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Mpobnema Bupkroda-Mansuesa

MpoeoarMble nccnenosaHus CeasaHbl ¢ PyHAAMEHTaNbHO
npobnemoii Bupkroda-Mansuesa.

MocTtasnena B 1945 rogy . Bupkrodom, u, Hezasucnmo, 8 1966
rogy A.. Manbuesbim. AKTyanbHa B Halun AHW.

KAKWE PELLUIETKW N30OMOP®HbI PELLLETKAM
KBA3VIMHOI OOEBPA3IIN?

HecmoTps Ha To, uTo npobnema bbina nocTagneHa AaBHO U
N3yYeHne PELLETOK KBAa3MMHOroobpasnuii MHTEHCUBHO
NPOM3BOAMAOCE B TEHEHUE HECKONBKUX AECATUAETUIA B psge CTpaH
(Kbiproisctan, Monbwa, Poccusa, CLLA), addbekTuBHbIX Nogxonos
K €€ pPeLleHUnto A0 CMX nop paspaboTaHo He bbino.
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Mpobnema Bupkroda-Manbuesa

Eonee TOro, NONYYEHHbIE K HACTOALLEMY BPEMEHU PE3YyNbTaAThbI
OEMOHCTPUPYIOT UCKJIKOHUTENbHYIO CTPYKTYPHYHO ¢
aNropuTMMUYECKYHO C/IOXKHOCTh peLueTok
KBa3nMMHOroobpasuii. Taknm obpasom, HaxOXKAEHWNE PELIEHUS
npobnemsbl Bupkroda-Mansuesa B camoii obuyeii ee noctaHoBke
NPeaCTaBAAETCA UCKNOHNTENBHO C/IOXKHOW 3agadqveii.

N3yyerune npobnembl bupkroda-Manbuesa B KOHKPETHBIX Kaaccax
anrebpamyeckux cTpykTyp (Cnctem) npeacTaBnsieT HECOMHEHHbIA
MHTEpPEC N 3aC/y>KMBAeT BHUMAHUS.

MpoaBu>xeHne B BONPOCE U3YHYEHMSI CBOCTB TaKMX PELIETOK
ABMSAETCS BECbMA aKTYaNbHbLIM.
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Knaccel

Bce knacchl Mbl cuntaem abCTPaAKTHBLIMU, TO €CTb 3aMKHYTHIMM
OTHOCMTENBHO M30MOPU3MOB.

Mycts K(0) — knacc Bcex anrebpanyecknx cTpykTyp (cuctem)
CUrHaTypbl O.

Cnepys [1], pns knacca K C K(o) yepes Q(K) obozHaumm
HaumeHbLee KBa3uMHoroobpasue, cogepxaulee knacc K.

Q(K) = SPPy(K),

rae S, P n P, — onepaTopsl B3ATUS NoacTpykTYp (nogcutem),
NPsAMbIX NPOU3BEAEHUN N YNbTpPanpou3BeseHnii
COOTBETCTBEHHO.
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Onpepgenenune pewetkn K-kBasmumHoroobpasunii

Mycte K' € K C K(0) — nogknaccel knacca K(o).

Onpegenetne

K’ nasbisaetca K-kBasumHoroobpasuem, ecin K' = Q(K') N K,
rae Q(K') — HammeHbluee kBa3uMHOroobpasue, copepxaliee
knacc K' C K(o).

€

Onpepenexue

MHoxecTso Bcex K-kBazumMHoroobpasuii, ynopsgoyeHHoe no
BKJHOYEHUNIO, 0bpasyeT NoJIHYHO PELLETKY, KOTOPasi Ha3blBaETCA
peweTtkoii K-kBaznmHoroobpasuii nav peleTkoii
KBa3uMHoroobpasuii gna knacca K (uan npocto pewertkoti
OTHOCUTENbHbIX KBa3UMHOroobpasuii) n obosnaqaercs Lq(K).
Ecan K — kBasumHoroobpasue, 1o pewertka Lq(K) Hasbisaetca
peLLeTKOA KBa3MMHOrooopasuii.

v

= = = = =
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Mepbl CNOXHOCTU CTPOEHUS pelleToK KBa3uMHOroobpasuii
© Q-yHuBepcanbHOCTb.
@ Ceoiictso (N).

© Hanuume B peleTkax KBa3UMHOroobpasuii KOHTUHYYMa
3/1EMEHTOB, HE MMEIOLLNX NOKPbLITUIA.
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Q-yHuBepCanbHOCTb

Onpegenerne (M.B. Canup)

Keasumnoroobpasne K HasbiBaeTca Q-yHuBepCasbHbIM, ecnn
ana nmoboro keasumuoroobpasus K’ koHeuHoli curHaTypbl peweTka
Lq(K') siBnsieTcss romomopchHbIM 06pa30M HEKOTOPOU NOAPELLETKM
pewetkn Lq(K). B aTtom cnyuae pewetka keasmmHoroobpasuii
Lq(K) Takxe HasbiBaeTcsi Q-yHMBEPCANbHOIA.

