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INTRODUCTION

Algebra and Model Theory 2025

The 17th International Summer School-Conference “Problems Allied to
Model Theory and Universal Algebra” was held on 19-26 of June 2025 at
Sobolev Institute of Mathematics, Novosibirsk State Technical University
NETT and at the Camping Center “Erlagol” in Altai mauntains. The School
was organized by Algebra and Mathematical Logic Department of Novo-
sibirsk State Technical University (NSTU NETI) and Sobolev Institute of
Mathematics of Siberian Branch of Russian Academy of Sciences (IM SB
RAS). The School was supported by Grant of International Mathematical
Center in Akademgorodok and by Faculty of Applied Mathematics and
Computer Science of NSTU NETI. The school-conference included both
online and in-person talks. At the school-conference, there were participants
from Russia, Kazakhstan, Uzbekistan, China, Iran, Oman, France, Greece,
Hungary, Poland. They made 50 talks. Within the school-conference, the
discussions on actual problems on Model Theory, Algebra and related sub-
jects were held. Information about the conference is posted on the conference
website https://erlagol.ru.

The Organizing Committee

of the School-Conference



4 School Programme

Programme
of 16th International Summer
School-Conference

“Problems Allied to Model Theory
and Universal Algebra”

June 19, Thursday
Chairperson S.V. Sudoplatov

9:00 — 9:10, Opening Ceremony

9:10 — 9:50, A.A. Stepanova, E.L. Efremov, S.G. Chekanov (Vladivostok,
Russia), On the stability of the class of pseudo-finite polygons (online)

9:55 — 10:35, B.S. Baizhanov (Almaty, Kazakhstan), Countable models
of small ordered theories (online)

10:40 - 11:20, R. Sklinos (Beijing, China), First-order sentences in random
groups (online)

11:20 — 11:50, Coffee Break

11:50 — 12:30, M. Shahryari, O. Al-Raisi (Muscat, Oman), Finite CSA
groups and generalizations (online)

12:35 — 13:15, B.P. Poizat (Lyon, France), Logicians and Geometers on
Algebraic Groups (online)

13:20 — 14:00, A.L. Stukachev (Novosibirsk, Russia), Union, Intersection
and Comparison of Linguistic Structures

Chairperson V.V. Verbovskiy

15:00 — 15:40, A.A. Iwanow (Opole, Poland), Homogeneous structures
associated with complete theories of two variables (online)

15:45 — 16:25, G. Czédli (Szeged, Hungary), Counting congruences: the
largest and beyond for lattices, and the maximum for congruence-distributive
algebras (online)

16:25 — 16:50, Coffee Break

16:50 — 17:10, O.V. Kravtsova (Krasnoyarsk, Russia), Quasi-fields with
Hall’s condition

17:15 — 17:45, G.S. Suleymanova (Abakan, Russia), On graph automor-
phisms of exact enveloping algebras of the Chevalley algebra (online)

17:50 — 18:20, D.V. Solomatin (Omsk, Russia), On minimally complete
Martynov’s semigroups with zero (online)

18:25 — 18:45, I.A. Sakharov (Vladivostok, Russia), On the semantic and
syntactic rigidity of projective unars (online)
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18:50 — 19:10, A.S. Savin (Novosibirsk, Russia), Spectra of spherical
orderability of finite groups

June 20, Friday
Chairperson B.Sh. Kulpeshov

9:00 — 9:40, V.N. Zhelyabin, A.S. Mamontov (Novosibirsk, Russia), Just-
infinite Jordan Banach algebras (online)

9:45 — 10:25, P.S. Kolesnikov (Novosibirsk, Russia), Simple finite Novikov
conformal algebras

10:30 — 11:10, S.P. Odintsov (Novosibirsk, Russia), Weakly implicative
logics: approaches to defining definitional equivalence and definability

11:10 — 11:40, Coffee Break

11:40 - 12:20 I.B. Kozhukhov (Moscow, Russia), Artinian and Noetherian
properties in polygons over semigroups and their generalizations (online)

12:25 — 13:05, N.L. Polyakov, D.I. Savelyev (Moscow, Russia), On pre-
orders between Rudin-Keisler and Comfort preorders and a model-theoretic
characterization of the Comfort preorder

13:10 — 13:50, V.L. Usol’tsev (Volgograd, Russia), Rees congruence al-
gebras in some subclasses of class of algebras with one operator and main
ternary and nullary operations

Chairperson N.L. Polyakov

15:00 — 15:30, A. Gkantzounis, F. Skarpelos (Athens, Greece), Logical
topologies and seperation axioms in the institution-independent model theory
framework (online)

15:35 — 15:55, A.A. Davlatbekov (Denau, Uzbekistan), On homomorp-
hisms of parastrophes of linear and alinear quasigroups (online)

16:00 — 16:20, A.E. Chubiy (Novosibirsk, Russia), On structural unions
of models (online)

16:20 — 16:40, Coffee Break

16:40 — 17:00, A.M. Popova (Ivleva) (Novosibirsk, Russia), On automor-
phisms of the integral group rings of finite groups (online)

17:05 — 17:25, O.V. Bryukhanov (Novosibirsk, Russia), Bijections of a
group which commute with its automorphisms (online)

17:30 — 17:50, D.S. Khramchenok (Moscow, Russia), Axiomatizability of
classes of polygons and semimodules (online)

17:55 — 18:15, S.B. Malyshev (Novosibirsk, Russia), Geometrical proper-
ties of elementary theories

18:20 — 18:40, I.A. Emelyanenkov (Novosibirsk, Russia), Continuation of
automorphisms of countable models under elementary embeddings
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June 22, Sunday

Chairperson S.V. Sudoplatov

9:00 — 9:40, A.E. Mironov (Novosibirsk, Russia), Algebraic non-integra-
bility of magnetic billiards

9:50 — 10:30, V. V. Przyjalkowski (Moscow, Russia), Hodge level of weigh-
ted complete intersections

10:40 — 11:20, A.L. Bondal (Moscow, Russia), A categorical approach to
computational complexity theory

11:30 — 12:10, F.Yu. Popelensky (Moscow, Russia), Spaces with quater-
nion conjugation

12:20 — 13:00, N.A. Shchuchkin (Volgograd, Russia), Ternary L-quasi-
groups and their applications for word transformation

Chairperson N.A. Shchuchkin

15:00 — 15:40, D.L. Tkachev, E.A. Biberdorf (Novosibirsk, Russia), On
the spectrum of a linear model describing the flow of a polymer liquid in an
infinite cylindrical channel

15:45 — 16:05, E.V. Mishchenko (Novosibirsk, Russia), Frames and some
properties of frames in finite-dimensional spaces

16:10 — 16:30, S. Yin Siyao (Novosibirsk, Russia), Billiard Trajectories
inside Cones

16:35 — 16:55, N.A. Daurtseva (Novosibirsk, Russia), On the realization
of various classes of almost Hermitian structures on manifolds of dimension 6

June 23, Monday

Free day

June 24, Tuesday
Chairperson A.P. Pozhidaev

9:00 — 9:40, B.Sh. Kulpeshov (Almaty, Kazakhstan), The number of co-
untable models and algebras of binary isolating formulas

9:50 — 10:30, V.V. Verbovskiy (Almaty, Kazakhstan), On the properties
of functions in ordered o-stable groups of finite convexity rank

10:40 — 11:20, S.V. Sudoplatov (Novosibirsk, Russia), Preservation of
properties by types and expansions of structures

11:30 — 12:10, L.I. Pavlyuk (Novosibirsk, Russia), Structural properties
of families of group theories

12:20 - 13:00, D.Yu. Emelyanov (Novosibirsk, Russia), Algebras of binary
formulas for operations on graphs




School Programme 7

Chairperson V.Yu. Gubarev

15:00 — 15:30, A.V. Chekhonadskikh (Novosibirsk, Russia), M.N. Rudo-
metkina (Tomsk, Russia), Construction of polynomial design for a low order
control system as a flexible process

15:35 — 16:05, N.Yu. Galanova (Tomsk, Russia), On cuts of ordered al-
gebraic structures

16:10 — 16:40, A.I. Zabarina, E.A. Fomina (Tomsk, Russia), On the sets
K, in some finite groups

June 25, Wednesday
Chairperson V.L. Usol’tsev

9:00 — 9:40, A.P. Pozhidaev (Novosibirsk, Russia), Isomorphisms and
automorphisms of simple Prelian algebras and Novikov algebras

9:50 — 10:30, F.A. Dudkin (Novosibirsk, Russia), The problem of isomor-
phism of groups acting on trees

10:40 — 11:20, V.Yu. Gubarev (Novosibirsk, Russia), Rota-Baxter opera-
tors of zero weight on the algebra of matrices of the 3rd order

11:30 — 12:00, E.A. Shaporina (Novosibirsk, Russia), On the construction
of cyclic extensions of free groups

12:05 — 12:35, I.M. Buchinsky (Omsk, Russia), Centralizer dimension
and Noetherian property by equations of partially commutative two-step
nilpotent groups

12:40 - 13:00, A.V. Vaseneva (Novosibirsk, Russia), Ranks of equationality
of families of formulas and elementary theories

13:00, Closing Ceremony



FINITE CSA GROUPS
AND GENERALIZATIONS

O. Al-Raisi and M. Shahryari

Sultan Qaboos University,
Department of Mathematics, College of Science, Sultan Qaboos University,
Muscat, Oman

e-mail: omartalibmiran@gmail.com, m.ghalehlar@squ.edu.om

A group G is called CSA (conjugately separated abelian) if every maxi-
mal abelian subgroup of G is malnormal. This means that if H is a maximal
abelian subgroup of G and z € G\ H then H N H* = 1. The class of CSA
groups is quite wide and has very serious roles in the study of residually free
groups, universal theory of non-abelian free groups, limit groups, exponen-
tial groups and equational domains in algebraic geometry over groups (see
2], 3], [I0] , and [II]). Another class of groups which has been studied
extensively is the class of CT (commutative transitive) groups. A group is
CT if commutativity is a transitive relation on the set of its non-identity
elements. Despite this simple definition, the class of CT groups has also a
crucial role in the study of residually free groups and so it has a close con-
nection with CSA groups. Every CSA group is CT but the converse is not
true. In the presence of residual freeness, both properties are equivalent, a
theorem which is proved by B. Baumslag (see [1]).

During the past few decades, there have been many attempts to study
these classes and their generalizations. A generalization of CT groups is
introduced in [4] to extend the above mentioned theorem of B. Baumslag.
Many interesting relations between CSA and CT groups are presented in [7]
as well as an excellent account of the previous works.

The idea of CT and CSA groups is a small part of a very general concept.
Suppose X is a variety of groups. A group G can be called XT then, if and
only if for any two X-subgroups K;, Ky < G the assumption K; N Ky # 1
implies that (K7, Ks) is also an X-group. Similarly, we call a group G a
CSX group if all of its maximal X-subgroups are malnormal.

It is well-known that every finite CSA group is abelian. All the known
proofs usually employ representation theory of finite groups or classification
of finite simple groups. In this report, we present an elementary proof for

8



Finite CSA groups and generalizations 9

this fact, and then the main idea of this elementary proof will be applied for
a wide class of CSX groups. A more detailed report of the new results will
be published in our forthcoming paper.

1 Basic facts

A subgroup H in group G is called malnormal iff for all z € G\ H, we
have H N H* = 1. A group G is called CSA (conjugate separable abelian),
if every maximal abelian subgroup of G is malnormal. The class of CSA
groups is quite wide, for example, it includes the following:

1. All fully residually free group.
2. All ultra-power of a CSA.

3. The free products of two CSA groups without involutions.

The class of CSA groups is important in the study of residually free
groups, universal theory of non-abelian free groups, limit groups, exponential
groups and equational domains in algebraic geometry over groups.

Furthermore, a group is CT if commutativity is a transitive relation on
the set of its non-identity elements. Despite this simple definition, the class
of CT groups is also important in the study of residually free groups, and
so, it naturally has a close connection with CSA groups.

Every CSA group is CT but the converse is not true. In the presence
of residual freeness, both properties are equivalent, a theorem which has
been proved by B. Baumslag (See [I]). The basic relations between the two
aforementioned classes can be listed as follows:

1. Every CSA is CT.

2. It G is CT, then Fine et al proved that G is not CSA iff G contains a
non-abelian subgroup Gy which contains a nontrivial abelian subgroup
H that is normal in Gj.

3. For afield K, the group PSLo(K) is not CSA but it is CT if char(K) =
2 or char(K) = 0 and —1 is not the sum of two squares.

For the proofs of the claims above, the reader can refer to [7]. Also, we have
the following series of more advanced known properties:
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1. CSA and CT are universal first order properties, and hence these
classes are inductive and subgroup-closed.

2. If anon-abelian group G is residually free, then the following are equiv-
alent:

e (5 is fully residually free.
e Gis CT.
e (G is CSA.

e (5 is universally free.

In fact, the idea of CT and CSA groups is a small part of a very general
concept. The general theory is described in [I4]: Suppose X is a variety
of groups. A group G can be called XT then, iff for any two X-subgroups
Ky, Ky < G the assumption K; N Ky # 1 implies that (K5, Ks) is also an
X-group. Similarly, we call a group G a CSX group if all of its maximal
X-subgroups are malnormal.

As a special case, we consider the variety X = 91 of nilpotent groups of
class at most k: We call a group NT}, (nilpotent transitive of class at most
k) if for any two 9-subgroups K and K, the assumption K3 N Ky # 1
implies that (K7, K») is nilpotent of class at most k. Also, a group G is CSNy,
(conjugately separated nilpotent of class k) if and only if every maximal 9%-
subgroup of G is malnormal. The case kK = 1 obviously coincides with the
ordinary CT and CSA groups. It is also easy to see that the property CSA
implies CSNy. The basic properties of these two classes are given below:

1. Every CSNy group is NTy.

2. Both classes are closed under taking subgroups.

3. Both classes can be axiomatize by universal first order sentences.
4. Both classes are closed under taking ultra-products.

5. Suppose A and B are NT},. Then the free product G = A % B is also
CSNy,.

6. Suppose A and B are CSN;, groups without elements of order 2. Then
the free product G = A % B is also CSNy.

7. Every finite CSN;, group is nilpotent of class at most k.
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2 Finite CSA groups

Finite CT groups are already classified (by Suzuki 1957 and Yu-Fen Wu
1998; see [7]). It is well-known that every finite CSA group is abelian. The
known proofs usually employ representation theory of finite groups or the
classification of finite simple groups. We present an elementary proof of this
fact, and then the main idea of this elementary proof will be applied to a
wide class of CSX groups. Before presenting our elementary proof, we need
to emphasize the following fact (note that the proof is not elementary):

Theorem 1. Let X be a class of groups which contains all cyclic groups.
Then every finite CSX group belongs to X.

Proof. The proof of this general fact is not elementary as we use a known
result on finite Frobenius groups which says that the Frobenius kernel is
unique and every two Frobenius complements are conjugate. Let G be a
finite CSX group but not an element of X. Let A be a maximal X subgroup
of G. Then A is a Frobenius complement and hence every other Frobenius
complement is a conjugate of A. Now let ¢ € G be an arbitrary element.
Then (g) C B for some maximal X-subgroup B. But B = A* for some z, so

G:UA’““.

This shows that A = G, a contradiction. O]

But for some varieties X, there is an elementary proof for the previ-
ous theorem. In what follows we consider as an example variety of abelian
groups, i.e. the case of CSA groups.

Theorem 2. Every finite CSA group is abelian.

Proof. In order to give an elementary proof of this statement, we need the
following basic facts about CSA groups:

1. Every CSA group is CT.

2. G is CSA iff for all non-identity = € G, the centralizer Cg(x) is a
maximal abelian malnormal subgroup.
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3. If G is CSA, then every maximal abelian subgroup of G has the form
Ce(z) for some non-identity .

4. If G is CSA then AN B =1 for all distinct maximal abelian subgroups
A and B.

5. If A is a malnormal subgroup, then Ng(A) = A.

Now, suppose G is a finite CSA group that is not abelian. Let A; be a
maximal abelian subgroup, with distinct conjugates

1,1 1,2 1,3
Al 9 Al ) Al 9 o .

Then all of these subgroups are maximal abelian, and so, each of their pair-
wise intersection is the trivial subgroup. Suppose

G #JAr.
J

Then there is another maximal abelian subgroup Ay, such that A,NAT" =1,
for all j. Let

2,1 2,2 2,3
A2 9 A2 ) A2 9 o o

be the set of all distinct conjugates of A,. It is easy to see that all subgroups
ATY and A5*" have pairwise trivial intersection. Hence, the union

(U AT\ 1) U (U AP\ 1)

is disjoint. We proceed in this manner until we find a natural number n,
maximal abelian subgroups

A17A27"'7An7

and elements z; ; (1 <i<n,1<j <k;), such that the union

n k;

a\1=JJ M\

i=1j=1
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is disjoint (this must eventually happen as we are assuming that G is finite).
Hence, we have

n

Gl = > [G: No(A)(|Ai] = 1) +1

=1
n

= Z[G PAJ(JA] - 1) + 1

= |G| =Y [G: A]+1.
i=1
Therefore, we have

n

Y IG:A]=(n-1)G+1.

i=1

Now, we know that each A; = Cg(a;), for some a; € A;. Hence,
G+ Ai] = [Clg(a;)],

and consequently,
n

> " [Cle(ai)| = (n — 1)|G| + 1.

i=1
Note that, if ¢ # j, then q; is not conjugate to a; (otherwise A; N A; # 1).
Now, using the class equation, we have

Gl =|Z(G)|+ ) |Cla(a)| +--- = 1+ Y [Cla(a;)| + - .
i=1 i=1

Therefore,
> lCla(a)l < |G| -1,
i=1

and hence,

(n—DIG[+1 <G| -1,

which implies that n = 1. So G = |J; A"/, and hence G = A,. This
completes the proof. O

With some modifications, we can use the same proof for more general
cases. For example, we can show by the same argument:
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Theorem 3. Every finite CSN; group is nilpotent of class at most k.
The same idea can be used in the proof of the following:

Theorem 4. Let X be a variety which contains all abelian groups and

suppose CSX C XT. Then every finite CSX group belongs to X.

References

1]

2]

B. Baumslag, Residually free groups // Proc. London Math. Soc. 17(3),
1967, pp. 402-418.

G. Baumslag, A. Myasnikov, V. Remeslennikov, Algebraic geometry
over groups: I. Algebraic sets and ideal theory // J. Algebra, 219,
1999, pp. 16-79.

C. Champetier, V. Guirardel, Limit groups as limits of free groups //
Israel Journal of Mathematics, 146, 2005, pp. 1-75.

L. Ciobanu, B. Fine, G. Rosenberger, Classes of groups generalizing a

theorem of Benjamin Baumslag // Communications in Algebra, 44(2),
2016, pp. 656-667.

D. Costantino, M. Primoz, N. Chiara, Groups in which the bounded
nilpotency of two generator subgroups is a transitive relation //
Beitrige zur Algebra und Geometrie, 48(1), 2007, pp. 69-82.

E. Daniyarova, A. Myasnikov, V. Remeslennikov, Algebraic geometry
over algebraic structures, II: Fundations // J. Math. Sci., 2012, 185
(3), pp. 389-416.

B. Fine, A. Gaglione, G. Rosenberger, D. Spellman, On CT and CSA
groups and related ideas // J. Group Theory, 2016, 19, pp. 923-940.

S.A. Jennings, The group ring of a class of infinite nilpotent groups //
Canadian J. Math., 1955, 7, pp. 169-187.

M. Isaacs, Character theory of finite groups. AMS Chelsea Publishing,
1976.



Finite CSA groups and generalizations 15

[10]

[11]

[12]

[13]

[14]

A. Myasnikov, V. Remeslennikov, Groups with exponents I: Fundamen-
tals of the theory and tensor completions // Siberian Mathematical
Journal, 35(5), 1994, pp. 986-996.

A. Myasnikov, V. Remeslennikov, Exponential groups II: Extensions
of centralizers and tensor completions of CSA groups // International
Journal of Algebra and Computations, 6(6), 1996, pp. 678-711.

O. Al-Raisi, M. Shahryari, New Classes of Groups Which are
Equational Domains // Bull. Iran. Math. Soc. 51(43), 2025.
https://doi.org/10.1007/s41980-024-00950-4

V. Remeslennikov, 3-free groups // Siberian Mathematical Journal,
30(6), 1989, pp. 193-197.

M. Shahryari, On conjugate separability of nilpotent subgroups // Jour-
nal of Group Theory, 2024. https://doi.org/10.1515/jgth-2024-0023.



KOJIMPOBAHUE
1 TIEPEUYNCJIEHNE KOPHEBBIX
PACIIOJIOXKEHUNM KOPHEN
JTEVNCTBUTEJIBHBIX
MHOT'OYJIEHOB

A.B. Yexonajackux

HoBocubupckuii rocy1apcTBEHHbBI TEXHUYECKUN YHUBEPCUTET,
up. K. Mapkca, 20, HoBocubupck, 630073, Poccus

e-mail: chekhonadskikh@corp.nstu.ru

1 BBeaenne

[TepexoHble MPoIECChl B cHCTeMaxX aBToMaTndeckoro yrpasienus (CAY)
MOZKHO YCJIOBHO CUUTATD JABYX(a3HbIMI: (pa3a JIelicTBUA BO3MYIIEHUS U (a-
3a CTaOM/IU3AIME — BOCCTAHOBJICHUS 38/ IAHHBIX TTOKA3aTe e TTPOMCXOIATIINX
B yIIpaBJisieMOM OObEKTe MpoIeccoB. B mepBoil n3 HUX JUHAMUYECKAs CHCTe-
Ma IMOJ[BEPraeTcs BHEITHEMY BO3MYIIAIONIEMY BO3J/IEMCTBUIO, M3-38 KOTOPOIO
TEKYIIIUe MOKA3aTe/ M OTKJIOHSIIOTCS OT YCTAHOBUBIIUXCS (3a/IAHHBIX) 3HAYE-
Huii. Bo BTOpoil BO3MyIaonuii MMITyJIbC CHUMAaeTCs (T.e. BHEIIHee BO3J1eii-
CTBUE MpeKpaIaercs ), u 6aarofapst JeHCTBUIO PEryJIsaTopa CHCTeMa BO3Bpa-
IaeTcsd K yCTAHOBUBIIIEMYCST DEZKUMY.

Takoe pa3zienenune ycjaoBHO, MTOCKOJIBKY BEKTOP OTKJIOHEHUNT KOHTPOJIN-
PYEMbIX BEJIUYUH yrKe B IIepBoil (a3e He cOBIAIaeT ¢ COOCTBEHHO BO3MYIIE-
HUEM U3-33 BMEIIATEIbCTBA PErYJIATOPA, TPU3BAHHOTO CHU3UTH OTKJIOHEHUS
ele JI0 CHATHs Bo3MyleHus. [lomumo sToro, u B daze crabuansanun BO3-
MOXKHBI HOBBIE BHEITHUE UMITYJIbCBI JIO TOIO, KAK BOCCTAHOBJICHBI 3a/IaHHBIC
ITOKa3aTeJN.

CTéuTr OTMETUTH, YTO Ha MPOTHAKEHUHU JJTUTETHHOIO PA3BUTUS TEOPUH
JuHeHHbIX cTarmoHapubix CAY OoCHOBHOE BHUMAaHUE YJIE/IsJI0Ch UMEHHO (a-
3e crabman3anuu: Kak OBICTPO, TOYHO U C KAKUM KAYeCTBOM CHCTEMa BO3-
BpalllaeTcsd K HYKHBIM TIoKa3areaaM. B TpeboBanus K KauecTBy cTabuim3a-
[N BXOJAT HEJOIYIIEeHIe 3HAYNTEIHHOTO TIePeperyInpoBaHisi (B TOM YHC-

16
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JIe UCKJTI0YeHre CUTYaIlnii, KOraa JefCTBIe PeryasTopa Ha HEKOTOPBIX Bpe-
MEHHBIX HHTepBaJIaX CYIIeCTBEHHO yBeIMINBaeT BO3MYIIEHNE), MOHOTOHHOE
raienue orkjiaonenus u ap. |1, 2|. Hekoropbie TpeboBanus — B 4aCTHOCTH,
ObICTpOIeiicTBIE U OecKoIe6aTeIbHOCTD — JIJIsl JIMHEHHBIX CUCTEM HAXOIAT
VJIOBJIETBOPUTE/ILHOE BhIPAYKEHNE B KOPHEBBIX TEPMUHAX, T.€. YCJIOBUSX HA
PAaCIOJIOKeHne KOPHEil XapaKTepUCTUIecKOro MHOIOWIeHa (IIOJII0COB CUCTe-
MbI) Ha KOMILIEKCHOI [JIOCKOCTH, TIPHYeM HauGOJIbINYI0 POJIb B 9TOM UI'Da-
eT pacIojIoKeHue “‘caMbIX IPABbIX U3 HUX, 38/IaI0INX CKOPOCTb YOBIBAHUS
CPABHUTEJIBHO MEJIJIEHHO TaCHYIIUX CJaraeMbix (MoJ) oTkjonenus |1, 3, 4].

B noceaaue ropr 3HaURTE IbHOE BHUMAHUE CIIEIINATUCTOB ITPUBJIEKAET
u mepBas asza: MOBeJeHUe CUCTEMbl B TOM BpPeMeHHOM WHTepBaJie, KOrja
JeficTByeT BO3MYIIAIONINNA UMILYIbC [577]. B gacTHOCTH, BOBHUKAIOIIUI IIPHU
nojiade BO3MYIIEHUS WK ero cHATUH 3(hdeKT Berecka (T.e. MPEBLINIEHUE,
MHOTIIa MHOTOKPATHOE, OTKJIUKOM CHCTEMBbI CAMOTO BO3MYIIIAIOIIEr0 BO3/IEii-
crBug |1, 8]) ¢ mpakTHUECKOil TOUKM 3pEeHHsT MOXKET OKa3aThCs BayKHEE, deM
Ka4IeCTBO KOMITEHCAIIUN TIOCTIe CHATHUST BOSMyH_[eHI/IHEl Koporkue BpemeHHbIe
MHTEPBAJIbI TIEPeTHero WM 33, JHero (PPOHTa BO3MYIIAIONIETO UMITYJIHCA MO-
I'yT 3aJ1aBaTh O0J/IbIINE KOIMDMUITUEHTHI IIPU OBICTPO FACHYIINX MOJAX pere-
HUsI, KOTOPbIE COOTBETCTBYIOT JIEBBIM IIOJIFOCAM C OOJIBIION MHUMOM YaCThIO
U BBICOKUM dYacToTram KoJjieOanuii. Tem cambIM, CyIeCTBEHHOE BJ/IMsIHUE HA
[IEPEXOJIHBIE TTPOTIECCHI OKA3BIBAIOT BCE IMOJIIOCA CUCTEMBI M BCE CJIaraeMble,
BXO/IsiIe B perenne onucbiBaonux CAY ypaBHeHwmii.

O 1HOBpeMeHHOEe BBINIOJTHEHE HECKOJIBKUX TPeOOBaHMiA, HEPEIKO IPOTH-
BOPEUAIUX OJ[HO JIPYTOMY, 3aTPYAHUTEIBHO [1], ocobenHo ecm nmpuMenser-
Csl PEryJIATOD TOHUYKEHHOTO TOPSIIKA, HE MO3BOJIAIONINN JOOMBATHCS TTPOU3-
BOJIBHO 3aJIAaHHOTO PACIIOJIOXKEHUs TOJIFOCOB. B TakoM ciiydae TMPUXOIATCS
HCIIOJIB30BaTh ONTUMHU3AIMOHHBIN TTO/IX0/T, KOT/Ia BO3MOXKHO JIyUIlee KOpHe-
BOE PACIIOJIOXKEHNE JIOCTUTAeTCa 3a CYET BBIOOpA CTPYKTYPBI PEryIdTopa 1
3HAYEHHI ero mapaMeTpoB, UTO IPeIIoaraeT MUHIMU3AIINI0 HEKOTOPOIl 11e-
JIEBOU (DYHKITUN.

Passureiit A.A. Boesomoii, A.H. KopioKnHBIM 1 aBTOPOM METOJI, KPUTH-
YecKUX KOPHEBbIX jmarpamum |3, 4, 9-11| onupaercst Ha nousitust R-rpajiyu-
poBku (cM. jasiee 11.1), KOOpJAMHATH3AINN KOPHEl, KOHCTPYKIINH KOPHEBOTO
CUMILJIEKCA U €TI0 CErMEHTAPHO-TPAHUYIHOIO OIMCAHUS B BHUJIE CUMILIEKTHAYIE-
ckoro rpada [4, 12-15]. Camu nuarpaMMbl OTPazKalT KPUTHIECKHE 0 BbI-
OpanHOit R-TpajlyMpoBKe PACIOJIOKEHNS ‘CaMbIX MpaBbix  MO0coB CAY,
HamMeHee YJIO0OHBIX ¢ TOYKM 3PEHHS MPeIbABISEMbIX MHKEHEPHBIX Tpebo-
BaHUil. DTO MO3BOJMIO yKa3aTh ONTUMAJbHBIE II0 CTEIleHH YCTONIMBOCTH

L @urypasbHo BhIpaskasch, KaKas Pa3HHIA, KOT/IA YCIOKOATCS BOJIHBI, ECJIH JIOIKA, yIKe
OIIPOKUHYJIACH T
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(T.e. YCJIOBHOI CKODOCTH TallleHhs BO3MYIIEHWsI — OJIHOW W3 PACIpOCTpa-
HEHHBIX XapaKTepUCTUK YCTOWYMBOCTU CHCTEMbI) HACTPONKHU DEryssiTopoB
HOHUKEHHOTO TOPSJIKA B HECKOJIbKUX XapaKTepHbIX mpumepax |4, 16-18|.
Kak sicno n3 ckazaHHOIO, TaKas ONTUMU3AINA OTHOCUTCA TOJIBKO KO BTOPOIA
daze mporecca Bo3myIeHnst — crabumimsarun. Ogaako ontuMaJbHOCTh CAY
110 OBICTPOJIEHCTBUIO TIPU TECTUPOBAHUM TMPAMOYTOJTLHBIMU UMITY/IHLCAME HE
obecrieunBaeT MOBEJIEHUA CUCTEMbI BO BpeMs JIEHCTBUA UMITYJIbCA, KOTOPOE
MOXKHO ObL10 OBl TpU3HATL onTuMasbubiM |1, 5, 16]. Takum obpasom, Ha
UTOTOBBIN BBIOOP CTPYKTYPhI U HACTPOEK PEryJITOpPa MOI'YT CYIIECTBEHHO
[OBJIUSTH U “HerpaBbie” MOJIIoCa.

B pabotre npegnpunnMaeTcs MONbITKA 00Jiee IMOJTHOTO OIMUCAHUS B3anuM-
HBIX DACIIOJIOKEHHI BceX (& He TOJBKO CaMbIX MPaBBIX) KOPHEil JeicTBI-
TeJIbHBIX MHOT'OYJIEHOB IIPU 3aJaHHO#l [X-rpajiynpoBKe.

2 R-rpaayupoBaHHBIE PACHOJIOXKEHISI KOPHeEit
MHOT'O4JIEHOB

IIycTb Ha KOMILIEKCHOM ILJIOCKOCTH 3aJaH IIPEANOPSIOK <., IO3BOJISIO-
it pazangarh nosroca CAY, pacmososkeHHbIe 'JieBee’ mim ‘mpasee’, 9To Co-
OTBETCTBOBAJIO ObI MHKEHEPHBIM ITPEJICTABIEHIAM O O0JIee NN MeHee YCTOl-
YUBBIX MOJIaX. 3aMEeTUM, UYTO pacCMaTpUBaeMble 3/1eCh U HUYKE ITOHATHS BBe-
JIEHBI [IPU PA3BUTHH METOOB CHHTE38, YCTOWYNBBLIX B TOM HMJIM MHOM CMBICJIE
CAY,; uepe3 P Huzke 0003HAYMEHBI TAPAMETPHI YIIPABJICHUS, T.€. U3MEHsIeMbIe
HACTPOMKM PEryJIsATOpa CUCTEMBI, BXOJIAIIME B KOI(DPUIMEHTHI €€ XapaKTe-
PHCTHYECKOrO MHOrO4YIeHa f(S) U, TaKuM 00pa30M, 3a/IAI0IIHe PACIOIOKe-
HHIE €€ IIOJIIOCOB Z1, ..., 2.

OOBIYHBIM CIIOCOOOM MOYKHO BBECTH (:-PABEHCTBO M CTPOTOE (--HEPABEH-
crBo. Tounbie hopmympoBKr MOXKHO HaiiTu B |3, 14, 15]; 31ech gocraTouno
TPeX IPUMEPOB TAKUX IIPENOPSAIKOB, OTPAKAIONINX OOJIBITMHCTBO PACCMaT-
puBaeMmbiX B cunrese CAY curyarmii:

1) cpaBHeHUe TI0 CTEleHN YCTORUUBOCTH 27 <, 22 < Rez; < Rezy; oHO
HCIIOJIB3YETCsI, €CJIM OT CHCTEMBI TPeOYEeTCs BO3SMOXKHO OBICTPOE TallleHue OT-
KJIOHEHUH (OBICTPOJICHCTBIE); JIJIs €ro JOCTUKEHUs] MUHUMU3UPYETCS 2yp-
suyesa gpynkyus H(P) = max(Rezy, ..., Rezy);

2) cpaBHeHHE KOJICOATEJILHOCTH MPU yUeTe YCTONUUBOCTH 2 <, 22 <
Rezy + Im|z1| < Rezo + Im|zs|; uctiosib3yercs, Korjia Hy?KHO MUHUMEA3H-
pOBaTh KOJIeOATEJIbHYIO XapaKTePUCTUKY, HEe JOIyCKasl IIPU 3TOM BBLIXOIA
CUCTEMBbI Ha I'PAHMILY YCTONYMBOCTH; JIJIA HAXOXKICHHUS ONTUMAJILHBLIX 3HAa-
YeHUi mapaMerpoB P MUHUMU3UDYETCS KOHUYECKAA PYHKUUA
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K(P) = maxg_1, n(Rez + |Imzgl);

3) cpaBHEHHe YCTOHYUBOCTH C yUIETOM KOJIEOATETHHOCTH

21 <4 22 & Rezy + L? + Im?zy < Rezy + /L2 + Im?2o;

OHO WCIIOJIL3YETCH, €CJIU HEOOXOANMO JOOUTHCA MAKCUMAILHOIO OLICTPO-
JIefiCTBYSA, OrpaHUYINBast TaKKe KoJiebaTeIbHYI0 COCTAB/IAIONIYIO; 3/1eCh MU-
HUMUBUPYETCS 2UNEpOosuMeckas Gyrkuui:

G(P) = maxy—1__n(Rezx + VL?+ Im?z, — L);

OueBUIHO, pacloIOKeHe KOpPHel MpH MMePBOM BBIOOPE OrpaHUINBAET-
sl JIEBOM MOJIYIIOCKOCThIO BUjia Re(z) < a Jyisi COOTBETCTBYIOIIErO 3Ha-
denus «. [Ipu BTOpOM — pPA3sOMKHYTBIM BJIEBO KOHYCOM (CEKTODOM) BHJIA
Rez + Im|z| < a. B tperbem ciiyuae — BHYTPEHHOCTBIO JIEBOiI BETBU PaB-
HOOOUHOM rutnepbosibl Rez ++/ L2 + Im?z — L < «, 9T0 J10CTaTOYHO OJIU3KO
K TpalelueBuIHON 06JacTu — KOHYCY, YCeYeHHOMY Ha paccrogHuu L or
BEPIIMHBI — HEPEJIKO IpuMensieMoMy B cuHTe3e CAY orpaHuveHuio Ha pac-
noJioykeHne KopHeil. Taxkum oOpazoM, KayKIOMy KOPHIO 2 COIOCTABJISAETCS
ero rpaJlyupoBovHOe 3HaueHue oy = F(zy) , Hanpumep, o = Re(zy) nm
ar = Re(zx) + [Im(zy)|. Haxoxienune 3HadeHuit mapaMeTpoB, ONTHMU3UPY-
IOINUX yCTOWYUBOCTH CHCTEMBI, CBOJUTCA K MUHUMHU3AIMU B IPOCTPAHCTBE
napamerpoB P R-rpanynposku F(P) = max(F(z1),..., F(z,)), 3anamomeit
‘mpaByio’ I'paHUIly BCEro KOPHEBOIO Habopa M olpejielisieMoii hopmyiamu
tuta H(P), K(P) u G(P).

[TockosbKy R-rpajiyupoBKa PacIoIOKeHHsl MOJIIOCOB OIPEIEIsieTcsl ca-
MBIMHJ [IPABBIME, HAUMEHEEe YCTONIMBBIMU U3 HUX, OHU OKA3bIBAIOTCA Ha I'Pa-
HUIIE COOTBETCTBYIOIEH IpaaynpoBounoi obmactu. iasa meroma Kpurmde-
CKMX KOPHEBBIX JUArPAMM CYIIECTBEHHO, YTOOBI IIPEINOPAI0K OCHOBBIBAJICH
Ha aIredpanvecKuX CBA3AX MEXKAY JeHCTBUTENLHON U MHUMON YacTaMu —
TaK ke, Kak B mpumepax u3 |3, 4, 15|. I'panuiyy rpaaynpoBodnoii obJia-
CTH Ha KOMILIEKCHOM IJIOCKOCTH, TJIe PACHOJIAraloTcs CaMble HpaBble MOJII0-
ca, OyJeM Ha3bIBATb Npacotl eepmukaivio. [1as rypBuneBoit pyHKIUU 3TO
JIedCTBUTEIbHO Oy/IyT BepTHKAJbHBIE TpsMble Re(z) = « Ha KOMILIEKCHOIT
IJIOCKOCTH, JIJI KOHMYECKON — Taphl jiyueii 2, + Im|z1| = «, st runep6o-
JINYECKON — JieBble BeTBU runepbos Rez; + /L2 + Im?z = a.

Ho kazkaplil 1OJII0C NI KOMILIEKCHO-COIPSAXKEHHAS T1apa, PacioIozKeH-
HBIE JIeBee, TaKyKe 3a/1al0T HEKOTOPYIO IPalyUPOBOYHYIO BePTHKAJbL, Ha KO-
TOPOIl pacroararoTcs a-paBHbIe UM KOPHHU.

Onrumusanus crenenn ycroiiansocru B |3, 4, 10, 11, 16] cBoauiack K cme-
IIEHNIO BJIEBO IIPaBoil Beprukaau. B macrosiueil pabore paccMaTpUBaiOTCs
BCEBO3MOKHBIE PACIIOJIOKEHUsT XapaKTePUCTUIECKUX KOPHEM, pacipe/1eieH-
HBIX Ha HECKOJBLKO (-BEPTUKAJICH, YMCI0 KOTOPLIX HE HPEBBINIACT CTEIEHN
XapaKTePUCTUICCKOr0 MHOTIOICHA.
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3 IlocranoBka 3aga4dnm

Harmeit mesbio GyeT onmcaHue BCEBO3MOMKHBIX BAPUAHTOB B3aMMHOTO
PACIIOJIOXKEHNsT BCeX KOPHEH MHOrOYJIeHA B COOTBETCTBUU C MPEIIIOPSIKOM
<, — T.e. R-rpajiyupoBKaMu KOpHeI.

Bo-11epBbIX, KOpHEBBIE PACIIOJIOKEHUS cieayeT (hOpMaIu30BaTh MATPUY-
HBIMK KOJaMu. [JIaBHBIM IOKA3aTeJIeM CHUCTEMbI B 3TOM CJIydae SBJISETCS
CTerneHb XapaKTePUCTHIECKOI0 MHOIOYJIeHa, T.e. obIee Iucjio KopHeid. Bo-
BTOPBIX, MaTPUYHbIE KOJIbl HYXKHO HEPEeYUCIUTH WHIYKIMOHHOM MpOIe1y-
poii.

Ecau B [15] KpuTnaeckie KOpHEBbIE THarpaMMbl TEPEUUCIISIINCH UCXOIS
U3 quciia CBOOOHBIX (HACTPAMBAEMBIX) IAPDAMETPOB PErYJISITOPa, TO IEJIbIO
HACTOSIIEH PabOThHI SIBJISETCS MMEPEYNC/IEHIe B3aUMHBIX PACIOJIOKEHH BCeX
KOPHEIi, a He TOJILKO caMbIX IpaBbIX. [lepegarodnas Apobb peryasaropa BHO-
CUT BKJIaJ, B UX YUCJIO B COOTBETCTBHU C (POPMYJION XapaKTePUCTHICCKOrO
MHOI'OYJICHA.

Takum obpasom, 3jech Oyaer JaHo GoJiee MOJHOE ONMCAHNEe KOPHEBBIX
pacrosiozkeHuii, 1em jocruranock B [14, 15|, 3a caer Toro, 4ro

— KOODAMHATH3AINN U KOJANPOBAHUS IIOJIIOCOB B KOPHEBBIX CHUMILICKCAX
[IPOU3BOJIMINCH TaM 0e3 yueTa KPATHBIX KOMILIEKCHBIX I1ap;

— KPUTHYECKUE KOPHEBBLIE JMarpaMMbl HE yUYUTBIBAIOT IIOJIIOCOB, Pac-
IOJIOXKEHHBIX JIeBee MpaBoii BepTukayu. lIpeaiaraeMoe KOJOBOE OIMCAHUE
3aJ1a€T aHAJIOIM KOPHEBbIX cerMeHToB [14], pasimyarormuxcest (1, TeM cambIM,
KOJIPYEMbIM ) KOPTesKaMU KPATHOCTEl 1 cenapabeslbHbIMEI COCTABIISIONMEI
XapaKTepUCTHIECKON0 MHOTOU/IEHA, KOTOPbIE MOI'YT U3MEHSIThCs IIPU CMEHe
KOPHEBOT'O CerMeHTa, HO HE B €ro Ipejeaax. 3aMeTUM, YTO HET Hy Kbl Y-
THIBATH COOTHONIEHNE MHUMBIX YacTell KOpHell Ha Pa3HbIX (-BEPTUKAJIIX
(TOJIBKO Ha KaxKJOf B OTJEJBHOCTH), T.K. C TOYKU 3peHus auddepeHiu-
AJbHBIX W ONTUMU3AIMOHHBIX CBOWCTB UX COBIAJEHUE MPH PA3JINIHBIX Jeii-
CTBUTEJIbHBIX YACTAX CYNIECTBEHHOIO 3HAYEHUST HE UMEET.

4 R-rpaJilynpoBOYHOE KOJANPOBAHUE KOPHE
MHOT'OYJIEHOB

Crenys pasbmeHnio KOpHEBOIO MHOKECTBa Ha I'PYIIIBI (--PaBHBIX KOPHEI,
BBEJIEM KOJIMPOBKY KOPHEBBIX PaCHOJIOKEHNI.

Komom kaxk joro u3 vux Oyer marpuria dopmata we 6osee ([n/2]+1)xn,
rJie N — FHCIIO TOJII0COB (CTEIeHb XapaKTepucTHIecKoro muoroaiena CAY).
CrosbIbl COOTBETCTBYIOT KOPHEBBIM BEPTHKAJISAM CJIeBa HAIPaBO, TaK ITO
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ecn zp <, 2, TO CTOJOEI, KOAUPYIOIIHIA MOJIIOCA, (-DABHBIE Z), OKA3bIBa-
eTcs JieBee CTOJIONA, KOJIUPYIONIEro TOJIOC 2 U €r0 (-BePTUKAJIHHBIX COCe-
neit. Bepxuuit ssieMeHT €T0JIONA PaBEeH KPATHOCTHU JIEfICTBUTE/ILHOIO KOPHS,
PACIIOJIOZKEHHOTO Ha COOTBETCTBYIOINIEH (-BEPTUKAJIN, HUXKE B 9TOM CTOJIOIE
HaXOJATCA KPaTHOCTU (-PaBHBIX €My KOMIIJIEKCHBIX IIap B IIOPAJIKE BO3pac-
TaHUs MOTY/IsT MHUMOH dacTu. O4eBuIHO, CTOJIOIOB He DoJee N, U B KaXKI0M
u3 cTosIonoB He Gosee [n/2] 4+ 1 s1eMeHTOB. YCJIOBHMCS UCKIIIOYATh CTOJIO-
Il ¥ CTPOKH, HE COJIEPKAIINE HEHYJIEBBIX 3JIEMEHTOB, HO 3aIOJTHATE HYJISIME
CTOJIOIBI JI0 MAKCUMAJIBLHON B KOJIOBOW MAaTPHIIE BBICOTBI, €CJIM YUCJIO Pa3-
JIMIHBIX KOMIIJICKCHBIX IT1ap, KOAUPYEMbBIX B 9THUX CTO.H6L[aX, MEHBIIIC MaKCH-
MAJIbHOT'O.

Hanpumep, [j1s TYpBHIEBOil IDajlyHpOBKH pacrojoxkenue 24 kopmeif]
=1y =1 i —1 4 26 —1 = 20 i iy s 1114 20142051+ 3032 4+ 2

pacipejiesisieTcsi Ha YeThbIPe (-BEPTUKAJM M OIICHIBACTCS KOJIOBOW MaT-
purein

N — DN
o W o

2
2
1

O = O

D10 Ke KOPHEBOE MYJILTHUMHOKECTBO B COOTBETCTBUU ¢ KOHMYIECKO( I'pa-
JIyUPOBKOI OyJIeT PacIpeessiThCs Ha IATh (-BePTUKAJE U MATh OJMHO-
JKECTB (-DABHBIX 3JIEMEHTOB (IIOJIMHOXKECTBA II€PEUYKCIISIeM B IOPSIJIKE BO3-
pacTaHus PaJyHPOBKH, & 3JIEMEHTbl — 110 BO3PACTAHUIO MOJIY/Isl MHUMOI
qacti): {—1;—1} U {—1 £} U{1;1; %0 £ 44, —1 £+ 265 —1 £ 20} U{1 =
2014 2i} U{2+ 251+ 3i);

OHO KOJUPYeTCsl MaTpuIieii

S O N
o = O
DN W N
S NN O
)

OcobeHHOCTBIO TAKOTO KOJAMPOBAHUS sIBJISETCS yIeT BCeX KOpHei, Jeii-
CTBUTE/IbHBIX W KOMILJIEKCHO-COIIPSI?KEHHBIX, BMECTE ¢ UX KPATHOCTAMU. DTO
obecrieunBaeT CJaeAyIONLYI0 CYIIEeCTBEHHYIO /I OIITUMI3AIINA BO3MOYKHOCTb.
PaccmorpuM MHOrOOOpasme B MPOCTPAHCTBE IMapaMETPOB PEryJIATOpPa, 3a-
JaBaeMoOe KOpTexXKeM < 711,...,T Ty >, (F;Le T+ ...+ Ty, = n) KpPaTHOCTEH
KOpHEll 21 <q ... <q Zy XapaKTePHUCTUIECKOTO MHOTrOUIeHa fp(S) mpu pas-
JIMYHBIX BeKTOpax napamerpoB P € M. [lockosibky Ha MHOrOOOpaszun M 3tu

21\/1y.]'[I)TI/IMHO}KeCTBO rnepeduc/ideTcd ¢ HIOBTOPEHUAMN B COOTBETCTBUU C KPATHOCTAMU.
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KPATHOCTHU HE MEHSIOTCA U JPYTUX KPATHLIX KOPHEH He BO3HUKACT, PA3/INt-
Hble KOPHU UCXOJIHOIO MHOTOUJIeHa fp($) COBIAJIAIOT ¢ KOPHSIIMU €ro cernapa-
GesbHOM cocrasistonieit p(s) = f(s)/m.0.4.(f(s), f'(s)). Cnenosarensro, Ha
MuozkecTBe M K03 PUIMEHTH MHOTOUIEHA OKA3BIBAIOTCs aJredpaniecKu-
MU BBIPAZKEHUSAME OT KOI(DPUITMEHTOB MHOTOWIeHA U (P epeHITnpyeMbIME
GYHKIUSIMI TapaMeTpoB PeryIdaTopa. 3a CIeT 9TOro Ha MHOTOOOPAa3UsIX 0~
CTOSTHHBIX KPATHOCTeNl caMbIX IPaBbIX KOpHeWl R-rpajymnpoBka mauddepen-
nupyemMa Kak (YHKIHA [TapaMeTpoB PeryssTopa, M, TaKuM 0o0pa3oM, Npu
[10/1JIEPYKAHUN HEU3MEHHOTO KOPHEBOI'O KOJIa BO3MOXKHA OIITUMUBAIIMS TIeJIe-
BOI R-rpaJlynpoBKN 0ObIMHBIME cpecTBaMu [9].

5 Ilepeunciienne KopHeBOIi BepTUKAJIN

IIpumem ciegyronme 0003HAYCHUS:

RI(k) — MHOXKeCTBO CTOJIOIOBBIX KOJIOB JiIs k KOpHeil Ha mpaBoil Bep-
TUKAJIH;

RI(k); — MHOXKeCTBO CTOJIOIOBBIX KOJIOB JIJIst k KOpHell Ha IIpaBoil Bep-
TUKAJIU, BKIIOYAIONNX B ce0s | KOMILIEKCHBIX I1ap;

Ri — obree obo3HaYeHHEe KOIOBOI'O CTOJIONA, BXOISIIETO B MHOXKECTBO
RI(k);

ri(k) — MormHOCTD (Y0 371eMEHTOB) KooBoro Muoxkectsa RI(k);

ri(k); — aucsio cToBIOBBIX KOJIOB Jjisi k KOPHEii Ha IpaBoii BepTHKAJIN,
BKJIIOYAIOMUX B ce6s1 | KOMILJIEKCHBIX TIap.

MHorosieH creneHn n UMeeT Ha IPaBoil BepTukasu ue 6osee [n/2] Kom-
IJIEKCHBIX nap. [lepeuncinTh Bee Takue pacioioKeHnst MOXKHO JIBOMHOM nH-
JIYKITHEH: 110 00IIeMy 9HC/Iy 1M CaMbIX IIPaBbIX KOpHEit (T.e. KOpHEN Ha Ipa-
BOI BEPTUKAJIN), U JIJIA KAXKJI0ro m = 1,...,n — UHIYKIUEH 10 KPATHOCTH
r=0,...,[m/2] enewnets xomnaexcrot napor (T.e. HAPHI ¢ HAKMOOJIBITIET TIO
MOJLYJIFO MHUMOIi 9acThio). Besjie Huzke KOpHU CIMTAIOTCS C UX KPATHOCTHIO.

Basuc uHIyKIuu ycraHaBIMBAETCsl HENOCPEJICTBEHHO. Byjem cuurarh,
q1o npu m = 0 KOJOBOE MHOXKECTBO yKa3bIBAET Ha IyCTOE MHOXKECTBO KOP-
ueit: RI(0) = {(0)}; xaxk Oymer BUAHO jajee, IPH STOM YI0OHO IPEIIOTIO-
xKuth, 9to 1i(0) = 1.

Ecmu m = 1, To BO3MOKHOCTU PACIIOJIOKEHUS CBOIAATCHA K IPOCTOMY
JIeCTBATEILHOMY KOPHIO IIPU OTCYTCTBUHM KOMILIEKCHBIX map. MHoxKecTBO
cTOJIONIOBBIX KO10B ofnosteMentro: RI(1) = {(1)}, tak aro ri(l) = 1.

Ecin m = 2, To oba KopHd Jn0O JAeficTBUTE/IbHBI, JINOO KOMILIEKCHO-

coupsizkennbl. B nrore RI(2) = {(2); (1) }ori(2) =2.
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[Ipeanomnoxum, aro jaiad jyid k = 1,...,m — 1 Bce BOBMOXKHBIC BEPTHU-
KaJIbHbIE PACTIOJIOXKEHUsI k KOPHE Mepevrnc/IeHbl, T.e. KOJOBble MHOKECTBA
RI(k) n ux momnoctu 7i(k) HalleHBI.

[Tepeuncnm KOJbI BEPTHKAJIBHBIX pacrosioxkenuit RI(m) mis aucia m,
2 < m < n. Ecim Ha npaBoii BepTUKAIN HET KOMILJIEKCHBIX map, To 7 = 0
u o MHOKeCTBO RI(m)y mpaBbiX KOpHEl BKJIIOYAET B ceOsl € IMHCTBEHHBII
JeficTBUTEIbHEL Kopenb Kparnoctu m: RI(m)y = {(m)}, ri(m)y = 1.

Ecnu cpeju KopHeill Ha IpaBoil BEPTUKAJN MMEIOTCST KOMILJIEKCHBIE, TO
Cpe/lu HUX eCTh M BHENIHsig Iapa. FKcau oHa mpocras, T.e. r = 1, To Ha
IPaBOii BEPTUKAJIM PACIIOJIATAETCs €IIe 1M — 2 KOPHs, JJId KOTOPBIX KOJI0BOE
MHOKeCTBO RI(m—2) 1o nHIyKIIMOHHOMY TIPEJIIIOJIOKeHNI0 n3BecTHO. Torma

Ri
noaMHOKecTBO RI(m); cocTtout u3 croJbiioB BHIA | | A BeeBosMOK-
ubeix Ri € RI(m — 2), tak qaro ri(m), = ri(m — 2). Haupuwmep, jyiss m = 3

nomywaeress RI(3); — {(ﬁ”) \Ri € RI(1)} = {G)}, ri(3)y = ri(1) = 1;

st m = 4 nomyuaercss RI(4); — {(fi) \Ri € RI(2)} = {G) : ? .

Ecim m > 4, nosiBiisiercsi BO3MOXKHOCTB JIBYXKPATHON Hapsbl (1 = 2), Tak

aro RI(m), {(§i> \Ri € RI(m — 4)}. B uactuocru, RI(4), — {(g) .

U Tak nmastee.
B ob1miem ciryuae MakcuMaJibHast KDATHOCTh KOMILJIEKCHBIX nap 1 = [m/2],
9TO IIPU YETHOM YUCJIE 1M JIAeT OJJHODJIEMEHTHOE KOJI0BOE [IOJIMHOXKECTBO, T.K.
RI(0) 0
RI(m),, 0 = = IIPA HEUETHOM 1M — TaK2Ke OIHO3JIe-
e = (N = (g ) 10

MEHTHOE€ KOJ0BO€ ITOAMHOXKECTBO Rl(m)[m/ﬂ = { [ml/Q] }

[TopITOXKUM pe3yIbTaThl PACCMOTPEHNS.
IIpengyioxxkenne 1. BceBo3MOXKHbBIE PACIIOIOXKEHUS 1M, TIOJTIOCOB Ha OJTHOI
BEPTUKAJHM KOJUPYIOTCS 00beIMHEHUEM

Ri\ | ..
RIm)= |J RIm),= | {( . ) |Ri € RI(m —2r)}.
r=0,...,[m/2] r=0,...,[m/2]

ITpennoxxkenune 2. Yncio BepTUKAIBHBIX PACIIOJIOXKEHUI 1M, TTOJFOCOB 38,18~
ercs popMyIIoit

ri(m) = ri(m)o +ri(m); + ... +7i(m) s = 1+ ri(m — 2) + ri(m — 4)+
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[m/2]
+ri(res(m/2))mm =1+ Y ri(m — 2k)

3ameTrnM, 4To 3anuch oobeaunennd B [Ipemtoxennn 1 npu r = 0 npex-
RI(m)

0
KOPHEBBIX pacroyioxkennii, a B [Iperoxennn 2 npu 3anucu dbynknun 7i(m)
B BIJIe CYMMBI I I€THOTO M UCHOsIb3yeTcs corvtamenne 14(0) = 1.

nostaraer paBeHcTBo RI(m) = ( ) , BIIOJIHE €CTECTBEHHOE JIJIs KOJIOB

IIpumepst. 1) Kak ykazano Boitie, mpu m = 1 MmaoxkectBo Koj10B RI (1) =
RI(1)p = (1) ommosnementmo: (1) = ri(1)y = 1. D10 cooTBeTCTBYET OOIIUM
dopmynam:

RI(1) = U,—,..j1jg BI(1)r = RI(1)o = {(1)}

0
oy ,_ori(l —2k)=ri(l) =1.
2) TIpu m = 2,3 obimue HopMyJIbl KOJOBOIO MHOYKECTBA, 1 €r0 MOIIHOCTH
TaKKe COBIAJIAIOT C HENOCPEICTBEHHO HANJIEHHBIMU BbIIIE 3HAUCHUSAMMU:

RIR) = Uy, o RIQ), = RIaURIE -2, = (25 (] )
ri(2) = 1+ZE/§]M( —2k) =141ri(0) = 2.
RIG) =Upo,_ i RIG). = RGN U RID: = (6), ()

ri(3) =1+ 2 ritm —2k) = 1+ ri(1) =141 =2.
3) RI(4) =U,—o. sy <RI(4T_ QT)) ={(4)}u (R]1(2)) u (RIZ(O))} =

< ()< (1): (O

ri(4) =1+ 2 ri(4 —2l<:)_1+m'(2)+m'(0):1+2+1:4.
0 816) = Uy (107) =600 (M) u (M) -

|
—
—
(@)
N—
7\
—
~
— = =
N = =
—

1=4.

(R[(Q)) g

ri(5) =1+ P2 ri(5 — 2k) = 1+ ri(3) + ri(1) =
5) 11(0) = U (71727) = 0 (
)

o (M5 = 1o (3) ? ; (}) )
1

i
i
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ri(6) = 1+ 2 pi(6 — 2k) = 1+7i(4) +7i(2) +7i(0) = 1 +4+2+1 = 8.
Ha ocroBanum 5Tux npumMepoB (paBHO Kak 1 13 HEIOCPEICTBEHHOI'O YCMOT-
peH¥si) MOXKHO chOPMYJIUPOBATH JBA YTBEPIK ICHUSI:
IIpensioxkenune 3. KojoBble MHOXKECTBa (-BEPTUKAIBHBIX KODHEBBIX
pacnosioxkennit RI(2k) u RI(2k 4 1) cBA3aHBI COOTHOIICHUEM
To o + 1
1 1
€ RI(2k) & , € RI(2k + 1)
Tl T
JIJIST BCeX IOJIOXKUTENIbHBIX HATYpPaIbHBIX 7o + 271 + - - - + 21 = 2k.
IIpennoxkenne 4. Kogosble MHOXKeECTBa BEPTUKAILHBIX KOPHEBBIX Pac-
nostoxkernit RI(m) u RI(m + 2) cBs3aHbl COOTHONTEHUSIME

(ro) € RI(m) < (1o + 2), (20) € RI(m + 2);
To To T:O

€ RI(m) & : | | € RIm+2)
T r+1 "

1

JIJ1S1 BCeX TOJIOYKATEIbHBIX HATYPAJIbHBIX 79+ 271 + - - -+ 21 = m, npudem
IIPY Pa3JIUYHBIX CTOJIONAX B JIEBBIX YACTAX CTOJIOIBI B IPABBIX YaCTAX HE
MMEIOT OOINNX 3JEeMEHTOB.

ZJloxaszamenvcmeo. CaMu BbIIEIIPUBEIEHHBIE COOTHOIIEHUsT OYE€BU/I-
HbI. /1151 000CHOBaHMS OTCYTCTBUA OOIIUX 3JIEMEHTOB B IIPABBIX YacTIX 000~
X COOTHONICHUHN JOCTATOYHO 3aMETUTh, YTO CTOJIOIDI, CTOAIINAE B UX JICBOit
gacTu (B TOM YHCIIe OJJHOSJIEMEHTHbIE), OJJHO3HATHO BOCCTAHABIMBAIOTCS TI0
JIIOOOMY W3 JIBYX CTOJIOIOB B IpaBoil. JlelicTBUTEIbHO, eciu HUKHUNA dJ1e-
MEHT KOJIOBOI'O CTOJIOIA B IIPABOil YacTh paBeH eJUHUIIE, T.e. CTOJOEI] UMeeT

™
BUJI : , TO B JIEBOIl 9acTH €My COOTBETCTBYET CTOJIOEIL : |, ecim xe
1 ¢
™
HIZKHUNA 3JIEMEHT 77 KOIOBOI'O CTOJIOLA : B IIPaBOii YacTu OOJIbIINE €11~
T

T1
HUIIBI, TO B JIEBOIl YaCTH €My COOTBETCTBYET CTOJIOEIT

7’1—1
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Caedcmeue. MomHocTn BepTHKAIBHBIX KOPHEBBIX PACIIOJIOKEHI CBSI-
3aHbl cooTHOMmeHuamn ri(2k) = ri(2k + 1); 2ri(m) = ri(m + 2).

6 Ilepeuuncienune NoOJIHOIO CIMCKA KOPHEBbBIX
PAaCIOJIOXKEHU N

[Tpumem cieyionie 0603HAIEHUSI:

FU(n) — MHOKECTBO MATPUUIHBIX KOJIOB JIJIs IPAJLy UPOBAHHBIX PACIIOJIO-
JKEeHUIl n KOpHe;

Fu — obiiee obo3HaveHne KOAO0BOI MaTPHUIIbI, BXOJSIIEH B MHOXKECTBO
FU(n);

fu(n) — aucno snementoB Bo MuOkecTBe F'U(n), T.e. MOITHOCTH MHOYKe-
CTBa I'PalyUPOBAHHBIX PACIIOJIOKEHHN 1 KOPHEi.

Onumem MuO)KecTBa FU(n) 1yist HATYpaJIbHBIX 1 TIOJHON MHILKIHEH 10
CTEIeHN n.

Hng n = 1 MHOXKecTBa KOpHeli M, CJIeJ0BaTeIbHO, KOPHEBBIX PACIIOJIO-
kenmit oguossementrbl: FU(1) = RI(1) = {(1)}, fu(l) = 1.

[Tycrnb Bee komoBbie MHOKecTBa FU (k) nyist k < m nepednc/iensl, u 3Ha-
gennst fu(k) msBectabl. CocraBum MHO)KecTBO FU(n).

Ha npaBoii BepTUKa/ M BO3MOYKHO PACIOIOKEHUE JIF0OOTO YHC/Ia KOPHEil
m oT 1 710 n; MHOXKeCTBA UX KOJIOBBIX cTosooB RI(m) omucans! B 1.5. Ecim
m = n, To nogmuozxkecrso RI(n) Bxogur B FU(n) 6e3 uamenenuii.

Ecim m < n, TO Ha IpaByio BepTUKAJDb IIONAJAIOT HEe BCEe KOPHU, U
k = m — m u3 HUX PACIOJIOXKEHbI JIeBee B COOTBETCTBUU C OJHOW M3 KO-
noeix Marput, Fu € FU(k). IlpaBeie KOpHE pacrosiozKeHbl B COOTBETCTBUN
¢ onHOi u3 KoJoBBIX MaTpul] Ri € RI(m). CoBMecTHOE pACIoJIOKeHHe TeX
U JIpyTUX COOTBETCTBYeT MarpuaHomy kojy (Fu|Ri); obosnaduMm Bee Takue
marputibl FU,,(n). Hucno Takux marpury g Kaxkgaoro 1 < m < n paBHO
npoussesiernto fu(n—m)-ri(m). CiaeqoBarebHO, CIPABEJIUBO CIIEYIONIEe
yTBEpZK ICHUE.

IIpengyioxkenne 5. BceBo3MOXKHBIE Ipa/lynpOBAHHBIE PACIIOJIOKEHUS 1
HOJTIOCOB KOJMPYIOTCSA O0beJIMHEHNEM TI0IMHOKECTB

FUmn)= |J FUn(n)URI(n),

riae FU,,(n) = {(Fu|Ri)|Fu € FU(n —m),Ri € RI(m)}.
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Caedcmeue. MomHOCTH TPaIyHPOBAHHBIX PACIIOJIOXKEHUN 7 MOJIFOCOB
YJIOBJIETBOPSTIOT PEKYPPEHTHOMY COOTHOIIEHWIO

fu(n) =ri(n) + Z_: fu(n —m)ri(m)

IIpumepsr.
1) Jnsa n = 1, kak ykazamno seiue, FU(1) = RI(1) = {(1)}, fu(l) =

2) lna n = 2, kak ykazano B 1.3, RI(2) = {(2); (1)}

rorpa FU(2) = FU(2) U RI(2) = {(Fu|Ri)|Fu € FU(1),Ri € RI(1)}U
0

ot (7)) =t v ()

nagee, fu(2) =ri(2) + fu(l)ri(l) =2+ 1-1 = 3; Bce 3T0 BUJIHO HeIo-
CPEJICTBEHHO.

