 6 < J, s KOTOPLIX @ SBIACTCS rpauwtnoR ToIKOR
¥ KOTOpHE MO/IHOCTLIO COAEPAATC B MHOKECTBE peannsaiil KAKKX-TO CO-
orsercraylommx o mya w3 (1)-(4).

Ymeepacdenue. | we conepxutea 8 po(M, a).

Jloxasamesscmeo. Tycrs mwrepsan [, umesonmi a rpanwasofl Touxof,
NONHOCTBIO HEXKT B fio(M, a). Ho Torna, paccMaTpuBas TpONIBOILRYIO 0%
xy b us VaN1, s K0TOPOMl, KaX M3BECTHO, BRINONRSETCS NYRKT (1) nemmu 2,
M HARZIeM aneMenTH ¢, d Taxue, 110

b<e<d<akgld) < gle).
(3mbnrpmponsz.a—z.c—-m.d—v«,us(ii).)

PJL. Apoies 1

MNoaromy f(d) > ¢ > b,a b€V, T.e. Ml nonywis, wro e wold, @), a 510
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1 O-minimal expansions'

Definition 1.1 [VdD] Model M of signature X is ordered minimal (o-
minimal) if it is 8-definable totally ordered and the realization of each formula
of the signature (M) in one free variable is a disjoint union of finitely many
of open intervals, points.

Throughout the section we consider only dense o-minimal structures.

Definition 1.2 Let A be a subset of totally ordered set B. Then A is convex
if for any a, 8 € A the following bolds:

VyeB [a<y<f=r€EA]

Note 1.1 An intersection of family of convex subsets of arbitrary totally
ordered set is convex,

Definition 1.3 (i) Let M = (M, L), where £ is a signature of M, ¥* D L.
Then M* = (M, E*) is said to de ezpansion of M.

(ii) Ezpansion M* of model M is said to be essential if there ezists P" €
L+\E such that for any ®(#,8), 8 € M, I(2) = n it holds that P(M*)" #
o(M",a).

' Rapenrch has been financed by FC Grant INTAS-93-3547. Results wwa mnounced In wn Intermediate
report, March 1695,
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Definition 1.4 [P] Let us soy that theory T of signature L odmits elim-
ination of imaginaries if for all M € Mod(T), for all formula §{(2,§) of
signature I, for all & € M'0) there ezists b = (by,...,b,) € M" such that
YM'» M, Y] € Aut(M'):

Ve € M'6(z,8)  $(/(6),2)] = f:‘. 1) = b

Definition 1.5 (D)

(1) A totally ordered model M of signature L is weakly ordered minimal
(w.0.m.) if the realization of each formula of the signature L(M) in one
froo variable is a digjoint union of finitely many convex subeets.

() A theory T is said to be weakly ordered minimal (w.o.m.) if each model
of T'Is wom.

Note 1.2 T is wo.m. iff for any formula ®(z, §) of signature I there is a
natural number ng < w such that for any model of T for any & € M'®),
®(M,a) is an union < ny ~®(M,&)-separable convex subsets of M. Here,
O(M,a) = {beM: M ®(ba)}

Note 1.3 A set of all realizations of any 1-type over set of a model of w.o.m.
theory in any model of this theory is convex set, because each complete type
is determined by family of formulas, the realizations of which are convex
(convex formula).

Theorem 1.1 Let T' be an o-minimal theory admitting elimination of imag-
inaires, M € Mod(T), M* is an o-minimal ezpansion of M. Then M* s
ensential ezpansion of M. iff there ezists elementary eztension D* of M* such
that the class of all D*-definable partial unary functions does not coincide
with the class of all D-definable partial unary functions.

Proof. Sufficiency is evident.

Necessity.
Lemma 1.1 Let D* be an w-saturated elementary estension M*. If each
unary D*-definable function is definable in D, then each D* -definable set is
definable in D.
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Proof of lemma 1.1. By induction on n we shall show, that
(1)s Each definable set in (D*)" is definable in D.
(2), Bach partial D*-definable function / : (D*)" =+ D is definable in D.
For n = 1, (2); is hypothesis, (1); follows from (2); and o-minimality of
D*.
(1)as1 Let R C (D*)**" is definable. Let S be projection of i on (D*)".
§ = {a€(D*): D" = 3y(R(ay))}
Se = {a€8:D* = 3%y(R(=a,p))}
8w = {8 € (DY) : D* j= 3"y(R(a,¥))}
8. | definable in D* because in (weakly) o-minimal theory DIF (Defin-
able Infinitary of Formula [B6)) property holds, i.e. V¢(z,§) 3ny such that

VPIRMad(s,p) = 3%24(2,9).
By induction assumption (1), 5,5, Se are definable in D¥

Rim = {(8,b) € R:8€Sn,1 <i<m,bisi-th element
belongingR(a, D))
Ri is the graph of definable in D* function, by induction assumption
(2), it is definable in D.

We consider R’ = So x M — R. R' is definable in D*.
Let

P = {‘ € (m). s D - 3""v(ﬂ'(*¢'v)))
P = {a€(D*)": D* | 3%y(R(a,v))}
Pim = {(a,b):3€ Py,) <i<m,bisi-th element
belonging (3, D*)}
Py, is the graph of partial D*-definable function, by inductiun assumption
(2), it is definable in D.

Then it is evident, that Sy, = PURU. .. UPyUPy.
Consider P, We define formula ¢(2, y) as follows: for any a,b € D*

. [ 9(3,b) @ Pula),
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and b is a boundary point of set R(a, D*).

Fact, that the number of boundary points for any @ is restricted by number
k, follows from the DIF property for o-minimal theories (PS), [KPS].
Consider functions ¢, ¥, 0<i<k-1
$:(a) =b & bE Pgand b is the beginning of i-th interval or
i-th point in R'(, D*)
¥i(3) =b & bE Pyand b is the end i-th interval in
R'(a,D*)

It Is evident, that ¢, ¥ are definable in D*, and hence in D.
We denote

0i(2,)) = Puol2) Adi(2) <y < $il2) A
AlR(2,8:(2) — #i(2) <y < Hi(2)] A
A[R(2,¥:(2)) - ¥i(2) <y < Wi(2)] A
A[R(2,4(2)) A R(2, ¥i(2) == ¢(2) <y < Hil#)]

Then
Rgw= U Roalzy)u Ub(znu U  Qim
1<mgl1<inSm i<k 1EmEN, 1 Sin Smt ]
where

Qim(2,¥) = Pnl(2) A Pirm(2) < ¥ < Pim(2).

In our case Pyn(2) = —00, Prmstm(2) = 00.

80, set R is represented as a finite union of digjoint D-definable sets, hence
R |s D-definable set.

(2)asr [ : (D) = D* is & partial definable function in D*. Let
H(x) = 313y(/(3,2) = y). H is D-definable. For any a € H(D*) the next
function ;

L (D+)' -+ DY, lo(’) - ,(!00)
s D-definable by induction assumption with the help of function Gofe,2), t€
DY, G(g,*) is without parameters.
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Claim 1.1 There exists a finite number of functions
Gi(2,5),...,Gm(2, Pm) such that Va € H(D*) there ezists
i€{1,...,m}, 38 € D'™), that
Ve([Gi(8,&) = f(2,6)| A [Gi(#,&) is not definable ¢
& [(2,a) is not definable]).

Proof of claim 1.1 We assume contrary, i.e. there exists an infinite number
of functions {G;(2,5) : + € J}, that Va € H(D*) there exists Gj(2,&,),
that Gi(2,8,) = f(2,a)= and Vj € J there exista suitable a; such that
Vi # J, 51 € J the following is true

b V§{Gj (2,9) # J(2,8))].

Then the following set is locally consistent with reference

to Th(D*,d), where d € D* is a tuple of elements taking part in definition
f(2,3)

{(Vw;(Gj(2,5,) # J(2,2) : j € )} U {H(z)}.

Element a € D, that satisfies this set of formulas, exists because D* is
w-saturated, that contradicts induction assumption.

Without loss of generality one may consider, that there exists the only func-
tion G(g,2) (without parameters) of language of D such that Ya € H(D*)
there exists ¢, € DY, that G(2,5,) = [(2,a).

We define 2 ~ &, 2,¢ € D* & V2(G(2,2) = G(1,?)).

Existence of D-definable function A : D* —+ D7 such that V&, & € D

[h(&) = h(¥) ¢ G'(2,2) = G(2,¥)
follows from the condition of thearem 1.1 on elimination of imaginaries.
Let hy(§),...,h;(§) be functions such that Y2 € D* M{e) =<
hi(§), ..., Aj(§) >. Define graphs of unary D*-definable functions as follows:
Ki(a,n) = H(z) A 39(Ve(G(2,9) = /(2,2) AB(§) = 7)), i € {1,...,j}.

Ki(2,3) are D-definable by assumption of lemma. Let di(z) = z
:(‘(l,l). Then the following formula defines graph of D-definable (n+1)-ary
‘unction:

H(z) A 3g(h(gy =< di(2),...,di(z) > AGIz,§) = z).
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One may check easily that it is graph of function. Lemma 1.1 is proved.

Note. Analogous lemma for strongly minimal theories was proved by
E. Hrushovsky [H], but only his condition is that D is expansion of alge-
bracally closed field instead of condition on elimination of imaginaries. Our
proof is based on the scheme of proof of Hrushoveky, only for another class of
theories. One may note, that hia proof also holds for strongly minimal the-
ories admitting elimination of imaginaries. Taking in consideration results
of B. Poizat [P}, A. Pillay (AP1], V. Verbovsky V], Tsuboi [T}, one may
formulate the following:
Hypothesis. Any strongly minimal theory admittes elimination of imagi-
narkes ifT it is expansion of theory of algebraically closed fields.

% Number of formula copies in pairs of models

I [MMS] paper the Problem A (Cherlin) was formulated: will expansion of
o minimal structure by convex predicate be weakly o-minimal. For submodel
(M4, <,000y) < (R, +,,<,...,) they proved, that this expansion has
woakly o-minimal theory. Dense submodel of R (i.e. M is contained in
N densely) was considered. The main moment of induction step was the
following:

Problem B For any formuls ¢(z, §, @), « € R\ M to find formula K(§, &)
such that Ya € M'® the following bolds:

(M,R) |z 3z € M ¢(z,8,a) &= R = K4(ia).

In (B1] attempt to solve Problem A for o-minimal theories was under-
taken. The following evident fact was applied for construction of the formula
K‘(’to’ C).

Pack 2.1 Let M < M', &, € M'\ M, tp(a/M) = tp(B/M). For any
Jormula ¢(z,08,&), 8 € M the following holds:

M' =32 € M §(2,8,0) => M' |= 3z[¢(z,8,a8) A §(2,3, B)].
The main difficulties in [B1] were the proofs, that:
(1) It s sufficient to consider finite number of copies of a over M.
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(ii) Addition of new copies does not generate any irrationality.

In [BP] these difficulties were got over by application of Marker-Steinhorn's
theorem on definability of types({MS]) in Pillay's formulation ([AP2)),

In [BP] an elegant proof based on the scheme of proof from [B1] was offered,
bowever the number of copies of formula ¢(z, 8, &) was valued 2",

B. Poizat asked the anthor about possible decrease of the number of copies
of formula ¢(z,a,a).

Convention. M' is sufficiently saturated of o-minimal theory.
Definition 2.1 Let p € S,(A), B C M" such that M" is | B U A[*-saturated.
Then a neighbourhood of set B in the type p is the following set:

Vo(B) := {y € M'|3m, 7 € p(M'), 3H(2,b,2),b € B, 2 € A,
n< H(M'\=be)<n, v€ H(M',b,3)
. Lot @ =< ay,a,...,a; > then Vy (&) := Vj({ay, 3,...,4}).
Definition 2.2 (i) Let p,q € S;(A). We say that p is orthogonal to g (p L
q), if 3a € p(M'") (= Ya € p(M")), V,(a) = 0. If p is not orthogonal to
¢, then we denote this fact by p [ g.
(ii) Let B C M', p € Si(a). We say B orthogonal to p (B L p) if V;(B) = 8.
Note 2.1 (i) The relation [ is equivalence relation on I-types.
(i) If p L q then there is an A-definable bijection f : p(M') =+ ¢(M") such
that [ preserves < or turn it over.
Definition 2.3 Let p € Si(A). We say that p is irrational type, if p(M") has
no limit points in del(A).
Note 2.2 [LM], [B1],(M] Let p,q € Si(A),p £ g. Then p is irrational iff g is
irrational,
Definition 24 Let p,q € S(A),B C M' such thatp L ¢, B L p,B L

ga€p(M)pe Q(MO’ - "(G/AUB)- ¢ o 'M/AUB)- Then p(M') =
P(M'), g(M') = ¢(M"). We say that p is B-orthogonal to g (p(L, B)q), if
¥ 1 ¢. In opposite case, we say p is not B-orthogonal to g. We denote this

foct by p(L, B)g.
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Note 2.3 Let B C M',A C M',0(B,S,(A)) := {p € Si(A) : B L p}. Then
([, B) is equivalence relation on O(B, 8,(A)). This equivalence relation is
stable under irrationality,

Note 24 Letp,q € 5i(A), BCCy, BCCy, B1®p, B 1° g, p(L* Bl
Then the following is true:

FV(C) <7< V(Ca) or Vo(Ca) < ¥ < V(Cy))

)
IVLC) <n < V(Cy) or Vi(Cy) < n < V(C))).

Proof follows from Note 2.1 (ii).

Theorem 2.1 Let M be an o-minimal model, M' be an elementary ezten-
slon of M such that M' is |M|*-saturated. Then for any @ € M'\M such
thot tp(a/M U {ay,...,0n-1}) is irrational there is § =< By, ..., Bs) >,
Ip(Aa/M) = tp(a/M), 1 < m < Ka) and for any §(z,9,a), for any
8 € M'W) the following holds:

I(a)
(3beM: M | §(ba,a) <= M' = 32( /\l (2,8, ).

Proof. It contains two stages;
(i) Choice of j.
(1i) Conclusion.
(1) Choice of f.
ol a=<ay,... ¢y > . Let pp = tp(am/M UGm — 1),m € {1,2,...,n).
Consider the sequence of one-types over Sy(M), which is determinated by
the following considerations:
Fy = pl.
lot Opyyy :={r€ SI(M)IGI'?' +1 f%rajm L¥r),
I Opss 5 0, then rnyy = rp, ﬂmn =
i1 Opyr # B, then rpyy is arbitrary type from Opyy.
Notice that, ¥r € Opyy, r( LY, &)m)rmsy and rpyy is irrational,



M Two theotems on o-minimal thoories

Lt fipy1s Bt € Pmar (M) such that
“}lwl < V'-«(d) < "’Dﬂ'

Consider fm+ 1€ Aﬁ‘m("’) such that f,.“(p,"“) =}4:“,|.

Let fng =< frnp1(@1), fns1(@3), .., a1 (@n) > . Then tp(Bsi|M) =
‘P(GIM)'
Brnsr|m = &|m.

Let < ry,ri,,...,7i, > be a sequence of all different types from £ :=<
TPy ey 2, then ﬁ =< ﬂhp‘u-"vﬁil >.

(ii) Conclusion.

