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Introduction
Algebra and Model Theory 10
The 11th International Summer School �Problems Allied to Universal

Algebra and Model Theory� was held on 22�28 of June 2015 at the
camping center �Erlagol� in Altai montains. The School was organized
by Algebra and Mathematical Logic Department of Novosibirsk State
Technical University (NSTU) and Sobolev Institute of Mathematics of
Siberian Branch of Russian Academy of Sciences (IM SBRAS). This
school was dedicated to the 70th anniversaries of well-known Russian
specialists in mathematical logic and algebra Professors E.A. Palyutin and
E. I. Timoshenko. Professors V. 
D.Mazurov, A.G.Pinus, S.V. Sudoplatov,
E. I. Timoshenko were the chairmen of Organizing Committee of the School.
Professors B. S. Baizhanov, B. Sh.Kulpeshov, A.V.Mikhalev, E.A. Palyutin,
B. Poizat, V.N.Remeslennikov, V.A.Roman'kov, P.Tanovi�c and Associate
Prof. E.N. Poroshenko were the members of Organizing Committee.

The School was supported by RFBR (grant �15-01-203070) and by
Grant of NSTU having a special purpose.

The Collection of Papers is composed by articles of participants of the
School being connected with the Subject of the School.
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Erlagol-2015
�Problems Allied to Universal Algebra

and Model Theory�

June, 23

Plenary Talks
Chairman A. S.Morozov

10:00am�10:50am Yu. L. Ershov (Novosibirsk, Russia) �Separant of an
arbitrary polynomial (application and computation)�

11:00am�11:50am S. S.Goncharov (Novosibirsk, Russia) �On comple-
xity of descriptions and classi�cation of computatio-
nal models �

Noon�12:50pm B. S. Baizhanov (Almaty, Kazakhsta) �On a con-
struction of S. Sudoplatov: Existence of D-prime mo-
del over countable set in small theory�

1:00pm�1:50pm S.V. Sudoplatov (Novosibirsk, Russia) �Operators
on classes of algebraic systems�

Short talks
Chairman V.V.Verbovskiy

3:00pm�3:20pm A.G.Pinus (Novosibirsk, Russia) �Ihm-quasiorders
and derived structure of universal algebras.�

3:20pm�3:40pm P. S.Kolesnikov (Novosibirsk, Russia) �Homogene-
ous conformal operators of averaging on semiprime Lie
algebras�

3:40pm�4:00pm V.A.Churkin (Novosibirsk, Russia) �Natural cones
in real symplectic algebras of small dimensions�

4:10pm�4:30pm A.V. Zenkov (Barnaul, Russia) �On congruences of
m-groups�

4:30pm�4:50pm E.N.Poroshenko (Novosibirsk, Russia) �Universal
equivalence of partially commutative Lie algebras�
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School Program 5

4:30pm�4:50pm Yu.A.Mikhal'chishina (Novosibirsk, Russia) �In-
variants of virtual hitches�

June, 24

Plenary Talks
Chairman B.B.Baizhanov

10:00am�10:50am V.A.Roman'kov (Omsk, Russia) �On Andrews-
Cartis group�

11:00am�11:50am E.A.Palyutin (Novosibirsk, Russia) �Generalized
stable abelian groups�

Noon�12:50pm E. I. Timoshenko (Novosibirsk, Russia) �Automor-
phisms and universal theories of solvable groups�

Short talks

Classical Algebra
Chairman V.A.Roman'kov

3:00pm�3:20pm A.V.Chekhonadskikh (Novosibirsk, Russia)
�Critical root diagrams of systems of automatic ad-
ministration: recurrent building and realizability�

3:20pm�3:40pm I. I. Pavlyuk (Pavlodar, Kazakhstan) �To the theory
of �nite groups of odd orders�

3:40pm�4:00pm T.R.Nasybullov (Novosibirsk, Russia) �Almost
solvability and the Rinf-property�

4:10pm�4:30pm Yu.A.Chirkunov (Novosibirsk, Russia) �Generali-
zed equivalence transformations and their function
when building submodels�



6 School Program

Universal Algebra and Model Theory
Chairman S.V. Sudoplatov

3:00pm�3:20pm M. I. Bekenov (Astana, Kazakhstan) �B-algebraic
systems of theories�

3:20pm�3:40pm K.A.Meyrembekov (Almaty, Kazakhstan)
�On weakly minimal models�

3:40pm�4:00pm K.A.Baykalova (Novosibirsk, Russia) �Distribu-
tion of countable models of theories of locally free
algebras�

4:10pm�4:30pm R.A.Popkov (Novosibirsk, Russia) �On countable
models of complete theories with continual number
of types�

4:30pm�4:50pm L.N.Pobedin (Novosibirsk, Russia) �Generalized
countability in classical and alternative in�nity�

June, 26

Plenary Talks
Chairman V.A.Churkin

9:30am�10:20am A. S.Morozov (Novosibirsk, Russia) �Sigma-repre-
sentability of structures in hereditary �nite�

10:30am�11:20am B. Sh.Kulpeshov (Almaty, Kazakhstan) �On weak
cyclic minimality�

11:30am�12:20pm V.V.Verbovskiy (Almaty, Kazakhstan) �Relative
stability�

12:30pm�1:20pm M.Shahryari (Tabriz, Iran) �On logically cyclic
groups�



School Program 7

Short Talks
Chairman E.N.Poroshenko

3:00pm�3:20pm A.A.Kuznetsov, A. S.Kuznetsova (Krasnoyarsk,
Russia) �Application of Cayley graphs of period 3 and 4
for modeling of topologies of multyprocessor computing
systems�

3:20pm�3:40pm V.G.Puzarenko (Novosibirsk, Russia) �Computable
models in in�nite fragments�

3:40pm�4:00pm E.V.Grachev, A.M.Popova (Novosibirsk, Russia)
�Automorphisms of integer groups rings of �nite groups�

Discussion
4:10pm�5:10pm �DNA as the universal biological code. Analysis

and transformations� with molecular biologists
C.Martinez-Perez (Bremen university, Germany),
D.Mayer (Bremen university, Germany), and
C.Vavurakis (Amsterdam university, Netherlands)

June, 27

Plenary Talks
Chairman A.G.Pinus

10:00am�10:50am B.N.Drobotun, S. S.Goncharov, A.A.Niki-
tin (Pavlodar, Kazakhstan; Novosibirsk, Russia) �To
the problem of de�ning content of logical component
in school mathematic education�



Ê 70-ëåòèþ ïðîôåññîðà Å.È.Òèìîøåíêî
Åâãåíèé Èîñèôîâè÷ Òèìîøåíêî ðîäèëñÿ 16 èþëÿ 1945 ãîäà íà Óêðà-

èíå â ñåìüå âîåííîãî ñòðîèòåëÿ Èîñèôà Âàñèëüåâè÷à è äîìîõîçÿéêè Ôà-
èíû Âåíüÿìèíîâíû. Âïîñëåäñòâèè â 1949 ãîäó ñåìüÿ ïåðååõàëà â Êðàñ-
íîÿðñêèé êðàé. Ñðåäíþþ øêîëó Åâãåíèé Èîñèôîâè÷ çàêîí÷èë â ã. Àáà-
êàíå â 1962. Ïîñëå ïîëó÷åíèÿ ñðåäíåãî îáðàçîâàíèÿ ïîñòóïèë â Íîâî-
ñèáèðñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, â êîòîðîì îáó÷àëñÿ äî 1967
ãîäà.

1 Íàó÷íàÿ ðàáîòà â îáëàñòè àëãåáðû
1.1 Äèïëîìíàÿ ðàáîòà

Äèïëîìíàÿ ðàáîòà �Ñîïðÿæ¼ííîñòü â ñâîáîäíûõ ìåòàáåëåâûõ ãðóï-
ïàõ� áûëà âûïîëíåíà ïîä ðóêîâîäñòâîì ÷ëåíà-êîððåñïîíäåíòà Àêàäå-
ìèè Íàóê ÑÑÑÐ Ìèõàèëà Èâàíîâè÷à Êàðãàïîëîâà è îïóáëèêîâàíà â îä-
íîèì¼ííîé ñòàòüå æóðíàëà �Àëãåáðà è Ëîãèêà� â òîì æå 1967 ãîäó [1]. Â
íåé áûëî äîêàçàíî, ÷òî ñâîáîäíûå ìåòàáåëåâû ãðóïïû ôèíèòíî àïïðîê-
ñèìèðóåìû îòíîñèòåëüíî ñîïðÿæ¼ííîñòè. Îòñþäà â ÷àñòíîñòè ñëåäóåò,
÷òî â ñâîáîäíîé ìåòàáåëåâîé ãðóïïå äëÿ ëþáîé ïàðû ýëåìåíòîâ ìîæ-
íî àëãîðèòìè÷åñêè ðåøèòü: ñîïðÿæåíû îíè èëè íåò. Óæå â ýòîé ïåðâîé
ðàáîòå îïðåäåëèëñÿ êðóã èññëåäîâàòåëüñêèõ èíòåðåñîâ Åâãåíèÿ Èîñè-
ôîâè÷à: âîïðîñû ýôôåêòèâíîãî îïðåäåëåíèÿ ðàçëè÷íûõ ñâîéñòâ ðàçðå-
øèìûõ ãðóïï.

1.2 Àñïèðàíòóðà
Ýòè èññëåäîâàíèÿ áûëè ïðîäîëæåíû â àñïèðàíòóðå Èíñòèòóòà Ìàòå-

ìàòèêè Ñèáèðñêîãî Îòäåëåíèÿ Àêàäåìèè Íàóê ÑÑÑÐ (ÈÌÀÍ ÑÑÑÐ), â
êîòîðîé Åâãåíèé Èîñèôîâè÷ îáó÷àëñÿ â ïåðèîä 1967�1970 ïîä ðóêîâîä-
ñòâîì çàâ. îòäåëà òåîðèè ãðóïï ÷ëåíà-êîððåñïîíäåíòà ÀÍ ÑÑÑÐ Ìè-
õàèëà Èâàíîâè÷à Êàðãàïîëîâà. Çà âðåìÿ îáó÷åíèÿ â àñïèðàíòóðå èì
áûëè îïóáëèêîâàíû ïÿòü ñòàòåé, îáúÿñíÿþùèõ ðÿä îñîáåííîñòåé â ðå-
øåíèè ðàçëè÷íûõ àëãîðèòìè÷åñêèõ âîïðîñîâ â ìíîãîîáðàçèè ðàçðåøè-
ìûõ ãðóïï. Îòìåòèì ñòàòüþ [2], â êîòîðîé Åâãåíèé Èîñèôîâè÷ ðåøèë
ïðîáëåìó Ì.È.Êàðãàïîëîâà î ñîõðàíåíèè ýëåìåíòàðíîé ýêâèâàëåíòíî-
ñòè äâóõ ãðóïï ïðè èõ ñïëåòåíèÿõ ñ òðåòüåé ãðóïïîé. Â ýòîé ñòàòüå
áûëî ïîêàçàíî, ÷òî, âîîáùå ãîâîðÿ, ñïëåòåíèå äâóõ ýëåìåíòàðíî ýêâè-
âàëåíòíûõ ãðóïï A,B êàêîé-òî òðåòüåé ãðóïïîé C ìîæåò ïðèâîäèòü ê
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Ê 70-ëåòèþ ïðîôåññîðà Å.È.Òèìîøåíêî 9

ýëåìåíòàðíî íåýêâèâàëåíòíûì ãðóïïàì. Îäíàêî, åñëè èñõîäíûå ãðóïïû
áûëè óíèâåðñàëüíî ýêâèâàëåíòíûìè, òî ñïëåò¼ííûå ãðóïïû òàêæå áó-
äóò óíèâåðñàëüíî ýêâèâàëåíòíûìè ãðóïïàìè. Â äîïîëíåíèå ê ýòîìó, â
ðàáîòå [3] áûëî äîêàçàíî, ÷òî åñëè ãðóïïà C êîíå÷íàÿ, òî ñïëåòåíèå ñ
òàêîé ãðóïïîé ñîõðàíÿåò ýëåìåíòàðíóþ ýêâèàëåíòíîñòü. Â ýòîé ðàáîòå
áûëî óêàçàíî, ÷òî ëþáûå äâå ñâîáîäíûå ðàçðåøèìûå ãðóïïû ðàâíûõ
êëàññîâ ðàçðåøèìîñòè ýëåìåíòàðíî ýêâèâàëåíòíû. Òàêæå áûëè íàéäå-
íû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ýëåìåíòàðíîé ýêâèâàëåíòíîñòè
äâóõ ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïï. Îòìåòèì, ÷òî ýòà ïóáëèêàöèÿ
áûëà ìàëîäîñòóïíîé, ïîýòîìó âïîñëåäñòâèè íåêîòîðûå ðåçóëüòàòû ýòîé
ðàáîòû çàíîâî äîêàçûâàëèñü äðóãèìè ó÷¼íûìè.

Â ñòàòüå [4] ïîêàçàíà àëãîðèòìè÷åñêàÿ ðàçðåøèìîñòü ïðîáëåìû òîæ-
äåñòâà ýëåìåíòîâ â êîíå÷íîïîðîæä¼ííûõ ìåòàáåëåâûõ ãðóïïàõ. Óñòà-
íîâëåíà àëãîðèòìè÷åñêàÿ ðàñïîçíàâàåìîñòü êîíå÷íîñòè ïîðÿäêà ýëå-
ìåíòîâ òàêîé ãðóïïû. Â ðàáîòå [5] äîêàçàíî, ÷òî åñëè ãðóïïà ñ îäíèì
îïðåäåëÿþùåì ñîîòíîøåíèåì â ìíîãîîáðàçèè ìåòàáåëåâûõ ãðóïï îïðå-
äåëÿåòñÿ íå ìåíåå ÷åì òðåìÿ ïîðîæäàþùèìè, òî öåíòð òàêîé ãðóïïû
òðèâèàëåí. Ýòî ðåøèëî ïðîáëåìó Ì.È.Êàðãàïîëîâà î öåíòðå ðàçðåøè-
ìîé ãðóïïû, îïðåäåë¼ííîé â ìíîãîîáðàçèè ðàçðåøèìûõ ãðóïï îäíèì
ñîîòíîøåíèåì, â ÷àñòíîì íà÷àëüíîì ñëó÷àå ìíîãîîáðàçèÿ ìåòàáåëåâûõ
ãðóïï. Îòìåòèì, ÷òî ïîëíîãî îòâåòà íà ýòó ïðîáëåìó äî ñèõ ïîð íå íàé-
äåíî.

Ñòàòüÿ [6] ïîëîæèòåëüíî ðåøèëà âîïðîñ 2.16 èç Êîóðîâñêîé òåòðàäè
î ñóùåñòâîâàíèè êîíå÷íîïîðîæä¼ííîé ìåòàáåëåâîé ãðóïïû êîíå÷íîãî
ðàíãà, íå ÿâëÿþùåéñÿ ôèíèòíî àïïðîêñèìèðóåìîé îòíîñèòåëüíî ñîïðÿ-
æ¼ííîñòè.

Ïî èòîãàì ýòèõ ðàáîò â 1973 ãîäó Åâãåíèé Èîñèôîâè÷ çàùèòèë äèñ-
ñåðòàöèþ �Àëãåáðàè÷åñêèå âîïðîñû äëÿ ìåòàáåëåâûõ ãðóïï� íà ñîèñêà-
íèå ñòåïåíè êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê ïî ñïåöèàëüíîñòè
�àëãåáðà è òåîðèÿ ÷èñåë�.

1.3 Àâòîìîðôèçìû ðàçðåøèìûõ ãðóïï
Â òå÷åíèå ïîñëåäóþùèõ 25 ëåò ýòè èññëåäîâàíèÿ áûëè ïðîäîëæåíû.

Áûë ðåø¼í ðÿä ïðîáëåì î õàðàêòåðèñòè÷åñêèõ ñâîéñòâàõ àâòîìîðôèç-
ìîâ ðàçëè÷íûõ êëàññîâ ðàçðåøèìûõ ãðóïï. Ïðè èçó÷åíèè ìíîãîîáðàçèé
ðàçðåøèìûõ ãðóïï âàæíûì âñïîìîãàòåëüíûì èíñòðóìåíòîì ñëóæèò ïî-
íÿòèå ïðèìèòèâíîé ñèñòåìû ýëåìåíòîâ îòíîñèòåëüíî ñâîáîäíîé ãðóïïû
äàííîãî ìíîãîîáðàçèÿ. Ýòî òàêèå íàáîðû ýëåìåíòîâ, êîòîðûå äîïîëíÿ-
þòñÿ äî áàçèñà îòíîñèòåëüíî ñâîáîäíîé ãðóïïû.
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Â ðÿäå ñòàòåé áûë ïîëó÷åí êðèòåðèé ïðèìèòèâíîñòè ñèñòåìû ýëå-
ìåíòîâ îòíîñèòåëüíî ñâîáîäíîé ðàçðåøèìîé ãðóïïû. Ðåø¼í ðÿä ïðî-
áëåì î ïðèìèòèâíûõ ñèñòåìàõ ýëåìåíòîâ. À â 1998 ãîäó ïî ðåçóëüòàòàì
ýòèõ èññëåäîâàíèé áûëà çàùèùåíà äîêòîðñêàÿ äèññåðòàöèÿ ïî ñïåöè-
àëüíîñòè �ìàòåìàòè÷åñêàÿ ëîãèêà, àëãåáðà è òåîðèÿ ÷èñåë�: �Ðàçðåøè-
ìûå ãðóïïû è ïðèìèòèâíûå ñèñòåìû ýëåìåíòîâ�. Èòîãè ýòîé áîëüøîé
ðàáîòû ïîäâåäåíû â ìîíîãðàôèè: `Ýíäîìîðôèçìû è óíèâåðñàëüíûå òåî-
ðèè ðàçðåøèìûõ ãðóïï�. Ïåðâîå èçäàíèå ýòîé êíèãè âûøëî â èçäàòåëü-
ñòâå ÍÃÒÓ â 2011 ãîäó, à â 2013 ãîäó áûëî îñóùåñòâëåíî âòîðîå èçäàíèå
ýòîé ðàáîòû.

1.4 Ìåæäóíàðîäíîå ïðèçíàíèå
Ýòè èññëåäîâàíèÿ çàñëóæèëè ïðèçíàíèå íå òîëüêî â Ðîññèè, íî è çà

ðóáåæîì. Â òå÷åíèå äâàäöàòè ëåò Åâãåíèé Èîñèôîâè÷ ðóêîâîäèë ðàáî-
òîé ãðóïïû èññëåäîâàòåëåé óíèâåðñèòåòà Ìàíèòîáû (Êàíàäà). Ðåçóëü-
òàòû ýòîãî ìåæäóíàðîäíîãî ñîòðóäíè÷åñòâà íàøëè âûðàæåíèå â öèêëå
íàó÷íûõ ñòàòåé, îïóáëèêîâàííûõ â îòå÷åñòâåííîé è çàðóáåæíîé ëèòå-
ðàòóðå.

Â 2011 ãîäó çàñëóãè Åâãåíèÿ Èîñèôîâè÷à â àëãåáðàè÷åñêîé íàó÷íîé
ðàáîòå áûëè îòìå÷åíû èìåííûì íàãðàäíûì çíàêîì ìåæäóíàðîäíîãî ìà-
òåìàòè÷åñêîãî ñåìèíàðà �Àëãåáðà è Ëîãèêà�.

2 Ïåäàãîãè÷åñêàÿ ðàáîòà
Ïî îêîí÷àíèè àñïèðàíòóðû Åâãåíèé Èîñèôîâè÷ âíà÷àëå ðàáîòàåò

â èíñòèòóòå Âîäíîãî Òðàíñïîðòà (ÍÈÈÂÒ), à ïîñëå çàùèòû êàíäè-
äàòñêîé äèññåðòàöèè ñ 1973 ïî 2009 ãîä â Ñèáèðñêîì Ñòðîèòåëüíîì
èíñòèòóòå (òåïåðü ýòî Íîâîñèáèðñêèé Ãîñóäàðñòâåííûé Àðõèòåêòóðíî-
Ñòðîèòåëüíûé óíèâåðñèòåò) íà êàôåäðå ïðèêëàäíîé ìàòåìàòèêè â
äîëæíîñòè äîöåíòà, ïðîôåññîðà, çàâåäóþùåãî. Â ýòîì èíñòèòóòå îí ðà-
áîòàë äåêàíîì ñòðîèòåëüíîãî ôàêóëüòåòà, äèðåêòîðîì èíñòèòóòà Ïåð-
âîé ñòóïåíè Âûñøåãî Îáðàçîâàíèÿ, äèðåêòîðîì èíñòèòóòà Ôèëèàëîâ
è Äèñòàíöèîííîãî Îáó÷åíèÿ. Çà ýòîò ïåðèîä ïðîôåññèîíàëüíîé äåÿ-
òåëüíîñòè èì îïóáëèêîâàíî ìíîæåñòâî ðàáîò ïî ìåòîäèêå îáðàçîâàíèÿ.
Îñîáî îòìåòèì �Ïîñîáèå ïî ìàòåìàòè÷åñêîé ñòàòèñòèêå�, îïóáëèêîâàí-
íîå â 1992, 1993, 1996, è 1998 ãîäó, îíî áûëî íàïèñàíî ñîâìåñòíî ñ
Þ.Å. 
Âîñêîáîéíèêîâûì. Ñ 2009 ãîäà Åâãåíèé Èîñèôîâè÷ ðàáîòàåò çàâå-
äóþùèì êàôåäðîé àëãåáðû è ìàòåìàòè÷åñêîé ëîãè-êè â Íîâîñèáèðñêîì
Ãîñóäàðñòâåííîì Òåõíè÷åñêîì Óíèâåðñèòåòå.
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Â 2006 ãîäó çàñëóãè Åâãåíèÿ Èîñèôîâè÷à â ïåäàãîãè÷åñêîé ðàáîòå
áûëè îòìå÷åíû ïðèñâîåíèåì åìó çâàíèÿ �Çàñëóæåííûé ðàáîòíèê Âûñ-
øåé Øêîëû Ðîññèéñêîé Ôåäåðàöèè�.

3 Íàó÷íàÿ ðàáîòà â îáëàñòè ãåîäåçèè
Âî âðåìÿ ðàáîòû â Ñòðîèòåëüíîì èíñòèòóòå Åâãåíèåì Èîñèôîâè÷åì

âûïîëíåí ðÿä èññëåäîâàíèé ïî ìàòåìàòè÷åñêèì âîïðîñàì ãåîäåçèè. Ðå-
çóëüòàòû ýòîé ðàáîòû âûðàæàþòñÿ â îïòèìèçàöèè ðàçëè÷íûõ ãåîäåçè-
÷åñêèõ çàäà÷, ñâÿçàííûõ ñ ðàçìåòêîé ñòðîèòåëüíûõ îáúåêòîâ. Îíè îòðà-
æåíû â ñòàòüÿõ 1979�1981, 1985, 1988 ãîäà. À èòîãè ýòèõ èññëåäîâàíèé
ïîäâåäåíû â ìîíîãðàôèè �Îïðåäåëåíèå îïòèìàëüíîãî ïîëîæåíèÿ îñåé
èíæåíåðíûõ îáúåêòîâ�, îïóáëèêîâàííîé â 1995 ãîäó â Íîâîñèáèðñêîì
èçäàòåëüñòâå �Íàóêà� â ñîàâòîðñòâå ñ Ã. Ã.Àñòàøåíêîâûì.

Ñïèñîê ëèòåðàòóðû
[1] Ñîïðÿæ¼ííîñòü â ñâîáîäíûõ ìåòàáåëåâûõ ãðóïïàõ, Àëãåáðà è Ëîãè-

êà, 6 (1967), 2, 89�94.

[2] Î ñîõðàíåíèè ýëåìåíòàðíîé è óíèâåðñàëüíîé ýêâèâàëåíòíîñòè ïðè
ñïëåòåíèÿõ, Àëãåáðà è Ëîãèêà, 7 (1968), 4, 114�119.

[3] Ê âîïðîñó î ýëåìåíòàðíîé ýêâèâàëåíòíîñòè ãðóïï.
Â ñá.: Àëãåáðà, 1, Èðêóòñê, 1972.

[4] Íåêîòîðûå àëãîðèòìè÷åñêèå âîïðîñû äëÿ ìåòàáåëåâîé ãðóïïû, Àë-
ãåáðà è Ëîãèêà, 12 (1973), 2, 232�240.

[5] Öåíòð ãðóïïû ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì â ìíîãîîáðàçèè
äâóõñòóïåííî ðàçðåøèìûõ ãðóïï.
Ñèá.Ìàò.Æóð. 14 (1973), 6, 1351�1355.

[6] Ê âîïðîñó î ôèíèòíîé àïïðîêñèìèðóåìîñòè îòíîñèòåëüíî ñîïðÿæ¼í-
íîñòè ìåòàáåëåâûõ ãðóïï, Â ñá.: Ìàòåðèàëû IV Âñåñîþçíîãî ñèìïî-
çèóìà ïî òåîðèè ãðóïï. Òåçèñû äîêëàäîâ, 1973, 86�88.

Ñ.Ã.Àôàíàñüåâà, À.À.Âèêåíòüåâ, À.Ì.Èâëåâà-Ïîïîâà,
Å. Â.Îâ÷èííèêîâà, À. Ã.Ïèíóñ, Ê.Í.Ïîíîìàð¼â,
Ð.À.Ïîïêîâ, Å.Í.Ïîðîøåíêî, Ñ. Â.Ñóäîïëàòîâ,
À.Â.×åõîíàäñêèõ, Þ.À.×èðêóíîâ



70th anniversary of Professor E. I. Timoshenko
Evgenii Iosifovich Timoshenko was born in Ukraine at July 16, 1945

in the family of a military builder Iosif Vasilievich and a housewife Faina
Venyaminovna. Later on, in 1949, the family moved to Krasnoyarsk region.
Evgenii Iosifovich graduated Secondary School in Abakan in 1962. After
graduating a high-school, he entered the Novosibirsk State University, where
he was studying until 1967.

4 Scienti�c activity in algebra
4.1 Degree work

The scienti�c adviser of E. I. Timoshenko was a Corresponding Member
of the USSR Academy of Sciences Mikhail Ivanovich Kargapolov. Under his
supervision the thesis �Conjugation in free metabelian groups� was made
and published with the same article name in the journal �Algebra and logic�
in 1967 [1]. It has been proven that free metabelian groups are �nitely
approximable with respect to conjugacy. In particular, it implies that in
a free metabelian group there is an algorithm verifying if two arbitrary
elements are conjugate. In this article the area of scienti�c interests of
Evgenii Iosifovich has been determined as problems of e�ective veri�cation
of various properties for solvable groups.

4.2 Graduate studies
In 1967�1970, E. I. Timoshenko was a graduate student of Institute of

Mathematics, Siberian Branch of the USSR Academy of Sciences (IM AS
USSR) where he continued his research. As before his scienti�c adviser was
the head of Department of group theory, corresponding member of the USSR
Academy of Sciences Mikhail Ivanovich Kargapolov. While studying he
published �ve articles explaining some features in solving various algorithmic
problems in the variety of solvable groups. It is worth noting [2]. In this
paper, Evgenii Iosifovich solved the Kargapolov's problem on saving the
property of elementary equivalence of two groups while taking their wreath
products with the third group. It was shown that in the general case
wreath products of groups A and C and of groups B and C may be not
elementary equivalent even if the groups A and B are. However, if A and
B are universally equivalent then so are their wreath products with any
group C. Moreover, it was shown in [3] that if a group C is �nite then the

12
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wreath product with C preserves the property of elementary equivalence.
In this paper, it was stated that any two free solvable groups of equal
classes of solvability are elementary equivalent. Also necessary and su�cient
conditions for elementary equivalence of two free nilpotent groups were
found. Note that this publication was not well-known. For this reason some
results of this paper were reproved by other scientists.

In [4], it was shown that the problem of identity of elements in �nitely
generated metabelian groups is algorithmic solvable. It was stated that the
�niteness of orders of elements in such groups is algorithmic recognizable.
In the paper [5] it was proved that if a group A is metabelian and it has
at least three generators and one de�ning relation then the center of A is
trivial. This allowed to solve the problem of M. I.Kargapolov on the center of
a solvable group de�ned in the variety of solvable groups with one relation in
the particular case of the variety of metabelian groups. Note that in general
case this problem has not been solved yet.

The paper [6] gave an a�rmative answer to Question 2.16 in Kourovka
Notebook. Namely, it was shown that there exists a �nitely generated
metabelian group of a �nite rank such that this group is not �nitely
approximable with respect to the conjugacy

As a result of these papers, Evgenii Iosifovich defended his Ph.D. thesis
�Algebraic questions for metabelian groups� in Mathematics (the degree of
candidate of physical and mathematical sciences), specialty �Algebra and
Number Theory� in 1973.

4.3 Automorphisms of solvable groups
During next 25 years, this research was continued. A number of problems

on the characteristic properties of automorphisms in various classes of
solvable groups was solved. An important auxiliary tool while studying
varieties of solvable groups is the notion of primitive systems of elements
in relatively free group of given variety. Namely, these are sets of elements
that can be supplemented to the basis of a relatively free group.

In a series of papers, a criterion of primitiveness of elements in a
relatively free solvable groups was obtained. A number of problems on
primitive systems of elements was solved. In 1998, as a result of this resear
E. I. Timoshenko defended his doctoral thesis �Solvable groups and primitive
systems of elements� on specialty �Mathematical Logic, Algebra and Number
Theory�. The results of this great work were summed up in the monograph
�Endomorphisms and universal theories of solvable groups�. The �rst edition
of this book was issued by NSTU Publishing in 2011. The second edition of
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this book was published in 2013.

4.4 International recognition
The research of E. I. Timoshenko have highly evaluated not only in Russia

but also abroad. During twenty years, Evgenii Iosifovich was leading the work
of the research team at the University of Manitoba (Canada). The results
of this international collaboration resulted in a number of scienti�c papers
published in domestic and foreign journals.

In 2011, Evgenii Iosifovich's achievements in algebraic science were
rewarded by an international sign of a nominal premium of the Mathematical
Seminar � Algebra and logic. �

4.5 Educational activities
After �nishing his graduate program Evgenii Iosifovich �rst worked at

the Institute of Water Transport (SRIWT). In 1973, after defending his
Ph.D. thesis he started working at the Siberian Building Institute (now it is
the Novosibirsk State Architecture and Civil Engineering University) at the
Department of Applied Mathematics. He worked there till 2009 at positions
of an associate professor, a professor, the head. In that institute he also
worked at the positions of the dean of the Civil Engineering Department,
the Director at the Institute of the �rst stage of Higher Education, the
Director of the Institute of Branches and Remote Education. During this
period of professional activities he has published many manuals on methods
of education. It is worth noting �Textbook on Mathematical Statistics� issued
in 1992, 1993, 1996 and 1998. This textbook was written in the co-authorship
with Yu.E.Voskoboynikov. Since 2009, Evgenii Iosifovich is working at a
position of the head of Algebra and Mathematical Logic Department at the
Novosibirsk State Technical University.

In 2006, Evgenii I. Timoshenko's was rewarded by the title of �Honored
Worker of Higher Schools of the Russian Federation� for his achievements in
educational work.

4.6 Scienti�c activity in the area of geodesy
While working at the Siberian Building Institute Evgenii Iosifovich

made a number of researches on mathematical geodesy. His work resulted
in the optimization in various geodesic tasks related to the marking
construction objects. The results of his researches in geodesy were described
in papers of 1979�1981, 1985, 1988 and summarized in the monograph
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�Determination of the optimal axis positions of engineering objects�, publi-
shed in 1995 by Novosibirsk publishing �Science� in the co-authorship with
G.G.Astashenkov.
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Ê 70-ëåòèþ ïðîôåññîðà Å.À.Ïàëþòèíà
30 ñåíòÿáðÿ 2015 ã. èñïîëíèëîñü 70 ëåò çàâåäóþùåìó ëàáîðàòîðèåé

àëãåáðàè÷åñêèõ ñèñòåì Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ
ÐÀÍ, äîêòîðó ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîðó Åâãåíèþ Àí-
äðååâè÷ó Ïàëþòèíó.

Åâãåíèé Àíäðååâè÷ Ïàëþòèí ðîäèëñÿ 30 ñåíòÿáðÿ 1945 ã. â Õàáà-
ðîâñêå. Â 1964 ã. îêîí÷èë Õàáàðîâñêèé ýëåêòðîòåõíèêóì ñâÿçè è ïîñòó-
ïèë íà ïåðâûé êóðñ Íîâîñèáèðñêîãî ýëåêòðîòåõíè÷åñêîãî èíñòèòóòà. Â
1965 ã. áûë ïåðåâåäåí íà ïåðâûé êóðñ Íîâîñèáèðñêîãî ãîñóäàðñòâåííîãî
óíèâåðñèòåòà, è â 1970 ã. îêîí÷èë óíèâåðñèòåò ïî ñïåöèàëüíîñòè �ìà-
òåìàòèêà�. Ñ 1970 ïî 1973 ãîä áûë àñïèðàíòîì Èíñòèòóòà ìàòåìàòèêè.
Â 1972 ãîäó çàùèòèë êàíäèäàòñêóþ äèññåðòàöèþ, â 1987 ã. - äîêòîð-
ñêóþ. Â 1991 ãîäó óòâåðæäåí â ó÷åíîì çâàíèè ïðîôåññîðà. Ñ 1989 ã. ïî
íàñòîÿùåå âðåìÿ ðàáîòàåò çàâåäóþùèì ëàáîðàòîðèåé àëãåáðàè÷åñêèõ
ñèñòåì Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ. Ñ 1972 ãîäà
ðàáîòàåò íà êàôåäðå àëãåáðû è ìàòåìàòè÷åñêîé ëîãèêè Íîâîñèáèðñêî-
ãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà (ñ 1972 ãîäà � àññèñòåíòîì, çàòåì �
äîöåíòîì, â íàñòîÿùåå âðåìÿ � ïðîôåññîðîì). Åâãåíèé Àíäðååâè÷ Ïà-
ëþòèí � êðóïíûé ñïåöèàëèñò â îáëàñòè òåîðèè ìîäåëåé. Èì âíåñåí
îïðåäåëÿþùèé âêëàä â ðàçâèòèå ðÿäà íàïðàâëåíèé òåîðèè êëàññèôè-
êàöèé, íàõîäÿùèõñÿ íà ñòûêå àëãåáðû è ìàòåìàòè÷åñêîé ëîãèêè. Îí
àâòîð áîëåå 110 íàó÷íûõ ðàáîò, îïóáëèêîâàííûõ â âåäóùèõ ðîññèéñêèõ
è çàðóáåæíûõ èçäàòåëüñòâàõ. Ñðåäè íèõ - íàïèñàííîå â ñîàâòîðñòâå ñ
àêàäåìèêîì Þ.Ë.Åðøîâûì êëàññè÷åñêîå ó÷åáíîå ïîñîáèå �Ìàòåìàòè-
÷åñêàÿ ëîãèêà�, âûäåðæàâøåå øåñòü èçäàíèé â Ðîññèè è ïåðåâåäåííîå
íà àíãëèéñêèé è èñïàíñêèé ÿçûêè; äîïîëíèòåëüíàÿ ãëàâà â �Ñïðàâî÷íîé
êíèãå ïî ìàòåìàòè÷åñêîé ëîãèêå�, â êîòîðîé ñîáðàíû îñíîâíûå ðåçóëü-
òàòû ïî ñïåêòðàì è ñòðóêòóðàì ìîäåëåé ïîëíûõ òåîðèé. Åâãåíèåì Àí-
äðååâè÷åì Ïàëþòèíûì ïîëó÷åíî îïèñàíèå êàòåãîðè÷íûõ óíèâåðñàëîâ,
êàòåãîðè÷íûõ êâàçèìíîãîîáðàçèé, ôóíêöèé ñïåêòðîâ õîðíîâûõ òåîðèé
è êâàçèìíîãîîáðàçèé; óñòàíîâëåí ðÿä ãëóáîêèõ ðåçóëüòàòîâ, îòíîñÿùèõ-
ñÿ ê òåîðèè ãðóïï è òåîðèè ìîäóëåé; îñíîâàíà è ðàçâèòà êîììóòàòèâíàÿ
òåîðèÿ ìîäåëåé, òåîðèÿ îáîáùåííîé ñòàáèëüíîñòè, à òàêæå åå ïðèìåíå-
íèÿ â òåîðèè àáåëåâûõ ãðóïï.

Íà÷èíàÿ ñ 2001 ãîäà ðåçóëüòàòû Å.À.Ïàëþòèíà âîñåìü ðàç âêëþ÷à-
ëèñü ñïèñîê âàæíåéøèõ íàó÷íûõ äîñòèæåíèé Èíñòèòóòà ìàòåìàòèêè.
Â 2001 ã. èì äîêàçàíà îïðåäåëèìîñòü òèïîâ äëÿ E∗-ñòàáèëüíûõ òåîðèé.
Ýòîò ðåçóëüòàò îáîáùàåò èçâåñòíóþ òåîðåìó Øåëàõà îá îïðåäåëèìî-
ñòè òèïîâ äëÿ ñòàáèëüíûõ òåîðèé è ïîäòâåðæäàåò ãèïîòåçó Á. Ïóàçû
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îá îïðåäåëèìîñòè òèïîâ íàä ëþáûìè P -ìíîæåñòâàìè â P -ñòàáèëüíûõ
òåîðèÿõ. Â 2002 ã. äîêàçàíà çàìêíóòîñòü îïåðàöèè ýëåìåíòàðíûõ ïàð
äëÿ ñëåäóþùèõ êëàññîâ ïîëíûõ òåîðèé: ïðèìèòèâíî íîðìàëüíûå; àä-
äèòèâíûå, àíòèàääèòèâíûå è ïðèìèòèâíî ñâÿçíûå. Îòñþäà âûòåêàåò
P -ñòàáèëüíîñòü êëàññà ïðèìèòèâíî ñâÿçíûõ òåîðèé, ÷òî îáîáùàåò èç-
âåñòíûé ðåçóëüòàò Áàóðà�Öèãëåðà î ñòàáèëüíîñòè ïîëíûõ òåîðèé ìîäó-
ëåé. Â 2003 ã. äîêàçàíà îïðåäåëèìîñòü êëàññà o-ìèíèìàëüíûõ è ñëàáî
o-ìèíèìàëüíûõ òåîðèé ÷åðåç E∗-ñòàáèëüíîñòü. Â 2004 ã. íàéäåíà ïîë-
íàÿ õàðàêòåðèçàöèÿ ñòàáèëüíî îïðåäåëèìûõ êëàññîâ ïîëíûõ òåîðèé. Â
2009 ã. ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ
ñòðóêòóðíîé òåîðèè äëÿ Ôðåøå-çàìêíóòûõ êëàññîâ. Â 2010 ã. ðàçðàáî-
òàíà ñòðóêòóðíàÿ òåîðèÿ êàòåãîðè÷íûõ õîðíîâûõ êëàññîâ. Â ÷àñòíîñòè,
äîêàçàíà ìîäåëüíàÿ ïîëíîòà òåîðèé ýòèõ êëàññîâ. Â 2013 ã. îïèñàíû àáå-
ëåâû ãðóïïû, òåîðèè êîòîðûõ ÿâëÿþòñÿ P -ñòàáèëüíûìè äëÿ îñíîâíûõ
òèïîâ ïîäãðóïï. Â 2014 ã. ïîëíîñòüþ îïèñàíû âñå P -ñïåêòðû àáåëåâûõ
ãðóïï äëÿ îñíîâíûõ òèïîâ ïîäãðóïï P .

Íàó÷íûå òðóäû Å.À.Ïàëþòèíà õîðîøî èçâåñòíû êàê îòå÷åñòâåííûì
ñïåöèàëèñòàì, òàê è çà ðóáåæîì. Îí ìíîãîêðàòíî âûñòóïàë ñ äîêëàäàìè
íà âñåñîþçíûõ è ìåæäóíàðîäíûõ êîíôåðåíöèÿõ ïî àëãåáðå è ìàòåìàòè-
÷åñêîé ëîãèêå, à òàêæå ïî ïðèãëàøåíèÿì â çàðóáåæíûõ ìàòåìàòè÷åñêèõ
öåíòðàõ Ãåðìàíèè, Êàçàõñòàíà, ÑØÀ, Ôðàíöèè.

Å.À.Ïàëþòèíûì ïîäãîòîâëåíî äåâÿòü êàíäèäàòîâ íàóê è òðè äîêòî-
ðà íàóê â îáëàñòè òåîðèè ìîäåëåé. Ìíîãî ëåò îí ó÷àñòâîâàë â ñîçäàíèè
è ðàçâèòèè Êàçàõñòàíñêîé òåîðåòèêî-ìîäåëüíîé øêîëû.

Åâãåíèé Àíäðååâè÷ ñîòðóäíè÷àåò ñ çàðóáåæíûìè ñïåöèàëèñòàìè
ïî òåîðèè ìîäåëåé â ðàìêàõ Ðîññèéñêî-Êàçàõñòàíñêèõ è Ðîññèéñêî-
Ôðàíöóçñêèõ ïðîåêòîâ. Îí ìíîãîêðàòíî ÿâëÿëñÿ ðóêîâîäèòåëåì èññëå-
äîâàòåëüñêèõ ïðîåêòîâ, îñóùåñòâëÿåìûõ ïî ãðàíòàì ÐÔÔÈ.

Ïðèíèìàåò àêòèâíîå ó÷àñòèå â îðãàíèçàöèè è ïðîâåäåíèè ìíîãèõ
êîíôåðåíöèé ïî àëãåáðå è ìàòåìàòè÷åñêîé ëîãèêå. ßâëÿëñÿ ÷ëåíîì
Ïðîãðàììíûõ êîìèòåòîâ Ìàëüöåâñêèõ ÷òåíèé, Ñîâåòñêî-Ôðàíöóçñêîãî
è Êàçàõñêî-Ôðàíöóçñêèõ êîëëîêâèóìîâ ïî òåîðèè ìîäåëåé, Ýðëàãîëü-
ñêèõ ëåòíèõ øêîë ïî òåîðèè ìîäåëåé è óíèâåðñàëüíîé àëãåáðå, øêîë-
ñåìèíàðîâ �Ñèíòàêñèñ è ñåìàíòèêà ëîãè÷åñêèõ ñèñòåì�.

Áîëåå 40 ëåò Å.À.Ïàëþòèí ïðåïîäàåò â Íîâîñèáèðñêîì ãîñóäàð-
ñòâåííîì óíèâåðñèòåòå. Èì ÷èòàåòñÿ êóðñ ìàòåìàòè÷åñêîé ëîãèêè äëÿ
ñòóäåíòîâ-ìàòåìàòèêîâ, ïðî÷èòàí öåëûé ðÿä ñïåöêóðñîâ. Åãî ëåêöèè,
ñî÷åòàþùèå ãëóáîêîå ñîäåðæàíèå è îðèãèíàëüíûå è òîíêèå èìïðîâèçà-
öèè, ïîëüçóþòñÿ íåèçìåííîé ïîïóëÿðíîñòüþ ó ñòóäåíòîâ. Âëèÿíèå ïðå-
ïîäàâàòåëüñêîãî òàëàíòà Åâãåíèÿ Àíäðååâè÷à íàõîäèò îòðàæåíèå â ðà-



18 Ê 70-ëåòèþ ïðîôåññîðà Å.À.Ïàëþòèíà

áîòå åãî ó÷åíèêîâ â Äàëüíåâîñòî÷íîì ôåäåðàëüíîì óíèâåðñèòåòå, Íîâî-
ñèáèðñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå, Íîâîñèáèðñêîì ãîñóäàðñòâåí-
íîì òåõíè÷åñêîì óíèâåðñèòåòå, Íîòðäàìñêîì óíèâåðñèòåòå (ÑØÀ), Ìå-
ìîðèàëüíîì óíèâåðñèòåòå Íüþôàóíäëåíäà (Êàíàäà).

Íà ïðîòÿæåíèè ðÿäà ëåò Å.À.Ïàëþòèí ÿâëÿåòñÿ ñîðóêîâîäèòåëåì
ñåìèíàðà �Òåîðèÿ ìîäåëåé�, ïðîâîäèìîãî â Èíñòèòóòå ìàòåìàòèêè. Íà
ýòîì ñåìèíàðå ñî ñâîèìè ðåçóëüòàòàìè âûñòóïàþò êàê ìîëîäûå èññëåäî-
âàòåëè, òàê è èçâåñòíûå ñïåöèàëèñòû ïî òåîðèè ìîäåëåé. Å.À.Ïàëþòèí
ÿâëÿåòñÿ ÷ëåíîì äèññåðòàöèîííîãî ñîâåòà ïî çàùèòå äîêòîðñêèõ äèñ-
ñåðòàöèé ïðè Èíñòèòóòå ìàòåìàòèêè, à òàêæå ÷ëåíîì Ó÷¼íîãî ñîâåòà
Èíñòèòóòà.

Çà âûäàþùóþñÿ íàó÷íóþ, ïåäàãîãè÷åñêóþ è îáùåñòâåííóþ äåÿòåëü-
íîñòü Åâãåíèé Àíäðååâè÷ óäîñòîåí ïî÷åòíîãî çâàíèÿ �Çàñëóæåííûé
âåòåðàí ÑÎ ÐÀÍ�, ê 275-ëåòèþ Àêàäåìèè íàóê íàãðàæäåí Ïî÷åòíîé
ãðàìîòîé ÐÀÍ è ïðîôñîþçà ðàáîòíèêîâ ÐÀÍ. Â 2005 ã. Åâãåíèþ Àí-
äðååâè÷ó Ïàëþòèíó ïðèñâîåíî çâàíèå ïî÷åòíîãî ïðîôåññîðà Åâðàçèé-
ñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà (Àñòàíà, Êàçàõñòàí). Â 2010 ãîäó
Å.À.Ïàëþòèí â ñîñòàâå êîëëåêòèâà àâòîðîâ óäîñòîåí çâàíèÿ Ëàóðåà-
òà ïðåìèè Ïðàâèòåëüñòâà Ðîññèéñêîé Ôåäåðàöèè â îáëàñòè îáðàçîâà-
íèÿ çà öèêë òðóäîâ �Êîíöåïöèÿ ôîðìèðîâàíèÿ ëîãèêî-ìàòåìàòè÷åñêîãî
îáðàçîâàíèÿ â âûñøåé øêîëå�. Â èþíå 2015 ãîäà íà áàçå Íîâîñèáèð-
ñêîãî ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà áûëà ïðîâåäåíà XI
Ëåòíÿÿ øêîëà �Ïîãðàíè÷íûå âîïðîñû òåîðèè ìîäåëåé è óíèâåðñàëüíîé
àëãåáðû�, ïîñâÿùåííàÿ 70-ëåòèþ ïðîôåññîðà Å.À.Ïàëþòèíà è 70-ëåòèþ
ïðîôåññîðà Å.È.Òèìîøåíêî.

Ñâîå 70-ëåòèå Å.À.Ïàëþòèí âñòðå÷àåò àêòèâíîé íàó÷íîé ðàáîòîé,
îáùåíèåì ñ ìîëîäåæüþ íà ëåêöèÿõ è ñåìèíàðàõ, ðóêîâîäñòâîì ñïåöñå-
ìèíàðîì �Òåîðèÿ ìîäåëåé�.

À.À.Âèêåíòüåâ, À.Ì.Èâëåâà-Ïîïîâà, Á.Þ.Ëåìåøêî,
Å.Â.Îâ÷èííèêîâà, À. Ã.Ïèíóñ, Ê.Í.Ïîíîìàð¼â,
Ð.À.Ïîïêîâ, Å.Í.Ïîðîøåíêî, Ñ. Â.Ñóäîïëàòîâ,
Å.È.Òèìîøåíêî, Â.Â.Óñîâ, À.Â.×åõîíàäñêèõ



70th anniversary of Professor E.A.Palyutin
Head of the laboratory of algebraic systems of Sobolev Institute of

Mathematics SB RAS, Doctor of Physical and Mathematical Sciences,
Professor Evgenii A. Palyutin had 70th anniversary at September 30, 2015.

Evgenii Andreevich Palyutin was born in Khabarovsk at September 30,
1945. In 1964 he graduated Khabarovsk Elektrotehnikum of Communica-
tions and entered the �rst year of the Novosibirsk Institute of Electrical
Engineering. In 1965 he was transferred to the �rst year of the Novosibirsk
State University and in 1970 graduated the University with the speciality
�Mathematics�. Since 1970 to 1973 he was a graduate student at Institute
of Mathematics. In 1972 he defended his thesis and in 1987 � a doctorate.
In 1991, he approved in the academic status of professor. Since 1989 he
works as Head of the Laboratory of algebraic systems of Sobolev Institute
of Mathematics SB RAS. Since 1972 he works at the Chair of Algebra
and Mathematical Logic, Novosibirsk State University (since 1972 as an
assistant, then an assistant professor, now � professor). Evgenii A. Palyutin
is a prominent specialist in the model theory. He made a decisive contribution
to the development of a series of directions of the classi�cation theory that
are at the intersection of Algebra and Mathematical Logic. He is the author
of over 80 scienti�c papers published in the leading Russian and foreign
publishing houses. Among them: co-written with Academician Ershov the
classic textbook �Mathematical logic� withstood six editions in Russian and
translated into English and Spanish; additional chapter in the �Handbook
of mathematical logic�, which summarizes the main results on the spectrum
and structure of models of complete theories. Evgenii A. Palyutin described
categorical universals, categorical quasivarieties, spectrum functions of Horn
theories and quasivarieties; established a series of deep results related to the
group theory and the theory of modules; he founded and developed the
theory of commutative models, the theory of generalized stability and its
application in the theory of Abelian groups.

Since 2001, the results of Palyutin were included eight times in the list of
the most important scienti�c achievements of the Institute of Mathematics.
In 2001 he proved the de�nability of types for E∗-stable theories. This
result generalizes the well-known theorem by Shelah on the de�nability
of types of stable theories and con�rms the conjecture of B. Poizat on the
de�nability of types over P -sets in P -stable theories. In 2002, it was shown
that the operation of elementary pairs is closed for the following classes of
complete theories: primitively normal; additive, antiadditive, and primitively
connected. Hence the class of primitively connected theories is P -stable
generalizing the known result by Baur and Ziegler that complete theories
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of modules are stable. In 2003, he proved the de�nability of class of o-
minimal and weakly o-minimal theories using the E∗-stability. In 2004, he
found a complete characterization of stably de�nable classes of complete
theories. In 2009, the necessary and su�cient conditions for the existence
of the structural theory of Frechet-closed classes are obtained. In 2010, he
developed the structural theory of categorical Horn classes. In particular, he
proved the model completeness of the theories of these classes. In 2013, he
describe Abelian groups, whose theories are P -stable for the main types of
subgroups. In 2014, all P -spectra of Abelian groups for main types P of the
subgroup are fully described.

Proceedings E.A.Palyutin are well known to specialists, both domestic
and abroad. Many times he gave talks at All-Union and international
conferences on algebra and mathematical logic, as well as via invitations
to foreign mathematical centers in Germany, Kazakhstan, USA, France.

E.A. Palyutin was an advisor preparing nine candidates of sciences and
three doctorate in model theory. For many years he participated in the
creation and development of the Kazakhstan model-theoretic school.

Evgenii A. Palyutin is cooperating with foreign experts in the model
theory in the framework of the Russian-Kazakh and Russian-French projects.
Many times he was the head of research projects carried out by RFBR grants.

He takes an active part in organizing and conducting many conferences
on algebra and mathematical logic. He was a member of the program
committees of Maltsev Meetings, Soviet-French and Kazakh-French collo-
quia on model theory, Erlagol summer schools on the model theory and
universal algebra, workshops �Syntax and semantics of logical systems�.

More than 40 years E.A. Palyutin gives lectures at Novosibirsk State
University. He gives a course of mathematical logic for students-mathematici-
ans, gives a number of special courses. His lectures that combine deep content
and original and subtle improvisation, are popular among students. In�uence
of teaching talent of Palyutin is re�ected in the work of his students in the Far
Eastern Federal University, Novosibirsk State University, Novosibirsk State
Technical University, Notre Dame University (USA), Memorial University
of Newfoundland (Canada).

Over the years, he is co-director of the seminar �Model theory�, conducted
in the Institute of Mathematics. In the seminar, young researchers and
well-known experts in the model theory give their talks. E.A. Palyutin is
a member of the Dissertation Council for doctoral theses at the Institute of
Mathematics and a member of the Academic Council of the Institute.

For outstanding scienti�c, educational and social activities, Evgenii
A. Palyutin awarded the honorary title �Honored veteran of SB RAS�, for
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the 275th anniversary of the Academy of Sciences awarded the Diploma
of Russian Academy of Sciences and the Russian Academy of Science
Workers' Union. In 2005, Evgenii A. Palyutin awarded the rank of honorary
professor of the Eurasian National University (Astana, Kazakhstan). In 2010,
E.A. Palyutin, in a group of authors, was awarded the rank of laureate of the
Government of the Russian Federation in the �eld of education for the series
of works �The concept of the formation of logical-mathematical education
in high school�. In June 2015 at the base of Novosibirsk State Technical
University, it was held XI Summer School �Problems allied to Model Theory
and Universal Algebra� dedicated to the 70th anniversary of Professor
E.A.Palyutin and the 70th anniversary of Professor E. I. Timoshenko.

E.A. Palyutin meets his 70 years with active scienti�c work, communica-
tions with young people at lectures and seminars, leading the special seminar
�Model theory�.

A.V.Chekhonadskikh, A.M. Ivleva-Popova, B.Yu. Lemeshko,
E.V.Ovchinnikova, A.G. Pinus, K.N. Ponomarev,
R.A. Popkov, E.N. Poroshenko, S. V. Sudoplatov,
E. I. Timoshenko, V.V.Usov, A.A.Vikentiev



ÐÀÑÏÐÅÄÅËÅÍÈÅ ×ÈÑËÀ
Ñ×ÅÒÍÛÕ ÌÎÄÅËÅÉ

ÌÀËÛÕ ÒÅÎÐÈÉ
ÀÖÈÊËÈ×ÅÑÊÈÕ ÃÐÀÔÎÂ

Ê.À.Áàéêàëîâà∗

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò
ïð. Ê.Ìàðêñà, 20, Íîâîñèáèðñê, 630073, Ðîññèÿ

e-mail: bkristina@bk.ru

Ïîíÿòèå òðîåê ðàñïðåäåëåíèÿ ñ÷åòíûõ ìîäåëåé âïåðâûå ââîäèòñÿ â
ðàáîòå [2]. Áîëåå ïîäðîáíî îíè ðàññìàòðèâàþòñÿ â ìîíîãðàôèè [1]. Â
äàííîé ñòàòüå îïèñûâàþòñÿ òðîéêè ðàñïðåäåëåíèÿ ñ÷åòíûõ ìîäåëåé òåî-
ðèé àöèêëè÷åñêèõ ãðàôîâ. Îñíîâíûå ïðèåìû äîêàçàòåëüñòâà âçÿòû èç
ðàáîòû [3], ãäå ñ èõ ïîìîùüþ îïèñûâàåòñÿ ÷èñëî ïðåäåëüíûõ ìîäåëåé
òåîðèé óíàðîâ.

Îïðåäåëåíèå 1. Ìàðøðóòîì äëèíû n â íåîðèåíòèðîâàííîì ãðàôå Γ
íàçûâàåòñÿ ëþáàÿ ïîñëåäîâàòåëüíîñòü âåðøèí a0, a1, . . . , an, òàêàÿ ÷òî
ai−1, ai ñîåäèíåíû ðåáðîì äëÿ âñåõ i = 1, 2, . . . , n.

Îïðåäåëåíèå 2. Ðàññòîÿíèåì ìåæäó ýëåìåíòàìè a è b ãðàôà Γ íàçû-
âàåòñÿ äëèíà êðàò÷àéøåãî ìàðøðóòà îò a äî b â Γ, åñëè òàêîé ìàðøðóò
ñóùåñòâóåò, è ðàññòîÿíèå ìåæäó a è b áåñêîíå÷íî â ïðîòèâíîì ñëó÷àå.
Ðàññòîÿíèå ìåæäó ýëåìåíòàìè a è b îáîçíà÷àåòñÿ ÷åðåç d(a, b).

Îïðåäåëåíèå 3. Êîìïîíåíòîé ñâÿçíîñòè ãðàôà Γ íàçûâàåòñÿ ìàêñè-
ìàëüíîå ïîäìíîæåñòâî ìíîæåñòâà âåðøèí, â êîòîðîì ëþáûå äâà ýëå-
ìåíòà ñâÿçàíû ìàðøðóòàìè.

Îïðåäåëåíèå 4. Äèàìåòðîì êîìïîíåíòû ñâÿçíîñòè íàçûâàåòñÿ íàè-
áîëüøåå èç ðàññòîÿíèé ìåæäó ýëåìåíòàìè â ýòîé êîìïîíåíòå ñâÿçíîñòè,
åñëè òàêîå ñóùåñòâóåò, è áåñêîíå÷íîñòü â ïðîòèâíîì ñëó÷àå.

Îïðåäåëåíèå 5. Ïîñëåäîâàòåëüíîñòü ìîäåëåé (Mn)n∈ω íàçûâàåòñÿ ýëå-
ìåíòàðíîé öåïüþ, åñëè Mn 4 Mn+1 äëÿ âñåõ n ∈ ω.

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà
îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí, ãðàíò �083 0/ÃÔ4.
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Îïðåäåëåíèå 6. [1]. Ìîäåëü M òåîðèè T íàçûâàåòñÿ ïðåäåëüíîé, åñëè
M íå ÿâëÿåòñÿ ïðîñòîé ìîäåëüþ íè íàä êàêèì êîðòåæîì è M =

⋃
n∈ω

Mn

äëÿ íåêîòîðîé ýëåìåíòàðíîé öåïè (Mn)n∈ω ïðîñòûõ ìîäåëåé òåîðèè T
íàä íåêîòîðûìè êîðòåæàìè.

Äëÿ ñ÷åòíîé ïîëíîé òåîðèè T ìîùíîñòè ìíîæåñòâ òèïîâ èçîìîðôèç-
ìà ïðîñòûõ íàä êîðòåæàìè, ïðåäåëüíûõ è îñòàëüíûõ ñ÷åòíûõ ìîäåëåé
ýòîé òåîðèè îáîçíà÷èì ÷åðåç P (T ), L(T ) è NPL(T ) ñîîòâåòñòâåííî.

Îïðåäåëåíèå 7. [1, 2]. Íàáîð (P (T ), L(T ), NPL(T )) íàçûâàåòñÿ òðî-
éêîé ðàñïðåäåëåíèÿ ñ÷åòíûõ ìîäåëåé òåîðèè T è îáîçíà÷àåòñÿ ÷åðåç
cm3(T ).

Ïóñòü T � òåîðèÿ íåîðèåíòèðîâàííîãî àöèêëè÷åñêîãî ãðàôà. Åñëè
ýòà òåîðèÿ ω-êàòåãîðè÷íà, îíà èìååò åäèíñòâåííóþ ñ òî÷íîñòüþ äî èçî-
ìîðôèçìà ñ÷åòíóþ ìîäåëü, êîòîðàÿ ÿâëÿåòñÿ ïðîñòîé.

Ïðåäïîëîæèì, ÷òî T íå ω-êàòåãîðè÷íà. Ïóñòü M0 è M1 � äâå íåèçî-
ìîðôíûå ìîäåëè òåîðèè T . Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæåì ñ÷èòàòü,
÷òî M1 íå èçîìîðôíà íèêàêîé ïîäìîäåëè M0. Ðàññìîòðèì äâà óñëîâèÿ.

(1). Íàéä¼òñÿ òàêàÿ êîìïîíåíòà ñâÿçíîñòè C, öåëèêîì ëåæàùàÿ â
M1 \M0, ÷òî ìîäåëè M0 è M1 ñîäåðæàò ðàçëè÷íîå êîëè÷åñòâî êîì-
ïîíåíò ñâÿçíîñòè, èçîìîðôíûõ C.

(2). Íàéäóòñÿ òàêèå ýëåìåíòû a ∈ M0 è b ∈ M1 \M0, ñâÿçàííûå ðåáðîì
â M1, ÷òî b íå àëãåáðàè÷åñêèé íàä a.

Åñëè íè îäíî èç ýòèõ óñëîâèé íå âûïîëíåíî, òî, èç-çà íå âûïîëíå-
íèÿ âòîðîãî óñëîâèÿ, êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ìîäåëè M1 ëèáî
èçîìîðôíà ñâîåé ÷àñòè, ëåæàùåé â ìîäåëè M0, ëèáî íå ïåðåñåêàåòñÿ ñ
M0. Òàê êàê íå âûïîëíÿåòñÿ ïåðâîå óñëîâèå, äëÿ êàæäîé êîìïîíåíòû
ñâÿçíîñòè, ëåæàùåé â M1 \M0, â M1 è M0 èìååòñÿ îäèíàêîâîå êîëè÷å-
ñòâî êîïèé ýòîé êîìïîíåíòû. Ñëåäîâàòåëüíî, M1 èçîìîðôíà íåêîòîðîé
ïîäìîäåëè M0. Ïðîòèâîðå÷èå.

Çíà÷èò, åñëè òåîðèÿ T íå ω-êàòåãîðè÷íà, òî íàéäóòñÿ äâå ìîäåëè M0

è M1 ýòîé òåîðèè, äëÿ êîòîðûõ âûïîëíÿåòñÿ õîòÿ áû îäíî èç âûøåóïî-
ìÿíóòûõ óñëîâèé.

Ïóñòü âûïîëíÿåòñÿ óñëîâèå (1). Çàìåòèì, ÷òî â ýòîì ñëó÷àå ìî-
äåëü M1 èìååò áîëåå îäíîé êîìïîíåíòû ñâÿçíîñòè, à çíà÷èò M1 |=
∀x∃yd(x, y) > n äëÿ êàæäîãî íàòóðàëüíîãî n. Ñëåäîâàòåëüíî ýòè ïðåä-
ëîæåíèÿ ïðèíàäëåæàò òåîðèè T è èñòèííû íà êàæäîé åå ìîäåëè.
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Ðàññìîòðèì ïðîèçâîëüíóþ M |= T . Ïîêàæåì, ÷òî M 4 M
⋃̇

C.
Ïóñòü äëÿ íåêîòîðîé ôîðìóëû ϕ(x, y) è íåêîòîðîãî a ∈ M âûïîëíÿåò-
ñÿ M

⋃̇
C |= ∃yϕ(a, y). Òîãäà íàéäåòñÿ ýëåìåíò b ∈ M

⋃̇
C, äëÿ êîòîðîãî

M
⋃̇

C |= ϕ(a, b). Åñëè b ∈ C, òî íå ñóùåñòâóåò ïóòè, ñâÿçûâàþùåãî b ñ
ýëåìåíòàìè èç a. Ñëåäîâàòåëüíî, ϕ(a, b) ≡ ϕ1(a) ∧ ϕ2(b) ∧ ϕ3(a, b), ãäå
ϕ3(a, b) ãîâîðèò òîëüêî î òîì, ÷òî äëÿ íåêîòîðîãî n íå ñóùåñòâóåò ïóòè
äëèíû n, ñâÿçûâàþùåãî b ñ ýëåìåíòàìè èç a. Çíà÷èò, â M

⋃̇
C âûïîëíÿ-

åòñÿ êàæäûé èç òðåõ êîíúþíêòîâ.
Âñå ýëåìåíòû a ëåæàò â M . Ïðèñîåäèíèâ íîâóþ êîìïîíåíòó ñâÿçíî-

ñòè, ìû äîáàâèëè òîëüêî ýëåìåíòû, íå ñâÿçàííûå ìàðøðóòàìè ñ a. Òàê
êàê M |= T , â M äëÿ ëþáîãî n óæå åñòü ýëåìåíòû, íå ñîåäèíåííûå ñ a

ìàðøðóòàìè äëèíû n èëè ìåíüøå. À çíà÷èò, åñëè M
⋃̇

C |= ϕ1(a), òî è
M |= ϕ1(a).

Àíàëîãè÷íî, òàê êàê b ∈ C, à C � êîìïîíåíòà ñâÿçíîñòè ìîäåëè M1,
òî åñëè M

⋃̇
C |= ϕ2(b), òî è M1 |= ϕ2(b).

Òàê êàê ôîðìóëà ϕ3(a, b) ñîäåðæèò ëèøü èíôîðìàöèþ î òîì, ÷òî a
è b íå ñâÿçàíû ìàðøðóòàìè, äëÿ ëþáîãî êîðòåæà a′ ∈ M0 âåðíî M1 |=
ϕ3(a

′, b).
Ñëåäîâàòåëüíî, äëÿ ëþáîãî êîðòåæà a′ ∈ M0 âåðíî M1 |= (ϕ2(b) ∧

ϕ3(a
′, b)). À çíà÷èò, äëÿ ëþáîãî êîðòåæà a′ ∈ M0 âåðíî M1 |= ∃y(ϕ2(y)∧

ϕ3(a
′, y)). Òàê êàê M0 ≡ M1, äëÿ ëþáîãî êîðòåæà a′ ∈ M0 âåðíî M0 |=

∃y(ϕ2(y) ∧ ϕ3(a
′, y)). Íî òîãäà M0 |= ∀x∃y(ϕ2(y) ∧ ϕ3(x, y)).

(ϕ2(y) ∧ ϕ3(x, y)) ` (ϕ1(x) → (ϕ1(x) ∧ ϕ2(y) ∧ ϕ3(x, y)));

(ϕ1(x) → (ϕ1(x) ∧ ϕ2(y) ∧ ϕ3(x, y))) ≡ (ϕ1(x) → ϕ(x, y));

M0 |= ∀x∃y(ϕ1(x) → ϕ(x, y));

∃y(ϕ1(x) → ϕ(x, y)) ≡ (ϕ1(x) → ∃yϕ(x, y));

M0 |= ∀x(ϕ1(x) → ∃yϕ(x, y)).

Òàê êàê M ≡ M0, M |= ∀x(ϕ1(x) → ∃yϕ(x, y)). Ñëåäîâàòåëüíî,

M |= (ϕ1(a) → ∃yϕ(a, y)).

Òàê êàê M |= ϕ1(a), òî M |= ∃yϕ(a, y)). À çíà÷èò íàéäåòñÿ ýëåìåíò
b′ ∈ M , äëÿ êîòîðîãî M |= ϕ(a, b′).

Âñå ýëåìåíòû a è b′ ëåæàò â M . Ïðèñîåäèíèâ íîâóþ êîìïîíåíòó
ñâÿçíîñòè, ìû äîáàâèëè òîëüêî ýëåìåíòû, íå ñâÿçàííûå ìàðøðóòàìè
ñ a è b′. Òàê êàê M |= T , â M äëÿ ëþáîãî n óæå åñòü ýëåìåíòû, íå
ñîåäèíåííûå ñ a ìàðøðóòàìè äëèíû n èëè ìåíüøå. À çíà÷èò, åñëè M |=
ϕ(a, b′), òî è M

⋃̇
C |= ϕ(a, b′).



Ðàñïðåäåëåíèå ÷èñëà ñ÷åòíûõ ìîäåëåé ìàëûõ òåîðèé àöèêëè÷åñêèõ ãðàôîâ 25

Ïîëó÷èëè, ÷òî åñëè äëÿ íåêîòîðîé ôîðìóëû ϕ(x, y) è íåêîòîðîãî
a ∈ M âûïîëíÿåòñÿ M

⋃̇
C |= ∃yϕ(a, y), òî íàéäåòñÿ ýëåìåíò b′ ∈ M ,

òàêîé ÷òî M
⋃̇

C |= ϕ(a, b′). Ñëåäîâàòåëüíî, M 4 M
⋃̇

C.
Åñëè M ïðîñòà íàä ìíîæåñòâîì u1, u2, . . . , ul, C ∩ {v1, v2, . . . , vm} =

{v1, v2, . . . , vk}, òî ïîëó÷åííàÿ ìîäåëü M
⋃̇

C áóäåò ïðîñòà íàä ìíîæå-
ñòâîì {u1, u2, . . . , ul, v1, v2, . . . , vk}. Åñëè M ñîäåðæèò êîíå÷íîå ÷èñëî êî-
ïèé êîìïîíåíòû C, òî M è M

⋃̇
C íå èçîìîðôíû.

Òàêèì îáðàçîì, ìîæåì ðàñøèðèòü ëþáóþ ïðîñòóþ íàä êîíå÷íûì
ìíîæåñòâîì ìîäåëü òåîðèè T , ïîëó÷èâ ìîäåëü, ïðîñòóþ íàä áîëüøèì
êîíå÷íûì ìíîæåñòâîì, ïðèñîåäèíèâ ê íåé êîìïîíåíòó ñâÿçíîñòè C. Íå
èçîìîðôíûì êîìïîíåíòàì áóäóò ñîîòâåòñòâîâàòü ðàçëè÷íûå ñïîñîáû
ðàñøèðåíèÿ.

Åñëè âûïîëíÿåòñÿ óñëîâèå (2), ïóñòü K � ïîäãðàô M1, ìíîæåñòâîì
âåðøèí êîòîðîãî ÿâëÿåòñÿ {c ∈ M1 \ M0 | d(b, c) < ∞}, à ðåáðàìè �
âñå ðåáðà, ñîåäèíÿþùèå ýòè âåðøèíû â M1. Ðàññìîòðèì ïðîèçâîëüíóþ
M |= T . Ïóñòü a′ � âåðøèíà ãðàôà M , òèï êîòîðîé ñîâïàäàåò ñ tp(a).
Îáîçíà÷èì ÷åðåç M ′ � ãðàô, ìíîæåñòâî âåðøèí êîòîðîãî ïîëó÷åíî îáú-
åäèíåíèåì ìíîæåñòâ âåðøèí M è K, à ìíîæåñòâî ðåáåð � îáúåäèíåíèåì
ìíîæåñòâ èõ ðåáåð ñ äîáàâëåíèåì ðåáðà (a′, b). Ïîêàæåì, ÷òî M ¹ M ′.

Ïóñòü äëÿ íåêîòîðîé ôîðìóëû ϕ(x, y) è íåêîòîðîãî d ∈ M âûïîë-
íÿåòñÿ M ′ |= ∃yϕ(d, y). Òîãäà íàéäåòñÿ ýëåìåíò c ∈ M ′, äëÿ êîòîðîãî
M ′ |= ϕ(d, c). Åñëè c ∈ K, òî ϕ(d, c) ≡ ϕ1(d)∧ϕ2(c)∧ϕ3(d, c), ãäå ϕ3(d, c)
îïèñûâàåò òîëüêî ìàðøðóòû, ñîåäèíÿþùèå c ñ ýëåìåíòàìè èç d, èëè îò-
ñóòñòâèå òàêîâûõ. Òàê êàê ãðàô àöèêëè÷åñêèé, ìåæäó äâóìÿ âåðøèíàìè
ìîæåò áûòü íå áîëåå îäíîãî ìàðøðóòà. Ñëåäîâàòåëüíî, âñå ìàðøðóòû,
ñîåäèíÿþùèå ýëåìåíòû èç K ñ ýëåìåíòàìè èç M , ñîäåðæàò ðåáðî (a′, b).
d ∈ M , c ∈ K. Çíà÷èò ϕ3(d, c) ≡ ϕ′3(d, a′) ∧ ϕ′′3(b, c) ∧ (a′; b), ãäå (a; b)
îçíà÷àåò, ÷òî âåðøèíû a′ è b ñîåäèíåíû ðåáðîì.

ϕ(d, c) ≡ ϕ1(d) ∧ ϕ2(c) ∧ ϕ3(d, c) ≡ ϕ′1(d, a′) ∧ ϕ′2(c, b) ∧ (a′; b).

Òàê êàê M ′ |= ϕ(d, c), òî M ′ |= ϕ′2(c, b) ∧ (a′; b). Âåðøèíû b è c ëåæàò
â K ⊆ M1, à ñ âåðøèíàìè, íå ëåæàùèìè â K, ñîåäèíåíû òîëüêî ÷åðåç
a′, è tp(a′) = tp(a). Èç âñåãî ýòîãî ñëåäóåò, ÷òî M1 |= ϕ′2(c, b) ∧ (a; b). Òî-
ãäà M1 |= ∃x∃yϕ′2((x, y)∧ (a; y)). Çíà÷èò, (∃x∃y(ϕ′2(x, y)∧ (a; y))) ∈ tp(a).
Òîãäà, òàê êàê tp(a′) = tp(a), èìååì M |= ∃x∃yϕ′2(x, y) ∧ (a′; y). À çíà-
÷èò, â M íàéäóòñÿ âåðøèíû b′ è c′, òàêèå ÷òî M |= ϕ′2(c

′, b′) ∧ (a′; b′).
Ïðè ÷åì, òàê æå, êàê ϕ′2(c, b) îïèñûâàåò òîëüêî òå ìàðøðóòû, êîòîðûå
ëåæàò âíóòðè K èëè ïðîõîäÿò ÷åðåç a′, (à çíà÷èò, äåëÿòñÿ íà äâå ÷àñòè:
òó, ÷òî ëåæèò âíóòðè K, è òó, ÷òî âûâîäèòñÿ èç òèïà âåðøèíû a′), èëè
îòñóòñòâèå òàêèõ ìàðøðóòîâ, òàê æå ϕ′2(c

′, b′) ñîäåðæèò ëèøü èíôîðìà-
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öèþ î ìàðøðóòàõ, íå ïðîõîäÿùèõ ÷åðåç âåðøèíó a′, èëè èíôîðìàöèþ,
âûâîäÿùóþñÿ èç tp(a′). Ñëåäîâàòåëüíî, åñëè M |= ϕ′2(c

′, b′)∧ (a′; b′), òî è
M ′ |= ϕ′2(c

′, b′) ∧ (a′; b′). Ñëåäîâàòåëüíî,

M ′ |= ϕ′1(d, a′) ∧ ϕ′2(c
′, b′) ∧ (a′; b′),

M ′ |= ϕ(d, c′).

Ïîëó÷èëè, ÷òî åñëè äëÿ íåêîòîðîé ôîðìóëû ϕ(x, y) è íåêîòîðîãî d ∈ M
âûïîëíÿåòñÿ M ′ |= ∃yϕ(d, y), òî íàéäåòñÿ ýëåìåíò c′ ∈ M , òàêîé ÷òî
M ′ |= ϕ(d, c′). Ñëåäîâàòåëüíî, M 4 M ′.

Åñëè M ïðîñòà íàä ìíîæåñòâîì u1, u2, . . . , ul, K ∩ {v1, v2, . . . , vm} =
{v1, v2, . . . , vk}, òî ïîëó÷åííàÿ ìîäåëü M ′ áóäåò ïðîñòà íàä ìíîæåñòâîì
{u1, u2, . . . , ul, v1, v2, . . . , vk}. Åñëè M ñîäåðæèò êîíå÷íîå ÷èñëî ïîäãðà-
ôîâ, èçîìîðôíûõ K, ñîåäèíåííûõ ðåáðîì ñ ýëåìåíòîì a′, òî M è M ′

íåèçîìîðôíû.
Òàêèì îáðàçîì, ìîæåì ðàñøèðèòü ëþáóþ ïðîñòóþ íàä êîíå÷íûì

ìíîæåñòâîì ìîäåëü òåîðèè T , ïîëó÷èâ ìîäåëü, ïðîñòóþ íàä áîëüøèì
êîíå÷íûì ìíîæåñòâîì, ïðèñîåäèíèâ ê íåé ïîäãðàô K. Íå èçîìîðôíûì
ïîäãðàôàì èëè ïîäãðàôàì, ñîåäèíåííûì ñ ýëåìåíòàìè, êîòîðûå íåëüçÿ
ïåðåâåñòè äðóã â äðóãà àâòîìîðôèçìîì, áóäóò ñîîòâåòñòâîâàòü ðàçëè÷-
íûå ñïîñîáû ðàñøèðåíèÿ, îòëè÷íûå îò îïèñàííûõ â ïåðâîì ñëó÷àå.

Åñëè â íåêîòîðîé ìîäåëè òåîðèè T åñòü êîìïîíåíòà ñâÿçíîñòè èëè
ìíîæåñòâî âèäà {c ∈ M1 \M0 | d(b, c) < ∞}, êîòîðîå ìîæíî è êîïèðî-
âàòü, è ðàñøèðÿòü, äîáàâëÿÿ ê íåìó íîâûå ìíîæåñòâà âèäà {c ∈ M1\M0 |
d(b, c) < ∞}, òî êàæäóþ êîïèþ ìîæåì ðàñøèðÿòü òî÷íî òàê æå. Ïóñòü
nk � êîëè÷åñòâî òàêèõ êîïèé, ê êîòîðûì ïðèêðåïëåíî k ìíîæåñòâ âè-
äà {c ∈ M1 \ M0 | d(b, c) < ∞}. Åñëè äëÿ äâóõ ìîäåëåé õîòÿ áû îäíî
èç òàêèõ ÷èñåë nk áóäåò ðàçëè÷àòüñÿ, ýòè ìîäåëè íå áóäóò èçîìîðôíû.
È äëÿ ëþáîãî íàáîðà òàêèõ ÷èñåë nk ñóùåñòâóåò ìîäåëü ñ òàêèì íàáî-
ðîì. Åñëè äëÿ íåêîòîðîé ìîäåëè ñóììà âñåõ ïðîèçâåäåíèé knk êîíå÷-
íà, òàêàÿ ìîäåëü áóäåò ïðîñòîé íàä íåêîòîðûì êîíå÷íûì ìíîæåñòâîì.
Èíà÷å � ïðåäåëüíîé. Âñåãî òàêèõ íàáîðîâ ñ êîíå÷íîé ñóììîé � ω, à ñ
áåñêîíå÷íîé � 2ω. À çíà÷èò, ïðîñòûõ ìîäåëåé â ýòîì ñëó÷àå áóäåò ω, à
ïðåäåëüíûõ � 2ω.

Äàëåå áóäåì ñ÷èòàòü, ÷òî òàêàÿ ñèòóàöèÿ íåâîçìîæíà.
Åñëè òåîðèÿ T ìàëà (ò. å. èìååò ñ÷åòíîå ÷èñëî òèïîâ íàä ïóñòûì

ìíîæåñòâîì), â êàæäîì èç ñëó÷àåâ ÷èñëî ñïîñîáîâ ðàñøèðåíèÿ íå áîëåå
÷åì ñ÷åòíî. À çíà÷èò, âñåãî èõ òîæå íå áîëåå ÷åì ñ÷åòíî. Çàíóìåðóåì ýòè
ñïîñîáû. Ïðîñòîé ìîäåëè M òåîðèè T ïîñòàâèì â ñîîòâåòñòâèå âåêòîð
n̄ = (n1, n2, n3, . . . ), ãäå ni � êîëè÷åñòâî êîïèé êîìïîíåíòû ñâÿçíîñòè
èëè ìíîæåñòâà âèäà {c ∈ M1 \ M0 | d(b, c) < ∞}, ñîîòâåòñòâóþùåãî
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ñïîñîáó ðàñøèðåíèÿ ñ íîìåðîì i â ìîäåëè M . Ñóììà âñåõ êîîðäèíàò
ýòîãî âåêòîðà áóäåò êîíå÷íîé, ò. 
ê. ìîäåëü ïðîñòà íàä êîíå÷íûì ìíî-
æåñòâîì. Åñëè äâóì ìîäåëÿì ñîîòâåòñòâóåò îäèí è òîò æå âåêòîð, îíè
èçîìîðôíû. Ïî êàæäîìó âåêòîðó ìîæíî âîññòàíîâèòü ìîäåëü, êîòîðîé
îí ñîîòâåòñòâóåò. Òàêèì îáðàçîì, ïîëó÷èëè âçàèìíîîäíîçíà÷íîå ñîîò-
âåòñòâèå ìåæäó ïðîñòûìè ìîäåëÿìè òåîðèè T è âåêòîðàìè ñ êîíå÷íîé
ñóììîé êîîðäèíàò.

Áóäåì ãîâîðèòü, ÷òî âåêòîð m̄ íå ïðåâîñõîäèò âåêòîð n̄, åñëè äëÿ
ëþáîãî i âûïîëíÿåòñÿ íåðàâåíñòâî mi ≤ ni.

Ïóñòü âåêòîð n̄ ñîîòâåòñòâóåò ìîäåëè M1, à âåêòîð m̄ � ìîäåëè M2.
Åñëè n̄ ≤ m̄, òî M1 4 M2. Åñëè M1 4 M2, òî êîëè÷åñòâî êîïèé êàæäîé
êîìïîíåíòû ñâÿçíîñòè èëè ìíîæåñòâà âèäà {c ∈ M1 \M0 | d(b, c) < ∞}
â M1 íå ïðåâîñõîäèò èõ êîëè÷åñòâî â M2, à çíà÷èò, n̄ ≤ m̄. Òàêèì îá-
ðàçîì, ýëåìåíòàðíîé öåïè ñîîòâåòñòâóåò íåóáûâàþùàÿ ïîñëåäîâàòåëü-
íîñòü âåêòîðîâ. Ïóñòü n

(j)
i � i-àÿ êîîðäèíàòà âåêòîðà äëÿ j-îé ìîäåëè.

Òîãäà îáúåäèíåíèþ ýëåìåíòàðíîé öåïè áóäåò ñîîòâåòñòâîâàòü âåêòîð ñ
êîîðäèíàòàìè ni = max

j<ω
(n

(j)
i ). Åñëè ñóììà åãî êîîðäèíàò êîíå÷íà, îáú-

åäèíåíèå òàêîé ýëåìåíòàðíîé öåïè áóäåò ïðîñòîé ìîäåëüþ. Èíà÷å �
ïðåäåëüíîé. Òàêèì îáðàçîì, ïðåäåëüíûì ìîäåëÿì áóäóò ñîîòâåòñòâî-
âàòü âåêòîðà ñ áåñêîíå÷íîé ñóììîé êîîðäèíàò. Åñëè ñïîñîá ðàñøèðå-
íèÿ âñåãî îäèí, âåêòîðà áóäóò îäíîìåðíûìè, âåêòîðîâ, ñîîòâåòñòâóþ-
ùèõ ïðîñòûì ìîäåëÿì, áóäåò ω, à åäèíñòâåííûì âåêòîðîì, ñîîòâåòñòâó-
þùèì ïðåäåëüíîé ìîäåëè, áóäåò (ω). Â ýòîì ñëó÷àå òåîðèÿ èìååò ñ÷åòíîå
÷èñëî ïðîñòûõ ìîäåëåé è îäíó ïðåäåëüíóþ. Åñëè ñïîñîáîâ ðàñøèðåíèÿ
êîíå÷íîå ÷èñëî, áîëüøåå 1, âåêòîðîâ ñ êîíå÷íîé ñóììîé êîîðäèíàò, à
çíà÷èò, ìîäåëåé, ïðîñòûõ íàä êîíå÷íûìè ìíîæåñòâàìè, áóäåò ω; âåêòî-
ðîâ ñ áåñêîíå÷íîé ñóììîé êîîðäèíàò, à çíà÷èò, è ñîîòâåòñòâóþùèõ èì
ïðåäåëüíûõ ìîäåëåé, áóäåò ω. Åñëè ñïîñîáîâ ðàñøèðåíèÿ ω,âåêòîðîâ ñ
êîíå÷íîé ñóììîé êîîðäèíàò � 2ω. À çíà÷èò, òåîðèÿ èìååò ω ïðîñòûõ
ìîäåëåé è 2ω ïðåäåëüíûõ ìîäåëåé.

Ïîäûòîæèâ âñå âûøåñêàçàííîå, ìîæíî ñôîðìóëèðîâàòü ñëåäóþùóþ
òåîðåìó.

Òåîðåìà 8. Ïóñòü T � ïîëíàÿ ìàëàÿ òåîðèÿ àöèêëè÷åñêîãî ãðàôà, íå
èìåþùàÿ êîíå÷íûõ ìîäåëåé. Òîãäà cm3(T ) ïðèíèìàåò îäíî èç ñëåäóþ-
ùèõ çíà÷åíèé:

(1). (1, 0, 0);

(2). (ω, 1, 0);

(3). (ω, ω, 0);
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(4). (ω, 2ω, 0).
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1 Ââåäåíèå
Ïóñòü N åñòü ýëåìåíòàðíîå ðàñøèðåíèå ìîäåëè M (M ≺ N). Ãî-

âîðÿò, ÷òî ìîäåëü N åñòü êîíñåðâàòèâíîå ðàñøèðåíèå ìîäåëè M , åñëè
äëÿ ëþáîãî êîðòåæà ýëåìåíòîâ ᾱ èç N , tp(ᾱ|M) îïðåäåëèì [14]. Ìû
áóäåì ãîâîðèòü, ÷òî ýëåìåíòàðíîå ðàñøèðåíèå N ìîäåëè M ÿâëÿåòñÿ
D-ω-íàñûùåííûì äëÿ M , åñëè ëþáîé îïðåäåëèìûé òèï q ∈ S1(M ∪ ᾱ),
ãäå ᾱ ∈ N , ðåàëèçóåòñÿ â N .

Ìû äîêàæåì, ÷òî ëþáàÿ ìîäåëü ëþáîé ïîëíîé òåîðèè, óäîâëåòâîðÿ-
þùàÿ äâóì óñëîâèÿì, èìååò êîíñåðâàòèâíîå ðàñøèðåíèå. Îñíîâíûì ðå-
çóëüòàòîì ñòàòüè ÿâëÿåòñÿ êðèòåðèé ñóùåñòâîâàíèÿ D-ω-íàñûùåííîãî
êîíñåðâàòèâíîãî ðàñøèðåíèÿ ìîäåëè òåîðèè (Òåîðåìà 7).

Îïðåäåëåíèå 1. Ïóñòü A ⊆ M |= T , p ∈ S(A). Ãîâîðÿò, ÷òî òèï p
ÿâëÿåòñÿ φ(x̄, v̄)-îïðåäåëèìûì äëÿ φ(x̄, v̄) ∈ L(x̄), åñëè ñóùåñòâóåò L(A)-
ôîðìóëà Ψφ(v̄), òàêàÿ ÷òî äëÿ âñåõ ā ∈ Al(v̄) âåðíî: φ(x̄, ā) ∈ p òîãäà
è òîëüêî òîãäà, êîãäà M |= Ψφ(ā). Ôîðìóëà Ψφ(v̄) íàçûâàåòñÿ φ(x̄, v̄)-
îïðåäåëåíèåì òèïà p.

Ãîâîðÿò, ÷òî òèï p îïðåäåëèì, åñëè îí φ(x̄n, v̄)-îïðåäåëèì äëÿ ëþ-
áîé ôîðìóëû φ(x̄, v̄) ∈ L(x̄n). Êîðòåæ γ̄ ∈ M ht-îïðåäåëèì íàä A, åñëè
tp(γ̄|A) îïðåäåëèì.

Îïðåäåëåíèå 2. Ïóñòü q(x̄) ∈ S(A), A ⊂ N . Áóäåì ãîâîðèòü, ÷òî òèï q
ñòðîãî îïðåäåëèìûé, åñëè äëÿ ëþáîé L(A)-ôîðìóëû φ(x̄, ȳ) ñóùåñòâóåò
L(A)-ôîðìóëà Θφ(x̄) ∈ q, òàêàÿ ÷òî äëÿ ëþáîãî ā ∈ Al(ȳ) âåðíî:

∗Ðàáîòà ôèíàíñèðîâàëàñü Êîìèòåòîì íàóêè ÌÎÍ ÐÊ.
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N |= ∃x̄(Θφ(x̄) ∧ φ(x̄, ā)) → ∀x̄(Θφ(x̄) → φ(x̄, ā)).

Èç ýòèõ îïðåäåëåíèé ñëåäóåò, ÷òî êàæäûé èçîëèðîâàííûé òèï ñòðî-
ãî îïðåäåëèì, êàæäûé ñòðîãî îïðåäåëèìûé òèï q ∈ S(A) îïðåäåëèì
è φ(x̄, ȳ)-îïðåäåëåíèåì q(x̄) áóäåò L(A)-ôîðìóëà Ψφ(ȳ) := ∀x̄(Θφ(x̄) →
φ(x̄, ȳ)) èëè ýêâèâàëåíòíî, Ψφ(ȳ) := ∃x̄(Θφ(x̄)∧φ(x̄, ȳ)). Çàìåòèì, ÷òî ñî-
ãëàñíî êëàññèôèêàöèè òèïîâ, ïðîâåäåííîé Øåëàõîì, äëÿ ñòðîãî îïðå-
äåëèìîãî òèïà p ∈ S(A) è äëÿ B ⊆ A(B := {b̄|φ ∈ L, Ψφ ∈ L(b̄)}) èìååì
(p,B) ∈ Fl

ℵ0
([21, De�nition IV.2.2, ñòðàíèöà 155]).