3) Hnsa n = 3 komosbie MmuHOXKecTBa RI(3) = {(3), 1 I

FU(3) = FU(3) U FUy(3) U RI(3) = {(FulRi)|Fu € FU(2),Ri €
RI(1)} U{(Fu|Ri)|Fu € FU(1),Ri € RI(2)} U RI(3) = {(Fu|Ri)|Fu €

s (§)0m0 = Wy U rdrilFe = .10 e (@) (Y)0

(
URI(3) = {(111); (21); <(1) é) ; (12); ((1) 2) ;(3), ( >}
Fu(3) = ri(3) + fu@)ri() + fu()ri2)=2+3-1+1-2=T1.

\_/

4) g n = 4 xonosble muoxkectsa RI(4) = {(4); ( ) (

FU(4) = FU,(4)UFUy(4)UFU3(4)URI(4) = {(Fu|Ri)|Fu € FU(3), Ri €
RI(M}U{(Fu|Ri)|Fu € FU(2),Ri € RI(2)}U{(Fu|Ri)|Fu € FU(1), Ri €

(3). 7
()
riori) = s s (] 3 g)saz (g ) g)ien() )
e (i 0): (o0 5):6 1) (3 9);
<a Do () (2): ()

fu(4) = ri(4)+ fu(3)ri(1)+ fu(2)ri(2)+ fu(l)ri(3) = 4+7-14+3-2+1-2 = 19.
5) CrucKu KOJIOB CTAHOBSITCSI TPOMO3/IKUME, HO TabJIUILy 3HAYEHUTT (DY HK-
i fu(n) Jyist pasIMaHBIX CTENeHell XapaKTePUCTHIECKOTO MHOTOUIeHA MOXK-

)
3
)

HO IIPOJIOJI?KUATD.
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Tabauua 1. YucaennocTu cToJIONOBLIX KOJIOB IIPABBbIX KOPHEH XapaKTe-
PUCTUYIECKOTO0 MHOTOYJIEHA M TOJHBIX MATPUIHBIX KOJIOB KOPHEBBIX PACIIO-
JIOZKEHU JIJI PA3JINYHBIX CTeleHel n

n 112134 |5 ] 6 7 8 9 10 11
riln) | 11224 | 4| 8 8 16 16 32 32
fu(n) | 13| 7|19 |47 | 123 | 311 | 803 | 2047 | 5259 | 13447

HauanpHblit oTpe3ok 3uadenuii GyHKIwmn fu(n) coBHagaeT ¢ HadaabHbIM
OTPE3KOM IIEJIOUUCIEHHOM mocemoBaTebaoctn A026581 ¢ mpousBosiIeit
byuxmmeit (1 + 2z)/(1 — x — 42?%) [19]. CoBnajenune mocsie 0BaTEHLHOCTH
{fu(n)|n € N} ¢ nocregoarensnoctsio A026581 octaBuM B KadecTBe 2u-
nomesol.

7 3akKJIIodeHue

Kax mbr Bugienu, B IIpemioxkenun 4 mpejcraBieHO PeKyppeHTHOe Iepe-
YUCJAECHNE KOJIOB PA3JIMYHBIX I'PAJIyHPOBAHHBIX PACHOJIOKEHNN KOpHER MHO-
FOYIEHOB, YIIOPs/IOYEHHBIX JIEKCUKOIpadriecKn 1o BblOpaHHoil R-rpajayn-
POBKe U Jiajiee 110 MOJIYJII0 MHUMO# YacTu, ¢ y9eTOM UX KPATHOCTEN.

st HaxoXK/IeHnus ONTUMAJIBHOIO PEryJidTopa JIMHEHHON CTAIMOHAPHO
CAY cyIecTBeHHO, 9TO HPU HEM3MEHHOM KOJIe TPaJIyHpPOBAHHOIO pAaCIo-
JOZKeHHsT KOpHeill KoadduimeHTsl cenapabeabHON cocTaBismomei p(s) =
f(s)/(mo.m.(f(s), f'(s)) xapakTepucTrdeckoro MHorowiena f(s) oka3blBa-
1orcd uddepernupyeMbiMu YHKIUAME TapaMeTpoB P peryisaropa. 9To
JIOIYCKAeT IVIAJIKYI0 MUHUMU3AIUIO T1ejieBoil R-rpayuposku (3, 9] Ha muO-
roobpasun ¢ (PUKCUPOBAHHBIM KOJIOM.

Kak u B [14, 15|, KaxK/10My KOJy KOPHEBOIO DPACIOJIOKEHUS COOTBET-
CTBYeT HEKOTOpas Pa3MEPHOCTb B IIPOCTPAHCTBE KOPHEH, TaK UTO MHOXKE-
CTBO BCEX PACIOJIOYKEHUN KOPHEH JJAHHOI0 XapaKTePUCTHIECKOI'O MHOTOYIe-
Ha MOYKHO pa30UTh Ha MOJMHOYKECTBA C OJIMHAKOBBIMH Pa3MEPHOCTIM KOP-
HEBBIX CerMeHTOB. MexK 1y cerMeHTamMu ¢ pa3MePHOCTIMU, OTJIMIAIOIIIMUCS
Ha eJMHUILY, YCTAHABJIUBAETCS CEIMEHTapHO-IPAHUYHOE COOTBETCTBUE, I103-
BOJIAIONIEE 110 aHajoruu ¢ [14] o6pa3oBaTh MOIHBIN CUMIIEKTUIECKHN Op-
rpad, BEpIIHHBI KOTOPOIO 33/IaI0TCA KoJaMu pacrosoxennit Fu € FU(n).
Ecmn nomycruTh runoresy 1.6, TO MOITHOCTH ITOJTHOTO CUMIITIEKTHIECKOTO Op-
rpada B 3aBHCEMOCTHU OT 1 OYIET pacTh HECKOJIBKO ObICTPee, YeM MOIIHOCTH
HernosiHoro: ~ 2,56155" Bmecro ~ 2,48119" [15]. Tlocrpoenue u BbisicHe-
HHEe CTPYKTYDPbI ITIOJIHBIX CUMIIIEKTUYIECKHUX OpraCbOB 1 KOAOBO-MaTpHUYIHaAd
XapaKTepu3anud CeFMeHTapHO—FpaHI/IqHOﬁ CME2KHOCTHU COCTAaBJIAIOT IIpeaMeT
JAJIbHEHIero n3yYeHus.
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Abstract. For a positive integer n, let mnc(n) denote the maximum
number of congruences among all n-element lattices; that is, mnc(n)
max{|Con(L)| : L is an n-element lattice}, where Con(L) stands for
the congruence lattice of L. We know from a 1997 paper of R. Freese
that mnc(n) = 2", The congruence density cd(L) of a finite lattice
L is defined to be the quotient |Con(L)|/mnc(]L|). That is, if an n-
element lattice L has exactly k congruences, then cd(L) = k/2"~1. The
maximum number of (compatible) quasiorders of an n-element lattice L
is 22772 and we define the quasiorder density qd(L) of L—analogously
to cd(L)—as qd(L) := |Quo(L)|/2*"~2, where Quo(L) is the quasiorder
lattice of L. We prove that if S is a sublattice of a finite lattice L and
at least one of the following three conditions holds: (i) L is modular;
(ii) S is a cover-preserving sublattice of L; or (iii) L is a dismantlable
extension of S, then cd(L) < c¢d(S) and qd(L) < qd(S).

1 Introduction

Every lattice occurring in this paper will be assumed to be finite, even
when this assumption is not mentioned again. The paper assumes no more

*This research was supported by the National Research, Development and Innovation

Fund of Hungary, under funding scheme K 138892.
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than a minimal familiarity with lattices or universal algebra. For a lattice
L = (L;V,A), Con(L) will denote the congruence lattice of L. Accordingly,
|Con(L)| stands for the number of congruence relations of L. By Freese [§],
the largest possible value of |Con(L)| for n-element lattices L is mnc(n) =
2"~ Tn other words, mnc(n) := max{|Con(L)| : L is an n-element lattice} is
equal to 277!, The second, third, fourth, etc. largest values were determined
by Czédli [2], [4], and Muregan and Kulin [I3]. Following Czédli [4], we
define the congruence density cd(L) of a finite lattice L as the quotient
cd(L) := |Con(L)|/mnc(|L|). Clearly, 0 < c¢d(L) < 1 and, by Freese [§],
cd(L) = 1 if and only if L is a chain. Therefore, in some vague sense,
the congruence density measures how close a lattice is to being a chain. If
a sublattice S of L is far from being a chain, then so is L itself. Some
evidence supporting this idea is implicit in Czédli [4]; namely, whenever S
is a sublattice of a finite lattice L, 8 < |S|, and 1/8 4 3/215I71 < ¢d(S), then
cd(L) < cd(S). This fact and our experience with Czédli [3] and [4] lead to
the problem: Does the inequality cd(L) < c¢d(S) hold for every finite lattice
L and every sublattice S of L? In Theorem [2.1], we provide a positive answer
in three particular cases.

A quasiorder on a lattice L is a compatible preorder, that is, a compat-
ible, reflexive, transitive relation on L. The quasiorder lattice Quo(L) =
(Quo(L); ) of L is the lattice of all quasiorders on L; note that Con(L)
is a sublattice of Quo(L). Analogously to the case of congruences, we
denote the mazimum number of quasiorders on an n-element lattice by

mng(n) := max{|Quo(L)| : L is an n-element lattice}, and we define the
quastorder density of a finite lattice L as
qd(L) = [Quo(L)|/mnq(|L}). (1.1)

2 Stating the results

We say that a sublattice S of a finite lattice L is a cover-preserving
sublattice of L if for every z,y € S, whenever y covers x in S (denoted by
x <g y), then y covers x in L as well (denoted by x <, y or simply z < y). A
proper sublattice of L is a sublattice that is distinct from L. For a sublattice
K of a finite lattice L, we say that L is a dismantlable extension of K if
there exists a sequence T|g|, T|k|+1, --., I|z| of sublattices of L such that
Tk = K, Tir = L, and for every i € {|K|+1,...,|L|}, T;—; is a proper
sublattice of T; and |T;| = i. Note that L is a dismantlable lattice in the
well-known classical sense of Baker, Fishburn, and Roberts [I] if and only
if L is a dismantlable extension of one of its one-element sublattices. The
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diagram on the left of Figure 1| exemplifies that a dismantlable lattice L need
not be a dismantlable extension of each of its sublattices K. Our main goal
is to prove the following theorem.

Theorem 2.1. Let S be a sublattice of a finite lattice L, and assume that
at least one of the following three conditions is satisfied:

1. S is a cover-preserving sublattice of L,
2. L is modular, or

3. L is a dismantlable extension of S.
Then cd(L) < cd(S).

For a lattice L, Czédli and Szabé [5] prove{l that Quo(L) is isomorphic to
the direct square Con(L)?. Consequently, mnq(n) = mnc(n)? = 22"~2, and
defining the quasiorder density of a finite lattice L simplifies to qd(L) :=
|Quo(L)|/22I71=2, Utilizing the isomorphism Quo(L) = Con(L)?, one can
immediately see that the results of Czédli [3], [4], and the present paper,
along with those proved in Muresan and Kulin [13], directly imply their
“quasiorder-counterparts”. For example, the following statement follows
trivially from Theorem [2.1] and the isomorphism Quo(L) = Con(L)?.

Corollary 2.2. If S is a sublattice of a finite lattice L and at least one of
the conditions (1)), ), or in. Theorem [2.1] holds, then qd(L) < qd(S).

We devote the rest of the paper to the proof of Theorem

3 Preparatory concepts, notations, and lem-
mas

For a relation p € X? and a subset Y of X, the restriction of p to Y
will be denoted by pl,. That is, p],, = pN Y2 However, we do not always
explicitly indicate when a relation is restricted. For example, we usually
write “<” or opt for an alternative notation rather than “<] y - A pair
(a,b) € L? is a covering pair (of elements of a lattice L) if the interval
la,0] = {z € L :a <z < b} is 2-element. Let Cp(L) denote the covering
pairs of L. To recall some other notation and terminology for elements
a,b € L, note that the following seven statements are equivalent: a < b, b
covers a, b is a cover of a, a is a lower cover of b, [a,b] is a prime interval,

1For some historical comments on [5], see Davey [6].
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(a,b) is an edge, and (a,b) € Cp(L). For (a,b) € L?, the least congruence
collapsing a and b will be denoted by con(a, b). The poset of join-irreducible
elements of L is denoted by Ji(L); an x € L is said to be join-irreducible if
it has exactly one lower cover. For x € Ji(L), the unique lower cover of x
will be denoted by z~ or, if L needs to be specified, by 2 ~. If an € L has
at least two lower covers, then x is join-reducible; the set of join-reducible
elements will be denoted by Jr(L). Since 0 = 0, has no lower cover at
all, L is the disjoint union of {0}, Ji(L), and Jr(L). The poset Mi(L) of
meet-irreducible elements, the set Mr(L) of meet-reducible elements, and the
unique cover z7 = zF of an x € Mi(L) are defined dually.

For pairs (a,b), (c,d) € L?, we say that (a,b) is prime-perspective up to
(¢,d), in notation (a,b) = (¢,d), if a=bAcand ¢ <d < bV c. Similarly,
(a,b) is prime-perspective down to (c,d), in notation if (a,b) == (¢, d),
if b =aVdand aANd < c < d. If (a,b),(c,;d) € L?, a < b, ¢ < d,
bAc=a, and bV c = d, thenEl (a,b) is up-perspective to (¢,d) and (c,d)
is down-perspective to (a,b); the respective notations are (a,b) ~ (¢, d) and
(c,d) = (a,b). If (a,b) ® (c,d), then (a,b) =5 (¢,d), and similarly for
the “downward variant”. Let N5 denote the 5-element nonmodular lattice.
For distinct covering pairs (a,b), (¢,d) € Cp(L), (the dual of) Note 1.2 of
Grétzer [L1] asserts that

if (a,b) =3 (c,d) but (a,b) % (c,d), then {a,b,c,d,bV c} 2 N5;  (3.1)

in particular, {a,b,c,d,bV c} is a sublattice of L. We recall the Prime
Projectivity Lemma from Grétzer [I1] in the following form.

Lemma 3.1 (Prime Projectivity Lemma, Grétzer [I1]). Let (a,b), (c,d) €
Cp(L) be distinct covering pairs of a finite lattice L. Then con(a,b) >
con(c,d) if and only if there is a finite sequence (a,b) = (xo,y0), (z1,y1),
oy (T, yn) = (¢,d) of covering pairs of L such that for eachi € {1,...,n},

p-up p-dn

either (xi—1,yi—1) — (Ti, ¥i) or (Ti—1,yi—1) — (4, Ys)-
Based on Grétzer [I1] or the folklore, or trivially, note the following.

Lemma 3.2 (Gritzer [1). If (a,b) = (x0,%0), (1,91), -, (Tn,Yn) =
(c,d) are pairs of elements of L such that, for each i € {1,...,n}, either
(Tim1, Yie1) =2 (20, 9) or (Tim1, Yie1) = (24, s), then con(c, d) < con(a, b).

This paragraph, in the same way as Czédli [], strengthens Theorem
3.10 from Grétzer [10]. A subset X of a poset P is a down-set if for every

2This definition of up-perspectivity is redundant; e.g., b A ¢ = a implies that a < b.



Congruence densities and quasiorder densities 35

u € X, the order ideal idl(u) = {y € P : y < u} is a subset of X.
The collection Dn(P) = (Dn(P); C) of all down-sets of P is a distributive
lattice. Let L be a finite lattice. Since Con(L) is distributive, the structure
theorem of finite distributive lattices gives that Con(L) = Dn(Ji(Con(L)));
see Theorems 107 and 149 of Gratzer [9]. Letting x, = {((a,b), (¢,d)) €
Cp(L)?* : con(a,b) < con(c,d)}, (Cp(L); xr) is a quasiordered set. We will
write (a,b) <, (c,d) instead of ((a,b),(c,d)) € x. It is well known, see
Grétzer [I1, 1st sentence], that {con(a,b) : (a,b) € Cp(L)} coincides with
Ji(Con(L)). A subset W of Cp(L) is a congruence-determining subset of
Cp(L) if {con(a,b) : (a,b) € W} coincides with Ji(Con(L)). In this case, for
brevity, we write (W; x1) instead of the more precise but lengthy (W; x 1y );
it is a quasiordered set. A subset X of W is a x-down-set of (W; xy) if for
every (a,b) € X and (¢,d) € W, (¢,d) <, (a,b) implies that (c,d) € W.
The collection of x-down-sets of (W;x) will be denoted by Dn(W; xp).
Since Cp(L) is a congruence-determining subset of itself by Grétzer [11I, 1st
sentencel, the W = Cp(L) particular case of the following lemma is the same
as Grétzer [10, Theorem 3.10].

Lemma 3.3 (Czédli [3]). If L is a finite lattice, then for every congruence-
determining subset W of Cp(L), we have that Con(L) = Dn(W; x1).

Since [3] provides only an outline rather than a proof and has not been
published at the time of writing, we present an easy proof here.

Proof of Lemmal3.3. Let J := Ji(Con(L)). With reference to Theorems 107
and 149 of Grétzer [9], we have already mentioned that Con(L) = Dn(J).
Thus, it suffices to prove that Dn(W; x1) and Dn(J) are isomorphic.

For X € Dn(W;x.), we define f(X) := {con(a,b) : (a,b) € X}. Since
J = {con(a,b) : (a,b) € Cp(L)} (or since W is a congruence-determining
subset of Cp(L)), we have that f(X) C J. To show that f(X) € Dn(J),
assume that a € f(X), f € J, and f < a. As a € f(X), o = f(a,b)
for some (a,b) € X. As W is a congruence-determining subset, § = (¢, d)
for some (¢,d) € W. Since X € Dn(W;xy) and since con(c,d) = [ <
a = con(a, b) means that (c,d) <,, (a,b), we obtain that (¢,d) € X. That
is, f = con(c,d) € f(X), showing that f(X) € Dn(J). Consequently,
f:Dn(W;<,,) — Dn(J) is a map. Clearly, this map is order-preserving.

Conversely, we define a map ¢: Dn(J) — Dn(W;<,,) by letting, for
Y € Dn(J), g(Y) = {(a,b) € W : con(a,b) € Y}. To show that g(Y) €
Dn(W; <,,), assume that (a,b) € ¢g(Y'), that is con(a,b) € Y, and (c¢,d) €
W such that (c,d) <,, (a,b). Then con(c,d) < con(a,b) and con(a,b) €
Y € Dn(J) imply that con(c,d) € Y, whereby (c¢,d) € g(Y). Therefore,
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g(Y) € Dn(W; <,,), g is indeed a map g: Dn(J) — Dn(W; <,,), and this
map is clearly order-preserving.

For X € Dn(W;xy), the inclusion X C ¢g(f(X)) is obvious. Assume
that (a,b) € g(f(X)). Then con(a,b) € f(X), that is, con(a,b) = con(u,v)
for some (u,v) € X. Since con(a, b) = con(u, v) yields that (a,b) <, (u,v),
and since X € Dn(W; x1), we obtain that (a,b) € X. Hence, g(f(X)) C X,
and we have shown that g o f is the identity map of Dn(W; ). Finally,
let Y € Dn(J). Using at = that W is a congruence-determining subset, we
obtain that

= {con(a,b) : (a,b) € W and con(a,b) € Y} =Y.

Thus, f o g is the identity map of Dn(J), whereby f and g are reciprocal
order isomorphisms, completing the proof of Lemma 3.3 m

Since the proof of the following well-known lemma is short and (the dual
of) its idea will emerge later (see Case 2 in the proof of Lemma {.4)), we
present the proof after stating the lemma.

Lemma 3.4 (Day [17, Page 71]). For a finite lattice L and a subset W of
Cp(L), if {(a=,a) : a € JI(L)} C W, then W is a congruence-determining
subset of Cp(L).

Proof. 1t suffices to show that {(a™,a) : a € Ji(L)} is a congruence-deter-
mining subset of Cp(L). Take a member of Ji(Con(L)); it is of the form
con(u,v) with (u,v) € Cp(L) by Grétzer [I1] 1st sentence]. We can assume
that v ¢ Ji(L), since otherwise u = v~ and there is nothing to show. Pick
a minimal element b € idl(v) \ idl(u). Clearly, b € Ji(L). Using that b || u,
u <uv,b” <b b <uAb<b and u < uV b < v, we obtain that
(u,v) ~ (b=, b) and (b~,b) = (u,v). Thus, Lemmayields that con(u,v) =
con(b—,b) € {(a”,a) : a € Ji(L)}. O

4 Further lemmas and completing the proof
of Theorem [2.1]

To enhance the paper’s readability, we will present the proofs of the three
parts of Theorem in separate lemmas, with some parts needing multiple
lemmas.
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Lemma 4.1. Let S be a cover-preserving sublattice of a finite lattice L. If
there are subsets H and R of Cp(L) such that {(a®~,a) :a € Ji(S)} C H C
Cp(9), |R| < |L| -S|, {(a®,a) :a € Ji(L)} CHUR, and HNR = 0,
then cd(L) < cd(S5).

Proof. Since S is a cover-preserving sublattice, Cp(S) C Cp(L). When deal-
ing with the quasiordered sets (H; x1) and (H; xs), Xz and yg will stand for
the restrictions x|, and xg], respectively. Analogous conventions apply
consistently throughout the paper. Let W := H U R. For X € Dn(W; xp),
define f(X):= X N H. It follows from Lemma [3.1] that x], 2 xs]y, that
is, x|y is a coarser relation than xgl|,. Hence, f(X) € Dn(H;xs). So,
f:Dn(W;xr) — Dn(H; xs) is a function. Let Y € Dn(H; xs) be a down-
set within the range of f. Since W is the disjoint union of H and R, every
f-preimage of Y has the unique form X =Y U Z, where Z C R. Thus, YV
has at most 2/% preimages, and we obtain that

IDn(W; )| < |[Dn(H;xs)| - 217, (4.1)

By Lemma , W and H are congruence-preserving subsets of Cp(L) and
Cp(9), respectively. Combining this fact with (4.1)) and Lemma [3.3]

cd(L) = [Dn(W;x.)|/2H7" < |Dn(H; xs)| - 28 /215
< |Dn(H; xs)| - 217181 /2lH=1 = |Dn(H; ys)| /2917 = ed(S). O

Lemma 4.2. If S is a cover-preserving sublattice of a finite lattice L, then
the inequality cd(L) < c¢d(S) holds.

Proof. First, we show that

if 0g #a € JI(L)N S, then a € Ji(S) and e~ =a®~ € S. (4.2)

The membership a € Ji(S) is trivial. Since a®~ <g a and S is a cover-

preserving sublattice, a®~ < a, whereby a®~ = o~ € S, showing .
There are two cases to consider, and each of them will be handled by applying
Lemma 1]

First, we assume that 0g = 0;. Let R := {(a®,a) : a € Ji(L) \ S}
and H := Cp(S). Observing that 0g = 0, ¢ Ji(L), implies that
{(a®~,a) :a € Ji(L)} C HUR. Since HNR =0 and |R| = |Ji(L)\ S| <
IL\ S| = |L| — |S| are clear, Lemma [4.1] yields the required cd(L) < cd(S).

Second, we assume that 0;, < 0g. Pick a lover cover z € L of 0g. Let

= {(a""",a) : a € Ji(L)\ S} U{(2,0s5)} and H := Cp(S). Regardless
of whether 0g € Ji(L), implies that {(al"",a) : @ € Ji(L)} € HUR.
Since 0y, is neither in S nor in Ji(L), we have that Ji(L)\ S C L\ ({0.}US).
Thus, [Ji(L)\ S| < |L| —1— S|, whereby |R| < |L| — |S|. These facts, the
obvious H N R = 0, and Lemma [4.1] imply the required cd(L) < ¢d(S). O
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Lemma 4.3. In a finite lattice K, let a < b such that a € Mi(K) and
b e Ji(K). Then for every (z,y) € Cp(K), (z,y) <yx (a,b) = (z,y) =
(a,b).

Proof. For (u,v) € Cp(K) \ {(a,b)}, a € Mi(L) excludes that (a,b) —
(u,v), while (a,b) == (u,v) would contradict that b € Ji(L). Thus, Lemma
[3.1] applies, completing the proof. O

Lemma 4.4 (Edge Division Lemma). Let a < b in a finite lattice K, and
add a new element ¢ to K such that a < ¢ < b in the new lattice M :=
K U{c}, cis doubly irreducible in M, and K is a sublattice of M. Then
cd(M) < cd(K).

Proof. With n := |K|, we have that |[M| = n + 1. We can assume that
n > 2. Even though Cp(K) is not a subset of Cp(M), Lemmas and
imply that for any (z1,1), (22, y2) € Cp(K) N Cp(M),

if (z1,91) <y (22,92), then (z1,y1) <y, (22, 92). (4.3)

Similarly, these two lemmas imply that for any (z1,91), (2, y2) € Cp(K)

if (x1,11) <yx (T2,92), then conps(xq,y1) < conp(wa, ya). (4.4)

Depending on a and b, we consider two cases.

Case 1. In this case, we assume that ¢ € Mi(K) and b € Ji(K). For
Y € Dn(Cp(M); xa), we define

L) = {Y\{(c, b}, it ¢y, o
{a,0} U (Y \{(a,0),(c,0)}), if (a,c) €Y.
We claim that f;(Y) € Dn(Cp(K); xk)-

First, assume that Y € Dn(Cp(M); xar) such that (a,c) ¢ Y; then fi(Y)
is computed by the first line of (4.5)). Assume also that (u,v) € fi(Y),
(z,y) € Cp(K), and (z,y) <y (u,v), that is, cong(z,y) < cong(u,v). If
(u,v) = (a,b), then (z,y) = (u,v) € fi(Y) by Lemma [£.3] Hence, we can
assume that (u,v) # (a,b). Then (u,v) € Cp(K) N Cp(M), and (u,v) €
f1(Y) together with implies that (u,v) € Y. If (x,y) is also in Cp(M),
then (z,y) <, (u,v) by (4.3), whereby (z,y) is in the xa-down-set Y.
Thus (z,y), which is distinct from (¢,b) ¢ Cp(K), belongs to fi1(Y), as
required. So we can assume that (z,y) € Cp(K) \ Cp(M), that is, (z,y) =
(a,b). By ([(.4), conp(a,b) = conp(z,y) < conp(u,v). Since the blocks
of every lattice congruence are convex sublattices, (a,c) € conys(a,b), and
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so cony(a, ) < conps(a,b). Thus, by transitivity, conys(a,c) < conps(u,v),
whereby (a,c) <,,, (v,v) € Y, although Y is a xp/-down-set and (a,c) ¢ YV
has been assumed. This is a contradiction, which rules out the possibility

that (z,y) = (a,b) and implies that fi(Y) € Dn(Cp(K); xk)-

Second, assume that (a,c) € Y € Dn(Cp(M); xar). Assume also that
(w,0) € fi(Y), (z,y) € Cp(K) \ {(u,v)}, and (z,y) <y, (u,v), that is,
cong (z,y) < cong(u,v). Since (a,b) € f1(Y) by ([L.F), we can assume that
(z,y) # (a,b). By Lemma [1.3] (u,v) # (a,b). Hence, both (z,y) and
(u,v) are in Cp(M). Thus we obtain from that (z,y) <,,, (u,v).
Since (a,b) # (u,v) € Cp(K) N Cp(M), shows that (u,v) € Y. From
(z,y) <y (w,v) €Y and Y € Dn(Cp(M); xa), we obtain that (z,y) € Y.
Combining (z,y) € Y with (z,y) € Cp(K), (a,c) ¢ Cp(K), and (c,b) ¢
Cp(K), it follows that (x,y) € fi(Y), as required.

We have shown that, regardless of whether (a,c) is in Y or not, fi(Y)
belongs to Dn(Cp(K); xk). Thus, fi: Dn(Cp(M); xm) — Dn(Cp(K); xk)
is a map. We claim that

each X € Dn(K;Cp(K)) has at most two fi-preimages. (4.6)

To show this, first we note that Cp(M) \ Cp(K) = {(a,c),(c,b)}. Assume
that Y € Dn(Cp(M); xar) such that f1(Y) = X. If (a,b) ¢ X, then X =
f1(Y') is computed by the first line of (4.5)), whereby Y € {X, X U (¢, )},
and X has at most two fi-preimages. Similarly, if (a,b) € X, then fi(Y) is
determined by the second line of (4.5), and Y € {(X\{(a,b)})U{(a,c)}, (X\
{(a,b)})U{(a,c),(c,b)}}. Thus, X has at most two preimages again, proving
(i),

It follows from that [Dn(Cp(M); xar)| < 2-|Dn(Cp(K); xk)|. Com-
bining this inequality with Lemmas [3.3] and we complete Case 1 by

_ |Con(M)| _ 2-|Con(K)| |Con(K)]

cd(M) = S < T = B — cd(K). (4.7)

Case 2. This case is devoted to the situation where a ¢ Mi(K) or b ¢ Ji(K).
By duality, we can assume that a ¢ Mi(K); see Figure |1} where the bold
lines indicate coverings in M, while the thin solid line and the dotted line
stand for “<” and “<”, respectively. The sole element of M \ K, namely
¢, is grey-filled. Since a # Mi(K) and a # 1k (as a <k b), there is an
element d € K such that d # b and a < d. Let u € K be maximal
element of fil(d) \ fil(b), and define v := bV u. By the maximality of u, it
is straightforward to obtain that © < v. Since b < u would contradict the
choice of u and u < b would give that d < b, contradicting that b and d are
distinct covers of a, it follows that b and u are incomparable. So, using that
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v=bVu

K = {grey-filled elements}

Figure 1: An example on the left and illustrating Case 2 in the proof of
Lemma [£.4] on the right

a <g band a < bAu<b, we have that a = b A u. Hence, (a,b) ~ (u,v)
and (u,v) ~ (a,b). So, Lemma yields that cong(a,b) = cong(u,v).
Combining this equality with Lemma |3.4] we obtain that

H = Cp(K)\{(a,b)} is a congruence-determining subset of Cp(K). (4.8)

Turning our attention to M, observe that ¢ £ u, since otherwise either
c=u€ K or b=cM* <y would be a contradiction. As u < ¢ would also
lead to a contradiction, namely d < u < ¢ < b, ¢ and u are incomparable.
Hence, ¢ < cVu, and sov =bVu=cMTVvu<(cVu)Vu=cVu<v gives
that ¢ Vu = v, while a < cAu < bAwu=aimplies that ¢ A u = a. Hence,
(a,¢) ~ (u,v) and (u,v) ~ (a,c). Thus, cony(a,c) = cony(u, v) by Lemma

[B.1] This equality and Lemma [3.4 imply that

W :=Cp(M)\ {(a,c)} is a congruence-determining subset of Cp(M).

(4.9
Note that H = Cp(K) N Cp(M) C W. For Y € Dn(W;xun), let fo(Y) =
Y N H; we claim that fo(Y) € Dn(H; xg). Assume that (p,q) € fa(Y),
(z,y) € H, and (z,y) <, (p,q). As H = Cp(K) N Cp(M), yields
that (z,y) <,,, (p,q). Thus, using that (p,q) € fo(Y) CY € Dn(W;xm),
we have that (z,y) € Y, and so (x,y) € Y N H = f5(Y). Therefore, the
rule fo(Y) := Y N H defines a function fo: Dn(W; xar) — Dn(H; xk). Since
W\ H = {(c,b)} is a singleton, every X € Dn(H; xx) has at most two fo-
preimages. Hence, [Dn(W;xa)| < 2-|Dn(H; xk)|. Based on this inequality,

(4.8), ([1.9), and Lemma [3.3]imply the required cd(M) < ¢d(K) in the same
way as in (4.7). This completes Case 2 and the proof of Lemma . n

Lemma 4.5. If S is a sublattice of a finite modular lattice L, then cd(L) <
cd(9).

Proof. Throughout the proof, let S be a sublattice of a finite modular lat-
tice L.
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For (a,b), (¢,d) € Cp(L), we have that (a,b) <= (¢,d) < (c,d) ~ (a,b).
We will refer to this fact as the symmetry of perspectivity. We know from
Dedekind’s criterion for modularity that a modular lattice cannot contain
a sublattice isomorphic to N5. Combining this fact with and its dual,
the symmetry of perspectivity, and Lemma |3.1} we obtain that for every

(z,9), (u,v) € Cp(L),

(z,y) <, (u,v) <= cong(x,y) = cong(u,v), so xr, is an equivalence.
(4.10)
Since S is also modular, yg is an equivalence relation on Cp(S), too.

We proceed by recalling a well-known isomorphism theorem for modular
lattices (see, e.g., Grétzer [9, Theorem 348]), which asserts that perspective
intervals in L are isomorphic (sub)lattices. That is, if (a,b), (¢,d) € SO(L)
such that (a,b) ~ (c,d), then g: [a,b] — [c,d], defined by = — ¢V z, and
h: [e,d] = [a,b], defined by y — b A y are reciprocal lattice isomorphisms.
Note that ¢ and h are algebraic functions (univariate polynomials), whence
they preserve congruence relations. Assume that a < x <, y < b, and let
' :=g(x) and ¥ := g(y). As g is a lattice isomorphisms, ¢ < 2’ <p v/ < d.
We claim that under the assumptions just established,

(z,y) <y, (@, y), (@, y) <\, (z,y), and cony(z,y) = cong(z',y'). (4.11)

To see this, it suffices to deal with the congruences that the covering pairs
in question generate. Since (x,y) € cong(x,y) and g preserves cony(x,y),
(',y') = (g9(x),g9(y)) € cong(z,y), whereby cony(z’,y’) < conp(z,y). Simi-
larly, using that h(z") = h(g(x)) = x, h(y') = y, and h preserves cony(z',y'),
we obtain that conp(z,y) < conz(2/,y'), and we conclude ([£.11)). Note that
would allow a shorter formulation of .

Next, assume that (a,b) = (2o, %0), (x1,91),---, (zr,y:) = (c,d) is a se-
quence of distinct members of SO(L) such that for each i € {1,...,t},

dn

either (%—1,%—1) ~ (ﬂfiayi) or (xi—layi—l) ~ (xl,yz) (Since (xi—layi—l) #*
(i, 7:), ~ and ~ cannot simultaneously hold.) For i € {1,...,t} such that
(Tii1,9i1) ~ (i), let gi: w1, yi-1] — [xi, yi] be the isomorphism defined
by g;(€) := x; V€ Dually, for i € {1,...,t} such that (z,_1, 1) ~ (2, ),
let g;: [xi_1,yi-1] — [xs,y;] be the isomorphism defined by ¢;(§) := y; A &.
Let g: [a,b] — [c,d] be the composite g; ...gog; of the “stepwise” isomor-
phisms ¢;, ..., g1. Applying or its dual to each of these stepwise
isomorphisms, we conclude that for all x and y satisfying a < x < y < b,

(z,y) <y, (9(2),9(y)) and cong(z,y) = conr(g(z), g(y)). (4.12)

We know from Lemma[£.2)that for the interval [0g, 1] of L, we have that
cd(L) < cd([0s,1s]). So, it suffices to prove that cd(]0g, 1s]) < cd(S). In



42 G. Czédli

other words and to simplify the notation, we can assume that L = [0g, 1],
that is, 0 := 0g = 0y and 1 := 1, = 1g. Take a maximal chain C' = {0 =
C05C1y-+yCn1,¢, = 1} in S such that ¢; 1 <g ¢; for i € {1,...,n}, and
define Hy := {(ci_1,¢) 11 € {1,...,n}}. Note that Hy = Cp(C) C Cp(S).
We define

I'={i:1<i<nand (ct_1,cr) <ys (Ci-1,¢;) holds for no k < i}, (4.13)
H = {(Cifl,Ci) c HO 11 € [} (414)

In other words, H consists of the first members of the blocks of the equiva-
lence x5 p,. We know from Grétzer and Nation [12 that H is a congruence-
determining subset of Cp(S). Hence, so is H by (4.10] , -, and ( -

Furthermore, xs|, is the equality relation, Whereby Dn(H Xs) is the set of
all subsets of H. Thus, denoting the powerset lattice ({X : X C H};C) of
H by Pow(H), Lemma |3.3| yields that

Con(S) = Dn(H; xs) = Pow(H) and |Con(S)| = 2!H1 = 2l7l. (4.15)

Next, for ¢ € I, select d;p,...,dim, € L such that d;;—1 < d;; for
jge{l,....,m;}, dip = ¢i—1, and d;, = ;. For ke{l,...,n}\ I, take the
unique subscript i(k) such that k& < z(k‘) d (cr-1, k) <ys (Cik)-1, Citr))-
Combining Lemmas 3.1} u and [3.2 - with ( ), we can fix an isomorphism
Pyt [Citk)—1 Cigky] — [cr—1, cx] such that ( remains valid when g is re-
placed by hy. Let my = m;g). We deﬁne dro = cp—1 = hp(digy0) =
hk(CZ ) dk;l = hk(d ), dk72 = hk<dz(k),2>7 .. dk,mk = hk(dz(k mk) =
hy.(¢; k)) Since hy, is an 1somorphism, dij—1 <1 dk,j for j € {1 M}

Let Wy == {(dkj—1,dr;) : 1 <k <nand 1< j <my} Since Wy is the
set of covering pairs of a maximal chain, W} is a congruence-determining
subset of Cp(L) by Grétzer and Nation [12]. Let W := {(d; j_1,d;;) : i € I
and 1 <j<m;}. Ifke{l... n}\I, then with Ay, replacing g yields
that, for j € {1,...,my}, conp(dij1,dr;) = conp(diw)j—1,dix),;). This
fact, together with the fact that W, is a congruence-determining subset of
Cp(L), implies that W is also a congruence-determining subset of Cp(L).
Since [Dn(W; xz)| < 2W!, Lemma [3.3 implies that [Con(L)| < 2",

Observe that |[W| = > .., m;. For i € I, the elements d;;, dia, ...,
d;m;—1 are outside S. (If m; = 1, then no such elements exist.) Furthermore,
if ¢,i" € I such that ¢ < ¢, then d;, ..., d;m,—1 are smaller than—and
therefore distinct from—each of dy 1, ..., dirm,—1. Hence, we obtain the
second equality in the computation below from the fact that we take the
union of pairwise disjoint subsets of L\ S:

(W[ =1 = Z(mz -1)= |U{dz‘,1, ooy i1} L= [S]. (4.16)

el el
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Finally, combining (4.15), (4.16)), and the inequality |Con(L)| < 2"l (proved
above), we obtain that

AL — |Con(L)| _ 2™ 2WI=lIl ol 2l |Con(S)|
cd(L) = 9ILI-1 = 9[L[-1 — 9[L[-[S] ~9IS|-1 = 9|S|-1 — ~ 9[s|-1

= cd(S5).
[

Proceeding to the final proof in the paper, we show that the lemmas
established so far imply the theorem.

Proof of Theorem[2.1. Let S be a sublattice of a finite lattice L. If S is a
cover-preserving sublattice of L or L is modular, then c¢d(L) < cd(S) by
Lemma or Lemma {4.5] respectively. Hence, we can assume that L is a
dismantlable extension of S. Clearly, it suffices to deal with the particular
case |L| — |S| = 1, which implies the general case by a trivial induction on
|L| — |S]. So S = L\ {c}, where c is a doubly irreducible element of L. Let
a=V{reS:z<ctand b:= A{x € S: 2 > c}. Since S is a sublattice,
{a,b} € S and a < ¢ <p b. If a <g b, then, letting (S, ¢, L) play the role
of (K,c, M), the (Edge Division) Lemma [1.4] yields the required inequality,
cd(L) < cd(S).

Therefore, we can assume that b does not cover a in S. This assump-
tion implies that Cp(L) is the disjoint union of Cp(S) and {(a,c), (¢, b)}.
Furthermore, b ¢ Ji(L). Let H := Cp(S) and R := {(a,c)} = {(c*,c)}.
Observe that |[R| =1 <1 = |L| —|S| and HN R = (. Since b ¢ Ji(L),
we have that {(z",z) : z € Ji(L))} € H U R. Therefore, the required
cd(L) < cd(S) follows from Lemma [4.1] completing the proof of Theorem
2.1 O
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O T'OMOMOPO®USMAX
I[TAPACTPO®OB JINMHENHBIX
1 AJIMHEMHBIX KBA3BUTPVYIIII

A.A. JlaBnaTOeKoB

Jlenayckuit HHCTUTYT HIPEANPUHAMATEIHCTBA U TIEJarOrUKHI,
yu. III.Pammnosa, 360, CypxanmzapbrHCKas 001aCTh,
Henay, 190506, Y3bekucran

e-mail: akimbekd@mail.ru

Ojinoit 3 3a/1a4 Teopur KBAa3UTPYIII, KAK U TEOPHUil Jpyrux ajredpan-
YECKUX CUCTEM, sIBJIgeTCd U3ydYeHue U OMUCAHHBIE MOP(MU3MbI KBA3UTPYIIIL.
B nanmoit pabore moJiydeHnbl pe3yabTaThl O TOMOMOPQU3Max mapacTpodoB
00ODIIEHHBIX JIMTHEHHBIX KBA3UTPYII. 3aMeTHM, 9TO TePMUH ‘0000IeHHbIe
JIMHEHHbIe KBa3UIPYTIIbI’ 03HAYAET KJIACC JIMHEHHbIX c/ieBa (CIpaBa) KBasu-
IPYIII, AJTMHEHHBIX cJieBa (ClipaBa) KBA3UI'PYIIIL, CMEIIAHHBIX THIIOB [IEPBOTO
(BTOpOrO) pojia u T.1.

Ksasurpynna (@, A) uasbiBaercst aunelinoli (aiunednotd) Haj Tpynoi
(Q,+), ecin (Q, A) umeer BUI

A(z,y) = px + c+ Yy(A(z,y) = gz + ¢+ y),

rie ¢, ¢ € Aut(Q,+), ¢, € Aaut(Q,+), ¢ — DUKCHPOBAHHBI 3JEMEHT
3 Q [1].

Ksasurpynma (Q, -) HasbiBaeTCst k6a3uzpynnoti cmewarnhozo muna 1 po-
na win 11 poma, way rpynmnoit (Q, +), eciu (Q, ) umeer Buj

Alx,y) =z +c+vy (Alz,y) = gz +c+y),

rae 1), (¢) — antuasromopdusm rpymmst (Q,+), ¢, (¥) € Aut(Q,+). ¢ —
bukcupoBanubrit s7ement w3 Q 2.

Kaxk ussectro [3], ¢ Kax0ii KBasurymmoit A CBSI3HBI eIl CJiejlyiorime
[STh KBA3UTPYII, HA3BIBAEMBIX 00paAMHbBLMU KEA3UPYNNAMU WIA Napac-
mpogpamu:

O6o3nadum wepes3 » |, CHCTeMY napacTpodoB KBa3HIDYIIIL A:

ZA _ {A_l, A, —1147 _I(A_l), <_1A)_1 A*}

45
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B [3] cucrema ), HasBama cucmemot 06pamnuT K6a3upYNN A KBa-
3Urpymmsl A.

B paborax [2—4| nmokazaubl ycsioBusi roMmoMopdusMa JINHEHHBIX KBA3UT-
PYIIIBI, AJUHEHHBIX KBA3UTPYIIIbl U KBA3UIPYIIIbl CMEIIAHHOIO THIIA, Iep-
BOro (BTOPOr0) pojia. AHAJOIUYHO B JAHHON paboTe J0KA3bIBAETCS YCJIOBUE
romomMopduszMa napacTpodoB JIMHEHHBIX U aJUHEHHBIX KBA3UTPYIIIIDL.

Teopema 1. I[Tycmov (Q,~1 A) napocmpodvl aunetinoti xeazuepynnvl kea-
auepynnv (Q, A): Alx,y) = gx +c+ vy u (Q, A™') napocmpodo. aruner-
noti keazuzpynnv. (Q, A): A(z,y) = ¢xr +c+ by, v € End(Q,+), 20e
TAz,y) = le+ T le+ Ty uw AN ayy) = I ' o+ T le+ 47y
nad epynnoti (Q,+) . Toeda sndomoppusm ~ epynnoe (Q,+) asasemesa
eomomopdusmom xeasuzpynn (Q, " A) u (Q, A™') moeda u moavko mo-

2da, Ko2da ewnosnsomes caedyrowue yeaosus Yot = I @, yIpTe =
Ip~ley, I~y =P~ 1y.

CnencrBue 1. ITycmwv (Q,' A) napocmpogvl aunetinot xeazuepynnw
(Q,A): A(x,y) =px+c+vy u (Q,B~Y) ((Q,~! B)) napocmpogni xeasu-
2pynnal cmewantozo muna nepsoeo poda (Q, B): B(z,y) = px + ¢ + vy,
v € End(Q,4), ede tA(z,y) = ol + Ip~te+ Ty u B Hx,y) =
It o+ I ety (TB(x,y) = @y w19y eot 1@y ay) 1ad epynnot
(Q,+). Tozda sndomoppusm v epynnw (Q,+) Asaaemcs 20MOMOPHUIMOM
xeasuepynn (Q,”1 A) 6 (Q,B™) u ((Q,”' A) 6 (Q,”! B)) mozda u moavro
moeda, koz2da evinoanstomea caedyrowue yeaosus Yt = o1, ylpTie =
Iptay, vl = o'y m (vt = gyl alyTle = gy ey vl =
195 byy).

JToKazaTebeTBO TeopeMbl 1 u ciejgcrBue 1, aHaJOIMYHO, KaK JIOKa3a-
TesILCTBO TeopeMbl 1.5.3. [5]

CnenctBue 2. ITycmv (Q,1 A) napocmpodov. aunetinoti xKeazuepynnol
(Q,A): A(z,y) = pr +c+ vy u (Q,B™Y) napocmpodo. xeasuzpynnw
emewantozo muna nepsozo poda (Q,B): B(x,y) = oz + ¢ + vy, ede
Az, y) = o et Te e+ To My u BN, y) = TPy or+ T e +4r
y— 2omomopdusmom xeazuepynnv (Q,” 1 A) 6 (Q, B™Y), v(z-y) = yroyy).
Torna romoMopdusM ¥ MOKHO HPEJICTABUTH B BHUJIE:

T = Rllﬁflcquz;lgoliae(péw_lc = ijlébewil@ = EaRbQ.
HoxkazarenabctBo. [eiicrBuresnbho, mycrs y(ry) = vy o vy. Torma

v (e + To~ e+ T y) = I oy + 19y e + U7y,

o (Rwlcso‘lx + I@‘ltby) = Rygoro 107 01+ 07y,
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v (@ +y) = Rygor IO orypRo-rer + 9y ™ gy,

TO €CTh (ha}lflcll’&l_lsplfy(péwflc’&;17¢71@77> € Ent(Q,+). Ho mrobas
suporonus rpynnsl (@), +) umeer Bum: T = (iﬁ,}?ﬁ,iﬁﬁ). Caneno-

BaTeIbHO, Lol = f{[@;lcl]@ﬂflcpwgofipqc, Ry = @El_lmﬂ*lgo,[:a}?b@ = 7.
Orkyna

= Rliflcll,&l—lgplzaegpégoflc = szl_lébew_l@ = zaébe.

Ananornuno, ecmu (Q, A™') mapoctpodsl JMHeliHO KBa3UTPYIIIbI
(Q,A): Alx,y) = px +c+ vy n (Q,B™) napoctpodsl KBazUrpyIbl
cMernaHHOrO Tura Broporo poma (@, B): B(x,y) = ¢z + ¢ + ¢y, tie
A Na,y) = Iy orH I ek gty w B (2, y) = Tvg ' o+ 105 ea 43y,
y— romomopduzmom keasurpymisl (Q, A7) B (Q, B™Y), v(z-y) = ywoyy).
Toraa romomMopdusM 7y MOXKHO IIPEJICTABUTL B BUJIE:

v = Iy P Lafloy "1 = Lyyor,, by RO Ly = Lo Ref).

Canencrue 3. [Tycmv (Q,”1 A) napocmpodol arunetinoti Keazuepynnw
(Q,A): A(z,y) = ¢x +c+y u (Q, B™Y) napocmpodv. veaszuzpynnvl cye-
wanroz0 muna emopozo poda (Q, B) : B(x,y) = gr+ct+ipy, 2de L A(z,y) =
P+ 1gr e+ 1p7 vy w B (w,y) = Iy "pax + Iy tea + 405y, y— 20-
momopgpusmom xeasuzpynno, (Q, 1 A) 6 (Q, B™'), v(z-y) = ywovyy. Torma
roMoMop(U3M 7y MOKHO IPEJCTABUTL B BHJIE:

Y= RIQ/SEICQI&;lSOQZCLe@l = &glébelw;1@1i¢1cl = zaébe-

AnajloruaHoe yTBep:KIeHNEe BEPHO IS JIPYTUX MapacTpodbl JIMHEHHBIX
AJIMHEHHBIX KBa3UT'PYII U TAPOCTPOMBI KBA3UTIPYIIILI CMEIIAHHOTO THUIIA
nepBoro (BTOporo) pojia.
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Introduction

In [I], the stability of the theory of acts over a monoid were considered.
It was proved that the theory of every act over monoid S is stable iff the set
of all principal left ideals of S is linearly ordered with respect to the order
C.

The structure 9t in language L is called pseudofinite if every sentence
true in 9 has a finite model. In [2], the concept of T-pseudofiniteness
was introduced for the model of theory T. A model 9t of a theory T is
called T-pseudofinite if every sentence true in 9 is also true in some finite
model of T'. It is clear that T-pseudofiniteness implies pseudofiniteness for
every theory T'. It is known (see [3]) that a structure 9 in a language L is
pseudofinite if and only if 91 is elementarily equivalent to an ultraproduct
of finite structures of L. In [, a similar result is proved for T-pseudofinite
structures, namely, a model 91 of the theory T is T-pseudofinite if and only
if 9 is elementarily equivalent to an ultraproduct of finite models of the
theory T'.

In this paper, we construct a monoid S such that the theory of all T-
pseudofinite acts over S is stable, but there exists an act over S with unstable
theory, where T is the theory of all acts over S.

*Supported by RF Ministry of Education and Science (Suppl. Agreement No. 075-02-
2025-1638/1 of 27.02.2025)
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1 Preliminaries

Let us recall some definitions and facts from model theory and model
theory of S-acts.

Fact 1. (Loss theorem) [5] Let {9; | i € I} be a set of L-structures, D
be an ultrafilter on I, MM = [[..; 9M;/D be the ultraproduct, ®(x1,...,x,)
be the formula of the language L, and my,...,m, € [[;c; 9. Then

M= &(my/D,...,m,/D) = {iel|ME D(mi(i),...,mu(i))} € D.

Let T" be a complete theory. For a given infinite cardinal s, a theory
T is called k-stable if for any set A of cardinality x in T, the set S(A) of
complete types over A also has cardinality k. A theory T is called stable if
it is k-stable for some infinite cardinal k. A theory T is called unstable if T’
is not stable.

A model 9 of a theory T is called T-pseudofinite if every sentence true
in 91 is also true in some finite model of 7.

Fact 2. [4] Let T be a theory of language L, and 9t be a model of
T. Then 9 is a T-pseudofinite structure if and only if 9 is elementary
equivalent to the ultraproduct of finite models of the theory T

Let S be a monoid and 1 the identity of S. The structure (4;s)es in
the language Ls = {s | s € S} is called a (left) S-act or an act over S
if s1(s0a) = (s182)a and la = a for all s1,s9 € S and a € A. The S-act
(A; s)ses is denoted by gA.

Let T be the theory of all pseudofinite S-acts. A monoid S is called a
stabilizer (a T-PF-stabilizer) if the theory of every S-act (T-pseudofinite
S-act, respectively) is stable. An S-act gA is called linearly ordered if the
set of all subacts of gA is linearly ordered by inclusion. A monoid S is called
linearly ordered if the S-act ¢S is linearly ordered.

Fact 3. [I] A monoid S is a stabilizer if and only if S is a linearly ordered
monoid.

For a complete theory T of a language L, by 91 we denote a rather
large and rich model of the theory 7', which we call a monster model, since
we assume that all considered models of the theory T are its elementary
submodels. A complete theory T of S-acts is called stationary if for any

sAET and a,b e M\ A
a€ Shb= ANSa=ANSh.

Fact 4. [I] Each stationary theory is stable.
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2 Example a T-PF-stabilizer, but not a sta-
bilizer

Clearly, any stabilizer is a T-PF-stabilizer. The following example is an
example of a T'—P F-stabilizer, but not a stabilizer.

Example Let G be a group with respect to the operation -, with unit 1
and without nontrivial subgroups of finite index, G, G5 be disjoint copies of
G, g1 € G, g2 € Gy be copies of g € G, S = G;UG,. Equip S with a binary
operation defined as follows: a1b; = (a - b)1, asby = (a - b), for all a,b € G,
(G5 is the set of right zeros. Then the monoid S is a T-PF-stabilizer, but
not a stabilizer.

Proof. It is easy to check that S is a monoid with unit 1;. Since S is
not a linearly ordered monoid, then, by Fact 2, S is not a stabilizer. Let
us prove that any finite principal S-act has at most two elements. Let 6 be
any congruence on gS such that the S-act §5/6 is finite. Then 1,/0 N G, is
a subgroup of Gy. Since G is a group without nontrivial subgroups of finite
index then 1;/0NG1 = Gy. If a,b € G then ay = (15-a1) 0 (15-b1) = bs, that
is, as/0 = by/0. Therefore, S/6 = {1,/0,15/0}. Hence any principle finite
S-act has at most two elements and for any finite S-act sA and s,t € S we
have A |= Va(®(x)), where ®(z) = sz = 1tz V tz = lysx.

Let sA be a T-pseudofinite S-act. By Fact 4, it suffices to prove that
Th(sA) is stationary. If ¢A is a finite S-act, then this is obviously true.
Let |A| > w. Suppose ¢B = gA, a,b € M\ B, a = sb. It is clear that
BnNnSa C BNSh Let ¢ =tb € B. Note that ¢B is T-pseudofinite S-
act. By Fact 3, B = [],.; Ci/D, where sC; are the finite S-acts and D in
nonprincipal ultrafilter on I. Since ¢C; = Va®(x) then by Loss theorem,
sB = Va®(x). Hence M |= Vad(x). In particular, sb = 1;tb or th = 1,sb.
Since ¢ = tb € B and a = sb € B, we have ¢ = 1lsa. Thus, Th(gA) is
stationary, i.e. S is a T-PF-stabilizer.
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B pabore ommcanbr anaredbpbl g JIEKApPTOBLIX U TEH30PHBIX MTPOU3BE]IE-
Huit rpagoB 3Be31. OcTajbHbIe TPOU3BEIEHNsT PACCMOTPEHBI B MOHOTpadun

1.

Omnpenenenne 1. Jlexapmoso npoussedenue WA NPAMOE NMPOU3EEIEHUE
G x H rpados G u H — 310 rpad, Takoii, 9T0 MHOKECTBO BepIIHH Ipada
G x H — sro upsimoe npoussejienne V (G) X V(H), a tob6ble jiBe BepIITUHBI
(u,u') m (v,0") emexubl B G X H TOrma u TOJIBKO TOT/A, KOIJA MO0 u = v
u v cmexna ¢ v’ B H, mubo v’ = v’ u u cmexxna c v B G.

B monorpadmun 1] pacemorpensr oneparnuu yMHOXKeHHsT IPAdOB N-yToJTh-
HUKOB Ha pebpo. B sroit pabore MbI OyjieM uccae0BaTh JeKapTOBO MTPOU3-
BeJIeHUE W TEeH30pHOE ITPOM3BejieHre TPadOB 3BE3/ MEXKLY CODOIA.

Tax kak jiyun rpada-3Be3/1bl HAUNHAIOTCA U3 OTJIHOI BEPIIWHBI TO JTUA~
MeTp rpada Oyaer paBen 2 s JiIo00ro Kojandectsa jydeit. CooTBeCTBEHHO
BCe OHU OyJIyT OMHCAaHBI aJareOPOil TPeICTaBIEHHON HIKE.

Anrebpy nins rpada-ssesnpl HazoBeM & ¢ MHOXKECTBOM METOK P (p) =
{0,1, 2}, ona GyJer 3ajaBaThCs cJieLytomeii TabIueii:

0 1 2
{0y | {1} | {2}
{1} 1 {0,2} | {1}
(2| {1} 1{0,2}

*The work was carried out in the framework of the State Contract of the Sobolev
Institute of Mathematics, Project No. FWNF-2022-0012.

DO —| DO %
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exapToro mponsseienne rpada S; Ha S, Oyjer umers guamerp 3. AJr-
rebpa Jiisi JIEKapTOBOTO Tpou3BeieHns S Ha S, Oy/leT UMeTh MHOXKECTBO
METOK Py (p) = {0,1,2,3} u 3ajaBarbes cieyoieit Tabmreii:

0 1 2 3
{oy | {1} | {2 | {3}
{1} 1 {0,2} | {1,3} | {0,2}
{2} | {13} | {0,2} | {1,3}
(3} 1{0,2} | {1,3} | {0,2}

JlekaproBo npousseaenne rpacda Sy Ha S, Oyaer umersb auamerp 4. Aj-
rebpa Jitst JeKapToOBOrO Ipou3BeeHus rpada So Ha S, Oy/IeT uMeTb METKN
pup) = {0,1,2,3,4} 3amaBarbes ciemyrommeit Tabmmeii:

W DN —=| O %

0 1 2 3 4
{0y | {1} {2} {3} {4}
{1} | {0,2} {1,3} |{0,2,4} | {1,3}
{2} | {1,3} |{0,2,4} | {1,3} |{0,2,4}
{3} | {0,2,4} | {1,3} |{0,2,4} | {1,3}
{4} | {1,3} [{0,2,4} | {1,3} |{0,2,4}

AJreOpbl 115 IeKapTOBBIX TPOU3BeAeHui rpadoB S, Ha S, rae m,n > 2
Oy/IyT 3aBHCETDH OT JUAMETPA, MOy daeMoro rpada 1 OIMUChIBATbCs TabIHIei
B o0IIeM BHe:

Asrebpy s IeKapTOBOTO MTPOU3BEIEHNUST IPAdOB-3BE3/1 MEXK LY CODOI ¢
JIMaAMETPOM IoJIydaeMoro rpada n oboznadnm depe3 &,. Ona Oyjer uMerhb

=Wl N —| O %

METKH )y (p) = {0,1,2,3,4,5,6, ..., n} u 3ajaBaThcs cieayromieil Tabmeit
Koum:

: 0 1 2 3 4 . n

0 | {0} | {1} {2} {3} {4} {- 3] {n}

1 | {1} | {0,2} {1,3} {0,2,4} {1,3,5} {..} | {F(n)}

2 | {2} | {1,3} {0,2,4} {1,3,5} {0,2,4,6} | {...} | {F(n)}

3 | {3} [{0,2,4} | {1,3,5} {0,2,4,6} | {F4+3)} |{...} [{F(n)}

4 | {4} |{1,3,5} | {0,2,4,6} | {F(44+3)} | {F4+4} | {...} | {F(n)}

o | Fa) | (P} | Py | Py | . [ (PG

rje F(r) — dyHkius, KoTopasi BO3BpAIAeT METKU B 3aBUCUMOCTH OT YeT-
HOCTHU I: €CJIN T JYeTHasd, TO IMOJydaeM BCEe YeTHbIe METKH, HaunHas C HYJIS
JI0 T, & ecJI1 HedeTHasl, TO TOJydaeM BCe HeYeTHbIE METKH JI0 &, IJie T < n.
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Onpenenenune 2. Tensoproe npoussedenue G X H rpado G u H 310
rpad, MHOYKECTBO BEPIITIH KOTOPOIO €CTh JieKapToBo npousseaenue V(G) x
V(H), npudem pasziudnble Beprmsbl (u,u') u (v,v") cmexubix B G X H
TOr/a, KOTJIa U CMEeXKHA ¢ v 1 u' cMexHa ¢ V.

Terzoproe npoussesienne rpada S, Ha S, Oyaer umerh auamerp 2. A
rebpa JijIsi TEH30PHOI'O Tpom3BesieHust S; Ha S, Oymer mMerb MHOXKECTBO
METOK Py, (p) = {0,1,2} u 3amaBaTbes cieyonei Tabuneii:

0 1 2
{0y | {1} | {2}
{1} 1 {0,2} | {1}
{2t {1} [{0,2}

| —| D %

Terzopuoe npoussejenune rpada So Ha S, Oymer umers guamverp 2. U3
ompeJIe/IeHnsT TEH30BHOIO IIPOM3BEIEHNST 1 0COOEHHOCTEN 3Be31-rpadoB Io-
JlydaeM, 9To Iojiydaembie rpadbl Oyjger uMmeTh jguaMeTp rpada 2, Torja
TEH30pHbIE TIPOU3BEICHNS I'padOB OMUIIYTCs CJIEAYIONIEH aaredpoil.

AJreOpbl 11T TEH30PHOTO IPOU3BEAeHN S, Ha S, MOJIYIUM JBE OIUHA-
KOBBIE, OHI Oy/lyT MMeTh MHOXKECTBO METOK Py = 10, 1,2} u 3ajmaBarbca
cJieIyronieit Tabumeii:

0 1 2
{0y | {1} | {2}
{1} 1 {0,2} | {1}
{2t {1} [{0,2}

Teopema 3. Ecau T — meopus dexapmosozo npoussederusn 2pados 36€30
dpye na dpyea, B — aszebpa OUHAPHLIT U3OAUPYIOWUT hopmys meopuu T,
mo anzebpa B 3adaemca arzebpoti S,,.

| —| D %

Teopema 4. Ecau T — meopua mensopnoz2o npoussedenus epados 36e30
dpye na dpyea, B — aszebpa OUHAPHLLT U30AUPYOWUL Popmys meopuy T,
mo anzebpa B 3adaemca anzebpoti S, .

Bujum, aTo anarebpbl i TpOU3BEIeHI OY/IyT N30MOPQHDI.

Bemeuanue 1. 3ameTnM, 9TO CUMILIEKC B Tpade MOJIyIeHHOM B Pe3ysIbTaTe
IIPOU3BEJICHUS JIEKAPTOBO MJIM TEH30PHOI'O IPUBOJIUT K aJredpandaecKoMy
HOTJIONIEHWIO, XAPAKTEPHOMY JIJIS CUMILIEKCOB [2].
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1 Introduction

The monograph [I] and the survey [2] present established approaches
to the study of totally ordered fields, which appeared in the work of Artin
and Schreier [3] and were developed together with non-standard analysis,
analysis of non-Archimedean valued fields, and model theory. One of the
directions for investigation of ordered fields is connected with the cut (gap)
theory. The theory of cuts dates back to Dedekind’s work and has now
received significant development [4]. There are various classifications of cuts
that make it possible to geometrically visualize the algebraic properties of
the ordered fields. The type of a cut is invariant under ordered isomorphism
of ordered structures making cuts a useful tool in classifying fields [5]. For a
field £ and an ordered commutative group G, a Hahn field is any subfield of
the field of generalised power series k[[G]]. 1. Kaplansky proved that every
real closed field F' can be embedded in a field of generalised power series
R[[GF]], where G is a group of Archimedean classes of F. The present
paper considers examples of an application of a cut theory for some classes

of Hahn fields.