Vé(z,9,a),Va € MO the following holds:

[Bbe M, M' = ¢(b,a,a) & M' |=3z(d(z,8,6) A A

; #(=,a, ﬁ)’»]
J€{lday s}

Proof of Conclusion.

(=) It is clear because tp(f;/M) = tp(a/M).

(¢) Let M’ F 31(«&,5,6) AA Aiﬂlh.---.") ‘(8,6, B}))

Suppose $(M',8,8)NM = 8,¢(M',a,&) = Ui, (M’ a,a), where
{#ilk < ny} is maximal ~¢(M’, &, &)-separable convex family of subformulas
of ¢(z,8,&) (Note 1.2).

Let ¢«(M', 8, &) be arbitrary subformula. Because ¢4(M', &,a) is convex,
then there is r € S;(M’) such that ¢4(M',&,a) C r(M').

Let j € {1,43,..,3,} such that r € O;.
By Fact 2.1 and because r(L¥,alj — 1)r; and r; is irrational, r is irrational.

By choice of f§; and by Note 24 V,(a)nV,(B;) = 6. Then
¢E(M’vnv a)nvf(ﬁj) =0 So, “M'vand)nA,‘((lhr..,‘.I“Moal ﬁj) = 0.
Contradiction. Thus, ¢(M’,a,a)N M # 0. 0
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1. Introduction

By & semiring we mean an algebra with two associative binary operations
(denoted aa addition and multiplication) such that the addition is commuta-
tlve and the multiplication is distributive over the addition. The aim of the
jesont ahort note is to find all minimal varieties (alias equationally complete
tlaasen, minimal primitive classes, etc.) of semirings. To that purpose, we
shall make use of the following well known and easy observation:

1.1 Proposition. Let V be a non-trivial variety of semirings. Then either
V contains a (non-trivial) congruence-simple commulative semiring or every
samiring from V is idempotent (i. e., both the addition and the multiplication
e 00).

3. Some two-clement semirings

. > plor <]o +lo1 -|o
de I'lnstitut Girard Desargues, UPRES-A 5028, 1996, N18, pp.1-9. 4: 000 _OJO—T s,: oloo o0

110 0 2j0:0 % 1{100 101 ;

+lor -lo +(01 .j{01

S: 0f(0o0 0|00 Se: 0(00 011

1lo1 1fo 0 1{or 111

+(01 |01 +/01 |01

S: 0(00 0]01 S,: 0|00 o0f00

101 1|11 1lor 1o

'Whils working o this paper, the suthors were supported by the Grant Agency of Charles University,
gt # GAUK 3061-10/718
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+/01 o1 +]0 1 -|01

S: 0|00 0j01 010 0 00
1jo1 1|01 ; 101 1]

For 1 < i <8, let §; denote the variety of semirings satisfying the following
(semiring) equations:

S v X+y=uv,;

S . Xty=utv, Xy=yx, x=xx
0y v X=X+X, Xy =uv, Xy =Xy +3;
S vionns X=X+X, Xy=uy, 2=Xy+42
B wonnns X=X+X, X=XX, X=Xy +X;
8 v X=X+X, Xy=x+Yy;
o X=X+X, y=Xxy,;

& e X=X+X, X=Xy.

2.1 Proposition. (i) Every non-trivial semiring from S is a subdirect
product of copies of S;.

(i) 8, is a minimal variety.

Proof. (i) If S € S, is subdirectly irreducible, then every congruence of
S(+) is also a congruence of S(-) and consequently S(+) is a subdirectly
irreducible semilattice, S(+) = S,(+) and S = §,.

(ii) This is an immediate consequence of (i).

2.2 Proposition. (i) Every non-trivial semiring from S; is o subdirect
product of copies of S,.
() S; is @ minimal variety.

Proof. (i) If § € 8, is subdirectly irreducible, then every congruence
of §(-) is also a congruence of S(+) and we have S(-) = S,(). Now, if

o0=2z+y, 2,y €85, then 30 = z(z + 3) = 2 + z = 0. Consequently, o is the
absorbing element of S(-) and S & §,.

2.3 Proposition. (i) Every non-trivial semiring from Sy is a subdirect

product of copies of Sy.
(i) Sy 1 a minimal variety.

Nobart Bl Bashir, Tomdd Kopks »

Proof. (i) If S € Sy is subdirectly irreducible, then every congruence of
5(+) I a congruence of S(-), and hence S(+) & Sy(+). Now,ifo = zy, 2,y €
. then 0 = 0+ z for every 2 € §, and 80 o Is the absorbing element of S(+)
and § & 8,

2.4 Proposition. (i) Every non-trivial semiring from S, is a subdirect
product of copies of S,.

(i) 84 b & minimal variety.

Proof, Similar to that of 2.3 (use the fact that the absorbing element of
S(+) I & neutral element of S(+)).

3.8 Proposition. (i) Every non-trivial semiring from Sy is a subdirect
prodduct of copies of Sy.

(W) 8 is 6 minimal variety.

Proof. In fact, S; is the variety of distributive lattices.

1.0 Proposition. (i) Every non-irivial semiring from S is o subdirect
product of copies of Sq.

() Sy i a minimal variety.

Proof. S, is equivalent to the variety of semilattices.

2.7 Proposition. (i) Every non-trivial semiring from Sy (or Sy) s @
subdirect product of copies of Sy (or Ss).

(W) Both Sy and Sy are minimal varieties.

Proof. Easy.

3. Zero multiplication rings

For & prime p € P (the set of all prime numbers), let Z,, denote the sero-
multiplication ring on the group Zy(+) of integers mod p. Further, let 2,
I the variety of semirings satisfying the equations px = py, x = (p + 1)x,
pX = ys.

3.1 Proposition. (i) Bvery non-trivial semiring from 2, is a subdirect
product of copies of Z,4.

(W) Z,-s a minimal variety.

Proof. Obvious.
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4. Fields

For p € P, let Z,; denote the field of integers mod p. Further, let ¥, be the
variety of semirings satisfying the equations px = py, x = (p + 1)x, x = x*,
Xy = yx.

4.1 Proposition. (i) Every non-trivial semiring from F, is a subdirect
product of copies of Z,;.

(i5) ¥, is a minimal variety.

Proof. (i) let S€ %,, S #0. Sinced® =aforeverya € S, Sisa

semiprime ring and S is a subdirect product of prime rings from F,. Now, if

S is prime, then o’ = a implies that S isa field and 5= 2,,.
5. Congruence-simple commutative semirings

Let G (= G(+)) be a (multiplicatively denoted) abelian group. We shall
define a semiring V(G) in the following way:

(a) The underlying set of V(G) is G U {0}, where o ¢ G;

(b) G is multiplicative subgroup of V(G);

(c) o is an absorbing element of V(G);

(d) a+b=o0lorallabe V(G), a#b

(e) a + a = a for every a € V(G).

Let A be a subsemigroup of the additive group R(+) of real numbers. We
shall define a semiring W (A) in the following way:

(a) The underlying set of W(A) is A;

(b) The addition @ of W(A) is given by a @ b = min(a, b);

(c) The multiplication + of W(A) is given by a + b= 6 + b (the addition of

The following classification of congruence-simple commutative semirings
can be found in (1):

6.1 Proposition. Let S be a congruence-simple commutative semiring
(i e., S possesses ezactly two congruences). Then at least one of the following
six cases takes place;

(’)S gSll slu s!v Sh s‘-

(2) S = V(G) for an abelian group G,

Nobert Bl Bashir, Toméd Kepkn s

(8) 5 % W(A) for a subsemigroup A of R(+).

(4) § s isomorphic to a subsemiring of the semiring R* of posi-
tive real num-  bers,

(5) S is @ zero-multiplication ring of finite prime order.

(6) 8 i a field.

0, Minlmal varieties of semirings

." M'em' The (P“‘"WC} an‘ varieties slv S’: slp 8‘; s'o 8.'
& &, 2,, 7,, p € P, are just oll minimal varieties of semirings.

Proof. All the mentioned varieties are minimal according to 2.1, ..., 2.7,
0.1, 4.1, Now, conversely, let V be a minimal variety of semirings. In view of
1.1 and 5.1, we have to distinguish the following cases:

(1) & €V for some 1 <i <5.
Then V = §;.
(Il) V(G) € V for an abelian group G.

Then V = Sy, since Sy is isomorphic to & subsemiring of V(G).
(Ill) W(A) € V for a non-trivial subsemigroup A of R(+).

Now, take a € A such that @ > 0 (or @ < 0) and put B = {na;n =
149,...),C = (na;n =2,34,...} and r = (C x C)Uidg. Then B is
& subwemiring of W(A), B € V, r is a congruence of B and B/r & S, (or
By ™ 8,). Thus V = S (or V = S3), which is & contradiction.

(lv) R € V, where R is a subsemiring of R*.
Now, take a € R, a > 1, and denote by A the subsemiring of R* generated
by o Then A € Vand r = (B x B) Uidy is a congruence of A, where B =
b0 Ajb > a). Since A/r 2 S;, we have V = §;, a contradiction.
YVhaEV, pEP
Then V= 2,.
(¥)) F €V, F beiog a field.

Thon thero ls p € P such that Z,, € V and we bave V = F,.
(i) Bvery semiring from V is idempotent.

Now, let § € V be generated by two elements, say o and b. Then every
sloment from S is a sum of the following elements: a, b, ab, ba, aba, bab.
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I ¢ = ab  abs = 4, then the subsemiring generated by c,d belongs o O NOAAJITEBPAX HTEPALIMOHHBIX AJI'EBP

i camonghently ¥ = 85, Seharky I b Sk thes Vo G PEKYPCHBHBIX ®YHKLHA
fe=ab=qbaptba=bab=¢ then ce=c ec=cand V = 5. C.A. Bepesnn
Finally, if ab = ba, then § is commutative and V = ;, S;. R
6.2 Corollary. Every minimal variety of semirings is finitely based. 630092 RowocaGxpex, WITY
Kapexpa mrefpu x marTexarweecxod mormxs
Reference e-mail: algebradnsts.sek. s
(1) R. El Bashir, J. Hurt and T. Kepka, Simple commutative
(preprint). MIrepec x cueTiiIM KIACCAM TEOPETNKO-NC/IOBKIX QYNKINR, SAMKHYTHX

PIRCNTOALIO onepaui CYNEpPIIOSHINN # R pasHoBManocTeR OnepalMN NTe-
PAUMN CRRIAN, TIpEXNe BCETO, C MIYMEHWEM OCHOBHMX KAACCOB BRIMMCAN-
MMA Pynxund, AnreGpsi TPRMATHBHO-PEKYPCHBNLX M OBINe-pexypCHBHBIX
bmeoriux Gymxund yxasannoro Tena wsyvanscs » [1,2]. Hsmectso, wro
GHOPAINN pNMKTHERON X OBmeR PexypPCHN (YACTWYHAR ONepAIME) CHASANM
£ OCHORNMMN ONEpATOpaMK E3WKOB mporpaMmuposauns Tena "for - do* u
“while < do" » no cHx NOp AMIFOTCE MPEAMETOM NPHCTATLHOIO NSYHEHNS,
185 0 [0] paccuaTpHBANNCE CAEYIONINE ONIEPAINN HAZL BHYNCANMEIME QyNX-
(CTTTH

8) pumnTsnas pexypens (f|g)(z) = ¢/ (z);
) wnrosas pexypens (f | g)(z) = um{f(g"™(z) = 0};
») ofiuax pexypens (f/g)(z) = gV#)=)(z),

Jadmuxcupyes HeEOTOPWR cueTHIR, SAMKHYTHA OTHOCHTALAO * Kaace N
|MOCTHIIX BCIORY ONTPESCACHHIX TEOPETHKO-UNCIOBKNY QYHKIMA, N BCE 3a-
MENYTMe KIAcCH, onpeneliseMuie nanee, GyneM pacCMATPHBATH B KAYECTHe
manccon xknacca N, lepuait, Tpammumonnsth cnocol GUMCARNS SAMKHY-
VM KIIBCCOB — SAJIANME KX B BHAC WOCANOD NOAYTPYMIW mpeobpasopanmil.

Yenepxnense 1, Chenyoupe SaMKRYTHE KAaCCH INISOTCE RIACANAMN
monyrpynnu N
o) In={/llpf| <M}, m=12,...

0% =uT, } — JBYCTOPONHKE WIeA,
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8) Ry = {/f|p] becxoneuno)} |

) Ra= (f[p] #9) } o AN
) £y = {f|(3a,b)a # bk f(a) = (b))
¢) Ly = {/|(Va € pf) /' (a) Gecxoneuno

JIOKASATENLCTBO: oYesHiNO ClejlyeT HS onpeJiefieH s KI1accos.

— ADCHEE Wheaiu,

3ameTum, 4T0 snemenTaMn T, SBAROTCE BCE (YNKUMH-KOHCTAHTH, e
MeHTaMM I, — Bce orpaniycHime QyHKI, MemenTaMk £; — Bee QyH-
1n, He saamonmecs 1-1-Gysxunamy, snementamu £y — see Gynxipnn 6oib-
0N PasMaxa ¥ TJL.

[lycts § — mexoTopas CHeTHAY pemIETKA NAAMHOXECTS HATYPATLHOIO Pi-
Aa. 3aMNyTHe nomiacch Kiaccs N MOXHO ONPENeNSTE TOrAa MyTeM OT-
HeCeHMs X HexoTopoMy uueany (GuasTpy) peiuerk S Tex wiM MHLX "Xapax-
TepucTHYeckux “ MnokecTs. B kavecTse Takux mnoxects Gepyres pf, nf =
{21/(z) = 2}, /' (a), » Taxxe unoxecTsa af = {a|/~(a) Gecxonewno),
Baf = {zlm - J(z) > 2}, 5f = {z|(Vy < 2) J(y) # [(2)}, 0] = Y onl,
e onf = 0, ecn f(m) <muwonf = {mm+1,...[(m)- l)

J(m) > m.

Yroepxneune 2. [lycrs J(F) — nexoropus wnean (Qunsrp) pemerss
§, Torsic caenyionDie MEOXeCTEa QYHKIUNR SAAS0TCE IAMKNY THMH NOAKIAC-
caMn Knacea N;

8) Iy ={flpf € T}
6) Iy = {f|p] woseuna);
:,f;. {/I(¥m > 0) B, ] wosewno};
“ ‘!lsl € J)'
= {/laf xonewno};
e) 7 = {/|(Va)f~(a) xoneuno};
.) J‘Mﬂlej}.
) N5 ={flvf € F}.

JOKASATERLCTRO. ) (2 g) C pf = p(f4g) € T

A Baperun »

0) p(/ » g) xowesno » cuny xomeunocs pf u pg;

#) monevnocts fia(f + g) crenyer w3 xoneunocTh finf;

D) 8(feg)CSg=S(f09) €T,

A) eanatyer ws 1oro, wro a(f + g) C af U f{ag);

0) Muomectro (f ¢+ g)~'(a) xonewno xax xoMewHOe OfBEINHEHNE KOHENNLIX
MIOWOCTH,

W) oen o(fvg) =B, 10 fog €NY. Tyers 2 € o(f 0 g), Te. (3k <
#) Jlglh)) > k wnycrs 2 € o4(f # g). Ecam 2 < g(k), 10 2 € 049, a upn
# 2 (k) # € 0,4/, wnave rosops, scerna o(f + g} C o Uog;

Nulfep) 2vinvg=>u(feg) €F.