Ïóñòü p, q ∈ S(A) äëÿ íåêîòîðîãî A ⊂ N . Ãîâîðÿò [21], ÷òî p ñëà-
áî îðòîãîíàëåí q, è îáîçíà÷àþò p ⊥w q, åñëè p(x̄) ∪ q(ȳ) åñòü ïîëíûé
òèï. Áóäåì ãîâîðèòü, ÷òî ᾱ ñëàáî îðòîãîíàëåí òèïó q ∈ S(A), åñëè
tp(ᾱ|A) ⊥w q, è îáîçíà÷àòü ᾱ ⊥w q. Áóäåì ãîâîðèòü, ÷òî ôîðìóëà φ(x̄, b̄),
b̄ ∈ N , äåëèò C ⊂ N l (l � äëèíà êîðòåæà x̄, C íåîáÿçàòåëüíî ôîð-
ìóëüíî), åñëè φ(N l, b̄) ∩ C 6= ∅, ¬φ(N l, b̄) ∩ C 6= ∅. ×àñòî áóäåì ïèñàòü
φ(N, b̄) âìåñòî φ(N l, b̄). Çàìåòèì, ÷òî äëÿ ëþáîãî ᾱ ∈ N , äëÿ ëþáîãî
q ∈ S(A), A ⊂ N âåðíî: ᾱ 6⊥ q ⇐⇒ íåêîòîðàÿ L(A ∪ ᾱ)-ôîðìóëà äå-
ëèò q. Áóäåì ãîâîðèòü, ÷òî B ⊂ N ñëàáî îðòîãîíàëüíî òèïó q ∈ S(A),
B ⊥w q, åñëè äëÿ ëþáîãî êîðòåæà ᾱ ∈ B èìååò ìåñòî ᾱ ⊥w q [3]. Îòìå-
òèì, p ⊥w q ⇐⇒ q ⊥w p è, åñëè p ⊥w q è β̄ ∈ q(N), ᾱ ∈ p(N), òî äëÿ
r := tp(β̄|A ∪ ᾱ) èìååì q(N) = r(N). Çäåñü, p(N) := ∩φ∈pφ(N).

Ôàêò 3. Ïóñòü T � o-ìèíèìàëüíàÿ òåîðèÿ, A ⊂ N |= T , N � |A|+-
íàñûùåííàÿ ìîäåëü, p, q ∈ S1(A), q 6⊥w p, α ∈ q(N). Òîãäà ñóùåñòâóåò
β ∈ p(N) ∩ acl(A,α).

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî â o-ìèíèìàëüíîé òåîðèè ìíîæåñòâî
ðåàëèçàöèé íåàëãåáðàè÷åñêîãî 1-òèïà â íàñûùåííîé ìîäåëè åñòü âûïóê-
ëîå ìíîæåñòâî áåç êîíöåâûõ ýëåìåíòîâ, à ìíîæåñòâî ðåàëèçàöèé ëþáîé
ôîðìóëû � êîíå÷íîå îáúåäèíåíèå èíòåðâàëîâ è îäíîýëåìåíòíûõ ìíî-
æåñòâ. Ïðè ýòîì êîíöû ýòèõ èíòåðâàëîâ è ýòè ýëåìåíòû ïðèíàäëåæàò
àëãåáðàè÷åñêîìó çàìûêàíèþ ïàðàìåòðîâ ýòîé ôîðìóëû [17]. Òîãäà, òàê
êàê α 6⊥w q è, ñëåäîâàòåëüíî, íåêîòîðàÿ L(A ∪ {α})-ôîðìóëà äåëèò âû-
ïóêëîå ìíîæåñòâî q(N), ñóùåñòâóåò β ∈ p(N) ∩ alc(A,α) 6= ∅. 2

Ïðè èçó÷åíèè ìîäåëåé ïîëíûõ òåîðèé âàæíóþ ðîëü èãðàþò ñâîé-
ñòâà è ïîíÿòèÿ, ñâÿçàííûå ñ �õîðîøèìè� ýëåìåíòàðíûìè ðàñøèðåíèÿìè
ìîäåëåé (ìíîæåñòâ), òàêèìè êàê ïðîñòûå, ñïåöèàëüíûå, (ñèëüíî) êîí-
ñòðóêòèâèçèðóìûå, íàñûùåííûå, êîíñåðâàòèâíûå [8, 9, 10, 13, 14, 15, 17,
18, 20, 21], è èõ ìîäèôèêàöèÿìè è îáîáùåíèÿìè � F -ïðîñòûå ìîäåëè,
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êðàñèâûå ïàðû, ïàðû ìîäåëåé, ïñåâäî-ìàëûå òåîðèè, àêñèîìàòèçèðóå-
ìûå ïàðû ìîäåëåé [1, 2, 4, 5, 6, 7, 16, 19, 21]. Ïî÷òè âñåãäà òåîðåìû
ñóùåñòâîâàíèÿ òàêèõ ðàñøèðåíèé áàçèðóþòñÿ íà ðàçëè÷íûõ âàðèàíòàõ
òåîðåì ðåàëèçàöèé è/èëè îïóñêàíèé òèïîâ (φ-òèïîâ).

×òîáû ïîñòðîèòü êîíñåðâàòèâíîå ðàñøèðåíèå ìíîæåñòâà ñ çàäàííû-
ìè ñâîéñòâàìè, íåîáõîäèìî îòâåòèòü íà ñëåäóþùèé âîïðîñ:

Ïðîáëåìà (Ïðîáëåìà A(S)). Ïóñòü S � ñâîéñòâî îïðåäåëèìûõ òèïîâ
è äëÿ A ⊂ N , q(x), p(y) ∈ S1(A) � îïðåäåëèìûå òèïû, îáëàäàþùèå
ñâîéñòâîì S. Ñóùåñòâóåò ëè ïîëíûé îïðåäåëèìûé 2-òèï r(x, y) ∈ S2(A),
òàêîé ÷òî

q(x) ∪ p(y) ⊆ r(x, y)?

Èìååì äâà ðàçíûõ ñëó÷àÿ:
A1 q(x) ∪ p(y) íå ÿâëÿåòñÿ ïîëíûì òèïîì, òî åñòü p 6⊥w q;
A2 q ⊥w p.
Ðàññìîòðèì A1 äëÿ o-ìèíèìàëüíîé òåîðèè.

Çàìå÷àíèå. Ïóñòü q, p ∈ S1(A) � äâà îïðåäåëèìûõ 1-òèïà íàä ìíîæå-
ñòâîì A â o-ìèíèìàëüíîé ìîäåëè N , óäîâëåòâîðÿþùèå óñëîâèþ q 6⊥w p.
Òîãäà äëÿ ëþáîãî α ∈ q(N) ñóùåñòâóåò β ∈ p(N), òàêîé ÷òî tp(βα|A)
îïðåäåëèì.

Äîêàçàòåëüñòâî. Ïóñòü α ∈ q(N). Ïî Ôàêòó 3, ñóùåñòâóåò β ∈ acl(A ∪
{α}) ∪ p(N). Òîãäà tp(β|A ∪ {α}) îïðåäåëèì è, ñëåäîâàòåëüíî, tp(βα|A)
îïðåäåëèì. 2

Äëÿ ñëó÷àÿ A2 èìååì îòðèöàòåëüíûé îòâåò íà Ïðîáëåìó A(S) äà-
æå â o-ìèíèìàëüíîì êîíòåêñòå, êîãäà S åñòü ñâîéñòâî ñòðîãîé îïðåäå-
ëèìîñòè òèïîâ.

Ïðåäëîæåíèå 4. Ñóùåñòâóåò o-ìèíèìàëüíàÿ òåîðèÿ T , òàêàÿ ÷òî
äëÿ A ⊂ M |= T , p, q ∈ S1(A) âåðíî:

(1). q ⊥w p;

(2). q, p ñòðîãî îïðåäåëèìûå òèïû;

(3). åäèíñòâåííûé 2-òèï p(x) ∪ q(y) ∈ S2(A) íåîïðåäåëèì.

Äîêàçàòåëüñòâî. Ïóñòü 〈Q; =, <, +, 0〉 � äåëèìàÿ óïîðÿäî÷åííàÿ ãðóï-
ïà ðàöèîíàëüíûõ ÷èñåë. Èçâåñòíî, ÷òî ýëåìåíòàðíàÿ òåîðèÿ 〈Q; =, <
, +, 0〉 o-ìèíèìàëüíà è äîïóñêàåò ýëèìèíàöèþ êâàíòîðîâ [17]. Ïóñòü

〈Q; =, <, +, 0〉 ≺ 〈R; =, <, +, 0〉 ≺ 〈M ; =, <, +, 0〉,
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òàêèå ÷òî R � ìíîæåñòâî âñåõ âåùåñòâåííûõ ÷èñåë è 〈M ; =, <, +, 0〉 �
áîëüøàÿ íàñûùåííàÿ ìîäåëü. Ïóñòü π ∈ R � íåàëãåáðàè÷åñêîå âåùå-
ñòâåííîå ÷èñëî. Ïóñòü äâå áåñêîíå÷íûå ïîñëåäîâàòåëüíîñòè 〈cn〉n<ω è
〈dn〉n<ω, òàêèå ÷òî îíè èìåþò îäèí è òîò æå ïðåäåë

√
2 è âåðíî

[c1 < c2 < · · · < cn < · · · < dn < · · · < d2 < d1]n<ω, cn, dn ∈ Q.

Îáîçíà÷èì A := {cn|n < ω, cn ∈ Q} ∪ {dn|n < ω, dn ∈ Q}, p := tp(π|A),
q := tp(

√
2 + π|A), r := tp(

√
2|A). Òàê êàê r îïðåäåëÿåòñÿ äâóìÿ ñõîäÿ-

ùèìè ïîñëåäîâàòåëüíîñòÿìè, r íå (x < v)-îïðåäåëèì.
(i) Òàê êàê

√
2 + π è π àëãåáðàè÷åñêè íåçàâèñèìû íàä A, ïî Ôàêòó 3

ïîëó÷àåì q ⊥w p.
(ii) Ïîêàæåì, ÷òî q, p îáà ñòðîãî îïðåäåëèìû. Òàê êàê òåîðèÿ 〈Q; =, <

, +, 0〉 äîïóñêàåò ýëèìèíàöèþ êâàíòîðîâ, äîñòàòî÷íî ðàññìîòðåòü áåcê-
âàíòîðíûå òèïû íàä A, òî åñòü òèïû, ñîäåðæàùèå òîëüêî áåñêâàíòîðíûå
ôîðìóëû. Êàæäûé áåñêâàíòîðíûé òèï íàä A ñîñòîèò èç ôîðìóë ñëåäó-
þùåãî âèäà:
(1). nx < u;

(2). nx > u;
ãäå u åñòü òåðì íàä A, òî åñòü u =

∑
i kiei äëÿ ki ∈ Z è ei ∈ A (ýòî íå

ïîëíûé òèï, íî îïðåäåëÿåò ïîëíûé òèï íàä A).
Ðàññìîòðèì ôîðìóëû âèäà nx < c +

∑m
i=1 kiyi, ãäå c åñòü òåðì, îïðå-

äåëèìûé íàä A.
Ïîêàæåì, ÷òî π è

√
2 + π íå ÿâëÿþòñÿ ïðåäåëüíûìè òî÷êàìè

Ac,k1,...,km = {e ∈ Q : ∃c1, . . . cm ∈ A òàêèå, ÷òî e = c +
m∑

i=1

kici},

òàê êàê îíè íå ÿâëÿþòñÿ ïðåäåëüíûìè òî÷êàìè A è òèïû tp(π|A),
tp(
√

2 + π|A) ñëàáî îðòîãîíàëüíû ëþáîìó òèïó tp(a|A), êîãäà a ∈ Ā
(çäåñü Ā åñòü çàìûêàíèå A â òîïîëîãè÷åñêîì ñìûñëå).

Ïðåäïîëîæèì, ÷òî π ∈ Āc,k1,...,km . Òîãäà ñóùåñòâóþò ïîñëåäîâàòåëü-
íîñòè 〈ai

j〉j<ω äëÿ i = 1, . . . , m, òàêèå ÷òî limj→∞(c +
∑

i kia
i
j) = π.

Ïóñòü limj→∞ ai
j = ai ∈ Ā, òîãäà π = c +

∑
i kia

i, íî ýòî íåâîçìîæíî
èç-çà âûáîðà A, ïîòîìó ÷òî Ā = A ∪ {√2} è A ⊂ Q.

Òàêèì îáðàçîì, òàê êàê Q ⊂ acl(A) è Q ïëîòíî â R, äëÿ ëþáûõ
m,n, k1, . . . , km < ω; äëÿ ëþáîãî òåðìà c, îïðåäåëèìîãî íàä A, ñóùå-
ñòâóåò Ψn,m,k̄,c(x) ∈ tp(π|A), òàêàÿ ÷òî äëÿ ëþáûõ b1, . . . , bm ∈ A âåðíî:

[nx < c +
m∑

i=1

kibi ∈ p ⇐⇒ Q |= ∀x(Ψn,m,k̄,c(x) → nx < c +
m∑

i=1

kibi)].
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Ýòî îçíà÷àåò, ÷òî p ñòðîãî îïðåäåëèì. Ýòè æå ñàìûå ðàññóæäåíèÿ ïî-
êàçûâàþò, ÷òî q ñòðîãî îïðåäåëèì.

(iii) Òàê êàê π è
√

2 àëãåáðàè÷åñêè íåçàâèñèìû íàä A, èìååì π ⊥w r
è, ñëåäîâàòåëüíî, äëÿ r0 := tp(γ|A, π) âûïîëíåíî r0(M) = r(M). Òîãäà r0

íåîïðåäåëèì, òàê êàê îí èìååò òå æå ñàìûå ñõîäÿùèåñÿ ïîñëåäîâàòåëü-
íîñòè 〈cn〉n<ω, 〈dn〉n<ω, êîòîðûå îáåñïå÷èâàþò íåîïðåäåëèìîñòü r. Òàê
êàê r0 6⊥w q0 := tp(

√
2 + π|A, π), q0 íå (x < π + v)-îïðåäåëèì. Â ïðîòèâ-

íîì ñëó÷àå, ìû ïîëó÷èëè áû îïðåäåëèìîñòü r. 2

Òàêèì îáðàçîì, ïðèíèìàÿ âî âíèìàíèå Ïðåäëîæåíèå 4, ìû áóäåì
îãðàíè÷èâàòüñÿ, ãëàâíûì îáðàçîì, ðàññìîòðåíèåì îïðåäåëèìîñòè îáú-
åäèíåíèÿ äâóõ ñëàáî îðòîãîíàëüíûõ 1-òèïîâ íàä îáúåäèíåíèåì ìîäåëè
è ht-îïðåäåëèìûì êîíå÷íûì ìíîæåñòâîì.
Îïðåäåëåíèå 5. Áóäåì ãîâîðèòü, ÷òî òåîðèÿ T èìååò ñâîéñòâî ñîâ-
ìåñòíîãî ðàñøèðåíèÿ äëÿ îïðåäåëèìûõ 1-òèïîâ (AP äëÿ D-1-òèïîâ),
åñëè äëÿ ïàðû ìîäåëåé (M,N), ∀ᾱ, β, γ ∈ N \M, M ≺ N |= T âåðíî:
åñëè 1-òèïû q := tp(β|M ∪ ᾱ), p := tp(γ|M ∪ ᾱ), tp(ᾱ|M) îïðåäåëèìû è
q ⊥w p, òî tp(βγ|M ∪ ᾱ) îïðåäåëèì èëè, ýêâèâàëåíòíî, òèïû tp(γβᾱ|M),
tp(β|M ∪ ᾱγ), tp(γ|M ∪ ᾱβ) îïðåäåëèìû.

Áóäåì ãîâîðèòü, ÷òî òåîðèÿ T èìååò ñâîéñòâî ñîâìåñòíîãî ðàñøèðå-
íèÿ äëÿ ñòðîãî îïðåäåëèìûõ 1-òèïîâ (AP äëÿ SD-1-òèïîâ), åñëè äëÿ
ëþáûõ M ≺ N |= T, ∀ᾱ, β, γ ∈ N \ M , òàêèõ ÷òî tp(ᾱ|M) îïðåäåëèì,
âåðíî:
åñëè 1-òèïû q := tp(β|M ∪ ᾱ), p := tp(γ|M ∪ ᾱ) èððàöèîíàëüíûå, ñòðîãî
îïðåäåëèìûå è q ⊥w p, òî tp(βγ|M ∪ ᾱ) îïðåäåëèì.

Ìû ïðåäïîëàãàåì, ÷òî ÷èòàòåëü çíàêîì ñ áàçèñíûìè ñâîéñòâàìè íà-
ñûùåííûõ ìîäåëåé è èìååò íåêîòîðûé îïûò ðàáîòû ñ îïðåäåëèìîñòüþ
òèïîâ.
Ôàêò 6. Ïóñòü M òàêàÿ ìîäåëü, ÷òî äëÿ íåêîòîðîãî A ⊂ M , M � |A|+�
íàñûùåííà. Òîãäà âåðíî: åñëè p ∈ Sm(A)(m < ω) � íåèçîëèðîâàííûé
òèï, òî äëÿ ëþáîãî γ̄ ∈ M p(Mm) íå ÿâëÿåòñÿ γ̄-ôîðìóëüíûì.

Ìû áóäåì èñïîëüçîâàòü ñëåäñòâèå Ôàêòà 6 è îïðåäåëåíèÿ îðòîãî-
íàëüíîñòè ìíîæåñòâà òèïó.

2 Êðèòåðèé è åãî ñëåäñòâèÿ
Â ýòîì ïàðàãðàôå ìû äîêàæåì Òåîðåìó 7. Èç Òåîðåìû 7 ñëåäóåò

îòâåò íà âîïðîñ î ñóùåñòâîâàíèè êîíñåðâàòèâíîãî ðàñøèðåíèÿ äëÿ ïðî-
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èçâîëüíîé ìîäåëè ïîëíîé òåîðèè, óäîâëåòâîðÿþùåé äâóì óñëîâèÿì B1,
B2. Èç äîêàçàòåëüñòâà ýòîé òåîðåìû ñëåäóåò: ÷òîáû ìîäåëü ïîëíîé òåî-
ðèè, óäîâëåòâîðÿþùåé óñëîâèÿì B1, B2, èìåëà êîíñåðâàòèâíîå ðàñøè-
ðåíèå, äîñòàòî÷íî èìåòü õîòÿ áû îäèí îïðåäåëèìûé 1-òèï íàä ìîäåëüþ.
Â ÷àñòíîñòè, ñëàáî o-ìèíèìàëüíûå íå o-ìèíèìàëüíûå òåîðèè óäîâëåòâî-
ðÿþò ýòèì äâóì óñëîâèÿì.

B1 Ïóñòü A � ïðîèçâîëüíîå ìíîæåñòâî â íàñûùåííîé ìîäåëè ïîëíîé
òåîðèè, p, q ∈ S1(A), p 6⊥w q. Òîãäà p îïðåäåëèì òîãäà è òîëüêî òîãäà
êîãäà q îïðåäåëèì.

B2 Äëÿ áåñêîíå÷íîé ôîðìóëû φ(x, ā), ā ∈ A ñóùåñòâóåò 1-òèï p ∈
S1(A), ãäå φ(x, ā) ∈ p è p îïðåäåëèì.

Ïî÷òè âñå o-ìèíèìàëüíûå òåîðèè óäîâëåòâîðÿþò ýòèì óñëîâèÿì.
Óñëîâèþ B2 íå óäîâëåòâîðÿþò âñå ìîäåëè ëþáîãî o-ìèíèìàëüíîãî îáî-
ãàùåíèÿ < ω + ω∗; =, <>, òàê êàê ëþáàÿ ìîäåëü ýòîé òåîðèè íå èìååò
îïðåäåëèìûõ 1-òèïîâ íàä ìîäåëüþ.

Òåîðåìà 7. Ïóñòü T � ïîëíàÿ òåîðèÿ, óäîâëåòâîðÿþùàÿ B1, B2.
Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i). Êàæäàÿ ìîäåëü M äëÿ T èìååò D-ω-íàñûùåííîå êîíñåðâàòèâíîå
ðàñøèðåíèå;

(ii). T èìååò AP äëÿ D-1-òèïîâ.

Äîêàçàòåëüñòâî. �(i) ⇒ (ii)� ñëåäóåò èç îïðåäåëåíèÿ D-ω-íàñûùåííîé
êîíñåðâàòèâíîé ïàðû è AP äëÿ D-1-òèïîâ.
�(ii) ⇒ (i)�
Óòâåðæäåíèå 8. Ïóñòü A ⊂ B ⊂ C ⊂ N . Åñëè B � êîíñåðâàòèâíîå
ðàñøèðåíèå A è C � êîíñåðâàòèâíîå ðàñøèðåíèå B, òî C � êîíñåðâà-
òèâíîå ðàñøèðåíèå A.

Ïóñòü M ≺ N , ãäå N � áîëüøàÿ íàñûùåííàÿ ìîäåëü. Îïðåäåëèì
ìîäåëü Mω (M ≺ Mω ≺ N) êàê îáúåäèíåíèå ýëåìåíòàðíîé öåïè ìî-
äåëåé Mn, n < ω (D1). Ïîñòðîåíèå Mn+1 (Mn ≺ Mn+1) áóäåì âåñòè â
äâà ýòàïà. Íà ïåðâîì ýòàïå ìû ñòðîèì Bn (Mn ⊂ Bn ⊂ Mn+1), ïðåä-
ïîëàãàÿ, ÷òî âñå îïðåäåëèìûå íå ðåàëèçîâàííûå â Mn (D4) 1-òèïû íàä
M ∪ ᾱ (ᾱ ∈ Mn) ðåàëèçîâàíû â Bn (D5). Íà âòîðîì ýòàïå ìû çàìûêà-
åì Bn äî ìîäåëè Mn+1, ïîëüçóÿñü êðèòåðèåì Òàðñêîãî-Âîòà. Äëÿ ýòîãî
ìû ñòðîèì ìíîæåñòâî E(n,m) ⊂ E(n,m + 1),m < ω, òàêîå ÷òî ëþáàÿ
L(E(n,m))-1-ôîðìóëà èìååò ðåøåíèå â E(n,m + 1) (D6, D7), à Mn+1

åñòü îáúåäèíåíèå E(n,m),m < ω (D3).
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Íàøà çàäà÷à â ýòîé ñòàíäàðòíîé ñõåìå ïîñòðîåíèÿ ìîäåëè (ñì., íà-
ïðèìåð, [8, Ãëàâà 3.1] èëè [21, Chapter 4]) çàêëþ÷àåòñÿ â âûáîðå ýëå-
ìåíòîâ βn,λ ∈ Bn+1 (D8n,λ) è en,m,λ ∈ En,m+1 (D9n,m,λ), òàêèõ ÷òî è
Bn, è E(n,m) ÿâëÿþòñÿ êîíñåðâàòèâíûìè ðàñøèðåíèÿìè Mn. Â èòîãå,
ïðèìåíåíèå Óòâåðæäåíèÿ 8 áóäåò çàâåðøàòü äîêàçàòåëüñòâî òåîðåìû.
Òàêèì îáðàçîì, óñëîâèÿ D1-D7 îïèñûâàþò êîíñòðóêöèþ ìîäåëè Mω,
îïèñàíèå âûáîðà ýëåìåíòîâ D8 ñîâìåñòíî ñ D4 è D5 îáåñïå÷èâàþò D-
ω-íàñûùåííîñòü ìîäåëè Mω, îïèñàíèå âûáîðà ýëåìåíòîâ D9 ñîâìåñòíî
ñ D6 è D7 îáåñïå÷èâàþò óñëîâèå, ÷òî Mn+1 åñòü ýëåìåíòàðíîå ðàñøè-
ðåíèå Mn:
D1 Mω =

⋃
n<ω

Mn, Mn ≺ Mn+1 ≺ Mω,Mn � êîíñåðâàòèâíîå ðàñøèðåíèå
M .
D2n<ω Mn ⊂ Bn ⊂ E(n,m) ⊂ E(n,m + 1) ⊂ Mn+1, m < ω.
D3n<ω Mn+1 =

⋃
m<ω

E(n,m).

D4n<ω Kn =
⋃

ᾱ∈Mn\M
Sd

1(M ∪ ᾱ). Çäåñü,

Sd
1(M ∪ ᾱ) = {q ∈ S1(M ∪ ᾱ)|q îïðåäåëèìûé, q(N) ∩Mn = ∅}.

Çàôèêñèðóåì ïðîèçâîëüíîå ïåðå÷èñëåíèå òèïîâ ìíîæåñòâà

Kn = {qn,λ ∈ Sd
1(M ∪ ᾱn,λ)|λ < µn, ᾱn,λ ∈ Mn \M}, µn = |Kn|.

D5n<ω Bn =
⋃

λ<µn

Bn,λ, ∀λ < µn,

Bn,λ =
⋃

λ′<λ

Bn,λ′ ∪ {βn,λ}, βn,λ ∈ qn,λ(N), Bn,λ � êîíñåðâàòèâíîå ðàñ-
øèðåíèå M .
D6n,m<ω F (n,m) = {ψ(x)|ψ(x) � L(E(n,m))-ôîðìóëà, òàêàÿ ψ(N) 6= ∅,
ψ(N) ∩ E(n, m) = ∅}. Çàôèêñèðóåì ïðîèçâîëüíîå ïåðå÷èñëåíèå ôîðìóë
ìíîæåñòâà

F (n,m) = {ψn,m,λ(x)|λ < µn,m}, µn,m = |F (n,m)|.
D7n,m<ω E(n,m + 1) =

⋃
λ<µn,m

E(n,m, λ), ∀λ < µn,m,

E(n,m, λ) =
⋃

λ′<λ

E(n,m, λ′) ∪ {en,m,λ}, en,m,λ ∈ ψn,m,λ(N),

E(n,m, λ) � êîíñåðâàòèâíîå ðàñøèðåíèå M .
Äëÿ çàâåðøåíèÿ îïèñàíèÿ ïîñòðîåíèÿ Mω äàäèì îáúÿñíåíèå âûáîðà

βn,λ è en,m,λ è äîêàçàòåëüñòâà òîãî, ÷òî Bn,λ è E(n,m, λ) ñóòü êîíñåðâà-
òèâíûå ðàñøèðåíèÿ M .
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D8n,λ Âûáîð βn,λ äëÿ n < ω, λ < µn.
Îáîçíà÷èì B′

n,λ :=
⋃

λ′<λ

Bn,λ′ . Ðàññìîòðèì äâà ñëó÷àÿ:

D8.1n,λ B′
n,λ ⊥w qn,λ. Âîçüìåì ïðîèçâîëüíûé ýëåìåíò β ∈ qn,λ(N) è îáî-

çíà÷èì åãî βn,λ. Ñîãëàñíî (ii), òî åñòü ïîòîìó ÷òî T óäîâëåòâîðÿåò AP
äëÿ D-1-òèïîâ, Bn,λ = B′

n,λ ∪ {βn,λ} ÿâëÿåòñÿ êîíñåðâàòèâíûì ðàñøèðå-
íèåì M , åñëè B′

n,λ � êîíñåðâàòèâíîå ðàñøèðåíèå M .
D8.2n,λ B′

n,λ 6⊥w qn,λ. Ïóñòü H(x) áóäåò ïðîèçâîëüíîé L(B′
n,λ)-ôîðìóëîé,

òàêîé ÷òî H(x) ðàñùåïëÿåò qn,λ(N), òî åñòü H(N) < ¬H(N) è H(N) ∩
qn,λ(N) 6= ∅, ¬H(N) ∩ qn,λ(N) 6= ∅. Ñóùåñòâîâàíèå òàêîé ôîðìóëû H(x)
ñëåäóåò èç îïðåäåëåíèÿ íåîðòîãîíàëüíîñòè ìíîæåñòâà òèïó.

Ïóñòü Γn,λ(x) := qn,λ(x) ∪ {φ(N) < x < H(N)+|φ(x) áóäåò L(B′
n,λ)-

ôîðìóëîé òàêîé, ÷òî N |= ∃x(φ(N) < x < H(N)+)}. Çàìåòèì, ÷òî
Γn,λ(x) èìååò ðàñøèðåíèå äî ïîëíîãî 1-òèïà pn,λ íàä B′

n,λ, êîòîðûé
pn,λ(x) îïðåäåëèì (B2).

Âîçüìåì ïðîèçâîëüíûé ýëåìåíò β èç pn,λ(N) è îáîçíà÷èì åãî ÷åðåç
βn,λ. Òîãäà ïî B1, Bn,λ = B′

n,λ∪{βn,λ} � êîíñåðâàòèâíîå ðàñøèðåíèå M ,
åñëè B′

n,λ � êîíñåðâàòèâíîå ðàñøèðåíèå M .
D9n,m,λ Âûáîð en,m,λ äëÿ n,m < ω, λ < µn,m.

Îáîçíà÷èì E ′(n,m, λ) =
⋃

λ′<λ

E(n,m, λ′). Ðàññìîòðèì äâà ñëó÷àÿ:

D9.1n,m,λ Ñóùåñòâóåò L(E ′(n,m, λ))-ôîðìóëà θ(x), òàêàÿ ÷òî N |=
∀x(θ(x) → ψn,m,λ(x)) è θ(x) îïðåäåëÿåò íåêîòîðûé èçîëèðîâàííûé 1-
òèï íàä E ′(n,m, λ). Òîãäà ïî Çàìå÷àíèþ 8 äëÿ ïðîèçâîëüíîãî e ∈ θ(N)
èìååì, ÷òî E ′(n,m, λ) ∪ {e} � êîíñåðâàòèâíîå ðàñøèðåíèå M , åñëè
E ′(n,m, λ) � êîíñåðâàòèâíîå ðàñøèðåíèå M . Òàêèì îáðàçîì, ïîëîæèì
en,m,λ = e.
D9.2n,m,λ Ñóùåñòâóåò L(E ′(n,m, λ))-ôîðìóëà θ(x), òàêàÿ ÷òî N |=
∀x(θ(x) → ψn,m,λ(x)) è θ(x) îïðåäåëÿåò íåêîòîðûé èçîëèðîâàííûé 1-òèï
íàä E ′(n,m, λ). Çàìåòèì, ÷òî Γn,m,λ(x) èìååò ðàñøèðÿþùèé åãî ïîëíûé
1-òèï pn,m,λ íàä E ′(n, m, λ), êîòîðûé ê òîìó æå ÿâëÿåòñÿ îïðåäåëèìûì
(B2).

Òîãäà äëÿ ïðîèçâîëüíîãî ýëåìåíòà en,m,λ ∈ pn,m,λ(N) âåðíî, ÷òî
E(n,m, λ) := E ′(n,m, λ)∪{en,m,λ} ÿâëÿåòñÿ êîíñåðâàòèâíûì ðàñøèðåíè-
åì M , åñëè E ′(n,m, λ) � êîíñåðâàòèâíîå ðàñøèðåíèå M . Ýòî çàâåðøàåò
îïðåäåëåíèå Mω.

Ñòðóêòóðà Mω åñòü ýëåìåíòàðíîå ðàñøèðåíèå M â ñèëó D6n,m,
D7n,m, D9n,m,λ è êðèòåðèÿ Òàðñêîãî-Âîòà [12, 11].

Èç êîíñòðóêöèé (D4n, D5n, D8n,λ) ñëåäóåò, ÷òî Mω � D-ω-íàñûùåí-
íîå êîíñåðâàòèâíîå ðàñøèðåíèå M . 2
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Â ñòàòüå èñïîëüçóåòñÿ êëàññè÷åñêèé ìåòîä Âîîòà � Ðîáèíñîíà, èñ-
ñëåäîâàíèå ñâÿçåé è ñòðóêòóðû ìîäåëåé ïî ýëåìåíòàðíîé âëîæèìîñòè
[1]. À.È.Ìàëüöåâ â [2] ðàññìàòðèâàåò îáùóþ èäåþ î íåîòëè÷èìîñòè ìî-
äåëåé ïî îïðåäåëåííîìó ïðèçíàêó.

Ïóñòü K � êëàññ áåñêîíå÷íûõ ìîäåëåé ñ÷åòíîãî ÿçûêà L ïåðâîãî
ïîðÿäêà. Ìîäåëü A ýëåìåíòàðíî âêëàäûâàåòñÿ â ìîäåëü B, ñèìâîëè-
÷åñêè A ≺ B, åñëè ñóùåñòâóåò èçîìîðôèçì ìîäåëè A íà ýëåìåíòàðíóþ
ïîäìîäåëü ìîäåëè B.

Èçâåñòíî: Èçîìîðôèçì → ýëåìåíòàðíóþ âëîæèìîñòü → ýëåìåíòàð-
íóþ ýêâèâàëåíòíîñòü.

Ñòðåëêè â îáðàòíóþ ñòîðîíó â îáîèõ ñëó÷àÿõ íåâåðíû.

Îïðåäåëåíèå 1. Ïóñòü A è B � ìîäåëè ÿçûêà L, |A| = |B| = µ. Ìî-
äåëè A è B íàçîâåì λ-ïîäîáíûìè, åñëè äëÿ ëþáîé A′ ≺ A ñ óñëîâèåì
|A′| ≤ λ âûïîëíÿåòñÿ A′ ≺ B è äëÿ ëþáîé B′ ≺ B ñ óñëîâèåì |B′| ≤ λ
âûïîëíÿåòñÿ B′ ≺ A.

Îòíîøåíèå λ-ïîäîáèÿ ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè. Òàêèì
îáðàçîì, ýòî îòíîøåíèå ðàçáèâàåò êëàññ ìîäåëåé K â ðàçëè÷íûõ ìîù-
íîñòÿõ µ íà íåïåðåñåêàþùèåñÿ êëàññû, îáðàçóÿ ôàêòîðêëàññ BK. Äâå
ëþáûå λ-ïîäîáíûå ìîäåëè ýëåìåíòàðíî ýêâèâàëåíòíû, òî åñòü äëÿ òåî-
ðèè ïîëó÷àåì BKT .

Åñòåñòâåííî âîçíèêàåò ïîíÿòèå ñïåêòðàëüíîé ôóíêöèè êîëè÷åñòâà
ýòèõ êëàññîâ â êàæäîé êîíêðåòíîé ìîùíîñòè µ äëÿ òåîðèè T îòíîñè-
òåëüíî êàðäèíàëà λ.
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Îïðåäåëåíèå 2. Ïóñòü T � òåîðèÿ. Òîãäà cïåêòðàëüíàÿ ôóíêöèÿ
BT (λ, µ) � ýòî êîëè÷åñòâî êëàññîâ ìîäåëåé ìîùíîñòè µ ïî îòíîøåíèþ
λ-ïîäîáèÿ òåîðèè T .

Â îòëè÷èå îò èçâåñòíîé ñïåêòðàëüíîé ôóíêöèè IT (µ), îíà äâóìåñò-
íàÿ.

Âîîáùå, äëÿ îäíîé è òîé æå òåîðèè T ñïåêòðàëüíûå ôóíêöèè IT (µ) è
BT (λ, µ) ìîãóò áûòü ðàçëè÷íûìè. Äàæå äëÿ IT (ω) è BT (ω, ω). Íàïðèìåð
èçâåñòíûé êëàññè÷åñêèé ïðèìåð Ýðåíôîéõòà òåîðèè T ñ òðåìÿ ñ÷åòíû-
ìè ìîäåëÿìè èìååò BT (ω, ω) = 2.

Íàéäåíû òàêæå ïðèìåðû òåîðèé T , ó êîòîðûõ IT (ω) = 2ω, BT (ω, ω) =
ω, à òàêæå íå êàòåãîðè÷íûå âî âñåõ ìîùíîñòÿõ òåîðèè T , íî ó êîòîðûõ
äëÿ µ ≥ ω1, BT (ω, µ) = 1 [3].
Òåîðåìà 3. Åñëè T � òåîðèÿ, èìåþùàÿ òîëüêî áåñêîíå÷íûå ìîäåëè, è
äëÿ íåêîòîðûõ ω ≤ λ ≤ µ âûïîëíåíî BT (λ, µ) = 1, òî òåîðèÿ T ïîëíàÿ.
Äîêàçàòåëüñòâî. Èñïîëüçóåòñÿ òåîðåìà Ëåâåíãåéìà îá ýëåìåíòàðíîì
ðàñøèðåíèè èëè ïîäìîäåëè ââåðõ è âíèç. 2

Èçâåñòíàÿ òåîðåìà Âîîòà ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû 3 [1].
Òåîðåìà 4. Òåîðèÿ T êàòåãîðè÷íà â íåêîòîðîé íåñ÷åòíîé ìîùíîñòè
(ðàâíîñèëüíî â ëþáîé íåñ÷åòíîé ìîùíîñòè) òîãäà è òîëüêî òîãäà,
êîãäà BT (λ, µ) = 1 äëÿ íåêîòîðûõ ω < λ ≤ µ (ðàâíîñèëüíî äëÿ ëþáûõ
ω < λ ≤ µ).
Äîêàçàòåëüñòâî. �⇒� òåîðåìà Ìîðëè. �⇐� Â ýòîì ñëó÷àå òåîðèÿ T ω-
ñòàáèëüíàÿ è íå èìååò äâóêàðäèíàëüíûõ ôîðìóë. 2

Èçâåñòíàÿ òåîðåìà Ìîðëè ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû 4 [1].
Òåîðåìà 5. Åñëè âñå ìîäåëè òåîðèè T áåñêîíå÷íû, îáúåäèíåíèå âñÿêîé
öåïè ìîäåëåé òåîðèè T ÿâëÿåòñÿ ìîäåëüþ òåîðèè T è BT (λ, µ) = 1 äëÿ
íåêîòîðûõ ω < λ ≤ µ, òî òåîðèÿ T ìîäåëüíî ïîëíàÿ.
Äîêàçàòåëüñòâî. Åñëè ω < λ ≤ µ, òî òåîðåìà 5 ñëåäóåò èç òåîðåìû
4 è òåîðåìû Ëèíäñòðåìà. Îñòàåòñÿ ïîêàçàòü âûïîëíèìîñòü òåîðåìû 5,
êîãäà BT (ω, µ) = 1 äëÿ ω < µ. Èçâåñòíûì ñïîñîáîì ïîñòðîèì àëãåá-
ðàè÷åñêè çàìêíóòóþ ìîäåëü ìîùíîñòè µ, êîòîðàÿ ÿâëÿåòñÿ ìîäåëüþ
òåîðèè T . Òàê êàê êàæäàÿ ñ÷åòíàÿ ìîäåëü ýëåìåíòàðíî âêëàäûâàåòñÿ
â ìîäåëü ìîùíîñòè µ, êàæäàÿ ñ÷åòíàÿ ìîäåëü ÿâëÿåòñÿ àëãåáðàè÷åñêè
çàìêíóòîé. Òåïåðü ìîæíî ñêàçàòü, ÷òî êàæäàÿ ìîäåëü ëþáîé ìîùíîñòè
ÿâëÿåòñÿ àëãåáðàè÷åñêè çàìêíóòîé. 2

Èçâåñòíàÿ òåîðåìà Ëèíäñòðåìà ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû 5 [1].



Êîíöåïöèÿ ýëåìåíòàðíîé âëîæèìîñòè 41

Òåîðåìà 6. Åñëè 1 < BT (ω, ω) < ω, òî òåîðèÿ T íå ñóïåðñòàáèëüíàÿ.

Äîêàçàòåëüñòâî. Èç óñëîâèÿ ñóïåðñòàáèëüíîñòè è íå ω-êàòåãîðè÷íîñòè
òåîðèè ñëåäóåò ñóùåñòâîâàíèå áåñêîíå÷íîãî íåðàçëè÷èìîãî ìíîæåñòâà,
à èç ýòîãî óæå áóäåò ñëåäîâàòü ñóùåñòâîâàíèå áåñêîíå÷íîãî ìíîæåñòâà
ýëåìåíòàðíî íåâëîæèìûõ â äðóã äðóãà ñ÷åòíûõ ìîäåëåé òåîðèè T . 2

Èçâåñòíàÿ òåîðåìà Ëàõëàíà ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû 6 [1].

Îïðåäåëåíèå 7. Äâå ìîäåëè íàçîâåì ïîäîáíûìè, åñëè îíè ýëåìåíòàðíî
âêëàäûâàþòñÿ äðóã â äðóãà.

Îòíîøåíèå ïîäîáèÿ ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè â êëàñ-
ñå K. Òàêèì îáðàçîì, â êàæäîé ìîùíîñòè îáðàçóþòñÿ êëàññû ïî ïî-
äîáèþ ìîäåëåé. Ïîíÿòíî, ÷òî åñëè íåêîòîðàÿ ìîäåëü A èç êàêîãî-òî
êëàññà k1 ýëåìåíòàðíî âêëàäûâàåòñÿ â äðóãóþ ìîäåëü B äðóãîãî êëàñ-
ñà k2 (óæå íåçàâèñèìî îò ìîùíîñòè), òî è âñå ìîäåëè êëàññà k1 ýëå-
ìåíòàðíî âêëàäûâàþòñÿ âî âñå ìîäåëè êëàññà k2. Â ýòîì ñëó÷àå áóäåì
ïèñàòü k1 ≤ k2, ò.å. èìååì ÷àñòè÷íûé ïîðÿäîê íà ìíîæåñòâå êëàññîâ ïî-
äîáèÿ ìîäåëåé. Åñëè îãðàíè÷èòüñÿ ðàññìîòðåíèåì äîñòàòî÷íî áîëüøîé
ìîùíîñòè, òî èìååì àëãåáðàè÷åñêóþ ñèñòåìó ñ ÷àñòè÷íûì îòíîøåíèåì
ïîðÿäêà K = 〈BK,≤〉. À äëÿ òåîðèè T åå àëãåáðàè÷åñêóþ ïîäñèñòåìó
KT = 〈BKT ,≤〉 íàçîâåì B-àëãåáðàè÷åñêîé ñèñòåìîé òåîðèè T .

Ðàññìàòðèâàþòñÿ âçàèìîñâÿçè ñâîéñòâ òåîðèè T ñî ñâîéñòâàìè ñîîò-
âåòñòâóþùèõ èì àëãåáðàè÷åñêèõ ñèñòåì KT = 〈BKT ,≤〉.

Íàïðèìåð, èìåþùèéñÿ ôàêò â ýòîé êîíöåïöèè: îáúåäèíÿÿ èçâåñòíûå
òåîðåìû Ìîðëè, Áàëäóèíà è Ëàõëàíà, ìîæíî ñêàçàòü, ÷òî ýòà àëãåá-
ðàè÷åñêàÿ ñèñòåìà äëÿ ω1-êàòåãîðè÷íûõ òåîðèé èçîìîðôíà ìíîæåñòâó
êàðäèíàëüíûõ ÷èñåë ñ îáû÷íûì ïîðÿäêîì [3]. Íî îáðàòíîå òîæå âåðíî,
ò.å. ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 8. Òåîðèÿ T íåñ÷åòíî êàòåãîðè÷íà òîãäà è òîëüêî òîãäà,
êîãäà åå àëãåáðàè÷åñêàÿ ñèñòåìà èçîìîðôíà ìíîæåñòâó êàðäèíàëüíûõ
÷èñåë ñ îáû÷íûì ïîðÿäêîì.

Äîêàçàòåëüñòâî. �⇒� ñëåäóåò èç òåîðåìû 4 è èçâåñòíûõ òåîðåì Ìîðëè,
Áàëäâèíà, Ëàõëàíà, à òàêæå èç ðàññóæäåíèé î êîíöåïöèè ïîäîáèÿ ïî
ýëåìåíòàðíîé âëîæèìîñòè, ïðèâåäåííîé âûøå. �⇐� Ðàññìîòðèì àëãåá-
ðàè÷åñêóþ ñèñòåìó, êîòîðàÿ ÿâëÿåòñÿ öåïüþ ïî âêëþ÷åíèþ êëàññîâ ìî-
äåëåé. Ïîíÿòíî, ÷òî â íåé èìååòñÿ ïðèíöèï ýëåìåíòàðíîé öåïè ìîäåëåé,
ò.å. îáúåäèíåíèå ýëåìåíòàðíîé öåïè ìîäåëåé òåîðèè ÿâëÿåòñÿ ìîäåëüþ
ýòîé òåîðèè è êàæäûé ÷ëåí öåïè ýëåìåíòàðíî âêëàäûâàåòñÿ â îáúåäè-
íåíèå. Âîîáùå êàæäàÿ öåïü èìååò ìàêñèìàëüíûé ýëåìåíò. Ðàññìîòðèì
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êëàññû, ñîäåðæàùèå ìîäåëè ìîùíîñòè ω2. Â îäíîì èç íèõ ëåæèò ðàíåå
óïîìÿíóòàÿ ìîäåëü (Ìîðëè), â êîòîðîé äëÿ ëþáîãî ïîäìíîæåñòâà B â
ñàìîé ìîäåëè ðåàëèçóåòñÿ íå áîëåå |B|+ω òèïîâ íàä B. Ïî óñëîâèþ òåî-
ðåìû â íåå ýëåìåíòàðíî âêëàäûâàþòñÿ âñå ìîäåëè ìîùíîñòè ω1, îòñþäà
ñëåäóåò, ÷òî òåîðèÿ T ñòàáèëüíàÿ. Òåîðèÿ T íå èìååò äâóêàðäèíàëüíûõ
ôîðìóë, òàê êàê åñëè ýòî íå òàê, òî ïîñòðîèì ìîäåëü, íàïðèìåð, ìîù-
íîñòè ω3, â êîòîðîé äâóêàðäèíàëüíàÿ ôîðìóëà èìååò ìîùíîñòü ω1, â
êîòîðóþ íå âêëàäûâàåòñÿ ýëåìåíòàðíî ìîäåëü ìîùíîñòè ω2, òàêàÿ ÷òî
â íåé âñå áåñêîíå÷íûå ôîðìóëû èìåþò ìîùíîñòü ω2, ÷òî ïðîòèâîðå÷èò
óñëîâèþ òåîðåìû. Îòñþäà ñëåäóåò êàòåãîðè÷íîñòü òåîðèè T â íåñ÷åòíîé
ìîùíîñòè. 2

Íà àëãåáðàè÷åñêîé ñèñòåìå åñòåñòâåííî èíäóöèðóþòñÿ óëüòðàïðîèç-
âåäåíèÿ ïî ðàçëè÷íûì óëüòðàôèëüòðàì, ò.å. óëüòðàïðîèçâåäåíèå êëàñ-
ñîâ ïî êàêîìó-íèáóäü óëüòðàôèëüòðó áóäåò êëàññîì äëÿ ýòîé àëãåáðàè-
÷åñêîé ñòðóêòóðû.

Ïóñòü k ∈B K. Âîçüìåì ìíîæåñòâî âñåõ óëüòðàñòåïåíåé ýëåìåíòà
k è çàìêíåì åãî îòíîñèòåëüíî ïîðÿäêà. Ïîëó÷åííîå ìíîæåñòâî íàçî-
âåì Bk-äåðåâîì, ïîðîæäåííûì ýëåìåíòîì k. Ïðè÷åì ëþáîé ýëåìåíò Bk-
äåðåâà ÿâëÿåòñÿ åãî ïîðîæäàþùèì. Òàêèì îáðàçîì, K åñòü ìíîæåñòâî
ðàçëè÷íûõ íåïåðåñåêàþùèõñÿ B-äåðåâüåâ, òàê æå êàê è KT . À ìíîæå-
ñòâî âñåõ ìîäåëåé B-äåðåâà � ìíîæåñòâî âñåõ ìîäåëåé íåêîòîðîé ïîëíîé
òåîðèè T .
Òåîðåìà 9. Òåîðèÿ T ïîëíà òîãäà è òîëüêî òîãäà, êîãäà êàæäûé ýëå-
ìåíò KT ÿâëÿåòñÿ åå ïîðîæäàþùèì. [4]

Ìíîæåñòâî âñåõ ìîäåëåé B-äåðåâà íàçîâåì BM�äåðåâîì. Àêñèîìà-
òèçèðóåìûé êëàññ ìîäåëåé � ìíîæåñòâî ðàçëè÷íûõ BM�äåðåâüåâ. Íî
íå êàæäîå ìíîæåñòâî BM�äåðåâüåâ îáðàçóåò àêñèîìàòèçèðóåìûé êëàññ.
Òàêæå, íå êàæäîå îáúåäèíåíèå àêñèîìàòèçèðóåìûõ êëàññîâ áóäåò àêñè-
îìàòèçèðóåìûì êëàññîì. Êëàññ ìîäåëåé íàçîâåì êîíå÷íîïîðîæäåííûì,
åñëè îí ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà BM �äåðåâüåâ.
Òåîðåìà 10. Êîíå÷íîïîðîæäåííûé êëàññ ÿâëÿåòñÿ àêñèîìàòèçèðóå-
ìûì êëàññîì.
Äîêàçàòåëüñòâî. Óëüòðàïðîèçâåäåíèÿ ìîäåëåé ýòîãî êëàññà áóäóò ìî-
äåëÿìè ýòèõ äåðåâüåâ. 2

Òåîðèþ, ñîîòâåòñòâóþùóþ êîíå÷íîïîðîæäåííîìó êëàññó, íàçîâåì
êîíå÷íîïîðîæäåííîé òåîðèåé. Êîíå÷íîå îáúåäèíåíèå êîíå÷íîïîðîæ-
äåííûõ êëàññîâ � àêñèîìàòèçèðóåìûé êëàññ. Íà ìíîæåñòâå B-äåðåâüåâ
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òàêæå èíäóöèðóþòñÿ óëüòðàïðîèçâåäåíèÿ ïî ðàçëè÷íûì óëüòðàôèëü-
òðàì ñëåäóþùèì îáðàçîì. Óëüòðàïðîèçâåäåíèå çàäàííûõ B-äåðåâüåâ ïî
çàäàííîìó óëüòðàôèëüòðó ýòî òîæå B-äåðåâî, ïîëó÷åííîå óëüòðàïðîèç-
âåäåíèÿìè ýëåìåíòîâ, âûáðàííûõ èç çàäàííûõ B-äåðåâüåâ ïî çàäàííîìó
óëüòðàôèëüòðó.

Îïðåäåëåíèå 11. Ïóñòü L1 ⊂ L. KT ↓L1 � ýòî êëàññ âñåõ îáåäíåííûõ
ìîäåëåé êëàññà KT äî ÿçûêà L1.

Òåîðåìà 12. Ïóñòü L1 è L2 � ÿçûêè è L3 = L1∩L2, à T1, T2 � òåîðèè
â ÿçûêàõ L1 è L2 ñîîòâåòñòâåííî. Òîãäà òåîðèÿ T1∪T2 â ÿçûêå L1∪L2
íåïðîòèâîðå÷èâà òîãäà è òîëüêî òîãäà, êîãäà KT1 ↓L3 ∩KT2 ↓L3 6= ∅.

Â äàííîé òåîðåìå äàåòñÿ êðèòåðèé íåïðîòèâîðå÷èâîñòè îáúåäèíåíèÿ
òåîðèé ðàçëè÷íûõ ÿçûêîâ, èç êîòîðîé ñëåäóåò èçâåñòíàÿ òåîðåìà Ðî-
áèíñîíà, êîòîðàÿ ñôîðìóëèðîâàíà ïðè ïðåäïîëîæåíèè ñóùåñòâîâàíèÿ
ïîëíîé òåîðèè â âèäå äîñòàòî÷íîãî óñëîâèÿ.

Íà àëãåáðàè÷åñêîé ñèñòåìå K ìîæíî ðàññìàòðèâàòü ïðÿìîå ïðîèç-
âåäåíèå ýëåìåíòîâ, òàê êàê ïðÿìîå ïðîèçâåäåíèå êëàññîâ ïî ïîäîáèþ
èíäóöèðîâàííîå îáû÷íûì ïðÿìûì ïðîèçâåäåíèåì ìîäåëåé áóäåò äàâàòü
òàê æå êëàññ ïî ïîäîáèþ. Òàêèì îáðàçîì, âîçíèêàåò àëãåáðàè÷åñêàÿ ñè-
ñòåìà K = 〈BK,≤, ∗〉 è åå ïîäñèñòåìû [5].

Ïîíÿòíî, ÷òî äëÿ Õîðíîâûõ òåîðèé T ñèñòåìà KT = 〈BKT ,≤, ∗〉 áó-
äåò ïîäñèñòåìîé ñèñòåìûK = 〈BK,≤, ∗〉, ÷òî âûïîëíÿåòñÿ íå äëÿ ëþáîé
òåîðèè.

Ïðÿìîå ïðîèçâåäåíèå B-äåðåâüåâ äàåò B-äåðåâî. Ïðÿìîå ïðîèçâåäå-
íèå êîíå÷íî ïîðîæäåííûõ òåîðèé äàñò êîíå÷íîïîðîæäåííóþ òåîðèþ.
Òàêèì îáðàçîì, êëàññ êîíå÷íîïîðîæäåííûõ òåîðèé çàìêíóò îòíîñèòåëü-
íî îáúåäèíåíèÿ, ïåðåñå÷åíèÿ è ïðÿìîãî ïðîèçâåäåíèÿ.

Âîïðîñû:

(1). Ñóùåñòâîâàíèå ñòàáèëüíîé íå êàòåãîðè÷íîé ïîëíîé òåîðèè T , ó
êîòîðîé äëÿ µ ≥ ω1 èìååò ìåñòî BT (ω, µ) = 1.

(2). Êàêèå âèäû ãðàôîâ âîçìîæíû äëÿ êîíå÷íûõ è áåñêîíå÷íûõ B-
àëãåáðàè÷åñêèõ ñèñòåì òåîðèé?
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1 Ââåäåíèå
Ïîñòðîåíèå ñòàáèëèçèðóþùåãî óïðàâëåíèÿ äëÿ ëèíåéíûõ äèíàìè-

÷åñêèõ ñèñòåì �� êëàññè÷åñêàÿ îáëàñòü òåîðèè àâòîìàòè÷åñêîãî óïðàâ-
ëåíèÿ (ÒÀÓ), â êîòîðîé äàæå äëÿ îäíîêàíàëüíîãî ñëó÷àÿ ñîõðàíÿåòñÿ
íåìàëî ñîäåðæàòåëüíûõ ïðîáëåì [1, 2]. Âàæíàÿ îñîáåííîñòü ëèíåéíûõ
ñèñòåì çàêëþ÷àåòñÿ â âîçìîæíîñòè ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ëàïëà-
ñà ê îïèñûâàþùèì èõ äèôôåðåíöèàëüíûì óðàâíåíèÿì, çà ñ÷åò ÷åãî ìî-
äåëü ñèñòåìû ïðèíèìàåò àëãåáðàè÷åñêóþ ôîðìó. Ïðèíöèïèàëüíîå çíà-
÷åíèå äëÿ èíæåíåðíûõ ñâîéñòâ ñèñòåìû èìååò ðàñïîëîæåíèå êîðíåé åå
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ �� òàê íàçûâàåìûõ ïîëþñîâ ñèñòåìû.
Êàê ïðàâèëî, íåîáõîäèìî çà ñ÷åò âûáîðà ñòðóêòóðû ðåãóëÿòîðà è çíà-
÷åíèé åãî ñâîáîäíûõ ïàðàìåòðîâ äîáèòüñÿ ïîïàäàíèÿ ïîëþñîâ z1, . . . , zn

â ëåâóþ êîìïëåêñíóþ ïîëóïëîñêîñòü, çàòåì ìîæíî óêàçàòü áîëåå óçêóþ
îáëàñòü â ñîîòâåòñòâèè ñ èíæåíåðíûìè òðåáîâàíèÿìè ê êà÷åñòâó óïðàâ-
ëåíèÿ. Ñïåöèôèêà óïðàâëåíèÿ ïîíèæåííîãî ïîðÿäêà ïðîÿâëÿåòñÿ â òîì,
÷òî ñ åãî ïîìîùüþ íåëüçÿ äîáèòüñÿ ïðîèçâîëüíîãî ðàñïîëîæåíèÿ ïîëþ-
ñîâ (ýòî îáóñëîâëåíî íåäîñòàòî÷íûì ÷èñëîì íàñòðàèâàåìûõ ïàðàìåòðîâ
C èëè õàðàêòåðîì èõ âõîæäåíèÿ â êîýôôèöèåíòû õàðàêòåðèñòè÷åñêî-
ãî ìíîãî÷ëåíà fC(s). Îòûñêàíèå æå íàèëó÷øåãî ðàñïîëîæåíèÿ ïîëþñîâ

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-
óêè ÐÔ, ïî ãîñóäàðñòâåííîìó çàäàíèþ � 2014/138, ïðîåêò 1052.
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íàòàëêèâàåòñÿ íà ðÿä ïðèíöèïèàëüíûõ îïòèìèçàöèîííûõ òðóäíîñòåé:
íåâûïóêëîñòü, ìíîãîýêñòðåìàëüíîñòü, íåäèôôåðåíöèðóåìîñòü ñ íåîãðà-
íè÷åííûìè ïðîèçâîäíûìè. Ïåðå÷åíü ìåòîäîâ, ïîçâîëÿþùèõ äîáèâàòü-
ñÿ îïòèìàëüíîãî ïî òåì èëè èíûì êðèòåðèÿì ðàñïîëîæåíèé ïîëþñîâ,
òðóäíîîáîçðèì [3]�[5]. Ïðè ýòîì â ðÿäå ðàáîò ðîññèéñêèõ è çàïàäíûõ èñ-
ñëåäîâàòåëåé îòìå÷àëîñü, ÷òî íàèáîëüøåå ñìåùåíèè âëåâî ïðàâîé ãðà-
íèöû ìíîæåñòâà ïîëþñîâ: max Re(z1, . . . , zn) → min, ÷òî ñîîòâåòñòâóåò
íàèëó÷øåé óñòîé÷èâîñòè óïðàâëÿåìîé ñèñòåìû, ïðèâîäèò ê ñêîïëåíèþ
íà ãðàíèöå ìàêñèìàëüíî âîçìîæíîãî èõ ÷èñëà [6]�[9]. Àëãåáðàè÷åñêèé
ìåòîä îòûñêàíèÿ êðèòè÷åñêèõ (îïòèìàëüíûõ è ñóáîïòèìàëüíûõ) ðàñïî-
ëîæåíèé ïîëþñîâ ñèñòåìû ÀÓ ðàçðàáàòûâàëñÿ àâòîðîì ïðè ðóêîâîäñòâå
ïðîô. À.À.Âîåâîäû ñ íà÷àëà 2000-õ ãîäîâ. Öåëüþ íàøèõ èññëåäîâàíèé
áûëî ôîðìèðîâàíèå ãåîìåòðè÷åñêîãî ïðåäñòàâëåíèÿ âñåâîçìîæíûõ ðàñ-
ïîëîæåíèé êîðíåé ìíîãî÷ëåíîâ ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè è
ðàçâèòèå íà åãî îñíîâå ýôôåêòèâíûõ îïòèìèçàöèîííûõ âîçìîæíîñòåé.
Ãëàâíàÿ èäåÿ ïðåäëîæåííîãî ìåòîäà çàêëþ÷àåòñÿ â îòûñêàíèè òåõ òî-
÷åê â ïðîñòðàíñòâå ïàðàìåòðîâ C óïðàâëåíèÿ, êîòîðûì ñîîòâåòñòâóåò
íàëè÷èå íà ïðàâîé ãðàíèöå îáëàñòè ðàñïîëîæåíèÿ ïîëþñîâ ôèêñèðî-
âàííîãî òèïà (ïîëóïëîñêîñòè, êîíóñà, âíóòðåííîñòè ïàðàáîëû èëè ëå-
âîé âåòâè ãèïåðáîëû) ìàêñèìàëüíîãî èõ ÷èñëà. Ýòè ãðàíè÷íûå ïîëþñà
îêàçûâàþòñÿ íàèìåíåå óñòîé÷èâûìè, �ïðàâûìè� êîðíÿìè õàðàêòåðèñòè-
÷åñêîãî ìíîãî÷ëåíà ñèñòåìû; èõ çíà÷åíèÿ âûðàæàþòñÿ ÷åðåç íåñêîëü-
êî äåéñòâèòåëüíûõ ïåðåìåííûõ χ, êîòîðûå À.À.Âîåâîäà â êîíöå 90-õ
ãîäîâ ïðåäëîæèë èìåíîâàòü êîðíåâûìè êîîðäèíàòàìè [10]. Ïðîèçâåäå-
íèå pχ(s) = (s − z1) . . . (s − zm) ñêîáîê, ñîäåðæàùèõ âñå ïðàâûå êîð-
íè, åñòåñòâåííî íàçûâàòü êîðíåâûì ìíîãî÷ëåíîì. Õàðàêòåðèñòè÷åñêèé
ìíîãî÷ëåí, â êîýôôèöèåíòû êîòîðîãî âõîäÿò ïàðàìåòðû óïðàâëåíèÿ C,
äîëæåí íàöåëî äåëèòüñÿ íà êîðíåâîé, çà ñ÷åò ÷åãî âîçíèêàþò ïîëèíî-
ìèàëüíûå ñîîòíîøåíèÿ ìåæäó ïåðåìåííûìè C è χ. Â ðÿäå ñîäåðæà-
òåëüíûõ ïðèìåðîâ óäàâàëîñü âûðàçèòü ïàðàìåòðû óïðàâëåíèÿ C ÷åðåç
êîðíåâûå êîîðäèíàòû χ èç ñèñòåìû óðàâíåíèé, êîòîðàÿ âîçíèêàåò ïîñëå
ïðèðàâíèâàíèÿ ê íóëþ îñòàòêà rC,χ(s) îò äåëåíèÿ õàðàêòåðèñòè÷åñêîãî
ìíîãî÷ëåíà íà êîðíåâîé [11]�[14]. Åñëè çà îäíó èç êîðíåâûõ êîîðäèíàò
α âçÿòü îñíîâíîé ïîêàçàòåëü óñòîé÷èâîñòè (íàïðèìåð, ñòåïåíü óñòîé-
÷èâîñòè δ = max Re(z1, . . . , zn), ðàññìàòðèâàåìóþ À.Ì.Øóáëàäçå è åãî
êîëëåãàìè), òî ëåâàÿ ãðàíèöà ïî êîîðäèíàòå α îáëàñòè îïðåäåëåíèÿ çà-
âèñèìîñòè C(χ) çàäàåò îïòèìàëüíîå çíà÷åíèå ïàðàìåòðîâ ðåãóëÿòîðà.

Äëÿ îäíîêàíàëüíûõ ñèñòåì òàêàÿ âîçìîæíîñòü â îáùåì ñëó÷àå áûëà
ðàññìîòðåíà â [14, 15]; îñíîâíàÿ òåîðåìà â [15] áûëà äîêàçàíà ïðè íåêîòî-
ðîì ñîîòíîøåíèè ñòåïåíåé õàðàêòåðèñòè÷åñêîãî è êîðíåâîãî ìíîãî÷ëå-
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íîâ. Â íàñòîÿùåé çàìåòêå óñòàíàâëèâàåòñÿ èçáûòî÷íîñòü ïîñëåäíåãî.

2 Êîðíåâûå êîîðäèíàòû
Óïðàâëÿåìûé îáúåêò (plant) îïèñûâàåòñÿ ïåðåäàòî÷íîé ôóíêöèåé

Dpl(s)
−1Npl(s), à ðåãóëÿòîð (controller) �� ôóíêöèåé DC(s)−1NC(s), êîòî-

ðûå äëÿ îäíîêàíàëüíûõ ñèñòåì (SISO system) ÿâëÿþòñÿ ðàöèîíàëüíûìè
äðîáÿìè. Ïðè ýòîì Dpl(s) ≥ Npl(s), DC(s) ≥ NC(s), à äëÿ îáåñïå÷åíèå
ïðàâèëüíîñòè ñèñòåìû òðåáóåòñÿ, ÷òîáû îäíî èç íåðàâåíñòâ áûëî ñòðî-
ãèì. Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí îäíîêàíàëüíîé ñèñòåìû âîçíèêàåò
èç Äèîôàíòîâà ñîîòíîøåíèÿ
fC(s) = Dpl(s)DC(s) + Npl(s)NC(s) =

=Dpl(s)(s
u + du−1s

u−1 + · · ·+ d0) + Npl(s)(bvs
v + bv−1s

v−1 + · · ·+ b0),

èç êîòîðîãî âèäíî, ÷òî êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëå-
íà fC(s) ëèíåéíî çàâèñÿò îò k = u + v + 1 ñâîáîäíûõ ïàðàìåòðîâ
C = {b0, . . . , bv, d0, . . . , du−1} ðåãóëÿòîðà. Ïîíèæåííûé ïîðÿäîê óïðàâëå-
íèÿ â îäíîêàíàëüíîì ñëó÷àå, êàê ïðàâèëî, îçíà÷àåò, ÷òî ÷èñëî k ñâîáîä-
íûõ ïàðàìåòðîâ C ðåãóëÿòîðà íåäîñòàòî÷íî äëÿ îáåñïå÷åíèÿ ïðîèçâîëü-
íîãî ðàñïîëîæåíèÿ ïîëþñîâ ñèñòåìû, â ÷àñòíîñòè, k-ìåðíîå ìíîãîîáðà-
çèå êîýôôèöèåíòîâ ìíîãî÷ëåíà fC(s) ñòðîãî ñîäåðæèòñÿ â ïðîñòðàíñòâå
Rn. Êà÷åñòâî óïðàâëåíèÿ, äîñòèãàþùååñÿ ïðè êàæäîì çíà÷åíèè ïàðà-
ìåòðîâ C∗, îïðåäåëÿåòñÿ ãðàíè÷íûìè íàèìåíåå óñòîé÷èâûìè êîðíÿìè.
Óïîìÿíóòàÿ âûøå áîëüøàÿ ñåðèÿ ðàáîò À.Ì.Øóáëàäçå è åãî ñîàâòîðîâ
(â ò.÷. [6]�[8]) ïîñâÿùåíà èññëåäîâàíèþ ñèñòåì ÀÓ ñ íàèáîëüøåé ñòåïå-
íüþ óñòîé÷èâîñòè δ, äîñòèæåíèå êîòîðîé ñîïðîâîæäàåòñÿ íàëè÷èåì íà
ïðÿìîé Re s = δ ìàêñèìàëüíî âîçìîæíîãî ÷èñëà ïîëþñîâ ñèñòåìû, äåé-
ñòâèòåëüíûõ è êîìïëåêñíî ñîïðÿæåííûõ, ïðîñòûõ è êðàòíûõ. Îäíàêî,
íàðÿäó ñî ñòåïåíüþ óñòîé÷èâîñòè, êîòîðàÿ êà÷åñòâåííî õàðàêòåðèçóåò
ñêîðîñòü ïîäàâëåíèÿ âîçìóùåíèé â ñèñòåìå, íåðåäêî ïðèõîäèòñÿ ðàñ-
ñìàòðèâàòü è äðóãèå òðåáîâàíèÿ: îãðàíè÷åííîé êîëåáàòåëüíîñòè, áåñêî-
ëåáàòåëüíîãî ãàøåíèÿ âîçìóùåíèé è äð. Êàê íàèáîëåå òèïè÷íûå ìîæíî
ïðèâåñòè ñëåäóþùèå ïîäõîäû ê âûáîðó ïîêàçàòåëÿ óñòîé÷èâîñòè è îï-
òèìàëüíîñòè ðàñïîëîæåíèÿ ïîëþñîâ:
(1). ìàêñèìèçàöèÿ Ãóðâèöåâîé ôóíêöèè (ñòåïåíè óñòîé÷èâîñòè) çà

ñ÷åò ìèíèìèçàöèè ôóíêöèè
H(C) = max{Re z1, . . . , Re zm};

ïðè ýòîì ïîëþñà îêàæóòñÿ â ñàìîé ëåâîé èç ïîëóïëîñêîñòåé {s |
Re s ≤ H(p)};
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(2). ñíèæåíèå êîëåáàòåëüíîñòè ñèñòåìû ñ ó÷åòîì óñòîé÷èâîñòè çà ñ÷åò
ìèíèìèçàöèè ôóíêöèè

K(C) = max(Re zk + |Im zk|),

ïðè ýòîì ïîëþñà îêàæóòñÿ â ñàìîì ëåâîì èç êîíóñîâ ñåìåéñòâà
{s | Re s + |Im s| ≤ K(p)};

(3). óâåëè÷åíèå çàïàñà óñòîé÷èâîñòè ñèñòåìû ñ ó÷åòîì êîëåáàòåëüíî-
ñòè, ñâÿçàííîå ñ ìèíèìèçàöèåé ôóíêöèè

G(C) = max
(
Re zk +

√
L2 + Im2zk

)
− L,

â ðåçóëüòàòå ÷åãî ïîëþñà îêàæóòñÿ âî âíóòðåííîñòè ñàìîé ëåâîé
âåòâè ãèïåðáîëû Re z +

√
L2 + Im2z − L ≤ G(p).

×èñëî α, â ýòèõ ïðèìåðàõ ðàâíîå H(C), K(C) è G(C) ñîîòâåòñòâåííî,
áóäåò ïîêàçàòåëåì óñòîé÷èâîñòè äàííîãî íàáîðà ïîëþñîâ; ìèíèìèçà-
öèÿ ïîêàçàòåëÿ óñòîé÷èâîñòè êàê ôóíêöèè α(C) ïàðàìåòðîâ ðåãóëÿòîðà
îáåñïå÷èâàåò ñàìîå ëåâîå ðàñïîëîæåíèå ïðàâîé ãðàíèöû âñåãî íàáîðà
ïîëþñîâ.
Çàìå÷àíèå. Â ïðåäûäóùèõ ðàáîòàõ [11]�[14] âìåñòî âûðàæåíèÿ �ïîêàçà-
òåëü óñòîé÷èâîñòè� èñïîëüçîâàëîñü ïîíÿòèå R-ãðàäóèðîâêè, ñâÿçàííîå ñ
ïîäðîáíî èçëîæåííîé òàì îïòèìèçàöèîííîé êîíöåïöèåé, îñòàþùåéñÿ çà
ðàìêàìè íàñòîÿùåé çàìåòêè.

Îáîáùàÿ ïðåäñòàâëåíèÿ î ïîêàçàòåëå óñòîé÷èâîñòè, ïîäîáíûå ïðèâå-
äåííûì âûøå, ìîæíî îïèñûâàòü ãðàíèöû îáëàñòè ðàñïîëîæåíèÿ ïîëþ-
ñîâ ëèáî ñîîòíîøåíèÿìè Re s = ια(|Im s|), ãäå ια(y) �� öåëàÿ àëãåáðàè÷å-
ñêàÿ ôóíêöèÿ äåéñòâèòåëüíîãî àðãóìåíòà y ≥ 0, ïðè÷åì ια(0) = α, ëèáî
ñîîòíîøåíèÿìè Im s = ±τα(Re s), ãäå óáûâàþùàÿ ôóíêöèÿ τα(x) ≥ 0
îïðåäåëåíà íà îòðåçêå (−∞; α], ïðè÷åì τα(α) = 0 è τ 2

α(x) �� öåëàÿ àë-
ãåáðàè÷åñêàÿ ôóíêöèÿ [13, 14]. Â îáîèõ ñëó÷àÿõ äåéñòâèòåëüíûå êîðíè
è êîìïëåêñíî ñîïðÿæåííûå ïàðû êîðíåé çàäàþò äåéñòâèòåëüíûé êîð-
íåâîé ìíîãî÷ëåí ñ êîýôôèöèåíòàìè, ÿâëÿþùèìèñÿ öåëûìè àëãåáðàè-
÷åñêèìè ôóíêöèÿìè ïåðåìåííûõ χ. Ïîìèìî äåéñòâèòåëüíîé è ìíèìîé
÷àñòåé, êîðíåâûìè êîîðäèíàòàìè ìîãóò ñëóæèòü è äðóãèå âåëè÷èíû,
ñâÿçàííûå ñ óñëîâèÿìè êîíêðåòíîé çàäà÷è è îäíîçíà÷íî îïèñûâàþùèå
ïîëîæåíèå ïîëþñà íà êîìïëåêñíîé ïëîñêîñòè. Î÷åâèäíî, äëÿ òî÷åê ãðà-
íèö îáëàñòåé (â òîì ÷èñëå ïðàâûõ ïîëþñîâ) âïîëíå äîñòàòî÷íî óêàçû-
âàòü çíà÷åíèÿ ïîêàçàòåëÿ óñòîé÷èâîñòè α, êîòîðûé çàäàåò êàæäóþ ãðà-
íè÷íóþ êðèâóþ, è îðäèíàòû ýòèõ òî÷åê.
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3 Êîýôôèöèåíòû êîðíåâûõ ìíîãî÷ëåíîâ
Ïðåäëîæåíèå 13. Âñå êîýôôèöèåíòû êîðíåâîãî ìíîãî÷ëåíà ÿâëÿþòñÿ
íåíóëåâûìè àëãåáðàè÷åñêèìè ôóíêöèÿìè êîðíåâûõ êîîðäèíàò χ.

Äåéñòâèòåëüíî, êàê óêàçàíî âûøå, êîðíåâûå îðäèíàòû yk = Imzk äî-
ïóñêàþò îáðàùåíèå â íîëü, ïðè ýòîì àáñöèññà êîðíÿ Re zk = ια(0) = α.
Â àëüòåðíàòèâíîì ñëó÷àå êîðíåâûå àáñöèññû äîïóñêàþò çíà÷åíèå ïîêà-
çàòåëÿ óñòîé÷èâîñòè: Re zk = α, ïðè ýòîì îðäèíàòà êîðíÿ îáðàùàåòñÿ â
íîëü: Im zk = τα(α) = 0. Â ýòîì ñëó÷àå âñå ïðàâûå ïîëþñà ñìåùàþòñÿ â
îäíó òî÷êó z1 = · · · = zm = α, à êîðíåâîé ìíîãî÷ëåí îáðàùàåòñÿ â áè-
íîì pχ(s) = (s−α)m. Ïîñêîëüêó çàâèñèìîñòü êîýôôèöèåíòîâ áèíîìà îò
êîîðäèíàòû α íåíóëåâàÿ, êîýôôèöèåíòû êîðíåâîãî ìíîãî÷ëåíà íå îáðà-
ùàþòñÿ òîæäåñòâåííî â íîëü íè ïðè êàêîì âûáîðå êîðíåâûõ êîîðäèíàò
χ.

Â ñòàòüå [15] ïðåäëîæåíèå 2 è åãî ñëåäñòâèÿ óñòàíàâëèâàþò ýòî ñâîé-
ñòâî áåçîòíîñèòåëüíî êîíñòðóêöèè êîðíåâûõ êîîðäèíàò, íî ïðè íàëè÷èè
ñâÿçè n < m(m − 1) ìåæäó ñòåïåíÿìè õàðàêòåðèñòè÷åñêîãî è êîðíåâî-
ãî ìíîãî÷ëåíîâ. Îáîñíîâàíèå âñåõ îñòàëüíûõ ïðåäëîæåíèé è òåîðåìû
íà ýòó ñâÿçü íå îïèðàåòñÿ è ìîæåò áûòü âîñïðîèçâåäåíî áåç èçìåíåíèé.
Òåì ñàìûì óòî÷íåííàÿ ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà [15] ïðèìåò
ñëåäóþùèé âèä.

Òåîðåìà 14. Ïóñòü çàâèñèìîñòü êîýôôèöèåíòîâ õàðàêòåðèñòè÷åñêî-
ãî ìíîãî÷ëåíà fC(s) = sn + an−1(C)sn−1 + · · · + a0(C) îò ïàðàìåòðîâ
óïðàâëåíèÿ C = {c1, . . . , ck} ëèíåéíà è íåâûðîæäåííà, à ïðàâûå êîðíè
z1, . . . , zm ìíîãî÷ëåíà fC(s) âûðàæàþòñÿ ÷åðåç l ≤ m êîðíåâûõ êîîðäè-
íàò χ, ïðè÷åì k, m < n. Òîãäà ðàâåíñòâî rC,χ(s) = 0 ïîçâîëÿåò âûðà-
çèòü ïàðàìåòðû óïðàâëåíèÿ C ÷åðåç êîðíåâûå êîîðäèíàòû χ.
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Ìàòåìàòè÷åñêèå ìîäåëè ìíîãèõ ÿâëåíèé ðåàëüíîãî ìèðà è, êîíå÷íî,
ìîäåëè ìåõàíèêè ñïëîøíîé ñðåäû ôîðìóëèðóþòñÿ â âèäå ñèñòåì äèô-
ôåðåíöèàëüíûõ óðàâíåíèé.

Ïðè âûâîäå ýòèõ óðàâíåíèé èñïîëüçóåòñÿ èõ èíâàðèàíòíîñòü îòíî-
ñèòåëüíî ïðåîáðàçîâàíèé, êàê ñëåäñòâèå ñèììåòðè÷íîñòè ïðîñòðàíñòâà-
âðåìåíè, â êîòîðîì îïèñûâàåòñÿ ÿâëåíèå. Ìíîæåñòâî ïðåîáðàçîâàíèé
äåéñòâóåò â ïðîñòðàíñòâå-âðåìåíè îêðóæàþùåãî íàñ ìèðà, ÷òî ïîçâî-
ëÿåò ïðåäñòàâèòü ãåîìåòðè÷åñêóþ ñòðóêòóðó ýòîãî ïðîñòðàíñòâà. Íà-
ïðèìåð, îäíîðîäíîñòü (íåçàâèñèìîñòü ñâîéñòâ ïðîñòðàíñòâà îò ìåñòà),
èçîòðîïíîñòü (íåçàâèñèìîñòü îò íàïðàâëåíèÿ), äèíàìè÷åñêîå ïîäîáèå
ñîáûòèé (ãàëèëååâà è ëàãðàíæåâà èíâàðèàíòíîñòü).

Íî ñèììåòðè÷íîñòü ìîäåëè ìîæåò áûòü ñêðûòîé, êàê ñëåäñòâèå ôè-
çè÷åñêèõ ñâîéñòâ ìîäåëèðóåìîãî ÿâëåíèÿ.

Èñïîëüçîâàíèå âñåõ ñèììåòðèéíûõ ñâîéñòâ ïîçâîëÿåò ïðàâèëüíî ìî-
äåëèðîâàòü ÿâëåíèå è êëàññèôèöèðîâàòü ïîäìîäåëè. Ñèììåòðèéíûé
àíàëèç òàêèõ óðàâíåíèé ÿâëÿåòñÿ îäíèì èç ñàìûõ ýôôåêòèâíûõ ñïî-
ñîáîâ ïîëó÷åíèÿ êà÷åñòâåííûõ è êîëè÷åñòâåííûõ õàðàêòåðèñòèê ñîîò-
âåòñòâóþùèõ ôèçè÷åñêèõ ïðîöåññîâ.

Ãðóïïîâàÿ êëàññèôèêàöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîçâîëÿ-
þò, â ÷àñòíîñòè, âûÿâèòü çíà÷åíèÿ è ôîðìû ýêñïåðèìåíòàëüíî îïðå-
äåëÿåìûõ ôèçè÷åñêèõ âåëè÷èí è çàâèñèìîñòåé, è óêàçàòü òåì ñàìûì
ïîäìîäåëè, íàèáîëåå ïåðñïåêòèâíûå ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîãî
èññëåäîâàíèÿ.

1 Ãðóïïîâàÿ êëàññèôèêàöèÿ ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé

Ïóñòü (S) � ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ïîðÿäêà n ≥ 1
ñ íåçàâèñèìûìè ïåðåìåííûìè x è çàâèñèìûìè ïåðåìåííûìè u = u(x),
ñîäåðæàùàÿ ïðîèçâîëüíûé ýëåìåíò f = f(x,u,u1, . . . ,un), ãäå ui � íà-
áîð ïðîèçâîäíûõ ïîðÿäêà i çàâèñèìûõ ïåðåìåííûõ u ïî íåçàâèñèìûì
ïåðåìåííûì x. Ïóñòü ïðîèçâîëüíûé ýëåìåíò óäîâëåòâîðÿåò ñòðóêòóð-
íûì óðàâíåíèÿì (Q), â êîòîðûõ íåçàâèñèìûìè ïåðåìåííûìè ÿâëÿþòñÿ
x,u,u1, . . . ,un, à çàâèñèìûìè ïåðåìåííûìè � f = f(x,u,u1, . . . ,un).

Çàäà÷à ãðóïïîâîé êëàññèôèêàöèè ñèñòåìû (S) ñîñòîèò [1]:
� â îòûñêàíèè ÿäðà îñíîâíûõ ãðóïï;
� â ïåðå÷èñëåíèè ñ òî÷íîñòüþ äî ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè

âñåõ ñïåöèàëèçàöèé ïðîèçâîëüíîãî ýëåìåíòà, ïðè êîòîðûõ ïðîèñõîäèò
ðàñøèðåíèå ÿäðà;
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� â îòûñêàíèè îñíîâíîé ãðóïïû äëÿ êàæäîé ñïåöèàëèçàöèè.
Ïðè ýòîì îñíîâíóþ ðîëü èãðàþò ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè

[1], ò. å. ïðåîáðàçîâàíèÿ ïåðåìåííûõ x,u, f , ñîõðàíÿþùèå äèôôåðåíöè-
àëüíóþ ñòðóêòóðó ñèñòåìû (S). Îíè îïðåäåëÿþòñÿ äâóìÿ ñëåäóþùèìè
ïðèçíàêàìè [1]:

(α) Ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè ïîðîæäàþòñÿ îïåðàòîðàìè

ξ(x,u) · ∂x + η(x,u) · ∂u + ζ(x,u,u1, . . . ,un, f) · ∂f (1)
è ÿâëÿþòñÿ òî÷å÷íûìè ñèììåòðèÿìè ñèñòåìû (S)

⋃
(Q). Ïðè ýòîì ïðî-

äîëæåíèå ýòèõ îïåðàòîðîâ îñóùåñòâëÿåòñÿ ñ ó÷åòîì òîãî, ÷òî â ñèñòå-
ìå (S) íåçàâèñèìûìè ïåðåìåííûìè ÿâëÿþòñÿ x, çàâèñèìûìè ïåðåìåí-
íûìè � u, f , à â ñèñòåìå (Q) íåçàâèñèìûìè ïåðåìåííûìè ÿâëÿþòñÿ
x,u,u1, . . . ,un, çàâèñèìûìè ïåðåìåííûìè � f . Ñîîòâåòñòâóþùèå ôîð-
ìóëû ïðîäîëæåíèÿ óêàçàíû â [1].

(β) Ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè äîïóñêàþòñÿ ñèñòåìîé

(S)
⋃

(Q)

ïðè âñåõ èìåþùèõ äàííûé ôóíêöèîíàëüíûé èëè ïàðàìåòðè÷åñêèé ïðî-
èçâîë ñïåöèàëèçàöèé ïðîèçâîëüíîãî ýëåìåíòà f .

Ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè îáëàäàþò äâóìÿ ñëåäóþùèìè âàæ-
íûìè ñâîéñòâàìè. Âî-ïåðâûõ, ýòè ïðåîáðàçîâàíèÿ äåéñòâóþò òîëüêî íà
ïðîèçâîëüíûé ýëåìåíò, ñîõðàíÿÿ äèôôåðåíöèàëüíóþ ñòðóêòóðó ñèñòå-
ìû; ïðè ýòîì ïðîèçâîëüíûé ýëåìåíò ñîõðàíÿåò ôóíêöèîíàëüíûé èëè
ïàðàìåòðè÷åñêèé ïðîèçâîë, çàäàâàåìûé ñòðóêòóðíûìè óðàâíåíèÿìè.
Âî-âòîðûõ, ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè îáðàçóþò ãðóïïó Ëè. Ýòà
ãðóïïà íàçûâàåòñÿ ãðóïïîé ýêâèâàëåíòíîñòåé ñèñòåìû äëÿ äàííîé ñïå-
öèàëèçàöèè ïðîèçâîëüíîãî ýëåìåíòà.

Îäíîé èç ïåðâûõ ðàáîò, â êîòîðîé áûëà ïðåäïðèíÿòà ïîïûòêà ó÷åñòü
âëèÿíèå ñïåöèàëèçàöèè ïðîèçâîëüíîãî ýëåìåíòà íà ãðóïïó ýêâèâàëåíò-
íîñòåé, áûëà ðàáîòà [2]. Òàêàÿ æå ïîïûòêà áûëà ñäåëàíà â ðàáîòå [3] ïðè
ãðóïïîâîé êëàññèôèêàöèè óðàâíåíèé äâóìåðíûõ äâèæåíèé ãàçà. Â ýòèõ
ðàáîòàõ ðàññìàòðèâàëèñü ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè, â êîòîðûõ
ïðåîáðàçîâàíèÿ íåçàâèñèìûõ è çàâèñèìûõ ïåðåìåííûõ ÿâíî çàâèñåëè îò
ïðîèçâîëüíîãî ýëåìåíòà, íî îïÿòü ðå÷ü øëà î ïðåîáðàçîâàíèÿõ, ñîõðà-
íÿþùèõ âèä ñèñòåìû ïðè âñåõ èìåþùèõ äàííûé ôóíêöèîíàëüíûé èëè
ïàðàìåòðè÷åñêèé ïðîèçâîë ñïåöèàëèçàöèé ïðîèçâîëüíîãî ýëåìåíòà.

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ íîâûé àëãîðèòì, ïîçâîëÿþùèé ïî-
ëó÷èòü âñå ñïåöèàëèçàöèè ïðîèçâîëüíîãî ýëåìåíòà f , ïðè êîòîðûõ ïðî-
èñõîäèò ðàñøèðåíèå ãðóïïû ýêâèâàëåíòíîñòåé ñèñòåìû (S) è íàéòè âñå
ýòè ðàñøèðåíèÿ.
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Â îòëè÷èå îò ñòàâøåãî êëàññè÷åñêèì àëãîðèòìà, ïðèâåäåííîãî â [1],
íîâûé àëãîðèòì, âî-ïåðâûõ, ïîçâîëÿåò èçáåæàòü çíà÷èòåëüíûõ àíàëè-
òè÷åñêèõ òðóäíîñòåé, ñâÿçàííûõ ñ àíàëèçîì êëàññèôèöèðóþùèõ óðàâ-
íåíèé, âîçíèêàþùèõ ïðè ïðèìåíåíèè àëãîðèòìà èç [1], âî-âòîðûõ, ñóùå-
ñòâåííî ñîêðàùàåò îáúåì âû÷èñëåíèé, â-òðåòüèõ, ïîçâîëÿåò ñðàçó íàéòè
íàèáîëåå øèðîêóþ ãðóïïó ýêâèâàëåíòíîñòåé ñèñòåìû äëÿ êàæäîé êîí-
êðåòíîé ñïåöèàëèçàöèè ïðîèçâîëüíîãî ýëåìåíòà.

Îïðåäåëåíèå 1. Ïðåîáðàçîâàíèÿ, çàäàâàåìûå óñëîâèÿìè (α), (β) áóäóò
íàçûâàòüñÿ óíèâåðñàëüíûìè ïðåîáðàçîâàíèÿìè ýêâèâàëåíòíîñòè ñèñòå-
ìû (S).

Ïðåäëàãàåòñÿ îòêàçàòüñÿ îò óñëîâèÿ (β) è èñêàòü îïåðàòîð âèäà (1),
äîïóñêàåìûé ñèñòåìîé (S)

⋃
(Q) â ñîîòâåòñòâèè ñ óñëîâèåì (α).

Îòêàç îò óñëîâèÿ (β) îçíà÷àåò, ÷òî íåèçâåñòíûìè ôóíêöèÿìè â ñè-
ñòåìå îïðåäåëÿþùèõ óðàâíåíèé, ïîëó÷åííûõ ñ ïîìîùüþ óñëîâèÿ (α),
ÿâëÿþòñÿ íå òîëüêî ξ, η, ζ, íî è f . Êàæäîå ðåøåíèå ýòîé ñèñòåìû îïðå-
äåëÿåò ñïåöèàëèçàöèþ ïðîèçâîëüíîãî ýëåìåíòà f è ãðóïïó ýêâèâàëåíò-
íîñòåé ñèñòåìû (S) äëÿ ýòîé ñïåöèàëèçàöèè ïðîèçâîëüíîãî ýëåìåíòà.
Ïðè ýòîì ïîëó÷àþòñÿ âñå òàêèå ñïåöèàëèçàöèè, ïîñêîëüêó, óñëîâèå (α)
îïðåäåëÿåò îáùèé âèä ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñèñòåìû (S).

Òàêèì îáðàçîì, îòêàç îò óñëîâèÿ (β) ïîçâîëÿåò ïîëó÷èòü âñå ñïåöèà-
ëèçàöèè ïðîèçâîëüíîãî ýëåìåíòà, ïðè êîòîðûõ ïðîèñõîäèò ðàñøèðåíèå
ãðóïïû ýêâèâàëåíòíîñòåé ñèñòåìû (S) è íàéòè âñå ýòè ðàñøèðåíèÿ.

Îïðåäåëåíèå 2. Ïðåîáðàçîâàíèÿ, çàäàâàåìûå óñëîâèÿìè (α), áóäóò
íàçûâàòüñÿ îáîáùåííûìè ïðåîáðàçîâàíèÿìè ýêâèâàëåíòíîñòè ñèñòåìû
(S).

