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@ Object of study: The main objects of study in the dissertation are
complete, incomplete and pseudofinite theories.
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Goals and objectives

@ Object of study: The main objects of study in the dissertation are
complete, incomplete and pseudofinite theories.

@ Objective: Investigation of model-theoretical and topological
properties of families of theories.
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w-neighborhoods of families of complete theories

We consider the families 7 of complete first-order theories of the language
Y =%(7).
o Definition.! We denote by 7, the set {T € T | p € T}.

'Sudoplatov, S. V. Closures and generating sets related to combinations of structures
/ S. V. Sudoplatov // The Bulletin of Irkutsk State University. Series Mathematics. —
2016. — Vol. 16. — P. 131—144.
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w-neighborhoods of families of complete theories

We consider the families 7 of complete first-order theories of the language
Y =%(7).
o Definition.! We denote by 7, the set {T € T | p € T}.

o Any set 7, is called ¢-neighborhood or just neighborhood for T or a
(p-)definable subset of T

@ The set 7, is also called definable (by a formula or sentence ) with
respect to T, or s-definable.

'Sudoplatov, S. V. Closures and generating sets related to combinations of structures
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Ranks for families of complete theories

o Definition.? For the empty family 7 we put the rank RS(7) = —1,
for finite nonempty families 7 we put RS(7) =0, and RS(7") > 1 for
infinite families 7.

2S. V. Sudoplatov, Ranks for families of theories and their spectra, Lobachevskii
Journal of Mathematics (to appear). arXiv:1901.08464v1[math.LO]. 2019
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@ For a family 7 and an ordinal « = 8+ 1 we put RS(7) > « if there
are pairwise inconsistent X (7")-sentences ¢,, n € w, such that
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infinite families 7.

@ For a family 7 and an ordinal « = 8+ 1 we put RS(7) > « if there
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Ranks for families of complete theories

o Definition.? For the empty family 7 we put the rank RS(7) = —1,
for finite nonempty families 7 we put RS(7) =0, and RS(7") > 1 for
infinite families 7.

@ For a family 7 and an ordinal « = 8+ 1 we put RS(7) > « if there
are pairwise inconsistent X (7")-sentences ¢,, n € w, such that
RS(7,,) > B, n € w.

o If a is a limit ordinal, then RS(7) > «a if RS(7) > 8 for any 3 < a.

o We set RS(7) = a if RS(T) > aand RS(T) 2 o + 1.

2S. V. Sudoplatov, Ranks for families of theories and their spectra, Lobachevskii

Journal of Mathematics (to appear). arXiv:1901.08464v1[math.LO]. 2019
Nurlan Markhabatov (NSTU) FAMILIES OF THEORIES ERLAGOL, JUNE 23-29, 2021 5/ 3:



Ranks for families of complete theories

o Definition.? For the empty family 7 we put the rank RS(7) = —1,
for finite nonempty families 7 we put RS(7) =0, and RS(7") > 1 for
infinite families 7.

@ For a family 7 and an ordinal « = 8+ 1 we put RS(7) > « if there
are pairwise inconsistent X (7")-sentences ¢,, n € w, such that
RS(7,,) > B, n € w.

o If a is a limit ordinal, then RS(7) > «a if RS(7) > 8 for any 3 < a.

o We set RS(7) = a if RS(T) > aand RS(T) 2 o + 1.

e If RS(7) > « for any a, we put RS(7) = oo.

2S. V. Sudoplatov, Ranks for families of theories and their spectra, Lobachevskii
Journal of Mathematics (to appear). arXiv:1901.08464v1[math.LO]. 2019
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Degree for families of complete theories

o Definition.3 A family 7 is called e-totally transcendental, or totally
transcendental, if RS(T) is an ordinal.
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Degree for families of complete theories

o Definition.3 A family 7 is called e-totally transcendental, or totally
transcendental, if RS(T) is an ordinal.
o If T is totally transcendental, with RS(7") = a > 0, we define the

degree ds(T) of T as the maximal number of pairwise inconsistent
sentences ¢; such that RS(7,,) = a.

i
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Approximations for families of complete theories

o Definition.* Let 7 be a family of theories and T be a theory, T ¢ T.
The theory T is called T-approximated, or approximated by T, or
T -approximable, or a pseudo-T -theory, if for any formula ¢ € T there
is T € T such that p € T".