2 Fields of generalised (formal) power series

Throughout this paper N denotes the set of natural numbers; Q the
field of rational numbers; R the field of real numbers. Let k£ be a totally
ordered Archimedean field, Q C k£ C R; let (G, -, <) be a totally ordered
multiplicative group, let (F, -, +, <) be a totally ordered field (by ordered,
we will always mean “totally ordered”); F* = {x € F'| z > 0}; the fraction
field of an integral domain R is denoted by ¢f(R).

o7
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As in [6, 7, 5], let k[[G]] be a totally ordered field of generalised (formal)

power series * = Y 149, where r, = z(g) € k, supp(z) = {g € G|r, # 0},
geG
supp(z) is an inversely well-ordered subset of a G (each subset of G has a

largest element); with Y rgg+ > 109 == > (rg +1)g and > ryg-
geG geG geG geG

> g = > ( Yo Ty -r;2>g ;x> 0 iff x(g9) = 1y, > 0, where
geG 9€G \g1-92=9
go = max supp(x).

Let 8 be a regular cardinal, Xy < § < |G|, by k[[G, 5]] we denote a
subfield of k[[G]] consisting of such series z that card(supp(z)) < B; k[|G, S]]
is called the field of bounded generalised (formal) power series [1l [10] [T}, 12}
13, [14, 175, [16].

If B = Ny then E[[G,R]] is a totally ordered ring consisting of finite
series, so qf (k[[G,No]]) is a totally ordered fraction field.

An ordered field F' is real closed if it does not have a proper algebraic
extension to an ordered field, or equivalently, if every positive element in
F' is a square and every polynomial over F' of odd degree has a root in
F'. The Artin-Schreier theorem asserts that every ordered field F' has an
algebraic extension to a real closed field F (real closure of F') whose order is
an extension of the order on F, and that F' is unique up to an isomorphism
that leaves all elements of F' fixed [I].

Let F be a field, for z,y € F', let’s denote x ~ y if there exists n € N
such that z < ny and y < nz. Let G be the set of equivalence classes of F’
mod ~. We denote the ~-class of an element x by Z, which is an element of
Gp. Note that Z={y € F* | (3m,neN) Lz <y <ma}. Weput T <y
if nt < yforanyn € Nand put T-y = z-y. So, (Gp,-, <) is a totally
ordered group. If an ordered group is isomorphic to G, then this group is
called a group of Archimedean classes of F' (an Archimedean group of F).
There exists an ordered embedding of the group (G, -, <) in the field F', so
we may assume that G C F [1}, 2] 6] 8, [5, 9.

A group (G, -, <) is called divisible, if Vg€ G YneN Jrx e G 2" =g.

Theorem 2.1. [1, 17/

(1)( S. MacLane, 1939) If G is a divisible group, then R[[G]],R[[G, B]] are
real-closed fields.

(2) (I. Kaplansky, 1945) Let F be a real-closed field, Gr be a group of

Archimedean classes of F'. Then, there exists order-isomorphic embedding
F into R[|GF]].

Thus, we further assume that Gp C F C R[[Gp]].
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3  Classification of cuts of a totally ordered
field

Let F be a totally ordered field, a pair of non-empty subsets A, B C F
is called a cut, if A < B and AUB = F. To define the cut (A, B), it suffices
for us to know A, then B = F'\ A. In 1981 G. Pestov introduced the notion
of a symmetric cut. The set A is called a short shore, if there exists ag € A
such that for all a« € A we have a + (a — ag) € A. The element qay is said to
be close to the shore B. If a shore is not short, then it is called a long shore.
If both A and B are long shores, then the cut (A, B) is called symmetric. If
one of the shores is long and the other one is short, then such a cut (A, B)
is called non-symmetric or asymmetric [8] (or ball cut [4]). Let F; be an
ordered extension of a field F' and x € F;. We say that x realizes a cut
(A,B) [4,18],if Va e AVbe B (a <z <b).

We say that a cut (A, B) is algebraic [8, 18], if in some F; extending F,
some x € Fy\F realizes (A, B) and x is algebraic over F.

A cut (A, B) is called principal, if A has a largest element or B has a
smallest element; otherwise (A, B) is called non-principal (or a gap [4], or an
irrational cut [19]). A cut (A, B) is called fundamental [§], if for all positive
e € F there exist © € A and y € B such that y — z < . A fundamental
non-principal cut is also called a Scott cut [1§].

Let L be a totally ordered set. A subset H C L is said to be cofinal
to L,ifVle L 3he€ H (I <h). Asubset H C L is said to be coinitial to
L,ifVlie L 3h € H (I > h). The least cardinality of a set among all sets
that are cofinal (coinitial) to L is called cofinality (coinitiality) of the set L
and is denoted cf(L) (coi(L)). A gap (A, B) of K is said to have (o, )-
cofinality (or (A, B) has type («, 8)), if c¢f(A) = a,coi(B) = B. If (A, B)
is a symmetric gap then cf(A) = coi(B), the cardinal cf(A) is called the
cofinality of (A, B) and is denoted by cf(A, B) [5.

Remark 3.1. ( see [5], [10],[11],[12], [13], [16]):

) Every non-principal fundamental cut of a field F' is symmetric of type

F(F),cf(F)):

2) Every principal fundamental cut is non-symmetric and non-algebraic;
3) There is no fundamental cut that is both non-symmetric and algebraic;
4) Let F be a ordered field with a group of Archimedean classes Gp. If
C,D)isacut of Gp and B = {z € 't |7 € D}, A = F\B, then (A, B)
is non-symmetric; if at the same time, (C, D) is principal, then (A, B) has
type (No, coi(D)) or (¢f(C),No);

(5) The type of a cut (fundamental, symmetric, algebraic, cofinality type) is

(1
(c
(
(
(
(
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invariant under ordered isomorphism of ordered fields (Lemma 1.4.7.; p.31

[5])

Theorem 3.1. (Symmetric cut). Let F be a totally ordered field, F is a
real closure of F. Let Gy and G are isomorphic. Then F can be embedded
in R[[GF]], so that F C F C R[[GF]], and a cut (A, B) of the field F is
symmetric iff there exists a series xo € R[[Gg]] \ F' such that A < xo < B,
so xqo realizes (A, B).

Proof. As Kaplansky proved (see Theorem, there exists order-isomorphic
embedding F into R[[G7]]. Hence, F' can be embedded in R[[GF]], so that
F C F C R[[GF]].

Let (A, B) be a cut of the field F' is symmetric. Let’s assume that there
are no elements from R[[G7]]\ F' between A and B. Then it is not difficult to
see that (A, B) generates a symmetric cut in the field R[[GF]]; but R[[G#]]
has no symmetric cuts (see [5]).

Let (A, B) be a cut of the field F and z, realizes (A, B), zo € R[[G#]]\ F.
Then (A, B) is symmetric by Corollaryl.4.5. p.30. from [5]. O

Let us consider a ring of polynomials k[t] over an Archimedean field k,
let k(t) = qf (k[t]). We define the order relation on k(t) so that ¢ will be an
infinitesimal: 7;t" " + r;_1t" Tt + 4+ rot™ > 0, if the coefficient r; at the
lowest degree t is greater than zero; the fraction is assumed to be greater
than zero if the numerator and the denominator of the fraction are of the
same sign. Note that the field k(t) is non-Archimedean and its group of
Archimedean classes is identified with Gy = {t' | i € Z} = t*. By this
order, for all n € N the following holds 0 < --- < t? <n-t < % = %to <t %
It is well known, that the following chain of extensions takes place (see [2]):
kCk(t) Ck((t) € k(Q)) = K[[tY)], the last field is a Hahn field. Also we
have the following: Q(t) C k(t) C k(t) C R(t) € R((t)) = R[[t?]], where the
last field is the field of formal Laurent series over R.

Remark 3.2. It is known from the classic Kronecker’s results, that
. . 2
V1i+t = NZ{O}C;/Qﬁ e k() \k(t) et =1+t+ 5+ €k((t)\ k)
1€NU

and this is true for any field &, that is not even ordered (see the survey [2];
and see the article [2I] generalizing Kronecker’s result to arbitrary totally
ordered groups and more general linear recurrence relations; one can see also
the analysis of some Kronecker’s results in the [22].

Example 3.1. For Q C k C k C R we obtain the following examples of
different types of cuts (A, B), B = k(t) \ A.
(1) fund. sym. alg. A={x € k(t) |z <V1+t}
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(2) fund. sym. non-alg. A ={z € k(t) | z < e'};

(3) fund. non-sym. alg. it is not possible for any field, Remark [3.1}

(4) fund. non-sym. non-alg. A ={x € k(t) | x < t};

(5) non-fund. sym. alg. A= {x € k(t) |z < 2o, 20 € k\ k}, if k\ k #0;
(6) non-fund. sym. non-alg. A = {x € k(t) | z < z9,z9 € R\k},ifR\k # 0;
(7) non-fund. non-sym. alg. A={x €k(t)|Ine Nz <n-t}

(8) non-fund. non-sym. non-alg. this case is not possible( see proof in [23]).

4  Cuts of some subfields of a field of gener-
alised power series k[[G(L,Q)]]

In [111, 12, [16] the author introduced and studied the following construc-
tion of a Hahn field: for a given totally ordered set L and a totally ordered

field P and an Archimedean field k: G(L,P) = {g = [] quj | &, >
=1

§in > o > &G & € L\{&}, a; € P j = In, n € N} U {&} and
§1=¢5 =&, Vg € P,V € L.

G(L, P) is a totally ordered, divisible multiplicative group with a lexico-
graphic order, extending the order from L, with a unit &; so k[[G(L, P)]]
is a totally ordered Hahn field.

We have the following chain of fields of generalised power series:

G(L, P) C qf (K[[G(L,Q),No]]) C qf (K[[G(L,Q),Ro]]) C K[[G(L, P);Ry]] C
KIIG(L, P)]].

For g = [] 5;1;'7’, denote by I(g) the set {&;,,...,&, }, which is the set of
j=1

letters that appear in the word g.

Lemma 4.1. Let L = {&;}ic., be a well ordered set which is order isomor-
phic to the ordinal wy, let F' be an ordered field and G(L,Q) is its group
of Archimedean classes, G(L,Q) C F & R[[G(L,Q)]]. Then, if (C,D) is
a cut of G(L,Q) and B = {x € F* |z € D},A = F\B, then (A, B) is

non-fundamental non-symmetric and non-algebraic cut of F.

Proof. Let (C,D) be a cut of G(L,Q) and B={zx € F" |t € D},A= F\B,
then, by Remark [3.1] (A, B) is non-symmetric. For G(L,Q) ( see [I1])
card[a,b] < Ng, where a,b € G. So, by Remark B.1} (A4, B) has a type
(Rg, Ng). Since c¢f(G(L,Q)) = cf(F) = X; and each fundamental cut has a
type (c¢f(F),cf(F)) = (R,Ry), then (A, B) is non-fundamental. Since the
group G(L,Q) is divisible and the field F' is real-closed then (A, B) is not
algebraic (see |I6], Remark 3.4).

[l
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Example 4.1. For F' = R[[G(w1,Q); R;]] we obtain the following types of
cuts (A,B), B=F\ A:

(1) fund. sym. alg. It is not possible for any real closed field ( see [A]);

(2) fund. sym. non-alg. There exists, by Proposition 14. from [12];

(3) fund. non-sym. alg. It is not possible for any real closed field ( see [5]);
(4) fund. non-sym. non-alg. A={z € F |z < xzo},x9 € F;

(5) non-fund. sym. alg. It is not possible for any real closed field ( see [5]);
(6) non-fund. sym. non-alg. It is not possible for this field, ( see Proposition
14. from [12] );

7) non-fund. non-sym. alg. It is not possible for any real closed field ( see

~—

8) non-fund. non-sym. non-alg. There exists by Lemma.

The following theorem was announced at the MAL'TSEV MEETING
2023 ( see [24]) and appeared during a discussion of a Hankel matrix [22]
with M. Podkorytov.

Theorem 4.1. Let o be an ordinal, L = {&;}icq be a totally ordered set, let k
be a totally ordered Archimedean field, Q@ C k C R. A series u € k[[G(L,Q)]]
belongs to the fraction field K = qf (k[|G(L,Q),No]]) iff I no € N 3¢ =

tteL, AL = {&.&,, .. &) C L\{€}, s € N such that u € k(t"O), where
k= af (HIGL.Q). %))

Proof. If the series u = £ = 1, then the statement is trivial. Let u # &, and
u € qf (K[[G(L,Q),Ng]]), so u = w, n,m € N,a;,b; € k,g;,h; €
G(L,Q). Let £ € Ly = Jl(g;) U Ul( ) \ {5’0} Let’s consider the greatest
positive power of £ in the numerator of the fraction v and take it out of the
brackets. And do the same for the denominators of u (if there are negative
powers of £). Thus, all powers of £ can be made negative. Let’s introduce
the notation t = £, So, all powers of t are positive rational fractions. The
least common multiple of denominators of all such rational fractions will

give us the desired number ng. Put L = (L U{&)}) \ {€} € L\ {£} then
the coefficients at ¢70 will belong to the field k = ¢f (k’[[G(Z, Q), NO]]>.

For example,
_ 56 M08 &3 EotEs 6712 €/3(56 P26 36T AT B 4656 7P/0)
€5436160—6 45351/2+§1/2 €5(E0+361626 5 —£9¢3€, P +£—9/2

ng = 67 (5_ )1/6 = tl/ﬁaz = {507517627 753»54}

_ (t1/6)28(a+a§(t1/6)2+a3(t1/6) +a4(t1/6)5)
b1+b2(t1/6)5+b3(t1/6)9+b4(t1/6)27 )

@i, bj € qf (K[[G(L; Q),No]] and u € k(t5). O




On cuts of some fields of generalised power series 63

Corollary 4.1. Lett' =& € L. Letu= >, 1" € k[[G(L,Q)]]. Then
neNU{0}

u € K = C_If (k’[[G(L,Q),No]]) zﬁEI Un € N, El L = {50,&1,...,&5} C

L\ {€},s €N such that u € k(t% ), where k = qf (k[[G(Z,@), NO]]>.

Proof. Let u = > rpt" = %, n,m € N,a;,b; € k,g;,h; €
neNU{0}

G(L,Q). Let’'s hy = max }{hi}. Let’s put the term containing hy, then u =

€{l,..n
(bihy) " Nargi+-4angn)- [1-E0+ 3 (=1)7 (by tbohy thy + -+ 4 by by h)’]
JEN
= Y. rut" So,wehave |J I(t") = {t} C Ul(g:)UJI(hi)\{&}. Further,

neNU{0} neN

we apply the Theorem [4.1], for £~ = ¢. O
Remark 4.1. Note, that if g € G(L,Q) andu = > 1,9" = w,
neNU{0} o
then it is possible that g # g;, g # h;.
For example, g = g1 - go, u= >, g¢"= (gl)g_llm.

neNU{0}

Corollary 4.2. Lett™' =& € L. Then 1+t € K\K, et ¢ K. So, K is
not real closed.

Proof. 1t is known, that series v/1 +¢, /1 +tm0, el et ¢ %(t) for any field
k, Q C k (see [21, see also [22] using the properties of Hankel determi-
nants). Suppose that ¢ € K = q¢f (K[[G(L,Q),R]]) then, according to
the Corollary .1} 3 ng € N, 3L = {&, &, .6} € L\ {¢},s € N

such that e € %(t%), where k = qf (k:[[G(z,Q), NO]]>. Hence, €' € %(t%)

Thereby, e € E(t%) & €™ € k(t), this contradiction shows that ¢! ¢

[

Corollary 4.3. Let a be an ordinal, let L = {&;}ica be a totally ordered set,
let k be a totally ordered Archimedean field, Q C k C R,

K = qf (K[[G(L,Q),%]]).

Then /1 +t realizes a symmetric algebraic cut in K and e’ realizes a sym-
metric cut in K.

Example 4.2. For K = ¢f (R[[G(w1,Q); Ro]]) we obtain some types of cuts
(A,B), B= K\ A. This list is not complete yet.
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(3) fund. non-sym. alg. It is not possible for any real closed field ( see [5]);
(4) fund. non-sym. non-alg. A={z € F |z < xp},x9 € F}

(5) sym. alg. A={r € K |x<x},m0=+1+t€ K\K witht~! € L by
Theorem [1.1}

(6) sym. A={z € K |z < e} by Theorem [4.1}

(6) non-fund. sym. non-alg. There exists by Corollary 3.1 [I6], Theorem
3.1, Theorem 3.2 [I6]; we can take series zy with infinite number of letters
in its support.

(7) non-fund. non-sym. alg. It is not possible by Theorem

(8) non-fund. non-sym. non-alg. There exists by Lemma [4.1]
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1 Institution Theory Prerequisites and Log-
ical Topologies

The abstract model theory framework in use is Institution Theory, a
heavily category-theoretic paradigm introduced in [6]. In this section, we
will cover basic prerequisite notions that are essential to the paper. The
notion of a logical system is pertained to by the categorical construction
called institution.

Definition 1. An Institution Z = (Sig’, Sen’, Mod”, =) consists of: A
category Sig”, whose objects are called signatures; A functor Sen” : Sig? —
Set, mapping each signature a set whose elements are called sentences over
that signature; A functor Mod? : (Sig?) — Cat°® mapping each signature ¥
to a category whose objects are called >-models, and whose arrows are called
- (model) homomorphisms, and a relation =5 C |[Mod”| x Sen” (%) for each
Y € |Sig?|, called Y-satisfaction, such that for each morphism ¢ : ¥ — %’
in Sig?, the satisfaction condition

M’ s Sen®(9)(e) il Mod”(¢)(M) = ¢
holds for each M’ € [Mod”(¥')| and e € Sen”(X).

The satisfaction condition of institutions corresponds to the meta-axiom
that “truth is invariant under change of notation” and under extension of
the context.

67
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In order to present some fundamental notions, let Z be a fixed but arbi-
trary Institution. A Y-presentation is a pair (3, E) where ¥ is a signature
and F is a collection of Y-sentences. A Y-model M satisfies a presentation
(3, F) if it satisfies each sentence in F; written as M F E. Two models
that satisfy exactly the same sentences are called semantically/elementary
equivalent. Given a collection E of Y-sentences, let E* be the collection
of all ¥-models that satisfy each sentence in E. Given a collection M of
Y-models, let M* be the collection of all X-sentences that are satisfied by
each model in M; also let M* denote (X, M*) called the theory of M. The
closure of a collection E of Y-sentences is £**, denoted E°.

Fact 1. The % operations on sets Y-sentences and collections of X-models as
defined above form a Galois Connectionl]

Definition 2. Given a signature ¥ in an institution, a Y-sentence p’ is a
semantic negation of p when p™* = p*, and a semantic conjunction of the
Y-sentences p; and py when p™* = pj N ps.

The subject of this paper are the so-called logical topologies. We consider
which model topologies are natural in some sense in the framework of insti-
tutions. Given a signature 3, a topology on its model class [Mod(X)|, in
order to represent model-theoretic properties has to encompass the syntax-
semantic relation central to model theory, and represented by the satisfaction
relation in institutions. Semantic topology, defined by Lewitzka [8, @], and
developed in the institution framework by Kiouvrekis and Stefaneas [7], is
an obvious choice.

Definition 3. Let Z = (Sig”, Sen®, Mod?, |=7) an institution, and ¥ an
arbitrary signature. For every set of Y-sentences E, the class of all the
models that satisfy it is defined as:

E*:={M e Mod(X)| M se, VeecEFE}.

The class of all ¥-Models, |Mod(X)| admits a natural topology, named
Semantic Topology (SM), in which the open sets are exactly:

Ty 1= { U E? | {E;}icr family of finite sets of Z—Sentences}
i€l

Given the definition of the semantic topology, if any two models can-
not be distinguished by the sentences that are satisfied by them, it would

!For the Galois connection properties see [3]. For the relations of closure operators
over set-theoretic operators see [7].
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make sense to identify them, which is the reasoning behind the definition of
the Identification Semantic Topology (ISM). To do this, Kiouvrekis and
Stefaneas [7] defined an equivalence relation =, which is defined as follows:
it My = M;, then M; = M. For a signature X, the class invariant of the
model class [Mod(X)|, is written as [Mod(X)|/ =. The function mapping
each Y-model to its equivalence class defines ISM and is continuous.

2 Separation Axioms for Logical Topologies

Equipped with the definitions of the logical topologies SM, ISM, we will
explore their relation with the separation axioms in the institutional setting,
expanding on the work Kiouvrekis and Stefaneas [7]. In other approaches
to model theory, there have been similar results on separation axioms [1],
independently of Lewitzka [8, 0] and the Institutional Theorists. Other than
“rediscovering” similar results in the institutional setting, the novelty of
this work is that the institutional setting allows for a rigorous but nearly-
automatic mapping through model classes of different signatures.

2.1 Elementary Equivalent Models and 7y,77,7, ax-
ioms

We will begin by studying how SM and ISM topologies interact with the
separation axioms Ty (Kolmogorov), Ty (Frechet), Ty (Haussdorff), regard-
ing the separation of points by open sets. We will show that the satisfaction
of these axioms depends on the existence, in a model set |[Mod(X)[, of ele-
mentary equivalent models, which are models that satisfy exactly the same
sentences. We consider the formulations of the separation axioms in which
neighbourhoods are replaced with finite open covers (whose union is an open
set). Ry, Ry axioms are the equivalents to 77, T5 if we exclude topologically
indistinguishable points of a space.

We remind that given a topological space X, its quotient space with the
equivalence relation defined by topological indistinguishability is called its
Kolmogorov Quotient, KQ(X).

Proposition 1. ISM s the Kolomogorov Quotient of SM.

Proof. We show that topologically indistinguishable points in SM are el-
ementary equivalent models. Let |Mod(X)|, with the SM topology. Let
My, My be ¥-Models. M; and M, are topologically indistinguishable iff
M, € A < M, € A for any open set A. This is equivalent to M; Fyx
Uics Ef & Ms =5 U,; E; for any open set, which is equivalent to M; =y
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e & My [y e for any Y-sentence e. Therefore, the equivalence relation
that determines ISM is the equivalence relation identifying the topologically
indistinguishable models in SM. [

This result, while easy to prove, involves a more important fact, that
ISM = KQ(SM). In addition to leading us immediately to some results,
this fact is greatly important, as it gives a model-theoretic characterization
of the topologically indistiguishable points and provides an argument as to
why SM, ISM topologies can be considered “natural” for logic.

Kiouvrekis and Stefaneas [7] proved that in an Institution with Semantic
Negation and Conjunction, ISM topology is 75. We will generalize this
result.

Proposition 2. In an Institution with Semantic Negation, ISM topology is
7.

Proof. Let |Mod ()|, with the ISM topology and ¥-Models M; # M,. This
implies (by definition of ISM) that M; 22 M. Therefore, there exists a -
sentence e such that M; |y e and My Fx e. However, the institution
has semantic negation, therefore M, =y —e. Thus, M; € {e*} and M, €
{(—e)*}, which, by definition of ISM, are (disjoint) open sets. O

We have shown that ISM is 75 (Hausdorff). Because ISM = KQ(SM),
and every T5 topology is 11, Ty, we have the following corollary:

Corollary 1. In an Institution with Semantic Negation, ISM topology is T}
and Ty, and SM topology is Ry (preregular) and Ry.

It can easily be shown that SM is, generally, not Tg, T} or T,. Let two Y-
models M; # M, that are elementary equivalent M; = M,. Thus, M; =5 e
iff M, =5 e for all e € Sen(X). This is equivalent to: M; € Ef iff My € E?,
for any E.

Thus, considering the base of SM topology, for any open set A such that
M; € A (WLOG), then My € A. So SM is not Tj, and therefore neither T3
nor 15.

2.2 Regularity

Regularity is the condition that any closed set F' and any point z, where
x ¢ F are separated by disjoint open neighborhoods.

A zero-dimensional space is a topological space with a base of clopen sets
(i.e. sets that are open and closed). Zero-dimensionality is closely related
to regularity.
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Kiouvrekis and Stefaneas [7] proved that in an Institution with Semantic
Negation and Conjunction, ISM topology is Regular. We will once again
generalize this result.

Proposition 3. In an Institution with Semantic Negation, SM topology is
Regular.

Proof. Let |[Mod(X)|, with the SM topology and M a ¥-Model. Also, let F
a closed set such that M ¢ F. Then, M € F¢, which is open. By definition
of SM, F*¢ being open implies F'* = | J,.; E; for some (E;);c;. Therefore,
M € U;; B, and for some i € I, M € E}, where Ej; is finite (by definition
of SM).

M € E; which is equal to (,_, €}, where E; = {eg}x=1,..n. Therefore,

we have
n n n

(B = (e = Jen)) = (e
k=1 k=1 k=1
the last equality by semantic negation. So, to separate M and F' we need
two open sets that cover them and are disjoint. For M, we have M € E}
which is open by the definition of SM. For F', F' = [Mod(X)|/U,c; £ C
|Mod(X)|/E; = (Ef)¢ = |Jp_,(—ex)* which is also open by definition of SM,

and we have shown the two sets are disjoint. O]

In this proof, we consider E} an element of the base of the SM Topology,
therefore an open set. However, (E;f)® = (,_,(—ex)*, and (—e;)* is open by
definition of SM. Therefore, ();_,(—ex)* is open as a union of elements of
the base, implying E is closed. Thus, the following are implied:

Corollary 2. The elements of the topological base of SM are all clopen.
Equivalently, in an Institution with Semantic Negation, SM topology is Zero-
Dimensional.

Corollary 3. In an Institution with Semantic Negation, ISM topology is
T3, as a Kolmogorov Quotient of a Regular space. And therefore it is itself
Regular.

2.3 Normality and Countable Syntax

We now investigate conditions that have to do with Normality, the prop-
erty of a topological space where every pair of disjoint closed sets are sepa-
rated by open neighborhoods that are themselves disjoint.

We need to distinguish between two notions of compactness, logical and
topological, both fundamental properties in their respective areas. Logical
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compactness in the institutional setting is defined as follows [3]: an institu-
tion is compact whenever E |= e implies Ey |= e, for some finite Ey C E. A
second institutional property is m-compactness, which is the model-theoretic
version of compactness. A set of X-sentences is called consistent if E* #£ ().
An institution is called m-compact if each set of sentences is consistent when
all its finite subsets are consistent.

Topological compactness is defined as every open cover of a topological
space X has a finite (open) subcover.

Proposition 4. In an Institution with semantic negation and semantic con-
gunction the following are equivalent [5):

i) all SM topologies in an institution T (that is, all topological spaces
IMod(X)| with the SM topology, which is for every ¥ € |Sig?|) are
(topologically) compact

ii) the institution Z is (logically) compact

In institutions with negation it holds that m-compactness implies logical
compactness. Furthermore, it holds that institutions with semantic negation
and conjunction have falseﬂ When an institution has false, it holds that
if it is compact it is also m-compact [3]. So Proposition 4 holds for both
notions of logical compactness.

We will explore further the implications of compactness to show a result
about the Normality of SM.

Proposition 5. In an institution with (semantic) negation, if an SM is a
(topologically) compact topology, then it is also a Normal Topology.

Proof. In an institution with semantic negation every E7 is clopen. Now,
let two closed sets Fy, F, that are Fy N F, = (). F, F, being closed means
that there exist open sets J,.; £/, ey By, that are their complements,
respectively, i.e. F1 = [Mod(X)|/U;c; B and F> = [Mod(X)|/ e, E;-
Furthermore, Fi, F5 being disjoint implies that F; C Uje 7 EJ* and Fy C
Uier £7-

Fy C U,es Ej by (topological) compactness implies Fy C U§:1 Ei ke
N. The same argument also gives that Fy = |[Mod(X)[/U;c; E implies
F, C [Mod(%)|/ U, E;. But:

k

[Mod(%)]/ U E; = (B},

J=1

2An institution has false when, for every ¥, there is a Y-sentence that no Y-model
satisfies it. Whenever a ¥ has such a sentence it is called falsex [3].
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which is an open set, because {E;}* is closed as clopen, so its complements

are open sets. So, it is a finite intersection of open sets, and therefore open.
k k .

Thus, the open covers are (J;_, £} for F; and [Mod(2)|/J;_, £} which

are trivially disjoint. O

Proposition 6. In an institution with (semantic) negation, let ¥ a signa-
ture. If Sen(X) is countable, then SM over Mod(X) is a Normal Topology.

It is known that every regular space with a countable base is normal
(see [I0], theorem 32.1).

Proof. By Proposition 3, in Institutions with semantic negation, SM is Reg-
ular.

If Sen(X) is countable, then the set of finite subsets of Sen(X) is also
countable. Furthermore, the * map, which maps E; — E, creates the base,
and there is no element of the base not produced by this map. Thus, it
is surjective to the base of |[Mod(X)| with the SM. Thus, the base is also
countable.

By Theorem 32.1 in [I0], SM over [Mod(X)| is Normal. O

This is another link between a model-theoretic property and a topological
one. Finally, we present another condition that guarantees normality for SM
topologies, using the previous results.

Corollary 4. If an institution is logically compact and has semantic nega-
tion and conjunction, then all its SM topologies (i.e. the SM topology over
|Mod(X)| for any signature ) are Normal.

Proof. By Proposition 4, in an institution that has semantic negation and
conjunction, and it is logically compact (or m-compact), all SM topologies
in its models are compact topologies. By Proposition 5, topological com-
pactness yields Normality. O

2.4 Separation by Continuous Function

Eagle, Hamel and Tall [4] prove the complete regularity of another version
of the logic topology, where the e} define the basic closed sets of the topology,
in [0, 1]-valued logics. We demonstrate this proof modified for the non-fuzzy
institution-independent settingEl and the SM topology on models.

3The proof can also be presented for [0, 1]-institutions easily, but in this work we
limit ourselves to the non-fuzzy truth concepts. For more in L-institutions, the analog to
many-valued logics [2].
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Proposition 7. In an Institution with semantic negation, SM s Completely
Regular.

Proof. Let F' a closed set of ¥-models. So, F' = Mod(X)/ U, (E:)" =
(User(E5)7)¢ for some I. Also, let a ¥-model z € Mod(X)/F = x € F° =
v € |J;,(£;)" for the same I. So, x € (E;)* for some i € I. Now, consider
sentence e € E; as a continuous function Mod(X) — Mod(X) X e, that is
defined as M — (M |=x e), since the e-preimages of open sets are themselves
open sets. The finite product of those functions is also a continuous real-
valued function such that M = [[.cp (M s e). Thus, x € (E;)* implies
[lecg,(z s e) = 1. Also, F' C (E;)¢, therefore for each y € F' there is an
e € Ej, such that (y Fx e) =0, and thus, [[,cp (v Fx e) = 0. O

Corollary 5. In an Institution with semantic negation, ISM is T%.

3 Preservation under Signature Change

One of the most important features of the institution-theoretic framework
is the uniform treatment of translation from one underlying signature to
another, and the resulting mappings in syntax and semantics. In this section,
we examine how the logical topologies behave under model reduct functors
induced by signature morphisms. Given that in most of the previous results
the premisses concern the institution itself and not an individual signature,
having a result like “the image of an SM topology in the object set of another
model category is an SM topology in the codomain of the mapping” would
imply that some of the separation axioms and similar topological results
are linked to the model-theoretic properties of that institution (for example,
having semantic negation).

It is easy to show that Mod(¢) : (|[Mod(X')], SM’) — (|Mod(X)|, SM)
is continuous for each signature morphism ¢ : ¥ — ¥’ (see [3], and for a
proof [5]).Moreover, for all E* € SM, Mod ' (¢)(E*) € SM’. This means
that the preimage of SM through Mod () is a topology, and coarser than
SM'. Similarly for I.SM.

We go on to investigate whether, when SM and ISM are mapped from
IMod(%')| to |[Mod(Y)]|, their images are also SM and ISM topologies, re-
spectively.

Proposition 8. [Mod(¢)((Sen(¢)(E))*)| = E* N |Mod(¢)(X')|.

Proof. (C) Let M € |Mod(¢ )((Sen( )(E))*)|. Then, there exists M’ €
(Sen(¢)(E))*, such that Mod(¢)(M’') = M. Therefore, Ve’ € Sen(¢)(E),
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M' s € and there exists e € FE such that ¢ = Sen(¢)(e). By the
satisfaction condition, Mod(¢)(M’) |=x e, or else M € E*. Thus, since
M € Mod(¢)(X'), we have that M € E* N |Mod(¢)(3')].

(D) Let M € E* and M € |Mod(¢)(¥')|. Therefore, M = Mod(¢)(M’)
for some M’ € |Mod(X')| and Mod(¢)(M’) [=x e for every e € E, so by
satisfaction condition, M’ =5 Sen(¢)(e), which means M’ € (Sen(¢)(E))*.
Thus, M € |[Mod(¢)((Sen(¢)(E))*)|. O

Therefore, the restriction of SM to the image of Mod(X) through Mod(¢)
is a topology, and also the image of a coarser topology than SM’ through
Mod(¢). Similarly for ISM.

The results of this section, though still in initial stages of possible re-
search, demonstrate the value of studying those logical topologies in insti-
tution theory. Through those relatively immediate observations we saw how
signature changes map semantic topologies onto semantic topologies. Thus
the preservation of separation axioms for the images and preimages of those
topologies, is only subject to the validity of particular premises for each prop-
erty — most of whom are in a sense “global”, i.e. reffering to the institution
itself and not to a particular signature.
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1 Bseaenne

Vzydenune BoIpoca 0 BO3MOXKHOCTH 3a/IaHIs HEKOTOPOTO KJIaCCa MaTeMa-
THYECKIX OOBEKTOB CHCTEMON aKCHOM JIOITMKH TIPEIUKATOB SIBJISIETCS BasK-
HO1 3a/1a9eil Teopun MoJiesieii. ITo CBOMCTBO MTO3BOJIAET PACCMATPUBATE 1€~
MEHTBI JAHHOI'O KJIacca KaK MOJIEIN HEKOTOPOH TEOPHH, YTO JAeT BO3MOK-
HOCTH HUCIIOJIb30BATh METO/bI (DOPMAJIBHON JIOTUKU U TEOpUU MOjesIeil st
ux u3ydeHusi. B janHOil pabore paccMaTpUBaeTCsl BOIPOC aKCHOMATU3UPY-
€MOCTH KJIACCOB IIOJTUTOHOB HAJI IMOJIYIPYIITAME ¥ IIOJIYMOJLYJIell HaJl MOJTy-
KoJsibIlaMu. Kitace yHUBepcasbHBIX aiaredp HA3bIBAETCS (KOHEUHO) GKCUOMA-
MUUPYEMbILM, €CITU CYIIECTBYeT (KOHEUHAas) CUCTeMa aKCHOM — 3aMKHYThIX
opMyIT JIOTHKY TTEPBOTO TOPSJIKA, MOJIEISIMI KOTOPO# B TOYHOCTH SIBJISTFOT-
cs 9JIEMEHTHI JIAHHOTO KJjacca. MHOkecTBO X HA3BIBAETCA NOAULOHOM HAJ
moJIyrpytmmoit S, eciu ompejnesieno orobpaxkenune - : X x S — X, Takoe,
g0 it Beex ¢ € X u v,w € S BBHINOJHsETCA paBeHCTBO (rv)w = z(vw).
Kommyrarusnbiii o cioxkenunio monousi M ¢ nefirpagbabiM d1eMeHToM 0py
HA3BIBACTCS NOAYMOYAEM HAJ ACCOIMATUBHBIM TOJTYKOIBIIOM S ¢ Og, ecim
omnpejeneHo oroopaxkenne - : M x S — M, takoe, 910 1j1s1 Bcex m,n € M
u S,t € S BBIIOJIHIETCS:

1) m(st) = (ms)t

2) (m+mn)s =ms+ns
3) m(s+1t)=ms+mt
4) OMS = mOS = OM

[Tosmronst (rosryMotyu) Ha T GUKCHPOBAHHON Oy TPYIIION (OTyKOTb-
oM) S MOXKHO PacCMaTpHBaTh KaK YHUBEPCAJbHBIE ajreOpbl ¢ YHAPHBIMU

77
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OlepaIUsIMU, COOTBETCTBYIONMME 3JIEMEHTAME TIOJIyIPYIIIb (TIOJIYKO/IbIA),
rJe KayKJIOMy 9JIEMEHTY § € S COOTBETCTBYeT yMHOXKEHHE Ha S, T.e. 0T0D-
paxenne X — X,z +— xs (u omnoil GuHAPHON omnepalyeil + B ciydae Io-
aymofyiist). IIpu TakoMm onpesiesieHun 3JeMEHThI Oy TPYIIbL (TI0TYKOIb-
na) Oy/JyT paccMaTpUBAThCA B AKCHMOMAX Kak (DYHKIIMOHAJIBHBIE CHMBOJIBI,
a He JIEMEHTBI MOJIE/IH, & 3HAUYUT KBAHTOPHI MOXKHO OpATh MCKJIFOUUTEIb-
HO II0 9JIeMeHTaM IoJaurona (mosymomysis). Ogaako ecin dopmysia HMeeT
B Vs € S ¢(s), To ee MOKHO 3aMeHUTD Ha |S| akcuoMm ¢(s) JIs KazKIoro
s € S. Orciona ciepyer, 9T0 Jr060e MHOrOOOpasue yHUBEPCaJbHbIX ajredp
SIBJISIETCS AKCHOMATU3MPYEMbIM. B 4acTHOCTH, KJIACC BCEX IIOJUIOHOB (II0-
JIyMO/IyJIelt ) Ha i UKCUPOBAHHON TIOJ Iy TPy IO (IOJTyKOJIBIOM) S AB/IAETCSH
AKCHOMATU3UPYEMBIM.

OcHOBHBIC CBeJICHNSI U3 YHHUBEPCAJIBHON asreOpbl MoxkHO Hajfitn B [1],
reopuu nosyrpynn — B [2], reopun rpynn — B [3], reopun mosuronos — B
[4, 5], mosykouer u mosymoyseit — [6], maremarudeckoii joruku — B [7].

2 PaccmarpuBaeMbie KJIACCHI

B nmammoit pabore paccMOTPeHbBI CJIeIYIONIe KIACChl TOJTUTOHOB 1 IOJIY-
MOJLYJIEI: NOONPAMO HEPASAOHCUMDBIE, KOHEYHO TOONPAMO HEPAZAOHCUMDLE T
00HOPOOHbLE.

2.1 IlommpsiMmo Hepa3JI0XKHUMbIe aJaredopbl

YHauBepcaibHas ajredpa HasbIBACTCA NOONPAMO HEPAZN0ACUMOT, €CIIN
He CYIIECTBYeT ee PA3JIoyKeHUsl B HeTPUBUAJIBHOE TIOJIIIPSIMOE IPOU3BE/ICHIE
napyrux aarebp. B cuny teopemsr Bupkroda |1l rmasa 11, §7, 7. 7.3] xaxnast
HeTpUBHAJIbHAsA ajredpa SBJISIeTCS TOMIPIMBIM [TPOU3BEIEHUEM OIIPIMO
HEpa3JIoKUMbBIX ajiredp, I03TOMY Takuhe aJredpbl MOXKHO paccMaTpuBaTh
KaK 3JIeMEHTapHble, UX U3yYeHHe MO3BOJIAET HOJIYIUTh 0OoJIbIne nHpopMa-
un 060 BCEX yHUBEPCAIbHBIX ajrebpax B meoM. /JanHoe Bbiie ompe/erie-
HUE MOJIIPSMON HEPA3JIOKUMOCTH He BCETJa sIBJFETCS YJIOOHBIM, MOTOMY
qare Bcero Gy/IyT UCIIOJIb30BATHCS CJIEYOIINEe SKBUBAJEHTHBIE OIIPeIe/ie-
uust (em., [0, pasm. 4.1]).

1) YuusepcasibHas ajarebpa sABIAETCS NOONPAMO HEPAAOHCUMOT, TOTTIA
U TOJIBLKO TOIJIA, KOTJa II€pecedeHne BCeX ee HeTPUBUAJBHLIX KOHIPYIHIHUI
— HeTpHUBHAJIbHASA KOHI'PYIHIIHS.

2) YuusepcasbHas ajredpa siBISeTcst NoOnpAMO HePa3A0HCUMOT TOTIA
U TOJIBKO TOIJIA, KOIJIa IepecevdeHne JIIoboro MHOXKECTBA €€ HETPUBUAILHBIX
KOHTDYSHIMIT — HeTPUBHAJIbHASA KOHI'PYIHIINS.
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3) VHauBepcaibHast aarebpa sBJIAETCA NOONPAMO HEPAZAONHCUMOT TOTIA
U TOJILKO TOTJa, KOIJIa y Hee CyIMecTByeT HalMMeHbIIAas HeTPUBAAILHAS KOH-
IPY3HIHA.

ITycTh p — HaMMeHbINAs HETPUBHAJbLHAS KOHI'PYSHIUA yHUBEPCAILHOIL
anrebpsl X. Torma p nopoxgaercs oboit napoii saementos x,y € X Ta-
KUX, 9T0 (x,Yy) € p, TO €CTb p = p,,. B ciaydae, korma X — moauron Haf
HOJIyTPYIIOH S, py, 381aeTCSA CJCAYIOMNM YCIOBUEM:

(2,w) € pg, TOLNA U TOIBKO TOTJA, KOIJIa HMEET MECTO IIENb DABEHCTB

2 = U1,

V181 = U252,

Vt—1S5t—1 = USt,
VSt = W

npu HekKoTophixX s; € ST = SU {1}, u;,v; € X, Taknx, uro {u;, v;} = {z,y}
ang Beex ¢, = 1,...,t.

U3 3T0rO0 yCimoBusa HETPY/HO MOIYYUTH €IIe OJHO SKBUBAJICHTHOE OIpe-
JieJIeHIe TO/IIPSAMOl HEPA3JIOKIMOCTH JIJISA TTOJTUTOHA, HE MCIIOJIB3YIOIIee M0~
HSATHs U3 TEOPUH YHUBEPCATBHBIX ajredp.

4) Homuron X (|X| > 1) naj nmoyrpy1moii S aBisieTcs noonpamo nepas-
AOIHCUMDBLM TOTJIA U TOJILKO TOTJIA, KOTJIA BBIINOJIHSIETCS CJIE/IYIONIEe YCIOBHE:
CymecrByfor Takue z,w € X, 9T0 [/ JIOOBIX T # Y UMEeT MeCTO Iellb pa-
BEHCTB

2 =81,

V181 = U252,

Vi—1St—1 = UtSe,
VSt = W

npu HekoTophIX s; € ST = SU {1}, u;,v; € X, makux, uro {u;,v;} = {z,y}
ang Beex ¢, = 1,...,t.

Kiiace mognpsaMo Hepas/I0zKUMbIX TOJTUIOHOB (IOJyMOJLyJIeit) Hal moJLy-
rpymnnoii (moaykosbiom) S obosnadnMm kak Slg.
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2.2 KoHedHO moaITpsiMO HEPa3JI0XKHUMbIE aJareopbl

Ornpenienierne KoneuwHo noonpamMo HepasoHcuMol aJIredPhbl 3a/1aeTCs 10
aHaJIOTUH C SKBUBAJIEHTHBLIM OIpeAe/IeHueM 2 JIJIs TOAIPIMO HEPa3JI0KIMO-
cTi: YHUBepcasbHas ajaredbpa Ha3bIBAETCA KOHEUHO MOONPAMO HEPA3AOHCU-
MOTi, €CJIU TIepecedeHne JII0ObIX JIBYX (& 3HAYUT U JIHOOOr0 KOHEIHOIO YUCIIA)
ee HeTPUBHUAJIBHBIX KOHI'PYIHIUI — HeTpUBUaIbHAsT KOHIPydHIMsA. OueBu/I-
HO, 9TO IOJIIPSIMO HEpasJIoKuMasi ajredpa A siBaseTcs KOHEIHO HMOIIPSIMO
Hepasao:KnMoii. B ciaydae, korma A KoHedHa, 0OpaTHOE YTBEPIKIEHIE TOXKE
Oy/eT BepHO, TaK KaK MHOXKeCTBO KOHTpyHIUi A komeuno. OjgHako is
OECKOHEUHBIX YHUBEPCAJIbHBIX aaredp 9TO He Tak.

ITpumep 1. Pacemorpum rpymiy (Z,4) Kak 1mojaurod Haj coboit (0603Ha~
genne Zyz). Tak kak Z — abejieBa IpyIIa, TO ee KOHIPYSHIINE Kak abesieBoit
CPYIIILI Oy/IyT COBIAIATH C €€ KOHIPYIHIUAME IOJIUTOHA Zyz. A 3HATUT 1IPO-
MU3BOJIbHAA KOHT'PYIHIUS MOJUTOHA Zgz UMeeT BUJ ap,b < Im € Z a — b =
mn Jiisd HekoToporo n € Z. llepeceuenne Bcex KOHIPYSHINN Zyz TPUBUAJBHO,
OHAKO P N Py = P(n,m), TO €CTDb IIepecedeHre MPOU3BOIbHBIX JIBYX HETpPH-
BUAJIbHBIX KOHIPYIHIMI — HeTpUBUAIbHAsS KOHIPYIHIIMA. SHAYUT ITOJUTOH
77, KOHEYIHO TIOJIIPSIMO HEPA3JI0KUM, HO HE SIBJIETCS TIOJIIPSIMO HEPASJIOAKI-
MBIM.

Kitacc KOHEYHO MOANPSIMO HEPA3JIOKUMBIX TIOJUTOHOB (IOJIyMO/LyIeit )
HaJ1 oIy rpy ol (mosrykosbioMm) S obo3uaunm Kak FSTg.

2.3 OgHOpPOOHBIE ITOJIMTOHBI

CsoiicTBO 0dHOPOOHOCTMU B JAHHOI paboTe pacCMaTpPUBAETCs TOJIBKO ISt
KJIacca MOJIMTOHOB, JIJIsI KOTOPOTO OHO SIBJIAETCS 0O0OIIEHNEM CBOMCTBA, MO
npsiMo HepasjoxkumocTu. Iloganredpa B yauBepcajbHOil aiaredpbl A Hasbl-
Baetcst boavwol B A (A HaspiBaeTcs cyuecmseentvm pacwupenuem B), eciam
nr060it romomopdusm g : A — C Takoii, 94To g|p — MOHOMOPGU3M, CaM B
nstercst MoHoMopdu3mom (obozradaercs B C' A). [onuron X HasbiBaeTcst
00HOPOJHBIM, €CITH BCE €r0 HEHYJIEBBIE TTOJIIIOUTOHBI SIBJIAIOTCS OOJIBIIIME B
X.

OcHoBHBIe CBeJIeHns 00 OJTHOPOIHBIX MOTUTOHaX MOXKHO HaiiTu B []. [Toz-
oJINroH B siBjsiercst OGOIBIMM B HOJUIOHE A TOra ¥ TOJIBKO TOIJa, KOIIa
JIst JTI000M KOHTIPYsHIH p nojurona A p N pg = A o3nadaer, ato p = A.
Orcrozia ciefiyer, 9T0 KOHETHO TIO/IIPSIMO HEPA3JIOKUMBIii (& 3HAYUT U MOJI-
[PSIMO HEPA3JIOKUMBIii) MIOJIUTOH sIBJIeTCst OiHOPOoHbIM. OIHAKO obpaTHOe
YTBEPKJIEHNE HE BEPHO.
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ITpumep 2. Paccmorpum mosryrpymiy TpaBbiX Hyseir S W KOHEYHO IO/
npsMo HepazaoKuMbiit mosmron X nagr S. Tak kak X KOHEIHO MOIIPSAMO
HEPA3JIOXKUM, TO Y Hero He 60jiee JIBYX KOMIIOHEHT CBA3HOCTH. Kcym KoMm-
[IOHEHTHI J[Be, TO OJIHA U3 HUX COCTOUT M3 OfHOro Hyssd. Paccmorpum Y —
HeTpuBHAIbHYI0 KoMIoHeHTy X (ecau y X ojHa KOMHoHeHTa, TO Y = X).
Y — nognosinron B X, a 3Ha4uT Y KOHEYHO MOIPAMO HEPA3TOXKHUM U CBsI-
sen. [Ipeamonoxkum aro |Y| > 3. xst = xt, a 3HauuT JJ1s1 J0ObIX T,y € Y 1
se€ S axs=ys. Torna p,, = {zx,y} U{y,2} UA, p,. = {z, 2} U{z, 2} UA,
P2y = {2y} U{y, 2} UA gBisioTcss HeTpUBUATIBHBIME KOHIDYIHIUAME, HO
UX 1epecevdeHne paBHO A, UTO MPOTHBOPEUUT KOHETHON MOIIPSIMOi Hepas3-
noxxumoct Y. 3uaqur |Y| < 2, TO ecTh MOIIHOCTb KOHETHO IOJIPSIMO
HEPa3JI0KMMOT0 TOJUroHa HaJl S He npeBocxoauT 3. Termepb paccMorpum
noJtyrpynity npasbix Hysei S, |S| > 4, kak noamron Haj coboii. Tak kak
|Ss| > 4, on He gBsIeTCS KOHEYHO MOIIPAMO HepasaoxkuMbiM. OHAKO Sg
HE MMeeT TIO/IIOIUTOHOB, & 3HAYUT OJIHOPOICH.

Kiace oHopoiHBIX TTOJTMTIOHOB HaJL TOJIyrpyIoil S obosnadnm kKak Ug.

3 OrpaHnm4YeHHOCTH KJIACCOB IIOJIMTOHOB

[Ipu paccMoTpeHnn BOIIPOCa AKCUOMATU3UPYEMOCTH BaXKHYIO POJIb OyIeT
UTPaTh CBOWCTBO OT'PAHUYEHHOCTH PACCMATPUBAEMBIX KJIACCOB IO MOIHO-
CTH.

Jlemma 3. Mowmocms 0dnopodnozo nosuzona mad noayepynnot S ne npe-
Sl
socxodum |(S')” |.

Loxaszameavcmeo. Paccemorpum omnopoanbii momuron X wHax S. Tak
KaK OH HETPHBHAJICH, TO OH JIKOO COCTOMT W3 JBYX HYyJeil (B 9TOM Ciry-
vqae |X| = 2) aub0 cOmepKUT HETPUBHUATBHBIN OIHOMOPOK ICHHBIH OO
muron Y. Tak xkak X ommopommsiii, F(X) = E(Y) (E(X) — unbekTus-
Has obosouka X ), a sHaunt |X| < |E(Y)]. Tak kak Y onHOIOPOXK/IEH, €ro
momHocTh Henpesocxoaut |St|. A snaunr on comepxurca B Cof(S') (.
[4]). Cof(S') asnserca nnbekrusub, a snaunr E(Y) C Cof(S'), To ectb

|E(Y)| < |Cof(SY)] = \(Sl)sl\. Orciona ciemyer, uto | X | < \(Sl)sl\. O

ILJIH IIOAIIPAMO HEPA3JIOZKUMBIX ITIOJIMI'OHOB JaHHYIO OOEHKY MO2KHO YJIy4-
IINTb.
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Jlemma 4. Mowmocmv noonpamo HEPA3AOHCUMO20 NOAUZOHA X HAO NOAY-
9 1
epynnoti S e npesocrodum 2151,

Joxazameavcmeo. Ilycts X moanpsamMo HEPa3Ja0:KUM, TOT/Ia CYIIECTBYET
Pap — HaNMEHBIIAA HeTpUBHAJIbHAdA KOHIpysHuug Ha X. [lia mpomssosb-
woro z € X paccmorpum muOKecTBO A, = {s € S' | xs = a}. Onpenennm
OUMHApHOE OTHOIIEHHE ~ CJIeJlyIOIuM obpazoM: & ~ y <= A, = A,. Oue-
BUJIHO, YTO ~ — OTHOIIeHHe SKBUBajernocTh. Ilyets x ~y € X ut € St
Torma Ay ={s €S |ats=a}={se St |ts€e A,} = ={seS'|tse
A} ={s € S' | yts = a} = Ay, a sHaumT Tt ~ Yt, TO ECTH ~ — KOHIDY-
SHIMsI. 3ameTnM, 910 1 € A,, Ho 1 ¢ Ay, 10 ectb a »~ b. OpHako B J11060it
HETPUBHUAJIHHON KOHIPYSHIIUH & U b TOJKHBI OBITH S9KBUBAJEHTHBI, TO €CTh
~= A.

Pacemorpum oroGpazkenne f: X — 25 crapsmiee kazkaomy & € X B COOT-
BercTBue A,. VI3 jjoKa3aHHOIO BBIIIE Clle/lyeT, 9TO f — WHbEKINs, & SHATUT

X< 2% 0

B caydgae, Korja paccMaTpuBaeMble KIacChl aKCHOMATU3UPYEMBI, YCIIO-
BUS TIPEIBIIYIIINX JIEMM MOYKHO YCUJIUTD.

Jlemma 5. Ecau xaace Sls noonpamo mepasroncumvls nosu2onos nad no-
AYyepynnot S ABAAECMCA AKCUOMAMUSUPYEMBIM, TO MOUMHOCTIU BCET NOAU-
20H08 6 HeM He NPesocrodsm nexomopozo k € N.

Joxazamenvcmeo. Ilycts Slg siBiIsieTcss aKCHOMATU3UPYEMBIM U COIEP-
KT OeckoHeuHbli moymrod X. Torma mo Teopeme JIéBenreiima-Ckysrema-
Tapckoro (em. [9, crencreue 2.1.6]) cymectByer Mofeasb 060t GosbIedt
geM | X | momrocTu. OjHaKO 10 JiemMe 4 MOITHOCTH TIOIIPAMO HEPA3JIOKU-
MBIX MOJIUTOHOB HaJl S OrpaHHvueHbl KapiuHaabHbM anciom 251 Bnaunt,
Bce moJturonsl B S1g Koneunbl. OpHako, ecian 06l B S1g comepKaanch CKOJIb
yrofHO OO0JIBbIIIE KOHEYHBIE ITOJIMTOHBI, TO 110 Teopeme [€mens-Masbiesa o
koMmmakTHOCTH STg comepskas ObI 1 OECKOHETHYIO MOJIEIb. JHAUUT, CYIIe-
crByeT k € N Takoe, 9T0 MOITHOCTD JIFOOOIO MOJIUroHa U3 Slg He MPEeBOCXO-
mut k. O

AHAJIOTTYIHO JIOKA3BIBAIOTCSA YTBEPKIEHUS JJII KJIACCOB OTHOPOIHBIX M
KOHEYHO IIOJMPSAMO HEPa3JIOKHUMbIX IIOJIMIOHOB.

Jlemma 6. FEcau xaace Ug odnopodnvx nosuzonos nad nosyepynnot S a6-
AACMCA GKCUOMAMUSUPYEMBIM, MO MOUHOCTY BCEX NOAUZOHOE 6 HEM HE
npesocxrodam Hexomopozo k € N.
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Jlemma 7. Ecau xaace F'SIg 00nopodnvix nosuzonos Had nosyepynnot S
ABAACNCA AKCUOMAMUSUPYEMBIM, O MOUHOCTNU BCET NONUZOHOE 6 HEM HE
npesocxodam Hexomopozo k € N.

Tak Kak JJIg KOHEYHBIX IIOJITOHOB CBOMCTBA ITOJANPIMON HEPa3I0XKUMO-
CTA U KOHEYHOU HOANPAMOIl HEPa3J0KUMOCTU SKBUBAJECHTHBI, JJI KJIacCa
F'SIg MOXKHO MOJIyINUTD JOIOJHUTE/IBHBIE CJIEICTBHS.

Caencrsue 8. Ecau xaace F'SIg konewno noonpamo HEPA3AOACUMDLT NOAU-
20108 Ha0 NoAY2PYNNOt S ABAACMCA AKCUOMATMUSUPYEMBIM, MO BCE KOHEUHO
NOONPAMO HEPAZNOHCUMDBLE NOAULZOHDL HAOD S ABAANOMCA NOONPAMO HEPA3NO-
orcumvimu, mo ecmv FSIg = Slg.

CaenctBue 9. I[lycmv S — noayepynna u xaacc Slg ne asasemces axcuo-
mamusupyemoim. Tozda xaace FSIg ne AGAAMCA AKCUOMAMUSUDYEMBIM.

4 AxcmoMaTm3mpyeMOCTh KJIACCOB MOJIMTOHOB

4.1 TIloauronsl HaJ KOHEYHBIMU IOJIYTpPyHHaMu

OxkasbIBaeTcs, ITO JiIsi KOHEIHBIX MOJIYTPYII BOIPOCHl aKCHOMATU3UPY-
€MOCTH PEIIAIOTCA IOJIOZKUTE/IBHO.

Teopema 10. IIycmov S — woneunas noayepynna. Tozda xaracc Slg saean-
EMCA KOHEUHO AKCUOMAMUSUPYEMBLM.

Joxasamenvcmeo. Ilyers X — mosmron naj mosyrpymmoit S u |S| = n.
Beimummmenm onpegenenne nosurona: Vo € X VYo,w € S (xv)w = z(vw).
Tak Kak MoJiyrpyiia KOHeYHa, TO KBAHTOD IO JIeMEHTaM I'PYIIIbI MOXKHO
3aMEHUTH Ha N aKCHOM (BMecTO Vs € S HAIMCATH COOTBETCTBYIOILYIO AKCHO-
My JIJIS KazKJI0ro s; € S). 3HauuT, onpe/esenye IoUroHa 3aluchiBaeTcs n’
akcuoMamu: (s;s;) = (s;)sj, 4,7 =1,...,n.

Paccmorpum sxBuBasieHTHOE Ompe/iesieHne 4 moJIpsMoil HePa3JI0KIMO-
cru. JIna xKax10it mapbl &,y 371eMeHToB X OyJeM paccMaTpuBaTh HambOosee
KOPOTKYIO I€Ih TAKUX PABEHCTB. [IpeamosiokuM, 910 UgSy = UpSy, TPA
Kakux-au00 k # m. Torma gacTh menm Mexy k W m MOXKHO YIAJTUTh, 9TO
[IPOTUBOPEYHT €6 MUHUMAJIbHOCTU. AHAJTOIUIHO 3TOMY HEBO3MOYKHO DaBEH-
CTBO UgSkp = UpmSm Upu k # m + 1. BHauut, B 1enu BCe JEMEHTBI U;S;
pazimanbl. Tak Kak u;, v; MOI'YT IIPUHUMATH TOJBKO JIBA 3HAYCHUS, & S§; MO-
IyT NPUHUMATH TOJBKO N 3HadeHuil, juuna nemu ¢ < n. leneit qmmab ¢
cymecrByer He Gosiee (2n)'. Torga ycioBue TOANpPsIMOl HEPA3IOKUMOCTH
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3alluIeTCd KaK JU3BIOHKIINA CCbOpMy.HI/IpOBaHHOFO BbIII€ YCJIOBUSA IIO BCEM

nengaM JJuH ¢t < n .
n

zyw: Vo £y V V (2 = wsi Avist = uasa ...

t=1 {u;,v;}={z,y} s1,...,5¢€S5!
Nvic18i-1 = wsy N vesy = w). O

Teopema 11. ITycmov S — woreunasn noayepynna. Toeda xaacc Ug ssasem-
CA KOHEYWHO AKCUOMATMUSUPYEMDBIM.

Jloxazameavcmeo. Y opnopopnoro nosurona X |Z(X)| < 2. Smauur
KJIACC OJ[HOPOJIHBIX IIOJIMTOHOB JICJIUTCS Ha 2 HEIEePEeCEeKaOIMUXCs KJacca:
Hosuronst ¢ |Z(X)| = 2 u nomurons ¢ |Z(X)] < 1.

1) Pacemorpum kiiace oaoposabx moauroHos ¢ | Z(X)| = 2 (Hymu o6o3na-
qnM 0 u 0y). OHE ABIAIOTCSH TOIPAMO HepasaokuMbiMu (cM. [§]), a 3HaunT
Kjacc 3agaercsd yciaosueM J61,0, € X (Vs € S O1s = 01) A (Vs € § Oas =
02) A (Va,be X ds € S ((as = 61)) A (bs = 02)) V ((as = 02)) A (bs = 64)).
Taxk kak S KoHeuHa, ds € S MOXKHO 3aMEHUTDH Ha JU3BIOHKIINIO (POPMYJI 110
BceM 3j1emerTaM S, a Vs € S MOXKHO 3aMEHUTHh Ha KOHBIOHKIIAIO (hOPMYJI
O BCeM 3jieMeHTaM S. 3HAUUT 9TOT CIydail 3a/aeTcsd KOHEUHBIM HAabOPOM
aKCHOM, & CJIeJIOBATE/IbHO OHONW (hOpPMYJIOi.

2) Paccmorpum Kiace oHOpoaHbIX momronos ¢ |Z(X)| < 1 (Do ycmosue
SKBUBaJIeHTHO cieayfomemy: (30 € X (Vs € S 0s = 0) A (Vo € X (Vs €
Sas=2z)= (0 =u1x))V (Ve e X s € S)(zs # z)). Torma ycaosue
OJIHOPOJTHOCTH 3alluchiBaeTcs cieytoreit hopmysnoit (cm. [§]):

Va € X (as = a) N (Vo,y € X 3s,t € S (as # at) A ((as,at) € pyy)).
(as,at) € py, 3aIUCBIBACTCS AHAJOTHIHHO TOMY, KAK 9TO OBLIO CJeIaH0 JIIst
CJTydast TTOJIIIPSAMO HEPA3JIOKUMBIX [TOJMTOHOB (N3 bIOHKITHEH TI0 TIETIsIM JJTH-
HBl < n). KBaHTOPBI 110 S 3aMEHSIOTCST AHAJIOTHIHO [IEPBOMY CJIyYalo.

Taxmm obpazom kinace Ug 3a/1aeTcst T3 BIOHKITHEH BBITIEYKa3aHHBIX (POpP-
myst. [J

Teopema 12. Kaacc FSIg xoneuno noonpamo HEPA3A0HCUMBLT NOAUZOHOE
Ha0 KOHeuHotl noayepynnoti S ABAAEMCA KOHEUYHO AKCUOMAMUSUPYEMDBIM.

ﬂonasameﬂbcmso. Tak kak S KOH€4YHa, BCE€ OJHOPOJAHbIE ITOJIMT'OHbI Ha/{

Sl
S koneunsl (Tak Kaxk ne npesocxonat |(S1)” | mo mommoctn). B wacrroctn
BCE KOHETHO IOJIIPSIMO HEPA3IOKUMbIE TIOJIUTOHBI HaJT S KOHEUHBI, a 3HATUT
MOIIPSMO HEPA3JI0KUMBI. 3HAUIUT Kjaacc ['STg coBmamgaer ¢ kmaccom Slg,
KOTOPHI 110 TeopeMe 10 KoHEUHO akcuomaTuzupyem. [
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4.2 TloauroHbl HaA TPyIIIaAMHA

OK&SI)IB&GTCH, 9TO JJId I'PYIIII KOHEYHOCTDL [ABJIACTCA HE TOJIbKO J10CTa-
TOYHbBIM, HO 1 H€O6XO,HI/IMIDIM ycjaoBuEM aKCUOMaATHU3HUPYEMOCTHU pacCCMaTpuU-
Ba€MbIX KJIaCCOB IIOJIMT'OHOB:

Teopema 13. Kaacc Ug 0dnopodnvz nosuzonos vad epynnot G asasemcs
AKCUOMATNUSUPYEMBILM 0200, U MOoAbKO mozda, ko2da G KonewHa.

oxasamensvcmeo. B ciydae, korga (G KOHeYHa, aKCHOMATH3UPYEMOCTH
caeayer u3 Teopembl 11. B ciyuae, korna GG 6eckonedna, G Oymaer 6ecko-
HEYHBIM IIPOCTBIM, a 3HAYUT OJHOPOIHBLIM IIOJIMI'OHOM, YTO IIPOTHUBOPCYUT
sgemme 6. [

Teopema 14. Kaacc SIg noonpamo HepassoncumMvls nosu2oH08 Had 2pyn-
noti G ABAAECMCA AKCUOMAMUUPYEMBIM 0206 U MOALKO mozda, ko2da G
KOHEYHA.