Ìíîæåñòâî îáîáùåííûõ ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñèñòåìû
(S) ñîñòîèò èç ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè, ñîõðàíÿþùèõ åå äèô-
ôåðåíöèàëüíóþ ñòðóêòóðó ïðè âñåõ çàäàâàåìûõ óðàâíåíèÿìè ñòðóêòó-
ðû (Q) ðàçëè÷íûõ ñïåöèàëèçàöèÿõ ïðîèçâîëüíîãî ýëåìåíòà. Îíî ñîäåð-
æèò âñå óíèâåðñàëüíûå ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè, ñîõðàíÿþùèå
äèôôåðåíöèàëüíóþ ñòðóêòóðó ñèñòåìû (S) ïðè ëþáîì ïðîèçâîëüíîì
ýëåìåíòå f , è ïðåîáðàçîâàíèÿ, ñîõðàíÿþùèå äèôôåðåíöèàëüíóþ ñòðóê-
òóðó ñèñòåìû (S) ïðè êàæäîé êîíêðåòíîé ñïåöèàëèçàöèè ïðîèçâîëüíîãî
ýëåìåíòà f .

Ìíîæåñòâî îáîáùåííûõ ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñèñòåìû
(S), âîîáùå ãîâîðÿ, íå îáðàçóåò ãðóïïó Ëè ïðåîáðàçîâàíèé, ò. ê. îíî
ñîñòîèò èç ïðåîáðàçîâàíèé, ñîõðàíÿþùèõ åå äèôôåðåíöèàëüíóþ ñòðóê-
òóðó ïðè ðàçëè÷íûõ ñïåöèàëèçàöèÿõ ýëåìåíòà f .
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Ïóñòü Ω � ìíîæåñòâî ðåøåíèé ñòðóêòóðíûõ óðàâíåíèé (Q). Îíî
ñîñòîèò èç âñåõ ñïåöèàëèçàöèé ïðîèçâîëüíîãî ýëåìåíòà f , îïðåäåëÿåìîãî
óðàâíåíèÿìè ñòðóêòóðû (Q).

Ìíîæåñòâî îáîáùåííûõ ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñèñòåìû
(S) ÿâëÿåòñÿ ìíîæåñòâîì ñîõðàíÿþùèõ åå äèôôåðåíöèàëüíóþ ñòðóêòó-
ðó ïðåîáðàçîâàíèé ïåðåìåííûõ x,u, f , äëÿ êàæäîãî èç êîòîðûõ â ìíî-
æåñòâå Ω íàéäåòñÿ õîòÿ áû îäèí èíâàðèàíòíûé ýëåìåíò.

Ìíîæåñòâî óíèâåðñàëüíûõ ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñèñòå-
ìû (S) � ýòî ìíîæåñòâî ïðåîáðàçîâàíèé ïåðåìåííûõ x,u, f , ñîõðàíÿþ-
ùèõ äèôôåðåíöèàëüíóþ ñòðóêòóðó ñèñòåìû (S), äëÿ êîòîðûõ êàæäûé
ýëåìåíò ìíîæåñòâà Ω ÿâëÿåòñÿ èíâàðèàíòíûì ìíîæåñòâîì.

Âûïîëíèòü ãðóïïîâóþ êëàññèôèêàöèþ ñèñòåìû (S) îçíà÷àåò äëÿ
êàæäîãî ýëåìåíòà q ∈ Ω íàéòè ìàêñèìàëüíîå ïîäìíîæåñòâî ìíîæåñòâà
îáîáùåííûõ ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñèñòåìû (S), îòíîñèòåëü-
íî êîòîðîãî q èíâàðèàíòíî, ò. å. q ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé äëÿ
âñåõ ïðåîáðàçîâàíèé ýòîãî ìàêñèìàëüíîãî ïîäìíîæåñòâà. Êàæäîå òà-
êîå ìàêñèìàëüíîå ïîäìíîæåñòâî äëÿ ôèêñèðîâàííîãî ýëåìåíòà q ∈ Ω
åñòü íå ÷òî èíîå, êàê ãðóïïà ýêâèâàëåíòíîñòåé ñèñòåìû (S) äëÿ äàííîé
ñïåöèàëèçàöèè ïðîèçâîëüíîãî ýëåìåíòà.

Ïåðåñå÷åíèåì ãðóïï ýêâèâàëåíòíîñòåé äëÿ âñåõ ñïåöèàëèçàöèé ïðî-
èçâîëüíîãî ýëåìåíòà ÿâëÿåòñÿ ìíîæåñòâî óíèâåðñàëüíûõ ïðåîáðàçîâà-
íèé ýêâèâàëåíòíîñòè ñèñòåìû (S), ò. å. îáðàçóåìàÿ óíèâåðñàëüíûìè ïðå-
îáðàçîâàíèÿìè ýêâèâàëåíòíîñòè ãðóïïà Ëè � ýòî ÿäðî ãðóïï ýêâèâà-
ëåíòíîñòåé äëÿ âñåõ ñïåöèàëèçàöèé äàííîé ñèñòåìû.

Óíèâåðñàëüíûå ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè, äåéñòâóþùèå íà
ïðîèçâîëüíûé ýëåìåíò f òîæäåñòâåííî, îáðàçóþò ÿäðî îñíîâíûõ ãðóïï
ñèñòåìû (S). ßäðî îñíîâíûõ ãðóïï ñèñòåìû (S) ÿâëÿåòñÿ íîðìàëüíûì
äåëèòåëåì ãðóïïû ýêâèâàëåíòíîñòåé äëÿ êàæäîé ñïåöèàëèçàöèè ïðîèç-
âîëüíîãî ýëåìåíòà f .

Äëÿ ìíîæåñòâà îáîáùåííûõ ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñèñòå-
ìû (S) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñíèçó: ìíîæåñòâî òî÷å÷íûõ ñèì-
ìåòðèé ñèñòåìû (S) ïðè âñåõ ñïåöèàëèçàöèÿõ ïðîèçâîëüíîãî ýëåìåíòà f
ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà îáîáùåííûõ ïðåîáðàçîâàíèé ýêâè-
âàëåíòíîñòè ñèñòåìû (S).

Íîâûé àëãîðèòì ðåøåíèÿ çàäà÷è ãðóïïîâîé êëàññèôèêàöèè ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé ñîñòîèò èç äâóõ ýòàïîâ:

1. Ñíà÷àëà èùåòñÿ îïåðàòîð (1) îáîáùåííûõ ïðåîáðàçîâàíèé ýêâè-
âàëåíòíîñòè ñèñòåìû (S). Óñëîâèå (α) â ñèëó èíôèíèòåçèìàëüíîãî êðè-
òåðèÿ èíâàðèàíòíîñòè ìíîãîîáðàçèÿ (S)

⋃
(Q) îòíîñèòåëüíî îïåðàòîðà

(1) ïîñëå ðàñùåïëåíèÿ ïî ïàðàìåòðè÷åñêèì ïðîèçâîäíûì äàåò ñèñòåìó
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îïðåäåëÿþùèõ óðàâíåíèé äëÿ îòûñêàíèÿ ξ, η, ζ, f . Ðåøåíèå ýòîé ïåðå-
îïðåäåëåííîé ñèñòåìû äàåò âñå ñïåöèàëèçàöèè ïðîèçâîëüíîãî ýëåìåí-
òà f è äëÿ êàæäîé ñïåöèàëèçàöèè � ñîîòâåòñòâóþùèå ïðåîáðàçîâàíèÿ
ýêâèâàëåíòíîñòè ñèñòåìû (S). Ìíîæåñòâî ýòèõ ïðåîáðàçîâàíèé ýêâèâà-
ëåíòíîñòè è ñîñòàâëÿåò ìíîæåñòâî îáîáùåííûõ ïðåîáðàçîâàíèé ýêâèâà-
ëåíòíîñòè ñèñòåìû (S). Äëÿ êàæäîé íå èìåþùåé ôóíêöèîíàëüíîãî èëè
ïàðàìåòðè÷åñêîãî ïðîèçâîëà ñïåöèàëèçàöèè ïðîèçâîëüíîãî ýëåìåíòà f
ìíîæåñòâî ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñèñòåìû (S) îáðàçóåò äëÿ
ñèñòåìû ñ ýòîèì ïðîèçâîëüíûì ýëåìåíòîì åå îñíîâíóþ ãðóïïó Ëè ïðå-
îáðàçîâàíèé. Ñëó÷àé íàèáîëåå øèðîêîé îñíîâíîé ãðóïïû, êàê ïðàâèëî,
âûäåëÿåòñÿ ñðàçó.

2. Äëÿ èìåþùèõ ôóíêöèîíàëüíûé èëè ïàðàìåòðè÷åñêèé ïðîèçâîë
ñïåöèàëèçàöèé ïðîèçâîëüíîãî ýëåìåíòà f èññëåäóåòñÿ äåéñòâèå ãðóïïû
ýêâèâàëåíòíîñòåé ñèñòåìû (S) ñ ýòèì ïðîèçâîëüíûì ýëåìåíòîì, òî÷íåå
èññëåäóåòñÿ äåéñòâèå ôàêòîðãðóïïû ýòîé ãðóïïû ýêâèâàëåíòíîñòåé ïî
ÿäðó îñíîâíûõ ãðóïï ñèñòåìû (S), íà ñèñòåìó (S) ñ ýòèì ïðîèçâîëüíûì
ýëåìåíòîì. Â ðåçóëüòàòå ýòîãî äåéñòâèÿ ïîëó÷àþòñÿ ýêâèâàëåíòíûå ñè-
ñòåìû. Äëÿ ïåðå÷èñëåíèÿ âñåõ íå ýêâèâàëåíòíûõ ñèñòåì ñòðîèòñÿ îïòè-
ìàëüíàÿ ñèñòåìà ïîäãðóïï äëÿ ðàññìàòðèâàåìîé ãðóïïû ýêâèâàëåíòíî-
ñòåé, òî÷íåå ñòðîèòñÿ îïòèìàëüíàÿ ñèñòåìà ïîäãðóïï äëÿ ôàêòîðãðóï-
ïû ýòîé ãðóïïû ýêâèâàëåíòíîñòåé ïî ÿäðó îñíîâíûõ ãðóïï ñèñòåìû (S).
Ïðåîáðàçîâàíèÿ ýêâèâàëåíòíîñòè, äåéñòâóþùèå íà f òîæäåñòâåííî, îá-
ðàçóþò ÿäðî îñíîâíûõ ãðóïï ñèñòåìû (S) ïðè äàííîì ïðîèçâîëüíîì
ýëåìåíòå f , ò.å. äîïóñêàþòñÿ ñèñòåìîé (S) ïðè âñåõ èìåþùèõ ðàññìàòðè-
âàåìûé ïðîèçâîë ýëåìåíòàõ f . Ñèñòåìà (S) äîïóñêàåò äîïîëíèòåëüíî ê
ÿäðó îñíîâíûõ ãðóïï êàæäóþ ïîäãðóïïó ãðóïïû ýêâèâàëåíòíîñòåé ïðè
óñëîâèè, ÷òî äàííàÿ ïîäãðóïïà äåéñòâóåò íà ýëåìåíò f òîæäåñòâåííî.
Äëÿ êàæäîé ïîäãðóïïû èç ïîñòðîåííîé îïòèìàëüíîé ñèñòåìû ïîäãðóïï
ýëåìåíò f êîíêðåòèçèðóåòñÿ èç óñëîâèÿ, ñîñòîÿùåãî â òîì, ÷òî äàííàÿ
ïîäãðóïïà äåéñòâóåò íà ýëåìåíò f òîæäåñòâåííî.

Ïðèâåäåííûé íîâûé àëãîðèòì è åãî ïðèìåíåíèå ê êîíêðåòíûì ìà-
òåìàòè÷åñêèì ìîäåëÿì îïóáëèêîâàíû â ðàáîòàõ [4]�[10].
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Â ðàáîòå îïèñûâàþòñÿ àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëèðóþ-
ùèõ ôîðìóë äëÿ ïîëíûõ 1-òèïîâ, ñòðóêòóðà êîòîðûõ ïðåäñòàâëÿåòñÿ â
âèäå âëîæåííûõ îòíîøåíèé ýêâèâàëåíòíîñòè.

1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Îïðåäåëåíèå 3. [1, 4, 5, 6, 7, 8]. Ïóñòü T � ïîëíàÿ òåîðèÿ, M |= T .
Ðàññìîòðèì òèïû p(x), q(y) ∈ S(∅), ðåàëèçóåìûå â M, à òàêæå âñåâîç-
ìîæíûå (p, q)-óñòîé÷èâûå èëè (p, q)-ïîëóèçîëèðóþùèå ôîðìóëû ϕ(x, y)
òåîðèè T , ò. å. ôîðìóëû, äëÿ êîòîðûõ íàéäóòñÿ ýëåìåíòû a ∈ M , òàêèå
÷òî |= p(a) è ϕ(a, y) ` q(y). Íàïîìíèì, ÷òî åñëè |= p(a) è |= ϕ(a, b) äëÿ
(p, q)-ïîëóèçîëèðóþùåé ôîðìóëû ϕ(x, y), òî ãîâîðÿò, ÷òî a ïîëóèçîëè-
ðóåò b. Îïðåäåëèì äëÿ êàæäîé òàêîé ôîðìóëû ϕ(x, y) äâóõìåñòíîå îò-
íîøåíèå Rp,ϕ,q  {(a, b) | M |= p(a)∧ϕ(a, b)}. Ïðè óñëîâèè (a, b) ∈ Rp,ϕ,q

ïàðà (a, b) íàçûâàåòñÿ (p, ϕ, q)-äóãîé. Åñëè ϕ(a, y) � ãëàâíàÿ ôîðìóëà
(íàä a), òî (p, ϕ, q)-äóãà (a, b) òàêæå íàçûâàåòñÿ ãëàâíîé.

Åñëè ϕ(x, y) ÿâëÿåòñÿ (p ↔ q)-ôîðìóëîé, ò. å. îäíîâðåìåííî (p, q)-
è (q, p)-óñòîé÷èâîé, òî ìíîæåñòâî [a, b]  {(a, b), (b, a)} íàçûâàåòñÿ
(p, ϕ, q)-ðåáðîì. Åñëè (p, ϕ, q)-ðåáðî [a, b] ñîñòîèò èç ãëàâíûõ (p, ϕ, q)- è
(q, ϕ−1, p)-äóã, ãäå ϕ−1(x, y) îáîçíà÷àåò ϕ(y, x), òî [a, b] íàçûâàåòñÿ ãëàâ-
íûì (p, ϕ, q)-ðåáðîì.

∗Äàííûå èññëåäîâàíèÿ ïîääåðæàíû ãðàíòîì ÊÍ ÌÎÍ ÐÊ � 0830/ÃÔ4.
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Áóäåì íàçûâàòü (p, ϕ, q)-äóãè è (p, ϕ, q)-ð¼áðà äóãàìè è ð¼áðàìè ñî-
îòâåòñòâåííî, åñëè èç êîíòåêñòà ÿñíî, î êàêîé ôîðìóëå èä¼ò ðå÷ü èëè
åñëè ðå÷ü èä¼ò î íåêîòîðîé ôîðìóëå ϕ(x, y). Äóãè (a, b), ó êîòîðûõ ïàðû
(b, a) íå ÿâëÿþòñÿ äóãàìè íè ïî êàêèì (q, p)-ôîðìóëàì, áóäåì íàçûâàòü
íåîáðàùàåìûìè

Îïðåäåëåíèå 4. [1, 2]. Äëÿ òèïîâ p(x), q(y) ∈ S(∅) îáîçíà÷èì ÷åðåç
PF(p, q) ìíîæåñòâî

{ϕ(x, y) | ϕ(a, y) � ãëàâíàÿ ôîðìóëà,

ϕ(a, y) ` q(y), ãäå |= p(a)}.
Ïóñòü PE(p, q) � ìíîæåñòâî ïàð (ϕ(x, y), ψ(x, y)) ôîðìóë èç PF(p, q),

òàêèõ ÷òî äëÿ ëþáîé (íåêîòîðîé) ðåàëèçàöèè a òèïà p ñîâïàäàþò ìíî-
æåñòâà ðåøåíèé ôîðìóë ϕ(a, y) è ψ(a, y).

Î÷åâèäíî, ÷òî PE(p, q) ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè íà
ìíîæåñòâå PF(p, q). Çàìåòèì, ÷òî êàæäîìó PE(p, q)-êëàññó E ñîîòâåò-
ñòâóåò ëèáî ãëàâíîå ðåáðî, ëèáî íåîáðàùàåìàÿ ãëàâíàÿ äóãà, ñâÿçûâàþ-
ùàÿ ðåàëèçàöèè òèïîâ p è q ïîñðåäñòâîì ëþáîé (íåêîòîðîé) ôîðìóëû èç
E. Òàêèì îáðàçîì, ôàêòîð-ìíîæåñòâî PF(p, q)/PE(p, q) ïðåäñòàâëÿåòñÿ
â âèäå äèçúþíêòíîãî îáúåäèíåíèÿ ìíîæåñòâ PFS(p, q) è PFN(p, q), ãäå
PFS(p, q) ñîñòîèò èç PE(p, q)-êëàññîâ, ñîîòâåòñòâóþùèõ ãëàâíûì ð¼á-
ðàì, à PFN(p, q) ñîñòîèò èç PE(p, q)-êëàññîâ, ñîîòâåòñòâóþùèõ íåîáðà-
ùàåìûì ãëàâíûì äóãàì.

Ìíîæåñòâà PF(p, p), PE(p, p), PFS(p, p) è PFN(p, p) îáîçíà÷àþòñÿ ñî-
îòâåòñòâåííî ÷åðåç PF(p), PE(p), PFS(p) è PFN(p).

Çàôèêñèðóåì ïîëíóþ òåîðèþ T , íå èìåþùóþ êîíå÷íûõ ìîäåëåé.
Ïóñòü U = U− ∪̇ {0} ∪̇U+ � íåêîòîðûé àëôàâèò ìîùíîñòè ≥ |S(T )|,
ñîñòîÿùèé èç îòðèöàòåëüíûõ ýëåìåíòîâ u− ∈ U−, ïîëîæèòåëüíûõ
ýëåìåíòîâ u+ ∈ U+ è íóëÿ 0. Êàê îáû÷íî, áóäåì ïèñàòü u < 0 äëÿ ëþ-
áîãî ýëåìåíòà u ∈ U− è u > 0 äëÿ ëþáîãî ýëåìåíòà u ∈ U+. Ìíîæåñòâî
U− ∪ {0} îáîçíà÷àåòñÿ ÷åðåç U≤0, à U+ ∪ {0} � ÷åðåç U≥0. Ýëåìåíòû
ìíîæåñòâà U áóäåì íàçûâàòü ìåòêàìè.

Ðàññìîòðèì èíúåêòèâíûå ìåòî÷íûå ôóíêöèè

ν(p, q): PF(p, q)/PE(p, q) → U,

p(x), q(y) ∈ S(∅), ïðè êîòîðûõ êëàññàì èç PFN(p, q)/PE(p, q) ñîîòâåò-
ñòâóþò îòðèöàòåëüíûå ýëåìåíòû, à êëàññàì èç PFS(p, q)/PE(p, q) � ýëå-
ìåíòû íåîòðèöàòåëüíûå òàê, ÷òî çíà÷åíèå 0 îïðåäåëÿåòñÿ ëèøü äëÿ
p = q è çàäà¼òñÿ ïî ôîðìóëå (x ≈ y), ν(p)  ν(p, p). Ïðè ýòîì áóäåì
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ñ÷èòàòü, ÷òî ρν(p) ∩ ρν(q) = {0} äëÿ p 6= q (ãäå, êàê îáû÷íî, ÷åðåç ρf îáî-
çíà÷àåòñÿ îáëàñòü çíà÷åíèé ôóíêöèè f) è ρν(p,q) ∩ ρν(p′,q′) = ∅, åñëè p 6= q
è (p, q) 6= (p′, q′). Ëþáûå ìåòî÷íûå ôóíêöèè ñ óêàçàííûìè ñâîéñòâàìè, à
òàêæå ñåìåéñòâà òàêèõ ôóíêöèé áóäåì íàçûâàòü ïðàâèëüíûìè è äàëåå
ðàññìàòðèâàòü òîëüêî ïðàâèëüíûå ìåòî÷íûå ôóíêöèè è èõ ïðàâèëüíûå
ñåìåéñòâà.

×åðåç θp,u,q(x, y) áóäóò îáîçíà÷àòüñÿ ôîðìóëû èç PF(p, q), ïðåäñòàâ-
ëÿþùèå ìåòêó u ∈ ρν(p,q). Åñëè òèï p ôèêñèðîâàí è p = q, òî ôîðìóëà
θp,u,q(x, y) îáîçíà÷àåòñÿ ÷åðåç θu(x, y).

Îòìåòèì, ÷òî åñëè θp,u,q(x, y) è θq,v,p(x, y) � ôîðìóëû, ñâèäåòåëü-
ñòâóþùèå î òîì, ÷òî äëÿ ðåàëèçàöèé a è b òèïîâ p è q ñîîòâåò-
ñòâåííî ïàðû (a, b) è (b, a) ÿâëÿþòñÿ ãëàâíûìè äóãàìè, òî ôîðìóëà
θp,u,q(x, y)∧θq,v,p(y, x) ñâèäåòåëüñòâóåò î òîì, ÷òî [a, b] ÿâëÿåòñÿ ãëàâíûì
ðåáðîì. Ïðè ýòîì îáðàòèìîé ìåòêå u îäíîçíà÷íî ñîîòâåòñòâóåò (íåîò-
ðèöàòåëüíàÿ) ìåòêà v è íàîáîðîò. Ìåòêè u è v áóäåì íàçûâàòü âçàèìíî
îáðàòíûìè è îáîçíà÷àòü ÷åðåç v−1 è u−1 ñîîòâåòñòâåííî.

Äëÿ òèïîâ p1, p2, . . . , pk+1 ∈ S1(∅) è ìíîæåñòâ ìåòîê X1, X2, . . . , Xk ⊆
U îáîçíà÷èì ÷åðåç

P (p1, X1, p2, X2, . . . , pk, Xk, pk+1)

ìíîæåñòâî, ñîñòîÿùåå èç âñåõ ìåòîê u ∈ U , ñîîòâåòñòâóþùèõ ôîðìóëàì
θp1,u,pk+1

(x, y), êîòîðûå äëÿ ðåàëèçàöèé a òèïà p1 è íåêîòîðûõ u1 ∈ X1 ∩
ρν(p1,p2), . . . , uk ∈ Xk ∩ ρν(pk,pk+1) óäîâëåòâîðÿþò óñëîâèþ

θp1,u,pk+1
(a, y) ` θp1,u1,p2,u2,...,pk,uk,pk+1

(a, y),

ãäå
θp1,u1,p2,u2,...,pk,uk,pk+1

(x, y) 
 ∃x2, x3, . . . , xk(θp1,u1,p2(x, x2) ∧ θp2,u2,p3(x2, x3) ∧ . . .

. . . ∧ θpk−1,uk−1,pk
(xk−1, xk) ∧ θpk,uk,pk+1

(xk, y)).

Òåì ñàìûì, íà áóëåàíå P(U) ìíîæåñòâà U îáðàçóåòñÿ àëãåáðà ðàñ-
ïðåäåëåíèé áèíàðíûõ èçîëèðóþùèõ ôîðìóë ñ k-ìåñòíûìè îïåðàöèÿìè

P (p1, ·, p2, ·, . . . , pk, ·, pk+1),

ãäå p1, . . . , pk+1 ∈ S1(∅). Ýòà àëãåáðà èìååò åñòåñòâåííîå îáåäíåíèå íà
ëþáîå ñåìåéñòâî R ⊆ S1(∅).
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Î÷åâèäíî, ÷òî áèåêòèâíî çàìåíÿÿ ìíîæåñòâî ìåòîê, ìû ïîëó÷àåì
èçîìîðôíóþ àëãåáðó. Â ÷àñòíîñòè, èìååòñÿ êàíîíè÷åñêàÿ àëãåáðà, ó êî-
òîðîé ìåòêè ïðåäñòàâëåíû ýëåìåíòàìè

⋃
p,q

PF(p, q)/PE(p, q).

Òåì íå ìåíåå, ìû áóäåì èñïîëüçîâàòü àáñòðàêòíîå ìíîæåñòâî ìåòîê U ,
îòðàæàþùåå çíàêè ìåòîê è ïðîÿñíÿþùåå àëãåáðàè÷åñêèå ñâîéñòâà îïå-
ðàöèé íà P(U).

Çàìåòèì, ÷òî åñëè õîòÿ áû îäíî èç ìíîæåñòâ Xi íå ïåðåñåêàåòñÿ ñ
ρν(pi,pi+1) è, â ÷àñòíîñòè, åñëè îíî ïóñòî, ñïðàâåäëèâî ðàâåíñòâî

P (p1, X1, p2, X2, . . . , pk, Xk, pk+1) = ∅.

Îòìåòèì òàêæå, ÷òî åñëè Xi 6⊆ ρν(pi,pi+1) äëÿ íåêîòîðîãî i, òî

P (p1, X1, p2, X2, . . . , pk, Xk, pk+1) =

= P (p1, X1 ∩ ρν(p1,p2), p2, X2 ∩ ρν(p2,p3), . . . , pk, Xk ∩ ρν(pk,pk+1), pk+1)

Íà îñíîâàíèè ïîñëåäíåãî ðàâåíñòâà â äàëüíåéøåì ïðè ðàññìîòðåíèè
çíà÷åíèé

P (p1, X1, p2, X2, . . . , pk, Xk, pk+1)

áóäåì ïðåäïîëàãàòü, ÷òî Xi ⊆ ρν(pi,pi+1), i = 1, . . . , k.
Åñëè êàæäîå ìíîæåñòâî Xi ñîñòîèò ëèøü èç îäíîãî ýëåìåíòà ui, òî

â çàïèñè
P (p1, X1, p2, X2, . . . , pk, Xk, pk+1)

âìåñòî ìíîæåñòâ Xi áóäåì èñïîëüçîâàòü ýëåìåíòû ui è ïèñàòü

P (p1, u1, p2, u2, . . . , pk, uk, pk+1).

Ïî îïðåäåëåíèþ ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî:

P (p1, X1, p2, X2, . . . , pk, Xk, pk+1) =

= ∪{P (p1, u1, p2, u2, . . . , pk, uk, pk+1) | u1 ∈ X1, . . . , uk ∈ Xk}.

Òàêèì îáðàçîì, çàäàíèå ìíîæåñòâà

P (p1, X1, p2, X2, . . . , pk, Xk, pk+1)

ñâîäèòñÿ ê çàäàíèþ ìíîæåñòâ P (p1, u1, p2, u2, . . . , pk, uk, pk+1). Îòìåòèì
òàêæå, ÷òî äëÿ ëþáîãî ìíîæåñòâà X ⊆ ρν(p,q) èìååò ìåñòî P (p,X, q) = X.
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Çàìåòèì, ÷òî åñëè ui = 0, òî pi = pi+1 äëÿ íåïóñòûõ ìíîæåñòâ

P (p1, u1, p2, u2, . . . , pi, 0, pi+1, . . . , pk, uk, pk+1)

è ïðè ýòîì âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ:

P (p1, 0, p1) = {0},
P (p1, u1, p2, u2, . . . , pi, 0, pi+1, ui+1, pi+2, . . . , pk, uk, pk+1) =

= P (p1, u1, p2, u2, . . . , pi, ui+1, pi+2, . . . , pk, uk, pk+1).

Åñëè âñå òèïû pi ñîâïàäàþò ñ òèïîì p, òî âìåñòî çàïèñåé

P (p1, X1, p2, X2, . . . , pk, Xk, pk+1)

è
P (p1, u1, p2, u2, . . . , pk, uk, pk+1)

áóäåì ïèñàòü Pp(X1, X2, . . . , Xk) è Pp(u1, u2, . . . , uk) ñîîòâåòñòâåííî, à
òàêæå bX1, X2, . . ., Xkcp è bu1, u2, . . . , ukcp. Áóäåì òàêæå îïóñêàòü èí-
äåêñû ·p, åñëè èç êîíòåêñòà ÿñíî, î êàêîì òèïå p èäåò ðå÷ü. Ïðè ýòîì
âìåñòî ôîðìóë θp,u1,p,u2,...,p,uk,p(x, y) áóäåì ïèñàòü θu1,u2,...,uk

(x, y).
Ïðè íàëè÷èè ìîäåëè Mp ãðóïïîèä Pν(p)  〈P(ρν(p)) \ {∅}; b·, ·c〉, áó-

äó÷è ïîëóàññîöèàòèâíîé (ñëåâà) àëãåáðîé, ïîçâîëÿåò ïðåäñòàâèòü âñå-
âîçìîæíûå îïåðàöèè b·, ·, . . . , ·c òåðìàìè ñèãíàòóðû b·, ·c. Â äàëüíåéøåì
îïåðàöèþ b·, ·c áóäåì òàêæå îáîçíà÷àòü ÷åðåç · è èñïîëüçîâàòü çàïèñü uv
âìåñòî u · v. Ïðè ýòîì â ñëó÷àå îòñóòñòâèÿ ïîëóàññîöèàòèâíîñòè ñïðàâà
áóäåì â çàïèñè u1u2 . . . uk ïðåäïîëàãàòü ñëåäóþùóþ ðàññòàíîâêó ñêîáîê:
(((u1 · u2) · . . .) · uk).

Ïîñêîëüêó ïî âûáîðó ìåòêè 0 äëÿ ôîðìóëû (x ≈ y) ñïðàâåäëèâû
ðàâåíñòâà X · {0} = X è {0} · X = X äëÿ ëþáîãî X ⊆ ρν(p), ãðóïïîèä
Pν(p) èìååò åäèíè÷íûé ýëåìåíò {0} è, ïðè âûïîëíåíèè ñâîéñòâà ïîëóàñ-
ñîöèàòèâíîñòè ñïðàâà, ÿâëÿåòñÿ ìîíîèäîì. Â ýòîé ñèñòåìå äëÿ ëþáûõ
ìíîæåñòâ Y, Z ∈ P(ρν(p)) \ {∅} ñïðàâåäëèâî ñîîòíîøåíèå

Y · Z =
⋃
{yz | y ∈ Y, z ∈ Z}. (1)

Äëÿ ñåìåéñòâà 1-òèïîâ R ⊂ S(T ) îáîçíà÷èì ÷åðåç IR (â ìîäåëè M)
ìíîæåñòâî

{(a, b) | tp(a), tp(b) ∈ R è a èçîëèðóåò b},
à ÷åðåç SIR (â ìîäåëè M) ìíîæåñòâî

{(a, b) | tp(a), tp(b) ∈ R è a ïîëóèçîëèðóåò b}.



64 Ä.Þ.Åìåëüÿíîâ

Î÷åâèäíî, ÷òî IR ⊆ SIR è íà ëþáîì ìíîæåñòâå ðåàëèçàöèé òèïîâ èç R
îòíîøåíèÿ IR è SIR ðåôëåêñèâíû. Èçâåñòíî, ÷òî îòíîøåíèå ïîëóèçîëè-
ðîâàííîñòè íà ìíîæåñòâå êîðòåæåé ïðîèçâîëüíîé ìîäåëè òðàíçèòèâíî
è, â ÷àñòíîñòè, òðàíçèòèâíî ëþáîå îòíîøåíèå SIR. ×òî êàñàåòñÿ îòíî-
øåíèÿ IR, îíî ìîæåò áûòü êàê òðàíçèòèâíûì, òàê è íåòðàíçèòèâíûì:

Ïðåäëîæåíèå 5. [1, 2] Ïóñòü p(x) � ïîëíûé òèï ïîëíîé òåîðèè T ,
èìåþùåé ìîäåëü Mp, ν(p) � ïðàâèëüíàÿ ìåòî÷íàÿ ôóíêöèÿ. Ñëåäóþ-
ùèå óñëîâèÿ ýêâèâàëåíòíû:

(1) îòíîøåíèå Ip (íà ìíîæåñòâå ðåàëèçàöèé òèïà p â ëþáîé ìîäåëè
M |= T ) òðàíçèòèâíî;

(2) äëÿ ëþáûõ ìåòîê u1, u2 ∈ ρν(p) ìíîæåñòâî Pp(u1, u2) êîíå÷íî.

Ïðåäëîæåíèå 6. [1, 2] Åñëè p, q ∈ R � ãëàâíûå òèïû, òî ρν(p,q) ∪
ρν(q,p) ⊆ U≥0.

Ðàñøèðÿÿ ìíîæåñòâî ìåòîê U ïîëîæèòåëüíûìè è îòðèöàòåëüíûìè
ìåòêàìè äëÿ ïîëóèçîëèðóþùèõ ôîðìóë, à òàêæå íåéòðàëüíûìè ìåòêà-
ìè u′ ∈ U ′ (ñîâìåùàþùèìè íåîáðàòèìûå äóãè è ãëàâíûå ðåáðà â ìíîæå-
ñòâî ðåøåíèé ïîëóèçîëèðóþùèõ ôîðìóë), ïîëó÷àåì SIR-ñèñòåìû SI

äëÿ ïîëóèçîëèðóþùèõ ôîðìóë, à òàêæå si-ðàíãè, áóëåâû îïåðàöèè íà
ìåòêàõ ýòèõ ôîðìóë, îòíîøåíèÿ äîìèíèðîâàíèÿ ìåòîê, ñîîòâåòñòâóþ-
ùèå îòíîøåíèþ `, è POSTCR-ñèñòåìû, âêëþ÷àþùèå âñå óêàçàííûå àò-
ðèáóòû [1, 9].

Ïðåäëîæåíèå 7. [1, 10] Äëÿ ëþáîé òåîðèè T , íåïóñòîãî ñåìåéñòâà
R ⊆ S1(∅) èçîëèðîâàííûõ òèïîâ è ïðàâèëüíîãî ñåìåéñòâà ν(R) ìåòî÷-
íûõ ôóíêöèé äëÿ ïîëóèçîëèðóþùèõ ôîðìóë POSTCR-ñèñòåìà Mν(R)

ñîñòîèò èç ïîëîæèòåëüíûõ ìåòîê è íóëÿ, è êàæäàÿ ìåòêà u èìååò
äîïîëíåíèå ū, òàêîå ÷òî u ∧ ū = ∅ è u ∨ ū ÿâëÿåòñÿ ìàêñèìàëüíûì
ýëåìåíòîì. Åñëè R = {p}, òî ìîíîèä SIν(p) = 〈Mν(R), ·〉 ïîðîæäàåò-
ñÿ áóëåâîé àëãåáðîé, äëÿ êîòîðîé u ∨ ū ñîîòâåòñòâóåò èçîëèðóþùèì
ôîðìóëàì òèïà p.

Ñëåäñòâèå 8. [1, 10] Äëÿ ëþáîé ω-êàòåãîðè÷íîé òåîðèè T , íåïóñòîãî
ñåìåéñòâà R ⊆ S1(∅) è ïðàâèëüíîãî ñåìåéñòâà ν(R) ìåòî÷íûõ ôóíêöèé
äëÿ ïîëóèçîëèðóþùèõ ôîðìóë POSTCR-ñèñòåìà Mν(R) êîíå÷íà, ñîñòî-
èò èç ïîëîæèòåëüíûõ ìåòîê è íóëÿ è êàæäàÿ ìåòêà u èìååò äîïîë-
íåíèå ū.

Òåîðåìà 9. [1, 10] Äëÿ ëþáîé POSTCR-ñèñòåìû M, ó êîòîðîé êàæ-
äàÿ ìåòêà ïîëîæèòåëüíàÿ èëè íóëåâàÿ è ïðè ýòîì èìååò äîïîëíåíèå,
ñóùåñòâóåò òåîðèÿ T , íåïóñòîå ñåìåéñòâî R ⊆ S1(∅) èçîëèðîâàííûõ
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òèïîâ è ïðàâèëüíîå ñåìåéñòâî ν(R) ìåòî÷íûõ ôóíêöèé äëÿ ïîëóèçî-
ëèðóþùèõ ôîðìóë, òàêèå ÷òî Mν(R) = M.
Ñëåäñòâèå 10. [1, 10] Äëÿ ëþáîé êîíå÷íîé POSTCR-ñèñòåìû M, ó
êîòîðîé ëþáàÿ ìåòêà ïîëîæèòåëüíà èëè íóëåâàÿ è èìååò äîïîëíåíèå,
ñóùåñòâóåò ω-êàòåãîðè÷íàÿ òåîðèÿ T , íåïóñòîå ñåìåéñòâî R ⊆ S1(∅)
è ïðàâèëüíîå ñåìåéñòâî ν(R) ìåòî÷íûõ ôóíêöèé äëÿ ïîëóèçîëèðóþùèõ
ôîðìóë òàêèå, ÷òî Mν(R) = M.
Çàìå÷àíèå. [3] Îòìåòèì, ÷òî åñëè u1, . . . , un � âñå ìåòêè, ñâÿçûâàþ-
ùèå ðåàëèçàöèè 1-òèïîâ p è q ãëàâíûìè äóãàìè, òî äëÿ ëþáîé ìåòêè
u = ui1 ∨ . . . ∨ uik å¼ äîïîëíåíèåì ÿâëÿåòñÿ ìåòêà ū = uj1 ∨ . . . ∨ ujl

,
ãäå {i1, . . . , ik}, {j1, . . . jl} � ðàçáèåíèå ìíîæåñòâà {1, . . . , n}. Ïîýòîìó â
ñëåäñòâèÿõ 8 è 10 î íàëè÷èè äîïîëíåíèé ìîæíî íå óïîìèíàòü.

Êðîìå òîãî, ïîñêîëüêó â ëþáîé êîíå÷íîé POSTCR-ñèñòåìå M âñå
ìåòêè ñâîäÿòñÿ ê ìåòêàì èçîëèðóþùèõ ôîðìóë, ýòà ñèñòåìà îäíîçíà÷íî
îïðåäåëÿåòñÿ ñâîåé ïîäàëãåáðîé ðàñïðåäåëåíèé èçîëèðóþùèõ ôîðìóë.
Ïðèìåð 11. [3] Åñëè íåêîòîðàÿ ñèñòåìà A ñîñòîèò èç ðàçëè÷íûõ êîí-
ñòàíò ci, i ∈ I, è íå èìååò äðóãèõ ñèãíàòóðíûõ ñèìâîëîâ, òî äëÿ 1-òèïîâ
pi(x), ñîäåðæàùèõ ôîðìóëû (x ≈ ci), è äëÿ òèïà p∞(x) = {¬(x ≈ ci) |
i ∈ I}, åñëè ìíîæåñòâî I áåñêîíå÷íî, òî àëãåáðà èçîëèðóþùèõ ôîðìóë
ñîñòîèò èç ñëåäóþùèõ ìåòîê:

1) 0 äëÿ ôîðìóëû (x ≈ y); äëÿ ñâÿçè ðåàëèçàöèè òèïà pi ñ ñàìîé ñîáîé
ìåòêà 0 îáîçíà÷àåòñÿ ÷åðåç (i, i), i ∈ I, à äëÿ ñâÿçè ðåàëèçàöèé òèïà p∞
ñ ñàìèìè ñîáîé ìåòêà 0 îáîçíà÷àåòñÿ ÷åðåç (∞,∞) (åñëè |I| ≥ ω);

2) (i, j) äëÿ ôîðìóëû (x ≈ ci) ∧ (y ≈ cj), ñâÿçûâàþùåé ðåàëèçàöèþ
ci òèïà pi ñ ðåàëèçàöèåé cj òèïà pj, i 6= j, i, j ∈ I;

3) (∞, j) äëÿ ôîðìóëû (x ≈ x) ∧ (y ≈ cj), ñâÿçûâàþùåé ðåàëèçàöèè
òèïà p∞ ñ ðåàëèçàöèåé cj òèïà pj, j ∈ I (åñëè |I| ≥ ω).

Â àëãåáðå A ðàñïðåäåëåíèé áèíàðíûõ èçîëèðóþùèõ ôîðìóë èìååò
ìåñòî ðàâåíñòâî

P (pi1 , (i1, i2), pi2 , . . . , pik , (ik, ik+1), pik+1
) = {(i1, ik+1)}.

Ïðè çàìåíå â ëåâîé ÷àñòè ýòîãî ðàâåíñòâà êàêèõ-òî èç òèïîâ pij íà äðó-
ãèå òèïû pil ïðàâàÿ ÷àñòü îêàçûâàåòñÿ íåïóñòîé (è ðàâíîé {0}) òîëüêî
åñëè âñå òèïû pij ñîâïàäàþò äðóã ñ äðóãîì è îäíîâðåìåííî ìåíÿþòñÿ
ñíîâà íà ñîâïàäàþùèå òèïû. Ïðè çàìåíå â ëåâîé ÷àñòè äàííîãî ðàâåí-
ñòâà êàêèõ-òî èç òèïîâ pij íà p∞ ïðàâàÿ ÷àñòü îêàçûâàåòñÿ íåïóñòîé (è
ðàâíîé {(∞, ik)} èëè {(∞,∞)}) ëèøü åñëè íà òèï p∞ çàìåíÿþòñÿ òèïû
pi1 , . . . , pis äëÿ s ≤ k, ìåòêè (i1, i2), . . . , (is−1, is) çàìåíÿþòñÿ íà 0, à ìåòêà
(is, is+1) � íà (∞, is+1).
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Åñëè ìíîæåñòâî I êîíå÷íî, òî àëãåáðà A îñòà¼òñÿ òîé æå ñàìîé íåçà-
âèñèìî îò îáîãàùåíèé ñèñòåìû A, ñîõðàíÿþùèõ å¼ íîñèòåëü A.

2 Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëè-
ðóþùèõ ôîðìóë äëÿ òåîðèé ñ îòíîøåíèÿ-
ìè ýêâèâàëåíòíîñòè

Ðàññìîòðèì îòëè÷íîå îò ðàâåíñòâà îòíîøåíèå ýêâèâàëåíòíîñòè E íà
ìíîæåñòâå ðåàëèçàöèé íåêîòîðîãî ïîëíîãî 1-òèïà p(x) ñ èçîëèðóþùèìè
ôîðìóëàìè, èñ÷åðïûâàþùèìèñÿ ñëåäóþùèì ñïèñêîì: (a ≈ y) è E(a, y)∧
¬(a ≈ y), ãäå a |= p, à òàêæå ϕ0(x)∧¬E(a, x), åñëè p(x) � èçîëèðîâàííûé
òèï ñ èçîëèðóþùåé ôîðìóëîé ϕ0(x). Çàìåòèì, ÷òî óêàçàííîìó óñëîâèþ
óäîâëåòâîðÿåò ëþáàÿ òðàíçèòèâíàÿ òåîðèÿ îòíîøåíèÿ ýêâèâàëåíòíîñòè
E, à òàêæå ëþáàÿ òåîðèÿ îòíîøåíèÿ ýêâèâàëåíòíîñòè E ñ îäíîìåñòíûìè
ïðåäèêàòàìè, ñîõðàíÿþùèìè êëàññû ýêâèâàëåíòíîñòè.

Äëÿ óêàçàííîãî îòíîøåíèÿ E ââåäåì äâå îñíîâíûå õàðàêòåðèñòèêè:
λ1 � ìîùíîñòü êàæäîãî E-êëàññà, λ2 � ÷èñëî E-êëàññîâ. Â çàâèñèìî-
ñòè îò ýòèõ õàðàêòåðèñòèê áóäåò ïîëó÷àòüñÿ òà èëè èíàÿ òàáëèöà Êýëè
àëãåáðû ðàñïðåäåëåíèÿ áèíàðíûõ èçîëèðóþùèõ ôîðìóë Pν(p).

Îïðåäåëåíèå 12. Äëÿ ïðîèçâîëüíîãî çíà÷åíèÿ λ1 ∈ (ω \ {0, 1}) ∪ {∞}
îáîçíà÷èì ÷åðåç Aλ1 àëãåáðó 〈Aλ1 ; ∗〉 ñ íîñèòåëåì Aλ1 = P({0, 1}), çàäà-
âàåìóþ ñëåäóþùåé òàáëèöåé:

∗ 0 1
0 {0} {1}
1 {1} {0} ïðè λ1 = 2,

{0,1} ïðè λ1 > 2

Çàìå÷àíèå. Àëãåáðà Aλ1 ñîîòâåòñòâóåò àëãåáðå Pν(p), åñëè λ2 = 1 èëè
p(x) � íåãëàâíûé òèï (â ïîñëåäíåì ñëó÷àå λ2 = ∞). Ïðè ýòîì ìåò-
êà 1 èñïîëüçóåòñÿ äëÿ îáîçíà÷åíèÿ ìíîæåñòâà ôîðìóë, ïðåäñòàâëÿåìûõ
ôîðìóëîé E(a, y) ∧ ¬(a ≈ y).

Îïðåäåëåíèå 13. Äëÿ ïðîèçâîëüíîãî çíà÷åíèÿ λ1 ∈ (ω \ {0, 1}) ∪ {∞}
è λ2 ∈ (ω \ {0, 1}) ∪ {∞} îáîçíà÷èì ÷åðåç Aλ1,λ2 àëãåáðó 〈Aλ1,λ2 ; ∗〉 ñ
íîñèòåëåì Aλ1,λ2 = {0, 1, 2}, çàäàâàåìóþ ñëåäóþùåé òàáëèöåé:
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∗ 0 1 2
0 {0} {1} {2}
1 {1} {0} ïðè λ1 = 2, {2}

{0,1} ïðè λ1 > 2
2 {2} {2} {0, 1} ïðè λ2 = 2;

{0, 1, 2} ïðè λ2 > 2

Çàìå÷àíèå. Àëãåáðà Aλ1,λ2 ñîîòâåòñòâóåò àëãåáðå Pν(p), åñëè λ2 ≥ 2 è
p(x) � ãëàâíûé òèï. Ïðè ýòîì ìåòêà 1 èñïîëüçóåòñÿ äëÿ îáîçíà÷åíèÿ
ìíîæåñòâà ôîðìóë, ïðåäñòàâëÿåìûõ ôîðìóëîé E(a, y)∧¬(a ≈ y), à ìåò-
êà 2 � äëÿ îáîçíà÷åíèÿ ìíîæåñòâà ôîðìóë, ïðåäñòàâëÿåìûõ ôîðìóëîé
ϕ0(x) ∧ ¬E(a, x).

Â ñèëó çàìå÷àíèé 2 è 2 ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 14. Ïóñòü Pν(p) � àëãåáðà ðàñïðåäåëåíèé áèíàðíûõ èçîëèðó-
þùèõ ôîðìóë òåîðèè T ñ îòíîøåíèåì ýêâèâàëåíòíîñòè E íà ìíîæå-
ñòâå ðåàëèçàöèé òèïà p ñ èçîëèðóþùèìè ôîðìóëàìè, èñ÷åðïûâàþùè-
ìèñÿ ñëåäóþùèì ñïèñêîì: (a ≈ y) è E(a, y) ∧ ¬(a ≈ y), ãäå a |= p, à
òàêæå ϕ0(x) ∧ ¬E(a, x), åñëè p(x) � èçîëèðîâàííûé òèï ñ èçîëèðóþ-
ùåé ôîðìóëîé ϕ0(x). Òîãäà àëãåáðà Pν(p) çàäàåòñÿ îäíîé èç ñëåäóþùèõ
àëãåáð: Aλ1, Aλ1,λ2.

3 Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëè-
ðóþùèõ ôîðìóë òåîðèé c êîíå÷íûìè (áåñ-
êîíå÷íûìè) ñåìåéñòâàìè âëîæåííûõ îò-
íîøåíèé ýêâèâàëåíòíîñòè

Â ýòîì ðàçäåëå ìû îáîáùèì Òåîðåìó 14 äëÿ ïîñëåäîâàòåëüíîñòè âëî-
æåííûõ îòíîøåíèé ýêâèâàëåíòíîñòè.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü âëîæåííûõ îòíîøåíèé ýêâèâàëåíò-
íîñòè Ek ⊂ Ek+1 (èëè Ek+2 ⊂ Ek+1, â çàâèñèìîñòè îò òîãî, âîçðàñòàþùèå
èëè óáûâàþùèå ýêâèâàëåíòíîñòè ðàññìàòðèâàþòñÿ). Äëÿ êàæäîé ïàðû
(Ek, Ek+1) (ñîîòâåòñòâåííî (Ek+1, Ek)) ââåäåì õàðàêòåðèñòèêè: λk+1 �
÷èñëî Ek-êëàññîâ, ñîäåðæàùèõñÿ â Ek+1-êëàññå (Ek+1-êëàññîâ, ñîäåðæà-
ùèõñÿ â Ek-êëàññå). Èñïîëüçóÿ ýòè õàðàêòåðèñòèêè, ñîñòàâèì òàáëèöû
Êýëè.

Îïðåäåëåíèå 15. Äëÿ ïðîèçâîëüíûõ çíà÷åíèé n ∈ ω è λk ∈ (ω\{0, 1})∪
{∞}, k ∈ {1, . . . , n}, îáîçíà÷èì ÷åðåç Bλ1,...,λn àëãåáðó 〈Bλ1,...,λn ; ∗〉 ñ íî-
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ñèòåëåì Bλ1,...,λn = P({0, 1, 2 . . . , n}) \ {∅}, çàäàâàåìóþ ñëåäóþùåé òàá-
ëèöåé:

∗ 0 1 2 . . . n
0 {0} {1} {2} . . . {n}
1 {1} {0} ïðè λ1 = 2, {2} . . . {n}

{0,1} ïðè λ1 > 2,
2 {2} {2} {0, 1} ïðè λ2 = 2; . . . {n}

{0, 1, 2} ïðè λ2 > 2; . . .
. . . . . . . . . . . . . . . . . .

{0, 1, . . . , n− 1}
n {n} {n} {n} . . . ïðè λn = 2;

{0, 1, . . . , n}
ïðè λn > 2;

Î÷åâèäíî, ÷òî Bλ1,...,λn ⊂ Bλ1,...,λn,λn+1 .
Ïîëîæèì Bλ1,...,λn,... 

⋃
n∈ω

Bλ1,...,λn+1 .

Çàìå÷àíèå. Àëãåáðà Bλ1,...,λn ñîîòâåòñòâóåò àëãåáðå Pν(p), ãäå ñòðóêòó-
ðà íåãëàâíîãî òèïà p ñîñòîèò èç âëîæåííûõ îòíîøåíèé ýêâèâàëåíòíî-
ñòè ñ õàðàêòåðèñòèêàìè λ1, . . . , λn, λ1 � ìîùíîñòü êàæäîãî E1-êëàññà.
Ïðè ýòîì ìåòêà 1 èñïîëüçóåòñÿ äëÿ îáîçíà÷åíèÿ ìíîæåñòâà ôîðìóë,
ïðåäñòàâëÿåìûõ ôîðìóëîé E1(a, y) ∧ ¬(a ≈ y), à êàæäàÿ ìåòêà k >
1 � äëÿ îáîçíà÷åíèÿ ìíîæåñòâà ôîðìóë, ïðåäñòàâëÿåìûõ ôîðìóëîé
Ek(a, y) ∧ ¬Ek−1(a, y).

Â ñèëó çàìå÷àíèÿ 3 ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 16. Ïóñòü Pν(p) � àëãåáðà ðàñïðåäåëåíèé áèíàðíûõ èçîëèðó-
þùèõ ôîðìóë òåîðèè T ñ ïîñëåäîâàòåëüíî âëîæåííûìè îòíîøåíèÿ-
ìè ýêâèâàëåíòíîñòè E1, . . . , En, Ek−1 ⊂ Ek, íà ìíîæåñòâå ðåàëèçàöèé
íåãëàâíîãî òèïà p ñ èçîëèðóþùèìè ôîðìóëàìè, èñ÷åðïûâàþùèìèñÿ
ñëåäóþùèì ñïèñêîì: (a ≈ y), E1(a, y) ∧ ¬(a ≈ y), Ek(a, y) ∧ ¬Ek−1(a, y),
ãäå a |= p. Òîãäà àëãåáðà Pν(p) çàäàåòñÿ íåêîòîðîé àëãåáðîé Bλ1,...,λn.

Çàìå÷àíèå. Àëãåáðà Bλ1,...,λn,... ñîîòâåòñòâóåò àëãåáðå Pν(p), ãäå ñòðóêòó-
ðà òèïà p ñîñòîèò èç âëîæåííûõ îòíîøåíèé ýêâèâàëåíòíîñòè ñ õàðàêòå-
ðèñòèêàìè λ1, . . . , λn, . . ., λ1 � ìîùíîñòü êàæäîãî E1-êëàññà. Ïðè ýòîì,
êàê â Çàìå÷àíèè 3, ìåòêà 1 èñïîëüçóåòñÿ äëÿ îáîçíà÷åíèÿ ìíîæåñòâà
ôîðìóë, ïðåäñòàâëÿåìûõ ôîðìóëîé E1(a, y)∧¬(a ≈ y), à êàæäàÿ ìåòêà
k > 1 � äëÿ îáîçíà÷åíèÿ ìíîæåñòâà ôîðìóë, ïðåäñòàâëÿåìûõ ôîðìóëîé
Ek(a, y) ∧ ¬Ek−1(a, y).

Íà îñíîâàíèè çàìå÷àíèÿ 3 èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 17. Ïóñòü Pν(p) � àëãåáðà ðàñïðåäåëåíèé áèíàðíûõ èçîëèðó-
þùèõ ôîðìóë òåîðèè T ñ ïîñëåäîâàòåëüíî âëîæåííûìè îòíîøåíèÿìè
ýêâèâàëåíòíîñòè E1, . . . , En, . . .: Ek−1 ⊂ Ek, íà ìíîæåñòâå ðåàëèçàöèé
òèïà p ñ èçîëèðóþùèìè ôîðìóëàìè, èñ÷åðïûâàþùèìèñÿ ñëåäóþùèì
ñïèñêîì: (a ≈ y), E1(a, y) ∧ ¬(a ≈ y), Ek(a, y) ∧ ¬Ek−1(a, y), ãäå a |= p.
Òîãäà àëãåáðà Pν(p) çàäàåòñÿ íåêîòîðîé àëãåáðîé Bλ1,...,λn,....

Îïðåäåëåíèå 18. Äëÿ ïðîèçâîëüíûõ çíà÷åíèé n ∈ ω è λk ∈ (ω\{0, 1})∪
{∞}, k ∈ {1, . . . , n}, îáîçíà÷èì ÷åðåç Cλ1,...,λn,... àëãåáðó 〈Cλ1,...,λn ; ∗〉 ñ
íîñèòåëåì Cλ1,...,λn,... = P({0, 1, 2 . . . , n}) \ {∅}, çàäàâàåìóþ ñëåäóþùåé
òàáëèöåé:

∗ 0 1 2 . . . n . . .
0 {0} {1} {2} . . . {n} . . .
1 {1} ω \ {1} ïðè λ1 = 2, {1} . . . {1} . . .

ω ïðè λ1 > 2 . . .
2 {2} {1} ω \ {1, 2} ïðè λ2 = 2; . . . {n} . . .

ω \ {1} ïðè λ2 > 2; . . . . . .
. . . . . . . . . . . . . . . . . . . . .
n {n} {1} {n} . . . ω \ {1, . . . , n} ïðè λn = 2; . . .

ω \ {1, . . . , n− 1} ïðè λn > 2; . . .
. . . . . . . . . . . . . . . . . . . . .

Çàìå÷àíèå. Àëãåáðà Cλ1,...,λn,... ñîîòâåòñòâóåò àëãåáðå Pν(p), ãäå ñòðóê-
òóðà òèïà p ñîñòîèò èç âëîæåííûõ îòíîøåíèé ýêâèâàëåíòíîñòè ñ õà-
ðàêòåðèñòèêàìè λ1, . . . , λn, . . .. Ïðè ýòîì êàæäàÿ ìåòêà k ≥ 1 èñïîëü-
çóåòñÿ äëÿ îáîçíà÷åíèÿ ìíîæåñòâà ôîðìóë, ïðåäñòàâëÿåìûõ ôîðìóëîé
Ek(a, y) ∧ ¬Ek+1(a, y), a |= p.

Â ñèëó çàìå÷àíèÿ 3 ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 19. Ïóñòü Pν(p) � àëãåáðà ðàñïðåäåëåíèé áèíàðíûõ èçîëèðó-
þùèõ ôîðìóë òåîðèè T ñ ïîñëåäîâàòåëüíî âëîæåííûìè îòíîøåíèÿìè
ýêâèâàëåíòíîñòè E1, . . . , En, . . .: Ek+1 ⊂ Ek, íà ìíîæåñòâå ðåàëèçàöèé
òèïà p ñ èçîëèðóþùèìè ôîðìóëàìè, èñ÷åðïûâàþùèìèñÿ ñëåäóþùèì
ñïèñêîì: (a ≈ y), Ek(a, y) ∧ ¬Ek+1(a, y), ãäå a |= p. Òîãäà àëãåáðà Pν(p)

çàäàåòñÿ íåêîòîðîé àëãåáðîé Cλ1,...,λn,....
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Äàâàÿ àííîòàöèîííóþ õàðàêòåðèçàöèþ ñòðóêòóðû è ñîäåðæàíèÿ
ýòèõ ìàòåðèàëîâ, ñëåäóåò çàìåòèòü, ÷òî îíè ïðåäñòàâëÿþò ðåçóëüòàò
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îïûòà íàïîëíåíèÿ êîíêðåòíûì ñîäåðæàíèåì îñíîâíûõ ïîëîæåíèé íà-
øåãî ïëåíàðíîãî äîêëàäà �Ëîãè÷åñêèå êóðñû â îáðàçîâàíèè�, ñäåëàí-
íîãî íà ìåæäóíàðîäíîé êîíôåðåíöèè �Ìàëüöåâñêèå ÷òåíèÿ-2011�. Ðàñ-
øèðåííûå âåðñèè ýòîãî äîêëàäà áûëè îïóáëèêîâàíû â Ðîññèè â ðàáî-
òàõ [1, 2] è â Êàçàõñòàíå â ðàáîòàõ [3, 4]. Â ýòèõ ðàáîòàõ áûëè èçëî-
æåíû íàøè âçãëÿäû íà ïðîáëåìó âêëþ÷åíèÿ ëîãè÷åñêîé êîìïîíåíòû â
åñòåñòâåííî-ìàòåìàòè÷åñêóþ ïîäãîòîâêó ó÷àùèõñÿ ñðåäíèõ îáùåîáðàçî-
âàòåëüíûõ øêîë è áûëè ïðåäëîæåíû âîçìîæíûå ïîäõîäû ê åå ðåøåíèþ.
Â íèõ áûëè ñôîðìóëèðîâàíû òàêæå öåëè è çàäà÷è îáó÷åíèÿ ýëåìåíòàì
ìàòåìàòè÷åñêîé ëîãèêå â ñðåäíåé øêîëå è ïðåäëîæåíû âàðèàíòû âîç-
ìîæíîãî ñîäåðæàíèÿ îáó÷åíèÿ. Íî ïðîáëåìû âûÿâëåíèÿ ìåõàíèçìîâ è
ïðèíöèïîâ, ðåãëàìåíòèðóþùèõ îòáîð ñîäåðæàíèÿ (èç ìíîãîîáðàçèÿ íà-
ïðàâëåíèé ñîâðåìåííûõ ëîãèêî-àëãåáðàè÷åñêèõ íàóê) è àäàïòàöèè ýòî-
ãî ñîäåðæàíèÿ äî óðîâíÿ, äîïóñêàþùåãî âîçìîæíîñòè åãî âûðàæåíèÿ
ñðåäñòâàìè øêîëüíîé ìàòåìàòèêè, â ýòèõ ðàáîòàõ íå çàòðàãèâàëèñü.

Àíàëèçèðóÿ â äîêëàäå �Ëîãè÷åñêèå êóðñû â îáðàçîâàíèè� ïîïûò-
êè ââåäåíèÿ ëîãè÷åñêîé è òåîðåòèêî-ìíîæåñòâåííîé ñîñòàâëÿþùèõ â
øêîëüíóþ ìàòåìàòèêó, àâòîðû îòìåòèëè, ÷òî ýòè ïîïûòêè ìîæíî îò-
íåñòè, â îñíîâíîì:

• èëè ê ïîïûòêàì êðèòè÷åñêîãî ïåðåñìîòðà ïîíÿòèéíî-òåðìèíî-
ëîãè÷åcêîé áàçû è ñèñòåìû ñèìâîëè÷åñêèõ îáîçíà÷åíèé ÿçûêà
øêîëüíîé ìàòåìàòèêè ñ öåëüþ ïðèâåäåíèÿ åãî â íàèáîëåå ïîëíîå
ñîîòâåòñòâèå ñ ÿçûêîì ñîâðåìåííîé ìàòåìàòèêè (êàê ýòî áûëî ñäå-
ëàíî â ðàìêàõ ðåôîðìû øêîëüíîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ
70-õ ãîäîâ ÕÕ âåêà);

• èëè ê ïîïûòêàì îïèñàíèÿ ýòîãî ÿçûêà ïî ñõåìå ïîñòðîåíèÿ ÿçû-
êà ïðèêëàäíîãî èñ÷èñëåíèÿ ïðåäèêàòîâ ñ öåëüþ ïîñëåäóþùåãî èñ-
ïîëüçîâàíèÿ åãî âûðàçèòåëüíûõ âîçìîæíîñòåé â ëîãèêî-ìàòåìàòè-
÷åñêîé ïðàêòèêå.

Ïîïûòêè ïåðâîãî òîëêà ïðèâåëè, êàê èçâåñòíî, ê ïðîâàëó ðåôîð-
ìû, âòîðîãî � ê âûïèñûâàíèþ ãðîìîçäêèõ ñèìâîëè÷åñêèõ âûðàæåíèé,
òðóäíîäîñòóïíûõ (áåç ñîîòâåòñòâóþùåé ïîäãîòîâêè) äëÿ ñîäåðæàòåëü-
íîãî âîñïðèÿòèÿ è ïðàêòè÷åñêè áåñïîëåçíûõ äëÿ äàëüíåéøåãî èñïîëü-
çîâàíèÿ.

Îäíèì èç óïîðíî áûòóþùèõ ïîñëåäñòâèé ïðîâàëà ðåôîðìû ÿâèëîñü
áîëåå ÷åì îñòîðîæíîå (ñêîðåå íåãàòèâíîå) îòíîøåíèå ó÷èòåëåé íàøåãî
âðåìåíè ê îáÿçàòåëüíîñòè ïðèñóòñòâèÿ ôîðìàëüíîé ñîñòàâëÿþùåé â ñè-
ñòåìå åñòåñòâåííî-ìàòåìàòè÷åñêèõ çíàíèé è íåîáõîäèìîñòè åå îñâîåíèÿ
â ðàìêàõ øêîëüíîé ìàòåìàòèêè.
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Òåì íå ìåíåå, ïî íàøåìó ìíåíèþ, �ëîãè÷åñêàÿ ðåêîíñòðóêöèÿ�
øêîëüíîé ìàòåìàòèêè äîëæíà ïðåäïîëàãàòü, â ïåðâóþ î÷åðåäü, íåïî-
ñðåäñòâåííîå èçó÷åíèå ñèíòàêñè÷åñêîé è ñåìàíòè÷åñêîé ñîñòàâëÿþùèõ
ôîðìàëüíûõ ÿçûêîâ èñ÷èñëåíèÿ âûñêàçûâàíèé è èñ÷èñëåíèÿ ïðåäèêà-
òîâ è ôóíêöèé íà îñíîâå èñïîëüçîâàíèÿ òðàäèöèîííîãî ñîäåðæàíèÿ è
ÿçûêà øêîëüíîé ìàòåìàòèêè äëÿ ðàçðàáîòêè ïðèìåðîâ äåìîíñòðàöèîí-
íîãî ñîïðîâîæäåíèÿ, à òàêæå ñèñòåì óïðàæíåíèé è çàäà÷ äëÿ ôîðìè-
ðîâàíèÿ ñîîòâåòñòâóþùèõ çíàíèé, óìåíèé è íàâûêîâ.

Â ñâÿçè ñ ýòèì, óìåñòíî ïîä÷åðêíóòü, ÷òî èçó÷åíèå ìîðôîëîãèè è
ñèíòàêñèñà åñòåñòâåííûõ ÿçûêîâ ïðîèçâîäèòñÿ, â ñóùíîñòè, ñ ôîðìàëü-
íûõ ïîçèöèé, êàê èçó÷åíèå îáùåïðèíÿòûõ ïðàâèë è çàêîíîâ ïîñòðîåíèÿ,
ñîåäèíåíèÿ è ôîðìîèçìåíåíèÿ òåõ ñèíòàêñè÷åñêèõ êîíôèãóðàöèé, ïî-
ñðåäñòâîì êîòîðûõ ðåàëèçóþòñÿ îïèñàòåëüíûå ôóíêöèè ýòèõ ÿçûêîâ è
êîòîðûå îáðàçóþò îñíîâó äëÿ ÿçûêîâîãî îáùåíèÿ. Ïðè ýòîì, â êà÷åñòâå
ìåòàÿçûêà, ïîñðåäñòâîì êîòîðîãî èçó÷àåòñÿ ãðàììàòèêà åñòåñòâåííûõ
(ðîäíûõ ÿçûêîâ), èñïîëüçóþòñÿ îáû÷íî ýòè æå ñàìûå ÿçûêè, à â êà÷å-
ñòâå ïðèìåðîâ, äåìîíñòðèðóþùèõ ïðàâèëà ïîñòðîåíèÿ è àíàëèçà ïðà-
âèëüíûõ êîíôèãóðàöèé è çàêîíîâ èõ ñîåäèíåíèÿ, áåðóòñÿ êîíêðåòíûå
ÿçûêîâûå îáðàçîâàíèÿ, èìåþùèå îïðåäåëåííûå ñîäåðæàòåëüíûé ñìûñë
è çíà÷åíèå.

Òàêèì îáðàçîì, ïðåäëàãàåìûé íàìè ïóòü ëîãè÷åñêîé ðåêîíñòðóêöèè
ãåíåòè÷åñêè îáóñëîâëåí.

Â êà÷åñòâå îñíîâíîé çàäà÷è, êîòîðàÿ ðåøàëàñü â äàííîé ðàáîòå, ÿâè-
ëàñü çàäà÷à âûÿâëåíèÿ ìåõàíèçìîâ è ïðèíöèïîâ ïåäàãîãè÷åñêîãî îò-
ðàæåíèÿ â øêîëüíóþ ìàòåìàòèêó íàó÷íî-òåîðåòè÷åñêèõ è èäåéíî-ìå-
òîäîëîãè÷åñêèõ îñíîâàíèé ñîâðåìåííîé òåîðèè àëãåáðàè÷åñêèõ ñèñòåì.
Àëãåáðàè÷åñêèå ñèñòåìû, êàê áàçîâûå îáúåêòû ñåìàíòèêè ôîðìàëüíûõ
ÿçûêîâ êëàññè÷åñêèõ èñ÷èñëåíèé ìàòåìàòè÷åñêîé ëîãèêè, ïðåäñòàâëÿþò
ñîáîé èäåàëüíîå ïîëÿ äåìîíñòðàöèîííîãî ðàçâåðòûâàíèÿ âûðàçèòåëü-
íûõ âîçìîæíîñòåé ýòèõ ÿçûêîâ, à òàêæå èõ àëãåáðàè÷åñêèõ è àëãîðèò-
ìè÷åñêèõ ñâîéñòâ.

Ñ äðóãîé ñòîðîíû, ñîäåðæàíèå øêîëüíûõ ìàòåìàòè÷åñêèõ äèñöè-
ïëèí àêêóìóëèðóåò â ñåáå äîñòàòî÷íûå âîçìîæíîñòè äëÿ ôîðìèðîâàíèÿ
ïðåäñòàâëåíèé î êîíöåïöèè àëãåáðàè÷åñêîé ñèñòåìû.

Â ïðîöåññå ðåøåíèÿ ýòîé çàäà÷è áûë ñôîðìóëèðîâàí îäèí èç òàêèõ
ïðèíöèïîâ, êîòîðûé, â ñîîòâåòñòâèè ñ åãî ñîäåðæàòåëüíîé ñóùíîñòüþ,
ìîã áû áûòü íàçâàí ïðèíöèïîì ìåòîäîëîãè÷åñêîé îáóñëîâëåííîñòè ïå-
äàãîãè÷åñêîãî îòðàæåíèÿ.

Õàðàêòåðèçóÿ ýòîò ïðèíöèï, îòìåòèì, ÷òî èíäèâèäóàëüíûå îñîáåí-
íîñòè, ñâîéñòâåííûå ñòðóêòóðíûì ñâîéñòâàì îáúåêòîâ ðåàëüíîé äåé-
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ñòâèòåëüíîñòè è ñïåöèôèêà èõ îòðàæåíèÿ íàëàãàþò, â ðàìêàõ òîé íà-
óêè ïðåäìåòîì èçó÷åíèÿ êîòîðîé îíè ÿâëÿþòñÿ, ïå÷àòü îïðåäåëåííîãî
ñâîåîáðàçèÿ íà ôîðìèðîâàíèå ñèñòåìû ìåòîäîâ, îðèåíòèðîâàííûõ íà
âûÿâëåíèå çíàíèé îá ýòèõ îáúåêòàõ. Ìíîãèå èç ýòèõ ìåòîäîâ (ñèíòåçè-
ðîâàíèÿ íîâûõ çíàíèé) ïðèîáðåòàþò, â äàëüíåéøåì, äëÿ äàííîé íàóêè
è åå ïåäàãîãè÷åñêèõ îòðàæåíèé õàðàêòåð óíèâåðñàëüíîé ïðèìåíèìîñòè.

Òåì íå ìåíåå, ïðîöåññóàëüíàÿ ñîñòàâëÿþùàÿ êàæäîãî èç ýòèõ ìåòî-
äîâ, îáëà÷åííàÿ â �äîñïåõè� òåðìèíîëîãèè è ñèìâîëèêè, ñâîéñòâåííîé
ðàçëè÷íûì ðàçäåëàì ó÷åáíîé äèñöèïëèíû, ïåäàãîãè÷åñêè îòðàæàþùåé
ýòó íàóêó, ïðèçâàííàÿ ê îïåðèðîâàíèþ îáúåêòàìè êîíêðåòíîé, íî âñÿ-
êèé ðàç íîâîé ïðèðîäû, äàæå ïîñëå åå ìíîãîêðàòíîãî âîñïðîèçâåäåíèÿ,
íå áóäó÷è âûÿâëåííîé â ÷èñòîì âèäå è çàôèêñèðîâàííîé â ôîðìàõ áåñ-
ñòðàñòíûõ êîíñòðóêöèé è ñõåì, íå îáðåòåò ñòàòóñà âíóòðåííåé çíàíèåâîé
ñòðóêòóðû.

Ñëåäîâàíèå ïðèíöèïó ìåòîäîëîãè÷åñêîé îáóñëîâëåííîñòè ïåäàãîãè-
÷åñêîãî îòðàæåíèÿ òîé èëè èíîé ñèñòåìû ìàòåìàòè÷åñêèõ çíàíèé â ñî-
äåðæàíèå ñîîòâåòñòâóþùåé ó÷åáíîé äèñöèïëèíû ïðåäïîëàãàåò âûäåëå-
íèå, êîíñòàòàöèþ è àêòóàëèçàöèþ ìåòîäîëîãè÷åñêèõ ñðåäñòâ, ñîïðÿæåí-
íûõ ñ ïðîöåññàìè ñèíòåçèðîâàíèÿ ýòèõ çíàíèé, âûÿâëåíèÿ âíóòðåííèõ
ìåõàíèçìîâ èõ ðàçâèòèÿ è ñèñòåìíîé îðãàíèçàöèè.

Ðàñêðûâàÿ äèäàêòè÷åñêèå âîçìîæíîñòè ïðèíöèïà ìåòîäîëîãè÷åñêîé
îáóñëîâëåííîñòè ïåäàãîãè÷åñêîãî îòðàæåíèÿ, íåîáõîäèìî ïîä÷åðêíóòü,
÷òî ñëåäîâàíèå ýòîìó ïðèíöèïó, óæå ïðè ïåðâûõ ïðîÿâëåíèÿõ çíàíèåîá-
ðàçóþùèõ âîçìîæíîñòåé òîãî èëè èíîãî ìåòîäà, ïðåäïîëàãàåò âûÿâëå-
íèå (è âíåäðåíèå â ñîäåðæàíèå ñîîòâåòñòâóþùåé äèñöèïëèíû) ñõåì îñó-
ùåñòâëåíèÿ ìûñëèòåëüíûõ ïðîöåäóð, ñâîéñòâåííûõ îòìå÷åííûì ïðîÿâ-
ëåíèÿì, è èñïîëüçîâàíèå äàëüíåéøåãî ìàòåðèàëà ýòîé äèñöèïëèíû â
êà÷åñòâå ïîëÿ ðàçâåðòûâàíèÿ äëÿ äåìîíñòðàöèè ïîçíàâàòåëüíûõ âîç-
ìîæíîñòåé, êàê ñàìîãî ìåòîäà, òàê è îáîãàùåíèÿ ýòèõ âîçìîæíîñòåé çà
ñ÷åò åãî ñî÷åòàíèÿ ñ äðóãèìè ìåòîäàìè íàó÷íîãî ïîçíàíèÿ.

Â ìàòåðèàëàõ êîìïüþòåðíîãî ñîïðîâîæäåíèÿ áûë âûäåëåí ðÿä íà-
ïðàâëåíèé àëãåáðû è ìàòåìàòè÷åñêîé ëîãèêè, ïåäàãîãè÷åñêîå îòðàæå-
íèå êîòîðûõ â ñîäåðæàíèå øêîëüíîãî ëîãè÷åñêîãî îáðàçîâàíèÿ â íàè-
áîëåå ïîêàçàòåëüíîé ôîðìå äåìîíñòðèðóåò äèäàêòè÷åñêèå âîçìîæíîñòè
ïðèíöèïà ìåòîäîëîãè÷åñêîé îáóñëîâëåííîñòè è ïðåäëîæåíû âîçìîæíûå
ïîäõîäû ê îòðàæåíèþ ýòàïîâ èõ àäàïòàöèè äî óðîâíÿ øêîëüíîé ìàòåìà-
òèêè, íà÷èíàÿ ñ íàó÷íî-òåîðåòè÷åñêèõ îñíîâàíèé äî óðîâíÿ ðàçðàáîòêè
ñîîòâåòñòâóþùèõ ñèñòåì çàäà÷, óïðàæíåíèé è çàäàíèé òâîð÷åñêîãî õà-
ðàêòåðà.

À èìåííî, â êà÷åñòâå áàçîâûõ íàïðàâëåíèé è îáúåêòîâ ïåäàãîãè÷å-
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ñêîãî îòðàæåíèÿ áûëè îïðåäåëåíû:

(1). Ìíîæåñòâà, àëãåáðàè÷åñêèå îïåðàöèè è îòíîøåíèÿ (ïðåäèêàòû),
êàê ñòðóêòóðíûå ñîñòàâëÿþùèå ïîíÿòèÿ àëãåáðàè÷åñêîé ñèñòåìû;

(2). Ñèíòàêñè÷åñêàÿ è ñåìàíòè÷åñêàÿ ñîñòàâëÿþùèå ôîðìàëüíûõ ÿçû-
êîâ èñ÷èñëåíèÿ âûñêàçûâàíèé è èñ÷èñëåíèÿ ïðåäèêàòîâ è ñðåäñòâà
âûÿâëåíèÿ è èñïîëüçîâàíèÿ èõ âûðàçèòåëüíûõ âîçìîæíîñòåé;

(3). Èíäóêòèâíûå è äåäóêòèâíûå ìåòîäû;

(4). Ìåòîä ôîðìàëüíûõ àêñèîìàòè÷åñêèõ òåîðèé;

(5). Êîíöåïöèè àëãåáðàè÷åñêîé ñèñòåìû è èçó÷åíèÿ àëãåáðàè÷åñêèõ
ñèñòåì ñ òî÷íîñòüþ äî èçîìîðôèçìà;

(6). Êîíêðåòíûå àëãåáðàè÷åñêèå ñèñòåìû: àëãåáðû ìíîæåñòâ, âûñêàçû-
âàíèé è ñîáûòèé, à òàêæå òåõíîëîãèè âûÿâëåíèÿ è èñïîëüçîâàíèÿ
âçàèìîñâÿçåé ìåæäó íèìè â ëîãèêî-àëãåáðàè÷åñêîé ïðàêòèêå.

Âûáîð ýòèõ íàïðàâëåíèé è îáúåêòîâ áûë îáóñëîâëåí:

• óíèâåðñàëüíîñòüþ ïðèìåíåíèÿ ÿçûêîâ ëîãè÷åñêèõ èñ÷èñëåíèé, ìå-
òîäîâ è èíñòðóìåíòàëüíî-òåõíîëîãè÷åñêèõ ñðåäñòâ ìåòîäîëîãè-
÷åñêîãî ïîòåíöèàëà ëîãèêî-àëãåáðàè÷åñêèõ íàóê â åñòåñòâåííî-
ìàòåìàòè÷åñêîì ïîçíàíèè;

• ìåñòîì è çíà÷èìîñòüþ ïîíÿòèé ìíîæåñòâà, âûñêàçûâàíèÿ è ñîáû-
òèÿ â øêîëüíîé ìàòåìàòèêå;

• ðåàëèÿìè è çàïðîñàìè ñîâðåìåííîé èíôîðìàöèîííîé öèâèëèçà-
öèè.

Íàó÷íî-òåîðåòè÷åñêèå îñíîâàíèÿ ýòèõ íàïðàâëåíèé â ôîðìàõ, èñ-
ïîëüçóþùèõ ïðåèìóùåñòâåííî ìàòåðèàë øêîëüíûõ ìàòåìàòè÷åñêèõ
äèñöèïëèí ðàçðàáîòàíû àâòîðàìè äîêëàäà �Ê ïðîáëåìå îïðåäåëåíèÿ ñî-
äåðæàíèÿ ëîãè÷åñêîé ñîñòàâëÿþùåé øêîëüíîãî ìàòåìàòè÷åñêîãî îáðà-
çîâàíèÿ� â êíèãàõ [5]�[9] è ñòàòüÿõ [1]�[4]; [10]�[16].
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Äëÿ èçó÷åíèÿ öåëî÷èñëåííîãî ãðóïïîâîãî êîëüöà ZS4 èñïîëüçóåì,
êàê è â ïðåæíèõ ðàáîòàõ, íàïðèìåð, â [1], òåîðèþ ïðåäñòàâëåíèé. Èç-
âåñòíî, ÷òî S4 èìååò ïÿòü íåïðèâîäèìûõ íåýêâèâàëåíòíûõ ïðåäñòàâ-
ëåíèé T1(S4), T2(S4), T3(S4), T4(S4), T5(S4) ñòåïåíåé, ñîîòâåòñòâåííî,
n1 = n2 = 1, n3 = 2, n4 = n5 = 3 . Ñîñòàâèì ñëåäóþùåå êëåòî÷íî-
äèàãîíàëüíîå ïðåäñòàâëåíèå

D(S4) = {diag(T1(g), T2(g), T3(g), T4(g), T5(g)), g ∈ S4}

Äëÿ öåëî÷èñëåííîé ëèíåéíîé îáîëî÷êè Z[D(S4)] ìàòðè÷íîé ãðóïïû
D(S4) ëåãêî ïîêàçàòü, ÷òî ZS4

∼= Z[D(S4)]. Ýòî ïîçâîëÿåò âñå äàëü-
íåéøèå ðàññóæäåíèÿ ïðîâîäèòü äëÿ êëåòî÷íî-äèàãîíàëüíîãî êîëüöà
Z[D(S4)]. Áóäåì ñ÷èòàòü âñå ïðåäñòàâëåíèÿ öåëî÷èñëåííûìè, òàê êàê
â êàæäîì êëàññå íåïðèâîäèìûõ íåýêâèâàëåíòíûõ ïðåäñòàâëåíèé ãðóï-
ïû S4 ñóùåñòâóåò öåëî÷èñëåííîå ïðåäñòàâëåíèå.

Êàê ïîêàçàíî â [2], äëÿ ãðóïï Sn ïðè ëþáîì öåëîì n ñïðàâåäëèâà
ãèïîòåçà Öàññåíõàóçà. Ýòî îçíà÷àåò, ÷òî ëþáîé íîðìàëèçîâàííûé àâòî-
ìîðôèçì ϕ êîëüöà ZS4 ïðåäñòàâèì â âèäå ϕ = τuσ, ãäå σ ∈ AutS4 , à
τu � ñîïðÿæåíèå êîëüöà ZS4 åäèíèöåé u êîëüöà QS4. Ïîñêîëüêó ãðóïïà
S4 ñîâåðøåííà, îòñþäà ñëåäóåò, ÷òî äëÿ êîëüöà Z[D(S4)] ëþáîé íîðìà-
ëèçîâàííûé àâòîìîðôèçì åñòü ñîïðÿæåíèå åäèíèöåé êîëüöà Q[D(S4)].
Íà ñàìîì äåëå ìîæíî èñêàòü ñîïðÿãàþùèå ìàòðèöû â ãðóïïàõ GLn(Z),
n = 2, 3.

Ëåììà 1. Ïóñòü T (S4) � íåïðèâîäèìîå ïðåäñòàâëåíèå ãðóïïû ñòå-
ïåíè 3 èëè 2 íàä êîëüöîì öåëûõ ÷èñåë. Åñëè ñîïðÿæåíèå ìàòðèöåé
s ∈ GLn(Q) çàäà¼ò àâòîìîðôèçì êîëüöà Z[D(S4)], òî s ∈ GLn(Z) .

Äîêàçàòåëüñòâî. Âî-ïåðâûõ, çàìåòèì, ÷òî ìàòðèöó s ìîæíî ñ÷èòàòü
öåëî÷èñëåííîé ñî âçàèìíî ïðîñòûìè ýëåìåíòàìè. Äåéñòâèòåëüíî, åñëè
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s ∈ GLn(Q) , òî s = p
q
s′, ãäå s′ ∈ Mn(Z) è ýëåìåíòû s′ âçàèìíî ïðîñòû.

Òîãäà äëÿ ëþáîé ìàòðèöû a èìååì as = q
p
s′−1ap

q
s′ = as′ .

Ïîëîæèì n = 3. Áóäåì äîêàçûâàòü ëåììó îò ïðîòèâíîãî. Ïðåäïîëî-
æèì, ÷òî s ∈ M3(Z) è |s| 6= ±1. Ïóñòü 0 6= m ∈ N � ìèíèìàëüíîå ÷èñëî
ñî ñâîéñòâîì meij ∈ Z[D(S4)], i, j = 1, 2, 3. Òàê êàê ñîïðÿæåíèå ìàòðèöåé
s çàäà¼ò àâòîìîðôèçì êîëüöà Z[D(S4)], òî (meij)

s ÿâëÿåòñÿ öåëî÷èñëåí-
íîé. Îáîçíà÷èì s = (sij), ïðèñîåäèíåííóþ ìàòðèöó s∗ = (Sji).

(meij)
s = m

1

|s|(sujSvi), i, j = 1, 2, 3; u, v = 1, 2, 3.

Ïóñòü q = (Sji, i, j = 1, 2, 3), òî åñòü s∗ = qs′, ãäå ýëåìåíòû s′ âçà-
èìíî ïðîñòû. Òîãäà |s∗| = q3|s′|, îòêóäà |s2|...q3. Åñëè |s| = pα1

1 . . . pαk
k ,

q = pβ1

1 . . . pβk

k , òî èç ïîñëåäíåãî óñëîâèÿ ñëåäóåò, ÷òî 2αi ≥ 3βi, îòêó-
äà αi > βi. Òàê êàê âñå sij âçàèìíî ïðîñòû, ∀pi(i = 1, . . . , k) íàéä¼òñÿ
ýëåìåíò sk0l0 , òàêîé ÷òî pi åãî íå äåëèò. Ñ äðóãîé ñòîðîíû, òàê êàê q �
íàèáîëüøèé îáùèé äåëèòåëü ýëåìåíòîâ ìàòðèöû s∗, íàéä¼òñÿ òàêîé ýëå-
ìåíò St0j0 , ÷òî St0j0

...pβi

i è pβi+1
i ýòîò ýëåìåíò íå äåëèò. Ïîñêîëüêó ìàòðèöà

(meij)
s äîëæíà áûòü öåëî÷èñëåííîé, îòñþäà ñëåäóåò, ÷òî m

...pαi−βi

i ò. å. m
äåëèòñÿ íà âñå ïðîñòûå ìíîæèòåëè îïðåäåëèòåëÿ |s|.

Óäîáíûì èíñòðóìåíòîì èññëåäîâàíèÿ êîëåö âèäà Z[T (G)], ãäå
T (G) � íåïðèâîäèìîå ïðåäñòàâëåíèå ãðóïïû G ÿâëÿåòñÿ àääèòèâíûé áà-
çèñ òàêèõ êîëåö ñïåöèàëüíîãî íèæíåòðåóãîëüíîãî âèäà. Äëÿ ïîëó÷åíèÿ
òàêîãî áàçèñà ìàòðèöû T (g) �ðàñòÿãèâàþòñÿ� â ñòîëáöû è áàçèñ èç ýòèõ
ñòîëáöîâ öåëî÷èñëåííûìè ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè ñòîëáöîâ
ïðèâîäèòñÿ ê íèæíåòðåóãîëüíîìó âèäó (ñì. [3]). Àääèòèâíûå áàçèñû
êîëåö T4(S4) è T5(S4) ïðèâîäÿòñÿ ê ñëåäóþùåìó íèæíå-òðåóãîëüíîìó
âèäó:

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
1 1 1 1 1 2 0 0 0
0 1 1 1 0 0 2 0 0
0 0 1 0 1 0 0 2 0
1 0 1 1 1 0 0 0 2

(1)

Â [3] ïîêàçàíî, ÷òî m = [1, q2, . . . , q9], ãäå qi, i = 1, . . . , 9 � äèàãî-
íàëüíûå ýëåìåíòû íèæíåòðåóãîëüíîãî âèäà, ê êîòîðîìó ïðèâîäèòñÿ àä-
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äèòèâíûé áàçèñ êîëüöà Z[S4)]. Èç âèäà (1) ñëåäóåò, ÷òî m = 2, çíà÷èò
îïðåäåëèòåëü ñîïðÿãàþùåé ìàòðèöû ìîæåò áûòü òîëüêî ñòåïåíüþ ÷èñ-
ëà 2. Òàê êàê ýëåìåíòû ñîïðÿãàþùåé ìàòðèöû âçàèìíî ïðîñòû, òî ýòà
ìàòðèöà ïðèâîäèòñÿ ê ñëåäóþùåìó êàíîíè÷åñêîìó âèäó:

s = u




1
2k

2t


 v,

ãäå u, v � óíèìîäóëÿðíûå ìàòðèöû íàä êîëüöîì öåëûõ ÷èñåë, ò. å. c
îïðåäåëèòåëÿìè, ðàâíûìè ±1.

(Z[T (S4)])
s = v−1




1
2−k

2−t


 u−1(Z[T (S4)])u




1
2k

2t


 v

Ïîíÿòíî, ÷òî åñëè çàìåíèòü T (S4) ýêâèâàëåíòíûì ïðåäñòàâëåíèåì
u−1(T (S4))u, òî ãðóïïà àâòîìîðôèçìîâ íå èçìåíèòñÿ. Ïîýòîìó ìîæåì
ñ÷èòàòü, ÷òî u−1(Z[T (S4)])u èìååò àääèòèâíûé áàçèñ (1).

Ðàññìîòðèì ìàòðèöó áàçèñà b2 =




0 1 0
0 0 1
1 0 0


. Òîãäà




1
2−k

2−t


 b2




1
2k

2t


 =




0 2k 0
0 0 2t−k

2−t 0 0


 = a

Ïðÿìûì âû÷èñëåíèåì óáåäèìñÿ â òîì, ÷òî ìàòðèöà v−1av íå ÿâëÿ-
åòñÿ öåëî÷èñëåííîé.

Ïóñòü v−1 =




v1 v2 v3

v4 v5 v6

v7 v8 v9


, òîãäà

v = ±



v5v9 − v6v8 −(v2v9 − v3v8) v2v6 − v3v5

−(v4v9 − v6v7) v1v9 − v3v7 −(v1v6 − v3v4)
v4v8 − v5v7 −(v1v8 − v2v7) v1v5 − v2v4




av = ±



v32
−t v12

k v22
t−k

v62
−t v42

k v52
t−k

v92
−t v72

k v82
t−k







v5v9 − v6v8

−(v4v9 − v6v7) ∗
v4v8 − v5v7




Îòñþäà ïîëó÷àåòñÿ, ÷òî äîëæíû áûòü öåëûìè ÷èñëà

v32
−t(v5v9 − v6v8),−v32

−t(v2v9 − v3v8), v32
−t(v2v6 − v3v5).
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Ïîñêîëüêó õîòÿ áû îäíà èç ñêîáîê íå äåëèòñÿ íà 2, ïîëó÷àåì v3
...2t.