®akTt (M. Agamc, B. [13ebsk). Q-yHuBepcanbHble peLieTkm
KBa3MMHOroobpasuii He yA0BNETBOPAIOT HUKAKOMY
HETPUBNANBLHOMY PELLIETOYHOMY TOXKAECTBY.

K HacTosiLEeMy MOMEHTY M3BECTHO LIEIOE MHOXKECTBO PasnyHbIX
Q-yHMBEPCaNbHbIX KNACCOB U YNCNO TaKUX NPUMEPOB NOCTOAHHO
pactet. Hanpuwmep, B pabote [4] A.M. HypakyHoe pgokasan
Q-yHMBEPCaNbHOCTL KBa3MMHOroobpasus TodedHbIx abeneebix
rpynn (abenesbix rpynn ¢ OfHOW KOHCTAHTOIA).
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Csoiictso (N)

Mepebie npumepsl knaccoe co ceolicteom (N) Bbin nocTpoeHsi
A.M. Hypakytosbim [5].

Teopema (A.M. HypakyHos)

MycTb curnaTypa o coaepXuT xoTsl Bbl OfHY NO KpaliHel mepe
YHapHYyO onepauymio. Toraa CywecTByeT KBa3uMHoOroobpasue
K C K(o), kotopoe nmeet ceoiicteo (N).

B pabote [4] A.M. HypakyHoB fokasan aHanornuHblii pesynbrat
ANl KBa3MMHOroobpasus ToueyHbix abenesbix rpynn (abenesbix
Py C OGHON KOHCTaHTOM).
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Cssa3b mexpay csoiictBom (N) n Q-yHnsepcanbHOCTbIO

Teopema (M.B. LLsugedcku, A. 3amoiicka-[xeHuno)

Knacc K Bcex cuctem curHatypsl o siensietcst Q-yHMBEPCasibHBIM
TOrAa N TOMLKO TOr4a, KOr4a OH COAEPXWUT nogksaacc, obsiagatownii
ceoiicteom (N).

Mpobnema (M.B. Leugedckn, A. 3amolicka-[xeHno)

© BepHo au, uto noboii Q-yHusepcanbHbili knacc cuctem K
PMKCMPOBAHHON CMFHATYPbI COAEPXKUT MOAKAACC,
obnagarowmii ceoicteom (N)?

@ Cyuwectsyer an knacc K, He sasowmiica Q-yHueepcanbHbiM,
Ho obnapatownii ceoiiceom (N)?

A
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Cesa3b mexay ceoiicteom (N) n Q-yHuBepcanbHOCTbIO

M.B. LLeugedbcku Obin gaH nonoXuTenbHbIli OTBET Ha NepBblii
BOMPOC MOYTA LIS BCEX W3BECTHbLIX K HACTOSALLEMY BPEMEHU
Q-yHuBepcasbHbix KBa3uMHoroobpasuii [7].

C.M. Jlyuak ycTaHOBNEHO, 4TO ANSt PAa3/NYHBIX CUTHATYP
cylecTsyeT KOHTUHYYM Knaccos K, obnagarowmx ceolicteom (N),
HO He siBasitownxcst Q-yHuBepcanbHbimu [8].
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Css3b mexay csoiictBom (N) n Q-yHusepcanbHOCTbIO

— [JoctatouHble ycnoBus anst Q-yHuBepCasbHOCTH
KBasumMHoroobpaswuii buinn HaligeHsl B pabote M. Agamca n
B. [Ozebsika [9].

— DTK yCNoBWsA NOJAyYnIn HekoTopoe 0006uieHue B paboTe
M.B. LLeungedckn (AD-knacc) [7], rae bbino gokasawHo, 4To
NX BbINOJIHEHWNE BNEYET HANMYME B TAKOM KBa3MMHOroobpasuu
K konTunyyma nogknaccos K’ C K co ceoricteom (N).

Teopema (M.B. LLisugedckn)

MycTb kBa3MMHOroobpasue K KoHEUYHOl CUrHATPYpbI COAEPXNT
AD-knacc, Torga K — Q-yHMBEpCcanbHO 1 CyLLeCTBYET KOHTMHYYM
nogknaccoe K' C K, umetowyux ceoiictso (N).
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Csa3b mexay csoiictBom (N) n Q-yHusepcanbHOCTbIO

Teopema (C.M. Jlyuak)

Mycte knacc K anrebpanyecknx CTpyKTyp KOHEHHOW CUFHATYPbI
copepxut AD-knacc. Torga cyLiecTsyeT KOHTUHYYM MOAKIACCOB
K’ C K, obnagatowmx ceoiicteom (N), n He sasnstowymxcs
Q-yHuBepcanbHbIMU.