Jloxazamenvcmeo. em. [10].

Teopema 15. Kaacc F'SIg koneuwrno noonpamo HEPA3AOAHCUMDBIT NOAULOHOE
Had epynnoti G ABAAEMCA AKCUOMAMUSUPYEMBIM M0200 U MOALKO Mo20a,
xoeda G Koneuna.

JlanHoe yTBep:KeHUE ABJIAETCH TPUBUAJIBHBIM CJCJICTBUEM TeopeMbl 14
u cjaeacTBud 9.

4.3 Ilonuronbl HaJ 6€CKOHEYHBIMU MOJJTYTPYIIIaAMUA

J71s1 osryrpy it ycJioBue KOHEYHOCTH He SIBJISETCS HeOOXOIAMMBIM JIJIst
AKCHOMATU3UPYEMOCTH PacCcMaTpuBaeMblx KiaccoB. llomyrpymma, B KOTO-
pOil BBITIOHAIOTCS TOKIECTBA T2 = T U TY = YT, HAZBIBAETCS NOAYPEULEN-
Kkoti. J1Jist oIy pereToK ycoBue moApsaMoii HepasIoKUMOCTH TTOJTUToHa X
skBuBaseHTHO ycsosuio | X| < 2 (cm. [II]), koropoe 3amaercs axcmomoi
dr Jy Vz (2 = 2) V (y = 2). Takum obpasom mosrytdaeM CJe/Iyomniee yTBep-
KJIeHUE:

Teopema 16. Ecau S — noaypewemika, mo KAaCC NOONPAMO HEPA3AOHCU-
MDBLE NONU0HOE HaA0 S ABAACNCA AKCUOMANUSUPYEMBIM.

[lajiee paccMOTPUM IOJIUTOHBI HAJL MTOJTYTPYTIIIAMU JIEBBIX U MPABLIX HY-
neit. Iloayepynnot aeevx (npasvir) nyaed Ha3bIBACTCS HOJYTPYIIIA S, yI0-
BJIETBODSAIONIAsT TOXKIECTBY St = § (COOTB. st = t) jyist Beex s,t € S.
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Teopema 17. Ilycmv S — beckoneunas noayepynna seeur Hvyaet. Tozda
KAACCHL NOONPAMO HEPASAOHCUMBLET, KOHEYHO NOONPAMO HEPA3AOHCUMBLT U
00HOPOOHBLT NOAU0HO0E HAD S HE ABAANOMCA AKCUOMAMUSUPYEMBLMAU.

Jlokasameavcmeo. Ilyerb S — 1npousBosibHas 10yrpyiia. MHOKeCTBO
25 orobpaskenuit f : S — {0, 1} MOXKHO ¢/1e1aTh OIMTOHOM Ha,T .S, TTOJIOXKUE
(fs)(t) = f(st) ns Beex f € 29, s,t € S. Orobpaenus 6, u 0y, Takue, 9TO
01(s) =0, 602(s) = 1 mst Becex s € S, OUEBUIHO, SABJISIOTCS HyJISMH [IOJTUTOHA
25 Tlommron X ¢ AByMs HYJIAMH 21 U 2y ABJIAETCS TOAIPAMO HEPA3IO0KIMbIM
TOJIA U TOJBKO TOIJIA, KOTJA JIIs JIOOBIX = # y u3 X Halijercs 3/ieMeHT
s € S, rakoit, uro {xs,ys} = {z1, 22}

[Ipeamonoxkum Temepb, 9T0 S — OECKOHEUYHAs TOJIYTPYIIIa JIEBbIX HY-
neit. Ilyers X = 29. Bosbmewm mmobnie f # g € X. Torjga mpu HEKOTOPOM
sseMente s € S Gyaem mverh Mecto f(s) # g(s). Moxuo camrars, 9TO
f(s) =0, g(s) = 1. Torga qa moboro t € S moayunm (fs)t = f(st) =
f(s) =0, (gs)t = g(st) = g(s) = 1, cienoBarenvho, fs = 01, gs = 05, a 3ua-
aur, {fs,gs} = {01,605}, a 3HAUMT GecKoHEUHbIH TTOMUTOH T = 2° TOAIPAMO
HEPa3JI0KUM (& 3HAYUT KOHETHO IOIIPSIMO HEPA3JIOKUM U OHOpojeH). Ho
ecJii ObI OJTUH U3 KJIACCOB OBbLT aKCUOMATU3UPYEMBbIM, TO I10 JJleMMaM 00 orpa-
HUYEHHOCTHU BCE ero MOJTUIOHbI JIOJIZKHBI ObLIN ObITH KOHEYHBIMU. SHAUUT BCE
TPH KJIACCA MOJIMIOHOB HaJl S HE AaKCHOMATU3UPYEMbI. []

[Iycts Kg — HEKOTOPBIN MOJKIACC KJacca BCEX IOJUTIOHOB HaJl TOJIY-
rpymmoit S. Kg Ha3bIBACTCA KOHEUHO AKCUOMAMUSUPYEMBIM HAOD KAACCOM
BCET NOAULOHOS, €CJIA CYIIECTBYEeT KOHEYHAs CUCTEMa aKCUOM, KOTOPas BMe-
CTe C TOXKJECTBAMH IOJUTI'OHOB 33/Ia€T TEOPHIO, MOJIEISIMUA KOTOPOil B TOY-
HOCTHU SIBJISTIOTCS 3JIEMEHTHI JIAHHOTO KJIACCA.

Teopema 18. I[lycmv S — beckoneunasn noayepynna npasolr Hyset. Tozda
xaacco, SIg nodnpamo nepasznoscumovir u F'SIg xoneurno noonpamo Hepas-
AOAHCUMDBIT NOAULOHOE HAO S HE ABAANMCA KOHEYHO AKCUOMAMUSUPYEMBLMU
6 KAGCCE BCET NOAUOHO06 Had S.

Jlokasamenvecmeo. TIpeIioNiozKumM, 9To yTBEPKIEHIe TeOPEMbI HEBEPHO,
re. Kiacc Slg (F'SIg) onpeensercs akCHOMaMu OJMrona (rs)t = z(st) u
erre KOHEYHBIM YHCJIOM aKCHOM {1, . . ., P (ABAAIONIXCA (HOPMYJIAME JIO-
IUKE 1epBOro mopsaka). ObosnaunM depe3 A MHOXKECTBO TeX 3JIEMEHTOB U3
S, KOTOpble BCTPEYAIOTCA XOTH OBl B OJHOU U3 POPMYIT @1, . .., Pp. lOTaa
A={sy,...,8,} — KOHEUHOE MHOXKECTBO.

Pacemorpum muokectBO X = {271, X9, 2}, COCTOSIIEE U3 TPEX PASTHIHBIX
9JIEMEHTOB, U IpeBpaTuM X B HOJMIOH HaJl HOJYIPYIIONR S JABYMsI CIIOCO-
6amu. IToayuennsie nosmrons: oboznaanM X (Y u X B nomurome XM
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YMHOKEHHUE Ha JIEMEHTHI U3 S OIpPeIe/INM CJIe Ty OIIM 00pa30M:

x1,ecan s € A;
28 =z, 18 = X98 =
To,ecau s ¢ A.

A B noymrone X® umeem zs = z, 115 = ¥, T95 = Ty IPU BCeX 5 € S.
Herpynuo Bujers, uro nosmron X (Y moampsamo mepazioxum, a X 2 ne ss-
JISIETCST KOHEYHO TO/IITPSIMO HEPA3JIOKUMBIM, TAK KAK IMEET TPU KOMIIOHEHTHI
cBsi3HOCTH. IIpHi 9TOM 3/1eMeHTH s € A JAeficTBYIOT Ha T1, To, 2 B X (1) 1 X2
OJITHAKOBO, TI03TOMY (OPMYJIBL @ . . . @, Ha Mogesasx XD u X pmeror
OJIHO W TO Ke 3HavdeHne ncTUHHOCTU. Ho 9TO HEBOBMOXKHO, TaK KaK ITOJIUTOH
X nommpsamo nepazioxnm, a X ? — mer. [

Teopema 19. IIycmv S — beckoneunan noayepynna npasvx wyret. Tozda
raacc Ug 0010podHuniz nosuzonos 1ad S ne ABAAEMCA AKCUOMAMUSUPYEMDBIM.

Zoxaszameavcmeo. Pacemorpum nosturon Sg. B cmity Toro, urto st = t
I Bcex s,t € S, JAHHBIH MOJUIOH HE MMEET HETPUBHUAJBHBIX IOJIIOJIN-
TOHOB, & 3HAYUT OjHOpOJieH. Tak kKak Sg OecKoHeUeH, IIPeIoIoKeHne 00
akcuoMaTusupyeMocTu Kjiacca Ug OKa3bIBaeTCs MPOTUBOPEIUBBLIM. []

5 OrpaHn4eHHOCTh 1 aKCHMOMATU3UPYEMOCTD
KJIACCOB MOJIYMOJLYJIEN

5.1 Moaynu Haja KoJbllaMU

[lepeiiiem K paccMOTPEHUIO KJIACCOB MOJTyMo Ty eit. [l s moampsimo nepas-
JIOXKUMBIX MOJLyJIell HaJ KOHEYHBIM aCCOIMATUBHBIM KOJIHIIOM OKa3bIBAIOTCS
BEPHBIMU aHAJIOTUIHDLIE YTBEPKIEHUSI.

Jlemma 20. [lycmo R — accouuamusroe koav1uo, X — noonpamo mepasno-
orcumoili npasoili R-modyav, m = maz{|R|,No}. Toeda | X| < 2™

Jlokasamenvcmso. cm. [10].

HOBTOpHH J0Ka3aTeJIbCTBa JJId IIOJIMI'OHOB MOXKHO IIOJIY9UTDH CJIeAyroniee
yTBepzKIAeHHnEe.

. AM, MHLL M i -
Jlemma 21. Ecau xaace F1r noon 0 HEPAZNOACUMDLE MOOYAET 10 KOAD
yom R Aeasemcsa axcuomamudupyemvim, mo MOUHOCTIU 8CEX MOoOYyael 6
HeM HE npesocrodam nexomopozo k € N.
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Teopema 22. Kaacc nodnpamo mepazroncumvl npasur R-modyaets nad
KOHEUHDIM ACCOUUAMUBHDIM KOALUOM R Aafemca KOHEWHO aKCUOMAMUS3U-
PYEMDBLM.

Joxazamenvcmeo. B cirydae Momysieit mognpaMas HEPa3/I02KIMOCTb K-
BUBaJIEHTa CYHICCTBOBaHNIO HANMMEHBIIIEI'O HETPHUBUAJIBHOI'O ITOJAMOIYJIAA. B
caydae, Koraa R — KOJIbIIo ¢ eJIMHUIEH, TaHHOe yCJIOBIE SKBUBAJIEHTHO (hOp-

mysie Ja # 0 Vo \/ xr = a (au3boHKIMs 6epercs: 0 KOHEIHOMY MHOYKE-
reR
crBy). Eciin ke B KOJIbIle HET €JMHUIIBI, TO PACCMOTPUM Takoe n € N, uro

nR = 0 (ono cymecrByer, Tak Kak R koreuano). Torma dbopmyiia, 3aaomast
n

HOJIPSMYI0 HEPA3I0KUMOCTh, puMer Buj Ja # 0 Vo \/ \/ zr + ot = a.
reRt=1
0

5.2 Ilomymomynm HaA IIOJIYyKOJbIIAMMI

Hecmorps Ha cxX0KeCTh Ompejie/ieHuil, MOAIPIMO HEPA3IOKIMbBIE TOJTY-
MOJLyJIM HaJI IPOU3BOJILHBIMU TIOJIYKOJIBIIAMU YCTPOEHBI TOPa3/0 CJIOZKHEE.
B wactHOCTH, B OT/INYME OT MOJMTIOHOB U MOJLYJIEH, TIOJIIPSIMO HEPA3JI0KU-
MbI€ IIOJIYMOIYJ/IX MOT'YyT 6bITI) HE OI'paHUY€HBbI 110 MOIITHOCTH. BOﬂee TOro, y
HOJTY MO/JTYJIsl MOXKET He CyIIeCTBOBATH s/pa (TO eCTh HAMMEHBIIIEr0 HeTPHBHU-
AJIbHOTO TOJIOIYMOJLyJIs ). Pacemorpum MuO)KecTBO X, cofiepxkaiiee 3 (huk-
CUPOBAHHBIX 3JjieMeTa 1), ¢ 1 0 U olpee/ MM Ha HEM CJIEIYIONLyI0 OMHAPHYIO
oneparmio "+":

s sroboro x € X

(+C¢=n+rx=z+n=0+x=x+0=n
Hns moboro z € X \ {n,0,(}
(+r=ax+(=10
A B ciyuae, korpa x,y # 1,0, C:

97 ec/in r = y7 x? y # 777 97

rT+y=
Y 7, €cau T # y.

Jlannas onepaliusi KOMMYyTaTUBHA U ACCOIMATUBHA, TaK KaK CyMMa JIIOOBIX
3 ayiemeHnTOB B JI0O0M TOpsiyike Oyzer pasHa 7). llpucoemunum K jgaHHOM
nostyrpytie exauaniyy (0 B aJ/TATUBHBIX 0003HAUEHUSX) U 0O03HATIM IOJIY-
JeHHBII MOHOIT Xj.
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Hoxkaxem, 910 ppg = AU (n,6), (0,n) — HanMenbIas HeTpUBHAIbHAS KOH-
rpy3HIEs. PaccMoTpuM IIPOU3BOJIBHYIO HEPTUBHAIBHYIO KOHIPYIHIIUIO p HA
X().
[Iycts x #y, x ~y (10 ectb (z,y) € p). PaccMOTpuM HECKOIBKO CJIy4Yaes:
1) (2,9) = (6,7). Tovaa p 2 pus
2)x=mn, yeXo\{n,0,(,0}. Torman=n+y~y+y=~0,10ectb p 2D p,g
=0, ye Xo\{n,0,(,0}. Torman=0+y~y+y =40, t0ectb p D p,g
4) :r,yGXO\{n,Q ¢,0}. Torman=xz+y~y+y==0,10ectb p 2 pyop
5)x=0, ye Xo\{0}. Tornad =0+60 ~y+6=mn, 10 ectb p 2 ppy
6) (z,y) = ((,;n). Torma 0 = (+z ~n+2=1n (2 € Xo\ {n,0,(,0} —
IIPOU3BOJIBHELIT), TO €CTB P 2 Py g
6) (z,y) = ((,0). Torma = (+2~0+2=n (2 € Xo\{n,0,(,0} —
IIPOU3BOJIBHELIL), TO €CTh p O py g
Nx=¢ yeXo\{n0,(0} Torman=(+(~y+(=0,T0ectb p D pyyg
Torma ppe = AU{(n,0),(6,n)} — HaumenbIas HeTPUBUAIBHAS KOHIDYSH-
s, TO eCTh X MoAnpaMo HepasjaoxkuM. [Ipu 3Ttom X MoxkeT OBITH CKOJIb
yrojgHo 6oJibinoit MomtaocTH. 3amernm, uro {n,0} u {n,(} — nHemepeceka-
OIUeCcs TIOIOIYTPYIIILL, a 3HaunT y X Her sijpa. Ha janHoit kommyTa-
TUBHOI TOJIyTPyIIIe MOXKHO 3aJaTh CTPYKTYPY HOJTYMOJLY/IS Hal KOHETHBIM
HOJIYKOJIBIIOM, HE U3MEH#sl KOHIPYIHIUU. 3aMeTUM, 4TO J00ast KOMMYTa-
TUBHAs TIOJIyTPYIIa SABJsteTcst moymoyaem Hay No. B nannoit mosryrpymme
BBITIOJTHAETCA TOMKJIECTBO 3x = 4, a 3HAYAT OHA SBJSIETCS IMOJTYMOJLYJIEM
HaJ1 mosyKosabioM No/ps 4 (Kaacest sxsuBaiaenTaocru umetor sug {0}, {1},
{2} u N\ {1,2}). IIpu 970M KOHIDYIHIIUK U HOJIIOJIYMOJLYJIN COXPAHSIIOTCS,
a 3Ha9uT X MOJIPSIMO HEPA3JIOKUM U HE UMEET APa KAK MOy MOJLY/Ib.
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Novikov algebras emerged in the works by I. M. Gelfand, I. Ya. Dorf-
man [I] devoted to formal variational calculus and by A. A. Balinskii, S. P.
Novikov [2] who developed an analogue of the Hamiltonian formalism for par-
tial differential equations of hydrodynamic type. By definition, a Novikov
algebra is a linear space equipped with bilinear multiplication o satisfying
the following identities:

(aob)oc—ao(boc)=(boa)oc—bo(aoc),

(aob)oc=(aoc)ob.

The structure theory of this class of algebras started developing from a paper
by E. Zelmanov [3] even prior to the appearance of the name “Novikov
algebras” (which was proposed by M. Osborn in 1990). Later, the structure
and combinatorial theory of Novikov algebras was developed in a number of
works, including (but not limited to) the papers by V. T. Filippov, X. Xu,
M. Osborn, A. S. Dzhumadil’daev, L. A. Bokut, Y. Chen, I. P. Shestakov,
Z. Zhang, V. N. Zhelyabin, A. P. Pozhidaev, etc.

The theory of conformal algebras appeared in quantum physics as a for-
malization of the properties of the operator product expansion in the 2-
dimensional conformal field theory. From the algebraic point of view, a
conformal algebra is a collection of formal distributions (two-sides infinite
formal power series) satisfying certain conditions (see the book by V. G. Kac
).

If a conformal algebra is represented by formal distributions over a Lie
algebra then it is said to be a Lie conformal algebra. A conformal algebra is
said to be finite if it is spanned by all formal derivatives of a finite number
of distributions.

For example, let W = Derk][t,t!] be the Lie algebra of all derivations
of the (commutative) algebra of Laurent polynomials. Then the only formal
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distribution
v(z) = Zt”@tz_"_l € Wz, 27!
nez

along with its formal derivatives with respect to z span a Lie conformal
algebra known as the Virasoro conformal algebra Vir.

The structure theory of finite Lie conformal algebras was developed by
A. D’Andrea and V. G. Kac [5]. It turns out that Vir is the only exceptional
simple finite Lie conformal algebra (over an algebraically closed field of zero
characteristic) apart from the family of current conformal algebras Cur g
generated by the series

a(z) =Y at"z" e glt,t V[, 27"])], acy,

nez

where g is a finite-dimensional simple Lie algebra.

In this work, we describe simple finite Novikov conformal algebras. For
example, let V = Kk[t,¢7!] be the algebra of Laurent polynomials with the
ordinary derivation 0;. Then for every o € k the new operation

fog=folg) +afg, fgeV,

turns V into a Novikov algebra V,,. Consider the formal distribution

v(z) = Zt"z’”’l € Vullz, 271

nel

It is easy to check by a straightforward computation that
(w — 2)*v(w)owv(z) =0

in the space of formal distributions V,[[z, 27!, w,w™!]]. The latter relation

means that v(z) is local to itself. The classical Dong Lemma (see [4]) which
holds for formal distributions over a Lie algebra is also true for Novikov alge-
bras [6]. Hence, the single distribution v(z) generates a Novikov conformal
algebra 2, immersed into V,[[z, 27!]].

Note that 9, is a finite conformal algebra of rank one over k[J], where
0 = d/dz. Indeed, the OPE formula for the distribution v(w) o v(z) turns
into

v(w)owv(z) = Z (mt" T T Tl

n,meZ
d n+m—1, —n—1_-m k_ —k—1 —n—1_n
:_8_ E t w z +« E thz -w z
¥4
nmeZ n,kE€Z
0

=——(v(2) - 0(w —2)) + av(z) - §(w — 2).
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Here §(w — z) is the formal delta-function, i.e.,

o(w—2z) = Z w "

ne”L

Let us expand the right-hand side of the last expression to get
v(w)owv(z) = —v(z) 8 (w—2z)+ (=0 + a)v(z) - 6(w — z).
In terms of A-products, the latter means
vopyv=(=A—0—a)w,

this is the multiplication table of the conformal algebra *J,,.

Another generic way to construct examples of Novikov conformal alge-
bras is to consider Novikov—Poisson algebras. Namely, for every Novikov—
Poisson algebra A with a commutative operation * and a Novikov product
o one may define the following A-bracket on V(A) = k[0] ® A:

(f(@)@a)op (9(0)@b) = (f(=Ng(@+A)©1)- (1@ (acb)+ (A+0) @ (axb)).

This structure is a Novikov conformal algebra [7]. In particular, 20, can be
obtained (up to an isomorphism) from the 1-dimensional Novikov—Poisson
algebra A = k1 such that 1o1=—al, 1x1=1.

If a Novikov—Poisson algebra A is simple then so is the Novikov conformal
algebra V' (A). In particular, non-trivial 1-dimensional algebras are simple,
so U, are simple Novikov conformal algebras.

It turns out that there are no other examples of simple finite Novikov
conformal algebras.

Theorem 1 (joint with J. Liu). A simple finite Novikov conformal algebra
over an algebraically closed field k of zero characteristic is isomorphic either
to Curk or to U, for some a € k.

As an obvious corollary, we conclude that simple finite-dimensional No-
vikov—Poisson algebras in the settings of Theorem 1 are one-dimensional.

The work is supported by Russian Science Foundation (project 25-41-
00005).
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Ioauzon nat moxyrpynmoit S — 3TO MHOXKECTBO X BMecTe ¢ 0ToOparke-
aneM X X S — X, (x,s) — xs, yAOBIETBOPSIOMNM yCIoBuIo x(st) = (rs)t
npu x € X, s,t € S (em. [1, 2]). onmron X HasbIBaeTCS YHUMADHOIM, €CIH
moJIyrpyima S uMeer equHuIly e u xe = x s Beex © € X. I[lomron X Ha-
30BEM K6a3uyHumaprvim, eciim XS = X. B ciryuae mosyrpymisl ¢ e nHATIENH
9TU TIOHATHUS COBIIAIAIOT.

Pucosckas mampuunasn noayepynna S = MO(G, I, A, P), rne G — rpyn-
ma, I mw A — muoxkectBa, P = ||pyn|| — A x [-marpuia ¢ saeMeHTaMn
pri € GU{0}, onpesienisieTcst Kak MHOXKECTBO 9JIEMEHTOB BUIa (g);x, & TaKKe
sstementa 0, riie g € G, i € I, A € A, ¢ ymuoxenueM (g);x - (), = (gpaih)iy
upu py; # 0 u 0 pu py; = 0 (em. |3 rorasa 3|). Herpyao nposeputs, aro pu-
COBCKasl MATPUIHAS MOJIYTPYIIIIA sIBISIETCS PErYIsPHONR B TOM U TOJIBKO TOM
cydae, eci Kak/iasd CTPOKa M KaxKJbIil cToJIOeI MaTpUIlbl P UMEIoT HeHy-
neBble smemenThl. Yepes M(G, I, A, P) mbl Oyjiem 0603HAYATH PUCOBCKYIO
MATPUIHYIO MOJIYTPYIITY 0e3 HyJIs.

Yenosuem Koneurnocmu Ha3bIBAECTCS JTIO00E YCIOBHUE, KOTOPOE BBITIOJIHS-
eTcs BO Beex ajirebpax 3aaHHON CUTHATYPBI. XOPOIIO U3BECTHBI TAKHE YCJI0-
BUsl KOHEIHOCTH, KaK JIOKaJbHAsi KOHEYHOCTh, KOHEYHAs MMOPOXKJIEHHOCTD,
duHUTHAS aNNPOKCUMUPYEMOCThb. Bo MHOrUX paszjesax ajredpbl paccMaT-
PUBAJIICH APMUHOBOCTG — YCJIOBAE MUHIUMAIBLHOCTH U HEMEPOBOCTN® — YCIIO-
BHEe MAKCHMAJIBHOCTH. VX MOYKHO OIIpeIe/IaTh IBYMSsI TPUHITITUITHAIBHO pas3-
JIMIHBIME criocobamu. A mMmeHHO, ajrebpa A HasbiBaeTCst

apmuHo8ol 6 cMulcae KOHRPYIHUUL, ecau Jiobasg yObIBAIOIALA TOCIE/ 0
BaTEJBHOCTD p1 D P2 D ... €€ KOHIPYIHIUI 0OpbIBaeTCH;

apmumosots 6 cmouicae nodaszebp, ecian Jrobdasi yObIBAOIMIasI OCIEI0BA~
TesibHOCTE A1 D Ag D ... eé mojairedbp oOphIBAETCS;
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HEMEPOBOT 8 CMBICAE KOHRPYIHUUL, eCJTA JTF00ast BO3PACTAIOIIAs TTOCTIe-
JIOBATETTLHOCTD p1 C py C ... €€ KOHI'DYSHIII 0OpPBIBAETCH;

HEMEPOBOT 8 cMbLCAE Nodaszebp, ecTr JTI00asT BO3PACTAIOIIAs [TOC/IEI0BA~
tesibHOCTE A1 C Ay C ... eé mogaredbp oOphIBAETCs.

[Ipuseném omnpenenenust 6osee ciabbix yeaopuit Koneanoctu. Anrebpa A
HAa3bIBAETCS

rongosot, ecan 000 CIOPBHEKTUBHBIN dHI0MOPdU3M A — A aBisierca
UHBEKTUBHBIM;

Koxongdoeot, ecau OO0 MHBEKTUBHBIN H10MOPhU3M A — A aBjsgercs
CIOPbEKTUBHBIM;

cmpozo rongoeot, ecau g Jjoboro o € EndA mociemoBarenbHOCTh
kerar C kera® C kera® C ... obpbiBaercs;

cmpoeo koxongosot, ecau s aoboro a € EndA nocienoBareibHOCTH
ima D ima? D ima?® O ... obpbiBaeTcs.

Xoporo n3BectHas TeopeMa Kanrtopa — [lIpénepa — Bepumreitna yTBep-
JKJIaeT, 9TO JIJIsd JII0OBIX MHOXKECTB A u B, ecjiu CyIecTBYIOT UHbEKTUBHbBIE
orobpaxkerus A — B u B — A, To cymecTByeT B3aMMHO OJIHO3HATHOE
orobpaxkenne A — B. EcrecrBeHHO CIpocuThb, OYJIET JI 3TO YTBEPXKICHUE
BEPHBIM JIJI YHUBEPCATbHBIX ajredp, ecim BMeCTO MPOM3BOJIBHBIX 0TOOpa-
JKEHHUIl paccMaTpuBaTh TOMOMOP(MU3MBI, T.e. BEPHO JIM, UTO €CJIM aJredpb
A u B m3oMophHO BKJIAJIBIBAIOTCA JIPYT B Jpyra, To OHM m3oMopdHbI! B
o0IIeM ciyvdae OTBET OTPUIIATE/IbHBIN: CKaxKeM, CBOOOJIHBIE TPYIIIBI PAHIOB
2 u 3 m30MOP(MHO BKJIAIBIBAIOTCS APYT B ApyTa, HO He m3oMopdHbL. O1HaKO,
CYIIECTBYIOT KJIACCHI aJiredp, JJIsi KOTOPBIX OTBET Ha, MOCTABJIEHHBINH BOIPOC
[TOJIOYKUTEIbHBIN: HAIIPUMED, KOHETHO TIOPOXKIEHHBIE aDeJIeBbI DY 1 JIH-
HeHbIe TPOCTPAHCTBA HAJI TEJIOM.

Hazosém anrebpy A xanmoposot, ecin s jiioboit anrebpbl B Toil ke
CUTHATYPbl HaJIMdue W30MOP(MHBIX BioxkeHuit A — B u B — A Biedér
uzomopdusm aaredbp A u B.

JIBoiicTBEHHBIM 0OPa30M OIPEIEISIOTCS KOKGHMOPOSY, aIredbphl, T.e. Ta-
Kue, 9To J1jist JI000it aaredpnl B TOil Ke CUTHATYPhI HAJTMIHE CIOPBEeKTUBHBIX
romomopduzmoB A — B u B — A Bieuér uzomopdusm ayredp A u B.

N3 omnpenesennit JIerko MOJIy9alOTCs CACAYIONIAE 3aBUCUMOCTH MEXKTY
paccMaTpUBAEMbIMU YCTOBUSIMU:

HérepoBocth (KOHID.) = crpor. Xomd. = xomdoBOCTb => KOKaH-
TOPOBOCTH

ApruaoBoCTh (HOIAIT.) =  CTPOr. Koxomd. =  KOXOIOBOCTH =
KaHTOPOBOCTh

ApTUHOBBI U HETEPOBBI MOJIUTOHBI HAJT PUCOBCKON MATPUIHON MTOTYTPYII-
noit M(G, I, A, P) v IOJTUTOHBI ¢ HYJIEM HAJT DETYIISIPHOI PUCOBCKOI MATPIY-
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Hoit nosryrpynmoii ¢ myném M°(G, I, A, P) 6o oxapaktepusosanbt B [4]. B
[5] 66110 MOKa3aHO, YTO KOHEUHO MOPOXKIEHHBIA KOMMYTATUBIHbIN TOJIUTOH
(B 9aCTHOCTU, KOHEYHO TIOPOJIZKIEHHBI OJIMIOH HaJl KOMMYTATUBHOMN 10Ty~
rpymnnoii) ssisiercst XondoBbiM. Xapakrepusanus XorhOBbIX 1 KOXOIMDOBBIX
YHUTAPHBIX IOJUTOHOB HaJl TPYIIIOi ObLta tosrydena B [0, crporo xordosbix
B [7]. B [8] 661710 noKa3aH0, 9TO YHUTAPHBII TIOJUTOH HAJ[ IPYIIIOi KAHTOPOB.
BriocsieicrBun 31oT pesysabrar Ol 0000IIEH, a IMEHHO, ObLI0 joKa3aHo |9,
YTO KBa3WyHUTAPHbBIE MOJUTOHBI HAJ| PErYJISPHLIMUA PUCOBCKUMU MATPUY-
HBIMU HOJIYIPYIIIIAMU SABJIAIOTCH KAaHTOPOBBIMU. KaHTOPOBBI M KOKAHTOPO-
BBI [TOJTATOHBI HAJT TPUBUATIBHOMN TOIYTPYIION (T.€. HOIyTPYIIION U3 OHOTO
ssieMenta) Obum ormcansr B [10].
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In a series of papers various approximations of infinite structures by
finite ones, i.e. pseudofiniteness are studied [I} 2, B], 4] including finite ap-
proximations of strongly minimal structures [5]. Approximations of theories
by ordered, strongly minimal and countably categorical ones are studied in
6, 7, B, @]

We continue to study possibilities of approximations of theories with
respect to given families of theories [10,[I1]. At the present paper we consider
and describe some possibilities of approximations by stable structures and
theories. Some kinds of approximating formulae in this case are described,
too.

1 Pseudo-stable formulae and their proper-
ties
In this section, we define the notion of pseudo-stable formula as an ap-

proximating formula [I1] of special form, and consider some properties of
these formulae.

*The work is partially supported by by Science Committee of Ministry of Science and
Higher Education of the Republic of Kazakhstan, Grant No. AP19674850, and was carried
out in the framework of the State Contract of the Sobolev Institute of Mathematics,
Project No. FWNF-2022-0012.

99



100 B.Sh. Kulpeshov, In.I. Pavlyuk, S.V. Sudoplatov

Throughout we consider complete elementary theories of a signature 3,
where that signature for a family 7 of theories is denoted by (7).

We denote by Tx the family of all complete theories in a signature .

As usual F(X) collects the set of all formulae of the signature 3, and
Sent(X) denotes the set of all sentences of the signature 3.

Recall [12] that a theory 7" without finite models is called A-stable, for
an infinite cardinality A, if for any model M |= T and a set A C M with
|A| = A we have |[S(A)] < A, ie., |S(A)] = A\. A theory T is called stable if
it is A-stable for some A. Models of a (A-)stable theory are (A-)stable, too.

It is known [I2] that the stability of a theory 7" means that 7" does not
have formulae with the order property, i.e., there are no formulae ¢(Z,7)
with sequences @;, b;, 1(@;) = I(T), I(b;)) = (§), i € w, such that = ¢(a;, b;)
iff i <.

We denote by 7s* the family of all stable theories in the signature 3.

The following definition modifies the definitions of pseudofinite [13], pse-
udo-countably-categorical [9] and pseudo-strongly-minimal formula [7, [§].

Definition. For the family 75, a formula ¢ = ¢(T) is called pseudo-
stable, if ¢ is satisfied in a model of an accumulation point T of the family
&, which is not stable. Here, following [10], we consider accumulation
points for a family 7 of theories under neighbourhoods 7, = {To € T | ¢ €
Ty} for sentences ).

When considered independently, the formula ¢ is called pseudo-stable, if
it is pseudo-stable with respect to a suitable signature 3 2 ¥ ().

The set of pseudo-stable formulae of the signature X is denoted by
PSF(X), and the set PSF(X) N Sent(X) of all pseudo-stable sentences of
the signature ¥ is denoted by PSS(X).

As the following remarks show the behavior of pseudo-stable formulae
is similar to pseudofinite, pseudo-countably-categorical and pseudo-strongly
minimal ones.

Remark 1.1. By definition, any pseudo-stable formula refers both to
stable theories, and due to approximation there are infinitely many such
theories, and to theories that are not stable, but cannot be separated from
stable theories by any sentences.

Since restrictions of stable theories are stable, too, it does not matter
what a stable expansion of a stable structure, satisfying a given pseudo-
stable formula, is considered.

At the same time the considered signature is essential for approximations
of accumulation points. For instance, the formula x ~ x is satisfied in any
stable structure, in particular, in an infinite structure of the empty signature,
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which can not produce accumulation points, whereas it is pseudo-stable for
the signature Y, of binary predicate <, where < is a partial order with an
infinite chain such that this chain is approximable by models of theories in
753, Boolean combinations of formulae z < y, x <y, 3z (x < y), Iz (z > y),
Jrdy (z < y), Jzdy(x > y) are pseudo-stable that is witnessed by the
pseudo-finite theory Th(w + w*).

Remark 1.2. A series of pseudo-stable theories is produced by stable
lattices [14) [I5] with unbounded heights. Here unstable accumulation points
by stable lattices are witnessed by infinite chains as limit chains of stable
ones.

In particular, pseudofinite Boolean algebras, with chains elementary equiv-
alent to w + w*, are pseudo-stable.

Remark 1.3. Let ¢ be a sentence of a signature ¥ witnessing that a
part of an universe has a dense <-chain. Then ¢ ¢ PSS(X) since ¢ does not
have stable models. Similarly, a sentence Vxdyx < y for an order < forces
infinite chains implying Vz3y z < y ¢ PSS(X). Thus, the family of formulae
with infinite models, which are unstable only, is reach enough.

Remark 1.4. By the definition for any signature 3, the sets PSF(X)
and PSS(X) are closed under F-deducibility and under sentences 1), preserv-
ing or extending nonempty neighbourhoods (73'), = {T' € 73" | ¢ € T}
after replacement of ¢ by 1. Thus pseudo-stable sentences form equivalence
classes with respect to the equality of neighbourhoods, which are divided by
the equivalence classes of mutual deducibility.

In view of Remark 1.4 the sets PSF(X) and PSS(X) are supplied by the
operations V of disjunction and the following proposition holds:

Proposition 1.5. Structures (PSF(X);V) and (PSS(X);V) are upper
semilattices.

Remark 1.6. Each semilattice in Proposition 1.5 admits the operation
A of conjunction only for restrictions to the set of formulae of a fixed theory
which is an accumulation point for the class of stable theories and these
restrictions form distributive lattices. thus pseudo-stable formulae are closed
under disjunctions and some conjunctions.

Remark 1.7. It is easy to see that consistent quantifier free formu-
lae have stable models, and, as in Remark 1.1, become pseudo-stable. It
means that any consistent 3-formula, i.e. a consistent formula of the form
Jxy ... dxgpp, where ¢ is a quantifier free formula, is pseudo-stable with re-
spect to a suitable signature. For V-formulae, i.e. formulae of the form
Vri...Vrpp, where @ is quantifier free, that property does not hold, since,
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for instance, the formula VaVy x &~ y does not have infinite models. This for-
mula shows that some formulae, for example, the formula =VaVy x ~ y does
not preserve the pseudo-stability when hanging a negation. At the same
time, as noticed for quantifier free formulae, handing consistent negations
for these formulae preserves the pseudo-stability.

2 Pseudo-stable structures and theories

Definition. An elementary theory 7' of an infinite structure M which
is not stable is called pseudo-stable, if any sentence true in M has a stable
model NV. In this case, the models N are called approzimations of the model
M, and the model M itself is called pseudo-stable.

We notice that by the definition any pseudo-stable theory 7" of a signature
Y. consists of pseudo-stable sentences belonging to theories in the set T

Now we argue to show what signatures can produce a pseudo-stable
theory:

Theorem 2.1. For any signature 3 the family TS has a pseudo-stable
accumulation point iff X contains either a n-ary predicate symbol P or a n-
ary functional symbol f, for n > 2, or at least two unary functional symbols

g1, 92-

Proof. If 3 consists of 0-ary and unary predicate symbols then any the-
ory in 7Ty with infinite models is stable since each Y-formula is equivalent to
a Boolean combination of unary formulae describing satisfactions of 0-ary
predicates, colors of elements with respect to unary predicates, and finite
estimations of finite intersections Pfll Nn...N Pzi’“ of unary predicates P,
d; € {0,1} [16], Section 8.1], and the known fact that Boolean combinations
of stable formulae are again stable [I7]. We observe the same effect on sta-
bility extending > by constant symbols: any expansion of a stable theory by
constant symbols is again stable. Since any unary function h produces a the-
ory > of unars, which is always stable and, moreover, is binary and normal
[18], unars can not have pseudo-stable theories, too. Besides, expansions of
Yi1-theories by 0-ary and unary predicates, as well by constants, have stable
theories only, since all their formulae describe possibilities of cardinalities of
h-preimages with given P; -colors and positions of signature constants.

Now having a n-ary predicate P(xy,...,z,), n > 2, we can define its
binarization P(z,y,vy,...,y), and connect a m-ary function f(zy,...,z,),
n > 2, with a pair of independent unary functions g, go such that g,(z) =
f(z,z,...,z,a) and go(x) = f(x,z,...,2,b), where a and b are (-definable
elements marked by some different numbers of f-preimages.
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Thus, to complete the proof it suffices to show that a binary predicate
P(z,y) and a pair unary functions g;, g2 produce pseudo-stable theories.
Taking for P a pseudofinite linear order < [2, 6] extended by infinitely many
loops we can approximate the obtained unstable theory T" by stable theories
with finite parts of the linear order. Thus T is pseudo-stable.

For the signature 3y = (g1, g2) we consider the formula

p(z,y) == Fz(z = g1(z) Ny = g2(2))
defining the pseudofinite linear order w + w* on a subset of some countable
universe M. Here we take in M countably many connecting elements a,,,
m € w, witnessing distinct z for distinct by < by in w + w* satisfying (b, b;)
such that these elements a,, do not have g;-preimages, and add g;-loops
for all elements in w + w*, ¢ = 1,2. Finally we form the universe M by
the set w + w*, the set {a,, | m € w}, and a countable set {d,, | m €
w} with g¢i(d,) = dpm, m € w, i = 1,2, completing the construction of
the structure M. This construction allows to repeat the arguments above
obtaining a pseudo-stable theory T' = Th(M) of the signature . Indeed,
the constructed structure M has countable stable substructures M,, with
n-element subset 0f w + w* whose order is guaranteed by some elements
Gm, N € w. Thus the theory T is an accumulation point for the family
{Th(M,,) | n € w}. Additionally, T" is pseudofinite since it is approximated
by the family of theories of substructures M, with finitely many loops. O
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1 Bseaenne

[Ipeareomerpust m reomeTpudecKas CTPYKTypa MOJeIeil OCTaIOTCS OJI-
HUMU U3 TEHTPAJBLHBIX OOBEKTOB U3YyYEHUs B MATEMATUYECKOU JIOTHKE U
teopun mojeneit. C 1970-x ro10B aKTHBHO Pa3BUBAIOTCS IIOIXO/IbI K OIKCA-
HUIO U KJIACCU(PUKAIUU TPEJIreOMETPUI, BOSHUKAIONINX B PA3JIMIHBIX TEO-
pUAX, BKJIIOYad O-MUHUMAJbHBIE, W-CTAOUIbHBIE U CHUJIBHO MUHUMAJIHLHBIE
teopun. CyIecTBEHHBIH BKJIaJ B 3TU HcciaeqoBannsa Baecan B.U. Suindbep
[211, 22, 23], A. Tumnait [I7, 18], D. Xpymosckuii [14], a Takzke mocseayrorme
paboThI, CBsI3aHHbIe ¢ w-KaTeropudeckuMu crpykrypamu [10] u cucremaru-
YeCKUM U3JI0’KeHneM Teopun Mojeneit [13].

K macrosimemy BpemMeHU B JIMTEpAType CYIIECTBYET MIUPOKUNA KPYT pe-
3yJIbTATOB, OJIM3KUX K paccMaTpUBaeMoil B JlaHHOil pabore TemaTuke. Tax,
paborer A. Bepuinreiina u E. Bacuibena [7, 8, Ol [16] nocssimens uceienosa-
HUIO T€OMETPUIECKUX CTPYKTYP U UX PACIIUPEHH, BKJIIOYasl cJIydan, KOra
B HUX [IPUCYTCTBYIOT IJIOTHBIE HE3ABUCUMbIE MHOYKECTBA U OJTHOPO/IHBIE MAT-
pouset. Uccnemopanus C.B. Cynommarosa, B.I11. Kynnemosa u /1.1O. Ewme-
abgrosa Bl 19 6, 11, 2] [5] kacatoTcst pasinvHBIX acHeKTOB 3aMbIKAHMUIA,
KOMOWHAIINI CTPYKTYP, a TaKKe TOIOJIOTHIl U PAHTOB B ceMeiicTBe Teopwuii,
YTO TECHO CBSI3aHO C BOIIPOCAMU O COXPaHEHUN CBOMCTB IIpereoMeTpuil npu
repexojiax MexK/Iy Pa3jndHbIMU CTPYKTYPaMH.

OfHEM U3 MMOJXO/0B K U3YUYEHUIO TAKUX CEMEHCTB SABJISI€TCS PacCMOT-
penne Oy/eBoil aareOpbl MPEeIUKATHBIX CTPYKTYp. [lannas anredpa obpazy-

*Pabora BoITToTHEHA TP (PUHAHCOBOIT TIo/11epkKe Poccuiickoro Haywamnoro ¢omma, mpo-
ekt Ne 24-21-00096, https://rscf.ru/en/project/24-21-00096,/ .
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€TCsl Ha MHOXKECTBE PEryJIgpHbIX oborarieHuii u obenennii (pukcupoBaHHoit
CTPYKTYPBI — TO €CTh CTPYKTYP, MOJYyIEeHHBIX JT00ABICHUEM WU y/IaIeHueM
[IPEJINKATHBIX CUMBOJIOB U3 CUTHATYPBI IIPU COXPAHEHUU OOIIEro HOCUTEJIS.
Bynesa anrebpa B(M) npeaukaToii cTpyKTYpbl M ecTecTBEHHBIM 00pa3oM
HaJIeJIgeTCs OllepallusMy Iepecevenns, O0beIMHEHN U JIOTIOJTHEHUS CTPYK-
TYP, TO3BOJIAA (DOPMATBLHO PACCMATPUBATE MEPEXOIbI MEXK/TY Pa3INIHBIMU
CUTHATYPHBIMH IIPEJICTABJICHUSIMI OJTHOTO M TOI'O K€ MHOKECTBa.

Bosaukaer ecrecTBeHHBIN BOIPOC: KaKue CBOMCTBa IIPeAreoOMeTPHil co-
XPAHLAIOTCs NIPU TaKuX 1epexojiax? B yacTHOCTH, COXpAHAETCS JIN THII TIPEJI-
reoMeTpun (HAIIPUMED, BBIPOKIEHHOCTD, JIOKAIbHAST KOHEIHOCTD, MOJLYJIsIP-
HOCTB) TP [epecevdeHnr Wi OObeJIMHEHIN JIBYX CTPYKTYD U3 Oy/IeBoil aJi-
rebpbr?

B nacrosimeit pabore paccMaTpuBaIOTCs CTPYKTYPBI B OyJ1eBoil ajaredpe
B(M), nanenéunbie aaredbpamdecKuM OMEPATOPOM 3aMbIKamusd. V3ydaercs
BOIIPOC O HACJIEJIOBAHUY THUIIOB IIPEJIr€OMETPUIl IIPU TIepeceveHnn U 00be -
HEHUU TAKUX CTPYKTYP.

OCHOBHOII pe3ysbTar: ecyu XoTs 66l ofHa u3 cTpyKTyp My, My € B(M)
UMeeT IPEJIreOMEeTPUIO BBIPOXKIEHHOI'O WM JIOKAJIbHO KOHEYHOI'O THIIA, TO
npeareomerpus nepecedenus My N M, nacaemyer tor ke Tui. [Ipu stom
CBOMCTBO MOJLyJIAPHOCTH B ODOINEM CJIydae MPU IIePeceIeHrH He COXPAHACTCH.

s obbequHeHnit CUuTyalus nHas: Jaxe ecjan 0b6e CTPYKTYpbl 00/1aa10T
JIOKAJTbHO KOHEYHOM IpeJireoMeTpueil, nX o0beMHEeHNe MOYKET IPUBECTH K
yTpaTe JIOKaJIbHOIl KOHEYHOCTU.

Taxum 0b6pazoMm, MoJTydeHHbIE PE3YIbTAThl YTOTHAIOT TPAHUITHI HACIE0-
BaHUsI CBOMCTB TpeareoMerpuii ipu KoMmosurmu ctpykryp B B(M). Tloka-
3aHO, YTO CBOHMCTBA BBIPOXKJICHHOCTUA U JIOKAJIBLHON KOHEYHOCTH yCTOWYUBBI
OTHOCUTEJILHO Iepecevenus, TOTJia KaK MOJY/IAPHOCTD U JIOKAJIbHAas KOHe'-
HOCTB B CJIydae OObeIMHeHNI MOTYT HAPYIIAThCA. DTU HAOJIIOECHUS yKa3bI-
BAIOT Ha ACMMMETPHUIO MEYK/Iy ONEPAIUAMU IepecedeHrs u 00beIMHeHn 1
3a/1al0T HallpaBJIEeHUd JJId JaJIbHEHIIero n3y4eHnus yCTONYNBOCTU IIPEAreo-
MeTpuil B 60/1ee 00X KOMIIO3UIUIX CTPYKTYP.

[TostyuenHble pe3ysibTaThl pa3BUBAIOT WU, W3JIO0KEeHHbIe B pabore [4],
r/le U3yJasuch IpeareoMeTPUN, BOSHUKAIOIINE ITPU KOMIIO3UIIUU CTPYKTYD, U
JIOTIOJIHSAIOT CYIIECTBYIOILYIO TEOPUIO OMUCAHUEM ITOBEJICHUS TIPEATeOMEeTPU
B 0oJiee MUPOKOM KOHTEKCTEe OYJIEBBIX CEMEHCTB CTPYKTYP.

2 Ilpeareomerpun. Buabl npejareomerpuii

U3 pacor (10, T3] 15, 17, B 19] u [6] npuseaém mHeobxommMbie HaM Ope-
JIEJIEHHS .
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Onpenenenne 1. [I7] Ilpeareomerpueii HasbiBacTC MHOKECTBO S BMe-
cTe ¢ oupeiesiéHHol oneparmeit 3ambikanus cl @ P(S) — P(S), yaosiaerso-
PSIIOIIEH CJIELYIONTIM YCJIOBHSIM:

1) ms moboro X C S semosmsierca X C cl(X);

2) must sioboro X C S sermosasiercs cl(cl(X)) = cl(X);

3) st moboro X C S m mobeix a,b € S ecom a € cl(X U {b}) — cl(X),
o b € cl(X U{a});

4) mra moboro X C S ecim a € cl(X), 10 a € cl(Y) mia mekoroporo
koneunoro ¥ C X.

[Tpu nagmaun npeareomerpun (S, cl) kazxaoe mogmuokecTBo X C S mmve-
er muHEMasbHOEe MEOKecTBO X' C X Takoe, uro cl(X) = cl(X’). D10 munu-
MaJibHOe MHOXKecTBO X' HasbIBaeTcs basucom MHOKecTBa X . IIpu sTom Bee
6a3uCchl PABHOMOIIHBI ¥ 9Ta MOIIHOCTH HA3BIBACTCS PAZMEPHOCTILIO MHOKE-
crea X B upenareomerpun (S, cl), obosnagaercsa dim(X).

[To onpenenenuto umeem dim(X) = dim(cl(X)), r.e. pasmeprocTh coxpa-
HSETCs TIPH [IepexoJie K 3aMbIKaHUIO MHOXKecTBa X B npejareomerpun (S, cl).

Ecmm dim(X) € w, 1o MaOKecTBO X HA3BIBACTCA KOHEUHOMEPHDIM.

Onpepenenne 2. [I7] MuoxkecrBo X C S Ha3bIBaeTCs 3aMKHYTBIM, €CJII

X = cl(X).

Onpepenenne 3. [I7] IIpeareomerpust (S, cl) HaspiBaercs TPUBUAIBLHOMN
Wi BBIPOXKAeHHOi, ecin st joboro X C S, cl(X) = U{cl({a}) | a €
X}

[Ipeareomerpust (S, cl) Ha3bIBaeTCsI MOLYJISIPHOM, eCyin JIjist JIFOObIX 3a-
MKHYTBIX MHOXKeCTB Xy, Yo C 5, X HezaBucumo ot Yy orHocuTe bHO XN Yy,
T.e. JIIs JIIOOBIX KOHEYHOMEPHBIX 3aMKHYThIX MHOXkecTB X C X, YV C Y
BEPHO

dim(X) +dim(Y) —dim(X NY) = dim(X UY).

[Ipeareomerpus (S, cl) Ha3bIBaeTCsI JIOKAIBHON MOYASIPHOM, €CJIH JIJIsT
moboro a € S, npeareomerpus (S, cliqy) MogynsapHa, rie cliy(X) = cl(X U
{a}).

[Ipeareomerpust (S, cl) HazpIBaeTCS IMPOEKTUBHOM, €C/IH OHA MOJLY/ISP-
Has U He TPUBHMAJbHASA, U JIOKAJIbHO MPOEKTUBHOM, €C/IU OHA JIOKAJLHO
MOJLY/ISIpHAsT U He TPUBHUAJIbHASL.

[Ipeareomerpus (S,cl) HaspBaeTCs JIOKAJIBHO KOHEYHOM, €C/IM s
moboro Korednoro moamuoxkecrsa A C S, mmoxkectso cl(A) komewdno.

Onpepenenne 4. Ilycrs S — momens teopun 1. Torma omeparopom aJi-
rebpamveckoro 3aMbIKaHU4 1710 Mojiesin M HasbiBaeTcs omepaTop acl :
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P(M) — P(M) rakoit, uro ana moboro nomvmokectsa X C S, acl(X) =
{a € S | na mexoropoit popmymet ¢(x,7) mb € X sepno S = I“xg(x,b) A
¢(a,b) }.

B nmasbheiitem OyyT paccMaTpuBaThCs peareomerpun Buja (S, acl).

3 CewmeiicTBa IIpeIKATHBIX CTPYKTYP

PaccmarpuBatoTest peryiigpabie o0OTaIleHus 1 00eIHEHNs TPEINKATHBIX
CTPYKTYP, 0Opas3ymoliue ecTecTBeHHYI0 OyseBy ajredpy. I[IpuBoauTcs omnuca-
HEe BujIoB npejareomerpuii [I7] ¢ anrebpandeckum omepaTopoM 3aMbIKAHUST
JIJI ceMeficTBa CTPYKTYP B JlaHHO OyieBoit aiarebpe. lannoe ucciienoBanne
[POJIOJIZKAET U PA3BUBAET MOJIXOJIbI, IIPEJICTABJIEHHBIE B cTaThe 3.

Onpenenenune 5. llycts M — pensiinonnasi CTpPYKTypa ¢ CUTHATYPOH Y.
Obedneruem cTpykTypbl M HasbiBaeTcs CTPYKTYpPAa, MOJIydeHHAs y/IaJie-
HUEM HEKOTOPBIX IPEIUKATOB M3 CUTHATYPHI 2.
Obozawenuem cTpykTypbl M Ha3BIBAETCA CTPYKTYPA, MOJYIEHHAS J10-
OaBJieHreM HOBBLIX IPEIUKATOB K CUTHATYDE X U 33/laHueM UX 3HAYeHUil Ha
TOM K€ HOCHUTeJIE.

Onpepenenne 6. [20] Crpykrypa Ha3BIBACTCS Pe2yAAPHOL, €CTIA OHA STBJIsI-
eTcd PeJIAIUOHHON CTPYKTYpoil 0e3 IMOBTOpEeHHil mHTepIIpeTalii CMMBOJIOB
CUTHATYPHI.

[Ipornerypa, mnpeobpasyiolas IPpOU3BOJIbHYIO CTPYKTYPY M B perysisp-
HYIO CTPYKTYpPY N, Ha3bIBaeTCa peayaapusayuet, n cTpykrypa N Ha3biBa-
ercs pe2yaapusosanmnoti ornocuresbuo M. Obparnas mporeaypa, npeodpa-
gytomasg N B HCXOIHYIO CTPYKTYpy M, HazbIBaeTcs depezyaapusayuets, m M
HAa3BIBAETCS 0EPE2YAAPU30BAHHOT, OTHOCUTETHHO V.

Onpepenenne 7. [20] [Tycrs M — dbukcupoBaHHas peJsiIiUOHHAST CTPYKTY-
pa ¢ curnarypoit 2. Byaeea anzebpa B(M) — 3T0 MHOKECTBO BCEX CTPYKTYD,
HOJIydeHHBIX n3 M myTéM J00aBIeHus U yOaJdeHus IPeJIUKaTOB B CUTHATY-
pe, IIPU 9TOM BCe CTPYKTYPhI OIIPEIE/ISIOTCH Ha OJHOM M TOM YK€ HOCHUTEJIe

| M].

Omneparnu B GyseBoit anrebpe B(M) onpenessirores cyeayomum obpa-
30M:

e Ilepeceuyenue crpykryp. Hdusa My, My € B(M) nepecedenune M; N
My — 5TO CTpyKTypa € CUTHATYypoil >; M Xy, IVle Y; — CUTHATYypa
M;. llpeaukar B mepecevdeHnn COXPAHSIETCsI, €CJIU OH MPHUCYTCTBYET U
O/INHAKOBO 33/I1aH B 00eNX CTPYKTypax.
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e O6benunenue crpykryp. s My, My € B(M) obbenunenune My U
Ms — 310 cTpyKTypa ¢ curHaTypoit 21 U Yo, B KOTOPOI KaxKIbIil TIpe-
JKaT OepéTcsd U3 TOM CTPYKTYPBI, IJie OH onpejesién. Ecmm npegukar
BCTPEYaeTCs B 00eMX CTPYKTYPax, MPE/IIOIaraeTcs, 9T0 OH 3a/IaH OJI1-
HaKOBO.

e Jlonosinenue. Ecau Yy C Y| To Jl0M0JIHEHNE CTPYKTYPHI 110 Y O3Ha-
JaeT yJaJIeHue 3TUX MIPEeIUKATOB U3 CUTHATYPHI.

4 HacJjenoBaHue CBOICTB IpeareoMeTpuii npu
onepalusax 0yJieBoii ajaredopnl

[TIepes Tem Kak cdopMyIupoBaTh OCHOBHBIE PE3YJIbTATHI O COXPaHEHUH
THUIIOB IIPEreOMETPHil, JOKAYKeM PsiJi BCIIOMOTATETbHBIX YTBEPK IEHUI, KO-
TOpBIE ITPOSICHSIIOT TIOBeIeHre oltepaTopa acl mpu mepexojie K MoJICTPyKTypaM
u Hajcrpykrypam B B(M).

Jlemma 1 (O MoHOTOHHOCTH asredpanmveckoro 3aMbikanus). [lycmo M, =
(M,%1) u My = (M, ¥s) — cmpyxmypoe uz B(M), u nycmo X1 C Yo, Ob0-
anavum wepes acly u acly onepamopot anzebpauueckozo samvikanus 6 My u
My coomsememeenno. Tozda das arwbozo mmoscecmea X C M swvnoana-
emca:

acl;(X) C acly(X).

pyeumu crosamu, obozauienue CuHAMYPb, MOACEM MOALKO PACULUPUMD
anzebpauieckoe 3aMulKaHUe.

Jlokasamenvcmso. Eciu snement a € acly(X), To cymecryer dopmyia
é(x,7) B curmarype Y1 u Koprexx b € X rtakne, uro M; = ¢(a,b) u mmuo-
wectBo {x € M : M, = ¢(x,b)} koneuno. ITockombky Y1 C Yo, dopmyma
¢ TakzKe ABJIgeTcsS POPMYJIO B CUTHATYPE Yo, M €€ MHOXKECTBO pPelIeHUil B
M, cosnagiaer ¢ muoxecrsom perternit B M. CrieioBaresibho, a € acly(X).
Yo u TpeboBaIoCh JI0KA3aTh. [

Caexncrsue 1. Jlasa mobwx My, My € B(M) u w6020 X C M eepho:
aclyr, na, (X) C aclyy, (X) Nacly, (X).

B wacmnocmu, ecau My u My sokaavro xoneuno,, mo u My N My noxanrvro
KOHEUHA.
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Joxazameavemeo. Curnarypa mnepecedenust My N My comep:KuTcst Kak B
Y1, Tak 1 B Y. o memme I, acly,nag (X) C acly, (X) 1 aclyynn, (X) C
aclyr, (X), orkyna u ciepyer Briodenue. Eciu M JIOKaJIbHO KOHEYHA, TO
aclyy, (X) KOHETHO /1 KOHETHOrO X, a 3HAYHT, €ro HOIMHOKECTBO

acl M1NM, (X )
TaKKe KOHEYHO. O

Teopema 1. [Iycmv B(M) — 6yaesa anzebpa pe2ysaprol pacuupenuts u
oeparuvenut npedukamnoti cmpyxmypo. M. Ipednonsoorcum, wmo cmpyx-
mypv u3 B(M) nadesenv, npedeeomempuets ¢ ar2ebpauieckum onepamopom
samvikanus. Tozda, ecau xoms 6w odna us cmpykmyp My, My € B(M)
UMEEM NPEJ2EOMEMPUIO GHIPOHCOEHH020 UAU AOKAADHO KOHEUHO20 MUNG, M0
npedeeomempus nepeceverus My N My nacaedyem mom oice mun.

Jloxazameavcmeo. Pesynbrarom nepecevuenust aByx crpykryp My = (M, ¥4)
, My = (M, %) € B(M) 6yner ctpykrypa M’ = (M, %, N 3y) € B(M).

J171sT BBIDOZKIEHHOTO MJIN JIOKAJIHLHO KOHEYHOT'O TUIA TPEIreOMETPUN J10-
kazkeM, aro ecau (M, acl) u (My, acl) 0bsaar0T OJMHAKOBBIM THIIOM TIPE/I-
reomerpun, To (M’ acl) naciemyer sToT THII

Boipoxkaennocts. [lo onpesenennio npeareomerpust (M’ cl) HasbiBa-
eTcs MPUBUAALHOU WA 6bipocoentotl, ecau s goboro X C M, cl(X) =
U{cl({a}) | a € X}.

[Ipu nepecevenun aByX CTPYKTYP, HAOOP MIPEIMKATOB B HOBOII CUTHATYE
MOXKET JTHOO YMEHBIIUTHCs, JTHOO OCTATHCS MPEKHUM. SHAYHUT, JOKAXKEM,
qr0 npu obenennn crpykrypbl VX C M coxpansiercss paBeHcTBO acl(X) =
U{acl({a}) | a € X}

[To ompegenenuto anrebpandeckoe 3ambikanme acl(X) mHokecTBa X 910
COBOKYITHOCTH KOHEYIHBIX MHOYKECTB PEITeHnit BCEeBO3MOKHBIX (POPMYJT OT O/I-
HO¥ rmepeMeHHo# ¢ KoahduimenTaMn n3 MHOKecTBa X . SHAUUT, JJIsI TIPeJI-
reoMerpuii ¢ agrebpandeckuM oreparopom 3ambikanus (M’ acl) Bepho:

Vae X C M acl(a) C acl(X).

Buauut, B o/1Hy cropoHy paBeHcTBo coxpansiercs acl(X) D (J{acl({a}) | a €
X}.

Bxoxenne sambikanust acl(X) C (J{acl({a}) | a« € X} nmapymaercsa B
TOM CJIydae, eCJIi CYIIeCTBYIOT (hOPMYJIbl, KOTOPbIE IIPU JIBYX U Oojiee pas-
JIMIHBIX KOY(DMDUIIEHTaX NMEIOT KOHETHOe IHCI0 perernii. 1 91w pernennst
HE OIMCBIBAIOTCS (POPMYyJIaMI OT OJHOIO Ko puImeHTa. 3aMeTnM, 9T0, 110
ONpEJIeTIEHNIO, TIPH 00EIHEHNH CTPYKTYPBI MbI JIUIIb yOUpaeM MpeuKaThl.
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DTO O3HAYAET, UTO KOJUIECTBO (DOPMYJI, PEIeHns KOTOPBIX MOHIyT B 3a-
MBIKAHUE, MOXKET JINOO CHU3UTLCHA, JTUOO OocTaThbcsd Hem3dMeHHBIM. Ho ecim
CTPYKTYPHI JI0 00eHeHHUST ObLIN BBIPOXK/IEHHBIMU, 3HAYUT BBIIIEONNCAHHBIX
dopMyII, HAPYIIAIONINX CBOMCTBO BHIPOXKIEHHOCTH, OHM M3HAYAIHLHO HE MMe-
JIM. A 3HAYNT, UX HE MOXKeT ObITh B 00eIHEHHOIT cTpyKType. [losyaaercs, 9To
acl(X) = J{acl({a}) | a € X}.

JlokanbHO KOHeYHOCTH. [lo ompejenenuo npenreomerpus (M’ acl)
Ha3bIBACTCS A0KAALHO KOHEWHOT, €CTU JIjIs JIFOOOT0 KOHEYIHOI'O IOJIMHOMKE-
crBa A C M, muO)kecTBO acl(A) konedHo.

Ecin muOKecTBO acl(A) B crpyKType 70 0be/iHe st ObIII0 KOHETHBIM, TO
9TO 3HAYUT, YTO BCe ajredpandeckue (popMyJibl ¢ KOIPOUITMEHTAME U3 MHO-
»)kecTBa A JlaBajM KOHEYHOe MHOXKeCTBO pernenwmii. [Ipn obennennn crpyk-
TYPBI TPOU3OMIET yaaaeHue MPEJINKATOB U3 CUTHATYPHI, & 9TO 3HAYUT, ITO
HabOP POPMYJT MOKET TOJIBKO COKPATUTHCS. DTO MOXKET TOJIBKO YMEHbBIITUTH
MOIITHOCTH MHOKECTBA, PEIeHNIl, 8 3HAYUT IPU IIEPECEICHNUN CTPYKTYP IPe/I-
reoMeTpueil HacJIelyeTcs JIOKAJIHLHO KOHEYHOCTb.

]

ik} JA0Ka3aTe/IbCTBa TE€OPEMbDI B IIYHKTE€ O HacCJIEAyEMOCTU CBOIICTBA
BBIPDO2KJICHHOCTHU CJIEAYyEeT JIeMMa.

Jlemma 2 (O coxpaHeHUH BBIDOXKJIEHHOCTH TIpu obenHenun). [Tyems My =
(M, %) umeem swvipostcdernnyto npedeeomempuro. Tozda dan a6l cmpyk-
mypw My = (M, %) € B(M) makot, wmo Xe C 3, npedzeomempus Mo
MaKHce BLLPOAHCIEHA.