OrMeTHM, HTO & TONOAOrKYECKOR Tepuunonorun kaacc Ay ecTh pocTox
Qywninn /(z) = z ornocurensro ¢uastpa F. Ouesnnno, 4T0 saMuxanwe
(1) scxs {1}, ree. {1} — wunumansnui nonxnace N [las scsxoro m € N
MAMMKRIE QYHKIMH-KONCTAHTH Cpy, = M TOXE 6CTH MNHRMANBHIA NOAXNAcC
N JUIX Horo WueeT MecTo ananorwdkuit gaxt (cu. [1)).

Fte onmn Tpansumonnsifl criocol SANAHNA JAMKHYTHX KJBCCOB CRA3AH C
nosnrwes wigapuanta. [lycts R — NpOH3IBONLAOE KOHEUHO- WM CUETHO-
MocTioe otnomenwe ra N. Cosopat, yro ¢ynxims f € N coxpauser oTso-
wenwe R, ecau [(R) C R. B srom cayyae R HASWBAETCE KNBADNARTHM JULE
/ wan unsapuantom f. R wasssaercs wwapwantom noaxnacca Ny C N,
ocin R wusapuant f anx scxxol [ € Ny,

PacesoTpis ponpoc 06 OITKCAHKM OTHOIMEHNH, HHBADNAHTHEIX AR QyHK-
I K3 TPOMSBOMIBHONO SaMKiyTOro naaknacca Ao C N, aHANOTHYHO TOMY,
AKX 970 clienano s Gynxinit k-snaunof aorwxx (4. Jlas atoro onpenennu
NokoTOpYIO anreGpy OTHOMEHKA CO CAGAYIOIIMMY OTIEPALRIMM,

\) llepeunenosanue woopdunam. Beaxoe orwomenwe R ects, soofine ro-
BOPA, CHETHOE MEOEECTBO TOYEK, KANUIAS K3 KOTODHIX BfeTCH, Boofine ro-
Bops, cveTnoll mocneposaTedsHocThI0 saementon N. Kawayw Taxyo mo-
CaoBaTeIbROCTS M Gynen maswbaTh cronGiiow oThomenns R, a nocaeno-
PATEILHOCTH §-X KOOPJLKHAT, COOTBETCTREHRO, I-R CTpoxoR oTnomenns R x
obosnanm 1-10 crpoxy vepes ;. [lycrs p — npowsponbHas NepecTAROBEA
N, TOI71a nepexMeHoBARNE KOOPNHAT, MPRMERENHOe X oTHOmenN0 R, naer
iosoe oTomenne pR, xotopoe onpeneaserca moctpouno: (pR); = Ry



- LY Trrra——— T T T VA, Beperan s
u-n.,mumjuwnl(ﬂa;hl(ﬂu)wmmi.

JHONANOM TONEPL,MTO BCAKNA NHBADMANT noaxaacca Ny NOIyNaeTcs M3
WOROTOPOTD (UKCHPOBAHHOTO KHBADNAHTS C NOMOIITLI0 PHE/ICHHEX BSIINe one-
paiw. JLue wroro onpeseuM RoRRTHE rpA(NKA NOIKIACCH, ARAIOrH'\(HOE N0~
HATHIO 1erpaduca w3 [4] ¥ o6oBiiaKInee B HEKOTOPOM CMMCAE NORITNE -1~
atnnepa ws 6. 1Tyers Jo =1, i, [, .. — QYNKIMM, BXQIAIINE B HAIKIACC
Ny, Toran rpagwx Ty, nojnacca Ny €CTh CHETHAZ MATPHIA, NPHYIEM j-h
pronlion Marpuita ['y, ecTh IOCIROBATENLHOCTS WHCEI 15(0), £5(1), £;(2), . .
(MANNAND, IPADUK BCIKOTO TIQAKNIACCE SAIAETCS € TONHOCTRIO NI MOPAIKA
Cronbiuon.

2) A-npoexyus weu A-wusundpudusayus. [lycts A — mpou3soiIkHoe T
unomectso N u a(n) — upsmok nepecer A. Torna A-npoexuns R, oTHo-
mexus R onpenengercs noCTpoHO: (Ra)i = Ryy.

3) Jybauposanue. [lycTs A — MPOKIBAILHOE NOIMHOKCCTEO NuRj—
:rmsmsuu CTPOKA OTHOMEHNE R, TOTJa BCE CTPOKN HOBOTD OTHOMEHMA

) R ¢ xoopiunaTaun ¥s A cosnanapr ¢ Rj, Te. (#4R)s = Rj, 0 € A,
CTPOKN C KOOD/MHATAMN ¥3 A PaBII COOTRETCTRYIONIMM CTPOKAM R:

(R) =Ry, bEA.

4) Obuedunenue u 5) llepecevenue. Ecix Ro, Ry, ... — nochenosatelh-
HOCTH OTHOMENNR,TO AAs Moboro A € N oburHM 06pasoM opesienmoTcs
U Ry, N Re
s€A a€A

BaeieRNEIMN MMEMEHTAMM B aneGpe OTHOMEHHA ABILIOTCH JIHATONAAN:
aycTs E — HeXoTopoe OTHOIeHNE IKRMBAACHTHOCTH Ha N, conocTanuM ey
ornomenxe DE na N taxoe, 4ro mEn = (DE)m; = (DE)aj ans wcex )
(3necs ¥ anee Ry obosnavaet j-A anemenT i-R CTPOKM OTHOWIEHHA R).

¥ rsopsaenue 4. Besirll wupapuant naixaacca N noaysaercs ¥ [y,
A 1) - 5).

JlokAsATEALCTRO. Tlyers R C N™(m 2 1) — nponspankiti m-apusl
Wisapwant aag Ny, torms R = \EJB(I‘,(,)(,}. Ecau we R € NV — cuerno-
r

APHMA RIBAPHART N\, T0 cHavasa onepaiMaMn A-TPOEKIVI, nyGamposany
§ NOpONMEHORAINS CTPOK Hoay MM W3 Ty, upou3BOI b cronben ry € R,
A sarem crosa umees R — l‘J.(I‘M)(,,, rae [y, — pesyAsTaT yKasaiuoro

ipeolpasovanus rpaduka [y,

JAMETHM, YTO eCiIM NHTEPECOBATHCS BAKHEIM CAYHAEM PeKYPCHBHO-IEpE-
WMCANMIX GHHADHLIX OTHOWEHNA, TO KaK MOKA3AHO B (7], mpn mexoTopoM
serecTsennoM Brbope onepaiii aarefpa yKasaHHLIX oTHOMEHARA SBAFETCA
RONOMHO-NOpoXR e HHOR,

I ennsy ¢ cooTneTcTRAMM ['aIya eCTECTBEHHO BOSHHKAET BONPOC o anu-
CANMN SHAOMOPDHIMOB NaHHOR anreGpu ornomenwdt, T.e, Gynxuuil, 1ax xo-
JOPMX OTHOMEHNY N3 Jaunod anrephi SBANIOTCA MHBADKANTAMN (cu. [4)).
Jlin caryvis pekypeHBiiX GYHKIDIR, KOTOPHE 3A6Ch NpeXe BCETO PACCMa-
PURAKTCS, OBPaTHOE COOTRETCTBMHE Pasiya He MMEET MECTa, HOCKOJIBKY He-
FPYINO YKA3AT NPHMED anreGpLl OTHOIICHNA, He BCE SHOMOPPHIME KOTO-
POl pexyPCHANEL

OrmMeriy TaKKe CACIYIoHE ouesniHLl (GaxT,

Yraepxaenne 3. CoBOKYNHOCTE HHBAPHAHTOR BCAKOTO SAMKHYTONO Al
xaacca Ny C N ecre napanrefpa anreGpu oTHomenkA.

JIOKASATEALCTBO. 1) TlycTs R — npoHIBOALNLE WHBADKAHT Ny, 1o
{218 6CAN T - NPOKIBOJLHAS TouKa (cTonben) K, [ — nexoTopas QYHKUNS W3
Ny, 1o umt umees: [f(p(r)) = (f » p)(r), oTXyns caenyeT WHBAPHAHTHOCTE
orwomenys pi.

2) Ecau r € Ry, 1o [(r) € Ry no onpeneseiuio A-NpoeKitiM ¥ b Culy Toro,
w10 R — wnsapuant aas J.

3) OueRiNO X3 ONpEAAEHUS OnEPAINK 2y GiHPOBANUS.

4) Mycrs r € UR; w sce Ry — WxBapHanTH pis nponseoaskon f € Ay,
Torns, ovemumio f(r) UpuHamIeXHT Ri: /I8 HEKOTOPOIO i, CRLOBATENLHO,
UR; Taxxe unpapuant s [.

§) Ecam r € NR;, 10 f(r) € Ri s Boex 1, sHainT, NR; — KHBAPHAHT A4
/.

6) JIwaromans ¥BNSETCA MHBADHAHTOM W akoit diynxink [, NOCKOILKY HY
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Yraepmaeune §. llycrs T — BpoNseoiiuiioe TPANSTHINOD ON # PERMUTABILITY OF VARIETES HAVING p-DETERMINED

wa N, vorna Ny = {f|T'y C T} ecs samxuyriak nonxnacc N. CONGRUENCES
B wactHocT, B [1] paccMOTpeNM BAXNHe YACTHRE CAYuaN

SKBMBATEHTHOCTN M YACTN'HOTO NOPALKA JUIN 1-MECTHHIX HPHMHTHBHO- 1. Chajda,J. Zeduik
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i introduced by J. Slomin-
TOM YACTRHHOCTH onepainen /). The concept of p-determined congruences was 1o by

()

Definitlon. Let A = (A,F) be an algebra of type 7 and p(:,y). be .
torm of type 7. A congruence Oc ConA is called p-determined if
sxlats an element d € A such that

(a,b) €O if and only if {p(a,b),p(d.d)) €O.

A p- determined congruences if each O€ ConA is p-determined. A variety
¥ i pdotermined congruences if each A €V has this property.

Algobraa having p-determined congruences were treated in [5], (6) and Mal™
(v condition characterizing varieties having p-determined congruences can
b found In [1).

Pollowing [4), an algebra A s n-permulableif Bo®oBo... = ®0B0do...
Wolds for every 8,8 € ConA, where we have n factors in each side of this
muality. A i permutable if it is 2-permutable. A variety V is n-permutable
o parmutable if every A €V has this property.
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permnudable for some » 2 2.

Proof. Let ¥ be a variety of type 7, let p(2,y) be a binary term of type
¢ il supposo that ¥ has p-determined congruences. Denote I?y A the free
alaebin By (2 ) of ¥ generated by two free generators 2,V Since the least

L
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W wndd only I ¥ ln permutable. Hence, every variety of groupe, rings, modules
¢ \he varloly of Boolean algebras are examples of tolerance trivial varieties.

Dunote by TolA the set of all tolerances on an algebra A. It was shown
(w0 0, [)) that T'olA in an algebraic lattice with respect to set inclusion;
I8 loset sloment ls wy and the greatest oe is A x A. Moreover, for any
b of A thore exiats the least tolerance of A containing the pair (s, b); it
Will be denoted by T'(o,b). As it was shown (see eg. Lemma 1.7 in [3]),
{6#) & (s, 4) if and only if there exists a binary polynomial ¥ over A such
et 0 ¢ (0,0) wnd d =y (b, a).

"I fllowing concept was introduced in [2] :

I# A = (A, F) be an algebra of type r and p(z,y) be a binary term of
W 1, A Wlerance T' € Tol A is p-determined if there exists d € A such that

(a,b) € T if and only if (p(a,b),p(d,d)) € T.

A b p-determined tolerances if every T of Tol A is p-determined. A variety
¥ haw p-determined tolerances if each A €V has this property.

Examplo. Consider a groupoid A = ({a,3,c} ,) whose operation is given
by the table

congruence wy € ConA (Le. the identity relation on A) is p-determined,
have (’('v.) I’('I')) € Wy, Le,

p(z,3)=pyy). (1

By the definition, we have (2,y) € © (p(2,1) p (2, 2)), where 8 (a,}), d
notes the least congruence of ConA containing the pair (a, b). In account
Mal'cev lemma, there exist binaty polynomials ¢y, ..., ¢, over A such that
F=9 (’('l')l’(.l'))'

vi(p(2,2),p(2,¥) = 0is1 (o (2,9) ,p(2,2)) fori=1,22..,n-1 (2

v=vnlp(z,2),p(z,y).
However, A is the free algebra with two free generatom z,y, i.e. there exi

4-ary terms ¢, ..., 1, with
wi(z,v)=t;(z,v,2,y) for i=1,2,..n. (3
We can set g (2,p,2) = 2, gos1 (2,1, 2) = 7 and
'i(zlvl')=“(’("’)|'(’")l‘!')'
It is an easy exercise to verify that (1), (2),(3) yield z = g (z,y,2),

a(2,2,2) =g (2,2,2), i=0,.,n-1
84 T = {(a,a),(b,b),(c,c),(a,b) ,(b,a),(b,c) ,{c,5)} . It is & routine way
W0 verify that ' € TolA. Put p(2,y) = -y and take d = a. Then T is
pdetermined since (z,y) € T if and only if (z-y,a-a) € T.

Thoorem 2 A variety V has p-determined tolerances if and only if V is per-
mulable and has p-determined congruences.

Proof. Il v is permutable and has p-determined congruences, then V is
tolerance trivial (see [3]) thus every tolerance on A € ¥ is a congruence on
A, Le. ¥ has (trivially) also p-determined tolerances.

Conversely, let ¥ bas p-determined tolerances. Since every congruence on
A € Vis a tolerance on A, ¥ has also p-determined congruences. Moreover,

F= ﬁ('v”s')

which is the well-known Mal'cev condition characterizing (n + 1)-permu
varieties (n > 1) derived by J. Hagemann and A. Mitschke. §

By a tolerance on an algebra A = (A, F) is meant a reflexive and &
ric binary relation on A having the substitution property with respect to
(i.e. it is a subalgebra of the direct square A x A). Thus every congr
on A is a tolerance on A (but not vice versa in a general case)., If also co
versely every tolerance on A is a congruence on A, A is called tolerance trivi
olgebra. A variety V is tolerance trivial if every A of V has this property. I
was shown by the first author (see e.g. [3]) that a variety V is tolerance trivi
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wa € Tol A, thus we can easily derive p(z,2) = p(y,y), the identity of V.
Consider again A = Fy(s,y) , the free algebra of V with two free generators
z, . By the definition of p-determined tolerances and the foregoing identity, it

holds (z,y) € T (p(2,),p (2,2)) in A. Applying Lemma 1.7 in (3], there is.

& binary polynomial ¢ over A such that z = ¢ (p(z,y),p(2,7)) and y=
(»(2,%),p(z,¥)). Since A = Fy(z,y), there is a 4-ary term ¢ such that
¥(2,9) =q(s,v,2,).