4S. V. Sudoplatov, “Approximations of theories’, Cn6. snekTpoH. matem. nss., 17
(2020), 715-725
Nurlan Markhabatov (NSTU) FAMILIES OF THEORIES ERLAGOL, JUNE 23-29, 2021 7/ 32



Approximations for families of complete theories

o Definition.* Let 7 be a family of theories and T be a theory, T ¢ T.
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T -approximable, or a pseudo-T -theory, if for any formula ¢ € T there
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o If T is T-approximated then 7T is called an approximating family for
T, theories T' € T are approximations for T, and T is an
accumulation point for T.
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Approximations for families of complete theories

o Definition.* Let 7 be a family of theories and T be a theory, T ¢ T.
The theory T is called T-approximated, or approximated by T, or
T -approximable, or a pseudo-T -theory, if for any formula ¢ € T there
is T € T such that p € T".

o If T is T-approximated then 7T is called an approximating family for
T, theories T' € T are approximations for T, and T is an
accumulation point for T.

@ An approximating family 7 is called e-minimal if for any sentence
o € X(T), T, is finite or T, is finite.
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(2020), 715-725
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Closure for families of complete theories

o Recall that the E-closure C/g(T)® for the family T of complete
theories is characterized by the following proposition.

5Sudoplatov, S. V. Closures and generating sets related to combinations of structures
/ S. V. Sudoplatov // The Bulletin of Irkutsk State University. Series Mathematics. —
2016. — Vol. 16. — P. 131—144
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Closure for families of complete theories

o Recall that the E-closure C/g(T)® for the family T of complete
theories is characterized by the following proposition.

o Proposition. Let T be a family of complete theories of the language
Y. Then Clg(T) =T for finite T and for infinite T, the theory T
belongs to Clg(T) if and only if T is a complete theory of the
language ™ and T € T, or T ¢ T and for of any formula o € T the
set T, is infinite.

5Sudoplatov, S. V. Closures and generating sets related to combinations of structures
/ S. V. Sudoplatov // The Bulletin of Irkutsk State University. Series Mathematics. —

2016. — Vol. 16. — P. 131—144
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Regularly closed, pseudo-algebraically closed, quasifinite

fields

It should be noted are actively developing in recent area of study
pseudofinite structures.
o F is regularly closed,® if every absolutely irreducible variety V over F
has a point defined over F.

SEpwoe, FO. J1. O nonsx c paspewumoii Teopueii. Jokn. AH CCCP. 1967. T. 174,
No 1. C. 19—20.
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Regularly closed, pseudo-algebraically closed, quasifinite

fields

It should be noted are actively developing in recent area of study
pseudofinite structures.

o F is regularly closed,® if every absolutely irreducible variety V over F
has a point defined over F.

o Ax fields, ¥-fields, Pseudo-algebraically closed fields’

o F is quasifinite, if it is perfect and has exactly one extension of each
degree (in the fixed algebraic closure F).

SEpwoe, FO. J1. O nonsx c paspewumoii Teopueii. Jokn. AH CCCP. 1967. T. 174,
No 1. C. 19—20.
"Ax, J. Solving diophantine problems modulo every prime. Ann. Math. 1967. Vol. 85,
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Pseudofinite theories

@ Theorem.(Ax,1968)The field F is pseudofinite if and only if all of the following conditions
are met:
(i) F is perfect;
(ii) F is quasifinite;
(iii) F is pseudo-algebraically closed (PAC)® °.

8Epuwos, F0. J1. O nonsix c paspewnmoii Teopueii. Jokn. AH CCCP. 1967. T. 174,
No 1. C. 19—20.

9Ax, J. Solving diophantine problems modulo every prime. Ann. Math. 1967. Vol. 85,
no. 2. P. 161—183.
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following are equivalent:
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Pseudofinite theories

Theorem.(Ax,1968)The field F is pseudofinite if and only if all of the following conditions
are met:

(i) F is perfect;

(ii) F is quasifinite;

(iii) F is pseudo-algebraically closed (PAC)® °.

Proposition. (Ax,1968) We fix the language ¥~ and the X-structure M. Then the
following are equivalent:

1. The X-structure M is pseudofinite;

2. M |= Ty, where Ty is the general theory of all finite X-structures;

3. M is elementarily equivalent to an ultraproduct of finite X -structures.

Definition.’® A Y -structure M is called pseudofinite if, for all ¥-sentences , it follows
from M |= ¢ that there is a finite Mg such that Mg |= ¢.

8Epuwos, F0. J1. O nonsix ¢ paspewnmoii Teopueii. Jokn. AH CCCP. 1967. T. 174,
No 1. C. 19—20.