Àíàëîãè÷íî, v6
...2t è v9

...2t. Ïðèøëè ê ïðîòèâîðå÷èþ ñ óíèìîäóëÿðíîñòüþ
ìàòðèöû v, îòêóäà è ñëåäóåò, ÷òî ìàòðèöà av íå ÿâëÿåòñÿ öåëî÷èñëåííîé.
Çíà÷èò, ïðåäïîëîæåíèå î òîì, ÷òî |s| 6= ±1 íåâåðíî. Òåì ñàìûì ëåììà
äîêàçàíà äëÿ n = 3. Àíàëîãè÷íîå äîêàçàòåëüñòâî äëÿ n = 2. 2

Îïèñàíèå àëãîðèòìà
Â ñèëó ñïðàâåäëèâîñòè ãèïîòåçû Öàññåíõàóçà äëÿ ãðóïïû S4 è ëåì-

ìû 1 áóäåì èñêàòü ãðóïïó ìàòðèö âèäà diag(1, 1, v, y, z), ñîïðÿæåíèå êî-
òîðûìè çàäà¼ò àâòîìîðôèçì êîëüöà Z[D(S4)].

Ïðåæäå âñåãî çàìåòèì, ÷òî, êàê ïîêàçàíî â [1], ñóùåñòâóþò ìèíè-
ìàëüíûå ñ òàêèì ñâîéñòâîì ÷èñëà 0 6= m ∈ N , òàêèå ÷òî

diag(0, . . . , 0,miZ[Ti(S4)], 0, . . . 0) ⊂ Z[D(S4)] (2)
Â íàøåì ñëó÷àå m1 = m2 = 24, m3 = 12, m4 = m5 = 8.
Íàïîìíèì îïðåäåëåíèå ãîìîìîðôèçìà Ìèíêîâñêîãî:

ϕm : GLn(Z) −→ GLn(Zm)

Ââåä¼ì îáîçíà÷åíèÿ:

K12 = {diag(1, 1, Kerϕ12, 1, 1)} ;

K4,8 = {diag(1, 1, 1, Kerϕ8, 1)} ;

K5,8 = {diag(1, 1, 1, 1, Kerϕ8)} ,

ãäå 1 îçíà÷àåò åäèíè÷íóþ ìàòðèöó ñîîòâåòñòâóþùåé ñòåïåíè. Èç (2)
ñëåäóåò î÷åâèäíîå âêëþ÷åíèå äëÿ ãðóïïû åäèíèö êîëüöà.

K12 ×K4,8 ×K5,8 / U(Z[D(G)]) (3)
Ïóñòü G � ãðóïïà ñîïðÿãàþùèõ ìàòðèö âèäà diag(1, 1, v, y, z), G1 � ãðóï-
ïà ñîïðÿãàþùèõ ìàòðèö âèäà diag(1, 1, v, 1, 1), G2 � ãðóïïà ñîïðÿãàþùèõ
ìàòðèö âèäà diag(1, 1, v, y, 1). Îáîçíà÷èì

V = G/K12 ×K4,8 ×K5,8 V1 = G1/K12 V2 = G2/K12 ×K4,8

Ðàññìîòðèì èíâàðèàíòíûé ðÿä

V1 / V2 / V (4)
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Àëãîðèòì ïîçâîëÿåò íàõîäèòü ãðóïïû è ôàêòîð-ãðóïïû ðÿäà (4) è
îïèñûâàòü èõ ñòðîåíèå.

Äëÿ íàõîæäåíèÿ ïåðåáèðàåì âñå ìàòðèöû v′ =

(
v′1 v′2
v′3 v′4

)
, òàêèå ÷òî

v′i ∈ {0, 1, . . . , 11} è |v′| ≡ ±1 (mod 12). Êàê ïîêàçàíî â [4], â ýòîì ñëó÷àå
íàéä¼òñÿ ìàòðèöà h ∈ M2(Z), òàêàÿ ÷òî |v| = |v′ + 12h| = ±1. Êàæäîé
v′ ïîñòàâèì â ñîîòâåòñòâèå ìàòðèöó v. Àääèòèâíûé íèæíåòðåóãîëüíûé
áàçèñ êîëüöà Z[T3(S4)] èìååò âèä:

1 0 0 0
0 1 0 0
0 0 −1 0
1 0 1 3

(5)

Îáîçíà÷èì ìàòðèöû ýòîãî áàçèñà ÷åðåç b1, b2, b3, b4. Èç íàéäåííûõ
ìàòðèö íàõîäèì òàêèå, äëÿ êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ

bv
i =

4∑
i=1

αibi, αi ∈ Z, (6)

ò .å. ñîïðÿæåíèå ìàòðèöàìè âèäà diag(1, 1, v) çàäàþò àâòîìîðôèçìû
êîëüöà Z[diag(T1(g), T2(g), T3(g)), g ∈ S4]. Òàêèå ìàòðèöû îáðàçóþò
ãðóïïó H576 ïîðÿäêà 576. Èç ýòîé ãðóïïû âûáèðàåì òàêèå v, ÷òî ñîïðÿ-
æåíèå ìàòðèöåé a = diag(1, 1, v, 1, 1) ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà
Z[D(S4)]. Òàêèå ìàòðèöû îáðàçóþò ãðóïïó H12

∼= C2 × C6. Òàêèì îáðà-
çîì, V1

∼= C2 × C6.
Äàëåå íàõîäèì ôàêòîð-ãðóïïó H576/H12 = H48.Òåïåðü ïåðåáèðàåì

ìàòðèöû y′ =




y′1 y′2 y′3
y′4 y′5 y′6
y′7 y′8 y′9


, òàêèå ÷òî y′i ∈ {0, 1, . . . , 7} è |y′| ≡ ±1

(mod 8). Êàæäîé y′ ñòàâèì â ñîîòâåòñèâå ìàòðèöó y = y′ + 8h, ãäå
h ∈ M3(Z) è |y′ + 8h| = ±1 è âûáèðàåì òå, êîòîðûå óäîâëåòâîðÿþò
óñëîâèÿì, àíàëîãè÷íûì (6) äëÿ àääèòèâíîãî áàçèñà êîëüöà Z[T4(S4)].
Òàêèå ìàòðèöû îáðàçóþò ãðóïïó H786432 ïîðÿäêà 786432. Äëÿ êàæ-
äîãî y ∈ H786432 èùåì v ∈ H576, òàêóþ ÷òî ñîïðÿæåíèå ìàòðèöåé
b = diag(1, 1, v, y, 1) ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà Z[D(S4)]. Çàìå-
òèì, ÷òî åñëè ìàòðèöû b1 = diag(1, 1, v1, y1, 1) è b2 = diag(1, 1, v2, y2, 1)
óäîâëåòâîðÿþò ýòîìó óñëîâèþ, òî ìàòðèöà v1v

−1
2 ∈ H12. Ïîýòîìó åñëè

äëÿ äàííîãî y ñóùåñòâóåò v, òî îíà ÿâëÿåòñÿ åäèíñòâåííîé èç ãðóïïû
H48.

Âû÷èñëåíèÿ ïîêàçàëè, ÷òî òàêèå ïàðû (v, y) ïî ìîäóëþ Kerϕ12 ×
Kerϕ8 îáðàçóþò ãðóïïó H128

∼= C7
2 .
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Äàëåå, äëÿ êàæäîãî y ∈ H786432 èùåì ìàòðèöó v ∈ H576, òàêóþ ÷òî
ñîïðÿæåíèå ìàòðèöåé âèäà diag(1, 1, v, y) çàäà¼ò àâòîìîðôèçì êîëüöà
Z[diag(T1(g), T2(g), T3(g), T4(g)), g ∈ S4]. Òàêèå ïàðû ìàòðèö ïî ìîäóëþ
Kerϕ12×Kerϕ8 îáðàçóþò ãðóïïó H8192 ïîðÿäêà 8192. Íàõîäèì ôàêòîð-
ãðóïïó H8192/H128 = H64.

Òåïåðü àíàëîãè÷íî êîëüöó Z[T4(S4)] ïðîâîäèì âû÷èñëåíèÿ äëÿ êîëü-
öà Z[T5(S4)] è íàõîäèì ãðóïïó H ′

786432 ïîðÿäêà 786432 òàêèõ ìàòðèö
z ∈ GL3(Z)/Kerϕ8, êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì, àíàëîãè÷íûì
(6) äëÿ àääèòèâíîãî áàçèñà êîëüöà Z[T5(S4)]. Äëÿ êàæäîé ìàòðèöû
z ∈ H ′

786432 èùåì ïàðó ìàòðèö (v, y), òàêóþ ÷òî ñîïðÿæåíèå ìàòðèöåé
c = diag(1, 1, v, y, z) ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà z[D(S4)].

Îïÿòü çàìåòèì, ÷òî åñëè ìàòðèöû c1 = diag(1, 1, v1, y1, z) è c2 =
diag(1, 1, v2, y2, z) óäîâëåòâîðÿþò ýòîìó óñëîâèþ, òî ìàòðèöà c1c

−1
2 =

diag(1, 1, v1v
−1
2 , y1y

−1
2 , 1) ∈ V2.

Çíà÷èò ñ êàæäîé z ∈ H ′
786432 íóæíî ïåðåáèðàòü ïàðû ìàòðèö (v, y)

èç H64.
Òðîéêè ìàòðèö (v, y, z), òàêèå ÷òî ñîïðÿæåíèå ìàòðèöåé c =

diag(1, 1, v, y, z) ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà Z[D(S4)] îáðàçóþò
ãðóïïó H524288, ñòðîåíèå êîòîðîé ñëåäóþùåå:

C(H524288) ∼= C13
2 , H524288/C(H524288) ∼= C6

2

. Tàêèì îáðàçîì, ñ ïîìîùüþ àëãîðèòìà ïîëó÷åíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Â ââåä¼ííûõ âûøå îáîçíà÷åíèÿõ V1
∼= C2×C6, V2/V1

∼= C7
2 ,

V/V2
∼= H, ãäå |H| = 524288, C(H) ∼= C13

2 , H/C(H) ∼= C6
2 .

Îñòàëîñü çàìåòèòü, êàê ñâÿçàíû àâòîìîðôèçìû êîëüöà Z[D(S4)] è
ñîïðÿãàþùèå ìàòðèöû, çàäàþùèå àâòîìîðôèçìû ýòîãî êîëüöà.

Ïóñòü ìàòðèöû a1 = diag(1, 1, v1, y1, z1) è a2 = diag(1, 1, v2, y2, z2)
çàäàþò îäèí è òîò æå àâòîìîðôèçì, ò. å. äëÿ ëþáîé ìàòðèöû t =
diag(t1, t2, t3, t4, t5) ∈ Z[D(S4)] ñïðàâåäëèâî ðàâåíñòâî ta1 = ta2 , îòêóäà
ta1a−1

2 = t, ò. å. ìàòðèöà a1a
−1
2 ïåðåñòàíîâî÷íà ñ ëþáîé ìàòðèöåé t êîëü-

öà Z[D(S4)].
Ïîñêîëüêó âñå ïðåäñòàâëåíèÿ T1(S4), . . . , T5(S4) íåïðèâîäèìû, ïî

Ëåììå Øóðà ìàòðèöà a1a
−1
2 ÿâëÿåòñÿ êëåòî÷íî-ñêàëÿðíîé. Ýòî îçíà-

÷àåò, ÷òî v1v
−1
2 = ±1, y1y

−1
2 = ±1, z1z

−1
2 = ±1, ãäå 1 îçíà÷àþò åäè-

íè÷íûå ìàòðèöû ñîîòâåòñòâóþùèõ ñòåïåíåé. Çíà÷èò, ëèáî v1 = v2, ëèáî
v1 = −v2, àíàëîãè÷íî äëÿ y1, y2, z1, z2. Ïîýòîìó ñïðàâåäëèâà ñëåäóþùàÿ
òåîðåìà.

Òåîðåìà 3. Aut(Z[D(S4)]) ∼= V/{diag(±1 < ±1,±1,±1,±1}.
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Îñíîâíîé ìåòîä íàøåãî èçó÷åíèÿ öåëî÷èñëåííûõ ãðóïïîâûõ êîëåö
êîíå÷íûõ ãðóïï îñíîâàí íà òåîðèè ïðåäñòàâëåíèé êîíå÷íûõ ãðóïï.

Âî âñåõ èññëåäóåìûõ öåëî÷èñëåííûõ ãðóïïîâûõ êîëüöàõ âûïîëíÿ-
åòñÿ íåñêîëüêî áîëåå îáùàÿ ôàêòîðèçàöèÿ àâòîìîðôèçìîâ, îòëè÷íàÿ
îò ôàêòîðèçàöèè Öàññåíõàóçà, à èìåííî ëþáîé àâòîìîðôèçì öåëî÷èñ-
ëåííîãî ãðóïïîâîãî êîëüöà ÿâëÿåòñÿ êîìïîçèöèåé àâòîìîðôèçìà ïîëÿ
ïðåäñòàâëåíèÿ ãðóïïû è ñîïðÿæåíèÿ åäèíèöàìè ãðóïïîâîé àëãåáðû íàä
ïîëåì ðàöèîíàëüíûõ ÷èñåë. Ñôîðìóëèðîâàí êðèòåðèé è ïîñòðîåí àëãî-
ðèòì äëÿ ïðîâåðêè ñïðàâåäëèâîñòè ãèïîòåçû Öàññåíõàóçà äëÿ êîíå÷íûõ
ãðóïï, çàäàííûõ òàáëèöàìè õàðàêòåðîâ è ïðåäñòàâëåíèÿìè.

Ïóñòü T1(G), . . . , Ts(G) � âñå íåïðèâîäèìûå, íåýêâèâàëåíòíûå ïðåä-
ñòàâëåíèÿ ãðóïïû G ñòåïåíåé, ñîîòâåòñòâåííî, n1, . . . , ns, R(G) � ìàò-
ðè÷íîå ïðàâîå ðåãóëÿðíîå ïðåäñòàâëåíèå ãðóïïû G, R(G) < Monn(Z),
|G| = n. Èçâåñòíî, ÷òî ïðåäñòàâëåíèå R(G) ýêâèâàëåíòíî êëåòî÷íî-
äèàãîíàëüíîìó, â êîòîðîå êàæäîå èç âñåõ íåïðèâîäèìûõ íåýêâèâàëåíò-
íûõ ïðåäñòàâëåíèé ãðóïïû G âõîäèò ñòîëüêî ðàç, êàêîâà åãî ñòåïåíü,
òî åñòü

(R(G))t =




T1(G)
T2(G)

. . .
T2(G)︸ ︷︷ ︸

n2

. . .
Ts(G)

. . .
Ts(G)︸ ︷︷ ︸

ns
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è n = n2
1 + · · · + n2

s, ãäå ni|n, i = 1, . . . , s. Ýòî ýêâèâàëåíòíî ðàçëîæåíèþ
ïðîñòðàíñòâà V = Cn â ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ, èíâàðèàíòíûõ
îòíîñèòåëüíî R(G).

Ðàññìîòðèì ñëåäóþùåå êëåòî÷íî-äèàãîíàëüíîå ïðåäñòàâëåíèå D(G)
ãðóïïû G:

D(G) = {diag(T1(g),T2(g), . . . ,Ts(g)),g ∈ G} ,

â êîòîðîå êàæäîå èç Ti(G), i = 1, . . . , s, âõîäèò ðîâíî îäèí ðàç. Î÷åâèäíî,
ãðóïïà D(G) ∼= R(G). Òàê æå î÷åâèäíî, ÷òî öåëî÷èñëåííîå ãðóïïîâîå
êîëüöî ZG ∼= Z[R(G)] ∼= Z[D(G)]. Çäåñü ïîä Z[R(G)] è Z[D(G)] áóäåì
ïîíèìàòü êîëüöà, ïîðîæä¼ííûå ìàòðè÷íûìè ãðóïïàìè R(G) è D(G)
ñîîòâåòñòâåííî.

Ýòè èçîìîðôèçìû ïîçâîëÿþò ñâîäèòü èçó÷åíèå ãðóïïû àâòîìîðôèç-
ìîâ êîëüöà ZG ê èçó÷åíèþ ãðóïïû àâòîìîðôèçìîâ êîëüöà Z[D(G)].
Óñëîâèìñÿ êîëüöà Z[Ti(G)] íàçûâàòü êëåòêàìè êîëüöà Z[D(G)].

Ìåæäó ðàçëè÷íûìè êëåòêàìè êîëüöà Z[D(G)] âîçíèêàþò îòîáðàæå-
íèÿ

µij :
∑
g∈G

αgTi(g) ←→
∑
g∈G

αgTj(g), αg ∈ Z,

êîòîðûå ëèáî ÿâëÿþòñÿ èçîìîðôèçìàìè, ëèáî íå ÿâëÿþòñÿ.
Íàïðèìåð, äëÿ ãðóïïû SL2(3) = 〈a, b | a3 = 1, aba = bab〉 èìååì

T5(a) =

(
0 1
−ω3 −ω3

)
, T5(b) =

(
ω3 −ω3

0 1

)

T6(a) =

(
0 1
−ω3 −ω3

)
, T6(b) =

(
ω3 −ω3

0 1

)
,

ãäå ω3 � ïåðâîîáðàçíûé êîðåíü òðåòüåé ñòåïåíè èç åäèíèöû. Ïîíÿòíî,
÷òî µ56 â äàííîì ñëó÷àå çàäàåòñÿ êîìïëåêñíûì ñîïðÿæåíèåì ýëåìåíòîâ
ìàòðèö ïðåäñòàâëåíèé T5(SL2(3)) è T6(SL2(3)), òî åñòü ÿâëÿåòñÿ èçîìîð-
ôèçìîì.

Ïðî ñîâîêóïíîñòü âñåõ òåõ êëåòîê Z[Ti(G)], i = 1, . . . , s, ìåæäó êîòî-
ðûìè îòîáðàæåíèÿ µij ÿâëÿþòñÿ èçîìîðôèçìàìè, áóäåì ãîâîðèòü, ÷òî
îíè îáðàçóþò áëîê. Åñëè äëÿ êëåòêè Z[Ti(G)] íèêàêîå èç îòîáðàæåíèé
µij íå ÿâëÿåòñÿ èçîìîðôèçìîì, òî îíà îäíà îáðàçóåò áëîê. Åñëè æå äëÿ
êëåòêè Z[Ti(G)] íàøëèñü êëåòêè Z[Tj(G)], òàêèå ÷òî µij ÿâëÿþòñÿ èçî-
ìîðôèçìàìè, áåç îãðàíè÷åíèÿ îáùíîñòè ìîæåì ñ÷èòàòü, ÷òî ýòî êëåòêè
Z[Ti+1(G)],. . . ,Z[Ti+k−1(G)]. Îáîçíà÷èì ÷åðåç

Di(G) = {diag(Ti(g), . . . , Ti+k−1(g)), g ∈ G} .
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Êîëüöî Oi = Z[Di(G)] íàçîâ¼ì áëîêîì. Â òàêèõ îáîçíà÷åíèÿõ D(g) =
diag(D1(g), . . . , Dt(g)) è Z[D(G)] = diag(O1, . . . , Ot).

Ïóñòü K � íåêîòîðîå ðàñøèðåíèå ïîëÿ Q. Ðàññìîòðèì àëãåáðó ìàò-
ðèö A = (K)n, êàê àëãåáðó íàä ïîëåì Q. Äëÿ τ ∈ Aut(K) îïðåäåëèì
àâòîìîðôèçì τ̂ àëãåáðû A ïî ôîðìóëå

τ̂((aij)) = (aτ
ij). (1)

Ëåììà 1. Ïóñòü êëåòêè Z[Ti(G)],Z[Ti+1(G)], . . . ,Z[Ti+k−1(G)], k >
1, ñ ñîîòâåòñòâóþùèìè õàðàêòåðàìè χi, . . . , χi+k−1, îáðàçóþò áëîê
O. Ïóñòü, äàëåå, Q(O) � îáùåå ïîëå ïðåäñòàâëåíèÿ êëåòîê ýòîãî
áëîêà. Òîãäà ñòåïåíè ïðåäñòàâëåíèé Ti(G), . . . , Ti+k−1(G) ñîâïàäàþò,
k = |Aut(Q(χi))| è ïðåäñòàâëåíèå Ti+j(G) ýêâèâàëåíòíî ïðåäñòàâëåíèþ
τ̂ ′(Ti(G)), ãäå τ ′ ∈ Aut(Q(O)) � ïðîäîëæåíèå íåêîòîðîãî çàâèñÿùåãî îò
j àâòîìîðôèçìà τ ∈ Aut(Q(χi)), ãäå j = 0, . . . , k − 1.

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî íàïîìíèì, ÷òî ∀g ∈ G χi(g) � öåëîå àë-
ãåáðàè÷åñêîå ÷èñëî [1], òî åñòü χi(g) èìååò öåëî÷èñëåííûé ìèíèìàëüíûé
ìíîãî÷ëåí. Ïîëåì ðàçëîæåíèÿ äëÿ G ñëóæèò ïîëå Q( l

√
1), ãäå l = exp(G).

Ýòî ïîëå ÿâëÿåòñÿ íîðìàëüíûì [2]. Òàê êàê χi(g) ïðèíàäëåæèò ýòîìó
ïîëþ, âñå êîðíè ìèíèìàëüíîãî ìíîãî÷ëåíà äëÿ χi(g) òîæå ëåæàò â ýòîì
ïîëå. Àâòîìîðôèçìû ïîëÿ Q(χi) ïåðåâîäÿò êîðíè ìèíèìàëüíîãî ìíîãî-
÷ëåíà â êîðíè ýòîãî æå ìíîãî÷ëåíà. Ýòè àâòîìîðôèçìû ïðîäîëæàþòñÿ
äî àâòîìîðôèçìîâ ïîëÿ Q( l

√
1) [2]. À ëþáîé àâòîìîðôèçì ïîëÿ ïðåä-

ñòàâëåíèÿ ãðóïïû G ïåðåâîäèò íåïðèâîäèìûé õàðàêòåð â íåïðèâîäèìûé
[1]. Îòñþäà ïîëó÷àåì, ÷òî ëþáîé àâòîìîðôèçì ïîëÿ Q(χi) ïåðåâîäèò χi

â íåêîòîðûé íåïðèâîäèìûé õàðàêòåð χj. Åñëè ýòîò àâòîìîðôèçì ïðî-
äîëæèòü äî àâòîìîðôèçìà ïîëÿ Q(ξ) è ïîäåéñòâîâàòü èì íà ýëåìåíòû
ìàòðèö ïðåäñòàâëåíèÿ Ti(G), òî ïîëó÷èì ñ òî÷íîñòüþ äî ýêâèâàëåíò-
íîñòè ïðåäñòàâëåíèå Tj(G) â ñèëó ñîâïàäåíèÿ õàðàêòåðîâ. Î÷åâèäíî,
÷òî îòîáðàæåíèå µij ïðè ýòîì áóäåò çàäàâàòü èçîìîðôèçì. Òàêèì îá-
ðàçîì, êëåòêà Z[Tj(G)] ïîïàäàåò â áëîê O . Èç ïðèâåäåííûõ ðàññóæ-
äåíèé ñëåäóåò, ÷òî åñëè Aut(Q(χi)) = {τ1 = id, τ2, . . . , τr}, òî k = r è
Ti+j(G) ≈ τ̂ ′j+1(Ti(G)), j = 0, . . . , r − 1, τ ′j+1 � ïðîäîëæåíèå τj+1 äî àâ-
òîìîðôèçìà ïîëÿ Q(ξ). Òåì ñàìûì ëåììà äîêàçàíà. 2

Ëåììà 2. Ïóñòü χ � ñóììà âñåõ íåïðèâîäèìûõ õàðàêòåðîâ áëîêà Oi.
Òîãäà χ ⊂ Z, ïðè ýòîì êëåòêà Z[Ti(G)] îáðàçóåò áëîê òîãäà è òîëüêî
òîãäà, êîãäà õàðàêòåð χi ÿâëÿåòñÿ öåëî÷èñëåííûì.
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Äîêàçàòåëüñòâî. Ïóñòü ∀g ∈ G [χi(g) ∈ Z]. Åñëè ñðåäè ïðåäñòàâëåíèé
T1(G), . . . , Ts(G) íåò ïðåäñòàâëåíèÿ ñòåïåíè nj = ni, òî óòâåðæäåíèå
ëåììû î÷åâèäíî. Ïóñòü, íàïðîòèâ, íàøëîñü Tj(G), òàêîå ÷òî ni = nj. Òàê
êàê χi 6= χj, íàéäåòñÿ òàêîé êëàññ ñîïðÿæåííûõ ýëåìåíòîâ ãðóïïû G, íà
êîòîðîì êëàññîâàÿ ñóììà â êîëüöå Z[Ti((G)] äàñò ñêàëÿðíóþ ìàòðèöó
âèäà |g

G|χi(g)

ni

eni
, à â êîëüöå Z[Tj(G)], ñîîòâåòñòâåííî, âèäà |g

G|χj(g)

ni

eni
.

Åñëè áû µij áûëî èçîìîðôèçìîì, òî, òàê êàê χi(g) ∈ Z, ñïðàâåäëèâî
áûëî áû ðàâåíñòâî

muij

( |gG|χi(g)

ni

eni

)
=
|gG|χj(g)

ni

eni
,

÷òî, î÷åâèäíî, íå âûïîëíÿåòñÿ, òàê êàê χi 6= χj. Çíà÷èò, íè äëÿ êàêîãî j
îòîáðàæåíèå µij íå ÿâëÿåòñÿ èçîìîðôèçìîì, è êëåòêà Z[Ti((G)] îáðàçóåò
áëîê.

Ïóñòü òåïåðü èçâåñòíî, ÷òî êëåòêà Z[Ti(G)] îáðàçóåò áëîê. Åñëè áû
íàøëîñü çíà÷åíèå χi(g) /∈ Z, òî, êàê ñëåäóåò èç äîêàçàòåëüñòâà ëåììû 1
ñóùåñòâîâàë áû àâòîìîðôèçì τ ∈ ut(Q(χi)), òàêîé, ÷òî äëÿ êëåòêè, ïî-
ëó÷åííîé èç Z[Ti(G)] äåéñòâèåì àâòîìîðôèçìà τ̂ ′, îòîáðàæåíèå µij áûëî
áû èçîìîðôèçìîì, ÷òî ïðîòèâîðå÷èò òîìó, ÷òî êëåòêà Z[Ti(G)] îáðàçóåò
áëîê. Òåì ñàìûì ëåììà äîêàçàíà. 2

Ïåðåñòàíîâêà áëîêîâ íå ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà Z[D(G)],
ò. ê. áëîêè íå èçîìîðôíû. Ïîýòîìó ëþáîé àâòîìîðôèçì êîëüöà Z[D(G)]
íà áëîêå çàäàåò àâòîìîðôèçì áëîêà.

Ëþáîé àâòîìîðôèçì áëîêà Oi ïðîäîëæàåòñÿ äî àâòîìîðôèçìà àë-
ãåáðû Q[Di(G)], ò. ê. àääèòèâíûé áàçèñ áëîêà ÿâëÿåòñÿ àääèòèâíûì áà-
çèñîì àëãåáðû. Ìîæíî ïîêàçàòü, ÷òî àëãåáðà Q[Di(G)] ÿâëÿåòñÿ ïðîñòîé
íàä ñâîèì öåíòðîì Q(χi), ãäå χi � õàðàêòåð ïðåäñòàâëåíèÿ Ti(G). Òîãäà
ïî òåîðåìå Í¼òåð-Ñêîëåìà àâòîìîðôèçìû àëãåáðû Q[Di(G)] åñòü êîìïî-
çèöèè àâòîìîðôèçìîâ, èíäóöèðîâàííûõ àâòîìîðôèçìàìè ïîëÿ õàðàê-
òåðîâ Q(χi), è ñîïðÿæåíèé åäèíèöàìè ýòîé àëãåáðû. Òàêèì îáðàçîì,
åñëè áëîê ñîñòîèò èç îäíîé êëåòêè, òî ïî ëåììå 2 åãî àâòîìîðôèçìàìè
ÿâëÿþòñÿ òîëüêî ñîïðÿæåíèÿ. Åñëè æå êëåòîê áîëüøå îäíîé, òî âñå àâ-
òîìîðôèçìû áëîêà îïðåäåëÿþòñÿ àâòîìîðôèçìàìè åãî ïåðâîé êëåòêè â
ñèëó èçîìîðôèçìîâ µij.

Äëÿ äàëüíåéøåãî èçëîæåíèÿ íàïîìíèì ãèïîòåçó Öàññåíõàóçà.
Ïóñòü h = Σαgg ∈ ZG. Îáîçíà÷èì ÷åðåç ε(h) = Σαg.

Îïðåäåëåíèå 3. Àâòîìîðôèçì θ ∈ Aut(ZG) íàçûâàåòñÿ íîðìàëèçî-
âàííûì, åñëè ε(θ(g)) = 1∀g ∈ G.
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Ãèïîòåçà Öàññåíõàóçà (Aut). Ïóñòü θ ∈ Aut(ZG) � íîðìàëèçîâàí-
íûé. Òîãäà ñóùåñòâóåò åäèíèöà α ∈ QG è àâòîìîðôèçì σ ∈ Aut(G),
òàêèå ÷òî

θ(g) = α−1σ(g)α, ∀g ∈ G.

Ïóñòü τ ∈ Aut(Q(χi)), Q(χi) 6= Q, ψ � àâòîìîðôèçì áëîêà Oi, ò. å.
åãî ïåðâîé êëåòêè Z[Ti(G)], òîãäà ψ = τ̂ ◦ ψt, ãäå ψt � ñîïðÿæåíèå åäè-
íèöåé t ∈ Q[Di(G)]. Ïîëó÷èëè, ÷òî àâòîìîðôèçìû êîëüöà Z[D(G)] åñòü
êîìïîçèöèè àâòîìîðôèçìîâ, èíäóöèðîâàííûõ àâòîìîðôèçìàìè ïîëåé
õàðàêòåðîâ è ñîïðÿæåíèé åäèíèöàìè èç Q[D(G)]. Ïî ñðàâíåíèþ ñ ãèïî-
òåçîé Öàññåíõàóçà âìåñòî àâòîìîðôèçìîâ ãðóïïû σ ∈ Aut(G) ïîÿâèëèñü
àâòîìîðôèçìû, èíäóöèðîâàííûå àâòîìîðôèçìàìè ïîëåé õàðàêòåðîâ.

Õåðòâèê [3] ïîñòðîèë êîíòðïðèìåð ê ãèïîòåçå Öàññåíõàóçà, à èìåí-
íî ðàññìîòðåë ãðóïïó ïîðÿäêà 25 · 32 · 5 = 1440, äëÿ êîòîðîé ãèïîòåçà
Öàññåíõàóçà íå âåðíà.

Ýòà ãðóïïà â ðàáîòå Õåðòâèêà îïðåäåëåíà ñëåäóþùèì îáðàçîì:

G = (M ×N ×Q) h W,

ãäå

W =< w : w8 > h(< b : b2 > × < c : c2 >), wb = w−1, wc = w5;

M =< m : m5 >, N =< n : n3 >, Q =< q : q3 >;

CW (m) =< wc, b >, CW (n) =< w2, b, c >, CW (q) =< w, b > .

Èíòåðåñíî áûëî ïðîâåðèòü ýòîò êîíòðïðèìåð ñ ïîìîùüþ òåîðèè
ïðåäñòàâëåíèé. Äëÿ ïîñòðîåíèÿ âñåõ íåïðèâîäèìûõ íåýêâèâàëåíòíûõ
ïðåäñòàâëåíèé ýòîé ãðóïïû è åå òàáëèöû õàðàêòåðîâ íåîáõîäèìî äîïîë-
íèòü ñïèñîê ýòèõ ñîîòíîøåíèé äî ãåíåòè÷åñêîãî êîäà. Èç óñëîâèÿ íîð-
ìàëüíîñòè ïîäãðóïïû M × N × Q â ãðóïïå G ïîëó÷àåì, ÷òî mc = m4,
nw = n2, qc = q2.

Â ñâÿçè ñ ðåçóëüòàòîì Õåðòâèêà ñòàëî àêòóàëüíûì îòâå÷àòü íà âî-
ïðîñ: ñïðàâåäëèâà ëè ãèïîòåçà Öàññåíõàóçà äëÿ äàííîé êîíêðåòíîé
ãðóïïû? Èç ïðèâåäåííûõ âûøå ðàññóæäåíèé ñëåäóåò, ÷òî ñïðàâåäëè-
âîñòü ãèïîòåçû Öàññåíõàóçà îçíà÷àåò, ÷òî ëþáîé àâòîìîðôèçì ïîëÿ õà-
ðàêòåðîâ, êîòîðûé ÿâëÿåòñÿ àâòîìîðôèçìîì êîëüöà Z[D(G)], èíäóöè-
ðóåò àâòîìîðôèçì ãðóïïû.

Ïîëåçíî çàìåòèòü, ÷òî ãèïîòåçà Öàññåíõàóçà ýêâèâàëåíòíà óòâåð-
æäåíèþ, ÷òî ãðóïïîâûå áàçèñû êîëüöà ZG, ïîëó÷àþùèåñÿ ïðè àâòî-
ìîðôèçìàõ êîëüöà, ñîïðÿæåíû. Â íàøåé êîíñòðóêöèè ýòî îçíà÷àåò, ÷òî



90 Å.Ì.Ãðà÷åâ , À.Ì.Ïîïîâà

åñëè ãèïîòåçà Öàññåíõàóçà äëÿ äàííîé ãðóïïû ñïðàâåäëèâà, òîãäà ëþ-
áûå äâà ïðåäñòàâëåíèÿ Ti(G) è Tj(G) = (τ̂ ◦ ψt)(Ti(G), ïðèíàäëåæà-
ùèå îäíîìó áëîêó, äîëæíû áûòü ñîïðÿæåíû ìåæäó ñîáîé äëÿ ëþáîãî
τ ∈ Aut(Q(χi)). Âîò ýòîò êðèòåðèé ìû è ïðîâåðÿåì äëÿ ïðåäñòàâëåíèé
êîíêðåòíûõ ãðóïï.

Àâòîðàìè áûëè íàéäåíû íåïðèâîäèìûå íåýêâèâàëåíòíûå ïðåäñòàâ-
ëåíèÿ ãðóïïû Õåðòâèêà è ïðîâåðåíû íà ñîïðÿæåííîñòü. Îêàçàëîñü, ÷òî
ñóùåñòâóþò â îäíîì áëîêå äâà ïðåäñòàâëåíèÿ, äëÿ êîòîðûõ íå ñóùåñòâó-
åò ñîïðÿãàþùåé ìàòðèöû. Ýòî è äîêàçûâàåò íà ÿçûêå ïðåäñòàâëåíèé,
÷òî äëÿ ãðóïïû Õåðòâèêà ãèïîòåçà Öàññåíõàóçà íå ñïðàâåäëèâà.

Äàííûé êðèòåðèé áûë òàêæå ïðîâåðåí è äëÿ äâóõ ïðîñòûõ ãðóïï
÷åòíûõ ïåðåñòàíîâîê A5 è A6.

Äëÿ ãðóïïû A5 òàáëèöà õàðàêòåðîâ èìååò ñëåäóþùèé âèä.

|G| 4 3 5 5
1A 2A 3A 5A 5B

χ1 1 1 1 1 1
χ2 3 −1 0 −b5 −b∗5
χ3 3 −1 0 −b∗5 −b5

χ4 4 0 1 −1 −1
χ5 5 1 −1 0 0

Àëãåáðàè÷åñêîå ÷èñëî b5 =

√
5− 1

2
ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ

z2 + z − 1 = 0, b∗5 =
−√5− 1

2
� âòîðîé êîðåíü óðàâíåíèÿ.

Ãðóïïà A5 ïîðîæäàåòñÿ äâóìÿ ýëåìåíòàìè a = (12)(34) è b = (135).
Áûëà âû÷èñëåíà ìàòðèöà s ∈ GL3(Q(b5)), òàêàÿ ÷òî T2(a)s ∈ T3([a])

è T2(b)
s ∈ T3([b]), ãäå [a] è [b] ñîïðÿæåííûå êëàññû ýëåìåíòîâ a è b ñî-

îòâåòñòâåííî, ÷òî, ñîãëàñíî ïðåäûäóùèì ðàññóæäåíèÿì, ïîäòâåðæäàåò
ãèïîòåçó Öàññåíõàóçà äëÿ ýòîé ãðóïïû.

Ìû òàêæå íàøëè àâòîìîðôèçì ãðóïïû A5, èíäóöèðîâàííûé àâòî-
ìîðôèçìîì ïîëÿ õàðàêòåðà b5 → b∗5. Ýòîò àâòîìîðôèçì çàäàåòñÿ â ïî-
ðîæäàþùèõ a è b ñëåäóþùèì îáðàçîì: σ(a) = a, σ(b) = b2.

Äëÿ ãðóïïû A6 òàáëèöà õàðàêòåðîâ èìååò ñëåäóþùèé âèä.
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|G| 8 9 9 4 5 5
1A 2A 3A 3B 4A 5A 5B

χ1 1 1 1 1 1 1 1
χ2 5 1 2 −1 −1 0 0
χ3 5 1 −1 2 −1 0 0
χ4 8 0 −1 −1 0 −b5 −b∗5
χ5 8 0 −1 −1 0 −b∗5 −b5

χ6 9 1 0 0 1 −1 −1
χ7 10 −2 1 1 0 0 0

Â êà÷åñòâå ïîðîæäàþùèõ ãðóïïû âçÿòû äâà ýëåìåíòà a = (12)(34) è
b = (1235)(46). Ãèïîòåçà Öàññåíõàóçà äëÿ ãðóïïû A6 ïðîâåðÿëàñü àíà-
ëîãè÷íî è îêàçàëàñü ñïðàâåäëèâîé.

Â ýòîì ñëó÷àå àâòîìîðôèçì ãðóïïû ñëåäóþùèé: σ(a) = a, σ(b) = b3.
Èç ðàññìîòðåíèÿ òàáëèöû õàðàêòåðîâ êîíêðåòíîé ãðóïïû ñðàçó ìîæ-

íî âèäåòü, êàêèå ïðåäñòàâëåíèÿ îáðàçóþò áëîêè. Åñëè õàðàêòåð öåëî-
÷èñëåííûé,òî äàííîå ïðåäñòàâëåíèå îäíî îáðàçóåò áëîê, åñëè õàðàêòåð
ñîäåðæèò àëãåáðàè÷åñêèå ÷èñëà, îòëè÷íûå îò öåëûõ ÷èñåë, òî âñå ïðåä-
ñòàâëåíèÿ, ÷üè õàðàêòåðû ïîëó÷àþòñÿ èç äàííîãî ïîä äåéñòâèåì ñîîò-
âåòñòâóþùåãî àâòîìîðôèçìà ïîëÿ õàðàêòåðîâ, îáðàçóþò áëîê. Ìû ïðî-
âåðÿëè ñîïðÿæåííîñòü ïðåäñòàâëåíèé, âõîäÿùèõ â îäèí è òîò æå áëîê.

Ïîñêîëüêó, ïî ñðàâíåíèþ ñ ãèïîòåçîé Öàññåíõàóçà, àâòîìîðôèçìû
ãðóïïîâîãî êîëüöà, èñõîäÿ èç òåîðèè ïðåäñòàâëåíèé, ÿâëÿþòñÿ êîìïî-
çèöèÿìè àâòîìîðôèçìîâ ïîëÿ õàðàêòåðîâ è ñîïðÿæåíèé åäèíèöàìè àë-
ãåáðû Q[D(G)], ïðîâåðêà ñïðàâåäëèâîñòè ãèïîòåçû Öàññåíõàóçà ñâîäèò-
ñÿ ê ïðîâåðêå ñîïðÿæåííîñòè ïðåäñòàâëåíèé, âõîäÿùèõ â îäèí è òîò æå
áëîê.
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1 Introduction
The Theory of Institutions was introduced by Goguen and Burstall as

a systematic way of studying logical systems using category theory. In this
paper, we introduce the concept of the (entailment) topological semantic of
a proof system and we indicate that every Institution with proof system
is complete. This is work in progress coming from the Ph.D. thesis (in
preparation) by the �rst author [7].

2 Institutions preliminaries
2.1 Institutions
De�nition 1 (Institutions). [2] An Institution
I =

(
SigI ,SenI ,ModI , |=I) consists of:

(1). a category SigI , whose objects are called signatures,

(2). a functor SenI : SigI → Set giving for each signature a set whose
elements are called sentences over that signature,

(3). a functor ModI :
(
SigI

)op → CAT giving for each signature Σ a
category whose objects are called Σ-models and whose arrows are called
Σ-morphisms, and

(4). a relation |=I
Σ⊆

∣∣ModI (Σ)
∣∣ × SenI (Σ) for each Σ ∈

∣∣SigI
∣∣, called

Σ-satisfaction

92
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such that for each morphism φ : Σ → Σ′ in SigI the satisfaction condition

M ′ |=I
Σ′ SenI(φ)(ρ) if and only if ModI(φ)(M ′) |=I

Σ ρ

holds for each M ′ ∈
∣∣ModI

∣∣ and rho ∈ SenI(Σ).

De�nition 2. [2] Let I be a �xed but arbitrary institution. Then

(1). A Σ-presentation is a pair 〈Σ, E〉, where Σ is a signature and E is
collection of Σ-sentences.

(2). A Σ-model M satis�es a presentation 〈Σ, E〉 if it satis�es each sentence
in E; we write M |= E in this case.

(3). Given a collection E of Σ-sentences, let E∗ be the collection of all
Σ-models that satisfy each sentence in E.

(4). Given a collection M of Σ-models, let M∗ be the collection of all Σ-
sentences that are satis�ed by each model in M ; also let M∗ denote
〈Σ,M∗〉 called the theory of M .

(5). The closure of a collection E of Σ-sentences is E∗∗, denoted E•.

(6). A collection E of Σ-sentences is closed if and only if E = E•.

(7). A Σ-theory is a presentation 〈Σ, E〉 such that E is closed.

(8). The Σ-theory presented by a presentation 〈Σ, E〉 is 〈Σ, E•〉.
(9). A Σ-sentence e is semantically entailed by a collection E of Σ-sentences,

written E |= e, if and only if e ∈ E•.

Proposition 3. [2] The two functions denoted < ∗ > in De�nition 2 form
what is known as Galois connection (see [1]), in that they satisfy the following
properties, for any collections E, E ′ of Σ-sentences and collections M, M ′ of
Σ-models:

(1). E ⊆ E ′ ⇒ E ′∗ ⊆ E∗.

(2). M ⊆ M∗ ⇒ M ′∗ ⊂ M∗.

(3). E ⊆ E∗∗.

(4). M ⊆ M∗∗.

(5). E∗ = E∗∗∗.
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(6). M∗ = M∗∗∗.

(7). There is a dual (i.e. inclusion reversing) isomorphism between the
closed collections of sentences and the closed collections of models.
This isomorphism takes unions to intersections and intersections to
unions.

(a)
⋂
n

E∗
n =

(⋃
n

En

)∗

(b)
(⋂

n

E∗
n

)
=

(⋃
n

En

)∗

(c)
(⋃

n

E∗∗
n

)∗

=
⋂
n

E∗
n

(d)
(⋃

n

E∗∗
n

)∗

=

(⋃
n

En

)∗

(e)
(⋂

n

E∗∗
n

)∗

=

(⋃
n

En

)∗∗

There are also dual identities to (a)-(e) for collections of models.

De�nition 4 (Internal Boolean Connectives). [5] Let Σ a signature in
an institution then:

• the Σ-sentence φ is a (semantic) negation of ψ when
φ∗ = |Mod(Σ)| \ ψ∗;

• the Σ-sentence φ is the (semantic) conjunction of the Σ-sentence ψ1

and ψ2 when φ∗ = ψ∗1 ∩ ψ∗2.

Remark. The least Boolean connectives such as disjunction ∨, implication
⇒, equivalence ⇔, etc can be derived as usually from negations and
conjunctions.

De�nition 5 (Internal Quanti�ers). [5] For any signature morphism χ :
Σ → Σ′ in an arbitrary institution

• a Σ-sentence φ is a (semantic) existential χ-quanti�cation of a χ-
sentence ψ when φ∗ = (ψ∗) ¹χ; in this case we write φ as ∃χψ;
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• a Σ-sentence φ is a (semantic) universal χ-quanti�cation of a χ-
sentence φ when φ∗ = |Mod(Σ)| \ (|Mod(Σ′)| \ ψ∗) ¹χ; in this case
we write φ as ∀χψ.

Example 6 (Propositional Logic). [3] As example we will give PL the
institution of Propositional Logic.

• The category SigP L has as objects sets of propositional variables and
the arrows are the functions between them.

• A signature morphism σ is a mapping between the propositional
variables.

• The functor SenP L acts and mapping for each signature Σ the
SenP L (Σ) the set of propositional variables from Σ and connectives
for conjunction, disjunction, implication and negation.

• The SenP L(σ) is the extension of σ to all formulas.

• Models of Σ are truth valuations, i.e. mappings from Σ into the
standard Boolean algebra Bool = {0, 1}.

• A model morphism between Σ-models M and m′ exists i� M(p) ≤
M ′(p).

• Given σ : Σ1 → Σ2 and a Σ2-model M2 : Σ2 → Bool, then the reduct
M2 ¹σ is the composition M2 ◦ σ.

• M |=P L
Σ φ if and only if φ is evaluated 1 under the standard extension

of M to all formulas.

Remark. For more examples see [5]

De�nition 7 (Institution Morphisms). [2, 5] An institutions morphism
(Φ, α, β) : I ′ → I consists of:

(1). a functor Φ : Sig′ → Sig;

(2). a natural transformation α : Φ; Sen ⇒ Sen′; and

(3). a natural transformation β : Mod′ ⇒ Φop; Mod.

Remark. Although institution morphisms are suitable to formalize forgetful
mappings between more complex institutions to simpler ones, there also
other kinds of examples of institutions morphisms, some of them can be
found in [5].
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I′ I Φ α β

PA FOL Φ(S, T, F, PF ) = (S, T, F, ∅) canonical
inclusion

forget interpretations of PF

POA FOL Φ(S, F ) = (S, F, ∅) canonical
inclusion

forget the preorder relations

Òàáëèöà 1: Classic Institutions Morphisms [4]

2.2 Institutions with Proofs
De�nition 8 (Proof System). [5] A Proof System (Sign, Sen, Pf) is a
triple whose elements are

• a category of signatures Sign

• a functor Sen : Sign → Set called sentence functor

• and a functor Pf : Sign → CAT called proof functor which is giving
for each signature Σ the category of the Σ-proofs.

such that

(1). Sen;P ; (−)op is a sub-functor of Pf and

(2). the inclusion P (Sen(Σ))op ↪→ Pf(Σ) is broad and preserves �nite
products of disjoint sets of sentences for each signature Σ, where
PSet → CAT is the power-set functor.

Remark. [5] The inclusion P (Sen(Σ))op ↪→ Pf(Σ) is broad means that
Pf(Σ) has subsets of Sen(Σ) as objects, which preservation of products
implies there are distinguished monotonicity proofs ⊇Γ,E: Γ → E whenever
E ⊆ Γ which preserved by signature morphisms, i.e. φ (⊇Γ,E) =⊇φ(Γ),φ(E)

and that proofs Γ → E1 ]E2 are in one-to-one natural correspondence with
the pairs of proofs 〈Γ → E1, Γ → E2〉.
Example 9 (PL). The set proof rules of propositional logic PL.

A1 ∅ ` φ ⇒ (ψ ⇒ φ)
A2 ∅ ` (φ ⇒ (ψ ⇒ χ)) ⇒ ((φ ⇒ ψ) ⇒ (φ ⇒ χ))
A3 ∅ ` (¬ψ ⇒ ¬φ) ⇒ ((¬ψ ⇒ ψ) ⇒ ψ)
MP {φ, φ ⇒ ψ} ` ψ

Proposition 10 (Entailment institution). [5] Each proof system
(Sig, Sen, Pf) determines an institution I =

(
SigI ,SenI ,ModI , |=I)

called the entailment institution of the proof system where for each signature
Σ ∈ |Sig|,
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• the entailment Σ-models are pairs (ψ, E ′), where ψ : Σ → Σ′ is a
signature morphism and E ′ is a Σ′-theory;

• a Σ-model homomorphism

φ : (ψ : Σ′ → (Σ′, E ′)) → (ψ′ : Σ → (Σ′′, E ′′))

is just a theory morphism φ : (Σ, E) → (Σ′, E ′′) such that ψ; φ = ψ′,

• a Σ-model (ψ,E ′) satis�es a Σ-sentence ρ i� ψ(ρ) ∈ E ′,

• model reducts are obtained just by composition to the left.

Corollary 11. [5] Any entailment institution is sound and complete.

3 Semantic Topology
Theorem 12. [6] Let Σ be a signature of an Institution I =

(
SigI ,SenI,

ModI , |=I), then if we de�ne for every set of Σ-sentences E

E∗ = {M ∈ Mod(Σ) | M |=Σ e ∀e ∈ E}

then the class |Mod(Σ)| of all Σ-models admits a natural topology, where the
open sets are

τΣ =

{⋃
i∈I

E∗
i | {Ei}i∈I family of �nite sets of Σ-sentences

}
.

De�nition 13. Let M1 and M2 be two models such that

M1 |= φ ⇔ M2 |= φ

for every φ ∈ Sen(Σ). Then T h(M1) = T h(M2).
If T h(M1) = T h(M2) then we say that M1 and M2 are equivalent and write
M1 ∼ M2.

De�nition 14. Let Σ be a signature and Mod(Σ) the class of its models.
De�ne the class invariant under the relation ∼:

|Mod(Σ)|/ ∼ .

The next corollary comes naturally to the observant reader.
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Proposition 15. The function that mapping each point to its equivalence
class

F : |Mod(Σ)| → |Mod(Σ)|/ ∼
de�nes the Identi�cation (Semantic) Topology (ISM), moreover is continu-
ous.

Theorem 16. [7] If I =
(
SigI , SenI ,ModI , |=I) is an institution with

negation and conjunction then the ISM topology is T2 topology.

Proof. We want to prove that for every M1 6= M2 ∈ |Mod(Σ)|/ ∼ exist two
disjoint open sets V1, V2 such that M1 ∈ V1 and M2 ∈ V2. Indeed M1 6= M2

implies that Th(M1) 6= Th(M2) which means that there exist φ ∈ Sen(Σ)
such that

M1 |=Σ φ and M2 |=Σ ¬φ

that means
M1 ∈ {φ}∗ = V1 and M2 ∈ {¬φ}∗ = V2

with V1 ∩ V2 = ∅. 2

Theorem 17. [7] If I =
(
SigI , SenI ,ModI , |=I) is an institution with

negation and conjunction then the ISM topology is regular topology.

Proof. To understand the methodology, we will present two di�erent situa-
tions.
First, let x ∈ X be a point and F ∈ X a closed set such that x /∈ F .
Let X = |Mod(Σ)/ ∼ then if E∗ and if F = X \ E∗ is closed and

M ∈ F ⇔ ∃φ ∈ E : M 2Σ φ ⇔ ∃φ ∈ E : M |= ¬φ.

That's why M ∈ {¬φ}∗. Therefore there exists an open set, the {¬φ}∗ such
that M ∈ {¬φ}∗.
Now, for all M ∈ F ∃φM ∈ E : M 2Σ φM , therefore we set

V =
⋃

M∈F

{¬φM} ∗

and F ⊆ V .
Now x /∈ F implies that

x /∈ X \ E∗ ⇔ x ∈ E∗ ⇔ x |=Σ φ ∀φ ∈ E

that implies
x ∈

⋃
M∈F

{φM}∗ = U
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and V ∩ U = ∅.
If F = X \⋃

i∈I E∗
i =

⋂
i∈I X \ E∗

i then

M ∈ F ⇔ M ∈
⋂
i∈I

X \ E∗
i ⇔ ∀i ∈ I M ∈ X \ E∗

i ⇔

∀i ∈ I ∃φM
i ∈ Ei : M |=Σ ¬φM

i

we can set
V =

⋃
M∈F

{¬φM
i }∗

And
x /∈ F ⇔ x /∈ X \

⋃
i∈I

E∗
i ⇔ x /∈

⋂
i∈I

X \ E∗
i ⇔

∃j : x /∈ X \ E∗
j ⇔ ∃j : x |=Σ φ∀φ ∈ Ej

therefore there exists a φ ∈ Ej such that

x ∈ {φ}∗ = U

and V ∩ U = ∅. 2

Theorem 18. [7] If I =
(
SigI , SenI ,ModI , |=I) is an institution with

negation and conjunction then the ISM topology is a normal topology.

Proof. Let F1 and F2 be two closed sets, the goal is to �nd two disjoint open
sets V1 and V2 such that

F1 ⊆ V1 and F2 ⊆ V2 and V1 ∩ V2 = ∅
If F1 = X \⋃

i∈I E∗
i =

⋂
i∈I X \ E∗

i then

M ∈ F1 ⇔ M ∈
⋂
i∈I

X \ E∗
i ⇔ ∀i ∈ I M ∈ X \ E∗

i ⇔

∀i ∈ I ∃φM
i ∈ Ei : M |=Σ ¬φM

i

we can set
V1 =

⋃
M∈F1

{¬φM
i }∗

We work similarly with before, if N ∈ F2 then N /∈ F1 therefore there exists
φN

i ∈ ⋃
i∈I E∗

i such that N |=Σ. We de�ne

V2 =
⋃

N∈F2

{φN
i }∗
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then V1 ∩ V2 = ∅. 2

It is very important to note that Theorems 16, 17, and 18 have been
proved independently by Ste�en Lewitzka [6].
Theorem 19 (Entailment Topology). [7] Let (Sig, Sen, Pf) be an
Institution with proofs (proof system) then there is a topology (Entailment
topology) such that the entailment logic of the proof system is sound and
complete with respect to its entailment topological semantic.
Proof. (Sketch) It is coming natural to de�ne the topology (W, τw), where
open sets are

E∗ = {(ψ,E ′) ∈ Mod | ψ[E] ⊆ E ′} .

A basis of the topology is
ρ∗ = {(ψ, E ′) ∈ Mod | ψ(ρ) ∈ E ′}

The proof of soundness and completeness arising natural from Proposition 10
and Corollary 11. 2
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1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ïîäìíîæåñòâî A ëèíåéíî óïîðÿäî÷åííîé ñòðóêòóðû M íàçûâàåòñÿ

âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A è c ∈ M âñÿêèé ðàç êîãäà a < c < b
ìû èìååì c ∈ A. Ñëàáî o-ìèíèìàëüíîé ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî
óïîðÿäî÷åííàÿ ñòðóêòóðà M = 〈M, =, <, . . .〉, òàêàÿ ÷òî ëþáîå îïðåäå-
ëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóêòóðû M ÿâëÿåòñÿ îáúåäèíå-
íèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ â M (ñì. [1]).

Ïóñòü A,B � ïðîèçâîëüíûå ïîäìíîæåñòâà ëèíåéíî óïîðÿäî÷åííîé
ñòðóêòóðû M . Òîãäà A < B îçíà÷àåò, ÷òî a < b âñÿêèé ðàç êîãäà a ∈ A
è b ∈ B. Âûðàæåíèå A < b îçíà÷àåò ÷òî A < {b}. ×åðåç A+ (è ñîîòâåò-
ñòâåííî A−) áóäåì îáîçíà÷àòü ìíîæåñòâî ýëåìåíòîâ b ðàññìàòðèâàåìîé
ñòðóêòóðû ñ óñëîâèåì A < b (b < A).

Îïðåäåëåíèå 1. [2] Ïóñòü T � ñëàáî o-ìèíèìàëüíàÿ òåîðèÿ, M � äî-
ñòàòî÷íî íàñûùåííàÿ ìîäåëü òåîðèè T , è ïóñòü φ(x) � ïðîèçâîëüíàÿ
M -îïðåäåëèìàÿ ôîðìóëà. Ðàíã âûïóêëîñòè ôîðìóëû φ(x) (RC(φ(x)))
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:
1) RC(φ(x)) ≥ 1, åñëè φ(M) áåñêîíå÷íî;
2) RC(φ(x)) ≥ α + 1, åñëè ñóùåñòâóþò ïàðàìåòðè÷åñêè îïðåäåëèìîå îò-
íîøåíèå ýêâèâàëåíòíîñòè E(x, y) è áåñêîíå÷íîå ÷èñëî ýëåìåíòîâ bi, i ∈
ω, òàêèå ÷òî:

• äëÿ ëþáûõ i, j ∈ ω, âñÿêèé ðàç êîãäà i 6= j ìû èìååì M |=
¬E(bi, bj);

∗Äàííûå èññëåäîâàíèÿ ïîääåðæàíû ãðàíòîì ÊÍ ÌÎÍ ÐÊ �0830/GF4.
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• äëÿ êàæäîãî i ∈ ω RC(E(x, bi)) ≥ α è E(M, bi) � âûïóêëîå ïîä-
ìíîæåñòâî ìíîæåñòâà φ(M);

3) RC(φ(x)) ≥ δ, åñëè RC(φ(x)) ≥ α äëÿ âñåõ α ≤ δ (δ ïðåäåëüíûé).
Åñëè RC(φ(x)) = α äëÿ íåêîòîðîãî α, òî ìû ãîâîðèì, ÷òî RC(φ(x))
îïðåäåëÿåòñÿ. Â ïðîòèâíîì ñëó÷àå (ò.å. åñëè RC(φ(x)) ≥ α äëÿ âñåõ α),
ìû ïîëàãàåì RC(φ(x)) = ∞.

Îïðåäåëåíèå 2. [3] Ïóñòü M � ñëàáî o-ìèíèìàëüíàÿ ñòðóêòóðà,
A,B ⊆ M , ãäå M |A|+-íàñûùåííà, p, q ∈ S1(A) íåàëãåáðàè÷åñêèå.
Áóäåì ãîâîðèòü ÷òî òèï p íå ÿâëÿåòñÿ ñëàáî îðòîãîíàëüíûì òèïó q
(p 6⊥w q), åñëè ñóùåñòâóþò A-îïðåäåëèìàÿ ôîðìóëà H(x, y), α ∈ p(M) è
β1, β2 ∈ q(M), òàêèå ÷òî β1 ∈ H(M, α) è β2 6∈ H(M, α).

Ëåììà 3. ([3], Corollary 34 (iii)) Îòíîøåíèå 6⊥w ÿâëÿåòñÿ îòíîøåíèåì
ýêâèâàëåíòíîñòè íà S1(A).

Âñïîìíèì íåêîòîðûå ïîíÿòèÿ, ïåðâîíà÷àëüíî ââåäåííûå â [1].
Ïóñòü Y ⊂ Mn+1 � ∅-îïðåäåëèìî, ïóñòü π : Mn+1 → Mn � ïðîåêöèÿ,
êîòîðàÿ îòáðàñûâàåò ïîñëåäíþþ êîîðäèíàòó, è ïóñòü Z := π(Y ). Äëÿ
êàæäîãî ā ∈ Z ïóñòü Yā := {y : (ā, y) ∈ Y }. Ïðåäïîëîæèì ÷òî äëÿ
êàæäîãî ā ∈ Z ìíîæåñòâî Yā îãðàíè÷åíî ñâåðõó, íî íå èìååò ñóïðåìó-
ìà â M . Ïóñòü ∼ � ∅-îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíòíîñòè íà Mn,
îïðåäåëÿåìîå ñëåäóþùèì îáðàçîì:

ā ∼ b̄ äëÿ âñåõ ā, b̄ ∈ Mn \ Z,

è ā ∼ b̄ ⇔ sup Yā = sup Yb̄, åñëè ā, b̄ ∈ Z.

Ïóñòü Z := Z/ ∼, è äëÿ êàæäîãî êîðòåæà ā ∈ Z ìû îáîçíà÷àåì ∼-êëàññ
êîðòåæà ā ÷åðåç [ā]. Ñóùåñòâóåò åñòåñòâåííûé ∅�îïðåäåëèìûé ëèíåé-
íûé ïîðÿäîê íà M ∪Z, îïðåäåëÿåìûé ñëåäóþùèì îáðàçîì. Ïóñòü ā ∈ Z
è c ∈ M . Òîãäà [ā] < c òîãäà è òîëüêî òîãäà êîãäà w < c äëÿ âñåõ w ∈ Yā.
Åñëè ā 6∼ b̄, òî ñóùåñòâóåò íåêîòîðûé x ∈ M òàêîé, ÷òî [ā] < x < [b̄] èëè
[b̄] < x < [ā], è ïîýòîìó < èíäóöèðóåò ëèíåéíûé ïîðÿäîê íà M ∪Z. Ìû
íàçûâàåì òàêîå ìíîæåñòâî Z ñîðòîì (â äàííîì ñëó÷àå, ∅-îïðåäåëèìûì
ñîðòîì) â M , ãäå M � Äåäåêèíäîâî ïîïîëíåíèå ñòðóêòóðû M , è îáî-
çðåâàåì Z êàê åñòåñòâåííî âëîæåííóþ â M . Àíàëîãè÷íî ìû ìîæåì ïî-
ëó÷èòü ñîðò â M , ðàññìàòðèâàÿ èíôèìóìû âìåñòî ñóïðåìóìîâ.

Îïðåäåëåíèå 4. [1] Ïóñòü M � ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà,
D ⊆ M áåñêîíå÷íî, K ⊆ M , f : D → K � ôóíêöèÿ. Áóäåì ãîâîðèòü,
÷òî f ÿâëÿåòñÿ ëîêàëüíî âîçðàñòàþùåé (ëîêàëüíî óáûâàþùåé, ëîêàëüíî
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êîíñòàíòîé) íà D, åñëè äëÿ ëþáîãî x ∈ D ñóùåñòâóåò áåñêîíå÷íûé èí-
òåðâàë J ⊆ D, ñîäåðæàùèé x, òàê ÷òî f ÿâëÿåòñÿ ñòðîãî âîçðàñòàþùåé
(ñòðîãî óáûâàþùåé, êîíñòàíòîé) íà J .

Áóäåì òàêæå ãîâîðèòü, ÷òî ôóíêöèÿ f ÿâëÿåòñÿ ëîêàëüíî ìîíîòîí-
íîé íà ìíîæåñòâå D ⊆ M , åñëè f ÿâëÿåòñÿ ëèáî ëîêàëüíî âîçðàñòàþùåé,
ëèáî ëîêàëüíî óáûâàþùåé íà D.

Ïðåäëîæåíèå 5. [4] Ïóñòü M � ñëàáî o-ìèíèìàëüíàÿ ñòðóêòóðà,
A ⊆ M è p ∈ S1(A) � íåàëãåáðàè÷åñêèé. Òîãäà ëþáàÿ ôóíêöèÿ â A-
îïðåäåëèìûé ñîðò, îáëàñòü îïðåäåëåíèÿ êîòîðîé ñîäåðæèò ìíîæå-
ñòâî p(M), ÿâëÿåòñÿ ëîêàëüíî ìîíîòîííîé èëè ëîêàëüíî êîíñòàíòîé
íà p(M).

Ïóñòü f � A-îïðåäåëèìàÿ ôóíêöèÿ è E � A-îïðåäåëèìîå îòíîøåíèå
ýêâèâàëåíòíîñòè íà D ⊆ M . Ìû ãîâîðèì ÷òî f � ñòðîãî âîçðàñòàþùàÿ
(óáûâàþùàÿ) íà D/E, åñëè äëÿ ëþáûõ a, b ∈ D ñ óñëîâèåì a < b ∧
¬E(a, b) ìû èìååì f(a) < f(b) (f(a) > f(b)).

Îïðåäåëåíèå 6. [5] Ïóñòü M � ñëàáî o-ìèíèìàëüíàÿ ñòðóêòóðà,
B, D ⊆ M , A ⊆ M � B-îïðåäåëèìûé ñîðò è f : D → A � B-îïðåäåëèìàÿ
ôóíêöèÿ, ÿâëÿþùàÿñÿ ëîêàëüíî âîçðàñòàþùåé (óáûâàþùåé) íà D. Áó-
äåì ãîâîðèòü, ÷òî ôóíêöèÿ f èìååò ãëóáèíó n íà ìíîæåñòâå D, åñëè
ñóùåñòâóþò îòíîøåíèÿ ýêâèâàëåíòíîñòè E1(x, y), . . . , En(x, y), ðàçáèâà-
þùèå D íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ, òàê ÷òî
äëÿ ëþáîãî 2 ≤ i ≤ n êàæäûé Ei-êëàññ ðàçáèâàåòñÿ íà áåñêîíå÷íîå ÷èñ-
ëî áåñêîíå÷íûõ âûïóêëûõ Ei−1-ïîäêëàññîâ è âûïîëíÿåòñÿ ñëåäóþùåå:

• f ÿâëÿåòñÿ ñòðîãî âîçðàñòàþùåé (óáûâàþùåé) íà êàæäîì E1-êëàñ-
ñå;

• f ÿâëÿåòñÿ ëîêàëüíî óáûâàþùåé (âîçðàñòàþùåé) íà D/Ek äëÿ ëþ-
áîãî íå÷åòíîãî k ≤ n; f ÿâëÿåòñÿ ñòðîãî óáûâàþùåé (âîçðàñòàþ-
ùåé) íà êàæäîì Ek+1(a,M)/Ek äëÿ ëþáîãî a ∈ D);

• f ÿâëÿåòñÿ ëîêàëüíî âîçðàñòàþùåé (óáûâàþùåé) íà D/Ek äëÿ ëþ-
áîãî ÷åòíîãî k ≤ n;

• f ÿâëÿåòñÿ ñòðîãî ìîíîòîííîé íà D/En.

Â ýòîì ñëó÷àå ôóíêöèþ f áóäåì íàçûâàòü ëîêàëüíî âîçðàñòàþùåé (óáû-
âàþùåé) ãëóáèíû n.

Î÷åâèäíî ÷òî ñòðîãî âîçðàñòàþùàÿ (óáûâàþùàÿ) ôóíêöèÿ ÿâëÿåòñÿ
ëîêàëüíî âîçðàñòàþùåé (óáûâàþùåé) ãëóáèíû 0.
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Òåîðåìà 7. [5] Ïóñòü T � ñëàáî o-ìèíèìàëüíàÿ òåîðèÿ. Òîãäà ëþáàÿ
ôóíêöèÿ â îïðåäåëèìûé ñîðò èìååò êîíå÷íóþ ãëóáèíó.

Ìû åñòåñòâåííûì îáðàçîì ðàñøèðÿåì Îïðåäåëåíèå 6, ââîäÿ ïîíÿòèå
ëîêàëüíî êîíñòàíòíîé ôóíêöèè ãëóáèíû n, åñëè â äàííîì îïðåäåëåíèè
ôóíêöèÿ f ÿâëÿåòñÿ êîíñòàíòîé íà êàæäîì E1-êëàññå. Çàìåòèì, ÷òî â
ýòîì ñëó÷àå ôóíêöèÿ f ìîæåò áûòü êàê ëîêàëüíî âîçðàñòàþùåé, òàê è
ëîêàëüíî óáûâàþùåé íà D/E1.

Ïðèìåð 8. Ïóñòü M = 〈M,<, P 1
1 , P 1

2 , Ep
1 , E

p
2 , E

q
1 , f

1〉 � ëèíåéíî óïîðÿ-
äî÷åííàÿ ñòðóêòóðà, òàê ÷òî M åñòü íåïåðåñåêàþùååñÿ îáúåäèíåíèå èí-
òåðïðåòàöèé óíàðíûõ ïðåäèêàòîâ P1 è P2, ïðè ýòîì P1(M) < P2(M). Ìû
îòîæäåñòâëÿåì èíòåðïðåòàöèþ P1 ñ Q×Q×Q, óïîðÿäî÷åííîé ëåêñèêî-
ãðàôè÷åñêè, à P2 ñ Q × Q, òàêæå óïîðÿäî÷åííîé ëåêñèêîãðàôè÷åñêè.
Èíòåðïðåòàöèè áèíàðíûõ ïðåäèêàòîâ Ep

1(x, y) è Ep
2(x, y) � ýòî îòíî-

øåíèÿ ýêâèâàëåíòíîñòè íà P1(M) òàêèå, ÷òî äëÿ âñåõ x = (n1,m1, l1),
y = (n2,m2, l2) ∈ Q×Q×Q âûïîëíåíî

Ep
1(x, y) ⇔ n1 = n2 ∧m1 = m2 è Ep

2(x, y) ⇔ n1 = n2.

Àíàëîãè÷íî îïðåäåëÿåòñÿ èíòåðïðåòàöèÿ áèíàðíîãî ïðåäèêàòà Eq
1(x,

y): ýòî îòíîøåíèå ýêâèâàëåíòíîñòè íà P2(M) òàêîå, ÷òî äëÿ âñåõ x =
(n1,m1),
y = (n2,m2) ∈ Q×Q èìååò ìåñòî

Eq
1(x, y) ⇔ n1 = n2.

Ñèìâîë f èíòåðïðåòèðóåòñÿ ÷àñòè÷íîé óíàðíîé ôóíêöèåé ñ Dom(f) =
P1(M) è Range(f) = P2(M) è îïðåäåëÿåòñÿ ïîñðåäñòâîì f((n,m, l)) =
(−n,m) äëÿ âñåõ (n,m, l) ∈ Q×Q×Q.

Ìîæåò áûòü äîêàçàíî, ÷òî M � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíè-
ìàëüíàÿ ñòðóêòóðà. Ïóñòü p := {P1(x)}, q := {P2(x)}. Î÷åâèäíî, ÷òî
p, q ∈ S1(∅).

Óòâåðæäàåì, ÷òî ôóíêöèÿ f ÿâëÿåòñÿ ëîêàëüíî êîíñòàíòîé ãëóáèíû
2 íà P1(M), ò.å. f � êîíñòàíòà íà êàæäîì Ep

1 -êëàññå, f � ñòðîãî âîçðàñ-
òàþùàÿ íà êàæäîì E2(a,M)/E1, ãäå a ∈ P1(M), è ñòðîãî óáûâàþùàÿ íà
P1(M)/E2.

Åñëè æå â Ïðèìåðå 8 f îïðåäåëèòü ñëåäóþùèì îáðàçîì: f((n,m, l)) =
(−n,−m) äëÿ âñåõ (n,m, l) ∈ Q×Q×Q, òî ïîëó÷èì, ÷òî f �ëîêàëüíî
êîíñòàíòà ãëóáèíû 1 íà P1(M), ïðè ýòîì f � êîíñòàíòà íà êàæäîì Ep

1 -
êëàññå è f � ñòðîãî óáûâàþùàÿ íà P1(M)/E1.
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Îïðåäåëåíèå 9. [6] Ïóñòü M � ñëàáî o-ìèíèìàëüíàÿ ñòðóêòóðà, A ⊆
M , p ∈ S1(A) � íåàëãåáðàè÷åñêèé.
(1) A-îïðåäåëèìàÿ ôîðìóëà F (x, y) íàçûâàåòñÿ p-ñòàáèëüíîé, åñëè ñó-
ùåñòâóþò α, γ1, γ2 ∈ p(M), òàêèå ÷òî F (M,α)\{α} 6= ∅ è γ1 < F (M, α) <
γ2.
(2) p-ñòàáèëüíàÿ ôîðìóëà F (x, y) íàçûâàåòñÿ âûïóêëîé âïðàâî (âëåâî),
åñëè ñóùåñòâóåò α ∈ p(M), òàêîé ÷òî F (M, α) âûïóêëî, α � ëåâàÿ (ïðà-
âàÿ) êîíöåâàÿ òî÷êà ìíîæåñòâà F (M, α) è α ∈ F (M,α).

Ïóñòü F1(x, y), F2(x, y) � p-ñòàáèëüíûå âûïóêëûå âïðàâî (âëåâî)
ôîðìóëû. Áóäåì ãîâîðèòü, ÷òî F2(x, y) áîëüøå ÷åì F1(x, y), åñëè ñó-
ùåñòâóåò α ∈ p(M), òàêîé ÷òî F1(M, α) ⊂ F2(M,α).

Îïðåäåëåíèå 10. [7] Áóäåì ãîâîðèòü, ÷òî p-ñòàáèëüíàÿ âûïóêëàÿ âïðà-
âî (âëåâî) ôîðìóëà F (x, y) ÿâëÿåòñÿ ýêâèâàëåíòíîñòü-ãåíåðèðóþùåé,
åñëè äëÿ ëþáûõ α, β ∈ p(M), òàêèõ ÷òî M |= F (β, α), èìååò ìåñòî ñëå-
äóþùåå:

M |= ∀x[x ≥ β → [F (x, α) ↔ F (x, β)]];

(M |= ∀x[x ≤ β → [F (x, α) ↔ F (x, β)]]).

Ëåììà 11. [7] Ïóñòü M � ñëàáî o-ìèíèìàëüíàÿ ñòðóêòóðà, A ⊆
M, p ∈ S1(A) � íåàëãåáðàè÷åñêèé, M � |A|+-íàñûùåíà. Ïðåäïîëîæèì,
÷òî F (x, y) � p-ñòàáèëüíàÿ âûïóêëàÿ âïðàâî ôîðìóëà, ÿâëÿþùàÿñÿ ýê-
âèâàëåíòíîñòü-ãåíåðèðóþùåé. Òîãäà

1) G(x, y) := F (y, x) � p-ñòàáèëüíàÿ âûïóêëàÿ âëåâî ôîðìóëà, ÿâ-
ëÿþùàÿñÿ òàêæå ýêâèâàëåíòíîñòü-ãåíåðèðóþùåé;

2) E(x, y) := F (x, y) ∨ F (y, x) � îòíîøåíèå ýêâèâàëåíòíîñòè, ðàç-
áèâàþùåå p(M) íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ.

Òåîðåìà 12. [7] Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíèìàëü-
íàÿ òåîðèÿ, M |= T, A ⊆ M, p ∈ S1(A) � íåàëãåáðàè÷åñêèé. Òîãäà
ëþáàÿ p-ñòàáèëüíàÿ âûïóêëàÿ âïðàâî (âëåâî) ôîðìóëà ÿâëÿåòñÿ ýêâè-
âàëåíòíîñòü-ãåíåðèðóþùåé.

Âñïîìíèì, ÷òî ïîëíàÿ òåîðèÿ T íàçûâàåòñÿ áèíàðíîé, åñëè ëþáàÿ
ôîðìóëà ýêâèâàëåíòíà áóëåâîé êîìáèíàöèè ôîðìóë ñàìîå áîëüøåå îò
äâóõ ñâîáîäíûõ ïåðåìåííûõ.

Òåîðåìà 13. [8] Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíèìàëü-
íàÿ òåîðèÿ. Òîãäà T áèíàðíàÿ ⇔ T èìååò êîíå÷íûé ðàíã âûïóêëîñòè.
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2 Îñíîâíàÿ òåîðåìà
Ðàíãîì âûïóêëîñòè 1-òèïà p (RC(p)) íàçûâàåòñÿ èíôèìóì ìíîæå-

ñòâà {RC(φ(x))|φ(x) ∈ p}.
Ïðåäëîæåíèå 14. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíè-
ìàëüíàÿ òåîðèÿ ðàíãà âûïóêëîñòè 2, M |= T , p, q ∈ S1(∅) � íåàëãåáðà-
è÷åñêèå, dcl({a})∩q(M) 6= ∅ äëÿ íåêîòîðîãî a ∈ p(M). Òîãäà ñëåäóþùèå
óñëîâèÿ ýêâèâàëåíòíû:

(1) RC(p) > RC(q);
(2) íå ñóùåñòâóåò ∅-îïðåäåëèìîé áèåêöèè f : p(M) → q(M);
(3) dcl({b}) ∩ p(M) = ∅ äëÿ ëþáîãî b ∈ q(M);
(4) Ñóùåñòâóåò ∅-îïðåäåëèìàÿ ôóíêöèÿ f : p(M) → q(M), ÿâëÿþ-

ùàÿñÿ ëîêàëüíî êîíñòàíòîé íà p(M).

Äîêàçàòåëüñòâî. (1) ⇒ (2). Äîïóñòèì ïðîòèâíîå: ñóùåñòâóåò ∅-îïðå-
äåëèìàÿ ôóíêöèÿ f : p(M) → q(M), ÿâëÿþùàÿñÿ áèåêöèåé p(M) íà
q(M). Ïîñêîëüêó RC(p) = 2, ñóùåñòâóåò ∅-îïðåäåëèìîå îòíîøåíèå ýê-
âèâàëåíòíîñòè Ep(x, y), ðàçáèâàþùåå p(M) íà áåñêîíå÷íîå ÷èñëî áåñêî-
íå÷íûõ âûïóêëûõ êëàññîâ. Ðàññìîòðèì ñëåäóþùóþ ôîðìóëó:

E ′(x, y) := Uq(x) ∧ Uq(y) ∧ ∃t1∃t2[Up(t1) ∧ Up(t2) ∧ Ep(t1, t2)∧

∧f(t1) = x ∧ f(t2) = y].

Î÷åâèäíî, ÷òî E ′(x, y) � îòíîøåíèå ýêâèâàëåíòíîñòè, ðàçáèâàþùåå
q(M) íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ, îòêóäà
RC(q) ≥ 2, ïðîòèâîðå÷à óñëîâèþ.

(2) ⇒ (3). Ïîñêîëüêó dcl({a}) ∩ q(M) 6= ∅, ñóùåñòâóþò b ∈ q(M) è
∅-îïðåäåëèìàÿ ôîðìóëà φ(x, y), òàêèå ÷òî M |= ∃!yφ(a, y) ∧ φ(a, b). Äî-
ïóñòèì ïðîòèâíîå: dcl({b}) ∩ p(M) 6= ∅. Ïîéìåì, ÷òî a ∈ dcl({b}). Åñëè
ýòî íå òàê, òî ñóùåñòâóåò a1 ∈ p(M), òàêîé ÷òî a1 6= a è a1 ∈ dcl({b}).
Íî òîãäà ïîñêîëüêó b ∈ dcl({a}), ìû èìååì a1 ∈ dcl({a}). Òîãäà ìîæíî
äîêàçàòü, ÷òî dcl({a}) áåñêîíå÷íî, ïðîòèâîðå÷à ñ÷åòíîé êàòåãîðè÷íî-
ñòè. Òàêèì îáðàçîì, a ∈ dcl({b}). Íî òîãäà ñóùåñòâóåò ∅-îïðåäåëèìàÿ
ôîðìóëà φ′(x, y), òàêàÿ ÷òî

M |= ∃!yφ′(a, y) ∧ ∃!xφ′(x, b) ∧ φ′(a, b).

Îïðåäåëèì ôóíêöèþ f ñëåäóþùèì îáðàçîì: f(a) = b ⇔ φ′(a, b).
Íåòðóäíî ïîíÿòü, ÷òî f áèåêòèâíî îòîáðàæàåò p(M) íà q(M), ïðîòè-
âîðå÷à íàøåìó ïðåäïîëîæåíèþ.
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(3) ⇒ (4). Äîïóñòèì ïðîòèâíîå: f : p(M) → q(M) � ∅-îïðåäåëèìàÿ
ôóíêöèÿ è f íå ÿâëÿåòñÿ ëîêàëüíî êîíñòàíòîé íà p(M). Òîãäà f äîëæíà
áûòü ëîêàëüíî ìîíîòîííîé íà p(M), ò.å. ëèáî ëîêàëüíî âîçðàñòàþùåé,
ëèáî ëîêàëüíî óáûâàþùåé. Íî òîãäà f áèåêòèâíî îòîáðàæàåò p(M) íà
q(M), ïðîòèâîðå÷à ðàíåå äîêàçàííîìó.

(4) ⇒ (1). Ïóñòü f : p(M) → q(M) � ∅-îïðåäåëèìàÿ ôóíêöèÿ, ÿâ-
ëÿþùàÿñÿ ëîêàëüíî êîíñòàíòîé íà p(M), ò.å. ñóùåñòâóåò ∅-îïðåäåëèìîå
îòíîøåíèå ýêâèâàëåíòíîñòè E(x, y), ðàçáèâàþùåå p(M) íà áåñêîíå÷íîå
÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ, òàê ÷òî f ÿâëÿåòñÿ êîíñòàíòîé
íà êàæäîì E-êëàññå è f ÿâëÿåòñÿ ñòðîãî ìîíîòîííîé íà p(M)/E. Òà-
êèì îáðàçîì, RC(p) = 2. Ïîéìåì, ÷òî RC(q) = 1. Åñëè ýòî íå òàê,
òî ñóùåñòâóåò ∅-îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíòíîñòè Eq(x, y), ðàç-
áèâàþùåå q(M) íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ.
Òîãäà ðàññìîòðèì ñëåäóþùóþ ôîðìóëó:

E ′(x, y) := Up(x) ∧ Up(y) ∧ ∃t1∃t2[Eq(t1, t2) ∧ f(x) = t1 ∧ f(y) = t2].

Î÷åâèäíî, ÷òî E(a,M) ⊂ E ′(a,M), îòêóäà RC(p) ≥ 3, ïðîòèâîðå÷à
òîìó, ÷òî T èìååò ðàíã âûïóêëîñòè 2. Òàêèì îáðàçîì, RC(q) = 1. 2

Ñëåäñòâèå 15. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíèìàëüíàÿ
òåîðèÿ ðàíãà âûïóêëîñòè 2, M |= T , p, q ∈ S1(∅) � íåàëãåáðàè÷åñêèå,
dcl({a}) ∩ q(M) 6= ∅ äëÿ íåêîòîðîãî a ∈ p(M). Òîãäà

(1) åñëè RC(p) = RC(q) = 1, òî ñóùåñòâóåò åäèíñòâåííàÿ ∅-
îïðåäåëèìàÿ ñòðîãî ìîíîòîííàÿ áèåêöèÿ f : p(M) → q(M);

(2) åñëè RC(p) = RC(q) = 2, òî ñóùåñòâóåò åäèíñòâåííàÿ ∅-
îïðåäåëèìàÿ ëîêàëüíî ìîíîòîííàÿ ôóíêöèÿ f ãëóáèíû k ≤ 1, ÿâëÿ-
þùàÿñÿ áèåêöèåé p(M) íà q(M);

(3) åñëè RC(p) > RC(q), òî ñóùåñòâóåò åäèíñòâåííàÿ ∅-îïðåäå-
ëèìàÿ ôóíêöèÿ f : p(M) → q(M), ÿâëÿþùàÿñÿ ëîêàëüíî êîíñòàíòîé
ãëóáèíû 1 íà p(M).

Äàëåå ïîíàäîáèòñÿ ïîíÿòèå (p1, p2)-ñåêàòîðà, ââåäåííîå â [8]. Ïóñòü
A ⊆ M , p1, p2 ∈ S1(A) � íåàëãåáðàè÷åñêèå, p1 6⊥w p2. Ìû ãîâîðèì,
÷òî A�îïðåäåëèìàÿ ôîðìóëà φ(x, y) ÿâëÿåòñÿ (p1, p2)-ñåêàòîðîì, åñëè
ñóùåñòâóåò a ∈ p1(M), òàêîé ÷òî φ(a,M) ⊂ p2(M), φ(a,M) âûïóêëî è
φ(a,M)− = p2(M)−. Åñëè φ1(x, y), φ2(x, y) � (p1, p2)-ñåêàòîðû, òî ìû
ãîâîðèì, ÷òî φ1(x, y) ìåíüøå ÷åì φ2(x, y), åñëè ñóùåñòâóåò a ∈ p1(M),
òàêîé ÷òî φ1(a,M) ⊂ φ2(a,M).

Î÷åâèäíî, ÷òî åñëè p1, p2 ∈ S1(A) � íåàëãåáðàè÷åñêèå è p1 6⊥w p2, òî
ñóùåñòâóåò (p1, p2)-ñåêàòîð è ìíîæåñòâî âñåõ (p1, p2)-ñåêàòîðîâ ëèíåéíî
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óïîðÿäî÷åíî. Òàêæå î÷åâèäíî, ÷òî äëÿ ëþáîãî (p1, p2)-ñåêàòîðà φ(x, y)
ôóíêöèÿ f(x) := sup φ(x,M) íå ÿâëÿåòñÿ êîíñòàíòîé íà p1(M).

Ïðåäëîæåíèå 16. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíè-
ìàëüíàÿ òåîðèÿ ðàíãà âûïóêëîñòè 2, p, q ∈ S1(∅) � íåàëãåáðàè÷åñêèå,
p 6⊥w q. Òîãäà RC(p) > RC(q) ⇔ ñóùåñòâóåò ∅-îïðåäåëèìîå îòíîøå-
íèå ýêâèâàëåíòíîñòè E(x, y), ðàçáèâàþùåå p(M) íà áåñêîíå÷íîå ÷èñ-
ëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ, òàê ÷òî äëÿ ëþáîãî (p, q)-ñåêàòîðà
R(x, y) ôóíêöèÿ f(x) := sup R(x,M) ÿâëÿåòñÿ êîíñòàíòîé íà êàæäîì
E-êëàññå.

Äîêàçàòåëüñòâî. (⇒) Â ýòîì ñëó÷àå RC(p) = 2, RC(q) = 1. Ñëåäîâà-
òåëüíî, ñóùåñòâóåò ∅-îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíòíîñòè Ep(x, y),
ðàçáèâàþùåå p(M) íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàñ-
ñîâ.

Äîïóñòèì ïðîòèâíîå: ñóùåñòâóåò (p, q)-ñåêàòîð R(x, y), äëÿ êîòîðîãî
ôóíêöèÿ f(x) := sup R(x,M) íå ÿâëÿåòñÿ êîíñòàíòîé íà êàæäîì Ep-
êëàññå. Íî òîãäà f äîëæíà áûòü ñòðîãî ìîíîòîííîé (ñòðîãî âîçðàñòà-
þùåé èëè ñòðîãî óáûâàþùåé) íà êàæäîì Ep-êëàññå. Äåéñòâèòåëüíî, f
íå ìîæåò áûòü ëîêàëüíî ìîíîòîííîé (íå ñòðîãî ìîíîòîííîé) íà êàæ-
äîì Ep-êëàññå, èíà÷å ïîÿâèòñÿ ∅-îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíòíî-
ñòè E0(x, y), ðàçáèâàþùåå p(M) íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âû-
ïóêëûõ êëàññîâ, òàê ÷òî E0(a,M) ⊂ Ep(a,M) äëÿ íåêîòîðîãî (ëþáîãî)
a ∈ p(M), ïðîòèâîðå÷à òîìó, ÷òî RC(p) = 2.

Äàëåå ðàññìîòðèì ïîâåäåíèå ôóíêöèè f íà p(M)/Ep. Îíà äîëæíà
áûòü ñòðîãî ìîíîòîííîé íà p(M)/Ep, èíà÷å ïîÿâèòñÿ ∅-îïðåäåëèìîå îò-
íîøåíèå ýêâèâàëåíòíîñòè Ē(x, y), òàêîå ÷òî Ep(a,M) ⊂ Ē(a,M), îïÿòü
ïðîòèâîðå÷à òîìó, ÷òî RC(p) = 2.

Ðàññìîòðèì ñëåäóþùóþ ôîðìóëó:

E ′(x, y) := [x ≤ y → ∃t1∃t2(Ep(t1, t2) ∧ f(t1) < x ≤ y < f(t2))]∧
∧[x > y → ∃t1∃t2(Ep(t1, t2) ∧ f(t1) < y < x < f(t2))].

Íåòðóäíî ïîíÿòü, ÷òî E ′(x, y) � îòíîøåíèå ýêâèâàëåíòíîñòè, ðàç-
áèâàþùåå q(M) íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ,
îòêóäà RC(q) ≥ 2, ïðîòèâîðå÷à íàøåìó ïðåäïîëîæåíèþ.

(⇐) Ïóñòü ñóùåñòâóåò ∅-îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíòíîñòè
E(x, y), ðàçáèâàþùåå p(M) íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóê-
ëûõ êëàññîâ, òàê ÷òî äëÿ ëþáîãî (p, q)-ñåêàòîðà R(x, y) ôóíêöèÿ f(x) :=
sup R(x,M) ÿâëÿåòñÿ êîíñòàíòîé íà êàæäîì E-êëàññå. Î÷åâèäíî, ÷òî
RC(p) = 2. Ïîéìåì, ÷òî RC(q) = 1. Âîçüìåì ïðîèçâîëüíûé (p, q)-
ñåêàòîð R(x, y). Ñîãëàñíî ïðåäïîëîæåíèþ f(x) := sup R(x,M) ÿâëÿåòñÿ
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êîíñòàíòîé íà êàæäîì E-êëàññå. Ìû çíàåì ÷òî f íå ÿâëÿåòñÿ êîíñòàí-
òîé íà p(M). Òîãäà f äîëæíà áûòü ñòðîãî ìîíîòîííîé íà p(M)/E. Äîïó-
ñòèì ïðîòèâíîå: RC(q) = 2. Òîãäà ñóùåñòâóåò ∅-îïðåäåëèìîå îòíîøåíèå
ýêâèâàëåíòíîñòè Eq(x, y), ðàçáèâàþùåå q(M) íà áåñêîíå÷íîå ÷èñëî áåñ-
êîíå÷íûõ âûïóêëûõ êëàññîâ. Ðàññìîòðèì ñëåäóþùóþ ôîðìóëó:

Ê(x, y) := Up(x) ∧ Up(y) ∧ ∃t1∃t2[Eq(t1, t2)∧

∧f(x) < t1 < f(y) ∧ f(x) < t2 < f(y)].