Bameuanue 1. Yreep:kerne Teopemsbl [I He MOKeT GbITH YCHIEHO 110 yCJI0-
BUA “XOTd OBbI OJ[HA U3 CTPYKTYP 00JIa/1aeT CBOMCTBOM MoyagpHocTn . Kak
[TOKa3bIBaET MPUMeD 1, MOJYJISIPHOCTh HE COXPAaHSAETCS JlaKe MPU MIEPEXOJie
K IIOJICUTHATYPE, TaK KAK KPUTUYECKHU 3aBUCHT OT HAJIMIHS WU OTCYTCTBUSA
KOHKPETHBIX ITPEJIMKATOB.

Teopema 2 (HeycroitunBocts cBoiicTs 1ipu obbeunenun). Ceoticmea Ao-
KAANOHOT KOHEYHOCTU U MOOJYAAPHOCTIU, 8000ULE 2060PA, HE COLPAHANMCSA
npu obsedunenuu cmpykmyp 6 B(M).

1. Cywecmsyrom sokarvro konewnvie cmpyxmypo. My, My € B(M), ma-
kue wmo My U My ne asasemes a0kasvHo Kornewnol (cm. npumep 2).

2. Cywecmsyrom modyasprue cmpyxmypo. My, My € B(M), makue wmo
My U My ne asasemcs mo0ysaprot.
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Joxazameavcmeo. IlyHKT 1 joKasan B npumepe 2.

s myHKTa 2 MoxkHO MogudwuimpoBaTh npumep 1. Pacecmorpum mo-
aynspubie crpykrypsl My = (M, {R}) u My = (M,{P}), tne R u P —
HE3aBUCHUMBIE JIPYT OT JPYra MOJIYJIsIPHbIE MIpeireoMeTpun (HAIpUMep, mpo-
eKTHUBHBIE IIJIOCKOCTH HAJI PA3HBIME IIPOCTBIMU HOJAME). X obbejuHenne
My U My = (M, {R, P}) MmoxeT 0Ka3aTbCsl HEMOJIYJISIPHOI IIPeIreOMeTpurei,
ecsn oTHoIeHust R u P “miepemertianbl’ onpeieIEHHBIM 00pa30M, co3/iaBast
3aBUCUMOCTH, HAPYIIAIOIIME MOJLYJISIPHBIN 3aKOH (HAIIPUMED, 110 AHAJIOTHHU C
KOHCTPYKIHeil XpyIoBCKOro). O

IIpumep 1. [Hapymuienne Mo/yispHOCTH DU [IEpeCeUeHUH]

Pacemorpum npegreomerpun My = (M, Y1) u My = (M, 3,) € B(M),
e ¥ = {R,Q} u ¥y ={Q, P}.

[Iycts R m P — 3710 OeCKOHEUYHbIE JIePEBbs, CBA3BIBAIOIINE BCE 3JIEMEHTHI
MHOXKecTBa, M, IpUYEéM KazKJasd BEpIINHA B KaxKJOM JiepeBe MMeeT yHH-
KaJIbHYIO (OTIMYAIONLYIOC OT JAPYIHX) creneHb. Torna 3aMbIKaHne IIyCTOro
MHOZKeCTBa B 11peireomerpusax My u My cosnanaer ¢ M, o ects acl(()) = M.

B Takom cirydae pasmMepHOCTH JIIOOOT0 MHOXKECTBA paBHA HYJIIO,

VAC M dim(A) =0,

1, CJIeJ0BaTEIbHO, I JObIX KOHEYHOMEpPHBIX moamHoxkectB X, Y C M
BBITIOJIHAETCA TOXKIIECTBO

dim(X) + dim(Y) — dim(X NY) = dim(X UY).

Takum obpasom, npeareomerpun M, u My GBIAIOTCA MOJLYISPHBIMHE,
IPUYEM BX MOJLYJISPHOCTD He 3aBUCUT OT oTHomreHus (). OgHaxo MoLyiap-
HOCTB IIepecedeHusl IPereoMeTpuUil yzKe olpejIe/sieTcsl HCKIIUNTEILHO OT-
nomennem Q. ITosromy, ecmm (Q He ABIAETCS MOLYIAPHBIM, TO U IIPEIreo-
merpust (M, 31 N o) He Gyer MOy ISPHOI.

BameTnM, 9TO B 00IIEM CIyvae JIsd O0beINHEeHU TaHHbIe Y TBEPK ICHHIS
HEBEPHBI.

ITpumep 2. |/IokanbHasi KOHETHOCTH HAPYIIAETCS P OOLETNHEHNH|
Pacemorpum jiBe anukindeckue rpadosbie crpykTypbl My = (M, ¥) u
My = (M, %) € B(M), tne 1 = {R1}, X2 = {Ry}. llycrs M, u Ms umeror
obmnit Hocureab M ¥ Kazkas U3 HUX IPeJICTaB/IsieT coboii 6eCKOHEeTHOe JIe-
PEBO, B KOTOPOM KazKJiasi BEPIMHA UMeEeT CIETHYIO (OECKOHETHYIO) CTEIEHb.

Omnpenenenne 8. HazoséM n-okpecmrocmvro BEPIIMHBI ¢ MHOZKECTBO BEP-
IIIUH, COEIMHEHHBIX C Hell uepe3 n pébep. To MHOKECTBO 0D03HATACTCS Te-

pe3 N, (a).
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[Toctpoum R u3 Ry ciieyromnum o0pa3oM: /I KaxK 10 BepIiuHbl a € M
nepectaBuM pébpa, UHIMIeHTHBIE BepinnHaM u3 Ny (a) (T.e. Hemocpe CcTBeH-
HBIM coceJlsiM), Ha BepimHel 13 N (a), rae i(b) € N Beibupaercs s Kax-
joit BeprimHbl b € Np(a) MHIAUBUILYAJbHO U TaK, YTOOBI JIJIs PA3JIMIHBIX
b € Ni(a) snauennus i(a) ObLr pas3aundHbl. [Ipu 9T0M COXpaHAETCs AIUKIIAY-
HOCTBb U OECKOHEeJHAasl CTelleHb KaXKO0H BEPITUHEI.

Takum obpazom, 0b6e cTpykTypbl M7 u My 110 oT/ie/IbHOCTH 00J1a 0T
JIOKAJTbHOM KOHEYHOCTBIO: ajirebpamdecKkoe 3aMbIKaHue JII0OOr0 MHOXKECTBA
koneuHno. OJIHAKO B IEPECEYEeHUU CHUTHATYD, IJIe COXPAHSIOTCH TOJBKO Te
pédpa, KOTopble NMPUCYTCTBYIOT OJHOBpeMeHHO u B R, n B Ry, 3aMbIKanue
BBIOPAHHOIT paHee BEPIINHBI a Oy/1eT OECKOHEYHBIM U3-3a llepecedeHus pedep
u3 Ni(a) 1 Njq)(a), 970 IPHBOIHUT K MOTEpPE CBOMCTBA JIOKAIBHON! KOHETHO-
CTU BO BCeil CTPYKTYype.

DTO JIEMOHCTPUPYET, YTO OObETUHEHHE JIBYX JIOKATHLHO KOHEIHBIX CTPYK-
TYP MOXKET HapyIIaTh JOKAJbHYIO KOHETHOCTD ITPEIreOMETPUN.

Teopema 3 (/locrarodHoe ycaoBre JTOKATBHONW KOHETHOCTH O0bE/[MHEHNS ).
ITyemv My u My — saokanvho xoneunwe cmpykmypu, us B(M). Ecau cy-
wecmsyem KOHCMaHma ¢ € w Mmakas, wmo oaa a0bo2o xonewnozo A C M
BHINONHAECTNCA,

lacly, (A)] < - [A]  u Jacly,(A)] < - |A],
mo obsedunernue My U My aokaivHo Konewro.

Zloxazameavcmeo. Ilycte U = M; U My u Xy = Y1 U Xy, Pacemorpum
[Ipou3BOJIbHOE KoHedHoe MHOkecTBo A C M. Ham Hy:KHO mOKa3aTb, 9TO
acly(A) KonedHo.

Bamernm, uro Jr06oi ssement b € acly(A) anrebpanden Hag A B CTPYK-
type U. D10 03Ha4gaeT, 9To cyiiecTByeT dopmyna ¢(r,§) B cUrHATYpE Ly 1
KOpTeXK a € A Takue, 4To:

LUk o(b,a)
2. MuoxecrBo {z € M : U = ¢(x,a)} xoneano

Kimrouesoe nabsozenue: o0y ¢dopmyity ¢(x,y) B CHTHATYPE Yy MOYKHO
[IPEJICTABUTH B BUIe Oys1eBoil KoMOmHaImu (popMyst u3 >y 1 2. B gacrHOCTH,
MBI MOXKEM CUYHUTATh, UTO G(X,a) UMeeT BHI:

¢<x7 d) = ¢1($7 d) A ¢2<x7 d)v

e Y1 — dopmyita B X, a ¥y — dopmysia B Yo, NPUIEM Karkas U3 HUX
“MeeT KOHEUHOE UHCJIO PEeIeHNi.
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Tenepsb ompeiesuM mocsieoBaTeIbHOCTL Tpubsmzkennii K acly(A). lo-
JIOZKVIM:

AO = A
An—i—l = aclMl (An) U aC1M2 (An)
ﬂOKaKeM 110 MHAYKIWH, 9TO OJId JII0O0TO N € W:

1. A, KoHEYHO
2. |4, < (207 |A
3. A, Cacly(A)

Baza uaaykium (n = 0): Ag = A xoHeqno 1o ycjiosuio, |Ag| = |A|, u
Ap C acly(A) 1o MOHOTOHHOCTH 3aMbIKAHUSI.

Hlar uaaykuuu: [IpeanosoxkuM, 910 yTBEpXKIeHNE BEpHO i n. To-
rja;

1. Tlo upemmomnoxennio umnayknun, A, konedno. 1o sokanbHO# KOHETHO-
cru My n My, muoxkectsa acly, (A,,) n acly, (A,) Konednst, cieoBa-
TeJIbHO, A, 11 KOHEUHO.

2. Ilo ycmoBuio TeopeMmbr:
lacly, (An)] < c A m |aclhy(An)] < c- Ay
Torna:
|A,ia] < Jaclyy, (An)] + Jacly, (An)] < - AL + ¢ |AL] = 2¢- | A,
[To npexamonoxennto napykmn |A,| < (2¢)" - |A|, crenoBaresbHo:

|[Ansa| < 2¢-(20)" - |A] = (20)" - |A]

3. Ilycrs b € A,41. Torma mmbo b € aclyy, (A,), mbo b € acly, (A4,).
Paccmorpum mepBbiit ciryvaii (Bropoit aHAJIOrmyeH ).

Ecim b € acly, (A,), To cymecrByer dopmyna ¥(x,y) B X1 u Kop-
Tex ¢ € A, takue, aro M) |= 1(b,¢) u MmHOXKeECTBO perennii Y(z, ¢)
koreuHo. Ho Torya B ctpykrype U MBI MOXKEM paccMOTpPeTh (DOPMYJIY:

¢($,E> = w(éE,E) A (.CE = $)

rie (r = x) — TpuBnaibHas dhopmyia B L. Torma U = ¢(b, ¢) u MHO-
JKeCTBO perteHnit ¢(x, ¢) KOHeTHO (COBIIAaeT ¢ MHOXKECTBOM DEIeHui
Y(x,¢)). Creposarensho, b € acly(¢) C acly(A,).

[To npenmonoxkennto uaaykmun A, C acly(A), nosromy acly(A,) C
acly (acly(A)) = acly(A). Takum obpaszom, b € acly(A).
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Terreps paccMOTPUM MHOXKECTBO:

AOO:UAn

new

U3 mocrpoenust ciemyer, uto Ay, C acly(A) u Ay 3aMKHYTO OTHOCHTETIHHO
acly, m aclyy,.

[Mokazxkem, uro daxkrudecku acly(A) C A,,. [ycrs b € acly(A). Torma
cymecrByer dopmysia ¢(r,a) B Ly ¢ napamerpamu a € A, umeromasi Ko-
HeYHOE Yuc/io perennii. Kak ormedassoch panee, ¢ MOXKHO TTPEJICTABUTDH KaK
Oys1eBy KOMOMHAINIO (POPMYJT U3 X1 U Xo. B 9acTHOCTH, Bce TapaMeTphbl, OT
KOTOPBIX 3aBHCUT KOHEYHOCTH MHOXKECTBA DEIIEeHUil ¢, y2Ke COIEePKATCS B
Ao IO TTOCTPOEHHUIO.

Bonee dopmanbho: ecan b € acly(A), To cylecTByeT KOHETHOE MHOMKE-
crBo B C A (mosyveHHOe 33 KOHEUHOE YHCIIO MIArOB HAIIEl KOHCTPYKITIHN)
Takoe, uTo b aysrebpanden Hajg B B U. Ho torma b j1o/KeH npuHajiekaTh
Ap41 JUI HEKOTOPOTO 1, TaK KaK Ha KarKJIOM Ilfare Mbl J100aBJIseM BCe Jj1e-
MEHTBI, ajrebpandeckue Ha | TEKYIUM MHOYKECTBOM B JTFOOOI U3 KOMIIOHEHT-
HBIX CTPYKTYP.

Crenosarenbho, acly(A) = Ax. Ho Ay, ecth 06benHeHre MEnovYKn Ko-
HEYHBIX MHOXKECTB C OIICHKON pa3mepa:

[An| < (2¢)" - 14|

XoTd 3Ta OIeHKa pacTéT 3KCIOHCHIMAIBHO, /I KazKI0r0 KOHKPETHOI'O KO-
Heuroro A muO)KecTBO acly(A) okasbplBaeTCss KOHETHBIM KaK OObeInHEHHE
KOHEYHO Hernovky ([OCKOJIBKY MPOIECC CTabHIM3UPYeTcst 38 KOHETHOe THC-
JIO TIATOB TSl KasKJI0I0 KOHETHOTO A).

Taxkum obpasom, acly(A) koneuno s Jo6oro koweanoro A C M, uro
U 03HAYAET JIOKAJLHYIO KOHEYHOCTD npeareomerpun My U M. O

3ameuanne 2. /lannas Teopema IMOKa3bIBAET, YTO MPOOIEMA B IIPUMEPE C
JIEPEBBSIMU CBsA3aHa HE IIPOCTO C JIOKAJIBHON KOHEYHOCTBIO, a ¢ ‘cynep/inHeii-
HBIM POCTOM’ 3aMbIKaHWUd. B mpuMepe ¢ 1epeBbaMU J1d KOHEYHOTO MHOXKe-
crea A momuocts acl(A) moxer pactu Kak |A|* wam jaxke GbicTpee, UTO
HapyIiaeT yCcJIOBHe JIMHEWHOTO POCTa W MO3BOJIAET CO3/aTh KOHTPIPUMED K
JIOKAJTbHOM KOHEYHOCTHU OObEeTMHEHUS.

5 3akJiiouyeHue

B nannoit pabore paccMOTPEHBI IIPEJAreOMETPHUN ¢ aJIreOpandecKuM olle-
paToOpOM 3aMbIKaHUsI, BO3HUKAIOIINE HA CEMENCTBE PETY/IsIPHBIX 000TAICHU T
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u obeTHeHNI TPeIMKATHBIX CTPYKTYD, obpasytormux OyseBy aarebpy B(M).
OcHOBHOE BHUMAHUE Y/IEJIEHO TOMY, KaK Pa3JIndHble THITHI IIPEIreOMeTpUil —
BBIPOZK/JIEHHAS, JIOKAJbHO KOHEYHAs U MOJYJIApHas — BeJyT cebsd 1pu orre-
parusix rnepecedeHust u o0beuHeHusi CTpyKTyp B B(M).

B wactHocTH, nmokazano, UTo ecjin XOTs Obl ojiHa u3 cTpyKTyp My, My €
B(M) obiasaer BBIPOXKIEHHOI WM JIOKAJIBHO KOHEYHOI IpejreoMeTpuei,
TO Tepecedenune 3TuxX cTpykTyp M; N My Haciemyer TOT ¥Ke THUI IIPEIreo-
METPUH.

C zipyroit cTOpPOHBI, Ha KOHKPETHOM KOHTPIIPUMEPE IMOKA3aHO, 9TO aHa-
JIOTUYIHBIE CBOWCTBA MOTYT OBITH HAPYIIEHBI TPH OObEJINHEHUH CTPYKTYP.
Jlaxke ecyin 0b6e UCXO/HBIE CTPYKTYPbHI 00J13/IaI0T JIOKAJILHON KOHEYHOCTHIO,
X 00bE/INHEHNE MOXKET YyTPATUTh 9TO CBOMCTBO. DTO MOMIEPKUBAET IIPUH-
MUIHAJbHY0 HECUMMETPUIHOCTD IIOBE/IeHNUsI IIpeAreoMeTrpuii B OysaeBoii aJ-
rebpe CTPYKTYp: IepecedeHns 60jiee YCTONYIUBBI K COXPAHEHUIO TUIIA, YeM
00 bEIMHEHNS].

[ostyuernbie pe3y/IbTaThl PACHIUPAIOT IPEICTABICHIE O B3aUMOICHCTBIH
JIOTUKO-CTPYKTYPHBIX CBONCTB B CeMEHCTBE MPEIUKATHBIX DPACIIUPEHU 1
OFpaHI/I‘IeHI/Iﬁ u MoryrT 6])ITI3 HCIIOJIb30OBaHbBI B ,H,aJIbHeI;‘IHleM IIp1 U3y4ICHUU
reOMETPUYECKUX XapPaKTEPUCTUK TeOPHUil, 0COOEHHO B KOHTEKCTE MHTEPIIpe-
TUPYEMbBIX IIPEJIN€OMETPUIl U TeOMETPUIECKON CTaOUILHOCTH.
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@petimom HA3BIBAIOT HAOOD JIEMEHTOB B T'MJILOEPTOBOM IIPOCTPAHCTBE,
JIOCTATOYHO OOJIBINOM, 9TOOBI UMETH BOBMOXKHOCTD IPEJICTABUTH JTIO0O0I 3J1e-
MEHT M3 9TOrO MPOCTPAHCTBA B BHJIE JIMHENHON KOMOMHAIINU SJIEMEHTOB U3
nabopa. Cunraercs OONMIENPU3HAHHBIM, YTO BIEpBble MOHATHE <dpeii-
Mbl>  (WJIH <KapKachl>, 10 JIPYIOii, pexKe MCIOJIb3yeMOil, TePMUHOJIOIUN
[1]) b0 BBegeno B 1952 romy B pabore [2| mpu m3y4eHHE BO3MOYKHOCTH
npejicrasienus dbynkuuii uz npocrpanctsa L2([—7,7]), 0 < v < 7, psijiom
Dypbe M0 KOMILUIEKCHBIM 9KCIoHeHTaM exp(i\,t). OgHako aBTOpsl paboThl
[3] cumraror, uro xKoHcrpykuus Masbiesa B pabore [4] onepeauia Bpems,
HE BCTPETHUB JIOJIKHOTO BHUMAHUS, W (DAKTUYICCKHU SIBJISICTCS IIEPBON KOH-
CTPYKIIHEl paBHOMEPHOI'O KECTKOro dpeiitma. Bosiee o3 uss <penHkapaH-
nus> HpeiiMoB B JIPYTroil UIIOCTACH TTPOU3OIILIA B JINTEPATYPE, MTOCBAIEHHOT
BeliBJIeT-aHAIN3Y, IIPU ONMUCAHWM JUCKPETU3AINA HEeIPEPBIBHOIO BeiBJIET-
npeobpaszosanus [1, 5, 6, 7].

B ormame oT TpauiinoHHO MCIIOIB3yeMbIX 0a3UCOB, 3JIEMEHTHI (ppeitma
He 00s3aTe/IbHO JIOJIZKHBI OBITh JIMHEHHO HE3AaBUCUMBIMHU. DTa <H30BITOY-
HOCTDL> JIAeT OINPeIeEHHYI0 cBOOO/y TIpU BbIOOpEe dpeiiMa B 3aBUCUMOCTH
or 3amaqn. [lorsarue dpeiima ompenensercs s TPOCTPAHCTB KaK OECKO-
HEYHOI pPa3sMepHOCTH, TaK M KOHe4YHO#l. B HacTosIee BpeMs HAMOOJIBIIYIO
[IPAKTUIECKYIO [IEHHOCTD MPEJICTABISIOT (hPeiiMbl JIjIs 33189, BOSHUKAIOIINAX
pu 0OpaboTKe CUTHAJOB U Iepepade nHbopMaruu. ITu hpeiiMbl 0071a1a-
0T YCTONYIMBOCTHIO K BOSHUKHOBEHUIO aJINTUBHOTO TyMa |1], KBaHTH3aImMNI
[8], Bosbimeit cBOGOION [7IsT yIaBIUBAHKS CIENUMUIECKAX XapaKTePUCTUK

*UccneioBanue BBIIOJIHEHO B paMKax rocyuapcersensoro 3aiganust IM CO PAH (upo-
exr Ne FWNF-2022-0008).
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curnaia [1]. CeoiicTBo «u30bITOYHOCTHY (DPEAMOB TO3BOJISET BOCCTAHABIIN-
BaTh JaHHBbIE, IOTePSHHBIE IPU 00paboTKe curHajoB. B pabore paccMOTpeHO
oHsITHe (ppeiima JijisT KOHETHOMEPHBIX U OECKOHEYHOMEPHBIX MJILOEPTOBBIX
IIPOCTPAHCTB: IMOCTPOEHBI KecTKue dgpeiimbl B R u C", obcy:KmaeTcst Boc-
CTAHOBJIEHUE 3JIEMEHTa U3 IIPOCTPAHCTBA C MOMOIIbIO (bpeiiMoBoro omnepa-
TOpa W ONTUMAJbHOCTH IPEJICTABICHUSA JIeMeHTa depe3 (hpeiiM B pasHbIX
HOPMaX.

1 Omnpenesenune u nmpumepbl dppeiiMoB

Omnpenenienne 1. Cemeticmeo anemenmos {f;}jes u3 euavbepmosa npo-
cmpancmea H co cxarsprvm npoussederuem, xkomopoe 6ydem 0603Havero
xak < f,g > oas f,g € H, nazvieaemcs ppemiMoM, eciu cyuwecmeyrom
maxue wucaa 0 < A, B < 0o, umo dan ecex f us H sepnvt ouenru

AP <D I< L o> P < B-IIfIP (1)

jed

Hepagencrea (1) Ha3BIBAIOT YCJIOBHEM YCTORIMBOCTH. Y KA3aHHBIE UUCIIA
A m B Ha3bIBaIOTCS COOTBETCTBEHHO HMXKHEH M BepxHeil rpaHunamu gpeii-
Mma. OgeBuaHo, 9ro ynciaa A u B BuIOMparoTcs He eIUHCTBEHHBIM 00pPa30M.
OO6bI4HO J1j1s1 pabOThI UCIIOJIB3YIOTCH TaK HA3BIBAEMbIE OIITUMAJIHHBIE TDAHU-
el Agpi, Bopt, KOTOpBIE B JaJIbHEHIEM CHOBa OyjeM Ha3bIBaThb I'DaHUIAMA
dpeiima, orryckas CJIOBO ONTUMaJbHBIE, U 0003HaIaTh Kak A m B, omyckast
WHJIEKC Opt.

Omnpenesienne 2. Onmumasvhotl eeprhet epanuyet gpetima {f;}ies Ha-
3bLBAETMNCA HAUMEHDULAA U3 6CET BEPTHUL 2PAHUY, Ppetima, onmumasvbHoTl
HUCHET 2paHuLets GPetima Ha3vi8aemcs HaUbOALUWLAA U3 BCET HUHNCHUT 2Pa-
HUY, Ppetima:

Aopt = Sljlp Aa

By = 1%f B,

Omnpenesienne 3. Opeiim { f;} e Hasvisaemes KECTKUM, eCAU €20 ONMU-
MANOHASA BEPTHAA 2PAHUUA U ONMUMANOHAA HUNCHAA 2PAHUUDL COBNADAIOMN,:

A=B.

QpeitMbl OTJIMIAIOTCH OT OA3UCOB — OHU MOTYT COCTOATH U3 JIMHEITHO 3a-
BUCUMBIX 3JIEMEHTOB. Tak, B KOHEYHOMEPHOM ITPOCTPAHCTBE JIJI YKECTKOTO
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dpefiva, B KOTOPOM HOpMa KarKJIOr0 dJeMEeHTa pPaBHA eIMHUIE, BeJINMINHA
rpaHuIbl ppeiiMa XapaKTepu3yeT cTelleHb U30bITOYHOCTH (peiima. <3051
TOYHOCTh> (ppeiiMa B OECKOHETHOMEPHOM ITPOCTPAHCTBE MOXKHO ITPOMJLIIO-
CTPUPOBATDH Ha CJIEIYIOIIEM IIPUMEpE.

IIpumep 1. B kauectse H BosbMéM npoctpanctso L?(R). C moMomnipio

dbyuxim Xaapa ¢y (z)

1, ecm 0<z<1/2
Yu(r) =< —1, ecmm 1/2 <z <1,
0, eciim x ¢ 1[0,1).

obpasyem cemeiicTBo (byHKIHIT S:
: ; - 1
S = {wH,%,j,k<x)§]a keZ}, wH,%,j,k(x) = 2]/2¢H (2]56 -3 k)

[Tokazkem, uTo cemeiicTso S obpasyer dpeiim B L?(R) ¢ rpanunavu A = 1,
B = 3. [leiicTBUTE/BHO, €C/Tn 0003HAYNTH

Yo =1, Yj1 =2, JE€LZ,

u pa3dbuTh S HA TPU MOJIMHONKECTBA!

Sy = {2]'/21/;1{(21:(: _ k;); ke 7},
_ [93/2 J Y.

So = {20 (Yo —k—=2); jkez),

TO MOXKHO yOeuThes, uTo S, S, S3 — HelepeceKaronmecs MHOKECTBA.

[Mockombky ¥y (x) — dyukuus Xaapa, 1o S yKe sIBJISETCsI OPTOHOPMI-
posanubiM Gazucom B L2(R). Suauur, S — juHeiiHO 3aBUCUMOE MHOXKECTEO.
Oba mHOXKecTBa S, S3 — OpTHOPMUpOBaHHBE. TorTa

1P < D 1< fotman > =

5,keZ

SR+ SN < fs> P4 S U< fos > F <317
SES, 5€S53
Oco0blit naTEpEC UPEACTAB/ISIOT (GPEHMBI, IIOCTPOCHHBIE B KOHEYHOMED-
HBIX [TPOCTpaHCTBax, Hapumep, R™, C™, MOCKOJIBKY ¢ TOYKH 3DEHUST TEOPHUH
I/IHCbOpMaL[I/II/I CUI'HaJibl MOI'yT 6bITb npeacTaBJICHbI BEKTOpaMMU B KOHEYHO-
MEPHBIX IMPOCTPAHCTBAX.
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IIpumep 2. Paccvorpum H = R? u cucTeMy n3 3 BEKTOPOB

0 _V3 V3
= (V) m=(T1) n- (%)
T2 T2

IIpumep 3. Paccmorpum H = R3 u cucremy u3 4 BEKTOPOB

0 : g =
bl = O ) b2 = %ﬁ ) b3 = —ﬁ ) b4 = —ﬁ A
1 _1 _i _i
3 3 3

[Ipsimble BBIK/IAJIKK ITOKA3bIBAIOT, UTO 3TU BEKTOPHI 00pa3yIOT KECTKUE
dpeitMbl B COOTBETCTBYIONIUX MTPOCTPAHCTBAX C 'PAHUIIAMU % n %. [Ipumepnr
2 1 3 ABJIAIOTCA YaCTHBIMU CJIydasiMU KOHCTPYKITUU YKECTKOTO (bpeiima 1o
na3zBanueM ¢peitm Mepcenec-bBenrl, aByXMepHBIT U TPEXMEPHBIH C/Iydan.
O6061IEeHnEM J1JTsT TPOM3BOJIBHOTO 11 > 2 SIBJIAETCS yTBEP:KIeHNe, TPUBE IEH-
Hoe B [9].

Vreepxaenne 1. s ao06020 m > 2 6 R? moorcro nocmpoums nabop us

sexmopos { fx}14! co ceoticmeamu

Ll = LYk = 1,0 m+ 1
2. < fiafj >= _%727&‘77
3. 3 i =0;
m+1

4. Habop sasasemces otcécmrum gpetimom ¢ epanunets ™=

el

[Tonyaennbie bpeiimbl Ha3bIBalOTC KaHoHu4IeckuMmu dpeiimamu Mepceec-
Benn. Uurepecno orMeTnuTh, 4TO mOCTpoeHue peiima co cpoiicrBamu 1-4
CBSI3AHO C 3aJIaaMU MUHUMU3AINH TOTEHINA & CUCTEMbl U3 €IMHUIHBIX 3a-
PSI0B, pa3MeIIeHHbIX Ha eIMHIYIHON cdepe B R 1 MaKCUMHU3AIU PaCCTO-
SIHUST MEKJTY 3apsaMy U3 TOU CHUCTEMBI.

Jluts cieyonux npuMepoB cpOpMyIHpyeM U JIOKaZKeM CJIe 1y IOIne yTBep-
xaeand. Vx mokazarenbcrBa 6a3upyroTes Ha CJIEYIONEM 3aMeYaHUN.

Bameuanue 1. Cymma Bcex KopHeil cremennm m u3 €™ naa moGoro
| € Z,, He KpaTHOTO M, paBHA HYI0. B aTtoM caydae ¢ = e2™/™ £ 1 n
Tor/Ia

(1+q¢g+...+¢d"H1l-q¢=1—-¢g"=0.
IIpumep 4.

YrBepxkaenue 2. Habop sexmopos suda

cos(ip + 22£)
= m pr— —_ >
fr ( Sin(90+2;k) , VYo, k=0,....m—1, m >3,

obpasyem oicecmruti dpetim 6 R* ¢ epanuyeti m/2.
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HokazareabcTBo. Habop BeKTOpOB 0Opasyer KecTkuit dppeiimMm Toraa
U TOJILKO TOTJIa, KOTJa Haiijercs Takasg koHnctanta 0 < A < oo, 9To 4
mo6oro Bekropa f € R? BLINOIHEHO U3 :

3

AR+ 1) =) I <fex>]

m—1 m—1

[ <fe>=% (f12'C052 (SOJrW) + f3-sin’ (90+—27r(k: — 1)>+

k=0 k=0

+2f1 - fa - cos <¢+%> - sin (gp 2 )) -

+

S (24 ) S (),

k=0

TOCKOJTBKY CYMMBI 3 p cos(2¢ + 4mk/m) m S p ' sin(2¢p + 47k /m) samy-
JIAIOTCST OyIyM BEIIeCTBEHHON M MHUMOM YACThIO BBIPAYKEHIUS

—_

m—1
ez-(2g0+47rk/m) _ 62-24,0 § :62-47rk/m’

0 k=0

3

i

m—1 i-4nk/m 9
oOpallaoIerocs B HyJIb JIJIs JIIO6OITO ©, TK. Y oo € /™ gpasercs CYMMOI
BCeX KOpHeil crerenn m u3 uncia e'?™ [ = 2 u cornacHo 3amevanuio 1 paBHa
HYJIIO. A

IIpumep 5.

Yrepxkaenue 3. Habop sexmopos 6uda {exto<k<kn—1 € KOMNONEHMAMU
Chm = e2mkn/KN . — 1 ... N, obpasyem scecmrud gpeim ¢ CN ¢ epanu-
uett KN 0asa 2100020 nosostcumensvrnozo uesozo K.

okazareabcTBo. BBejiem obo3nadeHus: BEMECTBEHHYIO U MHUMYIO Ya-
CTH KazKJoi KomIoHeHTH BekTopa f € CV obosnaunm uepes (Re fn = an,

(Imf) - bm A V (12 +b72w COS ©n = \/aa%nTb%y Sln‘pn = \/ma ¢nkz -
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On — 2;;’;‘, n=1....,N, k=0,..., KN — 1. Ham neobxoanmo yka3aTb
koHCTaHTY 0 < A < 00, TAKYIO YTO

KN-1

AlFIP= D < few> 1"
k=0

Torma
N
AP = (a2 +82),
n=1
N
<few>= i Gat ..ty T =Y fae 2N =
n=1
—i(a cos 2mkn + b, sin 27rkn> zi(b COS 2mkn @y, Sin 27rkn)
=\ KN T KN KN YT KN
N 2rkn 2mkn\\ 2
| < foen> P = (nz:: (ancos N + b, sin KN))
N
2k 2k 2
+(;<bncos W]\;L a,, Sin ;]\?)) =
N 2 N 2
= (ZAnCOSwnk> + <2An81n¢nk> =
=1 n=1

N
= Z Ai(cos2 U + sin® ) + 2 - Z ApAncos(Ung — i) =
n=1

1<n<m<N

N
n=1

1<n<m<N

CymMmupys 1o k, mosydaem

KN-1 KN-1 N
Z | < fien>|*= Z (ZA?L—FZ- Z Ay Aycos (g, —wmk)> =
k=0 k=0 n=1 1<n<m<N

KN—1

:KN||f||2+2' Z ALA,, Z COS(wnk_wmk):

1<n<m<N k=0
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KN-1
= KN||f||*+2- Z AnAmZCOS((SOn—SOm)‘Fw)-
KN
1<n<m<N k=0

Buyrpennss cymma Bo BropoMm ciiaraeMoM paBHa Hymo V1 <n <m < N
COIVIACHO 3aMevyaHuio 1. A

2 @peiimoBbie onepaTopbl. PpeiiMoBBIE oIepa-
TOPbI B KOHEYHOMEPHOM HPOCTPaHCTBE.

enTpaabHBIM BOIPOCOM IIpU 0OpPabOTKe CUTI'HAJIA M B TEOPHUU IIepeIadn
uHMOPMAIUE ABJIAETCS BOIPOC, KaKoil nHMOpMaImein 06 NCXOJHOM CUTHAJIE
U KaKUM HHCTPYMEHTapueM Hy>KHO 00J1aaTh, 9TOObI 110 3T0# uHbOpMAaIyn
MOKHO ObIJIO BOCCTAHOBUTH MCXOJHBINA CUI'HAJ, OCOOEHHO B CJlydae IIOTepH
MHMOPMAIIIH TIPU TTPUEME.

B [5] 6110 BBesIeHO TIoHSITHE (bpeiimoBoro oneparopa 1’ s ciaydas H =
L*(R) u mekoropoii Beibpannoit dbynknnn ¢(x) € L*(R) u nokazano, 1ro
ecin ||Y|| = 1 u dyskiws () yIaoBIeTBOPSET YCIOBUIO JIOIYCTUMOCTH

7 2
L.
r ol

a 7T MHOWKECTBA {Upo ks Jy k € Z},bo > 0, Py i = 27/20(27 2 —kby), BBITON-
HeHO ycsioBue (1), KoTopoe B Teopru BefBJIETOB TaKyKe HA3BIBAETCS YCJIOBU-
eM yCTOHYMBOCTH, MOYKHO IapaHTHpOBaTh, 4To jiobas dyukmus f € L*(R)

BOCCTAHABJIUBACTCA 110 €€ 3HaUeHUAM < f, Yy, jk > C IOMOIIBIO hpeiiMoBOro
olepaTopa

Tf=> <[k > ik, Vf €L (R).

J,keZ

YcaoBre yCTOMYUBOCTH O3HAYAET, 9TO onepaTrop 1’ — B3aMMHOOTHO3HAYHBII
OorpaHUYeHHBIN JTUHEHHBII OollepaTop, y KOTOPOro CYIIECTBYeT 0OpaTHBIH ore-
parop T~ L. IIpu stom

F=T'Tf =" < fitbjn > T Wuggn= Y < fithgin >0 (2)

j,keZ j,keZ

rJjie 4epes {wgok = Tflwbmj’k} MbI 0003HAYUIIM MHOYKECTBO, COIPSAZKEHHOE K
bpeiiny {p, ik, J, k € Z}. Takum o6pasom, curnan uz L?(R) MOKHO BoccTa-
HOBUTDH 0€3 1OTeph, 3Hasl CONpPIKEHHOEe K (hpeiiMy MHOXKECTBO U 3HAYCHUS
CKAJIAPHBIX ITPOu3BeieHuil. BBes conpsKeHHbIit hpeiim, MbI, TEM HEe MeHee,
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“MeeM MaJio WHMOPMAIMU O TOM, KaK OH BbIIVIgAuT. Harpumep, B Teopun
BEIBJIETOB BOIIPOC O HAXOXKJIEHUU COMPSZKEHHOTO MOYKHO C(POPMYJINPOBATH
TaK: CYNIECTBYET Jin (DYHKITHS @/N) Takas, YTO COIpPs2KEHHOe K bpeiimy MHO-
JKECTBO TaKKe $BJISJIOCH HAOOPOM CJIBUTOB U CXKATUI ITOM €JIMHCTBEHHOMN
dyukImei.

Amnanornvano, GbpeiiMOBBI onepaTop BBOAUTCH U JI KOHEIHOMEPHBIX
npocrpascTB. [Ipu 9TOM OKasbiBaeTcsi, 9T0 B 060UX Cirydasdx (KOHETHOMEP-
HOT'O Wi GECKOHETHOMEPHOT'O IIPOCTPaHcTBa H ) porieiypa BOCCTaHOBJICHUST
CUTHAJIA CTAHOBUTCS 3HAYUTEIHHO Jierde, ecjin (ppeiiM KeCTKUii.

Onpenenenune 4. [Tycmo {fi}7, obpasyem @petim 6 2urvbepmosom npo-
cmparcmee H.
OnepaTopoMm cuHTe3a Hazosem onepamop T, deticmesyrowuii no gopmyae

T:R™— H, szzckfk, c=(c1,....cm)"
k=1

Oneparopom aHam3a na3osem onepamop 1, deticmeyrouwuti no gopmyie
T":H—R" T'f=c c=((<fh> . <f[m>))

DpeiiMOBBIM OIIEPATOPOM HaA3068eM onepamop S, deticmseyrowuti no ¢hop-
MYyne

S:H—H, S=TT*, Sf=Y </ffi>f
k=1

3ameuanue 2. OpeitMoBBIil onepaTop sBjsgeTcsd JuHeiHbIM. [IpocTpan-
CTBO (ppeitMOBBIX OIIepPaTOPOB U3 mpocrpancTsa H pasmeproctu n B H u3o0-
MOP(HO MHOXKECTBY MAaTPHIL pa3Mepa 1 X n.

IIpumep 6. Paccmorpum >kecrkuit dppeiim u3 npumepa 4. Bosbmem 1mmpo-

U3BOJIbHBL BekTOp [ U3 R?
a
f = b Y

<a -cos(p + ZE) + bsin(p + ZE) ) cos(p + 2ZE)
<fifk>fe= ok . omk ) o 27k ’
(a -cos(p + =) 4 bsin(p + 7)) sin(p + =7)
Torma

m—1
Sf=3 <ffe>fu=
k=0
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Ja

m- (a -cos(p + 2 1 bsin(p + M) cos(p + ZE)

- ; (a - cos(p 4 ZE) + bsin(p + 22F) ) sin(p 4 22F) N

m

_( a Z:l cos?(p + 27Tk) +b-> 70 Sm(@ + Q%k)cos(go + %) —
a- 3 sin(p + 2’”“) cos(p + ZE) + - 3 sin®( +

m a m
:E(b)zﬁﬂ

ITIOCKOJIBKY B Y TBep2KJIeHnu 1 1mokazaHo, 4To

“6

_l’_
o
3
>

2rk 1 Ak
Zcos<<p+—)81n<<p+—>:§ sm(2<p+—>:0,
k=0 k=0
— 27k 27k s A7k
Z (0052 (c,o -+ —) — gin? (go -+ —)> = CcOS (2¢ _> =0,
k=0 k=0
a, cJIeJIoBaTeIbHO
sy 27rk: “ 2k, m
— 102 i W
cos® )—Zsm (p+ ) 5
k=0 k=0

Takum obpasom,

CupaBei/IuBO cjiejytomiee 6ojee obiee

YrBepxkaenune 4. Opetim {fitres, 20e J — mmoocecmeo 3navernuts un-
dexcos anemenmos dpetima, AGAAECMCA HCECMKUM ¢ 2panuyets A moada u
moavko moeda, xkoeda ¥V f € H

= S < b e
keJ

S=A-1I

P =23 < fife>< ffis= 2 1< f >

keJ keJ

T.€. (ppeiiM KeCTKUil.
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=
Tak kak 10 onpesesennto S u ycaosuto (1) jist kectkoro dppeiima

<SEf>= (Y <ffe> £ f) =D I < fifo> = AlfIF =< AIf.f >,

keJ keJ

10S=A-1, 8 =21, f=33 e, <[ fu>frA
Crenyromrue obiue cBoiicTBa dbpeiiMoBoro ormeparopa crpaseiussl [10].

YrBepxkaeuune 5. [Tycmo {fi .}, — Ppetim ¢ H. Tozda
1. S — obpamumvlii u camoconpascermvli.

2.VfeH

m

F=Y_ <S> =) <ffe>S"f
k=1

k=1

NOoCKOABKY

f=SST) = <Sf fi> fi=
k=1

<FEE > =) <[5 > fi (6)

1 k=1

[
NE

b
Il

F=8718f =8 < ffi>fh=Y_ <f[>8"fh (7
k=1 k=1

3. Ecau f =370 i fr, mo

Sl =D 1< £S5 > P+ lew— < £S5 >
k=1 k=1 k=1

Yucna < f,S7'fi, >,k = 1,...,m, HaspiBatoTca bpeiiMOBLIMU K03 du-
nmenTamu, a Habop {S™! fi }7L, — KaHOHMYECKNM CONpsIZKeHHbIM K { fi 7 ;.
Takum obpazom, CBOICTBO 2 TOBOPHUT O JBYX BO3MOYKHOCTSIX IIPEJ/ICTABUTH
sy1eMeHT f: ¢ ucnosb3oBanueM (dpeiiva u dpeitmobix Koabdurmentos (6),
b0 C UCIOJIb30BAHIEM KaHOHWYECKOIO COTpsIKeHUsI K (peiiMy u 3Hade-
Huil ckasjsipaoro npousseenus (7) (amagornanas dopmysa (2) cnpasesiu-
Ba it ppeitmosoro oneparopa B L?(R)). OuesuiHo, Jist 2KecTKOro dpeiima
KAHOHUYIECKOE COMPSIZKEHUE OIPEJIE/ISIeTCs KAK

1
S = ka-
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Nz6nrTOUHOCTD (bpeiiva o3HadaeT, 9To eMeHT f € H MoxeT ObITh Ipe/I-
CTaBJIEH Pa3JUYHBIMU JUHEHHBIMI KOMOUHAIIUSIMU 3JIEMEHTOB peiima, T.e.
e, k=1,....m, > |éGl*#0,0=>37", ¢ fr. Borom cmbicie CpolicTso
3 TOBOPHUT O TOM, UMEHHO (peiiMoBbIe KOIPDUITUEHTHI JTOCTABIAIOT MUHU-
MyM [?-HOPMBI TOC/IE0BATEILHOCTH KO3(hMUIMEHTOB Pa3/I0KEeHHd TPOU3-
BOJIBHOIO steMenTa u3 H 1o dpeitmy { fi }7, # 9T0T MEHIMYM JIOCTUTACTCSA
Ha, €JIMHCTBEHHOI ITOC/IeI0BATE/THHOCTH.

Nnas cuTyalldsd BO3HUKAET, ecau paccMaTpubaercsa ['-nopma. B sTom
clydae MEHUMYM [l-HOpPMBI jocTHIaeTCS.

YrBepxkaenue 6. I[Iycmo {fi}i, — dpeim 6 H. Jaa moboeo f € H
cywecmeyem nocaedosamenvrocms {dy iy,

D ldkl =t lerl s f = enfi}
k=1 k=1 k=1

HeitctBurenbho, 3adukcupyem s [ € H HekoTOopoe IpejcTaB/ieHIe B
BUJIE JIMHEITHONT KOMOMHAIINK 3JIEMEHTOB (peiima

F=> efn
k=1
Ecan

D el =min{) el f =) ek},
h=1 h=1 k=1

{dk}?:l = {ék}?zl‘

B nmporuBHOM cityvuae paccCMOTPUM MHOZKECTBO

TO

m

{{Ck}?:l f= znj:ckfka > el < m}, (8)

k=1

KOTOPOE sIBJISIETCs] OTPAHUYIEHHBIM U 3aMKHYTBIM B R™ n dyukmumio F(c) =
Yoy lexl, e = (c1, ..., cm)* € R™, HenpepsiBHO JeiicTByiomyio u3 R™ B R.
ITo Teopeme Beitepuirpacca cyrecrsyer Takoii snement d = (dy, . .., d,,)* u3
KoMIakTa (8), Ha KOTOPOM JIOCTUTaeTCs MUHUMYM GyHKiuu F. A

Ho, kax nokasbiBaeT cjieayomnuii IpuMep, MUHUMYM JIOCTUTAETCs He 00si-
3aTeIbHO HA €IMHCTBEHHON MOCIe0BATE/IHHOCTH.

IIpumep 7. Ilycte H = R" u {ey,es,...,e,} — opthl B H,
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Habop {fx}it] = {e1,€2,...,en 1,61 + €n,e1 — €,} sABIsICTCA Dbpeitvmom ¢
rpaaunamu A = 1, B = 3: nycrh

g1
geHg=1 ... |,
In
TOTJ1a
n+1 n—1
S I<g o> P =D lgl> + 191+ gal* + o = gul* = llglI” + 21 ]* + [gn]*,
k=1 k=1
n+1
gl <D 1< g, fi > > < 3lg]>
k=1

BosbMmeM sjieMeHT ¢ = e U LIpeJICTaBUM €ro B BHUJIE JIMHEHHON KOMOMHAIINN
qepe3 3j1eMeHThl dpeiima

n—1

e = Z crer + cn(er +en) + cnpi(er — en).
k=1

KOS(i)(i)HHI/IeHTbI Pa3JIoZKeHNA CBA3aHbl COOTHOIICHUAMN

Il=a+cen+cpp, cntcepn=1—0

0= Cn — Cn+1, Cp = Cpy1,

I*-nopma
n+1

Y lal =lal+[1—al
k=1
JIOCTUT'aeT CBOEI0 MUHMMAJILHOI'O 3HAYCHUA

n+1
minz lex| = 1,
{ee} +—]

Ha TocsieioBaresibHocTaX {dy Fit, BuIa

1—dy

dy —moboe u3 [0,1], d; =0, =2,....,.n—1, d, =dp41 = 5
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J a1 aToro mpuMepa [ — HOpMa HOCIeI0BATEILHOCTH KO3 MUIIEHTOB Pas-
JIO?KEHUS 110 (ppeiimy

n+1
1—cq)2
2 2 1
Sl = ler? + 2| —2
2
k=1
JOCTUTaCT MUHUMYMa B CJIWHCTBEHHOU TOYKE 3KCTPEMyMa C; = % Torma

Cpn = Cpy1 = 1/3, npoune Ko3hHUIHEHTHI PABHBI HYJTIO.
Haiinem dpeitmorbie koadpdurimenTsr. CorracHo yTBEPKICHUIO D

n+1

Sf=Y_<f8"f> fi
k=1

Torma nMmeeMm
561 = f1 + fn + fn.:,.l = 361,

Sej:ej, j:2,...,n—1,

Sen = fn + fn+1 = 2en7

1 1
Sle, = 36 Slej=e;,j=2,...,n—1, S le, = Sen: (9)

DpeiiMoBble KO3D@UITIEHTHI I 37eMEHTa € HaXouaTcda 1Mo GopMysie
cr =< e1,S7 fi, > u ¢ yuerom (9)

Wl =

9TO HaXOAUTCA B COIJIaCHUU C HaﬁﬂeHHbIM paHee. A
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B pa6ore [I| m1st TeopeTHKO-MOJETBHON XapaKTepU3aIlii HEKOTOPBIX
€CTECTBEHHBIX IPEIIOPAIKOB Ha MHOXKECTBE Bw yabTpadUIbTPOB Ha MHO-
JKeCTBE w OBLIO BBEJIEHO IOHATHE CKOULEHHOU NPedesvhotl yavbmpacmene-
HU OPJMHAJBHOIO paHra (v IMPOU3BOILHON Mojeau I 1o yabTpaduibTpy
u € Pw. Mbl nokaxkeMm, 9TO 3TO IOHATHUE JOIYCKAeT IMHPOKHe 00600IIe-
HUsI, KOTOPble MOTYT OBbITh OIpeJeJeHbl B TEPMUHAX TEOPUH KaTErOpuii.
st yuporinenusa 0o003HAUEHUN B OIPEJIEIEHUAX KATETOPHBIX KOHCTPYKITUI
MBI OyJIeM HUCIO/Ib30BaTh CHMBOJIBI TEOPETUKO-MHOYKECTBEHHBIX OIIePAIINii.
Eciu yromno, Bce HuKec/enyonme KaATeropun MOYKHO BOCIHPUHUMATH KakK
«JTIOCTATOIHO OOTATBhIE» MaJjible KATerOPUH.

Ompeesnm morsTHe Kateropun ¢ npeenamu. [Iycrs I = (Oby, Homy)
ectb Kareropusi u J = (Obgz, Homy) ecrb masas kareropust. st KaxK 1ot
quarpammer D @ J — K xonycom wan D maswiBaercs mapa (c,In), e
c € Obg, In = {ing}acon,, ing € Homy(D(a),c) n g mobeix a,b € Oby
u f € Homy(a,b) Bemmosnneno: D(f) oin, = in,. Kiace Bcex konycos nag D
oboznaanm cumBosioM C(D).

Onpenenenne mnpejena guarpaMMbl D MblI JaeM 6€3 TpeOOBAHMS €10 € H-
crBennoctu. g kaxkpoit amarpammor D J — K npedesom D mbl Ha-
3piBaeM Tpoiiky (c,In,Out), rae In = {in,}qcon,, mapa (c,In) ecrp Komyc
uag D, Out = {outc}eecp), u ams kaxmoro kouyca C' = (¢, {in], }acon,)
Ha1 gmarpammoii D u oobekra a € Obz BbosHEHO: in, ooute = in),. Ilycrs
(¢, In, Out) ectsb npemen quarpammbr D. Torga o6beKT ¢ Ha3bIBaeTCs ee npe-
deavHvim obsexmom, MopdusM in,, a € Oby, ee npedesvHvim srodausum
moppusmom u3 D(a) B ¢, a mopdusm oute, C' € C(D), ee npedesvrvim
ucxodauyum moppusmom us ¢ B C.

Kareropuss J = (Ob,Hom) nassiBaercs nanpasaeniol, eCau Jis JIo-
6bIxX JBYX 00BekTOB a,b € Ob muHO)kecTBo Hom(a,b) U Hom(b, a) coctour

134
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u3 He OoJiee YeM OJIHOTO 3JIEMEHTa, W I JII0OBIX JIBYX 00beKTOoB a,b € Ob
cymiecTByeT Takoit 0obekT ¢ € Ob, uro muoxkecrsa Hom(a,c) u Hom(b, ¢)
He nycrel. JIuarpamma D : J — K Ha3bIBaeTcss HanpasaenHol, eCiu KaTe-
ropusi J HalpaBJIeHHasI.

Kareropusi K HasbiBaercst kamezopueti ¢ npedesamu, eCiim JIist KarK 1o
HampaB/ieHHO# quarpamvbr D @ J — K 3adbukcupoBaH HEKOTOPBIN TIpeIet.

[Tycts (¢, In, Out) ects npegen quarpavmbr D @ J — K, a (¢, In’, Out’)
ecthb npejen quarpammel D' 0 7 — K. Torma MOKHO KAHOHUYECKH OIIPeIe-
JINTDH IPEJIEJI JI0OOI0 eCTeCTBEHHOro 11peobpasoBanud { f; tacon, U3 D B D',
r.e. Takoit Mopbusm f € Hom(c, '), aro s Kazxkga0ro o6beKkTa ¢ Karero-
pun J KOMMYTATHBHA JHarpamMMa;

O
@}

Ja

Jlj1st 5TOrO0 HAJIO TIOJIOKUTH [ PABHBIM IIPEJIETbHOMY UCXOAANIEMY MOP(MU3MY
oute guarpammsl D u3 ¢ B kouyc C' = (¢, {f, © in} }econ,) Hax muarpam-
Mmoit D. Takum obpa3oM, B KaTeropuax € IpeJejaMi KaHOHUYECKH OIpe-
JIeJIEHBI TIPeJIe/Ibl JIIOOBIX €CTEeCTBEHHBIX MPeo0dpa30BaHmil U3 HAIPaBIEHHON
quarpammvbl D : J — K B Hanpasjennyto guarpammy D' @ J — K.

Brympennum dynrmopom rareropun K = (Ob, Hom) 6Gygem Hasparh
nobyto napy (P, E), e ® ectb sum0byskTop Kareropun K, a E ectb Takoe
ceMeiicTBO { €, }acop MOpdU3MOB Kareropuu K, 4ro

1. e, € Hom(a, ®(a)),

2. st J100BIX 00bekTOB a, b € Ob u mopdusmos f € Hom(a, b) ciemyro-
mag JuarpaMMa KOMMYTaTHBHA!

o(a) — . p ()
€q ep
a f b

ITpumep 1. TpuBuasbHbIM TPUMEPOM BHYTPEHHETO (DYHKTOPA ITPOU3BOIb-
noit kareropun K = (Ob, Hom) saBisercs mapa, cocrosimast n3 TOXK/CCTBEH-
HOro byHKTOpa U cemeiicTBa {id, }aecon-
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ITpumep 2. Ciemaytromuit mpuMep CIy:KAT OCHOBHON MOTHBAIIAEN HAIIETO
uccsenoanus. [lycrb M = (Ob, Hom) ectb kaTeropust sjeMeHTapHBIX BJIO-
KeHuit (BJioxKkenuii, roMmoMophu3MoB) MojieJieii IepBOro nopsijika HEKOTOPOit
curgarypol L. Ilycts 1 ecth yiabTpaduibTp Ha HEKOTOPOM MHOXKecTBe X,
a Prod ectp orobparkenue, koropsiii Kax ot mogesn 2 € Ob craBut B co-
oTBeTCTBUE ee yipTpacrenenb | [ A, a kaxgomy mopbusmy f A — B
bynkmmio f*: [[, A — [], B, onpenenentyio dopmynoii f*(ga) = (f © g)a
IS BCeX ¢, u3 Hocurestst Mogesn | [ 2. Tlycrs dy obosnadaer auaronasibaoe
Broxkenne A B [ o, 1 D := {dy }acop. Jlerko nposepurs, uro (Prod, D) ecrs
BHyTpeHHUiT pyHKTOp Kareropuu M.

ITpumep 3. U3 pesysbraros pabor |2, [3] MokHO n3BIEdb APYTOI COEpKa-
TeJIbHBIH TTpuMep J1yist Toit ke Kareropun M. [lycts Ext ectb orobpazkenue,
KoTopoe Kaxk 1ol mogesm 2 € Ob craBuT B COOTBETCTBHE ee yIbTpapaciiupe-
nue 2, a kaxk oMy Mmopbusmy f 24 — B pynxumio f. Ilycrs ey obosnauaer
ecrectBennoe Biaoxkenue 2A B A, u E := {ey tacon. Torga BHOBb mosydaeM,
aro (Ext, E') ectb BHyTpennuii byHKTOp Kareropun M.

ﬂﬂﬂ KazKJI0Iro op/JindaJia ¢ OIIpeJe/iCHa MaJlad HallpaBJICHHaAd KaTeropud
C MHO>KECTBOM OOBLEKTOB (¢ 1 MHOXKECTBaMU MOpCl)I/IBI\/IOB

{(v,0)},  ecnmy < B,

Hom(v, §) =
0, nHave.

Mpu1 6y1eM 0603HAYATH 9TY KATErOPHUIO TEM YK€ CUMBOJIOM (v, U JIJI KaXKJI0r0
dbyukropa D : o — K u oppunanos v < [ smecro D((v, ) Oyaem 3amnu-
ceiBath D(7, ). dnga kaxmporo dyukropa D : a — K u opaunana f < «
cuMBojioM Dg OyneMm obo3Ha4daTh orpaHudeHre PyHKTOpa ) Ha MHOKECTBO
06beKTOB [ 1 MHOXKeCTBO MOpbu3MoB (4,7), 6 < vy < f.

Onpenenenne 1. Ilycte £ = (Ob,Hom) ects KaTeropusi ¢ mpejenamu,
a (®,F) ectb BHyrpennuit ¢ynkrop kareropum K. st KazKaoro opian-
Hama o > 1 cucmemotll opduHasvHux umepayul paHra < « BHYTPEHHE-
ro dyukropa (®, F) kareropun K 6yjaeMm HasbiBaTh napy (F, D) cemeiicTs
F = {9} 5., dynxropos ®° : K — K u D = {D%}.con bynkropos (Ha-
npaBjieHHbIX juarpamm) D o — K, rue

1. ®Y ecTb TOXKAECTBEHHDIH (DYHKTOP, 1 /114 JiIoboro opaunaia 3+ 1 < «
BeIOHEHO: PPl = 0 BF;

2. s moboro oobekTa a € Ob u opauHasa < « Bbimosaeno: D*(0,1) =
ea u D(B) = &7(a);
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3. st 06bIX 00beKTOB a, b € Ob u Mmopdusma f € Hom(a, b) cemeiicTBo
{®P(f)}s<a ecTb ecrecTBenHoe npeobpasosanue uz D 5 D

4. ecnm B ecThb MpeIebHBIN OPAUHAI, TO JJIs JTIOOBIX 00beKTOB a, b € Ob
u Mopbusma f € Hom(a,b) obbexr ®°(a) ecth npejebHbIil 06HEKT
Hanpap/aenHoit auarpammvbl D®, mopdusm PP(f) ecth npesen ecre-
creennoro npeobpazosanus {®°(f)}scq uz D* B DP, u 1jis KazK10r0
opaunaia y <  mopdusm D(v, f) ecTb IpeebHbIH BXOAAIIMN MOP-
dusm guarpavmsr D us ®7(a) B 7 (a).

Jlerko poBepuTh, UTO JIs 1106010 BHYTpeHHero dpynkropa (P, £) MoxK-
HO OIIPEJIEJIUTh CUCTEMY OP/MHAJBbHBIX HTEepalii para < w, IPUIeM I10
MeHbIIeil Mepe JIByMsi, BOOOIIE TOBOps, pa3jandnbiMu criocobamu. leficTBu-
TenpHO, yeaosue 1 Onpenenenus [I] ogrosnauno onpejenser ¢GpyHkrop 7,
0 < n < w, arTor dakt, 9r0 D* ecTb (HYyHKTOP, OJHO3HAYHO ONPEJIE/ISAET
mMopdusmer D% (m,n), a € Ob, m < n < w, Ipu 3aJaHHBIX MOpdU3IMax
Dk,k + 1), k < w. Ilocneaane ke MOXKHO OIPEJEIUTh OJHUM U3 JBYX
croco6os: momoxus D (k, k + 1) = egr(,) mbo D*(k, k + 1) = ®*(e,). D10
CJIEJIyeT U3 TOTO, YTO 06 JHarpaMMb:

k1 k+1
O (q) 2*() o (p) OHH (q) 2*() o (b)
ok (a) ok (b) Pk (eq) Dk (ep)
k k
o*(a) ¥y o+ (b) o*(a) ¥y o+ (b)

KOMMYTaTHUBHBI. Pasmbinnenusa Hal 9TUM (baKTOM IIPUBOJLAT K CJIEAYIOIINM
OllpeJeJICHUAM.

Omnpenesienne 2. Cucremy opaunaibubix urepanuit ({7} 54, {D}acon)
panra < « BHyTpenHero dyukropa (®, F) kareropuu I = (Ob, Hom) 6ynem
HA3BLIBATD

1. npamot, ecnu misa moboro oobekta a € Ob m opamnana f+ 1 < «
pomoseno: D(3, 6+ 1) = eqs(q),

2. ckowennotl, ecau s r0boro obbekTa a € Ob u opauHAoB v 4+ 1 <
[ + 1 < « BBINIOJIHEHO:

(a) DUy + 1,8+ 1) = ®(D(y, B)),
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(b) ecsn 8 ecthb npeenbHbIil opaunaat, o D*(5, B+ 1) ecTb npeesb-
HBII UCXOMATIIII MOP(MU3M Oute guarpamMmbl Dg u3 ¢ (a) B KOHYC
C = (@ (a), {D*(v, B + 1) }1<p) Hax auarpammoit D,

Teopema 3. ITycms K ecmov kamezopua ¢ npedesamu, a (P, E) ecmo erym-
pernuti pynkmop xamezopuu K. Toeda das ar0b6020 opdunanra o 00HO3HAUWHO
onpedesenvt KAk NPAMAA, MAK U CKOULEHHAA CUCTEMA OPOUHANOHLT UMEPQ-
yutl enympennezo gynkmopa (O, E) parnea < a. Ilpu smom,

1. ecru ({P} sea; {D }acon) €Cmv npaman cucmema opouHaALHHLT ume-
payul enympennezo gynwkmopa (P, E) panea < «, mo das s06wx op-
duna.nos 6,7, B < o 6uINOAHEHO:

(0) BF 0 &7 = BT+,
(b) ecauy < B, mo D@ (y, B) = D5 + 7,0 + B);

2. ecau ({®°}pen, {D}acon) €cmuv ckowennas cucmema opoUNaNLHYLT
umepayutl enympennezo gyrnkmopa (O, E) panea < o, mo das aoboix
opouHa.n08 9,7, 5 < a BLINOAHEHO:

(a) BF 0 &7 = &8,
(b) ecaury < B, mo ®°(D(v,B)) = D*(y+ 4,5 +9).

3ameuanme 1. Hecmorpsa Ha TO, 9TO KOHEYHBIE UTEpAIUUd BHYTPEHHEIO
dyHKTOpa B IPSIMOM ¥ CKOIIIEHHOM CMBICJIE «IIOYTH HE OTIMYAIOTC», MOXKHO
[I0Ka3aTh, YTO Ha TPAHCMPUHUTHBIX IMarax < MPsMble U CKOIIEHHbIE CHCTe-
Mbl WTEpaIuii (ecjii OHU CYIIECTBYIOT) MPUBOJAT K CYIIECTBEHHO Da3/Ind-
HBIM KOHCTDYKIMsiM. B gacTaOCTH, 00BHeKTBl P (@) B IPSIMOM U CKOIIEHHOM
CMBICJIE, BOOOIIE TOBOPS, HE U30MOP(]HBI.

B kareropun M wu3z Ilpumepa [2| onpejiesiennbl ecTecTBEHHbIE TTPEJIETBI,
U, CJIeJ0BaTE/IbHO, OTHOCUTE/ILHO HUX OJHO3HAYHO OIpPEJIEIeHbl NPAMAasd U
CKOIIIeHHAas nrepaln BHyTpenHero ¢dyukropa (Prod, D). Bymem oboznagars
B B
ux ({Prod”}s<a, {D"}acon) 1 ({Prod} } s<a, { D¢ }acon) cooTBETCTBEHHO.

IIpengoxxenne 1. /[aa awbozo obsexma A xamezopuu M u opdunara o
o6sexm Prod®(2l) ecmv npedeavnan yavmpacmenens A parea o no yavmpa-
duavmpy u, a obsexm Prodg () ecmov ckowennan npedesvran yavmpacme-
nendv A parea o no yavmpagdusompy .

Baarogapaoctb. ABTOp BhIpazkaeT 6siaroapHocThb mpodeccopy Biasu-
Mupy Bopucosuuay ['ucuny 3a 1m1010TBOPHOE 0OCYKICHUE PE3YJILTATOB JIaH-
HOIT pabOTHI.
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1 Preliminaries

We study automorphisms of the integral group rings of finite groups
with the use of representation theory. If 71 (G), - - - , T5(G) are all irreducible
nonequivalent representations of G then consider the representation

D(G) = {diag(T1(g), T2(9), ---. Ts(9)), g € G}.