9Ax, J. Solving diophantine problems modulo every prime. Ann. Math. 1967. Vol. 85,
no. 2. P. 161—183.

10Ax, J. The elementary theory of finite fields, Ann. Math. 1968: Vol.-88. P. 239=—271.
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Some examples

@ DLO theory is not pseudofinite
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@ The Abelian group (Z, +) is not pseudofinite.
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Some examples

@ DLO theory is not pseudofinite
@ The Abelian group (Z, +) is not pseudofinite.

@ The theory of algebraically closed fields is not pseudofinite
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Basic results on pseudofinite theories

o Theorem. !! The theory of any pseudo-algebraically closed (PAC)
field that is not separably closed has the independence property. (That
is, the pseudo-finite theory is unstable)

"Duret, J. Les corps pseudo-finis ont la propriete d'independance. C. R. Acad. Sei.
Paris Ser. 1980. Vol. 290. P. 981—903.
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Basic results on pseudofinite theories

e Theorem. ! The theory of any pseudo-algebraically closed (PAC)
field that is not separably closed has the independence property. (That
is, the pseudo-finite theory is unstable)

o Theorem. '? Totally categorical theories (and more generally
w-categorical w-stable theories') are pseudofinite.

"Duret, J. Les corps pseudo-finis ont la propriete d'independance. C. R. Acad. Sei.
Paris Ser. 1980. Vol. 290. P. 981—903.

12Zilber, B. On the problem of finite axiomatizability for theories categorical in all
infinite powers (Russian) in: B. Baijanov, ed., Investigations in Theoretical Programming
(Alma Ata 1981). 1981. P. 69—75.

13Cherlin G., Harrington L. and Lachlan A. H., Xg-categorical, Ro-stable structures,

Ann. Pure Appl. Logic 28 (1985) 103-135.
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Ranks for families of theories of arbitrary languages(with

S.V.Sudoplatov)*

Let ¥ be a language. If ¥ is relational, then by 75 we denote the family of
all theories of the language X.

@ Theorem 1. For any language ¥ the family 7y is e-minimal if and
only if ¥ = () or ¥ consists of one constant symbol.

*Markhabatov, N. D. Ranks for families of all theories of given languages /N. D.
Markhabatov, S. V. Sudoplatov // Eurasian Mathematical Journal, 2021 (to appear)
arXiv:1901.09903v1 [math.LO]. — 2019.
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Ranks for families of theories of arbitrary languages(with

S.V.Sudoplatov)*

Let ¥ be a language. If ¥ is relational, then by 75 we denote the family of
all theories of the language X.
@ Theorem 1. For any language ¥ the family 7y is e-minimal if and
only if ¥ = () or ¥ consists of one constant symbol.
@ Theorem 2. For any language ¥ either RS(7x) is finite, if ¥ consists

of finitely many O-ary and unary predicates, and finitely many constant
symbols, or RS(7x) = oo, otherwise.

*Markhabatov, N. D. Ranks for families of all theories of given languages /N. D.
Markhabatov, S. V. Sudoplatov // Eurasian Mathematical Journal, 2021 (to appear)
arXiv:1901.09903v1 [math.LO]. — 2019.
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Calculi for definable families of complete theories (with

S.V.Sudoplatov)!®

@ Definition. For a family 7 and sentences ¢ and v we say that ¢ T -forces v, written
b if Ty C Ty,

>Markhabatov, N. D. Definable families of theories, related calculi and ranks / N. D.
Markhabatov, S. V. Sudoplatov // Siberian Electronic Mathematical Reports. — 2020.
— T.17. — C. 700—714.
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S.V.Sudoplatov)!®

@ Definition. For a family 7 and sentences ¢ and v we say that ¢ T -forces v, written
T i T, C Ty
@ Definition. If 7 is a family of theories and ® is a set of sentences, then we put
To = () Ty and the set Ty is called (type- or diagram-)definable (by the set ®) with
pEP
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Calculi for definable families of complete theories (with

S.V.Sudoplatov)!®

@ Definition. For a family 7 and sentences ¢ and v we say that ¢ T -forces v, written
e Y ifTp CTy.
@ Definition. If 7 is a family of theories and ® is a set of sentences, then we put

To = () Ty and the set Ty is called (type- or diagram-)definable (by the set ®) with
pEP
respect to T, or (diagram-)T-definable, or simply d-definable.