Set m (2,y,2) = q(p(z,¥),7(y,3),2,2). In account of the foregoing
equalities, we obtain

m(z,2,9) =q(p(z,2),p(2,0) 3.0) =V

m(zy,¥) =900y, 2.0) =), p(22),50) =2
thus m(z,y, 2) is a Mal'cev term which yields permutability of V. §
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{ Introduction

Alldntltyt~t’hcdledahypaidm&yinnmiddedepbm
|f whenever the operation symbols occurring in ¢ and ' are replaced by any
\erms of the appropriate arity, the identity which results holds in V. As de-
soribed in detail in [Den-L-P-8; 91, (Den-1-P-8; 93], and [Den-Rel; 94] for an
umdcﬁnltbndthhmaptnaeedtfnnaimo,alhdhmmm
which maps operation symbols to terms of the same arity. In [Den-Rei; 96]
o Abe basis of hypersubstitutions Denecke and Reichel defined two operators
x* wnd x*, the first one by

X"t s €] := (o[t] = 6[t]| & is the extension of & hypersubstitution}
anl
lEl= Yy i)

for & pot ¥ of equations,

If #(f))* in the term operstion of the algebra A = (A; (f)ier) induced by
the torm o(f) then ofA) = (A;(o(fi}4)ies) Is an algebra of the same type
# A Now we define our second operator by

YAl :={0o(A)|oisa hypersubstitution}
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Illd .l N‘l\\lﬂl&l!.
w ((t,0) € A x B| {{t}} x n({s}) € R}.
XK1= U x*) selation R, defines a Galois-connection by
“ Py (0 € B[ VEE A((t,s) € R,))} and
for a class K of algebras of the same type. e {lEAVsE B((t,s) € R,)}.

A-.nluwmd'yuethecluureopemouddudinhemmby
the relation R.
I.ﬁcmdthcdosureopemoux‘udx’mnuim&udd.{thedu
Alg(r) of all algebras of type 7 and instead of B the set W (X) x W, (X) of
all squations of thge same type 7. Then let

R={(Asmt)| AFani}

¢ (ho relation defined by “the identity s & ¢ is satisfied in A € Alg(r)".
Iacatne of

[¢ is easy to see ({Den-Rei; 95]) that x* and x* are closure operators defined
on classes of algebras of the same type and on sets of equations, respectively.
Because of their definitions as unions Denecke and Reichel called them addi-
tive in [Den-Rei; 95]. The closure operators x* and x® are connected by the
condition

tast € 1dy*[4) & X[t » ) C 1A (1)

Here JdA is the set of all identities valid in A.
Any pair of additive closure operators with this property is called conjugate.
If & variety V is closed with respect to the operator X* (A[V]=V) then it
is called solid variety. A variety is solid iff every of its identities is a hyperi-
dentity ([Den-Rei; 95}, [Den-L-P-S; 91]).

For the benefit of readers not familiar with the paper [Den-Rei; 85] we gi
u brief review of the main results of this paper.

Al Esmte AR xFsni]

tho palr (x*, x*) is a conjugate pair of additive closure operators with respect
W I, Clearly, the corresponding relation R, is defined by

Ry = {(4,0s1) € Alg(r) x (We(X) x W, (X))l X*(A] = s m 1}
= {(4,8 1) € Alg(r) x (W(X) x W, (X)) A = xB[s 1]}

Wurther, for & class K C Alg(r) of algebras of type 7 and for aset L C
W,(X) x W,(X) of equations of this type we define

uy(K) = {uateW,(X)xW,(X)IVAEK(x‘{A]}:nnl}md
W(B) = {A€Alglr)|VantE B(xMA] = o m 8}
Note that p and « are the operators assiguing to every class K C Alg(r) the

st JdK of all identities valid in K and to every set £ of equations the class
ModY of all algebras satisfying the identities from E.

1.1 Definition. Let v, and 7 be closuse operators defined on sets A and B
respectively. Then 7, and 7, are called conjugate to each other with res
to & relation R C A x B if the following is satisfied:

Ve € AV € Bin({1)) x {#) € R {1} x n({s}) € R).
H1(T) = .U‘T'n((ﬂ)) and W(8) = .y"h({*}) then 7 = (11, ) is called

conjugate pair of additive closure operators (with respect o R).

If v := (7,,7) 18 & conjugate pair of additive closure operators with res;
to the relation R C A x B we define a second relation R, by
R, = {(t.9) € A x B| m({t)) x {s} C R}

1.2 Main Theorem ([Deo-Rei; 95)): Leb y = (11,m) be a conjugate pair of
additive closure operators with respect to o relation R C A x B. Let (4,4)
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4 Solld Varleties of Partial

Ahls paper we turn to partial algebras. Our aim is to give a definition of a
denote the Galois-connection induced by R. Then for all T C A with ¢(T) parhdentity for partial algebras which us allows to apply the Main Theorem
T and all S C B with pi(S) the following propositiona (i) (iv) and (i) (iv'}il § and Theorem 1.3,

respectively, are equivalent.

(i) T = () () 8 = pyky(S)
@ =« =T i) m(S) =8

()  w(T) = w(T) (i) «S) = (S)
(iv) mu(T) = p(T) (iv) meS) = «S)

Torms and term operations of a partial algebra

W dllne torms for partial algebras A = (A; (ff)ier) of type T = ()ier
J W n n-ary partial operation defined an A in the usual way, then
ol of Wl partial operations induced by terms over A is in general different
the st of all partial operations which can be produced by superposition
with the fundamental operations of 4 and the projections ([B3r; 96],
| M)). S0, we need a new term definition.

Moreover, we need the following results:

1.3 Theorem ([Den-Rei; 95]):Let v = (v1, ) be a conjugate pair of addit
closure operators with respect to a relation R C A x B. Let (p,1) de
the Galois-connection induced by R. Then for sl TC Aand allSC B
Jollowing is true.

(1) N Cw(l) = w(l)=m(T)
() n(S)Cm(S) <= m(S)=puu(S)

#0 X be an alphabet and let {fi| i € I} be a set of operation symbols
X0l 4 €1)=0)of type 7 = {nifi € I} where every J; is n;-ary. Furtber
soed additional symbols &} ¢ X for every k € N'(:= N\ {0}) and every
with 1 € j <k

# X, = (21,...,2,) be an n-element alphabet. The set of n-ary term of
¢ aver X, is defined inductively as follows (see[Bdr; 96]):

(1) wvery #; € X,, in an n-ary term of type 7,

(W) U by, , bty are n-ary terms then €§(ty,...,t4) is an n-ary term of type 1
' fralll <j<kandal ke N,

() I 4,...,t, wre n-ary terms and if f; is an n;-ary operation symbol, then
filly, ... ta) is an n-ary term of type 1.

ot WIX,) be the set of all n-ary terms of type r. Then W(X) :=
\" W!(X,) denote the set of all terms of this type.

It is a well-known fact that for a Galois-connection (u, ¢) between sets A
B pe and «p are closure operators and that the sets of all closures H,,
H,,, are lattices with respect to inclusion. But we have even

1.4 Proposition:Let ¥ = (1,7) be a conjugate pair of additive
operators with respect to o relation R C A x B, Let (p,1) denote the G
connection induced by R and let (1, 1,) be the Galois-connection defined
the relation R,. Then W, is a complete sublattice of M, and ¥, , s

‘ ¢(X,) i -ary te ation 14 of any par-
complete sublattice of H,,. Wty woary term ¢ € WE(X,) induces an n-ary term oper y par

Ul wigebra A = (A; (J/A)ier) of type 7. For ay, ..., 8, the value t4(ay,. .. an)
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is defined in the following inductive way ((Br; 96]): Our deflultlon means that an equality ¢ = ' will be regarded as bolding in
iwmnvmonedtbeumopaaiomilduwdbyl.t‘h
defiusd w0 Ia b other, and, when both are defined, then they have the same
walie, I Uhle case wo write A =, t & £’ Let 1d,A be the class of all strong
ibitien of A and let PAlg(r) be the class of all partial algebras of type 7.
10X W & sl of PAlg(r) and if t = ' i » strong identity in every algebra
o I W wille K o, t st Let 1d,K be the class of all strong identities of
K. P ok 226 WE(X) x WE(X) we define

w-“lAG PAlg(r)mdAF.!nﬂ'formryequubltnt’ell,
ie. Al B}

T tlww Mod,Y Is called strong equational class or strong variely defined
iy 3, Oloarly, p, defines u relation between PAlg(r) and WE(X) x WEX).
Nota \hat F. Bérner in [Bar; 96] gave a Birkhoff-type-characterization of
shiong squational classes of partial algebras as classes closed under subalge-
b, olosed homomorphic images and filtered products. Moreover, he proved
Mt V € PAlg(r) is a strong variety of partial algebras iff V = Mod,Id,V.

(i)are =:.-tbent‘=tf=e?",wbme?" is the n-ary total projec
on the i-th component. So in this case t4{ay,...,a,) is defined for
B)y.00,0n € A,

(i) 16 ¢ = e}(ty, .. ,#4) and assume that th ... tf are the term operat
induced by the terms f,,..., s and that t&(ay,...,a),1 S ¥ < K, &
ddlned.tbm@‘(a.,....c.)bdeﬁnednndt‘(a......o..),,=t,4(a,,...,

(iii) Now assume that ¢ = filty,...,ta) Where f; is an ni-ary o
tion symbol and assume also that 4 ...,t4 are the term operat )
induced by the terms t1,...,bn, 80d that tHay,...,00)1 < j
n;, are defined with values t(ay,...,00) = by t4(61,..100)
b If fA(Dy,...,by) is defined, then t4{ay,...,0n) 8 defined
“(.ll"’l.l)-,ﬁ‘ﬂcll'"l‘l)""l‘#‘(al""l“ﬂ))‘

Note that t4 can be the nowhere defined operation.

4 'Term clone and clone of term operations of a partial algebra
3 Strong identities of partial algebras
Asiing that £y, ...ty are n-ary terms and that ¢ is m-ary. Then we define
s oary torm S5 (4,8, .., bm) inductively by the following steps:

() Por tm sy, 1<j<m (m-ary variable), we define 37 (2j,t1,...,tm) =
by

() Por ¢ = €}(sy,...,00) we set '
'v:“-‘h---v‘m) - ‘;(S':(.h‘h”-|‘m)|--'ls:.(‘ﬁh‘h-"v‘ﬂ))v where
o.,....n.mwuy,fordlkeﬂ'nd1$j5k.

(1) Por t = fi(8q,...,89,) we set
’:(‘,(],...Jm) = [;G:(..,th.,..t.,.),...,3':(:.,‘,,...,!...)), where

B, . By ATC BEAID M-Ary.

There are several possibilities to define identities in partial algebras e
[Bur; 86], [Craig; 89), [Wojd; 75]). We prefer the strong validity of equat
also called Kleene equalit (soe .. [Rob; 89}, (Sta-Sta; 89], [De; 90}, (Bar;
since strong identities of partial algebras are closely connected with
partial operations.

3.1 Definition: Let t,¢' be terms of type  (¢,t' € W(X)). Then ¢
is called strong identity of the partial algebra A = (A; (fA)ier) of type
1A = 4 for the induced term operations (Kleene identity).
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This defines an operation
Sy Wi (Xm) X (Wi(Xa))™ = WEX,) |

which describes the superposition of terms.
The term clone of type 7 is the heterogeneous algebra

glone 1 = ((W:(xl))“”; (S':)WN' (C})“N‘ 195‘) with C: =1z; €
X Sj < k.

Superposition can also be defined for partial operations J : A" —o— A. Let
P{")(A) be the set of all n-ary partial operations and let P(™(A) be the set
of all m-ary partial operations. Then we define operations S7 : P(™(4) x
(P™(A))* = P™)(4) by

s:.(l‘vﬁ‘o"'!’:)(‘h”-l‘m) o= I‘M(ah"'t.ﬂl)v"'I':(all"'|cm))

for all (ay,...,8) for which gf',..., g2 are defined and for which the values
b =gl (a1, Om)y... by = g2(81,...,0,) form an n-tuple (by,...,b,) be-
longing to the domain of f4.

Further, let e?”‘ be the n-ary projection on the i-th component,

Every subalgebra of the heterogeneous algebra

((PUA) v+ (Sdyme N+ (€)1 cicn)

is called partial clone. This concept was used by A.I, Mal'cev ([Mal; 74]) (see
also [Hoe; 77]).

All partial clones are in a variety K, which was equationally described in [Bar;
96}, and every element of this variety is isomorphic to a subdirect product of
partial clones. The term clone is also contained in this variety, but it is an
element of a proper subvariety K; of K. An axiom system for K; is given
in several papers, see e.g. [Tay; 7).

Let T(A)™ be the set of all n-ary term operations of a partial algebra 4 =
(4 F)iet)- Then T(4) = (T(A™)  prs (Spdmael's () se W 1 cica)
is also a partial clone (clone of term operations of A), namely the partial
clone ((F™(4)),  p) with FO(4) = (fA | i € 1) ([Bor; 93], i.e. the

K Danarha, . Welke 8
pattial clone generated by the fundamental operations of the algebra 4 =

(AP

Ihore e & close interconnection between clope 1 and T(4).

4.1 Theorem, Letclone r = ((w:(xn)),.ﬂ' ' m)mu!N ' (‘,)“N.ggsg)
be WA form clone of type t, let A = (A; (f)ier) be an algebra of type  and let
) = ((1A), ' (Shpel (€)1 5igo) be the clome of term

z‘“ oA

there o a fomily ¢ = (¢™)__ pr of mappings, ™) : Wi (X,) -+ T(4™

Whieh Nl the following properties

() ¢ (o) = e, 1<i<n nEN,

(W) Jor ¢ € Wi(X,) we define p!™(t) = tA where t4 is the term operation
induced by t which is also n-ary. Then
V(.'(y:('oth ye ey ‘m))lv = S:‘(V(m)(')owm(‘l)r oo -V)m“m)) |D' ne ”v
where D is the intersection of the domains of all t&, 1 < i < m, where s
I meary, and ty, ... Ly ore n-ory.

Proof, By definition, (™ is a function for every n € N'. Then we have

(1) 1 ¢™(e}) = e} for every n € N and 1 < i <.

(I) 1 Por the proof of the second proposition we use induction with respect
L the complexity of the definition of 8. If 8 = 2; € X, then

Ve, bl = 4], = SR 00, 0

Ifa= z;(n;,...,n) and assume that for 8, ..., 8 € W(X,,) the condi-
tlon (ii) is satisfied then

T (ko) byt |
- W‘”,(‘}G:(‘h"h-'-l'm)c"'vs?.)('h‘h"'v"l)»ln
- s:(e:"'v(n](sr('h‘h'""M))lnv"'¢(n)(§:(‘h‘h“'v‘ﬂ))
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(1) Solid Varieties of Partial

sxtanalon & of a b betitution ¢ preserves arities, ten-
o yﬁ(e?".r.(‘f“f"""t) 'D""'F:(‘f"l‘l""‘é) |D) ‘“m . Muy ; ;;”p;':’ bu:a (q?.) : w'l(x.) _‘ w;(v.’m):x‘”.
£ .s*;(‘,‘.(.,,...,..)t.a.‘.....sg)ln v

S el o1y ) 0 0), - 0, -

Finally, assume that & = f;(#,...,84).

