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Ãðóïïà áåç êðó÷åíèÿ

Ãðóïïà G íàçûâàåòñÿ ãðóïïîé áåç êðó÷åíèÿ, åñëè äëÿ
êàæäîãî íååäèíè÷íîãî ýëåìåíòà g ∈ G èç ðàâåíñòâà
gα = 1 ñëåäóåò, ÷òî α = 0.

Îáîçíà÷èì ÷åðåç G′ êîììóòàíò ãðóïïû G. Ãîâîðÿò, ÷òî
ãðóïïà G èìååò èçîëèðîâàííûé êîììóòàíò, åñëè
ðåøåíèåì ëþáîãî óðàâíåíèÿ âèäà xα = g, ãäå α ∈ Z è
1 ̸= g ∈ G′, ÿâëÿþòñÿ ýëåìåíòû òîëüêî èç G′.
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Öåíòðàëèçàòîð

Öåíòðàëèçàòîðîì ýëåìåíòà g ãðóïïû G íàçûâàåòñÿ
ìíîæåñòâî âñåõ òàêèõ ýëåìåíòîâ èç G, êîòîðûå
êîììóòèðóþò ñ g:

C(g) = {a ∈ G | [a, g] = 1}.

Öåíòðàëèçàòîðîì ìíîæåñòâà A ýëåìåíòîâ ãðóïïû G
íàçûâàåòñÿ ìíîæåñòâî âñåõ òàêèõ ýëåìåíòîâ ãðóïïû G,
êîòîðûå êîììóòèðóþò ñðàçó ñî âñåìè ýëåìåíòàìè èç A:

C(A) =
⋂
a∈A

C(a).
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Öåíòðàëèçàòîð

Öåíòðàëèçàòîðîì ýëåìåíòà g ãðóïïû G íàçûâàåòñÿ
ìíîæåñòâî âñåõ òàêèõ ýëåìåíòîâ èç G, êîòîðûå
êîììóòèðóþò ñ g:

C(g) = {a ∈ G | [a, g] = 1}.

Öåíòðàëèçàòîðîì ìíîæåñòâà A ýëåìåíòîâ ãðóïïû G
íàçûâàåòñÿ ìíîæåñòâî âñåõ òàêèõ ýëåìåíòîâ ãðóïïû G,
êîòîðûå êîììóòèðóþò ñðàçó ñî âñåìè ýëåìåíòàìè èç A:

C(A) =
⋂
a∈A
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Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü

A. Myasnikov, P. Shumyatsky ¾Discriminating groups and
c-dimension¿ (2004).

Îïðåäåëåíèå

Åñëè ñóùåñòâóåò òàêîå öåëîå ÷èñëî d, ÷òî ãðóïïà G
èìååò öåïî÷êó äëèíû d ñòðîãî óáûâàþùèõ
öåíòðàëèçàòîðîâ è íå èìååò äðóãîé öåïî÷êè äëèíû
áîëüøåé, ÷åì d, òî ãîâîðÿò, ÷òî G èìååò
öåíòðàëèçàòîðíóþ ðàçìåðíîñòü cdim(G) = d. Åñëè
òàêîãî öåëîãî ÷èñëà d íå ñóùåñòâóåò, òî ïîëîæèì
cdim(G) = ∞.
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Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü

Îòìåòèì, ÷òî ðàâåíñòâî cdim(G) = ∞ ñïðàâåäëèâî ïðè
õîòÿ áû îäíîì èç ñëåäóþùèõ óñëîâèé:

G èìååò ñêîëü óãîäíî äëèííûå ñòðîãî óáûâàþùèå
öåïî÷êè öåíòðàëèçàòîðîâ;

G èìååò áåñêîíå÷íóþ ñòðîãî óáûâàþùóþ öåïî÷êó
öåíòðàëèçàòîðîâ.
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Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü

Ïîíÿòèå öåíòðàëèçàòîðíîé ðàçìåðíîñòè ãðóïïû
ñîâïàäàåò ñ ïîíÿòèåì âûñîòû öåíòðàëèçàòîðíîé
ðåøåòêè ãðóïïû. Âàæíîñòü äàííîãî ïîíÿòèÿ
îáîñíîâàíà, íàïðèìåð, â ðàáîòå A.J. Duncan, I.V.
Kazachkov, V.N. Remeslennikov ¾Centraliser dimension
and universal classes of groups¿ (2006). Â íåé æå èìååòñÿ
øèðîêèé ñïèñîê ññûëîê íà ðàáîòû äàííîãî
íàïðàâëåíèÿ. Êðîìå òîãî, â ðàáîòå 2006 ãîäà ïîêàçàíî,
÷òî ãðóïïû, èìåþùèå öåíòðàëèçàòîðíóþ ðåøåòêó
êîíå÷íîé âûñîòû, óíèâåðñàëüíî àêñèîìàòèçèðóåìû.
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Ãðóïïîâîé ÿçûê

Ãðóïïîâîé ÿçûê Lgr � ýòî ÿçûê, ñîñòîÿùèé èç
äâóõìåñòíîãî ôóíêöèîíàëüíîãî ñèìâîëà · äëÿ
îáîçíà÷åíèÿ ãðóïïîâîé îïåðàöèè óìíîæåíèÿ,
îäíîìåñòíîãî ôóíêöèîíàëüíîãî ñèìâîëà −1 (îáðàùåíèå)
è êîíñòàíòíîãî ñèìâîëà e (åäèíèöà ãðóïïû):
Lgr = {·,−1 , e}.