@ If ® is a singleton {¢}, then T, = Ty is called s-definable.
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Calculi for definable families of complete theories (with

S.V.Sudoplatov)!®

@ Definition. For a family 7 and sentences ¢ and v we say that ¢ T -forces v, written
e Y ifTp CTy.
@ Definition. If 7 is a family of theories and ® is a set of sentences, then we put

To = () Ty and the set Ty is called (type- or diagram-)definable (by the set ®) with
pEP
respect to T, or (diagram-)T-definable, or simply d-definable.

@ If ® is a singleton {¢}, then T, = Ty is called s-definable.

@ Proposition 3. For any sets ® and W of sentences and a family T of theories the
following conditions are equivalent:
(1) & b7 v
(2) & by W for any finite To C T,
(3) ® 7y W for any singleton {T} C T;
(4) O] '_C/E(T) v,
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Compactness of definable families of complete theories(with

S.V.Sudoplatov)!®

@ Definition. A d-definable set 7o is called T-consistent if To N'T # (), and To is
called locally T-consistent if for any finite ®y C ®, To, is T-consistent.
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S.V.Sudoplatov)!®

@ Definition. A d-definable set 7o is called T-consistent if To N'T # (), and To is
called locally T-consistent if for any finite ®y C ®, To, is T-consistent.

@ Theorem 4. (Compactness theorem) For any nonempty E-closed family T, every
locally T -consistent d-definable set To is T -consistent.
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@ Definition. A d-definable set 7o is called T-consistent if To N'T # (), and To is
called locally T-consistent if for any finite ®y C ®, To, is T-consistent.

@ Theorem 4. (Compactness theorem) For any nonempty E-closed family T, every
locally T -consistent d-definable set To is T -consistent.

@ The following theorem gives a criterion of existence of d-definable family which is
not s-definable.
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Compactness of definable families of complete theories(with

S.V.Sudoplatov)!®

@ Definition. A d-definable set 7o is called T-consistent if To N'T # (), and To is
called locally T-consistent if for any finite ®y C ®, To, is T-consistent.

@ Theorem 4. (Compactness theorem) For any nonempty E-closed family T, every
locally T -consistent d-definable set To is T -consistent.

@ The following theorem gives a criterion of existence of d-definable family which is
not s-definable.

@ Theorem 5. For any E-closed family T, there is a d-definable family To which is
not s-definable if and only if T is infinite.

®Markhabatov, N. D. Definable families of theories, related calculi and ranks / N. D.
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Algebras for definable subfamilies of complete theories(with

S.V.Sudoplatov)!’

@ Theorem 6. For any nonempty E-closed family 7 and n € w \ {0}
the following conditions are equivalent:
(1) RS(T) =1and ds(7T) = n;
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Markhabatov, S. V. Sudoplatov // Siberian Electronic Mathematical Reports. — 2019.
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Algebras for definable subfamilies of complete theories(with

S.V.Sudoplatov)!’

@ Theorem 6. For any nonempty E-closed family 7 and n € w \ {0}
the following conditions are equivalent:
(1) RS(T) =1and ds(7T) = n;

@ (2) Boolean algebra Bs(T) is isomorphic to the direct product n of
Boolean algebras By, ..., B,, each of which is generated by elements
of rank < « such that each B, contains infinitely many elements of
each rank 8 < «;
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Algebras for definable subfamilies of complete theories(with

S.V.Sudoplatov)!’

@ Theorem 6. For any nonempty E-closed family 7 and n € w \ {0}
the following conditions are equivalent:
(1) RS(T) =1and ds(7T) = n;

@ (2) Boolean algebra Bs(T) is isomorphic to the direct product n of
Boolean algebras By, ..., B,, each of which is generated by elements
of rank < « such that each B, contains infinitely many elements of
each rank 8 < «;

@ (3) the algebra B4(T) consists of an infinite number of atomic
elements of each rank 3 < a, 8 > 0 and exactly n atomic elements of
rank «, these n atomic elements correspond to nonprinciple ultrafilters
with respect to elements of rank < «.
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Topologies for families of complete theories(with

S.V.Sudoplatov)!®

@ We consider families T of consistent first-order theories in languages ¥ C ¥(7), not
necessary complete. By F(X) we denote the set of all formulas in the language ¥ and by
Sent(X) the set of all sentences in F(X).