Then @EN(8,4,. .o bm)) = SP(E™(8),0"(11), .., 0" (tm))
(4, ..., 14 are defined and for all (a,, .. ,8,) € D the m-tuple (by,..., b,
with t8(a1,...,8s) = bi,...,tA(ay,...,6s) = b is in the domain
oA 114, 14 are defined and there is an (ay,...,8,) € D for which
(By,..., bm) is Dot in the domain of #4 then both sides are not defi
That means, in any case we have

PG (0,1 r b)) | = SPA™(0), 601, ¢ )| 20 th
finishes the proof.

Theorem. The extension & of a hypersubstitution o of type 7 defines an
(™), o v of clone 1 .

ol Al Bk wo prove that (™)) e preserves the constaat operations
o, (o)) = 0 (z) = o2, = 3; = ¢},

o a0 golng to prove the compatibility with the operations 3 by
o the complexity of the term definition of 3 € W;(Xn) in
S LU TR W{(Xa). If 8 an m-ary variable 2;, 1<j<m,
we have

w(rﬂ('h“‘ veytm)) = 6[‘,‘] = g:(&[‘j]:a{‘l]» pe -5[%])
e 3?(9‘”(')‘): ’)(“)(‘I)| veny '(')(‘ﬂ)) 3

g% t}(8y,. ., 04) and assume that for sy, ..., 8 € W7(Xn) the permutabil-
|tlon |s satisfied then

5 Hypersubstitutions of type r

Our new definition of terms in the partial case means that we also have
modify slightly our definition of a hypersubstitution.

5.1 Definition. Let {f; | i € /) be a set of operation symbols of type 1
let W(X) be the set of all terms of this type.

A mapping 0 : {fi | i € I} - W(X) which preserves the arity is cal
hypersubstitution of type 7.

Any hypersubstitution of type r can be extended to a map defined on
terms in the following inductive way. Here & : Wi (X) —+ W(X) is
extension of the hypersubstitution a.

(i) o2]) = =; for every 3; € Xy,

(i) el (a1, ) = Sh(Eeh@io.. i), Bl idlssl), o0
We(Xa),

(i) 1 fi(tr, . ) = S (o), 0] Blta])y iyt € WE(XG),

m“,(‘h'"v‘l)n‘h--'n‘m»’am“;('h-'-;'b)v‘h---.‘n)]
o U 0t b, B0ty )]
- ':(l’(l‘. o 2) O (81, o b))y OFSg (O s Bm)])
O T OO T T R (8

B o), 0™ (), 0™ )
N T T LT O R WY L4

B2 0™ (o), 0™ ), 0 ),

Ff.(-..sl"(n‘""(-u). 0™ ), - 0™ (), -

0™ (00), 0 (81), . 0™ ()
w A )0, AP ) Sa 0™ o) 0V 0), 1))
o 0™ ), ™ ) 1™ ), 0™ E)).
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Now assume that 8 = Ji(#1,...,8,) and further we assume that *0") and o[4] = (1) since f(z1,n(z2))4 = e}4(e}4,n4) is nowhere

81,... 8 € Wi(Xy) the permutability condition is satisfied. Then ol l('h‘('l))‘ o e}"(e}".n‘) is also nowhere defined.
w have olf(zn(z)] = Sie()aun(z) = = ad
OB (0t oy b)) = AOET (filryo o 80 b1y s ) Aln))) = i), za.ﬂ(’n)) =13, Tl,lis!ho"l : ;’ alf ('1-"3:))1 =
= i (o1t o )y 1 S by o )] Wln))) wince |A] > 1. '

- 3:‘(0(].'),0(5':(1‘,!;,...,t,..)],...,0(5:{:,.,.&....,t...)])

= ™ (e, ... 20 ), S (0™ (o), 7 (81), ... A (b)),
(1™ (s, 1™ (11), - 0™ )

= T filory o, ) A0, 0 (0)

= T (8), 1™ (01), 1" tm))-

#h Wbt the proper reason for the non-satisfaction of condition (C)
wob of varlables occuring in 6/ (21,23)) is different from {2y, 23).
W oonabder so-called regular hypersubstitutions,

P | Hagular hypersubstitutions

_ 1,/ 2n)]) we denote the set of all variables occuring in
'tmh“-

. A hypersubstitution o : {fi | § € I} = WF(X) is called
fon if Var(é[j,(s,,. ‘e -‘m)]) e {310--- l.l\'}'

Hypersubstitutions can be applied to strong identities of partial algebra
and we are asking whether the resulting equations 3{t] & o[t") are again stre
identities of A. Hypersubstitutions can also be applied to partial algeb:
type r and we obtain partial algebras o[A) := (A; (0(fi)4)ies). Based on |
definitions one defines two closure operators x~ and

the introduction In the total case th‘l?: . eoq]x‘:uz p:: of additive cle lap I 1o show that the set H ypi(r) of all R-hypersubstitutions of

operators what has f Elcon In the partial case this i8 & monold. To check this we need the following lemma:

longer true since in general the following condition is not satisfied AL , Por any two R-hypersubstitutions gy, 03 of type T we have
Al ool ¢ old] | ¢t (©) (myoay) =00,

8 14 Ihe wowal composition of functions.

J _”". 1A operation symbols of type 7 to terms of this type by

as the following example shows:

let A= (A;"v“‘)' [A] > 1, be & partial algebra of type r = (2,1) w
!‘huuhltmybhuyapemionmdwbmn‘htbeuuyoputﬂol
empty domain.

Clearly,

(fi | € 1) 2 WE(X) 22 WE(X).

10 prwarved, the product 6300, is & hypersubstitution of type
o we are going to show the equality (#300) 1] = (22 ody)t]
] \

\ “ Ahak # & X lo n variable then (4; o) [z] = 2i = (020 o))z =
M I oy, ), 1 €Sk, then

AF J(21,0(23))  f(z2,n(31)). (1)

Consider the hypersubstitution o defined by o(/) = =i, aln) = n(zy).
Then applying @ to the Algebra 4 we have old] = (A;0(NA, o(n)
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The identity hypersubstitution oig is obviously regular. The product
o el hypersubstitutions 01,02 of type 7 is also regular. To prove
e show at first by induction on the complexity of term definition that
Ay Weary torm ¢ and any regular hypersubstitution 0 the sets Var(t) and

(b)) aro equal.
{# & I a variable then this is clear.

the term ¢ = €}ty ba) and sssume that for the regu-
hypersubstitution @ there holds Var(t) = Var(olt]), 1 €1 2

Theo Vor(e(t,... ) = ‘l:J‘Vcr(t;) and Var(let,. ) =
nm("(n.u..::.).élh].-...élts])) = Var{(oft),....o0l)) =
Varll;) because of our presumption.

Bally ¢ = [ty tn) and if we assume that
Wil = Var(alty]), 1 <3< ™ then Var(fi(ti,--»t)) = ;ll Var(t)

(830 01) e} oy )= Bh(ed(er, 3 (020 oy ). -r (@20 01) [o
= (@i (e, (000 T, (Bro0r) (), - Bz (Br000) 8], (O
a;)'inl))
= B, a0 t1)ln). - (20 (8, Ten0r08)ml- 102
a)\a)))

= (@0 o) - (820 81){ss])

by induction hypothesis. On the other hand we have &

(B30 &r)fe} (o, 880 = aofonle} (- o))
= a,(s‘,,(e}(s,....,..),a,[..},...,a,[..m
= 0:[65(9'.'.&1.0'(-:1.-“.b‘l-ul).--.'B:(n.&:[-d.u-.éxlnl))l
= ole}@ils)y - KAL)
= B, ool sl o))
= e;((a,oa,)(u,].....(o,oag)lu]). u(m.(c....,t.,.)]) = Var('s’:(a(].-).a{t,],...,a{t.,])) - }‘_j‘v"(o[a,]) -
Varlty).

for the product oy © 03 of two regular hypersubstitutions 01,03
have Var((o; o ay) il 2)) = Var(asllfilz1,. .- ) =
"“‘U(('h“-ozm)l) = Var(filzy,. - \2)) = {z1,.. r B}

fullowing calculation shows the associativity of our product o4
.i’..‘).lol ra (b‘lool)"lasf' 030(61001) = (01063)00] = (a|°d,)'oal =
A {9y 04 03)- .

A= (A (/A)ier) 18 8 partial algebra of type 7 = (ni)ies, then for aay
§ Nyph(r) we consider the algebra o{4] = (4} (0(fiYA)ier) where o(fild s
A lorin operation induced by the term a (/i) on the algebra A.

Pt rogular hypersubstitutions we prove:

So, we get (220 01) 1] = (030 0)lt):

ft= !{(.h aas l‘&)l then (01 ° al).‘!l(.l' e |'I.)] - F:((O’ o al)(!\')v(
ay)lm)y- ooy (020 8)[8x,]) by induction h and

(01 ° Ol)lf((‘n e "m)] - oi[alui(.h e v'\'m
EREM CATARACIEE 01[n)]

= T (@alor ) sty - ,olon[n])
= 3':.'((%°01)Ut)»(0:°01)(“]- o2y (03081){3n])- Here we used Theorem

Now we define 8 product of hypm\lbutitutiou by 0y o 01 = da0 0
obtain:

6.8 Theorem. (H ypR(7); oni 0:4) with oia(fi) = flzyyee (Iy) am

B
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(A (0(JiY8)ier). For @ term ¢ € Wi(X) by "4

Solld Varletles of Pastial A

regular hypersubstitulion

B Dennhe, D, Welke w
if wo conslder an n-tupel for which one of the operations ot} is not
dafined then E(a([.),b[l;],...,&{t.,])‘ is not defined since because of
the regularity of o for any §€ (1000 mi) the term 8]t;] occurs in aft).

of type 7 and let old)
respectvely by i’l“‘u

et the ferm operations of the algebra o{4), respect Iy of the algeb i i

induced by the term t ‘i‘::“u:‘! ﬂ:ﬂ and bvazﬁ tcmv:n”f'![‘l‘ri:z{w :eoogfdm The squality &t} =4‘Ai'w for every ) € {1,...,m) shows that then

Then for every term ¢ € WE(X) we el m @ (fil6y, 0 )18 also not defined. Therefore, we get o{t}4 -.
ajijd =14

Proof. We are proving this equation using complexity of the definition of
€ X,) then d[z}4 = 2=
,,ty) and that it

tennt.lft-:.-huvuhbk(z;
Assume now that ¢ = ehlh,.
for every i € {l.

@ (31 3 ot .. o)A =t
if both sides are defined and otherwise both sides

if finally t = ity
JE {l....‘m}, then we consider the

Lolfy=3%;€ p, i
Then a{t) =57 (zj.0lt1], .-

Calculating 14 we (it < b)) =
we have a{ty}4 = 11 and thus pldl = a{s)d.
There s no j € {1,.-

Then
oA

., mi) with olfiy =%; €
"y:(’(!-‘).’l‘xl.--

j < n, by Theorem 4.1
Using the hypothesis one gets

0[‘]‘ = S:(a(li)‘n ‘1w| e -tan.w) = (filby,

for all n-tuples belonging 1o the intersection D

J<m

.,k}. Then &m‘ =

() and assume again that alt)4 = t‘;w
following two cases:

., 0lta]) = 0{t;} and therefore a{t]4 = olt;
Since o is a regular hypersubstitution we have Var(fi(21,--

If follows that n; = j = 1 aud therefore a{t}4 = a(t:}4.

. ".’1‘&1)"' Selal/:
every n-tuple belonging to the intersection D of all domal

¥ The closure operators i and xk

(i

-

I M S (Hypi(r) o o:4) be a submonoid of the monoid of all R-
hypormabetitutions of type 7. In the same manner as in |Den-fel; 95] Denecke
Nulchel lntroduced two operators Xy Xt bY

i w b= (alt] moft) | 018 the extension of &

6‘85(‘1,. s ,‘i)]A
o lg))"w by Theorem

are not defined. hypersubetitution from

for ev
pale (1% ') € Wi(X) x Wi(X) and

)} 1= . H.r"f‘[‘ st foraset £C We(X) x W(X).
A (A (fier) 2 partial slgebra of type T = (ni)ict, then for any

s Ba)) = (A; (o (fi)4)icr) 88 defined in section

hypersubstitutions preserve arities.

# & M wo consider the algebra o{4] =
§, Oliwily, 0[A) bas also the type 7 since
Purther wo define xild] = {old] | o8 n hypersubstitution from M) and
U YAA) for any class K of partial algebras of type T. The

pmeapt of w strong M-hyperidentity of 2 partial algebra A = (A;(!f).-“) of
\gpe ¢ |n defined by

(74 By our presum

Xn,:

1, o(ti}4, .. dlta}4)

. partial algebra of type 7 and let
ins of oft 14, ¥

1.0 Definition. let 4 = (A;(fA)ier) be 8
ME Hyplr) be a submonoid of the monoid of all R-hypemnbotimﬁona of
pype 1, Then a stiong identity ¢t of Al called a strong M -hyperidentity

ul A M for every hypersubstitution o € M the equations alt) = 4{t] are also

shiong Mdontities of Alftmtiss strong M-hyperidentity of A we will
Hypylr) we will speak of & atrong

.,l,d)’w::t'w /
Wik A - ! In the case M =

wl‘dr"lllvuf A

of all domaine of ‘lJAl. 1




0 Solid Varieties of Purtial K Danabe, . Welke 6
The following Lemma is belpful to calculate strong hyperidentities. syl G
7.2 Lemma. Let V C PAlg(r) be a strong variety of partial algebras and 0 0|not defined
01,03 € Hypi(r) be R-hypersubatitutions of type 7 with 01 0
o\(fi) s os(fi) € 14,V forall i€ 10 0
Then for every term ¢ € WE(X) we get 1,5 1

alt] & daft] € 1,V. I\ Is easy to check that the partial operation J is commutative and

Proof. We are proving this identity using complexity of the definition of sive, i.e. the commutative and the associative law are strong identities

term £.
If ¢ = 3; is a variable (2; € X,) then
61[2.'] =N 6;[:.’].
Assume now that ¢ = €}{ty,...,4s) and that ay[t;] = aaft;) for every i
1,...,k}. Then
il = aufed(tn,- .., 0] = Saledler, .. 2 aulta). .., Bulta)

~ ?u(‘;(‘h ver ,8&). 03{‘]], ses ,ﬁz[l.]) = 63[6;(‘;, iee ,‘.)] = 61[‘].
If finally t = [fi(t),...,0a) and assume again that &,(t;] ~ a3t for
j€{1,...,n;} then

aiff] =8yt b)) = Sy (@lfi)dufts],..., a1ltn))
~ S’:(O)(L’).&glh]. S5 ,6;[‘,..]).

/0

PN, /(2.2) & f(2, 1 (2,) s a strong identity of .

will check whether the associative law F(z, F(y,2)) = F(F(z,y),2) is
Miong hyperidentity of 2;. For F' we have to substitute any binary term
hing both variables,

My Lamma 7.2 we need only to substitute any binary term from the quotient
W;(X)/1d,2;. Because of our strong identities

b ow (Jew) =~ Jwa) JU(zvhs) = f(3f(na) flz,2) =
Jlo (n2) € 142y

W oan substitute any represent from W7(X)/E 2 WP(X)/1d)2;, ie.

)= J(z,y), talz,y) = [(f(z,2),0), tas(z,¥) = J(z, [, 0)), talz,p) =
JU)(#n,2),/(y,v)). Then we get the following equations:
J(/(z,¥),2) =~ [(z,](y )
I 2),0), S (22),0)),2) = [(/(=,2), [/, ¥),2)
S, Sww) (2,2) = [z, f(J{y, 1(2,2)), Sy, [ (2, 9))).