Ðàñøèðåíèå ÿçûêà L ìíîæåñòâîì ýëåìåíòîâ ãðóïïû G:
Lgr,G = Lgr ∪G, íàçîâåì ãðóïïîâûì ÿçûêîì ñ
êîíñòàíòàìè èç G.
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äâóõìåñòíîãî ôóíêöèîíàëüíîãî ñèìâîëà · äëÿ
îáîçíà÷åíèÿ ãðóïïîâîé îïåðàöèè óìíîæåíèÿ,
îäíîìåñòíîãî ôóíêöèîíàëüíîãî ñèìâîëà −1 (îáðàùåíèå)
è êîíñòàíòíîãî ñèìâîëà e (åäèíèöà ãðóïïû):
Lgr = {·,−1 , e}.

Ðàñøèðåíèå ÿçûêà L ìíîæåñòâîì ýëåìåíòîâ ãðóïïû G:
Lgr,G = Lgr ∪G, íàçîâåì ãðóïïîâûì ÿçûêîì ñ
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Äâóñòóïåííî íèëüïîòåíòíûå ãðóïïû

Ìíîãîîáðàçèå äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï N2

îïðåäåëÿåòñÿ òîæäåñòâîì: [x, y, z] = [[x, y], z] = 1 äëÿ
ëþáûõ x, y, z ∈ G.

Èçâåñòåí îáùèé âèä óðàâíåíèÿ îò îäíîé ïåðåìåííîé ñ
êîýôôèöèåíòàìè íàä äâóñòóïåííî íèëüïîòåíòíîé
ãðóïïîé:

xαg[x, a] = 1,

ãäå x � ïåðåìåííàÿ, α ∈ Z, g, a ∈ G.
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Óíèâåðñàëüíàÿ àëãåáðàè÷åñêàÿ ãåîìåòðèÿ

Ñ äîñòàòî÷íî îáøèðíûì ñïèñêîì ðàáîò è òåîðåòè÷åñêîé

áàçîé ïî óíèâåðñàëüíîé àëãåáðàè÷åñêîé ãåîìåòðèè ìîæíî

îçíàêîìèòüñÿ, íàïðèìåð, â ìîíîãðàôèè Ý. Þ. Äàíèÿðîâà,

À. Ã. Ìÿñíèêîâ, Â. Í. Ðåìåñëåííèêîâ ¾Àëãåáðàè÷åñêàÿ

ãåîìåòðèÿ íàä àëãåáðàè÷åñêèìè ñèñòåìàìè¿ (2016,

http://iitam.omsk.net.ru/~remesl/articles/monography.pdf)

[1].
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Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ íàä ãðóïïàìè

Òî÷êà a ∈ Gn íàçûâàåòñÿ ðåøåíèåì óðàâíåíèÿ s(X)
ÿçûêà Lgr,G îò n ïåðåìåííûõ X = {x1, x2, . . . , xn} íàä
ãðóïïîé G, åñëè G |= s(a).

Òî÷êà a ∈ Gn íàçûâàåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé

S(X) íàä ãðóïïîé G, åñëè a ÿâëÿåòñÿ ðåøåíèåì êàæäîãî
óðàâíåíèÿ ñèñòåìû S(X).

Ìíîæåñòâî A ⊆ Gn íàçûâàåòñÿ àëãåáðàè÷åñêèì

ìíîæåñòâîì íàä G, åñëè A ÿâëÿåòñÿ ìíîæåñòâîì
ðåøåíèé íåêîòîðîé ñèñòåìû óðàâíåíèé îò n ïåðåìåííûõ
íàä G.
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Äâå ñèñòåìû óðàâíåíèé S1(X) è S2(X) ÿçûêà Lgr,G

íàçûâàþòñÿ ýêâèâàëåíòíûìè íàä ãðóïïîé G, åñëè èõ
ìíîæåñòâà ðåøåíèé ñîâïàäàþò.

Ãðóïïà G íàçûâàåòñÿ í¼òåðîâîé ïî óðàâíåíèÿì, åñëè
äëÿ ëþáîãî öåëîãî ïîëîæèòåëüíîãî n ëþáàÿ ñèñòåìà
óðàâíåíèé S(X) îò n ïåðåìåííûõ X ýêâèâàëåíòíà ñâîåé
íåêîòîðîé êîíå÷íîé ïîäñèñòåìå S0(X) ⊆ S(X).

Ãðóïïà G íàçûâàåòñÿ í¼òåðîâîé ïî óðàâíåíèÿì îò

îäíîé ïåðåìåííîé, èëè 1-í¼òåðîâîé ïî óðàâíåíèÿì, åñëè
ëþáàÿ ñèñòåìà óðàâíåíèé S(x) îò îäíîé ïåðåìåííîé x
ýêâèâàëåíòíà ñâîåé íåêîòîðîé êîíå÷íîé ïîäñèñòåìå
S0(x) ⊆ S(x).
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Äâå ñèñòåìû óðàâíåíèé S1(X) è S2(X) ÿçûêà Lgr,G

íàçûâàþòñÿ ýêâèâàëåíòíûìè íàä ãðóïïîé G, åñëè èõ
ìíîæåñòâà ðåøåíèé ñîâïàäàþò.

Ãðóïïà G íàçûâàåòñÿ í¼òåðîâîé ïî óðàâíåíèÿì, åñëè
äëÿ ëþáîãî öåëîãî ïîëîæèòåëüíîãî n ëþáàÿ ñèñòåìà
óðàâíåíèé S(X) îò n ïåðåìåííûõ X ýêâèâàëåíòíà ñâîåé
íåêîòîðîé êîíå÷íîé ïîäñèñòåìå S0(X) ⊆ S(X).