Teopema umeeT wnpokuii cnektp npumenumoctu. OHa MOXeT
BbITb NPUMEHMMA NOYTU KO BCEM W3BECTHBLIM K HaCTOSILLEMY
BpemMeHn Q-yHUBEPCANIbHBIM KBAa3UMHOroobpasusiM, NOCKObKY B
COOTBETCTBYOLMX paboTax [OKa3aHO, YTO OHM COmEpPXaT

AD-knacc.
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JocTtaTouHble yCnoBus ans CywecTBoBaHuUs B
KBa3numHoroobpasum K koHTUHYyMa nogkBa3umHoroobpasuii,
He umerowmnx nokpoitTuii B pewetke Lq(K)

B pabote A.B. Kpasuerko, A.M. Hypakyrnosa, M.B. LLenaedcku
2019 roga [10] bbinm HaiigeHbl [OCTaTOYHbIE YCA0BUS (Hann4dmne
B-knacca) gna cywectsosaHus 8 ksasumHoroobpasum K
KOHTUHYYMa NOAKBa3MMHOroobpasuii, He NMEIOLLNX MOKPLITUN B
pewetke Lq(K).

Teopema (A.B. Kpaeuenko, A.M. Hypakyros, M.B. LLIsngedckn)

MycTb kBa3uMHoroobpasue K KOHEYHOI CurHaTypbl conepXuT
B-knacc, Toraa cywecTeyeT KOHTUHYYM NOAKBa3MMHOroobpasnii
K’ C K, koTopsbie He umetoT nokpbituii B pewetke Lq(K).
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JocTaTto4Hble YyCN0BUSA AN1s1 CyW,eCTBOBaHUS B
KBa3numHoroobpasum K koHTMHYyMa nogkea3umHoroobpasuii,
He umerownx nokpoitTuii B pewetke Lq(K)

DTN yCcnoBnsi OKa3anuch CUAbHee ycnoBuii 3 [9]: mokasaHo, 4To
moboii B-knacc otHocuTensHo K aensetcs AD-knaccom, us yero
cnenyet Q-yHWBEPCANbHOCTL KBasuMHoroobpasus K.

Teopema (A.B. Kpaguenko, A.M. Hypakyrnos, M.B. LLIsugedcku)

MycTb kBazumHoroobpasme K koHEYHOI CMrHaTypbl COOEPXKUT
B-knacc, Torga K — Q-yHuBepcanbHO 1 CyLLEeCTBYET KOHTUHYYM
nogknaccoe K’ C K, nmerowumx csoiictso (N).
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JocTaTo4yHble yCNOBMA AN CYWeCTBOBaHUSA B
KBa3nMHoroobpasuun K koHTuHyyma nogkesasmmHoroobpasnii,
He nMeroWwnx NokpeiTuii B pewetke Lq(K)

Teopema (A.B. Kpaeuenko, A.M. Hypakyros, M.B. LLIsngedckn)

MycTb kBa3umMHoroobpasue K KOHEUHOI CurHaTypbl COnepXuT
B-knacc (AD-knacc), Torga CywecTByeT KOHTUHYYM
noakeasumHoroobpasuii K' C K, kotopeie coaepxat B-knacc
(AD-knacc).

Takum obpazom, Q-yHusepcanbHoe KBasuMHoroobpasue K
COAEPXKMNT KOHTUHYYM RQ-yHMBEpCasibHbIX NOAKBa3MMHOroobpasnii

K' C K.
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OnpepeneHue koHeuyHoro B-knacca

Myctb Pfin(w) — MHOXKECTBO BCEX KOHEYHbIX MOGMHOXKECTB
MHOXECTBA (W HaTypanbHbIX YUCEN.

Onpegenenne (A.B. Kpasuerko, A.M. Hypakynoe, M.B.
LLIsnaedckm)

Mycte K C K(0) — kBa3nmHoroobpasne KOHEYHON CUTHATYPbI O.
Knacc A = {Ax | X € Psin(w)} C K KoHeuHbix cTpykTyp (cuctem)
Ha3blBaeTCA KOHeYHbIM B-knaccom otHocutensHo K, ecam A
YOOBMETBOPAET CAEAYIOWNM YCAOBUSAM:

(Bo) Ag — TpuBManbHas CTpykTypa;
(B1) ecnu X = YU Z B Pfip(w), 10 Ax € Q(Ay, Az);
(B2) ecnn @ # X € Ppin(w) m Ax € Q(Ay), To X =Y
(B3) mns kaxgoro F € Pgip(w) n ans kaxgoro i € w, ecan
f € Hom(Af, Agiy) Torpa f(Af) = Ag namn i € F;
(B4) ana kaxporo F € Pgp(w), HAF) NK C A.