Î÷åâèäíî, ÷òî E(a,M) ⊂ Ê(a,M), îòêóäà RC(p) ≥ 3, ïðîòèâîðå÷à
òîìó, ÷òî T èìååò ðàíã âûïóêëîñòè 2. Òàêèì îáðàçîì, RC(q) = 1. 2

Ñëåäñòâèå 17. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíèìàëü-
íàÿ òåîðèÿ ðàíãà âûïóêëîñòè 2, p, q ∈ S1(∅) � íåàëãåáðàè÷åñêèå, p 6⊥w q.
Òîãäà RC(p) = RC(q) ⇔ ñóùåñòâóåò (p, q)-ñåêàòîð R(x, y) òàêîé, ÷òî
ôóíêöèÿ f(x) := sup R(x,M) ÿâëÿåòñÿ ëîêàëüíî ìîíîòîííîé íà p(M).

Ëåììà 18. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíèìàëüíàÿ
òåîðèÿ ðàíãà âûïóêëîñòè 2, M |= T , p, q ∈ S1(∅) � íåàëãåáðàè÷åñêèå,
dcl({a}) ∩ q(M) 6= ∅ äëÿ íåêîòîðîãî a ∈ p(M). Òîãäà

(1) åñëè RC(p) = RC(q) = 2, òî ñóùåñòâóåò â òî÷íîñòè ÷åòûðå
(p, q)-ñåêàòîðà;

(2) åñëè RC(p) = RC(q) = 1 èëè RC(p) > RC(q), òî ñóùåñòâóåò â
òî÷íîñòè äâà (p, q)-ñåêàòîðà.

Äîêàçàòåëüñòâî. Ïóñòü RC(p) = RC(q) = 2. Â ñèëó Ñëåäñòâèÿ 15 ñó-
ùåñòâóåò åäèíñòâåííàÿ ∅-îïðåäåëèìàÿ ëîêàëüíî ìîíîòîííàÿ ôóíêöèÿ f
ãëóáèíû k ≤ 1, ÿâëÿþùàÿñÿ áèåêöèåé p(M) íà q(M). Òîãäà ðàññìîòðèì
ñëåäóþùèå ôîðìóëû:

φ1
−(x, y) := Up(x) ∧ Uq(y) ∧ y < f(x);

φ1
+(x, y) := Up(x) ∧ Uq(y) ∧ y ≤ f(x);

φ2
−(x, y) := Up(x) ∧ Uq(y) ∧ ∀t[Ep(x, t) → y < f(t)];

φ2
+(x, y) := Up(x) ∧ Uq(y) ∧ ∃t[Ep(x, t) ∧ y < f(t)].

Î÷åâèäíî, ÷òî ýòè ôîðìóëû ÿâëÿþòñÿ (p, q)-ñåêàòîðàìè, ïðè÷åì

φ2
−(a,M) ⊂ φ1

−(a,M) ⊂ φ1
+(a, M) ⊂ φ2

+(a,M).
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Óòâåðæäàåì, ÷òî äðóãèõ (p, q)-ñåêàòîðîâ íåò. Äîïóñòèì ïðîòèâíîå:
ñóùåñòâóåò (p, q)-ñåêàòîð Φ(x, y), îòëè÷íûé îò ýòèõ ÷åòûðåõ. Òîãäà âîç-
ìîæíû ñëåäóþùèå ñëó÷àè:

φ2
−(a,M) ⊂ Φ(a,M) ⊂ φ1

−(a,M), φ1
+(a,M) ⊂ Φ(a,M) ⊂ φ2

+(a,M),

Φ(a,M) ⊂ φ2
−(a, M) èëè φ2

+(a,M) ⊂ Φ(a,M)

Íå óìàëÿÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî

φ2
−(a,M) ⊂ Φ(a,M) ⊂ φ1

−(a,M)

(îñòàëüíûå ñëó÷àè ðàññìàòðèâàþòñÿ àíàëîãè÷íî). Ïîñêîëüêó f � ëî-
êàëüíî ìîíîòîííàÿ ãëóáèíû k ≤ 1, ôóíêöèÿ f äîëæíà áûòü ñòðîãî âîç-
ðàñòàþùåé èëè ñòðîãî óáûâàþùåé íà êàæäîì Ep-êëàññå. Äëÿ îïðåäå-
ëåííîñòè ïðåäïîëîæèì ïåðâîå. Òîãäà ðàññìîòðèì ñëåäóþùóþ ôîðìóëó:

GΦ(z, a) := Up(z) ∧ z ≤ a ∧ ∀y[Uq(y) ∧ y < f(z) → Φ(a, y)].

Íåòðóäíî ïîíÿòü, ÷òî GΦ(z, x) � p-ñòàáèëüíàÿ âûïóêëàÿ âëåâî ôîð-
ìóëà, ïðè÷åì GΦ(z, x) ìåíüøå ÷åì G(z, x), ãäå G(z, x) := Ep(z, x)∧z ≤ x,
òàêæå p-ñòàáèëüíàÿ âûïóêëàÿ âëåâî. Òîãäà â ñèëó Òåîðåìû 12 è Ëåì-
ìû 11 ìû ïîëó÷àåì, ÷òî RC(p) ≥ 3, ïðîòèâîðå÷à óñëîâèÿì äîêàçûâàå-
ìîé ëåììû. Òàêèì îáðàçîì, äðóãèõ (p, q)-ñåêàòîðîâ íåò.

Ïóñòü RC(p) = RC(q) = 1. Â ýòîì ñëó÷àå Ep(x, y) ≡ x = y è ïîýòîìó
φ2
−(a,M) = φ1

−(a,M) è φ1
+(a,M) = φ2

+(a, M).
Ïóñòü òåïåðü RC(p) > RC(q), ò.å. RC(p) = 2 è RC(q) = 1.

Â ñèëó Ïðåäëîæåíèÿ 14 è Ñëåäñòâèÿ 15 ñóùåñòâóåò åäèíñòâåííàÿ ∅-
îïðåäåëèìàÿ ôóíêöèÿ f : p(M) → q(M), ÿâëÿþùàÿñÿ ëîêàëüíî êîí-
ñòàíòîé ãëóáèíû 1 íà p(M). Ñëåäîâàòåëüíî, f ÿâëÿåòñÿ êîíñòàíòîé íà
êàæäîì Ep-êëàññå, îòêóäà φ2

−(a,M) = φ1
−(a, M) è φ1

+(a,M) = φ2
+(a,M).

2

Ëåììà 19. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíèìàëüíàÿ
òåîðèÿ ðàíãà âûïóêëîñòè 2, M |= T , p, q ∈ S1(∅) � íåàëãåáðàè÷åñêèå,
p 6⊥w q, dcl({a}) ∩ q(M) = ∅ äëÿ íåêîòîðîãî a ∈ p(M). Òîãäà

(1) åñëè RC(p) = RC(q) = 2, òî ñóùåñòâóåò â òî÷íîñòè òðè (p, q)-
ñåêàòîðà;

(2) åñëè RC(p) = RC(q) = 1, òî ñóùåñòâóåò åäèíñòâåííûé (p, q)-
ñåêàòîð φ(x, y), òàê ÷òî f(x) := sup φ(x,M) ÿâëÿåòñÿ ñòðîãî ìîíî-
òîííîé íà p(M);

(3) åñëè RC(p) > RC(q), òî ñóùåñòâóåò åäèíñòâåííûé (p, q)-
ñåêàòîð φ(x, y), òàê ÷òî f(x) := sup φ(x,M) ÿâëÿåòñÿ ëîêàëüíî êîí-
ñòàíòîé ãëóáèíû 1 íà p(M).
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Äîêàçàòåëüñòâî. Ïóñòü RC(p) = RC(q) = 2. Â ñèëó Ñëåäñòâèÿ 17 ñó-
ùåñòâóåò (p, q)-ñåêàòîð φ(x, y), òàêîé ÷òî ôóíêöèÿ f(x) := sup φ(x,M)
ÿâëÿåòñÿ ëîêàëüíî ìîíîòîííîé íà p(M). Ïîñêîëüêó RC(p) = 2, ôóíêöèÿ
f èìååò ãëóáèíó k ≤ 1. Ðàññìîòðèì ñëåäóþùèå ôîðìóëû:

Φ−(x, y) := Up(x) ∧ Uq(y) ∧ ∀t[Ep(x, t) → φ(t, y)];

Φ+(x, y) := Up(x) ∧ Uq(y) ∧ ∃t[Ep(x, t) ∧ φ(t, y)].

Î÷åâèäíî, ÷òî ýòè ôîðìóëû ÿâëÿþòñÿ (p, q)-ñåêàòîðàìè, ïðè÷åì
Φ−(a,M) ⊂ φ(a,M) ⊂ Φ+(a,M).

Àíàëîãè÷íî äîêàçàòåëüñòâó Ëåììû 18 ìîæíî ïîêàçàòü, ÷òî äðóãèõ
(p, q)-ñåêàòîðîâ íåò, åñëè â ôîðìóëå GΦ(z, x) âìåñòî êîíúþíêòèâíîãî
÷ëåíà y < f(z) ðàññìàòðèâàòü φ(z, y).

Ïóñòü RC(p) = RC(q) = 1. Ïîñêîëüêó p 6⊥w q, ñóùåñòâóåò õîòÿ
áû îäèí (p, q)-ñåêàòîð φ(x, y). Òàê êàê RC(p) = 1, ôóíêöèÿ f(x) :=
sup φ(x,M) ÿâëÿåòñÿ ñòðîãî ìîíîòîííîé íà p(M). Ïîéìåì, ÷òî äðó-
ãèõ (p, q)-ñåêàòîðîâ íåò. Äîïóñòèì ïðîòèâíîå: ñóùåñòâóåò (p, q)-ñåêàòîð
φ′(x, y), îòëè÷íûé îò φ(x, y). Íå óìàëÿÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî
f � ñòðîãî âîçðàñòàþùàÿ íà p(M) è φ(a,M) ⊂ φ′(a,M). Òîãäà ðàññìîò-
ðèì ñëåäóþùóþ ôîðìóëó:

F (z, a) := Up(z) ∧ a ≤ z ∧ ∀y[Uq(y) ∧ φ(z, y) → φ′(a, y)].

Íåòðóäíî ïîíÿòü, ÷òî F (z, x) � p-ñòàáèëüíàÿ âûïóêëàÿ âïðàâî ôîð-
ìóëà, îòêóäà â ñèëó Òåîðåìû 12 è Ëåììû 11 ìû ïîëó÷àåì, ÷òî RC(p) ≥
2, ïðîòèâîðå÷à óñëîâèÿì äîêàçûâàåìîé ëåììû.

Ïóñòü RC(p) > RC(q). Ïîñêîëüêó p 6⊥w q, ñóùåñòâóåò õîòÿ áû îäèí
(p, q)-ñåêàòîð φ(x, y). Â ñèëó Ïðåäëîæåíèÿ 16 f(x) := sup φ(x,M) ÿâëÿåò-
ñÿ ëîêàëüíî êîíñòàíòîé ãëóáèíû 1 íà p(M). Ïîéìåì, ÷òî äðóãèõ (p, q)-
ñåêàòîðîâ íåò. Äîïóñòèì ïðîòèâíîå: ñóùåñòâóåò (p, q)-ñåêàòîð φ′(x, y),
îòëè÷íûé îò φ(x, y).

Íå óìàëÿÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî f � ñòðîãî âîçðàñòàþùàÿ
íà p(M)/Ep è φ(a,M) ⊂ φ′(a,M). Òîãäà ðàññìàòðèâàÿ ôîðìóëó F (z, x),
ìû ïîëó÷èì, ÷òî îíà áîëüøå ÷åì F p(z, x), ãäå F p(z, x) := Ep(z, x) ∧
z ≥ x òàêæå ÿâëÿåòñÿ p-ñòàáèëüíîé âûïóêëîé âïðàâî. Îòêóäà ïîëó÷àåì
ïðîòèâîðå÷èå ñ òåì, ÷òî RC(p) = 2. 2

Íàçîâåì (p, q)-ñåêàòîð φ(x, y) èç äîêàçàòåëüñòâà Ëåììû 19 áàçèñíûì,
ïîñêîëüêó âñå îñòàëüíûå (p, q)-ñåêàòîðû îïðåäåëÿþòñÿ ñ ïîìîùüþ ôîð-
ìóëû φ(x, y) îäíîçíà÷íî.

Ñëåäóþùàÿ òåîðåìà ïîëíîñòüþ îïèñûâàåò ñ÷åòíî êàòåãîðè÷íûå ñëà-
áî î-ìèíèìàëüíûå òåîðèè ðàíãà âûïóêëîñòè 2.
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Òåîðåìà 20. Ïóñòü T � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî o-ìèíèìàëüíàÿ
òåîðèÿ ðàíãà âûïóêëîñòè 2, M |= T, |M | = ℵ0. Òîãäà
(i) ñóùåñòâóåò êîíå÷íîå ìíîæåñòâî C = {c0, . . . , cn} ⊆ M(M∪ {−∞,
+∞}, åñëè M íå èìååò ïåðâîãî èëè ïîñëåäíåãî ýëåìåíòîâ), ñîñòîÿ-
ùåå èç âñåõ ∅�îïðåäåëèìûõ ýëåìåíòîâ â M (ñ âîçìîæíûìè èñêëþ÷å-
íèÿìè äëÿ −∞, +∞), òàêîå ÷òî M |= ci < cj äëÿ âñåõ i < j ≤ n
è äëÿ êàæäîãî j ∈ {1, . . . , n} ëèáî M |= ¬(∃x)cj−1 < x < cj, ëèáî
Ij = { x ∈ M : M |= cj−1 < x < cj } ÿâëÿåòñÿ ïëîòíûì ëèíåéíûì ïî-
ðÿäêîì áåç êîíöåâûõ òî÷åê è ñóùåñòâóþò kj ∈ ω è pj

1, . . . , p
j
kj
∈ S1(∅),

òàê ÷òî Ij =
⋃kj

s=1 pj
s(M);

(ii) äëÿ êàæäîãî íåàëãåáðàè÷åñêîãî p ∈ S1(∅) RC(p) ≤ 2 è ñóùåñòâó-
åò åäèíñòâåííîå ∅-îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíòíîñòè Ep(x, y),
òàê ÷òî â ñëó÷àå RC(p) = 1 èìååì Ep(x, y) ≡ x = y, à â ñëó÷àå
RC(p) = 2 Ep(x, y) ðàçáèâàåò p(M) íà áåñêîíå÷íîå ÷èñëî Ep-êëàññîâ,
êàæäûé Ep-êëàññ âûïóêëûé è îòêðûòûé, òàê ÷òî èíäóöèðîâàííûé ïî-
ðÿäîê íà êëàññàõ ÿâëÿåòñÿ ïëîòíûì ëèíåéíûì ïîðÿäêîì áåç êîíöåâûõ
òî÷åê;
(iii) äëÿ ëþáûõ íåàëãåáðàè÷åñêèõ p, q ∈ S1(∅), òàêèõ ÷òî p 6⊥w q
(1) åñëè dcl({a}) ∩ q(M) 6= ∅ äëÿ íåêîòîðîãî a ∈ p(M), òî ñóùåñòâóåò
åäèíñòâåííàÿ ∅-îïðåäåëèìàÿ ôóíêöèÿ f : p(M) → q(M), òàê ÷òî

åñëè RC(p) = RC(q) = 1, òî f ñòðîãî ìîíîòîííàÿ íà p(M) è ÿâëÿ-
åòñÿ áèåêöèåé p(M) íà q(M),

åñëè RC(p) = RC(q) = 2, òî f ëîêàëüíî ìîíîòîííàÿ ãëóáèíû k ≤ 1
íà p(M) è ÿâëÿåòñÿ áèåêöèåé p(M) íà q(M),

åñëè RC(p) > RC(q), òî f ëîêàëüíî êîíñòàíòà ãëóáèíû 1 íà
p(M), ò.å. f êîíñòàíòà íà êàæäîì Ep-êëàññå è ñòðîãî ìîíîòîííàÿ
íà p(M)/Ep;
(2) åñëè dcl({a}) ∩ q(M) = ∅ äëÿ âñåõ a ∈ p(M), òî

â ñëó÷àå RC(p) = RC(q) = 1 ñóùåñòâóåò åäèíñòâåííûé (p, q)-
ñåêàòîð S(x, y), òàê ÷òî f(x) := sup S(x,M) ÿâëÿåòñÿ ñòðîãî ìîíî-
òîííîé íà p(M);

â ñëó÷àå RC(p) = RC(q) = 2 ñóùåñòâóþò â òî÷íîñòè òðè (p, q)-
ñåêàòîðà S1(x, y), S2(x, y), S3(x, y), òàêèå ÷òî S1(a,M) ⊂ S2(a,M) ⊂
S3(a,M) äëÿ âñåõ a ∈ p(M), ôóíêöèÿ f(x) := sup S2(x,M) ëîêàëüíî
ìîíîòîííàÿ ãëóáèíû k ≤ 1 íà p(M) è

S1(x, y) ≡ ∀t[Ep(x, t) → S2(t, y)], S3(x, y) ≡ ∃t[Ep(x, t) ∧ S2(t, y)];

â ñëó÷àå RC(p) > RC(q) ñóùåñòâóåò åäèíñòâåííûé (p, q)-ñåêàòîð
S(x, y), òàê ÷òî f(x) := sup S(x,M) ÿâëÿåòñÿ ëîêàëüíî êîíñòàíòîé
ãëóáèíû 1 íà p(M), ò.å. f êîíñòàíòà íà êàæäîì Ep-êëàññå è ñòðîãî
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ìîíîòîííàÿ íà p(M)/Ep;
òàê ÷òî T äîïóñêàåò ýëèìèíàöèþ êâàíòîðîâ äî ÿçûêà

{=, <}
⋃
{ci : i ≤ n}

⋃
{Us(x) : s ≤ r =

n∑
j=1

kj}
⋃
{Eps(x, y) :

RC(ps) = 2 è s ≤ r}
⋃
{fi,j : dcl({a}) ∩ pj(M) 6= ∅

äëÿ íåêîòîðîãî a ∈ pi(M), RC(pi) ≥ RC(pj)}
⋃
{Si,j(x, y) :

pi 6⊥w pj, dcl({a}) ∩ pj(M) = ∅ äëÿ âñåõ a ∈ pi(M),

RC(pi) ≥ RC(pj), Si,j(x, y)− áàçèñíûé (pi, pj)-ñåêàòîð},
ãäå Us(x) èçîëèðóåò òèï ps äëÿ êàæäîãî s ≤ r.
Áîëåå òîãî, ëþáîìó óïîðÿäî÷åíèþ ñ âûäåëåííûìè ýëåìåíòàìè êàê â (i)-
(iii) ñîîòâåòñòâóåò ñ÷åòíî êàòåãîðè÷íàÿ cëàáî o-ìèíèìàëüíàÿ òåî-
ðèÿ ðàíãà âûïóêëîñòè 2 êàê âûøå.

Äîêàçàòåëüñòâî. (i) Ïóñòü C = {c ∈ M : c ÿâëÿåòñÿ ∅�îïðåäåëèìûì â
M}. Â ñèëó ñ÷åòíîé êàòåãîðè÷íîñòè T C äîëæíî áûòü êîíå÷íûì. Ïóñòü
C (∪{−∞, +∞}, åñëè M íå èìååò ïåðâîãî èëè ïîñëåäíåãî ýëåìåíòîâ)
ïåðå÷èñëåíî êàê {c0, . . . , cn}.

Äàëåå, ïðåäïîëîæèì, ÷òî Ij = {x ∈ M : M |= cj−1 < x < cj} 6= ∅.
Òîãäà Ij äîëæíî áûòü ïëîòíûì áåç êîíöåâûõ òî÷åê. Åñëè Ij ÿâëÿåòñÿ 1�
íåðàçëè÷èìûì íàä ∅, òîãäà ñóùåñòâóåò pj ∈ S1(∅), òàêîé ÷òî Ij = pj(M),
ò.å. kj = 1. Åñëè Ij íå ÿâëÿåòñÿ 1�íåðàçëè÷èìûì íàä ∅, òîãäà â ñèëó
ñ÷åòíîé êàòåãîðè÷íîñòè ñóùåñòâóþò kj ∈ ω è pj

1, . . . , p
j
kj
∈ S1(∅), òàê ÷òî

Ij =
⋃kj

s=1 pj
s(M).

(ii) Ïîñêîëüêó òåîðèÿ T èìååò ðàíã âûïóêëîñòè 2, äëÿ êàæäîãî
íåàëãåáðàè÷åñêîãî 1-òèïà p ∈ S1(∅) èìååì RC(p) ≤ 2, à òàêæå â ñè-
ëó Òåîðåìû 13 T áèíàðíàÿ. Åñëè RC(p) = 1, òî íå ñóùåñòâóåò ïàðà-
ìåòðè÷åñêè îïðåäåëèìîãî îòíîøåíèÿ ýêâèâàëåíòíîñòè, ðàçáèâàþùåãî
p(M) íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóêëûõ êëàññîâ, ò.å. p(M) 2-
íåðàçëè÷èìî íàä ∅, è ñëåäîâàòåëüíî, â ñèëó áèíàðíîñòè T ïîëó÷àåì, ÷òî
p(M) íåðàçëè÷èìî íàä ∅. Åñëè RC(p) = 2, òî ñóùåñòâóåò ∅-îïðåäåëèìîå
îòíîøåíèå ýêâèâàëåíòíîñòè Ep(x, y), ðàçáèâàþùåå p(M) íà áåñêîíå÷íîå
÷èñëî áåñêîíå÷íûõ Ep-êëàññîâ, êàæäûé Ep-êëàññ âûïóêë è îòêðûò, òàê
÷òî èíäóöèðîâàííûé ïîðÿäîê íà Ep-êëàññàõ ÿâëÿåòñÿ ïëîòíûì ëèíåé-
íûì ïîðÿäêîì áåç êîíöåâûõ òî÷åê. Áîëåå òîãî, äëÿ ëþáîãî a ∈ p(M)
ìíîæåñòâî Ep(M,a) ÿâëÿåòñÿ 2-íåðàçëè÷èìûì íàä ∅, îòêóäà, òàêæå â
ñèëó áèíàðíîñòè T , ïîëó÷àåì, ÷òî Ep(M, a) íåðàçëè÷èìî íàä ∅.
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(iii) Ñëåäóåò èç Ñëåäñòâèÿ 15 è Ëåììû 19.
È, íàêîíåö, â ñèëó áèíàðíîñòè T ïîëíûé òèï ëþáîãî m-êîðòåæà

〈a1, . . . , am〉 ýëåìåíòîâ èç M îïðåäåëÿåòñÿ ôîðìóëîé Ψ, ñîñòîÿùåé èç
êîíúþíêöèè ôîðìóë âèäà x = y, x < y, ci < x, x < ci, Us(x), y = fi,j(x),
y < fi,j(x), fi,j(x) < y, Si,j(x, y) è Es(x, y) è èõ îòðèöàíèé, êîòîðûå èìåþò
ìåñòî íà êîîðäèíàòàõ êîðòåæà 〈a1, . . . , am〉, îòêóäà ñëåäóåò óòâåðæäàå-
ìàÿ ýëèìèíàöèÿ êâàíòîðîâ. 2
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Ñòðóêòóðà M íàçûâàåòñÿ ñèëüíî ìèíèìàëüíîé [1], åñëè äëÿ ëþáî-
ãî ýëåìåíòàðíîãî ðàñøèðåíèÿ M ≺ N è ëþáîé ôîðìóëû ϕ(x, ā) îäíî
èç ôîðìóëüíûõ ìíîæåñòâ ϕ(N, ā) èëè ¬ϕ(N, ā) êîíå÷íî. À.Ìàêèíòàéð
[3] â 1971 ã. èññëåäîâàë ω1-êàòåãîðè÷íûå ïîëÿ è äîêàçàë, ÷òî âñå îíè
ÿâëÿþòñÿ ñèëüíî ìèíèìàëüíûìè ïîëÿìè è àëãåáðàè÷åñêè çàìêíóòû. Â
1975 ã. Ë.Ïîäåâñêè, èññëåäóÿ ïîëÿ, ïðåäïîëîæèë, ÷òî ýòîò âûâîä îñòà-
åòñÿ ñïðàâåäëèâ äëÿ ïîëåé M , òàêèõ ÷òî ϕ(M, ā) èëè ¬ϕ(M, ā) êîíå÷íî.

Â 2000 ã. Ô.Âàãíåð [7] äàë ïîëîæèòåëüíûé îòâåò íà ãèïîòåçó Ïîäåâ-
ñêîãî â ñëó÷àå ïîëåé ïîçèòèâíîé õàðàêòåðèñòèêè. Â 2013 ã. Ô.Âàãíåð è
ïîëüñêèå ìàòåìàòèêè Ê.Êðóïèíñêè è Ï.Òàíîâè÷ [9] äàëè ïîçèòèâíûé
îòâåò äëÿ ñòàáèëüíûõ ïîëåé íóëåâîé õàðàêòåðèñòèêè. Â íàñòîÿùåé çà-
ìåòêå äîêàçûâàåòñÿ ãèïîòåçà Ïîäåâñêè äëÿ íåñòàáèëüíûõ ïîëåé íóëåâîé
õàðàêòåðèñòèêè è òåì ñàìûì çàâåðøàåòñÿ ýòà òåìà.

Âñå íåîïðåäåëÿåìûå â ñòàòüå ïîíÿòèÿ óæå ñòàëè êëàññè÷åñêèìè è èõ
ìîæíî íàéòè â [4].

Ñèëüíî ìèíèìàëüíûå ìîäåëè íåñ÷åòíî êàòåãîðè÷íû è èãðàëè êëþ-
÷åâóþ ðîëü ïðè îïèñàíèè âñåõ íåñ÷åòíî êàòåãîðè÷íûõ òåîðèé. Îñëàáëå-
íèåì ýòîãî ïîíÿòèÿ ÿâëÿåòñÿ ïîíÿòèå îïðåäåëèìî ìèíèìàëüíîé ìîäåëè
èç [6, 8].

Îïðåäåëåíèå 1. Ñòðóêòóðà M íàçûâàåòñÿ îïðåäåëèìî ìèíèìàëüíîé,
åñëè äëÿ ëþáîé ôîðìóëû ϕ(x, ā), ãäå ā ∈ M , îäíî èç ôîðìóëüíûõ ìíî-
æåñòâ ϕ(M, ā) èëè ¬ϕ(M, ā) êîíå÷íî.

Ôîðìóëà ϕ(x, ȳ) îáëàäàåò ñâîéñòâîì íåçàâèñèìîñòè [4], åñëè äëÿ
êàæäîãî n < ω ñóùåñòâóþò êîðòåæè āi (i < n), òàêèå ÷òî äëÿ ëþáîãî
ìíîæåñòâà w ⊆ n âûïîëíÿåòñÿ

|= ∃x
[
∧i<nϕ(x, āi)

if(l∈w)
]
. (1)
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Òåîðèÿ îáëàäàåò ñâîéñòâîì íåçàâèñèìîñòè, åñëè ñóùåñòâóåò ôîðìóëà
φ(x, ȳ), îáëàäàþùàÿ ñâîéñòâîì íåçàâèñèìîñòè.

Ôîðìóëà ϕ(x, ȳ) îáëàäàåò ñâîéñòâîì ñòðîãîãî ïîðÿäêà, åñëè äëÿ âñåõ
n ñóùåñòâóþò āl, l < n, òàêèå ÷òî äëÿ ëþáûõ k, l < n âåðíî

∃x[¬ϕ(x, āk) ∧ ϕ(x, āl)] ⇐⇒ k < l. (2)

Òåîðèÿ T îáëàäàåò ñâîéñòâîì ñòðîãîãî ïîðÿäêà, åñëè ñóùåñòâóåò ôîð-
ìóëà ϕ(x, ȳ), ñî ñâîéñòâîì ñòðîãîãî ïîðÿäêà. Òåîðèÿ T íåñòàáèëüíà òî-
ãäà è òîëüêî òîãäà, êîãäà îíà îáëàäàåò ñâîéñòâîì íåçàâèñèìîñòè èëè
ñâîéñòâî ñòðîãîãî ïîðÿäêà. Ýòè ñâîéñòâà íå ïåðåñåêàþòñÿ.

Â ïðîòèâîâåñ ê ñèëüíî ìèíèìàëüíûì òåîðèÿì, òåîðèè èìåþùèå
îïðåäåëèìî ìèíèìàëüíóþ, íî íå ñèëüíî ìèíèìàëüíóþ ìîäåëü, ìîãóò îá-
ëàäàòü ñâîéñòâîì ïîðÿäêà (íàïðèìåð, ïîðÿäêè ω +n, n+ω∗, ω +ω∗) èëè
ñâîéñòâîì íåçàâèñèìîñòè [8]. Â ðàáîòå [8] ïîêàçàíî, ÷òî íåòðèâèàëüíûå
îïðåäåëèìî ìèíèìàëüíûå àëãåáðû íàä ïîëåì èç êëàññîâ àññîöèàòèâíûõ
àëãåáð, ëèáî àëüòåðíàòèâíûõ àëãåáð, ëèáî éîðäàíîâûõ àëãåáð, ÿâëÿþòñÿ
ïîëÿìè. Ïðåäîñòåðåæåì ÷èòàòåëÿ îò ïóòàíèöû ñ êëàññè÷åñêèì ïîíÿòè-
åì ìèíèìàëüíîé ìîäåëè, êîòîðîå òàêæå áóäåò èñïîëüçîâàòüñÿ.

Âìåñòå ñ òåì, êàê ïîêàçàíî â [2], âñÿêàÿ îïðåäåëèìî ìèíèìàëü-
íàÿ ãðóïïà ñèëüíî ìèíèìàëüíà è àáåëåâà. Âñÿêîå ñèëüíî ìèíèìàëü-
íîå ïîëå ïî òåîðåìå Ìàêèíòàéðà [3] ÿâëÿåòñÿ àëãåáðàè÷åñêè çàìêíó-
òûì. Ë.Ïîäåâñêè ïðåäïîëîæèë, ãîâîðÿ â íàøèõ òåðìèíàõ, ÷òî êàæ-
äîå îïðåäåëèìî ìèíèìàëüíîå ïîëå ÿâëÿåòñÿ àëãåáðàè÷åñêè çàìêíóòûì.
Ô.Âàãíåð [7], ïîäòâåðæäàÿ ãèïîòåçó Ïîäåâñêîãî, âûäâèíóòóþ â 1975 ãî-
äó, äîêàçàë, ÷òî âñÿêîå îïðåäåëèìî ìèíèìàëüíîå ïîëå íåíóëåâîé õàðàê-
òåðèñòèêè ÿâëÿåòñÿ àëãåáðàè÷åñêè çàìêíóòûì è ïîýòîìó ñèëüíî ìèíè-
ìàëüíûì ïîëåì. Äëÿ ïîëåé íóëåâîé õàðàêòåðèñòèêè Êðóïèíñêèì, Âàã-
íåðîì, Òàíîâè÷åì [9] íåäàâíî äîêàçàíî, ÷òî îïðåäåëèìî ìèíèìàëüíûå
ñòàáèëüíûå ïîëÿ ÿâëÿþòñÿ àëãåáðàè÷åñêè çàìêíóòûìè. Òàêèì îáðàçîì,
ãèïîòåçà Ïîäåâñêîãî áûëà ðàíåå íå ðåøåíà äëÿ íåñòàáèëüíûõ ïîëåé õà-
ðàêòåðèñòèêè íîëü.
Òåîðåìà 2. Âñÿêîå ïîëå õàðàêòåðèñòèêè íóëü, èìåþùåå òðàíñöåí-
äåíòíûå ýëåìåíòû, ñîäåðæèò ñîáñòâåííóþ ýëåìåíòàðíóþ ïîäìîäåëü.
Äîêàçàòåëüñòâî. Ïóñòü K � ïîëå õàðàêòåðèñòèêè íóëü, èìåþùåå
òðàíñöåíäåíòíûé ýëåìåíò a. Ðàññìîòðèì ïîäïîëå K0 ⊂ K, ñîñòîÿùåå
â òî÷íîñòè èç òåõ ýëåìåíòîâ K, êîòîðûå àëãåáðàè÷íû íàä K ∩K0. Ìû
óòâåðæäàåì, ÷òî K0 ≺ K. Äåéñòâèòåëüíî, ïóñòü K |= ∃xϕ(x, ā), ãäå
ā ∈ K0. Èíäóêöèåé ïî ñëîæíîñòè ϕ äîêàæåì, ÷òî K0 |= ∃xϕ(x, ā). Åñëè
ϕ(x, ā) = (f(x, ā) = 0), òî èç îïðåäåëåíèÿ K0 ñëåäóåò òðåáóåìîå óòâåð-
æäåíèå. Åñëè ϕ(x, ā) = ϑ1(x, ā)∧ϑ2(x, ā), òî óòâåðæäåíèå ñëåäóåò ëåãêîé
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èíäóêöèåé. Àíàëîãè÷íûé ðåçóëüòàò âåðåí è äëÿ ϕ(x, ā) = ¬ϑ(x, ā). Åñëè
ϕ(x, ā) = ∃yϑ(x, y, ā), òî

K |= ∃xϕ(x, ā) ⇐⇒ K |= ∃x∃yϑ(x, y, ā) ⇐⇒ K0 |= ∃x∃yϑ(x, y, ā).

Ïîýòîìó, K0 |= ∃xϕ(x, ā). Ñëåäîâàòåëüíî, ïî êðèòåðèþ Òàðñêîãî-Âîòà
K0 ≺ K. 2

Òåîðåìà 3. Âñÿêîå ïîëå õàðàêòåðèñòèêè íóëü, íå èìåþùåå òðàíñöåí-
äåíòíûõ ýëåìåíòîâ, ÿâëÿåòñÿ ìèíèìàëüíîé ïðîñòîé ìîäåëüþ.

Äîêàçàòåëüñòâî. Ïóñòü ïîëå K0 íå ñîäåðæèò òðàíñöåíäåíòíûõ ýëåìåí-
òîâ. Åñëè ïîëå G ÿâëÿåòñÿ ýëåìåíòàðíûì ïîäïîëåì â ïîëå K0, òî àëãåá-
ðàè÷åñêèå ýëåìåíòû â K0 è G ñîâïàäàþò. Îòñþäà ñëåäóåò, ÷òî ïîëÿ K0 è
G ñîâïàäàþò. Åñëè K � ëþáîå ïîëå ðàññìàòðèâàåìîé õàðàêòåðèñòèêè,
òî ñêîíñòðóèðóåì ïîëå K ′

0 áåç òðàíñöåíäåíòíûõ ýëåìåíòîâ è èìåþùåå
òå æå àëãåáðàè÷åñêèå ýëåìåíòû, ÷òî è K. Î÷åâèäíî, èìååì èçîìîðôíîå
ýëåìåíòàðíîå âëîæåíèå ïîëÿ K ′

0 â ïîëå K. 2

Òåîðåìà 4. Åñëè ñóùåñòâóåò îïðåäåëèìî ìèíèìàëüíîå ïîëå K õàðàê-
òåðèñòèêè íóëü, òî ñóùåñòâóåò îïðåäåëèìî ìèíèìàëüíîå ïîëå K0,
êîòîðîå ÿâëÿåòñÿ ïðîñòîé ìèíèìàëüíîé ìîäåëüþ è K0 ¹ K.

Äîêàçàòåëüñòâî. Ðåçóëüòàò ñëåäóåò èç òåîðåìû 2 èç [8]. 2

Òåîðåìà 5. Íå ñóùåñòâóåò îïðåäåëèìî ìèíèìàëüíîãî ïîëÿ íóëåâîé
õàðàêòåðèñòèêè.

Äîêàçàòåëüñòâî. Ôîðìóëà, îïðåäåëÿþùàÿ ñâîéñòâî íåçàâèñèìîñòè,
äîëæíà ñóùåñòâåííî çàâèñåòü îò îáåèõ îïåðàöèé ñëîæåíèÿ è óìíîæå-
íèÿ, òàê êàê òåîðèÿ ëþáîé àáåëåâîé ãðóïïû ñòàáèëüíà [5]. Äîïóñòèì,
÷òî K � îïðåäåëèìî ìèíèìàëüíîå íåñòàáèëüíîå ïîëå íóëåâîé õàðàê-
òåðèñòèêè. Òîãäà K äîëæíî îáëàäàòü ñâîéñòâîì ñòðîãîãî ïîðÿäêà èëè
îáëàäàòü ñâîéñòâîì íåçàâèñèìîñòè.

Åñëè ïîëå K îáëàäàåò ñâîéñòâîì ñòðîãîãî ïîðÿäêà, òî äîñòàòî÷íî ïî-
íÿòü, ÷òî óïîðÿäî÷åííîå ìíîæåñòâî I ýëåìåíòîâ, î êîòîðûõ èäåò ðå÷ü
â ôîðìóëå (2), áåñêîíå÷íî è îòëè÷íî îò ëèíåéíûõ ïîðÿäêîâ ω + n, n +

ω∗, ω+ω∗. Íî åñëè a < b è a, b ∈ I, òî a <
a + b

2
< b è a + b

2
∈ I. Ñëåäîâà-

òåëüíî, ìíîæåñòâî I ïëîòíî óïîðÿäî÷åíî. Ïîýòîìó, ñóùåñòâóåò ýëåìåíò
a ∈ I òàêîé, ÷òî îáà ìíîæåñòâà {x : x < a} è {x : x ≥ a} áåñêîíå÷íû è,
ñëåäîâàòåëüíî, ïîëå K íå ÿâëÿåòñÿ îïðåäåëèìî ìèíèìàëüíûì.
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Äîïóñòèì, ÷òî ïîëå K èìååò ñâîéñòâî íåçàâèñèìîñòè è ñóùåñòâóåò
áåñêîíå÷íîå äåðåâî, î êîòîðîì èäåò ðå÷ü â ôîðìóëå (1). Ýòî äåðåâî ãà-
ðàíòèðóåò, ÷òî òåîðèÿ èìååò êîíòèíóóì ñ÷åòíûõ ìîäåëåé. Âûáåðåì äâà
ðàçíûõ ýëåìåíòà a1, a2 íà îäíîì ýòàæå. Òîãäà ôîðìóëüíûå ìíîæåñòâà
ϕ(x, a1) è ¬ϕ(x, a2) îáà áåñêîíå÷íû è íå ïåðåñåêàþòñÿ. Ñëåäîâàòåëüíî,
ôîðìóëà x = x íå ìèíèìàëüíà.

Èòàê, óïîìÿíóòàÿ ãèïîòåçà Ïîäåâñêîãî ïîäòâåðæäåíà. 2

Çàìå÷àíèå. Îòìåòèì, ÷òî â êîíòðàñòå ñ äîêàçûâàåìîé òåîðåìîé, ñóùå-
ñòâóþò òåîðèè ñî ñâîéñòâîì íåçàâèñèìîñòè íà îñíîâå ñëó÷àéíûõ ãðàôîâ,
èìåþùèå îïðåäåëèìî ìèíèìàëüíóþ ìîäåëü [8].
Âîïðîñ. Ñóùåñòâóåò ëè ïîëå ñî ñâîéñòâîì íåçàâèñèìîñòè?
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1 Ââåäåíèå
Ðàáîòà ïðåäñòàâëÿåò ñîáîé îáçîð ðåçóëüòàòîâ, ñîäåðæàùèõñÿ â ñòà-

òüÿõ [1]�[6] è ïîñâÿùåíà ýëåìåíòàðíûì òåîðèÿì àáåëåâûõ ãðóïï ñ âû-
äåëåííîé ïîäãðóïïîé. Òàêèå òåîðèè íàìíîãî ñëîæíåå òåîðèé áåç âûäå-
ëåííûõ ïîäãðóïï. Â ÷àñòíîñòè, åñëè ýëåìåíòàðíàÿ òåîðèÿ âñåõ àáåëåâûõ
ãðóïï ðàçðåøèìà, òî òåîðèÿ àáåëåâûõ ãðóïï ñ âûäåëåííîé ïîäãðóïïîé
íåðàçðåøèìà.

Ïîíÿòèå P -ñòàáèëüíîñòè ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ïîíÿòèé T ∗-
ñòàáèëüíîñòè èç [7] è E∗-ñòàáèëüíîñòè èç [8], êîòîðûå, â ñâîþ î÷å-
ðåäü, ÿâëÿþòñÿ îáîáùåíèÿìè êëàññè÷åñêîãî ïîíÿòèÿ ñòàáèëüíîñòè, âîñ-
õîäÿùåå ê ðàáîòàì Ì.Ìîðëè [9] è Ñ.Øåëàõà [10]. Èññëåäîâàíèÿ ïî
P -ñòàáèëüíîñòè êàñàþòñÿ òàêæå òåîðèè ìîäåëåé ýëåìåíòàðíûõ ïàð,
êîòîðîé ñ 80-õ ãîäîâ çàíèìàëèñü òàêèå ìàòåìàòèêè, êàê Á.Ïóàçà,
Ý.Áóñêàðåí, Ò. Ã.Ìóñòàôèí, Ò.À.Íóðìàãàìáåòîâ, À.Ò.Íóðòàçèí è äð.
Â íàøåì ñëó÷àå ïî ñóòè äåëà èçó÷àåòñÿ òåîðèÿ ïàð ìîäåëåé áåç îáÿ-
çàòåëüíîãî òðåáîâàíèÿ ýëåìåíòàðíîñòè P -ïîäìîäåëè. Ì.À.Ðóñàëååâ â
ðàáîòå [11] äîêàçàë, ÷òî åñëè íå íàëàãàòü íèêàêèõ óñëîâèé íà ïðåëèêàò
P , òî óñëîâèå P -ñòàáèëüíîñòè òåîðèè T ðàâíîñèëüíî îïðåäåëèìîé ýêâè-
âàëåíòíîñòè òåîðèè T íåêîòîðîé òåîðèè, ÿçûê êîòîðîé ñîñòîèò òîëüêî
èç îäíîìåñòíûõ ïðåäèêàòíûõ ñèìâîëîâ. Â ðàáîòå [12] Ì.À.Ðóñàëååâ äî-
êàçàë, ÷òî åñëè T � òåîðèÿ àáåëåâîé ãðóïïû áåç êðó÷åíèÿ, òî îíà áóäåò
P -ñòàáèëüíîé, åñëè P îïðåäåëÿåò àëãåáðàè÷åñêè çàìêíóòóþ ïîäãðóïïó.
Â òåçèñàõ Ò.À.Íóðìàãàìáåòîâà [13] ñîäåðæèòñÿ òåîðåìà î òîì, ÷òî ïðè
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ïðåäïîëîæåíèè îáîáùåííîé êîíòèíóóì-ãèïîòåçû òåîðèÿ ëþáîé àáåëå-
âîé ãðóïïû áóäåò P -ñóïåðñòàáèëüíîé, åñëè P îïðåäåëÿåò ýëåìåíòàðíóþ
ïîäñèñòåìó.

Â ðàçäåëå 3 ïîêàçàíî, ÷òî òåîðèÿ ëþáîé àáåëåâîé ãðóïïû ÿâ-
ëÿåòñÿ P -ñóïåðñòàáèëüíîé, åñëè P îïðåäåëÿåò ñåðâàíòíóþ ïîäãðóï-
ïó. Ýòî îáîáùàåò óêàçàííûå âûøå ðåçóëüòàòû Ò.À.Íóðìàãàìáåòîâà è
Ì.À.Ðóñàëååâà. Â ðàçäåëå 4 äàíî îïèñàíèå (P, e)-ñïåêòðîâ òåîðèé àáå-
ëåâûõ ãðóïï, êîòîðîå îáîáùàåò äðóãóþ òåîðåìó Íóðìàãàìáåòîâà èç [13].

2 Òåðìèíîëîãèÿ, îáîçíà÷åíèÿ è ïðåäâàðè-
òåëüíûå ðåçóëüòàòû

Íåîáõîäèìûå äëÿ ïîíèìàíèÿ ñâåäåíèÿ èç òåîðèè àáåëåâûõ ãðóïï
ìîæíî íàéòè, íàïðèìåð, â [16] è [14] (ïàðàãðàô 8.4). Íåîáõîäèìûå ñâåäå-
íèÿ èç òåîðèè ìîäåëåé ìîæíî íàéòè, íàïðèìåð, â [14] è [15]. Ïîä òåîðèåé
â äàëüíåéøåì ïîíèìàåòñÿ ýëåìåíòàðíàÿ òåîðèÿ íåêîòîðîãî ÿçûêà L.

Íàïîìíèì íåêîòîðûå õîðîøî èçâåñòíûå ïîíÿòèÿ èç òåîðèè àáåëåâûõ
ãðóïï.

Â äàëüíåéøåì ïîä ãðóïïîé âñåãäà ïîäðàçóìåâàåòñÿ àáåëåâà ãðóïïà.
Äëÿ ãðóïïû A è íàòóðàëüíîãî ÷èñëà n ÷åðåç A[n] áóäåì îáîçíà÷àòü

ïîäãðóïïó
{a | a ∈ A, na = 0},

à ÷åðåç nA îáîçíà÷àåòñÿ ïîäãðóïïà {na | a ∈ A}. Áóêâîé p âñåãäà áóäåò
îáîçíà÷àòüñÿ íåêîòîðîå ïðîñòîå ÷èñëî.

p-ãðóïïîé íàçûâàåòñÿ ãðóïïà, âñå ýëåìåíòû êîòîðîé èìåþò ïîðÿäîê
pk äëÿ íåêîòîðîãî íàòóðàëüíîãî k. Ìàêñèìàëüíàÿ p-ïîäãðóïïà ãðóïïû
A íàçûâàåòñÿ åå p-êîìïîíåíòîé è îáîçíà÷àåòñÿ ÷åðåç Ap. Ýëåìåíòàðíîé
p-ãðóïïîé íàçûâàåòñÿ ïðÿìàÿ ñóììà öèêëè÷åñêèõ ãðóïï ïîðÿäêà p. Ýëå-
ìåíòàðíîé ãðóïïîé íàçûâàåòñÿ ýëåìåíòàðíàÿ p-ãðóïïà äëÿ íåêîòîðîãî
p. Ãðóïïà A íàçûâàåòñÿ îãðàíè÷åííîé, åñëè ñóùåñòâóåò òàêîå íàòóðàëü-
íîå ÷èñëî n, ÷òî nA = 0.

Ïîäãðóïïà P ãðóïïû A íàçûâàåòñÿ ñåðâàíòíîé èëè ÷èñòîé (pure),
åñëè nP = (P ∩ nA) äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n.

Ïîäñòðóêòóðà B ñòðóêòóðû A íàçûâàåòñÿ àëãåáðàè÷åñêè çàìêíóòîé,
åñëè B ñîäåðæèò êàæäîå êîíå÷íîå ìíîæåñòâî X ⊆ A, îïðåäåëèìîå â A
ôîðìóëîé Φ(x) ñ ïàðàìåòðàìè èç ïîäñòðóêòóðû B. Èìåííî â ýòîì ñìûñ-
ëå ìû â äàëüíåéøåì áóäåì ïîíèìàòü òåðìèí �àëãåáðàè÷åñêè çàìêíóòàÿ
ïîäãðóïïà�.
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Äëÿ ãðóïïû A, ïðîñòûõ ÷èñåë p è íàòóðàëüíûõ ÷èñåë m ñëåäóþùèå
êàðäèíàëû íàçûâàþòñÿ øìåëåâñêèìè èíâàðèàíòàìè ãðóïïû A:

αp,m(A) = min{dim((pmA)[p]/p(m+1)A)[p]), ω},
βp(A) = min{inf{dim(pnA)[p]|n ∈ ω}, ω},
γp(A) = min{inf{dim((A/A[pn])/p(A/A[pn]))|n ∈ ω}, ω},

ε(A) ∈ {0, 1} è (ε(A) = 0 ⇔ A îãðàíè÷åíà).

Ñëåäóþùàÿ òåîðåìà äîêàçàíà Â.Øìåëåâ [17].
Òåîðåìà 1. Àáåëåâû ãðóïïû A è B òîãäà è òîëüêî òîãäà ýëåìåíòàðíî
ýêâèâàëåíòíû, êîãäà èõ øìåëåâñêèìè èíâàðèàíòû ñîâïàäàþò.

Ìû áóäåì ãîâîðèòü î øìåëåâñêèõ èíâàðèàíòàõ ïîëíîé òåîðèè T ,
èìåÿ â âèäó øìåëåâñêèå èíâàðèàíòû åå ìîäåëåé.

Çàôèêñèðóåì â ýòîì ïàðàãðàôå íåêîòîðóþ ïîëíóþ òåîðèþ T ÿçûêà
L. Äëÿ óäîáñòâà ðàáîòû ñ ìîäåëÿìè òåîðèè T ìû, êàê ïðèíÿòî â ñî-
âðåìåííîé òåîðèè ìîäåëåé, çàôèêñèðóåì íåêîòîðóþ äîñòàòî÷íî íàñû-
ùåííóþ ìîäåëü C òåîðèè T è áóäåì ñ÷èòàòü, ÷òî âñå ðàññìàòðèâàåìûå
íàìè T -ìîäåëè ÿâëÿþòñÿ ýëåìåíòàðíûìè ïîäìîäåëÿìè ìîäåëè C. Òàêàÿ
T -ìîäåëü C íàçûâàåòñÿ ìîíñòð-ìîäåëüþ òåîðèè T .

Ìíîæåñòâî âñåõ êîðòåæåé èç ýëåìåíòîâ ìíîæåñòâà U îáîçíà÷àåòñÿ
÷åðåç U<ω. Äëÿ ïðîñòîòû âìåñòî îáîçíà÷åíèÿ u ∈ U<ω áóäåì èñïîëü-
çîâàòü îáîçíà÷åíèå u ∈ U . Êîðòåæè ýëåìåíòîâ ìîíñòð-ìîäåëè C áóäóò
îáîçíà÷àòüñÿ æèðíûìè áóêâàìè íà÷àëà ëàòèíñêîãî àëôàâèòà: a,b, . . . ,
à êîðòåæè ïåðåìåííûõ � æèðíûìè áóêâàìè êîíöà ýòîãî àëôàâèòà:
. . . ,x,y, z.

Åñëè A � ñòðóêòóðà ÿçûêà L, Φ(x) � ôîðìóëà ÿçûêà L ñ ïàðàìåò-
ðàìè èç ñòðóêòóðû A, òî ÷åðåç Φ(A) îáîçíà÷àåì ìíîæåñòâî {a | A |=
Φ(a), a ∈ A}.

Åñëè X � ïîäìíîæåñòâî ìîíñòð-ìîäåëè C, òî X áóäåì íàçûâàòü
ìíîæåñòâîì â òåîðèè T . ×åðåç L(X) áóäåì îáîçíà÷àòü ÿçûê, êîòîðûé
ïîëó÷àåòñÿ èç ÿçûêà L äîáàâëåíèåì ìíîæåñòâà X â êà÷åñòâå ìíîæåñòâà
íîâûõ êîíñòàíò. ×åðåç T (X) áóäåì îáîçíà÷àòü ñëåäóþùåå ìíîæåñòâî
ôîðìóëà ÿçûêà L(X):

{ϕ(a) | a ∈ X,C |= ϕ(a), ϕ(x) � ôîðìóëà ÿçûêà L áåç ïàðàìåòðîâ}.
ßñíî, ÷òî T (X) áóäåò ïîëíîé òåîðèåé ÿçûêà L(X) è ÿâëÿòüñÿ ðàñøèðå-
íèåì òåîðèè T .

Ïóñòü ÿçûê LP ïîëó÷àåòñÿ èç ÿçûêà L äîáàâëåíèåì íîâîãî îäíîìåñò-
íîãî ïðåäèêàòíîãî ñèìâîëà P .
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Îïðåäåëåíèå 2. Ïóñòü T � íåêîòîðàÿ ïîëíàÿ òåîðèÿ ÿçûêà L, ∆ �
íåêîòîðîå ìíîæåñòâî ïðåäëîæåíèé ÿçûêà LP , X � ìíîæåñòâî â òåîðèè
T . Îáîçíà÷èì ÷åðåç CT (∆, X) ìîùíîñòü ìíîæåñòâà ïîïîëíåíèé â ÿçûêå
(L(X))P ìíîæåñòâà

T∆(X) = (T (X) ∪ {P (a) | a ∈ X} ∪∆).

Êàðäèíàëüíóþ ôóíêöèþ, ñîïîñòàâëÿþùóþ êàðäèíàëó λ ñóïðåìóì ìíî-
æåñòâà êàðäèíàëîâ

{CT (∆, X) | X − ìíîæåñòâî â òåîðèè T, |X| 6 λ}
íàçûâàåòñÿ P∆-ñïåêòðîì òåîðèè T è îáîçíà÷àåòñÿ ÷åðåç ST (P, ∆). P∆-
ñïåêòð íàçûâàåòñÿ ìàêñèìàëüíûì, åñëè ST (P, ∆)(κ) = 2κ äëÿ ëþáîãî
áåñêîíå÷íîãî êàðäèíàëà κ.

Ïðåäëîæåíèå 3. Äëÿ ëþáîé ïîëíîé òåîðèè T êîíå÷íîãî èëè ñ÷åòíî-
ãî ÿçûêà L, ëþáîãî ìíîæåñòâà ∆ ïðåäëîæåíèé ÿçûêà LP è ëþáîãî íå
áîëåå ÷åì ñ÷åòíîãî ìíîæåñòâà X êàðäèíàë CT (∆, X) ìîæåò ïðèíè-
ìàòü òîëüêî îäíî èç ñëåäóþùèõ çíà÷åíèé: 2ω, ω è n, ãäå n ∈ ω.

Îïðåäåëåíèå 4. Ïóñòü ∆ � íåêîòîðîå ìíîæåñòâî ïðåäëîæåíèé ÿçûêà
LP .

(1). Ïîëíàÿ òåîðèÿ T ÿçûêà L íàçûâàåòñÿ P∆-ñòàáèëüíîé, åñëè äëÿ
íåêîòîðîãî áåñêîíå÷íîãî êàðäèíàëà λ âûïîëíåíî ST (P, ∆)(λ) 6 λ.

(2). Ïîëíàÿ òåîðèÿ T ÿçûêà L íàçûâàåòñÿ P∆-ñóïåðñòàáèëüíîé, åñëè
äëÿ íåêîòîðîãî êàðäèíàëà κ âûïîëíåíî ST (P, ∆)(λ) 6 λ äëÿ âñåõ
êàðäèíàëîâ λ > κ.

(3). Ïîëíàÿ òåîðèÿ T ÿçûêà L íàçûâàåòñÿ òîòàëüíî P∆-ñòàáèëüíîé,
åñëè äëÿ ëþáîãî áåñêîíå÷íîãî êàðäèíàëà λ âûïîëíåíî

ST (P, ∆)(λ) 6 λ.

(4). Ñòðóêòóðà A íàçûâàåòñÿ P∆-(ñóïåð)ñòàáèëüíîé (òîòàëüíî P∆-
ñòàáèëüíîé), åñëè òàêîâîé ÿâëÿåòñÿ åå òåîðèÿ.

Îòìåòèì, ÷òî ïîíÿòèå P∆-ñòàáèëüíîñòè ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì
ïîíÿòèÿ E∗-ñòàáèëüíîñòè, ââåäåííîãî â ðàáîòå [8]

Îáîçíà÷åíèå 1. Â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü ïîëíûå òåî-
ðèè T àáåëåâûõ ãðóïï, à â êà÷åñòâå ∆ áóäóò ðàññìàòðèâàòüñÿ ñëåäóþùèå
ìíîæåñòâà ïðåäëîæåíèé ∆i, i ∈ {s, p, e, a}:
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(1). ∆s óòâåðæäàåò, ÷òî ïðåäèêàò P îïðåäåëÿåò ïðîèçâîëüíóþ ïîäãðóï-
ïó;

(2). ∆p óòâåðæäàåò, ÷òî ïðåäèêàò P îïðåäåëÿåò ñåðâàíòíóþ ïîäãðóïïó;

(3). ∆e óòâåðæäàåò, ÷òî ïðåäèêàò P îïðåäåëÿåò ýëåìåíòàðíóþ ïîäñè-
ñòåìó;

(4). ∆a óòâåðæäàåò, ÷òî ïðåäèêàò P îïðåäåëÿåò àëãåáðàè÷åñêè çàìêíó-
òóþ ïîäãðóïïó.

Äëÿ i ∈ {s, p, e, a} âìåñòî çàïèñè P∆i
-ñòàáèëüíîñòü è P∆i

-ñïåêòð áóäåì
èñïîëüçîâàòü çàïèñü (P, i)-ñòàáèëüíîñòü è (P, i)-ñïåêòð.

Â ðàáîòàõ, ïî êîòîðûì íàïèñàí îáçîð, äëÿ ëþáîãî i ∈ {s, p, e, a}
ïîëíîñòüþ îïèñàíû (P, i)-ñòàáèëüíûå, (P, i)-ñóïåðñòàáèëüíûå è òîòàëüíî
(P, i)-ñòàáèëüíûå àáåëåâû ãðóïïû, à òàêæå èõ (P, i)-ñïåêòðû. Ïåðåéäåì
ê èçëîæåíèþ ýòèõ ðåçóëüòàòîâ.

Ïðèìèòèâíîé ôîðìóëîé ÿçûêà L íàçûâàåòñÿ ôîðìóëà âèäà

∃x1 · · · ∃xnΦ,

ãäå Φ � êîíúþíêöèÿ àòîìàðíûõ ôîðìóë ÿçûêà L.
Â äàëüíåéøåì ÷åðåç L áóäåì îáîçíà÷àòü ÿçûê òåîðèè àáåëåâûõ

ãðóïï, ñîñòîÿùèé èç äâóõìåñòíîãî ôóíêöèîíàëüíîãî ñèìâîëà +, îäíî-
ìåñòíîãî ôóíêöèîíàëüíîãî ñèìâîëà − è ñèìâîëà êîíñòàíòû 0. ×åðåç
AG áóäåì îáîçíà÷àòü òåîðèþ âñåõ àáåëåâûõ ãðóïï, çàäàííóþ îáû÷íûìè
àêñèîìàìè àáåëåâûõ ãðóïï ÿçûêà L.

Ñëåäóþùàÿ ëåììà õîðîøî èçâåñòíà. Åå äîêàçàòåëüñòâî ìîæíî íàé-
òè, íàïðèìåð, â [18] è [14].

Ëåììà 5. Ïóñòü T � ïîëíàÿ òåîðèÿ àáåëåâûõ ãðóïï. Ëþáàÿ ôîðìóëà
ÿçûêà àáåëåâûõ ãðóïï ýêâèâàëåíòíà â òåîðèè T áóëåâîé êîìáèíàöèè
ïðèìèòèâíûõ ôîðìóë.

Äîêàçàòåëüñòâî ñëåäóþùåé ëåììû ïðàêòè÷åñêè íå îòëè÷àåòñÿ îò äî-
êàçàòåëüñòâà ïðåäûäóùåé ëåììû.

Ëåììà 6. Ïóñòü A � àáåëåâà ãðóïïà, P � åå ïîäãðóïïà. Ëþáàÿ ôîð-
ìóëà ÿçûêà LP ýêâèâàëåíòíà â òåîðèè Th(〈A,P 〉) áóëåâîé êîìáèíàöèè
ïðèìèòèâíûõ ôîðìóë ÿçûêà LP .
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Ëåãêî ïðîâåðèòü, ÷òî åñëè A � àáåëåâà ãðóïïà, P � åå ïîäãðóïïà,
òî ëþáàÿ ïðèìèòèâíàÿ ôîðìóëà Φ(x) ÿçûêà LP îïðåäåëÿåò â ñòðóêòó-
ðå 〈A,P 〉 ïîäãðóïïó ãðóïïû A. Åñëè P1, P2 � ïîäãðóïïû ãðóïïû A è
P2 ⊆ P1, òî ÷åðåç [P1 : P2] îáîçíà÷àåòñÿ ÷èñëî min{|P1/P2|, ω}, êîòîðîå
íàçûâàåòñÿ èíäåêñîì ïîäãðóïïû P2 â ïîäãðóïïå P1.

Ñëåäóþùåå ïðåäëîæåíèå äîêàçûâàåòñÿ òî÷íî òàê æå êàê ñîîòâåò-
ñòâóþùåå ïðåäëîæåíèå äëÿ ìîäóëåé (ñì. [18]).

Proposition 20. Ïóñòü A1, A2 � àáåëåâû ãðóïïû, P1, P2 � èõ ïîäãðóï-
ïû. Äëÿ òîãî, ÷òîáû ñòðóêòóðû 〈A1, P1〉 è 〈A2, P2〉 áûëè ýëåìåíòàðíî
ýêâèâàëåíòíûìè, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáûõ ïðèìè-
òèâíûõ ôîðìóë Φ(x) è Ψ(x) ÿçûêà LP ñ óñëîâèåì ` Ψ(x) → Φ(x) âû-
ïîëíÿëîñü ðàâåíñòâî èíäåêñîâ

[Φ(A1) : Ψ(A1)] = [Φ(A2) : Ψ(A2)]

, ãäå Ai = 〈Ai, Pi〉.
Ñëåäóþùàÿ ëåììà âîñõîäèò ê ðàáîòå Âàíäû Øìåëåâ [17] è â äàííîì

âèäå ñîäåðæèòñÿ, íàïðèìåð, â [14] (ëåììà 8.4.7).

Ëåììà 7. Ëþáàÿ ïðèìèòèâíàÿ ôîðìóëà Φ(x1, . . . , xn) ÿçûêà àáåëåâûõ
ãðóïï ýêâèâàëåíòíà â òåîðèè AG êîíúþíêöèè ôîðìóë âèäà α1x1 + · · ·+
αnxn = 0 è ∃yα1x1+· · ·+αnxn = pky äëÿ öåëûõ ÷èñåë α1, . . . , αn, ïðîñòûõ
÷èñåë p è íàòóðàëüíûõ ÷èñåë k, êîòîðûå áóäóò íàçûâàòüñÿ ñîîòâåò-
ñòâåííî ñòàíäàðòíûìè ôîðìóëàìè ïåðâîãî è âòîðîãî ðîäà. Ïðè ýòîì
ïðîñòîå ÷èñëî p â ñòàíäàðòíîé ôîðìóëå âòîðîãî ðîäà áóäåì íàçûâàòü
ìîäóëåì ýòîé ôîðìóëû.

Îïðåäåëåíèå 8. Òåîðèþ T ñ÷åòíîãî ÿçûêà L íàçîâåì P∆-ìàëîé, åñëè
ìíîæåñòâî (T∪∆) èìååò íå áîëåå, ÷åì ñ÷åòíîå ÷èñëî ïîïîëíåíèé â ÿçûêå
LP .

Äëÿ ïîëíûõ òåîðèé àáåëåâûõ ãðóïï äëÿ i ∈ {s, p, e, a} âìåñòî P∆i
-

ìàëàÿ áóäåì ïèñàòü (P, i)-ìàëàÿ.

3 (P, p)-ñòàáèëüíîñòü è (P, p)-ñïåêòð
Èç ëåììû 7 âûòåêàåò ñëåäóþùàÿ ëåììà.

Ëåììà 9. Ïóñòü A � àáåëåâà ãðóïïà, P � ñåðâàíòíàÿ ïîäãðóïïà. Äëÿ
ëþáîé ïðèìèòèâíîé ôîðìóëû Φ(x) ÿçûêà L è ëþáîãî êîðòåæà a ∈ P
âûïîëíåíî

A |= Φ(a) ⇔ P |= Φ(a).
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Äîêàçàòåëüñòâî ñëåäóþùåé ëåììû ñîäåðæèòñÿ â äîêàçàòåëüñòâå ëåì-
ìû 8 èç ñòàòüè [4].

Ëåììà 10. Äëÿ ëþáîé ïðèìèòèâíîé ôîðìóëû Φ(x) ÿçûêà LP íàéäåòñÿ
ïðèìèòèâíàÿ ôîðìóëà Φ∗(x) ÿçûêà L, òàêàÿ ÷òî äëÿ ëþáîé àáåëåâîé
ãðóïïû A è ëþáîé åå ñåðâàíòíîé ïîäãðóïïû P ôîðìóëà Φ∗(x) îïðåäåëÿ-
åò â ãðóïïå A íà ïîäãðóïïå P òîò æå ïðåäèêàò, ÷òî è ôîðìóëà Φ(x)
â ñòðóêòóðå 〈A,P 〉.

Èç ýòîé ëåììû è ëåììû 6 ñðàçó ïîëó÷àþòñÿ ñëåäóþùèå äâå òåîðåìû.

Òåîðåìà 11. Ëþáàÿ ïîëíàÿ òåîðèÿ T àáeëåâûõ ãðóïï ÿâëÿåòñÿ (P, p)-
ñóïåðñòàáèëüíîé.

Òåîðåìà 12. Ñëåäóþùèå ñâîéñòâà äëÿ ïîëíîé òåîðèè T àáåëåâûõ
ãðóïï ðàâíîñèëüíû:

(1) T òîòàëüíî (P, p)-ñòàáèëüíà;
(2) T ÿâëÿåòñÿ (P, p)-ìàëîé.

Îáîçíà÷åíèå 2. Äëÿ àáåëåâîé ãðóïïû A ÷åðåç Sh(A) îáîçíà÷èì ìíî-
æåñòâî

{〈p, n〉 | αp,n(A) 6= 0, n < ω, } ∪ {p | βp(A) 6= 0} ∪ {p | γp(A) 6= 0}.

Îïðåäåëåíèå 13. Àáåëåâà ãðóïïà A íàçûâàåòñÿ øìåëåâñêè îãðàíè÷åí-
íîé, åñëè ìíîæåñòâî Sh(A) êîíå÷íî. Êàê îáû÷íî, ïîëíóþ òåîðèþ T àáå-
ëåâûõ ãðóïï áóäåì íàçûâàòü øìåëåâñêè îãðàíè÷åííîé, åñëè òàêîâûìè
ÿâëÿþòñÿ åå ìîäåëè.

Òåîðåìà 14. Äëÿ òîãî, ÷òîáû òåîðèÿ àáåëåâîé ãðóïïû A áûëà (P, p)-
ìàëîé, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ãðóïïà A áûëà øìåëåâñêè
îãðàíè÷åííîé.

Èç ïðåäûäóùåé òåîðåìû è òåîðåìû 12 ïîëó÷àåòñÿ ñëåäóþùàÿ òåîðå-
ìà.

Òåîðåìà 15. Äëÿ òîãî, ÷òîáû òåîðèÿ àáåëåâîé ãðóïïû A áûëà òî-
òàëüíî (P, p)-ñòàáèëüíîé, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ãðóïïà A
áûëà øìåëåâñêè îãðàíè÷åííîé.

Òåîðåìà 16. Äëÿ ëþáîé ïîëíîé òåîðèè T àáeëåâûõ ãðóïï åå (P, p)-
ñïåêòð òîæäåñòâåííî ðàâåí îäíîìó èç ñëåäóþùèõ çíà÷åíèé: 2ω, ω è
n, ãäå n ∈ ω, n 6= 0. Ïðè÷åì êàæäûé èç ýòèõ âèäîâ (P, p)-ñïåêòðà ðåà-
ëèçóþòñÿ äëÿ íåêîòîðîé ïîëíîé òåîðèè T àáåëåâûõ ãðóïï.
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4 (P, e)-ñòàáèëüíîñòü è (P, e)-ñïåêòð
Ñëåäóþùåå ïðåäëîæåíèå õîðîøî èçâåñòíî, ñì., íàïðèìåð, [18].

Proposition 21. Ïóñòü A � àáåëåâà ãðóïïà, P � åå ïîäãðóïïà. Äëÿ
òîãî ÷òîáû ïîäãðóïïà P áûëà ýëåìåíòàðíîé ïîäñèñòåìîé ãðóïïû A,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû P áûëà ñåðâàíòíîé ïîäãðóïïîé è âû-
ïîëíÿëîñü ñâîéñòâî A ≡ P .

ßñíî, ÷òî ýëåìåíòàðíûå ïîäñèñòåìû ãðóïïû A áóäóò ñåðâàíòíûìè
ïîäãðóïïàìè. Ïîýòîìó èç ëåììû 10 òàê æå êàê â ïðåäûäóùåì ïàðàãðà-
ôå âûòåêàþò ñëåäóþùèå äâå òåîðåìû.
Òåîðåìà 17. Ëþáàÿ ïîëíàÿ òåîðèÿ T àáeëåâûõ ãðóïï ÿâëÿåòñÿ (P, e)-
ñóïåðñòàáèëüíîé.
Òåîðåìà 18. Ñëåäóþùèå ñâîéñòâà äëÿ ïîëíîé òåîðèè T àáåëåâûõ
ãðóïï ðàâíîñèëüíû:

(1) T òîòàëüíî (P, e)-ñòàáèëüíà;
(2) T ÿâëÿåòñÿ (P, e)-ìàëîé.

Îáîçíà÷åíèå 3. Äëÿ àáåëåâîé ãðóïïû A ÷åðåç Shω(A) îáîçíà÷èì ìíî-
æåñòâî

{〈p, n〉 | αp,n(A) = ω, n ∈ ω} ∪ {p | βp(A) = ω} ∪ {p | γp(A) = ω}.
Îïðåäåëåíèå 19. Àáåëåâà ãðóïïà A íàçûâàåòñÿ øìåëåâñêè ω-îãðàíè-
÷åííîé, åñëè ìíîæåñòâî Shω(A) êîíå÷íî. Êàê îáû÷íî, ïîëíóþ òåîðèþ
T àáåëåâûõ ãðóïï áóäåì íàçûâàòü øìåëåâñêè ω-îãðàíè÷åííîé, åñëè òà-
êîâûìè ÿâëÿþòñÿ åå ìîäåëè.
Òåîðåìà 20. Äëÿ òîãî, ÷òîáû òåîðèÿ àáåëåâîé ãðóïïû A áûëà (P, e)-
ìàëîé, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ãðóïïà A áûëà øìåëåâñêè ω-
îãðàíè÷åííîé.

Èç òåîðåìû 20 è òåîðåìû 18 ïîëó÷àåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 21. Ñëåäóþùèå ñâîéñòâà äëÿ ïîëíîé òåîðèè T àáåëåâûõ
ãðóïï ðàâíîñèëüíû:

(1) T òîòàëüíî (P, e)-ñòàáèëüíà;
(2) T ÿâëÿåòñÿ øìåëåâñêè ω-îãðàíè÷åííîé.

Òåîðåìà 22. Äëÿ ëþáîé ïîëíîé òåîðèè T àáeëåâûõ ãðóïï åå (P, e)-
ñïåêòð òîæäåñòâåííî ðàâåí îäíîìó èç ñëåäóþùèõ çíà÷åíèé: 2ω, ω, 2
è 1. Ïðè÷åì êàæäûé èç ýòèõ âèäîâ (P, e)-ñïåêòðà ðåàëèçóþòñÿ äëÿ
íåêîòîðîé ïîëíîé òåîðèè àáåëåâûõ ãðóïï.
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5 (P, a)-ñòàáèëüíîñòü è (P, a)-ñïåêòð
Òåîðåìà 23. Äëÿ àáåëåâîé ãðóïïû A åå òåîðèÿ T = Th(A) òîãäà è
òîëüêî òîãäà ÿâëÿåòñÿ (P, a)-ñòàáèëüíîé, êîãäà ãðóïïà A óäîâëåòâî-
ðÿåò ñëåäóþùèì óñëîâèÿì:

(B) äëÿ ëþáîãî ïðîñòîãî ÷èñëà p ïîäãðóïïà (pA)[p] ãðóïïû A êîíå÷íà;
(C) äëÿ ëþáîãî ïðîñòîãî ÷èñëà p ëèáî ïîäãðóïïà A[p] ãðóïïû A êî-

íå÷íà, ëèáî åå øìåëåâñêèé èíâàðèàíò γp(A) êîíå÷åí.

Òàê êàê ýëåìåíòàðíàÿ ïîäñèñòåìà ÿâëÿåòñÿ àëãåáðàè÷åñêè çàìêíó-
òîé, èç òåîðåìû 20 ïîëó÷àåì ñëåäóþùèé ôàêò.

(A) Åñëè àáåëåâà ãðóïïà A ÿâëÿåòñÿ (P, a)-ìàëîé, òî ãðóïïà A ÿâëÿ-
åòñÿ øìåëåâñêè ω-îãðàíè÷åííîé.

Ïðåäëîæåíèå 24. Åñëè òåîðèÿ àáåëåâîé ãðóïïû A ÿâëÿåòñÿ (P, a)-
ìàëîé, òî âûïîëíÿåòñÿ óñëîâèå

(D) ìíîæåñòâî W = {p | γp(A) 6= 0} êîíå÷íî.

Òåîðåìà 25. Äëÿ òîãî, ÷òîáû ïîëíàÿ òåîðèÿ àáåëåâîé ãðóïïû A áûëà
òîòàëüíî (P, a)-ñòàáèëüíîé íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ãðóïïà
A áûëà (P, a)-ìàëîé è âûïîëíÿëèñü óñëîâèÿ (B) è (C).

Ñôîðìóëèðóåì îñòàâøèéñÿ çäåñü âîïðîñ â âèäå ãèïîòåçû.

Ãèïîòåçà. Äëÿ òîãî, ÷òîáû ïîëíàÿ òåîðèÿ àáåëåâîé ãðóïïû A áûëà
òîòàëüíî (P, a)-ñòàáèëüíîé íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ãðóïïà
A áûëà øìåëåâñêè ω-îãðàíè÷åííîé è âûïîëíÿëèñü óñëîâèÿ (B), (C) è
(D).

Òåîðåìà 26. Äëÿ ëþáîé ïîëíîé òåîðèè T àáeëåâûõ ãðóïï åå (P, a)-
ñïåêòð ëèáî ìàêñèìàëüíûé, ëèáî òîæäåñòâåííî ðàâåí îäíîìó èç ñëå-
äóþùèõ çíà÷åíèé: 2ω, ω, n, ãäå n � íàòóðàëüíîå ÷èñëî, n 6= 0. Ïðè÷åì
êàæäûé èç ýòèõ âèäîâ (P, a)-ñïåêòðà ðåàëèçóþòñÿ äëÿ íåêîòîðîé ïîë-
íîé òåîðèè àáåëåâûõ ãðóïï.

6 (P, s)-ñòàáèëüíîñòü è (P, s)-ñïåêòð
Òåîðåìà 27. Ñëåäóþùèå óñëîâèÿ äëÿ àáåëåâîé ãðóïïû A ðàâíîñèëüíû.

(1). Òåîðèÿ ãðóïïû A ÿâëÿåòñÿ òîòàëüíî (P, s)-ñòàáèëüíîé.
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(2). Òåîðèÿ ãðóïïû A ÿâëÿåòñÿ (P, s)-ñòàáèëüíîé.

(3). Ãðóïïà A ïðåäñòàâëÿåò ñîáîé ïðÿìóþ ñóììó êîíå÷íîé ãðóïïû è
êîíå÷íîãî ÷èñëà ýëåìåíòàðíûõ àáåëåâûõ ãðóïï.

Òåîðåìà 28. Äëÿ ëþáîé ïîëíîé òåîðèè T àáeëåâûõ ãðóïï åå (P, s)-
ñïåêòð ÿâëÿåòñÿ ëèáî ìàêñèìàëüíûì, ëèáî òîæäåñòâåííî ðàâåí îä-
íîìó èç ñëåäóþùèõ çíà÷åíèé: ω è n, ãäå n ∈ ω, n 6= 0. Ïðè÷åì êàæäûé
èç ýòèõ âèäîâ (P, s)-ñïåêòðîâ ðåàëèçóþòñÿ äëÿ íåêîòîðîé ïîëíîé òåî-
ðèè àáåëåâûõ ãðóïï.

Òàêèì îáðàçîì, ìû âèäèì, ÷òî (P, i)-ñïåêòðû äëÿ ðàçëè÷íûõ i ∈
{p, e, a, s} ÿâëÿþòñÿ ðàçëè÷íûìè.
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Â ðàáîòå [2] äëÿ èçó÷åíèÿ îïåðàòîðà àëãåáðàè÷åñêîãî çàìûêàíèÿ íà
ïîäìíîæåñòâàõ îñíîâíûõ ìíîæåñòâ óíèâåðñàëüíûõ àëãåáð A =< A; σ >
áûëî ïðåäëîæåíî (è îêàçàëîñü äîâîëüíî ýôôåêòèâíûì â ýòèõ öåëÿõ)
ðàññìîòðåíèå íåêîòîðîãî êâàçèïîðÿäêà 6Ihm A íà ìíîæåñòâå A è îñ-
íîâíûõ ìíîæåñòâàõ ðÿäà ðàñøèðåíèé àëãåáðû A. Ýòîò êâàçèïîðÿäîê
íà A èíäóöèðóåòñÿ ìîíîèäîì Ihm A âíóòðåííèõ ãîìîìîðôèçìîâ àëãåá-
ðû A. Íàïîìíèì, ÷òî âíóòðåííèì ãîìîìîðôèçìîì àëãåáðû A íàçûâà-
åòñÿ ëþáîé ãîìîìîðôèçì ìåæäó åå ïîäàëãåáðàìè. Ïðè ýòîì îïåðàöèÿ
óìíîæåíèÿ ìåæäó ýëåìåíòàìè îïðåäåëÿåòñÿ êàê åñòåñòâåííàÿ îïåðà-
öèÿ ñóïåðïîçèöèè ÷àñòè÷íûõ îòîáðàæåíèé (ïðåîáðàçîâàíèé) ìíîæåñòâà
A. Îòíîøåíèå æå 6Ihm A íà A îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: äëÿ
a, b ∈ A a 6Ihm A b òîãäà è òîëüêî òîãäà, êîãäà ϕ(b) = a äëÿ íåêîòîðî-
ãî ϕ ∈ Ihm A èëè, ÷òî ðàâíîñèëüíî, êîãäà ñóùåñòâóåò ãîìîìîðôèçì ψ
àëãåáðû < b >A íà àëãåáðó < a >A òàêîé, ÷òî ϕ(b) = a. Çäåñü è äàëåå
< c >A äëÿ c ∈ A, åñòü ïîäàëãåáðà àëãåáðû A ïîðîæäåííàÿ ýëåìåíòîì c.
Ðàññìîòðåíèþ ñâîéñòâ êâàçèïîðÿäêîâ âèäà 6Ihm A, à òàê æå âçàèìîñâÿ-
çè ýòèõ êâàçèïîðÿäêîâ ñ äðóãèìè ïðîèçâîäíûìè ñòðóêòóðàìè àëãåáðû
A ïîñâÿùåíû ðàáîòû [1]�[3]. Ïðè ýòîì êâàçèïîðÿäîê 6 íà ìíîæåñòâå
A íàçûâàåòñÿ Ihm-äîçâîëåííûì (Ihm-çàïðåùåííûì), åñëè ñóùåñòâóåò
óíèâåðñàëüíàÿ àëãåáðà A =< A; σ > òàêàÿ, ÷òî 6 ñîâïàäàåò ñ 6Ihm A (åñ-
ëè íè äëÿ êàêîé àëãåáðû A =< A; σ > êâàçèïîðÿäîê 6Ihm A íå ñîâïàäàåò
ñ 6). Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà âçàèìîñâÿçü êâàçèïîðÿäêîâ íà
ìíîæåñòâå A (àëãåáðå A) ñ ëþáûìè ìîíîèäàìè (îòíîñèòåëüíî îïåðàöèè
ñóïåðïîçèöèè) ïðåîáðàçîâàíèé (÷àñòè÷íûõ ïðåîáðàçîâàíèé) ìíîæåñòâ
(óíèâåðñàëüíûõ àëãåáð).

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-
óêè ÐÔ, ïî ãîñóäàðñòâåííîìó çàäàíèþ � 2014/138, ïðîåêò 1052
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1
Ïðåæäå âñåãî îñòàíîâèìñÿ íà âçàèìîñâÿçè êâàçèïîðÿäêîâ íà ìíî-

æåñòâå A ñ ìîíîèäàìè ïðåîáðàçîâàíèé ýòîãî ìíîæåñòâà. Ïóñòü M �
íåêîòîðûé ìîíîèä ïðåîáðàçîâàíèé ìíîæåñòâà A. Ïî àíàëîãèè ñ îïðåäå-
ëåíèåì êâàçèïîðÿäêà 6Ihm A, êâàçèïîðÿäîê 6M îïðåäåëèì ñëåäóþùèì
îáðàçîì: äëÿ a, b ∈ A ïîëîæèì a 6M b òîãäà è òîëüêî òîãäà, êîãäà
a = ϕ(b) äëÿ íåêîòîðîãî ϕ ∈ M. Î÷åâèäíî, ÷òî îòíîøåíèå 6M ÿâëÿåòñÿ
îòíîøåíèåì êâàçèïîðÿäêà (áóäåì ãîâîðèòü �îòíîøåíèåì êâàçèïîðÿäêà,
èíäóöèðîâàííûì ìîíîèäîì M�) íà ìíîæåñòâå A.

Çàìåòèì òåïåðü, ÷òî ëþáîé êâàçèïîðÿäîê 6 íà ìíîæåñòâå A èíäóöè-
ðóåòñÿ (ñîâïàäàåò ñ 6M) íåêîòîðûì ìîíîèäîì M ïðåîáðàçîâàíèé ìíî-
æåñòâà A. Äåéñòâèòåëüíî, äëÿ êàæäîãî a ∈ A ðàññìîòðèì îòîáðàæåíèå
ϕa ìíîæåñòâà A â A îïðåäåëåííîå êàê

ϕa(b) =

{
a, åñëè a 6 b,

b, èíà÷å.

äëÿ ëþáîãî b ∈ A. Ïóñòü M � ìîíîèä (îòíîñèòåëüíî îïåðàöèè ñóïåð-
ïîçèöèè îòîáðàæåíèé A â A), ïîðîæäåííûé ñîâîêóïíîñòüþ {ϕa|a ∈ A}.
Íåïîñðåäñòâåííî çàìå÷àåòñÿ, ÷òî äëÿ a, b ∈ A è a 6 b òîãäà è òîëüêî
òîãäà, êîãäà ϕ(b) = a äëÿ íåêîòîðîãî ψ ∈ M. Òî åñòü 6 ñîâïàäàåò ñ
6M. Òåì ñàìûì èçó÷åíèå ïðîèçâîëüíûõ êâàçèïîðÿäêîâ íà ìíîæåñòâàõ
ñâîäèòñÿ ê èçó÷åíèþ êâàçèïîðÿäêîâ èíäóöèðîâàííûõ ìîíîèäàìè ïðå-
îáðàçîâàíèé (÷àñòè÷íûõ ïðåîáðàçîâàíèé) ýòèõ ìíîæåñòâ.

2
Â ýòîì ïóíêòå áóäóò ðàññìîòðåíû êâàçèïîðÿäêè íà îñíîâíûõ ìíîæå-

ñòâàõ óíèâåðñàëüíûõ àëãåáð A èíäóöèðîâàííûå òåìè èëè èíûìè ìîíî-
èäàìè ïðåîáðàçîâàíèé ýòèõ àëãåáð (òðàäèöèîííî ðàññìàòðèâàåìûìè â
êà÷åñòâå ïðîèçâîäíûõ ñòðóêòóð ýòèõ àëãåáð): ìîíîèäîì ýíäîìîðôèçìîâ
End A, ãðóïïîé àâòîìîðôèçìîâ Aut A ìîíîèäîì ìîíîìîðôèçìîâ (èçî-
ìîðôíûõ âëîæåíèé A â ñåáÿ) Mon A àëãåáðû A. Ñîîòâåòñòâåííî, ïðè
âûáîðå íåêîòîðîãî òèïà ïîäîáíûõ ìîíîèäîâ � End A, Aut A, Mon A,
êâàçèïîðÿäîê 6 íà ìíîæåñòâå A áóäåì íàçûâàòü End- (Aut-, Mon-s)-
äîçâîëåííûì, åñëè ñóùåñòâóåò óíèâåðñàëüíàÿ àëãåáðà A =< A; σ >,
òàêàÿ ÷òî 6 ñîâïàäàåò ñ êâàçèïîðÿäêîì 6End A (6Aut A, 6Mon A). Â ïðî-
òèâíîì ñëó÷àå êâàçèïîðÿäîê 6 áóäåì íàçûâàòü End-(Aut-, Mon-) -
çàïðåùåííûì.
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Ñóùåñòâîâàíèå End- (Aut-, Mon-)-äîçâîëåííûõ êâàçèïîðÿäêîâ ëþ-
áîé ìîùíîñòè, î÷åâèäíî, ñâÿçàíî ñ ñóùåñòâîâàíèåì óíèâåðñàëüíûõ àë-
ãåáð ïðîèçâîëüíîé ìîùíîñòè. Îñòàíîâèìñÿ íà âîïðîñå ñóùåñòâîâàíèÿ
End- (Aut-, Mon-)-çàïðåùåííûõ êâàçèïîðÿäêîâ òåõ èëè èíûõ ìîùíî-
ñòåé è íà íåêîòîðûõ îñîáåííîñòÿõ êàê äîçâîëåííûõ òàê è çàïðåùåííûõ
êâàçèïîðÿäêîâ.

Íåïîñðåäñòâåííî çàìå÷àåòñÿ, ÷òî ëþáûå îäíî è äâóõýëåìåíòíûå êâà-
çèïîðÿäêè ÿâëÿþòñÿ End-äîçâîëåííûìè.

Óòâåðæäåíèå 1. Ñóùåñòâóþò End-çàïðåùåííûå êâàçèïîðÿäêè ëþáîé
ìîùíîñòè íå ìåíüøåé òðåõ.

Äîêàçàòåëüñòâî. Ïóñòü |A| > 3 è 6 íåêîòîðîå îòíîøåíèå êâàçèïîðÿäêà
íà A áåç ìèíèìàëüíûõ ýëåìåíòîâ è ñ åäèíñòâåííîé èçîëèðîâàííîé òî÷-
êîé a (ò.å. òàêîé, ÷òî äëÿ ëþáîãî b ∈ A èç îòíîøåíèé a 6 b ëèáî b 6 a
âûòåêàåò ðàâåíñòâî b = a). Äîïóñòèì, ÷òî àëãåáðà A =< A; σ > òàêîâà,
÷òî 6 ñîâïàäàåò ñ 6End A. Òîãäà äëÿ ëþáîãî b ∈ A r {a} ñóùåñòâóåò
ϕb ∈ End A, òàêîé ÷òî ϕ(b) 6= b è, â òî æå âðåìÿ, ϕb(a) = a.

Òàê êàê ñîâîêóïíîñòü íåïîäâèæíûõ òî÷åê Fixϕ ëþáîãî ýíäîìîðôèç-
ìà ϕ àëãåáðû A îáðàçóåò åå ïîäàëãåáðó, òî äëÿ ïîäàëãåáðû Fixϕb èìååò
ìåñòî a ∈ Fixϕb è b 6∈ Fixϕb. Òî åñòü

⋂
b∈Ar{a}

Fixϕb = {a} è, çíà÷èò, {a}
îäíîýëåìåíòíàÿ ïîäàëãåáðà àëãåáðû A, à êîíñòàíòíîå îòîáðàæåíèå A â
{a} ÿâëÿåòñÿ ýíäîìîðôèçìîì àëãåáðû A. Òî åñòü ýëåìåíò a � íàèìåíü-
øèé ýëåìåíò êâàçèïîðÿäêà 6End A íà A â ïðîòèâîðå÷èè ñ âûáîðîì 6.
Óòâåðæäåíèå äîêàçàíî. 2

Î÷åâèäíî, ÷òî ëþáîé Aut-äîçâîëåííûé êâàçèïîðÿäîê íà ìíîæåñòâå
A ÿâëÿåòñÿ ýêâèâàëåíòíîñòüþ íà ýòîì ìíîæåñòâå. Ñîîòâåòñòâóþùåå ðàç-
áèåíèå äëÿ êîòîðîé åñòü ðàçáèåíèå ìíîæåñòâà A íà îðáèòû îòíîñèòåëüíî
äåéñòâèÿ íà A ãðóïïû àâòîìîðôèçìîâ àëãåáðû A. Áåç òðóäà çàìå÷àåòñÿ,
÷òî âåðíî è îáðàòíîå.