W), 10 ) S 2), S ), 13, 3)

& (UG 2) ) S ([(202), S w,w)), S (3,5))

Uslng the strong identities from £ we see that each of these equations is a
Miong identity, so the associative law is a strang hyperidentity in 4.

Mecnuse of A Lé [z, [y, ) =~ J(y,f(z,2)) the commutative law is no

and
alf) = aaf filts, . 8a)] = Sy (@) aafti], .., Gaftn])
R ?: (alUI'))d,[‘l]) ves .b;[‘.J)
since 0y(f;) ® o5(fi) and Var(oy(fi)) = Var(os(/)).
This g‘vu us ‘lm L] 6:{‘].

Consider the following example:

Let 2; = ({0,1}; /) be a two-elemeut partial algebra of type 7 = (2) w
/ is defined by the table
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strong hyperidentity in 4. hatitution 0 € M, namely 0 = 0 04 0 such that v = (03 0y o) [t

W w (7304 0y) [t] and thus u % v € x§[E]. This shows the idempotency
For a class K of partial algebras of type r and for a set £ C WEX) x We(
we define

Huld,K - set of all strong M-hyperidentities satisfied by every
algebra from K

HuMod, £ - class of all partial algebras of type r for which every eq
from ¥ is satisfied as a strong M-byperidentity.

Hu Mod, £ is called strong M-hyperequational class defined by 5.
The operators x4, x§ have the following property:

7.3 Theorem. For every submonoid M C Hypi(r) the operators x2,
Jorm a conjugate pair of additive closure operators with respect to the i
e

Proof. By its definition as unions the operators x4, x& are additive. We a
going to prove that they are closure operators. If t & ¢ € ¥ then with
hypersubstitution oy € M we get

dult) =t st = bt € X2,
80 £ C xK[E], i.e. xf} is extensive.

‘'

My two classes K, Ky of algebras of type r we have K, C x&(K
Ki & Ka = xiulKi] € xalKa]. Then xih[Ki] C xh[xilKi]] is also
and we have only to show that x§{x&[K]] € x&[K]. Assume that
# xhlxd[K)). Then there is an algebra A € K and hypersubstitutions
iy 6 M with B = 0,[o3[A]] = (4; (01 (fi)"W)ies).

lsmma 6.4 we can substitute (o(f;))"*4! by (d3{01(/;)))4 and with the
of oy we have a[a(£;)])4 = ({01 on 03) ()4,

#0503 € M the algebra B = (A; ((0) 0n03)(/;)4)ies) belongs to x4 [K].
wo have the idempotency.

g I Definition 1.1 % = xf, 7 = Xh, A = PAlg(r), B := W¢{(X)x
X)and R = | for the conjugacy we have to prove:

A8 PAIg(r) Ve s 1 € WEX)xWEX) (xlA) ot fed E Xkt = )

# bo & bypersubstitution from M and assume that o[4] ,T t ', By

Jblon 3.1 this means, (°l4 = U4 for the term operations induced by the
fand ' on the algebra a[A). Since o is a regular hypersubstitution we
Apply Lemma 6.4 and obtain the equation d{t]4 = &{t'})4 and therefore
I #[1) w o[t'] In the same manner we oblain the other direction. .

From the additivity we obtain the monotony of x§;, i.e.
E; g 23 = xﬁ[E,] Q xﬂ[l),]

The extensivity of x§; implies xklE) € xk (2] Musolid varieties of partial algebras

{xk. xk) for every submonoid M C Hypi(r) is a conjugate pair of
¥ closire operators we may apply Theorem 1.2, Theorem 1.3, and
tou 1.4, At first we define

Assume now that u & v € yg{xK[L]]. Then there are hypersubstituti
91,03 € M and an equation ¢ & t' € £ with u = &)[[t]) and v = 3(ds
i.e.u = (d00,)[t) and v = (&,00,)[t']. By Lemma 6.2 we have u = (3y009)
and v = (3, 0. 2;)"[t'] and by definition of the operation oy, u = (03 05 0;)"

and v = (03 0 0,)'[t']. Since M is a submonoid of Hyps,(r) we now ha A Dallnition. Let V C PAlg(r) be a strong variety of partial algebras (i.e.

o w el 3 C WE(X) x WEX) with V = Mod, E).
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) xhIX] C Mod,JdK = Mod,ldK = HyMod,HyldK and
) k2] € /4 ModE = 1d,ModE = Hyld,HyMod,E

(Mod,, /d,) is a Galois-connection between PAlg(r) and W;(X) x
) tho class of all strong varieties of partial algebras of type r forms a
£40(r). Applyling Proposition 1.4 we get

A A Proposition. The class Sy per(r) of all M-solid varieties of partial alge-
bt of type 1 forma a complete sublattice of the lattice Loe, (7). For any two
\ m M, CM,C ””en(') we have Sy.,.,(f) 2 Sl,w(r)'

, The first part is a consequence of Proposition 1.4. If V € Suyper(r)
':m[V] =V, ie. for every 0 € My, o[V] = V. But then we have also
V) € V for all o € M, and thus x [V] C V and V € Suiper(r) s

Then V' is said to be M-solid if x[V] = V.
Clearly, we have to set 7' = V C PAlg(r), § = £ C W{X)
WHX), u(T) = 14V, «(S) = Mod,s, (T) = Hy 14V, 1,(S)

HuMod L, w = x4, m = xfi. All presumptions of Theorem 1.2
satisfied and we obtain the following characterization of M-solid varieties

partial algebras:

8.2 Theorem. Let V C PAlg(r) be a strong variely of partial algebras
let £ C W(X) x Wi(X) be a strong equational theory. Then the follo
propositions (i) - (iv) and (j) - (jv) are equivalent:

(i) V is a strong M-hyperequational class, i.e. V = Hy Mod, Hyld,V,
(ii) V is M-solid, ie. xf[V]=V.
(iii) I,V = HyldV, iec. every strong identily of V is a strong

hyperidentity

(iv) xgl1d,V] = 14,V

# Mypersubstitutions of type r

Patse of our new ierm definition we have to define hypersubstitutions in a
Mlightly different way as in the total case,

and
8 Definition. Let {f; | i € I} be a set of operation symbols of type r and
0) £ = Hueldu e Mo, Ik W(X) be the set of all terms of this type.

Agpersubstitution of type r.

Ay hypersubstitution of type r can be extended to terms in the following
luctive way. Here & : WE(X) —+ WZ(X) is the extension of the hypersub-

Mitwtlon o
() 8fn,) = z; for every z; € X,,

(H)Mc’[n.,...,a.)] = 3:(:}(:1,...,:.), ols),....00m), &,....8 €
w:(Yn)u

) ofilts, .. 1)) = B (@) ofta)y . Oltn])y ooyt € WE(Xi).

(ili) Mod,% = Hy Mod, ¥,
(iv) xi[Mod,Z) = Mod,X.

Note that the equivalence of (i) and (ii) is a Birkhoff-type-characterization
M-olid varieties of partial algebras. The equivalence of (j) and (jj) char
terizes strong M-hyperequational theories, that is, strong equational theori
closed under the operator yf.

From Theorem 1.3 we obtain,

8.3 Theorem. For all K C PAlg(r) and for all & C WE(X) x W¥(X)
holds:



!”’.-"h LY

Since the extension & of a hypersubstitution o preserves arities, very ex e that o = fifoy,...\0n) 22d F w et hor
o defines a family of mappings & := (n*) : W¥(X,) = W(Xa))  py-

prove

5.2 Theorem. The estension & of a hypersubstitution o of type v defines
endomorphism (n(™))__ pe of the term clone clone 1 .

Proof. At first we prove that (¢™) e preserves the constant opera
¢f. Indeed, n*)(e}) = ¥ (z) = &) = 2; = ¢}.
anmpingbpm&cmpwbmtywititheo;enuomg:
induction on the complexity of the term definition of s € W;(X,)

(0,41, .. tm), biye . tm € WE(X,). I 8 a0 m-ary variable 25, 1 < § <
then we have

M@ (2t b)) = 0ft] =3 (0lz3), 861),..., otm))
= (0™ eg), 1™ (), ..., 1" (tm) -

If s = €}(sy,..., 84) and assume that for ,,...., 8 € W;(Xn) the permu
ity condition is satisfied then

W 0ty b)) = A S (im0 )i b1y )
- m“r:('lo‘h-'-n“u)v"'vg:"mv‘h'“v‘ll))]
L ':("Ua)'@m('uh.--.-‘m)]--'--5(3:('-“‘1.--..‘-\)])
o B il 0 2a), S (1™ 040 (00, 1 b))
1200 (), 1 01), - 1 )
o B ilorye ey 800) 0 (0, 0 (0m)
w B0 ), 0™ (6), . 1™ (tm)-

Iwiitutions can be applied to strong identities of partial algebras A
w9 A0 mking whether the resulting equations d{t] & 4(t] are again strong

of A, Hypersubstitutions can also be applied to partial algebras of
¢ and we obtain partial algebras of4] := (4; (o(/i}4)ier). Based on this
ane defines two clasure operators x* and x*. As meationed in
Inboduction in the total case this is a conjugate pair of additive closure
what has farreaching consequences. In the partial case this is not
{rue slnce in general the following condition is not satisfied

A F oft) xalt] « old] [t ¥ (©)

G (Ed (o1, 88), b1y o)) = BB (6 (01, 8) s )]
= ole}(By (01,01, )y -+ S (80 1,y )]
= Bhehen, o 2, A5 (00 by b)) OB ot )
= Ba(el(ene. o2, S 90, 1 )
(™ (ss), 1™ (1), ... 1™ ()
= (@, ST 1), .. 1),
S ™ (o), 7™ (1), ... 2™ (t)),
Balzn Sr ™ (), 0™ (), . 0 (t), o
5™ (o), 0™ (1), ... 0™ ()
= e} (S (™ (o) 0™ 0), .. 0™ ), Sy ™ s, n ™ (1),
= S7(e}n™ (m),. .., 0™ (), 0 (1), ™ (1),

W following example shows:

A= (A /4 n4), |A] > ), be a partial algebra of type 7 = (2,1) where
s wit wbitrary binary operation and where nd is the unary operation with
Mply domain,

Dlaily,
AFE f(z:,n(23)) % f(za,n(2,)) (1)

Uumshdor the hy persubstitution o defined by a(f) = 2y, o(n) = n(z)
Phow applying o to the Algebra A we have of4] = (A;a())4, o(n)d) =



L] Solid Varleties of Partial

(Aie4,n4) and ofd] = (1) since J(z1,n(z2)}4 = € (e}, n4) ia nowh

defined and f(2q,n(2,))4 = €{*(e3* ,n*) is also nowhere defined.

Further we have o{f(z;,n(z3))) = Bj(o(f),2i,n(m)) = =
8(f(22,n(2:))) = 53(0(), 22, n(21)) = 22. This shows 4 ¥ 3[/(z1,n(z2)

o{f(z3,n(2)))] since |A| > 1.
It turns out that the proper reason for the non-satisfaction of condition |
is that the set of variables occuring in a{f(z, z;)] is different from {z,,
8o, we have to consider so-called regular hypersubstitutions.
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0 Preliminaries

All our definitions are the same as thase in [4, 5]

Definition 0.1 A structure M is a cover of a structure W if there is o
jection x : M — W such that the automorphism group of the

(W, M, x) induces Aut(M) on M and Aut(W) on W. In particular,
corresponding hemomorphism Aut(M) — Aut(W) is surjective. A set of
Jorm x~'(a),a € W, (denoted by M(a)) is called a fibre of x. If all fibres

finite then M is a finite cover of W.

becomes the natural projection W x F - W. In this case we identify
with the pair of structures (W, W x F). Also, if W is transitive th _

group induced on M(a),a € W, by Aut(M) does not depend on a,

consider it as a permutation group on # and call it the fibre group of

We denote by Aut(4/B), A, B C M, the set of all permutations on 4 w

extend to automorphisms of M fixing B pointwise. Then the fibre grou

Aut(M a)/0).

The kernel Ker(M) of a cover M —+ W is the kernel of the correspa
map Aut(M) - Aut(W). It is clear that Ker(M) = Aut(M/W). The
is linked if

Aut(M(a)/U{M(d) :a' £a,0' e W)) = |
for all a € W. The cover is superlinked if Ker(M) is finite.

A by n

I well-known that if N is a countably categorical structure then the
relations of N are recovered by the action of Aut(N) on N. We
womslder Aut(N) as a closed subgronp of Sym(N) under the topology
by cosets of poinwise stabilisers of finite sets (in this topology any
sibgroup is the automorphism group of some structure on N). If
| M 4 W is a finite cover then the induced homomorphism 7 : Aut(M) —+
(W) maps closed (open) subgroups of Aut(M) to closed (open) subgroups
Aul(W) (see (4], Lemma 1.4.2). Also Ker(M) is closed and compact.

A tover M = (W, W x F) splits if it has a covering expansion with trivial
. M s strongly split if it has a covering expansion with trivial fibre
. It Is convenient to reformulate this definition as follows. A transversal
w (W,W x F) is a subset of W x F having one-element intersection
sch fibre.

'he cover M is strongly split if and only if there is a partition {Py :
J & F) of M by transversals such that the expansion (M, Py)ser
sl covers W,

Indeed, If M is an expansion of M with trivial fibre group then {P; : f €
#) I Just the set of all 1-orbits under Aut(M’).

Mot the group-theoretical viewpoint split and strongly split covers do not
atall. In both cases Aut(M) is just a split extension of Ker(M). Some
arises if we regard covers as permutation groups. The following
s given in [5] but the idea, in fact, appears in (2, 3] (concerning
Wilwlsted covers). We give the proof here because it will be applied later.

Lomima 0.2 ([5]) A transitive structure W has a split superfinked cover
whieh s not strongly split if and only if Aut(W/w) has a proper closed sub-
#up of finite indes.

Pywof. To show the necessity, notice that if a transitive structure W has
& #plit but not strongly split finite cover then there is a finite cover M'. of
W which is not strongly split and has trivial kernel. This induces an action
o Aut(W) on M". Let w € W and @ be an enumeration of M'(w). Then
AWI(W/a) is & closed subgroup of Aut(W/w) of finite index. Since the fibre
goup of M’ is not trivial, Aut(W/a) # Aut(W/w).
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Poames "
Flulte structures

) be & finite 0-definable equivalence relation (on C)of a ﬁn.ite cover
(&« W, The group of automorphisms of C fixing the D-classes is normal
W filte Index in G = Aut(C). ts image in H = Aut(W) under the
Wap 1 : Aut(C) —+ Aut(W) also is closed, pormal and of finite index
M, Ths It is defined as a group of automormisms fixing the classes of
dafliable finite equivalence relation [ on some W', It is easily seen that
giop (denoted by H/ D) of the antomorphisms of the induced (finite)
un W'/ D is a homomorphic image of the corresponding group G/D
[D. Lot hep : G/D = HY D be the corresponding surjection (naturally
by Aut(C)).
# bo & linking equivalence relation of 7. We may assume that E is the
definuble finite equivalence relation on C. Let E be the equivalence
defined us above on the corresponding W*.