Ãðóïïà G íàçûâàåòñÿ í¼òåðîâîé ïî óðàâíåíèÿì îò

îäíîé ïåðåìåííîé, èëè 1-í¼òåðîâîé ïî óðàâíåíèÿì, åñëè
ëþáàÿ ñèñòåìà óðàâíåíèé S(x) îò îäíîé ïåðåìåííîé x
ýêâèâàëåíòíà ñâîåé íåêîòîðîé êîíå÷íîé ïîäñèñòåìå
S0(x) ⊆ S(x).
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Ïðåèìóùåñòâà íåòåðîâûõ ïî óðàâíåíèÿì

àëãåáðàè÷åñêèõ ñèñòåì

Îñíîâíûå ïðåèìóùåñòâà íåòåðîâûõ ïî óðàâíåíèÿì
àëãåáðàè÷åñêèõ ñèñòåì:

âîçìîæíîñòü èçó÷åíèÿ òîëüêî êîíå÷íûõ ñèñòåì
óðàâíåíèé;

îáúåäèíÿþùèå òåîðåìû äëÿ íåòåðîâûõ ïî
óðàâíåíèÿì àëãåáðàè÷åñêèõ ñèñòåì;

ïðåäñòàâèìîñòü ïðîèçâîëüíîãî íåïóñòîãî
àëãåáðàè÷åñêîãî ìíîæåñòâà â âèäå êîíå÷íîãî
îáúåäèíåíèÿ íåïðèâîäèìûõ àëãåáðàè÷åñêèõ
ìíîæåñòâ.
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Íåòåðîâîñòü ïî óðàâíåíèÿì äëÿ ãðóïï

Íåêîòîðûå ïðèìåðû íåòåðîâûõ ïî óðàâíåíèÿì ãðóïï:

ëþáàÿ êîíå÷íî ïîðîæäåííàÿ äâóñòóïåííî
íèëüïîòåíòíàÿ ãðóïïà;

ëþáàÿ æåñòêàÿ ãðóïïà, â ÷àñòíîñòè ñâîáîäíàÿ
ðàçðåøèìàÿ ãðóïïà (×.Ê. Ãóïòà, Í.Ñ. Ðîìàíîâñêèé,
2007, 2009);

ñâîáîäíîå ïðîèçâåäåíèå äâóõ íåòåðîâûõ ïî
óðàâíåíèÿì ãðóïï (Z. Sela, 2010);

ëþáàÿ ãèïåðáîëè÷åñêàÿ ãðóïïà áåç êðó÷åíèÿ (Z.
Sela, 2013);

ëþáàÿ abelian-by-polycyclic ãðóïïà (M. Valiunas,
2021),

ëþáàÿ free-by-cyclic ãðóïïà (M. Kudlinska, M.
Valiunas, 2024);
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Íåòåðîâîñòü ïî óðàâíåíèÿì äëÿ ãðóïï

ãðàôîâîå ïðîèçâåäåíèå íåòåðîâûõ ïî óðàâíåíèÿì
ãðóïï íàä êîíå÷íûì ñèìïëèöèàëüíûì ãðàôîì ñ
îáõâàòîì ≥ 6 (M. Valiunas, 2018).

Íåêîòîðûå ïðèìåðû ãðóïï, íå ÿâëÿþùèõñÿ íåòåðîâûìè
ïî óðàâíåíèÿì:

ñïëåòåíèå íåàáåëåâîé ãðóïïû è áåñêîíå÷íîé ãðóïïû
(G. Baumslag, A. Myasnikov, V. Roman'kov, 1997);

ïðèìåðû áåñêîíå÷íî ïîðîæäåííûõ íèëüïîòåíòíûõ
ãðóïï (A. Myasnikov, V. Remeslennikov, 2000);

áåñêîíå÷íàÿ ïðÿìàÿ ñòåïåíü íåàáåëåâîé ãðóïïû (M.
Shahryari, A. Shevlyakov, 2017);

ïðèìåð residually �nite ãðóïïû (M. Valiunas, 2021).
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Êðèòåðèé íåòåðîâîñòè ïî óðàâíåíèÿì

àëãåáðàè÷åñêîé ñèñòåìû

Â ñòàòüå ¾Íåñêîëüêî çàìå÷àíèé î í¼òåðîâîñòè ïî
óðàâíåíèÿì¿ (2013) ïðåäñòàâëåíà ëåììà, êîòîðàÿ
ÿâëÿåòñÿ êðèòåðèåì íåí¼òåðîâîñòè ïî óðàâíåíèÿì äëÿ
àëãåáðàè÷åñêèõ ñèñòåì:

Ëåììà 1 (Êîòîâ Ì.Â.)

Àëãåáðàè÷åñêàÿ ñèñòåìà A = ⟨A,L⟩ íå ÿâëÿåòñÿ
í¼òåðîâîé ïî óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà
íàéäóòñÿ ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ (ai)i∈N , ai ∈ An,
è ïîñëåäîâàòåëüíîñòü óðàâíåíèé
(si(X))i∈N , X = {x1, x2, . . . , xn}, ÿçûêà L òàêèå, ÷òî
A ̸|= si(ai) äëÿ âñåõ i ∈ N è A |= sj(ai) äëÿ âñåõ j < i.
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Êðèòåðèé íåòåðîâîñòè ïî óðàâíåíèÿì

àëãåáðàè÷åñêîé ñèñòåìû

a1 s1(X)

a2 s2(X)

a3 s3(X)
..
.

..
.
an sn(X)

..
.

..
.

Èëëþñòðàöèÿ ê ëåììå 1.
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Î ñâÿçè ïîíÿòèé íåòåðîâîñòè ïî óðàâíåíèÿì

è öåïî÷åê öåíòðàëèçàòîðîâ â ãðóïïàõ

Èäåÿ ñëåäóþùåé ëåììû ïðèñóòñòâóåò â ðàáîòå R.
Bryant ¾The Verbal Topology of a Group¿ (1977).