Óòâåðæäåíèå 2. Ëþáîå îòíîøåíèå ýêâèâàëåíòíîñòè íà ïðîèçâîëü-
íîì ìíîæåñòâå A ÿâëÿåòñÿ Aut-äîçâîëåííûì.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïóñòü ∼ íåêîòîðîå îòíîøåíèå ýêâè-
âàëåíòíîñòè íà ìíîæåñòâå A. Îïðåäåëèì íà A àëãåáðó A =< A; σ >
ñèãíàòóðû σ ñîñòîÿùåé èç óíàðíûõ ôóíêöèé fa

/
∼, îïðåäåëåííûõ íà A

ñëåäóþùèì îáðàçîì: äëÿ a ∈ A ïóñòü fa
/
∼ îïðåäåëÿåò íà a

/
∼ íåêî-

òîðûé öèêë â ñëó÷àå êîãäà a
/
∼ êîíå÷åí è òîæäåñòâåííà íà êëàññàõ

b
/
∼ îòëè÷íûõ îò a

/
∼. Åñëè æå a

/
∼ áåñêîíå÷åí, òî ïóñòü Ai(i ∈ A) �

ðàçáèåíèå ìíîæåñòâà a
/
∼ íà ñ÷åòíûå ìíîæåñòâà Ai è ϕi � íåêîòîðûå
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ôèêñèðîâàííûå áèåêöèè ìíîæåñòâ Ai íà ìíîæåñòâî Z öåëûõ ÷èñåë. Äëÿ
b ∈ Ai ïóñòü fa

/
∼ = ϕ−1

i (ϕi(b)+1) è fa
/
∼ òîæäåñòâåííà íà êëàññàõ, îò-

ëè÷íûõ îò a
/
∼. Íåïîñðåäñòâåííî çàìå÷àåòñÿ, ÷òî êâàçèïîðÿäîê 6Aut A â

ýòîì ñëó÷àå, ñîâïàäàåò ñ ýêâèâàëåíòíîñòüþ ∼ è óòâåðæäåíèå äîêàçàíî.
2

Òàê êàê 6Aut A ñîâïàäàåò ñ 6Mon A äëÿ êîíå÷íûõ àëãåáð A, âîïðîñ ñó-
ùåñòâîâàíèÿ Mon-çàïðåùåííûõ êâàçèïîðÿäêîâ èìååò ñìûñë ëèøü äëÿ
áåñêîíå÷íûõ ìíîæåñòâ A. È îòâåò íà íåãî î÷åâèäíûì îáðàçîì ïîëî-
æèòåëüíûé â ñèëó ñòîëü æå î÷åâèäíîé íåîáõîäèìîñòè äëÿ ïîäîáíûõ
Mon-êâàçèïîðÿäêîâ < A; 6> îáëàäàòü ñëåäóþùèì ñâîéñòâîì:

(∗) äëÿ ëþáûõ a, b ∈ A îòíîøåíèå a 6 b ðàâíîñèëüíî ñóùåñòâîâàíèþ
èçîìîðôíîãî âëîæåíèÿ ϕ ìíîæåñòâà A; 6 â ñåáÿ òàêîãî, ÷òî ϕ(b) = a.

Î÷åâèäíî òàê æå, ÷òî óñëîâèå (∗) ÿâëÿåòñÿ íå òîëüêî íåîáõîäèìûì,
íî è äîñòàòî÷íûì óñëîâèåì òîãî, ÷òî áû êâàçèïîðÿäîê < A; 6> áûë
Mon-êâàçèïîðÿäêîì (ñîâïàäàë ñ êâàçèïîðÿäêîì 6Mon A äëÿ íåêîòîðîé
àëãåáðû A =< A; σ >). Äåéñòâèòåëüíî, ïóñòü êâàçèóïîðÿäî÷åííîå ìíî-
æåñòâî < A; 6> îáëàäàåò ñâîéñòâîì (∗). Îïðåäåëèì íà A ôóíêöèþ
f(x, y) ñëåäóþùèì îáðàçîì: äëÿ a, b ∈ A

f(a, b) =

{
a, åñëè a 6 b,

b, èíà÷å.
Î÷åâèäíî, ÷òî ìîíîìîðôèçìû àëãåáðû A =< A; σ > ñóòü ìîíîìîð-

ôèçìû ìíîæåñòâà < A; 6>. Â ñèëó æå òîãî, ÷òî < A; 6> îáëàäàåò
ñâîéñòâîì (∗) ïîëó÷àåì ñîâïàäåíèå êâàçèïîðÿäêîâ 6 è 6Mon A.

3
Íàêîíåö íåñêîëüêî ñëîâ â îáîñíîâûíèå èíòåðåñà ê êâàçèïîðÿäêàì

6End A íà àëãåáðàõ. Íàïîìíèì, ÷òî ïðèìèòèâíûìè ôîðìóëàìè ñèãíàòó-
ðû σ íàçûâàþòñÿ ýëåìåíòàðíûå ôîðìóëû âèäà

∃x1, . . . , xnΦ(x1, . . . , xn, y1, . . . , ym),

ãäå Φ íåêîòîðàÿ êîíúþíêöèÿ òåðìàëüíûõ ðàâåíñòâ ñèãíàòóðû σ. Î÷å-
âèäíî, ÷òî åñëè Φ(y) � íåêîòîðàÿ ïðèìèòèâíàÿ ôîðìóëà ñèãíàòóðû σ
è äëÿ àëãåáðû A =< A; σ > è åå ýëåìåíòîâ a, b èìåþò ìåñòî A ² Φ(b) è
a 6End A b, òî A ² Φ(a).

Äëÿ êîíå÷íûõ àëãåáð A =< A; σ > âåðíî è îáðàòíîå: åñëè äëÿ ëþáîé
ïðèìèòèâíîé ôîðìóëû Φ(y) èç èñòèííîñòè Φ(b) â A ñëåäóåò A ² Φ(a),
òî a 6End A b.
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Äëÿ ëþáîãî B ⊆ A ÷åðåç B̄pr
A îáîçíà÷èì ìíîæåñòâî {c ∈ A| äëÿ

ëþáîé ïðèìèòèâíîé ôîðìóëû Φ(y), òàêîé ÷òî äëÿ êàæäîãî b ∈ B è
A ² Φ(b) èìååò ìåñòî A ² Φ(c)} � ïðèìèòèâíîå çàìûêàíèå ìíîæåñòâà
B â A. Òàêèì îáðàçîì, {b}pr

A ñîâïàäàåò ñ ãëàâíûì èäåàëîì ïîðîæäåííûì
â < A; 6End A> ýëåìåíòîì b äëÿ êîíå÷íûõ àëãåáð A.

Äëÿ ëþáîé àëãåáðû A, ëþáîé ïðèìèòèâíîé ôîðìóëû Φ(y), ëþáîãî
ìíîæåñòâà I è ëþáîãî ýëåìåíòà f ∈ AI èìååì AI ² Φ(f) òîãäà è òîëüêî
òîãäà, êîãäà äëÿ ëþáîãî i ∈ I âûïîëíåíî A ² Φ(f(i)).

Îïèñàíèå ïðèìèòèâíîãî çàìûêàíèå îäíîýëåìåíòíûõ ìíîæåñòâ â òåð-
ìèíàõ êâàçèïîðÿäêà 6End A äëÿ êîíå÷íûõ àëãåáð (òàê æå êàê ýòî ñäåëà-
íî â [1] äëÿ àëãåáðàè÷åñêèõ çàìûêàíèé è êâàçèïîðÿäêà 6Ihm A) ìîæåò
áûòü ðàñøèðåíî íà ëþáûå ìíîæåñòâà B ⊆ A ïóòåì ïåðåõîäà ê End-
êâàçèïîðÿäêó íà ðàñøèðåíèè AA àëãåáðû A.

Ôèêñèðóåì íåêîòîðîå âïîëíå óïîðÿäî÷åíèå 6 ìíîæåñòâà A. Äëÿ ëþ-
áûõ B ⊆ A è a ∈ A ïóñòü dB, ā ∈ AA òàêîâû, ÷òî

dB(b) =

{
b, åñëè b ∈ B,

b0, åñëè b 6∈ B

ā(b) = a äëÿ ëþáîãî b ∈ B,

çäåñü b0 � íàèìåíüøèé ýëåìåíò ìíîæåñòâà B îòíîñèòåëüíî ïîðÿäêà 6.
Òîãäà, â ñèëó çàìå÷åííîãî âûøå èìååò ìåñòî
Òåîðåìà 3. Äëÿ ëþáîé êîíå÷íîé àëãåáðû A =< A; σ >, ëþáûõ B ⊆
A è a ∈ A âêëþ÷åíèå a ∈ B̄pr

A ðàâíîñèëüíî âõîæäåíèþ ā â ãëàâíûé
èäåàë êâàçèóïîðÿäî÷åííîãî ìíîæåñòâà < AA; 6End AA>, ïîðîæäåííûé
ýëåìåíòîì dB.

Ñïèñîê ëèòåðàòóðû
[1] À. Ã.Ïèíóñ Î êâàçèïîðÿäêå èíäóöèðîâàííîì âíóòðåííèìè ãîìîìîð-

ôèçìàìè óíèâåðñàëüíûõ àëãåáð è îá îïåðàòîðå àëãåáðàè÷åñêîãî çà-
ìûêàíèÿ íà àëãåáðàõ.- Ñèá. ìàòåì. æóðíàë, 56, 3 (2015), 129�136.

[2] À. Ã.Ïèíóñ, Îá Ihm-äîçâîëåííûõ è Ihm-çàïðåùåííûõ êâàçèïîðÿä-
êàõ, â ïå÷àòè.

[3] À. Ã.Ïèíóñ, Ihm-êâàçèïîðÿäîê è ïðîèçâîäíûå ñòðóêòóðû óíèâåð-
ñàëüíûõ àëãåáð. 1-Àëãåáðàè÷åñêè ïîëíûå àëãåáðû.-â ïå÷àòè.
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Íàñòîÿùàÿ ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [1].
Ïîñëåäîâàòåëüíûì èçó÷åíèåì áåñêîíå÷íîñòè çàíèìàåòñÿ òåîðèÿ ìíî-

æåñòâ. Â íàñòîÿùåå âðåìÿ ìû èìååì äâå òàêèõ òåîðèè: îäíà êëàññè÷å-
ñêàÿ òåîðèÿ ìíîæåñòâ (ZF), äðóãàÿ � àëüòåðíàòèâíàÿ òåîðèÿ ìíîæåñòâ
(AST). Àâòîðîì àëüòåðíàòèâíîé òåîðèè ìíîæåñòâ ÿâëÿåòñÿ ÷åøñêèé ìà-
òåìàòèê Ï. Âîïåíêà, ìîíîãðàôèÿ êîòîðîãî èçäàíà â Èíñòèòóòå ìàòåìà-
òèêè ÑÎ ÐÀÍ â 2004 ã. [2]. Íàëè÷èå äâóõ òàêèõ òåîðèé âûçûâàåò íåîá-
õîäèìîñòü èõ ñðàâíèòåëüíîãî àíàëèçà.

Êëàññè÷åñêàÿ òåîðèÿ íà÷èíàåòñÿ ñ òîãî, ÷òî ïîçâîëÿåò íàì ìûñëèòü
áåñêîíå÷íûå îáúåêòû êàê ìíîæåñòâî. Çà ýòèì áåçîáèäíûì (âíåøíå)
óòâåðæäåíèåì ñêðûâàåòñÿ äîñòàòî÷íî ñèëüíîå ïðåäïîëîæåíèå. Äåéñòâè-
òåëüíî ïåðâûì áåñêîíå÷íûì îáúåêòîì, ñ êîòîðûì ìû âñòðå÷àåìñÿ â ìà-
òåìàòèêå, ÿâëÿåòñÿ íàòóðàëüíûé ðÿä ÷èñåë. Ïðåäñòàâèòü åãî â âèäå ìíî-
æåñòâà N îçíà÷àåò, ÷òî ìû ìîæåì ïðîáåæàòü âåñü íàòóðàëüíûé ðÿä. Íî
ýòî íåâîçìîæíî. Òåì íå ìåíåå ìû ïîçâîëÿåì ñåáå òàêîé ìûñëåííûé ýêñ-
ïåðèìåíò, ðàñøèðÿÿ òåì ñàìûì íàøè ðåñóðñíûå âîçìîæíîñòè, à âåðíåå,
ïðîñòî íå îáðàùàåì íà íèõ âíèìàíèå.

Íàãëÿäíûì ïðèìåðîì òàêîãî áåçðåñóðñíîãî ïîäõîäà ÿâëÿåòñÿ êîí-
öåïöèÿ îáîáùåííîé âû÷èñëèìîñòè, ò. å. âû÷èñëèìîñòè íà ìàøèíàõ Òüþ-
ðèíãà ñ îðàêóëîì. Ýòà êîíöåïöèÿ èíòåðåñíà åùå è òåì, ÷òî ñîåäèíÿåò
â ñåáå íàèáîëåå êîíñòðóêòèâíûé ïîäõîä (ïîíÿòèå âû÷èñëèìîñòè) ñ íàè-
ìåíåå êîíñòðóêòèâíûì (îðàêóëîì).

Êàê õîðîøî èçâåñòíî, ïåðâûì ðåêóðñèâíî íåðàçðåøèìûì âîïðîñîì
ÿâëÿåòñÿ âîïðîñ îá îñòàíîâêå ìàøèíû Òüþðèíãà. Â îáîáùåííîé âû÷èñ-
ëèìîñòè ìàøèíà ñ íîìåðîì m ìîæåò çàäàâàòü âîïðîñû îá îñòàíîâêå
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äðóãîé ìàøèíû x îðàêóëó F (x) è, ïîëó÷èâ òîò èëè èíîé îòâåò (0, 1 � äà
èëè íåò), ïðîäîëæèòü ðàáîòó äàëüøå ïî ñâîåé ïðîãðàììå. Äàëåå ìîæíî
ñòðîèòü áåñêîíå÷íûå èåðàðõèè îáîáùåííî âû÷èñëèìûõ ôóíêöèé, êîòî-
ðûå ïî ñóòè ÿâëÿþòñÿ èåðàðõèÿìè ñ áåñêîíå÷íûì ïåðåáîðîì íàòóðàëü-
íûõ ÷èñåë. Äàëüíåéøèå èññëåäîâàíèÿ ïîêàçàëè, ÷òî áîëåå åñòåñòâåííî
ðàññìàòðèâàòü èåðàðõèè îáîáùåííî âû÷èñëèìûõ ôóíêöèé ñ äâóìåñò-
íûì îðàêóëîì H(x, y) [1]. Òàêîé îðàêóë (ïî ïîñòðîåíèþ) âñåãäà îáëàäàåò
ñåëåêòîðíîé ôóíêöèåé (ñ÷åòíûì àíàëîãîì àêñèîìû âûáîðà) è íàçûâà-
åòñÿ ðåãóëÿðíûì.

Èòàê, ëþáàÿ ñîäåðæàòåëüíàÿ òåîðèÿ îáîáùåííî âû÷èñëèìûõ ôóíê-
öèé äîëæíà îáëàäàòü ñëåäóþùèìè òðåìÿ ñâîéñòâàìè:

(1). Îðàêóë H(x, y) íàäåëåí òðàíñôèíèòíîé ñòðóêòóðîé.

(2). Îðàêóë H(x, y) íîðìàëåí (ò. å. ïîëóðàçðåøàåò ïðîáëåìó îñòàíîâ-
êè).

(3). Îðàêóë H(x, y) ðåãóëÿðåí.

Ñëåäóåò îòìåòèòü, ÷òî ïîñòðîåíèÿ èåðàðõèé îáîáùåííî âû÷èñëèìûõ
ôóíêöèé íàøëè ïðèëîæåíèÿ â òåîðèè ðåêóðñèâíûõ ôóíêöèîíàëîâ, ò. å.
ñïðàâåäëèâà òåîðåìà [3].

Òåîðåìà 1. Îðàêóë HG(x, y) ðåãóëÿðåí, ãäå G(α) � ôóíêöèîíàë òèïà 2.

Àëüòåðíàòèâíàÿ òåîðèÿ ìíîæåñòâ ïðåäëàãàåò îòêàçàòüñÿ îò ìîãó-
ùåñòâà, ïðåäëîæåííîãî Ã. Êàíòîðîì, ðàññìàòðèâàòü íàòóðàëüíûé ðÿä
êàê ìíîæåñòâî. Àâòîð AST ñ÷èòàåò òàêóþ áåñêîíå÷íîñòü èñêóññòâåííîé.
Àëüòåðíàòèâíàÿ òåîðèÿ ìíîæåñòâ çàíèìàåòñÿ åñòåñòâåííîé áåñêîíå÷-
íîñòüþ, ò. å. òàêîé ôîðìîé áåñêîíå÷íîñòè, êîòîðóþ ìû ìîæåì îáíàðó-
æèòü â ðåçóëüòàòå, ïóñòü äàæå ìûñëåííîãî, îïûòà. Çäåñü ìû ïðåäëî-
æèì ñâîþ èíòåðïðåòàöèþ AST, îñíîâàííóþ íà ïîíÿòèè îãðàíè÷åííîãî
ðåñóðñà, ïðåäïîëàãàÿ, ÷òî äàæå â ìûñëåííûõ ýêñïåðèìåíòàõ òàêîé ðå-
ñóðñ íåîáõîäèì äëÿ òîãî, ÷òîáû îòäåëèòü ìûñëü îò ôàíòàçèè.

Â AST ðîëü òàêîãî îãðàíè÷åííîãî ðåñóðñà èãðàåò ïîíÿòèå ãîðèçîíòà.
Êàæäûé íàø âçãëÿä, êóäà áû îí íè áûë íàïðàâëåí, âñåãäà ÷åì-òî

îãðàíè÷åí. Ëèáî íà åãî ïóòè îêàçûâàåòñÿ òâåðäàÿ ãðàíèöà, ÷åòêî åãî
ïðåñåêàþùàÿ, ëèáî îí îãðàíè÷åí ãîðèçîíòîì, â íàïðàâëåíèè êîòîðîãî
óòðà÷èâàåòñÿ ÿñíîñòü íàøåãî âèäåíèÿ. Ñàì ãîðèçîíò ïðèçíàåòñÿ ÷åò-
êèì ÿâëåíèåì, îäíàêî, òî, ÷òî íàõîäèòñÿ ïåðåä ãîðèçîíòîì, âûäåëÿåòñÿ
íå÷åòêî. Âåðíåå, ïî íàïðàâëåíèþ ê ãîðèçîíòó ìû âñòðå÷àåìñÿ ñ ôåíî-
ìåíîì íå÷åòêîñòè. Âîò íà ýòó íå÷åòêîñòü âîçëàãàåòñÿ òà ðîëü, êîòîðóþ
èãðàåò áåñêîíå÷íîñòü â êëàññè÷åñêîé òåîðèè ìíîæåñòâ.
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Êàê ìîãëà áû âûãëÿäåòü òåîðèÿ îáîáùåííîé âû÷èñëèìîñòè â AST?
Äëÿ ýòîãî íàì ïðèøëîñü áû îïðåäåëèòü ïîíÿòèå ãîðèçîíòà. Ïóñòü ýòî
áóäåò äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî S. Òîãäà ïðèìåì ñëåäóþ-
ùåå ñîãëàøåíèå.

Åñëè ìàøèíà y îñòàíàâëèâàåòñÿ çà ÷èñëî òàêòîâ ñâîåé ðàáîòû ìåíü-
øåå, ÷åì S, òî îðàêóë H íà âîïðîñ ìàøèíû x äàåò îòâåò H(x, y) = 0.
Åñëè æå ìàøèíà y íå îñòàíàâëèâàåòñÿ çà S òàêòîâ ñâîåé ðàáîòû, òî áó-
äåì ñ÷èòàòü, ÷òî â ýòîì ñëó÷àå ìàøèíà y ðàáîòàåò áåñêîíå÷íî, è îòâåò
îðàêóëà ïîëàãàåì H(x, y) = 1. Òîãäà ìû ìîæåì ïîâòîðèòü êîíñòðóêöèþ
ïîñòðîåíèÿ äâóìåñòíîãî îðàêóëà HG(x, y) [3], íåñêîëüêî èçìåíÿÿ ñåìàí-
òèêó âîïðîñîâ è îòâåòîâ. Ñôîðìóëèðóåì ýòîò ðåçóëüòàò â ñëåäóþùåé
òåîðåìå, êîòîðóþ ìû çäåñü ïðèâîäèì áåç äîêàçàòåëüñòâà.

Òåîðåìà 2. Â AST ñóùåñòâóåò îðàêóë H(x, y), îáëàäàþùèé ñëåäóþ-
ùèìè ñâîéñòâàìè:

(i). Îðàêóë H(x, y) íàäåëåí òðàíñôèíèòíîé ñòðóêòóðîé.

(ii). Îðàêóë H(x, y) íîðìàëåí.

(iii). Îðàêóë H(x, y) ðåãóëÿðåí.

Ñëåäóåò îòäåëüíî çàìåòèòü, ÷òî ïîñòðîåíèå îðàêóëà H(x, y) â AST
ìîæåò èìåòü ïðèëîæåíèÿ â êîìïüþòåðíîé òåîðèè, ïîñêîëüêó îí ðåàëè-
çîâàí â êîíå÷íîì ìèðå. À èìåííî, ìû ìîæåì ìûñëèòü ñîâîêóïíîñòüþ
ìàøèí, ðàáîòàþùèõ â äèàëîãîâîì ðåæèìå. Êàæäàÿ ìàøèíà ìîæåò çà-
äàâàòü âîïðîñ î ðàáîòå äðóãîé ìàøèíû. Îáùåíèå ýòèõ ìàøèí îñóùåñòâ-
ëÿåòñÿ ÷åðåç îðàêóëà. Ñàì æå îðàêóë áóäåò ÿâëÿòüñÿ íàêîïèòåëåì îáîá-
ùåííîãî çíàíèÿ.

Â çàêëþ÷åíèå ìû åùå ðàç ñôîðìóëèðóåì òåçèñ, ïðèâåäåííûé â [1].
Ðàññìîòðåâ îäíó ìàòåìàòè÷åñêóþ êîíñòðóêöèþ (îáîáùåííóþ âû÷èñ-

ëèìîñòü) â ZF è AST, ìû ïðèõîäèì ê ñëåäóþùèì âûâîäàì, êîòîðûå
ñôîðìóëèðóåì â âèäå òåçèñîâ. Íà÷íåì ñ AST.

(1). Â àëüòåðíàòèâíîé òåîðèè ìíîæåñòâ ïîíÿòèå êîíå÷íîãî ÿâëÿåòñÿ
÷åòêèì ïîíÿòèåì, ò. å. âñå òî, ÷òî îãðàíè÷åíî ãîðèçîíòîì, ÿâëÿåòñÿ
êîíå÷íûì. Îäíàêî, ëþáàÿ òåîðèÿ ìíîæåñòâ íå ìîæåò îáîéòèñü áåç
ïîíÿòèÿ áåñêîíå÷íîãî. Â AST ðîëü áåñêîíå÷íîñòè áåðóò íà ñåáÿ
îáúåêòû, ëåæàùèå çà ãîðèçîíòîì. Ýòî íå÷åòêèå îáúåêòû.

(2). Òåîðèÿ ìíîæåñòâ ZF ÿâëÿåòñÿ ñòðîéíîé òåîðèåé áåñêîíå÷íûõ ìíî-
æåñòâ. Â ýòîé òåîðèè ïîíÿòèå áåñêîíå÷íîãî ïîëó÷àåò ïîëíóþ ÷åò-
êîñòü. Îäíàêî, ñëåäóåò çàìåòèòü, ÷òî ïîíÿòèå êîíå÷íîãî â ýòîé
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òåîðèè ïåðåñòàåò áûòü ÷åòêèì. Ýòî òðåáóåò ïîÿñíåíèÿ. Ðàçóìååòñÿ,
â ZF åñòü ÷åòêîå îïðåäåëåíèå êîíå÷íîãî ìíîæåñòâà, íî äâà ÷èñëà
1010 è 101010 â ýòîé òåîðèè ñ÷èòàþòñÿ ðàâíîêîíå÷íûìè. Çàìåòèì,
÷òî ïî ñîâðåìåííûì ïðåäñòàâëåíèÿì âòîðîå ÷èñëî ïðåâûøàåò ÷èñ-
ëî àòîìîâ âî Âñåëåííîé. Ïîýòîìó, êîãäà ìû ðàññìàòðèâàåì êîíå÷-
íîå ìíîæåñòâî â ZF, òî íå î÷åíü ïîíÿòíî, ÷òî ìû èìååì â âèäó.
Ïîíÿòèå êîíå÷íîãî â ZF ñòàíîâèòñÿ íå÷åòêèì.

Ìû çàêîí÷èì íàøó ñòàòüþ ñëåäóþùèì òåçèñîì, ñîñòîÿùèì èç äâóõ
ïóíêòîâ.

Ï. 1. Ìîæíî ðàáîòàòü â òåîðèè ìíîæåñòâ, â êîòîðîé ïîíÿòèå áåñêîíå÷-
íîãî ÿâëÿåòñÿ ÷åòêèì, òîãäà â ýòîé òåîðèè ïîíÿòèå êîíå÷íîãî ÿâ-
ëÿåòñÿ íå÷åòêèì (ÿðêèì ïðèìåðîì ÿâëÿåòñÿ ZF).

Ï. 2. Åñëè ìû æåëàåì ðàáîòàòü â òåîðèè ìíîæåñòâ, â êîòîðîé ïîíÿòèå
êîíå÷íîãî ÿâëÿåòñÿ ÷åòêèì, òîãäà â ýòîé òåîðèè ïîíÿòèå áåñêîíå÷-
íîãî ñòàíîâèòñÿ íå÷åòêèì (ïðèìåð AST).

Ðåçþìå. Ïîíÿòèå êîíå÷íîãî è áåñêîíå÷íîãî âçàèìîñâÿçàíû. Îáðàùàÿ
âíèìàíèå íà îäíî èç íèõ, ñëåäóåò âíèìàòåëüíî ñìîòðåòü, ÷òî ïðîèñõîäèò
ñ ñèììåòðè÷íûì ïîíÿòèåì.
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Â êëàññå ïðîêîíå÷íûõ ãðóïï ïðèìåíÿþòñÿ ïîíÿòèÿ òåîðèè èíâàðè-
àíòíûõ ðÿäîâ ãðóïï (ñì. ãëàâà 13 � 56 â ìîíîãðàôèè [1]). Óñòàíîâëåíû
ðåçóëüòàòû î ñòðîåíèè óáûâàþùèõ èíâàðèàíòíûõ ðÿäîâ áåñêîíå÷íûõ
ïðîêîíå÷íûõ ãðóïï.
Îïðåäåëåíèå 1. Óáûâàþùèì èíâàðèàíòíûì ðÿäîì ïîäãðóïï òîïîëî-
ãè÷åñêîé ãðóïïû G íàçûâàåòñÿ ñòðîãî óáûâàþùàÿ âïîëíå óïîðÿäî÷åí-
íàÿ ïî óáûâàíèþ ñèñòåìà çàìêíóòûõ íîðìàëüíûõ ïîäãðóïï ãðóïïû G,
èñõîäÿùàÿ èç âñåé ãðóïïû G, è äîõîäÿùàÿ äî åäèíè÷íîé ïîäãðóïïû.

Äëÿ êðàòêîñòè äàëåå ïîä ðÿäîì ïîäãðóïï ãðóïïû G áóäåì ïîíèìàòü
óáûâàþùèé èíâàðèàíòíûé ðÿä ïîäãðóïï ýòîé ãðóïïû.

Ãðóïïû ðÿäà ïîäãðóïï îáðàçóþò âïîëíå óïîðÿäî÷åííîå ìíîæåñòâî
îòíîñèòåëüíî ïîðÿäêà îáðàòíîãî âêëþ÷åíèþ: G1 ⊇ G2 ⇐⇒ G1 6 G2.
Ýòî ïîçâîëÿåò óñòàíîâèòü ñîîòâåòñòâèå ãðóïï òàêîãî ðÿäà îðäèíàëüíûì
÷èñëàì, îáðàùàþùåå ïîðÿäîê âêëþ÷åíèÿ. Áóäåì íóìåðîâàòü ãðóïïû ðÿ-
äà ïîäãðóïï ñîãëàñíî ýòîìó ñîîòâåòñòâèþ:

R : G = G0 > . . . > Gα > . . . > Gδ = e, α < δ. (1)
Çíà÷èò, åñëè îðäèíàë β < δ íå ÿâëÿåòñÿ ïðåäåëüíûì, òî äëÿ ïðåäøå-

ñòâóþùåãî åìó îðäèíàëà α èìååì β = α + 1. Íà ãðóïïå Gα ïðîèñõîäèò
ñóæåíèå óáûâàþùåé ñèñòåìû ïîäãðóïï: Gα ⊇ Gα+1 = Gβ ê íåêîòîðîé
ïîäãðóïïå Gβ ãðóïïû Gα. À åñëè β � ïðåäåëüíûé îðäèíàë, òî β =

⋃
α<β

α,

â ýòîì ñëó÷àå âûïîëíÿåòñÿ ñîîòíîøåíèå: Gβ =
⋂

α<β

Gα. Â ÷àñòíîñòè,
⋂

α<δ

Gα = Gδ = e.

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-
óêè ÐÔ, ïî ãîñóäàðñòâåííîìó çàäàíèþ N.2014/138, ïðîåêò 1052
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Îïðåäåëåíèå 2. Îðäèíàëüíîå ÷èñëî δ = l(R) íàçûâàåì äëèíîé ðÿäà
ïîäãðóïï (1), à ìîùíîñòüþ òàêîãî ðÿäà íàçûâàåì ìîùíîñòü ýòîãî îð-
äèíàëà, p(R) = |l(R)|.

Îñîáóþ ðîëü ñðåäè óáûâàþùèõ ðÿäîâ ïðîêîíå÷íûõ ãðóïï èìåþò èí-
âàðèàíòíûå ðÿäû ñëåäóþùåãî òèïà.

Îïðåäåëåíèå 3. Ðÿä ïîäãðóïï (1) áåñêîíå÷íîé ãðóïïû G íàçûâàåòñÿ
êàëèáðîâàííûì ðÿäîì, åñëè äëÿ ëþáîãî íåïðåäåëüíîãî îðäèíàëà β =
α+1 ôàêòîð-ãðóïïà ñóæåíèÿ Gα/Gβ îáðàçóåò êîíå÷íóþ ãðóïïó. Èíûìè
ñëîâàìè, íà êàæäîì îðäèíàëå α < δ ïðîèñõîäèò ñóæåíèå ãðóïïû ðÿäà
Gα äî åå íîðìàëüíîé ïîäãðóïïû êîíå÷íîãî èíäåêñà Gα+1.

Äëÿ ýòîãî êëàññà óáûâàþùèõ ðÿäîâ äîêàçûâàåì

Òåîðåìà 4. Ðàññìîòðèì áåñêîíå÷íóþ ïðîêîíå÷íóþ ãðóïïó G âåñà
w(G).

Óòâåðæäàåòñÿ, ÷òî â ãðóïïå G èìåþòñÿ êàëèáðîâàííûå óáûâàþ-
ùèå èíâàðèàíòíûå ðÿäû ïîäãðóïï C. Ïðè ýòîì ìîùíîñòü ëþáîãî òà-
êîãî ðÿäà ñîâïàäàåò ñ âåñîì ãðóïïû

p(C) = w(G).

Îòñþäà âûâîäèòñÿ îáùåå óòâåðæäåíèå.

Ñëåäñòâèå 5. Ëþáîé óáûâàþùèé ðÿä ïîäãðóïï áåñêîíå÷íîé ïðîêîíå÷-
íîé ãðóïïû G óïëîòíÿåòñÿ äî íåêîòîðîãî êàëèáðîâàííîãî ðÿäà C ìîù-
íîñòè p(C) = w(G).

Èç ñëåäñòâèÿ 5 âûâîäèì îñíîâíîé ðåçóëüòàò î ìîùíîñòè óáûâàþùèõ
ðÿäîâ ïðîêîíå÷íûõ ãðóïï:

Òåîðåìà 6. Ìîùíîñòü ëþáîãî óáûâàþùåãî ðÿäà ïîäãðóïï ( 1) áåñêîíå÷-
íîé ïðîêîíå÷íîé ãðóïïû G íå ïðåâîñõîäèò âåñà ãðóïïû:

p(R) 6 w(G).

Â êà÷åñòâå ïðèìåíåíèÿ ýòèõ ðåçóëüòàòîâ äîêàçûâàåì:

Òåîðåìà 7. Ìîùíîñòü áåñêîíå÷íîé ïðîêîíå÷íîé ãðóïïû G âûðàæàåò-
ñÿ ýêñïîíåíòîé åå âåñà:

|G| = 2w(G).
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Îòìåòèì, ÷òî õîòÿ ýòî óòâåðæäåíèå ìàëî èçâåñòíî, îíî íå ÿâëÿ-
åòñÿ íîâûì, ïîñêîëüêó âûòåêàåò èç îáùåé òåîðåìû Àðõàíãåëüñêîãî î
ìîùíîñòè îäíîðîäíûõ êîìïàêòíûõ õàóñäîðôîâûõ òîïîëîãè÷åñêèõ ïðî-
ñòðàíñòâ. Ýòà òåîðåìà (òåîðåìà 1.13 [2]) óêàçàíà â îáçîðå [3] êàê òåîðå-
ìà 1.27.

Ñòàòüÿ ñîñòîèò èç ïÿòè ðàçäåëîâ.
Â ïåðâîì ðàçäåëå ðàáîòû íàïîìèíàåì èçâåñòíûå ïîíÿòèÿ èç îá-

ùåé òîïîëîãèè. Èíâàðèàíòíûå ðÿäû ïîäãðóïï ïðåäñòàâëÿþò àïïàðàò
ëîêàëüíîãî èçó÷åíèÿ ñòðîåíèÿ ãðóïïû â îêðåñòíîñòè åäèíèöû. Èçó÷à-
þòñÿ òîïîëîãè÷åñêèå ãðóïïû, è îñíîâíûì ñëóæèò ïîíÿòèå ëîêàëüíîãî
âåñà òàêîé ãðóïïû. Äëÿ ïðîêîíå÷íûõ ãðóïï îíî ïðèâîäèò ê ïîíÿòèþ
âåñà ãðóïïû.

Âòîðîé ðàçäåë ïîñâÿùåí âûáîðó ñèñòåìû ôóíäàìåíòàëüíûõ îê-
ðåñòíîñòåé åäèíèöû ïðîêîíå÷íîé ãðóïïû ìîùíîñòè åå âåñà. Îíà îáðà-
çîâàíà íåêîòîðûìè îòêðûòûìè ïîäãðóïïàìè ýòîé ãðóïïû. Ýòîò âûáîð
îñóùåñòâëÿåòñÿ â ïðåäëîæåíèè 12 ñ ïîìîùüþ òåîðåìû Àëåêñàíäðîâà �
Óðûñîíà.

Öåíòðàëüíîé ÷àñòüþ ñòàòüè ÿâëÿåòñÿ òðåòèé ðàçäåë, â êîòîðîì
èçó÷àþòñÿ êàëèáðîâàííûå óáûâàþùèå èíâàðèàíòíûå ðÿäû è äîêàçû-
âàåòñÿ òåîðåìà 4.

×åòâåðòûé ðàçäåë îòâåäåí òåîðèè óïëîòíåíèé íîðìàëüíûõ ðÿäîâ.
Èç òåîðåìû Êóðîøà î ïîäãðóïïàõ âûâîäèì óòâåðæäåíèå ñëåäñòâèÿ 5 è
òåîðåìû 6.

Â çàêëþ÷èòåëüíîì ïÿòîì ðàçäåëå âûâîäèì òåîðåìó 7.

Â ñòàòüå èñïîëüçóþòñÿ ðàçëè÷íûå ôàêòû òåîðèè ïîðÿäêîâûõ è êàð-
äèíàëüíûõ ÷èñåë, à òàêæå ñâåäåíèÿ èç îáùåé òîïîëîãèè. Îíè èçëîæåíû
â ìîíîãðàôèè [4]. Ðàçíîîáðàçíûå ñâîéñòâà ïðîêîíå÷íûõ ãðóïï öèòèðó-
þòñÿ ïî êíèãå [5].

Àâòîð âûðàæàåò èñêðåííþþ ïðèçíàòåëüíîñòü À.Â.Àðõàíãåëüñêîìó
è Ê.Ë.Êîçëîâó çà êîíñóëüòàöèè ïî ñòðîåíèþ îäíîðîäíûõ òîïîëîãè÷å-
ñêèõ ïðîñòðàíñòâ. Âûðàæàþ îñîáóþ áëàãîäàðíîñòü Ë.Ðèáåñó çà êîí-
ñóëüòàöèè ïî ñòðîåíèþ ïðîêîíå÷íûõ ãðóïï.

1 Ëîêàëüíûé âåñ
Áóäåì ðàññìàòðèâàòü îòäåëèìîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî T . Òî-

ïîëîãèÿ îïðåäåëÿåòñÿ ôèëüòðîì îòêðûòûõ ìíîæåñòâ, áàçà êîòîðîãî íà-
çûâàåòñÿ îòêðûòîé áàçîé ïðîñòðàíñòâà T . Íàèìåíüøàÿ ìîùíîñòü îò-
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êðûòîé áàçû íàçûâàåòñÿ âåñîì òîïîëîãè÷åñêîãî ïðîñòðàíñòâà, îíà îáî-
çíà÷àåòñÿ w(T ). Èçâåñòíàÿ òåîðåìà Àëåêñàíäðîâà � Óðûñîíà óòâåðæäà-
åò, ÷òî â ëþáîé îòêðûòîé áàçå ïðîñòðàíñòâà íàéäåòñÿ ïîäìíîæåñòâî
ìîùíîñòè w(T ), êîòîðîå òàêæå îáðàçóåò îòêðûòóþ áàçó ýòîãî ïðîñòðàí-
ñòâà (òåîðåìà 20 â ãëàâå 4 � 4 [4]).

À â êàæäîé òî÷êå t ∈ T òîïîëîãèÿ îïðåäåëÿåòñÿ ôèëüòðîì îòêðûòûõ
îêðåñòíîñòåé ýòîé òî÷êè. Îí îáðàçîâàí îòêðûòûìè ìíîæåñòâàìè u ⊆ T ,
ñîäåðæàùèìè ýòó òî÷êó: u Â t. Â ïðåäñòàâëåíèè ýòîãî ôèëüòðà òàêæå
èñïîëüçóþò ïîíÿòèå áàçû:
Îïðåäåëåíèå 8. Ñèñòåìà îòêðûòûõ îêðåñòíîñòåé Ut òî÷êè t íàçûâà-
åòñÿ îòêðûòîé áàçîé òîïîëîãèè â ýòîé òî÷êå, åñëè îíà îáðàçóåò áàçó
ôèëüòðà îòêðûòûõ îêðåñòíîñòåé ýòîé òî÷êè, ìàæîðèðóåò ñåìåéñòâî
îòêðûòûõ îêðåñòíîñòåé:

(∀u Â t) (∃v ∈ Ut) v ⊆ u.

Èíîãäà òàêàÿ ñèñòåìà íàçûâàåòñÿ ôóíäàìåíòàëüíîé èëè áàçèñíîé ñèñ-
òåìîé îêðåñòíîñòåé òî÷êè t ∈ T .

Îáðàòèì âíèìàíèå íà äâà î÷åâèäíûõ ñâîéñòâà áàçèñíîé ñèñòåìû
îêðåñòíîñòåé:
Çàìå÷àíèå. Ëþáàÿ ôóíäàìåíòàëüíàÿ ñèñòåìà îêðåñòíîñòåé Ut íàïðàâ-
ëåíà âíèç ïî âêëþ÷åíèþ: (∀u, v ∈ Ut) (∃ w ∈ Ut) w ⊆ u∩v. Ïðîñòðàíñòâî
T ïðåäïîëàãàåòñÿ îòäåëèìûì â òî÷êå t,

⋂
uÂt

u = {t}, ïîýòîìó ëþáàÿ áà-
çèñíàÿ ñèñòåìà îêðåñòíîñòåé îòäåëÿåò òî÷êó t:

⋂
u∈Ut

u = {t}.

Îïðåäåëåíèå 9. Ëîêàëüíûì âåñîì òîïîëîãè÷åñêîãî ïðîñòðàíñòâà T â
òî÷êå t íàçûâàþò íàèìåíüøåå êàðäèíàëüíîå ÷èñëî w(T, t), âûðàæàþùåå
ìîùíîñòü íåêîòîðîé îòêðûòîé áàçû òîïîëîãèè ïðîñòðàíñòâà T â òî÷êå
t:

w(T, t) = min{|B|, B � îòêðûòàÿ áàçà ïðîñòðàíñòâà T â òî÷êå t}.
Áóäåì ïðèìåíÿòü ïîíÿòèå ëîêàëüíîãî âåñà ê îòäåëèìûì òîïîëîãè-

÷åñêèì ãðóïïàì. Ïðîñòðàíñòâî òîïîëîãè÷åñêîé ãðóïïû îäíîðîäíîå, ïî-
ýòîìó ëîêàëüíûé âåñ òàêîé ãðóïïû (òî÷íåå, åå ïîäëåæàùåãî òîïîëîãè-
÷åñêîãî ïðîñòðàíñòâà) â ëþáîé òî÷êå ñîâïàäàåò ñ ëîêàëüíûì âåñîì â
åäèíèöå, îí îïðåäåëÿåòñÿ ïî ôóíäàìåíòàëüíûì ñèñòåìàì îêðåñòíîñòåé
åäèíèöû. Òàêîé âåñ íàçûâàåòñÿ ëîêàëüíûì âåñîì ãðóïïû.

Äàëåå áóäåì èçó÷àòü ïðîêîíå÷íûå ãðóïïû. Äëÿ íèõ èçâåñòíî:
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Çàìå÷àíèå. Ëîêàëüíûé âåñ ïðîêîíå÷íîé ãðóïïû ñîâïàäàåò ñ îáùèì âå-
ñîì åå òîïîëîãè÷åñêîãî ïðîñòðàíñòâà.

Ýòî äîêàçàíî â ïðåäëîæåíèè 2.6.1(b) [5].

×åðåç w(G) áóäåì îáîçíà÷àòü âåñ ïðîêîíå÷íîé ãðóïïû G, îí ñîâïà-
äàåò ñ ëîêàëüíûì âåñîì â ëþáîé åå òî÷êå. Îòìåòèì, ÷òî ãðóïïà G ÿâëÿ-
åòñÿ êîíå÷íîé òîãäà è òîëüêî òîãäà, êîãäà ó íåå äèñêðåòíàÿ òîïîëîãèÿ,
w(G) = 1. À åñëè ãðóïïà áåñêîíå÷íàÿ, òî åå âåñ âûðàæàåòñÿ íåêîòîðûì
áåñêîíå÷íûì êàðäèíàëüíûì ÷èñëîì, w(G) = ℵi.

Èç ðàçëîæåíèÿ ãðóïïû â äèçúþíêòíîå îáúåäèíåíèå ñìåæíûõ êëàñ-
ñîâ ïî åå ïîäãðóïïå âûâîäèòñÿ ñâîéñòâî òîïîëîãè÷åñêèõ ãðóïï:
Çàìå÷àíèå. Ðàññìîòðèì òîïîëîãè÷åñêóþ ãðóïïó G. Òîãäà ëþáàÿ îòêðû-
òàÿ ïîäãðóïïà òàêîé ãðóïïû îêàçûâàåòñÿ òàêæå çàìêíóòîé ïîäãðóïïîé.
Êðîìå òîãî, åñëè ãðóïïà G êîìïàêòíàÿ, òî ëþáàÿ åå îòêðûòàÿ ïîäãðóïïà
èìååò â íåé êîíå÷íûé èíäåêñ.

Òîïîëîãè÷åñêîå ïðîñòðàíñòâî ïðîêîíå÷íîé ãðóïïû êîìïàêòíîå. Áó-
äåì ÷àñòî èñïîëüçîâàòü ýòî çàìå÷àíèå â ïðèìåíåíèè ê ïðîêîíå÷íûì
ãðóïïàì.

Òàêæå áóäåì èñïîëüçîâàòü çàìå÷àíèå î ìîùíîñòè ñåìåéñòâà êîíå÷-
íûõ ìíîæåñòâ:
Çàìå÷àíèå. Ðàññìîòðèì áåñêîíå÷íîå êàðäèíàëüíîå ÷èñëî ℵ è ñåìåéñòâî
íåïóñòûõ êîíå÷íûõ ìíîæåñòâ Ui, i ∈ I, ìîùíîñòè ℵ : |I| = ℵ. Òîãäà ýòî
ñåìåéñòâî â öåëîì îáðàçîâàíî ÷èñëîì ýëåìåíòîâ ìîùíîñòè íå áîëåå ℵ :
| ⋃

i∈I

Ui| 6 ℵ.

Ïðåäëîæåíèå 10. Ðàññìîòðèì áåñêîíå÷íîå ïîðÿäêîâîå ÷èñëî γ ìîù-
íîñòè ℵ = |γ|. Ðàññìîòðèì ìíîæåñòâî íåïðåäåëüíûõ îðäèíàëîâ ìåíü-
øèõ γ:

γunlim = {β < γ| β � íåïðåäåëüíîå ïîðÿäêîâîå ÷èñëî}.

Óòâåðæäàåòñÿ, ÷òî îíî èìååò òó æå ìîùíîñòü, ÷òî è èñõîäíûé
îðäèíàë: |γunlim| = ℵ = |γ|.
Äîêàçàòåëüñòâî. Âíà÷àëå ðàññìîòðèì ñëó÷àé, êîãäà γ � íà÷àëüíîå ïî-
ðÿäêîâîå ÷èñëî ìîùíîñòè ℵ. Â ýòîì ñëó÷àå γ � ïðåäåëüíûé îðäèíàë,
çíà÷èò γ =

⋃
β<γ

β. Îáîçíà÷èì ìíîæåñòâî ïðåäåëüíûõ îðäèíàëîâ, ìåíü-
øèõ γ :

γlim = {β < γ| β � ïðåäåëüíûé îðäèíàë}.
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Â ñèëó ñòðóêòóðû ïîðÿäêîâûõ ÷èñåë êàæäûé ïðåäåëüíûé îðäèíàë
α ïðåäñòàâëÿåòñÿ ñóììîé α = β + ω, â êîòîðîé β � ïðåäøåñòâóþùèé
ïðåäåëüíûé îðäèíàë, à ω � ïîðÿäêîâîå ÷èñëî òèïà íàòóðàëüíûõ ÷èñåë.
Îòñþäà âûòåêàåò ñîîòíîøåíèå ìîùíîñòåé

|γunlim| = |γlim| · ℵ0.

Ïîëó÷àåì íåðàâåíñòâî, |γlim| 6 |γunlim|, ïðè ýòîì ìîùíîñòü |γunlim| îêà-
çûâàåòñÿ áåñêîíå÷íîé. Ïîíÿòíî, ÷òî γ ïðåäñòàâëÿåòñÿ äèçúþíêòíûì
îáúåäèíåíèåì

γ =
⋃

β<γ,β∈γlim

(β + ω) = γlim ∪ γunlim.

Ïîýòîìó ℵ = |γlim|+ |γunlim|. Ïîñêîëüêó |γlim| 6 |γunlim| îòñþäà ñëåäóåò
ðàâåíñòâî |γunlim| = ℵ. Êîãäà γ � íà÷àëüíîå ïîðÿäêîâîå ÷èñëî óòâåð-
æäåíèå ñïðàâåäëèâî.

Â îáùåì ñëó÷àå ïîðÿäêîâîå ÷èñëî ïðåäñòàâëÿåòñÿ ñóììîé ïîðÿäêî-
âûõ ÷èñåë:

γ = δ + β,

â êîòîðîé δ � íà÷àëüíîå ïîðÿäêîâîå ÷èñëî ìîùíîñòè ℵ. Â ñèëó äîêà-
çàííîãî |δunlim| = ℵ. Îäíàêî, γunlim ⊇ δunlim, çíà÷èò

ℵ = |γ| > |γunlim| > |δunlim| = ℵ

è â îáùåì ñëó÷àå |γunlim| = ℵ. Ïðåäëîæåíèå äîêàçàíî. 2

2 Âåñ ïðîêîíå÷íîé ãðóïïû
Çàìå÷àíèå. Ïî îïðåäåëåíèþ ïðîêîíå÷íîé ãðóïïû â íåé èìåþòñÿ ôóíäà-
ìåíòàëüíûå ñèñòåìû îêðåñòíîñòåé åäèíèöû, îáðàçîâàííûå îòêðûòûìè
(è çàìêíóòûìè) ïîäãðóïïàìè (êîíå÷íîãî èíäåêñà).

Â êëàññå ïðîêîíå÷íûõ ãðóïï è îòêðûòûõ îêðåñòíîñòåé åäèíèöû,
îáðàçîâàííûõ ïîäãðóïïàìè, íåîáõîäèìûå ñâîéñòâà áàçèñíîé ñèñòåìû
îêðåñòíîñòåé èç çàìå÷àíèÿ 1 îêàçûâàþòñÿ äîñòàòî÷íûìè äëÿ òîãî, ÷òî-
áû òàêàÿ ñèñòåìà îêðåñòíîñòåé áûëà ôóíäàìåíòàëüíîé.

Ëåììà 11. Ðàññìîòðèì ïðîêîíå÷íóþ ãðóïïó G è ñèñòåìó îòêðûòûõ
ïîäãðóïï {Ui| i ∈ I} ýòîé ãðóïïû, êîòîðîå îòäåëÿåò åäèíèöó, ∩Ui = e.
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Ïîïîëíèì ýòó ñèñòåìó äî íàïðàâëåííîé ñèñòåìû îòêðûòûõ îêðåñò-
íîñòåé åäèíèöû, ïîëó÷åííûõ êîíå÷íûìè ïåðåñå÷åíèÿìè ýòèõ îêðåñò-
íîñòåé:

{
⋂
i∈J

Ui| J � êîíå÷íîå ìíîæåñòâî èíäåêñîâ}.

Óòâåðæäàåòñÿ, ÷òî ýòà îòäåëèìàÿ è íàïðàâëåííàÿ ñèñòåìà îê-
ðåñòíîñòåé åäèíèöû îáðàçóåò áàçèñíóþ ñèñòåìó îêðåñòíîñòåé åäèíè-
öû.

Ýòî óòâåðæäåíèå äîêàçàíî â ïðåäëîæåíèè 2.1.5(b) ìîíîãðàôèè [5].
Çàìå÷àíèå. Îòìåòèì, ÷òî åñëè â óñëîâèÿõ ëåììû 11 ñèñòåìà îòêðûòûõ
ïîäãðóïï {Ui| i ∈ I} áåñêîíå÷íàÿ, ℵ = |I| = ∞, òî ïî çàìå÷àíèþ 1 ïî-
ñòðîåííàÿ â ëåììå ôóíäàìåíòàëüíàÿ ñèñòåìà îêðåñòíîñòåé òàêæå èìååò
ìîùíîñòü ℵ.

Ïðåäëîæåíèå 12. Ðàññìîòðèì ïðîêîíå÷íóþ ãðóïïó G âåñà w(G) è
íåêîòîðóþ áàçèñíóþ ñèñòåìó îêðåñòíîñòåé åäèíèöû, îáðàçîâàííóþ
îòêðûòûìè ïîäãðóïïàìè ãðóïïû.

Óòâåðæäàåòñÿ, ÷òî óæå â ýòîé ñèñòåìå íàéäåòñÿ ïîäñèñòåìà
ìîùíîñòè w(G), êîòîðàÿ òàêæå îáðàçóåò ôóíäàìåíòàëüíóþ ñèñòåìó
îêðåñòíîñòåé åäèíèöû.

Äîêàçàòåëüñòâî. Çàìåòèì âíà÷àëå, ÷òî åñëè ïðîêîíå÷íàÿ ãðóïïà G
êîíå÷íàÿ, òî åå òîïîëîãèÿ äèñêðåòíàÿ. Óòâåðæäåíèå î÷åâèäíî. Äàëåå
ïðåäïîëàãàåì G áåñêîíå÷íîé ïðîêîíå÷íîé ãðóïïîé, âåñ òàêîé ãðóïïû
âûðàæàåòñÿ íåêîòîðûì áåñêîíå÷íûì êàðäèíàëüíûì ÷èñëîì.

Äëÿ äîêàçàòåëüñòâà âûáåðåì íåêîòîðóþ ôóíäàìåíòàëüíóþ ñèñòåìó
îêðåñòíîñòåé åäèíèöû ãðóïïû G, îáðàçîâàííóþ îòêðûòûìè ïîäãðóïïà-
ìè ãðóïïû G:

U = {Ui, i ∈ I}.
Èñïîëüçóåì ñäâèãè è îáðàçóåì îòêðûòóþ áàçó ïðîñòðàíñòâà ãðóïïû:

GU = {gUi| g ∈ G, i ∈ I}.
Äëÿ êàæäîé ïîäãðóïïû Ui ∈ U â ýòó áàçó ïîïàäàþò âñå êëàññû ñìåæ-
íîñòè ýòîé ïîäãðóïïû,

GU = {gUi| g ∈ G\Ui, i ∈ I}.
×èñëî ýòèõ êëàññîâ ñìåæíîñòè äëÿ êàæäîé ïîäãðóïïû Ui êîíå÷íî â ñèëó
çàìå÷àíèÿ 1. Ýëåìåíò U ∈ GU ïðèíàäëåæèò U òîãäà è òîëüêî òîãäà,
êîãäà e ∈ U , êîãäà îí îáðàçóåò ïîäãðóïïó.
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Ïî òåîðåìå Àëåêñàíäðîâà � Óðûñîíà â ýòîé áàçå GU íàéäåòñÿ ïîä-
ñèñòåìà V ìîùíîñòè w(G), êîòîðàÿ òàêæå îáðàçóåò áàçó ïðîñòðàíñòâà
ãðóïïû G. Îäíàêî îíà ìîæåò âêëþ÷àòü íå òîëüêî ïîäãðóïïû, à êëàññû
ñìåæíîñòè. Èñïîëüçóåì ñäâèãè è ïîïîëíèì ýòó áàçó äî íîâîé áàçû ïðî-
ñòðàíñòâà GV ⊆ GU . Ïî çàìå÷àíèþ 1 ýòà áàçà òàêæå èìååò ìîùíîñòü
w(G).

Âûäåëèì âñå ýëåìåíòû ýòîé áàçû, êîòîðûå îáðàçóþò ïîäãðóïïû. Îá-
ðàçóåì ñèñòåìó îòêðûòûõ ïîäãðóïï W . Ïî îòìå÷åííîìó âûøå ñâîé-
ñòâó âûïîëíÿåòñÿ âêëþ÷åíèå: W ⊆ U . Ê òîìó æå |W| 6 |GV| = w(G).
Ýòî � íåêîòîðàÿ ñèñòåìà îêðåñòíîñòåé åäèíèöû, îáðàçîâàííàÿ îòêðû-
òûìè ïîäãðóïïàìè èç U ìîùíîñòè íå âûøå w(G). Ïðîâåðèì, ÷òî îíà
îáðàçóåò ôóíäàìåíòàëüíóþ ñèñòåìó îêðåñòíîñòåé åäèíèöû ìîùíîñòè
w(G).

Â ñàìîì äåëå, óáåäèìñÿ, ÷òî W ìàæîðèðóåò îòêðûòûé áàçèñ åäèíè-
öû U . Ðàññìîòðèì ïðîèçâîëüíóþ ïîäãðóïïó U ∈ U . Ïîñêîëüêó V áàçà
ïðîñòðàíñòâà, íàéäåòñÿ gUi ∈ V , äëÿ êîòîðîãî U ⊇ gUi. Òîãäà Ui ∈ GV ,
è ïî ïîñòðîåíèþ Ui ∈ W .
Çàìå÷àíèå. Åñëè äëÿ ïîäãðóïï U è Ui ãðóïïû G è ýëåìåíòà g ∈ G
âûïîëíÿåòñÿ âêëþ÷åíèå U ⊇ gUi, òî g ∈ U è U ⊇ Ui.

Â ñàìîì äåëå, èç âêëþ÷åíèÿ ñëåäóåò g = ge ∈ U. Òîãäà gU = U ⊇ gUi.
Çíà÷èò U ⊇ Ui.

Ò.î., ñèñòåìà îòêðûòûõ ïîäãðóïï W ìàæîðèðóåò ôóíäàìåíòàëüíóþ
ñèñòåìó îêðåñòíîñòåé åäèíèöû U ãðóïïû G. Îíà ÿâëÿåòñÿ áàçèñíîé ñè-
ñòåìîé îêðåñòíîñòåé åäèíèöû ãðóïïû. Ïîñêîëüêó |W| 6 w(G), à w(G)
ïî çàìå÷àíèþ 1 ñîâïàäàåò ñ ëîêàëüíûì âåñîì ãðóïïû, âûïîëíÿåòñÿ ðà-
âåíñòâî |W| = w(G). Ïðåäëîæåíèå äîêàçàíî. 2

Áóäåì ïðèìåíÿòü âñå ýòè ðåçóëüòàòû ê ñèñòåìàì íîðìàëüíûõ ïîä-
ãðóïï. Âîçìîæíîñòü ýòîãî ñëåäóåò èç òàêèõ çàìå÷àíèé.

Ëåììà 13. Â ïðîêîíå÷íîé ãðóïïå èìåþòñÿ ôóíäàìåíòàëüíûå ñèñòå-
ìû îêðåñòíîñòåé åäèíèöû, îáðàçîâàííûå îòêðûòûìè (è çàìêíóòûìè)
íîðìàëüíûìè ïîäãðóïïàìè (êîíå÷íîãî èíäåêñà).

Äîêàçàòåëüñòâî. Â ñàìîì äåëå, â ñèëó çàìå÷àíèÿ 1 ëþáàÿ îòêðûòàÿ
ïîäãðóïïà U ïðîêîíå÷íîé ãðóïïû èìååò êîíå÷íûé èíäåêñ. Ïîýòîìó
åå ÿäðî

⋂
g∈G

U g îáðàçîâàíî ïåðåñå÷åíèåì êîíå÷íîãî ÷èñëà ñîïðÿæåííûõ

ïîäãðóïï U g äëÿ ñèñòåìû ïðåäñòàâèòåëåé ñìåæíûõ êëàññîâ g ∈ G\U .
Îíî îáðàçóåò íîðìàëüíóþ îòêðûòóþ ïîäãðóïïó.
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Èñïîëüçóåì çàìå÷àíèå 2 è âûáåðåì íåêîòîðóþ ôóíäàìåíòàëüíóþ ñè-
ñòåìó îêðåñòíîñòåé åäèíèöû èç îòêðûòûõ ïîäãðóïï. Äëÿ êàæäîé ïîä-
ãðóïïû U ýòîé ñèñòåìû îïðåäåëèì åå ÿäðî. Âñå ÿäðà òàêèõ ïîäãðóïï
ñîñòàâÿò íîâóþ áàçèñíóþ ñèñòåìó îêðåñòíîñòåé åäèíèöû. Îíà îáðàçî-
âàíà íîðìàëüíûìè îòêðûòûìè ïîäãðóïïàìè è ýêâèâàëåíòíà èñõîäíîé
ñèñòåìå îêðåñòíîñòåé. Ýòî äîêàçûâàåò ëåììó. 2

Çàìå÷àíèå. Ïðèìåíÿòü ëåììó 11 áóäåì ê ñèñòåìå îòêðûòûõ íîðìàëü-
íûõ ïîäãðóïï Ui. Òîãäà óòâåðæäåíèå ïðèâîäèò ê ôóíäàìåíòàëüíîé ñè-
ñòåìå îêðåñòíîñòåé åäèíèöû ãðóïïû G, îáðàçîâàííîé íîðìàëüíûìè îò-
êðûòûìè ïîäãðóïïàìè. Ïî çàìå÷àíèþ 1 ýòî � íîðìàëüíûå çàìêíóòûå
ïîäãðóïïû êîíå÷íîãî èíäåêñà.

Áóäåì èñïîëüçîâàòü î÷åâèäíîå ñëåäñòâèå ïðåäëîæåíèÿ 12 è ëåììû
13:
Çàìå÷àíèå. Ðàññìîòðèì ïðîêîíå÷íóþ ãðóïïó G âåñà w(G).

Óòâåðæäàåòñÿ, ÷òî â íåé íàéäåòñÿ áàçèñíàÿ ñèñòåìà îêðåñòíîñòåé
åäèíèöû ìîùíîñòè w(G), êîòîðàÿ îáðàçîâàíà îòêðûòûìè íîðìàëüíûìè
ïîäãðóïïàìè.

3 Êàëèáðîâàííûå ðÿäû ïîäãðóïï ïðîêîíå÷-
íûõ ãðóïï

Áóäåì äîêàçûâàòü òåîðåìó 4. Ðàññìîòðèì áåñêîíå÷íóþ ïðîêîíå÷íóþ
ãðóïïó G âåñà w(G).

Ïîêàæåì, ÷òî â ãðóïïå G èìåþòñÿ êàëèáðîâàííûå óáûâàþùèå èí-
âàðèàíòíûå ðÿäû ïîäãðóïï. Ïðè ýòîì ìîùíîñòü ëþáîãî òàêîãî ðÿäà
ñîâïàäàåò ñ âåñîì ãðóïïû w(G).

Äëÿ äîêàçàòåëüñòâà òåîðåìû ââåäåì ðÿä íîâûõ ïîíÿòèé.
Èñïîëüçóåì ëåììó 13 è ðàññìîòðèì ôóíäàìåíòàëüíóþ ñèñòåìó îê-

ðåñòíîñòåé åäèíèöû I ãðóïïû èç îòêðûòûõ íîðìàëüíûõ äåëèòåëåé ãðóï-
ïû G êîíå÷íîãî èíäåêñà. Ïî çàìå÷àíèþ 1 ýòà ñèñòåìà ïîäãðóïï îòäåëÿåò
åäèíèöó ãðóïïû:

⋂
I =

⋂
i∈I

i = e. Îáùåå ÷èñëî ýëåìåíòîâ áàçû I âûðà-
æàåòñÿ íåêîòîðûì êàðäèíàëüíûì ÷èñëîì |I| = ℵ > w(G) > 1.

3.1 Èñõîäÿùèé ðÿä
Ïîêàæåì êàê, èñõîäÿ èç áàçû I, ïîñòðîèòü óáûâàþùèé êàëèáðîâàí-

íûé èíâàðèàíòíûé ðÿä ïîäãðóïï.
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Âíà÷àëå ïîëàãàåì G0 = G. Äàëåå, ïðåäïîëîæèì, ÷òî óêàçàííûé ðÿä
ïîñòðîåí äëÿ îðäèíàëüíûõ ÷èñåë α, ìåíüøèõ β. Îïðåäåëèì Gβ ñëåäóþ-
ùèì îáðàçîì â çàâèñèìîñòè îò òèïà îðäèíàëà β:

1. ×èñëî β íå ïðåäåëüíîå, β = α + 1 äëÿ íåêîòîðîãî ïðåäøåñòâóþ-
ùåãî α < β. Åñëè Gα = e, òî ïîñòðîåíèå ðÿäà çàâåðøàåì. Äàëåå
ðàññìàòðèâàåì äðóãîé ñëó÷àé: Gα 6= e.

Â ñèëó îòäåëèìîñòè ñèñòåìû I íàéäåòñÿ i ∈ I äëÿ êîòîðîãî Gα∩i 6=
Gα. Ïîëàãàåì Gβ = Gα∩ i, âîâëåêàåì â ïîñòðîåíèå ðÿäà ïîäãðóïïó
i ∈ I, ñóæàåì ïîñòðîåííûé ðÿä ïîñðåäñòâîì ïåðåñå÷åíèÿ ñ ýòîé
îêðåñòíîñòüþ i.

2. ×èñëî β ïðåäåëüíîå, β =
⋃

α<β

α. Ïîëàãàåì Gβ =
⋂

α<β

Gα.

Ïðîäîëæàåì ýòîò ïðîöåññ. Ñòðîèì ñèñòåìó ïîäãðóïï Gβ, îáðàçîâàí-
íûõ îáùèìè ÷àñòÿìè ãðóïï i èç áàçû, i ∈ I. Îíà âïîëíå îïðåäåëÿåòñÿ
ïîñëåäîâàòåëüíîñòüþ âîâëåêàåìûõ â ýòî ïåðåñå÷åíèå ïîäãðóïï {iβ}, çà-
íóìåðîâàííûõ íåïðåäåëüíûìè îðäèíàëüíûìè ÷èñëàìè β. Áóäåì íàçû-
âàòü òàêèå ïîäãðóïïû èñïîëüçîâàííûìè ïðè ïîñòðîåíèè ðÿäà. Ïî ïî-
ñòðîåíèþ â ýòîé ïîñëåäîâàòåëüíîñòè íåò ïîâòîðÿþùèõñÿ ïîäãðóïï, âñå
ýëåìåíòû ïîïàðíî ðàçëè÷íû. Â ñèëó ïðåäëîæåíèÿ 10 çàêëþ÷àåì:
Çàìå÷àíèå. Ïîñêîëüêó

⋂
I = e, ýòà ñèñòåìà ïîäãðóïï çàêàí÷èâàåòñÿ íà

ïåðâîì îðäèíàëüíîì ÷èñëå γ, äëÿ êîòîðîãî ïîëó÷àåòñÿ åäèíè÷íàÿ ïîä-
ãðóïïà Gγ = e. Òàêîå ÷èñëî íàéäåòñÿ óæå ñðåäè ìíîæåñòâà ïîðÿäêîâûõ
÷èñåë ìîùíîñòè íå âûøå ℵ : |γ| 6 |I| = ℵ.

À äëÿ ëþáîãî ìåíüøåãî îðäèíàëà β < γ áóäåò âûïîëíÿòüñÿ íåðà-
âåíñòâî Gβ 6= e. Çíà÷èò, â ðåçóëüòàòå ýòîãî ïîñòðîåíèÿ ïîëó÷àåì ðÿä
ïîäãðóïï äëèíû γ:

G = G0 > G1 > . . . > Gβ > . . . > Gγ = e. (2)

Ïîäãðóïïû Gα ïîëó÷àþòñÿ ïåðåñå÷åíèåì íàáîðîâ îòêðûòî-çàìêíó-
òûõ íîðìàëüíûõ ïîäãðóïï êîíå÷íîãî èíäåêñà ñåìåéñòâà I. Ýòî çàìêíó-
òûå ïîäãðóïïû ïðîêîíå÷íîé ãðóïïû G. Ïîäãðóïïû i ∈ I êîíå÷íîãî èí-
äåêñà â ãðóïïå G, ïîýòîìó äëÿ íåïðåäåëüíîãî îðäèíàëà α íà øàãå α
ïðîèñõîäèò ñóæåíèå ïîäãðóïïû Gβ äî ïîäãðóïïû Gα = Gβ ∩ i êîíå÷íî-
ãî èíäåêñà. Ðÿä ïîäãðóïï (2) ÿâëÿåòñÿ êàëèáðîâàííûì. Áóäåì íàçûâàòü
åãî: ïîñòðîåííûì èñõîäÿ èç áàçû I. Ýòî äîêàçûâàåò cóùåñòâîâàíèå êà-
ëèáðîâàííîãî ðÿäà.
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3.2 Ìîùíîñòü èñõîäÿùåãî ðÿäà
Óñòàíîâèì ãðàíèöû ìîùíîñòè èñõîäÿùåãî ðÿäà.

Ëåììà 14. Ðàññìîòðèì ïðîèçâîëüíûé êàëèáðîâàííûé ðÿä ïîäãðóïï
( 2) ãðóïïû G, ïîñòðîåííûé èñõîäÿ èç áàçû I.

Óòâåðæäàåòñÿ, ÷òî äëÿ ìîùíîñòè ýòîãî ðÿäà âûïîëíÿåòñÿ äâîé-
íîå íåðàâåíñòâî:

w(G) 6 |γ| 6 |I|.
Äîêàçàòåëüñòâî. Â ñàìîì äåëå, âåðõíÿÿ ãðàíèöà óñòàíîâëåíà â çàìå÷à-
íèè 3.1. ×òîáû óñòàíîâèòü íèæíþþ ãðàíèöó áóäåì ðàññóæäàòü îò ïðî-
òèâíîãî. Ïðåäïîëîæèì |γ| < w(G), ìîùíîñòü îðäèíàëà γ ñòðîãî ìåíüøå
ìîùíîñòè w(G).

Îáîçíà÷èì ìíîæåñòâî îêðåñòíîñòåé èç I, èñïîëüçîâàííûõ ïðè ïî-
ñòðîåíèè èíâàðèàíòíîãî ðÿäà (2):

Iγ = {iα| α 6 γ, α− íåïðåäåëüíûé îðäèíàë,}.

Èç ïðåäëîæåíèÿ 10 ñëåäóåò, ÷òî ìîùíîñòü ýòîãî ìíîæåñòâà íå ïðåâîñõî-
äèò ìîùíîñòè îðäèíàëà γ, |Iγ| 6 |γ|. Çíà÷èò îíî èìååò ìîùíîñòü ìåíüøå
w(G): |Iγ| < w(G).

Ïîñêîëüêó e = Gγ = ∩Iγ, ñåìåéñòâî îêðåñòíîñòåé Iγ îòäåëÿåò åäè-
íèöó ãðóïïû. Èñïîëüçóåì çàìå÷àíèå 2 è äîïîëíèì ñèñòåìó Iγ äî ôóí-
äàìåíòàëüíîé ñèñòåìû îêðåñòíîñòåé åäèíèöû Îγ èç îòêðûòûõ íîðìàëü-
íûõ äåëèòåëåé ãðóïïû G êîíå÷íîãî èíäåêñà. Ïî çàìå÷àíèþ 2 ýòà ñèñòå-
ìà èìååò òó æå ìîùíîñòü: |Îγ| = |Iγ|. Ïîýòîìó ìîùíîñòü ýòîé ñèñòåìû
|Îγ| = |Iγ| òàêæå ñòðîãî ìåíüøå w(G). Ãðóïïà G îêàçûâàåòñÿ ãðóïïîé
ìåíüøåãî âåñà, ÷åì w(G). Ïîëó÷èëè ïðîòèâîðå÷èå.

Çíà÷èò, äåéñòâèòåëüíî, |γ| > w(G). Ëåììà äîêàçàíà. 2

Ëåììà 15. Â ëþáîé áåñêîíå÷íîé ïðîêîíå÷íîé ãðóïïå âåñà w(G) íàéäåò-
ñÿ êàëèáðîâàííûé óáûâàþùèé èíâàðèàíòíûé ðÿä ïîäãðóïï ìîùíîñòè
w(G). Òàêîâûì ÿâëÿåòñÿ ëþáîé êàëèáðîâàííûé ðÿä, èñõîäÿùèé èç áàçû
îêðåñòíîñòåé ýòîé ãðóïïû I ìèíèìàëüíîé ìîùíîñòè w(G).

Äîêàçàòåëüñòâî. Â ñàìîì äåëå, çàìåòèì âíà÷àëå, ÷òî ïî çàìå÷àíèþ 2
íàéäåòñÿ ôóíäàìåíòàëüíàÿ ñèñòåìà îòêðûòûõ îêðåñòíîñòåé åäèíèöû I
ìîùíîñòè w(G), îáðàçîâàííàÿ íîðìàëüíûìè ïîäãðóïïàìè. Èñõîäÿ èç
áàçû I, ñòðîèì êàëèáðîâàííûé ðÿä ïîäãðóïï:

G = G0 > G1 > . . . > Gβ > . . . > Gγ = e. (3)
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Â ñèëó ëåììû 14 |γ| = w(G) îí îêàçûâàåòñÿ êàëèáðîâàííûì ðÿäîì ìîù-
íîñòè w(G). Ëåììà äîêàçàíà. 2

Èç ëåììû 15 âûòåêàåò ïåðâîå óòâåðæäåíèå òåîðåìû 4. Äîêàæåì âòî-
ðîå óòâåðæäåíèå.

3.3 Êàëèáðîâàííûå ðÿäû � èñõîäÿùèå ðÿäû
Ðàññìîòðèì ïðîèçâîëüíûé êàëèáðîâàííûé ðÿä ïîäãðóïï ãðóïïû G:

G = G0 > G1 > . . . > Gβ > . . . > Gγ = e. (4)

Ïîêàæåì, ÷òî |γ| = w(G). Äëÿ ýòîãî ïî ãðóïïå G îïðåäåëèì òàêóþ
(óíèâåðñàëüíóþ) áàçó J = J(G) ìîùíîñòè âåñà ãðóïïû, |J | = w(G),
èñõîäÿ èç êîòîðîé ñòðîèòñÿ ëþáîé êàëèáðîâàííûé ðÿä ïîäãðóïï (4).

Ïî çàìå÷àíèþ 2 âûáåðåì âíà÷àëå íåêîòîðóþ îòêðûòóþ áàçó I åäèíè-
öû ãðóïïû G èç îòêðûòûõ íîðìàëüíûõ ïîäãðóïï ìîùíîñòè âåñà ãðóïïû.
Îíà îáðàçîâàíà ïîäãðóïïàìè êîíå÷íîãî èíäåêñà. Ïîïîëíèì ýòó áàçó êî-
íå÷íûìè ïåðåñå÷åíèÿìè åå ïîäãðóïï äî íîâîé áàçû I ′ òîé æå ìîùíîñòè
â ñèëó çàìå÷àíèÿ 1. Â ñèëó çàìå÷àíèÿ 2, îíà òàêæå îáðàçîâàíà îòêðû-
òûìè íîðìàëüíûìè ïîäãðóïïàìè êîíå÷íîãî èíäåêñà. Çàìåíÿåì I íà I ′.
Äàëåå áóäåì ñ÷èòàòü, ÷òî óæå ñàìà áàçà I ìîùíîñòè w(G) çàìêíóòà
îòíîñèòåëüíî ïåðåñå÷åíèé êîíå÷íîãî ÷èñëà åå ýëåìåíòîâ:

(∀k ∈ N) i1, . . . , ik ∈ I ⇒ i(i1, . . . , ik) = i1 ∩ . . . ∩ ik ∈ I.

Ïîäãðóïïû èç I ÿâëÿþòñÿ îäíîâðåìåííî îòêðûòûìè è çàìêíóòûìè
íîðìàëüíûìè ïîäãðóïïàìè êîíå÷íîãî èíäåêñà. Äëÿ êàæäîé òàêîé ïîä-
ãðóïïû i ∈ I ðàññìîòðèì êîíå÷íîå ìíîæåñòâî Ji íîðìàëüíûõ ïîäãðóïï
ýòîé ãðóïïû, âêëþ÷àþùèõ ýòó ãðóïïó:

Ji = {j / G| i 6 j 6 G}.
Îòìåòèì: âñå ïîäãðóïïû j ∈ Ji òàêæå ÿâëÿþòñÿ îòêðûòûìè è çà-

ìêíóòûìè íîðìàëüíûìè ïîäãðóïïàìè êîíå÷íîãî èíäåêñà.
Ïîñêîëüêó w(G) � áåñêîíå÷íîå êàðäèíàëüíîå ÷èñëî, òî ïî çàìå÷à-

íèþ 1 îáùåå êîëè÷åñòâî ýëåìåíòîâ âî âñåõ ýòèõ ìíîæåñòâàõ ñîâïàäàåò
ñ êàðäèíàëîì w(G). Ïîïîëíèì áàçó I ýòèìè ïîäãðóïïàìè, ðàññìîòðèì
ñåìåéñòâî îòêðûòûõ ïîäãðóïï:

J =
⋃
i∈I

Ji ⊇ I.
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Íåòðóäíî çàìåòèòü, ÷òî äëÿ ëþáûõ i1, . . . , ik ∈ I âûïîëíÿåòñÿ âêëþ-
÷åíèå: Ji1∩. . .∩Jik ⊆ Ji1∩...∩ik = Ji(i1,...,ik). Ïîýòîìó ìíîæåñòâî J çàìêíóòî
îòíîñèòåëüíî ïåðåñå÷åíèé êîíå÷íîãî ÷èñëà ïîäãðóïï.

Ýòî ìíîæåñòâî ïî-ïðåæíåìó îòäåëÿåò åäèíèöó ãðóïïû. Â ñèëó ëåì-
ìû 11 J îáðàçóåò îòêðûòóþ áàçó îêðåñòíîñòåé åäèíèöû ãðóïïû G, ìîù-
íîñòü ýòîé îòêðûòîé áàçû w(G). Ñåìåéñòâî íîðìàëüíûõ ïîäãðóïï J ïî
ïîñòðîåíèþ îáëàäàåò òàêèì ñâîéñòâîì:
Çàìå÷àíèå. Äëÿ ëþáîé ïîäãðóïïû j ∈ J ëþáàÿ íîðìàëüíàÿ ïîäãðóïïà
k, ñîäåðæàùàÿ j, òàêæå âêëþ÷àåòñÿ â J :

j ∈ J, k / G, j ⊆ k ⇒ k ∈ J.

Ðàññìîòðèì ïðîèçâîëüíóþ çàìêíóòóþ íîðìàëüíóþ ïîäãðóïïó H /G.
Äëÿ ëþáîé ïîäãðóïïû j ∈ J ãðóïïà Hj îáðàçóåò íîðìàëüíóþ çàìêíó-
òóþ ïîäãðóïïó, îíà ñîäåðæèò ãðóïïó j. Ïî çàìå÷àíèþ 3.3 ïîäãðóïïà Hj
ïðèíàäëåæèò J , Hj ∈ J .

Ïîñêîëüêó J îáðàçóåò áàçó, ïîäãðóïïà H ïîëó÷àåòñÿ ïåðåñå÷åíèåì
âñåõ òàêèõ çàìêíóòûõ ïîäãðóïï: H =

⋂
j∈J

Hj (ñì. ïðåäëîæåíèå 2.1.4(a)

â [5]) Çàêëþ÷àåì:
Çàìå÷àíèå. Ëþáàÿ çàìêíóòàÿ íîðìàëüíàÿ ïîäãðóïïà H ïîëó÷àåòñÿ ïå-
ðåñå÷åíèåì íåêîòîðîãî ñåìåéñòâà ïîäãðóïï èç J .

Îòìåòèì òàêîå ñâîéñòâî:
Ëåììà 16. Íà ëþáîì íåïðåäåëüíîì îðäèíàëå α = β+1, α < γ, ñóæåíèå
ðÿäà Gβ > Gα âûñåêàåòñÿ íåêîòîðîé ïîäãðóïïîé s ∈ J : äëÿ ïîäõîäÿùåé
ïîäãðóïïû s ∈ J âûïîëíÿåòñÿ òîæäåñòâî

Gα = Gβ ∩ s.

Äîêàçàòåëüñòâî. Â ñàìîì äåëå, Gα � çàìêíóòàÿ íîðìàëüíàÿ ïîäãðóï-
ïà. Ïî çàìå÷àíèþ 3.3 äëÿ íåêîòîðîãî ñåìåéñòâà îêðåñòíîñòåé S ⊆ J
ïîëó÷àåòñÿ Gα = Gβ

⋂
s∈S

s.
Ýòà ïîäãðóïïà Gα êîíå÷íîãî èíäåêñà â ãðóïïå Gβ. Ïîýòîìó òàêîå

ñåìåéñòâî S ìîæíî âûáðàòü êîíå÷íûì. Òîãäà â ñèëó çàìêíóòîñòè J îò-
íîñèòåëüíî êîíå÷íûõ ïåðåñå÷åíèé óæå äëÿ íåêîòîðîãî s ∈ J ïîëó÷àåòñÿ
Gα = Gβ ∩ s. Ýòî äîêàçûâàåò ëåììó. 2

Çíà÷èò, êàëèáðîâàííûé ðÿä (4) ñòðîèòñÿ èñõîäÿ èç áàçû J .
Çàêëþ÷àåì: ïðîèçâîëüíûé êàëèáðîâàííûé ðÿä ïîäãðóïï (4) ñòðî-

èòñÿ èñõîäÿ èç óêàçàííîé áàçû J ìîùíîñòè w(G). Â ñèëó ëåììû 15
ìîùíîñòü òàêîãî ðÿäà ñîâïàäàåò ñ âåñîì ãðóïïû w(G). Ýòî äîêàçûâàåò
âòîðîå óòâåðæäåíèå òåîðåìû 4.
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4 Äëèíà óáûâàþùåãî ðÿäà
Óñòàíîâèì óòâåðæäåíèå ñëåäñòâèÿ 5 è òåîðåìû 6. Ïðåäâàðèòåëüíî

óñòàíîâèì äâà ñâîéñòâà êàëèáðîâàííûõ ðÿäîâ ãðóïï.
Èç òåîðåìû Êóðîøà î ïîäãðóïïàõ (ñì. ãëàâà 13 � 56 â ìîíîãðà-

ôèè [1]) ñëåäóåò

Ëåììà 17. Ðàññìîòðèì òîïîëîãè÷åñêóþ ãðóïïó G, â êîòîðîé îïðåäå-
ëåí íåêîòîðûé êàëèáðîâàííûé óáûâàþùèé íîðìàëüíûé ðÿä ïîäãðóïï:

R : G = G0 > . . . > Gα > . . . > Gδ = e, α < δ.

Óòâåðæäàåòñÿ, ÷òî ëþáàÿ çàìêíóòàÿ íîðìàëüíàÿ ïîäãðóïïà A/G
âûñåêàåò èç ÷ëåíîâ ðÿäà íåêîòîðûé êàëèáðîâàííûé óáûâàþùèé íîð-
ìàëüíûé ðÿä ïîäãðóïï ãðóïïû A:

C : A = A0 = A∩G0 > . . . > Aα = A∩Gα > . . . > Aδ = A∩Gδ = e, α < δ.

Âîîáùå ãîâîðÿ, â ýòîì ðÿäó ìîãóò ïîÿâèòüñÿ ïîâòîðÿþùèåñÿ ïîä-
ãðóïïû. Ïîñëå óäàëåíèÿ ïîâòîðåíèé ïîëó÷àåòñÿ êàëèáðîâàííûé ðÿä
ïîäãðóïï C′ ãðóïïû A äëèíà êîòîðîãî íå ïðåâîñõîäèò äëèíû èñõîäíîãî
ðÿäà: l(C′) 6 l(R).

Ëåììà 18. Ðàññìîòðèì òîïîëîãè÷åñêóþ ãðóïïó G, â êîòîðîé îïðåäå-
ëåí íåêîòîðûé êàëèáðîâàííûé óáûâàþùèé íîðìàëüíûé ðÿä ïîäãðóïï:

R : G = G0 > . . . > Gα > . . . > Gδ = e, α < δ.

Ïóñòü îïðåäåëåí çàìêíóòûé ýïèìîðôèçì òîïîëîãè÷åñêèõ ãðóïï ϕ :
G → H. Ïðèìåíèì åãî ê ÷ëåíàì ðÿäà è îáðàçóåì ðÿä ïîäãðóïï ãðóïïû
H:

C : H = H0 = ϕ(G) > . . . > Hα = ϕ(Gα) > . . . > Hδ = ϕ(Gδ) = e, α < δ.

Âîîáùå ãîâîðÿ, â ýòîì ðÿäó ìîãóò ïîÿâèòüñÿ ïîâòîðÿþùèåñÿ ïîä-
ãðóïïû. Ïîñëå óäàëåíèÿ ïîâòîðåíèé ïîëó÷àåòñÿ êàëèáðîâàííûé ðÿä
ïîäãðóïï C′ ãðóïïû A, äëèíà êîòîðîãî íå ïðåâîñõîäèò äëèíû èñõîäíîãî
ðÿäà: l(C′) 6 l(R).

Îáà óòâåðæäåíèÿ âûâîäÿòñÿ èç òåîðåìû Ëàãðàíæà ñ ó÷åòîì òîãî, ÷òî
ïîäìíîæåñòâî âïîëíå óïîðÿäî÷åííîãî ìíîæåñòâà òàêæå âïîëíå óïîðÿ-
äî÷åíî îòíîñèòåëüíî èíäóöèðîâàííîãî ïîðÿäêà.



Óáûâàþùèå èíâàðèàíòíûå ðÿäû ïîäãðóïï ïðîêîíå÷íûõ ãðóïï 153

Ïðåäëîæåíèå 19. Ðàññìîòðèì òîïîëîãè÷åñêóþ ãðóïïó G, â êîòîðîé
îïðåäåëåí íåêîòîðûé êàëèáðîâàííûé óáûâàþùèé íîðìàëüíûé ðÿä ïîä-
ãðóïï:

R : G = G0 > . . . > Gα > . . . > Gδ = e, α < δ.

Åñëè B 6 A � íîðìàëüíûå çàìêíóòûå ïîäãðóïïû ãðóïïû G, òî
íàéäåòñÿ êàëèáðîâàííûé óáûâàþùèé íîðìàëüíûé ðÿä ïîäãðóïï ãðóïïû
G äëèíû ζ 6 δ, êîòîðûé ñïóñêàåòñÿ îò ãðóïïû B äî ïîäãðóïïû A:

R′ : A = A0 > . . . > Aα > . . . > Aδ = B, α < ζ.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ñëåäóåò âíà÷àëå èñïîëüçîâàòü
ëåììó 17 è ïîñòðîèòü êàëèáðîâàííûé ðÿä ãðóïïû A äëèíû ε 6 δ:

C : A = A0 = A∩G0 > . . . > Aα = A∩Gα > . . . > Aε = A∩Gε = e, α < ε.

Äàëåå ïðèìåíÿåì ëåììó 18 ê ôàêòîð-ãîìîìîðôèçìó A → A/B è
êîíñòðóèðóåì êàëèáðîâàííûé óáûâàþùèé íîðìàëüíûé ðÿä ïîäãðóïï
ôàêòîð-ãðóïïû A/B äëèíû ζ 6 ε 6 δ:

C′ : A/B = (A ∩G0)/B > . . . > B(A ∩Gα)/B > . . . >

>B(A ∩Gζ)/B = B/B = e, α < ζ.

Çíà÷èò òðåáóåìûé ðÿä îáðàçîâàí ïðîîáðàçàìè:

R′ : A = (A ∩G0) > . . . > B(A ∩Gα) > . . . > B(A ∩Gζ) = B, α < ζ.

Ïðåäëîæåíèå äîêàçàíî. 2

Äîêàæåì ñëåäñòâèå 5. Ïîêàæåì, ÷òî ëþáîé óáûâàþùèé ðÿä ïîäãðóïï
áåñêîíå÷íîé ïðîêîíå÷íîé ãðóïïû

G = G0 > . . . > Gα > . . . > Gδ = e, α < δ

óïëîòíÿåòñÿ äî íåêîòîðîãî êàëèáðîâàííîãî ðÿäà C ìîùíîñòè p(C) =
w(G).

Â ñèëó òåîðåìû 4 â ãðóïïå G èìåþòñÿ êàëèáðîâàííûå ðÿäû ïîäãðóïï.
Îáîçíà÷èì R êàêîé-íèáóäü òàêîé ðÿä ãðóïïû G. Äëÿ äîêàçàòåëüñòâà äî-
ñòàòî÷íî ïðèìåíèòü óòâåðæäåíèå ïðåäëîæåíèÿ 19 ê êàæäîìó ñóæåíèþ
A = Gα > B = Gα+1, α < δ ðÿäà R. Ïîëó÷àåì êàëèáðîâàííûé ðÿä C

ãðóïïû G.
Â ñèëó òåîðåìû 4 âûïîëíÿåòñÿ ðàâåíñòâî p(C) = w(G). Ýòî äîêàçû-

âàåò ñëåäñòâèå. Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû 6.
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5 Ìîùíîñòü ïðîêîíå÷íîé ãðóïïû
Äîêàæåì òåîðåìó 7. Ðàññìîòðèì áåñêîíå÷íóþ ïðîêîíå÷íóþ ãðóïïó

G. Èñïîëüçóåì òåîðåìó 4 è îïðåäåëèì â ýòîé ãðóïïå íåêîòîðûé êàëèá-
ðîâàííûé ðÿä ïîäãðóïï ìîùíîñòè w:

C : G = G0 > . . . > Gα > . . . > Gδ = e, α < δ. (5)

Ïîêàæåì, ÷òî ìîùíîñòü ãðóïïû G âûðàæàåòñÿ ýêñïîíåíòîé:

|G| = 2w.

Äëÿ äîêàçàòåëüñòâà èíäóêöèåé ïî äëèíå ðÿäà (5) ïîñòðîèì áèåêöèþ:

G ←→
∏

α<δ

Gα/Gα+1.

Ïîñòðîåíèå íà÷íåì ñ èçâåñòíîãî èñõîäíîãî çàìå÷àíèÿ òåîðèè ðàñøè-
ðåíèé ãðóïï. Îíî ñëåäóåò èç ïðåäñòàâëåíèÿ ãðóïïû â âèäå äèçúþíêò-
íîãî îáúåäèíåíèÿ êëàññîâ ñìåæíîñòè ïî ïîäãðóïïå B.