8Markhabatov, N.D., Sudoplatov, S.V. Topologies, Ranks, and Closures for Families
of Theories. |. Algebra and Logic 59:6, 437-455 (2021).
https://doi.org/10.1007/s10469-021-09620-4
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@ We consider families T of consistent first-order theories in languages ¥ C ¥(7), not
necessary complete. By F(X) we denote the set of all formulas in the language ¥ and by
Sent(X) the set of all sentences in F(X).

@ Proposition 7. Any family T forms a Ty-space.
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@ We consider families T of consistent first-order theories in languages ¥ C ¥(7), not
necessary complete. By F(X) we denote the set of all formulas in the language ¥ and by
Sent(X) the set of all sentences in F(X).

@ Proposition 7. Any family T forms a Ty-space.

@ Proposition 8. For any family T the following conditions are equivalent:
(1) T is a Ty-space;
(2) T does not contain theories T, T' with T G T'.
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@ We consider families T of consistent first-order theories in languages ¥ C ¥(7), not
necessary complete. By F(X) we denote the set of all formulas in the language ¥ and by
Sent(X) the set of all sentences in F(X).

@ Proposition 7. Any family T forms a Ty-space.

@ Proposition 8. For any family T the following conditions are equivalent:
(1) T is a Ty-space;
(2) T does not contain theories T, T' with T G T'.

@ Proposition 9. A Ti-space T is Hausdorff if and only if for any distinct theories
T,T' €T there are sentences p € T, 1 € T' such that o A is T-inconsistent.
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Topologies for families of complete theories(with

S.V.Sudoplatov)!®

@ We consider families T of consistent first-order theories in languages ¥ C ¥(7), not
necessary complete. By F(X) we denote the set of all formulas in the language ¥ and by
Sent(X) the set of all sentences in F(X).

@ Proposition 7. Any family T forms a Ty-space.

@ Proposition 8. For any family T the following conditions are equivalent:
(1) T is a Ty-space;
(2) T does not contain theories T, T' with T G T'.

@ Proposition 9. A Ti-space T is Hausdorff if and only if for any distinct theories
T,T' €T there are sentences p € T, 1 € T' such that o A is T-inconsistent.

@ Theorem 10. For any ordinals o« < B and natural m,n € w \ {0}, where m < n if 8 = «,
there is a family T and its ¥'-restriction T’ such that RS(T) = o, ds(T) = m,
RS(77) =B, ds(T") = n.
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e-minimal and Bs-minimal subfamilies(with

S.V.Sudoplatov)!?

@ Definition. An infinite family 7" of (possibly incomplete) theories is called
€é-minimal if for any sentence ¢ € Sent(X(7)), 7o, is finite or T, = T \ Ty is finite.
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e-minimal and Bs-minimal subfamilies(with

S.V.Sudoplatov)!?

@ Definition. An infinite family 7" of (possibly incomplete) theories is called
€é-minimal if for any sentence ¢ € Sent(X(7)), 7o, is finite or T, = T \ Ty is finite.
@ Any boolean combination of s-definable subfamilies of T is reduced to unions of

sets of form 7, N Ty, N ... N Ty,, which, in general case, can not be written
shorter. These boolean combinations are called Bs-definable subfamilies of 7.
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S.V.Sudoplatov)!?

@ Definition. An infinite family 7" of (possibly incomplete) theories is called
€é-minimal if for any sentence ¢ € Sent(X(7)), 7o, is finite or T, = T \ Ty is finite.

@ Any boolean combination of s-definable subfamilies of T is reduced to unions of
sets of form 7, N Ty, N ... N Ty,, which, in general case, can not be written
shorter. These boolean combinations are called Bs-definable subfamilies of 7.

@ For a family 7 we denote by Bst the set of all Bs-definable subfamilies of 7.
Clearly, Bst forms a boolean algebra. Moreover, we have:
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e-minimal and Bs-minimal subfamilies(with

S.V.Sudoplatov)!?

@ Definition. An infinite family 7" of (possibly incomplete) theories is called
€é-minimal if for any sentence ¢ € Sent(X(7)), 7o, is finite or T, = T \ Ty is finite.

@ Any boolean combination of s-definable subfamilies of T is reduced to unions of
sets of form 7, N Ty, N ... N Ty,, which, in general case, can not be written
shorter. These boolean combinations are called Bs-definable subfamilies of 7.