Ëåììà 2

Åñëè â ãðóïïå G ñóùåñòâóåò áåñêîíå÷íàÿ öåïî÷êà ñòðîãî
óáûâàþùèõ öåíòðàëèçàòîðîâ, òî G íå ÿâëÿåòñÿ
1-íåòåðîâîé ïî óðàâíåíèÿì.
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1-íåòåðîâîñòü ïî óðàâíåíèÿì äâóñòóïåííî

íèëüïîòåíòíûõ ãðóïï áåç êðó÷åíèÿ

Ëåììà 3 (Á.È., 2024)

Äâóñòóïåííî íèëüïîòåíòíàÿ ãðóïïà G áåç êðó÷åíèÿ ñ
èçîëèðîâàííûì êîììóòàíòîì íå ÿâëÿåòñÿ 1-íåòåðîâîé
ïî óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà â G
ñóùåñòâóåò öåïî÷êà ñòðîãî óáûâàþùèõ öåíòðàëèçàòîðîâ
áåñêîíå÷íîé äëèíû.
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×àñòè÷íî êîììóòàòèâíûå ãðóïïû

Îïðåäåëåíèå

Ïóñòü Γ � íåîðèåíòèðîâàííûé ïðîñòîé ãðàô (âîçìîæíî
áåñêîíå÷íûé) ñ ìíîæåñòâîì âåðøèí X = V (Γ), F (X) �
ñâîáîäíàÿ ãðóïïà ñ ìíîæåñòâîì ïîðîæäàþùèõ X, è
ïóñòü

R = {[xi, xj] ∈ F (X) | xi, xj ∈ X è

xi è xj ñìåæíû â ãðàôå Γ}.

Òîãäà ãðóïïà GΓ = ⟨X | R⟩ íàçûâàåòñÿ ñâîáîäíîé
÷àñòè÷íî êîììóòàòèâíîé ãðóïïîé, à ãðàô Γ � ãðàôîì
êîììóòàòèâíîñòè ñâîáîäíîé ÷àñòè÷íî êîììóòàòèâíîé
ãðóïïû GΓ.
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×àñòè÷íî êîììóòàòèâíûå ãðóïïû

×àñòè÷íî êîììóòàòèâíûå ãðóïïû, èëè ãðàôîâûå
ãðóïïû, èëè ïðàâîóãîëüíûå ãðóïïû Àðòèíà (right-angled
Artin groups), èìåþò ìíîæåñòâî çàìå÷àòåëüíûõ ñâîéñòâ
(óäîáíûå íîðìàëüíûå ôîðìû ýëåìåíòîâ, ðàçðåøèìîñòü
îñíîâíûõ àëãîðèòìè÷åñêèõ çàäà÷, áîãàòàÿ ñòðóêòóðà
ïîäãðóïï è ìíîãîå äðóãîå), ñïèñîê êîòîðûõ ïðîäîëæàåò
ïîïîëíÿòüñÿ.

A.J. Duncan, I.V. Kazachkov, V.N. Remeslennikov:
¾Centraliser Dimension of Partially Commutative Groups¿
(2006),
¾Centraliser dimension and universal classes of groups¿
(2006),
¾Orthogonal systems in �nite graphs¿ (2008).
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×àñòè÷íî êîììóòàòèâíûå ãðóïïû

Â.Í. Ðåìåñëåííèêîâ ñòàâèë âîïðîñ îá óñòàíîâëåíèè
ñâÿçè ìåæäó óíèâåðñàëüíîé àëãåáðàè÷åñêîé ãåîìåòðèåé
íàä òàêèìè ãðóïïàìè è óíèâåðñàëüíîé àëãåáðàè÷åñêîé
ãåîìåòðèåé íàä íåîðèåíòèðîâàííûìè
(íåíàïðàâëåííûìè) ãðàôàìè. Îäèí èç ðåçóëüòàòîâ
äàííîé ðàáîòû óñòàíàâëèâàåò òàêóþ ñâÿçü â
ìíîãîîáðàçèè N2 äëÿ ñâîéñòâà íåòåðîâîñòè ïî
óðàâíåíèÿì.
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×àñòè÷íî êîììóòàòèâíûå ãðóïïû

Çàìå÷àíèå

Êàæäàÿ ÷àñòè÷íî êîììóòàòèâíàÿ ãðóïïà ÿâëÿåòñÿ
ãðóïïîé áåç êðó÷åíèÿ ñ èçîëèðîâàííûì êîììóòàíòîì.

Öåíòðàëèçàòîð ïîäìíîæåñòâà ïîðîæäàþùèõ ÷àñòè÷íî
êîììóòàòèâíîé ãðóïïû ìû áóäåì íàçûâàòü
êàíîíè÷åñêèì öåíòðàëèçàòîðîì.
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Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü ÷àñòè÷íî

êîììóòàòèâíûõ ãðóïï

Òåîðåìà 1

Ïóñòü G � êîíå÷íî ïîðîæäåííàÿ ãðóïïà. Òîãäà
öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü ãðóïïû G ðàâíà âûñîòå
ðåøåòêè êàíîíè÷åñêèõ öåíòðàëèçàòîðîâ â ñëåäóþùèõ
ñëó÷àÿõ:

1 G � ñâîáîäíàÿ ÷àñòè÷íî êîììóòàòèâíàÿ ãðóïïà
(A.J. Duncan, I.V. Kazachkov, V.N. Remeslennikov,
2006, 2007);

2 G � äâóñòóïåííî íèëüïîòåíòíàÿ ÷àñòè÷íî
êîììóòàòèâíàÿ ãðóïïà (V. Blatherwick, 2008).
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Öåïî÷êè öåíòðàëèçàòîðîâ â ÷àñòè÷íî

êîììóòàòèâíûõ ãðóïïàõ

Ñëåäñòâèå 1

Ïóñòü G � êîíå÷íî ïîðîæäåííàÿ ãðóïïà. Òîãäà äëÿ
ëþáîé ñòðîãî óáûâàþùåé öåïî÷êè öåíòðàëèçàòîðîâ
êîíå÷íûõ ìíîæåñòâ ýëåìåíòîâ èç G ñóùåñòâóåò ñòðîãî
óáûâàþùàÿ öåïî÷êà êàíîíè÷åñêèõ öåíòðàëèçàòîðîâ
òàêîé æå äëèíû â ñëåäóþùèõ ñëó÷àÿõ:

1 G � ñâîáîäíàÿ ÷àñòè÷íî êîììóòàòèâíàÿ ãðóïïà;

2 G � äâóñòóïåííî íèëüïîòåíòíàÿ ÷àñòè÷íî
êîììóòàòèâíàÿ ãðóïïà.
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Öåïî÷êè öåíòðàëèçàòîðîâ â ÷àñòè÷íî

êîììóòàòèâíûõ ãðóïïàõ

Ïðåäëîæåíèå 1

Ïóñòü G � äâóñòóïåííî íèëüïîòåíòíàÿ ÷àñòè÷íî
êîììóòàòèâíàÿ ãðóïïà, è â G ñóùåñòâóåò áåñêîíå÷íàÿ
ñòðîãî óáûâàþùàÿ öåïî÷êà öåíòðàëèçàòîðîâ

C(D1) ⊋ C(D2) ⊋ . . . ⊋ C(Dn) ⊋ . . . ,

ãäå Di ⊊ Di+1. Òîãäà äëÿ íåêîòîðûõ a1 ∈ D1 è
ai ∈ Di \Di−1 â G ñïðàâåäëèâà áåñêîíå÷íàÿ ñòðîãî
óáûâàþùàÿ öåïî÷êà öåíòðàëèçàòîðîâ

C(a1) ⊋ C(a1, a2) ⊋ . . . ⊋ C(a1, a2, . . . , an) ⊋ . . . .
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Öåïî÷êè öåíòðàëèçàòîðîâ â ÷àñòè÷íî

êîììóòàòèâíûõ ãðóïïàõ

Ñëåäñòâèå 2

Ïóñòü G � äâóñòóïåííî íèëüïîòåíòíàÿ ÷àñòè÷íî
êîììóòàòèâíàÿ ãðóïïà, è a1, a2, . . . , an, . . . � òàêàÿ
ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ ãðóïïû G, ÷òî â G
ñïðàâåäëèâà

C(a1) ⊋ C(a1, a2) ⊋ . . . ⊋ C(a1, a2, . . . , an) ⊋ . . . .

Òîãäà äëÿ ëþáîé ìîíîòîííî âîçðàñòàþùåé
ïîñëåäîâàòåëüíîñòè {ij}j∈N ⊆ N â G ñïðàâåäëèâà

C(ai1) ⊋ C(ai1 , ai2) ⊋ . . . C(ai1 , ai2 , . . . , ain) ⊋ . . . .
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Öåïî÷êè öåíòðàëèçàòîðîâ â ÷àñòè÷íî

êîììóòàòèâíûõ ãðóïïàõ

Ëåììà 4 (Á.)

Ïóñòü G � äâóñòóïåííî íèëüïîòåíòíàÿ ÷àñòè÷íî
êîììóòàòèâíàÿ ãðóïïà. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ
ýêâèâàëåíòíû:

1 G íå ÿâëÿåòñÿ 1-íåòåðîâîé ïî óðàâíåíèÿì;

2 â G ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè óðàâíåíèé îò
îäíîé ïåðåìåííîé âèäà {[x, di] = 1}i∈N è ýëåìåíòîâ
{ri}i∈N, óäîâëåòâîðÿþùèå ëåììå 1, ãäå di è ri �
ïîðîæäàþùèå ãðóïïû G;

3 â G ñóùåñòâóåò áåñêîíå÷íàÿ ñòðîãî óáûâàþùàÿ
öåïî÷êà êàíîíè÷åñêèõ öåíòðàëèçàòîðîâ
C(D1) ⊋ C(D2) ⊋ . . . ⊋ C(Di) ⊋ . . ., ãäå
Di = {d1, . . . , di} � ïîðîæäàþùèå ãðóïïû G.
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Öåïî÷êè öåíòðàëèçàòîðîâ â ÷àñòè÷íî

êîììóòàòèâíûõ ãðóïïàõ

Òåîðåìà 2 (Á.)

Ïóñòü G � êîíå÷íî (èëè áåñêîíå÷íî) ïîðîæäåííàÿ
ñâîáîäíàÿ (èëè äâóñòóïåííî íèëüïîòåíòíàÿ) ÷àñòè÷íî
êîììóòàòèâíàÿ ãðóïïà, d � êîíå÷íîå ïîëîæèòåëüíîå
öåëîå ÷èñëî. Òîãäà åñëè â G ñóùåñòâóåò ñòðîãî
óáûâàþùàÿ öåïî÷êà öåíòðàëèçàòîðîâ êîíå÷íîé äëèíû

C(A1) ⊋ . . . ⊋ C(Ad),

ãäå Ai � êîíå÷íûå ìíîæåñòâà ýëåìåíòîâ ãðóïïû G,
òî â G èìååòñÿ ñòðîãî óáûâàþùàÿ öåïî÷êà
êàíîíè÷åñêèõ öåíòðàëèçàòîðîâ òàêîé æå äëèíû
C(X1) ⊋ . . . ⊋ C(Xd), ãäå Xi � êîíå÷íûå ïîäìíîæåñòâà
ïîðîæäàþùèõ ãðóïïû G.
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Öåïî÷êè öåíòðàëèçàòîðîâ â ÷àñòè÷íî

êîììóòàòèâíûõ ãðóïïàõ

Òåîðåìà 2 (Á.)