Obviously, ZG = Z[D(G)]. If x; is the character of the representation 7;(G),
Q(x;) is the field of x;, 7 € Aut(Q(x;)), 7" is an extension of 7 to an
automorphism of the field of T;(G) then, on the algebra Q[T;(G)], one can
define an authomorphism 7/ by the rule 7/((a;;)) = (aZ)

In the article [1], the authors obtained a factorization of automorphisms
of the integral group rings of finite groups by considering the ring Z[D(G)].
In particular, we introduced the notion of a stabilizing automorphism, which
is the composition 7/ o ¢,, where ¢, is the conjugation by some unit s
of the algebra Q[D(G)]. The natural question arises whether for every
7 € Aut(Q(y;)) there is a matrix s such that the composition 7/ o ¢, is an
automorphism of the ring Z[D(G)].

Pass from the ring Z[D(G)] to the isomorphic ring Z[R(G)!], where R(G)
is the right regular representation of the finite group G = {e, g2, -+ , 9, } and
the matrix ¢t € GL,(C) is such that the matrices (R(G))" have cell-diagonal
form in which each regular representation T;(G) occurs exactly n; times,
where n; is the degree of this representation.

Our nearest aim is to formulate conditions under which such s exists.

Observe first of all that a necessary condition for the existence of such s

is the coincidence of the Q-algebras Q[R(G)!] and Q[(R(G)")™].
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Agree to refer to the rings Z[T;(G)] as cells of the ring Z[D(G)].
Between different cells of Z[D(G)], we have the mappings

Hij - Zo‘gTi@) — ZagTj(g%O‘g €Z,

geG geG

which are isomorphisms or not.

Concerning the family of those cells Z[T;(G)],i = 1, ..., s, between which
the mappings ji,;; are isomorphisms, we say that they constitute a block. If
for a cell Z[T;(G)] none of the mappings 4;; is an isomorphism then the cell
constitutes a block. If for a mapping Z[T;(G)] there are cells Z[T;(G)] such
that p;; are isomorphisms, we may assume without loss of generality that
these cells are Z[T;11(G)],....,2Z[T;+k-1(G)]. Put

Di(G) = {diag(Ti(g), .-, Tixx-1(9)). g € G} .

Refer to the ring O; = Z[D,(G)] as a block. In such notations,

D(g) = diag(D1(g), .., Di(g)).

Lemma 1. Suppose that cells Z|T;(G)], Z|Ti11(G)], ..., Z[Ti1x-1(G)], k=1,
with the respective characters X;, ..., Xizx—1 constitute a block O. Then the
degrees of the representations T;(G), . .., Ti1r—1(G) coincide, k=|Aut(Q(x:))],
and the representation Ty, ;(G) is equivalent to the representation 7' (T;(G)),
where 71 € Aut(Q(T;(Q))) is an extension of some automorphism T €

Aut(Q(x;)) depending on j, j =0,...,k—1.

Proof. All the cells Z[T;(G)],Z[Ti11(G)], ..., Z[Ti+x—1(G)] in the block O
are isomorphic between each other.
In each cell Z[T3(G)],j =1i,...,i+k— 1, consider the subring generated

by the class sums .

Z er(g) _ ’90 |:J(90> en;s

9€g§ J
where ¢§ is the conjugacy class of an element gy € G. Obviously, the
mappings ji;; define isomorphisms between the corresponding subrings. The
quotient fields of these subrings are isomorphic, and each of them is isomorphic
to its corresponding character field Q(x;); therefore, the character fields are
also isomorphic. Thus, every cell isomorphism induced by the mapping p;; is
extendable to an isomorphism of the corresponding fields Q(x;) and Q(x;).
Further, this isomorphism can be extended to some automorphism of a finite
algebraic extension K = Q(w;) containing the fields under consideration
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([3]). The automorphisms of the represnetation field K of G take each
character field Q(x;) € K into itself, which yields the equalities Q(x;) =
-+ = Q(Xi+k—1). Consequently, the mappings p;;,7 =i+ 1,...,i+k —1,
induce automorphisms of the character field Q(x;).

Let 7;; € Aut(Q(x;)) be the automorphism induced by p;;, then

l96'10xi(90)™ (196" Ixi(g0) \ ™ _ 198'1x(90)
n; n; n;

Tij n; .
Consequently, the image of the irreducible character x;” = —x;. Since all
n .

irreducible characters are linearly independent over C, we have n; = n;.
Obviously, to disctinct mappings f;; there correspond different automorph-
isms 7;; € Aut(Q(x;)); therefore, £ < |Aut(Q(x:))l|-

On the other hand, automorphisms of the field Q(x;) extend to auto-
morphisms of the field Q(7;(G)) and then to automorphisms of the field
K (see [2]). Any automorphism of the representation field of G maps an
irreducible character to an irreducible character ([3]). This gives that any
automorphism of the field Q(x;) takes y; to some irreducible character ;. If
we extend this automorphism to an automorphism of the field Q(7;(G)) and
apply it to the entries of the matrix T;(G) then, up to equivalence, we obtain
the representation 73(G) due to the coincidence of the characters. Obviously,
the mapping f;; induced by an automorphism of the field Q(7;(G)) and
the conjugation by a matrix from GL,,(C) defines an isomorphism. Thus,
the cell Z[T;(G)] gets into the block O and k > [Aut(Q(x;))|-

The above arguments imply that if Aut(Q(x;)) = {m = id, 12, ..., 7.} then
k = r and the representation 7;,;(G) is equivalent to the representation
i (TH(G)), 5 = 0,7 — 1, Tiy1 is an extension of T;,; up to an
automorphism of the field Q(7;(G)). Thus, the lemma is proved. 0

2 Description of the algorithm and the main
theorem

Lemma 1 implies that each block contains k;n? linearly independent
matrices and a matrix in a block is uniquely defined by its first cell. Therefore,
if the Schur index (see [2|) is equal to 1 then from an additive basis of the
block one can “compose” any matrix in the algebra (Q(x;))n,, which implies
the coincidence of the Q-algebras of the block under the action of 7. Hence,
in the particular case when all the representations 7;(G) have Schur index 1,
the necessary condition for the existence of a matrix s is fulfilled.
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If for some representations T;(G) the Schur index is greater than 1 then
the coincidence of the Q-algebras may fail. So, let 7/ be an automorphism
of the representation field of G.

For convenience of the exposition, enumerate the steps of our considerations.

1. Suppose the coincidence of the Q-algebras Q[R(G)!] and Q[(R(G)")™].

2. The coincidence of the Q-algebras implies that the elements ((R(g;))")™
are Q-linear combinations of the elements (R(g;))".

3. Item 2 implies that the elements ((R(G))!)™ in the Q-algebra of the left
regular representation of G have the form

L(g;) = ])—;Rl(e) +---+ %Rz(gn),gi eG,i=1,...,n.

1 n

We obtain a representation L(G) of the group G in the algebra Q[R;(G)].

4. Observe that by Z" we mean the set of integral vectors of length n
written as a row or a column. It is always clear from the context which
of the cases is being considered. The same applies to the canonical basis
er=(1,0,...,0),....en = (0,0,...,1).

Consider the algebra Q[R;(G)]. The first columns of the matrices R,(e),
..., Ri(gn) constitute the canonical basis of Z", and each matrix R;(g;) is
uniquely determined by its first column. Namely, the first column of this
matrix is the vector e; of the canonical basis of Z", the second column
equals R(gs)e;, where R(G) is the right regular representation of G, etc.
Thus, R;(g:) = (e; R(g2)e; -+ R(gn)e;). It is now clear that if a = uy Ry(e) +
st unRy(gn), w = (u, ..., u,) then a = (ul R(go)u® -+ R(g,)ul).

5.1fa=ai1Ri(e)+---+a,Ri(g9,) € QRI(G)NM,(Z) then item 4 implies
that a € Z[R)(G)].

6. By Burnside’s theorem (see [4, p. 68]), for the group L(G) there
exists a matrix s € GL,(Q) such that (L(G))* C GL,(Z). In our case,
the positive answer to the above-posed question means that that there is
a unit s; of the algebra Q[R;(G)] such that (L(G))* C GL,(Z). Obviously,
the existence of s; implies the existence of s.

7. Following the idea of the proof of Burnside’s theorem, we must find
a submodule N in Z" invariant under L(G) and such that the transition
matrix from the basis of NV to the canonical basis of Z™ be from Q[R,;(G)].
Then the matrices of Z[L(G)] conjugated by such a transition matrix remain
in Q[R;(G)] and become integral, i.e., the ring Z[L(G)] under such conjugation
gets into the ring Z[R;(G)], which implies the existence of the matrix s; and
hence of the matrix s. We will consider right modules. Then the coordinated
of the basis of N in the canonical basis of Z" are the rows of the transition
matrix. If we recall that transposition is an anti-isomorphism of the algebra
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Q[R/(G)] and (R(g;))" = R(g;') then the transition matrix must have
the form

uR(g;")

or, equivalently, N must have the basis u,uR(g;"),...,uR(g;'), i.e., N =
uZ|R(Q)]. |
8. Invariance of N under L(G). Put p; = (Z—zl, e ,Z—?). Then, by item 4,
1 n

L(g:) = (0] R(g2)pi -+ R(gn)py ),

uL(g;) = (up] ,uR(g2)p; ..., uR(gn)p{) =
- (piuT7 cee 7pZR<g;1)uT) - pz(uT e R(ggl)U’T> - plg(u)u

where S(u) = (u”--- R(g;")ul).
The invariance of N under L(G) implies that

2
piS(u) = (2¢,...,2)S(u). Consider the matrix L' = : | . The last
Pn
equality implies that
L'S(u) = AS(u), where A € M, (Z) (%)

The automorphism 7/, defined on the algebra Q[(R(G))], induces an auto-
morphism o : R)(G) — L(G) on the algebra Q[R;(G)]. L’ is the matrix of
o in the basis Rj(e), ..., Ri(g,) of the algebra Q[R;(G)], which implies that
|L’| = £1 since o has finite order. Then condition (*) gives |A| = £1 because
1S(u)| = +[S(u)|. Since uL(g;) = p;S(u), the rows of the matrix L'S(u) are
the coordinates of the basis of the module uZ[L(G)]. Therefore, condition (*)
for |[A] = 41 means that the modules wZ[L(G)] and uZ[R(G)] coincide.
Thus, condition (x) determines the invariance of the module N = uZ[R(G)]
under L(G) since the module uZ[L(G)] is obviously invariant under L(G).

9. We infer that the existence of the matrix s is equivalent to the existence
of a vector u = (uq, ..., u,) € Z" satisfying the following conditions:

(1) ul(g;) € 2",i =1, ..., n;

(2) the matrix s; = w1 Ry(e) + - - - + u, Ri(gy) is invertible;

(3) condition (x) is fulfilled.
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Theorem 1. If Q[(R(G))!] = Q[((R(G)))™] then, given 7 € AutQ(x;),
there exists a unit s of the algebra Q[(R(G))!] such that the composition
70, is an automorphism of the ring Z[(R(G))"] if and only if the following
conditions hold: there exists a vector u = (uy, ...,u,) € Z" such that

(1) uL(g;) € Z",i = 1,...,n;

(2) the matriz s; = w1 Ry(€) + - - - + u, Ry (gn) is invertible;

(3) L'S(u) = AS(u), where A € M,(Z).
Proof. Necessity. Suppose that s exists. Then the Q-algebras coincide and
there exists a unit s’ € Q[R;(G)] such that Z[L(G)]* = Z[R,(G)]. By item 4,

s' = (" R(g2)v" -+ R(gn)v"),

where v = (£, E2). Assume that

q=lcm.(q,...,q), u=qu, ¢s = (u" R(gy)u’ -+ R(gn)u"),

and we can take ¢s’ instead of s’. In this case, the vector u € Z" satisfies
conditions (1),(2),(3). Indeed, the vectors u, uR(g; '), ..., uR(g; ") are linearly
independent, i.e., (2) holds. In this basis, the matrices L(g;) are integral.
Then uL(g;) = z1u+ -+ + z,u(R(g, ') € Z", i.e., (1) is fulfilled. Moreover,
the module N with basis u,uR(gy'),...,uR(g;") is invariant under L(G),
i.e., the matrices L(G) become integral, and this means the fulfillment of
condition (3).

Sufficiency. Note that conditions (1),(2),(3) coincide with conditions
(1)-(3) of item 9, which is equivalent to the existence of s. The theorem is
proved. U

Crmcok JuTepaTyphbl

[1] A.M. Popova, E.V. Grachev. The Factorization Problem for
Automorphisms of Group Rings of Finite Groups // Algebra and Model
Theory 11, Novosibirsk 2017, 75-80.

[2] Ch.W. Curtis, I. Reiner. Representation Theory of Finite Groups and
Associative Algebras. Interscience Publishers, New York—London, 1962,
685 pp. [Nauka, Moscow, 1969, 668 pp.|.

[3] V.A. Belonogov. Representations and Characters in the Theory of Finite
Groups. Akad. Nauk SSSR Ural. Otdel., Sverdlovsk, 1990. 380 pp.

[in Russian]|.

[4] D. A. Suprunenko. Matrix Groups. Nauka, Moscow, 1972, 351 pp.
[AMS, Providence, R.I., 1976. viii+252 pp.]|



ISOMORPHISMS AND
DERIVATIONS OF PRE-LIE
ALGEBRAS

A.P. Pozhidaev

Sobolev Institute of Mathematics SB RAS,
4, Acad. Koptyug avenue, Novosibirsk, 630090, Russia

e-mail: app@math.nsc.ru

Recall the definition of the left-symmetric (pre-Lie) algebras (LSA): they
are given by the identity (x,y, z) = (v, z, 2), where (x,y, 2) := (zy)z—2z(yz).
Every LSA is Lie-admissible. In what follows the symbol := denotes an
equality by definition.

The main examples: let (A;-) be a commutative associative algebra, and
let d be its derivation, « € A. Then aob=a-d(b) +«-a-b turns A into a
pre-Lie algebra.

Endomorph E(A). Let A be an algebra. Consider E(A) = A® End A
with the natural product and ¢a = ap + [¢, R,| for all a € A, ¢ € End A.
The obtain algebra is called an endomorph of A. Such an algebra is usually

simple. If A is LSA then E(A) is LSA as well.

Recall that the Novikov algebra is a LSA whose right multiplication
operators R, are mutually commutative.

The examples show that there are simple left-symmetric algebras with
solvable and reductive adjoint Lie algebras.

Denote by L, the left multiplication operator and by M the subalgebra
of End A generated by left and right multiplication operators. Let R be
the subalgebra of M generated by the right multiplication operators. Let
Crm(R) be the centralizer of R in M.

Theorem 1. [I] Let J be the Jacobson radical of the right multiplication
algebra R of a LSA A over a field F :

(1) if [Ly, J) € J for all x € A then J =0, R is a simple subalgebra of
M, and R contains the identity element of M;

(2) if F is an algebraically closed field then M = R @ Cy(R);

(3) if F is of characteristic zero then [L,, J] C J for every x € A.
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Let A be a simple finite-dimensional pre-Lie algebra, g = A7) (adjoint
algebra) be a metabelian Lie algebra, and [A, A]([A, A][A, A]) = 0. Denote
the class of such algebras by A.

Theorem 2. [I] A contains infinitely many non-isomorphic simple al-
gebras.

Let A and B be LSA; 0 : Ax A— B (roy =youx), and let we have a
Lie homomorphism D : B~) — Der A, which is defined such that

Dy(x) oy + 20 Dy(y) = bz oy),

(zy) oz —wo(yz) = (yx) o z —y o (x2)
for all z,y,z € A, b € B, D, := D(b). Consider A® B, B is a subalgebra,

b-x=Dy(x), z-b=0, x-y=ay+zoy

for all z,y € A, b € B. Denote it by Aop B [3].
Theorem. Aop B is LSA.
Let A and B be some algebras with the following actions:

>: AxB— B; >:BxA— A,
< AxB— A, <:BxA—=B;
arbe B, brace A, a<be A, b<aeB

for all a € A, b € B. Given two products o;, ¢ = 1,2, from A into B and
from B into A, define on A @ B the new product -:

b-a = bra+b<a,

a-b = avb+a<b,

ay-ay = @10z + a1 ©1 Gy,

by by = biby + by 0g by

for all a,a; € A, b,b; € B. Denote: E(A,B).
The first Witt double A; [3].

Let A be an associative commutative algebra, 0 # d € Der(A), A be a
copy of A. Define:

T-y=uadly), z-y=0, z-y=zy+7Ty,z-§=xd(y).

Theorem. A, is LSA, Ay is simple iff A is d-simple.
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Let Aut A be the automorphism group of A. Define
Autg A = {¢p € Aut A : ¢d = do}, Auty A < Aut A.
Theorem. Let A be a finite-dimensional associative commutative d-
simple algebra. Then ¢ € Aut Aq iff ¢ =1 4+ with ¥ € Auty A.

Theorem. Let A be a finite-dimensional associative commutative d-
simple algebra over an algebraically closed field F,d # 0. Then AutAg =
AutdA.

The second Witt double W,(A) [3].

Let A be as above. Define the following actions:

a>b=ab, b>a=bda), ax<b=0, b<a=ab
for all a,b € A. Put

ca = bd(a)+ba, a-b=ab,
b = ab, a-b=ad(b).

Q j=pll

Theorem. Wy(A) is LSA. Wy(A) is simple iff A is d-simple.

Aut?! A = {¢ € Aut A: ¢d = adg for some a = a, € F*};
Auty A = {¢ € Aut A: ¢pd = ad¢ for some v € A\ N}.

Lemma. Aut} A, Autj A< Aut A; Auty A < Aut? A.

Theorem. Let A be a finite-dimensional associative commutative d-
simple algebra over an algebraically closed field of characteristic not 2, d # 0.
Then

Aut Wy(A) =2 Aut) A.

Isomorphisms of Endomorphs and Witt doubles.

Say that A is strictly local (s.l.) if there is an ideal 4 such that A/l =
F.

s.l.-Algebras A and B are 7-isomorphic if there are isomorphisms 1) :
A~ Band 7: A~ M(B) of right M(A)-modules A, B and M (B)-module
M(B); and 0 : M(A) — M(B):

Y(ry) = (x)b(y) +Y(2)7(y) +(y)7(2),
T(xA) = 7(2)0(A), Y(rA) = P(x)0(A)
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for all z,y € A; moreover, ¥(I4) = I, Ig7(A) =0, fi7(e1)— f1 € Ig, where
e1+ 14 and f; + Ip are unities in A/I4 and B/I.

Isomorphisms of Endomorphs.

Theorem. Let A and B be finite-dimensional algebras over F, ¢ be an
isomorphism of E(A) and E(B). Then ¢ = + 1 for some uniquely defined
V: E(A) — B and 7: E(A) — M(B). Assume that T is nondegenerate
being restricted on A. Then A and B are s.l.-algebras; the restriction of T on
M(A) is an isomorphism, and 1) : A B is a T-isomorphism. Conversely,
if A and B are s.l. and T-isomorphic then E(A) = E(B).

Say that A and B are M-isomorphic if there is an isomorphism 1 of A
and B such that ¢¥(zA) = ¢ (z)7(A) for some isomorphism 7 : M(A)

M
M(B); notation: A = B.

Theorem. Let A and B be finite-dimensional algebras over F (not s.l.).
Then

M
E(A)ZEB) < A=ZBs AXB.
Automorphisms.

Autp A = {¢Y € AutA : 37 € AutM : Y(zB) = ¢(x)1(B) YV €
A, B e M} < AutA.

Theorem. Let A be a finite-dimensional algebra over a field F (not
s.l.). Then AutE(A) = AutyA.

Theorem. Let A and B be finite-dimensional algebras over a field F
(not s.l.). Then Ej(A) = E(B) < A= B.

Isomorphisms of Witt doubles [2].

Let dy,dy € End A be a pair of linear mappings. Put
Auty, g, A= {¢ € AutA : dy = dot)p}.

Say that dy and dy are conjugated by .

Theorem. Let A be a finite-dimensional associative commutative d;-simple
algebra over F. Then ¢ : Ag +— Ay, is an isomorphism iff di and dy are
conjugated by ¢ € Auty, 4, A, and ¢ = + 1.

Denote by A* the set of invertible a € A such that there is an invertible
v € A (or zero if a € F) with the property 7> + ady(y) = 0 and dy(7) € F.

Theorem. Let A be a finite-dimensional associative commutative d;-simple
algebra over an algebraically closed field F, i = 1,2. Then Wy, (A) and
Wa, (A) are isomorphic iff di and dy are a-conjugated by ¥ € Aut}; A.
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Derivations of simple Novikov algebras.

Say that H € Der A is a-commuting with D = d + R, if

HD = D(H + )
for some v :=w(H) € A (H+a:=H+ R,). Put
Derp A={H € Der A: HD = D(H +w(H))}.

Theorem. Let A be a finite-dimensional associative commutative d-
simple algebra over an algebraically closed field F of characteristic p > 0
and (A, d,a) be simple. Then G € Der(A,d,a) iff G = H+ w(H) for some
H € Derp A; moreover, w(H) € F in the case a = 0.

Derivations of simple Witt doubles.

Say that a derivation D of Ay is induced by 7 € Der A if for all a € A
we have

D(a) = 7(a), D(a)=7(a),
where Der; A is the subspace of derivations in Der A commuting with d.
Theorem. D € Der A, iff D is induced by T € Dery A.
Say that D € Der Wy(A) is induced by an («, d)-commuting 7 € Der A
if
D(a) = 7(a), D(@)=nra+(1+a)a)
for all @ € A and some «,v € A such that d(y) =0, 2y +d(a) = 0.

Theorem. If the field F s algebraically closed then every derivation
of a finite-dimensional simple algebra Wy(.A) is induced by an a-commuting
with d deriwation T of A.
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1 Introduction

Relations form the foundation of algebraic systems representing links
between elements [1, 2, 3]. In [4] some general principles of preservation
of properties are introduced and studied. In the present paper we study
possibilities of preservations for precomplete relations.

2 Preliminaries

Definition. [3] Let M be a structure, P, € M ... P, C M
Q@ C M™ be properties, & = &(7y, ... xn,y) be a type Wlth (T ) =
.y U@n) = kn, I(y) = m. We say that the tuple (P,...,P,,Q) i (to-
tally) ®-preserved, or ® is (totally) (Py,...,P,, Q)-preserving, if for any
@ eP,.. . a,¢eP,

d(ay,...,a,, M) C Q.

Here we also say on universal ®- and (P, ..., P,, ))-preservation.

If &(ay,...,a,, M) CQ for some a; € Py,...,a, € P,, then we say that
(Py,..., P, Q) is existentially ®-preserved, or ® is existentially (Py,. .., Py,
Q)-preserving.

*The work was carried out in the framework of the State Contract of the Sobolev
Institute of Mathematics, Project No. FWNF-2022-0012.
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If ®(ay,...,a,, M)NQ # 0 for some @, € P,...,a, € P, then we say
that (P, ..., Py, Q) is 3-partially ®-preserved, or ® is I-partially (P, ..., Py,
Q)-preserving. If this property holds for any @, € Py,...,a, € P,, we say
that (P, ..., P,, Q) is V-partially ®-preserved, or ® is V-partially (Py, ..., Py,
Q)-preserving.

We say that the tuple (P, ..., P,, Q) is 3-partially ®-non-preserved, or
® is I-partially (Py,. .., P,,Q)-non-preserving, if ®(@,...,an, M)NQ # 0
for some @, € P, ...,a, € P,, where @ = M™\ Q. If this property holds for
any ay € Py,...,a, € P,, we say that (P,...,P,, Q) is V-partially ®-non-
preserved, or ® is V-partially (Py, ..., P,,Q)-non-preserving. In the latter
case we also say that the tuple (P, ..., P,, Q) is totally ®-non-preserved, or
® is totally (P, ..., P,, Q)-non-preserving.

If ®(ay,...,a,, M) C Q for somea, € P,...,a, € P,, then we say that
(Py, ..., Py, Q) is ezistentially ®-disjoint, or ¥ is ezistentially (P, ..., P, Q)-
disjointing.

If ®@@,...,a,, M) CQ forany @, € P,,...,a, € P,, then we say that
(Py,..., P, Q) is totally ®-disjoint or universally ®-disjoint, or ® is totally
(Py, ..., Py, Q)-disjointing, or universally (P, ..., P,, Q)-disjointing.

If @ is a singleton {p} then totally/existentially /partially ®-(non-)pre-
served/disjoint tuples are called totally/existentially/partially ©-(non-)pre-
served/disjoint, respectively, and ¢ is totally/ezistentially/partially (P, .. .,
P,, Q)-(non-)preserving/disjointing.

If Pp=...=P, =Q then (P,...,P,, Q)-preserving type ® is called
(Py, ..., Py, Q)-idempotent and (P, ..., P,, Q) is ®-idempotent.

If & = {p} then we replace ® by ¢ in the definitions above.

The following example illustrates the notion of total ®-preservation.

Example 2.1. Let M = {0,1}, P, = P, = Q = {(0,0),(0,1),(1,1)} C
M?. For the type ®(z1,z2,y) = {r1 =~ y A 22 =~ y} we have the following.
For any (ai,as) € Pi, ®(aj,as, M) = 0 if ay # as, and ®(ay,as, M) C
idy = {(b,b) | b € M} = {(0,0),(1,1)} C Q. Thus (P, P5,Q) is totally
®-preserved, with the idempotence.

3 Precomplete binary relations and their pre-
servations
Recall [2, 3] that a binary relation Q C M? is complete if Q = M?2.

The following proposition gives a characterizations of the emptiness and
completeness of () in terms of preservation.
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Proposition 3.1. [4] Let I' = (M; Q) be a graph. The following condi-
tions are equivalent:

1) Q = 0 (respectively, Q = M?);

2) the formula Q(x,y) (—Q(x,y)) is (M,0)-preserving;

3) the formula Q(z,y) (—Q(z,y)) is (M, M)-disjoint.

A relation Q@ C M? is called precomplete, or totally comparing, if Q U
Q™! = M?. Following [2, 3] totally comparing partial orders are called linear
orders. So we can say that precomplete non-complete binary relations are
linear.

By the definition any complete relation () is precomplete, and the vice
versa holds iff M is a singleton.

Proposition 3.2. For any binary relation Q C M? and the type

Dpe(r1, 225 y1,92) = {11 R Y1 A T2 R Yo}

the following conditions are equivalent:
1) @ is precomplete;
2) the pair (M? QU Q™) is totally ®,.-preserved;
3) the formula =(Q(x,y) V Q(y,x)) is (M, D)-preserving.

Proof. 1) < 2) follows immediately by the definition of @, where an ar-
bitrary pair (a,b) € M? is transformed to the same pair solving @, (a, b; y1, y2)
and belonging to Q U Q1.

1) & 3). The (M, ())-preservation of =(Q(z,y)V Q(y,x)) means that this
formula in not satisfied in (M;Q), i.e. all pairs in M? satisfies Q(z,y) V
Q(y, ). The latter property is equivalent to the equality QU Q™' = M?. O

Proposition 3.2 immediately implies:

Corollary 3.3. For any binary relation Q C M? the following conditions
are equivalent:

1) @ is not precomplete;

2) the pair (M?,Q U Q1) is partially ®,.-preserved;

3) the formula =(Q(x,y) V Q(y,x)) is not (M, D)-preserving.

Corollary 3.4. For any partial order Q C M? the following conditions
are equivalent:

1) Q is a linear order;

2) the pair (M? QU Q™) is totally ®,.-preserved;

3) the formula =(Q(x,y) V Q(y,x)) is (M, D)-preserving.

Example 3.5. Let M = {0, 1,2}. Consider the relation

Q= {(07())7 (07 1)7 (072)7 (171)7 (172>7 (272)}7
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which corresponds to the linear order < on M. Then Q U Q~! = M?2. For
the type ®pe(z1, 225 y1,92) = {21 = y1 Ay & yo } and for any (a,b) € M? we

have ®,.(a,b; y1,y2) = {(a,b)} € QUQ . The formula = (Q(z,y) V Q(y,z))
is not satisfied un the graph (M; Q).

4 Precomplete relations of greater arities

It is known that linear orders admit generalizations till circular [5-11]
and spherical ones [12-15]. These generalizations have the following axiom
for a n-ary relation K,, n > 2, on a set M.

Let T be a n-tuple (z1, za,...,x,), 0 be a permutation of degree n. Then
the tuple (z,(1), ..., %s(n)) is denoted by T, and following [15] we have:

(nsol) If T € M™ and o is a transposition on {1,2,...,n}, then T € K,
or ¥, € K,,.

Clearly, K, satisfies the axiom (nsol) iff K5 is precomplete.
For n > 3 we say that any relation K, satisfying (nsol) is called precom-
plete under transpositions.

More generally, for a set S of permutations of degree n, we say that a
relation @ C M™, n € w, is called S-precomplete if |J Q, = M", where

ces
Qa:{falfeQ}'

Clearly, if ) € M™ is S-precomplete for some set S then for any n-tuple
a € M", @) contains a permutation a, of @. Besides, we have the following
monotony property: if S; C Sy are sets of permutations of degree n and @)
is Si-precomplete then @) is Se-precomplete.

By the definition a relation () C M™ is precomplete under a transposition
o iff @ is {e, o}-precomplete, i.e. precomplete with respect the two-element
group with the universe {¢, o}, where ¢ is the identical permutation.

If n < 1 then the group of permutations is a singleton and therefore @)
is precomplete (with respect to S = {€}) iff Q is complete. More general, @)
is S-precomplete for a singleton S iff ) is complete.

The following lemma is obvious.

Lemma 4.1. For any relation Q) C M™, a tuple @ € M™, and a permu-
tation o of degree n > 2, a € Q, iff ay-1 € Q.

Generalizing Proposition 3.2 for n > 2, we have:

Theorem 4.2. For any n-ary relation Q C M"™ a set S of permutations
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of degree n > 2 and the type

(Dpc,S(f; g) = { \/ @ ~ Ta_l}

c€eSs

the following conditions are equivalent:
1) Q is S-precomplete;
2) the pair (M™, Q) is totally @y s-preserved;

3) the formula — ( V Qg(f)) is (M*,()-preserving with respect to any
oces
partition of T into two nonempty parts of lengths k and n — k, respectively.

Proof. 1) = 2). Let ) be S-precomplete. Taking a tuple a € M™ we
have @ € @, for some o € S confirming the ®,. s-preservation for ({a}, Q)
using Lemma 4.1. Thus, the pair (M", Q) is totally @, s-preserved.

2) = 1) follows again by Lemma 4.1, since for any tuple @ € M™ the
.. s-preservation implies @,-: € @ for some o € S, so @ € (),. Thus
M= |J Q,, i.e. Q is S-precomplete.

og€eS

1) < 3). The (M*, ()-preservation of — ( V Qg(f)) with respect to the
ces
partition of Z means that this formula in not satisfied in (M;Q), i.e. all

tuples in M"™ satisfies \/ Q,(T). The latter property is equivalent to the
ces
equality | Q, = M™. O
ces

Example 4.3. Let M be an n-element set {a,as,...,a,}, @ € M"
consist of all n-tuples with some repeated coordinates and of one tuple
(ay,as,...,a,) with pairwise distinct coordinates. We observe that @ is
S,-precomplete, where S,, consists of all permutations of degree n, and (@ is
not S-precomplete for arbitrary proper S C S,,.

Combining unions of (), one can obtain S-precomplete, non-complete
relations with smaller S having at least two permutations.

Example 4.4. Let M = {ay, as, az} be a three-element set. Let Q C M3
consist of all triples with repeated coordinates together with (a, as, a3). Let
S =S3. Then |J Q, = M?3. Moreover, the type

oES3

Gpes(T7) = { /\ T~ Tp}

0ES3

witnesses the Ss-precompleteness of ().



156 T.E. Rajabov, S.V. Sudoplatov

Example 4.5. Let M = {a,b}, a # b, and Q = {(a, a,b), (a,b,a), (b,a,a)}.
Let S = S;. Then |J Q, # M3, since, for example, (b,b,b) is missing.

oc€S
Thus (@ is not precomplete with respect to permutations.

5 Conclusion

We considered some possibilities of preservation for precomplete rela-
tions. These possibilities open ways to use the suggested machinery of
preservation for various special standard relations and their natural mod-
ifications.
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1 Introduction

Let T be a n-tuple (z1,...,x,), 0 be a permutation of degree n. Then
the tuple (241, ..., To(n)) is denoted by 7.

Definition [T}, 2]. The following generalization of linear and circular
orders produces an n-ball, or n-spherical, or n-circular order relation, for
n > 2, which is described by an an n-ary relation K, satisfying the following
conditions:

(nsol) If T € A™ and o is a transposition on {1,2,...,n}, then T € K,
or T, € Ky;

(nso2) If T € A™ and o is a transposition on {1,2,...,n}, then T € K,
and 7, € K, iff there are distinct indices ¢ and j such that z; = x;;

(nso3) For any 7 € K™ and any element ¢ € A, there is an index ¢ such
that (z1,..., % 1,t, Tiv1, ..., 2n) € K,

Definition [2]. A group G is called (agreed) n-spherically ordered, or
n-s-ordered, if G is provided with a n-spherical order K, such that for any
(x1,...,2,) € K, and any y € G the tuples (z1y, ..., z,y) and (yx1,...,yz,)
belong to K,,.

A group G is called n-spherically orderable, or n-s-orderable, if G has a
n-spherically ordered expansion. A group G is called spherically orderable
if it is n-spherically orderable for some n.

2 Spectra

For a group G we define its spectrum Sps, of spherical orderability, or
spherical spectrum, as follows:
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Spso(G) = {n € w\{0,1} | G is n-spherically orderable}

A group G is called totally spherically orderable, or totally s-orderable,
if G has maximal spectrum of spherical orderability, i.e. Sps,(G) = w \ {0,
1}.

A group G is called almost totally spherically orderable, or almost totally
s-orderable, if Sps,(G) is a cofinite subset of w.

A group G is (almost) not s-orderable in any way if Sps,(G) is empty
(respectively, finite).

If |G| = n, then w\ n C Sps(G).

3 Visualization

When obtaining spectra of spherical ordering, a question arose related
to their correct visualization. The solution chosen was to construct a set
of regular polygons inscribed in a sphere. Each polygon with n vertices
represents n-spherical orderability of the group in question.

Also, n-spherical orderability can be represented as an n-dimensional
simplex. This approach extends the idea of mapping a linear order on a
line, a cyclic order on a circle. But using this approach - it is not possible to
map the spectrum at once, and the information content is lost for n-spherical
order, where n > 6.

4 Results

= 4-polygon

Spso(v;l) =w \ {07 17 27 3}
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Speo(GF(2%) =w )\ {0,1,2}

Spso(QS) = Spso(Zg) =w \ {0, 13 27 37 5a 63 7}

Spso(Zg) = w\ {0,1,2,4,6,8}
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. 3-polygon
== 7-polygon
mm 6-polygon
5-polygen
4-polygon
3-polygon

Spso(G) =w\{0,1,2}, |G| =8
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1 Bseaenne

Hapsity ¢ KiiaccuiecKkuMu ajredpaMu, TaKUMHU KaK KOJIbIA BBIYETOB, KO-
HEYHbIE 110Js, KOTOPbIe aKTUBHO YYACTBYIOT B CO3JIAHUU PA3IMYHBLIX aJIlO-
pUTMOB B KpunTOorpadun, IPUMEHAIOTCA B KPUITOrpadun HeacColmaTuB-
HBIe CTPYKTYPHI [1|, K HIM MOXKHO HPUYHUCINTL KBA3UTPYIIBL [2] n pas/md-
HbIe UX 0OOOIIEHNS.

Haubostee pacripocTpaHeHHBIM KPUIITOIPAhUIECKUM CPEJICTBOM SIBJISET-
cs mdpoBaHre, KOTopoe obecrednBaer 6e30macHOCTb cBs3u (cM. [3], cTp.
26). B [4] upuseaeno npeobpasoBanue CJI0B ¢ HOMOIIBIO KBA3UIPYIIL, & B [5]
u [6] 10 peobpazoBaHme GbLI0 0OOOIIEHO HA TEPHAPHBI CIIyJaii.

3/1ech MbI PACCMOTPHM pPa3IMdHbIe aaredpandeckue CBONCTBA TepHAPHOI
L-KBa3urpyIbl, KOTOPbIe CIOCOOCTBYIOT HoJtee 3(PMEKTUBHO IPUMEHSITH 3TH
anreOpbl Jyid peobpaszoBanust cJioB. VaenTudukanyst MOAXOAANIIX aJred-
pamvdecKux CTPYKTYP I KPUITOrpaduIecKux mesei aBiisieTcst CCieIoBa-
TeJIbCKOH mTpobstemoit. C airebpantdeckoil TOUKN 3peHust /it KPUITOTrpadu-
YeCKUX MPUJIOKEHU 0COOBI MHTEPEeC MPeICTABIISIIOT TTOJIMHOMUAAIBHO MOJI-
HbIe ajaredpanvdeckue CTPYKTYPbI, TIOCKOJIbKY MPobJIeMa YCTaHOBJIEHUsT Pa3-
PEIIUMOCTH CUCTEMbBI yPaBHEHUI B MOJUHOMHUAILHO TOJIHOM ajrebpe sBJisi-
ercst NP-mostroit |7]. TlosroMy mcnosb3oBaHme TakKux CTPYKTYD IIPU pas3pa-
00TKe KpulTorpaduiecKux ajJropuTMoB 00ecednBaeT BbICOKYI CTONKOCTb.

B mocsieisee BpeMsi aKTUBHO M3y4YaroTCsl TOJTMHOMUAIBHO TIOJTHBIE KBa-
surpymibl. B crarbe [8] aBropbl paspaboraiu MeTOIbI U aJrOPUTMbI I
[IPOBEPKHU CBONCTBA MOJMHOMHUAJIBHOM MOJHOTHI HEKOTOPHIX KOHEYHBIX KBa-
BUTPYIII, UCCJIELYysl UX COOTBETCTBYIONIUE JATUHCKUE KBaJparbl. B pabore
[9] mamBl KpuTEepUH MOTMHOMUAIBHON TTOJHOTHI KOHEYHON KBA3UTDYIIIHI B
TePMHUHAX €€ MYyJIbTHILIMKATUBHON TDYNIIBI U B TEPMUHAX €€ JIATHHCKOTO
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KBajipaTa. ABTOPBI CTaTbH [10] IIPpUBEJIN OPOIEAYPY HPOBEPKU ITOTMHOMU-
AJIbHOM MOJIHOTHI KBA3UI'PYIII IPOCTOrO MOPsJIKa, a B cTarhe [11| mokazano,
9TO IIPOBEPKa IOJUHOMUAJIBLHON HOJIHOTBI KOHEYHON KBA3UI'PYIIIbl MOXKET
OBITH OCYIIECTBJIEHA 3a IOJHHOMHUAJIHLHOE OTHOCHTEIBHO IOPSiIKA KBAa3UI-
PYIIIBI BpeMsl.

B nannoit pabore m3ydaloTcd CBOWCTBa TepHAPHBIX L-KBa3UT'PYIII, CB-
3aHHBIE C TOJIMHOMHUAJIBLHOM MOJTHOTOH 9TuX ajaredp. M3ydenne cBoiicTB Tep-
HapHO# L-KBa3uUIPYNIIbI CO CPEJIHel eJIMHUIE OCYIIEeCTBIAETCH B pa3esie
4, a B pazjesie 5 NPUBOJIUTCS JTOCTATOYHBIN MPU3HAK ITPOCTOTHI TAKUX aJ-
rebp. AJIropuT™ MPOBEPKH MPOCTOTHI KOHETHOW TePHAPHON L-KBa3UTPYIIIHI
npuBouTCcA B pazjerne 6. B paznene 7 usydatorca adduHHbIE TepHAPHBIE
L-xBasurpynnbl. AjiropuT™M npoBepku ad@UHHOCTH KOHEYHON TepHApPHOI
L-KBa3urpyIibl co cpejiHeil e uHuIeil MPUBOUTCA B pasjesie 8. B mocies-
HEeM pa3zjiejie YKa3aH IpPU3HAK IOJUHOMHAJIBLHON ITOJIHOTHI TepHapHOW [-
KBa3UI'PYIIIbl CO CPeAHel eJIMHUIeH.

2 IlpenBapurenbHble CBeJICHUS

MuozxkectBo () ¢ o/HO# TepHAapHOI omnepalyell f Ha3bIBAIOT TEPHAPHOI
KBa3UI'PYIIION, ec/id Jjist JIFOOBIX 9JIEMEHTOB a, b, ¢ u3 () ypaBHeHuUst

f(x,b,c):a,f(a,y,c):b,f(a,b,z):c, (1)

pasperMbl oHo3HaqHO ([12], cTp. 6 mpu n = 3).

PaccmoTrpum TepHApHBII TPYIIION]], B KOTOPOM Pa3pPelnMO OJTHOZHATHO
TOJILKO OJTHO ypaBHeHwue u3 (1).

Tepuapubriii rpymmonst (@, f), B KOTOPOM J1jisi JTFOOBIX JIEMEHTOB @, b, ¢
u3 () paspenMo OJIHO3BHAYHO TOJIBKO MEPBOe (BTOPOE, TPEThe) ypaBHEHHe
u3 (1), 6yJeM Ha3bIBaTh TepHAPHOi L-KBa3UTPYIION WM TepHAPHBIN IPyTI-
oW1 ¢ JieBoii obparumocThio (M-KBasurpymnioit, R-KBasurpymnmoi uim rep-
HAPHBII TPYNIION, CO CPeHeil M MpaBoil 06paTUMOCTBIO COOTBETCTBEHHO).
Huxe mbr Oyem paccMarpuBaTh TepHApPHbBIE L-KBa3UTPYIIIIHL.

Ha muoxkecTBe (), B CHIIy OJIHO3HAYHON PA3PENTIUMOCTHU IIEPBOTO ypaBHe-
Hust u3 (1), mMeercs erne ojiHa TepHAPHAs! ONepPAIys U, 3a/laHHAas 110 TIPABUILY

u(a,b,c) =d < f(d,b,c) =a. (2)
Obe TepHapHbIe onepanun ¢ u f MOIIMHAIOTCA TOXKICCTBAM

u(f(r,y,2),y,2) =2 = f(u(z,y,2),y,2), (3)
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a 3HAYUT, Ha TEPHAPHYIO [-KBa3UIPYIILy MOKHO CMOTDPETH KaK Ha YHUBEP-
casbHyIo anrebpy (Q, f,u) ¢ Habopom ToxIecTs (3).

Koneunoit repuapuoit L-xkBazurpytie (@, f) nopsijika m coOTBETCTBYeT
3-mepnas marputia B = (b;ili, 7,k = 1,2,...,m) Toro xe nopsuaka ([13],
crp. 5), vae by = f(i,7,k), npudem, B CHIy OAHO3HAYHON Pa3PENIIMOCTH
nepBoro ypapaenust u3 (1), B cTpokax HampapjeHHsi 1 CTOAT pa3Hble dje-
MeHTHI n3 (). BepHno u obpartHoe, obast 3-MepHasi MATPUIA 1M-TO TOPSIIKA
B = (bykli, g,k = 1,2,...,m), y KOTOPOil B CTPOKax HAIIPABJICHUA 1 CTOSAT
pasHbIe 3JIEMEHTHI 13 (), OlpeiesIgeT KOHEUHYI0 TePHAPHYIO L-KBasurpyIiLy
(Q, f) mopsinka m, vae f(i,j, k) = b ji. VITak, MexK 1y KOHEIHBLIMI TePHAPHDI-
MU L-KBasurpyImnaMi 1 3-MEPHBIMU MATPUIAMU YKA3aAHHOTO BHJIA UMEETCS
B3AMMHO OJIHO3HAYHOE COOTBETCTBHUE.

Kaxas 3-mMepHast marpuiia B, KOTopas IOCTpOeHa BBIIIE JIJIsi TepHAD-
Hoft L-kBazurpymme, riae Q@ = {1,2,...,m}, onpenenser Habop m KBajpar-
HBIX TaOJIUI[ YMHOXKEHNST Ha MHOXKecTBe () ¢ omneparmeii i oy j = f(i,7, k)
(k=1,2,...,m). Takum o6pasoMm, Ha 3-MepHYIO MATPUILy B MOXKHO CMOT-
peThb Kak Ha YIOPSAJOYEHHBIA HaOOp Tab/uI] YMHOMKEHUS IPABBIX KBa3H-
rpynn (onpejiesenue pasoii Kasurpynmsl cMotpu B [14]) B Komuectse,
PABHOM YHCJTY 9JIEMEHTOB MHOXKECTBa, ().

MbI MOXKeM BbIYHC/IATH KOIecTBO L(m;3) TepHapHBbIX [-KBAa3UrPYIII
HopsiJIKa m:

L(m;3) = m!"™[6].

MpbI nmeeM OOJIBIIIOE YUCI0 TePHAPHBIX [-KBa3UI'PYIII, TIOCTPOCHHBIX Ha
KOHEYHOM MHOYKECTBE. A 3HAYUT, UMEIOTCS IEePCIEKTUBLI UCIIOJIb30BAHUS
TEPHAPHBIX L-KBa3UTPYII B KpUITOrpaduu.

3 IlIpeobpa3oBanus cjioB

st mpeobpaszoBaHus CJI0B B 3aJJaHHOM aJi(haBUTE MCIOJIb3YIOT KBa3UT-
pymmst [4]. Mbr 0606maem mpeobpa3oBaHusi CJIOB U3 9TOf pabOThI Ha Tep-
HApHBII cirydait, T.e. B pabore [5] u [6] 6pw10 yKazaHo mpeobpa3oBaHue CJIOB
C TIOMOIIBIO TEPHAPHBIX KBA3UTPYIIT U TEPHATHBIX L-KBasurpyii. PaccMor-
puM 310 npeobpazosanue u3 [6].

[Tonaraem (@, f) — KoHe4Hast TepHapHasi L-KBa3UIPYIIIa MOPIIKa M.
MHuozkecTBO Beex cyioB B asipasute () 0603HATUM

+_

Q" ={z1...04|z, € Q,s > 1}
s 3amauHOil mapbl 91eMeHTOB a, b u3 (), B TepMuHAX paboThl [4] 911 2J1e-
MEHTHI Ha30BeM JIMJepaMu, Ha MHOXkKecTBe QT onpegennm oToOpaskeHue

Aa,b(.%lxg Ce SL’S) =Y1Y2...Ys =
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Y1 = f(xlaaa b)a
= Yo = f<x27y17a)7 (4)
Vi1 = f(Tip1, ¥, Yio1), 0 =2,3,...,5s — 1.

Teopema 1. [6] Omobpasicenue A, p, nocmpoenroe no npasusy (4), A6asu-
emca OUEKMUBHBIM.

Jlnst Toit 2Ke maphl 3JeMEeHTOB a,b u3 () Ha MHOXKecTBe Q1 cTpoum ere
OJTHO OTOOparkeHue

Ba,b(y1y2 .- .ys) =21Ty...Ts =

T = u(yhaab)?
=3§T2= u(y27y17a)7 (5)
Titr1 = u(yz‘+1;yiayi—1)7i = 2, 3, e, S 1.

Teopema 2. [6] Omobpasicenue By, nocmpoenroe no npasusy (5), a6.as-
emca obpammuvim 08 omobpasicenus Aqp.

g mpeobpazoBaHus CJIOB € IIOMOIIBIO TEPHAPHBIX L-KBAa3UTPYIIIT MOXK-
HO WCIIOJIB30BaTh KOMITO3UIMIO oToOpazkenuii Buna (4). Boibupaem nHabop
(@, 1), (Q, f2), ..., (Q, f¢) TepHAPHBIX L-KBA3UIPYII U YOS IOYEHHbIE A~
pol (a1, b1), (as, ba), ..., (as, b;) snmementos uz @ (¢ > 1). Crpoum 1o npasuiry
(4) orobpazkerms A , A2 o ..., Al a3aTem paccMaTpHBacM KOMIIO3H-
IAIO

_ 71 2 t
Aar brazbs,anbe = Aag g © Augpy © -0 Ag g (6)

a1,b1 az,ba at,

Jlist 9TUX Ke TepHAPHBIX L-KBAa3sUTPYIINI U Iap 3JEMEHTOB CTPOUM COOT-
1 2 t

BETCTBEHHO 110 npasuity (5) orobpaxkenus By , ., Bg, -+ By, p,s 1 Ta;{}Ke
pacCMaTPUBAEM KOMIO3HIMIO By, b, asbsai by = By g, © -+ 0 Ba,y, 0 By p-
OueBunHO, By, b,....asbs.a1 by — OOPATHOE OTOOparkeHHE I OTOOPAKEHHS
Aa1 ;b1,a2,b2,...,a¢,b *

B kpunrorpacdun odeHb BazKHO, YTOOBI 3ammdpoBaHHOE CJIOBO MOXK-
HO OBLIO pacmudpoBaTh OJIHO3HAYHO. B HaleM cirydae umeeM CJieLy ot

daxkr.

TeopeMa 3. /6/ Hycmb <Q7f1>7 <Q7f2>; ) <Q7ft> o HCL60p mepHaprvlx
L-xsasuepynn, 2de Q = {1,...,m}. as m06020 caosa y1ys...ys u3 Q@ u

ons mobvix ynopadoverwnvir nap (ai, by), (ag,bs), ..., (ay,b) saemenmos u3
Q cywecmeyem eQuHCMEEHH0e CAOB0 T1Ts ... T, u3 QT maxoe, wmo eepro
PAGEHCNE0

Auy brasiba,anb (T1T2 .. Ts) = Y1Ya - . - Ys-
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4 TepnHapHble L-KBa3urpynibl co cpeaHeii eam-
HUIIEN

B reprapHoM rpynnonje (@, f) 3JeMeHT e Ha3bIBAIOT CPEeJIHei eInHN-
neit, ecau st J106oro siemenTa a u3 () BepHO paBeHCTBO f(e,a,e) = a
(emorpm [15], crp. 21 npu n=3). OueBUIHO, B TePHAPHON L-KBa3urpyIime
€CJIN eCTh CPEIHSAA eIUHNAIA, TO UX MOXKeT ObITh OoJbIIe YeMm oxHa. Haiigem
KOJIMYECTBO KOHEYHBLIX TEPHAPHBLIX L-KBA3UIPYIII HOPSJIKA I ¢ k CPEIHIMA
equHunamu, 1 < k < m.

Teopema 4. Koauuecmeo mepnapnwx L-xeazuzpynn nopadxa m ¢ k cpeo-
numu edunuyamy (1 < k < m) pasno

(m — 1)Imk gy (m=k)

Jloxazameavcmeo. 3-Mepuas marpuna B repaaphoit L-kBasurpymist (Q), f)
MOpsiJiKa m ¢ k CpeJIHUMU eJIMHUIAMU €;, ¢ = 1, ..., k, IpejcraBaeHa yopsi-
JIOYEHHBIM HAOOPOM TaOJIUIL YMHOYKEHUS MIPABBIX KBA3UTPYIIT B KOJTUYIECTBE,
PABHOM YHCJIYy 9JIEMEHTOB MHOXKECTBaA (), CPe/ii KOTOPBIX UMeeTCsi POBHO k
TabJINIT YMHOYKEHHS TTPABLIX KBa3UTPYIIIL C JIEBON €IMHUIIEH ;.

Qukcupyem Tab/HILy ¢ HOMEpOM €;, rje ¢ = 1,..., k. B sroit Tabuie
B CTPOKE C HOMEPOM €; CTOSIT JIEMEHTHI U3 () B TAKOM Ke TOpsIIKe, KaK B
(), a Bce CTOJIONbI SABJISIOTCA HEKOTOPBIME MTEPECTAHOBKAMU HA MHOYKECTBE
(). 3HAYUT, KOJIMIECTBO PA3JIMIHBIX TaO/IHI ¢ (PUKCHPOBAHHBIM HOMEPOM €;
pasto (m — 1)!I".

B kaxkoit Tabmure, rie HeT cpejHell eJIMHUIIbI, BCE CTOJIOIbI ABJISIOTCS
HEKOTOPBIMU II€PECTAHOBKAMU Ha MHOXKECTBe (). 3HAYUT, KOJUIECTBO pPa3-
JIMYHBIX TaOJIUI] 0e3 cpeHeil euHUIbI ¢ (PUKCHPOBAHHBIM HOMEPOM PaBHO
m!™. VTak, 9mcI0 PasIudHBIX 3-MepHBIX Marpui, B pasno (m — 1)Im* .
mm (m=Fk) m

Teopema 5. B mepnaproti L-xeasuepynne (Q, f) co cpeduel edunuued
e sepro mootcdecmeo u(x,x,e) = e. Bepno u obpamnoe, ecau 6 mepHap-
noti L-keasuzpynne (Q, f) 0an nexomopozo sasemenma e 6epHo moxcdecmeo
u(x,z,e) = e, mo amom aaemenm 6ydem cpedneti edunuued.

Joxaszamenvcmeo. Cormacno onpeneneHnio CpeaHeil enHuIbl, BEPHO TOXK-
nectBo f(e,x,e) = x, a Torja, coriacHO HpaBuity (2), BEPHO TOXKIECTBO
u(z,z,e) =e.

O6parno. 13 BepHOoCcTH TOXKIECTBA U(T,T,€) = € JJIi HEKOTOPOIO 3Jie-
MEeHTa €, COIIacHO mpaBmiy (2), BepHo ToxkaecTBO f(e,x,e) = x, To ecTh e
— CpeJHss eJIMHATIA. ]
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Omneparto m(z,y, z) Ha3bBAIOT TepMoM MaJiblieBa, e/l BEpHO PaBeH-
crBo m(z,x,y) =y = m(y,z, ).

Teopema 6. B mepnapnoti L-xeazuepynne (Q, f) co cpedneti edunuueti e
umeemcesa mepm Manrvuesa

m(x,y, z) = f(u(z,y,e),z,e).

Jlokasamenvcmso. CoriacHO BTOPOMY TOXKJIECTBY 13 (2),

m(z,z,y) = f(uly,z,e),x,e) =y.

Hanee, m(y, z,x) = f(u(z,x,e),y,e), Ho, cormacHo Teopeme b, u(z, z,€) = e,
torma m(y, x,x) = f(e,y,e) =y. ]

5 KoHrpysH1um Ha TepHapHbIX [-KBa3urpyimiax

Jlrobasi KOHTrpysHIUSA Ha TepHapHoil L-kBasurpymme (Q, f,u) (kax Ha
YHEBeEpPCaJIbHO asrebpe ¢ HabOPOM TOXKJIECTB (3)) 9TO OTHONIEHNE SKBUBA-
JIEHTHOCTH, CTabUIIbHOE OTHOCHTEJILHO TepHApPHbIX onepanuii f, u. OkasbiBa-
ercsi, KaK U JijId KBa3UIPYII U TEPHAPHBIX KBA3UTPYIIII, JIJIs KOHEUHBIX Tep-
HAPHBIX L-KBa3UIPYIII JOCTATOYHO PACCMATPHUBATH TOJBKO CTAOUIBHOCTH
OTHOIIEHUS IKBUBAJIEHTHOCTH OTHOCUTEJILHO OIEPAIU f, TO €CTh BepHa

Teopema 7. [6] Omnowenue 5K6u8aACHMHOCU T HA KOHEUHOT MEPHAPHOU
L-xeasuepynne (Q, f,u) asasemcsa konepysnyuets mozda u moavko mozda,
K020a T cMabUALHO OMHOCUMEALHO onepatuy | .

Kiace kourpysurmu 7 0603HaHM depes [al,.

Teopema 8. B mepnaprot L-ksazuepynne (Q, f,u) co cpedneti edunuued
€ KAACC KOHRDYIHUUU, COOepHCaUUl €, asasemcs mepraproti L-nodkeasu-
epynnoti. B mepnapnot L-xeasuepynne co cpedneti edunuueti KAaccol KoH-
2PYIHUUU PABHOMOULHDL.

Jlokasameavcmeso. JTokazxkeM TepBoe yTBEPKIEHNE, PACCMOTPUM KJacc [e],,
rje T — KoHrpysHiug Ha (@, f,u). Bosbmem sobbie Tpu 3eMenTa a, b, ¢ u3
le], To ecTb ate, bre u cre, Torna f(a,b,c)Tf(e, e, e). Tak kax f(e, e, e) =
e, 1o f(a,b,c)re, snaunt, f(a,b,c) € [e|,. Hamee, u(a,b,c)Tule, e, e), HO
u(e,e,e) = e (cormacuo Teopeme 5), ciegoBareabHo u(a,b, c)Te, TO ecTh
u(a, b, c) € [e],.
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Hokazkem BTOpyIO dacTh Teopembl. Ilycts a € (). Paccemorpum oTo06-
paxenne L : © — f(x,a,e) nasa moboro snementa x € [e],. ITockomabky
xTe,ara,ete, 10 f(x,a,e)Tf(e,a,e), vHo f(e,a,e) = a, rorna f(z,a,e)ra, T
e. f(x,a,e) € [al,.

Hokaxkem mabekTUBHOCTH OTOOpazkenus: L. Ilyers L(xi) = L(xg), TO
ectb f(21,a,e) = f(x2,a,e) misd TOOBIX 9JEMEHTOB T1 U T u3 [e|,. B cuy
OJIHOBHATHON Pa3permMOCTd epBoro ypasHenus u3 (1), xy = xy. VHbEK-
TUBHOCTH O0TOOparkeHus L JoKazaHa.

JlokazkeM CIOpPBEKTUBHOCTH orToOpazkenus L. Bwibupaem b € [al,. Pe-
menneM ypapuenust f(x,a,e) = b, cormacuo (3), smusiercs © = u(b, a,e).
[Mokaxem, uro u(b,a,e) € [e],. Tak kak bra, o u(b,a,e)Tu(a,a,e), Ho
u(a,a,e) = e (cormacuo teopeme 5), Torma u(b, a,e)re, suauut, u(b,a,e) €
le], m L(u(b,a,e)) =b. CiopbeKTuBHOCTH OTOOpazKkKeHus L JT0Ka3aHa. O

CaencrBue 9. Ecau (Q, f,u) — xoneuwnas mepuapran L-keazuepynna co
cpedneti edunuyets, mo nopadok KaxtcAo20 KAGCCa KOH2ZPYIHUUU JeAUm nopsi-

dox (Q, f,u).

Asrebpa Ha3BIBAETCsI IPOCTOM, €CJIU B HEl TOJILKO TPUBUAJIbLHBIE KOHIPY-
SHITUH.

CranenctBue 10. Koneunas meprapras L-xea3uepynna co cpedneti eduru-
ueti npocmozo nopadka ABAAEMCA NPOCMO.

[IpuBemeM mgoCTATOYHBIN MPU3HAK IIPOCTOTHI KOHEYHOW TepHapHOU L-
KBa3UI'PYIIIBI CO CpeIHeil ejuuuneii. AHAJIOMMIHBIA IPU3HAK €CTh JIJI KBa-
surpynn B (8], npemioxenue 3.13, u st TepHAPHBIX KBa3UTPymil B 5], Teo-
pema 9. Ham monamobmTcest

Jlemma 11. [6] Bwobupaem nepecmanosxy Lop(z) = f(x,a,b) na muoorce-
cmse @, 3Havenus Komopot, cOCMasAAIOM CMoAbely, dIAEMEHMA & MabAULYL
YMHOCEHUSA NPABOT, KEA3UZPYNNLL ¢ HOMEPOM b U3 Ynopadouennozo nabopa
MABAUY, YMHOHCEHUA NPABHIT KEA3UZDYNT 3-MePHOT Mampuibe B konewnod
mepraprot L-xeasuepynno (Q, f). Hycms 6 pazaosicenut Loy na npous-
gedenue He3ABUCUMBIT YUKAOE UMEETCHA YUKA O OAUNbL | U T ABAAECNCA
konepyoryued 6 (Q, f). Tozda naumernvuee NOAOHCUMENLHOE UEAOE YUCAO
k, maxoe wmo o*(c) € [c],, 2de c € Q, deaum .

Teopema 12. ITycmo (Q, f) — xoneunas mepnapnas L-xeasuzpynna co
cpedneti edunuuet. Ecau natidemea nepecmanoska Lop(x) = f(x,a,b), 6

Pa3AN0HCEHUU %OmOPO’[Z Ha npousse@e%ue HE3ABUCUMDBIT UUKAOEB UMEECITNCA UUKNA

daurnt I u l — mpocmoe wucao, | > %, mo (Q, f) asasemcsa npocmoi.
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Jlokasameavcmso. Ot nporusHOro, ycTh B (Q), f) nMeeTcss HeTpUBHATbHAS
KoHTpy3HIHA 7. [locko/bKy [ — mIpocToe 9ucsio, To, corjacHo jemme 11, k =
1760 k = I. Eciu k = [, To Bee anementsl {c, o(c), 0%(c), ..., o7 (c)} nuka
0 W3 PA3HBIX KJIACCOB KOHIPYIHIIUY T, & 3HAYUT, YUCJIO KJIACCOB KOHI'PYIHITIN
T He MEHbIIIe [, YTO TPOTUBOPEUUT YCJIOBHIO [ > @ COTVIACHO CJIEJICTBUIO 9.
Ecau k = 1, T0o BCce 3/1eMeHTHI UK/ 0 JIEXKAT B OJHOM KJjacce [¢|,, To ecThb
I <|la];| m |[c]] < @7 YTO HPOTUBOPEIHUT YCJIOBHUIO | > % O

6 IIpoBepka IpocTOTHI TepHAPHOI
L-KBa3urpymniibl

B pab6ore [10] onucan nporiece mpoBepKu MPoCTOThl KBaszurpyir. Ornupa-
SICb HA 9TOT IPOIece, B pabore [6] mpuBeieH aJropuT™ MPOBEPKH TPOCTOTHI
TepHapHbIX L-kBasurpym. Ham nmonagodurcs

Jlemma 13. [6] Omnowerue sxeusarenmmocmu T corpansem onepayuto | 6
mepnapnot L-rxeasuepynne (Q, f) mozda u mosvko moada, koeda 6ce 0mob-
pasicerus La,b(m) = f(x,a, b); Ma,b<y) = f(aaya b) U Ra,b(z) = f(av b, Z):
a,b € Q coxpanarom T.

[Iycrs (Q, f) — xkoneunas repHapnas L-kBasurpynnau @ = {1,2,... ,m}.
Beibupaem 7,5 € (Q u i # j. Paccmorpum aaroputm HaxXOXKIeHUS HAUMEHb-
Irefi KOHrPYSHIMU T, KOTOpast cojepkuT napy (i, 7).

Asropurym 1.[6]

1. CocrapisieM CIIHCOK BCEX HEYHMOPsIOUeHHbIX map (s,t), rae 1 < s,t <
m, s # t. Kax1oit mape n3 9TOro CImcka CTaBUM B COOTBETCTBUE J[BE METKU
— 9KBUBAJIEHTHOCTh W PACCMOTPEHHOCTh. B Hava/JbHBII MOMEHT BpeMeHU
BCE Iapbl U3 CIIMCKA HEe SKBUBAJEHTHBI U HE PACCMOTDEHBDI.

2. BeiObupaem oTHOIIIEHNE 3KBUBAJEHTHOCTH T, B KOTOPOM COJIEPXKUTCH
napa (i,7), ocTajbHbIe Mapbl ¢ OJMHAKOBBIMU KOMIOHeHTamu. Ormedaem,
4T0 mapa (i, j) 9KBUBAJCHTHA.