V

=r = = =
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OcHoBHoOI# pe3ynbTaTt
Mycts £, = ({0, %, e, ijl’ 1};—,-), p > 1 — anrebpa
Jlykaceeuya (onepaunu onpepenensl crnegytowmm obpasom:
anseeex X,y x >y =min{l;1 —x+y} n -x=1-—x).

Teopema

Muoroobpasne M Bcex anrebp JlykaceBmua conepKUT KOHEYHbI
B-knacc.

Mpumevanne. Muoroobpasne — keasumHoroobpasmne, 3aMKHyTOE
OTHOCUTENBHO roMOMOpHLIX 0bpa3oB.
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CnepctBusa

Cneacteue (1)

MHoroobpazue M Bcex anrebp Jlykacesuya cogepxut AD-knacc.

Cneactene (2)

Muoroobpazue M ecex anrebp Jlykaceenya Q-yHusepcasnbHo.

Cneacreue (3)

Muoroobpasne M ecex anrebp JlykaceBnya coaepXnT KOHTUHYYM
Q-yHuBepcanbHbIX nogkeasmmHoroobpasuii M’ C M.
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CneacrBus

Cneacteue (4)

Muoroobpazne M ecex anrebp JlykaceBnya coaepXnT KOHTUHYYM
noakeasumHoroobpasuii M’ C M, He nmeromx NOKpLITUI B
pewetke Lq(M).

v
Cneacteue (5)

MHoroobpazue M Bcex anrebp JlykaceBnya CoaepXUT KOHTUHYYM
nogknaccoe K C M, obnagatowux ceoiicteom (N).

Cneacreue (6)

Muoroobpasne M ecex anrebp JlykaceBnua coaep>XnT KOHTUHYYM
nogknaccos K C M, obnagatowmx ceoiicteom (N), Ho He
ABnAoWmMxcs Q-yHnBepcanbHbIMu.

JNlyuak C.M., Boponura O.A. O cnoxH. pew. kBa3. anrebp Jlykacesu4a



OcHoBHast nuTepaTypa

1 Topbynoe B.A. Anrebpanyeckas Teopusi kBasumMHoroobpaszuii,
Hosocnbupck, Hayunast kHura, 1999.

2 Manbues A.WN. Anrebpanyeckue cuctemsl, Mockea, Hayka,
1970.

3 Sapir M.V. The lattice of quasivarieties of semigroups //
Algebra Univers. — 1985. — Vol. 21, Ne 2/3. — P. 172-180.

4 Hypakyhos A.M. PeweTkn kBasumHoroobpasunii To4e4HbIx
abenesbix rpynn // Anrebpa u nornka. — 2014. — Tom 53, Ne
3. — C. 372-400.

5 Nurakunov A.M. Unreasonable lattices of quasivarieties //
Internat. J. Algebra Comput. — 2012. — Vol. 22, Ne 3. - 17 p.

JNlyuak C.M., Boponura O.A. O cnoxH. pew. kBa3. anrebp Jlykacesu4a



OcHoBHas nutepaTypa

6 Schwidefsky M.V., Zamojska-Dzienio A. Lattices of subclasses.
[l // Internat. J. Algebra Comput. — 2014. — Vol. 24, Ne 8. - P.
1099-1126.

7 Schwidefsky M.V. On the complexity of quasivariety lattices //
Algebra and Logic. — 2015. — Vol. 54, Ne 3. — P. 381-398.

8 Jlyyak C.M. O cnoxHOCTM peleTok KBasMmHoroobpasuii //
Cubupckune anekTpoHHble MaTeMaTu4deckne nssectus. — 2017.
- Tom 14. — C. 92-97.

9 Adams M.E., Dziobiak W. Q-universal quasivarieties of
algebras // Proc. Amer. Math. Soc. — 1994. — Vol. 120, Ne 4 —
P. 1053-1059.

10 Kravchenko A.V., Nurakunov A.M., Schwidefsky M.V.
Structure of quasivariety lattices. I. Independent
axiomatizability // Algebra and Logic. — 2019. — Vol. 57, Ne 6.
— P. 445-462.

JNlyuak C.M., Boponura O.A. O cnoxH. pew. kBa3. anrebp Jlykacesu4a



Cnacubo 3a BHUMaHue

JNlyuak C.M., Boponura O.A. O cnoxH. pew. kBa3. anrebp Jlykacesu4a