Êðîìå òîãî, åñëè â G ñóùåñòâóåò áåñêîíå÷íàÿ ñòðîãî
óáûâàþùàÿ öåïî÷êà öåíòðàëèçàòîðîâ

C(A1) ⊋ . . . ⊋ C(Ad) ⊋ . . . ,

ãäå Ai � êîíå÷íûå ìíîæåñòâà ýëåìåíòîâ ãðóïïû G,
òî â G èìååòñÿ áåñêîíå÷íàÿ ñòðîãî óáûâàþùàÿ öåïî÷êà
êàíîíè÷åñêèõ öåíòðàëèçàòîðîâ
C(X1) ⊋ . . . ⊋ C(Xd) ⊋ . . . , ãäå Xi � êîíå÷íûå
ïîäìíîæåñòâà ïîðîæäàþùèõ ãðóïïû G.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Ñòåïåííûå ãðóïïû

À.Ã. Ìÿñíèêîâ, Â.Í. Ðåìåñëåííèêîâ ¾Ñòåïåííûå ãðóïïû
I: îñíîâû òåîðèè è òåíçîðíûå ïîïîëíåíèÿ¿ (1994).

Ïóñòü A � ïðîèçâîëüíîå àññîöèàòèâíîå êîëüöî ñ
åäèíèöåé. Ðåçóëüòàò äåéñòâèÿ α ∈ A íà g ∈ G áóäåì
çàïèñûâàòü â âèäå gα.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Ñòåïåííûå ãðóïïû

Îïðåäåëåíèå

Ãðóïïà G íàçûâàåòñÿ A-ñòåïåííîé ãðóïïîé, èëè
A-ãðóïïîé, åñëè íà G çàäàíî äåéñòâèå êîëüöà A,
óäîâëåòâîðÿþùåå ñëåäóþùèì àêñèîìàì:

g1 = g, g0 = 1, 1α = 1,

gα+β = gαgβ, gαβ = (gα)β,

(h−1gh)α = h−1gαh,

[g, h] = 1 ⇒ (gh)α = gαhα,

äëÿ âñåõ g, h ∈ G è α, β ∈ A. Ïîñëåäíþþ àêñèîìó
íàçûâàþò MR-àêñèîìîé. Åñëè âûïîëíåíû âñå àêñèîìû,
êðîìå MR-àêñèîìû, òî ãðóïïó G íàçûâàþò ñòåïåííîé
A-ãðóïïîé ïî Ëèíäîíó.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Àïïðîêñèìèðóåìîñòü

Ïóñòü G è H � A-ãðóïïû. Òîãäà ãîìîìîðôèçì
ψ : G→ H íàçûâàåòñÿ A-ãîìîìîðôèçìîì, åñëè
ψ(gα) = (ψ(g))α äëÿ ëþáûõ g ∈ G è α ∈ A.

Áóäåì ãîâîðèòü, ÷òî A-ãðóïïà G àïïðîêñèìèðóåòñÿ
A-ãðóïïîé H, åñëè äëÿ ëþáîãî íååäèíè÷íîãî ýëåìåíòà
g ∈ G ñóùåñòâóåò A-ãîìîìîðôèçì ψ : GΓ → H òàêîé,
÷òî ψ(g) ̸= 1.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Àïïðîêñèìèðóåìîñòü ãðàôîâûõ ãðóïï èç N2

Èç ðàáîòû ¾Ñòðóêòóðà êîîðäèíàòíûõ ãðóïï äëÿ
àëãåáðàè÷åñêèõ ìíîæåñòâ â ÷àñòè÷íî êîììóòàòèâíûõ
íèëüïîòåíòíûõ ãðóïïàõ¿ (2009):

Ëåììà 5 (Ìèùåíêî À.À.)

Êàæäàÿ êîíå÷íî ïîðîæäåííàÿ ÷àñòè÷íî êîììóòàòèâíàÿ
äâóñòóïåííî íèëüïîòåíòíàÿ Q-ãðóïïà àïïðîêñèìèðóåòñÿ
ñâîáîäíîé äâóñòóïåííî íèëüïîòåíòíîé Q-ãðóïïîé ðàíãà
2.

Âñþäó äàëåå ÷åðåç F2 ìû áóäåì îáîçíà÷àòü ñâîáîäíóþ
äâóñòóïåííî íèëüïîòåíòíóþ ãðóïïó ðàíãà 2, à ÷åðåç F ω

2

� ñ÷åòíóþ ïðÿìóþ ñòåïåíü F2.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Àïïðîêñèìèðóåìîñòü ãðàôîâûõ ãðóïï èç N2

Èç ðàáîòû ¾Ñòðóêòóðà êîîðäèíàòíûõ ãðóïï äëÿ
àëãåáðàè÷åñêèõ ìíîæåñòâ â ÷àñòè÷íî êîììóòàòèâíûõ
íèëüïîòåíòíûõ ãðóïïàõ¿ (2009):

Ëåììà 5 (Ìèùåíêî À.À.)

Êàæäàÿ êîíå÷íî ïîðîæäåííàÿ ÷àñòè÷íî êîììóòàòèâíàÿ
äâóñòóïåííî íèëüïîòåíòíàÿ Q-ãðóïïà àïïðîêñèìèðóåòñÿ
ñâîáîäíîé äâóñòóïåííî íèëüïîòåíòíîé Q-ãðóïïîé ðàíãà
2.

Âñþäó äàëåå ÷åðåç F2 ìû áóäåì îáîçíà÷àòü ñâîáîäíóþ
äâóñòóïåííî íèëüïîòåíòíóþ ãðóïïó ðàíãà 2, à ÷åðåç F ω

2

� ñ÷åòíóþ ïðÿìóþ ñòåïåíü F2.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Àïïðîêñèìèðóåìîñòü ãðàôîâûõ ãðóïï èç N2

Ëåììà 6 (Á.)