Ëåììà 20. Ðàññìîòðèì ãðóïïó G è åå íîðìàëüíóþ ïîäãðóïïó B / G.
Îáîçíà÷èì ôàêòîð-ãðóïïó A = G/B. Âûáåðåì íåêîòîðóþ ñèñòåìó
ïðåäñòàâèòåëåé ôàêòîð-ãðóïïû â ãðóïïå G, îíà îïðåäåëÿåò íåêîòî-
ðîå ñå÷åíèå σ : A → G ïðîåêöèè π : G → A. Îïðåäåëèì îòîáðàæåíèå
A×B → G ïî ôîðìóëå:

(a, b) → σ(a)b, äëÿ a ∈ A, b ∈ B.

Óòâåðæäàåòñÿ, ÷òî ýòî îòîáðàæåíèå óñòàíàâëèâàåò áèåêöèþ A×
B ←→ G.

Îòìåòèì, ÷òî îáðàòíîå îòîáðàæåíèå îïðåäåëÿåòñÿ ôîðìóëîé

g → Π(g) = (π(g), (σ ◦ π)(g)−1g), g ∈ G.

Ëåììà 21. Ïðåäïîëîæèì, ÷òî ãðóïïà G áåñêîíå÷íàÿ ïðîêîíå÷íàÿ
ãðóïïà, â íåé îïðåäåëåí ñ÷åòíûé êàëèáðîâàííûé ðÿä ïîäãðóïï ( 5):
G = G0 > G1 > . . . > Gω = e.

Óòâåðæäàåòñÿ, ÷òî ñèñòåìà ýòèõ ïîäãðóïï îáðàçóåò áàçó îêðåñò-
íîñòåé åäèíèöû ãðóïïû G.
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Äîêàçàòåëüñòâî. Ýòî ñëåäóåò èç ïðåäëîæåíèÿ 2.1.5 (b) â ìîíîãðà-
ôèè [5]. Òàì óòâåðæäàåòñÿ, ÷òî åñëè â ïðîêîíå÷íîé ãðóïïå G çàäàíî
ñåìåéñòâî îòêðûòûõ ïîäãðóïï U = {Ui, i ∈ I}, êîòîðîå îòäåëÿåò åäèíè-
öó:

⋂
i∈I

Ui = e, òî äîïîëíåíèå ýòîãî ñåìåéñòâà êîíå÷íûìè ïåðåñå÷åíèÿìè

ïîäãðóïï U = {⋂
i∈J

Ui| J � êîíå÷íîå ïîäìíîæåñòâî èç I} ïðèâîäèò ê
ôóíäàìåíòàëüíîé ñèñòåìå îêðåñòíîñòåé åäèíèöû ãðóïïû G.

Â óñëîâèÿõ ëåììû ñèñòåìà ïîäãðóïï U = {Gi| i = 0, 1, . . .} îòäåëÿåò
åäèíèöó. Åå ïîäãðóïïû îáðàçóþò ëèíåéíî óïîðÿäî÷åííîå ïî âêëþ÷åíèþ
ìíîæåñòâî, ïîýòîìó U = U . Îòñþäà ñëåäóåò óòâåðæäåíèå. 2

Âíà÷àëå ðàññìîòðèì áàçó èíäóêöèè � ñëó÷àé ñ÷åòíîãî ðÿäà ïîä-
ãðóïï:

G = G0 > G1 > . . . > Gω = e.

Ïîñëåäîâàòåëüíî ïðèìåíÿåì ëåììó 20 ê ãðóïïå Gi è åå ïîäãðóïïå
Gi+1 äëÿ i = 0, 1, 2, . . .. Ñòðîèì ðàçíîçíà÷íîå îòîáðàæåíèå

G →
∏

i∈N
Gi/Gi+1.

Ñþðúåêòèâíîñòü ýòîãî îòîáðàæåíèÿ ñëåäóåò èç ëåììû 21. Ýòî äîêàçû-
âàåò áàçó èíäóêöèè.

Äîêàæåì øàã èíäóêöèè. Ðàññìîòðèì ðÿä ïîäãðóïï ãðóïïû:
G = G0 > . . . > Gα > . . . > Gδ = e, α < δ.

Ïðåäñòàâèì ïîðÿäêîâîå ÷èñëî δ ñóììîé δ = β + ω, â êîòîðîé β � ïðå-
äåëüíûé îðäèíàë. Ïî ïðåäïîëîæåíèþ èíäóêöèè îïðåäåëèì áèåêöèþ

G/Gβ ←→
∏

α<β

Gα/Gα+1.

Ïîäãðóïïà Gβ � çàìêíóòàÿ ïîäãðóïïà ïðîêîíå÷íîé ãðóïïû, îíà òàê-
æå îáðàçóåò ïðîêîíå÷íóþ ãðóïïó. Ïîñëåäîâàòåëüíî ïðèìåíÿåì ëåììó 20
ê ãðóïïå Gβ+i è åå ïîäãðóïïå Gβ+i+1 äëÿ i = 0, 1, 2, . . .. Ïðèìåíÿåì ëåì-
ìó 21 ê ãðóïïå Gβ, ñòðîèì áèåêöèþ:

Gβ →
∏

i∈N
Gβ+i/Gβ+i+1.

Ïî ëåììå 20 îïðåäåëÿåì áèåêöèþ

G ←→ (G/Gβ)×Gβ ←→
∏

α<δ

Gα/Gα+1.

Â ýòîì ïðåäñòàâëåíèè ôàêòîð � ãðóïïû îáðàçóþò êîíå÷íûå ãðóïïû.
Îòñþäà âûâîäèòñÿ îöåíêà ìîùíîñòè ãðóïïû G. Òåîðåìà 7 äîêàçàíà.
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Â ìîíîãðàôèè [1] ïîñòàâëåíà ïðîáëåìà îïèñàíèÿ ðàñïðåäåëåíèÿ ïðî-
ñòûõ íàä êîíå÷íûìè ìíîæåñòâàìè, ïðåäåëüíûõ è îñòàëüíûõ ñ÷¼òíûõ
ìîäåëåé äëÿ ðàçëè÷íûõ åñòåñòâåííûõ êëàññîâ àëãåáðàè÷åñêèõ ñèñòåì.
Â äàííîé ðàáîòå óñòàíàâëèâàþòñÿ çíà÷åíèÿ òðîåê ðàñïðåäåëåíèÿ ÷èñëà
ñ÷åòíûõ ìîäåëåé äëÿ òåîðèé îäíîìåñòíûõ ïðåäèêàòîâ.

1 Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Îïðåäåëåíèå 1. Ìîäåëü M òåîðèè T íàçûâàåòñÿ ïðîñòîé, åñëè M ýëå-
ìåíòàðíî âêëàäûâàåòñÿ â ëþáóþ ìîäåëü òåîðèè T .
Îïðåäåëåíèå 2. Ìîäåëü M òåîðèè T íàçûâàåòñÿ ïðîñòîé íàä ìíîæå-
ñòâîì A, ãäå A ⊆ M , åñëè ìîäåëü MA, êîòîðàÿ ïîëó÷àåòñÿ îáîãàùåíèåì
ìîäåëè M êîíñòàíòàìè èç A, ÿâëÿåòñÿ ïðîñòîé ìîäåëüþ òåîðèè TA, ïî-
ëó÷åííîé èç òåîðèè T îáîãàùåíèåì êîíñòàíòàìè èç A. Ìîäåëü M òåîðèè
T íàçûâàåòñÿ ïðîñòîé íàä êîðòåæåì a = (a1, . . . , an), åñëè îíà ÿâëÿåòñÿ
ïðîñòîé íàä ìíîæåñòâîì {a1, . . . , an}.
Îïðåäåëåíèå 3. Ìîäåëü M òåîðèè T íàçûâàåòñÿ ïðåäåëüíîé, åñëè îíà
ÿâëÿåòñÿ îáúåäèíåíèåì ñ÷¼òíîé ýëåìåíòàðíîé öåïè ïðîñòûõ íàä êîíå÷-
íûìè ìíîæåñòâàìè ìîäåëåé è íå èçîìîðôíà íèêàêîé ïðîñòîé íàä êî-
íå÷íûì ìíîæåñòâîì ìîäåëè.

Â êíèãå [2] äîêàçàíî, ÷òî äëÿ ìàëîé òåîðèè (ò.å. ñ÷�eòíîé ïîëíîé òåî-
ðèè, èìåþùåé ñ÷�eòíîå ÷èñëî òèïîâ) ëþáàÿ ñ÷¼òíàÿ ìîäåëü ÿâëÿåòñÿ ïðî-
ñòîé íàä íåêîòîðûì êîðòåæîì èëè ïðåäåëüíîé. Â ðàáîòàõ [1, 3] ïîêàçàíî,
÷òî ñóùåñòâóåò ðÿä íåìàëûõ òåîðèé, èìåþùèõ ñ÷¼òíûå ìîäåëè, íå ÿâ-
ëÿþùèåñÿ íè ïðîñòûìè íàä êîíå÷íûìè ìíîæåñòâàìè, íè ïðåäåëüíûìè.

∗Äàííûå èññëåäîâàíèÿ ïîääåðæàíû ãðàíòîì ÊÍ ÌÎÍ ÐÊ � 0830/ÃÔ4.
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Îïðåäåëåíèå 4. Íàáîð (P (T ), L(T ), NPL(T )), ãäå ÷åðåç P (T ), L(T ),
NPL(T ) îáîçíà÷åíû ìîùíîñòè ìíîæåñòâ òèïîâ èçîìîðôèçìà ïðîñòûõ
íàä êîðòåæàìè ìîäåëåé, ïðåäåëüíûõ è âñåõ îñòàëüíûõ ñ÷�eòíûõ ìîäå-
ëåé ñîîòâåòñòâåííî, íàçûâàåòñÿ òðîéêîé ðàñïðåäåëåíèÿ ÷èñëà ñ÷¼òíûõ
ìîäåëåé òåîðèè T è îáîçíà÷àåòñÿ ÷åðåç cm3(T ).

Òåîðåìà 5. [1, 3] Â ïðåäïîëîæåíèè êîíòèíóóì-ãèïîòåçû äëÿ ëþáîé
íåìàëîé òåîðèè T òðîéêà cm3(T ) ïðèíèìàåò îäíî èç ñëåäóþùèõ çíà-
÷åíèé:
1) (2ω, 2ω, λ), λ ∈ ω ∪ {ω, 2ω};
2) (0, 0, 2ω);
3) (λ1, λ2, 2

ω), ãäå λ1 ≥ 1, λ1, λ1 ∈ {ω, 2ω}.
Âñå óêàçàííûå çíà÷åíèÿ èìåþò ðåàëèçàöèè â êëàññå íåìàëûõ òåîðèé.

2 Ðàñïðåäåëåíèÿ ñ÷¼òíûõ ìîäåëåé
Íàïîìíèì [1], ÷òî äèçúþíêòíûì îáúåäèíåíèåì

⊔
n∈ω

Mn ïîïàðíî íåïå-
ðåñåêàþùèõñÿ ñèñòåì Mn ïîïàðíî íåïåðåñåêàþùèõñÿ ïðåäèêàòíûõ ñèã-
íàòóð Σn íàçûâàåòñÿ ñèñòåìà ñèãíàòóðû

⋃
n∈ω

Σn ∪
{

P
(1)
n |n ∈ ω

}
c íîñè-

òåëåì
⊔

n∈ω

Mn, Pn = Mn è èíòåðïðåòàöèÿìè ïðåäèêàòíûõ ñèìâîëîâ èç
Σn, ñîâïàäàþùèìè ñ èõ èíòåðïðåòàöèÿìè â ñèñòåìàõ Mn. Äèçúþíêò-
íûì îáúåäèíåíèåì òåîðèé Tn ïîïàðíî íåïåðåñåêàþùèõñÿ ïðåäèêàòíûõ
ñèãíàòóð Σn íàçûâàåòñÿ òåîðèÿ

⊔
n∈ω

Tn  Th

( ⊔
n∈ω

Mn

)
.

Ïóñòü T0 � ìàëàÿ òåîðèÿ, ñèãíàòóðà êîòîðîé ñîñòîèò òîëüêî èç îä-
íîìåñòíûõ ïðåäèêàòíûõ ñèìâîëîâ. Äîñòàòî÷íî ðàññìàòðèâàòü òîëüêî
1-òèïû, òàê êàê íåò ñâÿçåé ìåæäó ýëåìåíòàìè. Âîçìîæíûå òðîéêè ðàñ-
ïðåäåëåíèÿ äëÿ T0 ïîëó÷åíû â ðàáîòå [4]. Ïóñòü T1 � òåîðèÿ îäíîìåñò-
íûõ ïðåäèêàòîâ ñ êîíòèíóóìîì òèïîâ. Åñëè ó T1 åñòü íå ïðîñòàÿ è íå
ïðåäåëüíàÿ ìîäåëü, òî âñå å¼ ìîäåëè ÿâëÿþòñÿ íå ïðîñòûìè è íå ïðå-
äåëüíûìè, òàê êàê âñå ìîäåëè ïðåäñòàâèìû â âèäå äèçúþíêòíîãî îáú-
åäèíåíèÿ. Òàêèì îáðàçîì, ïîëó÷àåì òðîéêó cm3(T1) = (0, 0, 2ω). Åñëè T1

èìååò õîòÿ áû îäíó ïðîñòóþ ìîäåëü M0 (ïðèìåðîì òàêîé òåîðèè ÿâëÿ-
åòñÿ Tsdup [1, 3]), òî îíà èìååò êîíòèíóóì ïðîñòûõ ìîäåëåé Mi, i ∈ 2ω,
òàê êàê ìîæíî äîáàâëÿòü ðåàëèçàöèè ñ÷¼òíîãî ÷èñëà íåãëàâíûõ òèïîâ
èç êîíòèíóóìà òèïîâ, êîòîðûå íå áûëè ðåàëèçîâàíû â M0. Òîãäà òåî-
ðèÿ T ñ÷¼òíîãî äèçúþíêòíîãî îáúåäèíåíèÿ

⊔
Mi èìååò è êîíòèíóóì

ïðåäåëüíûõ ìîäåëåé. Åñëè äîïóñòèòü, ÷òî ó T åñòü íå ïðîñòûå è íå ïðå-
äåëüíûå ìîäåëè, ïðèõîäèì ê ïðîòèâîðå÷èþ ñ ñóùåñòâîâàíèåì ïðîñòîé
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ìîäåëè. Òåîðèÿ T0 t T1 èìååò 2ω ïðîñòûõ è 2ω ïðåäåëüíûõ ìîäåëåé, òàê
êàê âñå ìîäåëè òåîðèé T0 è T1 ÿâëÿþòñÿ ïðîñòûìè èëè ïðåäåëüíûìè.
Åñëè M0 |= T0 ïðîñòà íàä ìíîæåñòâîì A, M1 |= T1 ïðîñòà íàä B, òî
M |= T0tT1 ïðîñòà íàä A∪B. Åñëè õîòÿ áû îäíà èç ìîäåëåé M0,M1 ÿâ-
ëÿåòñÿ ïðåäåëüíîé, òî M = M0 tM1 òàêæå ïðåäåëüíà. Òàêèì îáðàçîì,
ïîëó÷àåì âñå âîçìîæíûå òðîéêè ðàñïðåäåëåíèé äëÿ òåîðèé îäíîìåñò-
íûõ ïðåäèêàòîâ è âåðíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 6. Äëÿ ñ÷¼òíûõ òåîðèé îäíîìåñòíûõ ïðåäèêàòîâ âîçìîæíû
ñëåäóþùèå çíà÷åíèÿ òðîåê ðàñïðåäåëåíèÿ:
1) (1, 0, 0) � äëÿ ìàëîé òåîðèè áåç íåãëàâíûõ 1-òèïîâ;
2) (ω, 1, 0) � äëÿ ìàëîé òåîðèè ñ îäíèì íåãëàâíûì 1-òèïîì;
3) (ω, ω, 0) � äëÿ ìàëîé òåîðèè ñ êîíå÷íûì > 1 ÷èñëîì íåãëàâíûõ 1-
òèïîâ;
4) (ω, 2ω, 0) � äëÿ ìàëîé òåîðèè ñî ñ÷åòíûì ÷èñëîì íåãëàâíûõ 1-
òèïîâ;
5) (2ω, 2ω, 0) èëè (0, 0, 2ω) � äëÿ òåîðèè ñ êîíòèíóàëüíûì ÷èñëîì òè-
ïîâ.

Äàííàÿ òåîðåìà èìååò åñòåñòâåííîå ñëåäñòâèå.

Ñëåäñòâèå 7. Åñëè äëÿ òåîðèè T îäíîìåñòíûõ ïðåäèêàòîâ âûïîëíÿ-
åòñÿ NPL(T ) > 0, òî P (T ) = 0, L(T ) = 0.
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Ïóñòü X{x0, x1, . . . , xn−1 � êîíå÷íîå ìíîæåñòâî è G = 〈X, E〉 �
íåîðèåíòèðîâàííûé ãðàô áåç ïåòåëü, ìíîæåñòâîì âåðøèí êîòîðîãî ÿâ-
ëÿåòñÿ ìíîæåñòâî X, à ìíîæåñòâîì ðåáåð � íåêîòîðîå ñèììåòðè÷íîå
îòíîøåíèå íà ìíîæåñòâå X, òî åñòü ïîäìíîæåñòâî ìíîæåñòâà X × X.
Òàêèì îáðàçîì, ãðàô G íåîðèåíòèðîâàííûé, à çíà÷èò ýëåìåíòàìè ìíî-
æåñòâà E ÿâëÿþòñÿ íåóïîðÿäî÷åííûå ïàðû, êîòîðûå áóäóò îáîçíà÷àòüñÿ
{x, y}, ãäå x, y ∈ X.

×àñòè÷íî êîììóòàòèâíîé àëãåáðîé Ëè íàä êîììóòàòèâíûì êîëü-
öîì R ñ åäèíèöåé íàçûâàåòñÿ R-àëãåáðà ñ ìíîæåñòâîì ïîðîæäàþùèõ X
è ìíîæåñòâîì îïðåäåëÿþùèõ ñîîòíîøåíèé

[xi, xj] = 0, ãäå {xi, xj} ∈ E. (1)

(Çäåñü è äàëåå [g, h] îáîçíà÷àåò ëèåâñêîå ïðîèçâåäåíèå ýëåìåíòîâ g è h).
Áóäåì îáîçíà÷àòü ýòó àëãåáðó L(X; G). Ãðàô G íàçûâàåòñÿ îïðåäåëÿ-
þùèì ãðàôîì ñîîòâåòñòâóþùåé àëãåáðû. Èíûìè ñëîâàìè, LR(X; G) =
LR(X)/I, ãäå LR(X) � ñâîáîäíàÿ àëãåáðà Ëè ñ ìíîæåñòâîì ïîðîæäàþ-
ùèõ X, à I � èäåàë, ïîðîæäåííûé ìíîæåñòâîì ñîîòíîøåíèé (1).

Òàêèì îáðàçîì, îïðåäåëåíèå ÷àñòè÷íî êîììóòàòèâíûõ àëãåáð Ëè
àíàëîãè÷íî îïðåäåëåíèÿì äðóãèõ ÷àñòè÷íî êîììóòàòèâíûõ ñòðóêòóð:
ãðóïï, ìîíîèäîâ è òàê äàëåå (ñì. [1]).

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 15�01�01485), à òàê-
æå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (ãîñ. çàäàíèå �214/138, ïðîåêò 1052).
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Ïóñòü H = 〈V ; F 〉 � ïðîèçâîëüíûé íåîðèåíòèðîâàííûé ãðàô è ïóñòü
V ′ ⊆ V . ×åðåç H(V ′) îáîçíà÷èì ïîäãðàô ãðàôà H, ïîñòðîåííûé íà
ìíîæåñòâå âåðøèí V ′.

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ äâà êëàññà ÷àñòè÷íî êîììóòàòèâ-
íûõ àëãåáð Ëè: àëãåáðû, îïðåäåëÿþùèå ãðàôû êîòîðûõ ÿâëÿþòñÿ öèê-
ëàìè è àëãåáðû, îïðåäåäåëÿþùèå ãðàôû êîòîðûõ ÿâëÿþòñÿ äåðåâüÿìè.
Ïðè ðàññìîòðåíèè îáîèõ ñëó÷àåâ íàì ïîòðåáóåòñÿ îïèñàíèå öåíòðàëè-
çàòîðîâ ýëåìåíòîâ àëãåáðû L(X; G), ïîëó÷åííîå â [2].

Ïóñòü Cn � öèêë íà n âåðøèíàõ (n > 3). Áóäåì ñ÷èòàòü, ÷òî
Zn = {0, 1, 2, . . . , n − 1} è îïåðàöèè ñëîæåíèÿ è âû÷èòàíèÿ îïðåäåëåíû
åñòåñòâåííûì (äëÿ êîëüöà âû÷åòîâ Zn) îáðàçîì. Òîãäà äëÿ ïðîèçâîëü-
íûõ r, s ∈ Zn ÷åðåç |r − s| îáîçíà÷èì ìèíèìàëüíûé (â ñìûñëå îáû÷íîãî
ïîðÿäêà: 0 < 1 < · · · < n− 1) èç ýëåìåíòîâ r − s, s− r.

Ðàññìîòðèì ôîðìóëó

Φ(m) = ∃z0, z1, . . . , zm−1Θ(z0, z1, . . . , zm−1),

ãäå

Θ(z0, z1, . . . zm−1) =


 ∧

i∈Zm

[zi, zi+1] = 0 ∧
∧

i,j∈Zm:|j−i|>1

[zi, zj] 6= 0


 , (2)

Èìååò ìåñòî ëåììà.

Ëåììà 1. Ôîðìóëà Φ(m) èñòèííà â àëãåáðå L(X; Cn) (n > 3) òîãäà è
òîëüêî òîãäà, êîãäà m = n.

Èç ýòîé ëåììû î÷åâèäíûì îáðàçîì ñëåäóåò îäíà èç äâóõ îñíîâíûõ
òåîðåì.

Òåîðåìà 2. ×àñòè÷íî êîììóòàòèâíûå àëãåáðû L(X; Cn) è L(Y ; Cm)
óíèâåðñàëüíî ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà n = m.

Ïåðåéäåì ê âòîðîìó ñëó÷àþ, òî åñòü ðàññìîòðèì ÷àñòè÷íî êîììóòà-
òèâíûå àëãåáðû Ëè, îïðåäåëÿþùèå ãðàôû êîòîðûõ ÿâëÿþòñÿ äåðåâüÿ-
ìè.

Äëÿ äåðåâà G ñ ìíîæåñòâîì âåðøèí X ÷åðåç X∗ îáîçíà÷èì ìíî-
æåñòâî âñåõ âåðøèí G, íå ÿâëÿþùèõñÿ âèñÿ÷èìè. Íàçîâåì ãðàô G(X∗)
âíóòðåííîñòüþ äåðåâà G è îáîçíà÷èì åãî G∗. Íåòðóäíî âèäåòü, ÷òî äëÿ
ëþáîãî äåðåâà G ãðàô G∗ òàêæå ÿâëÿåòñÿ äåðåâîì.

Åñëè |X∗| > 2, òî äëÿ êàæäîé âèñÿ÷åé âåðøèíû ãðàôà G∗ âûáåðåì
ïî îäíîé ñìåæíîé ñ íåé âåðøèíå èç X\X∗ (åñëè òàêèõ âåðøèí íåñêîëü-
êî, ìîæíî âçÿòü ëþáóþ èç íèõ). Ìíîæåñòâî, ïîëó÷åííîå äîáàâëåíèåì
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âñåõ ýòèõ âåðøèí ê X∗, îáîçíà÷èì ÷åðåç X ′. Åñëè æå |X∗| = 1, òî ýòî
îçíà÷àåò, ÷òî â ãðàôå G îäíà èç âåðøèí ñîåäèíåíà ñî âñåìè îñòàëüíû-
ìè (êîòîðûå, ñîîòâåòñòâåííî, ÿâëÿþòñÿ âèñÿ÷èìè). Â ýòîì ñëó÷àå ÷åðåç
X ′ îáîçíà÷èì ìíîæåñòâî, ïîëó÷åííîå èç X∗ äîáàâëåíèåì ê åäèíñòâåí-
íîé âåðøèíå ýòîãî ìíîæåñòâà äâóõ ñìåæíûõ ñ íåé âåðøèí. Ãðàô G(X ′)
îáîçíà÷èì ÷åðåç G′. Ýòîò ãðàô òàêæå, î÷åâèäíî, ÿâëÿåòñÿ äåðåâîì.

Ïóñòü G = 〈X; E〉 � íåêîòîðîå äåðåâî ñ n âåðøèíàìè, òàêîå ÷òî
|X∗| = k. Ïîñòðîèì ïî íåìó ôîðìóëó

Φ(G) = ∃z0, . . . , zn−1,u0, . . . , uk−1, v0, . . . , vk−1

Ψ(G; z0, . . . , zn−1, u0, . . . , uk−1, v0, . . . , vk−1),
(3)

ãäå

Ψ(G; z0, . . . , zn−1,u0, . . . , uk−1, v0, . . . , vk−1) =
∧

xi↔xj

[zi, zj] = 0 ∧

∧
∧

xi=xj

[zi, zj] 6= 0 ∧
k−1∧
i=0

[[ui, vi], zti ] = 0 ∧
k−1∧
i=0

[ui, vi] 6= 0.

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ ëåììà

Ëåììà 3. Ïóñòü G = 〈X; E〉 è H = 〈Y ; F 〉 � äåðåâüÿ. Òîãäà ôîðìóëà
Φ(G) èñòèííà â àëãåáðå L(X; G) òîãäà è òîëüêî òîãäà, êîãäà H∗ ' G∗.

Èç ýòîé ëåììû ñëåäóåò ðåçóëüòàò î ÷àñòè÷íî êîììóòàòèâíûõ àëãåá-
ðàõ Ëè, îïðåäåëÿþùèå ãðàôû êîòîðûõ ÿâëÿþòñÿ äåðåâüÿìè.

Òåîðåìà 4. Ïóñòü G = 〈X; E〉 è H = 〈Y ; F 〉 � äåðåâüÿ, ïðè÷åì |X| >
2 è |Y | > 2. Àëãåáðû L(X; G) è L(Y ; H) óíèâåðñàëüíî ýêâèâàëåíòíû
òîãäà è òîëüêî òîãäà, êîãäà G∗ ' H∗.
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In a series of papers and books, generic, i. e., generative classes as well as
their model-theoretic and related applications are studied by many authors
(see [1]�[4] for references). We continue this investigation considering sets of
diagrams that can be extended to generative classes. A su�cient condition
for this extensibility is proposed. We construct generative classes adapted to
given formulas. We also de�ne structural and self-structural diagrams and
study properties of these diagrams with respect to themselves as well as for
related generative classes.

1 Generative classes and generic limits
Below we write X, Y, Z, . . . for �nite sets of variables, and denote by

A,B,C, . . . �nite sets of elements, as well as �nite sets in structures, or else
the structures with �nite universes themselves.

In diagrams, A,B, C, . . . denote �nite sets of constant symbols disjoint
from the constant symbols in Σ and Σ(A) is the vocabulary with the

∗Partially supported by Committee of Science in Education and Science Ministry of
the Republic of Kazakhstan, Grant No. 0830/GF4.
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constants from A adjoined. Φ(A), Ψ(B), X(C) stand for Σ-diagrams (of
sets A, B, C), that is, consistent sets of Σ(A)-, Σ(B)-, Σ(C)-sentences,
respectively.

Below we assume that for any considered diagram Φ(A), if a1, a2 are
distinct elements in A then ¬(a1 ≈ a2) ∈ Φ(A). This means that if c is a
constant symbol in Σ, then there is at most one element a ∈ A such that
(a ≈ c) ∈ Φ(A).

If Φ(A) is a diagram and B is a set, we denote by Φ(A)|B the set
{ϕ(ā) ∈ Φ(A) | ā ∈ B}. Similarly, for a language Σ, we denote by Φ(A)|Σ
the restriction of Φ(A) to the set of formulas in the language Σ.

De�nition 1. [2]�[5]. We denote by [Φ(A)]AB the diagram Φ(B) obtained by
replacing a subset A′ ⊆ A by a set B′ ⊆ B of constants disjoint from Σ and
with |A′| = |B′|, where A\A′ = B\B′. Similarly we call the consistent set of
formulas denoted by [Φ(A)]AX the type Φ(X) if it is the result of a bijective
substitution into Φ(A) of variables of X for the constants in A. In this case,
we say that Φ(B) is a copy of Φ(A) and a representative of Φ(X). We also
denote the diagram Φ(A) by [Φ(X)]XA .

Remark. If the vocabulary contains functional symbols then diagrams Φ(A)
containing equalities and inequalities of terms can generate both �nite and
in�nite structures. The same e�ect is observed for purely predicate vocabu-
laries if it is written in Φ(A) that the model for Φ(A) should be in�nite.
For instance, diagrams containing axioms for �nitely axiomatizable theories
have this property.

By the de�nition, for any diagram Φ(A), each constant symbol in Σ
appears in some formula of Φ(A). Thus, Φ(A) can be considered as Φ(A∪K),
where K is the set of constant symbols in Σ.

We now give conditions on a partial ordering of a collection of diagrams
which su�ce for it to determine a structure. We modify some of the
conditions for structures by d to signify they are conditions on diagrams
not structures.

De�nition 2. [2]�[5]. Let Σ be a vocabulary. We say that (D0;≤) (or D0) is
generic, or generative, if D0 is a class of Σ-diagrams of �nite sets so that D0 is
partially ordered by a binary relation ≤ such that ≤ is preserved by bijective
substitutions, i. e., if Φ(A) ≤ Ψ(B), and A′ ⊆ B′ such that [Φ(A)]AA′ = Φ(A′)
and [Ψ(B)]BB′ = Ψ(B′) are de�ned then [Φ(A)]AA′ , [Ψ(B)]BB′ are in D0 and
[Φ(A)]AA′ ≤ [Ψ(B)]BB′ .1 Furthermore:

1Note that D0 is closed under bijective substitutions since ≤ is preserved by bijective
substitutions and ≤ is re�exive.
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(i) if Φ(A) ∈ D0 then for any quanti�er free formula ϕ(x̄) and any tuple
ā ∈ A either ϕ(ā) ∈ Φ(A) or ¬ϕ(ā) ∈ Φ(A);

(ii) if Φ ≤ Ψ then Φ ⊆ Ψ;2

(iii) if Φ ≤ X, Ψ ∈ D0, and Φ ⊆ Ψ ⊆ X then Φ ≤ Ψ;
(iv) some diagram Φ0(∅) is the least element of the system (D0;≤);
(v) (the d-amalgamation property) for any diagrams Φ(A), Ψ(B), X(C) ∈

D0, if there exist injections f0: A → B and g0: A → C with [Φ(A)]Af0(A) ≤
Ψ(B) and [Φ(A)]Ag0(A) ≤ X(C) then there are a diagram Θ(D) ∈ D0 and
injections f1: B → D and g1: C → D for which [Ψ(B)]Bf1(B) ≤ Θ(D),
[X(C)]Cg1(C) ≤ Θ(D) and f0 ◦ f1 = g0 ◦ g1; the diagram Θ(D) is called the
amalgam of Ψ(B) and X(C) over the diagram Φ(A) and witnessed by the
four maps (f0, g0, f1, g1);

(vi) (the local realizability property) if Φ(A) ∈ D0 and Φ(A) `
∃x ϕ(x), then there are a diagram Ψ(B) ∈ D0, Φ(A) ≤ Ψ(B), and an
element b ∈ B for which Ψ(B) ` ϕ(b);

(vii) (the d-uniqueness property) for any diagrams Φ(A), Ψ(B) ∈ D0 if
A ⊆ B and the set Φ(A) ∪ Ψ(B) is consistent then Φ(A) = {ϕ(b̄) ∈ Ψ(B) |
b̄ ∈ A}.

A diagram Φ is called a strong subdiagram of a diagram Ψ if Φ ≤ Ψ.
A diagram Φ(A) is said to be (strongly) embeddable in a diagram Ψ(B)

if there is an injection f : A → B such that [Φ(A)]Af(A) ⊆ Ψ(B) ([Φ(A)]Af(A) ≤
Ψ(B)). The injection f , in this instance, is called a (strong) embedding
of diagram Φ(A) in diagram Ψ(B) and is denoted by f :Φ(A) → Ψ(B). A
diagram Φ(A) is said to be (strongly) embeddable in a structure M if Φ(A)
is (strongly) embeddable in some diagram Ψ(B), where M |= Ψ(B). The
corresponding embedding f : Φ(A) → Ψ(B), in this case, is called a (strong)
embedding of diagram Φ(A) in structureM and is denoted by f : Φ(A) →M.

Let D0 be a class of diagrams, P0 be a class of structures of some
language, andM be a structure in P0. The class D0 is co�nal in the structure
M if for each �nite set A ⊆ M , there are a �nite set B, A ⊆ B ⊆ M , and
a diagram Φ(B) ∈ D0 such that M |= Φ(B). The class D0 is co�nal in P0

if D0 is co�nal in every structure of P0. We denote by K(D0) the class of
all structures M with the condition that D0 is co�nal in M, and by P a
subclass of K(D0) such that each diagram Φ ∈ D0 is true in some structure
in P.

2Note that Φ(A) ≤ Ψ(B) implies A ⊆ B, since if a ∈ A then (a ≈ a) ∈ Φ(A), so
Φ(A) ≤ Ψ(B) implies Φ(A) ⊆ Ψ(B) and we have (a ≈ a) ∈ Ψ(B), whence a ∈ B.
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Now we extend the relation ≤ from the generative class (D0;≤) to a
class of subsets of structures in the class K(D0).

LetM be a structure in K(D0), A and B be �nite sets inM with A ⊆ B.
We call A a strong subset of the set B (in the structure M), and write
A ≤ B if there exist diagrams Φ(A), Ψ(B) ∈ D0 such that Φ(A) ≤ Ψ(B)
and M |= Ψ(B).

A �nite set A is called a strong subset of a set M0 ⊆ M (in the structure
M), where A ⊆ M0, if A ≤ B for any �nite set B such that A ⊆ B ⊆ M0

and Φ(A) ⊆ Ψ(B) for some diagrams Φ(A), Ψ(B) ∈ D0 with M |= Ψ(B). If
A is a strong subset of M0 then, as above, we write A ≤ M0. If A ≤ M in
M then we refer to A as a self-su�cient set (in M).

Notice that, by the d-uniqueness property, the diagrams Φ(A) and Ψ(B)
speci�ed in the de�nition of strong subsets are de�ned uniquely. A
diagram Φ(A) ∈ D0 corresponding to a self-su�cient set A in M is said to
be a self-su�cient diagram (in M).

De�nition 3. [2]�[5]. A class (D0;≤) possesses the joint embedding property
(JEP) if for any diagrams Φ(A), Ψ(B) ∈ D0 there is a diagram X(C) ∈ D0

such that Φ(A) and Ψ(B) are strongly embeddable in X(C).

Clearly, every generative class has JEP since JEP means the d-amalga-
mation property over the empty set.

De�nition 4. [2]�[5]. A structure M ∈ P has �nite closures with respect
to the class (D0;≤) or is �nitely generated over Σ, if any �nite set A ⊆ M is
contained in some �nite self-su�cient set in M, i. e., there is a �nite set B
with A ⊆ B ⊆ M and Ψ(B) ∈ D0 such that M |= Ψ(B) and Ψ(B) ≤ X(C)
for any X(C) ∈ D0 withM |= X(C) and Ψ(B) ⊆ X(C). A class P has �nite
closures with respect to the class (D0;≤) or is �nitely generated over Σ, if
each structure in P has �nite closures (with respect to (D0;≤)).

Clearly, an at most countable structureM has �nite closures with respect
to (D0;≤) if and only if M =

⋃
i∈ω

Ai for some self-su�cient sets Ai

with Ai ≤ Ai+1, i ∈ ω.
Note that the �nite closure property is de�ned modulo Σ and does

not correlate with the cardinalities of algebraic closures. For instance, if
Σ contains in�nitely many constant symbols then acl(A) is always in�nite
whereas a �nite set A can or can not be extended to a self-su�cient set.

Besides, for the �nite closures of sets A we consider �nite self-su�cient
extensions B in a given structureM with respect to (D0;≤) only and B can
be both a universe of a substructure of M or not. Moreover, it is permitted
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that corresponding diagrams Ψ(B) can have only �nite, �nite and in�nite,
or only in�nite models.

Thus, for instance, a �nitely axiomatizable theory without �nite models
and with a generative class (D0;⊆) containing diagrams for all �nite sets and
with axioms in diagrams has identical �nite closures whereas each diagram
in D0 has only in�nite models.

De�nition 5. [2]�[5]. A structure M ∈ K(D0) is (D0;≤)-generic, or a
generic limit for the class (D0;≤) and denoted by glim(D0;≤), if it satis�es
the following conditions:

(a) M has �nite closures with respect to D0;
(b) if A ⊆ M is a �nite set, Φ(A), Ψ(B) ∈ D0, M |= Φ(A) and Φ(A) ≤

Ψ(B), then there exists a set B′ ≤ M such that A ⊆ B′ and M |= Ψ(B′).

Theorem 6. [5]. For any generative class (D0;≤) there exists a (D0;≤)-
generic structure.

Theorem 7. [5]. Every ω-homogeneous structure M is a (D0;≤)-generic
structure for some generative class (D0;≤).

Thus any �rst-order theory has a generic model and therefore can be
represented by it.

2 Pre-generative classes
Consider the following modi�cation of the d-amalgamation property for

a class (D0;≤):
(v′) for any diagrams Φ(A), Ψ(B), X(C) ∈ D0 if there exist injections

f0: A → B and g0: A → C with [Φ(A)]Af0(A) ≤ Ψ(B) and [Φ(A)]Ag0(A) ≤ X(C)

such that B \A = B \ f0(A), C \A = C \ g0(A), (B \A) ∩ (C \A) = ∅ and
[Ψ(B)]

f0(A)
A ∪ [X(C)]

g0(A)
A is consistent, then there are a diagram Θ(D) ∈ D0

and injections f1: B → D and g1: C → D for which [Ψ(B)]Bf1(B) ≤ Θ(D),
[X(C)]Cg1(C) ≤ Θ(D) and f0 ◦ f1 = g0 ◦ g1.

Note that replacing the d-amalgamation property in the de�nition of
generative class by (v′) it su�ces to use only identical embeddings for the
construction of (D0;≤)-generic structure.

A generative class (D0;≤) is self-su�cient if the following axiom of self-
su�ciency holds:

(viii) if Φ, Ψ, X ∈ D0, Φ ≤ Ψ, and X ⊆ Ψ then Φ ∩ X ≤ X.
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By the de�nition every generative class (D0;≤) is generated by a set D′
0

of diagrams in D0 such that each Φ(A) ∈ D0 has a copy Φ(A′) ∈ D′
0.

Let D′
0 be a class (in particular, a set) of diagrams Φ(A) over �nite sets

A in a language Σ such that a set of some copies for all elements in D′
0 is

consistent and for each Φ(A) ∈ D′
0, ϕ(ā) ∈ Φ(A) or ¬ϕ(ā) ∈ Φ(A) for any

quanti�er-free formula ϕ(x̄) and any tuple ā ∈ A.

De�nition 8. [5]. We say that D′
0 is pre-generic or pre-generative if it

is equipped with a partial order ≤′0 satisfying conditions (ii), (iii), (vii)
for (D′

0;≤0) as well as the property of invariance for ≤0 under bijective
substitutions as follows:

if Φ(A) ≤0 Ψ(B), A′ ⊆ B′ and [Φ(A)]AA′ , [Ψ(B)]BB′ ∈ D′
0 then [Φ(A)]AA′ ≤0

[Ψ(B)]BB′ .

In this case, we also say that (D′
0;≤0) is pre-generic, or pre-generative.

By the de�nition every generative class is pre-generative but not vice
versa.

Having the axiom (viii) for a pre-generative class (D′
0;≤0) we also say

that (D′
0;≤0) is self-su�cient.

De�nition 9. [5]. A (pre-)generative class (D′
0;≤0) is regular if for any

copies Φ1(A1), . . . , Φn(An) of elements in D′
0 with consistent Φ1(A1)∪ . . .∪

Φn(An), we have Φ1(A1) ∩ . . . ∩ Φn(An) = Φi(Ai)|(A1∩...∩An), i = 1, . . . , n.
A (pre-)generative class (D′

0;≤0) is non-re�nable if for any Φ(A) ∈ D′
0

and B with B ⊂ A there is Ψ(B) ∈ D′
0 such that Ψ(B) ⊂ Φ(A) and ≤0 = ⊆.

By the axiom of d-uniqueness, every non-re�nable (pre-)generative class
is regular and self-su�cient. Note that each consistent set of complete diag-
rams, in a given language, is regular and its closure under complete subdi-
agrams is non-re�nable.

Clearly, if (D0;≤) is a generative class then for any D′
0 ⊆ D0 the

restriction (D0;≤)|D′
0
is pre-generative. At the same time the following

theorem holds:

Theorem 10. [5] Any regular pre-generative class (D′
0;≤0) can be extended

to a non-re�nable generative class (D0;≤).

Note that the generative class (D0;≤) in the proof of Theorem 2.1
depends only on choice of the set U and its model M. Notice also that
if the pre-generative class is not regular then the d-uniqueness property fails
in the construction.

At the same time, in the general case, having a pre-generative set D′
0

with a partial order ≤0 we can extend (D′
0;≤0) to a generative class (D0;≤)
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(guaranteeing Axioms (iv), (v), (vi)) if an appropriate diagram Φ0(∅) can be
added to D′

0 preserving the pre-generativity as well as appropriate diagrams
Θ(D) can be added preserving the pre-generativity and step-by-step provi-
ding both the d-amalgamation property and the local realizability property.

3 Adapted generative classes
De�nition 11. [2]�[4]. Let (D0; 6) and (D′

0; 6′) be generative classes of
languages Σ and Σ′ respectively with Σ ⊆ Σ′. We say that the class
(D′

0; 6′) dominates the class (D0; 6) and write D0 £ D′
0 if for any diagram

Φ(A) ∈ D0 there is a diagram Φ′(A′) ∈ D′
0 such that Φ(A) ⊆ Φ′(A′) and the

condition of there being some systems, which are extensions over A, together
with available information on interrelations of elements in these extensions
written in the diagram Φ(A) implies that the same extensions exist over
A and that similar information is available on interrelations of elements in
those extensions written in the diagram Φ′(A′).

If D0 £ D′
0 and D′

0 £ D0 we say that generative classes (D0; 6) and
(D′

0; 6′) are domination-equivalent and write D0 ∼ D′
0.

It is easy to see that ∼ is an equivalence relation, and by uniqueness
of homogeneous structures realizing same set of types if generative classes
are domination-equivalent then these classes produce isomorphic generic
structures. We have the converse implication for quanti�er-free generative
classes.

At the same time, there are generative classes being not ∼-equivalent but
forming isomorphic generic structures. For instance, the structure 〈Q;≤〉
having a �nitely axiomatizable theory with an axiom ϕ0 is generated by
both the quanti�er-free generative class (D0; 6) (whose diagrams describe
≤-links of elements for �nite subsets of Q) and the generative class (D′

0; 6′),
where each diagram contains the axiom ϕ0. Clearly, D0 £ D′

0 and D′
0 6£D0.

Similar the scolemization of theories we de�ne special generative classes
adapted to the semantic of given formulae.

Let (D0; 6) be a generative class, M be a (D0; 6)-generic structure,

ϕ(x1, . . . , xm)  Q1y1 . . . Qnynψ(x1, . . . , xm, y1, . . . , yn)

be a formula in prenex normal form, Qi ∈ {∀,∃}, ψ is a quanti�er-free
formula, M |= ϕ(a1, . . . , am) for some a1, . . . , am ∈ M . (D0; 6) is called
ϕ(a1, . . . , am)-adapted, or brie�y ϕ-adapted, if it satis�es the following con-
ditions:
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(1) if ϕ is an existential formula then for any diagram Φ(A) ∈ D0, where
A 6= ∅ and Φ(A) ∪ {ϕ(a1, . . . , am)} is consistent there are a′1, . . . , a

′
n ∈ A

such that Φ(A) ` ψ(a1, . . . , am, a′1, . . . , a
′
n);

(2) if ϕ has the form ∀y′1, . . . , y′k∃y′′1 , . . . , y′′l χ and for Φ(A) ∈ D0, Φ(A) `
ϕ(a1, . . . , am) then for any Ψ(B) ∈ D0 with Ψ(B) ⊃ Φ(A), and for any
a′1, . . . , a

′
k ∈ A, there are b1, . . . , bl ∈ B such that

Ψ(B) ` χ(a1, . . . , am, a′1, . . . , a
′
k, b1, . . . , bl).

Theorem 12. For any generative class (D0; 6) of language Σ and for
any formula ϕ satis�ed in a (D0; 6)-generic structure, there is a ϕ-adapted
generative class (D′

0; 6′) such that D′
0 ∼ D0.

Proof. Denote by (D′′
0; 6′′) the generative class obtained from (D0; 6) by

addition of formula ϕ(a1, . . . , am) to all diagrams Φ(A) ∈ D0 over nonempty
A, where a1, . . . , am ∈ A and Φ(A) ∪ {ϕ(a1, . . . , am)} is consistent.

If ϕ has the form ∃y1, . . . , ynψ we take for (D′
0; 6′) the restriction of

(D′′
0; 6′′) generated by the class of diagrams Φ(A) ∈ D′′

0 containing

ψ(a1, . . . , am, a′1, . . . , a
′
n)

(i. e., if A 6= ∅ then ψ(a1, . . . , am, a′1, . . . , a
′
n) ∈ Φ(A)).

If ϕ has the form ∀y′1, . . . , y′k∃y′′1 , . . . , y′′l χ we again take the restriction
(D′′

0; 6′′) being domination equivalent to (D0; 6). Now we consider represen-
tatives Φr(Ar), Φr(Ar) ⊆ Φr+1(Ar+1), r ∈ ω of D′′

0 satisfying the following
condition: if a′1, . . . , a

′
k ∈ Ar then there are a′′1, . . . , a

′′
l ∈ Ar+1 such that

Φr+1(Ar+1) ` χ(a1, . . . , am, a′1, . . . , a
′
k, a

′′
1, . . . , a

′′
l ).

For (D′
0; 6′) we take the generative class generated by set of diagrams

Φr(Ar), r ∈ ω. 2

Note that the generative class (D′
0; 6′) can be chosen ϕi-adapted for any

�nite set of satis�ed formulas ϕi. In particular, it allows to control all changes
of quanti�ers in a given formula.

Notice also that if (D0; 6) is a self-su�cient class with closures A whose
cardinalities are bounded by f(|A|), where f ∈ ωω then for any Ar we can
choose a closed set Ar+1 with |Ar+1| ≤ f(|Ar|m).

4 Structural diagrams and canonical
structures

Let (D0; 6) be a generative class in a language Σ, Φ(A) ∈ D0.
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The diagram Φ(A) is called structural if it satis�es the following modi�-
cation of the local realizability property:

(vi′) if Φ(A) ` ∃x ϕ(x) then there is a constant term t(ā), ā ∈ A such
that Φ(A) ` ϕ(t(ā)).

Note that there exist generative classes containing non-structural diag-
rams. Indeed, consider a �nitely axiomatizable, by an axiom ϕ0, complete
theory T of relational language and without �nite models (for instance,
consider the theory of dense linear order without endpoints). Now, take
a generative class (D0; 6) for T such that all diagrams in D0 contain ϕ0.
Obviously, D0 does not contain structural diagrams since for any Φ(A) ∈ D0

every modelM |= Φ(A) is in�nite being a model of T whereas constant terms
t(ā), ā ∈ A, can have values only in the �nite set A.

Theorem 13. For any diagram Φ(A) ∈ D0, A 6= ∅ the following conditions
are equivalent:

(1) Φ(A) is structural;
(2) there exists a structure M consisting of some constant terms in the

language Σ ∪ A and such that M |= Φ(A).

Proof. (1) ⇒ (2). Let Φ(A) be structural. Denote by N the set of all constant
terms t(ā), ā ∈ A in the language Σ ∪ A. For constant terms t1 and t2, we
put t1 ∼ t2 if and only if Φ(A) ` (t1 ≈ t2). Clearly, ∼ is an equivalence
relation and there is a canonical structure N /∼ having the universe N/∼
and satisfying the quanti�er-free part of Φ(A). By (vi′) and induction on
length of formulas in Φ(A) we get N/∼ |= Φ(A). Taking representatives for
each ∼-class in N/∼ we form a required structure M isomorphic to N/∼.

(2) ⇒ (1). If there exists a required structure M having the universe
M consisting of some constant terms (one representative for each ∼-class)
in the language Σ ∪ A and such that M |= Φ(A) then, by completeness of
the �rst-order calculus, for any formula ϕ(x) with Φ(A) ` ∃x ϕ(x) there is
a term t(ā) ∈ M such that Φ(A) ` ϕ(t(ā)). Thus, Φ(A) is structural. 2

The structure N /∼ in the proof of Theorem 4.1 is called Φ(A)-canonical
or simply canonical and denoted by MΦ(A). The structure M, in the proof,
is a representation of MΦ(A).

By Theorem 4.1, any structural diagram Φ(A) for A 6= ∅ de�nes the
algebra with the universe N/∼ being the restriction ofN /∼ to the functional
sublanguage and �nitely generated by A (relative constant symbols in Σ).
At the same time, for quanti�er-free diagrams, this condition is su�cient:

Corollary 14. Any quanti�er-free diagram Φ(A) ∈ D0 is structural.
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Lemma 15. If Φ(A) and Ψ(B) are structural diagrams and Φ(A) 6 Ψ(B)
then MΦ(A) is embeddable into MΨ(B) preserving Φ(A) and such that a
representation of MΦ(A) is identically embeddable into a representation of
MΨ(B).

Proof. The construction of required representations M1 and M2 for MΦ(A)

and MΨ(B) respectively (with an identical embedding) consists of choice of
same terms t(ā), ā ∈ A, for ∼-classes in MΦ(A) and MΨ(B) such that these
classes have common representatives (with parameters in A). 2

By Lemma 4.3 we obtain

Lemma 16 (Amalgamation Lemma). If a structural diagram Θ(D) is an
amalgam of structural diagrams Ψ(B) and X(C) over a structural diagram
Φ(A) then there are embeddings f0:MΦ(A) →MΨ(B), g0: MΦ(A) →MX(C),
f1: MΨ(B) → MΘ(D), g1: MX(C) → MΘ(D) such that f0 ◦ f1 = g0 ◦ g1.
Moreover, if Φ(A) 6 Ψ(B), Φ(A) 6 X(C), Ψ(B) 6 Θ(D), and X(C) 6
Θ(D) then there are representations of MΦ(A), MΨ(B), MX(C), and MΘ(D)

with identical embeddings corresponding to f0, g0, f1, g1.

Theorem 4.1 and Lemma 4.4 imply

Corollary 17. If a generative class (D0; 6) consists of structural di-
agrams then the (D0; 6)-generic structure is isomorphic to a union of
representations of canonical structures for diagrams in D0.

By Corollaries 4.2 and 4.5 we have

Corollary 18. If (D0; 6) is a quanti�er-free generative class then the
(D0; 6)-generic structure is isomorphic to a union of representations of
canonical structures for diagrams in D0.

De�nition 19. A diagram Φ(A) ∈ D0 is called self-structural if A 6= ∅ and
Φ(A) satis�es the following:

(vi′′) if Φ(A) ` ∃x ϕ(x) then there is an element a ∈ A such that Φ(A) `
ϕ(a).

Clearly, every self-structural diagram is structural but not vice versa:
structural diagrams can be over empty set (having a constant in Σ) and it
can be written by a formula in Φ(A) that values t(ā), ā ∈ A, for some ϕ(x)
with Φ(A) ` ∃xϕ(x) di�er from all elements in A. At the same time, by the
de�nition, self-structural diagrams are always over nonempty sets and for
any constant term t(ā), ā ∈ A, we have Φ(A) ` (t(ā) ≈ b) for some b ∈ A.
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Proposition 20. For any diagram Φ(A) ∈ D0, A 6= ∅, the following
conditions are equivalent:

(1) Φ(A) is self-structural;
(2) if Φ(A) ` ∃x ϕ(x) then Φ(A) ` ∃x

(
ϕ(x) ∧ ∨

a∈A

(x ≈ a)

)
;

(3) there exists a structure A having the universe A and such that A |=
Φ(A).

Proof. (1) ⇔ (2) is obvious since A is �nite. (1) ⇔ (3) is implied by
Theorem 4.1. 2

Note that the structure A in Proposition 4.7 is unique up to isomorphism
and it is isomorphic to the Φ(A)-canonical structure.

Proposition 4.7 implies

Corollary 21. A quanti�er-free diagram Φ(A) ∈ D0, where A 6= ∅, is self-
structural if and only if for the sublanguage ΣF consisting of all functional
symbols in Σ there exists an algebra A having the universe A and such that
A |= (Φ(A) ¹ ΣF ).

Corollary 22. Any quanti�er-free diagram Φ(A) ∈ D0 in a relational lan-
guage, where A 6= ∅, is self-structural.

Corollary 23. If a generative class (D0; 6) in a language Σ consists of a
diagram Φ0(∅) and of self-structural diagrams (over non-empty sets) then
(D0; 6) is ϕ-adapted for any formula ϕ in the language Σ.

Proposition 24. Let M be a (D0; 6)-generic structure for a quanti�er-
free generative class (D0; 6) such that its restriction to the sublanguage ΣF

consisting of all functional symbols in Σ is a locally �nite algebra. Then
(D0; 6) is domination-equivalent to a generative class (D′

0; 6′) consisting of
a diagram Φ0(∅) and only self-structural diagrams Φ(A) for A 6= ∅.
Proof. The required generative class (D′

0; 6′) is generated by quanti�er-free
diagrams Φ(A) for �nite sets A ⊆ M being universes of �nite subalgebras of
M ¹ Σf , 6 = ⊆. By Proposition 4.7, for A 6= ∅, all Φ(A) are self-structural
and the axioms for the generativity of (D′

0; 6′) hold. 2

5 Generative classes for �nite structures
Let (D0; 6) is a generative class. If Φ(A) is a diagram in D0 having a

proper extension in D0 and such that A 6= ∅ then removing Φ(A) and all its
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copies from (D0; 6) we get the generative class (D0; 6)\{Φ(A)} domination-
equivalent to (D0; 6). At the same time, staying in the family of generative
classes, we can not remove from (D0; 6) the diagram Φ0(∅) as well as,
preserving the domination-equivalence, a maximal diagram Φ(A) such that
it does not have proper extensions in (D0; 6). Clearly, maximal diagrams
Φ(A) are self-structural and, moreover, describe (D0; 6)-generic structures
with the universe A∪C, where C is the set of constant symbols. It means that
Φ0(∅) and copies of Φ(A) form a minimal generative class being domination
equivalent to (D0; 6). Moreover, the maximal diagram Φ(A) producing a
representation, with the universe A∪C, of Φ(A)-canonical structure can be
chosen quanti�er-free.

Thus we get

Theorem 25. For a generative class (D0; 6) with a language having a �nite
set C of pairwise distinct constants, the following conditions are equivalent:

(1) the (D0; 6)-generic structure is �nite;
(2) (D0; 6) has maximal diagrams;
(3) (D0; 6) is domination-equivalent to a minimal generative class con-

sisting of a diagram Φ0(∅) and of copies of a self-structural diagram Φ(A);
(4) the (D0; 6)-generic structure is isomorphic, for a quanti�er-free di-

agram Φ(A), to a representation, with the universe A∪C, of Φ(A)-canonical
structure.
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The problem we solve in the present note is
how to conclude about homological dimension of the family of coherent

sheaves of modules on the family of schemes if it is known about homological
dimension of the family restricted to the reduction?

As usually if T is an algebraic scheme with structure sheaf OT then
its reduction is a scheme consisting of the same topological space but with
structure sheaf equal to OTred

:= OT /Nil(OT ) where Nil(OT ) is nilradical
of OT . This is called for brevity a reduced scheme structure. The OT -module
epimorphism onto the quotient module sheafOT ³ OTred

induces a canonical
closed immersion Tred ↪→ T of schemes. From now, T is a base scheme
of a �at morphism of �nite type f : X → T of Noetherian schemes. We
introduce notation Xred := X ×T Tred, fred : Xred → Tred, i.e. Xred is a
restriction of the family X to the reduction Tred as to a closed subscheme in
T . Actually the scheme Xred can be non-reduced but fred is �at morphism
as a morphism obtained by a base change of a �at morphism. Now let E be
a coherent OX-module and let E be �at as OT -module. This is a standard
situation in various problems of algebraic geometry when families of sheaves
are considered, especially in moduli-of-sheaves problems. Use the notation
Ered = E⊗OT

OTred
.

Let A be a commutative ring, M an A-module. Also introduce parallel
algebraic notation: a reduction Ared := A/NilA of the ring A is its quotient
ring over its nilradical. If a commutative ring B is an A-algebra then we
denote B ⊗A Ared =: Bred. Hence Bred is not obliged to be reduced but
it is Ared-�at whenever B is A-�at by well-known change-of-ring theorem.
Also we use the notation M ⊗A Ared =: Mred.

175



176 N.V.Timofeeva

We say that M has homological dimension not greater then n (notation:
hdAM ≤ n) if one of following equivalent conditions holds [3, ch. 7, theo-
rem 1.1]:

(1). Extn+1
A (M,N) = 0 for all A-modules N ;

(2). in any exact A-sequence 0 → En → En−1 → · · · → E0 → M → 0 if Ej

are projective for 0 ≤ j ≤ n− 1 then En is also projective;

(3). there is a projective A-resolution of length n, i.e. there exists an exact
sequence

0 → En → · · · → E1 → E0 → M → 0

with Ej projective for 0 ≤ j ≤ n.

Since if A is local ring then any projective A-module is free [1, theorem
19.2 and comment thereafter]. Then when working with coherent sheaves on
schemes we speak of locally free resolutions instead of projective ones.

As usually the symbol hdXE means homological dimension of the
coherent sheaf E as OX-module.

We prove the following well-expected result.

Theorem 1 (Algebraic version). Let f ] : A → B be local homomorphism
of local Noetherian rings and B be �at as an A-algebra. Let M be B-module
of �nite type which is �at over A. Then following assertions are equivalent:

(1). hdBM ≤ n;

(2). hdBred
Mred ≤ n.

Theorem 2 (Sheaf version). Let f : X → T be a �at morphism of
Noetherian schemes, E coherent OX-module which is �at over T . Then the
following assertions are equivalent:

(1). hdXE ≤ n;

(2). hdXred
Ered ≤ n.

Remark. The case n = 1 for a trivial family of schemes over a �eld was
considered in the author's paper [5].
Remark. Since both theorems are just versions of the same result their proofs
are transferred literally to each other and we prove an algebraic version.
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Proof of Theorem 1. For the implication 1 ⇒ 2 we do not need locality and
consider B-exact sequence

0 → En → En−1 → · · · → E1 → E0 → M → 0

with Ej free for j ≥ 0. Cutting it into triples we have

0 → En → En−1 → M (n−1) → 0,

˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ,

0 → M (j+1) → Ej → M (j) → 0,

˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ˙ ,

0 → M (1) → E0 → M → 0.

Since M and Ej for j ≥ 0 are �at A-modules [4, ch. 3, sect. 7, transitivity (1)]
we have M (j) are A-�at for j ≥ 1. Hence tensoring by ⊗BBred = ⊗AAred

(�cancelation formula�) we obtain TorA
i (M (j), Ared) = TorA

i (M, Ared) = 0
and come to exact sequence

0 → En red → E(n−1) red → · · · → E1 red → E0 red → Mred → 0

with Ej red free as Bred-modules for 0 ≤ j ≤ n.
For the opposite implication we proceed by induction on n. Assume that

the theorem is true for coherent B-sheaves of homological dimension not
greater then n − 1. Let us be given an B-module epimorphism E0 ³ M ,
where E0 is free and let M ′ := ker(E0 ³ M). Let hdBred

Mred ≤ n. We are
to conclude that hdBM ≤ n. M is A-�at. So, by the exact B-triple

0 → M ′ → E0 → M → 0

and tensoring by ⊗BBred = ⊗AAred we obtain TorA
i (M, Ared) = 0 for i > 0

and hence we come to the exact Ared-triple

0 → M ′
red → E0 red → Mred → 0,

where hdAred
M ′

red ≤ n − 1. By �atness of E0 as a B-module and by the
homomorphism f ] the term E0 is A-�at [4, ch. 3, sect. 7, transitivity (1)]
and hence M ′ is also �at as an A-module. By the inductive assumption
hdBM ′ ≤ n− 1 and hence hdBM ≤ n.

For the base of induction set n = 0. This means that M is �at as an
A-module and Mred is free as an Ared-module.

Apply the following result from A.Grothendieck's SGA:
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Proposition 3. [2, ch. IV, Corollaire 5.9] Let A → B → C be local
homomorphisms of local Noetherian rings, M be a C-module of �nite type.
Assume that B is �at over A and k is a residue �eld of A. Then the following
assertions are equivalent:

(1). M is B-�at;

(2). M is A-�at and M ⊗A k is B ⊗A k-�at.

For our purposes set B → C to be the identity isomorphism, M is
�at over A and Mred is free (i.e. �at) as an Ared-module. Then M ⊗A k =
Mred⊗Ared

k, B⊗A k = Bred⊗Ared
k, and Mred⊗Ared

k is �at over Bred⊗Ared
k

because Mred is free over Bred. From this we conclude that M is free as a
B-module. This completes the proof of the theorem 1. 2
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1 Ââåäåíèå
Èçâåñòíîå âëîæåíèå Ìàãíóñà (ñì., íàïðèìåð, [1, 2])ïîçâîëÿåò ñ÷èòàòü

ñâîáîäíóþ ìåòàáåëåâó ãðóïïó S ïîäãðóïïîé ãðóïïû ìàòðèö M . Îíî èí-
äóöèðóåò âëîæåíèå ÷àñòè÷íî êîììóòàòèâíîé ìåòàáåëåâîé ãðóïïû SΓ ñ
îïðåäåëÿþùèì ãðàôîì Γ â ãðóïïó ìàòðèö MΓ, ÿâëÿþùóþñÿ ïîëóïðÿ-
ìûì ïðîèçâåäåíèåì ñâîáîäíîé àáåëåâîé ãðóïïû êîíå÷íîãî ðàíãà A è
àáåëåâîé íîðìàëüíîé ïîäãðóïïû TΓ, íà êîòîðîé îïðåäåëåíà ñòðóêòóðà
Z[A]-ìîäóëÿ.

Èíòåðåñ ê ãðóïïàì MΓ ñâÿçàí ñ òåì, ÷òî óíèâåðñàëüíàÿ òåîðèÿ ñâî-
áîäíîé 2-ñòóïåííî ðàçðåøèìîé ãðóïïû S ñîâïàäàåò ñ óíèâåðñàëüíîé òåî-
ðèåé ãðóïïû ìàòðèö M . Ýòî ïîçâîëèëî Øàïüþ [3] äîêàçàòü ðàçðåøè-
ìîñòü óíèâåðñàëüíîé òåîðèè ñâîáîäíîé ìåòàáåëåâîé ãðóïïû. Âîïðîñ î
ðàçðåøèìîñòè óíèâåðñàëüíîé òåîðèè ÷àñòè÷íî êîììóòàòèâíîé ìåòàáå-
ëåâîé ãðóïïû îòêðûò è âêëþ÷åí â �Êîóðîâñêóþ òåòðàäü� [4] ïîä íîìå-
ðîì 17.104.

×àñòè÷íî êîììóòàòèâíàÿ ìåòàáåëåâà ãðóïïà SΓ ïîëó÷àåòñÿ èç (ñâî-
áîäíîé) ÷àñòè÷íî êîììóòàòèâíîé ãðóïïû FΓ äîáàâëåíèåì ê îïðåäåëÿþ-
ùèì ñîîòíîøåíèÿì òîæäåñòâà [[x, y], [u, v]] = 1, çàäàþùåãî ìíîãîîáðà-
çèå ìåòàáåëåâûõ ãðóïï. Ñâîéñòâà ãðóïï SΓ è èõ óíèâåðñàëüíûå òåîðèè
èññëåäîâàëèñü â [5]�[9].

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 15-01-01485), à òàê-
æå ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè (ãîñóäàðñòâåííîå
çàäàíèå �2014/138, ïðîåêò 1052)
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Ìû èçó÷àåì ñâîéñòâà ãðóïïû MΓ è å¼ óíèâåðñàëüíóþ òåîðèèþ. Îò-
ìåòèì, ÷òî â [5] äîêàçàíà ðàçðåøèìîñòü óíèâåðñàëüíîé òåîðèè ãðóïïû
MΓ.

Â ñòàòüå ðàññìàòðèâàþòñÿ íåêîòîðûå ïðåîáðàçîâàíèÿ îïðåäåëÿþùå-
ãî ãðàôà Γ è äîêàçûâàåòñÿ, ÷òî ïðè ýòèõ ïðåîáðàçîâàíèÿõ óíèâåðñàëü-
íàÿ òåîðèÿ ãðóïïû MΓ íå ìåíÿåòñÿ (òåîðåìà 3). Çàòåì ýòî íàáëþäåíèå
èñïîëüçóåòñÿ äëÿ èññëåäîâàíèÿ óíèâåðñàëüíîé òåîðèè ãðàôîâîãî ïðî-
èçâåäåíèÿ ãðóïï (�graph product�), êîòîðîå ÿâëÿåòñÿ îáîáùåíèåì (ñâî-
áîäíîé) ÷àñòè÷íî êîììóòàòèâíîé ãðóïïû. Âïåðâûå ïîíÿòèå ãðàôîâî-
ãî ïðîèçâåäåíèÿ ïîÿâèëîñü â ðàáîòå [10], à çàòåì èññëåäîâàëîñü â ðÿ-
äå ðàáîò (ñì., íàïðèìåð, [11, 12]). Ïî àíàëîãèè ñ ÷àñòè÷íî êîììóòà-
òèâíûìè ãðóïïàìè èç ìíîãîîáðàçèé, ìîæíî èçó÷àòü ãðàôîâûå ïðîèçâå-
äåíèÿ â ìíîãîîáðàçèÿõ ãðóïï. Ìû ðàññìîòðèì ãðàôîâîå ïðîèçâåäåíèå
S(Γ, A1, . . . , Am) ñâîáîäíûõ àáåëåâûõ ãðóïï A1, . . . , Am â ìíîãîîáðàçèè
ìåòàáåëåâûõ ãðóïï. Ýòè ãðóïïû âëîæåíû â ãðóïïû ìàòðèö, îáîçíà÷àå-
ìûå M(Γ, A1, . . . , Am). Âëîæåíèå èíäóöèðîâàíî âëîæåíèåì Ìàãíóñà. Èç
òåîðåìû 3 ïîëó÷àåì, ÷òî âñå ãðóïïû ìàòðèö M(Γ, A1, . . . , Am) èìåþò
îäèíàêîâûå óíèâåðñàëüíûå òåîðèè (ñëåäñòâèå).

Îäíàêî, äëÿ âëîæåíèÿ ÷àñòè÷íî êîììóòàòèâíîé ìåòàáåëåâîé ãðóïïû
â ãðóïïó ìàòðèö óíèâåðñàëüíûå òåîðèè ãðóïï SΓ è MΓ, âîîáùå ãîâîðÿ,
ðàçíûå. Èñïîëüçóÿ ïîíÿòèå öåíòðàëèçàòîðíîé ðàçìåðíîñòè óñòàíàâëè-
âàåì, ÷òî óíèâåðñàëüíûå òåîðèè ÷àñòè÷íî êîììóòàòèâíîé ìåòàáåëåâîé
ãðóïïû SL3 , îïðåäåëåííîé ëèíåéíûì ãðàôîì äëèíû 3, è ãðóïïû ìàòðèö
ML3 íå ñîâïàäàþò (ïðåäëîæåíèå).

Òåì íå ìåíåå òåîðåìà 6 óñòàíàâëèâàåò îáùèå ñâîéñòâà óíèâåðñàëü-
íûõ òåîðèé ãðóïï SΓ è MΓ. Îíà óòâåðæäàåò, ÷òî ëþáîå óðàâíåíèå ñ
îäíèì íåèçâåñòíûì è êîýôôèöèåíòàìè èç ãðóïïû SΓ òîãäà è òîëüêî
òîãäà ðàçðåøèìî â SΓ, êîãäà îíî ðàçðåøèìî â MΓ.

Çàìåòèì, ÷òî àíàëîãè÷íûé ðåçóëüòàò äëÿ ãðóïï âèäà F/[R,R], ãäå
F � ñâîáîäíàÿ ãðóïïà, à R � å¼ íîðìàëüíàÿ ïîäãðóïïà, äëÿ êîòîðîé
êîëüöî Z[F/R] íå èìååò äåëèòåëåé íóëÿ, äîêàçàí â [13].

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ è îáîçíà÷åíèÿ
Îáîçíà÷åíèÿ, ââåäåííûå â ýòîì ïàðàãðàôå, áóäóò èñïîëüçîâàòüñÿ â

äàëüíåéøåì áåç äîïîëíèòåëüíûõ ïîÿñíåíèé.
Ïóñòü V = {v1, . . . , vr} � ìíîæåñòâî âåðøèí íåêîòîðîãî ãðàôà Γ, à

E � ìíîæåñòâî åãî ðåáåð. Â ñòàòüå ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå
íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðåáåð.

Ïóñòü A ñâîáîäíàÿ àáåëåâà ãðóïïà ðàíãà r ñ áàçèñîì {a1, . . . , ar},
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òîãäà Z[A] � öåëî÷èñëåííîå ãðóïïîâîå êîëüöî ãðóïïû A. Îáîçíà÷èì
÷åðåç T ñâîáîäíûé Z[A]-ìîäóëü ñ áàçèñîì {t1, . . . , tr} à ÷åðåç

M =

(
A 0
T 1

)

ãðóïïó ìàòðèö.
Ïîäìîäóëü T̃Γ ìîäóëÿ T ïîðîæäåí òåìè ýëåìåíòàìè

tij = ti(aj − 1) + tj(1− ai),

äëÿ êîòîðûõ âåðøèíû vi è vj ãðàôà Γ ñìåæíû è i < j, TΓ � ôàêòîð-
ìîäóëü T/T̃Γ.

Ïóñòü S � ñâîáîäíàÿ ìåòàáåëåâà ãðóïïà ðàíãà r ñ áàçèñîì
{s1, . . . , sr}. Íàïîìíèì, ÷òî ÷àñòè÷íî êîììóòàòèâíàÿ ìåòàáåëåâà ãðóï-
ïà SΓ ñ îïðåäåëÿþùèì ãðàôîì Γ èçîìîðôíà ôàêòîð-ãðóïïå S/R, ãäå
R ïîðîæäåíà êàê íîðìàëüíàÿ ïîäãðóïïà òåìå êîììóòàòîðàìè [si, sj] =
s−1

i s−1
j sisj, äëÿ êîòîðûõ (vi, vj) ∈ E.
Âëîæåíèå Ìàãíóñà µ ãðóïïû S â ãðóïïó ìàòðèö M ïðîäîëæàåò îòîá-

ðàæåíèå
si 7−→

(
ai 0
ti 1

)
, i = 1, . . . , r.

Îïðåäåëèì ýïèìîðôèçì d ìîäóëÿ T íà ðàçíîñòíûé èäåàë ∆ êîëüöà
Z[A]:

åñëè t = t1t
(1) + . . . + trt

(r) � ýëåìåíò èç T , òî

d(t) = (a1 − 1))t(1) + . . . + (ar − 1)t(r).

Èçâåñòíî [1], ÷òî ìàòðèöà
(

a 0
t 1

)

ëåæèò â îáðàçå ãðóïïû S ïðè âëîæåíèè Ìàãíóñà òîãäà è òîëüêî òîãäà,
êîãäà

d(t) = a− 1.

Â ÷àñòíîñòè, ìàòðèöà (
1 0
t 1

)

ïðèíàäëåæèò îáðàçó êîììóòàíòà [S, S] â ãðóïïå S òîãäà è òîëüêî òîãäà,
êîãäà

d(t) = 0. (1)
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Ëåãêî ïîäñ÷èòàòü, ÷òî ïðè âëîæåíèè Ìàãíóñà êîììóòàòîð [si, sj] îòîá-
ðàæàåòñÿ â ìàòðèöó (

1 0
tij 1

)
.

Ïîýòîìó ïîäãðóïïà R îòîáðàæàåòñÿ íà ïîäãðóïïó
(

1 0

T̃Γ 1

)
.

Ñëåäîâàòåëüíî, âëîæåíèå Ìàãíóñà µ èíäóöèðóåò âëîæåíèå µΓ ãðóïïû
SΓ â ãðóïïó ìàòðèö

MΓ =

(
A 0
TΓ 1

)
. (2)

Ìàòðèöà (
a 0

t + T̃Γ 1

)
∈ MΓ, βi ∈ Z[A],

ïðèíàäëåæèò îáðàçó ãðóïïû SΓ â ãðóïïå ìàòðèö (2) òîãäà è òîëüêî
òîãäà, êîãäà

d(t) = a− 1. (3)
Çàìåòèì, ÷òî âûïîëíåíèå óñëîâèå óñëîâèÿ (3) íå çàâèñèò îò òîãî, êàêîé
ýëåìåíò t âûáðàí â êà÷åñòâå ïðåäñòàâèòåëÿ ñìåæíîãî êëàññà â ìîäóëå
TΓ.

Â äàëüíåéøåì áóäåì îòîæäåñòâëÿòü ýëåìåíòû èç SΓ è èõ îáðàçû â
MΓ.

3 Óíèâåðñàëüíàÿ ýêâèâàëåíòíîñòü ãðóïï MΓ

Ãðàô Γ0 ïîëó÷åí èç ãðàôà Γ äîáàâëåíèåì âåðøèíû v0 è ðåáåð, ñîåäè-
íÿþùèõ v0 ñ v1 è òåìè âåðøèíàìè èç V , ñ êîòîðûìè ñìåæíà âåðøèíà v1.
Òàêèì îáðàçîì, ìíîæåñòâî V0 âåðøèí ãðàôà Γ0 åñòü V

⊔{v0}, ìíîæåñòâî
ðåáåð ãðàôà Γ0 îáîçíà÷èì E0.

Â [7] âåðøèíû v0 è v1 íàçâàíû ýêâèâàëåíòíûìè è äîêàçàíî, ÷òî óíè-
âåðñàëüíûå òåîðèè ÷àñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ ãðóïï SΓ è
SΓ0 ñîâïàäàþò.

Áóäåì ïèñàòü v0 ∼⊥ v1, åñëè âåðøèíû v0 è v1 ýêâèâàëåíòíû.
Ïóñòü A0 � ñâîáîäíàÿ àáåëåâà ãðóïïà ñ áàçèñîì {a0, a1, . . . , ar}, ñî-

äåðæàùàÿ ãðóïïó A â êà÷åñòâå ïîäãðóïïû, T0 � ñâîáîäíûé Z[A0]-ìîäóëü
ñ áàçèñîì {t0, t1, . . . , tr},

M0 =

(
A0 0
T0 1

)
MΓ0 =

(
A0 0
TΓ0 1

)
.
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Ïóñòü n � íåêîòîðîå íàòóðàëüíîå ÷èñëî. Ðàññìîòðèì îòîáðàæåíèå
ψn ãðóïïû M0 â ãðóïïó M , ïðè êîòîðîì ìàòðèöå

m0 =

(
al0

0 al1
1 . . . alr

r 0∑r
i=1 tiαi(a0, . . . , ar) 1

)
∈ M0

ñòàâèòñÿ â ñîîòâåòñòâèå ìàòðèöà m ∈ M , ðàâíàÿ
(

anl0+l1
1 al2

2 . . . alr
r 0

t1(
an
1−1

a1−1 α0(an
1 , a1, . . . , ar) + α1(an

1 , a1, . . . , ar)) +
∑r

i=2 tiαi(an
1 , a1 . . . , ar) 1

)
.

Ëåììà 1. Îòîáðàæåíèå ψn îïðåäåëÿåò ðåòðàêöèþ ãðóïïû M0 íà ãðóï-
ïó M , ïðè÷åì T̃0ψn = T̃ .

Äîêàçàòåëüñòâî. Äëÿ êðàòêîñòè áóäåì îáîçíà÷àòü

αi = αi(a0, a1, . . . , ar), α′i = αi(a
n
1 , a1, . . . , ar),

βi = βi(a0, a1, . . . , ar), β′i = βi(a
n
1 , a1, . . . , ar).

Ïóñòü
n0 =

(
aq0

0 aq1

1 . . . aqr
r 0∑r

i=1 tiβi 1

)
∈ M0.

Òîãäà

m0ψn =

(
anl0+l1

1 al2
2 . . . alr

r 0

t1(
an
1−1

a1−1
α′0 + α′1) +

∑r
i=2 tiα

′
i 1

)
,

n0ψn =

(
anq0+q1

1 aq2

2 . . . aqr
r 0

t1(
an
1−1

a1−1
β′0 + β′1) +

∑r
i=2 tiβ

′
i 1

)
,

m0n0 =

(
al0+q0

0 al1+q1

1 . . . alr+qr
r 0∑r

i=0 ti(αia
q0

0 . . . aqr
r + βi) 1

)
.

Ïðèìåíÿÿ ê ýòîìó ýëåìåíòó îòîáðàæåíèå ψn, ïîëó÷èì

(m0n0)ψn =

(
a

n(l0+q0)+l1+q1

1 al2+q2

2 . . . alr+qr
r 0

τ 1

)
, (4)

ãäå

τ = t1(
an

1 − 1

a1 − 1
(α′0a

nq0+q1

1 aq2

2 . . . aqr
r + β′0) + α′1a

nq0+q1

1 aq2

2 . . . aqr
r + β′1)

+
r∑

i=2

ti(α
′
ia

nq0+q1

1 aq2

2 . . . aqr
r + β′i).
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Âû÷èñëèì òåïåðü ýëåìåíò, ðàñïîëîæåííûé íà ìåñòå 2 × 1 â ìàòðèöå
(m0ψn)(n0ψn). Îí ñîâïàäàåò ñ ýëåìåíòîì τ . Ñðàâíèâàÿ ìàòðèöû (m0n0)ψn

è (m0ψn)(n0ψn), óáåæäàåìñÿ â èõ ðàâåíñòâå.
Èòàê, ψn � ãîìîìîðôèçì, äåéñòâóþùèé òîæäåñòâåííî íà M , äðóãè-

ìè ñëîâàìè, ψn � ðåòðàêöèÿ.
Ïðîâåðèì, ÷òî T̃0ψn = T̃ .
Åñëè i 6= 0, òî tijψn = tij. Ðàññìîòðèì îáðàçû ýëåìåíòîâ t0j ïðè

ãîìîìîðôèçìå ψn. Ïîëó÷èì

t01ψn = (t0(aj − 1) + t1(1− a0))ψn = t1(
an

1 − 1

a1 − 1
(1− a1) + an

1 − 1) = 0.

Ïðè i 6= 1 èìååì

t0iψn = (t0(1−a1)+ti(a0−1))ψn = t1
an

1 − 1

a1 − 1
(1−ai)+ti(a

n
1−1) =

an
1 − 1

a1 − 1
t1i.

Íî åñëè (v0, vi) ∈ E0, òî (v1, vi) ∈ E. Ïîýòîìó t0iψn ïðèíàäëåæèò T̃ .
Ëåììà äîêàçàíà. 2

Îòîæäåñòâèì ãðóïïû SΓ è SΓ0 ñ èõ îáðàçàìè â MΓ è MΓ0 ñîîòâåò-
ñòâåííî.

Èç ëåììû ñëåäóåò, ÷òî ãîìîìîðôèçì ψn èíäóöèðóåò ãîìîìîðôèçì
ϕn ãðóïïû MΓ0 íà ãðóïïó MΓ.

Ëåììà 2. Ãîìîìîðôèçì ϕn îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1. ϕn åñòü ðåòðàêöèÿ;
2. ϕn îòîáðàæàåò SΓ0 íà SΓ;
3. äëÿ ëþáîãî ýëåìåíòà 1 6= g ∈ MΓ0 íàéäåòñÿ çíà÷åíèå n0 òàêîå,

÷òî ïðè âñåõ n ≥ n0 ýëåìåíò gϕn òàêæå íå ðàâåí 1.

Äîêàçàòåëüñòâî. Ïåðâîå óòâåðæäåíèå ñðàçó ñëåäóåò èç îïðåäåëåíèÿ ãî-
ìîìîðôèçìà ψn.

Ïðîâåðèì âòîðîå óòâåðæäåíèå. Ïóñòü S0 � ñâîáîäíàÿ ìåòàáåëåâà
ãðóïïà ñ áàçèñîì {s0, s1, . . . , sr}, è S � å¼ ïîäãðóïïà, ïîðîæäåííàÿ ýëå-
ìåíòàìè s1, . . . , sr, R0 � íîðìàëüíîå çàìûêàíèå â S0 òåõ êîììóòàòîðîâ
[si, sj], äëÿ êîòîðûõ (vi, vj) ∈ E0 è 0 ≤ i < j ≤ r.

Èìååì

s0R0 =

(
a0 0

t0 + T̃0 1

)
ϕn7−→

(
an

1 0
an
1−1

a1−1
t1 + T̃ 1

)
=

=

(
a1 0

t1 + T̃ 1

)n

= (s1R)n.
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Î÷åâèäíî, ÷òî (siR0)ϕn = siR ïðè 1 ≤ i ≤ r. Çíà÷èò, SΓ0ψn = SΓ.
Ïåðåõîäèì ê òðåòüåìó óòâåðæäåíèþ.
Ïóñòü

1 6= g =

(
a 0

t0α0 + . . . + trαr + T̃0 1

)
, a ∈ A0, αi ∈ Z[A0].

Ñëó÷àé 1: a 6= 1.
Åñëè a íå çàâèñèò îò a0, òî â êà÷åñòâå n ìîæíî âçÿòü ëþáîå ïîëîæè-

òåëüíîå öåëîå.
Åñëè a çàâèñèò îò a0, òî åñòü a = al0

0 . . . alr
r , l0 6= 0, òî âûáåðåì n0 òàê,

÷òî l0n0 + l1 > 0, åñëè l0 > 0 è l0n0 + l1 < 0, åñëè l0 < 0. Î÷åâèäíî, ÷òî
ïðè âñåõ n ≥ n0 ïîëó÷èì gϕn 6= 1.

Ñëó÷àé 2: a = 1,
∑r

i=0 αi(ai − 1) = 0.
Òîãäà ìàòðèöà g ïðèíàäëåæèò êîììóòàíòó ãðóïïû SΓ0 . Ãîìîìîð-

ôèçì ϕn èíäóöèðóåò ãîìîìîðôèçì ϕn ãðóïïû SΓ0 íà ãðóïïó SΓ, ïðè
êîòîðîì

s0R0 7−→ sn
1R, siR0 7−→ siR, i = 1, . . . , r.

Â [1] äîêàçàíî, ÷òî ìîæíî âûáðàòü n0 òàê, ÷òî äëÿ âñåõ n ≥ n0 îáðàç ýëå-
ìåíòà g ∈ [SΓ0 , SΓ0 ] áóäåò íååäèíè÷íûì. Ýòî çíà÷åíèå n0 óäîâëåòâîðÿåò
óñëîâèþ ëåììû.

Ñëó÷àé 2: a = 1,
∑r

i=0 αi(ai − 1) 6= 0.
Îáîçíà÷èì α =

∑r
i=0 αi(ai−1). Âûáåðåì n0 òàê, ÷òî îáðàç ýëåìåíòà α

ïðè ãîìîìîðôèçìå χn : Z[A0] −→ Z[A], îïðåäåëåííîì íà áàçèñå ãðóïïû
A0 ñëåäóþùèì îáðàçîì

χn = {a0 7−→ an
1 , a1 7−→ a1, . . . , ar 7−→ ar},

îñòàåòñÿ íåíóëåâûì. Ïîêàæåì, ÷òî ïðè âñåõ n ≥ n0 ýëåìåíò gϕn íååäè-
íè÷íûé.

Èìååì

gϕn =

(
1 0

t1(
an
1−1

a1−1
α′0 + α′1) + t2α

′
2 + . . . + trα

′
r 1

)
.

Âû÷èñëèì

(a1 − 1)(
an

1 − 1

a1 − 1
α′0 + α′1) + (a2 − 1)α′2 + . . . + (ar − 1)α′r =

(an
1 − 1)α′0 + (a1 − 1)α′1 + . . . + (ar − 1)α′r = αχn 6= 1.

Ëåììà äîêàçàíà. 2



186 Å.È.Òèìîøåíêî

Ãðóïïà G äèñêðèìèíèðóåòñÿ ãðóïïîé H, åñëè äëÿ ëþáîãî êîíå÷íîãî
ìíîæåñòâà íååäèíè÷íûõ ýëåìåíòîâ {g1, . . . , gn} èç ãðóïïû G íàéäåòñÿ
ãîìîìîðôèçì ϕ : G −→ H, òàêîé ÷òî ϕ(gi) 6= 1 äëÿ âñåõ i = 1, . . . , n.

Õîðîøî èçâåñòíî, ÷òî åñëè ãðóïïà G äèñêðèìèíèðóåòñÿ ãðóïïîé H, à
ãðóïïà H äèñêðèìèíèðóåòñÿ ãðóïïîé G, òî óíèâåðñàëüíûå òåîðèè ãðóïï
G è H ñîâïàäàþò.

Òåîðåìà 3. Ïóñòü â ãðàôå Γ0 âåðøèíû v0 è v1 ýêâèâàëåíòíû v0 ∼⊥ v1,
ãðàô Γ ïîëó÷àåòñÿ èç Γ0 óäàëåíèåì âåðøèíû v0 è âñåõ èíöèäåíòíûõ åé
ðåáåð. Òîãäà óíèâåðñàëüíûå òåîðèè ãðóïï MΓ è MΓ0 ñîâïàäàþò.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò èç òîãî, ÷òî ãðóïïà MΓ âëîæåíà
â ãðóïïó MΓ0 , à ïî ëåììå 2 ãðóïïà MΓ0 äèñêðèìèíèðóåòñÿ ãðóïïîé MΓ.
2

Ïóñòü Gx � ñåìåéñòâî íåòðèâèàëüíûõ ãðóïï, èíäåêñèðîâàííûõ âåð-
øèíàìè x ∈ X ãðàôà Γ è E � ìíîæåñòâî ðåáåð ãðàôà. Òîãäà èõ ãðàôî-
âûì ïðîèçâåäåíèåì íàçûâàåòñÿ ôàêòîð-ãðóïïà ñâîáîäíîãî ïðîèçâåäåíèÿ∏∗

x∈X Gx ïî íîðìàëüíîé ïîäãðóïïå ïîðîæäåííîé òåìè êîììóòàíòàìè
[Gx, Gy], äëÿ êîòîðûõ (x, y) ∈ E.

Ïðè èçó÷åíèè ÷àñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ ãðóïï îïðåäå-
ëÿåòñÿ àíàëîãè÷íîå ïîíÿòèå � ìåòàáåëåâîå ãðàôîâîå ïðîèçâåäåíèå. Îíî
âîçíèêàåò èç ãðàôîâîãî ïðîèçâåäåíèÿ çàìåíîé ñâîáîäíîãî ïðîèçâåäå-
íèÿ ãðóïï íà ìåòàáåëåâî ïðîèçâåäåíèå. Äàäèì è áóäåì èñïîëüçîâàòü
ýòî îïðåäåëåíèå äëÿ ñëó÷àÿ, êîãäà ñîìíîæèòåëè � ñâîáîäíûå àáåëåâû
ãðóïïû.

Ïóñòü Ai = Axi
� ñâîáîäíûå àáåëåâû ãðóïïû, èíäåêñàìè xi êîòîðûõ

ÿâëÿþòñÿ âåðøèíû ãðàôà Γ.
Ìåòàáåëåâûì ïðîèçâåäåíèåì A2

∏
Ai íàçûâàåòñÿ ôàêòîð-ãðóïïà ñâî-

áîäíîãî ïðîèçâåäåíèÿ F =
∏∗ Ai ïî âòîðîìó êîììóòàíòó

F (2) = [[F, F ], [F, F ]].

