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Weak o-minimality

The lecture concerns the notion of weak o-minimality originally
deeply studied in joint work by D. Marker, H.D. Macpherson and
C. Steinhorn (2000).

A subset A of a linearly ordered structure M is said to be convex if
for any a, b € A and ¢ € M whenever a < ¢ < b we have c € A.

A weakly o-minimal structure is a linearly ordered structure
M = (M,=,<,...) such that any definable (with parameters)

subset of the structure M is a union of finitely many convex sets in
M.

Real closed fields with a proper convex valuation ring provide an
important example of weakly o-minimal (not o-minimal) structures.
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Almost w-categoricity

DEFINITION [K. Ikeda, A. Pillay, A. Tsuboi (1998),

S.V. Sudoplatov (2014)]
Let T be a complete theory, pi(x1), ..., pn(xn) € S1(0). A type
q(x1,...,xn) € Sp(0) is said to be a (p1, ..., pn)-type if
n
q(x1,...,xn) 2 U pi(xi). The set of all (p1, ..., pn)-types of the
i=1
theory T is denoted by Sp, . ,.(T). A countable theory T is said
to be almost w-categorical if for any 1-types

p1(x1), -, Pn(xn) € S1(0) there are only finitely many types
q(x1, .-, %n) € Spy,...pn(T).

Observe that almost w-categorical weakly o-minimal theories are
not small in general. As an example of such a theory we can
consider the structure M = (Q, <, g)qeq. Then Th(M) has 2
(continuum) 1-types over (), i.e. it is not small.
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Disjunct union of structures

DEFINITION [R.E. Woodrow (1976)]
The disjunct union | | M, of pairwise disjoint structures M, with

ncw
pairwise disjoint predicate signatures ¥, n € w, is said to be a

structure of the signature |J X, U {P,(,l) | n € w} with the universe
n€w

L] Mn, P, = M,, and interpretations of predicate symbols from

ncw

Y, coinciding with their interpretations in structures M, n € w.

v

Consider the disjunct union of countably many copies of the
Ehrenfeucht example with three countable models ordered by the
type w. This theory has countably many non-isolated 1-types over
(), and therefore it has maximal number of countable models.
Observe that this theory is almost w-categorical and weakly
o-minimal.
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The convexity rank of a set

Throughout in the lecture we consider an arbitrary complete theory
T, where M is a sufficiently saturated model of T.

Below we extend the definition of convexity rank of a formula with
one free variable [K., 1998] on arbitrary sets (non-necessarily
definable):

Let T be a weakly o-minimal theory, M be a sufficiently saturated
model of T, AC M.

The convexity rank of the set A (RC(A)) is defined as follows:

1) RC(A)=—-1if A=0.

2) RC(A) =0 if A is finite and non-empty.

3) RC(A) > 1if Ais infinite.
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The convexity rank of a set

4) RC(A) > a + 1 if there exists a parametrically definable
equivalence relation E(x, y) such that there are b; € A, i € w, that
satisfy the following:

@ For any i,j € w, whenever i # j we have M |= =E(b;, bj).

@ Forevery i€ w RC(E(M,b;)) > « and E(M, b;) is a convex

subset of A.

5) RC(A) > ¢ if RC(A) > a for all v < § (9 is limit).
If RC(A) = « for some « then we say that RC(A) is defined.
Otherwise (i.e. if RC(A)) > « for all @), we put RC(A) = .

The convexity rank of a formula ¢(x, 3), where 3 € M, is defined as
the convexity rank of the set ¢p(M, 3), i.e.

RC(¢(x,a)) :== RC(o4(M, 3)).
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p-preserving convex-to-right (left) formulas

DEFINITION [B.S. Baizhanov (1996)]

Let T be a weakly o-minimal theory, M =T, AC M, p € 5:1(A)
be non-algebraic.

(1) An A-definable formula F(x, y) is said to be p-preserving if
there exist «, 71, 72 € p(M) such that
[F(M,a)\{a}] N p(M) # 0 and y1 < F(M,a) N p(M) < 72.

(2) A p-preserving formula F(x,y) is said to be convex-to-right
(left) if there exists & € p(M) such that F(M,a) N p(M) is
convex, « is a left (right) endpoint of the set F(M,a) N p(M) and
a € F(M,a).
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Equivalence-generating formulas

DEFINITION [B.S. Baizhanov, K. (2006)]

Let F(x,y) be a p—preserving convex-to-right (left) formula. We
say that F(x,y) is equivalence-generating if for any o, 8 € p(M)
such that M |= F(f, «) the following holds:

M EVx[x > B = [F(x,a) < F(x, 8)]]

(M = Vx[x < = [F(x,a) < F(x, B)]]).

EXAMPLE

Let M = (Q, =, <, R?) be a linearly ordered structure, Q is the set
of rational numbers, and for any a, b € M we have

M = R(b,a) < a < b< a+ /2. Let p(x) := {x = x}. We can
establish that p(x) determines a complete type over (}, R(x,y) is a
non-equivalence-generating p-preserving convex-to-right formula.

y
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Properties of p-preserving convex-to-right formulas

LEMMA 1 [B.S. Baizhanov, K. (2006)]

Let T be a weakly o-minimal theory, M =T, AC M, p € 51(A)
be non-algebraic, F(x,y) be a p-preserving convex-to-right
formula. Suppose that F(x, y) is not equivalence-generating. Then
there exist o, 8 € p(M) such that

M = F(B,a) A Ix(=F(x,a) A F(x,)).