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1 âñÿêàÿ (â òîì ÷èñëå è áåñêîíå÷íî ïîðîæäåííàÿ)
÷àñòè÷íî êîììóòàòèâíàÿ äâóñòóïåííî
íèëüïîòåíòíàÿ A-ãðóïïà GΓ àïïðîêñèìèðóåòñÿ
A-ãðóïïîé F2 òîãäà è òîëüêî òîãäà, êîãäà êîëüöî
ñêàëÿðîâ A òàêîå, ÷òî âåðíà ñëåäóþùàÿ ïàðà
èìïëèêàöèé:

∀α ∈ A(∃g ∈ GΓ(g
α ̸= 1) ⇒ ∃w ∈ F2(w

α ̸= 1)),

∀α ∈ A(∃g ∈ G′
Γ(g

α ̸= 1) ⇒ ∃w1, w2 ∈ F2([w1, w2]
α ̸= 1)),

ãäå G′
Γ � êîììóòàíò ãðóïïû GΓ;

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Àïïðîêñèìèðóåìîñòü ãðàôîâûõ ãðóïï èç N2

Ëåììà 6 (Á.)

2 âñÿêàÿ (â òîì ÷èñëå è áåñêîíå÷íî ïîðîæäåííàÿ)
÷àñòè÷íî êîììóòàòèâíàÿ äâóñòóïåííî
íèëüïîòåíòíàÿ Z-ãðóïïà àïïðîêñèìèðóåòñÿ
ñâîáîäíîé äâóñòóïåííî íèëüïîòåíòíîé Z-ãðóïïîé
ðàíãà 2;

3 âñÿêàÿ (â òîì ÷èñëå è áåñêîíå÷íî ïîðîæäåííàÿ)
÷àñòè÷íî êîììóòàòèâíàÿ äâóñòóïåííî
íèëüïîòåíòíàÿ Z-ãðóïïà ÿâëÿåòñÿ ïîäãðóïïîé F ω

2 .

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Íåòåðîâîñòü ïî óðàâíåíèÿì ãðàôîâûõ

äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï

Òåîðåìà 3 (Á.)

Âñÿêàÿ ÷àñòè÷íî êîììóòàòèâíàÿ äâóñòóïåííî
íèëüïîòåíòíàÿ ãðóïïà ÿâëÿåòñÿ íåòåðîâîé ïî
óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà îíà ÿâëÿåòñÿ
íåòåðîâîé ïî óðàâíåíèÿì îò îäíîé ïåðåìåííîé.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Íåòåðîâîñòü ïî óðàâíåíèÿì ãðàôîâûõ

äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï

Â îáùåì ñëó÷àå íåòåðîâîñòü ïî óðàâíåíèÿì äâóñòóïåííî
íèëüïîòåíòíîé ãðóïïû íå ýêâèâàëåíòíà åå
íåòåðîâîñòè ïî óðàâíåíèÿì îò îäíîé ïåðåìåííîé.
Ñîîòâåòñòâóþùèé ïðèìåð áûë ïîñòðîåí â ðàáîòå A.Â.
Òðåéåð ¾Íåòåðîâîñòü ïî óðàâíåíèÿì è öåïî÷êè
öåíòðàëèçàòîðîâ â ãðóïïàõ¿ (2024).

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Íåòåðîâîñòü ïî óðàâíåíèÿì ãðàôîâûõ

äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï

A.Â. Òðåéåð ¾Íåòåðîâîñòü ïî óðàâíåíèÿì è öåïî÷êè
öåíòðàëèçàòîðîâ â ãðóïïàõ¿ (2024).

G = ⟨a1, a2, . . . , b1, b2, . . . , c1, c2, . . . , d1, d2, . . . |
[ai, bj] = [cj, di], i > j, i, j ∈ N⟩N (2,Z).

[x, b1][y, c1] = 1 (a1, d1)

[x, b2][y, c2] = 1 (a2, d2)
...

[x, bn][y, cn] = 1 (an, dn)
...

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Íåòåðîâîñòü ïî óðàâíåíèÿì ãðàôîâ

B., A.V. Treyer, ¾Î ãðàôàõ, íå ÿâëÿþùèõñÿ íåòåðîâûìè
ïî óðàâíåíèÿì¿ (2023).

Îïðåäåëåíèå

Ãðàô íàçûâàåòñÿ ñîâåðøåííî íåíåòåðîâûì, åñëè îí
ñîäåðæèò áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü ïîïàðíî
ðàçëè÷íûõ âåðøèí a1, b1, a2, b2, . . . , an, bn, . . . òàêóþ, ÷òî
êàæäàÿ èç âåðøèí ai ñìåæíà ñî âñåìè âåðøèíàìè bj ïðè
j < i, íî íå ñìåæíà ñ bi.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Ïðèìåð ñîâåðøåííî íåíåòåðîâà ãðàôà

a1 b1

a2 b2

a3 b3

...
...

an bn

...
...

Áàçèñíûé íåíåòåðîâ ãðàô.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Íåòåðîâîñòü ïî óðàâíåíèÿì ãðàôîâ

Òåîðåìà 4 (ÁÒ, 2023)

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1 Ïðîñòîé ãðàô íåí¼òåðîâ ïî óðàâíåíèÿì òîãäà è
òîëüêî òîãäà, êîãäà îí ëèáî ñîâåðøåííî íåí¼òåðîâ,
ëèáî ÿâëÿåòñÿ íàäêëèêîé.

2 Ãðàô ñ ïåòëÿìè íåí¼òåðîâ ïî óðàâíåíèÿì òîãäà è
òîëüêî òîãäà, êîãäà îí ñîâåðøåííî íåí¼òåðîâ.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Ïðèìåðû

a11 b11 a21 b21

a22 b22

a31 b31

a32 b32

a33 b33

. . .

Ïðèìåð íåòåðîâà ïî óðàâíåíèÿì ãðàôà.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Ïðèìåðû

a1 b1

a2 b2

...
...

an bn...
...