@ For a family 7 we denote by Bst the set of all Bs-definable subfamilies of 7.
Clearly, Bst forms a boolean algebra. Moreover, we have:

@ Lemma 11. For any family T the pair (T,Bs) is Hausdorff.
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Ranks for families of incomplete theories(with

S.V.Sudoplatov)?°

e Definition. For the empty family 7 we put the rank RS(7T) = —1,
and for finite nonempty families 7 we put RS(7) = 0.
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Ranks for families of incomplete theories(with

S.V.Sudoplatov)?°

e Definition. For the empty family 7 we put the rank RS(7T) = —1,
and for finite nonempty families 7 we put RS(7) = 0.

e For a family 7 and an ordinal o = 3 + 1 we put RS(7) > « if there
are pairwise disjoint Bs-definable subfamilies 7, of T, n € w, such
that RS(7,) > 3, n € w.
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Ranks for families of incomplete theories(with

S.V.Sudoplatov)?°

e Definition. For the empty family 7 we put the rank RS(7T) = —1,
and for finite nonempty families 7 we put RS(7) = 0.

e For a family 7 and an ordinal o = 3 + 1 we put RS(7) > « if there
are pairwise disjoint Bs-definable subfamilies 7, of T, n € w, such
that RS(7,) > 3, n € w.

o If o is a limit ordinal then RS(7) > « if RS(T) > 3 for any 3 < a.
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Ranks for families of incomplete theories(with

S.V.Sudoplatov)?°

e Definition. For the empty family 7 we put the rank RS(7T) = —1,
and for finite nonempty families 7 we put RS(7) = 0.

e For a family 7 and an ordinal o = 3 + 1 we put RS(7) > « if there
are pairwise disjoint Bs-definable subfamilies 7, of T, n € w, such
that RS(7,) > 5, n € w.

o If o is a limit ordinal then RS(7) > « if RS(T) > 3 for any 3 < a.

e Weset RS(7) = aif RS(T) > awand RS(T) # a + 1.
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Ranks for families of incomplete theories(with

S.V.Sudoplatov)?°

e Definition. For the empty family 7 we put the rank RS(7T) = —1,
and for finite nonempty families 7 we put RS(7) = 0.

e For a family 7 and an ordinal o = 3 + 1 we put RS(7) > « if there
are pairwise disjoint Bs-definable subfamilies 7, of T, n € w, such
that RS(7,) > 3, n € w.

o If a is a limit ordinal then RS(7) > « if RS(T) > 3 for any 8 < a.
e Weset RS(7) = aif RS(T) > awand RS(T) # a + 1.
e If RS(T) > « for any ordinal o, we put RS(7) = cc.
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Ranks and degrees for families of incomplete theories(with

S.V.Sudoplatov)?!

e Definition. A family 7T is called e-totally transcendental if RS(T) is
an ordinal.
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Ranks and degrees for families of incomplete theories(with

S.V.Sudoplatov)?!

e Definition. A family 7T is called e-totally transcendental if RS(T) is
an ordinal.

e If T is e-totally transcendental, with RS(7) = a > 0, we define the
degree ds(T) of T as the maximal number of pairwise disjoint
Bs-definable subfamilies 7; such that RS(7;) = a.
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Ranks and degrees for families of incomplete theories(with

S.V.Sudoplatov)?!

e Definition. A family 7T is called e-totally transcendental if RS(T) is
an ordinal.

e If T is e-totally transcendental, with RS(7) = a > 0, we define the
degree ds(T) of T as the maximal number of pairwise disjoint
Bs-definable subfamilies 7; such that RS(7;) = a.

@ By the definition, if RS(T") = «, for an ordinal a, then
ds(7T) € w )\ {0}.
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Ranks and degrees for families of incomplete theories(with

S.V.Sudoplatov)?!

e Definition. A family 7T is called e-totally transcendental if RS(T) is
an ordinal.

e If T is e-totally transcendental, with RS(7) = a > 0, we define the
degree ds(T) of T as the maximal number of pairwise disjoint
Bs-definable subfamilies 7; such that RS(7;) = a.

e By the definition, if RS(7) = «, for an ordinal «, then
ds(7T) € w )\ {0}.

e Theorem 12. For any ordinal o and natural n # O there is a family T
of positive theories such that (RS(T),ds(T)) = («, n).
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Algebras for Bs-definable subfamilies of families of

theories(with S.V.Sudoplatov)??

@ An intersections, possibly infinite, of Bs-definable subfamilies of 7 are
called Bs-diagram definable, or Bd-definable.
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Algebras for Bs-definable subfamilies of families of

theories(with S.V.Sudoplatov)??

@ An intersections, possibly infinite, of Bs-definable subfamilies of 7 are
called Bs-diagram definable, or Bd-definable.