A\

LEMMA 2 [B.S. Baizhanov, K. (2006)]

Let T be a weakly o-minimal theory, M =T, AC M, p € 51(A)
be non-algebraic, F(x,y) be a p-preserving convex-to-right (left)
formula. Then the formula F'(x,y) := 3z(F(z,y) A F(x, z)) is also
p—preserving convex-to-right (left).

v
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Behaviour of 2-formulas

THEOREM 1 [A.B. Altayeva, K. (2020)]

Let T be an almost w-categorical weakly o-minimal theory,
p € S1(0) be non-algebraic. Then any p-preserving convex-to-right
(left) formula is equivalence-generating.

Proof of Theorem 1. Assume the contrary: there is a p-preserving
convex-to-right formula F(x, y) that is not equivalence generating.
Then by Lemma 1 there exist a model M of T and o, § € p(M)
such that

M = F(B,a) A Ix(=F(x,a) A F(x,)).

Consider the following formula:
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Behaviour of 2-formulas

By Lemma 2 Fi(x, y) is also p-preserving convex-to-right. Consider
the following formulas:

Fo(x,y) :==3z(Fh-1(z,y) A F(x,2)), n>2.
We can see that for any a € p(M),
Fi(M,a) C Fo(M,a) C ... C Fo(M, ) C ...
Consider for every natural n > 2 the following set of formulas:
Pn(x,y) == p(x) U p(y) U{Fn(x,y) A =Fn1(x, y)}.
It is locally consistent. Then we obtain that the number of

(p1, p2)-types is infinite, where p;(x;) := p(x;),i = 1,2. The last
contradicts the almost w-categoricity of T.
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Behaviour of equivalence relations

COROLLARY [A.B. Altayeva, K. (2020)]

Let T be an almost w-categorical weakly o-minimal theory,

M = T, p € 51(0) be non-algebraic, E(x,y) be an (-definable
equivalence relation partitioning p(M) into convex classes, and
there are at least two such classes. Then E partitions p(M) into
infinitely many such classes so that the induced ordering on classes
is dense ordering without endpoints.
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(Weak) orthogonality of families of non-algebraic 1-types

Let p1,p2,...,ps € S1(0) be non-algebraic.

We say that a family of 1-types {p1, ..., ps} is weakly orthogonal
over () if every s-tuple (a1,...,as) € p1(M) x ... x ps(M) satisfies
the same type over ().

We say that a family of 1-types {p1,...,ps} is orthogonal over () if
for every sequence (ni,...,ns) € w® and any increasing tuples
31,3 € [pr(M)]™, ..., 3, 3, € [ps(M)]™ such that

tp(31/0) = tp(3,/0), ..., tp(3s/0) = tp(3./0), we have that
tp((a1,...,3)/0) = tp({3}, ..., &,)/0).
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Example where weak orthogonality of a family of 1-types
fails

EXAMPLE

Let M = (M; <, P}, P} P} £2) be a linearly ordered structure such
that M is a disjoint union of interpretations of unary predicates Py,
P> and Ps3, and Pi(M) < P»(M) < P3(M). We identify every
interpretation P; (1 </ < 3) with Q. The symbol f is interpreted
by a partial binary function with Dom(f) = P1(M) x Py(M) and
Range(f) = P3(M) and it is defined by the identity f(a, b) = a+ b
for all (a,b) € Q x Q.

It can be proved that Th(M) is a weakly o-minimal theory.
Obviously, pi(x) := {Pi(x)} determine complete 1-types over ) for
each 1 </ < 3. The types p1, p» and p3 are pairwise weakly
orthogonal, but {p1, p2, p3} is not weakly orthogonal over ().
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Theorem of orthogonality of a family of pairwise orthogonal
1-types

PROPOSITION 1

Let T be an almost w—categorical weakly o-minimal theory,
MET, p1,p2, ..., pm € S1(0) be non-algebraic pairwise weakly
orthogonal 1-types. Suppose that every non-algebraic 1-type over ()
has finite convexity rank. Then {p1, p2,..., pm} is weakly
orthogonal over 0.

THEOREM 2

Let T be an almost w—categorical weakly o-minimal theory,
MET, p1,p2,...,ps € S1(0) be non-algebraic pairwise weakly
orthogonal 1-types. Suppose that every non-algebraic 1-type over ()
has finite convexity rank. Then {p1, p2,..., ps} is orthogonal over

0. )

| \
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Criterion for binarity

A complete theory T is said to be binary if any formula of the
theory T is equivalent in T to a boolean combination of formulas
with at most two free variables.

A. Pillay and C. Steinhorn (1986) have completely characterized all
w-categorical o-minimal theories. Their characterization implies
binarity of these theories.

THEOREM 3 [K., 2007]

Let T be an w—categorical weakly o-minimal theory. Then T is
binary iff T has finite convexity rank.

THEOREM 4

Let T be an almost w—categorical weakly o-minimal theory. Then
T is binary iff every non-algebraic 1-type p € S1(0)) has finite
convexity rank.

| A\

A

B.Sh. Kulpeshov Criterion for binarity of almost w-categorical theories