3. Boibupaem npou3Bo/IbHYI0 He pACCMOTPEHHYIO U 9KBUBAJIEHTHYIO Hapy
(u,v) m3 cnucka n HaxoxuM Bee Hapel (F(u), F(v)) ¢ pa3sHbIMH KOMIIOHEH-
tamu, rje F' upoberaer Bce otobpaxkenus L,p(x) = f(x,a,b), My(y) =
fla,y,b) u Ryp(2) = f(a,b,2), a,b € Q. 3amernm, uro npu F = L,; KoM-
nonenTs! napsl (F(u), F(v)) OymyT Beerna pasHbIMU, IIOCKOILKY L j sBJIs-
eTcd OMEeKTUBHBIM oToOpazkeHueM, a BOT npu F = M., u I' = R, Kom-
nonenTs! napsl (F(u), F'(v)) MOryT GbITD OJUHAKOBBIMHU,IIOCKOILKY M, 1
R, aBngaioTca oToOpazKeHHAMHI, HO He 00g3aTesbHO OmeKTHBHBIMU. Ecim
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napa (F(u), F(v)) ne sKBUBaJIeHTHA, TO JO0ABISIEM €¢ B OTHOIICHHE T, OT-
MeJaeM ee SKBHBAJCHTHOCTH U IePeXoauM K myHKTy 4. Mrak /s Becex map
(F(u), F(v)). Ilocse sTOr0 1mepexognum K IyHKTY 5.

4. O6beuHsIeM KJIacChl SKBUBAJICHTHOCTH, KOTOPBIM IPUHA/JICIKAT KOM-
[OHEHTHI 9TOfi Iaphl, OJIydaeM HOBOE OTHOIICHHE SKBUBAJIeHTHOCTH T. OT-
MeuaeM HOBbIe SKBHBAJICHTHbIE [IADPBI, KOTOPBIE HOJLYIMIIUCH HOCIe 00be/ -
HEHUS.

5. Ilomewaem napy (u,v) Kak pacCMOTPEHIYIO.

6. Eciin B ciucke He pacCMOTPEHHBIX M 9KBHBAJICHTHBIX [1ap HET HJIH BCE
5JIEMEHTBI () IOIIAPHO SKBUBAJICHTHBI, TO KOHEI[ paboThl anropurMa. Nnadge
[EePeXO/UM K IIYHKTY 3.

Teopema 14. [6] [ycmo (Q, f) — xonewnas meprapras L-xeasuepynna u
Q ={1,2,...,m}. Jlas w060t neynopadouenroti napw (i,7), 2de i,j € Q
w i # jJ, arzopumm 1 HATOOUM HAUMEHLWYIO KOHZPYIHUUIO T, KOMOPAA
codepotcum napy (i,J).

C momompio TeopeMbl 14 MOXKHO JI0Ka3aTh MPU3HAK ITPOCTOTHI I KO-
HEYHOU TepHAPHOUN L-KBa3sUTPYIIIIHI.

Teopema 15. [6] Koneunas meprapras L-xeasuepynna (Q, f) aAeasemcs
npocmoti mozda u MoAvko mozda, Koz20a das 10001 HEYNOPAJOUEHHOT NAPDI
(1,7), ede i, € Q ui # j, areopumm 1 HATOOUM HAUMENLUWYIO KOHZDYIH-
yuro T, xKomopas pasHa (Q X Q.

[TockonbKy B TepHapHOl L-KBa3urpylile cO CpeJiHeil eauHuIeil KJrac-
Cbl KOHT'PYSHIIUU PaBHOMOIIHBI, TO JJIsi TAaKUX KOHEYHBIX TEpHAPHBIX L-
KBA3UT'PYIII TPU3HAK MPOCTOTHI (POPMYIUPYETCS IIPOIIIE.

CaencrBue 16. Konewnas mepnapnas L-xeasuepynna (Q, f) co cpednet
eOUNUUET € ABAAELMCA NPOcmotl moz2da U Mosvko mozda, ko2da s A10001T
napot (e,1), 2de i € Q ui # e, anrzopumm 1 HaTodUM HAUMEHBWYIO KOHZDY-
aHyuto T, Komopas pasna € X Q).

7 Addurabie TepHapHble [-KBa3UTPYIIIIhI

Anrebpa A naswiBaercs adpduaHOMN, ecim A cHaOXKeHa CTPYKTYPOI aJi1i-
TUBHOMN abesieBoii rpynbl (A, +) Takoii, 4To KazKjiasi TepMaJibHas Oleparust
t UMeeT BU]IL

t(zy,...,z) =a+ ax1 + ... + @, (7)

e a € A, aq, ..., Qy, ABISIOTCA TPYIIIOBBIME SHIOMOP(MU3MAMM.
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IIpensioxkenune 17. [6] B agdunnot mepraproti L-xeasuepynne (Q, f) om-
Hocumenvho abeaesoli epynnol (Q, +) mepnapras onepayus f deticmeyem
no Npasu.ay

flzy,2) =ar+ By +vyz+c (8)
2de a — asmomoppusm, B,y — andomopgpusmov, epynnv, (Q,+), ¢ € Q.

Hab6op ((Q,+), «, 8,7, ¢) nazoBem dopmoit adbdunHoit TeprapHoii L-KBa-

surpynisl (@, f).
Bepno n obpartHnoe yTBep:KieHHE:

IIpensioxkenune 18. Ecau das mepnaproti L-ksasuepynne (Q, f) natidemes
abeaesa epynna (Q), +) maxas, ¥mo 0as A00LLT 20eMEHMO6 T, Y, Z € ) 8ep-
Ho pasencmeo (8), 2de v — asmomoppusm, 3,y — sndomopdusmuv 2pynno

(Q,+), c€Q, mo(Q, f) bydem agdunnot arzebpoi.

Joxaszamenvemeo. JlokazaTelbCTBO BeeM MHIYKIUEH 110 YUCIY 1 BXOXKIC-
HUil OCHOBHBLIX onepanmii f,u B IPOU3BOJLHYIO T€PMAJILHYIO OLEpPALUIo .
Ecaun n = 1, 10 TepmasibHas onepaius ¢ uMeeT oJuH U3 BUIOB: f(x,y, 2),
u(z,y,z). B mepBom ciaydae nmeem paBeHCTBO (8), & BO BTOPOM CJIydae, CO-
[JIACHO OIPe/JIeJIeHIIO oneparu u B (2), mveeM

1 1

u(z,y,2) =a v —a By —a vz —ale

[Iycrb Teneps TepmasibHast onepanus t(xq,. .., x,) uMeer n > 1 BXOXKIe-
HUI OCHOBHBIX omleparuit f, u u JiJId TEPMOB ¢ MEHBIITUM YUCJIOM BXOXKJICHUT
pasenctBo (7) cupaseyuBo. Tepmasbuast onepaius ¢ umeer Bug, g(ty, ta, t3),
e g = f wim g = u, t1,ty, t3 — HEKOTOpPBIE TEPMAJILHBIE OTIEPAIUU C MEHb-
UM 3HadeHneM dnuca n. COrylacHO MHIYKTUBHOMY IPEIIIO/I0KEHUIO,

t (@i oy T, ) = a1+ Q1 T+, T,
(T T,,) = G2 + Qo T, + . F Qg T
t3(Thys - ooy Thyy ) = A3 + Q3 Thy + -+ Ak, Ty
THE Ty ooy Tiy s Tjys ooy Ty Thyy o ooy Thyy € {1500, T}, a1,02,a3 € Q,
Qliyy o Qg 5 Qs -+ o5 Qs O3y - - - 5 O3k, ABJITIOTCA  3HIOMOPhU3MAMHU

rpyumbt (Q, +).
Ecimu g = f, 1o, coracuo (8), nosydnm

t([l)l, Ce ,(L’r) = f(tl(l'il, e ,IL‘inl),tQ(l‘jl, c. ,xjn2),t3(xk1, Ce ,l‘kng)) =

= aty(Tiy, -5 T, )+ Bla(wgy, o w5,,) F (T, Ty, ) FC=
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= a(ar + iy Tiy + .+ g, T, )+ Blaz + agj g, o+ agg, T )+
+v(as + azp, Ty + -+ Q3p,, Th,, ) + €= @ar + @, T, L+ o, T, +
+Baz + fagj, xjy + ...+ Pag;,, x4, + a3 +yQsk, Tk, + .+ Y3k, Tk, +C =
= (M (Daagr + M (2)Basgy + A (3)yasy)zy + ...
A (A(Daag, + A(2)Bagy + A (3)yas, )z, + aar + Bas + yas + c.

Baech Ay(1) = 0, econ cpejtn IEPEMEHHBIX Ty, . . . , T4, He BCTPETUJIACH Tie-
peMeHHas Ts, U Ag(1) = 1, econ Berpermiach, st s = 1,..., r. AHAJIOIHIHO
As(2) = 0, ecotu cpesiu IepeMEHHBIX Ty, . . . , T, HE BCTPETHIACh TlepeMeHHasT
Tg, U Ag(2) = 1, ecim BeTpernnach, g s = 1, ..., 7, u \(3) = 0, ecu cpen
NEPEMEHHBIX T, , - . . , Tg,, HE BCTPETUIACH TIEPEMEHHAs T, U \s(3) = 1, ecym
BCTpeTUIAaCh, g s = 1,...,r. TakuM 00pa3oM, [y TepMaJIbHON onepalun
t(z1,...,x,) paBeHcrBo (7) crpaBeuBO.

AHaJIOrMIHO JIOKA3BIBAETCS CIPABE/JIMBOCTD PaBeHCTBa (7) 11t TepMaJib-
HOit omepanuu t(xy, ..., T, ), €CIu g = u. ]

IIpensioxkenue 19. Ecau 6 afdunnot mepraproti L-xeasuzpynne (Q, f)
¢ opmoti ({Q,+), v, B,7,¢) ecmv cpednssn edunuya e, mo MepHapHas one-
payus f deticmeyem no npasuiy

flz,y,2) = ax +y+ vz — ae — ye. 9)

Jlokasameavcmso. Ilycrs 0 — mynas rpynmst (@, +). Cornacho (8), umeem
f(e,0,e) = ae + ve + ¢, vHo f(e,0,e) = 0, 3Hauut, ¢ = —e — ye. BHoBb
cormacao (8), umeem f(e,y,e) = ae + Sy + ye + ¢, vHO f(e,y,e) = y u
¢ = —ae — e, 3HAYUT, Sy = . m

Bamerum, uro st addunrHOl TepHapHOil L-kBasurpymisl (), f) co cpe-
Heit eumuIeii e u3 npeoxenns 19 dopma mmeer Bug ((Q, +), o, 1g, v, —ae—
~ve). Ecitu cpeiHuX eIMHIIl HECKOJIBKO, TO JIJIst JTFOOBIX JIBYX CPETHUX €IHHUII
€1 ¥ ea BEpHO PaBCHCTBO (vé] + Y€1 — (e + Yeq.

CaexncrBue 20. [Tycmov (Q, f) — konewnasn adurnnan meprapras L-kea-

3uzpynna nopadka m co cpednumu edunuyamu eg, s =1,...,7r, 2de 1 < r <
m, uc g30pM011 (<Qa +>7 a, 1Q7 Y, —Q€s — 768)‘ Toeda
1) 6ce mabauyvL YMHONCEHUA C HOMEPAMU €5, S = 1,. .., T, u3 ynopado-

wenH020 Habopa Mabauy, ymHodtcenua ¢ onepayuamy i oy j = f(i, 7, k), xo-
mopuie npedcmasasom 3-mepryro mampuyy B mepraproti L-keasuepynnot
(@, [), 6ydym onpedessmsv addunnyro keasuepynny c aesoll edunuyel es u
¢ popmoti ((Q,+), o, 1o, —aes);

2) 6ce ocmansvivie MabAULbL YMHOHCEHUA ¢ HOMEPaAMU b u3 9mozo nabopa
oydym onpedeasmsv addunnyio xeazuzpynny ¢ gopmot ((Q,+), a, 1o, vb —
aes — Yes), 8 KOmopot ecmb Ae6as eOUHUUA, OMAUYHAL OMm b.
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Jloxazamesvcmeo. BoiOupaem Tab/IUILy YMHOXKEHUS ¢ HOMEPOM €g, TJIE €5 —
cpennsst euanna (Q, f). YMuO)KeHne B 910l Tabuie Gy1er 1eficTBOBATE 110
npasuiy x o, y = f(x,y,es). Torma, cornacuo npeoxkenuio 19, BepHo pa-
BEHCTBO IO, Y = QX +Y+Yes—qes—Yes WIN L0, Y = QT+Y—Qes, TO €CTh ITA
TabJmIa yMHOXKeHHUs onpesesisier abduunyo KBazurpynmy (@), o..) ¢ dbop-
moit ((Q, +), a, 1o, —aves). Cpenisist eUHATIA €5 TEPHAPHON L-KBa3UIPYIIILI
(Q, [) 6yner nesoit enqunuteit Kazurpynnet (Q), o, ). JleficrBurensHo, e o,
x = f(es,x,e5) = .

Boeibupaem Temnepn Tabsmily yMHOXKeHUsI ¢ HOMepPOM b, Tjie b He sBJjIsieTcs
cpenueit equuuneii (Q, ). YMHOKeHHe B 910 Tabuie 6yaer neificTBoBaTh
no upasuiy x o, y = f(z,y,b). Torma, cornmacHo npesoxenuto 19, BepHO
PABEHCTBO X Oy Y = k + Y+ Yb— (veg — yes, TO eCThb Ta TabIUIA yMHOKEHUST
onpeensier abduunyo kpasurpymny (Q, o) ¢ dopmoit ((Q, +), o, 1o, vb —
aes — yes). Hamee, mis snementa —(vb — aey — yes) Haiimercst ssement €
Takoii, uto ae’ = —(yb — aes; — ye,). Jdokaxkem, uro €' sBisercs JeBoii
enuaUIEeil B KBasurpymie (@), op). JeiicrBuresnbho, e oy x = ae’ + x + yb —
aes—ve, = x. Ocranoch j1oKasaTh, 9to € # b. Ot nporussoro. Ilycts ¢/ = b,
torga f(b,x,b) =bo,x = x, To ecTh b — CpejiHsIsA eMHUIA B TepHAPHON L-
kBasurpymie (@, f), a 910 He Tak. O

Bepno n obpaTtHoe yTBep:KIeHHE:

IIpensioxkenune 21. ITycmov (Q, f) — xoneunas meprapras L-keaszuepynna
nopadxa m co cpedrumu edunuyamu €5, s = 1,...,7r, 2de 1 < r < m. Ec-
AU KadAcoas mabasuya YmHodcenus ¢ nomepom b, b € Q, uz ynopadouerro-
20 nabopa mabauy, ymmosicenua ¢ onepayuamu i oy j = f(i,7, k), xomopoie
npedcmasastom 3-mepryro mampuyy B mepraprot L-xeasuepynnu (Q, f),
bydem onpedeaamov agdurnyro xkeazuepynny ¢ ae6oti edunuyet e u ¢ pop-
moti ((Q,+), o, 1g, —ae) u natdemea sndomopdusm y epynno, (Q,+) ma-
kot, wmo y(b — es) = ales — €), mo (Q, f) o6ydem addunnoti arzebpoti ¢
gpopmoti ((Q,+), o, 1o, 7y, —aes — ves).

Joxazamensvemeo. BeiOmpaeM mpon3BOJIbHBIE JIEMEHTHI X, Y, 2 € (). FKcm
Z = ey JIJIsl HEKOTOPOro § u3 Habopa uHekcoB {1,...,r}, 1o e5 Gyner JieBoii
equHUIeil B kBasurpymie (@, o,). Torma

flz,y,2) =z 0., y=0ax+y—aes;=ar+y+yz— aes — yes.

Eciu z He sijsiercs cpeueii epquauneil repuapuoit L-xpasurpymnmnst (Q, f),
TO U3 paBeHCTBa Y(z —e;) = afes —e) NoIyInM —oe = Yz — aes —yes. Torma

flz,y,2) =0, y=ar+y—ae=ar+y+yz— aes — yes.
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8 IIpoBepka addpuHHOCTH TepHAPHOI
L-KBa3urpyIiibl CO cpeJHeil eJIuHuIlein

B pa6ore [10] omucan nporiece posepku addunHOCTH KBasurpyi. Omnu-
pasich Ha STOT IPOIECC, TPUBEIEM AJTOPUTM IPOBEPKN adOUHHOCTH Tep-
HapHBIX L-KBas3suTPyIIl CO CpeHel e IMHUTIEH.

Buauasie paccMoTpuM KOHEUHYIO KBasurpymiy (G, ) ¢ JieBoii equHuIeit
e. llycrs Q = {1,2,...,m} u K — ee narunckuit kBajapar. B pabore 6] 6611
paccMOTpeH aJropuTM MPOBEpPKU addUHHOCTH 3TON KBasurpymmbl. [Ipuse-
JIEM 9TOT AJITOPUTM.

Asnroputym 2.[6]

1. Crponm MHBEPCHYIO KBa3urpyiry (@), ) 1Mo mpaBuLy
rry=0"z-y, (10)

rjie [ — mepecTaHoBKa, COOTBETCTBYIOIIAS MEPBOMY CTOJIOIY JIATHHCKOTO
kBagpara K. [lycre K’ — naruackuii kBajgpar (Q), *).

2. IIpoBepsieM CHMMETPUYHOCTH JIATHHCKOTO KBajipara K’ (4ro paBHO-
CUJTBHO KOMMYTATHBHOCTH OTleparun *). Kcjim ciMMeTpraHOCTh HApYIIIeHa,
TO 3aBepIiaeM aJaropuT™ coobrienneM “Kpasurpymma (@), -) ve addunna’.

3. [IpoBepsieM acconmaTUBHOCTH ONEPAIAN *, T.€. JJIsl JTIOOBIX TPEX YhCeT
i, 7,k € Q mpoBepsieM paBeHCTBO 1% (j*xk) = (ixj)*k. Ecim acconmaruBrocTh
HapyIlleHa, TO 3aBepIlaeM aJrOpUTM coobrieHreM “KBasurpyrmma (@, ) He
appunna’.

4. Bpibupaem croJiber; JaTUHCKONO KBajpaTa K, IepBbIil 3J1€MEeHT KO-
TOPOTO COBIIAJIAET C BEPXHUM JIEBBIM 3JIEMEHTOM JIATHHCKOTO KBajipara K’
0b03HAYAEM 3aJIAHHYIO THM CTOJIOTIOM TIEPECTAHOBKY Yepes3 (.

5. IlpoBepsieM, 9TO TepecTaHOBKA (v COXPAHSAET OIEpPAIHio *, T.e. JJIsd
JEOOBIX unces i, j € () mpoBepsieM paBeHCTBO (i j) = (i) * (7). Ecim o me
COXPAHSET OIEPAITNIO *, TO 3aBEPIIAeM aJITOPUTM COOOIIEHNEM “KBa3UTPYIIIa
(@, ) ue abdunna”.

6. BoibupaeMm 3/1eMeHT ¢ U3 BEPXHEro JIEBOTO yTIJia JATUHCKOIO KBapara

K.

7. IIpoBepsiem, 9aTo 11151 JIFOOBIX 9ucen i, j € () BEPHO PABEHCTBO
i-j=a(i)*jx*c.
Ecm 570 paBeHCTBO HEBEPHO XOTs OBI JIJIsl OJTHOM ITaphl YUCEI, TO 3aBEPIIaecM

aJropuT™ coobmiennem “‘kpasurpyima (@), ) He addunua’. B nporusHOM
cllydae 3aBepliaeM aJropuTM™ coobinerneM “Kpasurpymma (@), -) abdurna’.
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Teopema 22. [6] Koneunas keazuepynna (Q,-) ¢ ae60tl edunuyet € A6.4:-
emcsa apPunroti mozda u Moavko moezda, Koz2da aszopumm 2 306epPULGETMCH
coobweruem “keasuepynna (Q,-) apdurna’.

Paccmorpum Teriepb KoHeuHy1o TepHapHyto L-kBasurpytiry (@, f) co cpej-
HUMHU efuHunaMn eg, s = 1,...,r,tme 1 < r < m, u Q = {1,2,...,m}.
Yraxkem ajroput™ nposepkn addurnoctn (Q, f).

Anropurm 3.

1. IIpoBepsiem, 9TO Bce TAOUILI YMHOXKEHUsT ¢ HOMepamu b, Tje b € @),
YIOPsJIOUEHHOr0 Habopa TabJull ¢ oneparuamu x o, y = f(x,y,b), Koropble
PEJICTABJISIIOT 3-MepHYt0 Marpuily B tepraproit L-kBasurpymnibl (Q, f),
OyayT ompeesaTh KBasurpynmbl ((Q),op). Ecam xors Ol onHa U3 mpaBbIX
kBasurpy (@), op) He GyeT KBA3UTPYIIIOWH, TO 3aBEPIIaeM AJrOPUTM CO00-
menneM “repraphas L-xkBasurpynma (Q, f) we addunna”.

2. TIposepsieM, 4To B KazKJI0i KBasurpyie (@), o) ¢ oneparmeii x o,y =
f(z,y,b), tne b € Q u b He ABJIIETCS CPEJIHEN IUHUIIET, €CTh JIeBast €INHUTIA.
Ecim xors 661 B 0/IHON U3 yKa3aHHBIX KBA3UTPYII HET JIEBOH €JMHUIIBI, TO
3aBepIaeM AJropuT™M coobrienneM “repuapHas L-kBasurpynmna (Q, f) He
acdbdbunana’”.

3. IIpoBepsieM ¢ OMOIIBIO AJIrOPUTMa 2, UTO KazKjiasi KBasurpyiia (), op),
rie b € Q, spisiercst adpdunnoit. Ecim xors 661 ofHa 13 kBasurpymni (), o)
He gBJigercd apdUHHOI, TO 3aBepIiaeM aJrOpUTM COODINEHNEM ‘TepHapHasd
L-xkpasurpymma (Q, f) #e abdunna’.

4. Tlposepsiem, 4o Kaxjas addunaas kasurpyimmna (Q),op) co cBoeii
neBoit enumnmteii e, riae b € ), mmeer dopmy ((Q, +), a, 1o, —ae). Ecau sro
He TakK, TO 3aBepllaeM ajrOpUTM COOOIIEHHeM ‘TepHapHas L-KBasUrpyIIa
(@, f) ve abdunna’.

5. Haxomum sunomopdusm v rpymmsr (Q, +) Takoii, 910 11y 06010
ssrementa b € () Bepuo V(b —e5) = afes — e), T/ € — JIeBas eIUHUNA KBA3H-
rpynmst (@, op). Ecau Takoro sujpoMopdusma HeT, TO 3aBepiiaeM ajJropuTM
coobmennem “repraprasi L-xkBasurpymma (Q, f) we adbdunna’. B nporus-
HOM CJIyYae 3aBepIliaeM aJI'OPUTM COOOIEHNEM ‘TepHapHas L-KBa3urpylia

(Q, f) adpdunma’.

Teopema 23. Konewnas meprapraa L-keazuepynna (Q, f) nopadka m co
cpedrumu eduruuyamu e;, s = 1,...,r, 2de 1 < r < m, asasemcs agpun-
HOT Mmo20a U MoAvko mozda, k0206 ar20pUMM 3 3a46EPULAETNCA COOOULLHUEM
“mepnaprasn L-xeasuepynna (Q, f) addunna’.

Joxazamesvemeo. Heobxomumocts. Cornacuo ciencrBuio 20, BCe MyHKTBI
aJITOPUTMa 3 MPOIJIEHBI U AJITOPUTM 3aBEPIIAcTCsd COOOIECHUEM “TepHapHAs

L-xkpasurpymma (Q, f) addunna”.
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Hocrarounocts. Eciin Bce IyHKTBI aJlrOPpUTMa 3 ITPOICHBI, TO, COTJIACHO
npejytoxkennto 21, repraphas L-xkasurpynma (Q), f) 6yuxer addunnoi. [

9 IloamHOMMAJILHO TIOJIHBIE TEPHAPHBIE
L-KBa3urpyiibl

Ornpejienienne MOJTMHOMUAIBLHO MTOJTHON aJiredpbl MOXKHO HaiiTu B padore

[16].

Teopema 24. ([17]) Ilycmv A — xoneuwnas F-aneebp, codepotcausasn no
Menvwet, mepe dsa snemenma. Tozda caedyroujue Ycaosus IKEUBAACHMMHDL:
(1) A noauromuasoro noana;
(17) cywecmsyem mepm Marvyesa 6 anzebpe A u A asasemesn npocmot
u HeaphurroT.

CaexncrBue 25. [lyemsv (Q, f) — xoneunaa mepnapras L-keaszuepynna co
cpedneti edunuuet, codepocautas no merwvuwetl mepe dea asemenma. Tozda
(Q, f) noaunomuaivio noana mozda u moavko moeda, xkozda (Q, f) Aeasn-
emcs npocmot u Headdummo1l.

Yeranasiusarh npocrory (@, f) B ciejcTBre 25 MOXKHO € OMOIIBIO aJl-
ropur™a 1 u ciegcrBus 16. Yeranasimusarsh zHeaduunocTh (Q, f) B ciel-
CTBUE 25 MOYKHO C TIOMOIIHIO aJITOPUTMA 3.
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1 Bseaenne

OCHOBHBIM 0O'bEKTOM HCCJIEIOBAHIST HACTOSIIINE CTATHHU SABJISTFOTCS TOJTY-
['PYIIIIbI ¢ CUTHATYPHBIM HYJIEM. PaccMOTPUM KOHIDYIHIMU HA Oy TPYIIIAX,
He obga3arebHO BepbasbHble. 1 3TOro MOXKHO PasOuTh JaHHOE MHOMKE-
CTBO Ha IOJMHOXKECTBa HEKOTOpbIM obpaszom. Hampumep, ecin pasduenue
umeer Bus Zg = {0} U {1,5} U {2,3,4}, To cooTBeTcTBYIOIEE OTHOMIEHUE
9KBUBAJIEHTHOCTU HE SIBJISETCsI KOHIPYJHIMEHl, TaK KaK OHO HE COXPaHsIeT-
cl OTHOCHTEIBHO YMHOMKEHUsl: U3 2 ~ 3 He cieyer, uro (20 2) ~ (30 2).
HeobxoiuMo, 9T00BI yCI0BUE COXPAHSAIOChH, HAIIPUMED, KaK IpU pa3OueHunn
Ze = {0} U {1,5} U {2,4} U {3}. Tlpu pasbueHnn MOxKeT OKa3aTbCs, ITO
OJIHY KJIACCHI SABJISIIOTCS MOjaarebpaMu JJAHHON aJreOpbl, a JIpyrue — HeT.
B sroM ciiydae BBOAMTCS TOHATHE POCCHIINM, O3HAYAIONIEE, YTO U3 KJIACCOB
KOHI'DYSHIIUE BBIOUPAIOTCS JIUIID T€, KOTOPBIE SIBJIAIOTCS TOJAJrebpaMu aj-
redpnr X . Takum 06pa3oM, KarxK10il KOHIPYIHIIUNA COOTBETCTBYET OPEIEIEH-
Hasi pOCChITb. Ecm paccMarpuBaTh KOHIPYSHIIMU Ha MOJIYTPYIINAX C BbIJIE-
JIEHHBIM 3JIEMEHTOM — HYJIEM, TO TAKHX KJIACCOB OyjeT He MHOIO, a POB-
HO OJIMH: UMEHHO TOT, B KOTOPOM COJIEPXKUTCH BBIJIEJIEHHBIA HY/hb. JIpyrux
ObITH HEe MOXKET, IIOCKOJIbKY B IOJIYIPYIIIE 0OS3aTeIbHO JIOJIZKEH MPUCYT-
CTBOBATb BBIJEJIEHHBINH 3j1eMeHT — HyJib. Clie0BaTe/IbHO, €JIMHCTBEHHBIM
KJaccoM X-BepOasibHON KOHTDYIHITME Ha IMOJIYTPYIIE C BbIIEJTEHHBIM HY-
JIEM SIBJIAETCS KJIACC, COJIEpKAIuil 9TOT HyJb. B 0003HaUeHUsIX W3 TPUMepa
Z¢ = GUKUPUO, G =1{1,5}, K ={2,4}, P = {3}, O = {0}.
Nnmeem pocebinb S(Zg) = {O} i1 momMyrpymin ¢ CUrHATYPHBIM HYJIEM. DTO
eJIMHCTBEHHAs OJIHO9JIEMEHTHAs POCChINb. i Kiacca MoJIyrpyIin Kak 3Jie-
MEHTOB IOJIyTPYIIIIOBOINO MHOT0OGpasust (6€3 BBIIEIEHHOIO HyJIsl) TIOJIydaeM
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geThIpéxasieMenTHYI0 poccwiib S(Zg) = {G, K, P,O}.

Bosee cTporo, X-BepbasibHast KOHIPYSHIIUS ONPeesIdeTcs] KaK HaMeHb-
masi KOHI'PYSHIHA, (PaKTOP-IIOIYTPYIIIBI IO KOTOPOU MPUHAJJIEZKAT JTAHHO-
My MHOroobOpasuio. Hampumep, MO2KHO paccMaTpuBaTh KOHIPYSHIIUU Ha Zg,
TaKue 9TO COOTBETCTBYIONIHE (haKTOP-aarebpbl SIBJISIOTCS CBA3KaAMH. 1ak
KaK Iepecedenne KOHIPYIHIINN TaKzKe FABJISeTCs KOHIPYYHITIel, TO HAnMeHb-
Imasi KOHTPYIHIINS MOy YaeTcs KaK IepecevdeHne BceX KOHIPYSHIMIT, (haKTop-
MOJIyTPYIIBI 0 KOTOPBIM MPUHAJIEXKAT 33JaHHOMY MHOTI'000PAa3MUIO.

SadukcupyeM MHOrOOOpa3ue KOMMYTATHBHBIX CBA30K

2

S =var{zy ~ yx, x° =~ z},

1 MHOr0OOpa3ue MOJIYTPYIIT ¢ HYJEBbIM YMHOKEHAEM
Z = var{xy ~ 0},

KOTOpBIE SBJIIOTCS ATOMaMU KaK B PEIIETKe MHOIOOOpa3uil OJIyI'PYIII, TaK
U B pPEIIETKe MHOr0OOpa3nii MOIYTPYII C HYJIEM.

Ecan 3amano MHOr0OOpasue S, 1o obosHauenue S(Zg) 0O3HAUAET KJIACC,
COJIEpKAINN HYJIb, B MUHUMAJILHON KOHTPYSHIINH, (PAKTOP-TIOJIYTPYIIIIa, IO
KOTOPOH SBJISETCsT KOMMYTATUBHON CBS3KOW. DTOT KJacC Ha3biBaeTcsd X -
BepOAJIOM TTOTYTPYIIbI Zg.

Paz006bém mosryrpyIiny Ha beThbipe OOy TPYIIIIbL:

Z¢=GUKUPUO.

Kaxk ap1it Kace aBjsieTcs oIy rPYIINoil 1 UAeMIOTEeHTOM, TaK Kak B (DaKTOp-
HOJITpyTIIe BLIMOIHAIOTCA pasenctsa G2 = G, K? = K, P2 = P, 0? = O.
Takum 0OpasoMm, MmojydeHa KOHIPYIHIIUs, BCE KJIACChl (PaKTOP-IIOIYTPYIIIbI
10 KOTOPOM SABJISIOTCS MOAIOIYIPYIIIAMEI UCXOIHOM Toyrpyibl Zg. Cie-
JIOBATEJIbHO, 9TO POCCHINb, Ha3biBaeMast X -BepOaIbHON POCCHINIBIO B TEPMU-
nojiorun JI. M. Mapreinosa. [ljig cpaBHeHus, B MOJIyrpyIIe ¢ BbIJIEJIEHHBIM
HYJIEM TIOJTy9aeTCsl JINIIb X -BepbaJl, TaK KaK eJIMHCTBEHHBIN KJTacc, CoIeprKa-
Ui HyJIb, SIBJISIETCS OAAAre0poil, a ocTaJbHbIE KJIACCHI, XOTS U SIBJIAIOTCS
[IOJIYTPYIIIAMK, HE COIEPKaT BbIIEJIEHHOIO HYJIS.

[Monyrpynma nasbiBaerca X-moJiHoil, ecan eé dakrop (X-Bepbas), To
€CTb OIMCAHHAS BBINE POCCHIIb, COBIIAIAET CO BCeil mosryrpytmoit. Vabivu
cioBamu, eciu X (Zg) = Zg, To noayrpymna Zg sBisercst X -1MoaHON. DTo
O3HAYaeT, 9TO OHA He pasdbmBaercst Ha pparMeHThI ¢ TOI Ke CTPYKTYpoit X,
U He CyIIecTByeT dpakTop-aaredpnl ¢ 0oJiee 9eM OJHUM KJIaCCOM, IPUHAIIe-
JKareit CX0IHOMY MHOT00OPa3HIo.

B paccmarpuBaemoMm cirydae, 3adukcupoBaB MHOTooOpasue S, Mbl aHa-
Jm3upyeM S-moHOTY. Ecim 661 KOMMYTATHBHYIO CBA3KY U3 S MOXKHO OBLIO
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pasdbuTh Ha KJIACCHI TaK, ITOOBI KayK bl U3 HUX, OY/LyIH MTOIYyTPYIIIOH, IpH-
HaJIexKa S, U P 3TOM €IMHCTBEHHBIM BO3MOKHBIM pa30neHneM ObLIO ObI
CKJIEMBaHUE BCEX JEMEHTOB B OJUH KJIAaCC, TO TaKasl CBA3Ka HA3bIBAJIACDH
On1 S-tostHOM. OmHAaKO 111 Zg 9TO HE TaK: yIaJaoCh pa3OUTh €€ Ha deThIpe
kJiracca, n dpaxkrop-toyrpymna { G, K, P, O} sBisiercs CBSI3KOi, TO €CTh KOM-
MYyTATUBHO MOIyTpyIoi naeMnoTeHToB. Clie1oBaTeIbHO, Zg He sIBJISI€TCS
S-motHO#. AHAJIOTUYIHBIE PACCYZKJIEHNsT TPUMEHNMBI K TIOJTyTPYIIIaM B JIo-
6oM bukcupoBaHHOM MHOTOOOpasuu. B obieM ciiydae 1moJiHas HOJIyrpylIiina
— 9TO TaKasl IOJIyTIPYIIIa B HEKOTOPOM MHOT000OPa3nu, KOTOPYIO HEJIb3sT pas3-
OUTH Ha MEHbIIHE MO/INOIYTPYIIIBI U3 TOTO Ke MHOTooOpasus. OueBu IHbBIH
[IpUMEP TIOJIHON TOJIYTPYIIIBI JAET TPUBUAJIBHBIN caydail Z,. Huxe Oyner
MIPUBEJIEH TIPUMED HeTPUBHAIBHON MOJIHONW moyrpymnbl. Cpean KOMMyTa-
TUBHBIX MOJIYTPYIIT TAKUX ITPUMEPOB HET.

B npumepe ¢ Zg MbI pasOnIn mMoayrpyIiny Ha CBSI3KY, U MEHBIIETO 9HC-
na sraemenToB, deM {G, K, P,O}, 0olyauTh HEJb3s: €CJIN PA3JIeINTh JIBYX-
9JIEMEHTHBIE KJIACCHI HA OJTHO/IEMEHTHBIE, TO HAPYIIUTCS UJIEMIIOTEHTHOCTb.
Taxum o6pasom, {G, K, P,O} — 510 HanMeHbIIIast KOHTPYHIHs, (haKTOp 110
KOTOPOU SBJIAETCA KOMMYTATHUBHOM cBA3KOil. [Ipu sTom Z-Bepbasi cocrout
TOJIBKO U3 HYJIS.

Nrak, monyrpyuia Zg ve sBisiercs S-noyiaoit. [losinas nmoxyrpytima orpe-
JleJigeTcd KakK TOJIHAas 10 KaxKJIoMy aToMmy. B ciaydae Zg 3TO ycJaOBHUE He
BBITIOJTHSIETCS: OHA He sABJIgeTcs S-1mosHoi. B perérke MuOrOOOpasuii moy-
IPYII ¢ HYJEM B JIAHHOM CJIydae UMeeTcst 1Ba atoma: S (MHOroobpasune Beex
KOMMYTATUBHbBIX UJEMIIOTEHTHBIX HOJIYTPYIIT ¢ HYJIéM) U Z (HOJyTPYIIIbI C
HyJIEBBIM yMHOXKeHHeM). FEcm ke paccMaTpuBaTh aTOMBI B PEIIETKE BCEX
MHOT000Opa3uii MOIyTPyII (B MOJHON HOIYyTPYIIIOBON CHTHATYDE), TO K y7Ke
YIOMSHYTBIM S U Z H00aBJISIOTCS:

— CBA3KM JIEBbIX HyJei

L = var{xy ~ =},
— CBSI3KU IPABBIX HyJI€ii

R = var{zy ~ y},
— abeJIeBbl IPYIIIBI TIPOCTON SKCIIOHEHTHI P

A, = var{z" ~ 1}.

B sTom ciyuae Teopusi ctaHOBUTCA 0OoJjiee CJIOXKHOM, IOITOMY CHadaJIa
11€JIeCO00PA3HO PACCMOTPETD CJIydail ¢ BhIJIEJIEHHBIM 3JIEMEHTOM.

[lonyrpynna Zeg He sBisiercs S-mosHo. Bbisichum, Oymer i oHa /-
nostHo#t. [I71s1 9T0r0 HEeo6X0MMO pa3dbUTh Zg TaK, YTOOBI (haKTOP-TIOTYTPYIIIa
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ObLTa TOJIYTPYIIOH ¢ HyJIeBbIM yMHOXKeHnmeM. OJIHAKO HaJMYdue €JIMHUTIBI
IIPUBOJIUT K TOMY, YTO BCE 3JIEMEHTBI, CBA3AHHBIE C HEH, «CKJIEUBAIOTCA» C
Hysém. B pesyiibrare HamMeHbIIas KOHTPYIHIHS, (paKTOp 110 KOTOPO obpa-
3yeT MOJIYTPYIILY ¢ HYJIEeBbIM YMHOXKEHUEM, COBIAIAET CO BCeil MOy TPYIIIOit
Zg: BCE €€ 3JIEeMEHTBI MOMAIAI0T B OJUH KJIacC.

DTOT BBIBOJI MOYKHO TOJIYIUTH W JPYTUM IIyTEM. XOPOIIO W3BECTHBIM
dakT 3aKII0IAETC B TOM, 9TO JJIs JIIOOOH Oy rpy sl S eé Z-Bepbas paBeH
S e S, To ecTh nyeasy, 0Opa30BAHHOMY BCEMU ITPOU3BEICHUSIMU 3JIEMEHTOB
S. ®akropusalys 10 9TOMY Hjeasy HPUBOJUT K IOJYTPYyIIe C HYJIEBbIM
ymuoxkenuem. CjieioBaTeibHo, Zg KaK TOJYIPYIIIa C BbIJICJIEHHBIM HYJIEM
SIBJISIETCS /-TIOJTHOIA.

B obmiem ciayuae JI. M. MapTbiHOB Ha3bIBaJ MOJYTPYIILY MOJTHON (MK
ATOMHO TIOJIHOf), €CJTM OHa sIBJISIETCs IOJHOM 0 KarK/IoMy aromy. dToObl
Zg Obli1a MOJIHOM, HEOOXOMMMO, 9TOOBI OHa ObLIa IOJHON u 1Mo S, u 1mo /.
O1HAKO BBIIIE ITOKA3aHO, UTO OHA HE ABJISIETCS S-TIOJTHOIM.

2 IIpumepsbl MOJHBIX MOJYTPYHII

V3BecTHBIE MIsiTUIIEMEHTHBIE TIOJIYTPYIIIBI Bpan ira, jiist KOTOPBIX CTaH-
JlapTHOE 0003HAYEHME BO BCEX MOJIYTPYIIIOBBIX CTaThsiX — A 1 By, 3a1atorcst
CBOUMM KOIIpEACTaBJICHUAMM:

Ay = {a,b| aba = a, bab = b, a* = a, b* = 0),
By = (a,b | aba = a, bab =b, a* =0, b* = 0).

Ha puc.1 g wmarnsanoctu nupejicrasiensl rpadgbl Kamm stux mosry-
TPy

Puc. 1. I'padsr Ko nomyrpynn Ay (caesa) n By (cripasa).
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Hokazkem, aro Ay sBiisiercs 1oJiHO#. Jljist 9TOr0 HEOOXOIUMO MTOKA3aTh,
YTO OHA IOJTHA TI0 BCEM aTOMaM, TO ecThb 1o S u 10 Z.

[Momyrpymnma A, mosHa 1o S, TaK Kak €€ HEeBO3MOXKHO Pa3JIOKHUTh Ha
KOMMYTATUBHYIO CBSA3KY, TO €CTh HEJIb3s MOCTPOUTH (DAKTOP-TIOIYTIPYIIILY, B
KOTOPOI J1j1s JTFOOBIX KJIACCOB X U Y BBIIOJIHSINCH ObI COOTHOIIEHUS LY = YT
uaz?=uzx.

[eitcTrBuTe/IbHO, TTPOU3BE/IEHNE @ U b KOMMYTATUBHO, CJIE0BATE/IHLHO, ab
JIOJIZKHO CKJIEUThCHA ¢ ba. YMHOKUM 00e yacTu paBeHcTBa ab = ba ciieBa Ha
b: mosryaaem bab = bba. Ho bba = 0, torma xkax bab = b. CienoBarebHO,
b ckneusaerca c¢ 0. 113 sroro cienyer a = aba = 0, To ecTh obpasyiomniue
a u b TakXKe CKyenBarOTCs ¢ HyJaéMm. Takum obpasom, Bes mosyrpymma Ag
CBOJIUTCSI K OJTHOMY HYJIEBOMY KJIACCY, U PA3JIOKHUTH €€ B KOMMYTATHBHYIO
cBs13Ky HeBO3MOKHO. CrieoBaresibHO, Ay ToJIHA 110 S.

Hokazkem Tenepsb moHOTY 110 Z. [ljist 9TOT0O ocTpoum Z-epbdaJ 1o 1o-
JIYI'PYIIIIaM C HYJIEBBIM yMHOXKeHueM. VM sBiiseTcs KBapar paccMaTpuBae-
MOt oty rpy bl Ay, 3amerm, 9To 000t 00pasyommii 3/1eMeHT Ay MOXKHO
[IPEJICTABUTD KAaK IPOM3BEIEHUE JIBYX JIEMEHTOB 9TOi mostyrpytibt. Criemno-
BaTebHO, Ay @ Ay = Ay = Z(Ay). Takum obpazom, Ay sBisgeTcst Z-10JTHOI.

Nrak, Ay cayKuT mpuMepoM TIOJTHOM MOIYTPYIIIBI B KJIACCE MOy TPYIII
¢ HyJéM. Bostee Toro, oHa MoJIHA U B KJIacCe BCEX MOJIYTPYII.

Ussecren obmuit pesyaprar T. FO. @usk [2|, KOTOPBIl MOXKHO yTOYHATH
B JIAJIbHENTITEM:

IIpensioxenue |2, Crencraue 2|. Koneunast mosyrpyima S ¢ HyJIéM siB-
JISIETCST MUHUMAJIBHO TIOJTHOW TOTJAa U TOJBKO TOTJIA, KOTJA OHA SIBJISIETCS
M/TeaJTbHBIM PACIIIpeHneM HIIBIOJIYTPYHIBI [N ¢ TOMOIIBIO JTNO0 TOTyTPYII-
bl Ag, 60 mosyrpymibl By, u jist 106010 ssementa © € N MHOXKECTBO
S\ Ju, vae J, — MHOXKECTBO IOPOXKJaoNuX ryasHoro uieana S'xSt) me
SIBJISIETCSI TIOIIOJIy I'PYIIIOLA.

Koneunas mosmyrpyria ¢ Hy/1€M Ha3bIBAETCd MUHUMAJBLHO ITOJTHOMN, €CJIH
cpeju e€ IMOJIOIYTPYIIT HeT MOJHBIX. 10 ecTh cama OHa sIBJIAETCs MOJIHOIA,
HO HU OjHa €€ TOJIOJIyIpyIIa MOJHON He sBisercd. Tak, nampumep, As
SIBJIIETCST MUHUMAJIBHO TIOJTHOTA.

3 3akJjiroueHue

Crenytomast reopema O. B. Kusizesa yrounsier npejoxkenue T. FO. Qunk:

Teopema 1 (O.B.Kuszes). Koneunaa noayepynna S ¢ mysém AGAAECMCA
MUHUMANOHO NOAHOT 8 KAACCE NOAYZPYNN, € HYAEM MOo20a U MOALKO Mo20a,
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xo02da ona aubo cosnadaem ¢ noayepynnoti Ay, Aub0 ABAAEMCA 20MOMOPP-
HoLM 00pas3om noayepynnvl By, i, A6AA0WUMCA UEANOHOIM PACUUPEHUEM KO-
HEUHOU HUABNOAY2PYNNLL C NOMOULLIO NOAY2PYNNLL B.

[omyrpymma Ay = (a,b | aba = a, bab = b, a®> = a, b* =0), k> 2, as-
Jistercst obobmennemM Ay u m3omopdHa eit ipu k = 2. IIpu sT0oM, osryrpymma
B.x = {a,b | aba = a, bab =0, a" = 0, b* =0), n,k > 2, TakxKe urpaer
KJIFOUEBYIO PoJib. JI1000it €é roMoMOpdHBIT 00pa3 sABJSIeTCs IIOJIHON MOJIy-
rpymmoit, tTak kKak, kak rnokazaja O.B.Kuazes, nmomHnora naciemyercs npu
roMoMopdHBIX oTOOpazkeHusx. J[/1si KOHEYHBIX IOJYTPYII TOMOMOP(U3IM
cOXpaHseT He TOJIBKO IOJHOTY, HO U MUHHUMAJIBHYIO MTOJHOTY. B 9acTHOCTH,
upu n = k = 2 u3 B, ; nonyvaerca natusieMenTHag HoIyrpynna Bpanara
Bs.

Coywaait, korja n u k pas/jimdHbl, OCTAETCs OTKPBITHIM: [TOKa HE HaliIeHO
YCJIOBUI KOHEYHOCTU B BHUJIE OTPAHWYEHUN Ha TapaMeTpbl 1, k W JIOMOJHN-
TeJIbHbIE COOTHOIIEHUsA. BMecTo 9TOro ucmo/ib3yercs obliee yCJIOBHe: TIOJTY-
I'pyHIa J0JZKHA ObITh TOMOMOP(MHBIM 00pasoM B, i, aBisgromuMes njieab-
HBIM pacIIipeHneM KOHEYHON HUJIbIOJIYTPYIIIBI ¢ TOMOINLI0 By, OueBniHO,
YTO TaKasl IOJIyIPYIIa He Bcerya KoHedHa. Hanpumep, mpu n > 3 u k > 3
B B, dopmupyiores nonapro pasmmunbie ciaosa Buga (a*b?)" nus mo6oro
HaTYyPaJbHOI'O N, 9YTO MPUBOJIUT K OECKOHEYHON MOJIYTPYIIIIE.

Ocraéred 3aa4a: onpeesinTh TOMOMOPdHBLI 00pa3 nosyrpynnst B, , B
sIBHOM BHJI€ TaK, YTOOBI OH SIBJIAJICS UJI€AJbHBIM PACIIUPEHNEM KOHEYIHOI
HUJIBIIOJIYTPYIIIBL C TOMOIIBIO Bs.
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Classical notions and techniques from model theory are used in mathe-
matical linguistics since Montague seminal works [I], with precise formal rep-
resentations of language structures, both syntactical and semantical. How-
ever, in modern computational linguistics machine learning and statistical
methods generate linguistic data structures (datasets) of different type. In
particular, these structures do not always satisfy the requirements of formal
correctness.

We choose an example of formal mathematical definition of a linguistic
data structure and introduce operations of union, intersection and com-
parison for such structures, formalized in algebraic and model-theoretic
terms. We describe a modification algorithm for correct merging of linguistic
datasets that guarantee the semantic consistency. Also, the operation of in-
tersection of linguistic datasets can be introduced in a natural way, forming
a lattice.

Another natural and important question for linguistic structures is a
comparison of relevance or similarity. In distributional language models, co-
sine similarity is a method for measuring semantic similarity of words based
on their vector representations. We define a method for measuring seman-
tic similarity for texts and linguistic datasets, by generating corresponding
graph structures and calculating the graph editing distance.

The research continues that started in [2, B, 4]. It is supported by the
IM SB RAS state assignment, project number FWNF-2022-0012.
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1 Bseaenne

B pabore paccmarpuBatoTCsi HEKOTOpPbIE BHUbI aaredp, CBI3aHHBIE C I10-
maTueM KoHrpysuipn Puca. B [I] P. Tuan o6obmiaer nonstre KOHIpySHIHN
Puca, nmepBoHava/JbHO BO3HUKIIEe B Teopuu moiayrpynn [2], Ha nmpoussosib-
HBIE YHUBEPCAJIbHBIE areOpbl. BapuaHT aroro onpejesienns (BMecre ¢ JIBOI-
CTBEHHBIM €MY OIIPeJIeJIeHUeM PUCOBCKOI O/1a/ireOphl ), IPUBEIEHHbI HITKeE,
naercsa B hopmysmposke Monorpadun [3.

Ounpenesienne 1. [3| Kourpysuius 6 yauepcasibHoil anrebpbl A Ha3biBa-
ercst xKoHepysruyuet Puca, ecan myis HekoTopoit mojgaaredpor B amaredpsr A
BLITIOJIHAETCA paBeHcTso ) = B2 U Ay, tie Ay, — OTHOIIEHHE PaBEeHCTBA
na "Hocurese aaredbpor A. [loganrebpa B yHuBepcaJibHON aareOpbl A Ha3bI-
BaeTcs nodanszebpoti Puca anredbpel A, ecan ornomenue B? U Ay apigercs
KOHI'py3HIHe aaredpnr A.

P cpoiicTB prucoBcKux KOHrpysHIwid Obut u3yden B [I]. B konrekcre
YHUBEPCAIbHON ajrebpbl KOHIPYSHIUHT 1 1ojaaredbpbl Puca rak:ke paccmar-
puBasuce B [4]—[6]. Unrepec kK KourpysHmmsnM Puca Bo MEHOrOM 00yC/I0BIICH
TE€M, YTO C MX IOMOMIBIO 3a/aeTCs Psijl aaredpandecKux KOHCTPYKIUiA, Ta-
KHUX, KaK PUCOBCKHE TOMOMOPMU3MBI 1 (PaKTOPBI, a TaKKe TeM, UTO OHU
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SIBJISTFOTCsT OTHOBJIOKOBBIME [7], TO ecTh, nMeIoT He 6oJiee OIHOTO HEOTHOIe-
MeHTHOTO Kjacca. OTHOOJIOKOBBIE KOHI'PYIHIMKA 00J1a/1al0T PSIJIOM MHTEpPeC-
HBIX CBOWCTB, M 9TUM KOHIDYSHIMAM (& B UX YHMCJIe U KOHIPYIHIUAM Puca)
HOCBSIIEHA OT/IeJIbHAsI IyiaBa MoHorpadun [3)].

O6oznaunm vepe3 Con A pemrerky KOHTPYSHIUI aiareOpol A, a depes
Sub A pemerky ee nopaaredp. Cuenys [1], nonoxkum () € Sub A. TIpu srom
YCJIOBUHU COBOKYITHOCTBH BCeX KOHIpysHIMit Puca anredpor A obpasyer 1oJ-
Hyto perierky Cong A OTHOCHTE/IbHO BKJIIOYEHHs, HYJeM WU eJUHUIEH KO-
TOPOI ABJIAIOTCS TPUBHAJILHBIC KOHIPYIHITNN: equumanad Va4 = A2 U Ay
u myaesag Ay = 02 U Ay Dro mossosger crasuth jyig CongA 3ama4n,
AaHaJJOIUYIHbIE TeM, KOTOPble BO3HUKAIOT IpH n3yderuu pererku ConA.

B niepByto o4epeib BBI3BIBAIOT HHTEPEC YCJIOBHUs, IIPU KOTOPBIX PEITeTKH
ConAu CongA cosuanator. B cs3u ¢ arum, B 8] 66110 BBEICHO Clieyioniee
[IOHATHE.

Onpenenenne 2. [8] Konepysruy-anrzebpoti Puca Ha3bIBAETCS YHUBEPCATH-
Hag ajredpa, B KOTOPOI JTI00ast KOHIPYIHITUS sIBJIIETCST PHCOBCKOM.

Bmskoe nonsaTHE BOSHUKAET B TEOPUU TIOJIYTPYIIIL: KOHTPYSHII-TTOTy TPy TI-
noit Puca |9] HasbBaercs Takas mosryrpyIma, B KOTOPOii r06asi HeHysIeBast
KOHTDYSHITS sIBJIeTCs KOHTpyIHImeil Puca.

TaK}Ke IIPpUBJICKa€T BHUMaHKUE U IIPOTUBOIIOJIO2KHAaA CUTYyallud, KOI'/Ia pe-
metka CongA sBIseTCst AByX3JIEMEHTHOM Terbio. HeotHostemMenTHasT yHI-
BepcaJibHasl ajirebpa HasbIBaeTCsi pucoscku npocmot [8], ecan ona He nmeer
HETPUBHUAJIBHBIX PUCOBCKUX KOHI'PYIHIINIA.

Takum 0Opa3oM, ecTeCTBEHHO BO3HUKAET 3aJiada ONMUCAHUST KOHTPYIHII-
aaredbp Puca m pucoBcKu mpocThIX aaredp B pa3indHbIX Kiaccax aaredp. B
[10] rakoe onucanue GHLIO MOIYIEHO st KIACCA BCEX YHAPOS, TO €CTh AJIredp
¢ oxHOIl yHapHOU oneparueii. C yHapaMu TeCHO CBsSI3aH JPYTOil OOIMINPHBII
KJIacc ajredp, a IMEHHO, ajredphl ¢ ollepaTopamu.

Aunzebpoti c onepamopamu (cm. [11], §13) HassiBaeTcst yHUBEPCATbHAST AJT-
rebpa (A, 2), curaarypa KOTOPOH SIBJISIETCS JIU3BIOHKTHBIM 0ObeNHEHIEM
JIBYX HeIycThIX dacteil 1) u (g, T71e gacTsb () (HasblBaeMasi OCHOBHOIT) po-
M3BOJIbHA, & JaCTh {)y COCTOUT U3 0NEpPamopos — YHAPHBIX ONEPaInii, mepe-
CTAHOBOYHBIX C JII00OI oreparyeil u3 {21, TO €CTh, JEHCTBYIOIMMX KaK JHI0-
MOP(MU3MbI OTHOCUTEIBHO onepanuit u3 ;. Tem cambim, eciiu 0 — ocHOBHAasI
HyJIbapHasl ollepallus JaHHON ajredpbl, a f — ee oneparop, To f(0) = 0.

Eciun f — ynapnasi onepanust u3 curaarypst {2, o yuap (A, f) Ha3bl-
BaeTcs ynapuom pedykmom anrebpor (A,Q). B [10] 6b110 Haiimeno Heob-
XOJIUMOE YCJIOBHE KOHIPYIHII-PUCOBOCTH (B TEPMHHAX YHADHBIX DEIyKTOB)
JIg aaredbp ¢ OJIHUM OIEPATOPOM M IPOU3BOJILHOW OCHOBHOM CUTHATYPOIL.
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Ha sToit ocnoBe ObLIO TTOJIyYeHO ONUCAHMEe KOHI'PYHI-aaredp Puca B Heko-
TOPBIX KJIaccax ajaredp ¢ OJHUM OIepaTOpoOM M OJHOI TepHApPHO# OCHOBHOI
oreparueii, omnpe/iesieHne KOTOPhIX JAeTCA HUXKE.

B [12] JI. A. CkopHSAKOBBIM GbLIA TTOCTABIICHA CJICIYIOMAsT TPODJIEMA: JIJIst
nmaxHOro yHapa (A, f) onpenennts Ha MHOX)KecTBe A omepanuu TakuMm obpa-
30M, 9TOOBI IOJIydeHHas ajrebpa MpUHAJJICXKATIA K 3aJaHHOMY KJIACCY U
yHapHas oreparius f Oblia ee sH0MOpdu3MoM. Tem caMbiM, UM ObLIT TIPEJI-
JIOYKEH TIOJIX0JT K IMIOCTPOCHHIO Pa3/IMIHbIX KJIACCOB ajiredp ¢ onepaTropami,
OTJIMYHBIA OT KJIACCUYECKOTO.

B [13] B. K. Kapramos onpenenni Ha mpousBosbHOM yHape (A, f) Tep-
HAPHYIO onepaluio p(, ¥, z), IepecTaHOBOUHYIO ¢ orlepalueil f, cyieryonum
ob6paszom. Ilycrs (A, f) — npoussosbubiii yaap. s moboro siemenra © € A
gepe3 [™(x) obo3HAUAETCsI pe3y/IbTaT N-KPATHOIO IIPUMEHEHUsT onepauu f
K 3jemenTy z; Takxke mojaraem fO(z) = w. Iyers z,y € A. Ionoxum
M, ={n e NU{0} | f"(z) = f"(y)}, a Takxe k(x,y) = min M,

.y €CIH
M, #0, u k(z,y) = oo, ecu M, = 0. lonoxxum nanee

(1)

def [ 2z, ecmm k(z,y) < k(y, 2)
p(@.y,2) = { x, ecmm k(z,y) > k(y, 2).

I3 onpeiesieHnst CeLyeT, 9To ONePalus P ABIAeTCs MAJbIEBCKO U yI0BIe-
TBOpsieT ToxkecTBaM [lukcim p(y,y,z) = p(z,y,y) = p(z,y,z) = z. Kak
ciescTBre, Kiaace aiarebp (A, p, f) comep:kurcsg B MHOrooOpasmu, KOTOpOe
SBJISETCA KOHIPYSHII-IUCTPUOYTUBHBIM U KOHIDY3HII-IIEPECTAHOBOYHBIM.

Ha ocnose mojxona, npemioxentoro B [13], Ha mpomssosbHOM yHape
(A, f) MOXKHO omnpeesnTh TepHapHBIe oneparmn S(x,y, z) u m(z,y,z) (cM.
I8]), Takxke mepecranoBoumnble ¢ onepanueit f:

wr | 2 com k(z,y) <k(y,2);

s(z,y,2) = ¢y, ecmm k(z,y) = k(y, 2); (2)
x, ecmm k(z,y) > k(y, 2),

(3)

U3 (2) cremyer, 910 onepaiysi S yJOBJIETBOPsieT TOXKIecTBaM S(x,y,y) =
s(y,y,x) = s(y,x,y) = x, TO eCTh SIBJISIETCA MAJBIEBCKOI, U KPOMe TOTO,
oneparueii MeHbIIUHCTBA. TeM caMbiM, Kiacc airedbp (A, s, f) comepxurcst
B KOHI'DYIHII-MOJIYJISIPHOM MHOrooOpasuu. U3 (3) BelTekaer, 4To oneparust
m ymoBaeTBopsieT ToxkumectBaM m(x,y,y) = m(y,y,x) = m(y,z,y) = y,
TO eCTh dABJIFETCs omepanueit bosbmnHCTBA. Kak ciiegcTBue, Kjacc aaredp
(A,m, f) comepKUTCsS B KOHIPYIHII-IUCTPHOYTHBHOM MHOTOOODA3UH.

def [z, ecmm k(z,y) > k(y, 2);
m(z,y,2) = { x, ecmm k(z,y) < k(y, 2).
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OrmernM, 9TO aareOpbl, IMEOIIe TepMaJIbHbBIE OIEPAINIO OOJIBITNHCTBA
I MaJIbIIEBCKYIO OIEpPAaIfio, UCIOIb3YIOTCS B PaMKax aJredpamdeckoro
10/TX0/1a K UCCJIEIOBAHUIO BBIYUCIUTETLHON CJIOKHOCTA OIDAHUYCHUN 38,18~
qn CSP (Constraint Satisfaction Problem) u B cMexHbIX 061aCTSX.

Konrpy»sui-anaredpsr Puca B kiacce anredp (A, m, f) Obuin onucaHbl B
[8], B kmaccax anrebp (A, p, f), (A, s, f) — B pabore [10].

[Hesbio HACTOsATIIEN PAOOTHI ABJIAETCs OIMCAaHNe KOHTpy3HI-ajaredp Puca
B KJjIaccax ajaredp, MOJydeHHbIX U3 PACCMOTPEHHBIX BBIIIE PACIIMPEHUEM UX
CUTHATYPBI ¢ MIOMOIIBIO HYJIbAPHBIX ollepaliuil, a umenuo aiaredbp (A, d, 0, f)
u (A, {d, f} UQq), tne f — oneparop; d — ojiHa U3 TE€PHAPHBLIX Oleparuii
p, s, m; 0 — ocHOBHas Hy/IbapHas oreparius; {)y ecTb MHOYKECTBO OCHOBHBIX
HYJIbAPHBIX oreparuit, rae |y > 1.

2 OcHOBHOIT pe3yJIbTaT

JaM mpeiBapuTeIbHO HEKOTOPBIE OIpeJIeIeHnsT U BBejieM 0O03HAte-
uns. HeomrosmementHas anrebpa Ha3bIBA€TCsT KOHIPYIHIT-IIPOCTO, €CJIN OHA
MMeeT TOJILKO TpHBHAJIbHBIE KOHrpysHimu. Kiace KoHrpysuiuuu 6, mopox-
JICHHBIH 371eMeHTOM ', 0603Hauaercs depes [x]6. Konrpysuius @ anrebpsr A
HA3BIBACTCS PACHINPEHUEM KOHIDYIHIMU « mofaaredbpsl B amrebpsr A, ecin
YCJIOBHE TQY JIst T,y € A BBINOJIHAETCS TOLJA U TOJIBKO TOIJIA, KOrja Jubo
ray, mmbo x = y.

Yuap (A, f) Ha3bIBaeTCsI CBA3HBIM, €CJIN JIsl JHOObIX X,y € A BBITOJIHSI-
ercst yeaosue f"(x) = f(y) mug nekoropsix n = 0, m > 0. KommonemnToit
CBSI3HOCTH YHAPA HA3BIBAETCS €r0 MAKCUMAJIbHBII 110 BKJIIOUEHHIO CBS3HBII
noxynap. O0benHeHne HellepeceKaIMuXes YHAPOB HABBIBACTCS UX CYyMMOIA.

Yuap (a|f"(a) = a) Ha3bIBaETCS MUKJIOM JJIHHBL N. DJIEMEHT ¢ yHApA
HA3bIBAETCS [IUKJIMIECKUM, €CJIU HOLyHAD, TIOPOXK/IEHHBII 9JIEMEHTOM @, sB-
JIACTCS [UKJIOM.

DJieMeHT a yHapa HasblBaeTcs nepuojndeckuM, ecan f'(a) = [ (a) aa
HEeKOTOPBIX ¢ > 0 1 n > 0. YHAp HAa3BIBACTCS IEPHOMICCKIM, €CJIH KazK bl
€ro 9JIEMEHT SIBJISETCs TepuoAndecKuM. Ecim a — nepuoumaecknii s/ieMenT,
TO HAMMeHbIIee u3 uces t, jas Koropbix f(a) = f'""(a) npu mexkoTOpOM
n > 1, HazbIBaeTCs TIyOUHOM 9yteMenTa a U 0bo3HadaeTCs depes t(a).