Ìåòàáåëåâîå ãðàôîâîå ïðîèçâåäåíèå S(Γ, Ai) îïðåäåëÿåòñÿ êàê ôàê-
òîð-ãðóïïà A2

∏
Ai ïî íîðìàëüíîé ïîäãðóïïå, ïîðîæäåííîé òåìè êîì-

ìóòàíòàìè [Ai, Aj], äëÿ êîòîðûõ (xi, xj) ∈ E.
Ìåòàáåëåâîå ãðàôîâîå ïðîèçâåäåíèå ñâîáîäíûõ àáåëåâûõ ãðóïï êî-

íå÷íûõ ðàíãîâ ìîæíî ïîëó÷èòü ñëåäóþùèì îáðàçîì. Ïóñòü ðàíã ãðóïïû
Ai ðàâåí ri ≥ 2. Òîãäà äîáàâèì ê ìíîæåñòâó âåðøèí V ãðàôà Γ âåðøèíû
vi2 , . . . , viri, ñîåäèíèì âñå âåðøèíû vi, vi2 , . . . , viri

ìåæäó ñîáîé, à íîâûå
âåðøèíû ñîåäèíèì ñ òåìè âåðøèíàìè èç V , ñ êîòîðûìè ñìåæíà âåð-
øèíà vi. Ïîëó÷åííûé ãðàô îáîçíà÷èì ∆. Î÷åâèäíî, ÷òî ãðóïïû S∆ è
S(Γ, Ai) èçîìîðôíû.
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Îáîçíà÷èì M∆ ÷åðåç M(Γ, Ai).
Òàê êàê íîâûå âåðøèíû vi2 , . . . , viri

ýêâèâàëåíòíû âåðøèíå vi, òî èç
òåîðåìû 3 ïîëó÷àåì

Ñëåäñòâèå 4. Ïóñòü Ai, i = 1, . . . , r, � ñâîáîäíûå àáåëåâû ãðóïïû êî-
íå÷íûõ ðàíãîâ, Γ � íåêîòîðûé ãðàô. Òîãäà óíèâåðñàëüíûå òåîðèè ãðóïï
MΓ è M(Γ, Ai) ñîâïàäàþò.

Ðàññìîòðèì â êà÷åñòâå Γ âïîëíå íåñâÿçíûé ãðàô. Òîãäà SΓ � ñâîáîä-
íàÿ ìåòàáåëåâà ãðóïïà ðàíãà r, à MΓ � äèñêðåòíîå ñïëåòåíèå äâóõ ñâî-
áîäíûõ àáåëåâûõ ãðóïï ðàíãà r. Èçâåñòíî [3], ÷òî óíèâåðñàëüíûå òåîðèè
ãðóïï SΓ è MΓ ñîâïàäàþò. Îäíàêî ìîæíî óêàçàòü ãðàô Γ, äëÿ êîòîðîãî
óíèâåðñàëüíûå òåîðèè ãðóïï SΓ è MΓ íå ñîâïàäàþò.

Óòâåðæäåíèå 5. Ïóñòü Γ = L3 � ëèíåéíûé ãðàô íà òð¼õ âåðøèíàõ.
Òîãäà óíèâåðñàëüíûå òåîðèè ãðóïï SΓ è MΓ íå ñîâïàäàþò.

Äîêàçàòåëüñòâî. Êàê ñëåäóåò èç îïðåäåëåíèÿ, öåíòðàëèçàòîðíàÿ ðàç-
ìåðíîñòü CdimG íåêîòîðîé ãðóïïû G ðàâíà n, åñëè â G íàéäóòñÿ ïîä-
ìíîæåñòâà

A1 ⊂ A2 ⊂ . . . ⊂ An,

öåíòðàëèçàòîðû êîòîðûõ

C(A1) > C(A2) . . . > C(An)

ñòðîãî óáûâàþò è n � íàèáîëüøåå ÷èñëî ñ ýòèì ñâîéñòâîì.
Åñëè íàèáîëüøåãî n íå ñóùåñòâóåò, òî Cdim(G) = ∞.
Îòìåòèì, ÷òî èç ñîâïàäåíèÿ óíèâåðñàëüíûõ (ðàâíîñèëüíî, ýêçèñòåí-

öèàëüíûõ) òåîðèé äâóõ ãðóïï ñëåäóåò ñîâïàäåíèå èõ öåíòðàëèçàòîðíûõ
ðàçìåðíîñòåé.

Âû÷èñëèì öåíòðàëèçàòîðíóþ ðàçìåðíîñòü ãðóïïû SΓ, êîòîðàÿ
èçîìîðôíà ïðÿìîìó ïðîèçâåäåíèþ ñâîáîäíîé ìåòàáåëåâîé ãðóïïû
S2〈x1, x3〉 ðàíãà 2 è áåñêîíå÷íîé öèêëè÷åñêîé ãðóïïû 〈x2〉. Â [14] äî-
êàçàíî, ÷òî öåíðàëèçàòîðíàÿ ðàçìåðíîñòü ïðÿìîãî ïðîèçâåäåíèÿ äâóõ
ãðóïï âû÷èñëÿåòñÿ ïî ôîðìóëå

Cdim(S2 × 〈x〉) = Cdim(S2) + Cdim(〈x〉)− 1.

Íåòðóäíî çàìåòèòü, ÷òî Cdim(SΓ) = 3.
Âû÷èñëèì Cdim(MΓ). Ïóñòü

t̂13 =

(
1 0

t1(a3 − 1) + t3(1− a1) + T̃Γ 1

)
,
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t̂1 =

(
1 0

t1 + T̃Γ 1

)
, t̂2 =

(
1 0

t2 + T̃Γ 1

)

â1 =

(
a1 0

T̃Γ 1

)
, â2 =

(
a2 0

T̃Γ 1

)
.

Ïîëó÷èì öåïî÷êó öåíòðàëèçàòîðîâ

MΓ

â1

> C(t̂13)
â2

> C(t̂13, t̂2)
t̂1
> C(t̂13, t̂2, â2).

Ñäåëàåì ïîÿñíåíèÿ:
1. [â1, t̂13] = [x1, [x1, x3]] 6= 1 â ãðóïïå S2.
2. [â2, t̂13] = [x2, [x1, x3]] = 1. Åñëè [â2, t̂2] = 1, òî t2(a2 − 1) ëåæèò â

ïîäìîäóëå T̃Γ ñâîáîäíîãî ìîäóëÿ T , ïîðîæäåííîãî ýëåìåíòàìè

(a1 − 1)t2 + (1− a2)t1, (a3 − 1)t2 + (1− a2)t3.

Íî ýòî íåâîçìîæíî.
3. Ïî òîé æå ïðè÷èíå ýëåìåíò t̂1 ïðèíàäëåæèò ïîñëåäíåìó ñêà÷êó.
Çíà÷èò Cdim(MΓ) ≥ 4. Ïðåäëîæåíèå äîêàçàíî. 2

4 Óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì
Òåîðåìà 6. Óðàâíåíèå

g1x
m1 . . . xmlgl = 1, gi ∈ SΓ, (5)

ðàçðåøèìî â ãðóïïå SΓ òîãäà è òîëüêî òîãäà, êîãäà îíî ðàçðåøèìî â
ãðóïïå MΓ.

Äîêàçàòåëüñòâî. Ïóñòü

µΓ : gj 7−→ ĝj =

(
bj 0

τj + T̃Γ 1

)
, j = 1, . . . , l, bj ∈ A, τj ∈ T.

Ïðåäïîëîæèì, ÷òî óðàâíåíèå (5) ðàçðåøèìî â MΓ è

x̂ =

(
x 0
τ 1

)

åãî ðåøåíèå.
Íåòðóäíî ïîäñ÷èòàòü, ÷òî ëåâàÿ ÷àñòü óðàâíåíèÿ ðàâíà ìàòðèöå

(
b1 . . . blx

m1+...+ml 0
γ 1

)
,
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ãäå

γ = τlx
ml +

l−1∑
j=1

τjbj+1 . . . blx
mj+...+ml+

τ(
xml − 1

x− 1
+

l−1∑
j=1

bj+1 . . . bl
xmj − 1

x− 1
xmj+1+...+ml) + T̃Γ,

ïðè÷åì xm−1
x−1

= m ïðè x = 1.
Ðàçðåøèìîñòü óðàâíåíèÿ (5) â ãðóïïå MΓ ðàâíîñèëüíà ðàçðåøèìîñòè

ñèñòåìû óðàâíåíèé

b1 . . . blx
m1+...+ml = 1

∧
γ = 0 (5)

îòíîñèòåëüíî τ ∈ T è x ∈ A.
Îáîçíà÷èì

V = d(τ), B =
xml − 1

x− 1
+

l−1∑
j=1

bj+1 . . . bl
xmj − 1

x− 1
xmj+1+...+ml .

Òàê êàê d � ãîìîìîðôèçì ìîäóëåé è d(τj) = bj − 1, òî

d(γ) = (bl − 1)xml +
l−1∑
j=1

(bj − 1)bj+1 . . . blx
mj+...+ml + d(τ)B.

Òàê êàê x è τ � ðåøåíèå ñèñòåìû (6), ïîëó÷èì

B(x− 1) + (bl − 1)xml +
l−1∑
j=1

(bj − 1)bj+1 . . . blx
mj+...+ml = 0,

Bd(τ) + (bl − 1)xml +
l−1∑
j=1

(bj − 1)bj+1 . . . blx
mj+...+ml = 0.

Çíà÷èò B(x− 1) = Bd(τ).
Åñëè B = 0, òî ñèñòåìà óðàâíåíèé (6) íå çàâèñèò îò τ . Ïîýòîìó ïðè

ëþáîì y ∈ TΓ ìàòðèöà (
x 0
y 1

)

áóäåò ðåøåíèåì óðàâíåíèÿ (6). Î÷åâèäíî, ÷òî äëÿ x ∈ A ìîæíî ïîäî-
áðàòü y òàê, ÷òî ïîëó÷èì ìàòðèöó èç SΓ.

Åñëè B 6= 0, òî d(τ) = x− 1, òî åñòü ìàòðèöà x̂ ëåæèò â SΓ. Òåîðåìà
äîêàçàíà. 2



190 Å.È.Òèìîøåíêî

Ñïèñîê ëèòåðàòóðû
[1] Â.Í.Ðåìåñëåííèêîâ, Â. Ã.Ñîêîëîâ, Íåêîòîðûå ñâîéñòâà âëîæåíèÿ

Ìàãíóñà, Àëãåáðà è ëîãèêà, 9, 5 (1970), 566�578.

[2] Å.È.Òèìîøåíêî, Ýíäîìîðôèçìû è óíèâåðñàëüíûå òåîðèè ðàçðå-
øèìû ãðóïï, Íîâîñèáèðñê: ÍÃÒÓ, 2011, 327 c. (ñåðèÿ �Ìîíîãðàôèè
ÍÃÒÓ�)

[3] O.Chapuis, Universal theory of certain solvable groups and bounded
Ore group rings, J.Algebra, 176, 2 (1995), 368�391.

[4] Íåðåøåííûå âîïðîñû òåîðèè ãðóïï, Êîóðîâñêàÿ òåòðàäü, èçäàíèå
17, 2011.

[5] ×.Ê. Ãóïòà, Å.È.Òèìîøåíêî, ×àñòè÷íî êîììóòàòèâíûå ìåòàáåëå-
âû ãðóïïû: öåíòðàëèçàòîðû è ýëåìåíòàðíàÿ ýêâèâàëåíòíîñòü, Àë-
ãåáðà è ëîãèêà, 48, 3 (2009), 309�341.

[6] Å.È.Òèìîøåíêî, Óíèâåðñàëüíàÿ ýêâèâàëåíòíîñòü ÷àñòè÷íî êîììó-
òàòèâíûõ ìåòàáåëåâûõ ãðóïï, Àëãåáðà è ëîãèêà, 49, 2 (2010), 263�
290.

[7] ×.Ê. Ãóïòà, Å.È.Òèìîøåíêî, Îá óíèâåðñàëüíûõ òåîðèÿõ ÷àñòè÷íî
êîììóòàòèâíûõ ìåòàáåëåâûõ ãðóïï, Àëãåáðà è ëîãèêà, 50, 1 (2011),
3�25.

[8] Å.È.Òèìîøåíêî, Ìàëüöåâñêàÿ áàçà ÷àñòè÷íî êîììóòàòèâíîé íèëü-
ïîòåíòíîé ìåòàáåëåâîé ãðóïïû, Àëãåáðà è ëîãèêà, 50, 5 (2011), 647�
658.

[9] ×.Ê. Ãóïòà, Å.È.Òèìîøåíêî, Ñâîéñòâà è óíèâåðñàëüíûå òåîðèè ÷à-
ñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ íèëüïîòåíòíûõ ãðóïï, Àëãåá-
ðà è ëîãèêà, 51, 4 (2012), 429�457.

[10] E.R.Green, Graph products of groups, PhD Thesis of Newcastleupon-
Tyne, 2006.

[11] L. J. Corredor, M.A.Gutierrez, A generating set for the automorphism
group of a graph product of abelian groups,
arXiv:0911.0576v1[math.GR], 2009.

[12] R.Charney, K.Ruane, N. Stambaugh, A.Vijayan, The automorphisms
group of a graph product with no SIL, arXiv:0910.4886, 2009.



Î âëîæåíèè ÷.ê. ìåòàáåëåâîé ãðóïïû â ãðóïïó ìàòðèö 191

[13] Å.È.Òèìîøåíêî, Ìåòàáåëåâû ãðóïïû ñ îäíèì îïðåäåëÿþùèì ñî-
îòíîøåíèåì è âëîæåíèå Ìàãíóñà, Ìàòåìàòè÷åñêèå çàìåòêè, 57, 4
(1995), 597�605.

[14] A.Myasnikov, P. Shumyatsky, Discriminating groups and c-dimension,
Journal of Group Theory, 7 (2004), 135�142.



COMBINING STABILITY AND
QUANTIFIER ELIMINATION

V.V.Verbovskiy
Suleyman Demirel University,

Abylaikhan St., 1/1, Kaskelen, 040900, Kazakhstan
e-mail: viktor.verbovski@sdu.edu.kz

Stability seems to be one of the most important notion in Model Theory.
Since it has been introduced by S. Shelah [8] after works by M.Morley [6],
stability has been playing the major role in developing of Model Theory.
In 80-th of XX century specialists in Model Theory started to �nd ways of
generalizations of stability. Such notion as a simple theories appeared [3].
Another way of applying notions which appeared in studying stability is o-
minimality and its various generalizations, like weak o-minimality [4], quasi-
o-minimality [2], C-minimality, and variants of o-minimality [5]. Combining
o-minimality and stability B. S. Baizhanov and the author suggested notion
of o-stability [1]. Later the author introduced notion of stability up to ∆,
which generalizes notion of o-stability. In this paper, I introduce a more
general notion of stability, which surprisingly as a partial case implies
quanti�er elimination, that is this notions combines both stability and
quanti�er elimination.

This paper is rather methodological, then solves some problems.
Let ∆ consist of formulae of the form ϕ(x1, . . . , xn; ȳ). As usual Sn

∆(A)
stands for the set of all ∆-types over the set A.

Let s be a partial n-type, A a set, ∆ a collection of formulae in n free
variables. Then

Sn
∆,s(A) , {p ∈ Sn

∆(A) : p ∪ s is consistent}

If ∆ = L I omit it and write Sn
s . Note, s need not be a partial type over A.

De�nition 1. Let M be an arbitrary structure, and I ⊂ N. Let ∆n be sets
of formulae of the form ϕ(x1, . . . , xn; ȳ) for each n ∈ I. Let λ be a cardinal
and 〈µn : n ∈ I〉 a sequence of cardinals.

(1). The structureM is set-stable up to the sequence 〈∆n : n ∈ I〉 in λ and
〈µn : n ∈ I〉 if for all A ⊆ M with |A| ≤ λ, for any ∆n-type pn over

192
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A there are at most µn types over A which are consistent with pn, i. e.
|Sn

pn
(A)| ≤ µn.

(2). The model M is acleq-set-stable up to the sequence 〈∆n : n ∈ I〉 in λ
if for all A ⊆ M with |A| ≤ λ, for any ∆n-type pn over acleq(A) there
are at most µn types over acleq(A) which are consistent with pn, i.e.
|Sn

pn
(acleq(A))| ≤ µn.

(3). The modelM is model-stable up to the sequence 〈∆n : n ∈ I〉 in λ if for
all A ⊆ M with |A| ≤ λ, for any ∆n-type pn over M there are at most
µn types over M which are consistent with pn, i. e. |Sn

pn
(M)| ≤ µn.

(4). If µn = λ for each n ∈ I, then we omit 〈µn : n ∈ I〉 and write than M
is ?-stable up to 〈∆n : n ∈ I〉 in λ, where ? ∈ {set, acleq-set,model}.

The most natural way for de�ning µn is to put it to be equal 1 or λ. Also
an interesting combinatorial problem is investigate possible �nite values for
µn.

Having de�nition of stability in λ of a structure in the standard way one
can de�ne notions of stability and superstability.
De�nition 2. Let ? ∈ {set, acleq-set,model}.
(1). The theory T is ?-stable up to 〈∆n : n ∈ I〉 in λ if every model of T

is. Sometimes I write T is λ-?-stable up to 〈∆n : n ∈ I〉.
(2). T is ?-stable up to 〈∆n : n ∈ I〉 if there exists a λ in which T is ?-stable

up to 〈∆n : n ∈ I〉. I write T is model-stable up to ϕ meaning that T
is model-stable up to ∆1 = {ϕ}.

(3). T is ?-superstable up to 〈∆n : n ∈ I〉 if there exists a λ such that T is
?-stable up to 〈∆n : n ∈ I〉 in all µ ≥ λ.

Lemma 3. Let sets ∆n consists of all quanti�er-free formulae of the form
ϕ(x1, . . . , xn) and I = N . Assume that a structure M is set-stable up to the
sequence 〈∆n : n ∈ I〉 in λ = 0 and µ1 = 1. Then the elementary theory of
M admits quanti�er elimination.
Proof. In this case set-stability in 0 means that each quanti�er-free type over
∅ has a unique extension up to a complete type over ∅, which is equivalent
to quanti�er elimination. 2

Lemma 4. Let sets ∆1 consists of ϕ(x1; y) , x1 = y and I = {1}. Assume
that a structure M is set-stable up to the sequence 〈∆n : n ∈ I〉 in λ ≥ ℵ0.
Then M is stable in λ.
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Proof. In this case set-stability in λ implies that the unique non-algebraic
type over A has at most λ extension up to a complete type over A, which is
stability in λ. 2

De�nition 5. A totally ordered structure M is called o-stable in λ, if for
any set A ⊆ M of cardinality λ and for each cut 〈C, D〉 in M there exist
at most λ 1-types over A, which are consistent with the cut 〈C, D〉, that is
|S1
〈C,D〉(A)| ≤ λ.

Lemma 6. Let sets ∆1 consists of ϕ1(x1; y) , x1 < y, ϕ2(x1; y) , x1 > y
and I = {1}. Assume that a structure M is model-stable up to the sequence
〈∆n : n ∈ I〉 in λ ≥ ℵ0. Then M is o-stable in λ.

Proof. Recall that each cut 〈C,D〉 correspond to the following partial type
{c < x < d : c ∈ C, d ∈ D}. So, in this case model-stability in λ implies
that teach cut in the model has at most λ complete types over A which are
consistent with the given type. So, M is o-stable in λ. 2

A subset A of a linearly ordered set M is called convex, if for any a and
b ∈ A the segment [a, b] is in A. We de�ne the convex hull Ac of a set A in
the following way: Ac = {b ∈ M : ∃a1, a2 ∈ A(a1 ≤ b ≤ a2)}, that is it is the
least convex set containing A.

A formula φ(x, b̄) is called convex, if the set of all its realizations is convex.
Note that is a set is de�nable then its convex hull is de�nable over the

same parameters. So, we shall write F c(x) for the convex hull of F (x). It is
clear that

F c(x) = ∃y∃z(F (y) ∧ F (z) ∧ y ≤ x ≤ z).

Let p be some 1-type over A. The convex hull of p is pc:

pc = {F c(x) : F (x) ∈ p}

Now we give the second de�nition of o-stability, which is equivalent to
the �rst one.

De�nition 7 (B. S. Baizhanov). A linearly ordered structureM is called
o-stable in λ, if for each subset A ⊆ M of cardinality at most λ, for each
complete 1-type p over A the following holds |Spc(A)| ≤ λ.

Lemma 8. Let sets ∆1 consist of ϕ(x1; ȳ)c for each formula ϕ and I = {1}.
Assume that a structure M is set-stable up to the sequence 〈∆n : n ∈ I〉 in
λ ≥ ℵ0. Then M is o-stable in λ.
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Proof. It is clear. 2

Now let M be a linearly ordered structure and U be a de�nable convex
set. Let a ∈ U and U1 , U ∪ (−∞, a). Then we can introduce the imaginary
elements for the equivalence relation (x ∈ U1 ∧ y ∈ U1) ∨ (x 6∈ U1 ∧ y 6∈ U1).
Assume that α is the imaginary element for U1 and β is the imaginary
element for V1, where V1 is obtained similar to U1. Then we say that α < β
if U1 ⊂ V1. Then the following lemma is obvious.

Lemma 9. Let sets ∆1 consist of ϕ1(x1; y) , x1 < y, ϕ2(x1; y) , x1 > y,
and I = {1}. Assume that a structure M is acleq-stable up to the sequence
〈∆n : n ∈ I〉 in λ ≥ ℵ0. Then M is o-stable in λ.

De�nition 10 (A.Pillay, Ch. Steinhorn [7]). A linearly ordered struc-
ture M is called o-minimal, if for each de�nable subset is equal to the �nite
union of intervals and points.

The following lemma is clear.

Lemma 11. Let sets ∆1 consists of ϕ1(x1; y) , x1 < y, ϕ2(x1; y) , x1 > y,
and I = {1}. Assume that a structure M is model-stable up to the sequence
〈∆n : n ∈ I〉 in λ and µ1 = 1. Then M is o-minimal.

De�nition 12 (O.V.Belegradek, et al. [2]). A linearly ordered structure
M is called quais-o-minimal, if for each de�nable subset is equal to the �nite
union of intervals intersected with -de�nable subsets.

The following lemma is obvious.

Lemma 13. Let sets ∆1 consist of ϕ1(x1; y) , x1 < y, ϕ2(x1; y) , x1 > y
and of unary predicates, and I = {1}. Assume that a structure M is model-
stable up to the sequence 〈∆n : n ∈ I〉 in λ and µ1 = 1. Then M is quasi-o-
minimal.

The following notion was suggested by D.Macpherson and Ch. Steinhorn
in [5]. Suppose L ⊂ L+ are languages, and K is an elementary class of
L-structures. We say that an L+-structure M is K-minimal if the reduct
M | L ∈ K and every L+-de�nable subset of M is de�nable by a quanti�er-
free L-formula. A complete L+-theory is K-minimal if all its models are.

The following lemma is obvious.

Lemma 14. Suppose L ⊂ L+ are languages. Let sets ∆1 consist of
quanti�er-free L-formulae of the form ϕ(x1; ȳ), and I = {1}. Assume that
a structure M is model-stable up to the sequence 〈∆n : n ∈ I〉 in λ and
µ1 = 1. Then M is K-minimal.
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From the above proved lemmata the following theorem is immediate.

Theorem 15. De�nition 1 combines all of the following notions: stability,
quanti�er elimination, o-minimality, o-stability, quasi-o-minimality, vari-
ants of o-minimality, stability up to ∆.
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1 Ââåäåíèå
Íà ñåãîäíÿøíèé äåíü çàäà÷à àíàëèçà ìíîãîçíà÷íîé ýêñïåðòíîé èí-

ôîðìàöèè ÿâëÿåòñÿ àêòóàëüíîé. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ëî-
ãè÷åñêèå âûñêàçûâàíèÿ (ýêñïåðòîâ), ïðåäñòàâëåííûå â âèäå ëîãè÷åñêèõ
ôîðìóë n-çíà÷íîé ëîãèêè Ëóêàñåâè÷à áàçû çíàíèé. Ïîíÿòíî, ÷òî ðàç-
ëè÷íûå âûñêàçûâàíèÿ íåñóò â ñåáå ðàçíîå êîëè÷åñòâî èíôîðìàöèè. Òåì
ñàìûì âîçíèêàåò âîïðîñ î ñðàâíåíèå (ýêñïåðòíûõ) âûñêàçûâàíèé ïî èí-
ôîðìàòèâíîñòè è, êàê ñëåäñòâèå, èõ ðàíæèðîâàíèÿ è âûäåëåíèå ïîõî-
æèõ âûñêàçûâàíèé. Äëÿ ýòîãî íåîáõîäèìî ââåñòè ðàññòîÿíèå ìåæäó âû-
ñêàçûâàíèÿìè, à òàêæå ìåðó èíôîðìàòèâíîñòè. Ïîëó÷åííûå âåëè÷èíû
ìîæíî èñïîëüçîâàòü â êëàñòåðèçàöèè ìíîæåñòâ âûñêàçûâàíèé.

2 Òåîðåòè÷åñêèå ïðîáëåìû
2.1 Ïîñòàíîâêà çàäà÷è

Îñíîâíîé çàäà÷åé äàííîé ðàáîòû ÿâëÿåòñÿ ââåäåíèå íîâûõ ðàññòîÿ-
íèé è ìåð íåäîñòîâåðíîñòè äëÿ ôîðìóë n-çíà÷íîé ëîãèêè Ëóêàñåâè÷à,

197
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óòî÷íÿþùèõ [1, 2, 6], ïðè÷åì òàê, ÷òîáû âûïîëíÿëîñü êàê ìîæíî áîëüøå
ñâîéñòâ, õàðàêòåðíûõ äëÿ äàííûõ âåëè÷èí â èçâåñòíûõ ñëó÷àÿõ. Ïîêà-
çàòü ïðèìåíåíèÿ ïîëó÷åííûõ âåëè÷èí â êëàñòåðèçàöèè.

2.2 Ðàññòîÿíèÿ ìåæäó ôîðìóëàìè ÃLn

Òåîðåòèêî-ìîäåëüíûå ïîíÿòèÿ, èñïîëüçóåìûå â äàííîé ðàáîòå, îïðå-
äåëåíû â [1, 3, 6]. Îáîçíà÷èì ÷åðåç M

(
k

n−1

)
=

∣∣∣ModS(Σ)(ϕ) k
n−1

∣∣∣ êîëè÷å-
ñòâî ìîäåëåé, íà êîòîðûõ ôîðìóëà ϕ ïðèíèìàåò çíà÷åíèå k

n−1
, à ÷åðåç

M
(

k
n−1

, l
n−1

)
=

∣∣∣ModS(Σ)

(
(ϕ) k

n−1
&(ψ) l

n−1

)∣∣∣ îáîçíà÷èì êîëè÷åñòâî ìîäå-
ëåé, íà êîòîðûõ ôîðìóëà ϕ ïðèíèìàåò çíà÷åíèå k

n−1
, à ôîðìóëà ψ �

çíà÷åíèå l
n−1

.
Äëÿ îïðåäåëåíèÿ ðàññòîÿíèÿ ìû ó÷èòûâàåì ðàçíèöó ìåæäó çíà÷å-

íèÿìè äâóõ ôîðìóë íà êàæäîé ìîäåëè. Îáúåäèíèì ìîäåëè ñ îäèíàêî-
âûìè ìîäóëÿìè ðàçíîñòè ìåæäó çíà÷åíèÿìè ôîðìóë φ è ψ è âîçüìåì
èõ ñ íåêîòîðûì âåñîì, ó÷èòûâàþùèì áëèçîñòü ëîãè÷åñêèõ çíà÷åíèé.

ρ̃(ϕ, ψ) =

=α0

(
M(0, 0) + M

( 1

n− 1
,

1

n− 1

)
+ · · ·+ M

(n− 2

n− 1
,
n− 2

n− 1

)
+ M(1, 1)

)
+

+ α1

(
M

(
0,

1

n− 1

)
+ M

( 1

n− 1
, 0

)
+ M

( 1

n− 1
,

2

n− 1

)
+

+ M
( 2

n− 1
,

1

n− 1

)
+ · · ·+ M

(n− 2

n− 1
, 1

)
+ M

(
1,

n− 2

n− 1

))
+ · · ·

+αn−2

(
M

(
0,

n− 2

n− 1

)
+ M

(n− 2

n− 1
, 0

)
+

+M
(
1,

1

n− 1

)
+ +M

( 1

n− 1
, 1

))
+ αn−1(M(0, 1) + M(1, 0))

)
.

Î÷åâèäíî, ÷òî ìîäåëè, íà êîòîðûõ çíà÷åíèÿ ôîðìóë ñîâïàäàþò, ðàñ-
ñìàòðèâàòü íå íóæíî, ïîýòîìó ïîëàãàåì α0 = 0. Ìîäåëè, íà êîòîðûõ
ôîðìóëà φ ïðèíèìàåò çíà÷åíèå 0, à ôîðìóëà ψ ïðèíèìàåò çíà÷åíèå 1
(è íàîáîðîò) áåðåì ñ âåñîì αn−1 = 1. Ïîëàãàåì, ÷òî ÷åì ìåíüøå ìîäóëü
ðàçíîñòè ìåæäó çíà÷åíèÿìè ôîðìóë φ è ψ íà ìîäåëè, òåì îíè áëèæå
íà äàííîé ìîäåëè, è ïîòîìó èõ íóæíî áðàòü ñ ìåíüøèì âåñîì, ïîýòîìó
αi 6 αi+1 äëÿ i = 0, . . . , n− 1. Îñòàåòñÿ íîðìèðîâàòü âåëè÷èíó ρ̃(ϕ, ψ).
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2.2.1 Îïðåäåëåíèå
Ðàññòîÿíèåì ìåæäó ôîðìóëàìè ϕ è ψ n-çíà÷íîé ëîãèêè ÃLn ïðè

S(ϕ) ∪ S(ψ) ⊆ S(Σ) íà ìíîæåñòâå P (S(Σ)) íàçîâ¼ì âåëè÷èíó

ρ(ϕ, ψ) =
1

n|S(Σ)|

n−1∑

k=0

n−1∑

l=0

α|k−l|M
(

k

n− 1
,

l

n− 1

)
, (1)

ãäå αi óäîâëåòâîðÿþò óñëîâèÿì




0 = α0 6 αi 6 αn−1 = 1,
αi 6 αi+1, i = 0, . . . , n− 1,

αi + αn−1+i = 1, i = 0, . . . ,
n− 1

2

2.2.2 Òåîðåìà
Ðàññòîÿíèå ìåæäó ôîðìóëàìè ÃLn, îïðåäåëåííîå ðàâåíñòâîì (1), äëÿ

ëþáûõ ϕ, ψ, τ ∈ Σ óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì:

(1). 0 6 ρ(ϕ, ψ) 6 1;

(2). ρ(ϕ, ψ) = 0 ⇔ ϕ ≡ ψ;

(3). ρ(ϕ, ψ) = ρ(ψ, ϕ);

(4). ρ(ϕ, ψ) 6 ρ(ϕ, τ) + ρ(τ, ψ);

(5). ϕ ≡ ϕ1, ψ ≡ ψ1 ⇒ ρ(ϕ, ψ) = ρ(ϕ1, ψ1);

(6). ρ(ϕ, ψ) = ρ(¬ϕ,¬ψ);

(7). ρ((ϕ ∧ ψ), (ϕ ∨ ψ)) = (ϕ ∧ ψ).

Äîêàçàòåëüñòâî. Äëÿ óäîáñòâà äîêàçàòåëüñòâà ïåðåïèøåì ôîðìóëó
äëÿ íàõîæäåíèÿ ðàññòîÿíèÿ â ñëåäóþùåì âèäå:

ρ(ϕ, ψ) =
1

|S(Σ)| (0 · A0 + α1 · A1 + α2 · A2 + · · ·+ αn−2 · An−2 + 1 · An−1) .

1) Â ôîðìóëå äëÿ âû÷èñëåíèÿ ðàññòîÿíèÿ ó÷àñòâóþò âñå ìîäåëè ñ êî-
ýôôèöèåíòàìè îò 0 äî 1. ρ(ϕ, ψ) = 0, åñëè âñå ìîäåëè ëåæàò â A0, òî
åñòü êîãäà ϕ ≡ ψ; ρ(ϕ, ψ) = 1, åñëè âñå ìîäåëè ñîäåðæàòñÿ â An−1, òî
åñòü êîãäà ϕ ≡ ¬ψ è ϕ è ψ ïðèíèìàþò íà ìîäåëÿõ òîëüêî çíà÷åíèÿ 0 è
1. Çíà÷èò, 0 6 ρ(ϕ, ψ) 6 1.
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2) Íåîáõîäèìîñòü. Ñëåäóåò èç äîêàçàòåëüñòâà ñâîéñòâà (1). Äîñòàòî÷-
íîñòü. Ñëåäóåò èç îïðåäåëåíèÿ ýêâèâàëåíòíîñòè [1, 3]
3) Ñëåäóåò èç òîãî, ÷òî ïàðû M

(
k

n−1
, l

n−1

) 6= M
(

l
n−1

, k
n−1

)
óìíîæàþòñÿ

íà îäèí è òîò æå êîýôôèöèåíò.
4)

ρ(ϕ, ψ) =
1

n|S(Σ)|

(
α0

(
M(0, 0) + M

( 1

n− 1
,

1

n− 1

)
+ · · ·+

+M
(n− 2

n− 1
,
n− 2

n− 1

)
+ M(1, 1)

)
+ α1

(
M

(
0,

1

n− 1

)
+

+M
( 1

n− 1
, 0

)
+ M

( 1

n− 1
,

2

n− 1

)
+

+M
( 2

n− 1
,

1

n− 1

)
+ · · ·+ M

(n− 2

n− 1
, 1

)
+ M

(
1,

n− 2

n− 1

))
+ · · ·+

+αn−2

(
M

(
0,

n− 2

n− 1

)
+ M

(n− 2

n− 1
, 0

)
+ M

(
1,

1

n− 1

)
+

+M
( 1

n− 1
, 1

))
+ αn−1(M(0, 1) + M(1, 0))

)
=

=
1

n|S(Σ)|

(
0 + α1

((
ϕ0∆ψ 1

n−1

)
+

+
(
ϕ 1

n−1
∆ψ 1

n−1

)
+ · · ·+

(
ϕn−2

n−1
∆ψ1

)
+ · · ·+

+αn−2

((
ϕ0∆ψn−2

n−1

)
+

(
ϕ1∆ψ 1

n−1

))
+

(
ϕ0∆ψ1

)
.

Êàæäîå ñëàãàåìîå ÿâëÿåòñÿ íîðìèðîâàííîé ñèììåòðè÷åñêîé ðàçíîñòüþ,
âçÿòîé ñ íåêîòîðûì âåñîì. Â ðàáîòå [3] äîêàçàíî, ÷òî íîðìèðîâàííàÿ
ñèììåòðè÷åñêàÿ ðàçíîñòü, âçÿòàÿ ñ íåêîòîðûì âåñîì, ÿâëÿåòñÿ ðàññòî-
ÿíèåì. Òàê êàê ñóììà ðàññòîÿíèé òîæå ÿâëÿåòñÿ ðàññòîÿíèåì, òî íåðà-
âåíñòâî òðåóãîëüíèêà âûïîëíÿåòñÿ.
5) Ñëåäóåò èç îïðåäåëåíèÿ ýêâèâàëåíòíîñòè äâóõ ôîðìóë.
6) Ñëåäóåò èç ñîîòíîøåíèÿ:

ModS(Σ)

(
(¬ϕ) k

n−1
&(¬ψ) l

n−1

)
= ModS(Σ)

(
(ϕ) (n−1)−k

n−1

&(ψ) (n−1)−l
n−1

)
,

k = 0, . . . , 1 [3].
7) Ñëåäóåò èç ñîîòíîøåíèé ðàáîòû [3]

ModS(Σ)(ϕ&ψ) k
n−1

=
n−1⋃

l=k

((
ModS(Σ)(ϕ) l

n−1
∩ModS(Σ)(ϕ) k

n−1

)
∪

∪
(
ModS(Σ)(ϕ) k

n−1
∩ModS(Σ)(ϕ) l

n−1

))
,
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ModS(Σ)(ϕ&ψ) k
n−1

=
n−1⋃

l=k

((
ModS(Σ)(ϕ) l

n−1
∪ModS(Σ)(ϕ) k

n−1

)
∪

∪
(
ModS(Σ)(ϕ) k

n−1
∪ModS(Σ)(ϕ) l

n−1

))
.

Òåîðåìà äîêàçàíà. 2

2.2.3 Çàìå÷àíèå
Ñâîéñòâà 2)�4) � ýòî ñâîéñòâà ìåòðèêè. Òàêèì îáðàçîì, ìû ïîëó÷èëè

ìåòðè÷åñêîå ïðîñòðàíñòâî íà êëàññàõ ýêâèâàëåíòíîñòè âûñêàçûâàíèé.

2.2.4 Çàìå÷àíèå
Ðàññòîÿíèå, çàäàííîå ôîðìóëîé (1) � ýòî ðàññòîÿíèå äëÿ ñëó÷àÿ, êî-

ãäà âñå çíà÷åíèÿ ïåðåìåííûõ çàðàíåå íå èçâåñòíû. Äîïóñòèì, ÷òî òåïåðü
íå èçâåñòíû èñòèííîñòíûå çíà÷åíèÿ íåêîòîðûõ ïåðåìåííûõ. Ïóñòü ïå-
ðåìåííûå x − 1, . . . , xr, xi ∈ S(ϕ) ∪ S(ψ), i = 1, . . . , r, r = |S(ϕ) ∪ S(ψ)|
ñîîòâåòñòâåííî ïðèíèìàþò d1, . . . , dr, di 6 n èñòèííîñòíûõ çíà÷åíèé.
Òîãäà ôîðìóëà äëÿ íàõîæäåíèÿ ðàññòîÿíèÿ ìåæäó ôîðìóëàìè ϕ è ψ
èìååò âèä:

ρ̂(ϕ, ψ) =
1

d1 · . . . dr

n−1∑

k=0

n−1∑

l=0

α|k−l|M
(

k

n− 1
,

l

n− 1

)
, (2)

ãäå αi óäîâëåòâîðÿþò óñëîâèÿì:




0 = α0 6 αi 6 αn−1 = 1,
αi 6 αi+1, i = 0, . . . , n− 1,

αi + αn−1+i = 1, ∀i = 0, . . . , n−1
2

.

Òåîðåìà 2.2.2 âåðíà äëÿ ρ̂(ϕ, ψ).

2.2.5 Ïðèìåð
Ðàññìîòðèì ôîðìóëû ϕ = (x → y) ∨ z, ψ = (x ∧ y) → z. Äëÿ íà÷àëà

ðàññìîòðèì ñëó÷àé n = 3. Âîçüìåì α0 = 0, α1 = 3, α2 = 1. Òîãäà
ρ(ϕ, ψ) = 0, 16.

Ïóñòü òåïåðü ïåðåìåííûå, âõîäÿùèå â ýòè ôîðìóëû, ïðèíèìàþò ñëå-
äóþùèå çíà÷åíèÿ: x ∈

{
1

2
, 1

}
, y ∈ {1}, z ∈

{
0,

1

2
, 1

}
. Òîãäà ρ̂(ϕ, ψ) =

0,28.
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Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà n = 7. Âîçüìåì α0 = 0, α1 =
1

7
,

α2 =
1

5
, α3 =

1

2
, α4 =

4

5
, α5 =

6

7
, α6 = 1. Òîãäà ρ(ϕ, ψ) = 0,163.

Ïóñòü òåïåðü ïåðåìåííûå, âõîäÿùèå â ýòè ôîðìóëû, ïðèíèìàþò ñëå-
äóþùèå çíà÷åíèÿ: x ∈

{
3

6

}
, y ∈

{
1

6
,
2

6

}
, z ∈

{
0,

1

6
,
2

6
,
3

6
,
4

6
,
5

6
, 1

}
. Òîãäà

ρ̂(ϕ, ψ) = 0,129.

2.3 Ìåðà íåäîñòîâåðíîñòè
Â êëàññè÷åñêîé ëîãèêå ïîä èíôîðìàòèâíîñòüþ âûñêàçûâàíèÿ ïîíè-

ìàþò îòíîñèòåëüíîå ÷èñëî ìîäåëåé, íà êîòîðûõ âûñêàçûâàíèå ýêñïåðòà
ëîæíî. Äðóãèìè ñëîâàìè, ýòî ðàññòîÿíèå îò âûñêàçûâàíèÿ äî òîæäå-
ñòâåííî èñòèííîé ôîðìóëû. ×åì ìåíüøå ìîäåëåé, íà êîòîðûõ âûñêà-
çûâàíèå èñòèííî, òåì îíî èíôîðìàòèâíåé, òî åñòü ìåíåå äîñòîâåðíî.
Ïîýòîìó, âìåñòî òåðìèíà �ìåðà èíôîðìàòèâíîñòè� áóäåì èñïîëüçîâàòü
òåðìèí �ìåðà íåäîñòîâåðíîñòè�.

Â ðàáîòå [5] ââåäåíà ôîðìóëà äëÿ ìåðû íåäîñòîâåðíîñòè â ñëó÷àå
n = 6. Îáîáùèì ýòó ôîðìóëó äëÿ ñëó÷àÿ êîíå÷íîçíà÷íîé ëîãèêè ÃLn.
Òàê êàê â ÃLn èñòèííîñòíûõ çíà÷åíèé, îòëè÷íûõ îò 1, (n−2), íóæíî ó÷è-
òûâàòü ìîäåëè, íà êîòîðûõ ôîðìóëà ïðèíèìàåò çíà÷åíèå k

n− 1
. Òàêæå

íóæíî ó÷åñòü íàñêîëüêî áëèçêî çíà÷åíèå ôîðìóëû ê 1. Ïîíÿòíî, ÷òî êî-
ýôôèöèåíò ïðè ìîäåëè, íà êîòîðîé ôîðìóëà ïðèíèìàåò çíà÷åíèå k

n− 1
äîëæåí áûòü áîëüøå, ÷åì êîýôôèöèåíò ïðè ìîäåëè, íà êîòîðîé ôîðìó-
ëà ïðèíèìàåò çíà÷åíèå l

n− 1
ïðè l > k, òàê êàê l

n− 1
áëèæå ê 1.

2.3.1 Îïðåäåëåíèå
Ìåðà íåäîñòîâåðíîñòè I(ϕ) äëÿ ôîðìóë n-çíà÷íîé ëîãèêè Ëóêàñåâè-

÷à ïðè S(ϕ) ⊆ S(Σ) íà ìíîæåñòâå P (S(Σ)) çàäàåòñÿ ñëåäóþùèì îáðàçîì:

I(ϕ) =
1

n|S(Σ)|

n−1∑

k=0

α|(n−1)−k|M
(

k

n− 1

)
, (3)

ãäå αi óäîâëåòâîðÿþò óñëîâèÿì:




0 = α0 6 αi 6 αn−1 = 1,
αi 6 αi+1, i = 0, . . . , n− 1,

αi + αn−1+i = 1, ∀i = 0, . . . , n−1
2

.
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2.3.2 Òåîðåìà
Ìåðà íåäîñòîâåðíîñòè, îïðåäåëåííàÿ ðàâåíñòâîì (3), äëÿ ëþáûõ

ôîðìóë ϕ, ψ, τ óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì:

(1). 0 ≤ I(ϕ) 6 1;

(2). I(ϕ) + I(¬ϕ) = 1;

(3). I(ϕ ∧ ψ) > max{I(ϕ), I(ψ)};
(4). I(ϕ ∨ ψ) > min{I(ϕ), I(ψ)};
(5). I(ϕ ∧ ψ) + I(ϕ ∨ ψ) > I(ϕ) + I(ψ);

Äîêàçàòåëüñòâî. 1) Î÷åâèäíî, òàê êàê I(ϕ) = ρ(ϕ, 1).
2) I(ϕ) + I(¬ϕ) = 1

n|S(Σ)| (αn−1M(0) + αn−2M( 1
n−1

) + αn−3M( 2
n−1

) + · · · +
α2M(n−3

n−1
)+α1M(n−2

n−1
)+α0M(1)+αn−1M(1)+αn−2M(n−2

n−1
)+αn−3M(n−3

n−1
)+

· · ·+α2M( 2
n−1

)+α1M( 1
n−1

)+α0M(0) = 1
n|S(Σ)|

(
M(0)+M( 1

n−1
)+M( 2

n−1
)+

· · ·+ M(n−2
n−1

) + M(1)
)

= 1
n|S(Σ)|n

|S(Σ)| = 1.
Äîêàçàòåëüñòâà ñâîéñòâ 3)�5) àíàëîãè÷íû äîêàçàòåëüñòâàì ñâîéñòâ

3)�5) ìåðû íåäîñòîâåðíîñòè ðàáîò [1, 6]. 2

2.3.3 Ïðèìåð
Ðàññìîòðèì ôîðìóëû ϕ = (x → y)∨ z, ψ = (x∧ y) → z. Ïóñòü n = 7.

Âîçüìåì α0 = 0, α1 =
1

7
, α2 =

1

5
, α3 =

1

2
, α4 =

4

5
, α5 =

6

7
, α6 = 1.

Òîãäà I(ϕ) = 0,117, I(ψ) = 0,087.

2.4 Êëàñòåðèçàöèÿ ìíîæåñòâ âûñêàçûâàíèé
Êëàñòåðèçàöèÿ �� ýòî ðàçáèåíèå èñõîäíîãî ìíîæåñòâà îáúåêòîâ íà

ïîäìíîæåñòâà (êëàñòåðû), ïðè êîòîðîì êàæäûé îáúåêò ìîæåò áûòü îò-
íåñåí ê îäíîìó èëè íåñêîëüêèì çàðàíåå íåèçâåñòíûì êëàññàì. Âíóòðè
êàæäîãî êëàñòåðà äîëæíû îêàçàòüñÿ ñõîæèå îáúåêòû, à îáúåêòû ðàçíûõ
êëàñòåðîâ äîëæíû êàê ìîæíî áîëüøå îòëè÷àòüñÿ [4].

Äëÿ ìíîæåñòâ âûñêàçûâàíèé èçâåñòíû òîëüêî ðàññòîÿíèÿ ìåæäó
ôîðìóëàìè è ìåðû íåäîñòîâåðíîñòè. Â äàííîé ðàáîòå èñïîëüçóåòñÿ
èåðàðõè÷åñêèé àëãîðèòì êëàñòåðèçàöèè äëÿ ðåàëèçàöèè êîòîðîãî äî-
ñòàòî÷íî çíàòü ïîïàðíûå ðàññòîÿíèÿ ìåæäó îáúåêòàìè.
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2.4.1 Èåðàðõè÷åñêèé àëãîðèòì êëàñòåðèçàöèè äëÿ ôîðìóë ÃLn

Äëÿ íà÷àëà çàäàåì êîíå÷íîå ìíîæåñòâî ôîðìóë ÃLn.

(1). Ñòðîèì ìàòðèöó ðàññòîÿíèé äëÿ íàáîðà ôîðìóë.

(2). Èùåì íàèìåíüøåå ðàññòîÿíèå è îáúåäèíÿåì ýòè 2 ôîðìóëû â îäèí
êëàñòåð.

(3). Îáúåäèíÿåì êëàñòåðû ïî ìåòîäó áëèæàéøåãî ñîñåäà. Ìàòðèöà
ðàññòîÿíèé ïåðåñ÷èòûâàåòñÿ ïî ïðàâèëó:

ρ(ϕk, ϕij) = min{ρ(ϕk, ϕi), ρ(ϕk, ϕj)}.

(4). Ïîâòîðÿåì ïóíêòû 2 è 3, ïîêà íå âûïîëíèòñÿ êðèòåðèé îñòàíîâêè.

Êðèòåðèé îñòàíîâêè: ðàáîòà àëãîðèòìà îñòàíàâëèâàåòñÿ, êîãäà ìàêñè-
ìàëüíàÿ ðàçíèöà ìåæäó ìåðàìè íåäîñòîâåðíîñòè ýëåìåíòîâ îäíîãî êëà-
ñòåðà (îáîçíà÷àåòñÿ d) äîñòèãàåò çíà÷åíèÿ, çàäàííîãî ïåðåä íà÷àëîì ðà-
áîòû àëãîðèòìà.

2.4.2 Ïðèìåð
Ðàññìîòðèì ìíîæåñòâî ôîðìóë:

(1). ϕ1 = x → y;

(2). ϕ2 = (x → y) ∨ (z ∧ v);

(3). ϕ3 = ¬(x → y);

(4). ϕ4 = (x ∨ y) ∨ z;

(5). ϕ5 = (x ∧ y) ∧ z) → w;

(6). ϕ6 = (¬x ∧ y) ∨ z;

(7). ϕ7 = (x ∨ y) ∧ z;

(8). ϕ8 = ¬(x ∨ y) ∧ z;

Â ïåðâîì ñëó÷àå âîçüìåì n = 4, α0 = 0, α1 =
1

3
, α2 =

2

3
, α3 = 1.
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Òàáëèöà 1. Ìàòðèöà ðàññòîÿíèé äëÿ ïåðâîãî ñëó÷àÿ.

1 2 3 4 5 6 7 8
1 0 0.035 0.792 0.302 0.240 0.344 0.521 0.302
2 0 0.770 0.267 0.204 0.309 0.493 0.275
3 0 0.604 0.732 0.542 0.344 0.604
4 0 0.224 0.208 0.417 0.292
5 0 0.398 0.594 0.128
6 0 0.208 0.396
7 0 0.563
8 0

Òàáëèöà 2. Ìàòðèöà ìåð íåäîñòîâåðíîñòè äëÿ ïåðâîãî ñëó÷àÿ.

i 1 2 3 4 5 6 7 8
l(ϕi) 0.208 0.173 0.792 0.188 0.060 0.396 0.604 0.188

Âî âòîðîì ñëó÷àå âîçüìåì n = 4, α0 = 0, α1 =
1

45
, α2 =

44

45
, α3 = 1.

Òàáëèöà 3. Ìàòðèöà ðàññòîÿíèé äëÿ âòîðîãî ñëó÷àÿ.

1 2 3 4 5 6 7 8
1 0 0.024 0.694 0.239 0.206 0.285 0.501 0.239
2 0 0.689 0.200 0.159 0.250 0.478 0.212
3 0 0.624 0.752 0.547 0.300 0.624
4 0 0.157 0.174 0.378 0.224
5 0 0.369 0.597 0.067
6 0 0.160 0.333
7 0 0.501
8 0

Òàáëèöà 4. Ìàòðèöà ìåð íåäîñòîâåðíîñòè äëÿ âòîðîãî ñëó÷àÿ.

i 1 2 3 4 5 6 7 8
l(ϕi) 0.189 0.143 0.811 0.129 0.037 0.376 0.624 0.129

Â òðåòüåì ñëó÷àå âîçüìåì n = 7, a0 = 0, a1 =
1

6
, a2 =

2

6
, a3 =

3

6
,

a4 =
4

6
, a5 =

5

6
, a6 = 1.
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Òàáëèöà 5. Ìàòðèöà ðàññòîÿíèé äëÿ òðåòüåãî ñëó÷àÿ.

1 2 3 4 5 6 7 8
1 0 0.026 0.755 0.284 0.216 0.337 0.498 0.284
2 0 0.743 0.258 0.190 0.310 0.478 0.265
3 0 0.595 0.753 0.516 0.337 0.595
4 0 0.234 0.190 0.381 0.280
5 0 0.394 0.573 0.158
6 0 0.190 0.356
7 0 0.501
8 0

Òàáëèöà 6. Ìàòðèöà ìåð íåäîñòîâåðíîñòè äëÿ òðåòüåãî ñëó÷àÿ.

i 1 2 3 4 5 6 7 8
l(ϕi) 0.190 0.164 0.810 0.214 0.056 0.405 0.595 0.214

Â ÷åòâåðòîì ñëó÷àå âîçüìåì n = 7, a0 = 0, a1 =
1

32
, a2 =

1

5
, a3 =

3

6
,

a4 =
4

5
, a5 =

31

32
, a6 = 1.

Òàáëèöà 7. Ìàòðèöà ðàññòîÿíèé äëÿ ÷åòâåðòîãî ñëó÷àÿ.

1 2 3 4 5 6 7 8
1 0 0.019 0.755 0.238 0.190 0.293 0.492 0.238
2 0 0.740 0.208 0.156 0.268 0.473 0.214
3 0 0.612 0.771 0.517 0.301 0.612
4 0 0.181 0.168 0.348 0.223
5 0 0.373 0.583 0.104
6 0 0.153 0.324
7 0 0.490
8 0

Òàáëèöà 8. Ìàòðèöà ìåð íåäîñòîâåðíîñòè äëÿ ÷åòâåðòîãî ñëó÷àÿ.

i 1 2 3 4 5 6 7 8
l(ϕi) 0.174 0.141 0.826 0.165 0.039 0.388 0.612 0.165

Ðåçóëüòàòû êëàñòåðèçàöèè èåðàðõè÷åñêèì àëãîðèòìîì çàïèøåì â
òàáëèöû 9�12.
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Òàáëèöà 9. Ðåçóëüòàòû êëàñòåðèçàöèè èåðàðõè÷åñêèì àëãîðèòìîì.

Íîìåð
èòåðàöèè Êëàñòåðû (ñëó÷àé 1) d

1 (ϕ1, ϕ2), ϕ3, ϕ4, ϕ5, ϕ6, ϕ7, ϕ8 0.035
2 (ϕ1, ϕ2), (ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7 0.128
3 (ϕ1, ϕ2, ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7 0.148
4 (ϕ1, ϕ2, ϕ5, ϕ8), (ϕ6, ϕ7), ϕ3, ϕ4 0.208
5 (ϕ1, ϕ2, ϕ5, ϕ8), (ϕ6, ϕ7, ϕ4), ϕ3 0.416
6 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ6, ϕ7, ϕ4), ϕ3 0.544
7 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ6, ϕ7, ϕ4, ϕ3 0.732

Òàáëèöà 10. Ðåçóëüòàòû êëàñòåðèçàöèè èåðàðõè÷åñêèì àëãîðèò-
ìîì.

Íîìåð
èòåðàöèè Êëàñòåðû (ñëó÷àé 2) d

1 (ϕ1, ϕ2), ϕ3, ϕ4, ϕ5, ϕ6, ϕ7, ϕ8 0.046
2 (ϕ1, ϕ2), (ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7 0.092
3 (ϕ1, ϕ2), (ϕ5, ϕ8, ϕ4), ϕ3, ϕ6, ϕ7 0.092
4 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ4), ϕ3, ϕ6, ϕ7 0.152
5 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ4), (ϕ6, ϕ7), ϕ3 0.248
6 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ4, ϕ6, ϕ7), ϕ3 0.587
7 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ4, ϕ6, ϕ7, ϕ3) 0.744

Òàáëèöà 11. Ðåçóëüòàòû êëàñòåðèçàöèè èåðàðõè÷åñêèì àëãîðèò-
ìîì.

Íîìåð
èòåðàöèè Êëàñòåðû (ñëó÷àé 3) d

1 (ϕ1, ϕ2), ϕ3, ϕ4, ϕ5, ϕ6, ϕ7, ϕ8 0.026
2 (ϕ1, ϕ2), (ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7 0.158
3 (ϕ1, ϕ2, ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7 0.158
4 (ϕ1, ϕ2, ϕ5, ϕ8), (ϕ4, ϕ6), ϕ3, ϕ7 0.191
5 (ϕ1, ϕ2, ϕ5, ϕ8), (ϕ4, ϕ6, ϕ7), ϕ3 0.381
6 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ4, ϕ6, ϕ7), ϕ3 0.539
7 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ4, ϕ6, ϕ7, ϕ3) 0.754
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Òàáëèöà 12. Ðåçóëüòàòû êëàñòåðèçàöèè èåðàðõè÷åñêèì àëãîðèò-
ìîì.

Íîìåð
èòåðàöèè Êëàñòåðû (ñëó÷àé 4) d

1 (ϕ1, ϕ2), ϕ3, ϕ4, ϕ5, ϕ6, ϕ7, ϕ8 0.033
2 (ϕ1, ϕ2), (ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7 0.126
3 (ϕ1, ϕ2), (ϕ5, ϕ8), (ϕ6, ϕ7), ϕ3, ϕ4 0.224
4 (ϕ1, ϕ2, ϕ5, ϕ8), (ϕ6, ϕ7), ϕ3, ϕ4 0.224
5 (ϕ1, ϕ2, ϕ5, ϕ8), (ϕ6, ϕ7, ϕ4), ϕ3 0.447
6 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ6, ϕ7, ϕ4), ϕ3 0.573
7 (ϕ1, ϕ2, ϕ5, ϕ8, ϕ6, ϕ7, ϕ4, ϕ3) 0.787

Âîçüìåì d = 0, 15. Òîãäà ïîëó÷èì ñëåäóþùèå êëàñòåðû.

Ñëó÷àé 1 (ϕ1, ϕ2, ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7.
Ñëó÷àé 2 (ϕ1, ϕ2), (ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7

Ñëó÷àé 3 (ϕ1, ϕ2), ϕ3, ϕ4, ϕ5, ϕ6, ϕ7, ϕ8

Ñëó÷àé 4 (ϕ1, ϕ2), (ϕ5, ϕ8), ϕ3, ϕ4, ϕ6, ϕ7

Êàê âèäíî èç ïðèìåðà, äëÿ ðàçíûõ n è ðàçíûõ âåñîâ ìû ïîëó÷àåì
ðàçëè÷íûå êëàñòåðû. Ñëåäîâàòåëüíî, ìû ìîæåì âûáðàòü íàèëó÷øóþ
êëàñòåðèçàöèþ. Ïîä íàèëó÷øåé êëàñòåðèçàöèåé áóäåì ïîíèìàòü ñëåäó-
þùåå: ýëåìåíòû îäíîãî êëàñòåðà äîëæíû áûòü êàê ìîæíî áëèæå äðóã ê
äðóãó, à ðàññòîÿíèå ìåæäó êëàñòåðàìè äîëæíî áûòü íàèáîëüøèì. Ïóñòü
s1 � ýòî ñóììà äèàìåòðîâ êëàñòåðîâ, à s2 � ñóììà ðàññòîÿíèé ìåæäó
êëàñòåðàìè. Îáîçíà÷èì s =

s1

s2

. ×åì ìåíüøå s (èíäåêñ êà÷åñòâà), òåì
êëàñòåðèçàöèÿ ÿâëÿåòñÿ ëó÷øåé.

Ïîñ÷èòàåì s äëÿ íàøåãî ïðèìåðà. Â ïåðâîì ñëó÷àå s = 0,076, âî
âòîðîì � s = 0,016, â òðåòüåì � s = 0,003, â ÷åòâåðòîì � s = 0,022.
Ñëåäîâàòåëüíî, ïðè d = 0,15 êëàñòåðèçàöèÿ (ϕ1, ϕ2), ϕ3, ϕ4, ϕ5, ϕ6, ϕ7, ϕ8,
ïîëó÷åííàÿ â òðåòüåì ñëó÷àå, ÿâëÿåòñÿ íàèëó÷øåé.

3 Çàêëþ÷åíèå
Ââåäåíû íîâûå ðàññòîÿíèÿ (ñ ïîìîùüþ òåîðèè ìîäåëåé) è ìåðû íåäî-

ñòîâåðíîñòè äëÿ ôîðìóë n-çíà÷íîé ëîãèêè Ëóêàñåâè÷à, òàêæå äîêàçàíû
ñâîéñòâà ïîëó÷åííûõ âåëè÷èí. Íà èõ îñíîâå ðàçðàáîòàíû è èññëåäîâà-
íû ìåòîäû êëàñòåðèçàöèè ëîãè÷åñêèõ âûñêàçûâàíèé, ó÷èòûâàþùèõ êàê
ìåðó ðàçëè÷èÿ (ïî ðàññòîÿíèþ), òàê è ìåðó íåòðèâèàëüíîñòè ôîðìóë,
âêëþ÷àåìûõ â êëàñòåð (äîëæíû ìàëî îòëè÷àòüñÿ). Ðàçðàáîòàí ñïîñîá



Íîâûå ìîäåëüíûå ðàññòîÿíèÿ è ìåðû äîñòîâåðíîñòè 209

çàäàíèÿ èíäåêñà êà÷åñòâà êëàñòåðèçàöèè ôîðìóë íà îñíîâå ðàçðàáîòàí-
íûõ âûøå ìåòîäîâ. Ñëîæíîñòü àëãîðèòìà âû÷èñëåíèÿ ðàññòîÿíèé ìåæ-
äó ôîðìóëàìè � ýêñïîíåíöèàëüíàÿ. Àäàïòèðîâàí èåðàðõè÷åñêèé àëãî-
ðèòì êëàñòåðèçàöèè, òàêæå ïðîäåìîíñòðèðîâàí âûáîð íàèëó÷øåé êëà-
ñòåðèçàöèè.

Ïîëó÷åííûå âåëè÷èíû ìîæíî èñïîëüçîâàòü ïðè àíàëèçå áàç çíàíèé,
èõ êëàñòåðèçàöèè, ñîçäàíèè ýêñïåðòíûõ ñèñòåì, à òàêæå ïðè ïîñòðîåíèè
ëîãè÷åñêèõ ðåøàþùèõ ôóíêöèé â ðàñïîçíàâàíèè.
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1 Ââåäåíèå
Äàííàÿ ðàáîòà ïðåäñòàâëÿåò ñîáîé îáçîð ðåçóëüòàòîâ àâòîðà ïî èçó-

÷åíèþ êîíãðóýíöèé ïðåäñòàâëåíèé m-ãðóïï. Ýòè ðåçóëüòàòû îïóáëèêî-
âàíû â [1]�[3].

Íàïîìíèì, ÷òî m-ãðóïïîé íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñèñòåìà G ñèã-
íàòóðû m = 〈·, e,−1 ,∨,∧,_∗〉, ãäå 〈G, ·, e,−1 ,∨,∧〉 ÿâëÿåòñÿ `-ãðóïïîé
è îäíîìåñòíàÿ îïåðàöèÿ ∗ åñòü àâòîìîðôèçì âòîðîãî ïîðÿäêà ãðóïïû
〈G, ·, e,−1 〉 è àíòèèçîìîðôèçì ðåøåòêè 〈G,∨,∧〉, ò.å. äëÿ ëþáûõ x, y ∈ G
âåðíû ñîîòíîøåíèÿ (xy)∗ = x∗y∗, (x∗)∗ = x, (x ∨ y)∗ = x∗ ∧ y∗, (x ∧ y)∗ =
x∗ ∨ y∗.

Â äàëüíåéøåì m-ãðóïïó G ñ ôèêñèðîâàííûì àâòîìîðôèçìîì ∗ çà-
ïèñûâàåì êàê ïàðó (G,∗ ). Ïóñòü Ω � íåêîòîðîå ëèíåéíî óïîðÿäî÷åííîå
ìíîæåñòâî è a � ðåâåðñèâíûé àâòîìîðôèçì 2-ãî ïîðÿäêà Ω, òî åñòü
äëÿ ëþáûõ ω, ω′ ∈ Ω âåðíî ((ω)a)a = ω è ω < ω′ ⇔ (ω)a > (ω′)a.
×åðåç Aut(Ω) îáîçíà÷èì ãðóïïó (îòíîñèòåëüíî ñóïåðïîçèöèè) âñåõ ïî-
ðÿäêîâûõ ïîäñòàíîâîê Ω. Ãðóïïà Aut(Ω) ìîæåò áûòü ïðåâðàùåíà â m-
ãðóïïó, åñëè îïåðàöèÿ ∗ çàäàåòñÿ ïðè ïîìîùüþ ðàâåíñòâà g∗ = aga äëÿ
âñÿêîãî g ∈ Aut(Ω). Ñòàíäàðòíî, ïðåäñòàâëåíèåì m-ãðóïïû (G,∗ ) ïî-
ðÿäêîâûìè ïîäñòàíîâêàìè ëèíåéíî óïîðÿäî÷åííîãî ìíîæåñòâà Ω ÿâ-
ëÿåòñÿ m-ãîìîìîðôèçì ν : G → Aut(Ω). Åñëè ν åñòü èçîìîðôèçì,
òî ïðåäñòàâëåíèå íàçûâàåòñÿ òî÷íûì è òîãäà ïèøåì (G, Ω, a). Ïóñòü
L = {w ∈ Ω | (w)a > w}, R = {(`)a | ` ∈ L} è o � íåïîäâèæíàÿ
îòíîñèòåëüíî a òî÷êà Ω. Çàìåòèì, ÷òî ñóùåñòâóþò êàê ïðåäñòàâëåíèÿ,
ñîäåðæàùèå íåïîäâèæíóþ òî÷êó, òàê è íå ñîäåðæàùèå òàêîâîé. Ìíîæå-
ñòâî Ω ïðåäñòàâèìî â âèäå Ω = L

←−⋃{o}ε
←−⋃

R, ãäå ε = 1, åñëè íåïîäâèæíàÿ
òî÷êà ñóùåñòâóåò, è ε = 0 â ïðîòèâíîì ñëó÷àå. Ïðåäñòàâëåíèå (G, Ω, a)
íàçîâåì m-òðàíçèòèâíûì, åñëè äëÿ âñåõ w,w′ ∈ Ω, áûòü ìîæåò çà èñ-
êëþ÷åíèåì òî÷êè o, ñóùåñòâóåò x ∈ G∗ = gr.(G, a), òàêîé ÷òî (w)x = w′.
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Çäåñü è äàëåå ôðàçà �áûòü ìîæåò çà èñêëþ÷åíèåì òî÷êè o� îçíà÷àåò,
÷òî o èñêëþ÷àåòñÿ èç ðàññìîòðåíèÿ, åñëè îíà �ãëîáàëüíî íåïîäâèæíà�,
ò.å. åå ñòàáèëèçàòîð StG(o) = G. Â ðàáîòå ðàññìàòðèâàþòñÿ òîëüêî m-
òðàíçèòèâíûå ïðåäñòàâëåíèÿ.

2 Îñíîâíûå ñâîéñòâà êîíãðóýíöèé
Ðàññìîòðèì (G, Ω, a). Îòíîøåíèå ýêâèâàëåíòíîñòè Θ, îïðåäåëåííîå

íà Ω, áóäåì íàçûâàòü îòíîøåíèåì m-ýêâèâàëåíòíîñòè (m-êîíãðóýíò-
íîñòè), åñëè îíî ÿâëÿåòñÿ âûïóêëûì è wΘw′ ⇔ (w)xΘ(w′)x äëÿ ëþáîãî
x ∈ G∗. Ìíîæåñòâî K âñåõ m-ýêâèâàëåíòíîñòåé, îïðåäåëåííûõ íà Ω, î÷å-
âèäíî, íåïóñòî è, áîëåå òîãî, íà K ìîæíî ââåñòè îòíîøåíèå ÷àñòè÷íîãî
ïîðÿäêà ¹, ïîëàãàÿ Θ1 ¹ Θ2 ⇔ wΘ1w

′ ⇒ wΘ2w
′.

Ïóñòü Θ ∈ K è 4 = `Θ � êëàññ ýêâèâàëåíòíîñòè, ñîäåðæàùèé ïðî-
èçâîëüíóþ, íî ôèêñèðîâàííóþ, òî÷êó ` ∈ L. Ìíîæåñòâî 4 ÿâëÿåòñÿ
m-áëîêîì, ò.å. (4)x∩4 = ∅, ëèáî (4)x = 4 äëÿ ëþáîãî x ∈ G∗. Îáðàò-
íî, åñëè 4 � m-áëîê, òî îòíîøåíèå Θ, îïðåäåëåííîå íà Ω ïî ïðàâèëó
w = w′, ëèáî w, w′ ∈ (4)x äëÿ ïîäõîäÿùåãî x ∈ G∗, áóäåò îòíîøåíèåì
m-ýêâèâàëåíòíîñòè.

Ïóñòü 4 = `Θ. Òîãäà StG(4) � âûïóêëàÿ `-ïîäãðóïïà, ñîäåðæàùàÿ
StG(`). Îáðàòíî, åñëè H � âûïóêëàÿ `-ïîäãðóïïà, ñîäåðæàùàÿ StG(`), òî
âûïóêëîå çàìûêàíèå 4 â Ω îðáèòû (`)H åñòü m-áëîê ([1]). Òàêèì îáðà-
çîì, ñóùåñòâóåò ñîîòâåòñòâèå ìåæäó K è ìíîæåñòâîì H âñåõ âûïóêëûõ
`-ïîäãðóïï, ñîäåðæàùèõ StG(`). Ìíîæåñòâî H ÿâëÿåòñÿ ëèíåéíî óïðî-
ðÿäî÷åííûì îòíîñèòåëüíî òåîðåòèêî ìíîæåñòâåííîãî âêëþ÷åíèÿ è âñå
ãðóïïû ýòîãî ìíîæåñòâà � ñïðÿìëÿþùèå. Ñëåäóþùèå ïðèìåðû ïîêàçû-
âàþò, ÷òî óêàçàííîå âûøå ñîîòâåòñòâèå íå ÿâëÿåòñÿ âçàèìíîîäíîçíà÷-
íûì.

Ïðèìåð 1. (Ñîáñòâåííîå ïðåäñòàâëåíèå). Ïðåäñòàâëåíèå (G, Ω, a) ÿâ-
ëÿåòñÿ ñîáñòâåííûì, åñëè äëÿ ëþáîãî g ∈ G âåðíî (L)g = L. Â ýòîì
ñëó÷àå ñàìà ãðóïïà G îïðåäåëÿåò íà Ω äâå êîíãðóýíöèè.

Ïðèìåð 2. [2]. Ðàññìîòðèì ãðóïïó

S2 = 〈a1, a2, b| [a1, a2] = e, ab
1 = a2, a

b
2 = a1〉.

Åñëè g ∈ S2, òî g ïðåäñòàâèì, ïðè÷åì åäèíñòâåííûì ñïîñîáîì, â
âèäå g = am

1 an
2b

k, ãäå k, m, n ∈ Z. Îòíîñèòåëüíî ëåêñèêîãðàôè÷åñêîãî
ïîðÿäêà, ò.å. g ≥ e ⇔ k > 0 èëè k = 0,m ≥ 0, n ≥ 0, S2 ÿâëÿåòñÿ
`�ãðóïïîé. Îïðåäåëèì îòîáðàæåíèå ϕ : S2 → S2 ïî ïðàâèëó:
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(g)ϕ = a−m
1 a−n

2 b−k.

Òîãäà (S2, ϕ) áóäåò m-ãðóïïîé. Ïóñòü A1 = 〈a1〉, A2 = 〈a2〉. Ýòè âû-
ïóêëûå `-ïîäãðóïïû ÿâëÿþòñÿ ñïðÿìëÿþùèìè, ò.å. ìíîæåñòâà ïðàâûõ
ñìåæíûõ êëàññîâ X = R(S2 : A1), Y = R(S2 : A2) ëèíåéíî óïîðÿäî÷å-
íû îòíîñèòåëüíî åñòåñòâåííî ââîäèìîãî óïîðÿäî÷åíèÿ ìíîæåñòâà ïðà-
âûõ ñìåæíûõ êëàññîâ. Ðàññìîòðèì 41 = {A1a

n
2}, 42 = {A2a

m
1 }. Òîãäà

X =
←−⋃41b

k, Y =
←−⋃42b

k. Ïîñòðîèì íîâîå ëèíåéíî óïîðÿäî÷åííîå ìíî-
æåñòâî Ω ïîëàãàÿ 41b

k < 42b
k41b

k+1. Î÷åâèäíî, ìíîæåñòâî Ω ñîõðà-
íÿåò ëèíåéíûå ïîðÿäêè èñõîäíûõ ìíîæåñòâ. Îïðåäåëèì îòîáðàæåíèå
a : Ω → Ω ïî ïðàâèëó (A1a

n
2b

k)a = A2a
−n
1 b1−k è (A2a

m
1 bk)a = A1a

−m
2 b1−k.

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî a �ðåâåðñèâíûé àâòîìîðôèçì 2-ãî ïîðÿäêà
Ω. Ïðàâîå ðåãóëÿðíîå ïðåäñòàâëåíèå (S2, ϕ) ïîðÿäêîâûìè ïîäñòàíîâêà-
ìè Ω ÿâëÿåòñÿ òî÷íûì è m-òðàíçèòèâíûì, íî íå òðàíçèòèâíûì. ßñ-
íî, ÷òî îíî íå ñîäåðæèò íåïîäâèæíîé òî÷êè. Èòàê, ìîæíî ðàññìîòðåòü
ïðåäñòàâëåíèå (S2, Ω, a).

Èç ñêàçàííîãî âûøå ñëåäóåò, ÷òî

∇− = 41
←−∪42,42, ∇+ = 42

←−∪41b

ÿâëÿþòñÿ m-áëîêàìè è, áîëåå òîãî, St42(S2) = St∇+(S2) = St∇−(S2) =
A1 × A2. Òàêèì îáðàçîì ðàññìàòðèâàåìûé ñòàáèëèçòîð îïðåäåëÿåò òðè
ðàçëè÷íûõ ýêâèâàëåíòíîñòè. Çäåñü æå îòìåòèì, ÷òî âñÿêàÿ ãðóïïà èç H
îïðåäåëÿåò íå áîëåå òðåõ êîíãðóýíöèé.

Èòàê, âîçìîæíû ñëåäóþùèå ñëó÷àè: 1) ñîîòâåòñòâèå ìåæäó ìåæäó
K è H âçàèìíîîäíîçíà÷íî; 2) ñóùåñòâóåò H ∈ H, îïðåäåëÿþùàÿ äâå
êîíãðóýíöèè; 3) ñóùåñòâóåò H ∈ H, îïðåäåëÿþùàÿ òðè êîíãðóýíöèè.

Äëÿ êàæäîé Hγ ∈ H ÷åðåç Θγ, Θ
+
γ , Θ−

γ îáîçíà÷èì êîíãðóýíöèè, ñîîò-
âåòñòâåííî îïðåäåëÿåìûå m-áëîêàìè

4γ = convΩ((`)Hγ),∇+
γ = 4γ

←−∪ (4γ)at, ∇−
γ = (4γ)at′←−∪4γ,

ãäå t, t′ ∈ G è ata = t−1, at′a = t′−1. Î÷åâèäíî, Θγ = Θ+
γ ∩Θ−

γ . Ñëåäóþùàÿ
òåîðåìà îïèñûâàåò ñòðîåíèå K êàê ÷àñòè÷íî óïîðÿäî÷åííîãî ìíîæåñòâà.

Òåîðåìà 3. [2] Ïóñòü (G, Ω, a) � ïðîèçâîëüíîå m-òðàíçèòèâíîå ïðåä-
ñòàâëåíèå è K � ìíîæåñòâî âñåõ m-ýêâèâàëåíòíîñòåé, îïðåäåëåííûõ
íà Ω. Òîãäà K åñòü ëèíåéíî óïîðÿäî÷åííîå ìíîæåñòâî îòíîñèòåëüíî
ðàíåå ââåäåííîãî ïîðÿäêà (ñëó÷àè 1),2)) ëèáî ñóùåñòâóåò è åäèíñòâåí-
íàÿ Hα ∈ H, òàêàÿ ÷òî Θα ¹ Θ+

α , Θ−
α ¹ Θα+1 è K ëèíåéíî óïîðÿäî÷åíî

ïðè Hβ ⊆ Hα è Hα+1 ⊆ Hβ.
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3 Ïðèìèòèâíûå è 2-òðàíçèòèâíûå ïðåäñòàâ-
ëåíèÿ

Ðàññìîòðèì ïðåäñòàâëåíèå (G, Ω, a). Ñëåäóþùèå m-ýêâèâàëåíòíîñòè
íàçîâåì òðèâèàëüíûìè:
A) ýêâèâàëåíòíîñòü, êîãäà âñå êëàññû ýêâèâàëåíòíîñòè îäíîýëåìåíòíû;
B) ýêâèâàëåíòíîñòü, êîãäà âñå êëàññû ýêâèâàëåíòíîñòè äâóõýëåìåíòíû;
C) ýêâèâàëåíòíîñòü, èìåþùàÿ òðè (ëèáî äâà) êëàññà ýêâèâàëåíòíîñòè
L, {o}, R (L,R);
D) ýêâèâàëåíòíîñòü, èìåþùàÿ åäèíñòâåííûé êëàññ ýêâèâàëåíòíîñòè Ω.
Ïðåäñòàâëåíèå (G, Ω, a) m-ïðèìèòèâíî, åñëè îíî íå äîïóñêàåò íåòðèâè-
àëüíîé m-ýêâèâàëåíòíîñòè.

Ñëåäóþùàÿ òåîðåìà äàåò îïèñàíèå ïðèìèòèâíûõ ïðåäñòàâëåíèé â
òåðìèíàõ ñòàáèëèçàòîðîâ òî÷åê.

Òåîðåìà 4. [1] Ïðîèçâîëüíîå m-òðàíçèòèâíîå ïðåäñòàâëåíèå (G, Ω, a)
ÿâëÿåòñÿ m-ïðèìèòèâíûì òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîé
òî÷êè w ∈ Ω, áûòü ìîæåò çà èñêëþ÷åíèåì òî÷êè o, ñòàáèëèçàòîð
StG(w) åñòü ìàêñèìàëüíàÿ âûïóêëàÿ `-ïîäðóïïà G.

Ïóñòü (G,≥) � íåêîòîðàÿ `-ãðóïïà. ×åðåç G∗ îáîçíà÷èì `-ãðóïïó
G, ðåøåòî÷íî óïîðÿäî÷åííóþ îòíîñèòåëüíî îáðàòíîãî ïîðÿäêà. Îòíî-
ñèòåëüíî êîîðäèíàòíîãî ïîðÿäêà ïðÿìîå ïðîèçâåäåíèå G×G∗ ÿâëÿåòñÿ
`-ãðóïïîé. Îïðåäåëèì îòîáðàæåíèå Exch : G×G∗ → G×G∗ ïî ïðàâèëó
(x, y)Exch = (y, x). Òîãäà ïàðà (G×G∗, Exch) ÿâëÿåòñÿ m-ãðóïïîé. Ñëå-
äóþùåå ïðåäëîæåíèå îïèñûâàåò ñòðîåíèå m-ãðóïï, äîïóñêàþùèõ ñîá-
ñòâåííîå ïðåäñòàâëåíèå.

Óòâåðæäåíèå 5. Âñÿêîå m-òðàíçèòèâíîå ïðåäñòàâëåíèå (G, Ω, a) ñîá-
ñòâåííî m-òðàíçèòèâíî òîãäà è òîëüêî òîãäà, êîãäà G èçîìîðô-
íà ïðÿìîìó ïðîèçâåäåíèþ GL × G∗

L äëÿ ïîäõîäÿùåé òðàíçèòèâíîé `-
ãðóïïû ïîäñòàíîâîê GL, ïîäõîäÿùåãî ëèíåéíî óïîðÿäî÷åííîãî ìíîæå-
ñòâà L è Ω = L

←−⋃{o}ε
←−⋃

L∗.

Ñëåäñòâèå 6. Ñîáñòâåííî m-òðàíçèòèâíîå ïðåäñòàâëåíèå

(GL ×G∗
L, Ω, a)

ñîáñòâåííî m-ïðèìèòèâíî òîãäà è òîëüêî òîãäà, êîãäà òðàíçèòèâíîå
ïðåäñòàâëåíèå (GL, L) ïðèìèòèâíî.

Ñëåäñòâèå 7. Âñÿêàÿ m-ãðóïïà (G,∗), äîïóñêàþùàÿ ñîáñòâåííî m-
òðàíçèòèâíîå ïðåäñòàâëåíèå, íå ÿâëÿåòñÿ óïîðÿäî÷åííîé.
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Íàïîìíèì, ÷òî m-ãðóïïà ÿâëÿåòñÿ íîðìàëüíîçíà÷íîé, åñëè íà íåé
âûïîëíåíî òîæäåñòâî |x||y| ∧ |y|2|x|2 = |x||y|.
Òåîðåìà 8. [2] Ïóñòü (G, Ω, a) � m-ïðèìèòèâíîå ïðåäñòàâëåíèå íîð-
ìàëüíîçíà÷íîé m-ãðóïïû (G,∗ ). Òîãäà: 1) (G, Ω, a) åñòü ïðàâîå ðåãó-
ëÿðíîå ïðåäñòàâëåíèå ïîäãðóïïû àääèòèâíîé ãðóïïû R äåéñòâèòåëü-
íûõ ÷èñåë, áîëåå òîãî, åñëè ýòî ïðåäñòàâëåíèå äîïóñêàåò ýêâèâàëåíò-
íîñòü B), òî ýòà ïîäãðóïïà öèêëè÷åñêàÿ; 2) ïðåäñòàâëåíèå ÿâëÿåòñÿ
ñîáñòâåííûì è G = GL×G∗

L, ãäå GL � ïîäõîäÿùàÿ ïîäãðóïïà àääèòèâ-
íîé ãðóïïû R äåéñòâèòåëüíûõ ÷èñåë.

Ïðåäñòàâëåíèå (G, Ω, a), ãäå Ω = L
←−⋃{o}ε

←−⋃
R, íàçîâåì m-2-òðàíçè-

òèâíûì, åñëè äëÿ ëþáûõ `1 < `2 ≤ o < r3 < r4 ∈ Ω, áûòü ìîæåò çà
èñêëþ÷åíèåì òî÷êè o, ñóùåñòâóåò g ∈ G, òàêîé ÷òî:

1) (`1)g = r3, (`2)g = r4, ëèáî
2) (`1)ag = r4, (`2)ag = r3.

Äîêàçàòåëüñòâî ñëåäóþùåãî óòâåðæäåíèÿ íåïîñðåäñòâåííî ñëåäóåò
èç îïðåäåëåíèé.
Óòâåðæäåíèå 9. Åñëè ïðåäñòàâëåíèå (G, Ω, a) m-2-òðàíçèòèâíî, òî
îíî m-òðàíçèòèâíî è m-ïðèìèòèâíî.

Ïðåäñòàâëåíèå (G, Ω, a), ãäå Ω = L
←−⋃{o}ε

←−⋃
R íàçîâåì m-ïîëóòðàí-

çèòèâíûì, åñëè äëÿ âñåõ `1 < `2 < ` ∈ L ñóùåñòâóåò g ∈ StG(`), òàêîé
÷òî (`1)g = `2.

Òåîðåìà 10. [1] Ïðåäñòàâëåíèå (G, Ω, a) m-2-òðàíçèòèâíî òîãäà è
òîëüêî òîãäà, êîãäà îíî m-òðàíçèòèâíî è m-ïîëóòðàíçèòèâíî.
Ñëåäñòâèå 11. Åñëè ïðåäñòàâëåíèå (G, Ω, a) m-2-òðàíçèòèâíî, òî îíî
òðàíçèòèâíî, ëèáî ñîáñòâåííî m-ïðèìèòèâíî.
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Abstracts
K.A.Baikalova. Distribution of the number of countable models of the

acyclic graph theories.
The paper describes the distribution triples of countable models of acyc-

lic graphs. It is shown that for the small theory distribution triple take one
of the values (1, 0, 0), (ω, 1, 0), (ω, ω, 0), (ω, 2ω, 0).

B. S. Baizhanov. Condition for the existence of conservative extension
of a model of complete theory.

We prove that under some conditions any model of a complete theory
has a conservative extension. A criterion of the existence of D-ω-saturated
conservative extension of a model of theory is found.

M. I. Bekenov. The concept of elementary embeddability in the class of
models of a countable 1st-order language.

The results of researches in the model theory from the perspective of
similarity of models by elementary embeddability are given. Some algebraic
aspect of the study of a class of models and theories is considered.

A.V.Chekhonadskikh. On expression of SISO system control para-
meters through the system pole coordinates.

The note clari�es the theoretical aspect of the algebraic design method
of low-order linear SISO control systems. A polynomial approach to �nding
the optimal control algorithm for such a system bases on a geometric
interpretation of the engineering concepts of maximal system stability. The
optimal pole location means the presence in the characteristic polynomial
of a speci�c factor. It is the root polynomial. The characteristic polynomial
coe�cients depend linearly on the control parameters; the root polynomial
coe�cients depend on the root coordinates. Equating to zero the residue
of the characteristic polynomial to the root one division, we can obtain an
equation system connecting the control parameters and root coordinates; it
allows us to express the �rst ones through the latter, and to �nd the optimal
control parameters. Such a possibility was previously proved with the degree
relation of the characteristic and root polynomials; below this condition is
eliminated.

Yu.A.Chirkunov. Generalized equivalence transformations and their
role in the construction of submodels.

For any system of di�erential equations we introduce the concept of
generalized transformations of equivalence, for which the transformations

215
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of equivalence, which were considered by academician L.V.Ovsyannikov
are universal equivalence transformations. We o�er new algorithm of group
classi�cation of any system of di�erential equations with a help of generalized
equivalence transformations. On the examples of equations of gas dynamics,
and equations of nonlinear longitudinal oscillations of viscoelastic rod in
Kelvin's model we showed the e�ectiveness and advantages of the algorithm.

D .Y.Emelyanov. Algebras of distributions of binary isolating formulas
for embedded equivalence relations.

We describe algebras of distributions of binary isolating formulas for
complete 1-types consisting of sequentially embedded equivalence relations.

S. S.Goncharov, B.N.Drobotun, A.A.Nikitin. To a problem of
content of a logical component for a school mathematical education.

In this work the principle of methodological conditionality of pedagogical
re�ection is formulated and its didactic opportunities on the example of
selection of the content of a logical component of school mathematical
education are demonstrated.

E.V.Grachev, A.M.Popova. About Automorphism group of ring
ZS4.

We present the description of the group of automorphisms of the ring
ZS4 in the terms of semi-direct products

E.V.Grachev, A.M.Popova. Automorphisms of integer group rings.
We present the description of the group of automorphisms of integer

group rings.

Y.Kiouvrekis, P. Stefaneas. Topological Semantics in Institutions
with Proofs.

We introduce the concept of the (entailment) topological semantic of
a proof system and we indicate that every Institution with proof system is
complete.

B. Sh.Kulpeshov. Countably categorical weakly o-minimal theories of
convexity rank 2.

We present a complete description of countably categorical weakly o-
minimal theories of comvexity rank 2

K.A.Meirembekov. De�nably minimal �elds of characteristic zero.
In 1971, A.Macintyre investigated strongly minimal �elds and proved

that all these �elds are algebraically closed. In 1975 L. Podewski conjectured
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that that conclusion holds for �elds M with �nite �nite or co�nite solution-
sets of formulas with parameters.

In 2000, F.Wagner gave an a�rmative answer to the Podewski conjecture
for in the case of �elds of positive characteristic. In 2014, F.Wagner,
K.Krupinski, and P.Tanovic gave a positive solution for the case of stable
�elds of characteristic 0. In this paper we prove the Podewski conjecture for
unstable �elds of characteristic 0 and the question is closed.

E.A.Palyutin. Elementary theories of Abelian groups with distingui-
shed subgroups.

The paper is a survey of results on generalized stability for elementary
theories of Abelian groups.

A.G.Pinus. Quasiorders and monoids of sets (algebras) transformati-
ons.

The communication between the quasiorders and monoids of sets
(algebras) transformations is studied.

L.N.Pobedin. Comparative analysis of the classical in�nity and the
alternative one.

We analyze comparatively the classical in�nity and the alternative one.

K.N.Ponomarev. Descending invariant subgroup series of a pro�nite
group.

Let w(G) denote the weight of an in�nite pro�nite group G. We prove
that the power #G# = |G| equals to 2w(G).

R.A.Popkov. Distributions of countable models of theories of unary
predicates.

For the theories of unary predicates we evaluate the triples of distribu-
tions of numbers of countable models

E.N.Poroshenko. Universal equivalence in some classes of partially
commutative Lie algebras.

Universal theories of partially commutative Lie algebras whose de�ning
graphs are cycles and trees are considered in this work. In each of these two
classes of Lie algebras the necessary and su�cient conditions of coincidence
of universal theories are found.

S.V. Sudoplatov. Generative classes generated by sets of diagrams.
We consider an in�uence of sets of diagrams to generations of generative

classes. It is shown that there are generative classes adapted for a given
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formula. Structural and self-structural diagrams are de�ned and properties
of these diagrams as well as for related generative classes are studied.

N.V.Timofeeva. A note on homological dimension of a family of
coherent sheaves.

We prove a theorem on how a conclusion on homological dimension of
the family of coherent sheaves on an algebraic scheme can be done from
homological dimension of the restriction of this family to the reduction of
the base.

E. I. Timoshenko. On an embedding of partially commutative metabe-
lian group in a group of matrices.

The Magnus embedding of a free metabelian group induces the
embedding of partially commutative metabelian group SΓ in a group of
matrices MΓ. Properties and universal theory of the group MΓ are studied.

V.V.Verbovskiy. Combining stability and quanti�er elimination.
In this paper I introduce a notion which generalizes quanti�er

elimination, stability, o-minimality, quasi-o-minimality, variants of o-
minimality, and o-stability.

A.A.Vikentiev, V.V. Fefelova. The concept of elementary embedda-
bility in the class of models of a countable 1st-order language.

We consider logical statements of experts that can be represented by
logical formulas in the n-valued Lukasiewicz's logic. Using model-theoretical
approach we introduces new distances between formulas and measures
unreliability of formulas. We study properties of these values. It is also
provided by calculation and application of the values entered for the
clustering of groups of formulas for the n-valued Lukasiewicz logic and
�nding the best.

A.V. Zenkov. On congruences of m-groups..
This article is a survey of the recent results in the study of congruences

representations of m-groups and their applications to the theory of m-groups
varieties.
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