Ïðèìåð ãðàôà, íå ÿâëÿþùåãîñÿ íåòåðîâûì ïî óðàâíåíèÿì.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Îðòîãîíàëüíîå äîïîëíåíèå

A.J. Duncan, I.V. Kazachkov, V.N. Remeslennikov
¾Orthogonal systems in �nite graphs¿ (2008).

Îïðåäåëåíèå

Ïóñòü A � ïîäìíîæåñòâî âåðøèí â ãðàôå Γ. Òîãäà
îðòîãîíàëüíîå äîïîëíåíèå A îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì:

A⊥ = {u ∈ Γ | ∀a ∈ A d(u, a) ≤ 1},

ãäå d(u, a) îïðåäåëÿåòñÿ êàê ìèíèìóì ñðåäè âñåõ äëèí
ïóòåé, ñîåäèíÿþùèõ âåðøèíû u è a. Åñëè u è a
íàõîäÿòñÿ â ðàçíûõ êîìïîíåíòàõ ñâÿçíîñòè, òî
d(u, a) = ∞. Ïîëîæèì ïî îïðåäåëåíèþ ∅⊥ = Γ.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Íåòåðîâîñòü ïî óðàâíåíèÿì ãðàôîâ

Ëåììà 7 (Á.)

Ãðàô Γ (êàê ïðîñòîé, òàê è ñ ïåòëÿìè) ñîâåðøåííî
íåíåòåðîâ òîãäà è òîëüêî òîãäà, êîãäà â íåì ñóùåñòâóåò
áåñêîíå÷íàÿ ñòðîãî óáûâàþùàÿ öåïî÷êà îðòîãîíàëüíûõ
äîïîëíåíèé, òî åñòü íàéäåòñÿ ïîñëåäîâàòåëüíîñòü
âåðøèí b1, b2, . . . , bn, . . ., äëÿ êîòîðîé ñïðàâåäëèâà
ñëåäóþùàÿ áåñêîíå÷íàÿ öåïî÷êà âëîæåíèé:

Γ = ∅⊥ ⊋ {b1}⊥ ⊋ {b1, b2}⊥ ⊋ . . . ⊋ {b1, b2, . . . , bn}⊥ ⊋ . . . .

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Îñíîâíîé ðåçóëüòàò

Òåîðåìà 5 (Á.)

Ïóñòü G � äâóñòóïåííî íèëüïîòåíòíàÿ ãðóïïà áåç
êðó÷åíèÿ ñ èçîëèðîâàííûì êîììóòàíòîì. Òîãäà
ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1 G íå ÿâëÿåòñÿ íåòåðîâîé ïî óðàâíåíèÿì îò îäíîé
ïåðåìåííîé;

2 â ãðóïïå G ñóùåñòâóåò öåïî÷êà ñòðîãî óáûâàþùèõ
öåíòðàëèçàòîðîâ áåñêîíå÷íîé äëèíû.

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï



Îñíîâíîé ðåçóëüòàò

Òåîðåìà 5 (Á.)

Åñëè G ê òîìó æå ÿâëÿåòñÿ ÷àñòè÷íî êîììóòàòèâíîé
ãðóïïîé, òî êàæäîå èç ýòèõ óñëîâèé ïî îòäåëüíîñòè
ýêâèâàëåíòíî êàæäîìó èç ñëåäóþùèõ óñëîâèé:

3 G íå ÿâëÿåòñÿ íåòåðîâîé ïî óðàâíåíèÿì;

4 ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïîïàðíî
ðàçëè÷íûõ a1, b1, a2, b2, . . . , an, bn, . . .
ïîðîæäàþùèõ ãðóïïû G òàêàÿ, ÷òî äëÿ ëþáûõ
i [ai, bi] ̸= 1 è äëÿ âñåõ j < i [ai, bj] = 1;

5 ãðàô êîììóòàòèâíîñòè ñ ïåòëÿìè ãðóïïû G íå
ÿâëÿåòñÿ íåòåðîâûì ïî óðàâíåíèÿì;

6 ãðàô êîììóòàòèâíîñòè ãðóïïû G ÿâëÿåòñÿ
ñîâåðøåííî íåíåòåðîâûì.
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Ïðèìåðû

a11 b11 a21 b21

a22 b22

a31 b31

a32 b32

a33 b33

. . .

Ïðèìåð íåòåðîâîé ïî óðàâíåíèÿì ãðàôîâîé äâóñòóïåííî
íèëüïîòåíòíîé ãðóïïû ñî ñêîëü óãîäíî äëèííîé (íî íå

áåñêîíå÷íîé) öåïî÷êîé öåíòðàëèçàòîðîâ.
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Ïðèìåðû

a1 b1

a2 b2

...
...

an bn...
...

Ïðèìåð íåíåòåðîâîé ïî óðàâíåíèÿì îò îäíîé ïåðåìåííîé
ãðàôîâîé äâóñòóïåííî íèëüïîòåíòíîé ãðóïïû (ñ áåñêîíå÷íîé

öåïî÷êîé öåíòðàëèçàòîðîâ).
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Âîïðîñ àêñèîìàòèçèðóåìîñòè

Ñëåäñòâèå 3

Êëàññ ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî
íèëüïîòåíòíûõ ãðóïï, íå ÿâëÿþùèõñÿ íåòåðîâûìè ïî
óðàâíåíèÿì, íå óíèâåðñàëüíî àêñèîìàòèçèðóåì.
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Ñïàñèáî çà âíèìàíèå!

Âîïðîñû?

Áó÷èíñêèé È.Ì. Öåíòðàëèçàòîðíàÿ ðàçìåðíîñòü è íåòåðîâîñòü ïî óðàâíåíèÿì ÷àñòè÷íî êîììóòàòèâíûõ äâóñòóïåííî íèëüïîòåíòíûõ ãðóïï