® We extend the algebra Bps(7) till the algebra Bga(7) of all
Bd-definable subfamilies of 7. Clearly, the algebra Bpq(7) preserves
the operations N and U, whereas complements are defined only for
Bs-definable sets. Therefore Bpq(7") contains the operations N and U,
being a partial algebra with respect to .
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Algebras for Bs-definable subfamilies of families of

theories(with S.V.Sudoplatov)??

@ An intersections, possibly infinite, of Bs-definable subfamilies of 7 are
called Bs-diagram definable, or Bd-definable.

® We extend the algebra Bps(7) till the algebra Bga(7) of all
Bd-definable subfamilies of 7. Clearly, the algebra Bpq(7) preserves
the operations N and U, whereas complements are defined only for
Bs-definable sets. Therefore Bpq(7") contains the operations N and U,
being a partial algebra with respect to .

@ Thus, Bpq(T) forms a distributive lattice, partially, for Bs-definable
sets, with complements.
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Algebras for Bs-definable subfamilies of families of

theories(with S.V.Sudoplatov)?

e Theorem 13. For any nonempty Bs-closed special family T, an
ordinal « > 1, and n € w \ {0}, the following conditions are
equivalent: (1) RS(T) = o and ds(T) = n;
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Algebras for Bs-definable subfamilies of families of

theories(with S.V.Sudoplatov)?

e Theorem 13. For any nonempty Bs-closed special family T, an
ordinal « > 1, and n € w \ {0}, the following conditions are
equivalent: (1) RS(T) = o and ds(T) = n;

@ (2) the Boolean algebra Bps(T) is isomorphic to a direct product of n
Boolean algebras By, . .., B, each of which is generated by elements of

ranks < « such that each B, contains infinitely many elements of
each rank 8 < «;
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Algebras for Bs-definable subfamilies of families of

theories(with S.V.Sudoplatov)?

e Theorem 13. For any nonempty Bs-closed special family T, an
ordinal o > 1, and n € w \ {0}, the following conditions are
equivalent: (1) RS(T) = a and ds(7) = n;

@ (2) the Boolean algebra Bps(T) is isomorphic to a direct product of n
Boolean algebras By, . .., B, each of which is generated by elements of
ranks < « such that each B, contains infinitely many elements of
each rank 8 < «;

@ (3) the algebra Bpq(T) consists of infinitely many atomic elements of
each rank 3 < «, for 8 > 0, and exactly n atomic elements of rank «,
these n atomic elements correspond non-principal ultrafilters with
respect to elements of ranks < «.

ZMarkhabatov, N.D., Sudoplatov, S.V. Topologies, Ranks, and Closures for Families
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Closures(with S.V.Sudoplatov)?*

e Definition. For a family 7 of theories in a language ¥ and a theory T
we put T € Cly(T) if T €T, or T is nonempty and

T = {p € Sent(X) | (T"),, is infinite}

for some 7' C T.

2*Markhabatov, N.D., Sudoplatov, S.V. Topologies, Ranks, and Closures for Families
of Theories. Il. Algebra and Logic 60:1, 57-80 (2021).
https://doi.org/10.33048/alglog.2021.60.104
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e Definition. For a family 7 of theories in a language ¥ and a theory T
we put T € Cly(T) if T €T, or T is nonempty and

T = {p € Sent(X) | (T"),, is infinite}

for some 7' C T.
o If 77 is fixed then we say that T belongs to the Cli-closure of T with
respect to T', and T is an accumulation point of T with respect to 7.
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Closures(with S.V.Sudoplatov)?*

e Definition. For a family 7 of theories in a language ¥ and a theory T
we put T € Cly(T) if T €T, or T is nonempty and

T = {p € Sent(X) | (T"),, is infinite}

for some 7' C T.
o If 77 is fixed then we say that T belongs to the Cli-closure of T with
respect to T', and T is an accumulation point of T with respect to 7.
e A family 7 is called Cl;-closed or simply closed if T = Cl;(T). We
assume that any T € C1;(7) \ 7 is nonempty, since otherwise the
empty theory always belongs to Cly(7), using 7' = 0.
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Closures(with S.V.Sudoplatov)?®

e Theorem 14. For any family T of complete theories in at most
countable language ¥, Cl1(T) = Clg(T).
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Closures(with S.V.Sudoplatov)?®

e Theorem 14. For any family T of complete theories in at most
countable language ¥, Cl1(T) = Clg(T).

e Theorem 15. For any family T in at most countable language ¥ the
closure operator Cly is transitive.
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Closures(with S.V.Sudoplatov)?®

e Theorem 14. For any family T of complete theories in at most
countable language ¥, Cl1(T) = Clg(T).

e Theorem 15. For any family T in at most countable language ¥ the
closure operator Cly is transitive.

e Theorem 16. For any family T of theories in a countable language
the following conditions are equivalent:
(1) |CH(T)| = 2¢;
(2) e1-Sp(T) = 2v;
(3) RS(T) = .