To show the sufficiency assume that H < Aut{W/w) is closed and of
index. Take the coset space C* of Aut(W)on H. We consider C* under
structure induced by the action of Aut(W). It is easy to show that the
p:C* = W given by p(gH) = g(w) is a finite cover with trivial kernel.
fibre group is non-trivial, g

To some extent the results of the paper concern the situation when |
structure W has a proper transitive expansion Wy such that Aut(W;) is
finite index in Aut(W). Clearly this situation guarantees that Aut(W,
has a proper closed subgroup of finite index. Indeed, by the transitivity
Wy, Aut(W/w) € Aut(W;). Then the group H = Aut(W) N Aut(W/w
of finite index in Aut(W/w).

In general, let W be a transitive w-categorical structure, w € W,G
Aut(W) and Gy be a closed normal subgroup of G of finite index such
Aut(W/w) € Go. Let C* be the coset space of G on H = Gy N Aut(W/
and p: C* = W be the cover defined in the proof of Lemma 0.2. It is
that the fibre group of this cover is not trivial. Let E be the equvales
relation on C* consisting of the left cosets of Gy. It is easy to see that
a definable finite equivalence relation. Observe that the intersection of

fibre of p with any E-class has at most one element. We have arrived at
following definition.

lon 1.1 Any automorphism of W fizing the E-classes on W* has
satension to an automorphism of C fizing the E-classes.
I bernel of C ia naturally isomorphic to the kernel of hes.

Pl Note that for @ € Ker(C) the definition of a linking equivalence
lmplies that a = id if « fixes the E-classes. This guarantees that
shlomorphism of W fixing the F-classes on W has a unique extension
a4 sulomorphism of C fixing the E-classes. .
Definition 0.8 Let x : M -+ W be a finite cover of a transitive countabllf I W saally seen that if a € Ker{(C) then the corresponding ag € G/E is
S Ker(hos). As we noticed in the previous paragraph the homomorphism
4 g In Injective for the elements of Ker(C). It remains to show that this
phistn is surjective on Ker(C).
Wy € Ker(heg) is defined by 1, € Aut(C) then r() equals () for
m € Aul(C) with trivial action on C/E. Then 7 %7 € Ker(C) and
#lnen'e o N

§ siwe P'roposition 1.1 shows that the homomorphism hc p determines
. Wh now characterise splitting in the introduced terms. T.he case of a?.rungly
\ (overs s completely transparent and will be described in Propasition 1.3.

over . We say that £ is linking if the intersection of any E-class with
fibre has most one element.

It is easily that a cover having a linking equivalence relation is
perlinked. The equivalence relation from Theorem 5.1.4 of [4] is linking.
the rest of the paper we show that finite covers with a linking equi
relation are completely determined by finite structures which naturally
in this situation.
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i valence relation on
that the set x(E) C W? is the finest definable equi
zﬁo natural map C/E = W/x(E) isa cover of finite structures where
e sloe of  fibre Is he same as that for . Thus if £ s an equivalence relation
W hen £ i exactly x(E), and the corresponding map C/E —+ W/E is s
of finlte structures.

fon 1.3 The cover C is strongly split if and only if all automor-
Ww pveuruingthn(E)MpmmlheE-dmumdllnmr

N W/n(E) is strongly split.

| If C is strongly split then take a covering expansion M with trivial
Mpup, Note that each § € Aut(W) preserving the n(E)-classes ex-
W an automorphism of M preserving the E-classes (any transversal
Matilned by M is a copy of W). Boﬁpmemnhek-dlfs. The cover
M/ -+ W/x(E) defines an expansion of C/E — W/x(E) with trivial fibre

e

Proposition 1.2 The cover C splita if and only if there is a definable
equivalence relation D on some W' such that the automorphisms of W f
the D-clauuﬂs the E-classes and there is an embedding j : H/b -+ |
such that for any iy € H/D there is 7 € G that induces f; and j(f)

Prooj. Let C split and M be the corresponding trivial expansion ¢
Then E is the finest definable in M finite equivalence relation because.
finer equivalence relation induces a finer equivalence relation on W than
induced by E (in fact the set 7(E) C W?), Let G, = Aut(M). A
the case of C we find a definable finite equivalence relation D) on som:
and a surjection hy g : G,/E —+ H/D. Repeating the proof of Proposi
1.1 we have that Ker(hy ) is trivial (Ker(M) is trivial). This defines.
embedding j. It is clear that any v € G, induces i(1p) € G/E for
corresponding 7, € H/D.,

. By Proposition 1.1 any automorphism of W fixing the D-classes fixes’
E-classes (apply that Aut(M) < Aut(C)).

For the converse let Gy be the group of all automorphism of C fixing
E-classes and the classes of D on W', By Propesition 1.1 any of ther
uniquely determined by §u restriction on W. It is clear that G; is cla
Now for every v € H/D choose some 7 € Aut(C) inducing j(v;) € G,
and Th

Notice that each automorphism of W has an extension in -Gy for some
these 7's. Indeed let # € Aut(W) induce f; € H/D. Take the 7 € Aut
chosen for §; as above. Then ™' -y preserves the D-classes on W', h
it preserves the E-classes on W* and extends to some a € Gy. So f extes
to'y-a" €Ey-Gy

If 7,7 and ¥ are the chosen automorphisms for v, v and 7p With 4
7‘0 = 7p then (7-7)™" «v' preserves the E-classes and the D-classes. T
shaws that the union of the chosen cosets is a group G, ( the case of ="
similar). It is straightforward that G, is closed (apply that G, is closed
Hence G, induces a cover of W. This cover is trivial because the kernel

G is & subgroup of G, 0

converse take a family {P : i < |v~'(w)|} of transversals of C/E
- “.In; a covering expansion of C/E — W/x(E) with trivial fibre group.
W s P the union of the E-classes from P, is a transversal P! of C. Bince
s xpassion by the transversals P is a cover of W/r(E), the wwmrph:
{ preworving all £ induce all anwmorphh.m of W/x(E). To show w
.pulonobeythetrmvembﬂ‘utwdeltmﬁeu
{hat any automorphism of W preserving the (E)-classes extends to
silomorphism of C preserving the E-classes. This follows from the fact
W4l any automorphism preserving the #(£)-classes preserves the E-classes.

¥ Bxample

: le of a
section we illustratd Proposition 1.2. So we give an examp
wllh a linking equivafence relation such that the cover is split but not

Siwnply split. ,
I (Q, <) be the or(‘aring of the rationals and Q, be a dense and co-dense
Mot of Q: Considet the equivalence relation Fy with the classes Q; and
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Q\ Qs. Let W be the structure (Q, Es, B) where B is a ternary betweenn
relation defined by: B(z,y,2) & (y <z <z)V(2 <z <y). It is well-kna
that Aut(Q, B) = Aut(Q, <) Ud - Aut(Q, <), where the automorphism |
defined by 8(q) = —q (see [1]). We assume that Q, is closed under the act
of 4.

Let M = Wx{0,1,2,3} and E be the equivalence relation on M consist
of the Eq-classes of the transversals F; = {(w,i) : w € W} (thus £ cons
of B classes). Let E' be the equivalence relation consisting of the trans
sals. Then we consider M under E, E' and the betweenness relations on
transversals P, that are induced by B on Q. Finally we add a predica
that is the union of the Q-classes of F; and A and (Q \ Qq)-classes of
and A,

Lemma 2.1 The structure M is a cover of W under the natural projecti
The relation E is a linking equivalence relation. The kernel of M is isom
phic to Zy x Z;. The cover w : M — W is not strongly split.

Proof. 1t is clear that any automorphism of W preserving the Ey-clag
extends to M by the corresponding action on the trausversals. If a € Aut(
does not preserves the Ey-classes then we cau extend it to M by taking
onto A, P, onto £ and P; onto Ay

The kernel of M is generated by the inversions Fy —+ P, and P, — B,

Any covering expaasion of M with trivial fibre group must have un
relatious for the transversals (£ forces this). In this case we can not exte
an automorphism not preserving the Ey-classes. g

We now define a binary relation < on every £ which is the order of
rationals on £ and P, (under the projection). On P and P we define <
be the reverse order. The resulting expansion M; also is a cover of W.
see this extend any a € Aut(Q, Ep, <) as in the proof of Lemma 2.1. T
automorphism & can be extended by taking P, onto P and P, onto A. |
easlly seen that the kernel of M; is trivial. So we have: '
Lemma 3.2 The coverx : M — W is sphit.

To illustrate the material of Section 2 note that the relation £ def
there, ia By = n(E). On the other hand the corresponding cover M/B

Tomnne il

W I I not strongly split. The equivalence relation D obtained by M i

on W? as follows:

{{wy, n), (wy,10q)) € D if and only if w; and wy (wy snd wy re-
apectively) are of the same By-class and w; < wy ¢ wy < wy (and
W > Wy owy > wy).

)] P.J.Cameron, Transitivity of permutation groups on unordered sets,
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1.4 [3] A formula F(z,y) is said to be convez to the right (left)

M = YyVz[(F(2,y) -+ (y S 2 AVz(y < 2 < 2 Fs,y)))]
(M |=Vy¥e[(F(z,y) + (z SyAVz(z < 2 Sy = Fl3,9))

lon 1.5 [3] An A-definable formula F{z,y) is said to be p-stable if
M0 Ato o, 7,73 € p(M) such that 1 < F(M,a) < 1.

Itlon 1.6 [3] Let Fi(2,y), Fi(z,y) be p-stable convex to the right (left)
. We will say Fy(z,y) is greater than Fi(z,y) if there is a € p(M)
that (M, a) C F5(M,a).

L7 [3] Let M be a weakly o-minimal structure, A C M, p € S,(A) be
raic. Then

| Por any A-definable formulas Fi(z,y), Fi(s,y) i thereis a € p(M) such

A ot Fi(M,a) C F3(M, a) then for any § € p(M) F\(M,B) C Fy(M,B).

subsets A, B of a structure M we write A < B if a < b whenever a € A e set of all p-stable conves to the right (left) formulas is linearly or-

andbeB.IfAcMud:EMumnwrmA<zifA<{a}.ﬂr dored.

v i W M) Yo o o il r ton 1.8 [3] We will say p is semiquasisolitary to the right (left) if

typepin M. In the greatest p-stable convex to the right (left) formula,

Definition 1.1 Let A C M, where M is a linearly ordered struct ¢ 3 . sooar ekt g moae

set A is said to be mm&' lﬂo‘r'lny e 5: ; and clyeoM such that :r:.c mltlon 1.9 [3] We will say p is quasisolitary if p is semiquasisolitary both
' e right and to the left.

we have ¢ € A.
; - Mlon 1.10 [3] Let F(z,y) be a p-stable convex to the right (left) for-
Definition 1.3 [1] A linearly ordered structure M is said to be o- W il et e locslly s-decrossing fo-d ing) If there are

any definable (with parameters) subset of M is a finite union of inte 80N € (M) nuch that

M.
Definition 1.3 (2] A linearly ordered structure M is said to be weakly M = 33(F(2,a) A ~F(z,01) A Fli, 1) Ay < 2)
(M = 32(F(z, a3) A ~F(z, ;) A Flay, a2) Aay > 2))

nimal if any definable (with parameters) subset of M is a finite union
a 1.11 (3] Let M be a weakly o-minimal structure, A C M, M be

convex sets in M,

In this paper we use Baizhanov's technique which he has elaborated for Y saturated, p € Sy(A) be non-alggbm’c, and let If‘(:,y) be a p—ltd&

sification of one-types in weakly o-minimal theories (3], [4]. In the foll to the right (left) formula. Suppose that F(z,y) i lfx:ally p-decreasing
wm-‘mg), Then there is a p-stable convez lo the right (left) formula

definitions M is a weakly o-minimal structure, A CM peSA)is _ ‘ :
algebraic. In greater than F(z, y) and it is not locally p- decreasing (p - increasing).
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1) Glz,y) := Fly, z) is o p-stable convez to the left formula which is also

fwolly p -constant,
B B(z,y) = F(z,y) v Fly,z) is an equivalence relation which partitions

MM) on convez classes.

Definition 1.16 Let F(z,y) be a p-stable convex to the right (left) formula.
We will say F(z,p) is trivial if the following bolds:

for any a € p(M) M [ Vz[F(z,a) =+ z=al.
(Mherwise, such a formula is said to be non-trivial

Definition 1.17 [3] A quasisolitary type p s said to be solitary if the greatest
§ #lable convex to the right (left) formula is trivial.

Dfinition 1.18 (3] A non-isolated type p € Si(A) is said to be quasirational
I Ihe right (left) if there is an A-definable formula U(z) so that for any
8 p(M), B € U(M) such that @ < B (a > f) we have fi € p(M).
Dherwise, it is said to be irrational to the right (left).
Pefinition 1.19 Let M be a linearly ordered structure, A, BC M, n € w.
|, We will say A is n-indiscernible over B in M if for any properly ordered
n-tuples a, b € A” tp(a/B) = tp(b/B).
), We will say A is indiscernible over B in M if for any n € w A is n-
Indiscernible over B in M.

bmma 1.20 Let M be a weakly o-minimal structure, ACM, p€ Si(A) be
W algebrate. Suppose that p is solitary. Then p(M) is £ indiscernible over

A
Poool of Lemma 1.20.

Pt we prove the following:
for any @y, oy, @y € p(M) such that a; <, @) <0y

tplay, az/A) = tp(ay, a/A) (+)

M » contradiction, suppose that there are ay, @, @3 € p(M) such that a; <
W, 0 < oy and tplay, as/A) # tplay, as/A). Then there is an A definable

Proof of Lemma 1.11,

Without loss of generality suppose that F(z,p) is convex to the right.
F(z,y) Is locally p-decreasing there are a, 3,7 € p(M) such that

a<fi<y, feF(Ma)ye€F(Ma)\FM,A.