DJIeMeHT a yHapa Ha3bIBAeTCs HENOJBIKHBIM, ecin f(a) = a. CBs3HBII
yHApP C HEHOJBHKHBIM 3JIEMEHTOM HA3BIBACTCS KOPHEM. DJIEMEHT a yHapa
HA3BIBACTCs y3JI0BbIM, €C/IHM HAJlyTCsl TaKue pasjindHble JeMEHThl b 1 ¢,
orsmunble or a, 9o f(b) = a = f(c). KopHem 6e3 HeTpUBHATBHBIX Y3JI0B
HA3bIBAETCSI KOPEHb, He COJEPIKAIIHMN Y3JIOBBIX SJIEMEHTOB, KPOME, MOKET
OBITH, HEIIOJIBUKHOTO.
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Yepes 0, e n € N, obo3nauaercss KoHrpysuuus aareopor (A, QU {f})
C OCHOBHOI1 cUTHATYPOi {) 1 orrepaTopoM f, KOTopast siBJIIETCS sIIPOM IHIO-
mopduszma . Uepes o obosnavdaercs KoHrpysunus Ha (A, Q) onpemnesnen-
Has Kak oy < 3s > 0 f*(x) = f*(y).

Teopewma 1. ITycmv (A, d, 0, f) — aseebpa ¢ onepamopom f, ocrosnotl Hyab-
aproti onepayueti 0 u ochosnoti mepraproti onepavuet d, 3adantoti no 00Ho-
my u3 npasus (1) — (3). Aneebpa (A, d,0, f) asasemea xonepysny-anzebpots
Puca mozda u moavko moeda, x020a 6biNOAHAEMCA 00HO U3 YCAOBUTL:

1) onepayus [ unsexmuena u mmoocecmeo {0} sasasemesn Komnonenmot
ceaznocmu ynapa (A, f);

2) ynap (A, f) asasemea HeoOH0INEMEHMHDIM KOPHEM OE3 HEMPUBUANDHHIT
Y3408, 6 Komopom 0 ABAAECMCA HENOOBUHCHBIM INEMEHMOM;

3) ynap (A, f) ecmv cymma neodHoanemenmmnozo KopHs 63 HEMPUSUANLHDLT
Y3408, 6 Komopom 0 ABAACMCA HENOOSUNCHBIM INCMEHMOM, U NPOU3EONb-
HO20 NOOYHAPA ¢ UHBEKMUSHOT onepavuel.

Jlokazamenvecmeo.

Heobzodumocmas. Ilycrs anrebpa (A, d, 0, f) aBiasercs KOHIPYIHII-aIreo-
poit Puca. Torma, no Teopeme 3 [I0], imbo oneparms f mabekTnBHA Ha A,
60 yHap (A, f) sBisieTcsi HEOTHOIJIEMEHTHBIM KOpHeM 0e3 HeTpUBHAJIb-
HBIX y3JI0B, b0 (A, f) saBiagercs cyMMOl HEOJHO3JIEMEHTHOIO KOpHS 0e3
HETPUBUAJIBHBIX y3JI0B U TOLyHapa, Ha KOTOPOM olepanus [ MHbEKTHBHA.
PaceMoTpruM BO3HMKAIOIIME CIIYYaH.

Cayuwat 1: oneparus f WHbEeKTHBHA Ha A.

[IpeamonozkuM, 9T0 B KOMIIOHeHTe cBsizHOCTH B yHapa (A, f), comepxa-
mieii 0, naitnercst snement b # 0. [lo yenosuio, f(0) = 0, To ecrb, OIyHAD
{0} sBasterca omposaemenTHbM 1uKIOM. Torma, mo semme 11 [I0], xkomio-
HEHTa CBA3HOCTU B eCTh NepuoanYecKuil yHap, a 3HAUUT, JIEMEHT b sBJIgeT-
ca nepuommaeckum. Orciona, f4(b) = f17"(b) aua nekoropwix t > 0 un > 0,
a 3HauuT, 5eMeHT f(b) sBisercs nukimaeckuM, orkyaa f(b) = 0. C apy-
roit croponst, u3 f(0) = 0 caexyer f1(0) = 0, uro, ¢ y4eTOM HHBEKTHBHOCTH
onepanyu f, IPOTUBOPEIUT BBIOOPY d1€eMeHTa b.

Taxum 06pa3oM, KOMIIOHEHTa cBsi3HOCTH yHapa (A, f), comepxaias sJie-
menT 0, nmeer Bu {0}.

Cayuat 2: yaap (A, f) aBasgeTcs HeoHOSIEMEHTHBIM KOPHEM 0e3 HeTpH-
BUAJILHBIX Y3JI0B.

Tak Kak KOpeHb — 3TO CBs3HBIN yHap, To B cuiy yciaosust f(0) = 0,
ssiemenT () U ecTh HENOBUKHDIH 1ement (A, f).

Cayuat 3: yuap (A, f) ecTb cyMMa HEOTHOIEMEHTHOTO KOPHS 6€3 HeTpH-
BUAJIBHBIX Y3JI0B, B KOTOPOM () SIBJISIETCS HEIIOIBUKHBIM 3JIEMEHTOM, U IPO-
U3BOJILHOI'O II0/IyHapa ¢ UHbEKTUBHON ollepalyeil.
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[Iycrb B — kommoHeHTa cBsisHOCTH yHapa (A, f), Koropas siBseTcs
HEOJ/THORJIEMEHTHBIM KOpPHEM 0e3 HeTpUBHAJIBHBIX y370B. Ecim 0 € B, To,
KakK ¥ BbIlle, () — HEMmoIBUAKHBII 3/1eMeHT KopHs B.

[Ipeanonoxkum renepb, uro 0 ¢ B. U3 samevanus 2 [I4] cienyer, uro
6unaproe orTHomeHne o Ha A sBisieTcss KOHIpysHIueit anredbpst (A, d, 0, f).
Orcrofa, 10 yCJIOBUIO, 0 — PUCOBCKasi KOHI'PYIHITHUSI.

JlokazkeMm, 9TO J11000# KJ1acC KOHI'PYSHIUU O, TIOPOKICHHBIN 9JIEMEHTOM
u3 A\ B, ogrosnementen. [Ipeanonoxkum, aro Haiigercs siaement a € A\ B,
Jutst Kotoporo |[alo| > 1. Torga ms mekotoporo ¢ € A, rae ¢ # a, nmeem
coa. Orciona, f"(c) = f"(a) masa mekoroporo n > 0. Ecim ¢ € B, o,
10 TIOCJIEJTHEMY PABEHCTBY, ¢ € B, 9TO MPOTUBOPEYHUT BHIOOPY JIEMEHTA G.
Orciona, ¢ € A\ B. Torga, mockobKy onepartus f nabektusaa Ha A\ B, TO
u3 f"(c) = f"(a) caeayer, 910 ¢ = a, a TO MPOTUBOPEIUT BLIOOPY IJIEMEHTA
c. Takum obpasowm, |[alo| = 1 mas moboro smementa a € A\ B.

[IycTs v — HemoaBUKHBIN /1eMeHT TogyHapa B u x,y € B. Obo3nadnm
k = max{t(z),t(y)}. Torna f¥(z) = v = f*(y) u, cienosarenbuo, Toy.
Tem caMbIM, yIUTBIBasi, 9TO JIFOOON KJIACC KOHI'PYIHIIUU O, MOPOXKICHHBIN
snementoM u3 A\ B, omaossiementen, nmeem o = B2UA 4. Ho mockousbky 0 ¢
B, 1o B me sBagercs noganrebpoit anrebpsl (A, d, 0, f), u, ciaegoBaTeanHo,
0 He OyJeT PUCOBCKOW KOHI'PYIHIUEH, YTO ITPOTUBOPEUUT YCJIOBUIO.

Hocmamounocms. Ilycts onepanus f nabektuBHa Ha A. B 3sTom ciy-
qae asnrebpa (A, d, f) gBJgeTCsT KOHIPYIHI-IPOCTON (JJIsi OMEPAIH P 3TO
caeyer u3 reopembl 2 [14]; pyist oneparun s — u3 reopembr 9 [15]; s ome-
paruu m — u3 reopeMbl 2 [16]). Orcroga, KoHrpysHI-TIpoCcTOi GyIeT u aj-
rebpa (A, d,0, f). Torma, IOCKOJIBKY TPUBHAJILHBIE KOHIDYIHIIUH SBJISIOTCS
pucosckmmu, 1o (A, d, 0, f) Gyaer KoHrpysHIT-aarebpoii Puca.

[Iycrs Tenepn yHap (A, f) sBAgeTcs HEOMTHOIIEMEHTHBIM KOpHeEM 6e3
HETPUBUAJIBHBIX y3JI0B, B KOTOPOM () SBJISETCS HETOIBUKHBIM SJIEMEHTOM.
Torya, mo Jjemme 12 [14], m06ast HeTpuBHAIbHAS KOHIPYIHIUS ajreOpbl
(A,p, f) umeer Bug o, mia wekoroporo n > 0. ITo memme 11 [I7] anaso-
IUYIHOE BEPHO U Jyist asirebpet (A, s, f), a o caencrsuio 1 u3 semmer 4 [§] —
u st anrebper (A, m, f). Torma 9m0 Ke yTBep:KIeHNe BBINOIHIETCS W JJIsI
anrebp (A, d, 0, f). YaurbiBas, 9T0 TOCKOJIbKY () — HEIOBUKHbIH 3JIeMEHT
yHapa (A, f), To oH cofepxkurcs B J060ii nmoganredpe aarebpst (A, d, f), 1o
aemme 15 [T0] moygaem, aro anrebpa (A, d, 0, f) sBasercs KOHIpyIHI-aJI-
rebpoit Puca.

Haxkomnerr, ycts yaap (A, f) ecTb cyMMa HEOTHOJIEMEHTHOIO KOPHs 63
HETPUBUAJIBHBIX Y3JI0B, B KOTOPOM () IBJISI€TCST HEITOIBUZKHBIM 3JIEMEHTOM, 1
IIPOU3BOJILHOTO II0/IyHAPa C MHBEKTUBHOU Ollepaliueii.

O6o3HaunM Yepe3 B KOMIIOHEHTY CBsi3HOCTH yHapa (A, f), sBsoryto-
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cst kopueM. [lo onpenenenusim (1) — (3), moayHap B 3aMKHYT OTHOCHTEIHHO
onepanyii p, s, m; KpoMe TOro, OH COAEPKUT HyabapHyio onepanuio 0. OT-
ciogia, B sBistercst nogaarebpoit anrebpst (A, d, 0, f).

Tak Kak 1o ycsiosuio yHap (A, f) mpejcrapBisiercss Kak CyMMa KOMIIO-
HEHTBI CBA3HOCTH, Ha KOTOPOIl onepanusi [ He NHHEKTUBHA, U IOLYHApa C
UHbEKTUBHOIT onepanueit, To no jgemme 15 [I8], nrobast HerpuBuaibHas KOH-
rpysunus anrebpor (A, p, f) sBjsieTcst paciupeHueM HEKOTOPOH KOHT'PY3H-
uu ogarebpet B. Tlo semme 11 [I7], To ke yTBepzKieHUe BBINOIHAETCS U
Jtst anrebpet (A, s, f), a mo gemme 6 [8] — u s anrebpsr (A, m, f). Kak
ciesicTBre, 9TOT Ke dakT BepeH u st anre6p (A, d, 0, f). Okonvaresnnb-
HO, ¢ yueroMm jemmbl 15 [I0] u sameuganus 4 [10], moayguaem, aro anrebpa
(A,d,0, ) ectb KOHIPY3HII-arebpa Puca.

Teopema 2. ITycmov (A, {d, f} UQy) — aneebpa ¢ onepamopom f, ocnoerot
mepnapnot onepavued d, 3adannoti no odnomy u3 npasus (1) — (3), a mmo-
orcecmeo Qy cocmoum u3 Hysvaphux onepayuls na A, npuvem |Qo > 1. Aa-
eeopa (A, {d, f}UQqy) asasemesa xonepysny-areebpot Puca mozda u moavko
mozda, Koz2da onepayus f uHsexMuUSHaA.

Jloxazamenvcmeo.

Heobzodumocmo. Ilycrs (A, {d, f} U Q) sBisiercst KOHpy3IHI-are6poit
Puca. Ilockombky Q] > 1 u f(e) = e mra moboro e € §y, TO yHapHbIif
peaykr (A, f) anrebpsr (A, {d, f} UQy) necazen. Torma, mo reopeme 3 [10],
6o omepanust f uabekTuBHa Ha A, smbo ynap (A, f) ectb cymma KOMIIO-
HEHTBI CBS3HOCTU B, ABJISIONIECS HEOHOIJIEMEHTHBIM KOpHEM 6€3 HeTpu-
BHAJIbHBIX Y3JI0B, U nojyHapa A \ B ¢ HHbEeKTHBHOII oreparueil.

[Tpeaosiozkum, 9To onepanus f He nabekTuBHa Ha A. VI3 3ameuanus 2
[14] caenyer, uro o € Con(A, {d, f}UQq), npudem, 1o ycioBuo, ¢ — KOHIPY-
sunusa Puca. Paccyzxmast, kak B Cirydae 3 B IoKa3aTeIbCTBE HEOOXOIMMOCTH
TeopeMbl 1, moydaem, uto 0 = B2 U A 4. OTciona, MHOMXKecTBO B ABIIseT-
cst mograsire6poit anrebper (A, {d, f} U Qo). Kak ciencrsue, B sTOM ciydae
B cojiepKuT BCce HyJIbapHble onepanuu u3 )y, 9To BeJeT K HPOTUBOPEIHIO,
Tak KakK MOCKOJIBKY f(e) = e ja joboit e € (g, TO Kaxkjas HyJIbapHas
oneparys MPUHAJJIEXKUT OTIAEJbHONM KOMIIOHEHTE CBA3HOCTH, a U3 YCJIOBHUSA
|Q| > 1 coreyer, 9T0 TAKMX KOMIIOHEHT CBSI3HOCTH OyjieT 6ojiee OJHOiA.

Jlocmamounocmy. PaccyKieHnst aHaJIOrHIHbI CIy9alio, KOTa Olepalus
f MHBEKTHBHA, B JOKA3aTEILCTBE JTOCTATOYHOCTH TEOPEMBbI 1.

Caexncrsue 1. Ecau anzebpa (A, {d, f}UQy) asasemea xonepysny-arzebpot
Puca, mo xascovti us sremenmos mmoscecmea g 06pasyem 00HoINeMeEHM -
HY10 Komnonenmy ceaznocmu yrapa (A, f).



Konrpysnn-anre6psr Puca B HEKOTOPBIX KiIaccax ajrebp ¢ oeparopaMu 193

Joxazamesvemeso. Paccyxiennsa anajornansl Cirydaio 1 B JJoKa3aTeb-
CTBE HEOOXOMMOCTH TE€OPEMBI 1.

CaencrBue 2. B kaacce aneebp (A, {d, f} U Qp), 2de |Qo| > 1, arobas
KoHepYoHy-anzebpa Puca asasemea Konepysny-npocmot, a credosamenbro,
U Pucosecru npocmo.

Joxazamenvcmeso. Ciegyer n3 reopemst 2 [14], reopemsr 9 [I5] u reopembr
2 [16].
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1 Panru s3kBanmoHaJbHOCTH

[Iycts T' — mpousBosbHast nojiHas Teopusi, M — mopens Teopun 1,
o(x,a) — dopmyna reopun T ¢ Habopom mapamerpos a € M, A — MHO-
»KecTBO opmyst Teopun 1.

Omnpepnenenne 1. Panzom sxsayuonarvrocmu ER(p(z,a))  dopmy-
abl p(z,a) (orHOCHTENIbHO MOJean M) Ha3bIBAETCH MUHUMAJIbHAS JIJIMHA
BJIOZKEHHBIX Tieteii nepecevennii () (M, a;), B Kotopsie Bxogut ¢(M, a), na-

FOIIX MAKCHMAJBHOE TIEPECETeHNe, IPH STOM KAZKJI0e CIeIyIoNTee mepece-
JeHNe B I HOJIydIaeTcs gobasienneM Konun ¢(M, a;) 1ist HEKOTOPOTo j,
He yMeHbIIaroleii obiee nepecevyeHue.

ITo onpenenennto moboe 3uadenue ER(p(z,a)) > 0 qmbo konedno, amubo saB-
JsieTCst GECKOHETHBIM OPJIMHAJIOM, 3aBUCsIM oT Mozesn M. Ecian B pamkax
ofHOI Moziesn M paHT SKBAIMOHAILHOCTH [IPUHIMAET U KOHEeUYHble, 1 Gec-
KOHEUHBbIE 3HAYEHNUS IIPH Tepebope BeexX mapaMeTrpoB a; u3 M, To urorosoe
snauenne ER(p(z,a)) = sup{ER(¢(z,a;)) |,a; € M}.

Panzom sxsayuonasvrocmu cemeiictsa dopmys A OyjeM Ha3bIBATH BeJIH-
TUHY

ER(A) = sup{ER(¢(z,a)) | ¢(z,y) € A,a € M, l(a) = I(y)}.
ITpumepsr: 1. Qopmynst ¢(M,c) = {z : * = ¢}, 3aja0mue KOHCTAHTEI C,

BCEr/la NMEIOT paHr sKBaIoHaabHocT 0 , Tak Kak ¢(M, c1) Np(M,co) = @
IIpU ¢ # o U caMoMy cebe TIpH ¢ = Co.
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2. @opmyssl P(x) OAHOMECTHBIX IPEIUKATOB P Takxke BCEr/la MMEIOT
PaHI 9KBAIMOHAJILHOCTH, PaBHBII HYJIIO.

Culestyroniee 3aMevyatue JaeT 3KBUBAJIEHTHYIO epedOpMyTUPOBKY MOHSI-
THil ypaBHEHUS ¥ 9KBAIMOHATIBHON Teopuu 3 paboTs [2].

Bameuanue 1. Popmyra p(z,y) Teopun 1’ ABISIETCS YPaGHEHUEM, CIIHI
Kazkgas dopmymna p(r,a) uMeer KOHEUHBIH (M OrpaHUYIeHHBI IPU TI0/ICTa~
HOBKE [IAPAMETPOB @) PaHI YKBAIMOHAJIBLHOCTH.

Teopus T' aBisgeTca sx6auuOHAALHOG, ecu JI0Dasd dopmysta Teopun 1’ gB-
sstercst T-3KBUBaJIEHTHOI HEKOTOPOi Oy/eBoit komOumHamum Gopmyst u3 A,
rie A COCTOUT U3 ypaBHEHMIA.

Onpepenenne [3|. Teopus T HasbiBaercst A-6asupyemots, rae A — HEKO-
TOpOe MHOXKeCTBO (hopMy/1 Oe3 mapaMeTpoB, ecjiu Jobas dpopMyaa TEOPUN
T skBuBajenTHa B T HeKOTOpOil Oy/eBoil KoMOuHamyu popMysr u3 A.

Jns A-6asupyembix Teopuii T TakzKe TOBOPST, 9TO 1 UMEET IAUMUHAUUIO
WA COKPAWEHUE KBAHMOPOS ¢ TOTHOCTHIO /10 MHOXKeCTBa A.

Teopema 1. 1. Jlasa awb6020 namypasvrozo n > 1 cywecmsyem A, -6a-
supyemas IK6ayuOHANHAA meopus T, das xomopotd ER(A,) = n.
2. Jas 106020 noaostcumenvhozo opdurana o cywecmeyem A, -bazupye-
maz meopusa T ¢ modeavio M, maxas, wmo ER(A,) = o omnocumenvro
modeau M,,.

Hokazarenscro. 1. Pacemorpum nBymonsusiil rpad G = (X, Y, E), X
u Y — nonm asymosibHOro rpada. O6osmaunm uepes Q(M,y) MHOXKeCTBO
BepmH = € X B KOTOPbIE MOXKHO TIOITACTH U3 BEPITUHBI .
[To nayKIIAH.
[Iyers X = {z1,29,...,21}, Y = {a1,a9,...,ax}. Jaa n = 0 gocrarouno
paccmoTpeTh rpad ¢ OueKImeil Mex 1y J10siMu rpada, TO eCTh MEXK/Ly Bep-
muHaM a; € Y n x; € X,¢,j = 1,..., k cymecTByeT pebpo TOrJa U TOIBKO
TorJ1a, Korjia ¢ = j. Tak Kak Jijis JIoObIX a1, ay € Y

Q(M,a1) NQ(M, az) =0

u jyist Beex a € Y umeem |Q(M, a)| = 1, nonyuaem ER(Q(x,y)) = 0.
[Ipeamonoxum, jijist n = k — 2 yTBEpKJIEHUE BEPHO.
Hnsg n =k — 1 nocrpoum rpad cieayrommm obpaszom. Ilycts

Q(M,ay) ={z1,29,..., 21},
Q(M,ay) = {z1,x3, 74, ..., Tr },
Q(M,a3) = {1, 22,4, .., 1},

Q(M, ak) = {xl, T2,y ..y L9, xk,l}.
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Takum obpazom stemenT x1 € X sBisieTcss oOIUM JJist BceX a; € Y, 1 =
1. k.

[Tpu rakom moctpoennn nepecedenne Q (M, y1 )NQ(M, y2)N...NQ(M, yx)
COCTOUT U3 OJIHOTO 3JieMeHTa {21}, a paHr (hopMyIbl GyJeT B TOTHOCTH pa-
Ben k — 1.

2. Pacemorpum oTHoenue, 3ajannoe popmysioi -x &~ a. [lycrb b — Heko-
TOpPBI KOPTEXK by, by, . .., by u3 M, , MHOXKECTBO perenuii popmyiibl g (z,7)
3a/1a€TCsI KaK

{r:—x=~y,i=1,..,k},
rae 1 <k < a. Torna
Ay = {pp(z,b)  1(b) =k,be M,1 <k <al.
ITo nocrpoennio ER(A,) = a.

BameTnM, ITO B JOKA3aTEIbCTBE MIyHKTA 1 ObLT MOCTpoeH rpad ¢ KoHed-
HBIM MHOXKeCTBOM X , HO 3TO He 00s13aTeIbHOE YCIOBUE: MOITHOCTh X MOXKET
OBITH OECKOHEYHOI, B TAKOM CJIydae B KadecTBe OOIINX BEPITUH MOYKHO B3ATh
KOKOHeYHOe MHOXKeCTBO X \ {Za, ..., T }.

3ameuanue 2. Teopus T’ sKBanmoHAJIbLHA TOTJIA U TOJBKO TOTIa, KOIJIA
JUTS KazKJI0r0 KOHETHOTO MHOXKecTBa Ay (hopmys Teopun 1’ CymecTByeT KO-
Heanoe MHOXKecTBO A dopmys teopun T takoe, uro ER(A;) € w u mobas
dopmyma uz Ay T-5KBUBaJIEHTHA HEKOTOPO# Oy1eBoit KoMOuHAIN (DOPMYJT

us Al-

1.1 CBa3b paHroB 3KBAIMOHAJHLHOCTH U OYJIEBBIX KOM-
ounHaluii dpopmysa

1.1.1 JdwnsbroHKOUN GopMyJa

YeTaHOBUM IIOBEJICHUE PAHra, SKBAIMOHAJBLHOCTH IIPU B3ATUH U3 HIOHK-
it bOPMyJI 10 MHIYKIIAH.
Iycts ©(M, a1, a2) = 1(M, ar) U ¢o(M, az), upu srom ER(¢1(z,y)) = 11,
ER(¢o(z,y)) = 2 u 11 < 1o. Ilpu nojcraHoBKe pa3HBIX 3HAYEHUN MapaMeT-
POB a1 M Gy OYJIYT yMEHbIIATLCS NepecevdeHns KoM KaxKjioi n3 (opmys
U1(z,y), Yoz, y). Korna snadenus: mapamerpoB Oy/yT H3MEHEHBI 71 Pa3 TaK,
9TO MEPeceueHnst KON KaxK bl Pa3 yMEeHbIIAIUCh, Jijig GopMyJIbl ¢y (2, y)
repecevenne Kommii jrajee He OyjerT ymeHbinaTbest. OHako, j1ist (hOpMYyJIbI
(2, y) HY’KHO TPOJOJIZKATD TIPOIEIYPY Mepebopa mapaMeTpoB elre s — T
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pa3. B urore j106aB/IgATh B 1epecedeHus KOMUM (pOpMysT HYKHO 7o pa3, Ta-
kM obpazom ER(¢(z,y1,y2)) = ra.

MTar ungyknuun. [lycers g (M, ay, .., an—1) = 1 (M, a1)U...Uh, 1 (M, a,,—1)
BEPHO

ER(o(z, 91,y Yn_1)) = sup{r; i =1..mn — 1,r;, = ER(¢s(z,y))}.

O6bemunenne (M, ay) U ... U, (M, a,) Gymem paccMaTpuBaTh, Kak 00b-
equneHue JByX Komuii hbopmyn (M, ay, .., a,_1) U, (M, a,), 1jst Koroporo
BEPHO

ER((,D(I’, y17 ] yn—l) U ’QZJn(ZE, yn)) =

= sup{ER((x, y1, ., Yn-1)), ER(Vn(2,90)) } =
=sup{r; :i = l..n,r; = ER(¢;(x,y:)) }.

1.1.2 KouboHKIIUU HOpMYJI

[Tpu paccMOTpeHnr KOHBIOHKIM (hOpMYJT BOBMOXKHBI JIBa C/Iydast, IPH
9TOM OJUH U3 HUX ABJISETCH TPUBUAILHBIM U HE PACCMATPUBACTCH MOIPOO-
HO, & UMEHHO:

Coaywaii 1: Muoxectso 3uadennit hopmyit 1 (M, ai) n 1o(M, ay) He mepece-
katorest Vag, Vas € M. To ectb MHOXKecTBO perennii hopmyibt o(x, y1, yo) =
1(z,y1) A Yoz, y2) Beerja mycro, a Jijid PABEHCTBA HYJIIO PAHIa SKBAIU-
OHAJILHOCTH (DOPMYJIBI 3TO MHOXKECTBO JIOJXKHO COJEPKATHL XOTs Obl OIUH
9JIEMEHT.

Cuayaait 2: CymectByeT X0TsI ObI OHA TIapa TapaMeTpoB a1, as € M Takas,
qro nepecedenue 1 (M,ay) N (M, ay) ue mycro. Torga snauenue pamra
SKBAIMOHAILHOCTH (hOpMyIbl (X, y1,Yy2) = 1(z,y1) A ¥o(x,y2) Menser-
cg ot eqununel 110 3uadenns mar{ER(¢1(z, 1)), ER(¢Yo(z,y2))}. Do cite-
JyeT M3 TOTO, YTO Jlajiee HAa HEKOTOPOM Iare ¢,7 > 1 Ipu HOJACTaHOBKE
JIPYTUX TIap MapaMeTpoB KOIMUU MOTYT JMOO JaBaTh OOIee IepeceveHue ¢
(M, a;—1) Nho(M, a;—1) m TOrA PAHT SKBAIMOHATIBLHOCTH OY/IET yBEJINIU-
BaThCsA, JIMOO MOYKET HE MMETh OOIIEro NMepecevdeHnss U B TAKOM CJIydae PaHr
9KBAIMOHAILHOCTH IPUHAMAET 3HAYEHUE, PABHOE HOMEPY HPEIBILYIIEro Mia-
ra i — 1.

1.1.3 OTpunanue popMyJIbl

[Iycrs panr sksarmonasnbaocT ER(¢(x,y)) = r m s10T panr moiy-
eH myreMm mepecederns xormit (M, aqy) N ... N (M, a,). MuoxectBo pe-
menunit opmynst —p(M,ay) N ... N —p(M,a,) coBuagaer ¢ MHOXKECTBOM



Panru skBanHoHaJILHOCTH ceMeHcTB (pOpMYJI H 9J1eMEHTaPHBIX TeOPHit 199

M\ (e(M,a;)U...Up(M, a,)). BameTuM, 9T0 AT SKBAINOHAILHOCTH (HOp-
MyJIbI —@ (2, y) IPH 9TOM MOXKeT OBITh KaK MEHBIIe 7', TaK U OOJIbIIe 7@ BCe
3aBHCHT OT MOJIE/IH, (POPMYJIBI U IAPAMETPOB a1, ..., Gy

Kpurepuii KoHe4YHOCTH paHra SKBAIMOHAJBHOCTU IIPU B3SITUU
orupuanusi GpOPMyJIbL:
Pamnr sksammonamsaoctn ER(—¢(x,y)) MoxkeT ObITh KOHEYHBIM TOJBKO B
clIydae, KOI/ia JOLOJIHEHNEe K O0beNHEHIIO MHOKECTB

(p(M,a1)U...Up(M,a,))

B M gaBigercd KoHeUHBbIM. B mpoTtuBHOM citydae, 6/1aroapsa BO3MOXKHOCTH
OECKOHEYHOTO M3MEHEHHS MapaMeTPOB @, PAHI SKBAIMOHAJIBLHOCTH ITPUHU-
MaeT OeCKOHEYHOe Op/INHAJIbHOe 3HAUeHWe, 3aBUCIee OT KOHKPETHON MO-
nen M.

[TpuMep coxpaHeHMsl KOHEIHOCTH PAHIa 3KBAIMOHAJILHOCTU P B3ATUN
oTpurianug POPMYJIbL:
Pacemorpum citygaii otHomenust skBuBajgenTHocTH E(x,y). B aroM ciaygae
PaHr SKBAIMOHAJLHOCTH PABEH HYJIIO, MOCKOJbKY JIJIst JIOOBIX HapaMeTpOB
U3 OJIHOTO KJIacca SKBUBAJIEHTHOCTH MHOXKecTBa F(M, a) coBnajaor.
[Tpu nepexoje K orpunanuio —F(x,y) KOHEUHOCTh PAHTa SKBAIUOHAIHLHO-
CTH SKBHBAJICHTHA TOMY, 9TO BCE KJIACCHI SKBUBAJICHTHOCTH JOJAKHBI ObIThH
KoneunbMu. [leiicTBurennno: 1. Ecm Knacchl 9KBUBAJICHTHOCTH GECKOHEY-
HBI, TTOSIBJIAETCST BO3MOXKHOCTH OECKOHEUHOI0 BApbUPOBAHKS [1aPAMETPOB d.
2. KonenocTsb K/1accoB 3KBUBAJEHTHOCTH TaPAHTUPYET, UTO OTPUIIAHUE CO-
XpaHsieT KOHEUHBIH PAHT S9KBaIMOHAIHLHOCTH.

1.2 Teopun rpadcdon

OmnmiieM MOBeJIEHNE PAHIOB SKBAIMOHAILHOCTH B Teopusx rpados. By-
JieM pacemorpuBath Q (M, y) — MHOXKeCTBO BepIuH rpada, B KOTOPbIE MOXK-
HO IOIIACTh U3 BepimuHbl y. Jljist Havama cie/iaeM ciejyroliee 3aMedaHue:

Sameuanue 3. /lajiee B pabore paccMaTpuBaioTCs CBa3HbIe Ipadbl. B

CJIyvdae HECBA3HOCTU PACCMATPUBAIOTCA PAHTU SKBAIIMOHATBHOCTH B KAXK IO
KOMIIOHEHTE CBSI3HOCTH U JaJjiee OepeTcs: CympeMyM MOIYYeHHBIX PAHTOB K-
BaI[MOHAJTHLHOCTH.
B xome ucciieioBanus ObLIO PACCMOTPEHO HECKOJBKO PA3JIMYHBIX KJIACCOB
rpacdos. s HEKOTOPBIX M3 HUX OBLIO YCTAHOBJICHO, UTO PA3/JIUYUUS ITUX
KJIACCOB He HAKJIA/IBIBAIOT ONPAHUYEHUI HA PAHT SKBAIIMOHATLHOCTH, & UMEH-
HO:
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1. JI1s1 anuKImIecKnX OpREeHTHPOBAHHBIX 1 HEOPHEHTUPOBAHHBIX IpadoB
C IeTIAMU 1 Oe3 IeTesb, & TaKxKe IS JABY/IOJbHBIX I'padOB PAHT SKBAIHO-
HAJIbHOCTH MOXKET IIPUHUAMATH JTII0Oble HEOTPUIATE/IbHbIE 3HAYEHMS.
PaccmorpuM Ha puMepe alK/IMYecKOro OpueHTHpoBaHHOro rpada 6e3 me-
TeJIb:
[IycTo

Q(M7 al) = {517527 '-'7bn}7Q<M7 CLz‘) = {51, -7bi717bi+1-~>bn}ai =2.n—1,
Q(M, an) = {bl, bg, ceey bn—l}u Q(M, b]) = {Cj},j =1..n.

[Tpu rakoM mocTpoerun norpedyercs mepecedb muoxectsa Q(M, aq), ...,
Q(M, a,) njas TOSyUeHUsT MAKCHMAJBHOTO IEepecevdeHrsi, & PaHl SKBaIHO-
nasbHocT ER(Q(z,y)) = n — 1. Takum obpasom, Bapbupysi KOJIUIECTBO
BepIuH n rpada MOXKHO MOYXKHO IIOJIYYUTh PA3/JIUIHbIe 3HAYCHUS PAHra K-
BaIMOHAJILHOCTH.

2. Tonusrit rpad. Ilycrs {ay, ..., a,} — MHOXKECTBO BEPIIUH TIOJHOTO I'Da-
da. Q(M, a;) = {a,..,a;_1,a;41, .., a, } Ilpu B3aTUN Iepecevenuit Q(M, a;)N
Q (M, a;) momydumM Bce MHOXKeCTBO Bepiui rpada 6e3 Bepiun a; u a;. Ta-
KM 00pa3oM paHr 9KBaIMOHAJIBHOCTH (HGOpMYIIbl (Q(x,y) M/ TOJHBIX Tpa-
¢doB ¢ n BepmmHAME Beerjia OyIeT paBeH n — 2.

Takum obpazom MOKHO CHOPMYJIUPOBATEL CJIEJICTBUE U3 TeOpeMbl 1 u
IIPUBEIEHHBIX TPUMEPOB:

CnencrBue 1. [ist smoboro narypassaoro n > 0 cymecrByer A,-
b6azupyemasi SKBalHoHajbHas Teopusi rpadoB T, mis koropoii ER(A,) =
n.

1.3 Ilopsaakm

g omucanus PaHTOB KBAIMOHAJIHLHOCTU, OTHOCAIINXCA K TaCTHIHBIM
nopsijikaM, OyJieM paccMaTpuBaTh MHOXKeCTBa, perneHuit dopmyn x < a u
a < x, TJie a — mapaMmerp.

1.3.1 JIuneitHble TOPAAKNA

1. Jluneitable TOPSIIKM HA HATYPAJIbHBIX YUC/IAX, HAPAMETP @ MOXKeT Me-
HAThCs oT 0 110 +00.
[Tpu nojcraHoBKE pas/JUYHBIX 3HAYEHWI IapamMeTpa MHOYKEeCTBa 3HaYeHU
dbopmyrn Oynyr umers Bug {0,..,a} mig ¢ < a u {a,a + 1,a + 2,...} naa
a <z
Takum o6pazoM g opMyabl & < @ MBI MOYXKEM IHOJYYUTh HAUMEHbIIEee
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muoxxecTso 3uadennit {0}, mogcrasus 3uadenne mapamerpa a = 0. Ortioga
PAHT 9KBaIMOHAJIBHOCTH (OPMYJIBI & < @ BCErJa PaBeH HYJIIO.

Bamerum, 9T0 y GOpMysIbl @ < & MHOXKECTBO 3HAYEHUIT BCeria OyIeT coCTo-
ATh U3 OECKOHETHOTO YHCJIa HATYPAIbHBIX uucea. OTCiona, paHr SKBAIHO-
HaJbHOCTH (DOPMYJIbI ¢ < & PaBeH OECKOHEYHOMY OPJIMHAJIY W.

JList motydeHnst KOHETHOTO PAHTa SKBAIMOHAIHLHOCTU (DOPMYJIbI ¢ < & HYZK-
HO PACCMATPUBATDH HMOPSJIOK HA OTPHUIATEIHHBIX IEJIBIX TUCTaX.

2. JIuneitHble TIOPSIJIKA HA EJIBIX TUCIAX.
B nannom ciygae qaa dopmynr x < a um a < T UMeeM CJIELYIOMNe MHOMKe-
CTBa 3HAYEHWH T COOTBETCTBEHHO {...,a—2,a—1,a} u {a,a+1,a+2,...}. To
€CThb IIPH HOACTAHOBKE JIIOOOI0 3a4eHNsl apaMeTpa a € Z Heb3s 3a KOHed-
HOE YHCJI0 MIAroB JOCTUYh MAKCHMAJILHOIO IepecedeHus KOIuil jis obenx
dbopmyir. CrreoBaTesIbHO paHr SKBAIMOHAILHOCTH hopMyn & < au a < T B
JIAHHOM CJIydae — OCCKOHEYHBINH OP/IIMHAT.

3. JIuneitnble TJIOTHBIE TIOPSJIKY.
JlauubIil caydail BKIo4aeT cebsd MopsA KN Ha HPPAITMOHAILHBIX, PAITHOHA b=
HBIX U BEIIECTBEHHBIX YNC/aX M aHAJOTUYEH CJIydaio 2: MPHU I0JICTAaHOBKE
JIFOOOIO 3HAYEHUsI [TapaMeTpa @ HeJIb3sl 38 KOHEYHOe YMCJIO IIaroB JI0CTUYb
MaKCHUMAJIBHOIO IepecedeHns Ijisd 00enx popMys, TaK KaK B CUIY IJIOTHO-
CTU HOPAAKON Jid Iapbl YUCET G1, Ao HARAETCA a3 : a1 < az < 3.
ECJH/I paCCMOTpeTb Cﬂy‘{aﬁ BCIIIECCTBCHHBIX ITOJIO2KUTCJIbHBIX “H/ICG,H, nMeemM
caejytoniee: Jiuid (popMysibl & < @ CTOUT PACCMATPUBATH 3HAYCHUE TTapaMeT-
pa a = 0 1 TorJa paHr dKBAIMOHAILHOCTU (GOPMYJIbl & < a paBeH HYJIIO.
st dopmyiibl a < x 1eHCTBYIOT aHAJIOTHIHbBIE PACCYKIEHHS AefICTBYIOT Ha
MHOKeCcTBe T € R™.

Taxum oOpaszoM it TMHEHHBIX TOPSIKOB Oy/IeT BEPHA CJIE/IYIONIasd TeOPEeMa:

Teopema 2. /Jlisa Aunetinolr nopadkos pane IK6AUUOHAALHOCTIU Hop-
myave x < a (coomsememeento a < ) pasen Aubo HYAI0, €CAU KaHCOAA
(6eckonenwnan) yenv umeem naumervwul (Haubosvwul) ssemenm, Aubo
OeCKOHEUYHOMY OPOUHANY, 3ABUCAULEMY OM MOOCAU.

1.3.2 Heauneiinble YacTUYHBbIE TOPSIAKHI

IIpenmoxkenmne 1. /g 9acTUIHBIX TMOPSJIKOB, HE SIBJISIONINXCS JIMHEH-
HBIMU, PAHT SKBAIIMOHAJIHLHOCTH MOXKET IIPUHUMATh JII000e Iej10e HeoTpulla-
TeJIbHOE 3HaUYCHUE.
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JlokazarenbcTBo. PaccMOTpUM B 9acTUYHOM TOPSIKE, HE ABJISTIONIAM-
sl JIMHETHBIM, TIOTIAPHO HECPABHUMBbIE JIEMEHTHI a1, .., Agy1. OOO3HAUMM 3a
Q(M, a;) muoxkecrBo Bcex € M, takux uro x < a;, T0 ectb Q(M, a;) =
{x € M|z < a;}. Tlyctn

Q(M; al) = {alabla b, --,bk+1,C1,d1}
Q(M,as) ={ag, b1, bs, ... bg+1,c1,d1 }

Q(M7 ak+1> = {ak7 b17 b27 cey bk7 Cy, d1}7

rje 3JeMeHThl by, .., b1 TOXKe MmonapHo HecpaBHUMBL, d; < ¢1,¢1 < b;, i =
1,..,k+1. Ilpu TakoM OCTPOEHUH PAHT IKBAIMOHAIBHOCTH POPMYIIBLI T < @
Oy/IeT paBeH KOHETHOMY (WMJIH OPMHATIBHOMY) duciIy k.

Takum obpaszom 1000 HEOTPHUIIATEILHOE 3HAUEHNe PaHIra SKBaIlMOHAJJIBLHO-
CTU JIOCTUTaeTCs TePecevIeHnsIMU MHOXKeCTB pemtenuii dhopmyn x < a; (uim
a; < x) I HEKOTOPBIX TOMAPHO HECPABHUMBIX 9JIEMEHTOB ;.

1.4 HopmaJjibHble Teopuu

Hopmanavhvie meopuu 6a3upyioTes HOPMAALHOMU GOPMYAaMU, T.e. DOP-
MyJstaMu ©(2, y), y KOTopbIx Kormu ¢(M, a) nmeior ubo coBnagaromme, 6o
HellepeceKarouecss MHOXKeCTBa perieHunit. QaKkTHIecKn STH KON 00pa3yoT
KJIACCHI 9KBUBAJIEHTHOCTH.

[Tony4uaem xapakTepus3aiuio HOPMAJILHOCTA TEOPUN:

Teopema 3. Teopus T asasemca HOPMAALHOT Mo20a U MOALKO MO-
2da, Ko2da panz IKGAUUOHANGHOCTU ONA NOOTOOAULE20 MHONHCECTNEG OA3UC-
Howx popmya meopuu T pasen Hy.a0.

Jlnst mokazaTesibcTBa TEOPEMBI 3 YCTAHOBUM BCIIOMOTATEHHYIO JIEMMY:

JIemma 1. Qopmyaa p(x,y) Asaiemes HOPMAALHOT MO0204 U MOALKO
moezda, Ko2da ee pare IKEAUUOHANOHOCTNU PABEH HYAI0.

Hokazarenbcrso. [lyers dopmyna ¢(x, y) HOpMaabHa, TO eCTh Ya, ay €
M Bepuo, uro ymbo p(M,ar) = p(M,as), mubo (M, a1) N (M, as) = 0.
Taxoit ciaydaii BOSMOXKEH TOIJIa U TOJBKO TOIJIA, KOIJIa PAHT SKBAIUOHAb-
HocTu hopmyiiel ¢(x,y) pasen mymo: ER(o(z,y)) = 0.
O6paTHO, paBEeHCTBO HYJIIO PaHra 3KBAIMOHAJILHOCTH O3HAYACT, YTO PA3/IY-
HbIe KOITHH (pOPMYJIBI He JIAl0T COOCTBEHHbBIE Iepecevdenusd. [1o onpeesenmnro,
Takue GOPMyYJIbI ABIAIOTCI HOPMAIbHBIMU.

JlokazarebeTBo Teopembl 3. Ilo omnpeeseHno paHroM SKBaIMOHAJIBHO-
CTU MHOYKeCTBa 0a3muCHBIX opMysT A ABJISIETCS BEJININHA

ER(A) = sup{ER(¢(z,a)) | ¢(x,y) € A, a € M, l(a) = I(y)}-
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Taxmm o6pazom ER(A) = 0 Torja u Tosbko Tora, Korga A coctout u3 Gop-
My p(z,y) ¢ parrom skBanuonaabroctn ER(p(z,y)) = 0. B cuy Jlemmsbr
1 A cocrour uz HOpMaIbHBIX hopmyil ¢(x,Yy), OTKYIa CJIEILYeT, YTO TeOPUs]
T asyisgeTcd HOPMaJbHOU TeOpueil.

Ob6patHoO, 1ycTh 1’ — HOpMaJIbHAsI TEOPHsI, KOTOPas Oa3upyeTcst MHOKECTBOM
HOpMasbHbIX hopmyn A. Tak kak Bce dopmyisl ¢(z,y) € A HOpMATbHBI,
B cuty Jlemmer 1 nmeem ER(¢(z,y)) = 0 maa Beex dopmyn muoxecrsa A.
B cuny onpezenenust panra SKBaIMOHAJLHOCTH MHOKECTBA (DOPMYJI NMeEeM
pasencrso ER(A) = 0.

Takoe moBejieHne paHra SKBAIMOHAJIBHOCTH MOXKHO HAOJ/IIOAATH Y OIHO-
MecTHBIX dopmys. Tak panee paccMarpuBajics mpumep ¢ pOpMyIaMu, 3a-
JAIOIMIMMHA KOHCTAHThI: T = C, TJle ¢ = const.

B wacrHOCTH, J1100asi TEOPHUs OJHOMECTHBIX IIPEIMKATOB sIBJISIETCST HOP-
MaJILHOM 1, KaK OBLIO MOKA3aHO PaHee, NMeeT PAHI' IKBAIMOHAIBHOCTH PaB-
HbIii 0, B CHJLy OTCYTCTBUS IepecevdeHrst KOU JIBYX PA3/JIMIHbBIX [IPEJINKATOB
Pi(x) nu Py(z). Takke HOpMAJIbHBIMU SIBJISTFOTCSI:

e Teopuu abesIeBbIX I'PYIIII,
e cTabusIbHbIE XOPHOBBI Teopun [0],

e reopun T, y KoTopbix h—Kommanbon 1" nMeeT HeMaKCUMATbLHDIH He-
cuerHblil criektp [7],

e TeopHH JIOKAJIBHO cBoGombIX anrebp [10],

e Teopun 1™ yHOWUJIOB, YJIOBJICTBOPSAIONIUX IPEIOKCHUAM iy gy . IS
BCeX JIONMyCTUMBIX < n,m, k, | > [I1],

® Teopuu T, JOITyCKaloye 3JIMMUHAIWIO KBaAaHTOPOB, CUTHATY PbI

<fia Pi; Ei>i€[,j€J,kEKa

riae fi, @ € I, — omHoMecTHBIe (YHKIMOHAIbBHBIE CHMBOJBI, Fj, j €
J, — ofHOMECTHBIE NIpeIMKaTHbIe CUMBOJIBI, Fy, k € K, — aByxmect-
HBI€ IIPEIMKATHBIE CUMBOJIBI TaKH€, 9YTO COOTBETCTBYIOIIUE TIPEINKATHI
Ex(z,y) — sxsusasnenrnoctu B8 T [12], [13].
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1.5 Caabo HOpMaJbHbIE TEOPUN

Cmabo HOpMasibHble Teopuu ObLin BBeseHbl A. Ilumaem kak 06061e-
HITe HOpMaJIbHBIX Teopuil. Takue Teopun 6asupyiorcst dbopmynamu ¢(x,y),
y KOTOPBIX J1H000e OECKOHEYHOe IepeceveHre IOMapHO Pa3INnTIHbIX KOIHit
©(M, a;) ABISETCST TYCTHIM.

YrBepxkaenuue 1. B cayuae caabo HOPMAAOHBT MEOPUT pare IKEAUUO-
HAADHOCTNU POPMYA MOHCEM NPUHUMAMD A100DLE KOHEUHBLE 3HAYEHUA.

HokazareascTrro. Crabo HOpMaJbHBIE TEOPUN HA3UPYIOTCA (OPMYJIaMH,
001 TAIOIUMU CJIELYIOIIUM CBOMCTBOM:
1. st HekoTopbIx HAOOPOB IapaMeTpoB a MHOXKecTBa perienuii p(M, a)
UMEIOT HEITyCTOe 00Iee ImepecevucHue.
2. OiHOBpEMEHHO CyIecTBYOT apyrue komuu ¢(M,b), KoTopble He mepece-
KAIOTCs C 9TUM OOIIUM TIepeceIeHueM.
Taxum 06pa3oM, Ipu ToJCTaHOBKe B (hopmyity ¢ (,y) pasJudHbIX HapaMeT-
POB MOKHO JIOCTUYb MaKCUMAaJILHOTO IIepecevdeHusl KONl 38 KOHEYHOE TUCTIO
maroB. [Ipu sTom KojimdecTBo 11aros He orpanutdeHo. Cjie/10BaTeIbHO, PAHT
9KBaIlMOHAJIbHOCTHU MOXKET IIPpPUHHUMATDb JHO60€ KOHEYHOE 3HaYCHUE.

K c1abo HopMaIbHBIM TEOPUAM OTHOCATCS TEOPUU TTOUITH abdeIeBbIX TPYIIIL,
TO €CTb I'PYIII, COJepKaIIuX abe/IeBy MOAIPYIILY KOHEUHOTO HHIIEKCA.

2 Pas3socTh cTabuamsanmnm

B xoj1e nccnaemoBanusa ObLIO 3aMEYUEHO, 9TO B paMKaX PacCMOTPEHUA OJI-
HOit Momesmn My opHON m TOi Ke POPMYJIBI @(Z,y) MOIYT IMOJIYIaThC
paz3/InYHble 3HAYEHUS PAHT'OB 9KBAIMOHAJIBHOCTA B 3aBUCUMMOCTU OT TOIO,
KakKue rmapameTpsl a € M 1mojcTaBisgiorca B (hOpMyJIy.

B cBs3u ¢ aTM BBejeM HOBOE MOHATHE:

Onpenenenne 2. Pasnocmuvio cmabuarudayuu dbopmynst DE(p(z,y))
6y/IeM Ha3bIBATH BEJIMUNHY, 3a/1aBACMYIO CJIC/IYIOMUM 00pa3oM:
1) pasHocTh crabuin3anuu (GOpPMyJIbl PaBHA PASHOCTH MEKJLy HAUOOJIBIINM
U HAMMEHBIIINM 3HAYEHUSIMU DAHIOB SKBAIMOHAIBHOCTH (hOPMYJIBL (T, Yy ):

DE(p(z,y)) = max ER(¢(z,y)) — min ER(p(z,y)),

€CJI PaHI' 9KBAIMOHAILHOCTH (DOPMYJIbI TPUHUMAET TOJBKO KOHEUHDIE 3HA-
YeHUs IIPU [OJACTAHOBKE ITapaMeTpOB a,

2) pasrocTh crabminanuy GopMysIbl paBHa Mape W3 MUHUMAJIBHOIO U MaK-
CAMAaJIbHOT'O 3HAYEHUN PAHTOB 3KBAIIMOHAJBLHOCTH:
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DE(¢(7,y)) = (min ER(p(z,y)), max ER(o(z, y))),

ecam panr skBanuonaabaoctu ER(¢(z,y)) npunumaer GeckonedHoe 3Haue-
HUe IIPU I1I0/ICTAHOBKe HEKOTOPBIX IIapaMeTrpoB a € M.

Hamomuum, uto B ciydae, Korja jid ¢pukcupoBanuoit mojenu M panr
SKBAIMOHAILHOCTH (bOpMYJIbl (1, y) MOXKeT ObITh KaK KOHEYHBIM, Tak W
OeCKOHEUHBIM B 3aBUCUMOCTH OT BBIOOpa mapamMeTpoB a; € M, mrorosoe
3HAYEHUE PaHTa SKBAIMOHAJLHOCTU OIPEJIEISIeTCS KAK CyIPEeMYyM BCEX BO3-
MOXKHBIX 3HadeHuil. CjeoBaTe/IbHO, B TAKUX CAyYasdX PA3HOCTH CTAOUIN3a-
mn opmyisl DE(¢(x,y)) Oymer 3amucana B Buje napbl (min, maz), rie
Min—MIHIMAJBHOEe KOHEYHOe 3HAUYeHHe PaHTa dKBAUIIOHAJIBHOCTH (HOpMy-
JIbI, mar—0eCKOHeYHOe Op/INHAILHOE 3HAUYeHNe PAHTa SKBAUIINOHAJIBHOCTI

dOpMYIIbL.

asmee paccMOTpUM TOBeJICHUE PA3HOCTH CTAOMJIM3AINY JJIs Y2Ke Pac-
CMOTPEHHBIX IIPUMEPOB B PA3JIMYHBIX TEOPUAX:

2.1 Teopuu rpadon

1. Iomuerit rpad. Panr skBannoHa bHOCTH JIJTs TOJTHBIX IPadOB ¢ 1 Bep-
IIUHAMY Bcerja OyJ/ieT paBeH n — 2 1 Pa3HOCTb CTOU/IU3AIUN PABHA

DE(Q(z,y)) = 0.

2. Tlpu wucce1oBaHUN MOBEJICHUS 3HAYCHUI PAHra SKBAIMOHAILHOCTH
dbopmysbr Q(x,y) B Teopusx rpadoB OBLT UCHOIB30BAH TAKOH €rocob mo-
CTPOEHUsI, TIPU KOTOPOM B CJIy4ae JIBYJIOJbHBIX IPadoB, allMK/IXIeCKUX OPH-
eHTUPOBAHHBIX 1 HEOPUEHTHPOBAHHBIX TPadOB ¢ NETJIIMA U 6e3 NeTesIb JJIs
JIFO00T0 HATYPAJILHOIO 1 PAHT SKBAIMOHAILHOCTH (hopMyJibl paser n— 1. Ta-
KIM 00pPa30M MOKHO TIOCTPOUTDH PUMEPDI IEPEIUCIEHHBIX IPacdOB, B KOTO-
pbix panr skBanmonagbHoctd ER(Q(z, y)) Gymer npuHIMaTh J1H060€ HEOTPHU-
naresbhoe 3uadenne. CremoBaresnsio pasnocTs crabmimsanun DE(Q(z,y))
MOYKET IPUHUMATH JIIO0bIe HEOTPUIATE/IbHBIE 3HAUCHHUS.

T1o Ha6JHO,H€HI/Ie II03BOJIAET C(bOpMYJH/IpOBaTb JJI PA3HOCTHU crabuiansa-
oy cjaeayroniee yIrBep2KJ/IeHue:

IIpennoxxenmne 2. /ljs1 jr060ro HaTypaJbHOro n > 1 cyiecTByeT ¢pop-
myisa o, (z,y) B reopun rpagos T, 1 koropoiit DE(¢,(x,y)) = n.



206 A.B. BacenéBa

2.2 Tlopsaknu

1. Jlnsg JMHERHBIX MOPSIIKOB Ha HATYPAJbHBIX YHCIaX PA3HOCTH CTaOU-
mm3anuu DE(x < a) = 0 B cuuty Toro, uro ER(z < a) = 0 Bcera.

2. JIst MUHEHHBIX IOPSAKOB Ha HEJbIX YUCJIAaX Pa3HOCTh CTAOM/IN3AIN
st obenx dopmynr x < a u a < x Oymer pasen mape (min,maz), rue
min = maxr 1 IpUHUMAET 3HadeHne GECKOHETHOrO OpPMHAIIA.

3. JIig MIOTHBIX JIMHEHHBIX TOPSJIKOB PAHT SKBAIIMOHAJIBHOCTH BCETJIA
paBeH OECKOHEYHOMY ODJIMHAJLY, CJIEIOBATETHHO PA3HOCTh CTAOUIU3AIINN

DE(Q(z,y)) = (min, max)

AHaJIOTUYIHO CJIy4dato 2.

4. JIns HeMMHEHHBIX MOPSIIKOB Pa3HOCTh CTaOMIM3aInl OYIET 3alliChl-
BaThCs B BUJIE TIAPbI 3HAYEHUN (Min, max), IpudeM min paBeH HYJIIO, & Max
paBeH MOIITHOCTH MO/JIEJIN, B paMKax KOTOPO# paccMaTpUBaeTCsd daCTUIHbBIH
MTOPSIJIOK.

2.3 HopwmauabHble Teopunu

Hopwmasbable Teopun XapaKTepu3yoTCsl HYJIeBbIM 3HaAUEHHEM PAaHTa K-
BaIllMOHAJIBLHOCTH. VI3 9TOr0 HEIOCPEICTBEHHO BBITEKAET, UTO Pa3HOCTDL CTa-
Gum3anuy JijIs TaKuX TeOpHil paBHa HyJIro j1ist 11060 dhopmyst p(z, y).

2.4 (Cnabo HOpMAJIbHBIE TEOPUU

B citygae ciabo HOpMaJIbHBIX TEOPHUil PAHI SKBAIMOHAJIBHOCTU MOXKET
JIOCTUTATH MIPOU3BOIBLHBIX KOHEUHBIX BEJIUINH, ITO HEITOCPEICTBEHHO BIEIET
AHAJIOTUYIHOE CBOMCTBO IJIsT PA3HOCTH CTAOMIM3AIMKA — OHA TAaKYKe MOYKET
[IPUHUMATD JIF000€ KOHEUHOE HEOTPHIATeIbHOE 3HAUCHNE.
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Abstracts

O. Al-Raisi, M. Shahryari, Finite CSA groups and generalizations.

We present an elementary proof for the fact that every finite CSA group
is abelian, and then the main idea of this elementary proof is applied for a
wide class of CSX groups.

A.V. Chekhonadskikh, Fncoding and enumeration of root locations of
real polynomials.

The paper is devoted to developing of theoretical foundations for poly-
nomial design of control systems with low-order controllers. The method of
critical root diagrams allows one to construct control systems with optimal
relative stability and oscillability, basing on locations and multiplicities of
the rightmost system poles. However, a system behavior over a disturbance
time interval requires consideration of all the solution modes and poles. For
describing all possible root locations we introduce R-grading, preorder on
root sets and corresponding matrix encodings of different root locations.
Codes for various system pole locations are enumerated by induction on
characteristic polynomial degrees. Key words: linear time-invariant system,
control system, polynomial design, pole location, preorder, matrix coding.

G. Czédli, Notes on the congruence densities and quasiorder densities
of sublattices.

For a positive integer n, let mnc(n) denote the maximum number of
congruences among all n-element lattices; that is, mnc(n) = max{|Con L| : L
is an n-element lattice}, where Con L stands for the congruence lattice of
L. We know from a 1997 paper of R. Freese that mnc(n) = 2"~!. The
congruence density cd(L) of a finite lattice L is defined to be the quotient
|Con L|/mnc(|L]). That is, if an n-element lattice L has exactly k congruences,
then cd(L) = k/2""'. The maximum number of (compatible) quasiorders
of an n-element lattice L is 2272, and we define the quasiorder density
qd(L) of L — analogously to cd(L) — as qd(L) := |Quo(L)|/2?"2, where
Quo(L) is the quasiorder lattice of L. We prove that if S is a sublattice of
a finite lattice L and at least one of the following three conditions holds:
(i) L is modular; (ii) S is a cover-preserving sublattice of L; or (iii) L is a
dismantlable extension of S, then cd(L) < cd(S) and qd(L) < qd(S).

A.A. Davlatbekov, On homomorphisms of parastrophes of linear and
alinear quasigroups.
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Results on homomorphisms of parastrophs of generalized linear quasi-
groups are obtained.

E.L. Efremov, A.A. Stepanova, S.G. Chekanov, On the stability of
the class of T-pseudofinite S-acts.

The questions of stability of the theory of acts over a monoid were
considered by T.G. Mustafin. Namely, T.G. Mustafin described monoids,
the theory of each act over which is stable. In this paper, we construct a
monoid S such that the theory of all T-pseudofinite acts over S is stable,
but there exists an act over S with unstable theory, where T is the theory
of all acts over S.

D.Yu. Emelyanov, Algebras of binary isolating formulas for Cartesian
and tensor products of star graphs.

Algebras of binary isolating formulas for Cartesian and tensor products
of star graphs are escribed.

N.Yu. Galanova, On cuts of some fields of generalised power series.

There are various classifications of cuts of totally ordered fields that make
it possible to geometrically visualize the algebraic properties of the ordered
fields. The type of a cut is invariant under ordered isomorphism of ordered
structures, making cuts a useful tool in classifying fields. For a field £ and
an ordered commutative group G, a Hahn field is any subfield of the field
of generalised power series k[[G]]. I. Kaplansky proved that each real closed
field F'is embedded in a field of generalised power series R[[Gr]], where G is
a group of Archimedean classes of F'. The present paper considers examples
of an application of a cut theory for some classes of Hahn fields. We prove
a necessary and sufficient condition of a symmetric cut, we give proof a
criterion for the representability of a formal power series by a fraction for
some construction of fields, and consider the classification of cuts in some
fields of generalized power series by the type of fundamentality, symmetry,
and algebraicity.

A. Gkantzounis, F. Skarpelos, Topologies and separation axioms in
the institution-independent model theory framework.

In this paper we study the behavior of certain topologies on classes of
models in the abstract model-theoretic framework of institution theory. We
study the Semantic Topology and the Identification Semantic Topology and
their relation to various separation axioms in classical topology, generalizing
and furthering previous results. Model theoretic notions such as semantic
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equivalence and cardinality of syntax prove to be linked to topological ones.
In the final section, we demonstrate some results on preservation through
signature morphisms. Those results justify the choice of the institution-
theoretic framework, as they imply a certain “preservation” of the axioms.

D.S. Khramchenok, On aziomatisability of several classes of acts and
semimodules.

The question of axiomatizability of classes of polygons over semigroups
and semimodules over semirings is considered.

P.S. Kolesnikov, Simple finite Novikov conformal algebras.

We describe simple Novikov conformal algebras of finite type over an
algebraically closed field k of characteristic zero. It turns out that, apart
from the trivial example of the current conformal algebra over k, there exists
an infinite series of such algebras V,, of rank one, a € k, such that the
commutator algebras V) are isomorphic to the Virasoro Lie conformal
algebra. This is a joint work with Jiefeng Liu.

I.B. Kozhukhov, Artinianity and Noetherianity in polygons over semi-
groups and their generalizations.

A series of notions and properties related to Artinianity and Noetherianity
in polygons over semigroups and is considered and studied.

B.Sh. Kulpeshov, In.I. Pavlyuk, S.V. Sudoplatov, On pseudo-

stable formulae, structures, and theories.

Possibilities for approximations of structures and theories by stable ones
are studied.

S.B. Malyshev, On heritability of types of pregeometries relative to a
family of relational structures.

The paper investigates pregeometries equipped with an algebraic closure
operator on the family of regular enrichments and restrictions of predicate
structures forming a Boolean algebra. We focus on pregeometry types such
as degenerate, locally finite, and modular. It is shown that under intersection
of structures, degeneracy and local finiteness are preserved, while modularity
is generally not inherited. In contrast, for unions of structures, even local
finiteness may fail to hold. These findings refine the understanding of how
pregeometry properties are inherited under structural compositions and con-
tribute to the development of geometric methods in model theory within the
framework of Boolean algebras.
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E.V. Mishchenko, Frames: examples and some properties of frames in
finite-dimensional spaces.

The paper considers the concept of a frame for finite-dimensional and
infinite-dimensional Hilbert spaces: rigid frames are constructed in R"
and C", the recovery of an element from a space using a frame operator and
the optimality of representing an element through a frame in different norms
are discussed.

N.L. Polyakov, On two different types of ordinal iterations of inner
functors.

We show that the concept of a skew limit ultrapower admits broad
generalizations that can be defined in terms of category theory.

A.M. Popova, E.V. Grachev, On automorphisms of the integral group
rings of finite groups.

We study automorphisms of the integral group rings of finite groups using
representation theory. A criterion is found for the existence of such a unit of a
rational group algebra that the conjugation by this unit in composition with
an automorphism of the group algebra induced by an automorphism of the
field of character of some irreducible representation of this group determines
the automorphism of the integral group ring.

A.P. Pozhidaev, Isomorphisms and derivations of pre-Lie algebras.
Isomorphisms and derivations of pre-Lie algebras are studied.
T.E. Rajabov, S.V. Sudoplatov, Precomplete relations and their pre-

servations.

We study possibilities of preservations for precomplete relations.

A.S. Savin, Some spectra of spherical orderability of finite groups. II.

We describe spectra of spherical orderability for an extended list of finite
groups.

N.A. Shchuchkin, Ternary groupoids with left reversibility.

We study the properties of ternary L-quasigroups. For a finite ternary
L-quasigroup, a primality testing algorithm is given, and for the same L-
quasigroup with middle unit, primality and affinity testing algorithms are
given.
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D.V. Solomatin, On minimally complete Martynov semigroups with
zero.

Examples of minimally complete Martynov semigroups with zero are
considered.

A.l. Stukachev, C. Lyu, T. Tsao, Union, intersection and comparison
of linguistic structures.

We discuss operations of union, intersection and comparison for structures
used in mathematical and computational linguistics.

V.L. Usol’tsev, Rees congruence algebras in some subclasses of class of
algebras with one operator and main ternary and nullary operations.

Some types of algebras related to the concept of Rees congruence are
considered.

A.V. Vaseneva, Fquationality ranks for families of formulas and ele-

mentary theories.

Equationality ranks are described for some families of formulas and ele-
mentary theories.
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