2Markhabatov, N.D., Sudoplatov, S.V. Topologies, Ranks, and Closures for Families
of Theories. Il. Algebra and Logic 60:1, 57-80 (2021).
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Closures for linearly ordered families of theories(with

S.V.Sudoplatov)?®

e Theorem 17. For any linearly C-ordered family T, Cly(T) consists of
unions for subfamilies of T, and of intersections for countable
subfamilies of T ordered by the type w*.

26Markhabatov, N.D., Sudoplatov, S.V. Topologies, Ranks, and Closures for Families
of Theories. Il. Algebra and Logic 60:1, 57-80 (2021).
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Closures for linearly ordered families of theories(with

S.V.Sudoplatov)?®

e Theorem 17. For any linearly C-ordered family T, Cly(T) consists of
unions for subfamilies of T, and of intersections for countable
subfamilies of T ordered by the type w*.

e Theorem 18. For any linearly C-ordered family T,
Cli(CL(T)) = CL(T).

26Markhabatov, N.D., Sudoplatov, S.V. Topologies, Ranks, and Closures for Families
of Theories. Il. Algebra and Logic 60:1, 57-80 (2021).
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27

The family of permutation theories

@ Let a language X consist of the permutation f. Denote by 7y family
of all permutation theories of language ¥.

2"Markhabatov, N. D. Ranks for families of permutation theories / N. D.
Markhabatov // N3sectus VpkyTtckoro rocygapcteentoro yHusepcuteta. Cepusi:
MaTtemaTtuka. — 2019. — T. 28. — C. 85—94.
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@ The following theorem shows that there is a family of permutations of
theory, having a countable rank.
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The family of permutation theories

@ Let a language X consist of the permutation f. Denote by 7y family
of all permutation theories of language ¥.

@ The following theorem shows that there is a family of permutations of
theory, having a countable rank.

@ Theorem 19. For any countable ordinal o and natural k > 1 there
exists a family T C Ty, such that RS(T) = « and ds(T) = k.

2"Markhabatov, N. D. Ranks for families of permutation theories / N. D.
Markhabatov // N3sectus VpkyTtckoro rocygapcteentoro yHusepcuteta. Cepusi:

MaTtemaTtuka. — 2019. — T. 28. — C. 85—94.
Nurlan Markhabatov (NSTU) FAMILIES OF THEORIES ERLAGOL, JUNE 23-29, 2021 30/



27

The family of permutation theories

@ Let a language X consist of the permutation f. Denote by 7y family
of all permutation theories of language ¥.

@ The following theorem shows that there is a family of permutations of
theory, having a countable rank.

@ Theorem 19. For any countable ordinal o and natural k > 1 there
exists a family T C Ty, such that RS(T) = « and ds(T) = k.

@ Theorem 20. Any theory T permutation on an infinite set is
pseudofinite.
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Locally free algebras®

@ Let T be a complete first-order theory of locally free algebras of
signature ¥ = {fl("l), e f,("’), ce i Cly ey Chyeeey b

2Markhabatov, N. D. Pseudofiniteness of locally free algebras / N. D. Markhabatov
// Algebra and model theory 12 : coll. of papers. — Novosibirsk : NSTU publ. — 2019.
— T.12. — C. 41—146.
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Locally free algebras®

@ Let T be a complete first-order theory of locally free algebras of
signature ¥ = {fl("l), e f,("’), ce i Cly ey Chyeeey b

@ Theorem 21. An infinite locally free algebra A is pseudofinite if and
only if the signature contains no more than one unary symbol and
does not contain symbols arity n > 1.
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Locally free algebras®

@ Let T be a complete first-order theory of locally free algebras of
signature ¥ = {fl("l), e fr("’), ce i Cly ey Chyeeey b

@ Theorem 21. An infinite locally free algebra A is pseudofinite if and
only if the signature contains no more than one unary symbol and
does not contain symbols arity n > 1.

@ Corollary 22. A locally free groupoid is not pseudofinite.
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Thank you!
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