Let Fy(f,z) be a maximal convex subformula of F(8,z) such th
s L
Fo(f, M). Consider the following formula: Vi) o

Filz,y) = 3Ry, 2) AF(z,2) Az > y)
It is obvious Fi(z,y) is the required formula, ’

Deﬁn'lthn 1.12 Let F(z,y) be a p-stable convex to the right (left) formuls
We will say F(z,y) is locally p-constant if for any a,f € p(M) such th
M = F(f, ) the following holds:

M =Vzlz > f - [F(z,0) & F(z, 8))}
MEVsz<f— [F(2,a) & F(z,8)]))

Le::nma 1.13 (3] Let M be a weakly o-minimal structure, A C M, M
|Al*-saturated, p € S,(A) be non-algebraic. Then

Flz,y) is lomu"_w:,,& conves Lo the right (left) formula ¢

2. Any semiquasisolitary one-type is quasisolitary.
The following two lemmas are consequences of the proof of Lemma 1.13.
Lel:unn 1.14 Let M be a weakly o-minimal structure, A C M, M
[A| :mmm!ad, P € S;(A) be non-algebraic, F(z,y) be a p-stable convez
the right (left) formula. Then the following formula

F'(2,y) = 32(F(2,y) A F(z,2))
also is p-stable convez to the right (left),
Lemma 1.15 Let M be o weakly o-minimal structure, A C M, p € S, (A

be non-algebraic, M be |A|*-saturated. Suppose that F (z,y) is a p-st
convez fo the right formula so that F(z,y) is locally p-constant. Then
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lamma 1.21 Let T be a weakly o-minimal theory, M = T, A C M,M
M |A|* -saturated, p € S;(A) be non-algebraic. Suppose that E(z,y) is an
A definable equivalence relation which partitions p(M) on conver classes.
Ihen E partitions p(M) on infinitely many such classes, so that the induced
andering on classes is either a dense order without endpoints or a discrete
snder without endpoints.
Pwoofl of Lemma 1.21.
Fimt show that there is uo the leftmost £-class containing in p(M). If p
I lirational to the left that by |A[*-saturation for any § € p(M) there is
§ p(M) such that y < E(M, §). Let p be quasirational to the left or isolated.
there is an A-definable formula U(z) such that for any a € p(M), 7€
U(M) so that @ > 7 we have ¥ € p(M). For a contradiction, suppose that
Ware is 3 € p(M) such that for any a € p(M) we have a € E(M,f) or
MM, f) < a. Then consider the following formula:

B(z) :=U(z) A JyE(z,y) AV[(U(t) At < z) -+ E(z,t)]

I s clear that ©(M) = E(M, ), i.e. E(M,f) is A-definable. This contra-

\o 1-indiscernibility of p(M) over A. We can also show that there is no

tightmost E~class. Thus, E partitions p(M) on infinitely many classes,
Mow, consider the following formula:

Mp) = 3yE(z,y) A32[~E(z,2) Az < 2 AVH(z < t < 2 = E(z,1) V E(3,1))]

‘.(l) £ p then E-classes are discretely ordered. If not, then E-classes are
Wewely ordered. q

;' Goneral properties

Mok 2.1 Let M be a weakly o-minimal structure, Suppose that Th(M) is
‘pategorical. Then Th(M) is weakly o-minimal,

et 2.2 Let T be an Ry-categorical weakly o-minimal theory, M = T. Then
et of all elements from M which have either an immediate successor or
W mnmediate predecessor is finite and it is contained m dcl(9).

formula ¢(z, y) such that M = #lay, az) A~¢{a;, ay). By weak o-minimali
of M ¢lay, M) is & finite union of convex sets, Then, let ¢y(ay, M) be
maximal convex subset of #lay, M) such that a; € Pulay, M),
If a; < ay then consider the following formula:

Flz,a1) i= oy < 2 A Vyju(ay, ) = 2 <y
It is clear that M = F(as, @) A ~F(ay, ay). It can understand that F(z,
is a p-stable convex to the right formula. This contradicts to a solitarity
P
Il a3 < ay then consider the following formula:

Flz,a) = a; < 2 A Vy[o(ay,y) = 2 < vl

!t is clear that M = Flay, a;) A ~F(as, ay). It can understand that Fz,
18 a p-stable convex to the right formula. This contradicts to a solitarity

P
Thus, (s) holds.
It can show by analogy that:

for any ay, a3, a3 € p(M) such that ;m<ay, ;<a

‘P(al-‘h//‘) - "(G],O;/A) (“)

Otherwise, we have a p-stable convex to the left formula. This contradi

"to a solitarity of p.

Now, coasider two arbitrary 2- tuples of increasing elements from p(M): |

(:;;o,).(ﬁ.,ﬂ,) (@) < a3, By < B) and show that their types over A col
c

Case 1. ay < B,
':bm according to properties (#), (++) for any A definable formula ¢(z, y)
ave
M= dlay,a3) & M = $ay, B) & M = U, ).
Case 2, a; 2 ﬂ).

t3‘11(!11 according to properties (), (#2) for any A definable formula ¢z, y) we
ave

M ¢lay,a0) & M (6, 01) &5 M = ¢, ).
Thus, p(M) is 2- indiscernible over A.
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:'wu- ' inimal theory, M =
ition 2.8 Let T be an Ro-categorical menum ‘
1, AC M, A be finite, p € 5;(A) be non-algebraic. Then any p stable convez
I the right (left) formula ss locally p-constant.

L1} Some propecties of No-cutegorical weakly o-minimal ¢

Lemma 2.3 Let T be an N, -categorical weakly o-minimal theory, M |=
_ Then there is a finite set C = {q,...,c.) C M (MU {~00,+00}, if
does not have a first or last element), consisting of all §-definable eleme
inM(Mlbcponibkuupﬁmol-oo,-&-oo),mchthachq(c,[
olli < j < n and for each j € {1,...\n) either M |= ~(3z)e;_, < 2 <
orli={z€M: M|, <z<c)isa dense linear order with

Proof of Proposition 2.8. . e s
A T is ¥y-categorical then there is only finitely many p-8 o

t‘l formulas: Fi(z,y), Fa(2,¥),-- - Fa(2,¥), so that for any a € p

b F(M,a) C F(M,a)C...C Fy(M,a)

Prove that for any i € {1,...,n} Fi(z,y) is locally p-constant.

flep 1. Fulz,y) is locally p-constaat.

I follows from Lemma 1.13. ' . )
i, Suppose that for any j € {i+1,. ..,n} Fj(z,y) is locally p-constan

e that Fy(z,y) also is locally p—oonstafxt.
s contradiction, suppose that Fi(z,y) is not locally p-constant.

|. There are a,f,7 € p(M) such that
M [ Fi(8,0) A E(v.8) A -Fi(v,a)

Proof of Lemma 2.3.

[t C={c€ M :cis® definable in M }- By Ry—categoricity T' C must
finite. Let C (U{ —o00,+00 }, if M does not have a first or last element)
enumerated as { o,..., ¢, }.

Next, suppose that I; = {z € M : M |= ¢;_, <z <e¢})#D Then b
Fact 22 /; must be dense without endpoints, completing the proof of the
lemma.

Fact 24 Let T be an Ny-categorical weakly o-minimal theory, M
T, AC MM be [A|*-saturated, p € S,(A) be non-algebraic. Suppose tha
E(z2,y) is an A-definable equivalence relation which partitions p(M) on con
vez classes. Then the induced order on E-classes is a dense order witho
endpoints.

Fact 2.5 Let T be an Ry-categorical weakly o-minimal theory, M =
T, AC MM be |Al*-saturated, p ¢ Si(A) be non-algebraic. Suppose th
Ei(2,y), Ex(2,y) are A-definable equivalence relations which partition p(M)
on convez classes so that there is a € p(M) such that E\(M,a) C Ex(M, a).
Then By partitions each Ey -class on mfinitely many E, -classes,

Fact 2.8 Let T be an Ny -categorical weakly o-minimal theory, M |= T, A C
M, A be finite, p € 5,(A). Then there is only [finitely many p-stable convez
to the right (left) formulas.

Corollary 2.7 Let T be an N, -cadegorical weakly o minimal theory, M E
T, ACM, A be finite. Then any non-algebrate one-type over A is quasisoli-
lary.

Lonsider the following formula:
F(z,y) = (A, v) A Fla,1)]
Mom Lemma 1,14 F'(z,y) is p-stable convex to the right. It is clear that
F(M,a) 2 Fi(M,q). If there is j € {i,...,n - 1} such that
Fi(M,a) C F'(M,a) C Fin(M,a),
Jhen it contradicts to the hypothesis that Fj.i(z,y) isan immediate succes-

i tly,
¥ all p-stable convex to the right formulas. Comeqnen .
\m:: :s,;ze'v{)sa-:n:ns ,n'},- F'(M,a) = F;{M,q). Then the following holds:

M k= Vz(F(z,0) = (B(z,a) V 3{F(t,0) ARG HD) (1)

Qowider an arbitrary element 7 € Fy(M,a)\F.(M,a). By (1) there is

f ¢ KM, ) such that m € Fi(M, §).

" Then, by considering of an automorphism [ € Auty(M) such that fim) =«




a7

L1
Some properties of Ko-categoricnl weakly o-minimal ¢ Kulpeshov

y 2.9 Let T be an Wo-categorical weakly o-minimal theory. Then

Wy M |= T for any finite A C M for any non-algebraic type p € 5i(A)

p(M) is 2-indiscernible over A or there is finitely many A-definable

nee relations E\(z,y), ..., Em(2,y) such that

I B, partitions p(M) on infinitely many En,-classes, each B, -class is con-
we and open, so that the induced order on classes is a dense linear order
Without endpoints.

B bor everyi € {1,...,m =1} E; partitions each E;y;-class on infinitely
many E,-classes, each E;-class is convez and open, 3o that E;-subclosses
of each E;,-class are densely ordered without endpoints.

A Porany a € p(M) E\(M,a) is 2-indiscernible over A.

of Corollary 2.9.

Aypo p s solitary then by Lemma 1.20 p(M) is 2-indiscernible over A. Now,
that p is ot solitary. Then there is anly finitely many non-trivial
lo convex to the right formulas.

(Fi(2,9), .-, Fa(2,¥)} be a list of all non-trivial p-stable convex to the

Fi(M.B) C F(M,p) C Fi1(M, B), prens ﬁ: (a:{y:)i;ﬂul Fn(M,a)
| 1 e m ] ”

+ [ mmim succ:
’ l( ') 'Iopusilion 2.9 a" O‘ them are m.“y ,’m'p. Then hy L‘mm. l.l5

we obtain that Fi(y,, M) is a union of infinitel
¢ ' Y man
dicting to weak o-minimality of M, -
Case 1 is considered completely.
Case 2. There are a, 4,7 € p(M) such that

M = F(B,0) A B(y,a) A-E(v,f) Aer < f < 7,

i.e. Fi(z,y) is locally p-decreasing.

ﬁC::inus,lidtxr Fi(8,M). By weak o-minimality of M F;(8, M) is a union
y many convex sets. Let F? ‘

5 e ol i (B,z) is a convex aubforg,nnlc of £(B,

ltmundeuhndtbuﬁ"(ﬂ.M)Qp(M)mdlbcre' M

F < FYB, M), ie. F‘,‘(z,‘y) is p-stable. i

Consider the following formula:

Fi(z,y) = 3:{F(y,5) A Fi(z,2) Ay < ]

By Lemma 1.11  F{(z,y) is p-stable convex to the right
; . non-locall
:i:::eumgmd Fi(z,y) Is less than F}(z, y). If there is j € {i,...,n- 1) :

m-“ € {i+1,...,n} such that F}(M, 8) = F;(M, ). Then the fol] for any i € {1,...,8} Ei(z,y) := E(z,y) V Fi,2)

' M squivalence relation which partitions p(M) on convex classes. By Fact
B, partitions p(M) on infinitely many classes, so that the induced order
Sl is & dense order without endpoints. Item 2 follows from Fact 2.5,

W tomained w prove item 3,
show the following holds:

for any @y, a3, az € E](M.Q) such that a; < a3, a; < ag
tp({a, as)/A) = tp({ar, as)/A) (%)

W & conjradiction, suppose that there are ay, aq, @y € Ey(M, a) such that
W ¢ oy, oy < g and there is an A-definable formula @{zy, z9) such that

M E ¢lay, ) A ~dlay, og)

M = Ve(Fjlz,B) = (F(=2,0) v H[F?(8,1) A Fi(z,1))) (2)

Consider an arbitrary element v, € Fi(M, )\ F\(M, 9).
By (2) there is 7% € F2(8, M) such that M E Fi(n,m). So we have
"I:Iheh Filn,m).

n, by considering of an automorphism f € Aut4(M) such that J (1) =
we obtain that Fi(y, M) is a union of infini bl
g .?;,)y ) nitely many convex sets contrad
Case 2 is considered completely.

Step i is proved,
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By weak o-minimality of M  ¢(a;, M) is a union of finitely many conw
sets. Let ¢y(ay,z) be a maximal convex subformula of dlay, ) such
M ’= éﬂ(alva’)‘

If a3 < ay then consider the following formula:

Flz,a) = a) < 2 A Vylgo(ay,y) = z <yl

It is clear that M = F(ag, a;) A ~F(as, ay). It can understand that F(z,
is & noo-trivial p-stable convex to the right formula so that F(M,a,)
Fy(M,a;). This contradicts to the hypothesis that Fi(z,y) is minimal
trivial. Thus, (+) is proved. %
Similarly, it can show that
for any ay, @3, ay € Ei(M, a) such that o, > a3, & > a3
tp({lay, @)/A) = tp((ay, as)/A) (e%)

Proof of () is analogous to the proof of (#).
Now consider arbitrary tuples (a;, ay), (B1,4) of increasing elements f)
Ei(M,a) and we prove their types over A coincide.
Case 1, o < fiy,
Then according to (+), (++) we have that for any A-definable formula #lz,

M F “Gg,a’) oM "_"(alvﬂ?) oM #: aﬁhﬂ’)
Case 2. a) = f3,.
Then according to (+), (++) we have that for any A-definable formula ?(z,

M Fﬂaha’) 2 M "¢(ﬁhal) < M F"(ﬁhﬁz)

: i M be a sufficiently
nition 3.1 [5] Let 7" be a weakly o-minimal theory,
sted model of T, and let ¢(z,3),8 € M be an arbitrary formula with
free variable.
NC(#(z,a)) is defined as follows:
) RC(9(z,8)) = -1 if M |=~3z(z,a).
RC(d(z,8)) >0 if M E3z¢(z,8).

RC($(z,2)) 21 if |$(M,a)| > w.
1) R(J(d»(:, a)) > a+ 1 if there is a parametrically definable equivalence

Wilon £(z, y) such that there are by, i € w which satisfy the following:
% Jor every i, j € w, whenever i # j then M = ~E(b;,b;)
s Poreveryi €w RC(é(z,8)LE(2,b)) 2 a
% For every i €w  E(M,b;) is a convex subset of $(M, )
i a < 6 (8 is limit)
:') 'I:(c:m:::;; 286 ::’:g(:(();: )L?': f:nryd:.hnt- RC(,'(é(z,l)) is defined,
Dlherwise ( ie. if RC(¢(z,8)) > a, for all a) we put RC(¢{(z,a)) = co.

Mot 3.2 Let T be a weakly o-minimal theory.o] co_nmﬂy rank I, M E
1. AC M. Then any quasisolitary type over A 1s solitary.
Lanmn 3.3 Let T be an No-categorical weakly o-minimal theory, ME
1 AC M, p€ Si(A), M be |Al*-saturated. Then Jor any y-mb"c convez
: the right (left) formula F(z,y) there is a p stable convez to the right (left)
hlla F\(z,y) such that

)) For any a € p(M) F(M,a) C Fy(M, a).

p) Fi(z,y) is locally p-constant.
Corollary 2.10 Let T be an Ro-categorical o-minimal theory. Then for
M [=T Jor any finite A C M for any non-algebraic type p € S,(A) p(M)
indiscernible over A.

of lemma 3.3. | ‘
M p s quasisolitary then it is nothing to prove. Suppose that p is not qua-

“Wlitary, and let F(z,y,a),a € A bea non:tr.ivil.l p?uble conve; to the

flght formula. 1f it is locally p-constant then it is nothing to prove. up}:r

It it is not locally p-constant. Then only the following cases are posible:
{'we | There are a, f € p(M) such that

M 3z F(f,a,8) A Pz, f,8) A ~F(z,a,a)]

3 Indiscernibility of the set of realizations of an one-type

In [5] we have introduced the following notion: rank of convexity of a formu
with one free variable.






